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TOPOLOGICAL SENSITIVITY AND SHAPE OPTIMIZATION
FOR THE STOKES EQUATIONS*
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Abstract. The topological sensitivity analysis provides an asymptotic expansion of a shape
function with respect to the insertion of a small hole or obstacle inside a domain. This expansion
can then be used for shape optimization. In this paper, such an expansion is obtained for the Stokes
equations with general shape functions and arbitrarily shaped holes. A numerical example illustrates
the use of the topological sensitivity in a shape optimization problem.
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1. Introduction. The topological sensitivity analysis consists of studying the
variation of a cost function with respect to a modification of the topology of a domain.
It is a basic tool for topological shape optimization, in that it provides a “descent
direction” for updating the shape of the domain. In this paper, we consider the case
of the Stokes equations. The shape optimization problem consists of minimizing a
function j(2) = J(Q, ug) where the solution uq to the Stokes equations (2.1) is defined
on a variable open and bounded subset Q of R™. For ¢ > 0, let Q. = Q\(zy + ew)
be the subset obtained by inserting a small obstacle zg + ew into €2, where zog € Q
and w C R"™ is a fixed open and bounded subset containing the origin. Then, an
asymptotic expansion of function j is obtained in the following form:

§(Qe) = 5(Q) + e8j(x0) + o(e).

The “topological sensitivity” 67 (x¢) provides information for inserting a small obstacle
at xo: if 6j(xg) < 0, then j(.) < j(Q) for small e. More generally, function §5 can
be used like a descent direction in an optimization process. The step length then
consists of choosing the size of the obstacle which is added, located where §j(x) is the
most negative. For example, in the case of a circular obstacle and n = 3, if the cost
function involves uqn but not Dug, then the first variation of function j reads

J(Qe) = j(Q) + 6mve ug (o). va(xe) + o(e),

where vg is the adjoint state (see Proposition 4.3). It is interesting to observe that
the resulting optimality condition ug.vq > 0 is almost the same as the one given
by Buttazzo and Dal Maso [4] in the case of the Laplace equation. When the cost
function involves Dug, there is an additional term (see Proposition 4.4).

An asymptotic theory for partial differential equations defined on a singular per-
turbed domain has been developed by several authors; see, for example, [12]. In the
context of shape optimization, the topological sensitivity was introduced by Schu-
macher [14] followed by Sokolowski and Zochowski [15], who studied the effect of
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removing a small part of material in structural mechanics. A topological sensitivity
framework using an adaptation of the adjoint method [5] and a truncation technique
was then introduced by Masmoudi [11] in the case of the Laplace equation with a cir-
cular hole and a Dirichlet condition on the boundary of the hole. It was generalized
in [9] to the elasticity equations in the case of arbitrarily shaped holes and a Neu-
mann boundary condition. In [10], we have analyzed the case of Poisson’s Equation
with noncircular holes (with a Dirichlet boundary condition), arbitrary right-hand
sides, and cost functions. These results are generalized here to the Stokes equations
which have some similar properties: in the three-dimensional case, one observes that
the topological sensitivity 6j(zo) depends on the shape of the obstacle, whereas it is
independent of the shape in the two-dimensional case. This comes from the Stokes
paradox, and was already observed by Allaire [1] in the case of periodically distributed
holes. There is, however, a difference with Poisson’s equation in the three-dimensional
case: in the Stokes equations, the topological sensitivity §j(xo) may also depend on
the orientation of the obstacle, whereas it was independent of the orientation in the
(scalar) Poisson’s equation.

First, the formulation of the problem is presented in section 2, and its truncated
version is described in section 3. Section 4 presents the main results whose proofs
are given in section 6. In the case of a circular obstacle, explicit expressions of the
topological sensitivity are given for Dirichlet boundary conditions and for dimensions
n = 2 or 3. Finally, numerical examples in section 5 illustrate the use of the topological
sensitivity in shape optimization.

2. Formulation of the problem. Let €2 be an open and bounded subset of R™
with boundary T', n = 2 or 3. The Stokes equations [16] with homogeneous Dirichlet
boundary conditions read

—vAug + Vpo = f in Q,
(2.1) divug =0 1in Q,
ug=0 onl,

with v > 0. The case of an inhomogeneous boundary condition on I' can be treated
in a similar way by using a suitable change of the unknown velocity field, of the form
ug, = uq + 1, where 1 satisfies the given boundary condition. We suppose throughout
this paper that f € L7(Q)"™ with ¢ > n/2. These equations have a unique solution in
H ()™ x L*(Q)/R, and due to the regularity of f, the velocity field ug is continuous
in Q [16, 3]. For a given xy € Q, consider the modified open subset Q. = Q\wg,
we = xo + ew, where w is a fixed open and bounded subset of R™ containing the
origin (we = 0 if € = 0), whose boundary dw is connected and piecewise of class C*
(cf. Figure 1). It is supposed that ¢ is small enough so that wz C Q. The modified
solution uq_, po, satisfies

—vAuq, + Vpa, = f in Q,
(2.2) divug, =0 in £,
ug, =0 onI'Udw.

Note that for € = 0, one has uq, = uq and pq, = pa.
Consider now a cost function j(e) of the form

(2.3) j(e) = Je(uq,)

where .J, is defined on H}(Q.)™ for e > 0. We aim to obtain an asymptotic expansion
of j with respect to €. The velocity field uq_ is defined on the variable open subset €;
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Fic. 1. The initial domain and the same domain after inclusion of an obstacle.

thus it belongs to a functional space which depends on . In order to obtain an asymp-
totic expansion of j, we need to work on a fixed functional space (cf. Lemma 6.1).
Such a functional space can be constructed by using the domain truncation technique
described in the next section (see also [11] and [9]). This truncation is needed only for
analysis, and will never be used for practical computations. During the optimization
process, the two systems which have to be solved at each step are (2.1) and (4.14).

3. The truncated problem. Let R > 0 be such that the closed ball B(x, R)
is included in . The truncated open subset Qg and D, (cf. Figure 2) are defined by
QR = Q\E(xo, R), DE = B(.’Eo, R)\w_e

Let T'r be the boundary of the ball B(xg, R). We will use the following space of traces
on FR:

(3.1) HY2(Dg)" = {<P e rRys [ () - o},

where dy(z) denotes the Lebesgue measure on the boundary. The normal n is chosen
outward to D, on I'g and Ow,, regardless of whether D, or g are considered. The

dual space of H‘l,/ *(Tr)™ is denoted H‘;l/ *(Tg)"™. Here z.y denotes the usual dot
product of R™.

PDo

Fic. 2. The truncated domain.

For o € HY/*(Tr)" and & > 0, let (uf?, p/*) € H'(D.)" x L2(D.) be the solution
to the following problem: find u/*¢, p/># such that

—vAuf¥ +Vpl¥ =f in D,
div u{"" =0 in D,

ul?=¢ on TIg,

ul? =0 on Ow..

(3.2)
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As usual, the space L?(D.)/R is identified to L§(D:) = {p € L* (D¢); [,_pdx = 0}.

This problem has a unique solution [16]. For ¢ = 0, (ué’“",pé"ﬁ) is the solution to

—Z/Au(’;"'o + Vpg’“a =f in Dy,
(3.3) divul® =0 in Dy,
ul®

0

=¢ on Ig.
Clearly we have
(3.4) ug’“" = ug’o +ul?, pg’“’ = p£’° +p2¢.

For € > 0, the Dirichlet-to-Neumann operator T, is defined by

TE . H\l//Q(FR)n SN H‘;l/Q(FR)n7
o +— T.p= (yDug"f’ — pg""I)n;

that is,
(35) <TEQD,1/}>_1/271/2 = V/D D'Ll,gw . Dug,d) dz.

Here and in what follows, I denotes the identity matrix, A : B = Zij A;jB;; for
A, B € M,(R), and Du = (0;u;); j=1,, denotes the Jacobian matrix of u. One can
observe that T.¢ is completely determined by u%¢.

Function f. € H;1/2(1"R)” is defined by
fe = (vDul® + pl D)

that is,

(3.6) et ajane = [ fl o
Notice that
(3.7) /D Dul®: Du2¥ dx = 0.

Hence, we have
(vDul® —pl*I)n = T.p — f..

For € > 0, we can now define the solution (u., p.) € H*(Qg)"™ x L?(QR) to the
truncated problem

—vAu. +Vp.=f in Qp,
divu, =0 in Qg,
ue =0 on I
—(wDue —pI)n+Tou. = fo on Tpg.

(3.8)

The associated variational formulation is as follows: find u. € Vi such that

(3.9) ac(ue,v) =1l (v) Yv € Vg,
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where the functional space Vg, the bilinear form a., and the linear form [. are defined
by

Vg ={u€H (Qg)"; divu=0, u=0o0nT},

(3.10) as(u,v) =v Du : Dv dx +/ T.u.vdy(x),
QR FR
(3.11) l.(v) = fode+ fevdy(x).
QR FR

Symmetry, continuity, and coercivity of a. and continuity of [. follow directly from
(3.5) and (3.6). We suppose that the pressure pq_ solution to (2.2) is chosen in such
a way that fDa pa. dz = 0. Recall that f € LI(Q)" with ¢ > n/2.

PROPOSITION 3.1. Let € > 0. Problems (2.2) and (3.8) have a unique solution.
Moreover, the restriction to Qg of the solution ugq,, pa, to (2.2) is the solution u., pe
to (3.8), and we have on D,

(3.12) (u.)ip. = ul?,  (pa.)p. = pl*,
where @ is the trace of u. on I'y.

Proof. Problem (2.2) has a unique solution ug_ [16], and it follows from Lax—
Milgram’s theorem and [16] that Problem (3.8) has a unique solution u.. Let ¢ =
(ue.)ir, and ug = (ug,)q,- Clearly (3.12) holds for this ¢, and it remains to prove

that ugr = uc. Let v € Vg and ¥ = vjr,,. Its extension by u%¥ on D, is still denoted
by v, and it is divergence free on D.. Using (3.5), (3.6), (3.7), and the definition of
uq, , we have

v Dug : Dv d:c—i—/ (Tug — fe)vdy(zx)
QR FR

=v Dupg : Dv dx —|—/ vDu®? . DUV — ful? da
QR 5

=v Dupg : Dv dx +/ v(Du% — Du/0) : DU — fu dx
Qr B

= 1// Dugq_ : Dv dx — ful? dx
Q. D.

= / fudr — / fode= fudz.
Q. D. Qr

This proves that ug is a solution to (3.9), and ug = u. follows from uniqueness
of this solution. 0

We now have at our disposal the fixed functional space Vg (independent of &)
required by Lemma 6.1. The cost function (2.3) can be redefined in the following
way: for u € Vg, let u. € H'(Q.)™ be the extension of u which coincides with u on
Qg and with ug’*” on D, for ¢ = ujp,. Then, a function J. can be defined on Vr by

(3.13) Jo(u) = Jo(u.).
Particularly, it follows from the previous proposition that

(3.14) i) = Jo(ug,) = Jo(ue).
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Notice that Je(u.) is independent of the choice of R. For example, for a given target
function uq, if

To(ug,) = / gy, — ual?de,

€

then we have

Jo(u) = / lu — uq|*dzx +/ [ul? —uql’dz, w€ Vg and ¢ = up,.
Qg c

4. Asymptotic expansion of the cost function. This section presents the
main results of the paper. All asymptotic expansions concern the homogeneous prob-
lem (2.1) and involve its solution uq, a cost function J. (or J.), and the associated
adjoint state vq solution to (4.14). However, they remain valid for inhomogeneous
problems (on T'), provided that all data are written with respect to the inhomoge-
neous formulation: ug has to be replaced by the inhomogeneous solution ug, and J.
by the cost function depending on this solution ug,. The adjoint state corresponding
to the inhomogeneous problem is the same as the one corresponding to the associated
homogeneous problem.

A general statement (Theorem 4.1) is followed by applications to two classes of
cost functions, the first one involving u, the second one involving Du. Most proofs are
reported in section 6. Henceforth we have to distinguish the cases n = 2 and n = 3.
This is due to the fact that the fundamental solutions to the Stokes equations in R?
and R3 have an essentially different asymptotic behavior at infinity, and Problem (4.1)
generally has no solution if n = 2.

4.1. The three-dimensional case. Possibly changing the coordinate system,
we can suppose for convenience that xg = 0. Let v,,, p,, be the solution to the exterior
problem

—vAv, +Vp, =0 in R3\w,
dive, =0 in R3\w,
v, = 0 at infinity,

v, = uq(xg) on Jw,

(4.1)

where ug is the solution to (2.1). Due to f € L1(2)"™ with ¢ > n/2, uq is continuous
in ©Q and the above boundary condition is well defined.
Functions v, p, can be expressed by a single layer potential on dw. For y €

R3\{0}, let

1 y
4.2 E = I r T P =
(4.2) (W) =g~ (I+eer), Ply) =,
with 7 = ||y|| and e, = y/|ly||. It is a fundamental solution system to the Stokes
equations in R?; that is
(43) —VAE]' + VPj = 6ej,

where E; denotes the jth column of £, (ej);)-’=1 is the canonical basis of R?, and § is
the Dirac distribution. Then, functions v, p,, read (recall that z.y denotes the usual
dot product of R3) as follows:

(4.4) valy) = /8 E(y - o)to(2) dy(z), y€RA\@,

Pu(y) = : Ply —z).t,(z)dy(z), yE€ ]Ri?’\w,
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where t, € H-'2(dw)? is a solution to the boundary integral equation (see [8],
Chap. XI-B, sect. 5)

(4.5) [ By~ )te(e) dr(a) = ualro) vy € D

Function t, is determined up to a function proportional to the normal; hence it is
unique in H~'/2(0w)?/Rn, which can be identified to H;I/Q(aw)?’ = (kerl,)" for

In(p) = faw p.ndy(x).
For « bounded (and r = ||y||), we have

Bly-a) =B +0 (). Pl-a=re)+0 ().

r2 r3

from which follows the asymptotic expansion at infinity of functions v,, and p,:

(4.6) vu(y) = Vou(y) + Ru(y), pu(y) = Pu(y) + Su(y),
(4.7) Vu(y) = E(y)Au(ua(@o)), Puly) = P(y)-Au(ua(zo)),
(4.8) Ay (uq(zg)) = A t,(z)dy(z) € Rs,

Ru(y) =0 (;) ; Suly)=0 (:3) :

Notice that V,, € LI (R3)? for all m < 3. Clearly, the function o — A, () is linear
on R3, and the vector A, (a) depends on the shape of w. For example, if w is changed
in kw, k > 0, then vy, (ky) = v,(y) in (4.1), and it follows from (4.5) that kty, (kz) =
tu(x) for x € w. Then using (4.8) we obtain Ak, (uq(zo)) = kAu(ua(xo)). More
generally, A, () may depend on the orientation of w, contrary to the scalar case like

Poisson’s equations [10]. Next we consider W,,, @, the solution to

—vAW,+VQ, =0 in Dy,
(4.9) divW,=0 in Dy,
W,=V, on Ig.

The main result is the following. It is based on the fact that

(4.10) e(Wo — Vo) ip.

is the “first order approximation” of (ul*¥ — ug’“")‘DE with ¢ = (uQ)ry, in a sense
which will be stated precisely in section 6. The stronger hypothesis f € L1(Q)", ¢ > n,
is used in the study of the variation of the linear form I, (3.11) (cf. Proposition 6.8),
which involves the C!' norm of uy around x¢. If I. does not depend on e (which
happens, for example, if f vanishes on Dy), then f € L1(Q)™, ¢ > n/2 is sufficient.

THEOREM 4.1. Let f € LYQ)™ with ¢ > n and let J. be a function defined on
Vg for all e > 0. Suppose that for all v € Vi and € > 0, one has

(4.11) Je(v) — Jo(ug) = DJo(uo)(v — ug) + € 6J(ug) + o(e + ||[v — uollvy)s

where D Jy(ug) is linear and continuous on Vg, and u., € > 0, is the solution to (3.9).
Let vy € Vi be the solution to the adjoint equation

(412) ao(’w,’l)()) = 7DJ0(7.L0)U) Yw € VR.
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Let j(e) = J.(ue) for e > 0. Then function j has the following asymptotic expansion:
j(e) = j(0) + € 6j(xo) + o(e)

with
(4.13) 6j(xo) = /F (wDW,, — Q. I) — (vDV, — B,I))n.vgdvy(x) + 6J (ug).

Function 67(xzg) is called the “topological sensitivity” or the “topological gradi-
ent.” As j is usually independent of R (at least when it is of the form (3.14), which
is the “natural” way of posing the problem) and 65(xg) is independent of e, it follows
from the uniqueness of an asymptotic expansion that §j(x¢) is also usually indepen-
dent of R. This is not necessarily true for the terms da(ug, vo), 61(vg) (see section 6),
or 6J(ug) considered separately, because a, [, and J do depend on R.

During an optimization process, what is in fact computed is the solution ug to
(2.1) and the adjoint state vg € Vp, which is the solution to

(4.14) l// Dw : Dvgdzx = —Djo(uQ)w, Yw € Vy,
Q

with Vo = {v € H}(Q)?; dive = 0 in Q}. As observed in Proposition 3.1, ug is the
restriction to Qg of ug. Similarly, vy is the restriction to Qg of vg, which can be proved
in the same way as in [9]. Hence, the basic property of an adjoint technique is here
satisfied, in that function ug (or ug) and the adjoint state vg (or vg) do not depend
on zg. Thus only two systems must be solved in order to compute the topological
sensitivity §j(z) for all z € 2. Moreover, there exists a unique qo € L? (Q) /R such
that

(4.15) I// Dw : Dvg — / qo div w = ~DJo (uq) w, Yw € H} (Q)g,
Q Q

and (4.13) can be expressed in the following way (see Corollary 4.2). Proposition 4.3
will show that in fact the two last terms in the right-hand side of (4.16) cancel each
other for a large class of cost functions which do not involve Dug. The regularity of
vAvg — Vqq depends on uq and on the cost function J; some examples are provided
in sections 4.1.1 and 4.1.2.

COROLLARY 4.2. Under the assumptions of Theorem 4.1, if vAvg — Vqq €
L1(Do)™ with ¢ > n/2, then

(4.16) 6j(xo) = Au(ua (o)) va(xo) + /D (vAvg — Vaq).(V, = W) dx + 6J (ug).

If w is the unit ball B(0,1), then v, (y), tu(y), and A, (uq(wo)) are given explicitly by
v, (y) = T(6E + AE)uq(x),
3v
tu(y) = 7”9(3?0), Yy € Ow,
Au(uq(xo)) = 6mrug (o).

Proof. Thanks to Green’s formula and (4.9) (with V,, = W, on I'r), (4.13) also
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reads as follows:
03a) = [ ((DWe = Qul) = (vDV. = Pul) nvs (o) + 8 (un)
I'r

= / (vDvg — qol)n.V,, dy(z) — / (vDV,, — P,I)n.vg dvy(x)
T'r Tr

—/ (vAvg — Vao)n. W, dz + 6J (ug).
Do
Through a regularization and localization technique, it can be shown that

/ (vDvg — qol)n.V,, dy(z) — / (vDV,, — P,I)n.vg dvy(x)
FR FR

= / (vAvg — Vqq).V, dz — (vVAV,, — VP, puq),
Do
where p € D(Dyg)? satisfies ¢(z¢) = 1. It follows from (4.7) and (4.3) that
(=VAVL + VB, pva) = (—vA(EA, (ua(20))) + V(P.Au(ua(20))), pva)

= Ay(ua(w)); (—vAE; + VP, pvq)
J

= Au(ua(w)); (8e;, pva)
J

= A, (ug(xo)). va(xo).

This proves (4.16). For w = B(0,1), function v, can be computed explicitly. For
y # 0, we have

E(y) = g—(I +ece;),
1
AE(y) = W(I — 367‘63,—'),
131 1/3 3\
7TI/(6E+ AE)(y) = Z (r + r3> I+ Z (’I“ — T‘3> ere, .

Hence nv(6E +AFE)(y) = I on 0B(0,1), and it follows from the uniqueness of v,, that
v, (y) = T (6E + AE)(y)ua(xo).

The expressions of t,(y) and A, (uq(zg)) follow straightforwardly from (4.5) and
2
/ E(y—x)dy(x) = —I Vye€dB(0,1). 0
8B(0,1) 3v

We now examine two classes of cost functions.

4.1.1. First example. It consists of functions of the form
(4.17) Je(u) = / g(z,u(z))de, we HY(Q)3.
Q.

The hypotheses on g are the following:
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e For all z € Q, function s — g(z,s) is of class C! on R3, its gradient being
denoted by Vg(z, s).

e For all z € Q, function s — Vg(x, s) is Lipschitz continuous, and there exists
a constant M such that

(418)  [Vag(a,t) = Vogla,s) < Mt —s|, V(w,s,t) € QxR x RY,

where |¢| denotes the usual norm on R”.
e Function * — Vg(z,0) belongs to L?(Q)% and x ~— g(z,0) belongs to
L3/2(Q).
These hypotheses imply that for all (z,s) € Q x R3
M o
(4.19) l9(2, 5)| < lg(z, 0)] +[Vsg(2,0).5] + —|s|",
(4.20) Vsg(x,s)| < |Vg(z,0)] + Ms],
and functions = — g(z,u(z)) and = — |Veg(z,u(z))]® are integrable on Q for all
ue L2(Q)3. If u € LS(0)3, O 9, then function z — g(x,u(x)) belongs to L3/2(0).
The standard example

g(z,s) = s —ua(@)|”

satisfies these hypotheses if uq € L3(£2)3.
PROPOSITION 4.3. If these hypotheses are satisfied and if f € L1(Q)™ with g > n,
then

6‘](“0) = vsg(xauﬂ)'(ww - Vw) d;L',
Do

the adjoint state (vq, ga) € Vo x L?(Q)/R is the solution to
—vAvg + Vgo = —Vg(z,un),
and function j has the asymptotic expansion
j(€) = J(0) + e Ay (ua(x0)).va(xo) + o(e).
If w is the unit ball B(0,1), then
j(e) = 7(0) + 6mve ug(xo).va(xo) + o(e).
4.1.2. Second example. It consists of functions of the form

(4.21) J.(u) = %/Q BD(u—ug) : D(u—ug)de, uwe HY(Q),

where B € W1 (Q,R?*9) with (BM);;(x) = Y, bijri(z) My for M € M3(R), and
uq € H*(Q)3. The operator B is supposed to be symmetric; that is, bijkt = briij, or
equivalently BM : N = M : BN for all M, N € M3(R).

PROPOSITION 4.4. If these hypotheses are satisfied and if f and Aug belong to
Li(Q)™, q > n, then the adjoint state (vq, qq) € Vo x L2(2)/R is the solution to

—vAvg + Vqq = div [BD(UQ — ud)],
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the variation of J is given by
1
6J(uo) = / (vAvg — Vo). (W = Vo) + 5 B(zo)Duw(y) : Dvw(y) dy,
Dy 2 RS\U
and function j has the asymptotic expansion
) . €
j(e) = j(0) + eAu(uq(@o)) va(zo) + 5 /3 B(x0)Dvw(y) : Dvu(y) dy + ofe).
R3\@
If w is the unit ball, then

3rt+1 (3r2 — 3)uq(xo)-e
W’U,Q(IO) + 13 vy

and the integral can be computed explicitly.
If @ is the unit ball B(0,1), the integral has the form

v, = TV(6E + AE)uq(zo) =

[ Babu): D)y
R3\B(0,1)

— Z (Bijriumn)(zo) / (7r1/)2(9j (6E + AE)im0,(6FE + AE) ., dy,

ijklmn R3\B(0,1)

where ug = (u1,u2,u3), each term in 0;(6E;m, + AE;;,)01(6Ek, + AEy,) is of the

form y®/r® with s = |a| + p, p = 4,6, or 8, and each y® is of the form y2, yfyjz., or

yfy?yi (the other integrals vanish). Then one can use the following formulas:

o1 1 Am
Yigy =2 Sy =
R3\B(0,1) 7° 3 Jrn\B(o,1) TP 3(p—3)

—_— 47-‘— . . .
R3\B(0,1) T° B L1 F
Ar ==k
22,2 T»-3) ! J )
YiY;Y g e
/ B 770]3 kdy = 35(}73) iti=j#k,
3 g o - . .
R3\B(0,1) gy Hi#Fj#k#i
For example, if BM (z) = C(z)M where C(z) € M3(R) is a symmetric matrix, then

3T
10

4.2. The two-dimensional case. We briefly describe the transposition of the
previous results to the two-dimensional case. As before, ug and the adjoint state v,
respectively, are the solutions to (2.1) and (4.14). A fundamental solution system to
the Stokes equations in R? is given here by

21
j(e) = j(0) + e[6rrug.vg + ——tr Clug|® + T(;TCUQ.UQ](SCO) + o(e).

1 Yy
BW) = gy (st teel), Pl =55

The exterior problem must now be defined differently than in (4.1), which generally
has no solution in the two-dimensional case (Stokes paradox). Let v, be the solution
to
—vAv, + Vp, =0 in R*\w,
dive, =0 in R*\w,
vo/log |lyll = ua(zo) at oo,
v, =0 on Jdw.
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Functions v, and p,, have the following asymptotic expansion at infinity:

vo(y) = —4rvE(y)ua(zo) + Vo + Ru(y),  Ru(y) = O(1/r),
Pu(y) = —4mvP(y).ua(zo) + Su(y),  Su(y) = O(1/r?),

where V,, € R? is constant (it follows from the fact that any tempered distribution so-
lution to the homogeneous Stokes equations in R™ is a polynomial, which can be proved
as in [8, Chap. II, sect. 2, Prop. 3]). The principal part of v, is —47mvE(y)uq(zo)+ V.,
and, because V,, is constant, its derivative is independent of w. The consequence is
that, in contrast to the three-dimensional case, the topological sensitivity does not
depend on the shape of w (cf. Propositions 4.5 and 4.6).

If w = B(0,1), then function v,, can be computed explicitly as follows: for y # 0,
we have

1
E(y) = —(—logrl +ee}),

4dmv
1
AE(y) = W(I — 297-821),
1 1
mv(4E + AE)(y) = (—logr + 27’2) I+ (1 — 7’2> eel.

Hence nv(4E + AE)(y) = I/2 on 0B(0,1), and it follows from the uniqueness of v,
that

v, (y) = —mv(4E 4+ AE)(y)ua(xo) + %UQ(%Q).

Next we consider the solution W, @, to the interior problem

—vAW,+VQ, =0 in Dy,
div Ww =0 in l)o7
W, = —4dnvFEuq(xg) +V, onTg.

The “first order approximation” of (uf*® — u(’;"p)‘ p. With ¢ = (uq)r, now becomes
(compare with (4.10))

1;;5 (—4rvE(z)ug(zo) + Vo, — Ww(x))lDa .

PROPOSITION 4.5. The assumptions are the same as in Proposition 4.3, with jg
of the form

Je(u) :/Q g(x,u(z))de, we HY Q)2

Then function j has the following asymptotic expansion:

4.22) je) = jio) - Tremntn) o (25

loge loge

In the next proposition, the first expression of j(¢) is given for comparison with
the three-dimensional case.
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PROPOSITION 4.6. The assumptions are the same as in Proposition 4.4, with jg
of the form

Jo(u) = %/ﬂ BD(u —uq) : D(u — ug)dz, ue€ H ()%

Then function j has the following asymptotic expansion (with D./e = B(0,R/¢)/w):

A7y 1 -1
(e) — (0) , B(z)Du, : Du, d —
76) = 30 = peuateo)vateo) + g [ Blaw)Du Dy +o ()
) drv (47v)?
=j(0) — uq(xo).va(xo) + 5 B(xz)D(Euq(xo)) : D(Eug(xo)) dy
loge 2log”e Jp_ye
(752)
+o
loge
=3(0) - Tloge [16vuq.vo + (bii11 + ba2ss + bia1a + baia1 — 2ba112 — 2b1122) [u|?

-1
+4b1212uT + 4bo121u3 + 4(—bi112 + b122a — bar2z + briz)urua](z) + 0 <10g5) ;
where ug = (u1, uz).
The proofs use the same tools as for the three-dimensional case (see section 6)
and will not be repeated for the two-dimensional case.

5. A numerical example. The example presented in this section shows how
topological sensitivity can be used to improve a given criterion. Although the obtained
result indicates that the problem may not have a “classical solution,” which is quite
common in shape optimization, such a result may still have some practical interest
for situations where the user does not necessarily need the “best solution,” but only
an improved design. A classical approach used for obtaining existence of an optimal
solution is to use homogeneization [1, 4, 7, 13]. For a review on recent advances
in shape optimization methods and existence of an optimal solution (either through
penalization or relaxation), we refer the reader to [2] and references therein.

We consider the case of a tank filled with an incompressible fluid, in which some
obstacles can be inserted in order to approximate a target flow ugq. The velocity and
the pressure are the solution to

(5.1) —vAug + Vpo =0 in Q=[0,1.4] x [-1.2,1.2],

where the domain 2 and the boundary conditions are illustrated by Figure 3.
The cost function is defined by (see also Figure 3)

J(w) =/  — ] dz,
Qg

1.2
w=(Yag0)s fa={() € el <08}

The subset Q\Qq is the location where some obstacles can be inserted. For that
function, the adjoint equation (4.15) reads

—vAvg + Vaqa = _Z(UQ — ud) in Q,
vo=0onT,
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un=0
------- Q ----- > u=0
d :
u=(1,0); <---F------- Q ------- See= 1 u=(1,0)
— 3 | —

Fic. 3. The domain Q and the boundary conditions.

and we obtain from (4.22) the topological sensitivity

4y

jle) = 34(0) uq(7o).vo (o) +0( -1 ) .

loge loge

For completeness, we recall here the topology optimization algorithm described
in [9], which was inspired by the original work of Céa [6]. Let (my)x>0 be an increasing
sequence of volume constraints, with mgy = meas(Qd). For example, a geometrical
sequence may be chosen. At the kth iteration, the topological sensitivity is denoted
by éjr(z), and a small obstacle is added at the point where §j is the most negative.
The algorithm is the following [9]:

e Initialization: choose ¢ = €1, and set k£ = 0.
e Repeat until target is reached:
1. solve (5.1) in €y,
2. compute the topological sensitivity 6 j,
3. set Qi1 = {x € Qu; 6 (x) > cpy1}, where ¢ is chosen in such a way
that meas(Qg41) = mg41,
4. k— k+1.

Figures 4(a) and 4(b) show the initial flow and the objective flow that we want
to obtain after optimization. Only half of the tank is represented. The results after
optimization (obstacles and obtained flow) are presented in Figures 4(c) and 4(d).
The plotting function of MATLAB normalizes the sizes of the arrows, which is the
reason why we show in Figure 4(d) the restriction of the flow (Figure 4(c)) to 4.
That allows a better comparison between the objective flow and the obtained flow.
The value of the cost function at each iteration is presented in Figure 4(f).

6. Proofs. This section consists of the proofs of Theorem 4.1 and Propositions
4.3 and 4.4. They use the fundamental result from [11], [9] which is recalled here.

LEMMA 6.1. Let V be a Hilbert space. For ¢ > 0, let a. be a bilinear and
symmetric form on V and l. be a linear form on V, such that for all € > 0,

(u, v) < Myl {lo]],  Vu, veV,
ac(u,u) > al|ul|?, YueV,
le(v)| < Maljv]|, YveV.

Qe

|l (v
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We suppose that there exists a bilinear and continuous form da, a linear and contin-
uous form 61, and a real function f() > 0 defined on Ry such that

llac —ao — f(g)éallz, vy = o(f(e)),
[le = lo — f(e)oll| vy = o(f(g)),
1inr(1) f(e) =0.
For e >0, let uz be the solution to
as(ue,v) =l (v) Yvel.
Then
ue —uolly = O(f(e)).

Consider next a cost function of the form j(e) = J(uc), where J. is defined on V and
Jo is differentiable with respect to u, its derivative being denoted by DJo(u). Suppose
that there exists a function 6J defined on V such that for allv €V and alle >0

Je(v) = Jo(u) = DJo(u)(v — u) + f(£)6J (u) + o([lv — ully + f(e)).
Then j has the asymptotic expansion
J(e) = j(0) + f(e)[6a(uo, vo) — 6l(vo) + 6Jo(uo)] + o(f(e)),
where vy € V is the solution to the adjoint problem
ag(w,vg) = —DJo(ug)w Yw € V.

Here, the variations of the bilinear form a. and the linear form [, (see (3.10) and
(3.11)) read

ac(u,v) — agp(u,v) = /F (T. — To)u.vdy(x),

1.(v) — lo(v) = / (f- — fo)wdy(a).

Hence, the problem reduces to the analysis of (T, — Tp)p for ¢ € H‘l,/Q(FR)?’ and of
fe—foin H‘;l/z (T'r). More precisely, it will be shown in sections 6.3 and 6.4 that there
exists an operator 6T € E(Hxl,/2(FR)3;H‘;1/2(FR)3) and a function 6f € H~Y/?(Tg)
such that

(6.1) HTE — Ty — géTHL(H‘l/Q(FR)?’;H;l/Z(I‘R)S) = 0(52),
(6.2) ||fe — fo — EéfHH;l/z(FR) = 0(52).

Consequently, defining éa and 61 by
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will yield straightforwardly

lae —ag — €ballz, vy = 0(52),
e — lo — €8l c(vg) = O(2),

and Lemma 6.1 can be applied. In order to derive (6.1)-(6.2), we need some definitions
and preliminary lemmas.

6.1. Definitions. This section describes the functional spaces and norms which
will be used in the proofs.
e For a bounded and open subset @ C R?® and m > 0, the Sobolev space
H™(0)3 is equipped with the norm defined by

m

2
HU”?no = Z|u|k,0a

k=0

. 2 .
where the seminorms |u[, , are given by

2 feY
|| =k

The usual space of traces on the boundary of O is denoted by H/2(90), and
its norm is denoted by || - [|1/2,90. The subspace

100y = { € 1100y [ pnirfa) =0}

is equipped with the norm induced by H'/2(60)3, and H;l/Q (00)? denotes
its dual space. A special case is when ) = (vDu — pI)n on I'g with —vAu+
Vp=0in C(R/2,R). For ¢ € H‘l//z(FR)3, let v € HY(C(R/2, R)) solve the
Stokes equations with a null right-hand side, v = ¢ on I'r and v = 0 on I'g 5.
Using the well-posedness of the Stokes equations, we have

(VDu = pI)n,g)_q /51,0 = 1// Du : Dvdx
C(R/2,R)

<vluli,cr/e,r) V,c(r/2,R)
< culi,crsz,m)llelli/2:

which proves that
(6.4) |(vDu —pl)n||_1/2r, < cluly,c(ry/2,R)-
As usual in PDEs, letter ¢ denotes a positive constant independent of the

data (e.g., on ¢).
e Finally, the space L?(O)/R is identified with

L2(0) = {peLQ((’)); /Opdx:0}.
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6.2. Preliminary lemmas. Recall that g = 0. We will use extensively the
following change of variable. For a given function u defined on a subset O, function
u is defined on O := O/e by

u(y) =u(z), y=ux/e
Due to Du(x) = Du(y)/e and to Definition (6.3), we have

1 ~
o= [ 1Duf do= 5 [ D7 Sy
' o €°Jo
hence
(6.5) luly,0 = et/? |m1,6 :
Similarly, we have

(6.6) llullo,o = &[]y -

LEMMA 6.2. For ¢ € H‘l/2(3w), let vy, q., be the solution to the problem

—vAv, + Vg, =0 in R3\@,
divo, =0 in R3\w,

v, =0 at oo,

Uy =@ on dw.

(6.7)

Function v, is split into

Vw (y) = Vw (y) + Rw (3/),
Va(y) = E(y) / () dy (z),

Ow

where E(y) is defined in (4.2) and t,, € H‘;l/z(aw)?’ is the unique solution to
(6.8) g E(y = )tu(z)dy(z) = ¢(y) Yy € dw.

There exists a constant ¢ > 0 (independent of ¢ and ) such that

IVoollo,c(ry2e),rre) < g™ 2 oll1 /2,00
Volvory@e,rse < € 2llel/2,00,

Vollo,p, e < c™2ll0ll1 /2,00,
Ve

1,0./e < cllll1/2,00
||Rw||o,C(R/(25),R/E) < 051/2||<P||1/2,3w7
Ruly ciryae) rye) < 2l 200,
HRw”LDE/a < cllell1/2,00-
Proof. Function v, reads

wi) = [ By-ot@ ), ver\a
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Using a Taylor expansion of F computed at the point y and the well-posedness of
(6.8) we have for large r = ||y]|

c c
Vo)l < ~llelhyzow [Bo@)l < Slelhy2o0,
c c
IDVL)l < Slelliyz00, IDRoW < 5llelli/,00,

from which the above inequalities follow straightforwardly. 0

LEMMA 6.3. Fore > 0 and ¢ € H‘l//z(FR)g, let ve, g be the solution to the
problem

—vAv. +Vq. =0 in D,,
divo. =0 in D.,

ve=¢ onTr,

ve =0 on dw,.

(6.9)

There exist a constant ¢ > 0 (independent of ¢ and £) and €1 > 0 such that for all
0<e<ey,
||”8H1,D5 < C||80||1/2,1“R :

Proof. Let g > 0. Problem (6.9) is well-posed; hence there exists a constant ¢
such that

|ve, |1,D50 <cllelli/2,rg-

Let €1 < gg be such that D., C D, for all € < 1. Let ¥, be the extension of v, to
D. by 0. Function v, minimizes the energy |v|; p, over the affine space

{UEHI(Ds)S; v=pon g, dive =0 and v =0 on &u};

hence, for all € < e1 we have

|ve 1,0, = |660|1,D5 = |'U€0|1,DED <cllellij2rg-

We also have

lvollo,p, < cllellyjzry -

Then, denoting by 7. the extension by 0 of v. to Dy and using Poincaré’s inequality
on Dy yields

HUEH(),DE = [|ve 0.0y = [0 — o |0,Do + ||v0Ho,D0
<clve — U0|1,D0 + ||1’0||0,D0
< c[vely p, + cllvolly, p, = clvely,p. + cllvolly, p,

<cllelijor,- O

LEMMA 6.4. Fore > 0 and v € H*(Dg)? such that divy = 0, let u., p. be the
solution to the problem

—vAu, +Vp., =0 in D,,
divu, =0 in D,,
u. =0 on g,

u: =1 on dwe.

(6.10)



20 Pu. GUILLAUME AND K. SID IDRIS

There exist a constant ¢ > 0 (independent of ¥ and €) and €1 > 0 such that for all
0<e<eq,
ueli c(ryar) < cellv(ey)lliyz,ou
l[uelly, p, < cellv(ey)lly /2,00 -
luel,p. < "2 [ (ey) 1 0,00
Proof. Let v, g- be the solution to the exterior problem
—VvAD. + Vg =0 in R}\@,
dive. =0 in R3\@,
e =0 at infinity,
ve = ¢Y(ey) on Jw.
Function u. can be written
Ue = Ve — We

where v.(z) = V. (z/e). Function w, itself is the solution to

—vAw.+Vs. =0 in D,,
divw, =0 in D,

we =v, on g,

w, =0 on dw;.

It follows from Lemma 6.3, (6.5), (6.6), and Lemma 6.2 that there exist ¢ > 0 and
€1 > 0 such that for all 0 < e < eq,

||ws||1,D5 <c ||’Us||1/2,PR
< cllvellyoryz.r)
< c(|velo,c(ry/2,r) + |Vel1,0(R/2,R))
= 0(53/2|5e|0,C(R/2a,R/5) + 51/2@|1,C(R/25,R/s))

(6.11) < cell¥(ey)ll 00 -

Hence

|Us|1,C(R/2,R) = [ve — wsh,C(R/z,R) < |vs|1,C(R/2,R) + |w8|1,DE
ce ||¢(5y)”1/2,aw .

IN

Similarly we have
HUEH(),DE =e%/? Hﬁenops/g <ce ||7/’(5y)”1/2,6w )
ey, p, = €2 1Bl p, /e < €2 10(EY)l1 2,00
and
”uEHO,DE See ||¢(€y)||1/278w7
lucl1,p, < ce'/? 1Y EY /2,00 - U

Lemmas 6.3 and 6.4 are summarized in the following lemma.
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LEMMA 6.5. Fore >0, ¢ € H‘1,/2(FR)3, and ¢ € HY(Dg)? such that divy = 0,
let v, q- be the solution to the problem

—vAv. +Vqg. =0 in D,,
divvo. =0 in D,,
v.=¢ onTpg,
Ve =% on Jwe.
There exist a constant ¢ > 0 (independent of ¢, ¥ and €) and €1 > 0 such that for all
0<e<ey,

Vel cmam < ¢ (Iellarn + € leED20.)
leello.n. < ¢ (Iellyorn +e 19020

foel,p. < ¢ (Ielarn + /2 19 2.0 -

6.3. Variation of the bilinear form. The variation of the bilinear form a.
reads

acl0) = ol v) = [ (T~ Touvd (o)
I'r
For ¢ € H‘l/Q(FR)3, recall that u2¥ is the solution to (3.2) or (3.3) if ¢ = 0. Let
%%, 0¥ be the solution to

—vAV2? +Vp%? =0 in R3\w,
dived? =0 in R3\w,
0¥ =0 at oo,

v0? = u)?(xy) on dw.

(6.12)

As in (4.6), let V9¢(y) = E(y)Au(ug? (o)) be the dominant part of v%%, and let

w Y
W9 Q%% be the associated solution to (4.9) with W%% = V9¢ on I'g. The linear

operator 6T (independent of ¢) is defined as

(6.13)
§T: HY*(Tr)* — H,'*(Tg)?,
o +— 8Ty :=[(vDW2% — Q%1I) — (vDVI¥ — P%¢I)n.

PROPOSITION 6.6. The asymptotic expansion of T is

(6.14) T2 = To — 6T o 12 = 0(e%).

(TR)3; Hy/*(TR)3)

Proof. Let ¢ € H‘l,/Q(FR)‘B. For simplicity we may drop the subscripts (.)%¢.
For y = z/e, we have v,(y) = V,(y) + Ru(y) with V,(z/e) = eV, (z); pu(y) =
Pou(y)+Su(y) with P,(z/e) = e* P,y (2); and Ry (y) = O(1/||y[|*), Su(y) = O(1/|yl|*)
(see (4.2), (4.6), (4.7)). Let

Ve(w) = (T —To — e8T) ().
We have
Ye(z) = (WDue — peI)n — (vDug — pol)n — e[(vDW,, — QuI)n — (vDV,, — B, I)n]

— D(w.(x) — Ru(x/e))n — <sg(x) _ iSw(x/e)) n,
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where we, s is defined by

we () = ue(x) —ug(x) + v, (x/e) — eW, (),
52(0) = pel) = pol) + Zpale/e) — & Qul).

Functions w,, s. are solutions to

—vAw, +Vs. = 0 in D,
divw: = 0 in Dy,

We = Uw(x/g) - EWw(x) on I'g,

we = [—up(x) + uo(xg) — eWy(x)] on dwe.

In order to apply Lemma 6.5, we have to estimate the two right-hand sides.
On T'g, due to W, (z) = V,,(z), we have

vy (z/e) — eWy,(x) = Ry(x/e).

Due to the definition of v, and W, we have
/ (vo(x/e) — eW,(z))ndy(z) = 0.
I'r

Using (6.5), (6.6), Lemma 6.2, and elliptic regularity we obtain

[vw(@/€) = eWoll1j2,rn = [[Ru(z/€)l1/2,rx
< c||Ru(z/e)ll,c(r/2.R)
< C(||Rw(37/5)||0,C(R/2,R) + |Rw(x/5)|1,C(R/2,R))
= c(e*?|RuW)lo,c(rj2e.r/e) + €2 | RoW)|1,0(R/26,1/2))
< ce? |Juo(zo)ll1/2,00

< c2?|ll1 /2,5

On Owe, putting 0. (x) := (—uo(zr) + u(zo) — eWy(x))/e, we have divf. = 0 in
Dy, and for small ¢,

10 (ey)ll1/2,00 < cllb=(ey)|
— ¢ ug(ey) — up(wo)
€

1w

+ Ww(gy)

1w

< c(||uolle2(B(o,r/2)) + [IWaller(Bo,r/2)))
< c(llellijzrn +1Volli/2,rs)

< cllelli/2,rp-

We can now apply Lemma 6.5, which gives
lwe(2)11,c(rj2.r) < c@l@ll2.r, + elleb=(ey)ll1/2.00)
< cg? ||ell1/2.0p-

Finally, observing that —vAV,+V P, = 0in C(R/2, R), which implies that —vA(w,(z)—
R(z/e)) + V(se(x) — Su(x/e)/e) = 0 in C(R/2, R), it follows from (6.4), (6.5), and
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Lemma 6.2 that
[l —1/2,0r = lvD(we(z) — R(z/e))n — (sc(x) — Sw(x/e)/e)n|—1/2rp

< c(|welr,cry2,r) + |Ru(T/€)|1,0(R)/2,R))
1,0(R/2,R) T 51/2|Rw(y)

< ce®||@llr/2,rp-

1,C(R/26,R/e))

= c(|we

Hence

The asymptotic expansion of the bilinear form a. now follows straightforwardly.
PROPOSITION 6.7. Let

(T: = To — 55T)<PH—1/2,FR = 0(52)- a

ba(u,v) = 6Tuwvdy(x), u,v € Vg.
I'r

Then the asymptotic expansion of the bilinear form a. is given by
lac — ao — €ball £, (vyy = O(€?).

6.4. Variation of the linear form. The technique is the same as in section 6.3.
The difference comes from the boundary condition imposed on dw to the solution of
the exterior problem: v%¥ = ug¥(zq) in (6.12) for the study of the bilinear form;
v/0 = uf®(x0) in (6.15) for the study of the linear form. Hence estimations involving
ll¢ll1 /2,0, are replaced by estimations involving ||f||,,. The variation of the linear
form [, reads

1. () — lo(v) = / (f- — fo) v dy(2).

Recall that u/-? is the solution to (3.2) or (3.3) if ¢ = 0. Let v/,?, p/,° be the solution
to
—vAVI0 + Vplo =0 in R:\G,
dive/? =0 in R*\w,
(6.15) v/0=0 at oo,

0f0 = ul(z0) on dw.

As in (4.6), let VSO(y) = E(y)Au(ul®(x0)) be the dominant part of v/, and let
W10 Q% be the associated solution to (4.9) with W0 = V/: on I'g. Function

of € H‘;l/z(I‘R)?’ (independent of ¢) is defined by
(6.16) §f = [—~(wDWLO —QLO1) + (wDVIO — P/OI)n.
PROPOSITION 6.8. Let f € LY()", ¢ > n. The asymptotic expansion of f. is
Il fe = fo — 55fH—1/2,1“R = 0(52)-

Proof. The proof runs as in Proposition 6.6 (we drop the subscripts (.)/*?) with
we and 6. defined by

ue(z) — up(z) + vp(z/e) — eW,, (),
0:(z) = (—uo(x) + up(xo) — eW,(x))/e.

(S
)
—~
8
~

I
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The only difference lies in the elliptic regularity estimates

luo(zo)| < lluollcopy) < cllfllpas
and for small ¢

10 (en) /2,00 < € 10c(y)ll1e

<ec ug(ey) — uo(2o) W (ey)
€ Lw
< ¢ (luoller g0, ry2y) + Wasller (o,r/2)))
<c(Ifllpe +1Vollij2rs)
<c|fllp.- O

The asymptotic expansion of the linear form I. now follows straightforwardly.
PROPOSITION 6.9. Let

6l(v) :/F 0fwvdy(z), v€Vp.

Then the asymptotic expansion of linear form l. is given by
lle = lo = €6l c(vgy = O(?).

6.5. Proof of Theorem 4.1. It follows from Propositions 6.7 and 6.8 and Lem-
ma 6.1 that

j(€) = j(0) + (6a(uo, vo) — 6l(vo) + 6J (ug))e + o(e).
With ¢ = ug|r,, it follows from (3.4), (3.12), (4.1), (6.12), and (6.15) that
Uy = v£’0 + 2%,
which implies

V, =VI0+vie,
W, =W+ wihe.

Then, using (6.13), (6.16), and Propositions 6.7 and 6.9, we obtain

ba(ug,vg) — 6l(vg) = / [(vDWo% — Q%#T) — (vDVY¥ — PY¥|n.vg dy(x)
T'r
+ / [(vDWLO —Q/OT) — (vDVIO — P10 n.wy dy(z)
T'r

= / [(vDWI¥ — QL°T) — (vDVI¥ — P4 1)n.wg dy(x),
T'r

which achieves the proof of Theorem 4.1.
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6.6. Proof of Proposition 4.3. This section describes the variations of J.(u) =
Jo(Ue) (see (3.13)) when J. is of the form (4.17)

Je(u) :/Q g(z,u(z))de, we HY(Q).

The hypotheses on g (4.18)—(4.20) described in section 4 are supposed to be satisfied.
Throughout the two next sections, . € H'(Q.)3, € > 0, denotes the extension of
u € Vg which coincides with © on Qg and with ugv“’ on D, for ¢ = Uy

LEMMA 6.10. Let ¢ € H‘l/Q(I‘R)?’ and f € LY(Q)3, ¢ > n. Let uf¥ and ug’“” be,
respectively, the solutions to (3.2) and (3.3). Then
(6.17) [uf® — g = (W2 = VI#)llo.p. = OE"2),
(6.18) luf? =l = WL + ol (/) o, = O,

where V1% is the dominant part (4.6) of the solution v/;? to the exterior problem (4.1)

(4.
with ul# (z0) substituted for ug(xo), and WS is the associated solution to (4.9).
Proof. Recall that v, = V,, + R, (4.6) with V,,(z/e) = eV, (z) and R,(y) =
O(1/||y||?) (we drop the subscripts (.)/*#). Let

(6.19) we () = (ue —uo — (W, — Vo)) (2) + Ro(x/€)
= u.(z) — uo(x) + v, (x/e) — W, (x).

Function w, (with the appropriate s.) is the solution to

—vAw.+Vs.= 0 in De,
divw, = 0 in D,

we = v,(x/e) —eW,(x) on I'g,

we =  —ug(x) +up(zo) — eW,(z) on dwe.

Using the same arguments as in the proofs of Proposition 6.6 and 6.8 we obtain
lae/e) = €Qulh o < e (Il o + 1115 )
| = uoley) + uo(wo) = £Qullryzo0 < & (Il oo + 1110 -
It follows from Lemma 6.5 that
wello.p. < e (Il o + 1 l12a) -
el o, < e (Il oo + 110 ) -

The second equation proves (6.18). Due to (6.6), Lemma 6.2, and elliptic regularity
we also have

1R @/2)llo,0. = £ [ Rullg p. e < = (1ol 2. + 1F1120) -

We conclude by using u. — ug — e(W, — V) = we(z) — Ry (x/¢). O
The variation J.(u) — Jo(u) is given by the next lemma.
LEMMA 6.11. For u € Vg we have

Je(u) = Jo(u) +e6J(u) + o(e),

6J(u) = i Vsg(z,up(z)).(Wy, — V) dz,
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where W, and V,, are defined as in Lemma 6.10, with ¢ = ujp,.
Proof. Let

I. = J.(u) — Jo(u) — ¢ Vsg(x,ug). (W, — V) dx
Do
On D, we have u, = ug’“" fore > 0, 9o = uon I'g, and on Qg we have u. = ug. Hence

I. = J.(u2) — Jo(ug) — e | Vagla,g). (W, — Vo) dz
Do

/g@ﬁaw—/M%%M%f Vag(a,@0). (W, — Vo) de
Qe Q Do

:/D g(x,uz"") g(z, Uo )dm—/ g(x,ug’“’)daﬂ—g Vsg(z, “0 (W, —V,)dz

We Dy

Due to the hypotheses on g (4.18) and (4.19), we have, for all (z,s,t) € Q x R® x R3,

g(l’,t) - g(sc, 3) = vsg(xa 5)(t - 5) + 9(%, Sat)(t - 3)'(t - S)a

160G, 5,1y < -
Then
L= [ Vgt ). (uf2 — il - W = V) do
fs/ Vsg(z, uo (W, =V, )dxf/ g(z, ué‘p)dx
[ Ot )l — ) 0l ) o
and

|| < / ’ng z,ul?). (ug"'o —ul® — (W, — Vw)>) dx
+€/ ‘ngxuo (W, —WV,) dm+/ ‘gmuo )’dx—k/ |u£a¢—u£a¢|2dx.
It follows from the hypotheses on g (4.18)—(4.20), Lemma 6.10, the regularity of

ul¥ (which implies that z — g(z, ul(z)) is in L32(Dgys)), [|Visllow. = c'/?, and
17590 #(Dllo. = o(1) that

/ [Vagtw,uf ). (ud® — b — (W = V)| e < ellud® = — (W = V)llo,
D,

M
[ St —ufep
pD. 2

€

o [ [Feate ) 00 = Vo) o < A1 Dl W = Vol

= of=?),

= 0(*"),
- 0(82)7
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[ poiof e (] i) ()"

= o(e).

Hence
I. = o(e). O

We can now check hypothesis (4.11) involved in Theorem 4.1.
PROPOSITION 6.12. Function Jy is differentiable on Vg and we have, for all
u,v € VR,

Je(v) = Jo(u) = €6 J(u) + DJo(u) (v — u) 4+ o(e + ||[v — ullvy)-
Proof. We have

Jo(u) = Jo(@) = / o(, W(x)) dz.

It follows from the hypotheses on g (4.18) that function Jy is differentiable on H Q)3
with

DJo (i) w = / V.g(z,tp)wde, we H' (Q)>.
Q

Thus Jy is differentiable on Vg, and for w € Vx extended by @ € H(2)® with
—VvAW+ Vg =0 1in Dy and divw = 0, we have

DJo(w)w = DJy (o).
Hence, applying Lemma 6.11 yields
Je(v) = Jo(u) = Je(v) = Jo(v) + Jo(v) = Jo(u)
= ebJ(v) +o(e) + DJo(u) (v — u) + o([[v — ullv,)
=e6J(u) + DJo(u)(v —u) +o(e + ||v — ullvy,)
+e(6J(v) — 6J(u)).
It remains to prove that e(6J(v) — 6J(u)) = o(e + ||v — u||y, ). For this it is sufficient

to prove that 6J(v) — 6J(u) = O(||v — ully,). With the notation defined below in
(6.21) and (6.22), it follows from Lemma 6.11 that

6J(v) = 6J(u) = /D Vag(@,00). (W = V) = Vig(a, o). (W = V) da
= [ (T 0) ~ gl )] (V2 - V) d
+/ Vig(@,uo). (W5 = V() — (W = V)] da.
Hence, using the hypotheses on g (4.18)—(4.19) we obtain
70 - 83w < [ Mo~ Tll W2 -V de

4 [ (Vg 0)] + Mlal) (W5 = W2+ V2 = V) d
Do
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We conclude by using linearity and continuity of

(6.21) Ve — H/*(Trp® — HY(Dy)® — L*(Do)?,

u o pr=up, ul? = VU= BAL(ul? (x0))
and
(6.22) Vp — H'?(gr)’ — R,

u (VJ‘)‘FR — Wy |

Hence, hypothesis (4.11) is fulfilled and we can apply Theorem 4.1. The adjoint
equation (4.14) reads

V/ Dw : Dvgdx = —/ Vsg(x,uq).wdz;
Q Q

hence

(623) —vAvg + Vaqa = *ng(x, UQ)

It follows from (4.16), Proposition 6.11, and (6.23) that

6j(xo) = Aw(uq(zo)).va(zo) + /D (vAvg — Vqq).(V, — W) dz + 6J (up)

= A, (uq(xo)).va(zoe) + /D (vAvg — Vgq)(V, — W) dx

+ i Vsg(z,uq)(W, —V,) dzx
= A, (uq(x0)).va(zo),

which achieves the proof of Proposition 4.3.

6.7. Proof of Proposition 4.4. Here ja is of the form (4.21)

~ 1

Je(u) = 5/ BD(u —ug) : D(u —uq)dz, ue H' (Q)>.
Qe

The notation is the same as in section 6.6. For u € Vg, we have
~ 1 _ _
Je(u) = Je(ue) = 5/ BD(u. —uq) : D(te —uq) dz.
QE

Due to the assumptions Auq, f € L4(Q)? with ¢ > n, we have Dug, Dty €
C%(B(0,R/2))? (see [8, Chap. II, sect. 3, Prop. 6]); hence

/'Bpah_ugzpam—u@dxzogﬁ.

This and the fact that b;;x(z) = bri;(x) yield

um—%@:%/2Bm%—mym@—%ﬂﬂp@—%yp@—%mmm@.

€
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Equation (6.19) reads here as
we(x) = Ue(x) — Up(x) + v (/) — eWy(2)

and
T () = Jo(u) = /D BD(iio — ua) : D(EWy — vy (x/2) + w.) da

% / BD(EW,, — vy (/2) + w2) : DEW. — vo(@/2) + w2) dz + o(c).
D

=

Recall that v, = V,, + R, (4.6) with V,(x/¢) = eV, (z) and R,(y) = O(1/||y||?).
Then

Je(u) — Jo(u) = / BD(ug —uq) : D(eW,,(z) — eV, (z)) dx

=

—/ BD(tuy —uq) : Dy R, (x/e) dx

€

2
+/ BD(up — uq) : Dw.(x) dz + 8—/ BDW,, : DW,, dx

+1/ BD,v,(z/€) : Dyvy,(x/e) dm—e/ BD,v,(x/e) : DW,, dx

/ BD(eW,, — v, (x/e)) : Dw. dx + 5/ BDw, : Dw, dx + o(¢).
D.

Here D, denotes the derivative with respect to z, and particularly D(v(z/e)) =
Dyv(z/e) = Dv(z/e)/e. Wehave || D, R, (x/e)l|L1(p.y = €2HDRUJ|||L1(DE/5) = O(?|logel);
hence

< [[BD(uo — ua)lloo|| Dz R (x/€)|| L1 (D)

Dz Ro (/€)1 (D)

/ BD(ug —uq) : DRy (x/¢e) dx

€

< (l[wol[3,p,

=o(e).
It follows from the regularity of W, and Lemmas 6.2 and 6.10 that
/D BD(uy — uq) : Dw(z) dx = 0(53/2)’
/D e2BDW,, : DW,, dx = O(&?),
€/D BD,v,(x/¢) : DW,, dz = O(%/?),
/D BD(eW,, — v, (z/¢)) : Dw. dz = O(e?),

/ BDw. : Dw. drx = O(®).
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Hence, using DV,, = O(1/r?), which implies that wa BD(up—uq) : D(W,—-V,,)dx =
O(e), we obtain

Jo(u) — Jo(u) =¢ i BD(up —uq) : D(W, — V,,) dz
1

+§ /DE BD;I:’Uw(fL'/E) : vaw(l'/E) dr + 0(5).

The adjoint equation reads for ¢ € D3(Dy) as

(6.24) / (—vAvg + Vgq).@dx = —/ BD(ug — uq) : Dy dzx.
Dy Dy

Due to B € WHo°(Q)?%9 and Aug, f € LY(Q)? (thus D?*uq, D*uq € L(Dy); cf. the
Calderon—Zygmund theorem [8, Chap. II, sect. 3, Prop. 8]), we have —vAvq+Vgq =
div [BD(ug — ua)] € L9(Dy)3. Moreover, ¢ > n/2 and W, — V,, € L™(Dy)? for all
m < 3; thus (—vAvg + Vaq).(P, — Q.) € L*(Dy). Hence, as W, — V,, vanishes on
g, (6.24) still holds for ¢ = W, — V,, and

Je(uo) — Jo(ug) = /D e(vAvg — Vaq). (W, — Vo)

—&—% /DE BD,v,(z/e) : Dyv,(z/€) dx + o(e).

Then the proof can be achieved as in section 6.6. It follows from Corollary 4.2 that
1
j(e) = 4(0) + eAu (uq(xo)).va(zo) + 5/ BD,v,(z/e) : Dyv,(x/e) dx + ofe).
D,
Using Lebesgue’s convergence theorem, we deduce that

/ B(xz)Dyv,(x/e) : Dyv,(z/e) de = 5/D ) B(ey)Duv,(y) : Duy,(y) dy

—= [ Blo)Du) s Dualw)dy + o),
R3\w

which proves that

je) = 4(0) + €A, (ua(xo)).valzo) + % /R3\ B(xg)Dvy,(y) : Duy,(y) dy + o(e)

and completes the proof of Proposition 4.4.
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OF CHAINED SYSTEMS BY THE TRANSVERSE
FUNCTION CONTROL APPROACH*
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Abstract. A control approach for the practical and asymptotic stabilization of nonlinear driftless
systems subjected to additive perturbations is proposed. Such perturbations arise naturally, for
instance, in the modeling of trajectory stabilization problems for controllable driftless systems on
Lie groups. The objective of the approach is to provide practical stability of an arbitrary given point
in the state space, whatever the perturbations, and asymptotic stability (resp., convergence to the
point) when the perturbations are absent (resp., tend to zero). A general framework is presented in
this paper, and a control solution is proposed for the class of the chained systems.
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1. Introduction. The development of the transverse function (t.f.) approach
[18] finds its original motivation in the problem of practical stabilization of the origin
of a control system in the form

(1) S: = ZuZXZ(x) + P(z,t),

with € R", n > m, {X1,..., X.n} a set of smooth vector fields (v.f.) that satisfy
the Lie algebra rank condition (LARC) on an open ball centered at = 0, and P an
additive perturbation, continuous in x and ¢ but otherwise arbitrary. Note that such a
perturbation may well forbid the existence of any equilibrium point for the controlled
system. The t.f. approach provides a general solution to this problem. Up to now,
and to our knowledge, this solution is unique in its class, even though several other
methods and many control laws have been devised during the last decade to address
the stabilization problem when P = 0. These studies were motivated in the first place
by Brockett’s theorem [5] according to which, if m < n and the control v.f. evaluated
at x = 0 are linearly independent, no smooth or even continuous pure state feedback
can make the origin of the system asymptotically stable. Different types of feedback
laws have been considered to circumvent this difficulty, although not all of them guar-
antee Lyapunov stability. Discontinuous feedback [1, 3, 6, 11] and hybrid feedback
[2, 15, 23] are two possibilities. Another one, more related to the present approach,
consists of using continuous time-varying feedback [21, 7, 20, 27, 22, 13, 19, 16, 14].
An early survey on the control of nonholonomic systems, whose kinematic models are
nonlinear driftless systems, can also be found in [4]. The importance of considering
the perturbed case in association with the objective of practical stabilization is well
illustrated when S is a system on a Lie group and the control objective consists of
tracking a trajectory. Indeed, it is shown in [18] that the error system associated with
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this problem is in the same form as the original system, except for the presence of a
perturbation P. Moreover, when the trajectory is not a solution of the control system,
asymptotic stabilization is not possible. Other reasons for considering practical stabi-
lization as a reasonable control objective, in the case of nonlinear driftless systems, are
also pointed out in [18]: lack of robustness of exponential (continuous/time-varying
or discontinuous) stabilizers, nonexistence of feedback controllers capable of stabi-
lizing asymptotically every feasible trajectory [12], and incapacity of most existing
asymptotic stabilizers to ensure e-ultimate boundedness of the closed-loop trajecto-
ries when a destabilizing perturbation P is present. However, it is important to realize
that practical stabilization is by no means opposed to asymptotic stabilization. It is
merely a weaker requirement, whose interest resides precisely in the fact that it is
weaker and thus applicable to more numerous situations. Once practical stabilization
is granted, it may still be possible, and desirable in some cases, to achieve asymptotic
stabilization, or at least convergence to zero—when, for instance, P vanishes after
some time. For the same reasons, feedback controllers derived with the t.f. approach
should not be considered as antagonistic to other controllers proposed for nonlinear
driftless systems—asymptotic stabilizers, in particular. A more pertinent issue is the
possibility of deriving a practical stabilizer which also ensures asymptotic stabilization
when the perturbation P allows for it. For instance, can the t.f. approach be used for
this purpose?

This question is addressed in the present paper, and a partial positive answer is
obtained. More precisely, an extension of the approach in [18] is proposed in order
to achieve asymptotic stabilization of the origin of S when P = 0, and asymptotic
convergence to the origin when P tends to zero as time tends to infinity. The main
ingredient of this extension is the concept of a generalized t.f. introduced in section
2. The principles of the t.f. approach and design of stabilizers are also laid out in
this section. A solution to the problem of practical and asymptotic stabilization for
the popular class of the chained systems is proposed in section 3, and illustrated by
simulation results in section 4. The practical relevance of this case comes from the
widespread use of chained systems to model the kinematic equations of various me-
chanical systems subjected to nonholonomic constraints (unicycle and car-like mobile
robots, for instance) and also the possibility of using them as homogeneous approxima-
tions of dynamics involved in several other physical systems (ships, induction motors,
etc.). Finding a more general solution, which applies to a broader class of systems,
remains an open subject of research. In order to facilitate the reading of the paper,
we have distributed the proofs of our results into two sections: the cores are given in
section 5, whereas intermediate technical results of lesser conceptual significance are
regrouped in the appendix.

Since the t.f. approach finds its most natural exposition in the context of systems
which are invariant on Lie groups, we have chosen to recast the systems and control
problems evoked above in this framework. Let us recall the prominent role played by
Lie groups in control theory [26, 10]. In particular, controllable driftless systems can
always be approximated by controllable driftless homogeneous systems which are,
after a possible dynamic extension, systems on Lie groups. The chained systems,
which are more specifically addressed here, are systems on Lie groups.

The following notation is used throughout the paper. The tangent space of a
manifold M at a point p is denoted as T, M. The differential of a smooth mapping f
between manifolds, at a point p, is denoted as df (p). The torus of dimension p € N

is TP with T 2 R/27Z. An element 6 € T is identified with the real number in
(=, +m] which belongs to the class of equivalence of §. Addition of angles makes T?
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a Lie group. The ith component of o € TP is denoted as oy, i.e., 0 = (01,...,0p).
The canonical basis of R? is the set of unitary vectors {e;};=1, . ,. Since this set is
also the natural basis of the Lie algebra of TP, a vector field v on TP is identified
with its vector of coordinates in this basis, i.e., v = (vi,...,vp) if v =37 ve;. If
o(.) is a smooth curve on TP, this identification allows us to view &(t) as a vector
in RP. Consider a differentiable mapping f from TP to a manifold M. By a slight
abuse of notation, and for the sake of simplifying the writing of several forthcoming
equations, we write the Lie derivative of f along e; at o as %(a), or %(U)ei, instead
of df (o)(e;) (or L, f(0)), even though the normal use of the partial derivative symbol
refers to a system of coordinates on M. Accordingly, along an arbitrary v.f. v on
TP, we write %(U)v = df (o)(v). We also use standard notation for Lie groups—see,
e.g., [8] for more details on this topic. G denotes a Lie group of dimension n, with
Lie algebra (of left-invariant v.f.) g. For simplicity, we assume that G is connected
so that there exists a globally defined left-invariant distance dg on G. The identity
element of G is denoted by e. Left and right translations are denoted by [ and r,
respectively, i.e., I,(7) = r.(0) = o7. As usual, if X € g, then exptX is the solution
at time ¢ of ¢ = X (g) with initial condition g(0) = e. The adjoint representation of G
is Ad; i.e., for 0 € G, Ad(0) = dI,(e) with I, : G — G defined by I,(g) = ocgo 1.
By extension we define the v.f. Ad(o)X on G by Ad(c)X(g) = dlgz(e)(Ad(c)X (e)).
The differential of Ad is ad, and (adX,Y) = [X, Y], the Lie bracket of X and Y.

2. Control of perturbed driftless systems by the t.f. approach. Consider
a control system

(2) S(g):  g=)Y uXi(g)+Plg.t)
=1

on a Lie group G, with X3, ..., X,, independent left-invariant smooth v.f. that satisfy
the LARC. We assume that the drift term P(g,t) is a continuous function of g and ¢,
and that!

(3) V(g,t) € GXR,  P(g,t) €span{Xi(g),..., Xm(9)}",

where orthogonality refers to an arbitrary Riemannian metric on G. The definition of
a transverse function, as originally given in [17] for v.f. on an arbitrary manifold—i.e.,
not necessarily on a Lie group—is now recalled.

DEFINITION 1. Let Xq,..., X, denote smooth v.f. on a manifold M. A function
f €C>®(TP; M) is called a transverse function (for the v.f. X1,..., X)) if

(4) Vo eTP, span{Xi(f(0)),...,Xn(f(0))} +df (0)(T,T) = Tj(o) M.
Another way of writing the above relation (with the notation explained before) is

o ) of

’801 (0)7'- -7ao_p (U)} = Tf(U)M

) voet. s { X Xnlf(0)
Note that, by this definition, the image set Im(f) = f(T?) is compact. The main
contribution of [17] was to show that if a set of v.f. X3,...,X,, satisfies the LARC
at some point ¢ € M, then for any neighborhood U of g there exists a transverse
function with values in U.

INote that (3) can always be obtained after the application of a suitable preliminary feedback.
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In the context of stabilization, transverse functions allow to use ¢ as a new—
virtual—control input vector. This leads us to introduce the following dynamic ex-
tension of S(g), which evolves on G x T?:

(6) 5(970_): g_zuz % +Pg5 )7

O'—Uo-,

where (u,u,) is viewed as an extended control vector. In the following subsection,
the practical stabilization of g = e for S(g), based on the t.f. approach, is addressed.
More details on the approach, as well as several examples with explicit derivations of
t.f., can be found in [18].

2.1. Practical stabilization. The formulation of a general practical stabiliza-
tion problem which can be associated with S(g) is as follows: given an arbitrary
neighborhood Ug(e) of e, determine a (smooth, or at least continuous) feedback con-
trol (which depends on g and, eventually, on other variables) which asymptotically
stabilizes some compact set Dg C Ui (e). The t.f. control approach provides a solution
to this problem. This solution is now recalled.

Consider the change of variables on G x T? defined by V¢(g,0) = (f(0)g !, o),
with f a t.f. such that f(TP) C Ug(e). From now on, in order to ease the notation,
the element f(o)g~! € G associated with g and f(o) will be abbreviated as z, i.e.,

22 f(o)g~t. By differentiating both members of the equality zg = f(o), one easily
verifies that, along any trajectory (g,0)(.) of S(g,0),

@ =i ) (L ukiro) - Lo+ o))
i=1

Therefore, S(g, o) is equivalent to the control system

2 = —dr -1 g m’u,- i o af u
6 Seoysd =l U(»(;;szﬂ )= 2 o + ) Pla.1) )

0= Ugy.

From the definition of ¥, the asymptotic stability of {e} x T? for S(z, o) is equivalent
to the asymptotic stability of {(f(c),0) : o € TP} for S(g,0). It is also equivalent to
the asymptotic stability of f(T?) for S(g), provided that, for some left-invariant dis-
tance on G, the initial value o(0) of ¢ is chosen so as to minimize the distance between
2(0) = f(c(0))g(0)~" and e.

Now, for any v.f. Z on G, the property of transversality of f ensures that the
equation

0 }:m @) = o)y = —dl(g)Pla.1) — dry()2(2)

admits a feedback solution (u, u )(g7 o,t). Applying any? such feedback law to S(z, o),
and using the fact that (dry(z))~! = dry-1(f), it follows from (7) that

(10) L= 7(2).

2The only (weak) requirement is that the solutions of S(g, o) must be well defined for ¢ € [0, c0).
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Therefore, provided that Z is chosen so as to asymptotically stabilize e for system
(10), the feedback law (u,u,) defined by (9) makes the set {e} x TP asymptotically
stable for S(z, 7).

In general, the solution (u,u,) of (9) is not unique. It is shown in [18], however,
that one can always find® t.f. f € C>(T"~™; (), i.e., such that p = n — m with the
notation of Definition 1. Tt is clear from the transversality condition (4) that this value
of p is minimal and that the solution (u,u,) of (9), given f, is unique in this case.
Allowing the t.f. f to depend on a larger number of variables provides complementary
control inputs which can be used to guarantee complementary control objectives. The
asymptotic stabilization of e for S(g) when P = 0 will, for instance, be addressed in
this way.

2.2. A framework for asymptotic stabilization. Let us introduce, in the
framework of Lie groups, the following specific class of transverse functions.
DEFINITION 2. Consider a function f € C°(T"~™ xT"™; G) and the associated

family of functions {fz}gern-m defined by fg(0) = f(0,3). The function f is called
a generalized t.f. for the v.f. X1,...,X,, on the Lie group G if

(11) Vo =(6,8) e T" ™ x T"™™,
Span{X1(£(0)),- -, X ((0))} + dfs(O)(TYT"™) = Ty()G

and

(12) vgeT ™, f(0,8) =e.

From now on, variables in T"~™ will be indexed starting from m + 1; i.e., if
6 € T"™ then 0 = (0,41, .. .,0,). With the notation specified in the introduction,
another way of writing relation (11) is

(13) Vo =(6,8) e T"™ ™ x T"™™,

span {Xl(f(a)), e X (f(o), 80if+1 (o)., 869{1(0)} =TG-

It is clear that any generalized t.f. is a t.f. It is also quite simple to build a generalized
tf. f e C®(T" ™ x T ™; @) from a t.f. f € C>°(T" ™;G). For example, define

Y(0,8) € T""" x T"™, f(0,5) = (f(8))" f(0+B).
Let us now consider any generalized t.f. We let
(14) 6=, B =w,
so that ¢ = u, = (v,w). With this notation, (9)—whose satisfaction yields z =

Z(z)—is equivalent to

(15) Zuz {(7(0)) = S5 (o) = S0y = dilg)Pla.0) — dry (2)2(2).

From (11), this equation has a unique feedback solution (u,v)(g, o,t) for any function
w. The v.f. Z is again chosen so as to make z = e asymptotically stable. Now the

3Expressions of such functions are given in that paper—see also the next subsection.
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objective is to determine w in order to make 6 tend to zero. Indeed, this latter property
implies, in view of (12), that f tends to e so that, from the fact that z = f(o)g~!
tends to e, the asymptotic convergence of g to e follows. Note that such a convergence
cannot be obtained without the drift term P satisfying some extra conditions. For
instance, if P(e,t) is periodically different from zero, then it follows from (3) that e
cannot be an equilibrium for system (2), whatever the control u. Moreover, under
mild complementary regularity conditions upon the function P, convergence of P(g,t)
to zero when g tends to e and ¢ tends to infinity is necessary to the convergence of
the system’s solutions to e.

The feedback law (u,v) defined by (15) ensures the convergence of z to e inde-
pendently of w. Hence, the asymptotic behavior of 6(t) and §(t), for the controlled
system, is described by the zero-dynamics obtained by setting z = e in (15), i.e

of of

(16) Zuz 9:0:)X:(f(0)) = 55(0)(g,0.) = Fz(o)w = P(f(0).1).

From the initial assumption that the v.f. X;,..., X,, are independent, there exist
v.f. Xmt1,- .., Xpn such that span{Xy,...,X,,} = g. For any such set of v.f., there
exist smooth functions a; ; and b; ; such that

(17)

Vimm el )= S e @K, G0 = Y by X))

With d; (i = m +1,...,n) denoting the one-forms defined by (d;, X) = 6; (the
Kronecker delta), the application of d; to each side of (16) yields, since § = v,

n

(18) Al0)b = —B(oyw+ Y (di(f(0)), P(f(0),t))e;
1=m-+1

with

(19) A(0) £ (@5,j(0))igjemttrms  B(0) 2 (0i3(0))ijmmtt,ns

and e; the (¢ —m)th unit vector in R”~"™. Note that the transversality condition (11)
is equivalent to the matrix A(o) being invertible for any o.
Equation (18) is important because it explicitly relates the control w (the time-

derivative of ) to the variation of #. In particular, the simplification obtained when
P=0,i.e.,

(20) § =—A"(0)B(o)w,

suggests some ways of choosing w to make |6(¢)| nonincreasing on the zero-dynamics.
However, a difficulty arising at this stage, to ensure the convergence of 6(t) to zero,
comes from the fact that B(c) tends to the null matrix when 6 tends to zero, since
f(0,8) = e V3 = g—g(o,ﬁ) = 0, VGB. This difficulty is itself related to the well-
known impossibility of ensuring exponential stabilization of e by means of a smooth
feedback [13, Thm. 3]. The matter would still be easily settled if B(o) were invertible
everywhere except at § = 0. Unfortunately, this is not true in general, and further

inspection of this matrix, in relation to the way the structure of f combines with the
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structure of the Lie algebra g, is required. Although we do not know whether a solution
always exists, we were able to use the specific structure of the Lie algebra associated
with the chained systems and derive a solution in this case. Prior to reporting it
in the next section, we propose below a formulation of the problem which, whereas
it is restricted to the zero-dynamics (20), simplifies the search for a solution for the
complete system.
PROBLEM 1. Given a neighborhood Ug(e) of e, determine a triplet (f,w,V)
consisting of
(i) a generalized t.f. f € C(T™ ™ x T "™ Ug(e)),
(ii) a function w € C*(Upn-m (0); R*~™),
(iii) a function V € Ct(Upn-m(0); R) with bounded first-order partial derivatives
such that
1. V0 € V7Y[0, Vinax)), hv,, (10]) < V() < hy,, (10]) with hy,, and hy,, two K-
functions, and Vigax > 0 a real number such that V=1([0, Vinax)) C Upn-m (0);
2. the following proposition is true:

(21)

VB eT ™ V0 e V[0, Vinax)), Lr(@*V)(o) < =4V (), ~,1>0,
with m and F defined by
(22) VYo =(0,8), w(o)=0, F(o)=—-A""(0)B(c)w(h).

Note that (21) clearly implies that @ = 0 is locally asymptotically stable for the
system (20). Note also that the inclusion Upn-= (0) C T™~™ has to be strict since (21)
would otherwise contradict the known nonexistence of global asymptotic stabilizers
on T™~™. Once the above problem is solved, it is not difficult to infer a solution to
the problem of asymptotic stabilization of e for system S(g) when P = 0. Such a
solution is pointed out in the following proposition.

PROPOSITION 1. Let Z denote a smooth v.f. which asymptotically stabilizes e for
the system 2 = Z(z). Assume that Problem 1 is solved by a triplet (f,w*,V), and
consider for S(g,o) the feedback control (u,v,w) with (u,v) defined by (15) and w
defined by

1 *
(23) w(f) =k <Vmax — V(9)> w*(6),
with k denoting any Keo-function. Assume also that the initial condition 6(0) is
chosen in V=1([0, Vinax)). Then
1. whatever P, the above-defined feedback control asymptotically stabilizes the
set {(f(0),0):0 € VL0, Vinax)) X T"=™} for S(g,0);
2. if P =0, then this control asymptotically stabilizes the set {e} x {0} x T?~™
for S(g,0);
3. if P(g,t) tends to zero as t — +o00, uniformly w.r.t. g in compact sets, then
(9,0)(t) — (e,0) as t — +oo.

Note that when P, Z, and k are differentiable, the stabilizing feedback control
(u,v,w) so obtained is also differentiable. When P = 0 and 6(0) = 0, this con-
trol asymptotically stabilizes e for S(g). However, as in the case of a time-periodic
Lipschitz-continuous asymptotic stabilizer of S(g), the control’s differentiability rules
out the possibility of a uniform convergence rate as fast as exponential. On the
other hand, while the frequency of a time-periodic stabilizer is constant, the time-
derivatives of 6 and [, which may be interpreted as self-adapting frequencies in the
case of a stabilizer derived with the t.f. approach, asymptotically tend to zero.
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2.3. A class of generalized t.f. In this section, we introduce a class of gen-
eralized t.f. which is instrumental in solving Problem 1 for the class of the chained
systems. First, we need to recall the definition of a graded basis of g (see [18]). This
definition is similar to the one of a basis adapted to the control filtration [9, 25]; a
complementary requirement is that some elements of the basis be expressed as Lie
brackets of other elements of the basis.

DEFINITION 3. Let X1,...,X,, € g denote independent v.f. such that Lie(Xq, ...,
Xm) =g Let u = span{Xy,..., X}, and define inductively, for k = 2,... K,
ub = ubt [ uF ) with K = min{k : u¥ = g}. A graded basis of g associated
with X1,..., X, is an ordered basis {X1,...,Xn} of g associated with two mappings
ANp:{m+1,....,n} — {1,...,n} such that

1. forany k € {1,..., K}, u¥ = span{Xy, Xo, ..., Xgimut };

2. for k > 2 and dimu*~! < i < dimu®, X; = [X)), X, with Xy € u?,
Xo4) € ub, anda+b="F.

With any graded basis of g, one can associate a weight-vector (r1,...,r,) defined
by

ri =k <= X; c P \ ! = dimuF ! < i < dimu”.
Note that 1 = r; < rp < --- < r, = K, and, from Definition 3, Vi > m, r; =
"AG) 7o)

With {X1,..., X, } any graded basis of g, let us define f € C°(T" ™ x T"~™; G)

by

(24) Vo = (9,6) e T ™ x T ™™, f(U) = fn(o'n) s f7rL+1(O'm+1)a
with f; : T x T — G defined by

(25) Vo, = (0;,8;), [i(o5) =exp(a;(0;)X;)exp (ja(07) Xai) + @5p(05) X)) »

where
aj(o;) = e?m (sin(0; + B;) —sin 3;) , aj,(o;) = 62”(” (cos(6; + ;) — cos ;) ,
(26) a;(oj) = % sind;,

and the ¢;’s are positive real numbers. This function obviously satisfies (12). As for
the transversality condition (11), we have the following result.

PROPOSITION 2. Let Xy,...,X,, denote independent v.f. on a Lie group G of
dimension n. Assume that Lie(X1,...,Xm) = g. Let f € C®(T" ™ x T""™; G) be
defined by (24), (25), (26), with {X1,...,X,} a graded basis of g. Then there exist real
positive numbers Nm41, .- ., Mn and g such that, for (emy1y.--1n) = €(Mmt1s---sMn)
with € € (0,e9), f satisfies (11). More precisely, the ng’s can be defined recursively
by choosing any Nm+y1 > 0 and for k =m+ 2,...,n, choosing ny large enough w.r.t.
Mgl e s Mo—1-

3. Asymptotic stabilization of chained systems. A solution to Problem 1
is provided in the case where G = R", m = 2, and the control v.f. X, Xy are defined
by

(27) Xl(.’ﬂ):(1,0,$2,...,$n_1)/, XQZ(O,].,O,...,O)I
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with g =2 = (21,...,2,) and e = 0.
The v.f. X7 and X, defined by (27) are left-invariant w.r.t. the group operation

i + s ifi=1,2,
A

(zy)i =9 .. oy + lz ng otherwise

Z Z Jj=2 (Z_])' ! 7

with 2,y € R™ (see [24], for instance). Furthermore, Lie(X7, X2) = g, so that chained
systems (with P = 0) are controllable, and the v.f.

A
(28) X17X2,Xk = [Xlan'—l} (k:S,,n)
define a graded basis. The associated weight-vector r is given by
(29) ry=ry =1, re=k—1 (k=3,...,n).

Since the underlying Lie group G is R", a simple example of v.f. which globally
exponentially stabilizes the origin of 2 = Z(2) on R" is defined by Z(z) = Kz, with
K denoting any n x n Hurwitz-stable matrix. The main result is stated next.

THEOREM 1. When m = 2 and the v.f. X1, Xo are given by (27), there exist real
positive numbers N1, - . ., Mn, sSuch that a solution to Problem 1 is the triplet (f,w,V)
consisting of

1. the candidate generalized t.f. defined by (24)—(26) with (emt1,---,6n) =
EMmt1,---,Mn) and € > 0 chosen small enough so that f ranges in Ugn(0),
2. the function w € C*((—m,7)""%;R"~2) defined by

1 )
(30) wi(0;) = —10:/""¥0;  (i=3,...,n),

i—2
%

3. the function V € C1((—m,m)" "% R) defined by

n
40 = Z nz*3/2|9i|n+2—i with  Vijax = i:%linn{n;f?»/zwnﬁ—i}_
i=3

Remark 1. The proof of this theorem in section 5.3 involves a recursive proce-
dure for the determination of the numbers 7,41, ...,7,, which is similar to the one
indicated in Proposition 2.

Remark 2. The solution to Problem 1 given in Theorem 1 applies also to a
unicycle-like mobile robot without having to transform its kinematic equations into
the chain form—the only restriction is that € must be smaller than some finite upper
bound gy > 0, whatever Ug(e), whereas, in the case of a chained system, g9 = +00.
One only has to check that the proof of Theorem 1 works as well in this case with
n=3 G=R?xS! g=(z,y,a), and the system’s control v.f. defined by

(31) Xi1(g) = (cosa,sina, 0)",  Xaz(g) = (0,0,1)".
These v.f. are left-invariant w.r.t. the group operation

pan— [ (o )+ R0 (52)

a1 + oo
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with ¢; = (zi, yi, ;) and R(aq) the rotation matrix of angle ay. Also, Lie(X7, X3) =
g and {X1, X2, X3 = [X1,X32]} constitutes a graded basis of g with weight vector
(7‘1 =Tq = 171"3 = 2)

Let us comment on the rate of convergence provided by a feedback control derived
according to Proposition 1 and Theorem 1 when P = 0. This will be the starting point
of a more general discussion about what the t.f. approach can offer in comparison with
other control design methods, its limitations and assets. Assuming that the v.f. Z
used in the expression of (u,v) is chosen so as to stabilize the origin of 2 = Z(z)
exponentially, the rate of convergence of g(t) to e coincides with the slower rate of
convergence of §(t) to zero on the zero-dynamics. This latter rate is itself given by the
rate of convergence of V(6(t)) to zero, and is thus related to the integer [ in relation
(21). From (47) in the proof of Theorem 1, we have I = 21, and one deduces that
V(6(t)) tends to zero as quickly as t~7-1. In fact, a complementary analysis would
show that V((t)) cannot tend to zero faster. Now, since k1|0|"~ < V(0) < k2|0]?
in the neighborhood of # = 0, this in turn implies that |#(¢)| may (and will usually)

not tend to zero faster than tiﬁ. The same rate holds for the convergence of
|g(t)| towards e. This polynomial rate of convergence is similar to the one which can
be obtained by applying a smooth time-periodic stabilizer to S(g). Therefore, one
can conclude that, as far as asymptotic stabilization is concerned, no clear advantage
results from designing a stabilizer with the t.f. approach. In the authors’ opinion this
conclusion is correct, but it conveys only a partial picture of the properties granted by
the approach. Indeed, the primary feature of such a controller, which motivated the
development of the t.f. approach in the first place, is the capacity of ensuring practical
stabilization, with easily tunable arbitrary small ultimate bound of the state error,
independently of the “perturbation” P acting on the system. As shown in [18], this
allows, for example, the tracking of any trajectory in the state space (it does not
have to be a solution to the system’s equations) with arbitrarily good precision, in
the sense that tracking errors are ultimately bounded by a prespecified (nonzero,
but otherwise as small as desired) threshold. To our knowledge, no other controller
proposed so far in the literature has this capacity. Our motivation for the present
paper was to show that such a controller can also be endowed with the extra property
of ensuring asymptotic point-stabilization when such a feature is desirable. This is
achieved via the concept of a generalized t.f. depending upon two sets of variables
whose time-derivatives are used as extra control inputs. Transversality is maintained
with respect to the first set 6, while the second set 3 is used to enforce some type of
“phase-tuning,” which allows us to reduce the size of the t.f. when the perturbation
P vanishes.

4. Simulation results. The control law proposed in the previous section has
been tested by simulation on the four-dimensional (4d) chained system. The following
parameters for the definition of the transverse function have been used: € = 0.2, n3 =
1,ms = 8. The v.f. Z(z) in (15) has been chosen as Z(z) = —0.3z. Finally, the
Koo-function & in (23) has been defined by k(s) = 10Viax$S, with Vinax as specified
in Theorem 1. The initial condition for the simulation was 2(0) = (0,0,0,10)’, and
o(0) = 0. Figure 1 displays the state variables versus time. As discussed in the
previous section, the convergence rate to zero is slow. For comparison, Figure 2
displays the same variables when no attempt is made to achieve convergence to zero,
ie, with w = 0 and 8 = 0 in the control law defined by (15). In this case 6(¢)
exponentially converges to some 6y, € T~ ™, and x(¢) exponentially converges to
f(01im,0). Note that the solution to Problem 1 given by Theorem 1 is only one of its
kind, and that much room is left for improving the proposed stabilization method.
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Fic. 1. State variables for the 4d chained system, asymptotic stabilization.
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Fic. 2. State variables for the 4d chained system, practical stabilization.
5. Proofs.

5.1. Proof of Proposition 1. Let us first recall, as shown in section 2.2, that
the control (u,v)(g,0,t) defined by (15) yields

(32) i=Z(2),
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with z = fg~! and Z chosen so as to ensure the asymptotic stability of e for the
above system. Now, applying the one-forms d; (i = m + 1,...,n) to each side of the
equality (15) yields (compare with (18))

n

(33) 6=—A"Y(o)B(o)w(0) + AN (o) D (di(f)dl-(9)P(gt) + dry(2)Z(2))es,

1=m-+1
where we have used the same notation as in section 2.2. Using the fact that z = fg~1,
we rewrite this equation as

n

0 =—A""(0)B(o)w(0) + A" (o) > (di(f),dl(z f)P(z""f,1)
(34) i=m+1

+dr,-1¢(2)Z(2))e;.

By using (23), this in turn implies that, along a solution of the controlled system,

VO =k (L ) L V)(0) + Qg
with
F(0) £ ~A™(0)B(o)uw* (0),
Qg.0.0) 2 0 (0)47 o) zn;l<di(f),dlz(z‘lf)P(z‘lf, 1)+ drss () 2()er
Therefore, in view of (21),
B VOO Q. )2k (5 )V

Let us show that 6(¢) cannot leave the set V ~1([0, Vipax)). We first remark that, on
any time-interval [0,7") such that 6(t) stays in this set, there exists a constant Mr,
independent of the trajectory 6(.), such that |Q(g(t),o(t),t)|] < Mr because (i) by
assumption, %—‘g is bounded on Upn—m (0) D V71([0, Vinax)); (ii) 2, and subsequently
271, are bounded due to the asymptotic stability of e for the system (32); (iii) P
is continuous. Since, by (35), £ is a bijective increasing function from [0, Vipax) to

[0, +00), we deduce from (35) that on any such interval [0,T)
V(6(t)) < max{¢"(Mr),V(0(0))} < Viax-

This implies that V(6(t)) cannot tend to Vi,ax in finite time, so that (¢) remains in
the set V=1([0, Vinax))- This in turn implies that the control law is well defined along
any trajectory of the closed-loop system with initial conditions (¢(0), 6(0), 5(0)) such
that 2(0) = f(0(0))g(0)~! is in the stability domain of e for the system z = Z(z) and
0(0) € V=1([0, Vinax)), and that such a trajectory is complete. Point 1 of Proposition
1 then follows directly from the asymptotic stability of z = e, as ensured by (32), and
the invariance of the set V =1([0, Vinax)) for the variable 6.

As for point 2, which assumes that P = 0, it is sufficient to consider trajectories
with initial conditions (z(0),0(0)) in a small neighborhood of the point (e, 0). From
the definition of @), the asymptotic stability of z = e, combined with the invariance
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of the set V=1([0, Vinax)) for the variable 6 and the fact that V has bounded partial
derivatives on this set, yields the existence of a KC-function h, such that

vt >0,  [Q(g(t),o(t),t)] < h.(da(2(0),€)).
Therefore, in view of (35),

20, Lvem) < kv VOO) +ha(da(=0),0),

with ky = k(ﬁ)v(> 0). This in turn implies

h(dc(2(0),¢€))
kv

1/1
(36) VE>0, V() < ( ) +V(0(0)).

In view of (36) and property 1 in Problem 1,

/
W20, ()] < by ( (Lol th<|e<o>|>> .

v

This relation, combined with the asymptotic stability of z = e, implies the stability of
the set {e} x {0} xT"~™ for S(g, o). The convergence of the closed-loop trajectories to
this set simply results from the convergence of Q(g(t),o(t),t) to zero when z(t) tends
to e, since Z(z(t)) then converges to zero. In view of (35), this yields the convergence
of V(0(t)) to zero.

When it is assumed only that P(g,t) tends to zero when t tends to infinity—
uniformly w.r.t. g in compact sets—the term Q(g(t),o(t),t) in (35) still converges
to zero, because the asymptotic stability of z = e implies that Z(z(t)) converges to
Z(e) = 0. Hence, the convergence of V(0(t)) to zero is still ensured, so that 6(t) tends
to zero and f(o(t)) tends to e (using the property (12) of a generalized t.f.). Therefore
(g,0)(t) tends to the point (e,0), as announced in point 3 of the proposition.

5.2. Proof of Proposition 2. The following notation is used in the forthcoming
proofs. With v denoting a smooth function of the real variables z and y—possibly
vector-valued—we write v = o(z*) (resp., v = O(z*)) if (Jv(x,y)|/|z[¥) — 0 as
|z| — 0 (resp., if (Jv(z,y)|/|z|*) < K < oo in some neighborhood of = 0) uniformly
w.r.t. the y variable which takes values in a compact set. Finally, for indexed variables
x; with @ = k,...,n, we define the set of indexed vectors {Zp}pe(k,...n} by setting
Tp = (Tpy ..., Tp).

Remark 3. Various results in the paper, starting with Proposition 2, refer to
t.f. which depend on a vector of parameters € € R"™"™, used as a means to monitor
the “size” of the functions. Relations (24)—(26) define such a family of transverse
functions. A member of this family could have been denoted as f. or f(e,.) in order
to point out the functional dependence upon e explicitly. However, for the sake of
simplifying the (already cumbersome) notation used in the paper, we have chosen to
systematically omit the argument € when referring to t.f. It is nonetheless important
to keep this dependence in mind when reading the forthcoming proofs. In particular,
several functions associated with an arbitrary member of the family of t.f. defined by
(24)—(26) will be introduced in Lemmas 1 and 2. Each of them is thus also a function
of €. For the sake of keeping the notation coherent throughout the paper, the index
is again omitted when referring to such a function.
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The proof of Proposition 2 consists of three steps summarized in the form of three
lemmas, which are proved in the appendix.

LEMMA 1. Assume that the assumptions of Proposition 2 are satisfied. Then, for
eachj € {m+1,...,n} andi € {1,...,n}, there exist analytic functions v; ; and w; ;
ofej €R and o5 € T x T such that

B ) = @)X, ) = S ws ) Xdse)

with
O(e}) Vi,

(38) Vij = _O(gjl) ifi <jandr;=rj,

&5’ P e

Lotoley) ifi=,
and

O(e5)0(0; Vi,
(39) ws; 5 = T ( ! ) ( J)'r]- 2 o .
g; (1 —cosfj) +o(e; )o(07) ifi=j.
In the following lemma, O(&,,) formally appears when setting j = m + 1 in

O(gj_1), although e, has not been defined previously. The lemma’s statement is
nonetheless valid, provided that O(&,,) is identified with the null function.

LEMMA 2. Assume that the assumptions of Proposition 2 are satisfied. Then, for
eachj e {m+1,...,n} andi € {1,...,n}, there exist analytic functions a; ; and b; ;
of & € RI™™ and o € T"™ x T"™™ such that

9 " 9 "

@) T0) = as@X@), 5 (0) =Y b0 Xil o),

J i=1 J i=1
with

O(&}) Vi,
(41) ai; = T‘O(éjfl)O(s_;"_l) + o(&}") ifi <jandr; =rj,
S+ 0 1)0E ) o) ifi=)

and
(42)

b:{ 0(z)0(5;) vi,
I €7(1 — cosb;) + O(£;-1)0(7 ")0(0,)0(0;-1) + (€7 )o(62) ifi = j.

Note that, if all O and o terms in the above expressions were equal to zero,
then the transversality property would simply follow from (40)—(41) and the fact that
{X1,...,X,} is a basis of g. Although this is not the case, one can show that these
terms can be neglected, provided that the €;’s are adequately chosen.

LEMMA 3. Assume that the assumptions of Proposition 2 are satisfied. Then
there exist n —m numbers Ny41,...,Mn and €9 > 0 such that choosing

(€m+1a v 7€n) = g(nerla e ;nn)
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with € € (0,&¢) yields
(43) Vo e T"™ x r]rn—mj Det A(O’) 7é 0 with A(O’) = (ai_j (U))i,j:erl,

5.3. Proof of Theorem 1. One easily verifies that for any positive real numbers
N3, - .., My the functions w and V satisfy (ii) and (iii) of Problem 1 with Upn-m (0) =
(=m,m)" ™. It is also clear that property 1 of Problem 1 is verified. We show
below that, for an adequate choice of positive s, ..., n,, properties (i) and 2 are also
satisfied. The proof relies on the following lemma, proved in the appendix, which
points out complementary properties of the functions a; ; and b; ; in Lemma 2 in the
case of the chained systems.

LEMMA 4. In the case of chained systems, the functions a; j andb; ; (i=1,...,n,

j=3,...,n) are homogeneous polynomials of degree r; in es,...,e;. Furthermore,
ATi—Tj pmax(1l,r;—r;+2

(44) ai; =007, by =00 ).

Let

A A

(45) Ap(0) = (aij(0))ij=s...p» Bp(o) = (bi;j(0))ij=3...p;
and note that A4,, = A and B,, = B, with A and B defined by (19).

PROPOSITION 3. For any p = 3,...,n, there exists a set of positive numbers

{n3,...,mp} such that setting (e3,...,ep) = €(n3,-..,np) with € > 0 implies that
(i) the matriz Ap(o) is invertible for any o, and

(46) V'L,j = 3, ey p, (A_l(g)>l,_] — O(é;z—T])7

P

(ii) the following is true:

(47)  Vol0) < Vomar = L, Vo(0) < —apld "' (> 0)

with

(48) V},( p) = Zm?— / |0i|n+2—z , vamax = Z-:%lin p{n;— ,ﬂ_n+271}
=3 e

and

(49) Fy(0) = —A; Y (0)By(0),(6,).

With p = n, property (i) of this proposition implies that the function f satisfies
the transversality condition (11). Since (12) is trivially verified from (24), (25), (26),
property (i) of Problem 1 follows. As for property 2 in Problem 1, it is true by (ii)
in the above proposition. Note that, to be fully precise, in (47) one should write
L, (73Vy)(0) instead of Ly, Vp(c), with my(0) = 6, (compare with (21)). For the
sake of simplifying the notation in the forthcoming proof, we have chosen to keep this
small abuse of notation.

Proof of Proposition 3. We proceed by induction. For p = 3, it follows from (29)
and Lemma 2 that

(50) ass(o) = ? +o(e2), b33(0) =e2(1 — cosb3) + o(e2)o(63?).
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Lemma 4 implies that the o terms in the above equation are identically equal to zero,
since a3 3 and bz 3 are homogeneous polynomials of degree r3 = 2 in €3. Therefore,
az 3(c) > 0 for any 3 > 0, and the point (i) of the proposition is verified.

Take n3 = 1. From (30), (49), (50), and the fact that the o terms in (50) are
equal to zero,

(51) F5(0) = —a;é(a) (5(1 — cos63)) O3 = —2(1 — cos 05)05.

From (48), one easily checks that

(52) Lp,Va(o) = —2(n —1)(1 — cos63)|65]" .

Since V3(63) = |03]"~! and V3 4. = 71, we deduce from (52) that
Va(fs) < 7" = Lp,Vs(o) < —az|f3]" T

for some ag > 0. Point (ii) of the proposition is thus verified with 73 = 1 and
€ = €3 > 0, and this concludes the proof of Proposition 3 for p = 3.

Let us now assume that points (i) and (ii) of the proposition hold true up to some
p < n, with &, = 7,, and show that they are also true for p + 1, with &,41 = p41.
This will in turn imply that they are true when &,11 = €41 with € > 0, thanks to
the homogeneity properties of the a; ;’s and b; ;’s—see Lemma 4. Indeed, when 7,1
is multiplied by ¢, then A,; and B, are just premultiplied by the diagonal matrix

Diag(e™,...,e"»+1), thus leaving Fj,11(0) and the subsequent analysis unchanged.
From (45), Ap+1 and Bpyq can be written as
A " B p
(53) Ap+1 — ( P Qx,p+1 ) , Bpyi= ( P b p+1 ) ,
Ap+1,x  Gpt+1p+1 bptix bpripi
with the star denoting the indexes from 1 to p, i.e., apt1,+ = (ap+1.15---,0p+1,p) and
@i pt1 = (@1p415---50pp+1). Let us recall (see, e.g., [29, Chap. 2]) that if A;; and

Ags are square matrices with A1 nonsingular, the matrix
A A
A =
<A21 Az

is invertible if and only if the Schur complement S 2 Ago — AzlAfllAlg of Aj;1in A
is invertible. Then

(54) A_l _ Al_ll + A1_11A12871A21A1_11 7A1_11A12S71
—S7 T Ay AT St '

From (53), the Schur complement of A, in A,11 is S = aps1p+1 — ap+1,*A;1a*7p+1,
and, in view of (29) and Lemmas 2 and 4,

p
(55) § =24 gy ),

with ¢P~1(g,+1) a polynomial of degree p—1in e,1. (Note, from the domain definition
of the functions a; ; in Lemma 2, that the term a,; 1+ A, ax 41 depends on e,41 only
through a. p4+1 so that, by Lemma 4, it is a polynomial of degree r, =p—11in €,11.)
This implies that S, and thus A,,1, are invertible for €541 large enough. In order to
prove (i), it remains to show that (46) holds true for p 4+ 1. Since (46) is true for p,
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forany p=3,...,n—1 and €3,...,ep41 such that A, and A, are invertible, let us
use (54) to decompose A;il as follows:
AL 0 = = A (A0
-1 11 =12 =

(56) Ap+1 = < 8 g-1 + Eoq 0 = 8 g1 + 3,
with

=11 = A-la S—1lg Al

= p *,p+1 p+1,x4dp

B2 = —A tayp1 ST,

Zo1 = —S_lap+17*A;1.
By Lemma 4, a; ; is a homogeneous polynomial in €3, ..., ¢, of degree r; and satisfies
(44). Therefore, there exists a constant C' such that
(57) Vo, lai;(0)] < Clg;[™ 10,7 7.

Then, from Lemma 4, relations (46), (55), and (57), and using the fact that neither
Ap nor apy1 . depend on e,11, one infers that

71 ~
ey > 1 €] < 05p+1|9p+1
p - — -~ g .
€] < Ce,P110pya|7 fori=p+1,

T —Tj

for i < p,
(58)

with 2 = {& ;}i j=3,... p+1. The fact that (46) holds true for p + 1, provided that it is
true up to p, directly follows from (56) and (58). Note that a relation similar to (57)
holds for b, ;, i.e.,

T4

(59) Vo, |bi;(0)] < Clg;

g . |max(1,r7~, —7;4+2)
j .

This relation will be used later on.
Let us now examine the case of (ii). Throughout the rest of the proof, we assume
that €,11 > 1. From (53) and (56),

A1 Byw,

(60) A_-&pr+1wp+l = + Do,
! S™ p41,p+1Wpt1
with
A_lb* +1Wp+1

61 Dy =ZBppywp+ | ¢ 0T
( ) 2 p+1%p+1 ( Silbp-‘,—l,*wp
From (42) and Lemma 4, it is not difficult to deduce that
(62) bpt+1p+1 = 5§+1(1 —cosbpi1) + Ry,
with
(63) [Ro| < Cepiilfpial?

for some constant C—recall that €,11 > 1. From the definition of Fj,;1(c) in Propo-
sition 3 and from relations (60) and (62),

(64)

Fp(o) 0
Fpii(o) = (_S_1€g+1(1_COS9p+1)wp+1(9)> - (S_lewp+1(9)> -

Dy D,
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We claim that the Lie derivative Lp,Vp41 of V41 along Dy defined by (64) satisfies
n |n 1/2 n
(65) LDon+1(0) < _O‘pwpl o a15p41|9p+1‘ 1 (ap7a1 > 0).

Indeed, by (48), Vpy1 = V, + EPH |9p+1|"_p+1 (recall that &,11 = 7p+1), and it
follows from (64) that

(66)
LpyVps1(0) = L, Vy(0) — (n—p+ 1)L (1 — cos b1 )wper (0)65777)

with the notation 2{"} = |z[?~!

x, also used in subsequent relations. From (47),
(67) Lp,Vp(0) < —ap|f," ",

and, proceeding as for ag 3, it is simple to verify, by using (30), (55), and the fact that
Ep+1 = Mp+1 > 1, that

(68) —(n—p+1)STLET (1 — cosOps1 wpr1 ()00 < —arey[0p [P
Then, (65) follows from (66), (67), and (68).

From (30), (55), (63), and (64), it is straightforward to verify—by again using
the condition €,4; > 1—that
(69) L0, Vps1(0)] < azey (10" + a2l [

Finally, we claim that

(70) Lo, Vo (@) < (5

Indeed, from (53), (56), and (61),

—1/2
5 tsEpy | >|9 "+ [T

D, — (E11Bp + E12bpt1,4)Wp + (B11bs pr1 + Z12bpta, p+1)wp+l + A by pr1wpy
2 = =
:ngpwp \_421[)* p+1Wp41 + S~ bp+1 *'wp

By using (29), (30), (46), (57), (58), and (59), it is tedious but not difficult to show
that

(71) { |(D2)1‘ < C€;i1|§p+1|i + C|§p+1|i_p+l|91)+1‘p—1 fori=3,...,p,
I( [P

A

Do)pi1| < Ceptl0pia
We infer from (48) and (71) that
(72) L, V(0)] < a5z 1y 1Bpia |7 + )1 "0 47,
By using Young’s inequality, one shows that

— _ _ a —
O‘6|9p+1|n p+2|9p+1‘p ' < 7p|9;0+1|n+1 + 0‘7|9p+1|n+1
(73) Qp 7 1n+1 n+1
< 7|9p| + O‘8|ep+1|

for other constants a7, ag. We deduce from (72) and (73) that

- - n |n n
(74) L0,V (0)| < (T2 +aoeply ) 101" + qrolfp |
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We also deduce from (71) that

(75) Lo, (Vo1 = Vo) (0)] < aniey 4718, [T,

and (70) then follows from (74), (75), and the condition €,11 > 1.
Let us now use (65), (69), and (70) to get an upper bound for Lg,, , Vpy1. We
obtain

LFp+1 VP+1(0) = (LDOVP+1 - LD1 VP+1 - LDQVZIH-l)(U)

(6%
(% ) (s o) By

Since, by (65), oy, and «; are strictly positive, for €,11 large enough there exists
ap41 > 0 such that

LFp+1 VZDJrl(U) < —apta |ép+1 |n+1-

This concludes the proofs of Proposition 3 and Theorem 1.

Appendix: Proofs of Lemmas 1-4. The proofs of these lemmas rely on the
following two properties.

CramM 1. LetY and Z denote two time-dependent left-invariant v.f. on G, and
g, h solutions of ¢ = Y(g,t) and h = Z(h,t), respectively. Then v 2 gh is a solution
of v = Ad(h V)Y (v,t) + Z(v, t).

This is simple to verify. Indeed one has

£(gh) = dlg(h)h+ dra(g)g
dlg(h)Z(h,t) + drr(9)Y (9,t)
Z( h )+drh(9)dlg(e)y(e’t),

so that one has to show only that dry(g)dl,(e) = dlgn(e)Ad(h™"). For this purpose,
it suffices to use the definition of the Ad operator, i.e.,

d(lp orp-1)(e)
= dip(rp-1(e))drp-1(e)
dlp(h=Y)dry,-1(e),

Ad(h)

and well-known relations obtained by differentiating both members of the identities
lgorn =rpoly, lgoly— =g, and lg, =l 0l,. The desired result is then obtained
as follows:

dri(g)dlg(e) = dlg(h)dry(e)
dly(h)dlp(e)dly-1 (h)dry(e)
dlgn(e)dly—1 (h)dry(e)

= dlgn(e)Ad(h™1).

CrLAmM 2. Let {Xy,...,X,} denote a graded basis of the Lie algebra g of a Lie
group G. Let \,p,q € {1,...,n}, o, € R, and s € N. Then, there exist analytic
functions gi,...,gn such that, for any o, o, € R,

n

=1
Z— adj (X +0a,X,),X,) = ng(oo\,ap)Xk.
j—=s k=1

.
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Furthermore, if ax,a, are analytic functions of v and y such that ay = O(z™) and
a, = O(a™), then gi(ax,a,) is an analytic function of x and y and gp(ox,a,) =
O(‘Tmax{s min{r,\,rp},rkfrq})'

The proof of this claim, which can be viewed as a direct adaptation of [28, sect.
2], is given in [18, App. A, Claim 2].

Proof of Lemma 1. In order to simplify the notation, let
(76) Xa=Xog), Xp=Xp(), ax=a;n, o =aqj,.
With this notation, it follows from (25) that f;(o;) = gj(o;)hj(0;), with g;(o;) =
exp(a;(0;)X;) and hj(o;) = exp(axr(o;)Xx + a,(0;)X,).

Let o;(.) denote an arbitrary smooth curve on T2. By using the fact that
4 exp X (t) = &L exp(X(t) + s£ X (t))s=0 and that (see, e.g., [8, p. 105])

1>

d b v . AX). Y X - (—1)k k
T exp(X +8Y)jsm0 = (9(adX), V) (exp X),  6(2) VARSI

one infers that

iy 2 (o 6)

d d
= exp <a>\Xk +a,X,+ sﬁ(

ar Xy + Oépo)>
|s=0

= (p(ad(arXn + @, X,)), an X + @, X,)(hj).
One has also §; = &;X;(g;). The application of Claim 1 then yields
(77)
fi = (@(ad(arXx + a, X)), anXn + ¢, X,)(f;) + @ Ad(exp(—an Xn — a, X)) X;(f;)-

Let us now use the fact (see, e.g., [8, p. 128]) that Ad(expY)Z = (expadY, Z). From
(77),

fi = (@(ad(arXx + apX,)), aaXx + 4, X,)(f;)
+dj(expad( arXy _O‘p ) 3)(f5)

= A Xo(fj) + @ Xp(f5) = [/\XA'i‘apo,()é)\X)\—‘rap X,1(f7)
(78) = b
3 Gy X+ X)X+ X))

oo
+6;X ]Z
=1

Since X; = [X), X,] by Definition 3, it comes from (78) that

(ad®(—an X — @, X,0), X;) ().

Pz\~

fi = axXa(fy) + 6, X,p(f;) + (dj - %(am - apdm) X;(£3)

1)k+1

(79) + (andyy, — a,diy) i (k

1T2)(aud (axXx + 0, X,), X;)(f5)

+%Zk' (ad*(—ax Xy — a,X,), X;)(f7)-
k=1
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It follows from (26) that

9ay dax
a0; " 9B;

Therefore, by application of Claim 2 (with # = ¢; and y = 6;),

aap 8ap

Y050, 9p;

daj oy

(80) Qay, ]7 67 aﬂj

= O(e™);

J

=0(e);

J

= 0(e}).

J

o0 k+1 n
COORD i s ,HQ (ad*(an X + @, X,), X;)(F) = 3 gn(an, ap) Xe(f)
k=1 k=1

for some analytic functions g1, ..., g, which verify

(82) gk(ahap) — O(emax{l,rk_rj})'

J

Similarly, by applying Claim 2 again,

o] 1 n

(83) > 71 (@d"(maa Xy =, X,), X;)(f;) = > hilan, @) Xy,
k=1 k=1

with

(84) hk(a/\7ap) = O(Egﬂax{l,mf'rj}).

From (79), (81), and (83), we get
(85)

fi = (0a + (andy, — apdn) galan, o) + 5 ha(an, o)) Xa(f5)
+ (G + (andy, — a,dn) gplan, ap) + a; hp(ax, ap)) X,(f5)

. 1 . . . . .
+ (Oéj = 5land, —apin) + (axd, — apdn) gilan, ap) + &y hj(am%)) X;(f)

+ ) ((andy — apdn) gilan, ap) + d hi(ax, ) Xi(f))-
k&{Ap.5}

Since this equality holds along any smooth curve o;(.) on T?, it is also true when the
time-derivatives are replaced by partial derivatives w.r.t. either §; or 3;.
Now, it follows from (26) that

(86) doj — %(a)\dap — apday) = 5—(19 + 5 7(1 — cos b,)dp,;
and

Oay Oa, B o 0oy
(87) ay, a5’ Qp, 8, a; = 0(;); 5, =0.

Furthermore, if f is an analytic function of ¢ and 0 such that f = O(J¢|P) and f =
0(]0]7), then f = O(|e|?)O(|0]?). Therefore, by using (80), (82), (84), (86), and (87)
n (85), it is tedious but simple to recover all relations in Lemma 1. (For the last
relation of (39), note that g; in (85) is an O(f;) because it is a function of ay and
@, which vanishes when oy = a, = 0).
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Proof of Lemma 2. From Claim 1 and relations (24) and (37),

(83)

OF NS p A £ X)),
9, ~ 2

6 n
agj = AU A X)

From the fact that Ad(g1g2) = Ad(g1)Ad(g2) and (25),

j—1
Ad(fohy - )= ] Ad™
p=m+1

(89)

j—1

= H Ad(exp(—ap,,\XA(p) - apvap(p)))Ad(exp —Oszp).

p=m+1
By application of Claim 2, for any p,¢,k =1,...,n and (o, o) € R?,
Ad(exp —0p X, — g Xg) X = X + Y hl (0, ag) X;
i=1

for some analytic functions A, ,. Moreover, if a;, = O(e™) and oy = O(e") are

analytic functions, then Al  (ap,aq) = O(emax(Lmi=x)) - This is used to infer from
(80) and (89) that

(90)  Ad(foly o f)Xk =Xk + D ghkXs with gl = OEN ),

From (90),
Dok Ad(fh - fDXR() =D (’Um‘ + ka,jg§7k> Xi(f),
k=1 i=1 k=1

and a similar expression holds when replacing v by w. Therefore, in view of (88),
equation (40) holds with

(91) Qg j é Vi + ka’j g;‘,k =A+B+ C,
k=1

i _ _ i
A= E Vkj G5k, B=wvij, C= § Vk,j 95 k>

rE<r; Tk>T4

and

(92) by = wij+ > wrjgiy=D+E+F,
k=1
D= Z W, j g;:’k, E=w,;, F= Z W, j g§7k.

re<r; TE>Tq

Lemma 2 follows from this decomposition. Let us first show how (41) is obtained.
From (38) and (90), A4, B, and C in (91) are O(€’’). This gives the first relation of
(41).
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For i < j and r; = r;, A vanishes at &;_1 = 0 because of (90), and in view of
(38), B =o0(¢}") and C = o(&}"). This gives the second relation of (41).

For i = j, the only difference with the previous case comes from the B term,
which, in view of (38), is equal to 5?/2 + 0(5? ). This gives the third relation of (41).

Let us now show how (42) is obtained. From (90),

(93) 95k =0(0;-1)
because, by (25) and (26),
9}71 =0= fpp1=-=fj_1=¢e :Ad(f;il...fjf_ll)xk = X4.

The first relation of (42) is then simply obtained from (39), (90), (92), and (93).

For i = j, F in (92) accounts for the term E;j(l — cosf;)—up to higher order
terms—in the second relation of (42), whereas D and F account for the remaining
term by inspection of (39), (90), and (93).

Proof of Lemma 3. The lemma is a direct consequence of the following property,
which can be proved by induction exactly as in the proof of [18, Lem. 3]:

(94) VE=m+1,...,n, HﬁkiéR’“m, Jag, >0 :
£k = kTl = D > ager* + o(|e|™),
with 7, = rp41 + - -+ + 7, and Dy the function defined by

A
Dy(0) = Det(a;,j(0))ij=m+1,..k-

The first step consists of showing that (94) holds for ¥ = m + 1. From relation
(41) in Lemma 2, Gmt1,m+1 = %5;;"_':11 + o(sznfll). Since Dppy1 = Am1,m+1 and
41 = Fm+1, (94) is verified with 7,41 = 1 and a1 = % For the subsequent steps
of the proof, the reader is referred to [18].

Proof of Lemma 4. Let us first show how Lemma 4—relation (44), in particular—
is obtained from the following two claims.

CrAM 3. For any 4,7,
(95) { Vij = €;iﬁi7j with f]i,j = O(@;‘_”),

o~ . ~ max(1l,r;—r;+2
Wy, 5 = 6;?‘11),»7]' with Wy, 5 = O(Gj ( 7 )),

where the functions v; j and w; ; do not depend on the e’s.

CLAIM 4. Each function g; . in (90) is a polynomial in e3,...,e;_1 homogeneous
of degree r; — rj.. Furthermore,

, o7 3"™)  ifry <rp <y,
(96) R R N ’
0,2, ) ifre <rj <m.
From these claims, and from (91) and (92), it is straightforward to show that a; ;
and b; ; are polynomials homogeneous of degree r; in €3, ..., ¢;. Then, by (95), E and

F in (92) are O(é;-nax(l’”#ﬁz)). As for the term D, it can be decomposed as

(97) D= wijgiu+ D ;g

TE<Ti TE=T;
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From (95) and (96), the first sum in (97) is an O(67** "™ 7720 @1 7%) if r; <
rp < r;, and an O(Gj)O(é;i__ler) if rp < rj < ;. Therefore, in both cases, it is an
O(@?ax(l’rﬁwrz)). As for the second sum in (97), it follows from (95) that it is an
O(é?ax(l’m_rjw)). This proves (44) for the term b; ;. The proof for a; ; is similar.

It remains to prove Claims 3 and 4. In the case of a chained system, each element
X of the graded basis, for j = 3,...,n, is equal to [X, X,(;)] with A(j) = 1 and
p(j) =j — 1. Tt is also a constant v.f. With the notation used in the proof of Lemma
1, these two facts imply that

a)\XjJrl lf] <n,

(ad(ax Xy + a, X)), X;) = { 0 if j = n.

Relation (79) in Lemma 1 then becomes

fi = aaXa(fi) + 6, X, (f;) + (dj - %(axdp - apéu)) X519

n—

J
+ (e, — apa)\ k:+2 Xjtr(fj) + dy Z j+k(fj)-
=1

Claim 3 is easily obtained by identifying this equality with (37), and by using (26)
and (29).

Let us now prove Claim 4 by showing how relation (96) is obtained. The first
step involves the evaluation of Ad(f, ') Xy, for pe {3,...,n—1} and k € {1,...,n}.
We distinguish two cases.

Case 1. k # 1. From the definition (28) of X1,..., X, and from (25),

Ad(f;l)Xk = Ad(exp(—ap X1 — ap , Xp_1))Ad(exp —ap, X)) X
= Ad(ex P(_ap A X1 = ap p Xp 1)) X

(98) = X + Z Xk-i—]
=X, + Z e hetI Xy with i = O(6)),

where the last equality comes from (26) and (29), and h];:;j is a function which does
not depend on ¢,. From (29), rg4,; = rip +j for k> 1 and 0 < j <n — k. Therefore,
from (26) and (98),

(99) Ad(f, 1) Xk = Xp + ZE“ "Rl X with bl =06 7™).
i>k
By applying (99) recursively, it follows that, for any k # 1,
(100) Ad(fg_l . fj_,ll)Xk =X+ Zg;,kXi with gik = O(é;:—lrk),
i>k

where each g;k is a polynomial homogeneous of degree r; — 7 in €3,...,;_1. This
yields (96) for r; < ry <r;, and also for rp <r; < r; (and k # 1) after noticing that,
in this case, r; — 1 > 1y —r; + 1.
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Case 2. k = 1. We have

(101)
Ad(fp_l)Xl = Ad(exp(—ap X1 — ap p Xp—1))Ad(exp —ap X;) X4
= Ad(exp(—ap X1 — appXp-1)) (X1 + pXpi1)
= X1+ apXpt1 + [—ap X1 — appXp—1, X1 + ap Xpia]

(oo}
1 _
- Z kl (adk Hapa Xy = ap,pXpo1),
k=2 "

[—ap X1 —appXp—1, X1 + apoH])

= X1+ apXpi1 — aprapXpio + ap p Xp

0o 1 B
+ Z y(adk Hmappn X1 = ap p Xpo1), —ap raapXppo + app X))
k=2 "
= X1+ opXpi1 —apaapXppo + ap p Xp

oo k—1 o0 k—1
(—apn) (—opn)
D, D,
— Qp O E :TXP+2+]€*1 +ap, E :TXerka
k=2 ’ k=2 :

It follows from (26) and (101) that

(102) Ad(f, )Xy = X1+ > ey " hy X, with b}, = O(0, "),

i>1

and h}, does not depend on e,. By applying (102) recursively and by using (100), it
follows that

Ad(fyt - )X = X+ > gl Xo with gl = O(8),"7") = 08,7,

i>1

where each g§71 is polynomial homogeneous of degree 7; — r1 in €3,...,€;-1. This
concludes the proof of Claim 4.
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PERPETUAL CONVERTIBLE BONDS*
MIHAI SIRBUT, IGOR PIKOVSKY?#, AND STEVEN E. SHREVET'

Abstract. A firm issues a convertible bond. At each subsequent time, the bondholder must
decide whether to continue to hold the bond, thereby collecting coupons, or to convert it to stock.
The firm may at any time call the bond. Because calls and conversions often occur far from maturity,
it is not unreasonable to model this situation with a perpetual convertible bond, i.e., a convertible
coupon-paying bond without maturity. This model admits a relatively simple solution, under which
the value of the perpetual convertible bond, as a function of the value of the underlying firm, is
determined by a nonlinear ordinary differential equation.

Key words. convertible bonds, stochastic calculus, viscosity solutions
AMS subject classifications. 90A09, 60H30, 60G44
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1. Introduction. Firms raise capital by issuing debt (bonds) and equity (shares
of stock). The convertible bond is intermediate between these two instruments. A
convertible is a bond in the sense that it entitles its owner to receive coupons plus
the return of the principle at maturity. However, prior to maturity, the holder may
“convert” the bond, surrendering it for a preset number of shares of stock. The price
of the bond is thus dependent on the price of the firm’s stock. Finally, prior to
maturity, the firm may “call” the bond, forcing the bondholder to either surrender it
to the firm for a previously agreed price or else convert it for stock as above.

After issuing a convertible bond, the firm’s objective is to exercise its call option
in order to maximize the value of shareholder equity. The bondholder’s objective is
to exercise his conversion option in order to maximize the value of the bond. If stock
and convertible bonds are the only assets issued by a firm, then the value of the firm
is the sum of the value of these two types of assets. In idealized markets where the
Miller-Modigliani [17], [18] assumptions hold, changes in corporate capital structure
do not affect firm value. In particular, the value of the firm does not change at the
time of conversion, and the only change in the value of the firm at the time of call
is a reduction by the call price paid to the bondholder if the bondholder surrenders
rather than converts the bond. By acting to maximize the value of equity, the firm is
in fact minimizing the value of the convertible bond. By acting to maximize the value
of the bond, the bondholder is in fact minimizing the value of equity. This creates a
two-person, zero-sum game.

Brennan and Schwartz [5] and Ingersoll [11] address the convertible bond pricing
problem via the arbitrage pricing theory developed by Merton [16] and underlying the
option pricing formula of Black and Scholes [4]. This leads to the conclusion that the
firm should call as soon as the conversion value of the bond (the value the bondholder
would receive if he converts the bond to stock) rises to the call price. There has been
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considerable discussion whether firms call bonds at this time; see, e.g., [1], [2], [8],
[12].

In the Brennan and Schwartz [5] model, dividends and coupons are paid at discrete
dates. Between these dates the value of the firm is a geometric Brownian motion
and the price of the convertible bond is governed by the linear second-order partial
differential equation developed by Black and Scholes [4]. Brennan and Schwartz [6]
generalize that model to allow random interest rates and debt senior to the convertible
bond. In Ingersoll [11], coupons are paid out continuously, and for most of the results
obtained, dividends are zero. Again, the bond price is governed by a linear second-
order partial differential equation. In [5] the bond should not be converted except
possibly immediately prior to a dividend payment; in [11] the bond should not be
converted except possibly at maturity. Therefore, neither of these papers needs to
address the free boundary problem which would arise if early conversion were optimal.

The present paper assumes that a firm’s value comprises equity and convertible
bonds. To simplify the discussion, we assume the equity is in the form of a single
share of stock, and there is a single convertible bond. We assume the value of the
issuing firm has constant volatility, the bond continuously pays a coupon at a fixed
rate, and the firm equity pays a dividend at a rate which is a fixed fraction of the
equity value. In particular, payments are always up to date and there is no issue of
accrued interest at the time of a call, default, or conversion. Default occurs if the
coupon payments cause the firm value to fall to zero, in which case the bond has zero
recovery. In this model, both the bond price and the stock price are functions of the
underlying firm value. As pointed out by [3], this means that the stock price does
not have constant volatility. Furthermore, because the stock price is the difference
between firm value and bond price and because dividends are paid proportionally to
the stock price, the differential equation characterizing the bond price as a function
of the firm value is nonlinear. The development of a mathematical methodology to
treat this nonlinearity is the rationale for this paper.

To simplify the analysis, we assume the bond is perpetual, i.e., it never matures.
This removes the time parameter from the problem, and the free boundary problems
associated with optimal call and optimal conversion become “free point” problems.
Perpetual bonds are the asymptotic case of finite-maturity bonds; work along the
lines of this paper on these bonds is forthcoming. Also, as noted by Ingersoll [11],
perpetual convertible bonds are unknown in the market, but they are close relatives
of preferred stock, which does trade. Preferred stock does not mature, it can often be
called by the issuing firm, and it can be converted to common stock by its owner.

In the time-independent setting of this paper, it is possible to place the convertible
bond pricing problem on a firm theoretical foundation. Indeed, the price we obtain
is shown to be the only arbitrage-free price in a perfectly liquid market in which
the bond, the stock, and a constant-interest-rate money market can be traded. To
establish this we first make the assumption that the respective parties adopt not
necessarily optimal call and conversion strategies and derive the corresponding no-
arbitrage bond price (Theorem 2.1). We then pose the determination of optimal call
and conversion strategies as a two-person, zero-sum game and show that the game
has a value (Theorem 2.4). We give a full description of the bond price as a function
of the firm value in Theorem 2.5. One of the conclusions of that theorem is that it
can be optimal to call the bond before the conversion price has reached the call price.

2. The model. We consider a firm whose value at time ¢ > 0 is denoted by X (¢).
We assume that prior to call or conversion of the convertible bond, the evolution of
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X (t) is governed by the stochastic differential equation
(2.1) dX(t) = h(X(t))dt — cdt + o X (t) dW(2),

where W is a one-dimensional Brownian motion on some probability space (Q, F,P),
h is a Lipschitz continuous function satisfying h(0) = 0, and ¢ and o are positive
constants. We denote by {F(t);¢ > 0} the filtration generated by the Brownian
motion W, augmented by the null sets in F.

At time ¢, the firm has a debt D(t), and so the equity value is

(2.2) S(t) = X(t) — D(t).

The debt is in the nature of a convertible bond, which pays coupons at the constant
rate c. The bond never matures. The firm’s dividend policy is to pay continuously to
shareholders at a rate ¢ times the equity, where § > 0.

At any time, the owner of the convertible bond may convert it for stock. Upon
conversion the bondholder will be issued new stock so that his share of the total
equity of the company is the conversion factor v, where 0 < v < 1. To simplify
the discussion, let us assume that before conversion the firm has one share of stock
outstanding. We are denoting by X (¢) the value of the firm and by D(¢) the size of
the debt before conversion. Therefore, (2.2) gives the price of firm’s single share of
stock before conversion. Upon conversion, the firm issues new stock and the former
bondholder becomes a stockholder. The total value of the firm’s outstanding stock is
X(t), and the value of the stock owned by the former bondholder is vX (). Therefore,
the price of the share of the stock outstanding before conversion is now (1 — v) X (t).

At any time, the firm may call the bond, which requires the bondholder to either
immediately surrender it for the fixed conversion price K > 0 or else immediately
convert it as described above. If the bond is surrendered, no new stock is issued and
the price of the firm’s single outstanding share becomes X (¢) — K. In this model the
firm may not call the bond if X (t) < K; i.e., there is no provision for reissuing debt.

Equation (2.1) describes the evolution of X (¢) only before call or conversion. Prior
to conversion or call, the firm value X (¢) may drop to zero, in which case the firm
declares bankruptcy and coupons and dividends cease.

There is a constant interest rate r, and we assume § < r. Prior to call or conversion
of the bond, there are three tradable assets: the firm’s stock, the convertible bond, and
a money market paying interest r. We assume that all these are infinitely divisible and
there are no transaction costs. Thus, the value V' (t) of a portfolio which holds Aj(t)
shares of stock and As(t) convertible bonds at time ¢ and finances this by investing or
borrowing at interest rate r evolves according to the stochastic differential equation

(2.3) dV (t) = A1 (t)(dS(t) + 6S(t)) + Az (t) (dD(t) + cdt)
+r(V(t) — Ay (t)S(t) — A (t)D(t)) dt.

An arbitrage arises if one can begin with V(0) = 0 and use {F(¢)}-adapted processes
A1 and As so that at some bounded stopping time 7 at or before the minimum of the
time of call, the time of conversion and the time of bankruptcy, V(7) > 0 almost surely
and V(7) > 0 with positive probability. We restrict ourselves to trading strategies
Aq(t), As(t) which cause V (¢) to be uniformly bounded from below for 0 < ¢ < 7.
Our goal is to price the convertible bond, under the assumption that the firm issuing
the bond and the bondholder behave optimally, in a way which precludes arbitrage.
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If the bond is called, the bondholder surrenders it for the call price K if K
exceeds the conversion value 7X (t) and converts it if vX(¢) > K. If yX(t) = K,
the bondholder is indifferent between surrender and conversion. Thus, if the bond is
called when the firm value is X (¢), then the value of the bond is max{K,vX(¢)}. If
the bond has not been called, we assume the bondholder adopts a rule of the form:
“convert as soon as the value of the firm equals or exceeds C,.” For the firm, we
consider call strategies of the form “call the first time the value of the firm equals or
exceeds C,.” The firm must choose C, > K; if C, < K, the firm would call when the
firm value was insufficient to pay the call price. The firm and bondholder each choose
a strategy, characterized by positive constants C, > K and C, > 0. Once C,,C, are
chosen, we want to find the price of the bond as a smooth function of the value of the
firm such that no arbitrage can occur.

To set the notation, for an arbitrary number a > 0 we define the nonlinear
differential operator acting on functions f € C[0,a] N C?(0,a) by

(2.4) Nf(@) & rf(z) = (re — o) f'(z) + 6(z — f(2)) f'(2) - %02fﬂ2f"(x)~

We shall see that this differential operator corresponds to the stochastic differential
equation for the firm value

(2.5) dX(t) = (rX(t) —c)dt — 6(X(t) — f(X(t)) dt + o X (t) dW (¢),

rather than (2.1) posited above. This turns out to be the so-called risk-neutral evo-
lution of the value of the firm. Under the risk-neutral evolution, the firm value has
mean rate of change r reduced by the coupon and dividend payments. The volatility
o is the same as in (2.1). An interesting feature of this model is that the function
f appearing in (2.5), which determines the evolution of the “state” under the risk
neutral measure for this problem, must be determined by optimality considerations.
It is not known a priori.

THEOREM 2.1. Suppose C, > K and C, > 0 are chosen (not necessarily opti-
mally) by the firm and bondholder, respectively, and set

(2.6) ax = min{C,,C,}, 7. =inf{t > 0; X(¢) ¢ (0,a.)}.
Assume X (0) € (0,a4) and
(2.7) D(t) = f(X(¥)), 0<t<m,

for a function f € C[0,a,] N C?(0,a,) satisfying the boundary conditions

_ _J vas if 0 < Cy, < O,
(2.8) F0) =0, fla.) = { max{K,va.} if K <C, <C,.
If there is no arbitrage, then
(2.9) Nf(x)=c for0 <z < a,.

Conversely, if the function f satisfies (2.8) and (2.9) and the derivative f' is bounded
on (0,a.), then there is no arbitrage.

Proof. Assume that the price of the bond is D(t) = f(X(t)) for a function
f € C[0,a.] N C?(0,a,) satisfying (2.8). In particular, the value of the equity is
S(t) = X(t)— f(X(t)) for 0 <t < 7. Taking (2.3) into account, we see that the value
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V(t) of a self-financing portfolio starting with initial capital V' (0) = 0 and containing
Aj(t) shares of stock and As(t) units of convertible bond evolves according to

dV(t) = A (t)[d(X (1) — f(X (1)) +6(X (1) — F(X(2)))dt]
+A2 () [df (X (1)) + cdt]
+ V() = Ar() (X (1) = F(X(1))) — Da(t) F(X(1))] dt.

Therefore,

(2.10) d(e "V (1))
= e AL (1 - /(X)) + As (1) (X ()] dX (1)

AL (1) [—§02X2<t>f"<x<t>> C(r— &)X(0) + (r— ) F(X(1))] di
e " Ay (t) [;UQXQ(t)fH(X(t)) +e—rf(X(t)]|dt.

We choose Aq(t) = f/(X(t))sgn(Nf(X(t)) — ¢) and Aq(t) = —(1 — f(X(t))) sgn
(Nf(X(t)) —c), so that Ay (t)(1— f/(X(2))) + Ax(t)f (X (¢)) = 0. With these choices
(2.10) becomes d(e~ "'V (t)) = [N f(X(t)) — c| dt. This equation shows that the port-
folio value V (t) is bounded from below by V(0) = 0 and provides an arbitrage unless
Nf(z)=cfor 0 <z < ay.

We now prove the converse. Assume D(t) = f(X(¢)) for 0 < t < 7, and f
satisfies (2.8) and (2.9). Let 7 < 7, be a bounded stopping time. Since h(XXi((tt))) and

f(XX((tt))) are bounded for 0 < t < 7, we can use Girsanov’s theorem to construct an

equivalent probability measure P such that

(2.11) /Ot h(XX(i)))d oWt 6/ (1—f(XX(S )ds+o—W(t)

for 0 <t < 7, where W is a Brownian motion under P. The differential of the value
of the firm may be rewritten as

(2.12) dX(t) = rX(t)dt — §(X(t) — F(X(1))dt — cdt + o X (£)dW (), 0<t<T.

Let us consider the value V (t) starting with initial capital V' (0) = 0 corresponding
to a self-financing trading strategy Aq(t), Aq(t) for 0 < ¢t < 7. We can write the
evolution of V (t) as
(2.13) d(e” "'V () = A1 (t) (d(e™""S (1)) + e~ " S(t)dt)

+ Ao(t)(d(e™ " D(t)) 4 ce”"dt).
Since D(t) = f(X(¢)), S(t) = X(t) — f(X(¢)), and the function f is smooth, we can
apply It6’s formula to obtain
(2.14)  d(e7"'S(t)) + se S (t)dt
= e (NF(X(1) = ) dt+ e (1= f/(X(6)o X (H)dW (1),
(2.15)  d(e”""'D(t)) + ce "dt
= —e T NF(X (1) = ¢) + e (X (£)a X (H)dW (1),
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We assume N f(x) —c = 0 for 0 < = < a., and taking into account (2.14), (2.15),
and (2.13), we conclude that e ")V (¢ A 7) is a local martingale under P. But V is
uniformly bounded below, and Fatou’s lemma implies E [e=""V ()] < V(0) = 0. This
means it is impossible to have P{V () > 0} = 1 and P{V(7) > 0} > 0. Since P is
equivalent to the probability measure P, no arbitrage exists. 0

In the remainder of this section we state the principal results of the paper. Their
proofs are provided in section 7.

To compute the “no arbitrage” price of the convertible bond for some (not neces-
sarily optimal) call and conversion levels, we need an existence and uniqueness result
for boundary value problems associated with (2.9).

THEOREM 2.2. Let y1 be a positive number and 0 < y; < x1. Then there exists
a unique solution f € C[0,21] N C?(0,x1) of the boundary value problem

Nf(z) =c for z € (0,21),
(216) L La T S

Furthermore, the derivative f’ is bounded on (0,21). If y1 < x1, then f'(x) < 1 for
all z € (0,21).

Taking into account Theorem 2.1, Theorem 2.2, and the discussion regarding the
price of the bond at call or conversion time, we see that once the call and conversion
levels have been set, the “no-arbitrage” price of the convertible bond is

(2.17) D(t) = f(X(t),Cq, Cy),

where the function f(z,C,,C,) is given in the next definition.
DEFINITION 2.3.
(i) If0 < C, < Cy, define f(z,Cy,C,) for 0 <z < C, to be the unique solution
of the equation N'f = ¢ on (0,C,) satisfying the boundary conditions f(0) = 0,
f(Cy) =~C,. Forxz>C,, define

_ ) Co <z <,
f($70a7Co) - { max{K, ’Yl‘}, x> C,.

(ii) If K < C, < C,, define f(x,Cq,Cy) for 0 < x < C, to be the unique solution
of the equation Nf = ¢ on (0,C,) satisfying the boundary conditions f(0) = 0,
f(Cp) = max{K,yC,}. Forxz > C,, define f(x,C,,C,) = max{K,yx}.

Equation (2.17) provides a bond price once the call and conversion levels C,, and
C, have been chosen. The firm wishes to minimize the value of the bond (in order to
maximize the value of equity), and the bondholder wishes to maximize the value of
the bond. This creates a two-person game, and according to the next theorem, this
game has a value.

THEOREM 2.4. There exist C¥ > K and C} > 0 such that for each x > 0, we
have

(2.18) flz,Cr,Cx) = inf f(x,C,,Cr) = sup f(z,C,Cy).
C.,>K C,>0

Equation (2.18) implies the following equalities, so we can define

(2.19)  fu(x) & f(z,CF,CF) = sup ir;fo(ac,Ca,C’o) = Cinf sup f(z,Cq,C,).

Cy>0Ca2 2K C¢,>0



64 MIHAT STRBU, IGOR, PIKOVSKY, AND STEVEN E. SHREVE

This is the price of the bond as a function of the underlying firm value x, and C}; and
C? are the optimal call and optimal conversion levels, respectively.
THEOREM 2.5. The function f. is in C[0,00) and is described by one of three
cases. There are two constants 0 < K7 < Ky depending on r,0,0, ¢, and .
(i) If K > Ka, then f. € C1(0,00) and satisfies

(2.20) 0< fi(z) <1 forz>0.

In this case,

C; = min o> 0:£.() =72} = =2,
[ restricted to (0,C%) is the unique classical solution of Nf. = ¢ on (0,C%) with
boundary conditions f«(0) =0 and f.(C¥) =~C%,

(2.21) fe(x) =~z for x> C7,

andC;=%>CZ:%.

(il) If K1 < K < Ky, then f. restricted to (0, K /7) is the unique classical solution
of Nf. = c on (0, K/v) with the boundary conditions f.(0) =0 and f. (K/v) = K.
We have

(2.22) O<f,i(x)<1f0r0<x<§,
(2.23) fe(x) =~z for x> g

In this case, C}; = Cp = %

(iii) If Ky > 0, there is a third case. A sufficient condition for K1 > 0 is 0 <
v < % In the third case, 0 < K < Ki, f. restricted to (0, K/v) is continuously
differentiable, C¥ € (K, K/v), and f. restricted to (0,C%) is the unique solution of
Nfo=con (0,CF) with the boundary conditions f.(0) =0, f.(Cy) = K. We have

(2.24) 0< fi(z) <1 for0<z<Cl,
K, Ci<z<X
_ ) a > = 5

(229 f.(@ {7% L

In particular, fL(C¥—)=0and K < C* < C* = %
From Theorem 2.5 we see that the firm debt at time ¢ is D(t) = f.(X(¢)), and
(2.2) becomes

(2.26) S(t) = X(t) = fo(X ().

Solong as = € (0, C*AC?), the function F(z) £ z— f.(z) is strictly increasing because
of (2.20), (2.22), and (2.24) and hence has an inverse F~!. We may invert (2.26) to
obtain X (t) = F~1(S(t)), and thereby obtain a formula for the market price of the
convertible bond in terms of the equity of the firm: D(t) = f.(F~1(S(¢))). In all
three cases of Theorem 2.5, the firm should call as soon as D(t) rises to the call price
K. In cases (i) and (ii), this is the first time the conversion value of the bond rises to
the call price. In case (iii), the call should occur before the conversion value rises to
the call price. The owner of the bond should convert as soon as D(t) — vF~1(S(t))
falls to zero, i.e., as soon as the difference between the bond price and the bond’s
conversion value falls to zero.
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3. Generation of candidate functions. Theorem 2.5 asserts that for small
values of x, the value f,(x) of the convertible bond satisfies the second-order ordinary
differential equation NV f(z) = c¢. Not only is this equation nonlinear, it is also singular
at z = 0. Rather than solving the differential equation N f(z) = ¢ directly, we
generate a one-parameter family of solutions to the variational inequality

(3.1) min{Nf(z) — ¢, f(z) — vz} = 0.

To do this, we first construct for a fixed function ¢ € C[0,a], a solution to the
variational inequality

(3.2) min{L, f(x) — ¢, f(x) — 72} = 0,

subject to boundary conditions f(0) = 0, f(a) = ya. Here, the linear differential
operator L, is defined by

(33)  Lof@) & ri(@)— (rr o) () + 8(z — g@) (a) — 50%° " &)

In section 6 we prove existence of a function g for which the solution to this equation
is g itself.

DEFINITION 3.1. Let a € (0,00) be given. Denote D, = [0,a] and let G, be the
set of continuous functions g: D, — R which are continuously differentiable on (0, a)
and satisfy

9(0) =0, g(a)=a,
g(x) >~vx, —-M,<g(x)<1 Vzxe(0,a),

where M, will be defined in Proposition 5.6. We denote by G, the closure of G, with
respect to the supremum norm in C|0, a].

Denote Do, = [0,00) and let G, be the set of continuous functions g: Doy — R
which are continuously differentiable on (0,00) and satisfy

9(0):07 ():7x Vxe[bqvoo)
o) > 7a, 0<g(x) <1 Vo e (0,00,

where by is a finite number depending on the function g. Let (C,,d) be the complete
metric space of continuous functions on Do, which satisfy lim,_.[g(x) — vyz] = 0,
and d is the supremum metric. We denote by Go the closure of Goo in (Cy,d).

For a € (0,00, g € Ga, and x € D, we define X*(t) by X*(0) = = and

(3.4) dX®(t) =rX*(t)dt — 6 (X (t) — g(X*(t))) dt — cdt + o X*(t) AW (2)

for0<t <71y AT

a’

where 77 £ inf {t > 0; X*(t) = y}. We then set

(3.5) T,g(z) 2 sup E {/ e "Medu+ T cooye” Ty XE(T) ],
0

0<T<TENTE

where the supremum is over stopping times T which satisfy 0 <17 < 75 ATZ.

We interpret the objects in Definition 3.1 as follows. Suppose we have a function
g which maps the value of the firm into the value of convertible bond. Then S(¢)
in (2.2) is given by S(t) = X(t) — g(X(¢)). As we have already seen in the proof of
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Theorem 2.1 (see (2.12)), under a “risk-neutral” measure, we expect the value of the
firm to have mean rate of growth equal to the interest rate r, reduced by the dividend
and coupon payments. In other words, if g(z) is the value of the bond when x is the
value of the firm, then the evolution of the value of the firm should be given by (3.4).

The fortunes of the firm, which depend on the function g and the initial condition
x, may result in bankruptcy at time 77 . If bankruptcy never occurs, then 75 = co. The
bondholder collects dividends at rate ¢ until bankruptcy occurs or until he converts the
bond to stock. He may convert at any stopping time 7 < 77; if he has not converted
by the time 7,, he must do so at this time. The parameter a in this restriction on
the stopping time 7 will allow us to construct a one-parameter family of solutions
to (2.4), and we shall later see that the correct choice of the parameter a depends
on the call price K. However, in this interpretation of the function T,g, we do not
permit the firm to call. Since the conversion option is worthless after bankruptcy, we
assume without loss of generality that 0 < 7 < 7§. Upon conversion, the bondholder
receives stock valued at yX*(7). It follows that the risk-neutral value of a conversion
strategy 7 is E [ [J e ™ cdu + Ij;co0ye "y X ()], and T,g(x) is the value of the
optimal conversion strategy, if it exists.

We began this discussion with the supposition that g(x) is the value of the con-
vertible bond when z is the value of the firm. But the value of the convertible bond
should be the risk-neutral discounted value of coupons collected plus the risk-neutral
discounted value of the stock received upon conversion. In other words, we seek a
function f € G, such that T,f = f. Such a function will satisfy (2.9), at least for
small values of x.

In section 4 we prove continuity of the function 7, ¢. In section 5 we show that,
like g, the function T, g is in G,, and we state the Hamilton—Jacobi-Bellman equation
(3.2) satisfied by T,g. In section 6, we show that the mapping 7,: G, — G, has a
unique fixed point, which we call f,. Section 7 shows that for each call price K, there
is a value of a so that f, is a part of the function described in Theorem 2.5. This
enables us to prove Theorems 2.4 and 2.5. Finally, at the end of section 7 we also
prove Theorem 2.2.

4. Continuity of candidate functions. Let a € (0,00] and g € G, be given,
and define T,g by (3.5). If a is finite, we extend g to be constant on (—oo,0] and
on [a,00). Since the extended g is Lipschitz, we may use (3.4) to define X*(¢) for
all t > 0. The assumptions on g ensure that for some n > 0, §(z — g(x)) + ¢ > nx
for all z > 0. We now set Z(t) = exp{—cW(t) — 1o2t}, so that d(Z(t)X*(t)) <
(r—o2—mn)Z(#)X®(t)dt for all 0 < t < 7&. Integration yields

t
ZHX"(t) <z + (r—o®—n) / Z(w)X®(u)du, 0<t<717,
0
and an application of Gronwall’s inequality gives the bound

(41) X°(t) < %e(wknﬁ = zexp {oW(t) + (7‘ - %(;2 - n) t} L0<t< T,

LEMMA 4.1. The function T,g satisfies the bounds

(4.2) ve < Tog(z) < < +7z Vo € D,.
'S

Proof. The lower bound in (4.2) follows from taking 7 = 0 in (3.5). For the upper
bound, we apply the optional sampling theorem and Fatou’s lemma to the martingale
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exp {oW(t) — 0%t} and use (4.1) to obtain for any stopping time 7 satisfying 0 <
T Ty

(43)  Ee"X%(r) < zEexp {UW(T) - ;027}

1
< xlitminf]Eexp {O'W(t AT) — 502(15 A T)} = .
Therefore,

o0
Tug(x) < / e ™edu+y sup EeTTTXT(1r) < 4 N
0 r

0<7<7§

LEMMA 4.2. For ally >0, 7 is almost surely continuous in x at all x > 0.
Proof. 1t is possible to choose for each initial condition a version of the process
X*(t), t > 0, such that X*(¢) is jointly continuous in (¢, z), almost surely (see [15,
Theorem 4.2.5]). Because of the uniqueness of the solution to (3.4), we have for
0 <€ <z <y that Xg(t) < X*(t), 0 < t < oo, almost surely; if these processes
ever coalesce, they would henceforth coincide. This implies that limgt, 7'5 > T
On the other hand, 77 = inf {t > 0; X*(¢) > y}, which implies that limgq, 75 <7y
Therefore,
(4.4) 151%17@/ =7,

By a similar argument, we conclude

(4.5) 15112175 =17,

Combining (4.4) and (4.5), we see that, almost surely, limg_., 7'75 =71,,0< 1z <y,
and (4.4) holds for = y. A similar argument shows that lim¢_,, Ty5 =7, 0<y<uz,
and (4.5) holds for x = y. 0

Using (4.1) to bound e ™" X*(¢), limy_.o exp{ocW (t) — 362t} = 0, joint continuity
of X?(t) in (¢,z), and Lemma 4.2, we conclude that the process

IATE AT .
(4.6)  Y*(t) = / e "edu+ ]I{t,\TgATf<OO}67T(MT5 MOy X (EATENTE)
0

is jointly continuous in (¢,x) € [0,00] X D,, almost surely. In particular, we have
continuity at time t = oo, where

TENTY .
Y¥(00) £ / e ™edu + H{TécMg<oo}e_T(TO Ay X2 (18 A T2).
0

LEMMA 4.3. The function T,g is lower semicontinuous on D,.
Let 7 be any nonnegative stopping time. Lemma 4.2 implies that 7 A 7§ A 75 is
almost surely continuous in z. The function

TATGNATY .
hro=E / e "edu + H{TAT5A3<OO}67T(TATO MOy X (T NTEATE)
0

is thus lower semicontinuous (Fatou’s lemma), and Tog(x) = sup, h; q(z), the supre-
mum of lower semicontinuous functions, is lower semicontinuous. 0
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We know from inequality (4.1) that

1 .
(4.7 sup Y¥(t) < h Y& Sup exp {O'W(t) — (17 + 02> t} =S4 eV
r r

0<t<oo t>0 2

where W* = sup,~q [W(t) — (§ + 2) t]. According to [13, Exercise 5.9, Chapter 3],
W* has density

(4.8) P{W* € db} = 2 (g + g) exp { -2 (% + g) b, b>0.

This means that Ee"" < 0o, so we obtain

(4.9) E sup Y?(t) < cc.
0<t<oo

In light of Lemmas 4.1 and 4.3, the set

Sy 212 €Dy;Tog(z) =2} = {w € D, : Tug(w) < ya}
is closed, contains the origin, and contains a if a is finite. We define
(4.10) 2 Einf {t > 0; X*(t) € Sy},

a stopping time satisfying 77 < 77 A7Z. Since inequality (4.9) holds, it is known from
the general theory of optimal stopping that the process

EATSATY .
(4.11) Z=(t) = / e "Medu+ ]I{t/\TgATg<OO}e*T(MTO NMOT,g(XT(tATEATE))
0

is a supermartingale for 0 < ¢ < oo; the stopped process Z#(t A7¥), 0 <t < o0, is a
martingale; and 77 is an optimal stopping time, i.e.,

@12 Tgle)=E| [ e et T oo X7 (02) | =BV (7).
0

To prove this, one can first show, using the Markov property, that the process
{Z%(t) }o<t<oo is the Snell envelope of {Y*(t)}o<i<oo, i-€.,

(4.13) Z*(t) = esssup, >, E[Y*(7)|F],

and then appeal to [14, Appendix D] . Another way to prove it is to combine Theorem
1, page 124, and Theorem 3, page 127, from [20].
LEMMA 4.4. Assume a = co. We have

(4.14) v < Toog(z) < VI € Do,
and there is a number b > 0 such that

(4.15) Toog(x) =z VY € [b,00).
If a € (0,00), we have

(4.16) yr <Teg(x) <z Ve D,.
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Proof. We shall construct a number b > 0 and a function ¢: [0,00) — R such
that

(4.17) yr < p(z) <xVrel0,b], olr)=vyx V€ b oo);

¢" is defined and continuous on [0, 00), except at v/b and b, but has one-sided deriva-
tives at these points; ¢’ is defined, bounded, and continuous on [0, 00) except at Vb,
but has one-sided derivatives at this point which satisfy

(4.18) D~ p(Vb) — DY (V) > 0,

(4.19) Lyp(x) >c Yre[0,00))\ {\/E,b}.

Once b and ¢ are constructed, we choose an arbitrary x > 0. With X (¢) =
X?(t), the extension of Itd’s rule to continuous, piecewise C? functions [13, Chapter
3, Theorem 7.1 and Corollary 7.2] implies that

A(e(X(0)) = = Lyp(X(0) dt = e (D7p(VD) =D o(VE) ) dA()
+eTToX (1) (X(0) AW (1),

where A(t) is the (nondecreasing) local time of X at v/b. From (4.18) and (4.19), we
see that

d(e (X (1)) < —e edt + e o X (1) (X () AW (1).

Hence, for any stopping time 7 < 7§ and any deterministic time 7', we have
TAT
Ee "D (X (1 AT)) < o(x) — IE/ e "edt,
0

where we have used the boundedness of ¢’ and (4.1) to ensure that the expectation
of the It6 integral is zero. This last inequality implies

o(x) > E .

TAT
/ e "edt + ]I{T<Oo}e_r(TAT)’yX(T AT)
0

Letting T' — oo and using Fatou’s lemma, then maximizing over 7, we obtain ¢(x) >
T.g(z). Relations (4.14), (4.15) follow from (4.2) and (4.17).

If a € (0,00), then the function h(xz) = x on [0,a] is two times continuously
differentiable on (0, a) and satisfies Loh(z) > ¢. Since h(z) > ya for each 0 < z < a,
we can do the same computation as above for the function h instead of ¢ and obtain
(4.16).

The remainder of the proof is the construction of b and ¢. For b > e?, define the
positive function n(b) £ (1 —~)/(5 logh+ % —1). Consider the function

K(B) £ ey —n(d) — 1]+ 56VB(1 — ) (7~ n(B)) — 50*n(B) V5.

Since limp_.oo 7(b) = 0, we have lim,_ k(b) = co. We fix a value b > ¢* for which
k() > 0, n(b) < v. For any g € G, we know that lim,_,[g(x) —yz] = 0, so for b
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sufficiently large, we also have

(4.20) z—g(z) > 1(1 — Vb Vz e [Vb,o0),

2
(1—9)c

(4.21) ol — g(a)) =

Y € [b, 00).

With b chosen to satisfy all the above properties, we set

z, 0<z<Vb,
(4.22) p() =1 vz +nb)Vb(%—logZ—1), Vb<z<b,
v, T > b.

A straightforward computation verifies that ¢ has the desired properties.
COROLLARY 4.5. The function T,g is continuous on Dy.
Proof. Recall from the proof of Lemma 4.3 that for each y > 0, the stopping time
is a continuous function of . The complement of the closed set Sy,

T
Ty

Cy = {2 € Do; Tug(z) > vz},

is a countable union of disjoint open intervals, and on each of these intervals («, 3),
we have i = 74 A 75, which is a continuous function of z € [, #]. On the set Sy,
72 = 0. Hence, 77 is continuous on both Sy and its complement C,. To show that 77
is continuous on D, = C, U Sy, it remains only to show that if {z,}52, is a sequence
in C; converging to x € Sy, then 7¥» — 7¥ = 0. But 7~ < 777 and 75" — 77 =0,
almost surely (Lemma 4.2), so the desired result holds.

For a < oo we have 0 < X*(t A7) < a. For a = oo, Lemma 4.4 implies there
exists b > 0 such that [b,00) C S,. In this case, 0 < X*(¢t A 7¥) < max{z,b}. The
continuity of T, ¢ follows from the representation (4.12), the continuity of 7%, the joint
continuity of Y?(¢) on [0, 00] X D,, and the dominated convergence theorem. d

PROPOSITION 4.6. The function T,g is twice continuously differentiable on C,
and satisfies the equation

(4.23) LyT,9 =c onCy.

If g € G,, then T,g is three times continuously differentiable on Cy.
Proof. Let x € C4 be given, and choose 0 < o < x < 8 such that (a, 5) C C,.
Consider the linear, second-order ordinary differential equation

(4.24) Loh(z)=c Vze(a,p),

with the boundary conditions h(a) = T,g(«), h(8) = T,g(3). Because the coefficients
of (4.24) are continuous, the equation has a twice continuously differentiable solution
h satisfying these boundary conditions. If g € G,, so that the coefficients of (4.24)
are continuously differentiable, then h is three times continuously differentiable. 1t6’s
formula implies that

d[e T R(XE ()] = e [~ Loh(XF (1)) dt + o X () (X (t)) dW (t))]
= —e "edt +e "o X T ()R (XE(t)) dW ().
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Integrating this equation from ¢ = 0 to ¢ = 75 A7 and taking expectations, we obtain
TaNTS o
M =E / e "edt 4+ e TSN R(X (12 A T5))
0

=E

TONTS o
/ e edt + e TN, g (X8 A Tg))]
0
=Ez%(ra A7) = 2°(0) = Tag(),

where we have used the fact that Z*(¢t A 72 A Tg) is a bounded martingale, since
Toa NT5 ST |

Remark 4.7. Let us denote by D*T, g the derivatives from the right and left of
T,g, when these one-sided derivatives exist. We likewise denote by DT, g the derivative
of T, g, when the derivative exists. Because it is open, the set Cg is a countable union of
disjoint open intervals, which we call the components of Cy4. Let (c, 3) be one of these
components. The second-order differential operator £, does not degenerate to a first-
order operator at any point in [a, (], except at a when « = 0. Therefore, the function
h in the proof of Proposition 4.6 is twice continuously differentiable at the endpoint
B and also at o provided that a > 0. We conclude that D~ T,¢(8) = lim;3 DT,g(x)
exists. If @ > 0, then D*T,g(a) = lim, |, DT,g(x) also exists.

5. The invariance property of T,. As in the previous section, let a € (0, ]
and g € G, be given, and define T,g by (3.5). In this section we show that T,
maps G, into itself. For this we use the theory of viscosity solutions of Hamilton—
Jacobi-Bellman equations developed by Crandall and Lions (see [7], [9]). The proof
of Proposition 5.1 below is standard, so we omit it. See [19] for a similar proof.

PROPOSITION 5.1. The function T,g is a viscosity solution of the Hamilton—
Jacobi—Bellman equation

(5.1) min{L,h(x) — ¢, h(z) —yz} =0 VY € D,.

We use Proposition 5.1 to deduce other information about T,g.
COROLLARY 5.2. Given any b € (0,a), the set C4 N (0,b) is nonempty.
Proof. Suppose T,g(x) = vz for all « € [0,b]. Then

LyTog(r) —c= (v —1)c+béy(z — g(x)),

which is strictly negative for = > 0 sufficiently small. This violates the viscosity
supersolution property of T,g. ]

LEMMA 5.3. If (0,a) NSy contains a point b, then [b,c0) N D, C S.

Proof. Assume b € (0,a) NS, and denote @(z) = ya. Because T,g(b) = $(b) and
T.g >, the viscosity supersolution property for T,¢g implies

¢ < Lyp(b) = v+ 6v(b— g(b)).
But the function  — = — g(x) is nondecreasing on D,. Therefore
c<cey+6y(x —g(x)) Ve b,o00)ND,.

We must show that T,g(z) < @(x) for all x € [b,00) N D,. Assume on the
contrary that n £ sup {T,g(z) — @(z);z € [b,00) N D, } is positive and let z( attain
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the supremum in the definition of 7. (The supremum is attained because both T, g
and P are continuous, and if a = oo, then T,g(x) = P(x) for all sufficiently large z.)

We take ¢(x) = @(x) +n for & € [b,00) N D,, so that p(z) > T,g(x) for = €
[b,00) N D, and p(x9) = Tug(xg). We have (b) > T,g(b) and can choose ¢ on
(0,b) so that it is twice continuously differentiable and dominates T, g on all of (0, a).
Because T,g is a viscosity subsolution of (5.1) and ¢(z¢) = Tog(zo) > yxo, we obtain

Lyp(zo) = rTug(zo) —v(rzo — ¢) + 6v(xo — g(w0)) < ¢ < ye+ 6y(zo — g(0)),

and hence T,g(xg) < 7z, a contradiction to the choice of zg. We conclude that
Tog(z) <@(zx) for x € [b,00) N Dy,. O

From Corollary 5.2 and Lemmas 5.3 and 4.4, we have the following.

PROPOSITION 5.4. If a is finite, then Cy = (0,b) for some b € (0,a] and S; =
{0} U [b,a]l. If a = oo, then Cg = (0,b) for some b € (0,00) and Sy = {0} U [b, 00).

Let b be as in Proposition 5.4. We have already seen that T, g is twice continuously
differentiable on C, = (0, b) with a one-sided derivative D~ T,g(b) at b. Since T,g(x) =
~a on S, this function is clearly differentiable on the set (b, a) if b < a, with one-sided
derivative DT T,g(b) = 7. It remains to examine the differentiability of T,g at the
point b.

PROPOSITION 5.5 (smooth pasting). The function T,g is continuously differen-
tiable on (0,a).

Proof. 1t suffices to show in the case that b < a that D~ T,g(b) = D+ T,g(b).
Because Tyg(z) > ~a for all z € D, and T,g(b) = b, we must have D~ T,g(b) <
~v. If D=T,g(b) < v, we choose m € (D~ T,g(b), DTT,g(b)), k > 0, and define
o(x) = vb +m(x — b) + k(z — b)? for x in an open interval containing b. Note that
©(b) = Tog(b) and ¢'(b) = m. Therefore, p(z) < T,g(x) for x # b in a sufficiently
small neighborhood of b (whose size depends on k). We construct ¢ outside this
neighborhood so that ¢ is twice continuously differentiable on (0, a) and p(x) < T,g(x)
for all z € (0,a). Because T,g is a viscosity supersolution of (5.1), the inequality

0 < Lyp(b) —c=ryb— (rb—c)m +6(b— g(b))m — o?b*k — ¢

must hold. Since k > 0 is arbitrary, this is impossible. O

We have proved so far the following properties of the value function T, g: for any
g € Ga, T,g is a continuous function on D, and it has a continuous derivative on
(0,a), Tog(0) = 0 and Tog(z) > vz for all © € D,. If a is finite, then T,g(x) = va; if
a = 00, then Tg(x) = v for x sufficiently large.

We now need to prove an invariance property for the operator T,. Up to this
point, we have taken g to be an arbitrary function in G,. For the next proposition,
we must restrict our attention to g € G,,.

PROPOSITION 5.6. Let a € (0,00] be given. Then T, maps G, into G,.

Proof. Assume that g € G,. By the above remark, it remains only to show that
—M, < DT,g <1on (0,a)if a is finite and 0 < DT,g9 < 1 if a = oo.

First we claim that the function ¥ = DT,g (defined on (0,a)) cannot attain a
positive local maximum or a negative local minimum in C,. By Proposition 4.6, 9 is
C? on C,. Assume that ¢ has a positive local maximum at x, € C;. Thus, we have
Y'(z.) = 0. In particular,

—(Tug(x) —a(x))| =z (2:) = 0.
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Equation (4.23) implies for = € C, that

c=LyT,9(x)
=r(Tag(@) — xp(2)) + co(x) + 6(z — g(x))¥(x) — %025621//(96),
and thus
d / 1 2. 2 1
0=——LyTag(z) e T 8(1 = g'(@:))¥(2s) — @iy (z).

Because 9 has a local maximum at x,, ¥ (z.) < 0. But 1 — ¢’(z.) is positive, and
Y(x,) > 0. We have a contradiction, and hence ¢ cannot have a positive local maxi-
mum in C4. If 4 has a negative local minimum at x., we likewise have a contradiction.

We consider now the case that a = co. For © < y we have X*(¢) < X¥(¢) almost
surely and 7§ < 7 almost surely. It follows from (3.5) that Tg is nondecreasing.
The lower bound DT,,g > 0 is established. For the upper bound, DTg(x) < 1, we
recall that C; = (0,b) for some b € (0,00). Assume there were a point zo € (0,b)
where DTg(zo) > 1. We know that DT.g(b) = v < 1. Now consider a point
z1 € (0,z0). If DTog(z1) < 1, then DT4g would have a positive local maximum
in the interval (x1,b), which is impossible. We conclude that DT.g(z1) > 1. In
other words, if there were a point g € (0,b) where DT g(xo) > 1, then DTg > 1
on the whole interval (0,2p). The upper bound in (4.14) would immediately imply
that Tog(x) = x for 0 < z < g, and once again DT,,g would have a positive local
maximum in (0, ). We conclude that DT,g(xo) < 1 for all x5 € (0,b).

If a is finite, we can modify the above argument, using (4.16) in place of (4.14)
and D™ T,g(b) < v (in case C; = (0,a)), to obtain the upper bound DT,g < 1 on
(0,a).

The proof of the lower bound DT,g(x) > —M, for the case a < oo is more
involved. Again using the notation C, = (0,b), we assume there is 2o € (0,b) such
that DT,g(xo) < 0. Let 21 € (0,29). The continuous function DT,g attains its
minimum on [z1,b] at 1 or b, since it cannot attain a negative interior minimum. In
case the minimum is attained at x1, this means that DT,g(z1) < DT, (z¢) < 0. For
any 0 < zo < x1, DT, cannot attain a negative interior minimum on [z2, o], so we
can conclude that DT, g(x2) < DT,g(x1) < 0. This should hold for any 0 < z9 < 21,
which is in contradiction to T,g(0) = 0, T,g(z) > vyz. So if DT,g(xo) < 0, then for
any x1 € (0,29), DT,g attains its negative minimum on [z, b] at b. This means that

. - < .
(5.2) D™Tag(b) < inf D.Tg(x) <0

In other words, the derivative D,Tg either is nonnegative or, if it has negative values,
is bounded below by DT, g(b). Of course, the latter case can only happen for b = a.
The first case satisfies the conclusion, so we assume
(5.3) D T,g(a) = min]DTag(:E) < 0.

ze (0,
This means that C, = (0,a) and hence L£,T,9(x) = c for all x € (0,a). Let h satisfy
Lyh(z) = c for x € (ya,a) and h(ya) = va, h(a) = ya. Since Tpg(va) < va = h(ya),
Tog(a) = va = h(a) and L,T,9(z) = Lyh(z) for all = € (0,a), the usual comparison
argument based on the maximum principle yields T,g(x) < h(z) for all z € [ya,al.
But T,g(a) = h(a), and this implies

(5.4) D™ T,g(a) > D™ h(a).
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It suffices to find a lower bound on D~ h(a). We have 0 < vz < T,g(z) < h(z)
for x € [ya,a]. In order to find an upper bound on h, we let x* € [ya, a] be such that
h(z*) = maxX,¢[ya,q h(2). If 2* is an interior point of [ya,a], then A'(z*) = 0 and
R"(x*) < 0. But Lyh(2*) = c from which we conclude that max,c[yq,q) h(2) = h(z*) <
€. If 2* is not an interior point of [ya,a], then max,¢c(yq.q) h(2) < h(va) = h(a) = ya.
In either case, we have

(5.5) 0 < h(z) < max {Wa, ;} YV € [ya,al.
We know that
(5.6) 0<g(z)<a Vzelya,a].

Neither (5.5) nor (5.6) depends on the lower bound —M, < ¢'(x) satisfied by functions
g in C, when a is finite.

Since h(ya) = h(a), there exists xg € (va, a) such that h'(z¢) = 0. We solve the
equation L4h = ¢ on (ya,a) for A" and then integrate to obtain

6:1) W@ = [ lrh) = (ry = ) + 80— 9 (5) ~ <] dy
o
for all x € [zg,a]. Taking into account the bounds (5.5) and (5.6), we may use
Gronwall’s inequality to obtain |h'(a)| < M, for some constant M, depending only
on the bounds max{ya, ¢} and a appearing in (5.5) and (5.6) and also depending
on the interval [ya,a]. From (5.3), (5.4) we conclude that DT,g(x) > —M, for all
z € (0,a). |
Remark 5.7. M, is bounded in a as long as a is bounded away from 0.

6. The fixed point property. For a = oo we recall that G is a closed subset
of the complete metric space (Cs,d) (see Definition 3.1). For a < oo, the set G, is a
closed convex subset of the Banach space C|0, a] endowed with the supremum norm.
We denote by d(f, g) the metric associated with the supremum norm. We have proved
that T (Goo) C C, and T,(G,) C C[0,a] for a < co. We also know (in both cases
a = oo and a < o) that T,(G,) C G,. In this section we prove that T,(G,) C G, and
the operator T, has a unique fixed point in G,. Many of the arguments in the rest of
the paper are based on the following lemma.

LEMMA 6.1 (comparison). Let 0 < a < 8 and f,g € C(a, ) be given. Consider
v € Cla,B) a viscosity subsolution of Lip(z) < ¢ on (o, B) and ¥ € C'(a,3) a
viscosity supersolution of Lo(z) > ¢ on (o, 3). Assume that at least one of the
functions is a classical (C*(a, 3)) solution of the corresponding differential inequality
and that the function ¢ — 1 attains a local mazimum at x. € (o, 5). Then

() = () < 6(f () = g(@2)) @ (22) = 6(f () — g(w))¥' (w2)-

Proof. Let us assume that ¢ € C?(a, 3) is a classical solution of Lrp(x) < c.
(The argument in the other case is identical.) This means that

(@) = (roe — )@ (@) + 8(s — f (@) (1) — %02333@”(%*) <c

The function 1) — ¢ attains a local minimum at z,, and since ¢ is C? in a neighborhood
of x,, we can consider ¢ as a test function when we apply the definition of the viscosity
supersolution ¥. We obtain the inequality

(@) = (ra. — )@ (z2) + 8(zs — g(@2)) (24) — %029«“%”(:&) >c
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Comparing the above results, we conclude that

r(p(@.) — ¥(@.)) < 6(f(2.) — g(:))@ (2).

Since z, is a point of interior maximum for ¢ — v, and both ¢ and ¢ have continuous
derivatives on (0, ), we have that ¢'(z.) = ¢’ (). O

PROPOSITION 6.2. For 0 < a < oo, we have T,(Go) C G, and the mapping T,
has a unique fized point in G,.

Proof. Let f,g € G, be given. We denote ¢ = T, f and 1 = T,g. Since (0) =
¥(0) = 0, we know that sup,cp, (¢(z) =% (x)) > 0. We recall that ¢, ¢ are continuous
on [0, a] for finite a (or they are continuous on [0, 00) and equal to vz for = large enough
if a = 00). Thus there exists . such that ¢(z.) — ¥ (z.) = max,e(o,q(¢(x) — Y (z)).
If p(x4) — ¥(zs) = 0, then

D, (P(0) ~ (&) < pla.) — ¥(a) = 0 < max{ My, 1}d(/, ).

Assume that p(z.) —¥(z.) > 0. Since ¢(0) = (0) and ¢(a) = ¥(a) (or p(x) = P (z)
for all x large enough if a = ), we see that 0 < z, < a. Moreover, since p(z,.) >
(x4) > Yy, we know z, € Cy = {x: @(x) > yx}.

We remember that ¢ is a C? function on the open set Cy, it is a classical solution
of Lo =con Cy, and 1 is a viscosity supersolution of £, > c¢. Lemma 6.1 implies

r(e(xy) —P(xy)) < 6(f(xx) — g(xs))¢’ (z4). Therefore,

sup (p(2) —P(x)) < p(@.) — (@) < glf(x*) = g()ll¢" ().

z€[0,a]

Since ¢'(x.) = ¢'(z4), it is enough to assume that at least one of the functions f
and g is an element of G, to conclude that |¢'(z.)| < max{M,,1}, where M, = 0 for
a = oo. Consequently, we obtain

sup (p(z) —¥(2)) < gmaX{Ma, 1}d(f, 9).

We can switch ¢ and % in the argument above and obtain a similar inequality for
1 — . In other words, we have proved that

(61) A(T.f, Tog) < & max{ Mo, 1}d(f,9),

provided that at least one of the functions f and g is an element of G,.

We now choose f € G,, and let f,, € G, be such that d(f,,f) — 0 as n — oo.
Using (6.1) we immediately obtain d(Ty fn,Taf) — 0 as n — oo, and since T, f,, € G,
for all n, we conclude that T, f € G,.

A similar approximation argument (f, — f, gn — g, fn,gn € Ga), together with

d<Tafa Tag) < d(Tafa Tafn) + d(Tafna Tagn) + d(Tagru Tag)

yields

AT.f,Tag) < max{Ma, 1d(7,9) V1 € Ga.
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We consider separately the two cases a = 0o and a < co. If a = oo, then M, = 0.
Since § < 7, T, is a contraction on the complete metric space (Goo,d). Applying the
Banach fixed point theorem, we conclude that T, has a unique fixed point in Guo.

If @ < oo, the Arzela-Ascoli theorem implies that G, is a convex and compact
subset of the Banach space C[0,a]. Since T, : G, — G, is a continuous mapping
with respect to the norm of C[0, a], Schauder’s fixed point theorem implies that there
exists a fixed point of T}, in G,. Suppose there were two fixed points of T}, namely f
and g. Assume without loss of generality that

f(@.) = g(xs) = max (f(z) - g(x)) >0,

z€(0,a]

so x, € Cy. We apply Lemma 6.1 to conclude

r(f(@) = g(xs)) < 6f () (f () = g(x4)),

which is impossible since f(z.) — g(z.) >0, 6 <r, and f'(z.) < 1. (We use here the
fact that f has a continuous derivative on (0,a) and f € G, to conclude f/(x,) < 1.)
This means that f < g on [0,a]. Interchanging f and g, we obtain f = g, so the fixed
point is unique. O

We denote by f, the unique fixed point of T, in G,. The function f, is continuous
on D, and continuously differentiable on (0,a). Associated with the function f, is a
number b, € (0,a] such that

(62) ‘Cf,,,fa(m) =¢, fa(x) >z, 0<z< b,
(6.3) Ly fo(z) >c, folx)=7z, by <z<a.

Even if a = 00, by, is finite.
PROPOSITION 6.3. The number b, is given by

_Joa if a < beo,
(6.4) ba_{ boo  if @ > boo.

Proof. The proof is based on the same comparison argument for viscosity solutions
that allowed us to conclude that the fixed point is unique in Proposition 6.2, namely
an application of Lemma 6.1.

Consider first the case a < by, and suppose b, < a. The function f, is defined
only on [0, a], but we may extend it by the formula

(6.5) 7. (x) = { falz) f0<z<a,

YT if x > a.

It is apparent from (6.3) that £, is continuous on [0, 00) and continuously differentiable
on (0,00). Furthermore, for x > a we have

(6.6) c< L5 fola) =cy+8v(1—)a < ey +8y(1 =)z = L5 fo(2).

Using (6.6) we conclude that f, is a viscosity solution of the equation min{L f (z)—
¢, f(z) —yr} =0 on (0,00). Furthermore, f, has a continuous derivative on (0, c0)

and f,(x) = vz for large z. We can now compare f, and f... We know that either

sup (fo(2) = fuo(2)) <0

z€[0,00)
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or there exists x, € (0,bs) such that

fal@) = foo(zs) = sup (fo(@) = foo(@)) > 0.

z€[0,00)

In the latter case, x, € C? and Lemma 6.1 implies

r(fal@se) = foo(s)) < 65 (@) (Fals) = foo(24)),

which is impossible since r < ¢ and f!_(z.) < 1. This means that the only possibility
is f, < fso. In the same way we prove that foo < f,, 50 f, = foo. This implies that
be = boo, Which contradicts the hypothesis b, < a < bo.

The case a > bo is similar since f,(a) = ya = foo(a), and the restriction of fu
to [0, a] is a viscosity solution of (3.1) on (0,a). We can use the same comparison
argument to conclude that fu|j0,q) = fa, Which implies by = boo.

COROLLARY 6.4. For 0 < a < oo, the function f, is in G,.

Proof. We have already seen that f, is continuously differentiable, and since
fa € Ga, we conclude that —M, < f/(z) <1 for 0 < x < a. It remains only to prove
that the derivative f, cannot attain the value 1.

Assume, by contradiction, that f7(xo) = 1 for some xo € (0,a). This means f,
has a maximum at zg and g € Cy,, where f, is two times continuously differentiable.
Hence, f!(zo) = 0. Moreover, Ly, fo(xo) = ¢, so (r — 8)(xo — fa(zo0)) = 0. Since
r — 6 > 0 we see that f,(x0) = 2. The function f, is thus a solution of the ordinary
differential equation Ly f(z) = ¢ with initial conditions f(z¢) = =, f'(zo) =1 on
the interval [zo,b,]. However, the only such solution to this equation is f(x) = =,
and we conclude that f,(z) = z for g < x < b,. This contradicts the fact that
fa(ba) = ’yba < bg.

COROLLARY 6.5. For every 0 < a < oo, the function f, is concave for small
values of x, it has a right derivative at x =0, and D f,(0) < 1.

Proof. Since f, = T,f, and we just proved that f, € G,, we know from the
first part of the proof of Proposition 5.6 that the derivative f!, = DT, f, cannot
attain a positive local maximum in (0,b,). Since fo(0) = 0, fo(bs) = 7yba, and f,
is differentiable on (0, b,), we can conclude from the mean-value theorem that there
exists x4 € (0,b,) with f/(z) = . Since D~ f,(bs) <, we can argue that for any
x1 < xg < x, we have f(x1) > fl(x2). To do this, we first use the fact that f, cannot
attain a positive interior maximum on [x2,b,] to conclude that f;(z2) > fl(zy) =~
and then use the fact that f, cannot attain a positive interior maximum on [z1, 2]
to further conclude that f/(x1) > fi(x2). In other words, the derivative f,, is strictly
decreasing on (0, z). This means that the function f, is concave on [0, z,] and
(6.7) D*£u(0) £ tim 7220 iy 1)

x—0 €T —
is well defined. It is obvious that D% f,(0) < 1.

7. Proofs of Theorems 2.2, 2.4, and 2.5. For each call price K we construct
a function f* so that f*(x) is the value of the convertible bond when the value
of the firm is z. For small values of z, the function f*(x) agrees with f,(x) for
an appropriately chosen a, depending on K. In order to proceed, we must first
understand the dependence of f, on the parameter a. For this purpose, we define
m: (0,00) — (0,00) by

(7.1) m(a) = max fu(x).
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Because fo = foolj0,a] for @ > b and f is nondecreasing by virtue of its membership
in QX,, we have

(7.2) m(a) =va Va > by

For a < b and = € (0, a), we have f,(z) > vz (Proposition 6.3 and the inequality in
(6.2)), and so it is possible that m(a) > ya for 0 < a < bs. We shall in fact discover
that there is a number by € [0,b) such that m(a) > va for 0 < a < by, whereas
m(a) = va for a > by (see Remark 7.3).

LEMMA 7.1. The function m: (0,00) — (0, 00) is strictly increasing and contin-
uwous and satisfies limg o m(a) = 0.

Proof. Tt is clear from (7.2) that m is strictly increasing on [bs,00). We first
show that m is nondecreasing on (0,b]. Let 0 < a; < a2 < b be given. Since
fa:(0) = 0 = fo,(0) and f,, (a1) = ya1 < fa,(a1), if the function f,, — fa., attains
a positive maximum over [0,a;] it must be at an interior point z. € (0,a1). But
Ly, fa (@) =c =Ly, fa,(x) for 0 <z < ay, and z € Cy, , where f,, is C*. Lemma
6.1 implies that

T(fal (35*) - fag(z*)) < 6(fa1 (I*) - faQ(x*))f(;l (1'*)’

which is impossible because 6 < 7 and f;, (z.) < 1. We conclude that fo, (z) < fa,()
for all € [0,a;]. Therefore m is nondecreasing on (0, boo].

By the same comparison argument, the function f,, — f,, cannot attain a positive
maximum in (0,a1), 80 fa, () — fa, () < fa,(a1) —7yay for 0 < x < ay. It follows that

(7.3) m(ag)—m(al)—max{ max fq,(x), rnax fa2 )}—m(al)

z€[0,a1] z€[ar
< max{ max (fa (¢) - fal(x)), Jnax(fan(@) = va1)}

:max{fa2 (a1) —vaq, €max (faz( ) — 7@1)}

= —va; + max fg,(x).
z€lar,az]
By virtue of its membership in G,, and Remark 5.7, the function f,, satisfies f}_(z) >
—C for all z € (0, az) and some positive constant C' which is bounded away from zero
so long as ag is bounded away from zero. Thus, for = € [a1, as],

Fur (2) = fa(az) — / P (9 dy < vas + Claz — 2) < yaz + Clas — a).

Substituting this into (7.3), we conclude that
(7.4) 0 <m(az) —m(ar) < (C+7)(az — a1),

so long as ag is bounded away from zero. The function m is thus continuous.

We now prove that m(a1) < m(az). Assume, by contradiction, that m(a;) =
m(az). Let 2o € [0,a1] be such that fq, (o) = m(a1). We must actually have xy €
(0,a1) because m(ay) = m(az) > vaz > va1 = fa,(a1) > 0= f,,(0). We have already
shown that f,, dominates f,, on [0, a;], and hence we must have f,, (x0) = fa,(20)-
The comparison argument using Lemma 6.1 shows that neither f,, — fo, nor fo, — fa,
can have a positive maximum in the open interval (0, z); we conclude that

(7.5) Jfar (@) = fa, () Y €0, z0].
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Both f,, and f,, are solutions of the ordinary differential equation £;f(z) = ¢ on
[z0,a1] and have the same initial conditions fa, (z0) = fa,(%0), fa, (o) = fi,(70). It
follows that

(7.6) far (x) = fap () Vi € [0, a1].

This implies that f,,(a1) = fa,(a1) = ya1, which contradicts Proposition 6.3. We
conclude that m is strictly increasing on (0, boo].

Finally, since f,(z) < z for 0 < z < a, we see that 0 < m(a) < a, and conse-
quently lim, o m(a) = 0. 0

LEMMA 7.2.

(i) Assume m(a) > ~va for some @ > 0. Then a < = and m(a) > va for all
a € (0,a).

(ii) If m(a) > ~a, the function f, attains its maximum over [0,a] at a unique
point . € (0,a).

Proof. (i) If a > %, we define h(z) = ya > 7 for z € [0,a]. Then Ly, h(z) = c for
0 < x < a. Lemma 6.1 shows that f, — h cannot have a positive maximum in (0, a),
and since f,(0) =0 < h(0) and f,(a) = va = h(x), we conclude that f,(z) < h(a) for
all 0 < z < a. Consequently, the maximum of f, is m(a) = va.

Assume now that m(a) > ~a for some @ > 0. We have just seen that a < ﬁ
Let a € (0,a) be given. Define ¢ = a/a < 1 and rescale the function fz by setting
f(@) = Lfz(%) for all z € [0,a]. We compute f/(z) = fo(%) and f"(z) = Jf2(%),
from which we conclude that

Lif(@) :ecfﬁfﬁ(% te(l— wg(%) <le+e(l—0) =c Vzel(0,a).

Lemma 6.1 shows that f — f, cannot have a positive maximum over [0, a] at a point
in (0,a). But f(0) = f,(0) =0 and f(a) = f,(a) = va, and therefore f,(x) > f(x)
for all z € [0, a]. In particular,

(7.7) m(a) = max_fq(z) > max f(z)=4Im(a) > lya = va.
z€[0,a] z€[0,a]

(ii) Let us assume now that m(a) > ~va and there exist 0 < 2y < yo < a such
that fu(x0) = fa(yo) = m(a). Since f,(x) < m(a) for zg < x < yo we see that f,
has a local minimum at some point z1 € (xo,y0). Then f/(x1) =0, f/(x1) > 0, and
we may use the equation Ly, fo(z1) = ¢ to obtain rf,(x1) > ¢. This is impossible
because fa(z1) < m(a) <m(55) = 7.

Remark 7.3. We define by = sup{a > 0,m(a) > vya}, where we set by = 0 if
m(a) = ~va for all @ > 0. Lemma 7.2 shows that m(a) > ~va for all a € (0,by). This

)
lemma further shows that by < T Since for > by, we have foo(x) = vz and
Ly, foo(x) > ¢, we conclude that

7Yboo — (Thoo — €)Y + 6(boo — Yboo )y > ¢,

which implies §(1 — v)bsoy > ¢(1 — ), and consequently by, > %. In summary,

C C
7.8 0<by< — << <b.
(7.8) _0_77‘<75_

LEMMA 7.4. If0 <~ < %, then by > 0.
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Proof. For small values of a, we construct a quadratic subsolution of

(7.9) { Lgg(z) <cfor 0 <z <aq,

9(0) =0, g(a) = va,

which satisfies max,e[o,q) g(z) > ya. According to Lemma 6.1, g — f, cannot have a
positive maximum over [0, a] in (0,a), and since g(0) = f,(0) =0, g(a) = f.(a) = va,
we see that f, > g on [0,a]. It follows that m(a) > ~a.

The remainder of the proof is the construction of g. We define

2

(x) Ty +1
Tr)=—— -]z
g %0 Tt5 )T

so that ¢g(0) = 0 and g(a) = ya. Direct computation results in

Lyg()

ra?  cw (s 1 o3 36yx?  ba? 02 + ox n o?a?
=— - — —)ec—— - — =7+ —

2a 2) 722" 24 4a 7T I T2

A\
|
+

ra 1 36va Sa  oa

Since (v + 1) ¢ < ¢, we have SUP,efo,q] L99(7) < c for sufficiently small a. d

We summarize what has so far been established.

(a) For a > by we have f, = fuolj0,q) and the maximum m(a) = va of f, over
[0,a] is attained at the right endpoint a. We have f,(z) > vz for x € (0,b) and
fa(z) = vz for z € [b, al.

(b) For by < a < beo, the maximum m(a) = ya of f, over [0,a] is attained at the
right endpoint a and f,(x) > vz for all = € (0, a).

(c) If by > 0 (a sufficient condition for this is 0 < v < 1), then for 0 < a < by,
we have f,(x) > vz for all z € (0,a) and the maximum m(a) > va of f, over [0,a] is
attained at a unique point z, € (0, a).

For a fixed call price K we want to define f*(z) to be f,(x) for small values of x,
where a is the unique parameter such that m(a) = K. Denoting

Kl :7b03 K2:76003

we have the following three situations corresponding to the three cases of Theorem 2.5.
(i) If K > Ky, we set a = £. We define

-
(7.10) fulz) = { rJ;ax(I) = foo() ﬁgiié a,

We see that f.(z) = f(z,Ck,C%) for CF = % and C} = by < C.
(ii) If K1 < K < K», then again we set a = % We define

| fa(z) HO0<z<a,
(7.11) folz) = { v ifz>a.
In this case, fi(x) = f(z,C%,C%) for Ck = Ck = %
(iii) Assume K3 > 0 and 0 < K < Kj. Because m(by) = Kj, there exists a
unique @ = m~1(K) < by such that m(a) = K. Since K < K;, Lemma 7.2 implies
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that K = m(a) > ya and there exists a unique z, € (0,a) such that f,(z,) = m(a).
Since f, < 1, we obtain that K = m(a) = fo(24) < Za, 850 K < 2, < a < % We now

take CF = x4, Cp, = % and define

fa(z) for 0 <z <Cr
(7.12) ffley=¢ K for CF <z < C},
YT for x > C}.

Again we have f,(z) = f(x,C*,C). Since f1(CZ) =0, f. is a C* function on (0, %)

It is apparent that the function f. and the numbers C¥, C just defined have all
the properties set forth in Theorem 2.5. The uniqueness of solutions to N'f = ¢ in
that theorem follows from Lemma 6.1. We now accept Theorem 2.2, whose proof will
be given later in this section, and show that the function f. defined by (7.10)—(7.12)
is indeed the function f, given by (2.19), and the numbers C} and C} defined above
satisfy (2.18). Using f., C¥, and C} just defined in this way means that the proof of
Theorem 2.4 given below also completes the proof of Theorem 2.5.

Proof of Theorem 2.4. We need to prove that

(7.13) flz, 63, C3)
(7.14) f,C,C0)

f(z,Cq, CF) for each C, > K, x € (0, 00),

<
> f(z,Cr,C,) for each C, > 0, z € (0,00).

Case (i). K > Ko = vbso.

IfC,>Cr = %, then clearly f(x,C, C%) = f(z,Cy, C2) for z € (0,00).

IfC: <C, < %, according to Definition 2.3(i) we have f(z,C,, CX)=f(z,C¥, C)
for 0 <z < Cy, and f(2,Cy,CY) = K > f(z,C*,C%) for Cp <z < % For xz > % ,
we have f(z,C},C*) = f(z,Cy,Ck) = .

Finally, consider the case K < C, < C% = by. Using the Case (i) assumption,
we have K > Ky = by = 7C¥ > vC,. From Definition 2.3(ii),

f(Ca,Co, CF) = max{K,yCy} = K > 7Cy = fu(Ca).

Since f(-) = f(-,Cy, C}) satisfies Ly f(x) = con (0,C,) and Ly, fi(z) = c on (0,C,),
an application of Lemma 6.1 yields

fz,Cr.CH) = fu(z) < fx,CQ,CF) for 0 <z < C,.
For C, <z < %, we have

f(x,Ca,C2) = max{K,yz} = K = f. (%) > fu(@) = f(z,C2,CL).

For z > %, we have f(z,Cx,C*) = vx = f(x,C,, C¥). This completes the proof of
(7.13) in Case (i).

To establish (7.14), we let C, > 0 be given. If C, < C%, then f(C,,C*, C,) =
~Cy < f+(Cy). Applying Lemma 6.1, we get

(7.15) f(z,CrC,) < fu(z) = f(2,CE,CE) for 0 <z < C,,.

The same inequality is easily verified for C, < z < oc.
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The case C; < C, < C* is the most interesting. We know that the function
f¢) = f(-,Cx, C,) satisfies

Lif(x)=cfor0<x<C,,
£(0) =0, f(Co) =~C, = f*(C,) (since Cy > Cf = bso).

We recall that f. is a C! viscosity supersolution of L¢, f.(z) = ¢ on (0,C,), so
Lemma 6.1 can be again used to obtain

f(z,C5,Co) = f(z) < f*(z) = fz,C5,CF) for 0 <z < C.
For C, < x, we have
f(xaczaco) =T = f*(x) = f(x’C;’C:)'

IfCc, >C; = %, we just observe that f(x,Cx,C,) = f(x,CF, %), so we can
reduce this case to the case C, = C} already considered. This completes the proof of
(7.14) in Case (i).

Case (ii). vbp = K1 < K < K5 = ybo.

This is the simplest case, all proofs being based on comparison arguments for C?
solutions of the equation Ly f(x) = c¢. The details are left to the reader.

Case (iii). 0 < K < K1 = 7b,.

If CF < C, < 00, there is no change:

flz,Cr,Co) = f(x,Cr,Cy) for 0 <z < 0.

If 0 < C, < C%, then f(C,,Cs,C,) = vC, < fu(Cy). The Comparison Lemma 6.1
implies

fz,Cr.C,) < fx,Cr,C%) for 0 < a2 < (.

For C, < x < C}, we have f(z,C;,C,) = va < f(z,C},C%), and for C} < x we know
that f(xz,C*,C,) = f(z,C*,C*) = max{K,vx}. This completes the proof of (7.14)
in Case (iii).

We consider (7.13). If K < C, < C%, then f(C,,C,,CY) = K > f(C,,Cx,C¥).
The Comparison Lemma 6.1 implies f(z,Cy,Ck) > f(z,C%,C¥) for 0 <z < C,. For
x > Cy, we have f(z, Cy, CF) = max{K,vyz} > f(z,Ck, C¥).

The case C, > C} can be reduced to the case C, = C} since f(z,C,,C}) =
fz,Cx,C¥) for all x > 0 if C, > C*. We do that case now.

Assume C} < C, < C?. First we claim that f.(-) = f(-,C*,C%) is a C! viscosity
subsolution of

(7.16) Ly, fe(xz) <con <0, Ij) ,

and then we use the Comparison Lemma 6.1 (the difference f.(-)— f(:, Cy, C¥) cannot
have a positive maximum in (0,C,)) to conclude that

fulz) < f(x,Cy, C2) for 0 < z < C,,.

In the comparison argument we also use the fact that f(-) = f(-,Cq,C}) satisfies
Lyf(x)=cfor 0 <z <C,, and

f+(0) =0=f(0,Ca,C5),  fu(Ca) = K = f(Ca, Ca, C5).
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For C, <z < %, we have f.(z) = K = f(z,C,,C%), and for z > % we know that
fu(@) =~z = f(x,C,, CF).

This means that the proof of (7.14) is complete, provided we can show that f,
is a viscosity subsolution of (7.16). We know that Ly, fi(x) = c for 0 < x < C}, f.
being a C? function on (0, C¥). From (7.8) and the Case (iii) assumption, we see that
rK < c. Furthermore, f.(z) = K for C} <z < % We conclude that Ly, f.(z) < ¢

on (C3, X).
It remains to show that if ¢ € C%(0,C?) dominates f* on (0,C) and agrees with
f* at C}, then

(7.07) r(C3) = (rCq = ) (CF) + 8(C = H(C)Y'(C) — %UZ(CZ)%“(C;) <ec

Since f,. € CI(O,%) and f.(C*) = 0, we have ¢/(C¥) = 0. Since 0 < C* < a, we
know Ly, fo(Cy) = ¢, and since f,(C}) = K and f,(C}) = 0, we obtain

(7.18) K — %02(0;;)2 £ =e.
However, since ¢(C) = f,(C¥), ¢/ (Ck) = fL(C¥) = 0, and ¢ dominates f, on [0, C}]
(because f.(z) = fu(x) on [0,C%]), we conclude that

a

(7.19) £ (C3) < ¢(C3).

Substituting this into (7.18), we obtain (7.17). d

Remark 7.5. The proof of the last claim is based on the elementary observation
that for a C? function, a one-sided maximum is enough to conclude that the second
derivative is not positive, provided that the first derivative vanishes. Furthermore, we
have proved that f, is a viscosity solution of the variational inequality max{N f.(z)—
e, fo(a) — K} = 0 on (0, £).

Proof of Theorem 2.2. For y; = x1, it is easily verified that f(z) = x is a solution
of (2.16), and the Comparison Lemma 6.1 establishes uniqueness.

For 0 < y; < x1, uniqueness again follows from Lemma 6.1 once we have a solution
satisfying f <1 on (0,z1). The proof of existence is based on a fixed point argument
similar to the proof of Proposition 6.2 with a < co. In fact, the argument here is
simpler, since we deal only with C? solutions of the differential equation £, f(z) = ¢
rather then viscosity solutions of the variational inequality min{L,f(z) — ¢, f(z) —
vz} = 0.

For 0 < y1 < x1, we set A = 1 — y; and define G to be the set of all functions
g € C[0,21] N C?(0, 1) such that g(0) =0, g(x1) = y1, and

g9(z) 2 max{z — 4,0}, —M(z,y1) <g'(z) <1 Va € (0,21),

where M (z1,y) is ‘a constant to be determined later but depending on only z1 and y;.
We further define G to be the closure of G in C[0, z;] with respect to the supremum
norm || - ||. For g € G, we set

7'3”/\7'::1 .
(720) Tg(l,‘) =K [/ ce " du —+ H{Tll <T§}6—T(To /\Tzl)yl
0

where X*(t) is given by (3.4) with X®(0) = z. It is clear from its definition that
Tg > 0 for every g € G. We use the argument in the proof of Proposition 4.6 to
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conclude that for g € G the function T'g is of class C? on (0,21) and £,Tg(z) = ¢ for
0 < & < x1. The continuity of T'g at 0 and x; follows from Lemma 4.2. The functions
max{r — A,0} and z are respective sub- and supersolutions of L,f = ¢ which lie
respectively below and above T'g at the endpoints 0 and x;. Lemma 6.1 implies that
for all g,h € G,

(7.21) max{x — 4,0} <Tg(z) <z for 0 <z <,
(7.22) [Tg —Thl < sup [DTg(x)lllg— hl|.
0<z<zi

We now prove that T(G) C G, the analogue of Proposition 5.6. For g € G, the
first part of the proof of Theorem 5.6 shows that DTg cannot attain a positive local
maximum nor a negative local minimum in (0,21). This implies that either DTg
is nonnegative on (0,z1) or else D~ Tg(z1) < DTg(z) for 0 < x < x;. To show
that DTg(z) > —M(x1,y1), it suffices to find a lower bound on D~T¢g(x;) which
may depend on x; and y; but not on g. For this purpose, we let h be the solution
on [y1, 1] of the equation L,h = ¢ with boundary conditions h(y1) = h(z1) = y1.
Lemma 6.1 shows that h is nonnegative and dominates T'g on [y1,z1], and hence
D~ h(z1) < D Tg(xzy). If h attains a maximum at some point x,. € (y1,21), the
equation Lyh(x,) = c implies h(x,) < £. If h does not attain a maximum in (yi,z1),
then h is dominated by its value y; at the endpoints of this interval. In either case,
we obtain a bound on |h| which is independent of g. Furthermore, there must be
some point xg € (y1, 1) where h’ vanishes. We solve the equation £,k = ¢ for h”
and integrate from zg to obtain (5.7). We then use Gronwall’s inequality to obtain a
bound on |A'| independent of g.

We need also to obtain the upper bound DTg < 1. We observe first that since
Tg(x) > max{r — A,0} and these two functions agree at * = 1, we must have
D~ Tg(x1) < 1. We use the same arguments used to prove DT,g < 1if g € G, to
conclude that DT'g < 1 on (0, 7). This completes the proof that T(G) C G. A relation
similar to (6.1) shows that the operator T is continuous on G, and hence T'(G) C G.
Schauder’s fixed point theorem implies the existence of a function f € G satisfying
Tf = f. This means, in particular, that f € C[0,21] N C?(0,z1) and L¢f = ¢, so f
is a solution of (2.16). Since f is differentiable and f € G, we know that f’ < 1 on
(0,21). In fact, f' < 1. The proof is identical to the proof of f, < 1. |
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STOCHASTIC GAMES WITH A SINGLE CONTROLLER
AND INCOMPLETE INFORMATION*

DINAH ROSENBERGT, EILON SOLAN#, AND NICOLAS VIEILLES$

Abstract. We study stochastic games with incomplete information on one side, in which the
transition is controlled by one of the players.

We prove that if the informed player also controls the transitions, the game has a value, whereas
if the uninformed player controls the transitions, the max-min value as well as the min-max value
exist, but they may differ.

We discuss the structure of the optimal strategies, and provide extensions to the case of incom-
plete information on both sides.
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1. Introduction. In a seminal work, Aumann and Maschler [1, 2] introduced
infinitely repeated two-player zero-sum games with incomplete information on one
side. Those are repeated games where the payoff matrix is known to one player, say
player 1, but is not known to the other player—all player 2 knows is that the payoff
matrix was drawn according to some known probability distribution from a finite set
of possible matrices. Aumann and Maschler proved that those games have a value.

The issue faced by player 1 is the optimal use of information. On the one hand,
player 1 needs to reveal his information (at least partially) in order to make use of it.
On the other hand, any piece of information that is revealed to player 2 can later be
exploited against player 1.

In the optimal strategies devised by Aumann and Maschler, player 1 reveals part
of his information at the first stage, but no further information is revealed during
the game. Player 2, on the other hand, has to play optimally whatever the actual
payoff matrix may be. Aumann and Maschler achieved this by using Blackwell’s
approachability strategies.

When the underlying game is a stochastic game rather than a repeated one, the
difficulties the players face are more serious.

Is it optimal for player 1 to reveal information only once in every state, or will
he reveal information several times in each state? In repeated games, it does not
help to dilute the revelation of information over time, since player 2 would wait until
player 1 has revealed all the information he will ever reveal, and since interim payoffs
are irrelevant in the long run. In stochastic games, by contrast, the game can move
to a different state that can be more or less favorable to the informed player. By
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giving away some information about the true game at the initial stage, player 1 might
induce player 2 to adapt in an adverse way, while postponing this disclosure might
allow player 1 to escape from specific states. This is a crude explanation for why it
may help player 1 to conceal his information for a while.

For player 2 the issue is to devise the analog of Blackwell’s approachability strate-
gies for stochastic games.

Sorin [20, 21] and Sorin and Zamir [23] studied classes of stochastic games with
incomplete information on one side that have a single nonabsorbing state, and proved
that these games have a min-max value, a max-min value, and that the values of the
n-stage (resp., A-discounted) games converge as n goes to infinity (resp., as A goes
to 0) to the max-min value. Rosenberg and Vieille [17] studied recursive games with
incomplete information on one side, and proved that the max-min value exists and
is equal to the limit of the values of n-stage games (resp., A-discounted games) as n
goes to infinity (resp., as A goes to 0).

In the present paper we study stochastic games in which one player controls the
transitions; that is, the evolution of the stochastic state depends on the actions of one
player but is independent of the actions of his opponent.

We show that if player 1 (who is the informed player) controls the transitions,
then the game admits a value. We also propose a specific optimal strategy for player
1 and explain the way this strategy uses the additional information he possesses.
Roughly speaking, the state space is partitioned into disjoint sets, which are called
communicating sets. Whenever the play enters a communicating set, player 1 chooses
a stationary nonrevealing strategy, and he plays this strategy until a new communicat-
ing set is visited. The random choice of the stationary strategy itself may be revealing,
in that the distribution used at stage n to select a stationary strategy depends on the
actual payoff function.

If player 2 controls the transitions, then the game admits a min-max value and a
max-min value. We use an example to show that the two values may differ.

The techniques and the characterizations we provide extend the ideas of Aumann
and Maschler for incomplete information games to our framework.

In the last section of the paper we extend the existence results to the case of
stochastic games with a single controller and incomplete information on both sides;
that is, to the case when each of the players has some partial private information
about the true stochastic game being played.

2. The model and the main results.

2.1. The model. A two-player zero-sum stochastic game G is described by (i)
a finite set § of states, and an initial state w € Q; (ii) finite action sets I and J for the
two players; (iii) a transition rule ¢ : Q x I x J — A(Q), where A(Q2) is the simplex
of probability distributions over ; and (iv) a reward function g : Q x I x J — R.

A two-player zero-sum stochastic game with incomplete information is described
by a finite collection (Gg)rex of stochastic games, together with a distribution p €
A(K) over K. We assume that the games Gy, differ only through their reward functions
g®, but they all have the same sets of states and actions, and the same transition rule.
We denote the common transition rule by gq.

The game is played in stages. An element k € K is chosen according to p. Player
1 is informed of k, while player 2 is not. At every stage n € N, the two players
choose simultaneously actions i,, € I and j, € J, and wy41 is drawn according to
q(- | wn,in,jn). Both players are informed of (i, jn,wn+1). We stress that the actual
reward g*(wp, in, jn) is not told to player 2 (but is known to player 1).
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We parametrize the game by the initial distribution p and by the initial state w,
and denote it by I'(p, w). We write T' for (I'(p,w)) p.w)ea(x)xo-

A few remarks are in order. This model is an extension of the classical model of
zero-sum stochastic games. It is also an extension of Aumann and Maschler’s model
of repeated games with incomplete information, where a zero-sum matrix game is first
drawn using p, then played repeatedly over time. Here, nature chooses a stochastic
game that is then played over time.

We assume without loss of generality (w.l.o.g.) that 0 < g¥ <1 for every k € K,
and we identify each k € K with the probability measure over K that gives weight 1
to k.

2.2. Strategies and values. Players may base their choices on the stochastic
states the play has visited so far, as well as on past choices of actions (of the two
players). Player 1 can base his choices also on the state of the world k.

The space of histories of length n is H, = (Q x I x J)"~1 x Q, the space of
finite histories is H = U,enH,, and the space of plays (infinite histories) is Hoo =
(@ x Ix J)*®. Hy, defines naturally a finite algebra H,, over H,,. We equip H., with
the o-algebra V,enH,, spanned by all cylinder sets. A (behavioral) strategy of player
lisafunction o : K x H — A(I). A strategy for player 2 is a function 7 : H — A(J).
A strategy o = (0k)rex of player 1 is nonrevealing if oy, is independent of k € K.

A strategy o is stationary if the mixed action played at every stage depends
only on the current state. We identify each vector z = (7,)uea € (A(I)) with
the stationary strategy that plays the mixed action z, whenever the game visits w.
Stationary strategies of player 2 are defined analogously.

Every distribution p, every initial stochastic state w, and every pair of strategies
(0, 7) induce a probability measure Py, , - over K X Hy (equipped with the product
o-algebra). We denote by E, , -, the corresponding expectation operator.

We let k,w,,i, and j, denote, respectively, the actual game being played, the
current state at stage n, and the actions played at stage n. These are random variables.

Define the expected average payoff up to stage N by

’VN(p,wa g, T) = Ep,w,cr;r [yN] )

where gy = % ZnN=1 " (W, in, jn). For fixed strategies o, 7, vy (p,w, o, 7) is linear in
p and 1-Lipshitz.

We recall the definitions of the max-min value, the min-max value, and the (uni-
form) value.

DEFINITION 1. Player 1 can guarantee ¢ € R in the game I'(p,w) if, for every
€ > 0, there exists a strategy o of player 1 and N € N such that

VTvvn Z Na ’Yn(pawaa—/r) Z QS*E'

We then say that the strategy o guarantees ¢ — ¢ in I'(p,w).

Player 1 can guarantee a function ¢ : A(K) x Q — R if player 1 can guarantee
o(p,w) in the game I'(p,w), for every (p,w) € A(K) x Q.

Note that, due to the Lipshitz property on payoffs and the compactness of A(K),
the integer N in Definition 1 can be chosen to be independent of (p,w). The definition

IThe strategy is nonrevealing in the sense that knowledge of the strategy o and of past play does
not enable player 2 to gain information on k. This property relies on the fact that transitions are
independent of k.
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of a function that is guaranteed by player 2 is similar, with the roles of the two players
exchanged.

DEFINITION 2. Player 2 can defend ¢ € R in the game T'(p,w) if, for every e > 0
and every strateqy o of player 1, there exists a strategy T of player 2 and N € N such
that

(1) V>N, Yu(p,w,0,7) <d+e

We say that such a strategy T defends ¢ + € against o in T'(p,w).

Player 2 can defend a function ¢ : A(K) x Q — R if player 2 can defend ¢(p,w)
in the game T'(p,w), for every (p,w) € A(K) x Q.

The definition of a function that is defended by player 1 is similar, with the roles
of the two players exchanged. The following lemma follows from the definitions.

LEMMA 3. Player 1 can guarantee (resp., defend) max{®,¢'} as soon as he
can guarantee (resp., defend) both ¢ and ¢'. Player 2 can guarantee (resp., defend)
min{¢, ¢’} as soon as he can guarantee (resp., defend) both ¢ and ¢'.

DEFINITION 4. A function ¢ : A(K) x Q@ — R is

e the (uniform) value of T' if both players can guarantee ¢;

e the max-min value of ' if player 1 can guarantee ¢ and player 2 can defend
¢’.

e the min-max value of I' if player 1 can defend ¢ and player 2 can guarantee
0.

Note that the value exists if and only if the max-min value and min-max value
exist and coincide.

The value (resp., max-min value, min-max value) is denoted by v (resp., v, )
when it exists. Observe that v < v whenever the two exist. Note that each of the
functions v and v is 1-Lipshitz in p as soon as it exists. When the value v exists, any
strategy that guarantees v up to ¢ is e-optimal. Strategies that are e-optimal for each
€ > 0 are also termed optimal.

2.3. Related literature. Most of the literature deals with the polar cases where
either €2 or K is a singleton. In the former case, the game is a repeated game with
incomplete information. Such games have a value; see Aumann and Maschler [2].
Moreover, an explicit formula for the value exists. Letting u*(p) be the value of
the matrix game with payoff function ), prg”(-,-), the value of the repeated game
with incomplete information is the concavification cav u* of u* (see section 3.1 for
definitions).

When K is a singleton the game is a standard stochastic game. Such games have
a value; see Mertens and Neyman [9].

For general stochastic games with incomplete information, little is known, but
some classes were studied in the literature. For “Big Match” games Sorin [20, 21] and
Sorin and Zamir [23] proved the existence of the max-min value and of the min-max
value. These values may differ.

For recursive games, Rosenberg and Vieille [17] proved that the max-min value
exists and provided an example where the value does not exist.

Parthasarathy and Raghavan [14] were the first to study the class of stochastic
games in which one player controls the transitions. They proved that in this class the
value exists, and both players have optimal stationary strategies. They also studied
the two-player non-zero-sum game. Filar [5] studied the situation in which states are
partitioned into two subsets, and each player controls the transitions from states in
his subset of the partition. Several finite-stage algorithms that calculate the value
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and optimal stationary strategies were proposed in the literature (see the survey by
Raghavan and Filar [15] and the references therein).

Recently Renault [16] studied games where transitions do not depend on the
actions chosen by the players and only player 1 observes the current state of the
world. All that player 2 observes are the actions of player 1.

2.4. Statements of the results. In the present paper we consider games where
a single player controls the transitions.

DEFINITION 5. Player 1 controls the transitions if, for every w € Q and every
1 € 1, the transition q(- | w, 1, j) does not depend on j. Player 2 controls the transitions
if the symmetric property holds. We then simply write q(- | w, 1) orq(- | w, ) depending
on who controls the transitions.

We prove the following two results.

THEOREM 6. If player 1 controls the transitions, the value exists.

THEOREM 7. If player 2 controls the transitions, both the min-max value and
maz-min value exist.

We provide an example of a game where player 2 controls the transitions and T #
v. We also provide a characterization of ¥ and v as a unique solution to a functional
equation, and we study the structure of simple optimal strategies of player 1.

We prove no result on the existence of the limit of the values of the finitely
repeated games. In the games analyzed so far (see section 2.3), this limit is known
to exist and coincides with v. This property is conjectured to hold in general by
Mertens [8].

3. Various tools. This section gathers a few results that we use in subsequent
sections. The first three subsections introduce a few extensions of tools used in the
analysis of games with incomplete information.

For three vectors a,b,c € RX, ¢ = a + b if and only if ¢, = ap + by, for every
k € K, ¢ = max{a,b} if and only if ¢, = max{ay,br} for every k = 1,..., K, and
a > b if and only if ap > b for every k =1,..., K. For a scalar r € R, ¢ = a + r if

and only if ¢, = ai + r for every k =1,..., K, and ¢ = ra if and only if ¢; = ra; for
every k=1,..., K. Finally, the Li-norm and Le-norm will be denoted by |||, and
||| respectively.

3.1. Concavification. Given a continuous function u : A(K) — R, we denote
by cav u its concavification, namely, the least concave function v defined over A(K),
such that v > w. It is the function whose hypograph is the convex hull of the hy-
pograph of u. Similarly, we denote by vex u its convexification, namely, the largest
convex function v such that v < u. Both cav u and vex u are well defined. Thus, cav
and vex are functional operators that act on real-valued functions defined on A(K).

LEMMA 8 (see, e.g., Laraki [7]). When A(K) is endowed with the Ly-norm, the
two operators cav and vex map C-Lipshitz functions into C-Lipshitz functions.

LEMMA 9. When the set of functions u : A(K) — R is endowed with the Lo-
norm, the two operators cav and vex are nonerpansive.

Proof. For any two real-valued continuous functions over A(K), u, and v, one has

koK

[ = 0™ oo < [Ju" = 0"[loo < flu—]c0,
where u*(x) = inf{(y,z) — u(y),y € RX} is the conjugate of u. Since u** = cav u,
the result follows.

The argument for the operator vex is analogous. 0
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The following lemma is classical (see, e.g., Mertens, Sorin, and Zamir [10, Corol-
lary V.1.3], or the discussion in Zamir [24, p. 118]).

LEMMA 10. Assume that player 1 can guarantee u. Then player 1 can guarantee
cav u.

Proof. We briefly recall the main ideas of the proof. Prior to the first stage,
player 1 performs a state-dependent lottery, designed as follows. By the Carathéodory
theorem there exist p. € A(K), o € [0,1], fore =1,...,|K|+1, such that ) o, = 1,
Ze Qepe = p, and

(2) cav u(p) < Z aeu(pe) + €.

If w is continuous, € may be set to zero in (2). To guarantee cav u(p) in I'(p,w),
player 1 chooses a fictitious distribution p., and he plays optimally in I'(p.,w). The
distributions (p.) must satisfy that their average is p. We now provide one mechanism
player 1 can employ.

For each e set u¥(e) = a.p¥/p* if p¥ > 0, and we let p* be arbitrary if p* =
0. Observe that Y. _p*uf(e) = Y. ac.p? = pF. The following strategy of player 1
guarantees cav u(p) — 2¢: given k, choose e according to u*, and play a strategy o,
that guarantees u(p.) — €. d

The following result will be useful later.

LEMMA 11. Let (A;)ier be a finite collection of convex closed upwards compre-
hensive sets, and let A be the set {a e RK:q= max;cy a;, a; € Ai} . Then

fa(p) = (cav max f4,)(p),
where, for any convex upwards comprehensive set B, fg(p) = inf,cp {(a,p).

Proof. Since each A; is upwards comprehensive, A coincides with N;A;. Therefore
fa > fa, for each i. In particular f4 > max;er fa,. Since fa is concave, fq >
cav max;es fa,.

To prove the opposite inequality, we first observe that if B is convex, closed, and
upwards comprehensive, one has

(3) B={aeR": (a,p) > fz(p) for each p € A(K)}.
Set g = cav max;es f4,, and
D ={acR": (a,p) > g(p) for each p € A(K)}.

Since g > fa, for each ¢ € I, and using (3) with B = A;, one has D C A;. Therefore,
D C A, which readily implies g > f4. a

3.2. Approachability. We present here the basic approachability result of Black-
well [4], in the framework of stochastic games. Let G be a stochastic game with payoffs
in RE. The description of such a game is the same as that of a two-player zero-sum
stochastic game given in section 2.1, except that the reward function g now takes
values in R¥. The definition of strategies in this framework is similar to that given
in section 2.2.

We denote gy = % ZnN:1 9(Wnyin, jn) € RE, the average vector payoff in the
first N stages.
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DEFINITION 12. A vector a € RX is approachable by player 2 at w if, for every
e > 0, there is a strategy T of player 2 and N € N such that?

Vo,Ey or {sup (Gn — a)+] <e.
n>N

We say that such a strategy T approaches a + ¢ at w.

In other words, for every ¢ player 2 has a strategy such that the average payoff
vector will eventually not exceed a + ¢. Note that a is approachable if and only if
a+ € is approachable for every € > 0, so that the set of approachable vectors is closed
and upwards comprehensive.

Our definition differs slightly from that of Blackwell [4], where the strategy T
is required to be independent of e (i.e., the original definition of Blackwell reads
as 3r,Ve > 0, etc.). Any vector a that is approachable in Blackwell’s sense is also
approachable in our sense. The two definitions are not equivalent. However, it is easily
checked that, if a is approachable (in our sense) at each state, it is also approachable
in Blackwell’s sense.

Every stochastic game with incomplete information I'(p,w) induces a stochastic
game with vector payoffs I'V (w), in which the payoff coordinates are given by the
reward functions of the component games (Gy) of I'(p,w). The next lemma relates
the two games. Its proof is straightforward.

LEMMA 13. If a € R¥ is approachable at w in the game TV, then player 2 can
guarantee {a,p) in T'(p,w) for every p € A(K).

We now state Blackwell’s sufficient condition for approachability in this context.
Denote by oo (p,w) the uniform value of the two-player zero-sum stochastic game
with reward function Y, peg®(w,-,-). The existence of uo, follows, by Mertens
and Neyman [9] or by Parthasarathy and Raghavan [14]. We also denote by wu,, (p, w)
the value of the n-stage version of that game (thus, lim, . %, = s, and the limit
is uniform in p).

PROPOSITION 14. If cav uso(p,w) < (a,p) for every (p,w) € A(K) x £, then a
is approachable in TV by player 2 at w, for each w € Q.

In this statement (and in later ones), cav us, is the concavification of us, with
respect to the first variable, p: cav us (p,w) = (cav uso (-, w))(p).

Sketch of the proof. Let € > 0, and choose N such that |[uy — us|| < €, so that
cav uy(p,w) < (a+¢,p). We define an auxiliary game with vector payoffs, where
each stage corresponds to N stages in the original game. We apply Blackwell’s result
to the auxiliary game, noting that Blackwell’s proof still holds when the stage game
changes from stage to stage, with payoffs remaining bounded. ]

A more precise result was proved by Milman [13, Theorem 2.1.1]. For results with
similar flavor, see Shimkin and Shwartz [19].

3.3. Information revelation. Let o be a given strategy of player 1. For n € N,
we denote by p, the conditional distribution over K given H,,: it is the belief held
by player 2 about the true game being played.® The difference ||p,, — pp+1]|; may be
interpreted as the amount of information that is revealed at stage n.

It is well known (see, e.g., Sorin [22, Lemma 3.4] or Mertens, Sorin, and Zamir

2For every real ¢ € R, ¢t = max{c, 0}.
3The value of p,, at a specific atom of H,, depends on ¢ but not on 7. Since the distribution on
Hn, depends on 7, the law of p,, depends on both o and 7.
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[24, Lemma IV.2.1]) that, for each 7,

(4) Epwor [Z [pn pn+1||§] < |K].

n=1
Given p € A(K), we denote by o? the average nonrevealing strategy defined by
oP(h) = > ek P(k)a(k,h) for each finite history h. It is convenient to relate the
benefit derived by player 1 from using his information at a given stage to the amount
of information revealed at that stage. Let n € N be given. The expected payoff at
stage n, conditional on past play, is

Epwor gnHn] = pu(k)g* (@n, o(ky hn), 7(hn)),

keK

where o(k, h,,) and 7(h,,) are the mixed moves used by the two players at that stage.?
By Proposition 3.2 and Lemma 3.13 in Sorin [22],

(5) ‘Ep,w,ofr [9n|Hn] - <pn79(wm afn (hn)vT(hn))>| <E [Hpn - pn+1||1 |Hn] .

DEFINITION 15. Let %~be a set of strategies of player 2. Let € > 0 and o
be given. The strategy T € T is e-exhausting information given (p,w) and o if T

o 00 2 =
mazimizes Ep o 5[ 01 |[Pn — Pnt1ll5) up to e over T .

This notion is relative to the class 7. Which class of strategies is meant will
always be clear from the context. B

LEMMA 16. Let T,e,0,(p,w) as in Definition 15. Let T € T be an e-ezhausting
strategy given (p,w) and o, and let N € N be such that B, , o 7[> ey lpn — pn+1||§]
<. Then for each strategy T € T that coincides with T until stage N, one has

Epwor [Z [pn — pwll < V2, and By o- [0 — pllo) < V2¢ for each I > N.

n=N

Proof. By Jensen’s inequality and since (p,,) is a martingale, for every | > N one
has

(6)

(Bpwrr (171 = 2 1a])* < B I = 3] = pW[ann pan].
n=N

The equality in (6) is a standard result for martingales; see, e.g., Karatzas and Shreve
[6, p. 32]. The second inequality follows. The first inequality follows using Jensen’s
inequality (applied to each stage independently) and since || - || < || - ||2- d

The next lemma is specific to stochastic games with incomplete information. In
effect, it proves that the amount of information revealed by player 1 up to stage l € N
is an upper bound on the excess gain from the private information.

LEMMA 17. Let (o,7) be given. For every p € A(K), every w € §, and every
l €N, one has

l
Epw0.r [01] = Epworr [91]] < 4Epw,o.r [Z 1Pm = Pmtally

m=1

4There is a small notational inconsistency here, since the right-hand side is the value of the
left-hand side on a typical atom of H,y,.
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Proof. To distinguish between E, ,, ,, and E, , ,» -, we denote the latter by

E, w.0r,7. Let n <1 be given. Since o” is nonrevealing, and by the Lipshitz property,

(Pns 9(Wny 0P (R), T(h))) — Ep w.or v [gn|Han]
- ‘<pnag(wn>0pn (hn)aT(hn)» - <pag(wnao—p(hn)a7—(hn))>‘
(7) <2|pn —pll; -
By (5), it follows that

(8)

B [90[H0] = Bz [90[Hal| < 21p0 = Plly + Bpwor [19n = sl [Ha].

On the other hand, it is easily checked that the probabilities P} , , - and ISZ,W,UPJ
induced by P and P, o» » on H,, satisfy

n
1 SEpuor lz [P _pm+1||1] .

m=1

9) Hpn _pn

W,0,T p,w,0P,T

By (8) and (9),

’Ep,w,cr,'r [gn] - Ep,w,a”,'r [gn]

n
<4E, 000 [Z [P _pm+1||1] )

m=1
which implies the result. 0

3.4. A partition of states. In this section we define a partition of the set of
states that will be extensively used in what follows. It hinges on the fact that a
single player controls the transitions, but it does not matter who is the controller.
The partition is similar to the one defined by Ross and Varadarajan [18] for Markov
decision processes, who also provide an algorithm to calculate it.

We assume that player 1 controls the transitions. The partition when player 2
controls the transitions is defined analogously. Since transitions are independent of
player 2’s actions, we here omit player 2’s strategy from the notations.

Given w € €2, we denote by

r, =min{n € N,w, = w}

the stage of the first visit to w. By convention, the minimum over an empty set is
+00.

DEFINITION 18. Let wy,wo € Q. We say that wy leads to wy if w1 = wo, or if
Py, o(ry, < +o0) =1 for some strategy o of player 1.

Note that the relation leads to is reflexive and transitive.

We define an equivalence relation over €2 by

w < &' if and only if w leads to w’ and w’ leads to w.

The equivalence classes of this relation are called communicating sets. Given w € €,
we let C,, denote the communicating set that contains w, and we define

I,={iel:qC,|w,i)=1}.
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Thus, whenever C, contains at least two elements, by properly selecting actions in
(I')wec, Player 1 can ensure that the play reaches any state in C,, infinitely often,
provided the play starts in C,,.

The set I, may (but does not have to) be empty only if |C,| = 1. Actions in I,
are called stay actions, and any state w such that I, = () is a null state. The set of
nonnull states is denoted by .. Note that C,, C €2, whenever w € Q..

LEMMA 19. w € Q, if and only if there is a stationary strategy ¢, such that C,
is a recurrent set for x.

Thus, a state is null if it is visited only finitely many times, whatever player 1
plays: I, = () if and only if w is transient for every stationary strategy =.

Proof. We start with the direct implication. Let w € Q.. For o’ € C,,, define
Ty € A(A) by

N i I,
xw/[l]—{ 1/|Iw’|, iel,,

and let  be any stationary strategy that coincides with x, in each state w’ € C,,. It
is easy to show that C|, is recurrent under x.

The reverse implication is straightforward. 0

Some communicating sets are absorbing, in the sense that once entered, the play
remains there forever. We now single them out. Let x* be a fully mixed stationary
strategy, i.e., 7 [i] > 0 for every w €  and every i € I. If R C ) is a recurrent set
for z*, then R is a communicating set, and I, = I for every w € R.

We denote by 2y the union of these sets:

Qo = U{R: R recurrent for z*} = {w € Q: I, = I for every w’ € C,}.

The following lemma implies that the max-min value and the min-max value are
constant over C,, for every w € g, provided they exist.

LEMMA 20. Assume player 1 controls transitions. Let w € Q and o' € C,,. If
one of the players can guarantee ¢ in T'(p,w), he can also guarantee ¢ in T'(p,w’).

Proof. Assume first that player 1 can guarantee ¢ in I'(p,w). Let o be a strategy
that guarantees ¢ — ¢ in I'(p,w), and let o* be the strategy that plays x¢, until r,,
then switches to o. In the game I'(p,w’), the strategy o* guarantees ¢ — &’ for each
g >e.

Assume now that player 2 can guarantee ¢ in I'(p,w), but assume to the contrary
that he cannot guarantee ¢ in I'(p,w’) for some v’ € C,. We argue that player 2
cannot guarantee ¢ in I'(p,w), a contradiction. Since player 2 cannot guarantee ¢ in
I'(p,w’), there is e > 0 such that for every strategy 7 of player 2 and every N € N there
is a strategy o, v of player 1 and an integer n. y > N such that v, (p,w’,0rn,T) >
¢ +¢e. Let 7 and N be given. Let o* be the strategy of player 1 defined as follows.
Play zc, until stage r., then switch to 0., nr, where 7, is the strategy induced by 7
after stage v, and M is sufficiently large so that P, ». (r.r < M) >1— 5. One can
verify that there is n’ > N such that v,/ (p,w,0*,7) > ¢ +¢/2, a contradiction. O

When player 2 controls the transitions, we denote by J, the set of stay actions
at w:

Jo=4{j€J:q(C, |w,j) =1}
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3.5. Auxiliary games. As for the analysis of zero-sum repeated games with
incomplete information on one side, it is convenient to introduce an average game in
which no player is informed of the realization of k.

For notational ease, assume that player 1 is the controller. For every p € A(K)
and every nonnull state w € 2, we denote by r r(p,w) the zero-sum stochastic game
with (i) initial state w, (ii) state space C,,, (iii) reward function >°, prg®, (iv) action
sets I, and J at each state w’ € C,,, and (v) transition function induced by gq.

In the case where player 2 is the controller, the game I'z(p,w) is defined by
restricting player 2’s action set to J, in each state w’ € C.,,.

Thus, fR(p,w) is the stochastic game in which player 1 is not informed of the
realization of k (or does not use his information), and the controller is restricted to
stay actions. In particular, the game remains in C,, forever. The letter R is a symbol
for restricted, while the symbol ~ stands for average.

Note that T r(p,w) is a single controller game, so that both players have optimal
stationary strategies. Denote by u(p,w) its value. Note that u(p,w) = ux(p,w) for
each w € Q.

By convention, if w is a null state, we set u(p,w) = —oo if player 1 controls the
transitions, and u(p,w) = +oo if player 2 controls the transitions. By Lemma 20, for
every communicating set C, @(p,w) is independent of w € C.

PROPOSITION 21. For every w € Qg and every p € A(K) the value v(p,w) of
D(p,w) exists and is equal to cav u(p,w)(= cav us(p,w)).

Thus, restricted to g, the game is similar to a standard repeated game with
incomplete information.

Proof. The proof of this lemma is similar to the proof for repeated games with
incomplete information on one side. Let p € A(K) and w € Qg be given. Clearly
player 1, by not using his information, can guarantee u(p,w). By Lemma 10, player
1 can guarantee cav u(p,w).

The proof that player 2 can guarantee cav u is based on approachability results,
and closely follows classical lines. Let a € R¥ be such that

(a,p) = cav u(p,w),
(a,q) > cav u(q,w) for every ¢ € A(K).

If cav u(-,w) is differentiable at p, then a is defined by the hyperplane tangent to
cav u(-,w) at p. By Proposition 14, a is approachable. By Lemma 13, player 2 can
guarantee cav u(p,w). O

Let T'r(p,w) be a game similar to fR(p, w), but in which player 1 is informed of k.
Thus, I'g(p,w) differs from I'(p, w) only in that actions of the controller are restricted.

Since in I'g, for each nonnull state w the game cannot leave C,,, Proposition 21
yields the following.

LEMMA 22. Let w be a nonnull state. Then I'r(p,w) has a value, which is cav
u(p,w).

We denote by F% the stochastic game with vector payoffs in which the controller
is restricted to stay actions.

3.6. Functional equations. Let B denote the set of functions ¢: A(K) x Q@ —
[0,1] that are 1-Lipshitz with respect to p, when A(K) is endowed with the L;-norm.
We here define three operators on B that will be used to characterize the solutions of
the game.
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When transitions are controlled by player 1, we define the operator 77 by

(10) Ti¢(p,w) = cav max{ u, max E[¢| w',i]} (p,w).
w’eCw,ieIu/

By convention, a maximum over an empty set is —oo. In this expression, E [¢ | &', 1]
stands for the expectation of ¢ under q(- | &', ).

Note that T} ¢(p,w) is equal to cav max {cav U, max, e, i¢gr,, Bp |, z]} (p,w)
as well.

When transitions are controlled by player 2, we define the operators 75 and T3
by

Ty6(p,w) = cavmin {a, Bl | w’,j]} (5,),

min
W' €CYy,j €T 1

_ . ~ . ;7 .
Taolp) = min {eov . _in, Blo |5} .0).

Since the maximum (or minimum) of a finite number of elements of B belongs to 5,
and since by Lemma 8 concavification preserves Lipshitz properties when A(K) is
endowed with the Li-norm, all three operators 73,75, and T5 map B into B. Note
that for each ¢ = 1,2,3 the operator T; is monotonic: ¢1 < ¢o implies T;p1 < T;o.
Moreover, for every ¢ € B, T;¢ is constant over C,,, for each w € €.

We now assume that player 1 controls transitions, and prove a few results on 77 .
When transitions are controlled by player 2, identical results hold for both T5 and T5.
Since the proofs are similar, they are omitted.

ProOPOSITION 23.

1. T1 has a unique fixed point ¢. ‘ ‘

2. The sequences (¢3) and (¢}) defined by ¢ = j, ¢}, .1 = Ti¢), for j = 0,1,
are monotonic and converge uniformly to ¢.

3. ¢ coincides with cav u on €.

4. If f € B satisfies f <Tif (resp., f >T1f), then f < ¢ (resp., f > ¢).

Since Ty ¢ and Ty are concave for every ¢ € B, the fixed points of those operators
are concave functions. Since 0 is concave, and since T3 maps concave functions to
concave functions, the analog of Proposition 23 for T3 implies that the fixed point of
T3 is concave as well.

Proof. By monotonicity of T7, item 2 follows from item 1. Since cav u(p,w) is
constant on every communicating set, so is T1¢(p,w) for every ¢ € B. Since I, = I
for every w € Q, T1¢(p,w) = cav u(p,w) for every ¢ € B, every w € Qp, and every
p € A(K). Thus, item 3 will follow from item 1. We now prove item 1. By Ascoli’s
characterization, B is a compact metric space when endowed with the L,-norm. By
Lemma 9, 73 is nonexpansive, so that it is continuous on B. Hence 77 has a fixed
point.

We prove uniqueness by contradiction. Let ¢; and ¢9 be two distinct fixed points
of Ty, and assume w.l.o.g. that 6 := max(, .)ea(x)x(P1(p,w) — P2(p,w)) > 0. Let

D ={w € Q,¢1(p,w) — ¢2(p,w) = 6 for some p € A(K)}

contain those states where the difference is maximal. Since both ¢1(p,-) and ¢2(p, -)
are constant on each communicating set, C, C D whenever w € D.

Since ¢1 = ¢o on g, D C Q\ Q. Let w € D be given, and let py € A(K) be
an extreme point of the convex hull of the set {p € A(K) : ¢1(p,w) — ¢2(p,w) = 6}.
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Thus, ¢1(pg,w) — ¢2(po,w) = 6 > 0. Since ¢1(-,w) and ¢2(-,w) are concave, it
also follows that (po, ¢1(po,w)) is an extreme point of the hypograph of the concave
function ¢4 (-,w). This implies

#1(po,w) = max {cav u, max E [¢1|w’,i]} (po, w).
w'€Cy,i¢l,

Since ¢1(po,w) > ¢2(po,w) > cav u(po,w), one has ¢1(po,w) = E[p1(po,-) | ', 1]
for some w’ € C, and i ¢ I,/. Since Ti¢o = @2, d2(po,w) > E[da(po, ) | &', ], and

therefore

6 = ¢1(po,w) — d2(po, w) < E[o1(po,-) — d2(po,-) | &', 1] .

By the definition of D, this implies that ¢(D | o', i) = 1.

Thus, for every w € D there exists w’ € C,, and i & I, that satisty ¢(D | ', i) = 1.
This implies the existence of wy,ws € D such that C,, # C,, and w1 < wq, a
contradiction. This proves 1.

To prove 4, we assume that 6 = max(,.)eax)xo (f(p,w) — d(p,w)) > 0, and
repeat the second part of the proof of 1 to obtain a contradiction. 0

4. Incomplete information on one side.

4.1. Preliminaries. We here single out a useful lemma. The lemma concerns a
standard two-player zero-sum stochastic game G and its version G in which player
1 is restricted to stay actions. Thus, K is a singleton.

LEMMA 24. Let G be a two-player zero-sum stochastic game with transitions
controlled by player 1, and let w € Q. If player 2 can guarantee that o« € R in Gr(w)
and he can guarantee that ¢ : Q@ — R in G, then he can also guarantee max{a,
max.ec, g1, Blol, i} in G(w).

Proof. By Lemma 20 player 2 can guarantee o in Gg(w’) for every w’ € C,,. Let
71 be a strategy that guarantees o 4+ ¢ in Gg(w’) for every v’ € C,, and let 75 be
a strategy that guarantees ¢ + ¢ in G. Let N € N be such that for every n > N,
every w' € Cy, and every o in Gr(w), v, (w',0,71) < a + ¢, and for every ¢ in G,
(W, 0,72) < () + <.

Define v =1+ inf {n > 1,4, ¢ I, }. Define a strategy 7 for player 2 as follows.

e Until stage v, 7 plays in blocks of size N (the last block may be shorter). In
block I > 0, where [N < v, 7 forgets past play and follows 71 (w;n4+1) for N
stages.

e At stage v, T forgets past play and starts following 75.

Let o be an arbitrary pure strategy. We will compute an upper bound on
E, 0.7 [g,] for n sufficiently large. Set L. = fmg’%s)ﬁ and take n > Ny := [L.N/&?].
Denote by §,,,, .., the average payoff from stage m; to stage mo. With 0* := Nx[{],
since payoffs are nonnegative one has

(11) Gn < —Gp + ——Gpn-
On the event v < n — N, one has
(12) | D [§VHn|HV] =Eu, 0,.m [?n—wrl] < P(wy) +e,

5For every real ¢, [c] is the smallest integer larger than or equal to c.
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where o, is the strategy induced by o after v. Since ¢ is pure, v — 1 is a stopping
time and, using (12),

EUJJ,T [gu—>n|HV—1] < E [¢|w1/—1; 7:1/—1] +e

(13) < manlecw’iglw, E [¢|w’, Z] +e.

On the other hand, on the event v > n — N,

1_
(14) n—+ VSE
n

We now proceed to the first term in the decomposition (11) of §,,. For each [, we
let ;; =Py o (v <({+1)N | Hin+1). By the choice of N,

| {§IN+1~>(Z+1)N|HIN+1] <a+e +Puor (W <(+1)N|Hinst1)
on the event I[N + 1 < v. By taking expectations, this yields
Ew,a,'r |:§1N+1—>(l+1)NllN+1<u:| S (Ol + E)Pw,U,T(lN + 1 < V) + Pw,a’,T((l + 1)N Z V)-

By summation over [, and using the definition of #*, this yields

0" —1
E%UJ [Z glN+1—>(l+1)N‘| < (O‘ + s)Ew,a,T [9*} +1,

1=0
hence
NO* No* N
(15) Ew,a,‘r |:ngN9*:| S (OL +€)Ew,a,7- |: " :| —+ E
The result follows by (11), (13), (14), and (15). 0

We shall need a variant of the previous result whose proof is identical to the
previous proof. Consider the stochastic game with incomplete information I'(p,w)
where w is a nonnull state and assume that transitions are controlled by player 2.
Assume that player 1 can guarantee a function ¢. Then player 1 can also guarantee
min {ﬂv minw’eCw,jg‘EJw/ E [¢|w/7ﬂ} (pvw) in F(pv w)'

4.2. Transitions controlled by player 1. In this section we assume that tran-
sitions are controlled by player 1.

4.2.1. Existence of the value.

PROPOSITION 25. The unique fized point of Ty is the value of T.

Proof. Let ¢ be the unique fixed point of 77, and fix € > 0 once and for all.

Step 1. Player 1 can guarantee ¢ in I'. By Lemma 22 player 1 can guarantee
cav u. Set ¢) = 0, and, for n > 0, define ¢9_, | = T1¢%. Assume that player 1 can
guarantee ¢U for some n € N. Let p € A(K) and w € Q be given. Plainly, for every
w' € C,, and every i ¢ I, player 1 can guarantee E [¢0 | w',i] (p,w) in T'(p,w’); first
he plays the action i at «’, and then a strategy that guarantees ¢2(p,-) (up to €).
By Lemma 20, he can guarantee E [¢0 | w',i] (p,w) in T'(p,w). By Lemmas 3 and 10
he can guarantee T1¢9 = ¢2 ., in I'. Since player 1 can guarantee ¢f) = 0, and since
lim,, o0 #° = ¢, the result follows.

We now prove that player 2 can guarantee ¢.
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Step 2. Definition of approachable sets. For w € €, let B, be the set of vectors
approachable in TV by player 2 at w. We also define

A, = {a € RX: (a,p) > cav u(p,w) for every p} )

By Proposition 14 and Lemma 22, A, is the set of vectors approachable by player 2 at
w in the stochastic game with vector payoffs I';. Both sets A, and B,, are nonempty,
closed, convex, and upwards comprehensive.

For every w € Q define

D, = {d = max {a, max E[b(:) |, z]} ta € Ay, b(w'") € B, for every w”’ € Q} .
W' €Cu i@l

Step 3. D, C B,. Fix d € D,. Let 7y be a strategy that approaches a + ¢ at w,
and let 7o be a strategy that approaches b(w”) + ¢ at each state w”. For each k the
strategy 71 guarantees a® + ¢ in the game I'(k,w), and 75 has a similar property. By
Lemma 24, applied independently to each G*, the strategy obtained by concatenation
of 7 and 75 guarantees max {akaman'eCw,z‘ng, E [bF(-) | W' i]} +3e = d* + 3¢ in
G*. Lemma 13 implies that d € B,,.

Step 4. Player 2 can guarantee ¢. Let f(p,w) = inf,ecp, (a,p) and h(p,w) =
inf,ep,, (a,p), so that by Step 3 f < h. By Lemma 13 player 2 can guarantee (a, p)
in I'(p,w) for every a € B,,. Therefore he can guarantee f(p,w) as well. By Lemma
11, the definition of D, may be rephrased as

h = cav max{cav u, max E[f] w’,i]} =Tif.
W' €Cu il

Thus, f < Tif. By item 4 in Proposition 23, f < ¢. Therefore, player 2 can guarantee
o. O

4.2.2. Optimal strategies. The proof of Proposition 25 yields no information
on g-optimal strategies for player 1. We argue here that player 1 has an optimal
strategy o of a simple type. In effect, o has the following structure. Whenever the
play enters a communicating set, say at stage n > 0, o randomly selects a nonrevealing
stationary strategy that is used until the play moves to a new communicating set, if
ever. The random choice of the stationary strategy may itself be revealing, in that
the distribution used at stage n to select a stationary strategy depends both on p,
and on k. We describe below such a strategy in more detail.

Let v be the value of the game. Let (p,w) € A(K) x Q be given. Upon enter-
ing a communicating set at stage n > 0, player 1 computes v(p,) = cav max{ﬂ,
max,ec, i¢r, BV | Wi} (pn,wn), and performs a state-dependent lottery, as de-
scribed in the proof of Lemma 10. To be specific, one determines p, € A(K), . €
[0,1], for e =1,...,|K|+1, such that > a. =1, ), @ePe = pn, and

v(pn>:§aemax{a, wax Bo] W]} ()

w’ EC“," ,i€ I,/

If G* is the actual game that is played, player 1 chooses e according to a state-
dependent lottery p*, where u*(e) = a.pF/pk.

If max {17, max,ec, i¢r, BV | w’,i]} (p¢, wn) = u(p®,wy), player 1 plays a sta-
tionary (nonrevealing) strategy which guarantees u(p®,w,) in the restricted game
r r(p%, wn). Recall that there are finite-stage algorithms that compute this strategy.
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ul u2

Wl
NI

u3

NI

L
2

FiG. 1. The value of the restricted games f‘R(p7wi).

If, on the other hand, max {ﬂ, max,ec, i¢r, BV | w’J]} (p%,wn) = Elv(p,-)
| W', i] for some ' € C,,, and i ¢ I, player 1 plays the stationary strategy zc,,
until the play reaches w’, and at w’ he plays the action 7. He then recursively switches
to a strategy that guarantees v(p®,-).

Under o, player 1 will end up in finite time playing an optimal stationary strategy
in some restricted game T'r(p’,w’), with p’ € A(K) and v’ € Q. It can be checked
that o guarantees v(p,w) — € for every € > 0. In that sense, o is optimal. The proof
is standard and therefore omitted.

4.2.3. An example. We here provide a simple example that illustrates the ba-
sic issues of splitting and information revelation. In particular, in this example the
informed player will perform two state-dependent lotteries and therefore reveal infor-
mation in two different stages of the game, unlike what happens in standard repeated
games with incomplete information. The game has three states Q = {w1,ws,ws},
where ws and w3 are absorbing. There are two possible payoff functions, so that
K = {1,2}. A distribution over K is identified with the probability p € [0, 1] assigned
to k= 2.

We first describe the main features of the example before providing the payoff
and transition matrices of the game.

All actions of player 1 at state w; are stay actions, except one, which leads to
either state wy and w3 with equal probability.

The value u;(p) of the restricted game I'z(p,w;) is given by (see Figure 1)

u1(p) = 2/3,

us(p) = max{1l — 2p,2p — 1},

4p 0<p<1/4,
BER 1/4<p<1y2,
)=\ 4o 1/2 < p<3/4,

4 —4p 3/4<p<1.
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(cav u2+cav u3) /2 1 v(p,wl)
1 1
2 2
i 1 3 1 i 1 3 1
4 2 4 4 2 4
Fic. 2.

Note that 1/2(cav ug + cav us) is given by (see Figure 2)

2p+1/2 0<p<1/4,
1/2(cav ug + cav uz)(p) = ¢ 1 1/4 <p < 3/4,
5/2 — 2p 3/4<p<l.

It is the payoff that is guaranteed by player 1, when starting at (p,w;), and exiting
from w; without revealing any information. Indeed, once in ws or in ws, the game
will stay there and therefore the value is given by cav us and cav ugz, respectively.

By section 4.2, the value v(p,w;) = cav max {2, L(cav uz + cav uz)} is given by
(see Figure 2)

(2+4p)/3 0<p<1/4,
v(p,wi) =4 1 1/4 <p < 3/4,
2—4p/3 3/4<p<1.

Assume that the game starts in state wy, with p = 1/8. Note that v(1/8,w;) =
201 (0)+ 3 (cav us(1/4) +cav us(1/4)), and that cav uz(1/4) = 3us(0) + Lus(1), while
cav uz(1/4) = ua(1/4).

The optimal strategy described in section 4.2.2 is as follows. Player 1 starts by
tossing a state-dependent coin. If the coin comes up heads, player 1 plays forever
an optimal stationary strategy in the game k& = 1. If the coin comes up tails, player
1 first plays the nonstay action. The game then moves with equal probability to
states wo and w3. In the former case, player 1 continues with an optimal nonrevealing
stationary strategy in the average game r r(1/4,ws). In the latter case, player 2 again
tosses a (degenerate) state-dependent coin. If k =1 (resp., k = 2), player 1 continues
with an optimal strategy in the game T'g(0,ws) (resp., Tr(1,ws)).

Note that the amount of information revealed by player 1 depends on the actual
play.

To complete the example, we provide in Figure 3 payoff matrices that satisfy the
required specifications. The vertical arrows that appear in the bottom row of the two
top matrices stand for the random transition to either ws or ws.

In both states wy and ws, player 2 is a dummy. The incomplete information game
that corresponds to the game of state ws coincides with example 1.3 in Zamir [24].

4.3. Transitions controlled by player 2. In this section we assume that tran-
sitions are controlled by player 2. We prove that both the min-max value and the
max-min value exist, but that they may differ.

4.3.1. The max-min value.
LEMMA 26. The unique fized point of Ts is the max-min value of T .
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J1 Jo J3 J1 J2 Ja
T 23|23 23| T |2/3)| 23|23
w1
B ! I ! B l l !
J1 Jo J3 J1 J2 J3
T 1 1 1 T -1 -1 -1
wa
B -1 -1 -1 B 1 1 1
J1 J2 J3 J1 Jo Ja
T 4 0 2 T 0 4 -2
w3
B 4 0 -2 B 0 4 2

Fic. 3. The payoff matrices.

Proof. Let ¢ be the unique fixed point of Ts, and fix € > 0.

Step 1. Player 1 can guarantee ¢. Set ¢) and, for m > 0, set ¢9n+1 = Tho?,.
Assume that player 1 can guarantee ¢0, for some m € N. By the remark follow-
ing Lemma 24, player 1 can guarantee min {@, min, ec, jgs, E [¢9, | &', j]}. Hence
player 1 can also guarantee cav min {&, minyrec, jgs,, E [¢9, | w',j]} = ¢9,,1. Since
player 1 can guarantee ¢3 = 0, and since ¢ = lim,, o, #2,, the result follows.

We now prove that player 2 can defend ¢. Assume that player 2 can defend ¢},
for some m € N, and let o be an arbitrary strategy of player 1. We prove in Steps 2
and 3 below that in this case player 2 can defend ¢71n+1. Since ¢ = lim,, o ¢, and
since player 2 can defend ¢} = 1, he can defend ¢ as well.

Step 2. Definition of a reply. Given (p,w), we let 71(p, w) be a (stationary) strategy
that guarantees u(p,w)+e¢ in fR(p, w). Choose Ny € N such that v, (p,w, o, 71 (p,w)) <
u(p,w) + 2¢ for every n > N7 and every nonrevealing strategy o of player 1.

By the remark that follows Definition 1, N; can be chosen independently of (p, w).
Let 7 be the set of strategies of player 2 in fR(p,w), and let 7 € 7 be an e2/32N}-
exhausting information strategy given o and (p,w). Choose N € N such that

+oo 62
2
Epwor [Z [Pn Pn+121 =< 2N

n=N

By Lemma 16,
+00 . -
(16) Epu.oz L;V l[pn —pn+1|1] < NI <7

We define 7 as follows.
e Play 7 up to stage N.
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e At stage N compute By := min {ﬂ, ming, cc,, j¢s, E [(ﬁ}n | w',j]} (pN,wN)-
— If By = u(pn,wn), play by successive blocks of length Ni: in the b+ 1th
block play the strategy 71(pn4on,, WN BN, )-
— Otherwise, switch to a strategy that defends the quantity min, ec,, je7_,
E (¢}, | w',j] (pn,wn)+¢ against oy, where oy is the strategy induced
by o after stage N.
Step 3. The computation. We here prove that 7 defends ¢} . (p,w) + 8/ in
I'(p,w). We abbreviate E,, ,. to E. First, we provide an upper bound on the
average payoff E [?N—»N-&-n—l'HN} between stages N and N + n on the event

(a7 A= {By = ii(px,wn)}

First take n = N;. By definition,

E [gNHNJerfl‘HN] = EPN,WN7UN77'1(ZIN7WN) [ENJ .

By the choice of Ny,

(18) EPN-,WN,O':;,N,Tl(pN,wN) I:le:I S ﬂ(pNa OJN) + 2e.

On the other hand, by Lemma 17,

—E

PN WN LT T (PN W) [gNl] PN,WN,ON,T1(PN,WN) [gNJ

Ny
S4By wyon oy wn) [Z [Pm pm+1|1‘| .
m=1
Thus, using (18),

E [gy_nin 1|HN] <Ulpn,wn) + 26 + 4E Z lPm — Pms1lly IHN

m=N

N+N;—-1 ‘|

The same computation applies to any block of Ny stages. Specifically, for each b > 0,

E [§N+bN1—>N+(b+1)N1_1|HN+bN1] S U(PN+bN,, WNFBN, ) + 26

N+(b+1)Ny—1

+4E ST lpm = Pl [Hvsom,
m=N+bN,

Since u(p, -) is constant on every communicating set, and since u(-,w) is 1-Lipshitz,

WPN+bN1 s WN+bN, ) < U(pN,wn) + |[[Pvton, — pa|ly. By taking expectations on the
event A (defined by (17)), one gets, by Lemma 16, (16), and since [|-||; < |||,

E | 1a9n1on = NtornN—1| < E[1au(pn,wn)] + 26 + E[1a[[pyon, — pwlly]

N+(b+1)Ny—1

+4E 1A Z ||pm _perlHQ
m=N+bN

< E[1au(pn,wn)] + 5v/e.
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By averaging over blocks, one obtains for every n > %(N + Ny)
(19) E[1479,] < E[Lat(py,wn)] +6ve.
On the other hand, there is Ny € N such that for every n > No,

(200  E[g,HN] < éningJ E [¢;, | @', 7] (px,wn) + 2¢ on the event A.
w'eCy,j !

By taking expectations, (19) and (20) yield

Bg.) <& uin {7, B[oh [.d] | (ow)| + 8VE

min
W' €Cuj@T
< . ~ . 1 /-
< cav mln{ U g E (¢, |, ]] } (p,w) + 8e

for every n > max{Nz, 2(N + N1)}. O

Let v denote the max-min of the game, and let (p,w) be given. Similar to the
discussion in section 4.2.2, it can be checked that there is a simple strategy for player
1 that guarantees v(p,w) — ¢ for each € > 0. Under this strategy, player 1 chooses at
random a nonrevealing stationary strategy whenever the play enters a communicating
set, and uses it until the play moves to a new communicating set.

4.4. The min-max value.

LEMMA 27. The unique fized point of T3 is the min-mazx value of T.

Proof. Let ¢ be the unique fixed point of T3, and fix € > 0.

We first prove by induction that player 2 can guarantee ¢. Set ¢} = 1 and, for
m >0, set ¢, = T3¢,. Assume that player 2 can guarantee ¢, for some m € N,
and let (p,w) be given. Plainly, for each ' € C,,j ¢ J./, player 2 can guarantee
E [¢1, |w',j] in I(p,w’) by first playing j at ', and then a strategy that guarantees
¢L, (up to €). By Lemma 20, he can guarantee E [¢}, |/, j] in I'(p,w) as well. By
Lemma 22, player 2 can guarantee cav 4. Thus, he can guarantee T3¢., = ¢& 11
Since he can guarantee ¢, and since ¢ = lim,, o, ¢L,, the result follows.

We now prove that player 1 can defend ¢? for each m € N. Clearly, player 1 can
defend ¢Y = 0. Assume that player 1 can defend ¢!, for some m € N. Let a strategy
7 of player 2 and (p,w) € A(K) x Q be given. Set v = 1+inf{n > 1,5, ¢ J,_ }. The
supremum of P, , » - (v < 00) over all strategies o coincides with the supremum over
all nonrevealing strategies 0.5 Denote by o* a nonrevealing strategy that achieves
the supremum up to €. We choose N such that P, - (v > N) < e. The strategy
o* thus exhausts the probability of leaving the initial communicating set. Denote by
Tmin{v,N} the strategy induced by 7 after stage min{v, N'}.

On the event v > N, there is a strategy 7 in I'r(p,w) such that ||[Pp .. o7
—Ppun.ornll < Ppuwn.orn(V < 4+00) for every nonrevealing strategy o in I'g(p,w).
This strategy depends on the history up to stage N.

We now define the reply o of player 1 to 7 as follows: play ¢* up to stage
min{v, N}.

e If v > N, switch to a strategy that defends cav u(p,w) + ¢ in T'r(p,wn)
against 7.

6Indeed, for every strategy o = (¢*);, one has P w o),V < +00) = 324 PkPy ok -V <

+00) < max; Py, or (v < +00). Let ko achieve the maximum, and let ¢’ be the nonrevealing

strategy that plays oy, irrespective of k. Since transitions are independent of k, one has P o, 0.+ (v <
JrOO) < Pp,w,o",ﬂ' (V < +OO)
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k=1 k=2
J J2 J3 Ja Js 3! J2 J3 Ja Js
T 4 0 0 0 0 T 0 0 0 0 0
B 0 0 0 0 0 B 0 4 4 4 4
J1 J2 J3 Ja Js J J2 J3 Ja Js
T 0 1 1 3 T T 3 0 1 0 T
B 0 1 0 3 T B 3 1 1 0 T

Fic. 4. The payoff matrices.

e If v < N, switch to a strategy that defends ¢°, (p,w,) + € against 7,,.
Since there are finitely many histories of length N, the set of strategies (Tmin{u,n})
is finite. It is straightforward to check that o defends

i, Bl 6] ) +26 = () + 22

min< cav u, m
W' €Cy,j¢&

against 7. 1]

4.5. An example. Here we provide an example where min{cav f, g} is strictly
larger than cav min{f, g}, so that the max-min value and the min-max value differ.

Consider the game depicted in Figure 4, where player 2 controls the transitions,
and |Q| = |K| =2, |I| =2, and |J| = 5. The initial state is w; (bottom two matrices).
If in w; player 2 chooses j5, the game moves to wy, which is absorbing. If player 2
chooses another action in wp, the game remains in w;. Payoffs are as depicted in
Figure 4 (the definition of g*(wy, -, j5) is irrelevant).

Note that [wl = {jl,jg,jg,j4}, QO = {WQ}, and Cwl = {(.«Jl}.

The game I'g(p,w;) is similar to Example 3.3 in Aumann and Maschler [2]. As
calculated in Aumann and Maschler,

3p 0<p<2-+3,
f(p) =u(p,w1) =9 1—p(1—p) 2-V3<p<V3-1,
3(1—p) V3-1<p<i1

(see Figure 5). Note that cav f # f.
The game T'r(p,ws) is similar to the game presented in Aumann and Maschler
[2, 1.2], with all payoffs multiplied by 4.7 As calculated in Aumann and Maschler,

9(p) = U(p,ws) = 4p(1 — p).

As proved above, the max-min value when the initial state is wy is (cav min{f, g})
(p), while the min-max value is min{cav f, g}(p). A straightforward calculation shows
that min{cav f,g}(1/2) = 3(2 — /3) while cav min{f,g}(1/2) = 4/5, so the two
functions differ. The graphs of the two functions appear in Figure 6.

"We added the actions j3,ja,j5, which do not change the calculation of the value. For our
purposes, we could have multiplied all payoffs by any «, 3 < a < 3/(v/3 — 1).

w2

w1
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f.g

0.5 1

Fi1c. 5. The value functions of the restricted games fR(p, w;).

0.2 0.4 0.6 0.8 1
detail

Fi1G. 6. The functions min{cav f, g} and cav min{f, g}.

5. Incomplete information on both sides.

5.1. The model. We now extend our model to the case of incomplete informa-
tion on both sides; that is, each player has some private information on the game that
is to be played. Formally the model is extended as follows. For more details we refer
to Mertens, Sorin, and Zamir [10] or Sorin [22].

A two-player zero-sum stochastic game with incomplete information on both sides
is described by a finite collection (Gg1)ke i, 1er of stochastic games, together with a
distribution p € A(K) and a distribution s € A(L). We assume that the games Gy,
differ only through their reward functions ¢g*!, but they all have the same sets of
states 2 and actions I and J, and the same transition rule g.

The game is played in stages. At the outset of the game a pair (k,l) € K x L
is chosen according to p ® s. Player 1 is informed of k, and player 2 of [. At every
stage n, the two players choose simultaneously actions ¢,, € I and j, € J, and wy41
is drawn according to q(- | wy, in, jn). Both players are informed of (i, jn,wn+1)-
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W.lo.g. we assume throughout this section that transitions are controlled by
player 1. We will only sketch the proofs, since none of them involves any new idea.

5.2. Related literature. The main results in this framework are related to
the case |Q] = 1 (repeated games with incomplete information) and are due to Au-
mann, Maschler, and Stearns [3] (see also Aumann and Maschler [2]) and Mertens
and Zamir [11, 12]. As in the case of incomplete information on one side, we denote
by u(p, s) the value of the matrix game with action sets I and J and matrix payoff
(ZkeK’leLpkslgk’l(i,j))i,j. Given f : A(K) x A(L) — R, we let cav,f denote the
smallest function that is above f and concave in p, and vex,f denotes the largest
function that is below f and convex in s.

The min-max value of a repeated game with incomplete information exists and is
equal to vexscavpu(p, s). The max-min value exists and is equal to cav,vexsu(p, s).

5.3. Partitioning the states and the average restricted game. Since player
1 controls transitions, the partition defined in section 4 extends to this case, as well as
the definition of the average restricted game I'g(p, s,w) in which none of the players
has any information. Denote by u(p,s,w) the value of fR(p,&w). In addition, we
define the average restricted game f}%(p,s,w) (resp., f%(p,s,w)) in which player 1
(resp., player 2) is informed of k (resp., ) while his opponent gets no information.
Our first goal is to extend Proposition 21.

PROPOSITION 28. For every (w,p,s) € Qo x A(K) x A(L), the min-max value of
I(p, s,w) exists and is equal to vexscav,u(p, s,w). Similarly the maz-min value exists
and is equal to cavpvex,u(p, s,w).

Proof. The proof follows the proof for repeated games with incomplete informa-
tion, using the tools developed in the previous sections. We shall only sketch the
arguments for the min-max value, and refer for details to Zamir [24].

First, we explain how player 2 can guarantee vexscav,u(p, s,w). When player 2
ignores his information, he faces a game with incomplete information on one side with
parameter set K and payoffs >, stgk!. By Proposition 21, player 2 can guarantee
cav,u(p, s, w) in this game. Therefore by Lemma 10 (with the roles of the two players
exchanged) he can also guarantee vexscav,u(p, s,w).

To prove that player 1 can defend vexscav,u(p, s,w), we adapt Zamir [24, The-
orem 4.1]. Let 7 be a given strategy of player 2. As in Step 2 of the proof of
Lemma 26, we let player 1 play first an e-exhausting strategy ¢ given 7. This strat-
egy may be chosen to be nonrevealing (see, e.g., Sorin [22, Lemma IV.4.1]). Player
1 switches at some stage N to a strategy that defends cav,u(p, sy,wn) (up to €) in
I (p, sny,wn) against the continuation strategy 7n (see Step 3 of Lemma 26). Since
(e, w) =a(, -, wn), cavpt(p, sy, wn) = cavp(p, Sy, w). Therefore player 1 defends
E, sw5- cavpt(p, sy, w)] > vexscav,u(p, s,w). O

5.4. The max-min value and the min-max value. Let B denote the set of
all functions ¢ : A(K) x A(L) x 2 — [0, 1] that are 1-Lipshitz with respect to p and
s. Denote by T4 and T5 the operators on B defined by

(21) Tud(p, s,w) = cav, max {cavpvexsﬂ, w'eglaﬁzl E[¢ | w’J]} (p, s,w)

and

(22) Ts5¢(p, s,w) = vexscav, max {cavpﬂ, max  E[¢ |, z]} (p, s,w).
w’GCu,zglw/
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Our main result is the following.

THEOREM 29.

1. The mappings Ty and Ts have unique fized points, denoted respectively by v
and .

2. The function v is the maz-min value of the game.

3. The function T is the min-max value of the game.

Note that if player 2 has no information, there is no vex operator in (21) and
(22), and both Ty and T5 reduce to T3. If player 1 has no information, there is no cav
operator in (21) and (22), and Ty and T reduce respectively to T3 and T with the
roles of the players reversed.

Proof. The first assertion follows the same lines as the proof of Proposition 23.

We now prove the second assertion. For j = 0,1, we define the sequence (¢7,),>0
by ¢% =j and (bfL = Ty¢%,. We follow the inductive proof of Proposition 25, Step 1,

or the first part of Lemma 27.

The sequence (¢Y) is increasing and converges uniformly to v. It is clear that

player 1 can guarantee ¢J. Assuming player 1 can guarantee ¢, we prove that he

can guarantee ¢9 +1- By Lemma 10 it is sufficient to show that he can guarantee both

cav,vex,u(p, s,w) and max,cc, g1, E[#° | «',i], which is true by Proposition 28

and by Step 1 of Proposition 25.

To prove that player 2 can defend v, we combine several ideas from the preceding
sections. Let o be given, and let T be the set of nonrevealing strategies of player 2.
We let 7, be a nonrevealing strategy that e-exhausts the information contained in o,
and choose N as in Step 2 of Lemma 26. Denote by v = 1 + min{n > 1,4, ¢ I, }.
Player 2 plays according to 7, up to stage min{v, N'}.

e If v < N, from stage v on he defends ¢ (p,, s,w,).

o If v > N, we first use the idea of Lemma 27, with the roles of the two players
exchanged. Specifically, we define a nonrevealing strategy 7g; that exhausts
the probability of leaving the initial communicating set, given the strategy on
induced by o after stage N. Choose N’ such that P s wy.on,rg (v > N') <e.
Player 2 plays 7§ up to stage min{v, N + N'}.

— If v < N+ N/, player 2 switches to a strategy that defends ¢, (p,, s, w, )+
€.

— If v > N + N’, following Steps 2 and 3 of Lemma 26, player 2 starts
to play in blocks of length N;. In the bth block he forgets past play
and follows a strategy that defends vexu(pnN/+bN; s S, WN+N/+bN; ) 1D
the restricted game f%(pNJrNurle,s,wN+N/+le) against the average

. . PN4+N/4+bNq
continuation strategy oy 'y: pn, Of player 1.

We now turn to the third assertion. We first prove that player 2 can guarantee
7. By following Steps 2, 3, and 4 of Lemma 25, one proves that player 2 guar-
antees cav, max{cav,u, max, cc, ¢z, B0 | &', i]}(p,s,w). Hence, by Lemma 10
(with the roles of the two players exchanged), he can guarantee vexscav, max{cav,u,
max, ec, i¢r,, BU | Wi} =7.

We now prove that player 1 can defend v. We first follow Step 2 of Lemma
26. Given 7, we let 07 be a strategy in I'%(p,s,w) that exhausts the information
contained in 7, and we choose N such that Ej ;o o7 -[> 00 x [P0 —pn+1||f] < e.
Player 1 plays o7 up to stage N. He then switches to a strategy that guarantees
cav, max {cavpﬂ(~, SN,W), MaX,rec, igr, BU | &, z]} (p,sn) in Th(p, sn,wn), as in
the proof of Proposition 25. The result follows. ]
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Abstract. This paper deals with optimal control problems for dynamical systems governed
by constrained functional-differential inclusions of neutral type. Such control systems contain time
delays not only in state variables but also in velocity variables, which make them essentially more
complicated than delay-differential (or differential-difference) inclusions. Our main goal is to derive
necessary optimality conditions for general optimal control problems governed by neutral functional-
differential inclusions with endpoint constraints. While some results are available for smooth control
systems governed by neutral functional-differential equations, we are not familiar with any results for
neutral functional-differential inclusions, even with smooth cost functionals in the absence of endpoint
constraints. Developing the method of discrete approximations (which is certainly of independent
interest) and employing advanced tools of generalized differentiation, we conduct a variational anal-
ysis of neutral functional-differential inclusions and obtain new necessary optimality conditions of
both Euler-Lagrange and Hamiltonian types.

Key words. optimal control, functional-differential inclusions of neutral type, variational anal-
ysis, discrete approximations, generalized differentiation, necessary optimality conditions
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1. Introduction. This paper concerns the study of optimal control problems for
the so-called neutral functional-differential inclusions, which contain time delays in
both state and velocity variables. Such inclusions belong to the broad class of hered-
itary systems known also as systems with memory or aftereffect. They have been
investigated in the form of controlled functional-differential equations being impor-
tant for various practical applications, particularly to problems of automatic control,
economic dynamics, modeling of ecological, biological, and chemical processes, etc.;
see examples and discussions in [1, 4, 10, 12, 14, 15, 19] and their references. Note
that some classes of hyperbolic PDEs (e.g., the so-called telegraph equations) can be
reduced to neutral functional-differential equations, as shown in the above references.

To our knowledge, control problems for neutral functional-differential inclusions
have not been sufficiently studied in the literature. We are only familiar with results
concerning the existence of optimal solutions, local controllability, and relaxation
procedures mostly collected in [14].

In this paper we consider the following dynamic optimization (generalized optimal
control) problem (P):

b
(1.1) minimize J[z] := ¢(z(a),z(b)) + / flx@®),z(t—A),t)dt
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over feasible arcs z : [a — A,b] — R™, which are continuous on [a — A,a) and [a, b]
(with a possible jump at t = a) and are such that the combination z(-) — Az(- — A)
is absolutely continuous on [a, b], satisfying the neutral functional-differential inclu-
sion

(1.2) %[x(t) — Ax(t — A)] € F(a(t),z(t — A),t) forae. t € [a,b],
(1.3) z(t) =c(t), tela—A,a),

with the endpoint constraints

(1.4) (z(a),z(b)) € Q C R?".

We always assume that F': R™ x R"™ X [a,b] = R" is a set-valued mapping of closed
graph, € is a closed set, A > 0 is a constant delay, and A is a constant n x n
matrix.

Note that the neutral-type operator on the left-hand side of (1.2) is given in the
Hale form [10], which seems to be essential for our consideration. Observe to this
end that trajectories x(¢) of (1.2) are generally discontinuous on [a — A, b] while their
linear combinations x(t) — Az(t—A) behave nicely on [a, b]. Note also that trajectories
of the neutral inclusion may be assumed to be discontinuous not only at ¢ = a but
also at the points t = a + jA € [a,b], 7 = 1,2,... . Moreover, the results obtained in
this paper can be easily extended to problems with the cost function ¢ depending on
x(a+jA), the constraints (1.4) given at these intermediate points, and the integrand
fin (1.1) depending on the velocity 2(t) for z(t) := x(t) — Az(t — A), t € [a,b]. We
can also consider the cases of multiple delays Ay > Ay > -+ > A,, > 0 as well as
variable delays A(t), where A(+) is a Lipschitz continuous (hence almost everywhere
differentiable) function satisfying the assumption

|A(t)| <a€(0,1) fora.e. tela,bl],

which ensures that the function ¢ — A(t) is invertible on [a, b]. For simplicity we focus
in what follows on problem (P) formulated in (1.1)—(1.4).

Our primary goal is to derive necessary optimality conditions for problem (P)
under general assumptions on the initial data. For nondelayed systems governed by
differential inclusions (A = 0, A = 0) necessary optimality conditions have been stud-
ied intensively during recent years; see [5, 11, 16, 21, 27, 28, 29, 31] and the references
therein. Some results are known for delay-differential (or differential-difference) in-
clusions corresponding to A = 0 in (1.2); see [6, 7, 17, 23, 24]. We are not familiar
with any necessary optimality conditions obtained for problem (P) governed by neu-
tral functional-differential inclusions with A # 0 in (1.2) besides the case of smooth
control systems corresponding to

(1.5) F(z,y,t) ={veR" |v=yg(z,y,u,t),u € U}

with continuously differentiable functions ¢, f, g in (1.1) and (1.2) as well as those
describing endpoint constraints; see [3, 9, 13, 19] and their references.

Observe that neutral-type systems are essentially different from their counter-
parts with A = 0. In particular, it is well known that an analog of the Pontryagin
maximum principle does not generally hold for neutral systems, even in the classical
smooth framework of (1.5), with no convezity assumptions; see, e.g., [9, 15]. In a
sense, neutral-type systems combine properties of continuous-time and discrete-time
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control systems; indeed, they can be treated as discrete-time systems regarding ve-
locity variables. On the other hand, neutral systems have some similarities with the
so-called hybrid and differential-algebraic equations that are important in engineering
control applications.

In this paper we derive necessary optimality conditions for the neutral-type con-
trol problem (P) under general assumptions on its initial data involving nonsmooth
functions and nonconvex sets. These conditions are obtained in extended Fuler—
Lagrange and Hamiltonian forms involving advanced generalized differential construc-
tions of variational analysis; see section 4. Note that the results obtained seem to be
new even in the case of nondelayed problems with A # 0 corresponding to implicit
differential inclusions.

Our approach is based on the method of discrete approrimations, in the man-
ner developed in [19, 21] for nondelayed differential inclusions and in [23, 24] for
delay-differential systems with A = 0. This method, which is certainly of indepen-
dent interest from both qualitative and numerical viewpoints, allows us to construct
a well-posed parametric family of optimal control problems for approximating sys-
tems governed by discrete-time analogs of neutral functional-differential inclusions. A
crucial issue is to establish stability of such approximations that ensures an appro-
priate strong convergence of optimal solutions. Convergence analysis of this method
and its application to necessary optimality conditions for neutral systems are essen-
tially more involved in comparison with the cases of differential and delay-differential
inclusions.

The approximating discrete-time control problems can be reduced to special finite-
dimensional problems of nonsmooth programming with an increasing number of ge-
ometric constraints that may have empty interiors. To handle such problems, we
use suitable generalized differential tools of variational analysis satisfying a compre-
hensive calculus that allows us to derive general necessary optimality conditions for
finite-difference analogs of neutral functional-differential inclusions. Then passing to
the limit from well-posed discrete approximations with the strong convergence of op-
timal solutions and employing generalized differential calculus, we obtain necessary
optimality conditions for the original problem (P).

The rest of the paper is organized as follows. In section 2 we show that some
combination built upon a given admissible trajectory of the neutral inclusion (1.2)
can be strongly approximated by the corresponding combination built upon admis-
sible trajectories of discrete-time systems. This result, important for its own sake,
plays a crucial role in the construction of well-posed discrete approximations to the
original problem (P) and in the subsequent justification of a strong convergence of
their optimal solutions to the given optimal trajectory for (P).

Such a convergence analysis is conducted in section 3 for a sequence of well-posed
discrete approximations to (P) involving an appropriate perturbation of the endpoint
constraints (1.4) that is consistent with the step of discretization. The required strong
convergence of optimal solutions is established under an intrinsic property of the
original problem (P) called relazation stability. This property, imposing the equality
between the optimal values in (P) and its relaxation (convexification), goes far beyond
the convexity assumption on the velocity sets F(z,y,t).

Section 4 contains the basic constructions and required material on general-
ized differentiation needed for performing a variational analysis of discrete-time and
continuous-time optimal control problems in the subsequent sections. These construc-
tions and calculus rules are used in section 5 for deriving general necessary optimality
conditions for nonconvex discrete-time inclusions arising in discrete approximations
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of the original problem (P). The main results on the extended Euler-Lagrange and
Hamiltonian conditions for neutral functional-differential inclusions are derived in
section 6 via passing to the limit from discrete approximations.

Our notation is basically standard; cf. [21] and [26]. Recall that, given a set-
valued mapping (multifunction) F' : X = Y between finite-dimensional spaces, the
Painlevé-Kuratowski upper/outer limit of F(x) as x — T is defined by

Limsup F(z) :=={y €Y | 3o, — &, Jyxr — y with yp € F(xy) for all k € N},

r—
where N stands for the collection of all natural numbers.

2. Discrete approximations of neutral inclusions. This section concerns
the study of discrete approximations of an arbitrary admissible trajectory to the neu-
tral functional-differential inclusion (1.2) with the initial condition (1.3). We show
that, under fairly general assumptions, any admissible trajectory to (1.2) and (1.3)
can be strongly approximated, in the sense indicated below, by the corresponding
trajectories to finite-difference inclusions obtained from (1.2) by the Euler scheme.
This result is constructive, providing efficient estimates for the approximation rate,
and hence it is certainly of independent interest for numerical analysis and applica-
tions.

Let Z(-) be an admissible trajectory in (P), i.e., it is continuous on [a — A, a) and
[a,b] (with a possible jump at ¢t = a), the combination z(-) — Az(- — A) is absolutely
continuous on [a, b], and relations (1.2) and (1.3) are satisfied. Note that the endpoint
constraints (1.4) may not hold for Z(-); if they do hold, Z(-) is feasible to (P). The
following standing assumptions are imposed throughout the paper.

(H1) There are an open set U C R™ and two positive numbers /p and mp such
that Z(t) € U for all t € [a — A, b], the sets F(z,y,t) are closed, and one has

F(z,y,t) CmpB for all (z,y,t) € U x U X [a,],
F(z1,y1,t) C F(xa,y2,t) + Lp(|z1 — 22| + |y1 — y2|)B

if (x1,91), (2,y2) € U x U and t € [a,b], where B stands for the closed unit ball in
R™.
(H2) F(z,y,t)is Hausdorff continuous for a.e. t € [a, b] uniformly in (z,y) € UxU.
(H3) The function ¢(-) is continuous on [a — A, a).
Following [8], we consider the so-called averaged modulus of continuity for the
multifunction F(z,y,t) with (x,y) € U x U and t € [a,b] that is defined by

b
T(F;h) = / o(F;t, h)dt,
where o(F';t, h) := sup{¢(F;z,y,t,h) | (z,y) € U x U} with
h h
O(Fsz 1.1 = sup {haws(F (o, g t2) Pl ta)) | (ot2) € 0= 04 3 0l |

and where haus(-,-) stands for the Hausdorff distance between two compact sets. It
is proved in [8] that if F(z,y,t) is Hausdorff continuous for a.e. ¢ € [a,b] uniformly
in (z,y) € U x U, then 7(F;h) — 0 as h — 0. This fact is essentially used in what
follows.
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Let us construct a sequence of discrete approximations of the given neutral-
differential inclusion replacing the derivative in (1.2) by the Euler finite difference

d t+h)—Ax(t+h—A)—x(t)+ Ax(t — A

Loty — Au(t — ) o TEFR) ZATEF = B) Z () + AalE = 2)

dt h
For any N € N := {1,2,...} we consider the step of discretization hy := % and
define the discrete grid/partition t; := a + jhn as j = —N,...,k and tgp41 = b,

where & is a natural number determined from a + khy < b < a+ (k+ 1)hy. One
clearly has t_n = a — A, tg = a, and hy — 0 as N — oo. Then the correspond-
ing neutral functional-difference inclusions associated with (1.2) and (1.3) are given
by

rn(tjy1) — Azn(tj — A) € an(ty) — Axn(t; — A),

(21) +hNF($N(tj),SUN(tj 7A),tj) for j =0,...,k,
xzn(t;) =c(t;) for j=—-N,...,—L
A collection of vectors {zn(t;) | 7 = —N,...,k + 1} satisfying (2.1) is a discrete

trajectory and the corresponding collection

{xzv(tjﬂ) —Axn (1 — A) —an(t)) + Azn(t; — A) =0 k}
o =0,...,

is a combined discrete velocity for (2.1). We consider extensions xy(t) of discrete tra-
jectories to the continuous-time interval [a — A, b] defined piecewise linearly on [a, b]
and piecewise constantly, continuously from the right on [a — A, a). We also define
piecewise constant extensions of combined discrete velocities on [a, b] by

TN (tj41) — Az (tj41 — A) —an(t)) + Azn(t; — A)
hn

UN(t) =

for t € [tj,tj41), j =0,..., k. It is easy to verify that

a?N(t)—AxN(t—A):xN(a)—AxN(a—A)—l—/vN(s)ds for t € [a,b] and

d
%[xN(t) —Azn(t — A)] =wvn(t) for ae. t € [a,b].

Let W1'2[a,b] be a standard Sobolev space of absolutely continuous functions
x : [a,b] — R™ with the norm

b 1/2
el = ma ()] + ( / |:fc<t>|2dt> .
€la,b] a

The next theorem, important in what follows, establishes a strong approrimation
of any admissible trajectory for the given neutral functional-differential inclusion by
solutions corresponding to discrete approximations (2.1).

THEOREM 2.1. Let Z(-) be an admissible trajectory for (1.2) and (1.3) under
hypotheses (H1)—(H3). Then there is a sequence {zn(t;) | j = —N,...,k+1}, N € N,
of solutions to discrete inclusions (2.1) such that zn(to) = Z(a) for all N € N, the
extended discrete trajectories zn(t), a — A < t < b, converge uniformly to z(-) on
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[a — A,b], and their extended combinations zy(t) — Azn(t — A) converge to T(t) —
AZ(t — A) in the WH2-norm on [a,b] as N — oo. In particular, some subsequence
of {%[ZN(t) — Azn(t — A)]} converges pointwisely to %[f(t) — Az(t — A)] for a.e.
t € la,bl.

Proof. Using the density of step functions in L![a,b], we first select a sequence
{wn ()}, N € N, such that each wy(t) is constant on the interval [t;,¢;41) for j =
0,...,k and that wy(-) converge to %[Z() — AZ(- — A)] as N — oo in the norm
topology of L'[a,b]. It follows from (H1) that

wn(t) — i[:ﬁ(t) — Az(t — A)]‘ + g[ﬁc(t) —Az(t—A)]| <1+ mp

<
o (@)] < dt i

for all ¢t € [a,b] and N € N. In the estimates below we use the sequence

§N:/ab

Denote wy; := wn(t;) and define discrete functions {un(t;) | j = —N,...,k+ 1}
recurrently by

%[a‘:(t) — Az(t— A)] - wN(t)‘ dt —0 as N — oo.

uN(tj) = .f(tj) for j=—=N,...,0,
un (tj1) = Aun (tj+1 — A) + un(t;) — Aun(t; — A)
+hywn, forj=0,...,k
Then the extended (in the above way) discrete functions satisfy
un(t) = .f(tj) for t € [tj,tj+1), j=—-N,...,—1,
t
un(t) — Aun(t — A) = 5(a) — AF(a— A) + / wy(s)ds fort € [a,b].

Next we denote ry(t) := un(t) — Z(t), yn(t) := |rn(t) — Ary(t — A)| and prove
that |rn(t)] — 0 uniformly in [a,b] as N — oco. Indeed, for any t € [a, b] one has

yn(t) o = lun(t) — Aun(t — A) = [2(t) — Az(t = A)]]

</
a

which implies the estimates

Irn ()] < yn(t) + [A] - |[rn(t — A
<yn(t) + |[Alyn (t — &) + [AP|rn(t —24)| < -
<yn(t) +|Alyn(t — A) + -+ [A["yn (t — mA)
+HA|™ ey (t = (m +1)A)].

wn(s) —

IS
By

(#(s) — (s — A)]‘ ds < £,

Observe that c(+) is uniformly continuous on [a—A, a] due to assumption (H3). Picking
an arbitrary sequence Oy | 0 as N — oo, we therefore have

le(t') — e(t”)| < Bn  whenever t',t" € [t;,tj11), j=—N,...,—1.

Choose an integer number m such that a—A < b—(m+1)A < a. Thent—(m+1)A €
[tj,tj+1) for some j € {—N,...,—1}, which implies that

Irn(t = (m + 1A < fe(t;) — et — (m+ 1)A)| < On.
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Since m € N does not depend on N, this gives
(2.2) lrn ()] < En(L+ A+ -+ A™) + |A|™ By — 0 as N — oc.

Now consider a sequence {({y} defined by

k

(v = hy Y dist(wy,; Fun(t;), un (t; — A), ;)
j=0

and show that ( | 0 as N — oco. By construction of (,y and the averaged modulus
of continuity 7(F; h) we get the following estimates:

k ti+1
CN :Z/ diSt(wNj;F(U,N(tj),uN(tj —A),tj)) dt
j=0"1i

k tjt1
:Z/ dist(wn,; Fun (t;), un(t; — A), 1)) dt

k ti+1
+Z/f‘ [dist (wn,; Fun (t;), un (t; — A),1;))
j=0"v"%

—dist(wn,; F(un(tj), un(t; — A),t))] dt

J+1 J+1
<Z/ dlbth, (uN(t)uN(t — dt-ﬁ-Z/ FthNd

tj+1
< Z/ dist(wy,: Fun(t;), un(t; — A), 8)) dt + 7(F; hyy).
Further, assumption (H1) implies that for any ¢t € [¢;,¢;11) with j =0,...,k one has

dist(wn;; Fun(t;), un(t; — A),t)) — dist(wn;; Fun(t), un(t — A),t))
< dlbt( ( (t])7uN(tJ - A)’t)vF(uN(t)auN(t - A)vt))
< Cr(lun(t) —un(t)] + lun(t; — A) —un(t = A)).

Taking into account that

lun (tj) — Aun(t; — A) = [un(t) — Aun(t — A)]|

/tt wn(s)ds

J

< (1 —i—mF)(th - tj) = (1 +mF)hN =apn |0,

we arrive at

lun (t) —un(t;)| < an + [A] - [un(t — A) —un(t; — A)
<an(1+|Al+--+]A™) + |A|m+1|uN(t —(m+1)A) —un(t; — (m+1)A)]
<an(L+ A+ -+ |A™) + A" By :=by | 0 as N — oo

and hence ensure that

dist(wNj;F(uN(t ) uN(t - A),t)) — dist(wNj;F(uN(t),uN(t — A),t)) S 2£FbN'
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It follows from (H1) and (2.2) that for any ¢ € [t;,t;41) and j =0, ...,k one has
dist(wn;; F(un(t), un(t — A),t)) — dist(wn (t); F(2(t), z(t — A),t))
< dist(F(un(t),un(t — A),t), F(z(t),2(t — A),1))

< lp(lun(t) = 2(t)] + lun (t — A) — z(t = A)])
< 2pEn(1+|Al+ -+ |A™) + 20p| A By

Combining the above estimates and denoting
pn = 2by + 26n (1 + |A] + -+ [A]™) + 2| A" By,
we arrive at

dlSt(WNJaF(UN(t ) UN(t A)7t)) < 20pbn +diSt(wNj;F(uN(t),UN(t— A),t))
< 20pby + 2[17‘5]\](1 + ‘A| 4+t ‘A|m) +2€F|A‘m+1/3]\f

+dist(wn;; F(2(1), 2(t — A), 1)) < Llppn + |wN, — %[aﬁ(t) — Az(t — A)]

and finally conclude that

ko ptiv
(v < jzo/tj <‘WN]. — %[f(t} — Az(t — A)]‘ +€F,LLN> dt + 7(F;hn)

2.3
(2:3) =¢n +Hlrun(b—a)+7(F;hy) =98y | 0 as N — oc.

Note that the discrete functions {uy(t;) | j = — ,k+ 1} may not be trajec-
tories for (2.1), since one does not generally have wy;, 6 F(uN( ), un(t; —A),t;) for
j=0,...,k. Let us construct the desired trajectories {zn(t;) | j=-N,...,k+1}
by the follovvlng proximal algorithm:

enlty) = elty) for j = —N,...,—1, z(ts) = 3(a),
an (i) — Azn(tj41 — A)
(2.4) =zn(t;) — Azn(t; — A) + hyoy, for j=0,...,k,

un, € F(an(ty), 2n(t; —A),t;) with
lon; —wn; | = dist(wn;; Fzn(t), en(t; — A),ty)) for j=0,....k.

It follows from construction (2.4) that zx(t;) is a feasible trajectory to the discrete
inclusion (2.1) for each N € N. Note that

lan (t) = 2()] = [2n (85) = 2(t)] = [e(t;) — e()] < BN
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fort € [tj,tj+1), j = —N,...,—1, which implies that the extensions of zn(-) converge
to Z(t) uniformly on [a — A, a). Let us analyze the situation on [a, b].

First we claim that zy(t;) € U for j = 0,...,k+ 1, where U C R"™ is a neigh-
borhood of Z(-) given in (H1). Arguing by induction, we obviously have zy(tg) € U
and assume that zy(¢;) € U for all j = 1,...,m with some fixed m € {1,...,k}.
Then

|28 (tmt1) = un (Ems1))|
= |Azn(tm+1 — A) + 2n(tm) — Azn (tm — A) + hyoy,,
—(Aun (tmsr — A) + un(tm) — Aun (tm, — A) + hywy,,)|
< A [an (tmgr = A) = un (b1 — D)+ [A] - |an (tn — A) = un (tm — D)
+lzn (tm) — un (tm)| + by dist(wy,, s F (2N (tm), 28 (Em — A), tm))-

Taking into account that

|2 (tm) — un (tm)] < |28 (tm-1) — un (tm—1)]
+Allzn (tm-1-~) = un (tm—1-~)| + [All2n (tm—N) — Un (tm—n)]
+hN diSt(wNm_l N F(ZN(tm_l), ZN(tm—l — A), tm—l))
and that |zn(t;) —un(¢;)| =0 for j <0, one has
(25) l2n (tmt1) — Ug(tmﬂ)'
< MhN Zdist(wNj;F(uN(tj),uN(tj — A),tj)) < M’yN

Jj=0

with some constant M > 0. Now invoking (2.2) and increasing M if necessary, we
arrive at

lzn (tms1) — Z(tma1)| <E€n + Myny — 0 as N — oo.

It remains to prove that the extended combinations zy (t) — Azy (t — A) converge
to Z(t) — Axz(t — A) in the W12-norm on [a, b], which means that

max |a (1) — Az (t - A) = [a(0) - Azt = A

(2.6) » )
+ / [2(t) — Azt = A)]| dt —0

d
Llen(t) ~ Azn(t - A)] - &
as N — oo. To furnish this, we use (2.5) and get the estimate

dt

k+1 k+1 Jj—1
Z lzn (t5) —un(t)| < ZM Z hy dist(wn,, ; F(un (tm), un (tm — A), tm))
Jj=0 j=0 =0

k
< M(b—a) ) dist(wn,; Flun(t), un(t; — A), 1)),
=0
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which by (H1) implies that

L lan(t) — Azy(t — A)] — wN(t)) dt

k /t1+1
t

j=0"7tj

k tit1
= Z/ |’UN —wN |dt

AZN(t — A)] — wN(t)‘ dt

k

= hydist(wn,; F(an (L), 2n (t; — A), 1))
k

= hy dist(wn,; Flun(t;), un(t; — A), t5))

+3 hyldist(wn,; F(zn (L), 2n (t; — A), 1))
j=0

—dist(wn,; F(un(t), un(t; — A),t;))]

-

<
I
o

< hy dist(wy;; Fun(t;), un(t; — A),t5))

k
+> " tphnllan(ts) — un ()] + |an (t; — A) —un(t; — A)]
j=0
k
<N+ > Lrhnllan(t) — un ()] + v (t — A) = un(t; — A)]]
j=0
k
<N +2M((b—a)lp Zh]\/ dist(wNj;F(uN(t ) un(t; —A),t5))
=0

<N +2MLlp(b—a)yn.

The latter ensures the estimate
bl d d
/ @[ZN(t) —Azn(t—A)] — —[z(t) — Az(t — A)}‘ dt

<An(l+2M(b—a)lr) +En.

Since zy (t) € U, it follows from (H1) by (1.2) and (2.4) that | £ [2n(t)— Azn (t—

Al <
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mp, | 4[Z(t) — Az(t — A)]| < mp, and hence

bl d d _ 2
/a len(t) = Azy(t— A)] - 2 [a(t) — Aa(t - )|t
’ld d. _
= [ pteto) - Az (e - ) - Gloto) - ate - )
x %[zN(t) ~ Aen(t— A)] + %[m) — Ax(t - A)]‘ dt

IN

2mp[yn(1+2M (b —a)lp) + &N

10 as N — oo.
Observing that

max |2y (t) — Azn(t — A) — [2(t) — Az(t — A))|

t€la,b]
b d d 2
< / D (®) = Azn(t — A)] — Liz() — Azt — A)]| at,
o |dt dt
we arrive at (2.6) and complete the proof of the theorem. a

3. Strong convergence of discrete optimal solutions. Our next goal is
to construct a sequence of well-posed discrete approximations of the whole dynamic
optimization problem (P) given in (1.1)—(1.4) such that optimal solutions to dis-
crete approximation problems strongly converge, in the sense described below, to a
given optimal solution Z(-) to the original optimization problem governed by neutral
functional-differential inclusions. The following construction explicitly involves the
optimal solution Z(-) to the problem (P) under consideration, for which we aim to
derive necessary optimality conditions in the subsequent sections.

Given Z(t), a — A <t < b, take its approximation zy(t) from Theorem 2.1 and
denote ny := |zn(tg+1) — Z(b)|. For any natural number N we consider the following
discrete-time dynamic optimization problem (Py):

(3.1)
minimize Jy[zn] = o(zn(to), zn (ter1)) + |zn (to) — Z(a)|?
k
+hy Y flan(ty) an(ty — A),t))

=0
k

tita
o)

j=0"1ti

d _ _
la(t) - As(t - A)

2

_an(t) — Arn (i — A) —an(ly) + Azn(t —A) 7

hn

subject to the dynamic constraints governed by neutral functional-difference inclusions
(2.1), the endpoint constraints

(32) (l'N(tO)va(thrl)) c QN =0+ UNB,

which are ny-perturbations of the original endpoint constraints (1.4), and the auxiliary
constraints

(33) |xN(tj)_i'(tj)| §57 ]:1a3k+17
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with some £ > 0. The latter auxiliary constraints are needed to guarantee the exis-
tence of optimal solutions in (Py) and can be ignored in the derivation of necessary
optimality conditions; see below.

In what follows we select ¢ > 0 in (3.3) such that Z(¢t) + B C U for all t €
[a — A,b] and take sufficiently large N ensuring that ny < €. Note that problems
(Pn) have feasible solutions, since the trajectories zy from Theorem 2.1 satisfy all
the constraints (2.1), (3.2), and (3.3). Therefore, by the classical Weierstrass theorem
in finite dimensions, each (Py) admits an optimal solution Zx(-) under the following
assumption imposed in addition to (H1)-(H3), where U stands for a neighborhood of
the optimal trajectory Z(-) to (P).

(H4) ¢ is continuous on U x U, f(x,y,-) is continuous for a.e. ¢ € [a, b] uniformly
in (z,y) € U x U, f(-,-,t) is continuous on U x U uniformly in ¢ € [a,b], and  is
locally closed around (z(a), Z(b)).

We are going to justify the strong convergence of Zx(-) — Z(-) in the sense of
Theorem 2.1. To proceed, we need to involve an important intrinsic property of the
original problem (P) called relazation stability. Following the line originated by Jack
Warga in optimal control theory (see the book [30] and its references), we consider the
relazed problem (R) of minimizing the cost functional (1.1) on admissible trajectories
of the converified functional-differential inclusion of the neutral type

d

B4 =

[z(t) — Az(t — A)] € co F(xz(t), z(t — A),t) for a.e. t € [a,]]
with the initial “tail” condition (1.3) and the endpoint constraints (1.4). Any admis-
sible trajectory for (3.4) satisfying (1.3) is called a relazed trajectory for (1.2).

One clearly has inf (R) < inf (P) for the optimal values of the cost functionals in
the relaxed and original problems. We say that the original problem (P) is stable with
respect to relazation if

inf (P) = inf (R).

This property, which obviously holds under the convexity assumption on the sets
F(z,y,t), goes far beyond the convexity. General sufficient conditions for the relax-
ation stability of the neutral-type problem (P) follow from [14]. We also refer the
reader to [2, 21, 23, 30] for more detailed discussions on the validity of the relax-
ation stability property for various classes of differential, functional-differential, and
functional-integral control systems.

Now we are ready to establish the following strong convergence theorem for op-
timal solutions to discrete approximations, which makes a bridge between optimal
control problems governed by neutral functional-differential and functional-difference
inclusions.

THEOREM 3.1. Let Z(-) be an optimal solution to problem (P), which is assumed
to be stable with respect to relaxation. Suppose also that hypotheses (H1)—(H4) hold.
Then any sequence {Tn(-)}, N € N, of optimal solutions to (Py) extended to the
continuous interval [a— A, b] converges uniformly to T(-) on [a—A,b], and the sequence
of their combinations Ty (-) — AZn (- — A) converges to Z(-) — Az(- — A) in the WhH2-
norm on [a,b] as N — oo.

Proof. We know from the above discussion that (Py) has an optimal solution
Zn(+) for all N sufficiently large; suppose that it happens for all N € N without loss
of generality. Given Z(-), we consider the sequence {zn(-)} strongly approximating
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Z(+) by Theorem 2.1. Since each zy is feasible to (Py), one has
JN[EN] < JN[ZN] for all N € N.

For convenience we represent Jy|[zn] as the sum of three terms:

k
Inlzn] = @(an(to), 2n (tra1)) + hn Y Flan(ty), v (t — A), )
3=0
St g () — Aen (g — A) — 2 (t) + Asn(t; — A)
Jrjzo/tj hy

2
dt == L1y + Ion + I3n.

[z(t) — Az(t — A)]

SRS

It follows from Theorem 2.1 and the assumption on ¢ in (H4) that
Iiy — ¢(Z(a),z(b)) as N — oo

and that, using the sign ~ for expressions that are equivalent as N — oo,

k
Ly = hn Y fan(ty), an(t; — A),ty)

- Z/t flen(ty) 2n(t; — A),t) dt
j=0""%
k Ljt1
+ZO/ () z(ty = A), 1) = Sty an(ty = &), O] de
k tit+1
- Zo/t Fen(ty), 2n(t; — A), 1) dt + 7(f; hy)
kot
~ Z/t flan(ty), 2n(t; — A), ) dt
j=0""%
k tj+1
<> [ st) - 20 a
7=0 tj

123

k ti+1 2
Ly =Y / ont) — () — Ax(t - )] dr
i=07""%
b d 2
:/a on(t) = 2 1e() = As(t = A)]| di
= /b i[zN(t) — Azn(t— A)] - i[a’:(t) — Az(t — A)] 2 dt -0 as N — o0
L |dt dt ’

where vy (t) stands for the extensions of combined discrete velocities for zy(-); see
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section 2. This implies that Jy[zn] — J[Z] as N — oo, and therefore

(3.5) limsup Jy[Zn] < J[Z].

N—oo

It is easy to observe that the strong convergence claimed in the theorem follows
from

pn = |Zn(a) — Z(a)|?

b 2
d d
+/ %[Q?N(t) —AZn(t— A)] — E[E(t) —AZ(t—A)]| dt -0 as N — oo.
On the contrary, suppose that the latter does not hold. Then there are a constant
a > 0 and a subsequence {N,,} C N for which py,, — « as m — oo. Employing
the standard compactness arguments based on (2.1) and the boundedness assump-

tion in (H1), we find an absolutely continuous function Z : [a,b] — R™ and a function
Z:[a— A,b] continuous on [a — A, a) and [a, b] such that

4

dt
that Zn(t) — Z(¢t) uniformly on [a — A,b] as N — oo (without loss of generality),
and that z(t) = T(t) — Az(t — A) for ¢ € [a,b]. By the classical Mazur theorem, there
is a sequence of convex combinations of 4[zn(t) — Azy(t — A)] that converges to
4[7(t) — AZ(t — A)] in the norm topology of L?[a,b] and hence pointwisely for a.e.
t € [a,b] along some subsequence. Therefore

%[E(t) — AZ(t — A)] € coF(Z(t),Z(t — A),t) for a.e. t € [a,b].

Since Z(-) obviously satisfies the tail condition (1.3) and the endpoint constraints
(1.4), it is a feasible solution to the relaxed problem (R). Note that

[Zn(t) — ATy (t — A)] — Z(t)  weakly in L3[a, b],

k

k L+t
hy Y F@n(ty),an(ty — A),t;) = Z/ f@n(ty), on(t; — A),t5)dt
§=0"%

=0
b
H/ FG#), (- A), D)t

as N — oo due to the assumptions made. Observe also that the integral func-

tional
b
] = /

is lower semicontinuous in the weak topology of L?[a,b] by the convexity of the inte-
grand in v. Since one has

2

d
dt

o(t) - 2 [#(t) — Az(t — A)

Ty (tjy1) — AZn(tj1 — A) — [Tn(t) — AZn(t; — A)]

J=0""% o
d B B 2
- L) — Az(t - A)]| dt
= bd’t Azn(t— A d’t A’tAzdt
= [ | Glen - Azl 8) - Zla(0) - st - )] d.
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the latter implies that

b1d d 2
/ SF() — AT( - A)) - Zlp() — Azt - A)]| db
s [ |En () = AT (ten — A) = [En(t) — Ain(t; — A))
< hnllilosz::o /t,- I
- %[f(t) ~ Azt —A)| dt.

Using the above relationships and passing to the limit in the expression (3.1) for
Ix o], we get

J[Ei'] +a< ]\}lm JN[.TN].
By (3.5) one therefore has
Jz] < Jz]—a< Jz ifa>0.

This clearly contradicts the optimality of Z(-) in the relaxed problem (R) due to the
assumption on relaxation stability. Thus o = 0, which completes the proof of the
theorem. O

4. Tools of variational analysis. Convegence/stability results of the previ-
ous section allow us to make a bridge between the original infinite-dimensional opti-
mization problem (P) for neutral functional-differential inclusions and the sequence
of finite-dimensional dynamic optimization problems (Pp) for neutral functional-
difference inclusions. Our strategy is first to obtain necessary optimality conditions
for the latter finite-dimensional problems and then to derive necessary optimality con-
ditions for the original problem (P) by passing to the limit from the ones for (Py) as
N — oo.

Observe that problems (Py) are essentially nonsmooth, even in the case of smooth
functions ¢ and f in the cost functional and the absence of endpoint constraints. The
main source of nonsmoothness comes from the (increasing number of) geometric con-
straints in (2.1), which reflect the discrete dynamics and may have empty interiors.
To conduct a variational analysis of such problems, we use appropriate tools of gen-
eralized differentiation introduced in [18] and then developed and applied in many
publications; see, in particular, the books [19, 26, 29] for detailed treatments and
further references.

Recall that the basic/limiting normal cone to the set  C R™ at the point z € Q

(4.1) N(z; Q) := Limsup N (z;),
Q _

T—T
Q _ o
where r — Z means that x — = with z € 2, and where

(4.2) N(#:9) = {o* e R" | lmsup 22— <
o |z — Z|

T—T

is the cone of Fréchet (or regular) normals to Q at Z. For convex sets {2 both cones
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N(z;9Q) and N(#;Q) reduce to the normal cone of convex analysis. Note that the
basic normal cone (4.1) is often nonconvez while satisfying a comprehensive calculus,
in contrast to (4.2).

Given an extended real-valued function ¢ : R® — R := [~00, 00| finite at z, the
subdifferential of ¢ at T is defined geometrically as

(4.3) 0p(7) := {a" € R" [ (27, —1) € N((Z, o(7)); epip)}

via basic normals to the epigraph epi¢ = {(z,u) € R"™! | u > o(z)}; equivalent
analytic representations of (4.3) can be found in [19, 26, 29].

Given a set-valued mapping F' : R” = R™ with the graph gph F' := {(z,y) €
R™ x R™ | y € F(x)}, the coderivative D*F(Z,y) : R™ = R"™ of F at (Z,y) € gph F
is defined by

(4.4) D F(z,9)(y") == A{z" € R" | (2", —y") € N((2,7); gph F)}.
Note the useful relationships

9p(T) = D*Ey(Z,0(7))(1)  and  Dg(z)(y") = 9(y",9)(z), y" €R™,

between the subdifferential and coderivative introduced, where E,(z) := {u € R |
u > ()} is the epigraphical multifunctions associated with ¢ : R® — R and where
(y*,9)(x) := (y*, g(x)) is the scalarized function associated with a locally Lipschitzian
mapping g : R — R™.

The subdifferential/coderivative constructions (4.3) and (4.4) enjoy a variety of
useful calculus rules that can be found in the books mentioned above and their ref-
erences. Let us formulate two results crucial in what follows. The first one gives a
complete coderivative characterization of the classical local Lipschitzian property of
multifunctions imposed in our standing assumption (H1); cf. [20, Theorem 5.11] and
[26, Theorem 9.40].

THEOREM 4.1. Let F : R™ = R™ be a closed-graph multifunction locally bounded
around T. Then the following conditions are equivalent.

(i) F is locally Lipschitzian around T.
(ii) There exist a neighborhood U of T and a number £ > 0 such that

sup{|z*| | z* € D*F(z,y)(y*)} < Lly*| forallz €U, y € F(x), y* € R™.
The next result taken from [19, Corollary 7.5] provides necessary optimality con-
ditions for a general problem (MP) of nonsmooth mathematical programming with

many geometric constraints:

minimize ¢g(z) subject to

¢j(z) SO’ j:17"'7’r‘7
gij(z) =0, i=0,...,m,
ZGAj, 7=0,...,1,

where ¢; : R - R, g; : R —» R", and A; C R%
THEOREM 4.2. Let zZ be an optimal solution to (MP). Assume that all ¢; are
Lipschitz continuous, that g; are continuously differentiable, and that A; are locally
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closed near z. Then there exist real numbers {p; | j = 0,...,7} as well as vectors
{; eR" | j=0,...,m} and {z] € R?|j=0,...,1}, not all zero, such that

(4.5) w; >0 forj=0,...,m
(4.6) i (Z) =0 forj=1,...,r,
(4.7) z; € N(z;A5) forj=0,...,1,

l r m
(4.8) =Yz e a(ZWm) (2)+ > Vgi(2)"
j=0 j=0 j=0

For applications in this paper in the case of nonautonomous continuous-time
systems we need the following modifications of the basic constructions (4.1), (4.3),
and (4.4) for sets, functions, and set-valued mappings depending on a parameter t
from a topological space T (in our case T' = [a, b]).

Given  : T = R"™ and Z € Q(t), we define the extended normal cone to Q(t) at

(4.9) N(z;Q(f)) := Limsup N (z;Q(t)).

(ta) *° (£.)

For ¢ : R* x T — R finite at (z,7) and for F : R* x T = R™ with § € F(%,1),
the extended subdifferential of v at (Z,t) and the extended coderivative of F at (Z,y,t)
with respect to = are given, respectively, by

(4.10) Opp(®,1) = {2" € R" | (%, —1) € N((Z,0(,1));epigp(-, 1))}
and, whenever y* € R™, by
(4.11) D:F(z,5,0)(y*) := {z* € R" | (z*, —y*) € N((Z,7); gph F(-,1))}.

Note that the sets (4. 9) (4 11) may be bigger in some situations than the corre-
sponding sets N (z;Q(%)), O,0(7,1), and D:F(Z,y,t)(y*), where the latter two sets
stand for the subdifferential (4.3) of ¢(-,t) at T and the coderivative (4.4) of F(-,?)
at (Z,7,t), respectively. Efficient conditions ensuring equalities for these sets are
discussed in [21, 22, 24].

It is not hard to check that the extended constructions (4.9)—(4.11) are robust
with respect to their variables, which is important for performing limiting procedures
in what follows. In particular,

(4.12) N(z;Q(f)) = Limsup N(x;Q(t)).

(tz) B (7,.2)

Note also that the constructions (4.9)—(4.11) enjoy a full generalized differential cal-
culus similar to (4.1), (4.3), and (4.4). We are not going to use this calculus in the
present paper.

5. Necessary optimality conditions for discrete approximations. This
section concerns necessary optimality conditions for discrete approximation problems
(Pn) governed by neutral functional-difference inclusions. We derive such conditions
in the extended Euler-Lagrange form by reducing (Px) to nonsmooth mathematical
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programs with many geometric constraints and employing generalized differential cal-
culus for the basic constructions (4.1), (4.3), and (4.4).

Let us reduce the dynamic optimization problem (Py) for each N € N to the
mathematical programming problem (MP) considered in section 4 with the decision
vector

(N _N N N N N n(2k+3
z.—(axo,xl,...,xk+1,v0,vl,...,vk)e]R( )

and the following data:

k
o(2) - = (e, 2i4r) + 2 — 2@P +hy Y faf,2) y 1))

(5.1) el .
+J§_:0/tj off — —[E(t) = Ax(t - A)]| dt.
¢j(2) 1 =[x} —T(ty)|—e, j=1,....k+1,
Aj={(f,... v )\v GF(J, JN,t)} i=0,...,k,
Aprr o= {(@d - o) | (20, 2350) € Qn ),
gj(z)::xévﬂ—AxﬁlfN—x;V—i—Ax;-\iN—th;-V, j=0,...,k,
where xév = c(tj) for j < 0. Let 2NV = (a’sév,...,a’c{cv+l,z’)év,...,@,iv) be an optimal

solution to (MP). Applying Theorem 4.2, we find real numbers ué-v and vectors z; €
R™26+3) for j =0,...,k+1 as well as vectors YN e R" for j =0,...,k, not all zero,
such that conditions (4.5)—(4.8) are satisfied.

Taking 27 = (2, Thy1,5 V040> V) € N(ZN; A ) for j = 0,...,k, we
observe that all components of z7 are zero except one, and the remaining one satis-
fies

(x;k,]a'rj N,j» ],])EN(( jo éVN7 ])gphF(aa ))7 ]:Oaak

Similarly, the condition z;, € N(zV; Apy1) is equivalent to

(T0, 5415 Tt 1 k41) € N((zy 7xk+1) Qn),

with all the other components of 2}, equal to zero. Applying Theorem 3.1 to the
convergence of discrete approximations, we have gzﬁj(ZN) < 0forj=1,....k+
1 whenever N is sufficiently large. Thus ,uj.v = 0 for these indexes due to the
complementary slackness conditions (4.6). Let AN := p)" > 0. Observe further
that

k
> (Vg (ZN) )
§=0

= (—to + A (YN —¥N_1), %0 — Y1 + A WV 11 — ¥R, -,
VkoN—1— Vk—N + A (DR — Ur ) ke n — Yron+1 + AR .
Vi — O N AN —hapl)
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From the subdifferential sum rule for ¢ in (5.1) one has

k
06(2N) C D@y, 1) + 220 — 2(a)) + hay Yy Of (@Y, 2 . t;)

+Z/

d._ _
< v ﬁ[x(t) — Az(t — A)]) dt,
with df standing here and in what follows for the basic subdifferential of f with re-
spect to the first two variables. Thus the inclusion (4.8) in Theorem 4.2 is equivalent
to the relationships

ti+1

—xh o — ah N — Th 1 = AN ud + ANV RNOY + MV hnsg + 20N (20 — 2(a))
—p — A*(YN_1 — N,
—al; =y = AVhneY + AV + o —
—A WP N — YR N), G =1 k= N,
~ T N+1k-N+1 = ANhNUk—N-&-l + PN — wllcV—N-H + A*py,
—z} ;= AhNOoY + 9 =0, j=k—-N+2,...,k,
~Thg1 k1 = ANUQI-H +Pp,
—vs ;= ANOY — by, §=0,...k,

with the notation

(uévvu{qutl) € 830(‘%6\[7@;6\;1)7 (’l%\[ ) € 8f( ] ’ J Nat )

oy = —2 /:H (;lt[x(t) Az(t — A)] —vf’) dt.

Based on the above relationships, we arrive at the following necessary optimality
conditions for discrete-time problems (Py), where f;(-,-) := f(-,-,¢;) and Fj(-,-) :=
F(': ) tj)'

THEOREM 5.1. Let 2V be an optimal solution to problem (Py). Assume that the
sets £ and gph F; are closed and that the functions ¢ and f; are Lipschitz continuous
around the points (xév,wkH) and (zV T, ;V N, respectively, for all 5 =0,...,k. Then
there exist AN > 0, p] (j=0,...,k+N+1), andqj’»v (j =—=N,...,k+1), not all
zero, such that

(5.2) py =0, j=k+2,...,k+N+1,
(5.3) ¢ =0, j=k-N+1,...k+1,
(5.4) Py + a0’ *pgﬂ) € )\N(?g;(:fé\',jﬁ_l) + N((févafg-u); Qn),
PP @y QY AN o
hN ) hN s hN + pj+1 + Qj+1
(5.5)

GAN(afJ(i';V»i';V—N),O)—’_N(( ga ;vNa ] ) gphF) j:()v"'aka
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with the notation

N._ N * N N ._ N * N
P i=p; —A'piy, Q) =q; —A'qLy,
=N =N N N
V.= (#51 — 7)) + Alz" y — 257 nya)
7 hn -

Proof. Actually, most of the proof has been done above—we just need to change
notation in the relationships formulated right before the theorem. First let

Pl 77[’;\11 forj=1,...,k+1,
7 0 forj=k+2,....k+N+1,

@i j+n/hN forj=—N,...,—1,
g =S AVeN +at y/hy forj=0,.... k=N,
0 for j=k—N+1,... k+1,

and then define qjv for j = —N,...,k+ 1 by the recurrent formula

N N «( N N ~N
q; = g1 — A(G N T GN) — hNg;

where we put qjv :=0 for j > k+ 1. Observe that

hn ’
(@ Ny — A*q) — (@ — A%q))  ANON
) + D11
hN hN

e \WV(of; @y, 2 §),0)+ N((z),z) n,0) );gph F), j=0,....k.

<(17§\Q-1 - qjN+1) - A*(’ﬁjj\;NJrl - (IﬁNH) - (]'5;\1 - ‘IJN) + A*(Zgﬁz\r - QﬁN)

Finally letting
pév = )\Nuév—i—a:akH —qév7 pév ::ﬁ;v—qév forj=1,...,k+N+1,

we can easily check that all the relationships (5.2)—(5.5) hold. 0

COROLLARY 5.2. In addition to the assumptions of Theorem 5.1, suppose that
the mapping F; is bounded and Lipschitz continuous around (i;v, f;V_N) for each j =
0,...,k. Then conditions AN >0 and (5.2)~(5.5) hold with (\N,py,,) # 0; i.e., one

can let
(5.6) AN+ Ipia)? = 1.

Proof. If AN =0, then (5.5) together with (5.2) and (5.3) imply that

PRy — PR —dh N
i — wp (=N =N  -N N
) € D*Fy(Z), , Ty N, Uy, )(—pk+1)-
hn hyn

Assuming now that pkN 1 =0, we get

_pkN _QIJcV—N
hn = hy

) € DR, 5, aY)(0),

which yield piv = q,ivf y = 0 by Theorem 4.1. Repeating the above procedure, we
arrive at a contradiction with the nontriviality assertion in Theorem 5.1. O
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6. Optimality conditions for functional-differential inclusions. In this
section we obtain the main results of the paper, providing necessary optimality con-
ditions for the original dynamic optimization problem (P) in both extended Euler—
Lagrange and Hamiltonian forms involving generalized differential constructions of
section 4. Our major theorem establishes the following conditions of the Euler—
Lagrange type derived by the limiting procedure from discrete approximations. Note
that here A > 0 as was assumed in section 2.

THEOREM 6.1. Let Z(-) be an optimal solution to problem (P) under hypotheses
(H1)—(H4), where ¢ and f(-,-,t) are assumed to be Lipschitz continuous instead of
the plain continuity. Suppose also that (P) is stable with respect to relazation. Then
there exist a number A > 0 and piecewise continuous functions p : [a,b+ A] — R"
and q : [a — A,b] — R™ (whose points of discontinuity are confined to multiples of
the delay time A) such that p(t) — A*p(t + A) and q(t — A) — A*q(t) are absolutely

continuous on [a,b] and the following conditions hold:

(6.1) At Ip(b) = 1,

. p(t) =0 forte (b,b+ A, q(t) =0 forte (b—A,bl,

63 (pla) + ala).~p(b) € A(a(a). 2) + N((a(a). 2(0)): ),
(G0~ 4p(e + ) late - &)~ 4%a(0))

e co { (uw.p(0) + a(0) € XOFa(0). (0 - 2).0).0
4 N( (g;(tm(t _ ), Z[i(t) A(t — A)]) :
gph F'(+, -,t))} for a.e. t € [a,b].

Proof. To prove this theorem by the method of discrete approximations, we
first construct a sequence of discrete-time problems (P ) whose optimal solutions Z x
strongly approximate Z(-) in the sense of Theorem 2.1. By necessary optimality con-
ditions for z from Corollary 5.2 we find Ay > 0, pév , and q;»V satisfying relationships
(5.2)—(5.6) for all N € N.

Without loss of generality we suppose that AN — X as N — oo for some A > 0. As
usual, the symbols 2V (¢), p™V (1), ¢V (t—A), PN(t), and QN (¢) stand for the piecewise
linear extensions of the corresponding discrete functions from Theorem 5.1 with their
piecewise constant derivatives on the continuous-time interval [a, b].

Considering 6; from Theorem 5.1, we define O™ (t) := 0 /hy for t € [t;,t;41) as
7 =0,...,k and conclude by Theorem 2.1 that

/:|9N(t)|dt |9N| <2Z/

~f

as N — oco. We may assume without loss of generality that

d . . N
d— T(t) — Az(t — A)] — v | dt

d_ i d_ i
() — Aa(t - A)] - SV (8) - AV (t - A)]’ dt == vy — 0

i[i(t) —Az(t—A)]  and  6N(t) =0

oV (t) == o

—[@#Vt) - ANt - A)] —
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for a.e. t € [a,b] as N — o0; such a pointwise convergence plays a significant role in
what follows.

Let us estimate (p™ (t),¢" (t — A)) for large N. Using (5.2) and (5.3), we derive
from (5.5) that

N N NN
Djt1 _pj )\NﬁN qj N+1 ~ 45-N NN _’\ 0] n
hN hN j—N> p]Jrl

EN(( _7 ’ ;VN7 _7 ) gphF) with some (79] ’ ] N) eaf] ;vvj N)

forj=k—N+2,...,k+ N+ 1. This means, by definition of the coderivative (4.4),
that

N N
P =P —ANgY, Ging — N NN
hn hn =N

ANON
N =N =N N
EDF(]7 j—N>U J)< hNJ —pj+1>
for such j. Thus it follows from Theorem 4.1 that

N N N
P — ) — AN, 4j-N+1 7 4G-N NN
hn hyn J=N

AN

<Up —Pjt1

for j = k—=N+2,....k+ N+ 1. Since |9}, 5} y)| < £ due to the Lipschitz
continuity of f with modulus £¢, we derive from the above that

[CARAEY]
N N N
<ULpl|0;'| + (r + Dhnly + (Lrhn + DI(Pjh1, G- n41)]
< £F|9N| + (lphn + 1)lF|0; +1| + (lp + 1)hnty
+(lphy +1)(p + Dhnly + (Crhy + 1202, 65 ni2)| < -
< exp[ﬂp(b — a)](l -l—ff(fp + ].)/fp +£FVN)> j=k—N+2,....k+N+1,
which implies the uniform boundedness of {(pé\/7 qﬁN) |j=k—N+2,...,k+N+1}

and hence of (p™(t), ¢V (t — A)) on [b— A, b].
Next we consider j =k —2N +2,... k+ 1 and derive from (5.5) that

N N N N
p'+1_p' N oN Q'—N+17Q'—N N N
‘(H—A g IENEL TN ANN

hN J hN
)‘N%V N N A*pj]\erH - A*pjl\zrzv A*Qﬁg - A*(J?[
h ’ hn '

hy Pj+1 — 4j+1

<Atp

+

This implies, due to Theorem 4.1 and the uniform boundedness of pﬁ  and qJN by
some constant « > 0 for such j, that

N N
Py — Y )\NﬁN qj N1 =GN NN

hy hn J=N
ANGN o

hn

N

N
<(r —Pj+1— G

+
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for j=k—2N +2,...,k+ 1. Therefore

[CARAEY]
< Lpl0) |+ (Lp + Dhnly + (Crhy + D01, 45 ni1)| + (Erhy + 1)a
< £F|9§V| + (lphy + 1)£F|9§V+1| + (lp+ 1)hN€f + (lphy +1)(lp + 1)hN€f
+(phy +1)(lp + Do+ (b + 1) |(pRea, ¢ nyo) < -+
< exp[fp(b — a)](l + (ff + a)(ZF + 1)/([«' + KFI/N), J=k—2N+2,... k+1.
This shows that pj»v and qjN_N are uniformly bounded for j =k — 2N +2,..., k+ 1,
and hence the sequence {p~ (¢),¢" (t — A)} is uniformly bounded on [b — 2A,b — A].

Repeating the above procedure, we conclude that both sequences {p™ (¢),¢™ (t — A)}
and {PN(t),QN(t — A)} are uniformly bounded on the whole interval [a, b].

Next we estimate (PN (t), QN (t— A)) on [a, b] using (5.5) and Theorem 4.1. This
yields, for t; <t < t;4; with 5 =0,...,k, that
(PN (), QY (t = &)
leil — PJ'N Q?—NH — Qj'v—N
hn ’ hn

ANGN

N N
—Pjt1 — 9541

</{p

Ly < Lpl0Y |+ Lelpi |+ Crlapia | + .

Thus the sequence {PN(t),QN(t — A)} is weakly compact in L'[a,b]. Taking the
whole sequence of N € N without loss of generality, we find two absolutely continuous
functions P(-) and Q(- — A) on [a, b] such that

PN(t) — P(t), QN(t—A)— Q(t—A) weakly in L'[a,b]

and PN(t) — P(t), QN(t — A) — Q(t — A) uniformly on [a,b] as N — oo. Since
pN(t) and ¢V (t — A) are uniformly bounded on [a,b + A], they surely converge to
some functions p(t) and q(t — A) weakly in L'[a,b + A]. Taking into account the
above convergence of PV () and QV (t — A), we get that p(-) and q(-) satisfy (6.2),
that

P(t) =p(t) —A'p(t+A), QE—A)=q(t—A)—A%(t), telab],

and that p(t) and ¢(t) are piecewise continuous on [a, b+ A] and [a— A, b], respectively,
with possible discontinuity (from the right) at the points b —iA at ¢ = 0,1,... . Con-
ditions (6.1) and (6.3) follow by passing to the limit from (5.6) and (5.4), respectively,
taking into account the robustness of the basic subdifferential (4.3) and the normal
cone (4.1).

It remains to justify the Euler—Lagrange inclusion (6.4). To furnish this, we
rewrite the discrete Euler—Lagrange inclusion (5.5) in the form

(PY(1),QN(t - A))

ANGN
65) {(w) | <u7w7PN(tj+1) 4 (t) - 2 )

e AV(0f (2(t;), (t; — A),t5),0) + (N(wijﬁymvév);gphl’j)}
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for t € [t;,t;+1] with j = 0,...,k. By the classical Mazur theorem there is a se-
quence of convex combinations of the functions (PN (¢), QN (t — A)) that converges
to (P(t),Q(t — A)) for a.e. t € [a,b]. Passing the limit in (6.5), taking into account
the pointwise convergence of 6% () and ¥ (t) established above, as well as the con-
structions of the extended normal cone (4.9) and the extended subdifferential (4.10)
and their robustness property (4.12) with respect to all variables and parameters, we
arrive at (6.4) and complete the proof of the theorem. 0

Observe that for the Mayer problem (Pjr), which is (1.1)—(1.4) with f = 0, the
generalized Euler-Lagrange inclusion (6.4) is equivalently expressed in terms of the
extended coderivative (4.11) with respect to the first two variables of F' = F(x,y,t),
i.e., in the form

. (00— A+ )L e~ 2) - %000
€coD; F (x(t), Tt — A), %[f(t) — Az(t — A)], t) (=p(t) —q(t))

for almost all ¢ € [a,b]. It turns out that the extended Euler-Lagrange inclusion
obtained above implies, under the relazation stability of the original problems, two
other principal optimality conditions expressed in terms of the Hamiltonian function
built on the mapping F' in (1.2). The first condition called the extended Hamilto-
nian inclusion is given below in terms of a partial convexification of the basic sub-
differential (4.3) for the Hamiltonian function. The second is an analog of the clas-
sical Weierstrass—Pontryagin mazimum condition (maximum principle) for neutral
functional-differential inclusions. Recall that an analog of the maximum principle
does not generally hold even in the case of optimal control problems governed by
smooth functional-differential equations of neutral type.

The following relationships between the extended Euler-Lagrange and Hamil-
tonian inclusions are based on Rockafellar’s dualization theorem [25] (see also [29,
section 7.6]) that concerns subgradients of abstract Lagrangians and Hamiltonians
associated with set-valued mappings regardless of the dynamics in (1.2). For sim-
plicity we consider the case of the Mayer problem (P,;) for autonomous functional-
differential inclusions of neutral type. Then the Hamiltonian function for F' in (1.2)
is defined by

(6.7) H(z,y,p) :=sup{(p,v) | v € F(z,y)}.

COROLLARY 6.2. Let Z(-) be an optimal solution to the Mayer problem (Pyr) for
the autonomous neutral functional-differential inclusion (1.2) under the assumptions
of Theorem 6.1. Then there exist a number A > 0 and piecewise continuous functions
p:la,b+ Al = R" and ¢ : [a — A,b] — R™ such that p(t) — A*p(t + A) and
q(t — A) — A*q(t) are absolutely continuous on [a,b] and, besides (6.1)—(6.4), one has
the extended Hamiltonian inclusion

(5000~ (e + AL, e = 2) - A0
(6.8) € co {(u, w) | <u, —w, %[a‘c(t) — Az(t — A)])

€ 0H (z(t),z(t — A), p(t) + Q(t))}
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and the mazximum condition
d . _ _ N
(69) (PO + a(0), 5la(0) — Aate — A)]) = H(a0), (0 A).00) + 4(0)

for almost allt € [a,b]. If, moreover, F is convez-valued around (Z(t),z(t—A)), then
(6.8) is equivalent to the Euler—Lagrange inclusion

(6.10)

(51000 = (e + AL e = 2) = A
€ co D*F(:‘r(t),i(t —A), %[i(t) — Az(t — A)]) (—p(t) —q(t)) for a.e. t€[a,b],

which in this case automatically implies the maximum condition (6.9).

Proof. Since (Pjy) is stable with respect to relaxation, Z(-) is an optimal solution
to the relaxed problem (Rjs), whose only difference from (Pjy) is that the neutral
functional-differential inclusion (1.2) is replaced by its convexification (3.4). By The-
orem 6.1 the optimal solution Z(-) satisfies conditions (6.1)—(6.4) and the relaxed
counterpart of (6.6), which is the same as (6.10) in this case with F replaced by co F.
According to [25, Theorem 3.3] one has

co{(u,v) | (u,w,p) € N((z,y,v); gph(co F)}
= CO{(U,’w) ‘ (—’LL, —’LU,U) € 3HR(:E,y,p)},

where Hp, stands for the Hamiltonian (6.7) of the relaxed system, i.e., with F' replaced
by coF. It is easy to check that Hr = H. Thus the extended Euler-Lagrange
inclusion for the relaxed system implies the extended Hamiltonian inclusion (6.8),
which surely yields the maximum condition (6.9). When F' is convez-valued, (6.8)
and (6.10) are equivalent due to the mentioned result of [25]. This completes the
proof of the corollary. 0
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COUNTEREXAMPLES CONCERNING
OBSERVATION OPERATORS FOR Cp-SEMIGROUPS*

BIRGIT JACOBT AND HANS ZWART?

Abstract. This paper concerns systems of the form @(t) = Axz(t), y(t) = Cxz(t), where A
generates a Cp-semigroup. Two conjectures which were posed in 1991 and 1994 are shown not to
hold. The first conjecture (by G. Weiss) states that if the range of C' is one-dimensional, then C' is
admissible if and only if a certain resolvent estimate holds. The second conjecture (by D. Russell
and G. Weiss) states that a system is exactly observable if and only if a test similar to the Hautus
test for finite-dimensional systems holds. The Cp-semigroup in both counterexamples is analytic
and possesses a basis of eigenfunctions. Using the (A, C)-pair from the second counterexample, we
construct a generator A. on a Hilbert space such that (sI — A¢) is uniformly left-invertible, but its
semigroup does not have this property.

Key words. infinite-dimensional system, admissible observation operator, exact observability,
conditional basis, Cp-semigroup, left-invertibility
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1. Introduction. Consider the abstract system
(1.1) o(t) = Az(t),  y@t) =Cxz(t),  x(0) ==

with z(t) € H and y(t) € Y, where H and Y are Hilbert spaces. For this abstract
differential equation one would like to obtain conditions in terms of A and C such
that it has a solution with certain properties. If one only considers the differential
equation &(t) = Axz(t), then it is well known that it has a unique (weak) solution which
is strongly continuous and depends continuously on the initial state 2(0) = g € H
if and only if A satisfies the estimates of the Hille-Yosida theorem (see, e.g., [4,
Theorem 2.1.12]). Since @(t) = Axz(t) is a part of (1.1) we have to assume that A
satisfies the estimates of the Hille-Yosida theorem, or equivalently, that A generates
a Cp-semigroup. If in addition C' is a bounded linear operator from H to Y, then it is
straightforward to see that y(-) in (1.1) is well defined and continuous. However, many
PDEs rewritten in the form (1.1) do not have a bounded operator C, although the
output is a well-defined square integrable function. We assume that C' is a bounded
operator from D(A) (with the graph norm) to a Hilbert space Y. If the output is
locally square integrable, then C is called an admissible observation operator (see
Weiss [20] and the survey article by Jacob and Partington [7]). In other words, C
is an admissible observation operator if and only if for some ty > 0 (and hence any
to > 0) there exists a constant L > 0 such that

to
/ |CT(t)x||? dt < L|x|?, x € D(A).
0
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Here (T'(t)), is the Co-semigroup generated by A. If the Cy-semigroup is exponen-
tially stable, then #y can be replaced by co. Now an interesting question is if there are
simple conditions on C' (and A) such that C' is an admissible observation operator.

Dual to the concept of admissible observation operator is the concept of admis-
sible control operator. An operator B is said to be an admissible control operator
it #(t) = Ax(t) + Bu(t) has a continuous (weak) solution for every locally square
integrable input w. It is well known that C is an admissible observation operator
for A if and only if C* is an admissible control operator for A*; see [20] for a proof
of this statement. Here * denotes the adjoint operator. Because of this duality any
result for admissible observation operators has an equivalent counterpart for admis-
sible control operators, and vice versa. Hence if we refer to a paper which only deals
with control operators, we trust that the reader can make the equivalent statement
for observation operators. Basically, it boils down to replacing B by C* and replacing
the infinitesimal generator by its dual one.

In Weiss [21] it is shown that if C is admissible, then there exists a constant
M > 0 such that

M
Re(s)

for all s in some right-half plane. He conjectured in [21] (see also [22]) that this con-
dition is also sufficient. The sufficiency of condition (1.2) was proved for surjective
semigroups in Weiss [21], for normal, analytic semigroups in Weiss [21, 22], for the
right shift semigroup with scalar output in Partington and Weiss [15], for contraction
semigroups with scalar output by Jacob and Partington [6], and for analytic contrac-
tion semigroups by Le Merdy [12]. Recently, Zwart, Jacob, and Staffans [26] and
Jacob, Partington, and Pott [8] showed that in general estimate (1.2) is not sufficient.
Their observation operator is infinite-dimensional. Here we use techniques similar to
those in [26] to show that (1.2) is not sufficient for scalar outputs. Note that in [5]
a necessary and sufficient condition has been obtained. This condition involves all
powers of the resolvent, as in the Hille-Yosida theorem. Some sufficient conditions
for admissibility can be found in [24].

Apart from the well-posedness of the abstract differential equation (1.1) one would
like to characterize other properties in terms of the pair (A, C'). One property that has
received a lot of attention is the property of exact observability. Assuming that the
observation operator C' is admissible, the system (1.1) is said to be exactly observable
if there is a bounded mapping from the output trajectory to the initial condition, that
is, for some ¢y > 0 (and hence any to > 0) there exists a constant [ > 0 such that

(1.2) IC(sT = A)7H| <

to
/ ICT )zl dt > U2, =€ D(A).
0

If the Cy-semigroup is exponentially stable, then t; can be replaced by oco. Note
that admissibility gives that the mapping from initial condition to output trajectory
is bounded. If the state space H is finite-dimensional, and thus A and C' are just
matrices, then it is well known that (1.1) is exactly observable if and only if
C
rank [ I A }
is full for all complex s. For infinite-dimensional systems, Russell and Weiss [17],
proposed the following test for exact observability of an exponentially stable system:

(1.3) (s = A)zoll* + [Re(s)|[[Col|* = m|Re(s)|*[|zo]|*
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for all complex s with negative real part, for all xo € D(A), and for some positive m
independent of s and zg. In [17] they proved that this condition is always necessary,
and that for A and C bounded this condition is sufficient as well. In the same paper
they showed that if A has a Riesz basis of eigenfunctions and an extra condition on
the eigenvalues is satisfied, then (1.3) is sufficient. In Zhou and Yamamoto [23] it was
shown that (1.3) is sufficient if A is skew adjoint and C is bounded. For Riesz spectral
systems with finite-dimensional output space Y inequality (1.3) is sufficient as well;
see Jacob and Zwart [9, 10]. Grabowski and Callier [5] proved that if m in (1.3) is
equal to one, then this estimate implies exact observability. In section 3 we show that
for general m estimate (1.3) is not sufficient. Note that in our counterexample the
output is one-dimensional and that A generates an analytic semigroup. In [11] we
give a refined version of this conjecture.

We conclude this paper with a section on left-invertibility of Cy-semigroups. It is
known that uniform left-invertibility of the semigroup implies uniform left-invertibility
of the generator on the open left-half plane. We show that in general the inverse
implication does not hold.

2. General results. Let H be a separable Hilbert space with a conditional basis
{¢n}nen. Since {¢n}nen is a conditional basis, we have that for every x € H there
exists a unique sequence of complex numbers «,, such that

k
2.1 — i .
(2.1) x kgr;oz_:lanson

Hence, we can write

o)
Xr = § QnPn.
n=1

Using (2.1) it is not hard to see that the following holds (see also Singer [18, pages
18-20]).

LEMMA 2.1. If {¢n}nen is a conditional basis, then the following mappings are
uniformly bounded:

(22) an - Z APk
k=1

and

(2.3) P.x= AP,

where © =307 | anpn.
Furthermore, if inf,en ||¢nll > 0, then

(2.4) sup |a, | < K|z
neN

for some k > 0 independent of x.

The following two properties of a conditional basis are important for the con-
struction of our counterexamples.

DEFINITION 2.2. Let {¢n}nen be a conditional basis.
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1. {©n}nen is Besselian if there exists a constant ¢ > 0 such that

2

n
D laxf* < e
k=1

n
3" o
k=1

for all finite sequences of scalars ay,. .., ay,.
2. {¢n}tnen is Hilbertian if there exists a constant ¢ > 0 such that

2 n
< laf
k=1

n
3" o
k=1

for all finite sequences of scalars ay,...,a,.

Equivalently, {¢n }nen is Besselian if and only if there exists a bounded linear
operator S such that v, := Sy, is an orthonormal basis for H. More information on
conditional bases can be found in Singer [18].

For diagonal operators on a conditional basis of H there is the following nice
result, which can be found in Benamara and Nikolski [1, Lemma 3.2.5].

LEMMA 2.3. Let {¢n}n be a conditional basis of H. If Q is defined as

QYn = qnipn

with {qn}nen C C, and the total variation of the sequence {q,} is finite, i.e.,

0o
Var(gn) =Y lan+1 — qn| < o0,
n=1

then @@ can be extended to a linear bounded operator on H, and
(2.5) QI < K(Var(gn) + limsup |gn|),

where K is the supremum of ||Py,||; see Lemma 2.1.

In order to calculate the total variation, the following observation is useful. If f is
a continuous function which is nondecreasing or nonincreasing on the interval (a, b),
and if the sequence {qy}» C (a,b) is nondecreasing or nonincreasing, then

Var(f(gn)) < [f(a) = f(b)].

In [26] the following useful result can be found.

LEMMA 2.4. Let {pn}n C (—00, —1] be a monotonically decreasing sequence with
lim,, o0 i, = —00. Furthermore, let {@ntnen be a conditional basis for the Hilbert
space H.

Fort >0, we define (T'(t)),~q by

(2.6) T(t)pn := e! o, n € N.

The operator valued function (T(t)),~, defines an analytic, exponentially stable Cy-
semigroup on H. -
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3. Counterexample on admissibility. In this section we show that the conjec-
ture of George Weiss for admissibility of scalar observation operators (see [21, 22]) does
not hold. That means we construct an exponentially stable Cyp-semigroup (7(t)),~,
on H with infinitesimal generator A and an operator C' € L(D(A),C) such that

C(sI — A)~! _—
1C( ) < o0

for all s in some right-half plane and some constant M > 0, but C' is not an admissible
observation operator for (T'(t)),~,-
Let {en }nen be a conditional basis on H which has the following properties:
1. inf,en|len] > 0.
2. {en}nen is not Besselian.
Such Hilbert spaces and bases do exist; see, for example, Singer [18, page 351, exam-
ple 11.2].
We define the sequence ., as

(3.1) oy, = —4" n €N,
and the Co-semigroup (7'(¢));>, as
(3.2) T(t)e, = et'rle,.

By Lemma 2.4 we know that (T'(t)),>, is an exponentially stable analytic semigroup.
By A we denote the infinitesimal generator of (T'(t)),~,. It is easy to see that A
satisfies B

Ae,, = tnén, n € N.

For x € D(A), z = o7

e Tnén, we further define

(3.3) Czx = Z V= ln Ty,

First of all we show that C'is a bounded linear operator from the domain of A into C.
PROPOSITION 3.1. Let C be given as in (3.3) and let A be the infinitesimal
generator of the Cy-semigroup (3.2). Then we have C € L(D(A),C).
Proof. Tt is enough to show that there exists a constant ¢ > 0 such that

CAa|<c,  weH o] =1.

Let « € H with ||z|| = 1. Then there exist scalars z,,, n € N, such that

)
T = E Tn€n.
n=1

Using that inf,, ey ||e,|| > 0, we get from Lemma 2.1 that sup,,cy |zn| < £ < c0. Note

that & is independent of x € H with ||z|| = 1. Now we have
o0 T o0
|CA | = | <k 27" = k.
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Thus the proposition is proved. 0

Next we show that C satisfies the estimate (1.2).

PROPOSITION 3.2. For C given by (3.3) and A as the infinitesimal generator of
the semigroup (3.2) the following holds. There exists a constant M > 0 such that

M

C(sI — A)~! —_—
1C( ) < R

5 S€C+.

Proof. Let s be an element of C,, and let x € H have norm one. We have the
following estimate:

VRe(s)|C(sT — A)"'z| = \/Re(s)

oo

9ok
Zs+4kxk

k=1

VR Z|Re> 1]

2k
<
kv/Re(s ZRe()—&—M’

where we have used Lemma 2.1. Note that x is independent of x. In order to
estimate this last expression we introduce the monotonically decreasing sequence ay :=

m. Then for N > 2K we have
N
ZakZa1+a2+(a3+a4)+...+(a2K,1+1+...+a2K)
k=1
> ag +2a4 + -+ 25 agk
1K
:§ZQka2k,
k=1
and so

SR S2) 5o
; Re(s) + 4k ; Re(s) + k2
Using this in our estimate of y/Re(s)|C(sI — A)~1z|, we obtain that
- 1
—1
V/Re(s)|C(sI — A)~1z| < 261/Re(s) Z m
<2
k+v/Re(s / Re(s) & Re(s) 1 2 dt
< 2k+/Re(s) <

1 t
7?6(5) arctan <Re(s)>

T
< 2/-@5 = KT,

o0
0 >
which proves our assertion. ]
PROPOSITION 3.3. If C given by (3.3) is an admissible observation operator for
the Cy-semigroup given by (3.2), then {e,} is Besselian.
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Proof. If C'is an admissible observation operator for (7'(t)),~, then there would
exist a constant L > 0 such that -

/ CT()2?dt < Liz|2, @€ D(A).
0

Now take a finite sequence of ay’s and consider

n
xXr = E ALECL.
k=1

Then the above estimate gives

r

However, from Nikolski and Pavlov [14] (see also Jacob and Zwart [10]), we know that
there exists a constant L; > 0, independent of x, such that

(oo}
/
Thus we have that for any finite sequence

Ll n
el > =25,
k=1

which shows that {e,} is Besselian. 0
Thus we have disproved the scalar admissibility conjecture of George Weiss.

2
dt < Lijz|>.

n

t
A /_Mke#k ap
1

k=

2 n
dt Z L1 Z |O¢k|2.
k=1

n
§ t
/_Mkeuk ap
k=1

4. Counterexample on exact observability. In this section we use the op-
erators A and C' constructed in section 3 with different assumptions on the basis to
settle another question about operator semigroups.

We disprove the conjecture of Russell and Weiss [17] on exact observability. That
means we construct an exponentially stable Cy-semigroup (7(t)),~, with infinitesimal
generator A and an operator C' € L(D(A),C) such that

(s = A)oll* + Re(s)|[[Cxol* = m[Re(s)|*[|zol®, s € C—,z0 € D(A),

for some constant m > 0, but the pair (4, C) is not exactly observable.

Let {en}nen be a conditional basis on H which is Besselian, normalized—that
is, |len]l = 1, but not Hilbertian. Such Hilbert spaces and bases do exist; see, for
example, Singer [18, page 351, example 11.2].

We define the sequence p,, as

(4.1) = —47 n €N,
and the Cp-semigroup as

(4.2) T(t)e, = ette,.
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By Lemma 2.4 we know that this is an exponentially stable analytic Cy-semigroup.
By A we denote the infinitesimal generator of (T'(t)),~,. It is easy to see that A
satisfies -

Ae,, = tipén, n € N.

Since {en }nen is Besselian, we know that there exists a bounded linear operator S
such that v, := Se,, is an orthonormal basis for H. On this new basis we define

Avy, = pinvy,.
It is easy to see that A generates a Cy-semigroup (T(t))tzo, and that
(4.3) ST(t) =T(t)S.
Now define the operator C' as

Cvp = /—fin.

It is easy to see that we can extend C as a bounded operator from the domain
of A to C. We denote this extension again by C. We shall prove that C is an
admissible observation operator for (T(t))s>o. Since (T'(t))¢>0 has an orthonormal
basis of eigenfunctions, we can use the result of Weiss [19], which tells us that C is
admissible if and only if

Z |/~Ln| < Bh,

—pun€R(h,w)
where
R(h,w) := {s € Cy. | Re(s) < h, | Im(s) — | < h}

and [ is independent of h. Using the definition of u, this is easy to prove. Now we
define for x € D(A),

(4.4) Cz = CS.
From this and (4.3) we see that for z € D(A)
CT(t)x = CT(t)Sx.

Since S is bounded and since C' is admissible for (T(t));>0, we obtain that C' is an
admissible output operator for (T'(¢)):>o.

In several steps we shall prove that the pair (A, C') satisfies the estimate of Russell
and Weiss, but that it is not exactly observable. In our proof we follow closely the
proof of Theorem 4.4 of Russell and Weiss [17]. As in [17] we define N : C_ — N as
the integer such that

(4.5) |5 = ()| = minfs — pl.

This number is well defined if the real part of s is unequal to (ux + px+1)/2 for all k.
We define the set for which this mapping is well defined as Cy,.
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LEMMA 4.1. There ezists a constant ¢ > 0 such that, for all s € C4, we have that

Re(s) <e, se€Cyk# N(s),
S Mk
and
Re(s)
— < k # N(s).
‘RG(S) _ Mk > G, ENS (Cg7 ?é (S)

Proof. In Weiss and Russell [17] it is shown that the first estimate holds. Since
{ur} is a real sequence, it is easy to see that N(s) = N(Re(s)). Taking s to be real
in the first inequality, and using this observation, proves the second inequality. 0

For s € Cy, we define

(4.6) V(s):= spann#\,(s){en}.

Clearly, V (s) is again a Hilbert space and in Singer [18, page 26, Proposition 4.1]
it is shown that {e, },«n(s) is a conditional basis of V(s). By Py (s we denote the
projection from H onto V(s) given by

PV(s) =1 - pN(s)-

Using Lemma 2.1 we see that the projections Py (. are uniformly bounded. For
s € Cg4, we introduce the notation

s | en, n < N(s),
(4.7 e = { enr1, 1> N(s),

and

s Un, 1< N(s),
4.8 =
(4.8) Fn { fins1, 1> N(s).

The constant K in Lemma 2.3 is given by K := sup,cy||P.||. Let K(s) be the
corresponding constant for V(s) with conditional basis {ef}, for s € C,4. Then it
follows easily that K(s) < K.

Let s € C;. We denote by A, the part of A in V (s), that is,

Asx = Ax, x € D(Ay),

and D(A;) := D(A) NV (s). Note that V(s) is a T'(t)-invariant subspace. Thus it is
easy to see that Cs, defined by

Cyz :=Cu, x € D(Ay),

is an admissible observation operator for (Ti(t)),~,. Here (Ts(t));~, is the Co-
semigroup generated by As. Now we shall prove two important estimates.
LEMMA 4.2. Let As, Cs, and V (s) denote the objects defined above. The following
two estimates hold.
1. There ezists a constant M > 0 such that

M
I—A)! < .
||('S ) HV(S) — |Re(8)‘7 s e (Cg
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2. There exists a constant d > 0 such that
1 d
ICy(sT— 4) 7| € ———,  s€C,
| Re(s)]

Proof. Part 1. Let s = s, 4 is; € C4. Clearly,

1
(sT — Ag) el = ———e? n € N.

s—us "™
This is an operator of the form as discussed in Lemma 2.3, and thus we have to
show that 1/(s — pf) is of bounded variation. We begin with the following simple
observation:

1 _ 1 _ Pyl — M
S—=fpp1 ST (S_MfLJrl)(s_Mfz)
< Hrg1 — B, :
<5T - pr-&-l)(sr - M%)
1 1
(4.9) = — — -
Sp — ,U/n-i,-l Sr = My

where we have used the fact that u is real.
Next we define

1

Sp— T

h:R_\{s;} = R, h(z) =

Then we have h(—o0) = 0, h(0) = —y and h is monotonically increasing on (—o0, ;)
and on (s,,0). Combining the above results with Lemma 2.3 we get the following
estimate for ||(sI — A)7Y:

I(s1 = A~

1
<K (Var < )
s — 3,
> 1 1
KI5
n=1
1 1 1
“l i) s ]
Sr = UN(s)+1 Sr — UN(s)+1  Sr — UN(s)—1

Tl
_l’_ e —
Sy Sr — UN(s)—1

1

- Mn+1 s — :U’:rqz

lim
n—oo § — /‘L’n

)

IN

- Nfl+1 Sy — Uy,

IN

where we have used Lemmas 2.3 and 4.1 and (4.9). Since ¢ and K are independent
of s we have proved the statement.

Part 2. In order to prove this statement we follow Lemma 4.6 of Russell and
Weiss [17]. Let s € C,. Using the resolvent identity, we have

Co(sI — A)™ = Cy(=5I — A)) 7T — (54 s)(sI — A))71.
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Since Cy is an admissible observation operator for (T,(t)),-, there exists a constant
d> 0, independent of s, such that

d

Cy(—5I — A) 7Y € ——
1Cs( )< o)

(see, e.g., Weiss [22]). Combining this with Part 1, the statement is proved. O
Now we can prove the estimate of Russell and Weiss [17].
LEMMA 4.3. For C defined by (4.4) and A as the infinitesimal generator of (4.2)
the following holds. There exists a constant m > 0 such that, for every s € C_ and
every x € D(A), we have

L

(4.10) Re(s)]?

I(s1 = A)z||* + IC]* > mi||*.

| Re(s)

Proof. The proof of this lemma is divided into two steps. First, we show that the
estimate holds for s € C_ \ C,. Second, we prove the estimate for s € C,.

Part 1. If s is not in C,, then there exists an ko € N such that Re(s) = (pry+1 +
Uko)/2. Tt is easy to see that

1
§ — Un

€n.

(sI — A)"te, =

We use Lemma 2.3 to estimate the norm of this operator. Using (4.9) we see that it
is sufficient to show that {m} is of bounded variation. Similar to the proof of
Part 1 of Lemma 4.2, we obtain that

1 1
Re(s) = piny1 Re(s) — pn |

I(sT =AM <K
n=1

Now we have that Re(s) = (ury+1 + tk,)/2, and thus we obtain
I(s1 — A~

< |[o+

Re(s) — %J " [Re@) - T Re(s)l— uko]

" [R(j(s) B Re(s)l— ko ”

[ 8 1
<K n ] .
LHko — Hko+1 | Re(s)|

Now the sequence {u,} = {—4"} satisfies

1 _ 5/3
Hn — Hn41 |Hn + ,Un-',-l' .

So we see that

oMK K %K
= 3|k + ko1l [Re(s)] 3| Re(s)]

[(sI — A)
This is equivalent to

_ 3
| Re(s)|7H|(sT = A)z]| = o=z,
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and so (4.10) holds for s € C_ \ C,.

Part 2. In order to prove this statement we follow Theorem 4.4 of Russell and
Weiss.

If (4.10) would not hold, then there would exist sequences {s,} and {z"} such
that s, € Cy, 2™ € D(A), ||2"|| =1, and

1 1
(4.11) == l(sn] — A)2"|]> + =——|Cz"|* = ¢,
| Re(sn)[? | Re(sn)|
where ¢,, > 0 and ¢,, — 0.
Now define
n 1 n
q" = ——(sp I — Asn)PV(sn)Z

~ [Re(sn)]

and the scalar «,, such that

aneN(sn) = PN(sn)Zn = (I — PV(SH)>Zn.

Thus we have that

1 Sn = UN(s,)
—_— nI A n = = n s n-
ReGom] ™= T Re(sa)] NG F
Now we have that
(412) [l = || Py o) (50T — A)2" || € K ———||(s] — 4)2"]| < Ke
. q | = V(sn) Re(sn)| Sn z > |R€(Sn)| Sn 2 = n
by (4.11). For a,, we obtain
Sn = UN(s,) Sn =~ UN(s,) Sn = UN(s,) 7 n
5 7. Y|l = ||T %o 7N Hn s =||l-—5—F-"P s
Re(sy) @ Re(sn) AnEN(sn) Re(sy) N(sn)?
1 ~
R —y = — A
|R€(Sn)| || N(s”)(sn )Z H
1
(4.13) 2K ———||(8n, — A)2"|| < 2Ke,,.

| Re(sn)
By definition of ¢™, we have that
Py(s,)2" = |Re(sn)|(snd — A ) Mg
Using (4.12) and Lemma 4.2, we get
1Py (s,)2"|| < MKen,
whence Py (4,y2" — 0. Since [|2" || = 1, it follows that |[(I — Py (s,))2"[| — 1, i.e.,

(4.14) lim |a,| =1.

n—00

Together with (4.13) this implies that

lim
n—oo
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It is now easy to see that

. NN(sn)
4.15 1
(4.15) 0o | Re(sp)

Now we turn our attention to the second term of (4.11). We have

C2" = C(I — PV(sn))z" + CPV(sn)z"
= anCepn(s,) + Cs, (5] — A ) sn Asn)PV(Sn)z
= Op, /J/N(sn + |Re(s7’b)|CSn (Sn[ A )

Thus we can estimate the norm of this number as

|C2"| > an\/—tin (s — [Re(sn)||Cs(snd — As,) ™ 1q"|.

Hence using Lemma 4.2, Part 2, we obtain that

1
(4.16) ———|C2"| > |
| Re(sn)]

1
2
—dljq"[]-

By (4.12) and (4.14)—(4.16), we conclude that there exists a positive number & such
that for n sufficiently large,

1 2
>
TRe(s,] €7 2%

On the other hand, (4.11) implies that for each n € N,

|Cz"* < el

o
| Re(sn)]

which is a contradiction. Therefore, (4.10) must be true. d

So we know that the system (A, C) as defined in the beginning of this section
satisfies the estimate of Russell and Weiss. Suppose now that the pair would be
exactly observable. Then there would exist a constant [ > 0 such that

/ CT(H)22dt > U]|?, = € D(A).
0

Now take a finite sequence of «a;’s and consider

n
xTr = E ALCL.
k=1

Then the above estimate gives

r

However, from Nikolski and Pavlov [14] (see also Russell and Weiss [17]) we know

—pgetttag| dt > 1)z
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that there exists a constant {; > 0 such that

I

Thus we have that for any finite sequence,

n
Il < LS .
k=1

dt < zlz | |2

k=1

t
“arertay,

However, this implies that {e,,} is Hilbertian, providing the contradiction.
Thus we have disproved the conjecture of Russell and Weiss on exact observability.

5. On left-invertibility of Cp-semigroups. We consider a bounded Cjy-
semigroup (Te(t)),~, with infinitesimal generator A, on a separable Hilbert space
Z. A natural question is whether uniform left-invertibility of the Cyp-semigroup, that
is,

(5.1) ITe@)z]| = edlzll, =€ 2,

for some ¢; > 0, is equivalent to uniform left-invertibility of sI — A, on the open
left-half plane, that is,

(5.2) |(sI — Ae)z|| > ca| Re(s)] ||=]|, =z € D(Ae),s € C_,

for some constant co > 0.

In van Neerven [13] it is shown that (5.1) implies (5.2). Van Neerven considered
only the case of a semigroup of isometries, but the general case can be proved in a
similar way. If (T¢(t)),~, can be extended to a group or if C_ is contained in the
resolvent set of A, then (5.2) implies (5.1); see van Casteren [2, 3] or Zwart [25].

We now show that in general (5.2) does not imply (5.1). Consider the operators
A and C of section 3, and let (T'(t)),-, denote the exponentially stable Cy-semigroup
generated by A. We now define the semigroup (7.(t)),~, on H @& L*(0, 00) by

L) (?) . (CT(t— ')wl[(i](tffﬁ —t)l[t,oo)> '

In Grabowski and Callier [5] it is shown that (T.(?)),5 is a uniformly bounded Co-
semigroup on H @ L?(0,00), and that the infinitesimal generator A, of (Te(t) >0 18

given by
() (5): () emes
(x> |z € D(A), f. f € L*(0,00),

f is absolutely continuous and f(0) = C’x}.
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Next we calculate the norm of |[(sI — Ae)(ﬁ)H For s = s, +is; € C_ we have

()

= (I = A)z[* + lIsf + flI72(0,00)

= [|(sT = A)z|” + |5l 172 (0,00) + 1F172(0,00)

+2s, Re((f, ) 12(0,00)) + i5i ([, ) 120.00) — (Fs ) L2(0,00))
= |[(sT = A)z|)> + llisif + FlI72(0,00) + 521172 (0,00) + 257 Re((fs f) L2(0,00))
= I(sI = A)a|® + llisif + f132(0.00) + 52F 13 2(0.00)

v, [T G U0 @)

= (s = A)all* + lisif + fll72(0,00) + 521 FII72(0,00) = rlIC 1%,

2

because f(0) = Cz and f.fe L?(0,00). Thus

()

> [|(s1 = A)z]|* + | Re(s)P[lf 72 (0,00) + [ Re()l[[C]|?
Gl
f
where ¢y is independent of x and f. This shows that (5.2) holds. Assuming (5.1)
holds as well, we get
)
f

;)2
(5.3)  ||T()z|* + HCT(')xH%%O,t) = ‘

2

> co| Re(s) (using Lemma 4.3),

, t>0,x€ H,fc L*0,00),

for some constant ¢; > 0. Thus

T.(t) (g) H >z,  zeHt>o.

Using that (7°(t)),s, is exponentially stable, we get lim; .o [|T(t)z||* = 0, and so
letting ¢ to infinity in (5.3) gives

1CT ()| 22(0,00) = Verllzll, x € H,

which says that the pair (A4, C) is exactly observable. However, this is in contradiction
with section 3, where we showed that the pair (A4, C) is not exactly observable. Thus
(5.2) holds, but (5.1) is not valid.

We conclude this section with a positive result; it shows that (5.2) implies (5.1)
if the constant co satisfies ¢co > 1.

PROPOSITION 5.1. Let (Te(t));»( be a bounded Co-semigroup with infinitesimal
generator A, on a separable Hilbert space Z. If (5.2) holds with co > 1, then (5.1)
holds as well.

Proof. If ¢ > 1, then it is easy to see that (5.2) implies that

[(sI = Ae)z|| = [Reslllz], seC-,
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for all z € D(A). Choosing s < 0 and taking the square of the above equation gives

(s = Ac)a[|* = s°[|]*.

Using the fact that Z is a Hilbert space gives that the above inequality is equivalent

to

s”|l2[|* — 25 Re(z, Acw) + [|Acal|® > s||[|?,

which is equivalent to

—2sRe(x, Aox) + || Acz|® > 0.

Since this must hold for all negative s, we see that

Re(z, Acx) > 0.

We now consider the function f(t) := || T.(t)z||?. Taking the derivative of f gives

ft) =2Re(T.(t)x, AT (t)x) > 0.

Hence f is nondecreasing, and thus

ITe(®)al® = £(t) > £(0) = ||=]|*.

Since x was arbitrary, we have shown the result. 1]
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INPUT CONSTRAINED ADAPTIVE TRACKING
WITH APPLICATIONS TO
EXOTHERMIC CHEMICAL REACTION MODELS*

ACHIM ILCHMANN', MOSALAGAE THUTO¥, AND STUART TOWNLEY?

Abstract. We consider input constrained adaptive output feedback control for a class of nonlin-
ear systems which are prototype models for controlled exothermic chemical reactions. Our objective
is set-point control of the output, i.e., the temperature of the reaction. In the context of chemical
reactions, practical considerations lead us to work in the presence of input constraints. We adopt
an approach based on modified A-tracking controllers, whereby prespecified asymptotic tracking ac-
curacy, quantified by A > 0 set by the designer, is ensured. The adaptive control strategy does not
require any knowledge of the system’s parameters and does not invoke an internal model. Only a
feasibility assumption in terms of the reference temperature and the input constraints is assumed.

Key words. adaptive control, exothermic chemical reaction models, global stabilization, input
saturation, tracking

AMS subject classifications. 93C20, 93D40
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1. Introduction. In this paper, we consider input constrained adaptive output
feedback control for a class of nonlinear systems which arise as prototype models for
controlled exothermic chemical reactions. The output of the system is the reaction
temperature, and primarily we control the rate of change of reaction temperature.
Secondary control is achieved via dilution, specifically by feedrate control of reactants.
Our objective is set-point control of the output, i.e., the temperature of the reaction.
In the context of chemical reactions, since the rate of conversion of product into
reactant should be economically profitable, this set-point temperature is often close to
a hyperbolic equilibrium of the open-loop system. Additional practical considerations
lead us also to work in the presence of input constraints. We adopt an approach based
on modified A-tracking controllers [7]. We are motivated by results obtained by Viel,
Jadot, and Bastin [12] for similar prototype chemical reaction models. Our aims are
two-fold: to show that the A-tracking approach can be developed for this relevant class
of nonlinear systems, and moreover to show that input constraints are allowed. Of
particular interest is the interplay between the input constraints, the specific nature
of the nonlinearities in chemical reaction models, and the set-point to be tracked.

In chemical engineering, the analysis and control of exothermic continuous stirred
tank reactors (ExCSTRs) originated in [2]. They have subsequently been used exten-
sively as models in several industries including continuous polymerization reactors,
distillation columns, biochemical fermentation, and biological processes. More re-
cently, for the prototype class of chemical reaction models used in this paper, various

*Received by the editors June 15, 2001; accepted for publication (in revised form) September 11,
2003; published electronically June 4, 2004. This work was supported by the British Council and
the Belgian Fonds National de la Recherche Scientifique.

http://www.siam.org/journals/sicon/43-1/39108.html

fInstitute of Mathematics, Technical University Ilmenau, Weimarer Strafie 25, 98693 Ilmenau,
Germany (ilchmann@mathematik.tu-ilmenau.de).

fDepartment of Mathematics, University of Botswana, Private Bag 0022, Gaborone, Botswana
(THUTOMYV@mopipi.ub.bw).

$Department of Mathematical Sciences, University of Exeter, North Park Road, Exeter EX4 4QE,
UK (townley@maths.ex.ac.uk).

154



INPUT CONSTRAINED ADAPTIVE TRACKING 155

nonadaptive control theory approaches have been developed for the set-point control
of temperature. Specifically, in [12] a state feedback controller, with observer, was
proposed for globally stabilizing the temperature of ExCSTRs; in [9] (adaptive) dy-
namic output PI type controllers were derived, and similar stabilization results were
obtained in [1].

Whilst we are motivated by the issues raised and the results in [12, 9, 1], we adopt
a different approach based on adaptive A-tracking. This means that asymptotically
a prespecified, arbitrarily small accuracy A > 0 of the tracking error is ensured; see
[6, 7). This A-tracking technique is well suited to classes of systems with “strict
relative-degree” one, which include models for temperature control in the prototype
exothermic reactions. It is therefore reasonable to expect that A-trackers would be
well-suited in this context of exothermic reactions. However, their direct application
is not so straightforward because of the input constraints and also the need to find
alternatives to the “minimum phase assumptions” typical in A-tracking. In fact,
instead of “minimum phase assumptions” we need a certain feasibility assumption
which essentially captures the interplay between the input constraints, the specific
nonlinearity in the exothermic reaction model, and the set-point (temperature) to
be tracked. In the case of global set-point control, we also need to accommodate
more ad hoc, non-relative-degree one, control action via dilution rates. To some
extent, in modifying the A-tracking technique, we are guided by the developments in
[12]. However, our results actually go further in that we tolerate disturbances to the
temperature measurement and also parameters of the system model are not invoked
in the controller. We also overcome some of the drawbacks in the previous approaches
in [12], and also [9] and [1], which need state feedback, or have complicated controller
structure, or else require the system to be minimum phase (i.e., have exponentially
stable zero dynamics).

We consider the following class of nonlinear systems:

) i(t) = Cr(z(t),T(t) + d[z™ — 2(t)], z(0) = 2% € R%,
T(t) = b r(z(t), T(t)) — qT(t) + u(t), T(0) = T° € Rsy.

In (1), n € N and the constants and variables represent the following for m € N with
n>m:

z(t) € R, concentrations of n chemical species,

T(t) € Rog temperature of the reactor,

u(t) € Rxo control, a combination of the temperatures of reactant
feed and coolant,

" € R, constant feed concentrations,

C=lei,...,cm] € RP™  stoichiometric matrix,

b e RY, coefficients of the exothermicity,

d>0 dilution rate,

qg>0 heat transfer rate between heat exchanger and reactor.

The function
(2) () Rgo X Rso — Rgo

is locally Lipschitz with »(0,7) = 0 for all T > 0 and models the reaction kinetics.
In the context of chemical reactions, practical considerations lead us to assume
that the control input u(-) is constrained so that there exist w and @ with 0 < u <@
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u<u(t)<u for all t>0.

Remark 1.

(i)

(i)

Nonlinear systems of the form (1) have been used extensively in the last thirty
years as simplified models for ExCSTR models, both mathematically and in
industrial applications. Their relevance was established in [3].

The values of u and @ will depend on the specific application. In our work,
and also in [12] and [9], they are fixed numbers which then feature strongly in
the assumptions needed so as to prove convergence for the control schemes.

To make sense of (1) as a model for exothermic reactions, we make the following
assumptions.

(A1) RZL, x Ry is positively invariant under (1) for any bounded,

nonnegative, locally integrable u(-) : R>¢g — Rxq.

(A2) There exists v € R such that v7 ¢; < 0 for all columns ci, ... ,¢p

of the stoichiometric matrix C.

(A3) For T* > 0 there exist 0 <wu <u such that

u< qT* — blr(x,T*) <u forall z¢cQ(y,a™):= {z e Rgo‘ 1T <ATain}.
Remark 2.

(i)

(iii)

The system (1) and assumptions (A1)-(A3) capture the essential features
of ExCSTRs. They give rise to a class of nonlinear systems for which a
M-tracking approach seems plausible, whilst the interplay between the non-
linearity, input constraints, and the feasibility assumption provides novelty
in controller design and convergence proofs.

The assumption (Al) is natural for exothermic reactions. Indeed, concen-
trations and temperature should not become zero once they are positive. In
fact, since 7(-,-) is nonnegative, if u(-) is nonnegative, then it is clear that
T(t) > 0 whenever TV > 0. It is easy to show that the remainder of (A1)
holds automatically when n = 2, i.e., in the case of a single reaction. For
multiple reactions, there are various conditions (see, e.g., [8, Proposition 6])
in terms of specific rates which imply that (A1) holds.

(A1) has been formulated for the closed positive orthant RZ, of the concen-
trations and the open half line for the temperature. The latter is natural
since the reactor should not operate with zero or negative temperature; the
former could also be assumed for the open positive orthant RZ; the analysis
goes through without any changes.

(A2) holds if (1) satisfies the law of conservation of mass, which means that
there exists 7 € RZ, with v/'C' = 0. This can be found implicitly in [4], and
it is also assumed in [12]. If C' does not represent exactly the stoichiometric
relationships between all species, then conservation of mass need not be sat-
isfied. Nevertheless, the reaction model might still be relevant provided that
all essential reactions are obeyed. This approach was adopted in [3] and also
in [8]. In [8] a concept of a noncyclic process was developed and shown to
ensure dissipativity of mass and hence that (A2) is satisfied.

(A3) is simply a feasibility assumption arising because of the saturation of
the nonnegative input u(-) at w and @. Assumption (A3) coincides with (H3)
in [12].
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Note that, by continuity of 7(-,-), assumption (A3) implies, for some T, T, and
small enough p > 0, the assumption

(A3') For T* >0thereexist 0<T < T* < T, p>0, 0<u<1u, such that
O<u+p<ql —b'r(z,T)<u—p for all (z,T) € Q(v,z™) x [T, T).

We will work with (A3’) rather than with the weaker (A3) for the following two
reasons: The explicit introduction of p makes the exposition in the proofs clearer, and
in some of the results we need to use explicit knowledge of [T, T| so that (A3') holds
for a given p.

The control objective is to regulate the temperature T'(t) toward a prespecified
neighborhood of a given reference temperature 7. In specific applications, T* would
correspond to a desirable, but possibly unstable, set-point temperature.

The actual error between T and T'(t) is denoted by
ety =T"-T(1),

and, since the temperature measurement may be corrupted by disturbances, we denote
by e(t) the measured error, i.e.,

e(t) = T* — T(t) + £(1).

We assume that the disturbance signal £(-) : R>¢ — R is a continuous bounded
function.
To achieve the control objective, we use a A-tracking controller

o)
—~

~~
~—

Sat[%ﬂ] (ﬂ(t) B(t) + u*),
(le@®) =N)" i le(t)] > A,

at) = ff{ 0 it ()] <\ B(0) = 5,

ﬁ
—~
~
~—
I

and variations thereof. Here A\ > 0 specifies the tolerance of the tracking error; [ >
1,x,3° > 0 are design parameters, and u* € (u,%) is a constant offset. Significantly,
the controller involves a saturation function

u if n<u,
satp,m(n) = {n if 7€ w7,
u if np>a

Remark 3. Note the simplicity of the adaptive A-tracker. It consists of a pro-
portional error feedback with saturation and a time-varying proportional gain [3(-)
determined adaptively by the error measurement alone. However, the design param-
eters should be carefully chosen when the feedback controller is applied to a real
process. The upper bound @ depends not only on the feasibility condition (A3’) but
also on the physical limitations of the actuator. When both conditions are compatible,
i.e., the actuator limit is higher than the bound in (A3'), one should choose @ close
to the actuator upper bound to avoid unnecessary cut off by the saturation bound.
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To specify A\ appropriately, one needs to know in advance an estimate of the upper
bound for the magnitude of the measurement accuracy and disturbance signal. The
power [ in the gain adaptation influences the speed of the adaptation. If the difference
(le(t)] — A) is smaller than 1, then a bigger | > 1 gives a slower increase in (t); if
the difference is bigger than 1, then the bigger [ is the faster ((t) increases. Similar
effects can be achieved by varying & or the initial gain 3°. The constant u* is an
input reference, an appropriate choice for which might be known from experiments
with constant feedback. Note also that in applications any information specific to the
chemical reaction of interest would be used to make additional modifications to the
M-tracking controller so as to fine-tune the performance.

Although our emphasis is on the adaptive controller (4), we also consider the
nonadaptive version

(5) u(t) = sabp,q(B(t)e(t) + u*), B(-) : R>p — [#*,00) continuous.

Although the gain ((t) > £* in this nonadaptive controller might be conservatively
too large, this nonadaptive controller is useful because it is even simpler than the
already simple (4). We give explicit lower bounds for 5* in terms of weak conditions
on the system data.

Throughout the paper we assume that the saturation bounds, the offset, the
temperature set-point, and \ satisfy

(6) O<u<u* <, 0<A<T-T*, 0<T<T*<T.

The paper is organized as follows. In section 2 we consider local (adaptive and
nonadaptive) A-set-point control in the sense that the initial temperature 7° belongs
to (0,7). We prove additional properties of the closed-loop system in the special
case of a single reactant and a single product. In section 3 we consider the global
tracking problem in the sense that we assume only 70 > 0. This problem is solved
by introducing a feedback control for the feedrate of reactants which has the effect of
reducing the concentration of the reactants if the temperature of the reaction is too
high. We make some conclusions in section 4. To help the presentation flow, we prove
most of the results in the appendix.

2. A-set-point control for T° € (0,T). In this section we consider local M-
set-point control in the sense that the initial temperature TV is constrained in the
interval (0,7). We present two feedback strategies which force the temperature into
a A-neighborhood of the given setpoint. The first is nonadaptive, whilst the second is
adaptive.

PROPOSITION 4. Suppose (6), (Al), (A2), (A3’) hold, and the continuous distur-
bance satisfies

(7) iglg{Iﬁ(t)l} =t [élloc <T—T".

If the initial data of (1) satisfy (z°,T°) € Q(v,2™) x (0,T), then the feedback (5) with
(8) B = [t —ul/[T =T — [|€]|c]
applied to (1) yields a unique solution

9) (@(-), T()) : Rzo — Q(v,2™) x (0,T), ¢+ (x(t), T(1)).
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If (8) is strengthened to

u* —u u—u* ut—u
(10) & zmax{ I }
T—-T—[l¢lls A

then there exists ' > 0 such that
(11) T@) € [T = A= l€lloo, T + A+ [I€]l 0] Jorall t>1t.

Proposition 4 is proved in the appendix.

Remark 5. In Proposition 4, it is ensured that the set Q(v,2™) x (0,T) (where
Q(y, z') denotes the generalized triangle as defined in (A3)) remains positively invari-
ant under the closed-loop system (1), (5); more importantly, after some finite time,
the temperature T'(¢) is within the (A + ||£]|0)-neighborhood of the reference temper-
ature. The width A > 0 of the strip around the reference temperature is prespecified,
but the neighborhood is corrupted by ||€]lcc. The condition in (7) requires that the
amplitude of the measurement disturbance must be sufficiently small when compared
to T — T*. Note also that the feedback gain 3(-) must be large enough.

The following remark provides some intuition behind the dynamics of the closed-
loop system (1), (5).

Remark 6. Consider the closed-loop system (1),(5). For any initial condition
(2°,T°) € RZ, x R+, there exists a unique continuously differentiable solution on a
maximally extended interval [0,w), w € (0,00]. This is a standard result of the theory
of ordinary differential equations following from (2).

In the following we show that Q(v, ') x (0, T), where Q(, 2) denotes the gener-
alized triangle as defined in (A3), is invariant under (1), (5). Therefore, boundedness
of (x(-), T(:)) yields w = oo; i.e., finite escape time cannot occur.

(i) Suppose (A1), (A2) hold. We show that for any initial data (2°,7°) €
Q(v,z™) x (0,T), the x(t) component of the solution (1),(5) remains in
Q(ry,x™) for all t € [0,w). In particular, z(-) is bounded on [0,w).

To see this, we note from (A1) that we need only to show that v z(t) < 4Tz
for all t € [0,w). This follows from integration of
d

SATalt) = AT Cr(a(t), T() + dy" e — (b)),

which yields, by invoking (A2) and yTz(0) < v72™, for all t € [0,w),
t
’}/T.’lﬁ(t) < e_dt’yTSL’(O) + d/ e_d(t_T)dT’yTl‘in _ ’YTSUin _ e_dt[’nyL'in _ ’YTJJ(O)] < ’)/T.’I?in.
0

(i) From Remark 2(i), if 79 > 0, then T'(t) > 0 for all ¢ € [0,w). Now suppose
that (A1), (A2), (A3'), (7), and (8) hold. Now to see that T(¢t) < T for
all t € [0,w), first note that from (i) we have that z(t) € Q(y,2™) for all
t € [0,w). Seeking a contradiction, suppose there exists ¢’ € [0,w) such that
T#)=T and T(t) < T for all t € [0,t').

Then by (8) we have that

Bt)e(t') < BT =T+ [I€lc] < u—u,
and hence u(t') = u. Using the feasibility condition (A3') yields

T(t) = b"r(x(t),T) - qT +u < —p,
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and this contradicts the assumption. It follows that if 7° € (0,7, then
T(t) € (0,T) for all t € [0,w).
In the following theorem, we show that it is possible to determine a sufficiently
large 5(-) in (5) adaptively.
THEOREM 7. Suppose (6), (A1), (A2), (A3’) hold, and the continuous disturbance
satisfies

(12) jgg{lf(t)l} = [l€lle < A/2.

Then an application of the A-tracker (4) to any system (1) yields, for any initial data
(13) (@, 1% € Q(v,2™) x (0,T),  B°2[u* —u/[T ~T* ~ [|€]lsc],

a closed-loop system with unique solution

(14) (), T(),8() : Ryo —  Qv,2™) x (0,T) x Rso

defined on the whole time axis R>q and, moreover,
(1) lim¢— oo B(t) = B € R>g, i.€., adaptation of the gain is convergent,
(ii) limy oo dist(JT* — T'(t)], [0, A+ ||€]lcc]) = 0, i.e., the temperature T(t) tends
to the [+ [[&]loc]-strip [T* — [A + [I]loc], T + [N + [|€]l]] as t — oo.

Theorem 7 is proved in the appendix.

Note that the only information needed for the A-tracker (4) to work is that the
initial gain parameter 3(0) is sufficiently large as determined from knowledge of the
upper feasibility bound T and ||¢||«; see (13). This has advantages when compared to
the nonadaptive controller (5) in Proposition 4, which requires the stronger condition
(10). The nonadaptive result in Proposition 4 guarantees that the temperature T'(¢)
remains in the [\ + [|{]|co]-strip after some finite time, but this time is unknown,
whereas Theorem 7 ensures that T'(t) approaches the [A+ ||£||o0]-strip asymptotically.

To conclude this section, we consider the special case of (1) with only a single
reaction. Specifically, we assume a model for a single reaction of the form

i(t) = —k(T@)a(t) + dlzP —z1(t)],
(15) ia(t) = k(T@)x1(t) — das(t),
T(t) = bk(T®)z1(t) — qT(t) + ult).

Here b > 0 denotes the exothermicity of a reaction A — B, '™ = (2!*,0)”, where
2" is the constant feed rate of reactant A, and the reaction kinetics are given by a
locally Lipschitz function k(-) : R>9 — Rx>o with k(0) = 0. A typical example of k()
is the Arrhenius law k(T) = koe™ #T (extended to zero by continuity), where ko is a
constant, E is the activation energy, and R is the Joule constant. The function k()
and the positive constants d, ¢, and b are typically unknown.

In this case v = (1,1)” and the feasibility assumption (A3’) becomes the following:

(A3”)  Thereexist p>0and 0<T < T* < T such that
O0<u+p<qT—bk(T)zy <u—p forall (z1,T)€[0,2"] x [T,T).

In [12] it is shown that the nonadaptive feedback law (5) with “sufficiently large”
and constant §(-) = 8* ensures that (z1(t),x2(t)) tends to an asymptotically stable
equilibrium of the closed-loop reactor dynamics. The corresponding result for A-
tracking is stated as follows.
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PROPOSITION 8. Suppose (6), (13), &(-) =0, and (A3") hold. Define

k(T) "
k(T*)+d’

d in
x] = L - and xy =
k(T*)+d

Then the solution of the closed-loop system (4), (15), parametrized by A, satisfies

(16) lim lim sup (Jz1(t) —27]) =0 and lim lim sup (|Jz2(t) — x3|) = 0;
A—0 t—o0 A—0 t—o0

i.e., the narrower the A-strip (i.e., smaller \) is, then the closer (x1(t),x2(t)) is,
eventually, to (x7,x3).

Note that (x7,x3) is an equilibrium of (15) for T(-) = T* and so (xF,z5) €
0((1,1), (a7, 0)).

The proof of Proposition 8 is given in the appendix.

In the remainder of this section, we illustrate previous results by some simulations.
In the simulations we use a prototype model for a single exothermic chemical reaction
as was also used in [12]. By using the same model, we can at least check that the
performance of the A-tracker is not out of line with a controller which actually relies
on more system information. Specifically we consider (15) with reaction kinetics
modelled by the Arrhenius law k(T') = koe ™7T. As in [12], we use the following
system parameters:

(17)
ko=e?®, d=1.1, ¢=1.25[min"*], k; = 8700 [K], =" = 1 [mol/l], b= 209.2 [Kl/mol].

These parameter values are consistent with a laboratory-scale reaction vessel of ap-
proximately 100 liters [5].

The objective is to regulate the temperature to a neighborhood of T* = 337.1[K].
Our constraints for the input u(-) are similar to those in [12]. Specifically we suppose
that

(18) u =295 w=505.
It is easy to see that the feasibility assumption (A3”) is satisfied in this case if
(19) T =240, T =339.65[K], p=5.

We assume in this simulation that the error is disturbance free, i.e., £ = 0, and aim
for a tracking error of within 1%. This leads us to choose the following parameters in
the A-tracker (4):

(20) A=1285 u*=330, T*=3371[K], [=2.

In the simulations we choose 3° = 12, which satisfies (13), and we consider three
different initial conditions 7° = 270, T° = 320, and T° = 390. As in [12], we choose
21(0) = 0.02 and 25(0) = 1.07 for the initial conditions of the single reactor (15).

For the two initial conditions 70 = 270 and T° = 320, we see from Figure 1
that A-tracking of T by T'(¢) is achieved in 1 minute. Note that in both cases the
transient behavior of the input hits the saturation values only for a short period at the
beginning of the simulation. Otherwise the input behaves smoothly. The simulation
results are similar to those in [12].

The A-tracker (4) does not work for 70 = 390, which is outside the interval
[0,T]. As shown by the dotted line in Figure 1, a thermal runaway occurs and the
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F1G. 1. Closed-loop behavior of the adaptive A-tracker (4) for local set-point control without
measurement disturbance with parameters (20) applied to the single reaction (15) with parameters
(17), input constraints (18), feasibility bounds (19), T® = 270 (dashed), T° = 320 (solid), T® = 390
(dotted). The latter exhibits a thermal runaway.

temperature is attracted to a stable but undesirably high temperature. As a result,
the reaction becomes overheated, the reactant burns out, and there is a rapid growth
of the product. Furthermore, the control input saturates at its lower limit throughout
the simulation and the gain increases unboundedly.

3. Global tracking. The main result of the previous section, i.e., Theorem 7,
has the shortcoming in that it is local in the sense that the initial temperature must
lie inside (0,7'). This shortcoming can, under adverse temporary disturbances to the
reaction, lead to a problem of thermal runaway in that the reaction dynamics are
attracted to an undesirable equilibrium. See the simulations in Figure 1. Due to
the given input saturations, it may even be impossible to reduce the temperature of
the reaction from such equilibria by any type of control of the temperature alone.
To overcome this problem, we borrow an idea from [12] and introduce an additional
input action which has a cooling effect if the temperature is too large. To see the
idea, consider the modification of the single reaction model (15) of the form

i1(t) = —k(T@)z(t) + dv(t)—z(t)],
(21) io(t) = k(T@)z(t) — daaft),
T(t) = bk(T®)z(t) — qT({) + u®),
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with constant feedrate z'® replaced by v(-), an additional open-loop control of the
feedrate of reactant. In [12] a choice of v as feedback control is

(22) o(T) =

v if T € (0,7),
0 if Te[l ).
The additional feedback (22) has the following beneficial effect: if T'(t) > T, then
#1(t) < —dx1(t) and hence 1 (-) decreases; if T'(t) > T is maintained, then x1(t) is
eventually small enough to yield a decrease in temperature.

It is not clear to us whether the resulting discontinuous closed-loop system has a
solution. It seems that the discontinuity should be harmless if the intervals in (22) are
replaced by (0,7] and (T, cc0). However, since we also assume that the temperature
measurement is corrupted by measurement disturbance, this discontinuity will be
difficult to handle rigorously. To circumvent this technical difficulty, we replace the
discontinuity in (22) by a simple piecewise linear control for v(-) : R — [0, z"] given
by

0 if pee€ (—oo,u—u,
(23) v(Be) = ¢ (Be+u* —u)zin/6 if PBee (u—u*,u—u*+05),
xip if fee€u—u*+6 0).

Here 6 > 0 would be small.

The additional feedrate control action (23) can also be introduced for multiple
reactions as follows. We divide the state x(t) into two substates z1(t) and z2(t) so
that all reactants are collected in 7. Applying a permutation of coordinates to (1)
yields a system of the form

i1(t) = Cir(z(t),T®) + dzP—zi(t)],
ia(t) = Cor(z(t),T(t) + dlab —wa(t)],
T = b'r(z@®),T®) - qT(t) + ult),

t)
t)

where €} € R(=m)xm ¢ RmXm gin ¢ RZ,™, and 2l € R7,. Since z; represents
the reactants of the chemical reactor, it follows that each entry of C; is nonpositive,
ie., C € R(gofm)xm. In this multireaction global case, the assumption (2) on the
reaction kinetics must be strengthened to

(Ad) |lr(z, D) <#(z) T forall (2,7) = (2f,23)",T) € Ay,2™) x Ro

for some locally Lipschitz function 7:RZ;™ — R>q with limg, o 7(z1) = 0.

Remark 9. Note that (A4) encompasses the class of functions considered in [12],
where bT r(x,T) = > %, bi ki(T) @i(z), each b; > 0, each function T+ k;(T) is posi-
tive, bounded, and globally Lipschitz, and each function z — ;(x) is nonnegative and
continuous and vanishes if any component of x is zero for i =1, ..., m, respectively.

The constant concentration of reactants in the feed flow x is replaced by an
(n — m)-dimensional feedback term v(8(:)e(:)) given by (23) and the overall model
becomes (compare [12, eq. (20)])

a1(t) = Cir(z(t),T®) + dvB(t)e(t) —z1(t)],
(24) ig(t) = Cor(z(t),T(t) + dzh —xa(t)],
T(t) = b'r(z(t),T®) - qT(t) + ult).
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To proceed, we need to ensure that if the control «(-) and concentration of re-
actant v(-) in the feed of (24) are nonnegative, then the solution takes values in the
positive orthant. To do this, we replace (Al) with the following:

(A1) RY, x Ry is positively invariant under
@1(t) = Crr(z(t), T(t) + dv(t) — z1(2)],
io(t) = Cor(x(t), T(t)) + d[zh — 2a(t)],
T(t) = b"r(z(t), T(t)) — ¢T(t) + u(t)

for any bounded, nonnegative, locally integrable functions
u(t): R>9 — R>o and v(-): R — [U,:Eiln].

As we pointed out in Remark 2(i), T(¢) > 0 for all ¢ > 0 is immediate and is only
included in (A1’) for a less technical presentation. For the same reason, we have
stated (A1’) for v(-), whereas it is only needed for ¢t — v(3(t)e(t)).

Note that the comments we made for Assumption (A1) in Remark 2 apply here
also. If we are in the situation described in Remark 9, then (A1) holds.

We are now in a position to state the main result of this paper.

THEOREM 10 (adaptive tracking with measurement disturbance). Suppose (6),
(A1), (A2), (A3"), (A4) hold and that the continuous disturbance satisfies

(25) jglg{li(t)l} = ||€]loe < min{T* —T, \/2}.

Then an application of the A-tracker (4) combined with (23) to any system (24) yields,
for any initial data (2°,T°, 3°) € Q(v,2™) x R2, a closed-loop system with unique
solution (x(-),T(-),8(")) : Rso — Q(v,2™) x R%, defined on the whole time azis
R>o. Moreover,

(1) limy—oo B(t) = Boo € R, i.e., the gain adaptation is convergent,

(ii) limy oo dist(JT* — T'(t)], [0, A + ||¢]lco]) = O; i-€., the temperature T(t) tends

t0 the A+ Ellcl-strip [T — A+ [€llcl, T + [\ + €] a5t — oo

The proof of Theorem 10 relies on the following high-gain lemma. This lemma is
of interest in its own right, as it also gives insight into essential structural properties
of the system class (24). It also shows that for sufficiently large gain, after some finite
time the error enters and remains in the A-strip.

LEMMA 11. Suppose (6), (A1), (A2), (A3'), (A4), (25) hold. Then an application
to any system (24) of the nonadaptive feedback

(26) u(t) = satya(B(t)e(t) +u’),  e(t) =T =T(t)+£(0),

combined with (23), yields, for any continuous B(-) : R>o — Rsq satisfying, for some
t'>0,

u—u* u*—u
A=2[€lloe” A = 2[[€l0o

and any initial data (2°,T°) € Q(vy,2™) x Rsg, a closed-loop system with unique
solution

(27) Bty > B = max{ } forall t>t

(:z:(),T()) : Ryg — Q(v,2™) x Rsg
on the whole time azis R>o. Moreover, there exists a time t1 > t' such that

(28) et) € (=\A) forall  t>t.
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Theorem 10 and Lemma 11 are proved in the appendix.

A simple consequence of Lemma 11 is the following theorem, which shows that
tracking can be achieved by the nonadaptive feedback (5) if the constant gain param-
eter 0* is sufficiently large (depending on the feasibility bounds). This feedback is
simpler than (19) in [12], and we give an explicit lower bound for the gain in terms
of weak conditions on the system.

THEOREM 12 (nonadaptive tracking with measurement disturbance). Suppose
(6), (A1), (A2), (A3'), (A4), (25) hold, and B* > (' as defined in (27). Then an
application of the nonadaptive output feedback

(29) u(t) = satp,q (6* e(t) + u*)7 e(t) = T =T(t) +&(¢),

combined with (23) to any system (24) yields, for any initial data (x°,T°) € Q(y,z™™)x
R<q, a closed-loop system with a unique solution

(z(),T()) : Rzo — Q(7,2™) xRsg

on the whole time azis R>o, and moreover, there exists a time t1 > t' such that (28)
is satisfied.

Remark 13. If£(+) = 0, then (25) holds trivially, and so the adaptive gain feedback
controller (4) can be applied without restriction, whereas the constant gain feedback
controller (29) needs 8* > 3'. If £() # 0, then in applying either the nonadaptive
or the adaptive controller, we need to check conditions involving T and T'. Although
this suggests that we might just as well use the simpler nonadaptive controller, in
practice the adaptive gain is less conservative and the adaptive controller produces
better results.

Figure 2 shows that the problem of thermal runaway above, exhibited for the local
A-set-point controller with T° = 390, is overcome by incorporating into the A-tracker
(4) the additional feedrate control via (23). Indeed, when T° = 390 the input v is
switched off, i.e., v(0) = 0, and consumption of reactant is increased. This causes the
temperature to drop, and A-tracking is achieved. On the other hand, for 7° = 270
and TY = 320, v(-) = 2!* and the response curves are the same as in Figure 1.

To illustrate the effectiveness of the controller in the presence of temperature
measurement disturbances, we consider a disturbance signal

(30) €)= an(t),

where ¢ (+) is the first component of the Lorenz equation

q1(t) = 10[g2(t) — a1 (1)], ¢1(0) =1,
d2(t) = 28q1(t) — q2(t) — q1(t)gs(t), q2(0) =0,
g3(t) = q1(t)q2(t) — $as(t), q3(0) = 3.

This Lorenz equation is known [11] to exhibit chaotic but bounded behavior. In this
case |£(t)| < 1.42 for all ¢ > 0. Hence, &(-) satisfies (25) for the data given in (18),
(19), and (20).

Looking at Figures 3 and 4, we see that the error T* — T'(¢) is forced into the
[A + ||€]loo]-strip [—4.27,4.27] despite the chaotic behavior of the disturbance signal
(30). Since the constant gain in (5) is at all time equal to §' = 6619, unlike the
adaptive gain in (4), which can be less than 3’ = 6619, the error in Figure 4 tends
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F1G. 2. Closed-loop behavior of the adaptive A-tracker (4) combined with cooling action (23) for
global setpoint control without disturbance with parameters (20) applied to the single reaction (21)
with parameters (17), input constraints (18), feasibility bounds (19), T® = 270 (dashed), T® = 320
(solid), T° = 390 (dotted). Here thermal runaway is overcome.

to a smaller strip than that of the error in Figure 4. Note that there is considerably
more control action for the fixed gain controller than for the adaptive gain controller,
even after the control objective has been met. This increased control action is bang-
bang in nature, leads to a repeated switching on and off of the control action, and is
therefore undesirable from a practical point of view. This observation provides some
justification for the use of the adaptive gain controller in preference to the fixed gain
controller. In this group of simulations, we have omitted the graphs corresponding
to the initial temperature T° = 270 since they are similar to those for 70 = 320.
Moreover, we have replaced the graph of the product in Figure 3 (which is close
to that in Figure 4) by that of an error in a longer simulation time to show that
M-tracking is indeed achieved.

4. Conclusion. In the present paper we have developed a A-tracking approach
to the set-point control of the temperature for a class of nonlinear systems arising as
models in chemical reactor control. The novelty in this development is the need to
carefully consider the interplay between the reaction dynamics, input constraints, and
feasibility. The application of A-trackers requires only limited information concerning
the system. In addition, the A-trackers quite readily tolerate bounded temperature
measurement disturbances. In many respects they generalize the controllers developed
by [12]. It is worth noting that the minimum phase assumption usually needed for
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F1G. 3. Closed-loop behavior of the adaptive A-tracker (4) combined with cooling action (23)
for global setpoint control with measurement disturbance with parameters (20) and disturbance sig-
nal given by (30), applied to the single reaction (21) with parameters (17), input constraints (18),
feasibility bounds (19), T° = 320 (solid), T = 390 (dotted).

A-tracking is not needed here. Instead, we exploit the natural property of chemical
reactions that the internal state, i.e., the concentrations, is bounded.

Appendix. Proofs. For the sake of presentation, we define, for arbitrary A > 0,
the distance function

da(n) := max{|n| — A, 0} for all neR.

Note that for every solution (z,T) of (1) or (21) on R>¢ and é(t) = T* — T(¢),
differentiation of

(31) Va(t) = da(é(t))®>  forall t >0,
along (1) or (21) satisfies

(32)

. 2Va(t) [= 0T r(z(t),T(t) +qT(t) —u®)], é(t) >0,

Va(t) = {0, é(t)y=0, forallt>0.
=2/ Va(t) [ =0T r(2(t), T(t) + qT(t) —u(t)], é(t) <0,

Proof of Proposition 4. Existence and uniqueness of the solution (9) follow
from Remark 6.
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Fic. 4. Closed-loop behavior of the constant gain controller (5) combined with cooling action
(23) for global set-point control with measurement disturbance with parameters (20) and disturbance
signal given by (30), applied to the single reaction (21) with parameters (17), input constraints (18),
feasibility bounds (19), T° = 320 (solid), T = 390 (dotted).

Set A := A+ ||£]|oo and consider, for all ¢ > 0, the evolution of the actual error
é(t) = T* — T(t) with respect to V as in (31):

ét) e [-AA] = Va(t)=0;
é(t) > A = O(t)e(t) +u* = p(t)[ét) +£&@)] +u

(5) (10)
> B A €] +ut = A+t > @ Do)

WIS VA < 20 VA
é(t) < —A = Bt)e(t) +u* = B(t) [é(t())+§(t)]+u*
5
< B [-A+ €l + vt < —BA+w < u D ()
Va(t) < —2p /VA(t).

Summarizing, we have, for all ¢ > 0, Vi (t) < —2p+/Va(t), and so there exists ¢ > 0
such that é(t) € [-A, A] for all ¢ > ¢/, whence (11).

(A3 g} (32)

Proof of Theorem 7. Existence and uniqueness of the initial value problem
(1), (4), (13) on a maximally extended interval [0,w), w € (0,00], follows from the
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theory of ordinary differential equations. Monotonicity of ¢ — ((¢) and (13) yield
B(t) > B* with 5* satisfying (8). Therefore Proposition 4 applies and (v, ') x (0, T)
is positively invariant. Now the gain adaptation (4) yields that §(:) cannot exhibit a
finite escape time on [0,w) and hence w = co.

For the remainder of the proof, consider the unique solution (z(-),T(-), ("))
of (14).

We show assertion (i). Seeking a contradiction, suppose that § is unbounded.
Then

max{u* — u, ﬂfu*}
A —2]|¢]lo

Set A := A — [|¢]loo- By (12) A > ||€]|oo- Now consider, for all ¢ > , the evolution of
the actual error é(t) = T* — T'(t) with V, as in (31):

(33)  there exists £ >0 : forallt>f o(t) >

é(t) € [-A A = Va(t) =0
é(t) > A = Bt)e(t) +u* = B(t)[e(t) + £(t)] + u*
> B) [A = ll€llcc] +u™ = B(1) [A—2[|€]lc] +
(33) G
> A =2[¢llc] +u* > u = uft)
WAEED 1) < \/W;
e(t) <—A = Bt)e(t) +u* = B(t)[e(t) +&@)] +u”

)
< Bt [~ A+H£||oo]+
@3 ©)
< A 20elle] Hut < u = u(t)

A3') & (32 .
WL (1) < 20 VTR (D).

Summarizing, we have, for all t > ¢, VA(t) < —2p+/Va(t), and so there exists t' > ¢
such that é(¢) € [-A, A] for all t > ¢/, whence 3(t) = 0 for all ¢ > ¢, which contradicts
the supposition of unboundedness of 3. Therefore, § is bounded and assertion (i)
follows by monotonicity of 3.

Finally, we show assertion (ii). It is easy to see that

K ~ l k l 0
/{/ dat ). (é(m)) dr < /@'/ dr(e(r)) dr = B(t) -8 for all t > 0,
0 0

and hence assertion (i) yields d>\+H5Hm(é(-))l € L£1([0,00);R). Since continuity of
n — dx(n), together with boundedness and uniform continuity of ¢ — é(t), yields
uniform continuity of the composition ¢ +— dy(é(t)), we may apply Barbalat’s lemma
(see, e.g., [10]) to conclude

Jim dist (|e()], [0,A+ |¢ll]) = 0.
This proves assertion (ii) and completes the proof of the theorem.

Proof of Proposition 8. By Theorem 7, there exist tg > 0 such that, for all
t >to, T(t) € [T* — 2\, T* + 2)], and so, for all ¢ > ¢,

(34) inf{k(T)‘ Te [T*—2)\,T*+2)\]} = k(N < k(T(t))

IN

ka(\) = sup {k(T)‘ Te[T* —2\T" + 2)\]},
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whence, by the continuity of &(-),

(35) m (V) = lim ka(A) = k().

|
A—0
Integrating the first equation in (15) yields
t
z(t) = e*ffo(k(T(T))er) dr z1(to) + / e~ JL(k(T(7))+d) 474 i dis.
to
So, applying (34), we obtain
dzy’ o . dai®
— < 1 f t) <1 t) < ————.
oy +d = i et < lmsup e (t) < e

Therefore the first equation in (16) follows from (36) and (35). Integrating the second
equation in (15) yields

(36)

22(t) = e 0) 2o (tg) + /t eid(tfs)k(T(s)) z1(s)ds.

to

Now applying (34) and (36), we obtain

k(O in ko (N in
1) o < lim inf z5(t) < lim sup zo(t) < 2(V) 71

37 T LA
(37) By +d = i nsu S B +d

and so the second equation in (16) follows from (37) and (35). This completes the
proof.

Proof of Lemma 11. We proceed in several steps.

Step 1. The right-hand side of the closed-loop system is locally Lipschitz, and so
the existence and uniqueness of the solution on a maximally extended interval [0, w),
w € (0, 00], follow from the theory of ordinary differential equations.

Step 2. We show positive invariance of Q(v, ™) x (0,00). Note that (A2) yields,
for zin = (zin” | zinT 4y Ty(t) < —dyTz(t) + dy"a™, and hence by integration

yTa(t) < e ¥qyTx(0) + 4Tam[1 — e U] for all t € [0,w).

If 2(0) € Q(v,2™), then v7x(0) < 4T2™, and so this inequality together with as-
sumption (A1’) proves z(t) € Q(y,z™™) for all t € [0,w). To see that T(¢) is positive,
note that if we had T'(t) = 0, then, by (1) and (6), T'(t) > u(t) > u > 0.

Step 3. We show w = co. Since z(-) and u(-) are bounded, (A4) ensures that
the right-hand side of T' in (24) is affine linearly bounded in T and hence T'(-) cannot
escape in finite time. Applying the boundedness of z(+) and the maximality of w yields
the claim.

Step 4. We show that there exists ¢; > ¢ such that T'(t) € (0,T) for all t > ¢;.
Recall that, by Step 2, T'(¢t) > 0 for all t € [0,w).

(4a) We claim that T'(s) < T, for some s € [0,w), implies T'(t) € (0,T) for all
t € (s,w). This follows from (24) and (A3’), which give, in the case of T'(t) = T, that

Tt) = b r(z(t),T) —qT +u < —p.

(4b) It remains to be shown that if T'(#) > T, then T(t) = T for some t > t'.
Seeking a contradiction, suppose

(38) Tt) > T  forall t>t.
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Then (38) together with (27) gives
(39) Bt)e(t) +u* < BE)[T* +|€lloo —T)+u* < u  forall >t

and hence, by (23), v(B(t)e(t)) = 0 for all ¢ > t'. Therefore, (24) and the fact that
all entries of C are nonpositive yield

& a2 = 22107 [Cor (@), T(H) — daa ()] < 24 s (1)
and it follows that
(40) e ()] < e ™|z ()] forall t>t.
By (A3'), we may choose ¢ € (0, q) sufficiently small so that
(41) —lg—elT+u < —p/2.
By (A4) and (40), there exists t; > ¢’ such that
(42) F(z1(t)) < e/]bll for all t>t.

Finally, applying (39), (24), (A4), (42), (38), and (41) yields

T(t)

IN

br(z(t),T(t) — qT'(t) +u < |[bl| #(21(t) T(t) — qT'(t) +u
< —lg—elTt)+u < —[g—e]T+u < —p/2 for all t>t.

It then follows that there exists to > t; such that T'(ty) = T, which contradicts (38).
This completes the proof of Step 4.

Step 5. Finally, we prove the existence of some t; > ¢’ such that (28) holds. Note
that it suffices to show that there exists t5 > t1, t; as in Step 4, such that the actual
error satisfies

(43) e(t) € (A lEllocs A= llglloc)  forall & >t,

since then (25) yields (28).
Set A := A — ||{]|sc and consider, for all ¢ > ¢;, the evolution of the actual error
é(t) = T* — T'(t) with respect to V as in (31). Then, for all ¢ > ¢,

é(t) € [-A,A] = VA(t) =0

(t)>A = BE)e)+ur = B(t)[e@) +£@)] + u*
> B() [A = [[€lloc] +u™ = B() [A = 2[[&]loc] + u”
(25,27) 5,27

’ (5,27)
U A2l = @ = ()
(A3') & (32)

e(t) +u® = pt)[e(t) + ()] + u”
< B@) [A+ [[€lloc] +u™ = B() [A = 2[[€]l0] + v

,2
SH A= 2elle] +ut 2w = u®)
U200y (1) < —2p VA TH.
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Summarizing, we have, for all t > t1, VA (t) < —2p+/Va(t), and so there exists to > {
such that é(t) € [—A, A] for all ¢ > ¢, whence (43). This completes the proof of the
lemma.

Proof of Theorem 10.

Steps 1-3. These steps are the same as in the proof of Lemma 11. The only
addition to the proofs is that 3(-) does not have a finite escape time if T'(-) does not
have a finite escape time.

Step 4. We prove (i). Note that ¢ — [(t) is monotonically nondecreasing. Then
either (27) is not satisfied, in which case (i) is immediate, or (27) is satisfied. However,
the latter yields by Lemma 11 that (28) holds, and thus the “dead zone” in the
adaptation law (4) guarantees boundedness of §(-).

Step 5. We prove boundedness of T'(-). Seeking a contradiction, suppose that
T'(-) is unbounded. Then there exists a sequence of disjoint intervals I, = (G, by),
m € N, with

T(am) =T + T + |[€l + A +m < T(#) < T(bp) =T° + T + ||€]|c + A +m + 1
for all ¢ € I,,,. It follows that
le =T@t) =T =W >T) =T — [|§floc > A+ 1,

and hence dx(e(t)) = le(t)] = A > 1 for all t € J,,,cy Im- Furthermore, we have, with
d:=c[T®+T*+ ||¢|loc + A+ 1] + T and for all m € N,

1 = T(by) = T(am) = / " bt < / bm[cT(bm)m]dt — [em+d] [bm — am] -

m m

This leads to the contradiction

1 bm 1 Boo
f— _ < Poo -
> Z cm+d < mze:N“)m | < Z /am dx(le(t)|)'dt < " < oo

meN

Step 6. Since all variables of the closed-loop system are bounded, the proof of
(ii) is identical to Step 6 in the proof of Theorem 7. This completes the proof of the
theorem.
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C?%> EXISTENCE RESULT FOR A CLASS OF
SHAPE OPTIMIZATION PROBLEMS*

ARIAN NOVRUZIf

Abstract. In this paper we give a sufficient condition for the existence of regular optimal do-
mains for a class of shape optimization problems. This consists of finding a C%'® domain minimizing
locally a shape functional depending on the perimeter of the domain and on a general term, which in
most PDE applications represents the energy associated with the state equation, under the constraint
that the measure of the domain is given. The proof of this result is based on another existence result
for C% solutions for a class of free boundary problems that are critical domains for the shape func-
tionals considered previously. A key point is the introduction of a special domain transformation,
which has a separate term responsible for the domain translation and another which is basically only
responsible for “pure” deformation of the domain. As an application, a typical example involving
the Dirichlet problem in RY is considered.

Key words. shape optimization, optimal domain, existence result
AMS subject classifications. 35R35, 31B20, 65N21

DOI. 10.1137/S0363012902382401

1. Introduction. In this paper we present a sufficient condition for the existence
of C%% optimal domains which minimize locally a shape functional E(Q) = e(2) +
-1 P(Q) under the constraint that the measure m(€2) of  is given, where O C RV
is a C>“ open set, e((2) is a shape functional satisfying some hypotheses given later,
P(Q) is the perimeter of €2, and o € R\{0}.

Let N>2 0<a<1,0={QcCRN, C>*open simply connected bounded set},
and let us consider the following problem:

(1.1) Find Q, € O | E(Q,) = r{lin{E(Q), Qe 0, m(Q) =me}, mg >0 given.

The existence of solutions of (1.1) is proven in two steps: first we prove that there
exist C? critical domains, which are solutions of free boundary problems associated
with (1.1), and second, based on this result, we prove that these critical domains are
optimal domains.

For a particular e(2) and in two- and three-dimensional cases this problem has
been studied in [3], [6], [7], [8], [9], and [11]. In [6] is given a sufficient existence
condition for C? critical domains in dimension two with a particular e((2).

In this paper we prove an existence result for the existence of optimal domains of
E for |o| << 1, under some “reasonable assumptions” on e(€2). Compared with the
work presented in [6], in this paper there are two main contributions:

(i) the existence result is proven for both the minimization problem (1.1) and
the free boundary problem rather than only for the free boundary problem associated
with (1.1), and

(ii) the results are in dimension N > 2.

*Received by the editors March 11, 2002; accepted for publication (in revised form) April 30,
2003; published electronically June 15, 2004.
http://www.siam.org/journals/sicon/43-1/38240.html
TDepartment of Mathematics and Statistics, University of Ottawa, 585 King Edward Ave., Ot-
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174



C2> EXISTENCE RESULT 175

To solve (1.1), in addition to some conditions on e(f2) required to solve the free
boundary problem (hypotheses (1.2), (1.5), (1.6)), we need an interesting new condi-
tion concerning H'! continuity of second shape derivative of e(£2) (hypothesis (1.10)).

Usually, the necessary condition for the existence of €2, is obtained by differen-
tiating the functional E(£2) with respect to the shape (we assume that the reader is
familiar with shape derivatives; see, for example, [12], [13]); if not, most information
is given here: for given Qy € O, let Ty = 98y, © := C?*(Ty; RY), and 0 € © with
[|f]le small enough. Let us consider the domain Qp = {x + 0 (), z € Qo} € O, where
©1 0 0%%(Qg; RY) is a C? linear extension operator; see, for example, [4]. Then
the shape derivative of e at {2y is defined as the usual derivative at 6 of the function
0 — e(£g), considered as a function from © into R. Its value at  evaluated at £ € ©
is denoted by 9pe(Q)(E).

We make this general assumption for the functional e(2):

(12) V0 €O small, 3b(0)eC™(Ty) | VE€O, dpe(0)(E)= /8 Qb(e)(g - vp),

where g is the outward normal unit vector to 9y, £ = o (I +6)71, and - is the
inner product in RV.
We will look for €2, of the form Qp, 6 € ©. Knowing that (see, for example, [5],

[9], [13])

WPQ)€) = [ HolE - ve). Dpm(Q)(€) = / )

0N 9y

where Hp is the mean curvature of 9y (defined as the sum of principal curvatures),
the necessary condition for the optimal domain €2, is the existence of a 8, such that

(1.3) b(0,) + 5Ho, + Ao =0 on 99,
) m(Qg, ) = mo,

where A, € R is a Lagrange multiplier due to the constraint m(£2) = my.

Let us explain first how we find a necessary condition for the existence of solutions
of (1.3) in terms of e(2). From (1.1) it follows that x € RN — e(Q,x), where
Qox = (I +x)(Q0s), has a minimum at x = 0. Formally, it is expected that when o
tends to 0, £, should tend to a ball By, of measure my. This allows thinking that
the map x — e(By), where By = {y € RV, |y — x| < 70}, m(Bx) = my, should also
have a minimum at xg. To prove this let us make the following general assumptions:

(i) for any 02 << 1 there exists a §, solution of (1.1) in {By, x € RV};

(i) Q, C Br:= {x € RN, |x| < R} for some R > 0;

(iii) Q +— e(£2) is semicontinuous for BV (Bpr) weak topology; and

(iv) inf{e(Q?), Q C Bg, Q€ O} > —cx.

Then we may prove the following.

LEMMA 1.1. Under assumptions (i)—(iv) there exists xo € RY such that x €
RY — e(By) € R has a minimum at xg.

Proof. As m(§,) = my, from isoperimetric inequality it follows that P(Q,) =
P(Byp) + €5, where €, > 0 and By is the ball with its center at origin and measure
myg. From (i) we have E(,) < E(Bx). It follows that

€o N
(1.4) e(Qy) + o <e(Bx) Vx€ R".
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From (iv) one obtains lim, g€, = 0. Thus {Q,,0? << 1} is bounded in BV (Bg).
Then there exists a subsequence of {{,,0% << 1} denoted again by {Q,,c? <<
1} such that lim,_0Q, = Qo in BV(Bg) weakly. As Q, converges in L' we have
m() = mp. From semicontinuity of the BV (Br) norm and lim,_,¢ ¢, = 0 it follows
that P(Q9) < P(Bp). Then from isoperimetric inequality (for Qg it becomes equality)
it follows that Qg = By, C Bpg for any xo € RY. On the other hand from (iii) we
have e(Bx,) < liminf,_,qe(€,). Taking x = x¢ in (1.4) and letting o tend to 0 gives
limy .o £ = 0. Letting once again o tend to zero in (1.4) yields e(Bx,) < e(Bx) for
all x € RYN. This proves the lemma. 0

COROLLARY 1.2. Assuming (1)—(iv) and C? regularity for e(By) we have Ve(By)|x,
=0, where V = (01, ...,0n), 0; denotes the x; partial derivative. Moreover, if e(Bx)
has a minimum at Xo, we have also V?e(Bx)|x, > 0, where V? = [0;0;]. Lemma 1.1
may be useful to find counterexamples for the existence of optimal domains of (1.1).
For example, if V?e(Bx)|x, has any negative eigenvalue, then (1.1) cannot have solu-
tions for 0? << 1 satisfying (i)—(iv).

Let vy denote the outward unitary normal vector to I'y. We will make these
assumptions for the functional e(Q):

(1.5) 0+ b(f) o (I 4 6) is a C* function near 0 from © into C%*(Ty),
(1.6) Ve(By)lxy = (0,...,0),  VZ2e(By)|x,, is positive.

While (1.5) is a quite general assumption often satisfied, (1.6) has to be checked for
any particular e(£2). In section 4 we give an example for which we show that the
hypothesis (1.6) is satisfied under some conditions that may be checked.

We think of the solutions €2, of (1.1) and (1.3) as perturbations of the domain
g = By,. While the perimeter P({)y) is invariant by translation, the term e(y) is
not. But e(2) has a minimum at § = 0 in the set {§ € RV} (from hypothesis (1.6)).
This suggests for us to consider domain transformations having an explicit translation
like

) T Rx(C?*(Ty) — C>%(g;RN),
' " (oy9) T +u(o,¢) =1 +t(p) + oo,

where t(p) = [ ¢vodlo.

It is clear that for (o, ¢) small in R x C%*(Ty), Qo) I8 2 C?%® open set, denoted
by Q(o,¢). Let T'(o,p) = 9Q(c,p) be its boundary and dI'(c, ) its element area.
Moreover, let v (o, ¢) denote the outward unitary normal vector to I'(o, ), let H(o, )
denote the curvature of I'(o, ), and let Hy denote the curvature of T'y.

Let us also set E(o, @) = E(Q(o,9)), e(o,¢) = e(Qo,¢)), bla,p) = b(Q(a,¥)),
P(o,¢) = P(Q(0,¢)), and m(o, p) = m((o, ¢)).

REMARK 1.3. A main part of the paper deals with the solution of (1.3). The
difficulty in solving it comes from the singularity in c=2 of (1.3). Let us ﬁrst point
out that from (1.3) it is expected that the leading term of A, should be — 22 (this
follows from the regularity of b(8) and Hp); thus A, & o for any A € R.
Then one may prove (we will see throughout this paper) that the ﬁrst and second ¢
derivatives of E(o,¢) + (% 7:20) m(o, @) are no longer singular. This is the first
main advantage of having o in (1.7) (see also Remark 2.8).

In the case when (1.1) has a solution in the set {Q2(c, ¢), ¢ € C**(Ty)}, a priori,
this is not a solution of (1.1). A key point is to show that for (o, ¢) € R x C%%(Ty),
if t(¢) + opry is small in O, then for every £ € © small, there exists a small ¢ €



C2> EXISTENCE RESULT 177

C%*(Ty) such that Q. »4e = (o, + @) (Proposition 2.6). Thus if Q(o,¢,) for
any (0, p,) € R x C%%(T'g) is the solution of (1.1) in the set {Q(c, ¢), o € C**(Tg)},
then Q(o, ¢, ) is the solution of (1.1) too.

The main results we prove are the following two theorems.

THEOREM 1.4. Under the hypotheses (1.2), (1.5), and (1.6) there exist o* > 0
and a unique C* map o € (—0*,0%) — (py,Ay) € C*%(Tg) x R such that for all
o € (—o*,0*)\{0} we have

1 As Ho
(1'8> b(O’, SDU) + ;H(Uv @a) + ((f - O_2> =0 on F(07 @U)v
(1.9) m(o, p,) —mo = 0.
Thus (o, o), /}7—" - %) is the solution of (1.3).
REMARK 1.5.
(i) We emphasize that (1.8) is equivalent to 0,L(0, ¢s,As) = 0 (Remark 3.1,

Lemma 3.2) where

A H

Lo ) = (o) + P09 + (5~ 22 ) mio, )

The form of Lo, @, A) is E(o, ) plus the last term, which is related to the constraint
that the measure is fized. The coefficient % — % is the Lagrange multiplier in (1.3).
Its coefficient near =2 is such that O,L is a C* function (see the discussion before
Theorem 1.4 and Lemma 3.3).

(ii) Rather than the positiveness of V?e(Bx)|x,, what is essential for the existence
of critical points is det(V2e(By)|x,) # 0. Indeed, to prove Theorem 1.4 it is required
that only V2e(Bx)|x, have nonzero eigenvalues.

THEOREM 1.6. Let us assume that the hypotheses (1.2), (1.5), and (1.6) are

satisfied and the maps

0+ 02e(Q), 0 0FP(), 60— I3m(p)
(1.10) are continuous from © to H'(o; RN) x HY(Tg; RN).

Then there exist o* > 0 and a uniqgue C* map o € (—0*,0%) — (py,A,) €
C?%(Tg) X R such that for all o € (—o*,0*)\{0}, Q(0,¢,) is the solution of (1.1).

REMARK 1.7. Although the condition (1.10) seems a “nonnatural hypothesis,”
because we have chosen C*% as the framework and (1.10) involves H' norms, it is
quite reasonable in a shape optimization context. Indeed, in [10] is given the precise
structure of shape derivatives. In particular, there is shown that the second shape
derivative applied to (€,m) depends only on the C1(Ty) norm of & and n, which makes
it quite reasonable to expect a control of Oje(Qp)(&€,m) through the H' (o) norm of
& and n. The perimeter P(g) and the measure m(§lg) satisfy the condition (1.10),
thus the condition (1.10) directly concerns e(Qp).

In section 4 we will give an example satisfying all the hypotheses of Theorem 1.6.
A condition similar to (1.10) for a class of energy functionals associated with a general
second order elliptic operator is proven in [2].

2. Some shape derivatives results. In this section we deal with some results
that will be very useful throughout this paper. We start with the derivative of H (o, ¢)o
T(0,¢) and of 2(H(o,¢) o T(0,¢) — Hp). In order to make full use of a particular
structure of the transformation (1.7) we will make the computations by hand. Later
on we show some results related to the domain transformations.
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Throughout this paper we set xg = 0, Q¢ = B,,(X0), and 'y = 9. For o # 0
given and ¢ € C%%(Iy), let y : RN +— R be defined by

_ y —t(yp)
y() =y —tlp)| —op <T0|y—t(w)|> —70.

It is clear that for y € I'(0, ), y(y) =0 and v(o, p)(y) = @Zigg;r Thus we obtain

2 —oroVip(x)

I
V= (01,...,0n), Osp=0;0— (Vo -vo)vy, (the tangential gradient).

(2.1) v(o,p)(y) = , where z=y—t(p), z=r¢ xz €Dy,

|2 — 1o Vep(2)]

It is clear also that for o¢ small, v(o,¢p) is a C1*(I'y) well-defined function.
Indeed, we have |z — aroVe(x)| = [(ro + 0¢)? + r20%|V|?]'/2, which shows that
for o small, for example, |[op|c2.ar,) < %3, the denominator in the expression of
v(o,¢)(y) is greater than % and of course implies C* regularity of v(o, ¢).

LEMMA 2.1. The curvature of T'(o,¢) is given by

To To oTo ASD
H(0,0) o T, ) = Ho _ [ _
|(ro + o)y — oroVe|  |ro+ 0| [|(ro + op)vy — orgV

o33 V- Vo -V
|(ro + o@)vg — oro V|3

(2.2) -

where WQ@ is the matriz [0;0;¢] and Ap = tr[ﬁQcp] 1s the Laplace—Beltrami operator
on T'y.

Proof. Because H(o, @) = Zf.vzlgiui(a, ©), where

aiyi(av QD) = 8.%'”*1'(0'7 90) - (l/(O’, 90) ’ vyV*(U, (p))yi(av 90)7

we have to compute the terms gyi vi(o,p). Tt is easy to verify the relations

. . o =
0y, zi = bij — v (o, o) (0, ¢9), ay1¢(x) = maz¢(m)7 RS CI(FO)’
where 0;; is the Kronecker’s symbol. For simplicity, let’s set ¢ = orgp. Then

H(o, ) o T(a,p) =0y, v (0, p)
 0y,2i — 0,,0i9(x)

|2 = Vo(z)
(2= 0ib(@))(25 =0, 0(x) (o i gy Togs
e G = e (0 ) — [5D00(0)
_N-1 e Ad@) 7o Vo) - V() - Vo(a)
[z = V()| |2z = V()| |7l |z = Vo(x)? ’

because z - V2¢(x) = 0. From Hy = Nr—gl, |z| = |ro + op|, and |2 — V| = |(ro +
op)vg — org V| we obtain immediately the expression for H (o, @) o T(o, ¢). d
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As a simple corollary of this lemma we have the following.

COROLLARY 2.2. The map (0,¢) — H(o,p) o T(a,¢) from R x C*%(Ty) into
C%(Ty) is of class C* near (0,0).

Proof. First, we point out that H (o, ¢)oT(a,p) € C%*(Ty). This is a simple con-
sequence of the fact that H(o, ¢) o T'(o, ¢) is a simple algebraic expression depending
on C%%(T'y) functions. We emphasize that its denominator is strictly greater than,
say, 19/2 for op small. Then its differentiability with respect to (o, ) is clear for op
small. 0

COROLLARY 2.3. The map (o, ) — K(o, ¢):= w from RxC%*(Ty)
into C%*(Ty) is of class C* near (0,0). Moreover, its derivative with respect to ¢ at
(0,0) is given by

M3
N-1

(2.3) 9,K(0,0)(¢) = —A¢ — ¢

Proof. By direct computations and using (2.2) one may easily find that
2rop + op® + 01§Vl
|(ro + op)vy — 7oVl (ro + | (ro + op)vy — 079 Vp|)
o Ap g Vyp Vo Ve
Iro + 0| | |(ro + o@)vo —oroVe|  |(ro + op)vg — aroVel3

K(Ua QD) = _HO

(2.4)

)

which shows that K(o,¢) is of class C* near (0,0), for example, for ||op||cz.a(ry <
r9/2. The expression of (o, ¢) also gives immediately the value of 9,/C(0, 0)(¢p). 0

As we mentioned in the introduction, we will prove first that the problem (1.1) has
a solution Q(c, ¢, ) in the set of domains {Q(a, ), € C**(Tg)}. Then a key point is
to prove that (o, ¢) is the solution of (1.1) in ©. For this it is sufficient to show that
for any £ € © small, there exists a ¢ € C**(Ty) such that Qy(,. . )1e = (0, 9o + ¢).
Let us prove first the following important lemma.

LEMMA 2.4. Let 0 #0, 0 < %, There exist O, a small neighborhood of 0 in
O not depending on o, and two C* functions

0 €Oy =) cC>(Ty) and 6¢c Oy g=g(0) c C>(To;Ty),
with g invertible, such that
(2.5) (I+0)og=T+t(p)+opry onTy.
Moreover, there exist C' > 0 not depending on o such that for 6 € ©q, we have

(2.6) lg(@)lle < C,
(2.7) lg='(6) — Ille < Cll6lle.

Proof. Let t € RN, and for y € Ty set x = ro% € I'y and ¢(6,t) :
Ty — To, g(0,t)(z) = y. For (0,t) € ©1 x Uy, a small neighborhood of (0,0) in
© x RN the function g(,t) is a C>%(I'g; T'y) well-defined invertible function. Indeed,
for (6,t) = (0,0) we have g(0,0)(z) = x. Then the inversibility of ¢g(6,t) for (8,t)
small follows from C! regularity of (6,t) — g(,t).

Now let us introduce the function ¢(6,t) : I'g — R by

(2.8) op(0,t)(x) = |(I +0) 0 g(0,t)(x) — ] — 0.
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We look for ¢ such that ¢ = t(p(6,t)). For this, let us consider the equation
(2.9) ot = / (I(I40)0g(0,t)(x) —t| —ro)vo(z)de.
o

The function

f:(0,t) €0 x RN s ot 7/1“ (|(I 4 0) 0 g(,t)(x) — t| — r0)vo(z)dz € RN

= UtAO(I+0)og(0,t)(x)tzdx

is of class C*, f(0,0) = 0, and for s € RN, 9,£(0,0)(s) = (o + W)s
Let us prove the expression of 9, f(0,0)(s). For § = 0, we have &8’3:; =
This gives (|g(0,t) — t|vg + t)? = r2 because |g(f,t)| = ro. Then we may find that

vy.

19(0,8) =t = [(vo - )* = > + ]2 — (0 - 1).
It follows that
g(0,t) =t + [(ro - )% — 2 +r2]Y %05 — (vo - o, 0r9(0,0)(s) = s — (v - 8)10,

and we obtain

0t f(0,0)(s) = os — 0tg(0,0)(s)(z) — sdx

v [ o iz = o+ P09),

From the implicit function theorem it follows that we have the existence of O3, a
neighborhood of 0 in ©, and a map 6 € Oy — ty € RY such that tolo—o = 0 and ty
satisfies (2.9). Taking o small, say, |o| < PQ(SK,“), allows us to choose Oy independent
of o.

Now, putting ¢t = ty in (2.8), multiplying by vo(z), and integrating on T'y, from
(2.9) it follows that t(¢(0,tg)) = tg. Finally, let ©g = ©1 N Os. For 6 € O let’s set
g(0) = g(0,tg), p(0) = v(0,t9). These functions satisfy the lemma. Indeed, for § and
t = tg, from the construction of ¢g(0,t), ¢(6,t), and (2.8) we have

(I+0)og(8,tg) =|(IT+0)0g(0,tg) — ta|lvo +te = (ro + op(0,te))vo + to
=1+ t(p(0,t9)) + op(0,t9) 0.

The C' regularity of the functions ¢ and g follows immediately from the formula
giving g(0,tp), p(0,te) and from the C! regularity of 6 — tg.

The estimation (2.6) follows from the fact that g=!(#) = T0|ﬁz:§:\ and that

0 — ty is a uniformly C! function (with respect to o) from © to itself.
For (2.7) we write

_ 1 12 — |rovo + 0 — tol?
1 0
0)—=—7—— 0—to) +
& () |I+0—tg| |:TO( 9) 7”0+|7’()I/0+9—t9|
_ 1 |:T0(9_t0)_02+t3+27'0(1/0'9)—27’0(1/0'tg)—2(0't9)l '
[T+ 60 —to] o + [rovo + 0 — tol
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This equality, together with the facts tg|g—o = 0 and C! continuity of § — t4, gives
[to] < C|0lo. It follows that ||g=1(0) — I||e < C||0]|e, which proves (2.7). O

COROLLARY 2.5. For any ¢, € C*%(Ty), let’s set 0 = u(0, ¢,). Then p(0) = ¢,.

Proof. First we show that t9 = t(¢,). Indeed, as we have g(6,t(v,)) = I, it
follows that t(¢,) satisfies (2.9). From uniqueness of t satisfying (2.9), we obtain
t9 = t(¢o). Then from the formula defining (6,t), by direct verification, we obtain
e(0) = p(0,ts) = p,. O

PROPOSITION 2.6. Let’s assume that for any o small, there exists ¢, € C*%(Ty)
such that Q(o,¢,) is the solution of (1.1) in {Q(o,¢),p € C**(Tg)}. If u(o,p,) €
Oy, where O is given by Lemma 2.4, then Q(o, ps) is the solution of (1.1) in O.

Proof. As o is small, it follows that u(o,ps) € Og. Then there exists a ball
B(0,¢) = {||0]le < €} such that u(c, ¢s)+ B(0,¢) C ©¢. From Lemma 2.4, Q5.0 )+¢
= Q(o, p(u(o, ps) +&)) for all £ € B(0,¢). Then the proposition follows from the C!
regularity of ¢ and @(u(o, v,)) = ¢, (Corollary 2.5). d

LEMMA 2.7. For 6 € Oy, let ¢ and g be as in Lemma 2.4, (I+6)og =I+t(p)+
opvy. Then there exist two constants Cq, Co not depending on o such that

(2.10) [0]le <6 = [[t(¢) + opmolle < C19,
(2.11) [t(e) + ovmplle < 6 = [t(p)| + lop|loz.ar,) < C26.

Proof. Let us first prove (2.10). From (2.8) we have t(p)+opry = (I+0)og(f) —
I=00g(d)—g(0)o(g1(0) — I). From (2.6) and (2.7), we get

1t(0) + ovmolle < Cllg@)lelltlle + lg@®)llellg™ () — Illo < Cllle,

which proves (2.10).
Now, let’s prove (2.11). As each component of vy becomes 0 for any |x| = rg, it
follows that |t(¢)| < 6. This implies ||oprylle < 26, and

logllczare) = llopro - vollcz.ery) < mollellovrolle < 2llwolled,

which proves (2.11) with Cy = 1+ 2||w|e. 1]

REMARK 2.8. Proposition 2.6 and Lemma 2.7 are very important, in particular
for proving Theorem 1.6. Indeed, let Q(o,p,) be the solution of (1.3). To prove
that Q(o, vs) is the solution of (1.1), from Lemma 2.4 it follows that it is enough to
consider perturbations of the form I + t(v) + opvy. Moreover, from Proposition 2.6
and Lemma 2.7, it is enough to consider perturbation of Q(o,ps) of the form I +
t() +otpvo with  satisfying [6(0)| + 0@l can(ry) < 6. Thus, ¢ may be large but o
must be of order §. Thus, if

= gyt = Y Pty + > ity = @1+ ¢,
i.j j=1n i#1,j

where u;; are the eigenfunctions of A, from

lelZ oy = @17 mgy + 195170 o)

H3 N HE
2.12 2 =(1 0 E : 2 _ 1 0 ()2
( ) ||801||H1(F0) < +N_1>j_1N901J |F0| ( + N —1 l (SD)| ’

it follows that

(2.13) @1l (rgy + 0@ gy < CO.
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From (2.5) and (2.12) it follows that @1 is responsible for the domain translation t(p).
The “pure” deformation of the domain is basically due to ¢$ because the contribution
of p1 is of order aé (for the H*(T'g) norm,).

Writing the domain perturbation as the sum of two terms involving ¢1 and ¢$
with ©f multiplied by o is very important. Indeed, if one considers E(Qpypu,) —E ()
(instead of E(Qg+t(¢)+gwyo) — E(Qyp)), its main part is

/ Tl — 702 1 D gy + ) - Te(By) - ().

The integral term has no p1 contribution, but it is positive (greater than C||¢$ ”Hl(Fo))
The term with o1 appears only near to the o(1) term and the e(?) derivative. In
general, it is difficult to control the residue o(1) ”‘P”%l(ro)’ and here the transformation

t(@) + opvy is of interest, because in this case one would have o(1)||¢| g1 (r,) instead

of %H@H}p(po). The [|p1l|a(ry) part of the o(1) term may be controlled by the
e(QY) derivative term (and here the hypothesis (1.6) intervenes crucially), while the
ot a1 (ry) part of the o(1) term is controlled by the integral term.

LEMMA 2.9. Let Ko = {p,0om(Q0)(¢vo) = 0}. There exists a C? function
q : dom(q) C Ko — C*%(Ty) where dom(q) is an open neighborhood of 0 in K
such that m(Qy(p),) = mo, q(@) = ¢ + B(p) with 3 a C? function, and B(0) = 0.
Moreover,

(2.14) 9,6(0)(¢) =
(2.15)  Dom(Q(010) (028(9) (9, 9)) + Dgm (S, Lp)ug)(atpﬁ(so)((b%6@6(@)(@”) =0,

@ 0y s continuous from  C%*(Tg) to H'(T),

Y= Qiﬂ is continuous from  C**(Ty) to H'(Ty) x H'(Ty).

Proof. The existence of 3 and ¢ as well as (2.14) and (2.15) are classical results
and may be proven easily by direct computations and applying the implicit function
theorem to (¢,t) € Ko X R+ m(Q(p44)1,) — Mo € R at (0,0) (although a proof of it
is presented in [9]).

Here, we will not present the complete proof. Instead, we will prove the regularity

for J,/ and 83,,8. Indeed, differentiating one and two times with respect to ¢, the

equation m(Qq(),) — mo = 0 gives

0= / (6 + 008(2) () (%0 - Vatepwo)
o0

a(p)vo

- / (6 + 00 8(2)(8) (W0 - V) Jacr (I + a(p)w0),
- / O26(2) (6, 8) (0 - Vo) Jacr (I + a()10)

+/F (¢ + 0,8(0)(8))0p[(v0 - Va(pyvy)Jacr (I + q(@)ro)]()-

It follows that

. fro (Vo - Vg(pywe)Jacr (I + q(p)vo)dlo

9:B(p)(9) = fro Y0 Vgt ) Jacr (I + q(9)1o)

Jry (& +0,8(0)(8))0,[(Vo * Vo)) Jacr (I + a(p)vo)](¢)
Jr, (0 - Vagoywo) Jacr, (I + a(p)vo) '

956(0) (9, ¢) =
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From the C! continuity of ¢ — 9,0 and of the maps 6 — vy o (I +6) and 0 —
Jacr (I + 6), the regularity claimed for the maps ¢ — 9,8(p) and ¢ — 925(p)
follows. O

3. Proof of the main results. Let F' be the function

F: R x C%**(Iy) x R—C%*(Ty) x R,
(Ua 2 A)'—)(Fl (07 ¥ A)) FQ(Ua @, A))y

where Fi, F5 are defined by

(3.1) Fy(o, 0, A) =19 / b(o, ¢)v(o, p)dl’
I'(o,0)

+ [O-b(o-a 90) o T(Ua 90)+IC<U7 (P) _A]<V(07 90) © T(O’, 90) : V0>JF0T(07 90)»
(3.2) Fa(o,0,A)= [m(a, ¢)—m(0, 0)]/0'

Here Jr,T(co,¢) = |'[DT(0,¢)] "t - vo|JT(0,¢) is the tangential Jacobian of T'(a, )
and JT' (o, ) is the usual Jacobian of T'(c, ¢).

REMARK 3.1. Note that Fy /o differs from the left-hand side of (1.8) basically by
the term o1y [ b(o, @)v (o, @)dl. Fy is the C%*(T) representation of ,L(0, ¢, A).
The function Fy(o,¢,A) is defined explicitly, while F5(o, @, \) initially is defined im-
plicitly. In (3.6) is given the explicit form of Fs(c,p, N). It is clear that in particular
F(0,¢,A) is well defined. See Remark 3.4 for more discussion about F(0,p, A).

LEMMA 3.2. For (o,p) € (R\{0}) x C?%(T'g) small such that u(c,p) € Oy,
Fi(o,¢,A) =0 is equivalent to (1.8).

Proof. It is enough to prove that d,L(c, p, A) = 0 implies

A H
aGE(Qu(U,ga)) + (O’ - 0_20) aem(Qu(o,ap)) =0.

(See the introduction for the difference between 0y and 0,.)
Let s € R be small such that u(o,¢) 4+ s{ € ©¢. From Lemma 2.4, Q5 o)4s¢
— (0, p(ulo, 9) + 5£)). But

D E(Qu(o,))(&) = 9sE(0, p(u(0, ) + 58)) = 0,E(0,9)(0ep(u(0, ¢))(£));
om(Qu(o,0))(€) = Osm(a, @(u(o;, @) + 5§)) = dom(a, ) (Fpp(u(o; ¢))(E)),

which leads to

A H
aOE(Qu(o',cp))(g) + (O’ - 0_20) aem(Qu(mtp))(E) = aSOL(Ga 907A)(3930(u(0'a tp))(ﬁ)) =0
and finishes the proof. 0

LEMMA 3.3. The function F : R x C%%(Tg) x R — C%%(Ty) x R is of class
C*' near (0,0,0). Moreover, the derivative of F with respect to (p,A) at (0,0,0) is
given by

2

H
(3'3) aL,DJ\FI (07 0, 0)(‘»07 )‘) =—-Ap— N i) 1 p+A+u- VQe(Bw)‘Xo : t((p)7

(3.4) (Q)@,AFQ(QO,O)(%)\):/ pdlg.
To
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Proof. Taking into account (3.1), the C* regularity of Fy near (0,0) follows from
the hypothesis (1.5), the regularity result of Corollary 2.3, and the classical regularity
results of the maps (o, ¢) — v(o,¢) o T(0, ) and Jr,T(c, ); see, for example, [12].

Let Fy1(0,¢) be the first term of Fy(o,, A). It is easy to Verlfy that

P = Y o | o P02 0.0)

As we also have e(0, p) = e(Bx,1t(y)), it follows that

=

0, F11(0,0)(¢) = > v 92e(0,0) (15, )

i=1,N

(=)
~

Q
N ; . ) 2
T P(Q) _ZN Vit (1) - V2e(By) ey - 6(0) = o - V2e(Ba)lx, - ().

The expression of d, A F1(0,0,0) is completed then by Corollary 2.3.
The C! regularity of F; is a classical result. However, the proof is simple. Indeed,
we have

(3.5) m(o, ) = /Q JT (0, ))dQ = /Q det[8;5 + 00;(pr§)]dQp.

Thus we obtain

(3.6) (0,0, / D ailprh)dn+ Y ot deQm
Qo j=1,N k=2,N

where Q) is a homogeneous polynomial of order N depending on the first derivatives
of pv}. Then it is clear that Fy is a O function and

9, F2(0,0,0)( / > 0i(erh)dQ _/ @dl,
Q

04=1,N To
which achieves the proof of the lemma. 0
REMARK 3.4. In the next theorem we will apply the implicit function theorem
near (0,0,0) to the function F. Let us emphasize that F1(0,0,0) = 0 is ensured by the
first part of (1.6) and (2.4), while F»(0,0,0) = 0 is guaranteed by (3.6). Also, from
(2.4) and (3.6), it follows that

CAp— M, :
F(0,p,A) = ( Be—yrp—A+w frw) b(0, )vodlo )
fro ¥
This implies F(0,p,A) # (0,0) iff (p,A) # 0. Indeed, if F(0,0,A) = (0,0), then
p=a-vy, forany a € RN. It follows that A = v - fF ( )b(O,cp)z/OdFo. From the
t(p
second part of (1.6), vp - fr ©)vpdly # 0 iff t(p) # 0. As t(p) = aw it
follows that e =0 cmd (cp,A) (0 0)
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Proof of Theorem 1.4. As we mentioned in the introduction, the main tool
of the proof is the implicit function theorem applied to the function F' near (0,0,0).
The only thing we have to prove is that the application (¢,\) € C*%(Iy) x R
9y A F(0,0,0)(¢,\) € C%*(T'y) x R defines an isomorphism. Then it would follow
that there exist o* > 0 and a unique C' map

®: (—0",0%) = (C**(T0), R), @(0) = (¢5,Ac),

such that F(o,¢s,A;) = 0. Lemma 3.2 shows that for ¢ # 0, (¢,,As) satisfies
Theorem 1.4. Thus Q(o, ¢, ) is the solution of the free boundary problem (1.3).
Let (f,p) € C% D‘(Fo) x R and look for the (¢, \) € C%%(I'g) x R solution of

(37) aW,AF(OaO’O)(@v)‘) = (fv /1’)

Let us prove first that this equation can have only one solution. Indeed, the eigen-
values of A (if A is considered as an operator in H2(I'g)) are {\ = fk(évj\ffiz)Hg,
k=0,1,...}. Let Uy = {ugi, i = 1,...,ix} be the orthonormal family (with re-
spect to L?(I'g) norm) of eigenfunctions associated to Ay and U = U2 (Uy. From [1],
for example, we know completely U: Uy is the trace on I'g of kth order harmonic

homogeneous polynomials in RY. For example, we have

o 1 I TN N
Uo = { (Qo) { \ P Qo g \ P(Qo)}7

As U is a base for L?(T), f can be written in the form f =Y, . friuk;. Writing ¢,
the solution of (3.7), in the form ¢ =}, ; ¢x;ur; and replacing it in (3.7) allows us
to identify its coefficients

Poo = M,
N
Z akl ‘Xosall = fli, k= ]-a
i=1,N P(S0)
1 (N —1)2 . .
P — 5,9 (8 k227 =Ly ok,
L ¥ Ty g L ! ’k
2
N = fo + H Hs

P(Q)  P(Q)N -1

This system defines uniquely all the coefficients ¢; and A in terms of fi; and p, which
together with the second part of (1.6) (in fact, only nonzero eigenvalues of V2e(By)|x,
are required) proves the uniqueness of the solution of (3.7). We emphasize that the
hypothesis (1.6) is essential for the proof of the uniqueness.

Now let us prove the existence of the solution of (3.7). Let Co*(Ty), respectively,
C2*(Ty), be the space of C%*(Ty), respectively, C>*(Ty), functlons havmg 7ero
mtegral over I'g. It is well known that A defines an isomorphism from C5*(T') into
Co*(Ty) and its inverse A" is compact from Co**(Iy) into itself. If fo = f — jCFU

and ¢ is the solution in Co**(Ig) of

2

(3.8) —Apo — - [P0+ o V2e(By)lx, - t(¢0) = fo,
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then
2

N 1% _ 0
=t By Mo np@y !

is the solution of (3.7). Thus, to prove that (3.7) has a solution is sufficient to prove
that (3.8) has a solution. Multiplying (3.8) by —A™" we obtain

w0 + Apo = =A™ fo,
where A : C)**(T) — C*(T) is given by

Apo=A"" ( Hs

60—t V(B o) ).

But A is compact and A has no eigenvalue equal to —1 (from injectivity). Then
I + A is invertible, which proves the existence of a Cy’ (FO) solution for (3.8). From
the regularity results related to A we have Im(A) C C2*(I), which proves that
o € C*%(Tp) and that d, A F(0,0,0) defines an isomorphism from C%*(T'y) x R into
C%?(Ty) x R and ends the proof. 0

Proof of Theorem 1.6. The conditions of Theorem 1.4 are fulfilled and so for
o # we have (2(0,¢,),As), a solution of (1.3). If o is small enough, then t(y,) +
o,y € Oy, where Oq is given by Lemma 2.4. By virtue of this lemma, instead
of 6 perturbations of Q, = Q(o,p,), one can consider only perturbations of the
form t(p) + opry. From Lemma 2.7 it is sufficient to consider ¢ € C*%(T'y) with
[t(©)| + llowllc2.ery) < 6 for any 6 > 0 small. In order to preserve the measure, one
has to consider the perturbations of the form I 4 t(¢) + (o + B(ow))vo =: I +u(p)
with ¢ € Ko := {9gm(Q0)(pro) = 0}; see Lemma 2.9.

It is easy to prove that 0 = ¢, — fro wo € Koy and Q, = Qu(¢3)~ Then it is
enough to show that

EQ,) = min{E(Qu(Wg+<p)),

(3.9) p € C**(To) N Ko, [t(@)| + ||low]lc2e small enough}.
Let us first estimate E(Qyu(p044)) — E(Qup0))- Let G(§2) denote e(2), P(£2), or m(£2).
Then, by virtue of (1.2), (1.5), and (1.10), we have

G(Quw%ﬂo)) - G(Qu(wﬂ))

= 09 G (Qu(0))(0y u(?)(¢))

+ 05 G (Qu(po+50)) (0u(0g + 59) (1), Opu(0g + 59)())
+ 89G(Qu 0+s¢) (8 u(<pg + S@)((p 90))
= 99 G () (9pu(95)(¢))
+ 05G(Q) (0,ulpy + 59) (), Oou(py + 50) () + 0pG (20 ) (Dpu(yg + 59) (9, ¢))

o(D)(19,u(el + s9) (@)l ry) + 105u(eg + 59) (2, )1 (1))
where lim o(1) = 0 when [t(o)|+|lo¢||c2.ary) — 0 =0, s € (0,1). From the continuity
of 0,03, 836 given by Lemma 2.9, it follows that

dpu(py + 59)(¢) = 0,u(g)(9) + 0o (Vlloplla ro),
Dpu(i0g)(9) = () + ao1 + 0, B(005) (o)
= t() + opro + 0o (1) ol 11 (ro)
Ozulpy + s9) (v, ) = 02u(wg) (9, 9) + 0op(Vllowlli 1y,
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where limo, (1) = 0 when ¢ — 0 and lim 0,,(1) = 0 when ||o¢||¢2.a(r,) — 0. Then

G(Qu(po+¢) — G(Qupo)) = 9G(Q)(Dpuleg)(9))
+ 05G () (0,u(0)(9), Dpu(d)(9)) + B G () (02u(22) (2, 0))
+ 0o (DlloglF ry)
+o(1)([19pu(ey + 50) (@)1 1 (1) + 105005 + 50) (0, 9) |11 (1))
= 35G(Q)(9pu(g) ()
+ 05G Q) (0,u(95) (), Dpu(93) () + G (2 ) (D2u(05) (9, )
+o(1)(It(@)* + lollFr(ry))-

Consequently, taking into account (1.8) and the fact that P(Q) and m(Q2) do not
depend on t(p), we may write

BE(Qu(ey+4)) = E(Quies))
o [ 1 <A(7 Ho

=08 |e(0) + 25 P@a) + (5 = T2 ) i) | @pu(e) ) 0,u(e2) )

+o(1)([t(p)* + o ol ry))

=08 |e(00) + 5P + (5 - ) mis20)| @) (). Dpu(e2) )

+(0(1) + 0, (1)) (1t(L)* + o2 loellzp )

= Re(O0)(t(9) + o010, () + 0p20) + 5 FLP(00) — Hom () (o0, )

+0() + 0, ()P + 0ol r,)
= [ 196 — R0+ 3Re(0) b(5) + v, () + o)
To
(3.10) +(0(1) + 05 () () + 00l 1, )

Let us write ¢ = >, , pmiuri. As ¢ € Ky, it follows that pgo = 0. Moreover, from
the estimations

e(Q)(t(9), oow0) = 06 (1)([t(L)* + 2ll3rr (1)),
5e(Q0)(ooro, opro) = 0o (llellf 1y

k(N + k —2) 1 1k +k-2)
(N-12 N-1-2 (N-12

[t(p) - VZe(By)lx, - t(0)| = min{Xi,i =1,..., N}t(p)[”

=min{\;,i=1,...,N} > (Z Solk\/i (u{f))
I=1,N \k=1,N

N
= MP(Q) N-1) Z@u,

k=2,
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where 0 < A\; < Ay < --+ < Ay are eigenvalues of V2e(B,)|x,, one can obtain

Vel —

N 0 1‘P2dF0 +t(p) - vze(B:v)lm “t(p)
To -

+ 202e(Q0) (t(0), o) + Dae(Q) (o, opry)

= 3 oty (MR - ) o) elBab o)

+ (0(1) + 0o () ([t(L)* + ellzr 1))

1 k(N +k—-2) P(Qp) N -1 5 9
V) Z (N 1) Howi + M e TZZ:(N—UHOWU

+(0(1) + 0s (1)) (L) + 2l (1))

1 c (QO)
= QT_[%||<P1||§JI(FO) + A1 2 TH%H}N(FO)

+(0(1) + 0s () (1) + 2l (1))

> Collell i rg) + (0(1) + 0e (M) lI@llr 1)

where Cy = min{ T2 A1 P(QO) N1 From (3.10) and (2.12) it follows that

E(Qu(po+¢)) = E(Qu(et)) = CollellFiry) + (000(1) + 0o W)@l ),
which proves (3.9) for o, [t(¢)| + [[0p||c2.(ry) small, and proves the theorem. 0

4. Applications. We will consider an application which involves the Laplacian
in RY. We show that the hypotheses (1.2), (1.5), and (1.10) are satisfied. We give a
sufficient condition on data for the hypothesis (1.6).

Let us consider f € C*(RN), N > 2. For € O let’s set e(Qp) = —3 fQ |Vu(0)?,

where u(0) € C?(£2p) is the solution of

(41) { Au(f) = f in Qp,
u(@) =0 on Ty.
The main result we prove in this section follows.

THEOREM 4.1. Let f € CL(RYN) be a radial function and xo = 0.

(i) If [% Jo o sNTf(s)ds — f(ro)] fy° sV T f(s)ds # 0, then (1.3) has a unique
C? solution for o small.

(ii) If [% Jo o sNTHf(s)ds — f(ro)] fy° sV T f(s)ds > 0, then (1.1) has a unique
C%2 solution for o small.

To prove the theorem we need some preliminary results, most of them quite
classical results in shape optimization theory. Let us point out that throughout this
chapter, - denotes an extension operator from © to C%(€Qg), or (explicitly) from
HI/Q(F()) to Hl(Qo)

PROPOSITION 4.2. The shape functional 0 — u() o (I + é) is differentiable
from © into C%*(Qy). Moreover, u(6)(£), the first shape derivative of u(0), satisfies
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w(6)(€) € CH2(Qp) and

(42)  ulB)(©) o (I +8)+E Vu(®) o (I+6)=p(ul6) o (I +6))(&).

(4.3) Au(0)(€) =0 in Qo,
(1.4 u(0)(©) = ~€ ) on 1o,
(45) | 19O < Cleli

(4.6) .AIVUW+CX®°U+f%*VM®@N”:%ﬂWN%mwwv

where { = ( o(I+ é)_l and lim¢|g—o 0c(1) = 0.

REMARK 4.3. The estimation (4.6) is crucial in proving that e(Q) satisfies (1.10);
see Lemma 4.5. .

Proof of Proposition 4.2. The differentiability of u(6)o (I +6) is a rather classical
result. The proof is based on the implicit function theorem and the uniqueness of
(4.1). A proof in a Sobolev spaces framework is shown in [12], [13].

Although the proof is quite standard, let us prove that the result is true even in
Hélder spaces. Let F'(6,v) be defined by

F: ©@xCrQ) — C*Q),

(6,v) — = Y M,(6)
ijk=1,N

ov «
o (Mi,kw)axk) L fo(I+6),

where C3*(Q) = C%*(Q) N {u = 0 on Ty} and [M; ;(8)] = t[V(IJré)]*l (let
us point out that the function F(6,v) is obtained by transporting (4.1) in €y and

replacing u(6) o (I + 0) by v). The function F' is linear in v and derivatives of v up to
second order, while 6 — M; ;(6) is a C! function from © to C**(Qp; RY) in a small
neighborhood of 0 € O (as a rational function in 6 derivatives and with a denominator

greater than, let’s say, 1/2), as well as § — fo (I + é) Thus F is a C! function in
a small neighborhood of 0 € ©. Moreover, F'(0,u(0)) = 0, 0,F(0,u(0))(v) = —Av,
which defines an isomorphism from C’g “(Q0) to C*(Qp). From the implicit function
theorem we have the existence of a C'! map 6 — v(6) from © to C2**(Qp) such that
F(8,v(0)) = 0. It follows that v() o (I +6)~! is the solution of (4.1) and from the
uniqueness of its solutions we get v(6) = u(f) o (I +6) and thus the C* regularity for
0— u(@)o(I+9).

From Sobolev space embeddings we have that § — u() o (I +6) is a C* map
from © to H?(Qp). From [12, Lemma 2.1] it follows that u(0)(&) € H'(Qg), satisfying
(4.2). The conditions of [12, Theorems 3.1 and 3.2] are satisfied, and (4.3) and (4.4)

follow. The estimation (4.5) is proven, for example, in [4].
To prove (4.6), let us introduce @(60)(§) = Wu(@)({) The map 0 — a(0)(&)o
H>/=(Tg)

I+ 9) from © to H' () is of class C!. Indeed, as (0)(€) satisfies
(4.7) Au(0)(€) =0 in Qy,

(48) a(o)(e) = — = 9uo)

- ||5||H1/2(1“0) vy

on Fg,
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let us introduce the function
F: ©xHNY%) — H(Q),
(6,v) - /Q V(v +g(0)) - [Myy(0)] - *[M; (0)] - Vi Jac(l +0),

where ¢ € HY(Q), 9(f) = fll&”f{;ﬁ(ﬁg -Vu()) o (I +6) and - is a H'(Qo)
* [0
extension of -, thus, in particular, [|§ |1 (,) < Cl[llg1/2(r,) (note that the function

F is obtained basically by transporting the weak form of (4.7) in Q).

We have F(0,%(0)(£)—g(0)) = 0 and the function F is of class C'! near (0, @(0)(&)—
9(0)). Indeed, it is linear in v. Moreover, from the first part of the proposition, 6 +—
g(0) is a C* map from © to H' () and 8, F (0, @(0)(¢)—g(0))(v) = Ja, V-V, which
defines an isomorphism from H?'(€) into H~ (). The conditions of the implicit
function theorem are satisfied. Then there exists a C* map 6 — v(6) from a small open
neighborhood of 0 € © into H' () such that F(#,v(#)) = 0. This neighborhood may
be chosen independent of § because [|g(0)[| 1 (aq) < C, [106[9(0)] ()]l 11220y < ClInlle
with C independent of &, and so F (6,v) is a uniformly C! function (in ¢) from
O x H'(Qo) to H™'(Qp). Writing (A, v(#)) as an integral in €y, from the uniqueness
result for (4.7), (4.8), it follows that v(6) = w(0)(&) o (I—i—é) —¢g(0), which proves that
0 — a(0)(&) o (I+ é) is a C! function from © to H'(Qg). It follows that for ||f]|e
small we have

[ IV@O+© 0 (+0+0) = V@)© o (I+0)P =oc(1),  lm

On the other hand,

OC(]‘) =0.

|V @0+ 0 o (1+0)
VI +0)) V(@0 + ) o (I+6 +C)),

V(I + f)] = In +o0¢(1), Iy the identity matrix,
VI +60)] ' =In +0p(1), lim op(1) =0,
I6lle—0

It follows that
196+ 00 140 - i)
= [ IV OO + Q€ o 7+ 0 - VO
= [ 190+ 0 1+ ) = VIO + oc(1)
= [ VD) IR0+ €0 46+ ) = TEOE (4 ) +oc()

<o V(@8 + C)(€) o (T+6 +C)) = V(@(8)(€) o (I +6))[> + oc (1)
< (C+1)og(1).

The estimation (4.6) is proved because u(0)(§) = €|l 1/2(r,)@(6)(§)- d
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PROPOSITION 4.4. The functions 0 — e(Qg), 6 — P(Qp), and 0 — m(Qy) are
near 0 € © two times differentiable. Their derivatives are given by

49 @) = [ IVuOLE )
%e(@0)(&m =~ [ (€ )0 10) PO+, Tu(0)]
5 . (€ 10)0,00)0) + 1-20)2h, u0)(©) 2y 6)
(4.10) +;/F9 (vo-VE-n+wvy-Vip- &+ & Vg 1) |[Vu(6)?,
@ aP@© = [ M)
(412)  OBPEN) = [ (T-O(F 1)~ (T ()] + 0o (V) - (- (F),

(413)  Opm(Q)(€) = /F - ve),
(4.14)  OBm(Q)(€n) = / - vo)(V 1) — £ - v,

where § =0 (I+60)"1, 7=no(I+6)"L.

Proof. The differentiability and the derivative (4.9) follow from [12, Theorem
3.3], taking C'(u(#)) = |Vu(#)|?. The derivative (4.10) follows from [12, Theorem 5.1],
which says that (under some regularity assumptions)

o (/ G(U(9))) ©) = [ 9G(u(@)() + (€ - vo) [HoG(u(8)) + Dy G (u(0))] -
Ty Ty

The expression (4.10) then follows by taking in the previous formula G(u(f)) =
IVu()) (€ - vg) (a proof for three dimensions is given in [9]).

The derivatives (4.11) and (4.12) are proven in [5, Theorem 10.4]. Finally, the
derivatives (4.13) and (4.14) follow by elementary calculus (a proof of them is pre-
sented in [9]). 0

LEMMA 4.5. The functionals e(Qg), P(Qg), and m(Qp) satisfy the hypotheses
(1.2), (1.5), and (1.10).

Proof. The proposition is true for P(€y) and m(€y). The proof follows imme-
diately from Proposition 4.4 and (4.12), (4.14). Let us prove that e({y) satisfies
Lemma 4.5. Proposition 4.4 proves the hypothesis (1.2) and gives b(f) = —%|Vu(6)|?.
The hypothesis (1.5) is satisfied by virtue of Proposition 4.2. For the hypothesis (1.10),
from the form of 92e(£2p), it is enough to show only that 6 — st (€-v9)0y,u(B)(n) is a
continuous map from O to R. As ng (€-v9)dy,u(d)(n) = — fﬂe Vu(0)(§) - Vu(0)(n) it
suffices to show that er [Vu(@ +¢)(Eo (I+¢) — Vu(d)(é)]* = oc(1)||€]l 1 (ry), which
is proved in Proposition 4.2. a

PROPOSITION 4.6. Let N > 2 and let us assume that f is a radial function. Then
Ve(Bx)|x, = 0 and the second derivative matriz of e(Bx) at 0 is

V2e(Bo)lemo = (’”(%) [JYV [ reas- fm))} I sN1f<s>ds) 1d,
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where 1d is the identity matriz.
Proof. Tt is clear that the derivatives of e(Byx) are intimately related to the shape
derivatives of e(€2y). Indeed, we have

(4.15) 0ie(By)|xo = Ope(0)(&), i=1,...,N,
(4.16) 97,e(Bx)|xo = 05e(Q)(&:, &), 4,4 =1,...,N,

where {£1, &, ..., &N} is the standard base of RY. The solution u(0)(&;) of problems
(4.3) and (4.4) is given by u(0)(&;) = —729y,u(0). Also, for § = 0, the solution of
(4.1) is a radial function, denoted by u(0). We have

[] t
u )= — =N sN1 S constan
0)() /0 ; /0 F(t)dsdt + constant,
[]
u J=—- N sNTLf(s)ds
Oru(0)(-) = —| | /0 f(s)ds,

R
07u(0)(-) = (N = 1)|- I_N/ sNTUf(s)ds — (| - 1)
0

From (4.15) and (4.9) it follows that
1 1 .
0ie(Bx)|x, = —5/ (& - vo)|Vu(0)> = —5/ |Vu(0)[*v = 0.
To To
From (4.16) and (4.10) it follows that

1

97;e(Bx)lx, = —§/F (& - 10) (& - v0) [Ho | Vu(0)[* + 8, [Vuu(0) ]

|
DN | =
5~

[(&i - 10) 00, u(0)(&5) + (& - 10) Dy u(0)(&:)] Dy u(0)

+% /FO [vo V& & +10-VE &+ & Vg - & [Vu(0)?
_ % /F i [Hol0u(O) + 110,u(0)]
+ % /F 2050375 |0ru(0)[* + Dirg |0 u(0) .
But we have
/FO vivd :5”%?0), [ 4= [ Hoving :6¢jHomS§0).

From the last equation of 5‘%6(3,() we obtain

82»2je(Bx)|x0 = —%6”‘ m(Sh) [7—{0|8Tu(0)|2 + 0 |0ru(0) |2 — 21y |9,u(0) | — H0|8Tu(0)|2]
=—06;; miﬂo) [83u(0) - ro_laru(())] Oru(0)

= & m($) [NTON /m sV f(s)ds — f(To)} re N /m sNTf(s)ds,
To 0 0

which proves the proposition. 0
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Proof of Theorem 4.1. Ttem (i), respectively, item (ii), follows from Theo-
rem 1.4, respectively, Theorem 1.6—the hypotheses are satisfied from Lemma 4.5
and Proposition 4.6. O
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1. Introduction. This paper is concerned with the global existence of a Nash
equilibrium solution for a noncooperative n-person differential game. The evolution
of the system is governed by a differential equation of the form

(1.1) i(t) ZZfi(%Ui%

say, with initial data

(1.2) (1) =y.

Here the real valued map t — w;(¢) is the control implemented by the ith player.
Together with (1.1) we consider the cost functionals

T
(13) Jz = Ji(Tvyvuh s 7un) = / hz(x(t)aut(t)) dt _|_gl(a:(T)),

consisting of a running cost h; and a terminal cost g;. The goal of the ¢th player is to
minimize J;. An n-tuple of feedback strategies

Ur=0;(t,z), i=1,...,n,

7

is called a Nash equilibrium solution if the following holds. For each i, if the ith
player chooses an alternative strategy U; while every other player sticks to his previous
strategy US, j # 1, then the cost for the ith player does not decrease:

(1.4)
Ji(my Uy U UL U US> Jiry Ut U USRS Uy, UD).
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Assume that a value function V = (V4,...,V,,) exists, so that V;(t,z) is the
minimum cost for the ith player, when everyone plays optimally but no cooperation
is allowed. Under suitable regularity conditions (see [F1, p. 292]), the function V'
provides a solution to the system of Hamiltonian equations

0

(1.5) aVi—i—Hi(x,VVl,...,VVn) =0,

with terminal data

(1.6) Vi(T,z) = gi().

The Hamiltonian functions H; are defined as follows. Assume that, for any given
gradient vectors pi,...,pn, there exist optimal control values u; (z,pj), j=1,...,n,
such that

(1.7) pj - fi(x,uj(x,p;)) + hj(z,u*(z,p;)) = gleig{iﬂj fi(z,w) + hj(z,w)}.

Then

(1.8) !
=pi ) fi@ (@, p;)) + min{pi - fi(w,0) + hi(w, w)}-
JFi

In the case of a two-person, zero-sum differential game, the value function is
obtained from the scalar Bellman—Isaacs equation [F1, I]. The analysis can thus
rely on comparison principles and on the well-developed theory of viscosity solutions
for Hamilton—Jacobi equations; see, for example, [BC]. On the other hand, in the
case of noncooperative n-person games, one has to study a highly nonlinear system of
Hamilton—Jacobi equations. Little is yet known in this direction, except for particular
examples as in [CR, O]. Instead, local existence results are known within the class of
open-loop strategies [F1, VZ]. They apply to the case where the players cannot use
any additional information on the state x(t) of the system, for ¢ > 0.

In the one-dimensional case, differentiating (1.5) with respect to (w.r.t.) x, one
obtains a system of conservation laws for the gradient functions p; = V; ,, namely,

(1.9) pit + Hi(x,p)y = 0.

In recent years, considerable progress has been achieved in the understanding of weak
solutions to hyperbolic systems of conservation laws in one space dimension. In par-
ticular, entropy admissible solutions with small total variation are known to be unique
and depend continuously on the initial data [B3, BLY]. Moreover, they can be ob-
tained as the unique limits of vanishing viscosity approximations [BB].

The aim of the present paper is to investigate the relevance of these new results in
the field of conservation laws toward the existence and stability of Nash equilibrium
solutions, in the context of differential games. In particular, our main goals are

e to identify the situations where the hyperbolic theory is applicable, and
e in the favorable case, to derive the existence and properties of a Nash equi-
librium solution.



196 ALBERTO BRESSAN AND WEN SHEN

The hyperbolicity of the system is clearly a crucial assumption, in order that the
Cauchy problem for the value functions be well posed. In section 3 we show that
hyperbolicity holds provided that the derivatives of the cost functions g; all have the
same sign. In practice, this means that all players wish to steer the system in the
same direction.

Granted that the system is strictly hyperbolic, the known results on systems of
conservation laws can be applied. The theorem of Glimm [G] or its more general
versions [BB, ILF, L] provide then the existence of a global solution to the Hamilton—
Jacobi equations for terminal data g; whose gradients have sufficiently small total
variation.

To obtain an existence result for solutions of differential games, one has to show
that, for each single player, the feedback strategy corresponding to the solution of
the Hamilton—Jacobi system is indeed an optimal one. We remark that, if the value
functions V; were smooth, the optimality would be an immediate consequence of the
equations. The main technical difficulty stems from the nondifferentiability of these
value functions.

In the literature on control theory, sufficient conditions for optimality have been
obtained along two main directions. On one hand, there is the “regular synthesis”
approach developed by Boltianskii [Bo], Brunovskii [Br], and Sussmann and Piccoli
[PS]. In this case, one typically requires that the value function be piecewise C!
and satisfy the Hamilton—Jacobi equations outside a finite or countable number of
smooth manifolds M;. On the other hand, one can use the Crandall-Lions theory
of viscosity solutions, and show that the value function is the unique solution of the
Hamilton—Jacobi equation in the viscosity sense [BC].

None of these approaches is applicable in the present situation because of lack
of regularity. Indeed, each player now has to solve an optimal control problem for
a system whose dynamics (determined by the feedbacks used by all other players)
is discontinuous. Our proof of optimality will strongly rely on the special structure
of BV solutions of hyperbolic systems of conservation laws. In particular, we show
that the solution has bounded directional variation along a cone I' bounded away
from all characteristic directions. As a consequence, the value functions V; always
admit a directional derivative in the directions of the cone I'. For trajectories whose
speed remains inside I', the optimality can thus be tested directly from the equations.
An additional argument, using Clarke’s generalized gradients [C], will rule out the
optimality of trajectories whose speed falls outside the above cone of directions.

It is interesting to observe that the entropy admissibility conditions play no role
in our analysis. For example, a solution of the system of conservation laws consisting
of a single, nonentropic shock still determines a Nash equilibrium solution, provided
that the amplitude of the shock is small enough. There is, however, a way to dis-
tinguish entropy solutions from all others that is also in the context of differential
games. Indeed, entropy solutions are precisely the ones obtained as vanishing viscos-
ity limits [BB]. They can thus be derived from a stochastic differential game of the
form

dzx = Zfz(x,ul) dt + € dw,
i=1

letting the white noise parameter ¢ — 0. Here dw formally denotes the differential
of a Brownian motion. For a discussion of stochastic differential games we refer
to [F2].
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In general, a weak solution of the hyperbolic system of conservation laws uniquely
determines a family of discontinuous feedback controls U = U (¢, z). Inserting these
controls in (1.1) we obtain the ODE

n
(1.10) &=y fila,U(t,2)).

i=1
In spite of the right-hand side being discontinuous, we show that the solution of the
Cauchy problem is unique and depends continuously on the initial data. Indeed, every
trajectory of (1.10) crosses transversally all lines of discontinuity in the functions f;.
Because of the bound on the total variation, the uniqueness result in [B1] can thus
be applied.

Our analysis will be concerned with the spatially homogeneous case, where the

functions f;, h; do not depend on z. In the last section we shall see what results
remain valid in the nonhomogeneous case, and discuss other possible extensions.

2. The basic framework. Consider an n-person differential game on the real
line, having the special form

(2.1) = fo+ Zui, z(1) = y.

Here the controls u; can be any measurable, real valued functions, while fj is a fixed
real number. The cost functionals take the form

To simplify the problem, for the time being we thus assume that the system has the
simple dynamics (2.1) and that the running costs h; do not depend on the space
variable . In section 6 we shall discuss how to extend the results to more general
situations.

A key assumption, used throughout the paper, is that the cost functions h; are
smooth and strictly convex, with a positive second derivative

32

at every point w. Each player seeks a feedback strategy u; = U; (¢, x), which minimizes
his own cost. Call V; = V;(7,y) the value function for the ith player, and consider the
spatial derivative p; = V; ;. The Hamiltonian functions H; are defined as

(2.3)

(2.4) Hi(p1,....pn) =pi- f0+ZU§(pj) + hi(ug (pi)),

where the controls u; = uj (p;) provide the solutions to the following minimization
problems:

(2.5) pjuj + hj(uj) = min{p; - w + h;(w)} = ¢;(p;)-

At a point of minimum the first derivative vanishes. For every p; we thus have

(2.6) b + gz (u (py)) = 0.
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The Hamiltonian functions in (2.4) can also be written as

(2.7) Hi(pr,....p) =pi | fo+ > _ui(p;) | + bi(pi)-
J#i

The corresponding Hamilton—Jacobi equation for V; takes the form
(2.8) Vit +Hi(Vig,...,Voz) =0.

To determine the value functions V;, the above system has to be solved backward in
time, with data given at the terminal time ¢t = T":

(2.9) Vi(T,z) = gi(x), i=1,...,n.

In turn, the gradients p; = V; , of the value functions satisfy the system of conservation
laws

0

0
(2.10) 50T %Hi(pl,m,pn) =0

with the terminal data
(2.11) pi(T,z) = gj(z).

Computing the Jacobian matrix A(p) of this system, with entries A;; = 0H;/0p;, we
find

(2.12) Aii = fo+ > ul(p;) =,
j

ou* (p; 2.
(2.13) Ay =p 5P _ | 0

=p )
pj ! 6p?

i # .
Indeed, by (2.6) the functions ¢; = p;u’(p;) + h;(u}(p;)) defined at (2.5) satisfy

0, ou;  Oh; Ouj
(2.14) Op; Ui P pj + du; Op; Y

It will be convenient to write second derivatives as h! = 9?h;/ 8u?, Py = 0?%¢;/0p2.

Differentiating w.r.t. p; the identity (2.6), we find

ou’*

(2.15) 1+ Y (uj(py)) - Wi(pj) =0.
Using (2.14) and (2.15) one obtains

ou’ 1
2.16 )= Sy —
( ) ¢g (p]> apj (pJ) h;’(uj(pj))

Of course, this relation is well known from the theory of Legendre transforms.
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3. Hyperbolicity conditions. In order that the Cauchy problem (2.10)—(2.11)
be well posed, the system of conservation laws should be hyperbolic. It is thus im-
portant to determine in which cases the Jacobian matrix A(p) has n distinct real
eigenvalues. According to (2.12)—(2.13), this matrix takes the form

& gy pid§ - il

P2 & pady - D2odl

(3.1) A(p) = | p3¢! p3dy & - pagy,
anS/{ pn¢>’2’ pn¢§,’ cee x

We recall that, by (2.16) and (2.3), all second derivatives ¢/ are strictly negative.
The next lemma provides sufficient conditions on p, ..., p, by which the system of
conservation laws (2.10) is hyperbolic.

LEMMA 3.1. Assume that all p; have the same sign, i.e., either p; > 0 for all j,
or pj < 0 for all j. Moreover, assume that there are no distinct indices i # j # k
such that

(3.2) pidi = ;9] = prdy-

Then the matriz A(p) in (3.1) has n real distinct eigenvalues, and the system in (2.10)
is strictly hyperbolic. Furthermore, all of these eigenvalues are different from &.
Proof. To fix the ideas, consider the case where p; > 0 for all i = 1,...,n. The
case where p; < 0 is entirely similar.
Let B = A—x1, where I is the n xn identity matrix, and call A(A4) the eigenvalues
of a matrix A. Since

(3.3) A(B) = \(A) — ,

it suffices to show that B has n distinct real eigenvalues, all different from zero.
First we show that B has no zero eigenvalue. This is clear because

0 pgy - péy 01 - 1
1" o 7 n 1 0 --- 1
der(m) = [P0 0 PO T
: : - : i=1 C :
Pnd  pudy - 0 11 .0
n
= (1" (n 1) [T widi #0.
i=1
As customary, the bars |- | around a matrix are used here to denote its determinant.

The eigenvalues of B are the zeros of the characteristic polynomial det(B — AI).
We observe that

A
__4 1 1
197 \
— 1 n
det(B — \I) = 2oy [ peei
: : : i=1
A
1 1 — o
Pl
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By assumption, the numbers ¢; = —p; ¢} are all strictly positive. Up to a permutation
of indices, which does not affect the determinant, we can assume that 0 < ¢; < ¢ <

- < ¢,. The polynomial det(B — AI) has the same zeros as ¢(\) = det B(\),
where

A 1
¢
~ 1 i 1
(3.4) B(\) = e
1 1 i
Cn

The leading term of the polynomial g()) is easily computed:

n

N =]] 3 +01) - AL

c
i=1 "

For some constant M > 0 sufficiently large, we clearly have sign(g(A\)) = +1 for
A > M and sign(q(\)) = (—=1)" for all A < —M. Moreover, when A = 0 we have
sign((0)) = (~1)™1.

Two cases need to be considered, depending on whether all ¢; are distinct, or
whether two of them coincide.

First case. Assume that all the ¢;’s are distinct, say 0 < c; < cg <+ < cp. Let
us compute the determinant of B(\) at the point A = ¢;. In this case, the ith row of
B(\) is identically 1, and we can subtract it from all the other rows, thus obtaining

& 1 ... 1 2_1 0 0

(&1 C1

1 &G 1 0 ﬂ_l 0

C2 C2
a(A) = =

1 1 .1 «: ith row 1 1 1

11 G 0 0 ... G ._4
Cn Cn

I(:-1)

Since

we conclude that

sign(g(\)) = (=1)""% when X\ = ¢;.
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neven
+ - - + - + -+ +
1 1 1 1 1 1 1 )
0 C1 C2 C3 Cy Cn—l Cn
n odd
-+ + - + - - + +
T T T T T i i | >\.
0 €1 i) €3 ¢4 a1 Cn

FIG. 3.1. The sign of det(B)(\) at various points. This shows the location of the real eigenvalues.

As shown in Figure 3.1, the function A — ¢(\) thus changes sign inside each of
the intervals:

]70030[7 }ClaCQ[a cee ]Ci—laci[a R ]Cn—lacn[~
By continuity, there exist n distinct real zeros, with
M<O0<eg <A< < <o <A< << Ay <.

Notice that we must have [A\1| = Y7, |\;| because the trace of B is zero.

Second case. Assume that two (but not three consecutive) numbers ¢; coincide,
say, ¢; = ¢;+1. We claim that the polynomial ¢()\) still has n distinct zeros, and the
(’L + 1)th Zero is >\i+1 = Cj = Cj+1-

When A = ¢; = ¢i11, the matrix B(A) has both the ith and the (i + 1)th rows
identically equal to 1. Hence the determinant is zero. This shows that \;11 = ¢; = ¢;11
is a zero of g(A).

To prove that it is a single root, we need to check that the derivative ¢’(\) does
not vanish at A = ¢;. A direct computation yields

1
- 1 ... 1 A 0o ... 1 A 1 -~ 0
T o o
o — --- 1 1 - - 1 1 — 0
q’()\): C2 + Co 4+t Co
0 1 i 1 0 i 1 1 i
Cn Cn, Cn

= det B1(A) + det B2(A) + - - - + det B, ().

When XA = ¢; = ¢;41 we have det B;(A\) = 0 for all j # ¢,i + 1, because the ith
and (i + 1)th rows of the matrix B; are identical (all entries are 1 except the jth
entry which is 0). Moreover, det B;(A) = det B;;1(A) because B;(\) can be obtained
from B;11(\) by first exchanging ith and (i + 1)th rows and then exchanging ith and
(i + 1)th columns. Now we compute det B;(A). The entries of the (i + 1)th row are
all 1 except the ith entry which is zero. We subtract this row from all the other rows
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and obtain
a 0 1 1
¢
det B,(\) 1 1 1 - 1 «—: ith row,
€ i = C;
1 0 1 .-+ 1 | «:(i+1)throw,
1 0 1 =
Cn
G 0 0 0
C1
0 oL 0o --- 0 «—: ith row,
= C;
1 e 01 e 1 —: (i + 1)th row,
0 .0 0 ... & _4
C7l
1 i
== 11 <c1);é0.
C; 7 Cj
jFii—1

Observing that ¢'(¢;) = 2 - det B;(¢;) # 0, we conclude that A = ¢; is a single root.

It now remains to prove that we still have n distinct real zeros, i.e., that the
coincidence of the two numbers ¢; and c¢;;1 does not destroy any of the other sign
changes in the polynomial g(\). In particular, there is still a zero inside each interval
Jei—1,¢i| and |¢i41, ¢ivo[. From the previous computation we have that

sign(/(e)) = (~1)"",
sign(q(c;—1)) = (*Unﬂ_ﬂ,
sign(q(ciy2)) = (—1)" 72

Therefore, ¢'(¢;) and g(c;_1) have the same sign, while ¢'(¢;) and g(¢;12) have opposite
signs. Looking at Figure 3.2 it is clear that there is one root within the interval
Jei—1, ¢i[, another inside the interval ]e;i1,¢;12[, while A = ¢; = ¢; 41 is still another
root.

In the special case : = 1 (or i = n — 1), it can be checked in the same way that
¢1 = ¢ (or ¢,—1 = ¢,) is a single root, while another root lies in the interval ]ca, c3[
(or in the interval |c,_o, ¢,—1[, Tespectively).

At last, we need to consider the case where more than one couple of numbers ¢;,
¢i+1 coincide. We claim that, in all cases, the polynomial ¢(\) still has n distinct
roots. Indeed, in the case where the two coinciding pairs ¢; = ¢; 41, ¢; = ¢j4+1 are not
adjacent (i.e., j # i + 2), the previous analysis applies. On the other hand, in the
case where, say, ¢;_o = ¢;_1 < ¢; = ¢;j1+1, the analysis of the signs of ¢'(¢;—1), ¢'(¢;),
q(cit2), and q(c;—3) (see Figure 3.3) yields the desired results.

The proof of Lemma 3.1 is now completed. 0

Remark 1. If three or more of the numbers c¢; coincide, say, ¢;—1 = ¢; = ciy1,
then ¢; becomes a multiple zero of det(B—AI). In this case, the system of conservation
laws will still be hyperbolic, but no longer strictly hyperbolic.
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d@v)
A).
} !/\ } Y
Ciop N Si=Ci i
B).

} { } )
T
ci/ ¢i=Cpy_~ Cin

F1G. 3.2. Checking that X = ¢; = cj4+1 is a single root.

d)
A).

B).

Il I |
. . m—
0174/ Ci—lzé%—/l/ Ci=‘C\1+L/ Ci

Fic. 3.3. Two coinciding pairs next to each other.

Remark 2. In the case of 2 x 2 systems, the condition p;ps > 0 is necessary for
the hyperbolicity of the system. However, when n > 3, the system (2.10) can be
strictly hyperbolic also at points where p; < 0 < ps < p3. For example, let n = 3,
¢ = —1for all 4, p1 = —1, po = 5, and p3 = 20. Then the characteristic polynomial
q(A\) = det B()\) is

q(\) = A* — 75X 4 200.
One can easily check that
q(—10) = =50, ¢(0) =200, q(5)=—50, ¢(10) = 450.
Therefore, there are three distinct real eigenvalues:
A1 € ]-10,0[, A2 €]0,5[, As€]5,10[

4. Review of hyperbolic systems and discontinuous ODE. In this section
we collect some results on hyperbolic conservation laws and discontinuous ODEs,
which will be used in what follows. Consider the Cauchy problem for a system of
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conservation laws
(4.1) ve+ F(v), =0, v(0,z) = v(x).

In the case where the system is strictly hyperbolic, the global existence of weak
solutions with small BV initial data is well known.

PrOPOSITION 4.1. Assume that the flux function F : R™ — R™ is smooth and
that, at some point v*, the Jacobian matriz A(v*) = DF(v*) has n real distinct
eigenvalues. Then there exists & > 0 for which the following holds. If

(4.2) 15() = v*|lp <6,  Tot.Var{v} <,

then the Cauchy problem (4.1) admits a unique entropy weak solution v = v(t,x)
defined for all t > 0, obtained as the limit of vanishing viscosity approzimations.

In the case where each characteristic field is either linearly degenerate or genuinely
nonlinear, the existence of a global weak solution was proved by Glimm [G]. The
more general case was later covered in [L, ILF] using the Glimm scheme and in [AM]
using wave-front tracking. The convergence of vanishing viscosity approximations
was recently proved in [BB], together with the uniqueness and Lipschitz continuous
dependence of solutions on the initial data in the L' distance. We remark that, for
each time ¢, the function v(¢,) has small total variation. Its pointwise values can be
uniquely assigned by the convention

(4.3) v(t,z) = ylirgrv(t,y).

For applications to game theory, we shall need some additional properties of these
weak solutions. By assumption, the matrix A(v*) has distinct eigenvalues A} < A5 <
.-+ < Ay. By continuity, there exists € > 0 such that, for all v in the e-neighborhood

QO ={v; lv—v*<e},
the characteristic speeds range inside disjoint intervals

(4.4) A (v) € A7, AT

7777

Moreover, if v, v € QF are two states connected by a j-shock, the speed \;(v™,v™T)

of the shock remains inside the interval [A7, A]].
Now consider an open cone of the form

(4.5) I'={(t,z); t >0, a<z/t <b}.

Following [B1] we define the directional variation of the function (¢, z) — v(¢, z) along
the cone I' as

N
(4.6) sup{Z|v(ti,xi) —U(til,xil)} ,

where the supremum is taken over all finite sequences (tg, o), (t1,21),.-.,(tN,ZN)
such that

(4.7) (t; —ti—1,x; —xi—1) €T foreveryi=1,...,N.
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FiG. 4.1. Directional variation along the cone T'.

(See Figure 4.1.) We now show that the weak solution v = wv(t,z) has bounded
directional variation along a suitable cone T'.

LEMMA 4.2. Let v = v(t,x) be an entropy weak solution of (4.1) taking values
inside the domain 5. Assume that )\2'71 <a<b< A, for somek. Then v has
bounded directional variation along the cone ' in (4.5).

Proof. Fix any finite sequence of points (¢;,2;), ¢ = 0,..., N, satisfying (4.7). It
is not restrictive to assume that ¢¢c = 0. Call T = ty and define y : [0,7] — R as
the polygonal line with nodes at the points (¢;,2;) (Figure 4.1). Clearly y is almost
everywhere differentiable, with y(t) € Ja,b[. From the theory of conservation laws,
it is well known that the entropy weak solution v can be obtained as the limit of a
sequence of front tracking approximate solutions v,. For each v > 1, one can derive
a uniform bound on the total variation of the map ¢ +— v, (¢,y(t)). Indeed, call V¥(¢)
the total strength of all wave-fronts in v, (¢, -) approaching y(t) at time ¢, i.e.,

(4.8) Vi) = Y oal.

acA(y)

Here o, denotes the strength of the wave-front in v, (¢,) located at x,. Observing
that )\i <y < Aj4q, the above summation will include the following fronts:
e the fronts of a family k, < k located at a point =, > vy, and
e the fronts of a family k, > k located at a point z, < y.
We now call

(4.9) Q)= Y loallog]
a,BeA

the interaction potential of v, (t, ), i.e., the sum of products of all couples of approach-
ing waves in v, (t,-). Assuming that the total variation of the solution remains small,
for some constant C the positive functional

Y(t) = VY(t) + CoQ(t)

is nonincreasing in time. Moreover, at each time 7 where a wave-front of strength o,
crosses y(+), we have

T(r+) = Y(1—) = —|oal.
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Therefore, the total strength of all wave-fronts in v, which cross the polygonal line
y(+) is bounded by

VY(0) + CoQ(0) = O(1) - Tot.Var.{v}.

This proves that the total variation of the maps ¢t — v, (t, y(t)) is uniformly bounded
for all v > 1. To get the desired estimate for the solution v, we now let v — oco. If we
have the pointwise convergence v, (t;, ;) — v(t;,z;) for every i = 0,..., N, we can
immediately conclude

Zlv ti,xi) — v(ti—1, zi—1)| < Hmsup |vy, (8, 25) — vu (tim1, 7io1)|

V—00

= O(1) - Tot.Var.{v},

proving our claim. However, if v is discontinuous at some point (¢;,z;), the pointwise
convergence may not hold. To achieve the result also in the general case we observe
that, for each time 7, we have the convergence v, (7, z) — v(7, z) for a.e. z € R. Using
the right continuity of the functions v(¢;,-), we can find points z} sufficiently close
to x; such that

lv(ti, zi) —v(ts, )| <1/N,  (ti —tiy, @ —xi_y) €T,
and such that v, (¢;, z;) — v(t;, z}) for every i. This yields the estimate

N

Z [v(ti, zs) — v(tim1, Ti—1)|
i=1
N
Z (tiz;) = v(tio1, 2i_y) |+ [v(ts, 75) — v(tio1, )|
+loti, 2i1) = v(ti1, wi1)[}
N
<2+ limsupz vy (ti, 25) — vy (ti1, 2i-1)]
Yoo =1
=2+ 0O(1) - Tot.Var.{v},
proving the lemma. 1]

Together with I we now consider a strictly smaller cone, say,
(4.10) I'={(t,z); t>0, d <z/t <V},

with a < a’ < V' < b. A standard theorem in real analysis states that a BV function
of one real variable admits left and right limits at every point. We now prove an
analogous result for functions with bounded directional variation.

LEMMA 4.3. Let v = v(t,x) be a function with bounded directional variation
along the cone T in (4.5), and consider the smaller cone TV C T in (4.10), with
a<a <b <b. Then at every point P = (t,x) there exist the directional limits

(4.11) vH(P) = lim v(Q), v (P) = lim v(Q).

Q—P, Q—Pel” Q—P, P—Qer’
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Proof. 1f the first limit does not exist, we can find two sequences Q! — P,
QU — Pwith Q, — PeTl’ Q! — P eI’ for every v > 1, along which the function v
converges to distinct limits:

v(@,) =, w(@y) =,

with v' # v”. Since IV is strictly smaller than T', by induction we can select two
subsequences

/ !/ 1 1
Ql/(l)a Qy(2)7 ey Qy(l)a 1/(2)7 DR

such that
! 12 12 /
Quyy — Qu €1, Quiy) — Qo €T

for every j. In this case
N
Jm D 0@ ) = v(@g)l = oo,
i=1

in contrast with the assumption of bounded directional variation. This proves the
existence of the first limit in (4.11). The second one is entirely similar. a

Next, we recall some results on differential equations with discontinuous right-
hand sides. Let f = f(¢,x) be a bounded function. By a Carathéodory solution of the
ODE

(4.12) a(t) = f(t, (1)),

we mean an absolutely continuous function ¢ +— x(¢) which satisfies the equation
(4.12) at a.e. time .

In the case where f is discontinuous, it is well known that the Cauchy problem
may have no Carathéodory solutions. One can then relax the concept of solution,
introducing multivalued regularizations of f. For example, consider the multifunction

(4.13) F(t,z) = (eo{f(s,y); [s—t| <e, ly—a| <e},
e>0

where ¢o denotes the convex closure of a set. Following [H], by a Krasovskii solution
of (4.12) we mean an absolutely continuous function ¢ — x(¢) which satisfies the
differential inclusion

(4.14) () € F(t, (1))

at a.e. time t. Another concept of solution, proposed by Filippov, relates to the
multifunction

415) F(ta)=() (] @iflsy);ls—t<e ly—zl<e (s,9) ¢ N},
€>0 meas(N)=0

obtained as in (4.13), neglecting the behavior of f on sets of measure zero. An abso-
lutely continuous function ¢t — xz(t) which satisfies almost everywhere the differential
inclusion

(4.16) @(t) € F*(t,z(t))
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is called a Filippov solution of (4.12). Notice that F* C F. Moreover, the multifunc-
tion F*(t,x) is not affected if the function f is modified on sets of measure zero.

Under the only assumption that f is bounded, it is well known that the multi-
functions F, F* are both upper semicontinuous, with compact convex values [AC].
Hence the Cauchy problem

(4.17) B(t) = f(tx(t),  wx(s)=y

admits at least one solution, according to the definitions of Filippov and of Krasovskii.
In the case where the function f has directionally bounded variation, a much stronger
result can be proved.

LEMMA 4.4. Assume that the function f has bounded directional variation along
the cone I' in (4.5). Moreover, assume that

a<ad < f(t,z)<b <b

for all t,x. Then the Cauchy problem (4.17) has a unique Carathéodory solution,
Lipschitz continuously depending on the initial data (s,y). Such a solution is also the
unique Krasovskii and Filippov solution of the Cauchy problem.

Proof. The existence, uniqueness, and continuous dependence of the Carathéo-
dory solution was proved in [B1]. For directionally continuous vector fields, the equiv-
alence between Carathéodory, Filippov, and Krasovskii solutions was shown in [B2,
p. 26]. O

We conclude this section by proving a simple result from nonsmooth analysis.

LEMMA 4.5. Consider a Lipschitz continuous function V. = V(t,x) and call
(¢,0) = (V4, Vo) its partial derivatives, defined at a.e. point (t,x). Let T be the cone
at (4.5). Assume that, at a given point (t,T), there exists the directional limit

(4.18) (¢, 9) = lim__ (¢t x),9(t,z)).
(t.2)—(E.2)
(t—t,z—z)el’

Moreover, consider a continuous function t — x(t) which is differentiable at t =t and
assume

z(t) =, &(t) € la,b[.
Then the composite function admits the one-sided derivative

(419) T V(i +h,a(f+h) — V(E7)

=G+ - ().

Proof. From the theory of generalized gradients [C] it follows that, for A > 0
small,

V(t+hx(t+h)—-V(tz)eh cof{pt,x); t<t<t+h, (t—t,x—z)el}
+h-co{yY(t,z); t<t<t+h, (t—t,x—z)el} |z(t)—z]

Letting h — 0+ and using (4.18) one obtains (4.19). d
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5. Optimal feedback strategies. The analysis in section 3 has identified con-
ditions which ensure that the system of conservation laws (2.10) is strictly hyperbolic
in a neighborhood of a point p = (p1,p2,...,pn). In this case, assuming that the
terminal condition (2.11) has small total variation, one can apply Glimm’s theorem
and obtain the global existence of a weak solution. We shall now prove that the com-
ponents of this solution determine a family of feedback strategies u; = U/ (¢, z), which
provide a Nash equilibrium solution to the noncooperative differential game.

THEOREM 5.1. Consider the differential game (2.1)—(2.2), where the cost func-
tions h; are smooth and satisfy the convezxity assumption (2.3). In connection with
the functions ¢; at (2.5), let p* = (p},...,p}) be a point where the assumptions of
Lemma 3.1 are satisfied. Then there exists 6 > 0 such that the following holds. If

(5.1) lgi = pille <6, Tot.Var{gi()} <6,

then for any T > 0 the terminal value problem (2.10)—(2.11) has a weak solution p :
[0,T] xR+ R™. The (possibly discontinuous) feedback controls U (t,x) = u}(p(t,x))
defined at (2.5) provide a Nash equilibrium solution to the differential game. The
trajectories t — x(t) are Lipschitz continuous functions of the initial data (7,vy).
Proof. The proof will be given in several steps.
Step 1. By the assumptions, the system of conservation laws

0 0

Hi(Ul, e 7vn) =0

is strictly hyperbolic in a neighborhood of the point p*. Given the initial data v;(0, z) =
gi(x) with sufficiently small total variation, by Proposition 4.1 the Cauchy problem
admits a weak solution v = v(t, x), defined for all ¢ > 0. Reversing time, we thus ob-
tain a weak solution p(t,x) = v(T —t, z) of the terminal value problem (2.10)—(2.11).
For each time t, the map = — p(t,x) has small total variation. Its pointwise values
can be uniquely assigned by the convention

(5.3) p(t,x) = lim p(t,y).

Step 2. By strict hyperbolicity and continuity, there exists € > 0 such that, for
all p in the e-neighborhood

(5.4) Q:={p; [p—p*| <e} CR",

the following holds. The characteristic speeds for (2.10) range inside disjoint intervals

(5.5) Xi(p) € A7 AT

Moreover, the speed & at (2.1) remains bounded away from all characteristic speeds.
Namely, there exists an index k € {1,...,n — 1} and numbers € > 0 and a < b such
that

(5.6) )\:<a—e<b+e<)\;+1

and

(5.7) fo+zu;(pj) €lateb—¢
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whenever p € QF.
Together with the cone I' at (4.5) we now define

It ={(t,z); t>0, a—e<z/t <b+e},
I ={(t,x); t >0, a+e<z/t <b—e}.

Clearly, ' ¢ T € I'f. By Lemma 4.2, each p; = p;(¢,z) has bounded variation
in the direction of the cone I'. By the assumptions, the maps p; — u}(p;) in (2.5)
are locally Lipschitz continuous. Hence, for ¢ = 1,...,n, all the composed maps
(t,x) — ul(p;i(t,x)) also have bounded directional variation along the cone I'. By
(5.7) we can thus apply Lemma 4.4, showing that the Cauchy problem for the ODE

(5.8) i(t) = fo+ Z wl (p;(t,@))

has a unique Carathéodory (equivalently, Filippov or Krasovskii) solution, depending
Lipschitz continuously on initial data (,y) in (1.2).

Step 3. We now construct the value functions V;, corresponding to the feedback
strategies U (¢, z) = uj(p;(t,x)). For j =1,...,n, define the cost functions

s () = (o (p (1, 2))).

Given a point (7,&), let t — x(¢; 7, &) be the trajectory of (5.8) passing through (7, ¢).
For each i = 1,...,n we define

T
(5.9) Vi(r,€) = / Bt (tr €)) b + gi(2(T-7.€)).

By the same arguments as in [Bl] one can show that the functions V; = V;(¢,z)
are Lipschitz continuous, and hence almost everywhere differentiable. At every point
where the differential exists, by construction one has

8‘/1'_’_..8‘/1‘
ot v ox

To derive further properties of the gradient of V;, fix a time 7 and any two points
& < ¢”. We claim that

(5.10) = —hi(t, ).

¢
(5.11) Vi(r,&") = Vi(1, &) = / pi(7,x) d.

/

Indeed, let 2/(-) and 2" (-) be the two trajectories of (5.8) which start from the initial
points /(1) = ¢ and 2" (1) = £”, respectively. Consider the region A C R? defined
as

A={(t,z); T<t<T, 2/(t) <z <2"(t)}.

Applying the divergence theorem to the vector field v = (p;, H;) on the domain A
and using the conservation equation (2.10), we obtain

I/,(T) 5// T
/ pi(T,x) dz:/ pi(7,z) df”*/ {lpi - &’ + hi(t,2"(1))] — pi - &'} dt

’ (T) ’

T
- / (s & + B (42" (8))] — pi - &) dt.
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Observing that p;(T, ) = gi z(x) = V; »(T, x), we conclude
&// T
5(a"(T) = (@) = [ piCraydo [ i (ea’ (@) - B (e,"(0) .
The above two equalities yield (5.11). Since £',£” are arbitrary, this in turn implies
(5.12) Vie = pi

at a.e. point (¢, ). Together with (5.10), this yields

(5.13) Vie=—pi- | fo+ Y _uj(pj) | —hi.
J

Therefore, the value functions (Vi,...,V,,) satisfy almost everywhere the system of
Hamilton—-Jacobi equations

(5.14) Vii+Vie- | fo+ Zu Gw) | 4 hi(uf (Vig)) = 0.

We recall that uj = uj(p;) are the optimal control values defined at (2.5).

Step 4. We now conclude the proof, showing that the feedback strategies U/ (¢, z)=
u}(p;(t,x)) represent a Nash equilibrium solution. Fix an index i € {1,...,n} and
consider the optimal control problem for the ith player:

(5.15) mln {/ hi(z(t)) dt + g;(T, J;(T))}
(5.16) B(t)=fo+ Y Uilt,z)+2(t), a(r)=y.
JFi

We claim that the minimum cost is precisely V;(7,y). Consider any absolutely contin-
uous trajectory z : [7,T] — R with 2(7) = y. It suffices to show that, for a.e. t € [r,T],

(5.17) Dyt 2(t) = —ha=(0),

dt

where the control function z(-) implemented by the ith player is
2(t) = i(t) = fo— > Uj(t,a).
J#i
Indeed, if (5.17) holds, then
T T d
[ mtetyar ) = [ - fvitao | s v em) = vie)

T

as claimed.
We now give a proof of (5.17), assuming that the total variation of the functions
g;(+) is sufficiently small. In connection with the vector p* = (p7,...,p},) considered

n (5.1), define the constant controls

W =5 95).
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Moreover, recalling (5.13), set
a =-p; | fo +Zw; — hi(w;).
J
Choose €1 > 0 small enough so that, if [u; — wj| < ey for all j, then
(5.18) d=fo+ Y uj€lateb—d,
J

Observe that our definitions imply

g +p- | fot+ D w +min{p;w + hi(w)} = 0.
JFi

By the strict convexity of the cost function h; at (2.5), there exists §' > 0 such that

g +p; | fot+ D wi | +pjw+hi(w) > 6
J#i

whenever |w — wf| > £1. By continuity, there exists €2 > 0 such that, if

(5.19) lgj — q;l < e2, Ipj—pjl<ea, j=1,...,n,

(520) |w_w;{| > €1, |u] _w;kl < &g, .] #17

then

(521) q; + pi - fo + Zu]' + p;w + hz(w) > 0.
J#i

Choosing ¢ > 0 in (5.1) sufficiently small, we can assume that the partial derivatives
pj = Vja, ¢ = Vj satisfy almost everywhere all the bounds in (5.19). Moreover, for
J # i, the functions u; = uj(p;) satisfy the bounds in (5.20). Observe that a.e. time
t € [0,T7] is in the Lebesgue set of all three measurable functions

2(t), %x(b‘), %Vi(t,x(t))

(see [Fo, p. 92]). Choose any such Lebesgue point ¢ and call £ = z(f). To prove (5.17)
we consider two alternatives.

Case 1. |z(t) —w}| < e1. In this case (5.18) holds. Define the “one-sided” partial
derivatives of V; at (¢, 7):
(522) (dgia r&z) = (t I%HI%{ 7) (‘/i,t (ta Jf), ‘/i,x(t I))

(t;f,:L'—i'SEF

Notice that these directional limits exist because of (5.12)—(5.13) and the directional
continuity of all functions p;. Since (5.14) holds almost everywhere, we have

(5.23) bi + Ui | fo+ Zu}k () | + H}din{l/;iw + hi(w)} = 0.
i
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By the assumptions, the function ¢ — V;(¢, z(t)) is differentiable at ¢ = ¢. Its derivative
can be computed by taking the one-sided limit in (4.19). Using Lemma 4.5 together
with (5.23) we obtain

SVita(0)] =i+ Bt
= ~hu((0) + (V) + hil=(2)} = min{iiw + hi()}
> —h=(1)).

Hence (5.17) holds.
Case 2. |z(t) — w}| > ;1. In this case, by a nonsmooth version of the chain rule
[C], there exist numbers

¢; € co{Vi(t,z); t€[0,T], x € R},
; € co{V,; 5(t,x); t €[0,T], z € R}

such that, at ¢t =,

(5.24) Dvite)| = 6t i@

t=t

The previous assumptions now imply

|9: — ¢;| < €2, i — pi| < €.

Hence, by (5.21),

(525 L) =it | fotr S wim) | +iz® > —hi(x(D),

dt
J#i

showing that (5.17) holds also in this case. This completes the proof of Theorem 5.1.
We remark that, if the other players adopt the feedback strategies u; = U (t,x), the
choice u; = U} (t, z) is the unique optimal strategy for the ith player. |

6. Concluding remarks. In this final section we point out some possible ex-
tensions of our previous results. Consider a differential game with the more general
form

n

(6.1) &= fo+ Y fili)
i=1

and cost functionals

(6.2) Li/)E@N»ﬁ+m@@»

Assume that each f; is a homeomorphism from a (possibly unbounded) open interval
Jai, b;] into R, with a smooth inverse f;l : R — Ja;, b;[. Then the reparametrization
of the control functions u; = f;(%;) puts the system (6.1)—(6.2) in the standard form
(2.1)-(2.2), with hi(w) = hi(f; ' (w)). Of course, the key assumption (2.3) must now
be carefully checked.
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If the functions f; in (6.1) and the running costs h; in (6.2) also depend on =z,
then the corresponding system of conservation laws (1.9) will also depend on the
space variable x. Assuming that the system is strictly hyperbolic, one can then use
the results in [DH], and obtain the local existence of weak solutions, on a time interval
[0, T suitably small. A similar analysis as in previous sections would now provide the
existence of a Nash equilibrium solution in feedback form, but only locally in time.

Another possible extension of our results is to the case where the data g;(-) have
large total variation. Using the local existence theorem of Schochet [Sc], one can
still construct a weak solution to the system of conservation laws (2.10), at least on a
short time interval [0, T]. For large BV solutions, however, checking that the feedbacks
Ur(t,x) = u*(pi(t,z)) at (2.5) yield a Nash equilibrium solution to the differential
game will require a more accurate analysis. Furthermore, it is not clear whether, for
large BV initial data, the solution to the system of conservation laws (5.2) can blow
up in finite time. For general hyperbolic systems this can indeed happen [J]. The
particular form of the flux functions H;, however, may prevent such a blow up. To
understand the matter, a more detailed analysis is again required.

The basic assumption in Theorem 5.1 was the hyperbolicity of the Hamiltonian
system, in a neighborhood of the reference point p*. When this condition is violated,
searching for a Nash equilibrium in feedback form leads to an elliptic Cauchy problem.
It is well known that this is ill posed [Lx|. Indeed, by elementary Fourier analysis one
checks that even the constant solutions are linearly unstable. It thus appears that,
in the elliptic regime, the model provided by noncooperative games must be revised.
A concept of a “partially cooperative” solution should be considered, in order to
recover the well posedness of the problem. This will be the content of a forthcoming
paper [BS].
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Abstract. The purpose of this paper is to attain some optimality conditions for the identification
of a diffusion matrix (material) under several restrictions. Assuming that the set of such diffusion
matrices is closed for the H-convergence, we give a method to obtain admissible directions which
applies to a not-necessarily convex control set. Our results permit obtaining the diffusion matrix
from the state functions.
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1. Introduction. The problem we consider in the present paper is related to
the choice of an optimal material under several conditions, or the identification of a
material from a finite number of observations. In a mathematical setting, we have the
model problem

1.1 i J
( ) Ag]l\ér(lﬂ) (yla ayk)a

where y; = y;(A), 1 < i <k, are the solutions of the equations

(12) { —div AVyl = fi in D/(Q),

yi € H} (), 1<i<k.

Here Q is a bounded open set of RY, J is a smooth objective functional in H{(Q)F,
fi,-.., fr are k fixed elements of H~1(Q), and M(Q) is a given set of measurable
functions with values in the space of symmetric matrices of order N. The elements
of M(Q) are uniformly elliptic and bounded. Clearly, other generalizations can be
considered: J depending on A, other boundary conditions, etc. A physical example
is the identification of a material. For this purpose, we apply a finite number %k of
external conditions (in our case they are represented by f;) and in each case we realize
a measure of the corresponding state. For example, we give the value z; of the state
in a subset w C 2. Then the problem can be formulated as

k
minZ/ ly; — 2i|? dz,
=17

where y; are the solutions of (1.2).
Assuming J is sequential lower semicontinuous for the weak topology of Hg(Q)*
and M(Q) is closed for the H-convergence or the G-convergence, because we are
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working with symmetric matrices and thus the two concepts are equivalent (see, e.g.,
[22], [19], [18], [4], [25]), it is well known that (1.1) has, at least, a solution (see, e.g.,
[25], [17]). If M (€2) does not satisfy this last condition and .J is sequential continuous
for the weak topology of Hg()*, we can obtain a relaxed problem replacing M ()
by its H-closure. Thus, it is natural to assume M () is H-closed. The calculus of
the H-closure of a set is a very difficult problem and there are a lot of works in this
field (see, e.g., [23], [14], [13], [8], [25], [3], [16] and the references in them). In this
paper we are interested in obtaining some necessary conditions which must satisfy the
optimal solution of (1.1). For k = 1, the problem has been studied in [13], [20], [8],
[25], [3]. For k > 1, there are few results to our knowledge (see [25], [6], [7], [3])-

The paper is organized as follows:

In section 3 we give a definition of admissible direction (see Definition 3.1). Then
we prove that if A is a solution of (1.1), y1,... ,yx the corresponding state functions,
P1,.-.,pr the solutions of (3.2) (the adjoint states), and C' the matrix defined by
(3.3), we have

(1.3) /H:C’dISO
Q

for every admissible direction H. Related results can be found, for example, in [8],
[13], [25], [3]. However, in these papers, the admissible directions are of the form
H = B — A, with B in M(), which needs some convexity assumptions. When
k < N —1 (in particular ¥ = 1) and M () is obtained by homogenization, mixing a
finite number of matrices with fixed proportions, a result of Tartar (see [25]) shows
that although M (Q) is not convex, for every &;,...,& € RV, the set

(L4) {(Bey,... .B&) | B e MQ)} € L)

is convex, and thus the directions H = B — A can still be considered. However, this
is not true for k > N (or, in principle, for other choices of M () even if k < N —1).
This is the reason we have given a more general definition of admissible direction.

In section 4, assuming M (£2) local (see Definition 4.1) and closed for the H-
convergence, we give an original method to find admissible directions following our
definition. As a consequence, we obtain the main result of the paper, Theorem 4.5,
where we prove that for every A, B € M(Q2),1 € {1,... ,N}, W C R¥ linear subspace
of dimension [, and every bounded measurable set T" of W, with [-dimensional positive
measure, the matrix H defined by

(1.5) H(z)e; = (B(z) — A(x)) (ei + ﬁ/TVZVIDi(x,z) dg(z))

is an admissible direction in A. Here ey,... ,ex is the standard basis of RY, VW
denotes the gradient with respect to W, and w; is the solution of the partial differential
problem given by (4.4). This direction has the difficulty that w; (and then H) cannot
be explicitly obtained. However, we think that it can be interesting, for example, to
apply a descent method in order to solve numerically problem (1.1), where we can
obtain w; numerically. Related to this point, an interesting question, one that we
want to study in the future, is the optimal choice of W and T to obtain the steepest
descent direction. A criterion to determine this direction (see Remark 4.9) can be to
calculate the maximum of H : C' on the set of matrices H obtained by (1.5).
Although, as we have said above, it is not possible in general to obtain w; explic-
itly, we show in Theorem 4.12 that this can be carried out for a particular choice of
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T (which probably is not optimal). This permits us to obtain a family of admissible
direction, depending on the subspace W chosen. Essentially, they are of the form
B — A plus a term which has a growth of order two in B — A for every B € M ().
When the dimension of W is equal to 1, the corresponding admissible direction comes
just from a lamination. In this case the expression of H is known and it can be found,
for example, in [25] (it can also be obtained from the results in [10]), but to our
knowledge its utility to obtain optimality conditions for problem (1.1) has not been
exploited. Most of the consequences we obtain in the present paper using Theorem
4.12 use only, in fact, [ = 1. However, we show that in some cases (see Remark 4.17)
it is better to use a subspace of dimension greater than one. Using Theorem 4.12 we
prove in Corollary 4.18 that for every B € M(2), the condition

(1.6) C:(A-B)>0

(which is the condition we find if the admissible directions are of the form B— A) is still
true on the set where C' has a nonpositive eigenvalue or where Ker(A — B) # {0}. In
particular (see Corollary 4.20) the condition (1.6) holds a.e. in Q for every B € M ()
when k < N —1. When M (Q2) comes from the mixture of a finite number of materials
with fixed proportions, this result can also be obtained from the convexity of the set
defined by (1.4), but we note that our set M(2) is more general.

In section 5 we study the case where M () is invariable by rotations, which is a
natural assumption in the applications. Then we show that condition (1.3) implies
that C' and A are mutually diagonalizable a.e. in 2. Moreover, assuming further
hypotheses (in particular if M () is H-closed and N > 3), we prove in Proposition
5.4 that the eigenvalues of A and C' are mutually ordered.

As application of the results stated above, it is possible to obtain, in some situ-
ations, the matrix A from C and then to reduce the set of optimality conditions to
a nonlinear partial differential system with variables y;, p;, 1 < i < k. The main
problem to carrying out this point is that in general, the H-closure of a given set is
unknown. In section 6, we apply our results to two examples: The first one is the
mixture of two homogeneous isotropic materials, which has also been studied in [3]
(see also [25] for k = 1). In this case M () is convex. In second problem we consider
a polycrystal in dimension 2, where M () is not convex.

2. Notation. For a linear subspace W C RY, we define L(W, W) as the space of
the linear applications from W into W and by £°(W, W) the subspace of the symmetric
applications. When W = R we write My = L(RN,RY), M35 = L5(RY, RY).

The orthogonal projection of RY into W is denoted by P".

For a matrix A € My, we define Ay € L(W, W) by Aw = PWA‘W.

The orthogonal subspace of W is denoted by W+.

For u: W — R, we denote VW : W — W the gradient of u with respect to W,
i.e., VW is defined by

VVu ¢ =Deu VEEW,

where D¢u is the derivative of v in the direction §.
We denote by {e1,...,en} the standard basis of RV.
The group of the orthogonal matrices in R of determinant 1 is denoted by O
The scalar product of two matrices A, B € My is written A : B.
The tensorial product of two vectors &, € RY is denoted as £ ® 7.
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For a bounded open set 2 C RY, we denote by M () a fixed subset of the space
L>(Q, M%) such that there exist o, 3 > 0 which satisfy

(2.1) B(z)é€ > al¢?,  |B(z)€] < BlE| VB € M(Q) ae. z € Q.

For a matrix A € M(Q), Ka(M(Q)) and K4(M(Q)) are the cones of admissible
directions of M () in A; see Definition 3.1.

For T ¢ RY and ¢ € (0,N], we denote by |T|, the /-dimensional Hausdorff
measure of T'. The integral of a function u : T' — R, with respect to the ¢-dimensional
Hausdorfl measure, is written

/ u(z) dyz.
T

When ¢ = N, we simplify the notation by writing |T'| and

/Tu(z) dz.

We use the subindex # to mean periodicity. For example, for a cube Y ¢ RV,
H/(Y) is the space of functions of H,, (R") which are Y-periodic.

3. Optimality conditions. In this section we introduce the definition of admis-
sible direction. Using it, we obtain the first optimality result for the control problem
(1.1).

DEFINITION 3.1. For A € M(Q), let us define the cone of admissible directions
KA(M(Q)) as the closure in the weak-+ topology of L>(Q, M%) of the set K 4(M (L)),
where K 4(M(S2)) is the set of H € L> (), M?;) such that there exist a constant ¢ > 0
and A. € M(Q), € > 0, such that

|[Ae = AllLe(@,m5,) < ce,
(31) . AE - A

lim
e—0 £

=H a.e in €.

THEOREM 3.2. We consider J : H}(Q)¥ — R, Fréchet derivable, fi,..., fi €
H=Y(Q)*. Let A€ M(Q) be a solution of (1.1) and y1,... ,ys the solutions of (1.2).
We define the adjoint states p1, ... ,pr as the solutions of

(3.2) { — div(AVp;) = 8T (y1, .. yk) in D'(S),

p; € H(Q), 1<i<k,
and the matriz C € L*(Q, M%) by

k
> (V4 ® Vpi + Vp; @ V).

i=1

(3.3) C =

N —

Then we have

(3.4) /QH Cdr <0 YH e Ki(M(SQ)).
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Proof. Let us first prove the result for H € K4(M(€2)). For € > 0 small enough,
we define yg"s, 1 < i <k, as the solution of

(3.5) { —div((A+eH)Vy;.)=fi in D'(Q),
' yi. € Hy ().
Then it is easy to check that for 1 < i < k, we have

(3.6) lim 22 Y g i HL(Q),
e—0 g

with g; the solutions of

Now, for € > 0, we consider A, € M(Q) in the conditions of (3.1). Then for
1 <@ <k, we define y; . as the solutions of

—div(A.Vy; o) = fi in D'(Q),
38 { Yie € Hy ().

Taking y;. — yi e as test function in the difference of (3.5) and (3.8), and dividing by
€, we get

1 * *
! /Q (At eH)V (5l e — o)V (e — oe) da

e
A, — (A+eH y *
(3.9) = /Q %V(Qi,s —Uie)VWie = Yie) dx
A.— (A+cH .
s [A2 O gy 90 -y de
Q

By the ellipticity of A+ eH (for € small enough) and (3.1), we deduce from (3.9) the
existence of ¢ > 0 such that

1
EHZJ;E - yi,stqg(Q) < C||y§k,s - yi,s”Hé(Q)”ﬂsHL?(Q)a
with

A.— (A+eH N
He = %V%,s'

From (3.1), (3.6), and the Lebesgue-dominated convergence theorem, we deduce that
e converges strongly to zero in L?(€2)"V. Thus,

*
yi,g - yi,&
m-——""

lim . =0 in Hy(Q),
which, by (3.6), implies
(3.10) lim 222 =Y — g i HY(Q).
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On the other hand, since A is a solution of (1.1) and A, € M(2), we have

J(y:) — J(y)

>0 Ve>D0,

with ye = (Y1,6,--- Yke) and y = (y1,... ,yx). From (3.10) and the Fréchet deriv-
ability of J, we get

k
(3.11) S (0d(9). ) = tim TUL=TW)

4 0 S
=1

But taking ¢; as the test function in (3.2) and p; as the test function in (3.7), we have

k k k
> i) i) = / AVpiVide == / HYVy;Vp; da.
=179 =179

i=1

This proves
k
(3.12) /H:C’dx:Z/HVyinid:cSO VH e Ka(M(R)).
Q P}

Now let H be in Ka(M(f2)). For § > 0 we define

Gs = {M S LOO(Q,MR[)/

C:(M-H)dz
Q

< 5} .
Since Gy is a neighborhood of H in the weak-* topology of L (€, M%), there exists
Hs in Gs N K4(M(€2)) and then, from (3.12), we get

/C’:Hd:c:/C:Hgdx—i-/C:(H—Hg)dx<6
Q Q Q

for every § > 0. This proves (3.4). d

Remark 3.3. The above theorem is still true if the elements of M () are not
necessarily symmetric by changing A to A? in the definition (3.2) of the functions p;
and taking

k
C=3) Vpi®Vy.

i=1

Remark 3.4. If M(2) is convex, the condition (3.4) implies

(3.13) /QA:Cdx:max{/QB:Cda:/BeM(Q)}.

Remark 3.5. Theorem 3.2 still holds if we take K 4 (M (£2)) as the cone of matrices
H € L*(Q, M5/(Q)) such that for every sequence ®!, ... ®F which respectively

€

converges in L2(Q)N to ®,...  ®F there exists A. € M(Q) such that

A.—A ,
9 - g in LAQ)N, i=1,...,k
g

*
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The advantage of this definition is the following: If M(£2) is the set we obtain by
mixing r materials with proportions fixed, then for every &;,... ,&ny—1 € RN, the set

{(B&, ... ,Béy_1)/Be M(Q)} c L®(Q)N!

is convex (see [24], [25]). So, with this definition of K 4(M(2)), the matrices of the
form B — A belong to K4(M(Q)) if k < N — 1. Thus, (3.13) still holds in this case.
Later we will deduce this result (see Corollary 4.20) for more general choices of M (),
using simply Definition 3.1 of admissible directions.

4. Calculus of admissible directions. In the following, let us calculate ex-
plicitely some admissible directions by imposing additional hypotheses about M ().

DEFINITION 4.1. We say that M () is local if there exists a multivaluated appli-
cation F': x € Q — F(x) C M3 such that

M(Q)={B e L*(Q,MYy)/B(z) € F(z) a.e. x € Q},
where F' is measurable in the sense that
{x € Q/F(x) NG # 0} is measurable VG C MY open.

As it is proved in [21], the local property is satisfied in several typical examples
of M(£2). A first consequence of assuming M (Q) is local follows.

PROPOSITION 4.2. We assume M(QY) is local. We consider Ae M(Q), Hy,. ..,
H,, e K4(M(Q)), wi,...,wn C Q measurable such that |w; Nw;| =0 if i # j. Then
the matriz H =%~ | H; X, belongs to K4(M()).

Proof. By Definition 3.1, for every i € {1,... ,m} there exists AL € M(Q) and
¢ > 0 (which can be taken independent of 4) such that

Al — A

| AL — Al Lo ,m5,) < ce, gl_r)r(l) EE =H, ae. in .

Taking then
A = ZAE Xwi + A XQ\U;';lwiv
i=1
which belongs to M () because M () is local, we have

A A
14e = Allze@,pmz) < esy lim ——

=H a.e.in{,

and then H belongs to K 4(M(2)). 0

Remark 4.3. It is not difficult to show that the above result remains true if we
replace Ka(M(2)) by Ka(M(Q)).

Using Proposition 4.2, we get the following.

PROPOSITION 4.4. In the assumptions of Theorem 3.2, if M(Q) is local, we have

(4.1) H:C<0 ae inQVHEKs(M(Q)).

Proof. By Proposition 4.2, for every H € K4(M(Q)) and every w C {2 measurable,
the matrix H X,, belongs to K4(M(Q2)). So, using (3.4), we get

(4.2) /H:C’da:SO.
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Since K 4(M(9)) is the closure of K4 (M ()) in the weak-* topology of L> (2, M%),
we deduce that (4.2) holds, in fact, for every H € Ka(M(Q)) and every w C {2
measurable, which implies (4.1). d

Let us now see how assuming M () is local permits us to obtain admissible
directions.

THEOREM 4.5. We suppose that M () is local and closed for the H-convergence.
We consider a linear subspace W C RN of dimension ¢ and a measurable bounded
subset T C W such that |T|, is positive. Then, for every A, B € M(R), the matrix
H e L>*(Q, M%) defined by

(4.3) H(x)e; = (B(z) — A(z)) <ei + ﬁ /T VWa,(z, 2) dg(z))

for 1 < i < N and a.e. x € Q belongs to Ko(M(Q)). In (4.3), the function w; is
defined by

UA)Z'((E, ) S Hlloc(W)’ V‘Z/V’(I)Z(l', ) S LQ(W, W),
/W(A(:c) Xovvz + B(@) X )V (2, )V .dy (2)
- /T (A(2) — B(@))ei VW o do(2),

Ve HL (W), VWVoeL2(W,W) ae z€Q.

Proof. We consider A, B, W, and T as in the statement of the theorem. For an
orthonormal basis {e},... ,e;} of W, we denote

0
1 1
Y:{ZAie;/—2<Ai<2, 1<z’<€}CW.
i=1

For ¢ > 0 small enough, we denote Ty = et T C Y, T. = Ureze (1= + Zle k;el), and
we define A, : Q x W — M3 by

Ac(z,y) = Alx)(1 = Xz () + B(z) X7_(y)-

Since M (£2) is local and closed for the H-convergence, the matrix A. obtained by tak-
ing, for ¢ fixed, the H-limit when § tends to zero of the matrices x — A.(z, + PV (z))

belongs to M(Q). Since the matrices A, are a tensorial product of functions which
only depend on z and functions which only depend on y, it is well known (see, e.g.,
[5], [2]) that A. is given by

(4.5) Aw)es = [ Al ) (T wie + e doly).
Y
where w; . is the unique solution of
Wie € LQ(Q,H;(Y)/R),

(4.6) /Y Ao, ) (VY wi () + )V () dy(y) = 0
Voe H(Y)/R ae z €.
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Let us study the asymptotic behavior of A.. First, we remark that for every v €
H{(Y)/R and a.e. z € Q, we have

/A (2,9)e; V) v(y) dely /A )eiVy v(y) de(y)
/T (B(z) — A(2))eV"V u(y) de(y).

but for a.e. x € Q, the first term on the right-hand side vanishes. So, w; . satisfies

/Y Ac(a,y) VY wi e (2,4) VI 0(y) doy)
(4.7) _ / (A(x) — B(2))es VY v(y) dy(y)
T:
Yo e Hﬁl(Y)/R a.e. x € 0.

For 1 <i < N, we take w; . as the test function in (4.7). Then we get

/ Aa(myy)vngi,e(xvy)vg‘;vwi,e(xa y) d[(y) = / (A(il,') - B(x))elvngz,e(xvy) dZ(y)
Y T

for a.e. x € Q. Using then (2.1) and the Cauchy—Schwarz inequality, we deduce there
exists ¢ > 0 such that

(48) / VY o (0, ) P de(y) < elTe]e = ce
Y

for £ > 0 small enough and a.e. x € Q.
We define ;. : Q x (677Y) — R by

Wy e(x,2) = 5_%wi,5(x, a%z).

there exists a subsequence of e, which we still denote by e, which converges weak-* in
L>(Q, L*>(W,W)). Since the curl of the limit is zero, it is the gradient of a function
w; € L®(Q,HL (W)). Once we prove that ; is the solution of (4.4), we conclude
that the whole of the sequence converges.

We consider © € D(W) and ¢ > 0 small enough, such that £t supp(0) C Y, then
we define v, € Hﬁl (Y) by

From (4.8), we deduce that VW1, . X 1, is bounded in L>(Q, L2(W,W)). So

ve(y) =etd(c"Ty) ae yev.

Taking v as the test function in (4.7), using the change of variables z = e~ 7y, and
integrating with respect to x in a measurable set w, we get

/ [ 1 A@) Xur(2) + B@) Xr(2) VY o, 2) VY 0(2) dy () e

:/w/T (A(z) = B(@))e: VW o (2) dy(2) da.

Passing to the limit in this equality and taking into account the arbitrariness of ©
and w, and the density of D(RY)/R in the factor space of functions with gradient in
L*(R") over R (see, e.g., [9]), we show that 10; is the solution of (4.4) for 1 <i < N.
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Let us now prove

(4.9) V¥ X g — Vb in L*(Q, LW, W)

for 1 <4 < N. For this purpose, it is enough to take w; . as the test function in (4.7),
to use the change of variables z = 5_%y, to take w; as the test function in (4.4), and
to use that V¥ ;. X__1  converges to V1V, weak-+ in L(Q, L*(W,W)). This
gives

/ / (A Xoprr + B X) VWi, VWi do2)
QJe

//AV wZEV Wi e de(y // (A - Beiv w; ¢ de(y) do
://(A—B)eivgvﬁ)i’adg(z)dxﬁ//(A—B)eivz W; dy(2) dw
QJT QJT

= / / (A Xyng + B Xp)VY 0,V b; dy(2) da.
QJW

This implies (4.9).
Now, for i,j € {1,...,N} and a.e. z € , we write

Aweies = [ Al VY wie +eiles dy)
(4.10) Y
= /Y /Nle(x,y)vngivgej de(y) + A(z)eie; + e|T|i(B(z) — A(x))eze;.

Taking w; . as the test function in the problem satisfied by w;. and using the
change of variables z = 5’%y, we have

/A xy)V w; c€5 de(y /A a:y)V wJEV Wi e de(y)
= 75/  (A@) Xunr(2) + B(x) Xp(2) V¥ ; VY i e do(2).
eTTY

So, from (4.10), we get

(AE;A) eie; = |T|¢(B(z) — A(z))e;e;
_ /*%Y(A(x) Xynr(2) + B(x) Xp(2)) VY ;. VY b - do(2).

Since V¥, ., V¥, . are bounded in L>(Q, L(W,W)), we deduce that % is
bounded in L (Q, M%;). On the other hand, using (4.9), we have

lim [ (A(z) Xw\r(2) + B(2) X7 (2))VYWab; VWb, o dy(2)
eV )Tty

= [ (A@) )+ B@) X ()Y 0, )

— _L(B(w) — A(z)) V¥ e dy(2),
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where we have used the problem satisfied by @; and where the limit is taken in L(£).
So we have proved that the matrix

s = IT(B) - A) (e + g [ TH oo dit))
Tle Jo
is in K4 (M(£2)). Since Ka(M()) is a cone, we conclude the proof of the theo-
rem. ]

Remark 4.6. Theorem 4.5 applies, for example, to the case where M () is the set
of materials which can be obtained by homogenization, mixing m materials with the
prescribed volume. These sets usually appear in problems of optimal design. Some
applications are given in the last section of the paper; see also, e.g., [3], [8], [13], [25],
and references therein.

Remark 4.7. The method used in the proof of Theorem 4.5 to obtain admissible
directions, which consists of putting an inclusion of a tensor B in a background of
tensor A, is a variation of the classical Weierstrass test. Related ideas have been used,
for example, by K. A. Lurie (see [8] and references therein).

Remark 4.8. In Theorem 4.5 the expression of H when T is contained in a
subspace W of dimension [ can be obtained from the corresponding result to W = RV
(and then the case W = R” can be consider as the most interesting one). It is enough
to consider the matrix H, corresponding to W = R and 7. C R" defined by

T.={z+ey: 2€BO,1)NW, yecT}

and then pass to the limit in €. The proof of Theorem 4.5 given above has the
advantage that we do not need to realize this second limit.

Remark 4.9. The expression (4.3) of the admissible direction H has the difficulty
that the function w; is not explicit. However, as we said in the introduction, we think
that it can be used, for example, to obtain a steepest descent direction. Then the
function w; can be calculated numerically. For this purpose we recall that by (3.11)
in the proof of Theorem 3.2 we have

k
Tye) ~ T(y) + & S (0T () i) = T(y) — / H:Cde
i=1 Q

and then, since M (Q) is local, an idea to obtain the steepest direction is to maximize
the product H : C in the closure of the matrices H given by (4.3). By Remark 4.8,
it is enough to consider W = R". We remark that the set of such H is bounded and
it is not difficult to show that its closure is convex and thus is essentially a ball (for
some norm).

In Theorem 4.5, the set T does not depend on x € 2. Thanks to Proposition 4.2
we can, in fact, take T depending on x. A result in this sense, which we use later in
Theorem 4.12, is the following.

LEMMA 4.10. Assume M(S) is local and closed for the H-convergence. We
consider a linear subspace W C RN of dimension {, a measurable bounded subset
To C W, and a matriz E € L>(Q, L(W,W)) which is invertible a.e. in Q and such
that E=1 also belongs to L°° (2, L(W,W)). Then, taking T(z) = E(z)Tp, for a.e.
r € Q, the matriz H defined by (4.3) with T = T(z) is in Ka(M(Q)) for every
A,B e M(Q).

Proof. For E in the conditions of the lemma, it is well known that there exists
a sequence E, = Z;n:(?) Ejn Xo,, with E;, € L(IW,W), w;, C  measurable,
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Um:(?)wjm = Q, wj, Nw, = 0if I # j, and such that E, converges strongly to
E in L>*(Q,L(W,W)). If n € N is large enough (denoting by ||---|| the norm in
L (Q, L(W,W))), we have ||E,, — E|| < ||[E~!|7!, and then E,, is also invertible and
satisfies

IE—HIE —En)l
E7H7 = [|E - Eal

HE;1 _E_1|| < ||

So E; 1 also converges to E~1 in L>(Q, L(W,W)).
We now take T, (z) = E,(z)Tp and we denote by H,, € L>(2, M%) the matrix
defined by

Ha(2)e: = (B(x) - A(x) ( + iy [ Tt dz(z)> 7

where, for i € {1,... ,n}, W, , is the solution of

If)i7n($, ) S Hl

loc

/ (A Xynr, + B X1, )V i n VY 0 dy(2)
w

W), V¥, ,(z,.) € L2(W, W),

(4.11)
:/T (A= B)e;VVidy(2)

Ve HL (W), VWée L2(W,W) ae zc.

From Theorem 4.5 and Proposition 4.2, this function belongs to K4 (M (Q2)). Using
the change of variables w; ,,(2) = w; »,(E,Z), we deduce that w; , is the solution of

Bin(z,.) € HL (W), VWb, (x,.) € L2(W, W),
/ (E; D)YA Xy + B Xy ) B VY 10, VY §dy(2)
w
= [ B - BevYaa)
To
VoeHL (W), V¥0e L2(W,W) ae. x€Q.

From the uniform convergence of E;; 1 to E~1, we easily deduce that ngwi)n converges
a V¥; in L°°(Q, L2(W, W)), with @; the solution of
wW; (.13, ) € H}

loc

/ (E™YA Xy, + B X ) E-'VY 0, VY 5 dy(2)
w

W), V¥@(,.) € L*(W,W),

:/ (E~HYYA = B)e; VY 0 dy(2)
To
Voe HL (W), V¥ e L2(W,W) ae. x€Q.

Returning to the old variables, we then deduce that V¥, ,, converges to Vb, in
L>(Q, L>(W,W)), with 1; the solution of (4.4). Thus, H,, converges strongly to H
in L>(Q, M%). So H belongs to Ka(M()). 0

Let us now obtain the solutions w; of (4.4) for some particular choices of T' and
then use Proposition 4.4 to obtain explicit optimality conditions.
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LEMMA 4.11. If M(Q) is local and closed for the H-convergence, then, for every
linear subspace W C RN of dimension ¢ and every A, B € M(Q), the matriz

(B—A)—(B=A)(B+(-1)A),'PY(B-A)

is in Ka(M(Q)).

Proof. Let W be a linear subspace of R of dimension [. Since A and A™! are in
L>(Q, M%), there exists R € L>(Q, L(W,W)), with R~1 € L>(Q, L(W,W)), such
that RAw R? = Iy a.e. in . We define T the unitary ball in W and for a.e. z € Q
we take T'(z) = R(z)~'Tp and H(x) the matrix given by (4.3) with 7' = T'(z). From
Lemma 4.10, H belongs to K4 (M (S)).

The problem is to calculate the solution w;, 1 < i < N, of (4.4). For this purpose,
the idea is to use the change of variables z’ = Rz, which transforms (4.4) in a similar
problem, where A and T are respectively replaced by the identity and the unitary
ball in W. This problem can be solved by using in a suitable way the fundamental
solution of the laplacian. Doing this and returning to the old variables we deduce
that (up to a function which only depends on z) w; is given by

/’Ll(x)z in Ta
Wiz, z) = , 1<i<N
i\ Ml(x)z . )
WA\T
Raff in W\T,

where p;(z) = (B(z) + (£ — 1)A(x))y PV (A(z) — B(z))e;. Then by (4.3) we deduce
H(z)e; = (B(x) — A(z))(ei + pi())-

Taking into account the expression of p;, we finish the proof of the theorem. ]
Using Lemma 4.11 and condition (3.4), we deduce the following theorem.
THEOREM 4.12. In the assumptions of Theorem 3.2, if M(Q) is local and closed

for the H-convergence, then, for every linear subspace W C RN of dimension £, we

have

(4.12)
C:{(A-B)+(A-B)(B+(—-1)A)'PY(A-DB)} >0 ae inQVBeM().

Remark 4.13. The condition (4.12) can also be written

(4.13)
C:(A-B i in C:(A-B)B+(—-1)A),/PY(A-B)>0.
( )+1£n€g1Ndimr?Vly):l ( N B+ (6 =1)A)y PP ( )=
Thus, the better choice for W is to consider just the subspace which gives the minimum
in this expression. This can also be related to the choice of the steepest descent
direction, mentioned in Remark 4.9. If we restrict ourselves to the set of matrices H
of the form

H=B-A—-(A-B)B+ ({-1)A);PY(A- B),

then to choose the matrix giving the maximum of H : C' is equivalent to solving the
minimization problem which appears in (4.13).

Remark 4.14. The condition (4.12) must be compared with the usual one when
M(Q) is convex, which is

(4.14) C:(A-B)>0 VYBe M), ae.in Q.
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In general we get a perturbation of this condition with a term of second growth in
(B — A). We will see in Corollary 4.18 how condition (4.12) implies (4.14), at least
in a subset of €.

COROLLARY 4.15. In the assumptions of Theorem 3.2, if M () is local and closed
for the H-convergence, then, for every B € M(2), we have

(A - B)C(A - B)§¢
B&g

Proof. Tt is enough, for £ € RV \ 0, to take W = {\¢/ A € R} in Theorem 4.12
and to use that in this case:

(4.15) C:(A-B)+ >0 VEe RN\ {0} ae in Q.

(A-B){® (A= B)
Bgg

Remark 4.16. The condition (4.15) is equivalent to

(A-B)B,,/PY(A-B) =

C:(A-B)+ min B[B~YA - B)C(A - B)é€ >0

or, equivalently (observe that B~1(A — B)C(A — B) is symmetric with respect to the
scalar product given by (&|n) = Bén for every £,m € RY),

(4.16) C:(A—B)+min{\: X eigenvalue of B~'(4 — B)C(A — B)} > 0.

Remark 4.17. The inequality (4.15) has been obtained taking ¢ = 1 in (4.12);
then it comes just from a lamination in the direction £. So Corollary 4.15 holds if we
assume only M (Q) is local and stable under lamination (and not necessarily by H-
convergence). The sets of matrices stable under lamination have been characterized
by Francfort and Milton in [10] and [15]. In particular, it has been shown that, under
a suitable change of variables, the set M(Q), assumed stable under lamination, is
convex. Corollary 4.15 can also be obtained from this result. In fact, deriving the
usual formula for the lamination of two matrices A and B in the direction &, it has
been proved in [25] that the matrix

(A—-B)§® (A= B)¢
BEE

is an admissible direction. However, this has not been applied in our knowledge to the
obtaining of optimality conditions for problem (1.1). Most of the results we obtain in
the following can be deduced using (4.15), and then one can conjecture that the choice
¢ =1 is the best one in (4.12) (or even using all the matrices H given by Theorem
4.5) or, equivalently (see Remark 4.13), that the minimum in (4.13) is attained for
¢ =1. An easy counterexample shows that this is not true in general; it is enough to
consider C'= B =1 and A = mlI with m > 1. Then the minimum of the eigenvalues
of B7Y(A — B)C(A — B) is (m — 1)? while taking, for example, W = R”" we have

B—-—A-

C:(A-B)B+(N-1)A),PY(A-B)
=C:(A-B)(B+(N-1)A)"Y(A-B)
N(m —1)2
1+(N-1)m

< (m—1)>~%
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COROLLARY 4.18. In the assumptions of Theorem 3.2, with M(Q) local and
closed for the H-convergence, we define

Q" ={zeN: IXN<0 eigenvalue of C(z)}
and
Op ={x€Q: Ker(A(z) — B(x)) # {0}} VB e M(Q).
Then we have
(4.17) C:(A=B)>0 ae inQ UQp VBeMD).

Proof. Let B be in M(Q2). For a.e. x € Qp, we choose {(z) € Ker(A(x) —
B(z)) \ {0}, and for a.e. z € Q™ \ Qp, we take e(x) as an eigenvector associated
with a nonpositive eigenvalue of C'(z) and &(z) = (A(z) — B(x))te(z). Then, taking
& =¢&(x) in (4.15), we obtain (4.17). d

By the above result, it is interesting to learn how many nonpositive eigenvalues
have the matrix C. In this sense, we give the following theorem.

THEOREM 4.19. For &1,... ,&xmi,- .. e € RV \ {0}, we define

+_ & o - _ & _m
O R A G T )
m = dim(Span{&;,n; / 1 <i < k}) = dim(Span{¢;", ¢; / 1 <i < k}),
m*t = dim(Span{¢] / 1 <i < k}), m~ = dim(Span{¢; / 1 <i < k}),

k
.1 _ _ _
Ci:§(§i®77i+77i®€i)7 1<i <k, C:;Ci.

Then we have the following:

(i) For 1 < i < k, the matriz C; has as eigenvalues L(&mi + 1&]Iml) = o,
%(fﬂh‘ — |&]|mi]) < 0, with respective eigenvectors ¢, ¢; . The other eigenvalues of
C; are zero.

(ii) If kT and k= are, respectively, the number of positive and negative eigen-
values of C, we have

(4.18) m—m~ <kt <mT, m—mtT <k~ <m~.

Proof. The proof of (i) is easy to verify. In order to prove (ii), we use the
Courant—Fischer characterization of the eigenvalues:

\ir1 = max min C
i+ dim E<i g gt ¢¢7

|l=1

where A} < --- < Ay are the eigenvalues of C.
Taking i =m™ and £ = Span{¢; / 1 <j <k}, statement (i) gives

(4.19) A1 > min Cg > 0.
tiEa

So k™ <m~.
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Now, if m—m™ = 0, then clearly k¥ > m—m™. In another case, we consider F =
Span({¢; /1 <j <k}U{¢;, ¢} /1< j <k}*), which has dimension m™ +N—m. If
® € E*+, then, as above, statement (i) gives C’jgbd) >0,1<j <k, and then Coop > 0.
Moreover, C¢p = 0 iff é’j¢q§ =0, 1 < j <k, which, by statement (i), implies that
¢ is orthogonal to ¢, qu, 1<j<k;ie, ¢isin F and so ¢ = 0. Thus, taking
i=m" + N —m in (4.19) and using the compactness of the unitary ball in R, we
get

>‘m*+N7m+1 > min é¢¢ > Oa
pEE™
lp[=1

and thus kT >m —m~.

The other inequalities in (4.18) follow analogously. 0

As a consequence we get the following.

COROLLARY 4.20. In the assumptions of Theorem 3.2, if M(Q) is local and closed
for the H-convergence and k < N — 1, then condition (4.14) holds.

Proof. We apply Theorem 4.19 to &; = Vy;(z), n; = Vpi(z),1 <i<k,ae z € .
In this case C = C (x). Since, clearly, the number m™ which appears in this result is
less than or equal to kK < N — 1, we deduce that the number of positive eigenvalues of
C is less than or equal to N —1, and then there exists at least a nonpositive eigenvalue
of C a.e. in Q. Corollary 4.18 gives then (4.14). d

5. Invariability by rotations. In the applications, it is a natural hypothesis
to assume that M(Q) is invariable by rotations. We show in this section that this
assumption implies that the eigenvectors of A and C agree.

DEFINITION 5.1. We say that M(Q) is invariable by rotations if for every B €
M(Q) and every Q € L>®(Q, M), with Q € Oy a.e. in Q, the matriz QBQ" belongs
to M ().

We have the following result.

PROPOSITION 5.2. In the assumptions of Theorem 3.2, if M () is invariable by
rotations, then A and C are mutually diagonalizable a.e. in Q.

Proof. Let us first prove that given a skew-symmetric matrix R and a measurable
set w C Q, the function (RA + AR') X,, belongs to K4(M()). To this purpose we
define G : My — My x R by G(M) = (MM?,det(M)). Since Ker(G'(I)) coincides
with the space of skew-symmetric matrices, it is known (see, e.g., [1]) that for e € R
with |e| small enough, there exists P. € My such that G(P.) = G(I) or, equivalently,
P. € Op, and (P. — I)/e converges to R. Defining then

A. = P.AP! X, + A Xq\,
and using that M (Q) is invariable by rotations, we deduce that A, belongs to M ()
and (A. — A)/e converges to (RA + AR') X,, in L>(Q, M%). Thus (RA + AR') X,
belongs to K4 (M(Q)).

Using now that the set of skew-symmetric matrices is a vectorial space, condition
(3.4), and the arbitrariness of w, we deduce

2(RA):C = (RA+AR"):C =0 ae. in Q.

For i,j € {1,... ,N}, i # j, we take in the above equation R as the matrix
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defined by
1 ifl=1i, k=j,
Ryp=q-1 ifl=y4 k=1,
0 in another case.
Then we get
(AC);; — (CA)i; =0 ae. inQ,
i.e., A and C commute, and then they are mutually diagonalizable. 1]

Remark 5.3. From Proposition 5.2, assuming that the matrix C' is known and that
their eigenvalues are all different, we must look for the optimal solution A on the set of
matrices of M () which have the same eigenvectors as C' a.e. So it can be interesting
to write condition (4.13) assuming that B is also mutually diagonalizable with C. If
we restrict ourselves to the spaces W which are generated by eigenvectors of C, we
get the following result: In the conditions of Proposition 5.2, if ¢;, a;, i € {1,... , N},
are, respectively, the eigenvalues of C' and A, then for every B € M () mutually
diagonalizable with A and C, with eigenvalues by, ... , by, we have

5.1 a ( b . . Cvzj(az'j - bz‘j)Q
(5.1) 2 ci(a; —b;) + énzglzv 1§i1<1p.n<lugzv — bi, + (£ — 1)ay,

> 0.
We also note that by Remark 4.16, for A, B, C as above, the condition (5.1) implies
in particular (4.15).

Assuming stronger hypotheses, we can improve Proposition 5.2. Proposition 5.4
below is related to a theorem due to Lewis [11], which applies to the optimization of
a function h : M3, — R convex and invariable by rotations (see also [12], where there
is a review of results corresponding to optimization problems on symmetric matrices).

PROPOSITION 5.4. In the assumptions of Theorem 3.2, we assume M () invari-
able by rotations and at least one of the following hypotheses:

(i) M(Q) is convez.
(il) M(Q) is H-closed and N > 3.
(iil) M(R2) is H-closed, N =2 and k = 1.
Then there exists QQ € L™ (Q, My), with Q € On a.e. in Q, such that

QAQ' = diag(ay, ... ,an),
QCQ" = diag(cy, ... ,cn),

anda; <---<an,c; <o <oy

Proof. From Proposition 5.2 there exists Q € L>®(Q, My), with Q € Oy a.e. in
Q, such that (5.2) holds. Clearly, we can also assume ¢; < -+ < ¢y a.e. in Q. We
consider i,j € {1,... ,N}, i # j, and we take L € Oy, defined by

(5.2)

Lei = ey, Lej = —€;, Lel =€ Vi 7é Za.j

Since M () is invariable by rotations, the matrix B = (LQ)!diag(as, ... ,an)LQ
belongs to M (€2). Let us now see that if one of the hypotheses (i), (ii) or (iii) hold,
then

(5.3) C:(A-B)>0 a.e. inQ.
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For this purpose, we define M (Q) as the convex hull of
{SASY ) S € L®(Q,My), S € Oy ae. in Q},

if (i) holds and as the H-closure of this set in cases (ii) and (iii). Then M (Q) is
contained in M () and A belongs to M (), so A is also a solution of (1.1) with M (Q)
replaced by M ().

In case (i), M () is convex and local, so from (4.1) and B — A in K4 (M (Q)), we
deduce (5.3).

In cases (ii) and (iii), M(Q) is local and H-closed. Moreover, if (i) holds, then
Ker(B — A) # 0 a.e. in Q, while if we have (iii) then, from Theorem 4.19, C has at
least a nonpositive eigenvalue. So, in both situations, we deduce (5.3) from (4.17).

From (5.3) we get
0<C:(A—-B)=ci(a; —a;) +cjlaj —a;) = (¢; — ¢j)(a; —a;) a.e. in Q.

This finishes the proof of Proposition 5.4. O

Remark 5.5. As we have seen in the proof of Proposition 5.4, the order relation
between the eigenvalues of C' and A is a consequence of (5.3) with B defined as above.
So if N =2 and M(R) is H-closed, by Corollary 4.18, the thesis of Proposition 5.4
still holds on the set where C' has a least a nonnegative eigenvalue. Where the two
eigenvalues are positive, assuming c; < cg, the condition (4.15) implies

(5.4) a1 <as or ay;>as and cgas < ciag.

Related to this inequality, we also remark that if in the conditions of Proposition
5.4 (ii) there are two eigenvalues of C, ¢;, ¢; such that ¢; < ¢; < 0, then besides
a; < aj, we have |¢jla; < |cila;.

6. Applications. In this section let us show how the condition (3.4) and the
consequences we have obtained from it can be used, in some cases, to obtain AVy;,
AVp;, 1 <i <k, as explicit functions of Vy;, Vp; and then, from (1.2) and (3.2), to
reduce the optimality conditions given in Theorem 3.2 to a nonlinear system in Vy;,
Vp;. The main difficulty in carrying out this idea is that obtaining the H-closure of a
subset of L>®(2, M) is a very difficult problem, which has only been solved in some
particular cases (see [23], [14], [13], [8], [16], [25]). To simplify the exposition, we have
chosen two simple problems where the H-closure is well known. The first consists of
the mixture of two homogeneous isotropic materials in dimension two (the problem
can also be studied analogously for higher dimensions). This problem has also been
studied in [3] and [7]. In this case the set M () is convex. In the second problem we
consider a nonconvex situation corresponding to a polycrystal in dimension two.

First problem. We start by recalling the following result which has been proved
in [23] and [14].

THEOREM 6.1. We assume N =2. For0 < a < andf € L*(Q) with0 <6 <1
a.e. in Q, the set My(2) of the H-limits of the sequences ol X, +0B(1— X, )I, such
that w, C Q are measurable sets and satisfy X, converges weakly-+ in L () to 0,
is characterized as follows:

My C L>®(Q, M35) is the set of matrices such that their eigenvalues A1, Ao satisfy
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the following inequalities a.e. in €):

AT S AL A AT,
21 1 1
< = + ,
(6.1) et Ai—a " AT —a M —qa
21 1 1
> T S v
=N T B B—A
where A=, AT are given by
0 1-0\""
+ _ -_ | Z -7
(6.2) AT =ab+ [(1-90), A <a+ ﬂ) .

Let us see how the results obtained in the previous sections permit us to obtain
A from C, and then from Vy;, Vp;, 1 <14 < k, for some choices of M (2) related to
Mp(9).

In the following, we define

(6.3) Q={z€Q/ (cr(2),c2(w)) # (0,0)},

where c¢1, co are the eigenvalues of the matrix C.

PROPOSITION 6.2. In the assumptions of Theorem 3.2, if M(Q) is the set of
matrices defined in Theorem 6.1 for a fized function 6 and c1, co, ¢1 < co, are the
eigenvalues of C, then there exists an associated basis {1, p2} of eigenvectors of C
such that a.e. in 2, we have

(64) A,U,l = Qs 1= 1, 2,

where a.e. in Q, the functions a1, as are given by the following:

a*onra(ﬁ )1 =) (1+ 2>
Co « L 20{—’-( C1 ’
If(:2<0and\/?2a+(6_a)9§
B BB — )b C2
c2 B al_ﬂ_a+6+(ﬁ—a>@<1+ c1>
Ifcl>0and\/?§a+(ﬂa)9$ .
! agzﬂ— 5(ﬁ—0¢) <1+ 01>
a+ B8+ (8- ) co

In another case a; = \™, ag = AT, where A=, AT are defined by (6.2).

Proof. In this case, the set M () is local, convex, and invariable by rotations.
So we can apply Proposition 5.4 and (4.14), which imply that a.e. in §2, A satisfies
(6.4) for a basis of eigenvectors of C, and ajc1 + azca is the maximum of Ajc; + Agea,
with A1, Ao in the set defined by (6.1). Solving this maximum problem we get the
expressions a; and as given in Proposition 6.2. O

The above result assumes that 6 is known, but clearly this is not a realistic
situation. Next, we consider two examples where 6 also varies. In the first one we
impose the condition

1
6.5 —/de:s,
(65) 9l
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with s € (0,1). This means we know the proportion of the materials defined by « and
8 but not its local distribution. This usually holds when one material is better than
the other but it is also more expensive. In the second situation we consider the case
where we do not have any restriction on 6.

PROPOSITION 6.3. In the assumptions of Theorem 3.2, if for s € (0,1) given,
M(Q) is the set of matrices defined in Theorem 6.1, with § € L>(Q),0<60 <1 a.e.
in Q and such that (6.5) holds, then the matriz A satisfies the thesis of Proposition

6.2, where the corresponding function 6 is such that defining F' € L>(€}) by

o — 0?)(y=e1 — V=) | . a

ot (5= a)d)? if c2 <0 and\/zza—i—(ﬁ—a)@’
oo ) 8-t E ey e v [T B

F() (@t B+ (B—a))? fer>0 d\gfm(ﬁa)e’

—(B—a) ((omt(ﬂaﬁa)ﬂ)?cl + 02> in another case,

there exists 1 € R which satisfies

F(z)<r ae in{0=0}NQ,
(6.6) F(z)=r ae in{0<0<1}NnQ,
F(z)>r ae in{d=1}NQ.

Proof. We remark that if 6 is the corresponding function associated with A in
the definition of the elements of M (§2) and we define Mp(2) as in the statement of
Theorem 6.1, then A is also the solution of (1.1) with M (£2) replaced by My(£2). So
Proposition 6.2 applies.

Let us now vary 6. For every 6* € L>°(£2) such that 0 < 6* <1 a.e. in €,

v
— [ 0*dx = s,
€2 Jo

and 0* = 6 a.e. in Q\ €, we define Ap- € M () as the function given by Proposition
6.2 applied to 0* a.e. in 2 and Ap- = A a.e. in Q\ €. Deriving Ay« with respect to
0*, we obtain an admissible direction. Then, using condition (3.4), we get

(6.7) / Fode <0
Q

for every ¥ € L>°(Q2) such that ¥ = 0 a.e. in Q\QY¥9>0aein{d=0NQ,9<0
a.e. in {# =1} NQ, and
/ﬂdz:O.
Q

It is easy to check that this implies the existence of r € R, which satisfies the statement
of the proposition. O

Remark 6.4. The expression of F is strictly decreasing with respect to 6. Then,
from (6.6), it is possible to obtain 6 as a function of ¢;, ¢z and r.

Remark 6.5. In Proposition 6.3, if 7 > 0, then § = 0 a.e. in the set

{c1>0}ﬂ{\/fgg}mﬂ.
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Analogously, if » < 0, then §# = 1 a.e. in the set

{cQ<o}ﬂ{\/fzg}mQ.

We finish with the following result.

PROPOSITION 6.6. In the assumptions of Theorem 3.2, let M(Q) be the set
of matrices defined in Theorem 6.1, where 6 is any function in L (Q) such that
0<60<1 ae inQ, and denote by ¢y, c2, c1 < co, the eigenvalues of C. Then there
exists an associated basis {1, pa} of eigenvectors of C' such that a.e. in  we have
(6.4). Moreover, a.e. in Q, the functions a1, as are given by the following:

If 0 < c¢; < cg, then a; = as = .

If c; <3 <0, then a1 = as = .

If c; < 0 < cq, then

« c
*ziija1:a2:ﬂ7
B C2
« afc afc

g>——1>f:>a1: —527 ag=a+f— /- ﬁl,
« C2 B C1 C2

c

izééal—ag—a

Co [0

Proof. We proceed similarly to Proposition 6.3, but now, in the condition (6.7),
the function ¢ does not necessarily satisfy

/ﬁdmzo.
Q

This implies that the function F' given in Proposition 6.3 satisfies (6.6) with r = 0,
which easily gives the result. 0

Second problem. Given a diagonal matrix A = diag(a, 8) with 0 < a < 3, let
us now consider the optimization problem (1.1) when M () is the H-closure of the
matrices of the form R(z)AR(z)!, where R is measurable, and R(z) belongs to Oy for
a.e. © € Q (observe that to assume A diagonal is not a restriction). This set M (£2)
is known (see, e.g., [25], [16]) and agrees with the set of functions B € L*®(Q, M$)
such that for a.e. z € Q, the eigenvalues by (x) and ba(x) of B(x) satisfy a < by(x),
ba(xz) < B, by (x)ba(x) = af. For this choice of M(£2), we have the following result.

PROPOSITION 6.7. In the assumptions of Theorem 3.2, if c1 and co, with ¢; < co,
are the eigenvalues of C, then there exists an associated basis {u1, u2} of eigenvectors
of C such that a.e. in ), we have

(68) 14‘Ll,Z = Q; by, L= ]., 2,

where a.e. in the set Q0 defined by (6.3), the functions ay, as are given by

T [ €2
a; = O‘ﬂ )
C2 (0% C1
<0 and — >-—=
C1 B C1
as =\ af, | —.
C2
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If c1 >0 and Z—f < g, then there exist three possibilites:

a1 = \/a5“0727
{al_a7 {al_ﬂ7 €1
or

or
az :/8,

ag = Oé, C1
as = vaf, | —.
C2
In another case a1 = a, as = (.

Proof. Since the set M () is invariable by rotations, we can apply Proposition
5.2 to deduce that for a.e. z € (2, there exists a basis {u1(z), p2(x)} of R? such that

C(z)pi(z) = ci(z)pi(z),  A@)pi(z) = ai(z)pi(z), i=1,2,

with ¢1 () < ea(), a1(z), az(z) € R. From the definition of M (), we also have that
for a.e. x € Q, there exists t*(z) € [1, g] such that

a1 () = at™(x), as(x) =

Moreover, from (5.1), we deduce that ¢* satisfies

~Fn)

(t*(x) — 1) (aa(m)
(6.9)
acy(x)  Bea(x) 1

#0 (@) —0min { 0 O e (e + R ) 20

for every t € [1, g] and a.e. z € Q. In the set where t*(z) = 1, we have t*(2) —t < 0

for every t € (1, g] So, dividing by 1 — ¢ and taking ¢ converging to 1 on the right,
we deduce
(6.10) ac; — ez <0 ae. in{reQ: t*(x) =1}

Analogously, we deduce

(6.11) Bcp —ace >0 ae. in

Bea
(t*(x))?

where the statement (6.12) implies

(6.13) creg > 0, t*:u@ a.e. in {xGQ: 1<t*(x)<ﬂ}.
acy «

Analyzing the different cases which appear depending on the sign of ¢; or ¢y, we easily
conclude from (6.10), (6.11), and (6.13) the proof of Proposition 6.7. ad
Remark 6.8. We have deduced (6.10), (6.11), and (6.13) from inequality (6.9).
One could conjecture that this inequality gives, in fact, more information. However, a
simple calculus shows that the statements (6.10), (6.11), and (6.13) also imply (6.9).
Remark 6.9. Proposition 6.7 does not give the expressions of a; and as in the set
where ¢; > 0 and g—f < g; it gives three possibilities. The possibility a1 = «a, as = 3

re: t*(az)zg},

(6.12) acy — =0 ae. in {xGQ: 1<t*(w)<§},
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seems to be the most natural in order to stick continuously with the values of a; and
as in the other zones. We also note that if M () was convex then, using that B — A
is an admissible direction for every B € M (), we should obtain in place of (6.9) that

ozt*—|—ﬂ=max{ozt+ﬂ: te {1,6]},
t* t a

which implies that ¢t* = 1 (and then a1 = «, as = [3) a.e. on the set where ¢; > 0 and
g—f < g as well as the expressions of a; and as given in Proposition 6.7 in the other
cases. However, since M () is not convex, this reasoning is not good and thus the

only conclusion we obtain is that stated in Proposition 6.7.
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Abstract. We consider an optimal control problem where the state satisfies a bilateral elliptic
variational inequality and the control functions are the upper and lower obstacles. We seek a state
that is close to a desired profile and the H? norms of the obstacles are not too large. Existence
results are given and an optimality system is derived. A particular case is studied that needs no
compactness assumption, via a monotonicity method.
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1. Introduction. We consider an optimal control problem where the state sat-
isfies a bilateral elliptic variational inequality and the control functions are the upper
and lower obstacles. We seek a state that is close to a desired profile and for which
the H? norms of the obstacles are not too large.

This type of problem appears in shape optimization [11, 19]. It may concern, for
example, the optimal shape for a dam. The obstacle gives the form to be designed
such that the pressure of the fluid inside the dam is close to a desired value. This is
equivalent in some sense to controlling the free boundary (see [14], for example).

There are few papers about the control of the obstacle in variational inequalities.
In an early paper [10], Bucur, Buttazzo, and Trabeschi give an existence result for a
problem of the following type:

min {F(g),g € Xw(Q),/Qg(x)dx = c} )

where X, (Q) = {g: Q — R, g <%} and F is increasing + lower semicontinuous. The
monotonicity assumption on F' allows the avoidance of the compactness assumption
used in the present paper. In [3] the problem is studied with completely different
methods (the ~-convergence is not used), using once again an implicit monotonicity
assumption. Then [1, 2, 9, 17, 18] generalized that result to include source terms,
semilinear and quasilinear elliptic operators, and parabolic operators, replacing the
monotonicity hypothesis by a compactness one. One can refer also to the book by
Chipot [13] and its references for background and estimates for bilateral variational in-
equalities. For recent work on control in lower order terms, see the works by Chen [12]
on semilinear elliptic bilateral variational inequalities and by Bergounioux [8] on semi-
linear elliptic variational inequalities. The new feature in this paper is the control of
the two obstacles in the bilateral case.

The motivation of our work is threefold. First, as mentioned above, many shape
optimization problems can be modeled as the problem we describe here below. Sec-
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ondly, as usual, in optimal control theory, we are looking for a first order necessary op-
timality system that allows us to compute the solution exactly (often not the case) or
numerically. The numerical strategy can be the direct resolution of the optimality sys-
tem by a shooting method or any other fixed point method, or the setting of adapted
algorithms whose convergence may be proved using Lagrange multipliers; see [5, 6, 7].
Therefore, we claim that the establishment of optimality conditions is the first step
before any numerical analysis.

Thirdly, from the theoretical point of view, the problem is involved in a wider
class of (open) problems, which can be (formally) described as follows:

min{J(u, x), u="T(x), X € Usa CU},
where 7 is an operator which associates u to x, where u is a (or the only) solution to
V’UGK(U,X), <A(U7X)7U_U> Zoa

where K is a multiapplication from X x U to 2%, where X is a Banach space and U a
Hilbert space. Let us give an example: let ) be a Banach space and A a differential
operator (linear or not), parabolic or elliptic from Y to the dual space )’, and h an
application from R X R x R to R. The differential equation that relates the control y
to the state function w (i.e., the state “equation”) is

<AU,’U - u7>y,y’ + ]’L(U,X,l}) - h(“?X?“) Z (X7U - ’LL) V’U € yv

where
1. h(u, x,v) = h(v) gives the classical variational inequalities;
2. h(u, x,v) = h(x,v) gives (for example) obstacle problems (where the obstacle
is the control): this is the problem we investigate here;
3. h(u,x,v) = h(u,v) leads to quasi-variational inequalities whose study is very

delicate.
Let us specify the problem under consideration as follows.
Let 2 be an open bounded subset of R™ with a smooth boundary 92. We consider
the bilinear form a(.,.) defined on H}(Q) x H!(Q) by

ou Ov
(1.1) a(u,v) Z/“”axzax dx —|—Z/ 3xlv dx—f—/ﬂcuv dz,

3,7=1

where a;;,b;,c belong to L>(f2). Moreover, we assume that a;; belongs to C%!(Q)
(the space of Lipschitz continuous functions in 2) and that ¢ is nonnegative. The
bilinear form af(.,.) is continuous on H}(2) x H1(Q),

(1.2) 3IM >0, Y(u,v) € H(Q) x HX(Q), a(u,v) < M ||lull g1 )|l 210,
and is coercive:
(1.3) Ja >0, Yu € H(Q), a(u,u) > a||u||§{;(m

We shall define || - ||y, the norm in the Banach space V', and more precisely || - ||2
the L?(Q)-norm. In the same way, (-,-) denotes the duality product between H ()
and H!(Q), and (-,-), the L?*()-inner product. We call A € L(H}(Q2),H *(Q))
the linear (elliptic) operator associated with a such that (Au,v) = a(u,v). Given
o, € HX(Q), we set

(14) K(p) = {u e HI(Q) | ¢ Su < ace in Q)
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which is a nonempty, closed, convex subset of H!(Q). All inequalities as u < 1) are
understood in the almost everywhere sense. We choose f € L%(f2) as a source term.
For any ¢,¢ € HL(Q), it is well known (see [4], for example) that the variational
inequality

(15) VUEK(%Wa CL(U,’U—U,)Z(f,’U—u), ueK(@a¢)7

has a unique solution u that belongs to H!(Q). In addition, if ¢,1 € H?(2), then
u belongs to H2(Q) N HL(Q) (see [4], for example). From now on, we consider H?-
obstacle functions so that we may define the operator 7 from (HZ2(2) N H(Q)) x
(H?(Q) N H(Q)) to H2(Q) N HL(Q) such that T (¢,1) = u is the unique solution to
the variational inequality (1.5). It is known that this operator is not differentiable
(and even not continuous if we define it on the whole space H}(2)).

Let U,, be the set of admissible controls defined as follows:

Uaa = {(p, ) € (H*(Q) N Hy () x (HHQ)NHH(Q) | 9<9}.
Now, we consider the optimal control problem (P) defined as follows:

def 1

win{7(.) 2 3 [ (7o) =2Pan e ([ (A0P+802) do). () €V},

where z € L?(Q2). In what follows we require continuity properties for 7; therefore
we need H?-a priori estimates. We could assume that U,4 is H2-bounded, but this
choice leads to technical difficulties in deriving an optimality system. An equivalent
theoretical tool for getting such estimates is to involve the H?-norm in the objective
functional. That is why we have added the term [, ((Ap)? + (A4))?) da. The positive
real number v can be small but it is fixed: it ensures that the weight of the H?-norm
is not too large with respect to the least squared minimization to drive the state
u =T (p,1) as close as possible to a desired profile z. Of course, this is a regularizing
term which gives compactness properties. It is not too unrealistic to look for smooth
obstacles: the gradient is bounded, and thus we avoid oscillations, and the curvature
is bounded as well.

Let us give an outline of the paper. The next section is devoted to the study of
the state-inequality and some properties of the operator 7. Then we give an existence
result for a solution of (P). Section 3 is devoted to the optimality system. We consider
an approximate optimality system and convergence results to pass to the limit in this
system. In the last section, we present a particular case, where the H?2-boundedness
assumption is weakened and replaced by an H'-boundedness assumption. We use
monotonicity tools to deal with the lack of compactness and obtain a “complete”
optimality system.

2. Properties of the state operator 7. We consider the following technique
(see [4, 3]) to approximate the variational inequality by a semilinear equation. More
precisely, we define

0 if r >0,
(2.1) B(ry=<¢ —r? ifre[-10],

r+1 ifr<-—1.



OPTIMAL CONTROL OF BILATERAL OBSTACLE PROBLEMS 243

Note that min{0,r} < 8(r) < 0 and 3 € C'(R) with

0 if >0,
(2.2) B(ry=< —2r ifrel[-3,0],
1 ifr<—3.

We introduce the following semilinear elliptic equation:
1
(2.3) Au—l—g(ﬂ(u—@)—ﬁ(w—u)):fin Q, u=0 on 0.

As B(- — ¢) — B(v — ) is nondecreasing, it is known that the above equation has a
unique solution u® € H2(Q) N HX(Q), and we set u® = T°(p, ).
THEOREM 2.1. Let (p°,9°) € U,q be a sequence strongly convergent in HL(Q)
to some (p,1) as 6 tends to 0. Then the sequence u® = T°(¢® ?) converges to
=T (p,%) strongly in HL(Q).
Proof. For every (¢?,4°) € U,q, we set u® = T%(p% ¢?®). Equation (2.3) is
equivalent to

(2'4) VUEHS(Q)> a<u67v)+% (ﬂ(ué_wé)_ﬁ(d}é_ué)’v)g = (f>v)2-

First, we choose v = u® — ¢°. Equation (2.4) gives

Mﬁmtwwéﬁmﬁﬂmw— /ﬂ S_u®)(ul—¢ dmjfu—

Note that if u®(z)—¢®(2) > 0, then B(u’ (z)—¢’(x)) = 0; otherwise B(u®(z)—¢®(z)) <
0. In any case we have

Bu® — ®)(u® —°) >0 ae. in Q.
Similarly, if 1% (z) < u®(x), then with ¢%(z) < ¢®(x) we get
B —ud)(w® — %) <0 ae. inQ,

since B(1?(x) — u®(z)) = 0 if 9°(x) > u®(z). By the above, we obtain

65u6 - ()06) S (f’ 'LL§ - @5)27

a(u57u6) S a(u67 806) + (f7 u6 - 906)27
allu’ ) < Mlu |l m@lle’ @ + I fll2llw’ 2+ [ £ll2lle’]l2,

a(u

allu’[F ) < Mullm@lle m@ + 1F 2w’ lm@) + 1F 12000 @)
This gives the existence of a constant C; depending only on f and a such that
(2.5) ||U6||Hg(sz) < ClWP&HHg(Q)
Similarly, once again using ¢® < 1°, we have the following estimate:
(2.6) [u? || 20y < Coll¥? |l a1 (),

where C5 > 0 depends only on f and a.
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o Next, we estimate 3(u® —¢°)—B(¥® —u®). As0 < B’ <1, B(ub—?)—B(y° —u?) €
HL(Q). Using (2.4) with v = B(u® — ¢°) — B(¥® — u®) gives
S50 — )~ B — I3
= —a(’, B’ — ") = W —ut)) + (f,B(u’ = ¢) = B —u’)),
< Ml[u’ |y (18(u® = *)lay + 18@° —u®)|m2)
N2 (18 = @)z + 18(2° = u®)ll2)

< (M [lmz + £ 1l2) (18 =) mz + 18 = u)llaz) -

As 5(0) = 0 and 0 < & < 1, then 8(v) [ < [o]l2. Tn addition,

() _ O
81'7; _ﬂ(v)aazl

yields that [|[VB(v)][2 < [[Vvll2. Finally, [|3(v)[| 1) < vl ), and we get

18(® = ¢%) = B = w5 < & (MIu’[lrz + 1 Fll2) (Ilu® = @°llmz + | &° = |l z) -
With estimates (2.5) and (2.6) we obtain

2.7) 18(u® = ¢°) = BW° = u®)3 < & (Cslle® a2 + 1F112) (Calle® 2 + C5l19° | -

e Now, we consider a sequence (¢°,¢%) € U,q strongly convergent in H}(2) to some
(0, 0). As Uuq is H'-closed, (¢,v) € Uug. In addition, (¢?,1?) is bounded in H}(Q)
uniformly with respect to §. Therefore, estimates (2.5) and/or (2.6) imply the weak
convergence of u® = T (p° 1?) to some u € HL(Q).

Relation (2.7) proves that 3(u® —¢?)—3(y)® —u®) strongly converges to 0 in L?(12).
With the strong convergence of (¢®, 4%, u®) to (¢,4,u) in L?(Q) and 0 < /' < 1, we
get B(u— ) — (Y — u) = 0 and

Blu—)=Bl—u) ae in

if u(x) < p(z) < ¥(x), then S(u—p)(r) < 0 and B(¢ —u)(x) = 0: this is not possible.
Similarly, if ¢(z) < ¥(x) < u(z), then B(u — ¢)(z) = 0 and B(xp — u)(x) > 0. The
only remaining possibility is ¢ < u < %, that is, u € K(p, ).

o Let us prove that u = 7T (p,9). As we already know that u € K(p,), it is
sufficient to prove that

Yo e K(p, ), a(u,v —u) > (f,v—u)s.

We choose v € K(g,) and set v® = inf (sup (v, ¢%),¥°). Then v® € K(¢®,4°) and

v® strongly converges to v in H}(f2). Equation (2.4) with v = v® — u® gives

Cl'll/(svéfu(S :1 57’11,67 '(,L(S* g ’U(S*U& X 1)67’1146 X .
(w0 =) =5 [ (B0 =) = Ba? — ) (0~ Yo+ [ 107 )

Ifg05<u5<1/15 then B(® — u®) = B(u® — p°) = 0.

> If u® < ¢® < %, then 5(1/16 ‘5)—Oandv —u® > 0. As B(u — %) <0,
we get (B(¢° — u’) = B(u’ — ¢°))(v* —u’) > 0.

> If @f < ¢® < uf, then B(u® 5)—0andu —u® < 0. As B(yv® —ub) <0,
so that (B(° — u®) — A — ) (P — u’) > 0.
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Finally,
a(ul,v® —ul) > (f,v° —ud),,
a(u®,u®) < a(ul,v®) — (f,v° —u®)s.
We may pass to the limit and use the lower semicontinuity of a:

a(u,u) < liréni(r)lfa(u‘s,u‘s) < %in(l)a(u‘s,v‘s) — (f, 0 —u®)y = a(u,v) — (f,v — u)s.

This gives a(u,v —u) > (f,v — u)2 for every v € K(p,v¢) and u =T (p, ).

e It remains to prove the strong convergence of u® to u in H}(). We again use
w® = inf (sup (u, ¢?),?) that strongly converges to u in H(Q). It is sufficient to
prove that w® — u® strongly converges to 0 in H!($). We use (2.4) once again:

a(w® —ul, w® —u®) = a(w’®, w® — u®) — a(ul, w® — u®)

_awé w‘s—u‘s 1 U,‘S— 4y — 6—U6 wls—'LL6 xXr — w’s—uﬁ X .
= o’ — )4 g [ (B = ) = 0 ) (0 ) do = [ )

A similar analysis as above shows that (3(u® — ¢°) — B(® —u®))(w® —u?) < 0 a.e. in
Q. Thus

a(w® —u®,w® —u®) < a(w’®,w® —ul) — (f, w® — u‘s)z ,

allw’ — u5||?{$(m < a(w’, w® —u®) — (f, wd — u‘s)z.
The right-hand side is convergent to 0 (with the strong convergence of w? to u in
H!(Q) and the weak convergence of w® — u® to 0 in H(2)). Therefore w® —u — 0
strongly in H! (). |

Remark 2.1. Note that the sequence (¢?,°) belongs to H2(Q) x H2(£2), and it is
sufficient to assume that (¢°,1°) weakly converges to some (¢, %) in H2(Q) x H%(Q)
to get the conclusion of Theorem 2.1.

COROLLARY 2.1. For any (¢,v) € U,q, the sequence u® = T%(p,1) strongly
converges to u = T (¢,v) in HL(Q).

COROLLARY 2.2. There exists a constant C depending only on f and a such that,
for any (9,4) € Una,

(2.8) 17 (o, )| 1 (0) < C min (||<PHH01(Q)7 ||1/JHH3(Q)) .

Proof. We choose ¢° = ¢, ¥® = 1, and u® = T%(p,1)); as u® strongly converges
to T (p, 1) in HL(Q), we pass to the limit in (2.5) and (2.6). O

Let us conclude this section with a continuity result for the operator 7.

THEOREM 2.2. 7T is continuous from Uuq endowed with the H?(Q) x H?(Q)
sequential weak topology to HX(Q) endowed with the sequential weak topology.

Proof. Assume that (pg,1r) € Usq is a sequence that weakly converges to (¢, )
in H2(2) x H?(2). Then (¢p,1) belongs to U,q, and (g, 1y) strongly converges to
(p,) in HL(Q) x H(Q) as well. We set uy, = T (g, V).

Let v € K(p,v) and set (as previously) vy = inf (sup (v, vx), ¥r) € K(ok, ¥r)
that strongly converges to v in H:(Q). As ur = T (¢, V), we get a(ug, vy — ug) >
(f, vk — ug )2, that is,

a(ug, ur) > alug, vi) — (f,vp — ug)2.
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Using Corollary 2.2, uy, is bounded in H}(Q2) and weakly converges to some u (up to
a subsequence). Using the lower semicontinuity of a in the previous relation gives

a(u,u) > a(u,v) — (f,v — u)s.

In addition, ¢r < up < ¢ implies ¢ < u < 9. Therefore u = 7 (p, ), and the whole
sequence converges. a

Now, we turn back to the optimal control problem (P). We first give an existence
result for the solution.

THEOREM 2.3. Problem (P) has (at least) an optimal solution (¢*,1*).

Proof. Let (¢, r) be a minimizing sequence. As J(pg, 1) is bounded, ¢ and
Yy, are H?-bounded and converge to some * and ¥*, respectively, weakly in H?(Q)
(and strongly in H!(Q) (up to a subsequence)). The weak cluster point belongs
to Uaq and with Theorem 2.2 we know that up = 7 (¢k,¥r) weakly converges to
u* =T (¢*,¢*) in H(Q). Then,

It it) =5 [T w0 = 2P+ 5 [ (A9 + (a0)?) da
< liminf J(pk, i) = inf(P).

Thus (p*,1*) is an optimal solution to (P). O

3. Optimality system.

3.1. An approximate problem. We first consider an approximate problem
and establish an optimality system for this problem. Let (¢*,1*) be an optimal
solution to (P) and u* = T (¢*,¢*). For any ¢ > 0, we define
def 1

Jé(@vw) 92

[ / (T8 (o)~ 2) 2zt v / (Ap)+ (A da+ o — 0" 3+ 10— 07 3]
Q Q

The last term in Js is an adapted penalization term that focuses on a chosen solution
(¢*,1*). Let us define an approximate optimal control problem as follows:

(P(S) min{Jé((p7¢)7 (¢7¢) € Uad}-

THEOREM 3.1. Problem (Ps) has (at least) an optimal solution (¢%,°). More-
over, the sequence (p°,1°) weakly converges to (p*,*) in H?(SY), while u® =T°(p?,°)
strongly converges to u* = T (¢*,4*) in H}().

Proof. The functional Js is obviously lower semicontinuous and coercive. There-
fore, Problem (Ps) has (at least) an optimal solution (¢?,1?). We call u® = T%(¢?, %)
and note that, for any § > 0,

* * 1 * * 2 * *
i) < st )= | [T 0 = e o [ (804 (A7) ]
(3.1)
using Corollary 2.1, 7°(¢*,¢*) — u* =T (¢*,*) strongly in H}(Q), and Js(¢*, 1*) —
J(p*,1*). Therefore, there exist 6, > 0 and a constant j* such that

V6 < 8o, Js(9%,9°) < j* < +oo.

Therefore ¢° and 1° are H?-bounded uniformly with respect to § < 8,. We apply
Theorem 2.1: up to subsequences, we get

©® — @ and ® — ¢ weakly in H?(Q) and strongly in H!(€) and
u® — @ =T (p,v) strongly in H}(Q).
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As U,q is weakly closed, then (@, 1&) € U,q. Using the lower semicontinuity of Js and
(3.1), we obtain

N « 1, - X -
J(@0) + 5o =@ 15+ Sllv = ¢'llF - <liminf J5(o",9°)

< limsup Js(¢°, ¢°)
5—0

< %ig(l)J(s(go*,w*) = J(¢*,¥")
< J(3,9).

Here, we used that ($,4) is an admissible pair for problem (7). This yields that
lg — o3 + | — ¥*[|3 < 0; thus @ = »*, ¥ = ¥*, and the whole sequence is
convergent. In addition,

%%Jé(@67w6) = J(SD*71/)*) o

3.2. An approximate optimality system. We first establish a (necessary)
optimality system for (Ps), using the following result on the Gateaux-derivative of
the operator 7°.

LEMMA 3.1. The mapping T° is Gateauz-differentiable at any (¢,v) € Uqg:

T (e+t&p+tn) —T(p,v)

V(€. m) € HY(Q) x H)(9), t

L in HY(), ast — 0,

where v® is the solution of the sensitivity equation
1 1 ; .
Av®+=(B'(w =) + /(¢ —w")) v’ = < (F(w’ — @) €+ 5/ (¢ —w’)n) in ©,
v® =0 on 09,

where w® = T°(p,1)).

Proof. The proof is similar to [3, Lemma 5.1]. |

In what follows, we keep the notation of subsection 3.1. As usual we define the
(approximate) adjoint state of the problem as the solution p® € H} () of

A p® + % (ﬂ’(u‘s — )+ ' (¥ — u‘s)) P’ =u® —2zin Q, p® =0 ondQ,

where A* denotes the adjoint operator of A. As (¢®, %) is a solution to (Ps), we have

V() € Uag, %Ja (@° + (o= ¢), 9+t —¥°)),_, 2 0.
This gives
| (0 = 2) 4 vAG Ao = ) + A0 AW = 07) do
[ (6= = )4 0 =)0 = 0) do 2 0,
where x° € H}(Q) satisfies
A+ 2 (B (W =) + 8/ —u’)) X

(8'(w® =) (0 — °) + B'(¥° —u) (¢ —¢°)) in Q.

| = | =
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Using the definition of p®, we obtain

106 _ 46 106 o8

5 p‘S X6d$

+v / (AGPA(p — o) + AP AW — ¢2)) da
Q

+ [ (@ =0 = o)+ @ =06 = ) da 20
Here a* denotes the adjoint form of a (associated with the adjoint operator A*). Then,

5 6 B (u® —@°) + B8 (¢° — uP)
a(x’,p )+/Q 5

X’ pdw
+o /Q (AP Al — o) + AP AW — §°)) da
[ (6 ==+ (0 )= ) do 2 0

we obtain

106 _ 8 (a6 _ 26
/Qﬁ(u(s(p)p(s(@_wé)—i_ﬁ(w(s u’)

+v / (AP A(p — o) + AYPA@ — 49)) da
Q

PP (Y —°) da

+/Q ((¢° =)= ¢°) + (¥° =) (¥ = ¥*)) dz > 0.
In what follows we set
ﬁ/ u&_ 8 6/ w&_uzs

2) pg =T s TS = 4 (e £2().
Finally, we obtain the following result.

THEOREM 3.2. Assume that (¢?,1°) is an optimal solution to (Ps) and u® =
To(¢?,9°%). Then there exist p® € HL(Q) N H*(Q) and pd, u§ € L*(Q) such that the
following optimality system is satisfied:

(3.3a) Au® + % (B’ —¢°) = B° —u’)) = f in Q, u® =0 on 09,

(3.3b) A 4l +pd =ul — 2 in Q, p® =0 on 99,
Vi, 9) € Ung,  (pd + 0% — 0", 0—00), + (ud +¢° — ¢, ¢ —¢°),
+v (AQO(S?A(SD - 906))2 +v (A’L/}67A(’¢ - WS))Q > 0.

Let us give additional properties of u and u$, as follows.
PROPOSITION 3.1. The supports of u and p$ are disjoint so that

(3.3c)

(13, 15), = 0 and [|u°]13 = 143115 + llu5]13-
It follows that
i on { 2 €0 u(z) < ¢ (a)

}
(3.4) M6 =\ us on {xeQ|ul(x)>yi(x)}
0 elsewhere.

Ny I
e e,

Moreover, ul € HX(Q) fori=1,2.
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Proof. The first assertion is clear because of the definition of 18, Note that w?
are open subsets of Q since u®, ¢°, and ° are continuous (n < 3).
Let us compute the derivative of p¢ in the distribution sense (the same proof

holds for 13); we recall that u§ = M p°, where
0 if r >0,
n(ry=4 —2r ifre[-3,0],
1 if r < —%.

The function 7 is derivable as a distribution, and its derivative is

v [0 ifre]—oo—3[U]0,+oo],
nir) = { —2 ifre[-10]

because 7 is continuous and piecewise C'. So u{ is differentiable in the distribution
sense and

O(u® — ¢°) op®

3#? 5 s, 1 5 5

81'7;

As n(ud — @®), ' (u? — p°) € L=®(Q), p° € H2(Q) N HL(Q) € L=(Q) (since n < 3),
and 202" o’ ¢ L?(Q), then i ¢ L?(Q). Therefore p§ € H*(Q). As u$ =0 on
ox; ? Oxy ’ ox; 1 1

O (since p° € HX(Q)), then p§ € HL(Q). D

3.3. Optimality system for (P). We would like to pass to the limit in the
previous system. We already know the weak convergence of (¢°,%°) in H? and the
strong convergence of u in H}(Q2). We have to estimate p® and uf, i = 1,2.

THEOREM 3.3. When § — 0, p® weakly converges in HL(Q) to some p* (taking a
subsequence). The sequence u’ is bounded in H='(Q) and weakly converges to some
pr e H-1(Q).

Proof. We use (3.3b) to obtain

18§ ronS 6
a*(p‘s,p‘s)—&—/ﬂﬁ(u @)‘gﬂ(l/J u®)

6

1
= 577/(“

(3.5) (p‘s)2 dx = (u‘s — z,p5)2 .

As 8/ > 0, this implies

04HP5||%1;(Q) < lu® = 2]l2lIp° |12,
s Lo
(3.6) 9% 211y < a”u — 2|2

This implies that p® weakly converges to some p* in H!(Q). Therefore A*p® is bounded
in H~1(Q) uniformly with respect to § and p® = —A*p® +u® — z as well. Thus, there
exists u* € H~(Q) such that u® weakly converges to u* in H~*(Q2). Therefore we
may pass to the limit in (3.3b); this gives

(3.7) Ap*+p* =u*—2inQ, p*=0o0n 0N . 0

Let x € H?(Q) N HX(Q) and choose ¢ = ¢® + x, ¥ = ¥° + x. Obviously,
(p, 1) € Uyg, and we use relation (3.3¢) to obtain

(10 +¢° =" + 0" =0, x), + v (Ap® + AY®, Ay), > 0;
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that is (since we have chosen any y € H2(Q) N HX(Q2)), Vx € H2(2) N HX(Q),
(3.8) (1 +¢° =" +9° =", x), + v (Ap° + AY®, Ay), = 0.
Let us set h® = (A’ + Ay®) € L?() so that relation (3.8) reads
Yx € HX(Q)NHNQ), (10 +¢° —¢" +9° —¢".x), +v (h°, Ax), =0.
Using the previous relation with x € D(£2) gives
(3.9) —v AR = P 4+ — 4y —
in the sense of distributions, and relation (3.8) is equivalent to
(3.10) VX € H*(Q)NHYNQ),  (=Ah®x),+ (h*,AX), =0.
As pb + p° — o* + % —1p* € L*(N), we have
Wev™ (hel?Q) | Ahe L2(Q) ).

Therefore, the traces hﬂm and %—}5‘89 can be defined in H~/2(992) and H—3/2(9%),

respectively (see Lions [15, p. 229], for example). Using a generalized Greens’ formula
gives

s _ 5 s OX
(1, Ax), = (Ah ,X)2+/mh O s

for any x € H2(2) N H}(Q). Then with (3.10) we obtain

Vx € H*(Q) N HX(Q), / hﬁa—xdozo,
Fle) 8n

that is, with the surjectivity of the trace application (see Lions and Magenes [16,
p. 47]),

V¢ € H2(09), / K¢ do = 0.
o0
This implies h‘faﬂ = 0. Therefore, h® is the unique solution of
—vAR® = p® + % — p* + 4 — Y € LA(Q), h® =0 on 09,

and belongs to H2(Q)NHL (). Moreover, we know that u¢ is weakly convergent to u*
in H=1(Q) and that (p°,1°) is strongly convergent to (¢*,*) in H:(). Therefore
h?® is weakly convergent to h* weakly in H}(2) and —vAh* = p*. Uniqueness of the
limit implies that h* = A(* + *).

As 0 < ' <1, we get with (3.5)

a*(p®,p%) < (u® —2,p%),.

Using the lower semicontinuity of a* gives

a*(p*,p") < liminf (u® = 2,p%), = (u* — 2,p"),.
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Thus, with (3.7) we get

(A'p*,p") = (u" — 2,p" )y — (1", p") < (u* — 2,p%),,

where (-,-) denotes the (H~1, H}) duality pairing. Thus (u*,p*) > 0. Therefore, we
obtain the following optimality system.

THEOREM 3.4. Let (¢*,¢*) be an optimal solution to (P). Then A(e* +¢*) €
HY(Q) and there exist p* € HL(Q) and \* > 0 in H1(Q) such that the following
optimality system is satisfied:

(3.11a) ut = T(e" ),
(3.11b) A'p* =u* — 2" —p* in Q, p* =0 on 09,

(3.11c) (p*, 1) >0,

(3.11d)  p* = p} + us, with uf = —\* —vA20* and py = \* — vAZ)*,
(3.11e) (A, 0" —u*) =0 and (A", u* —¢*) =0.

Proof. We have already proved (3.11a)—(3.11c). It remains to show (3.11d) and
(3.11e).

Setting ¢ = ¢ —x and ¢ = 1® in relation (3.3c) with x € H2(Q)NH(Q), x > 0,
we get

Vx>0, (14" —e"x), +v (A’ Ax), <O0.

The application x — (u + ¢® — ©*, x)2 + V(AP Ax)a from H?(Q) N H}(Q) to R
is clearly linear and continuous. Therefore, there exists a measure A} (in the dual of
H2(2) N HL(Q)) such that

(1 +¢° — 9", x), + v (A, Ax), = (M, x).
As <)\‘f, X> < 0, then A} is a nonpositive measure. If we choose x € D(Q), we get

(19 +¢° = 0", x), + v (A%, x), = (A, x)
in D'(Q), so that the measure is

A =i+ ¢ ="+ A%,

Similarly, there exists a nonnegative measure: A5 = ud + 1% — ¢* + vA2¢°.
In addition, we have seen that

iy =10 = —vARS — (90 — ot 9 — ),
where h% = (Ap® + Ay®) € H?(Q) N H}(Q). Thus
A+ = 0.
Finally we get the existence of a nonnegative measure A® such that
(312)  pf = —(X° +¢° — " +vA%®) and py = X° — (° — " + vA%PO).

Now we claim that ¢, i = 1,2, are bounded as measures by a constant independent
of 8. Indeed, we use the following result: let w be an open subset of Q and p € £*(Q)
(C H Q). Then p, € H (W) and ||polla—1w) < lulla-1@)-
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We have noticed with relation (3.4) that ,u‘fw(? = ul for i = 1,2. Moreover, the support
of 11¢ is included in w? and p¢ € L2(2); thus

lelli-sioy = swp (pd@) o = S (1]39) gy = SUP (5 9) s gy

PEH () peHL(Q) weHé(uf)
1elag =t WHH};SI el <t
6 Py 5
= luilla-rwn = sl @y < I lm- @)

As p? is bounded in H~1(Q), then p? is bounded in H~1(2) as well by a constant
independent of §. Therefore u converges to u! (as a measure) and A® converges to a
nonnegative measure \*, as well, with

Wi ==\ —vA%p* and pi = \* — vA%Y* .

Let us show the complementarity relation (3.11e). Inserting (3.12) into relation (3.3c)
with ¢ = ¢ = u® gives
Vo, (A0 —uf) + (A ud —®) > 0;

passing to the limit with respect to ¢ yields
(N " —u™) + (A" u" — ™) > 0.

As \* >0 (as a measure) and ¢* —u* <0, u* —¢* <0, we get
(A" 0" —u™) + (A", u" —¢*) = 0.

Note that we have the sum of two terms that are separately nonpositive. Therefore
O, 0% —u*) = (V' u* — %) = 0.

This achieves the proof. 0

4. A particular case. In some particular cases we may obtain a more complete
optimality system using monotonicity methods instead of compactness methods. Let
us consider the special case where the obstacle H2-norm that occurs in the cost
functional is replaced by the H'-norm given by the way of the bilinear form a, with

a(u,v) = (Vu, Vv), and f=0.
More precisely, we define the following cost functional:

; def 1

He) ™ 5 [ (Tlow) = 2P do+ 5 (Il +IV0IE)

In this case, obstacle functions are not necessarily H2-regular, and the admissible
control set is defined as follows:

Usa ={ (p,%) € Hy(Q) x Hy(Q) | 9<% }.

We consider the corresponding optimal control problem:

(75) mln{ j(goa ZZJ) ) (wv 1/)) € Uad }
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THEOREM 4.1. Problem (P) has (at least) an optimal control solution (@)
with ¢ = = 4 =T (a,0) for some 4 € H)(Q).
Proof. Let (¢k,¥r) € Usq be a minimizing sequence:

kEIfoo J(pr, 1) = inf(P).

Therefore, (¢, %) is bounded in H}(€) and weakly converges to some (1)) in
H!(€); moreover, (¢,) € Uuq. Relation (2.8) of Corollary 2.2 yields that uj, =
T (o1, 1) is bounded in HL() as well and weakly converges to some 4 in H} ().
Note that & € K(a4,4) and Yo € K(4,4), a(t,v —4) = 0 = (f,v — 4)2. Thus
@ =T(,4). As J is lower semicontinuous, we have

Al 1 . v . .
Hai) =3 [ @=2Pde+§ (1Val3+ alB)

1
<timinf 5 [ (u =2 do+ 5 (19wl + [V ]3)

Note that if u = T (¢, 1), we have
Yo € K(p,), (Vu, Vu)e < (Vu, Vo), .
This gives
Ve K(p, ), [[Vul2 < |[[Vulla,
and with v = ¢ and v = ¥,

(4.1) IVT (o, 9)l2 <[Vl and VT (@, ¥)[l2 < [[V]2.

These inequalities will replace the compactness assumption. Indeed,

PO .1 v
J(6,4) < liminf = / (up — 2)*dx + = (HVsmcH% + HV?ZJng)
— 1. . f z
hminf J(ex. ¥i)

= inf(P).

Thus (@, @) is a solution. d
In this very case, we may give the generic form for the optimal solution, as follows.

THEOREM 4.2. Any solution (¢,1) to (P) satisfies
p=0=T(p1).

Proof. We have just found a solution in this form. Let (g, @ZJ) be another optimal
solution, and set @ = 7 (@, ). Then

A 1 . v . .
Hai =5 [ =27 ot 5 (1733 + |ValR)
1 ~ 2 v =112 T2 .
<5 [ @2 det 3 (19618 +99IF) with (4.1

— J(5,4) = inf(P).
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Thus J(@, @) = J(@, ) and
2|[Vall3 = Va3 + IVol3 -
With (4.1), we get
IV@l3 + IVl = [Vall3 + [Vall3 < Va3 + V3

Therefore |V@||2 < || Va2, and with (4.1) we obtain |V@||s = ||Vl (and ||V)|2 =
[Vallz in a similar way). Moreover, (Va, V@), < |[Val:||[Vl2 = |Val3 = V3
as @ =T ($,), we already have || Va3 < (Vi, V@), so that

(Va, V@), = ||Val; = IVl -
Similarly (Vi, V4))y = ||Val|3. Finally,
IV(@—@)lI3 = [Val3 + [VEl3 - 2 (Va, V), = 0.
Thus Vi = V¢ (and similarly Vi = V). As i, ¢, and 9 belong to H}(€), this

gives 4 = @ = . a
Let us define J* on H!(Q) as follows:

. N 1
JH(w) = J(w,w) = 5/Q(w —2)%dx +v||Vwl|3 .

We have proved that any optimal pair (u,u) satisfies
J*(u) = inf(P).
We consider the following optimal control problem:
(P*) min{ J*(v), v € H:(Q) }.

It is clear that (75*) has a unique solution @* since J* s continuous, coercive, and
strictly convex on H!(€). Problems (P) and (P*) are equivalent in the following way.
THEOREM 4.3. (P) has a unique optimal solution (G,4), and 4* = 0 is also the
unique optimal solution to (P*). Conversely, if 4* is the solution to (P*), (4*,0*) is
the optimal solution to (P).
Proof. Let us choose an optimal solution to (P): (i, ). Then

V(o) €Uas,  J*(W) = J (@, 1) < J(p,9);
in particular, we choose ¢ = ¥. Then,

Vo € H) (), u) < J(p, ) = J*(p).

(
Therefore @ is the optimal solution to (P*). As the solution to (P*) is unique, the
solution to (P) is unique as well. X R
Conversely, let @* be the solution to (P*), and (@, @) the solution to (P). We get

j(ﬁ*,”) J*(A*)<j*( = J(t,4) = 1nf(
As the solution to (P) is unique, then 4* = 4. O R

It is easy now to derive optimality conditions, since (P*) is an unconstrained
problem. A

COROLLARY 4.1. The optimal solution to (P) is characterized by

u =T (U u") and —2vAu* +u* =z in Q, v* =0 on 0N.
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Abstract. We present new characterizations of input-output-to-state stability. This is a notion
of detectability formulated in the ISS (input-to-state stability) framework. Equivalent properties
are presented in terms of asymptotic estimates of the state trajectories based on the magnitudes
of the external input and output signals. These results provide a set of separation principles for
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1. Introduction. Detectability is a central notion in control theory. It plays
a major role both in static state-feedback design (LaSalle’s invariance principle and
Jurdjevic—Quinn control) as well as in stabilization by means of dynamic output feed-
back or observer design. Several possibilities are available when formulating such a
notion in the context of nonlinear control. According to the specific problem under
consideration, they capture some or most of the useful features of its linear counter-
part. One approach that has proved to be especially powerful for systems subject to
exogenous disturbances is to define zero-detectability in terms of estimates involving
(possibly nonlinear) gains with respect to input and output norms. This leads to the
so-called input-output-to-state stability (IOSS) property. Such a notion not only al-
lows one to extend LaSalle-type stability results to the case of nonautonomous systems
[2], but it also provides a machinery, fully compatible with the formalism of the input-
to-state stability (ISS) property [8, 9, 13, 14, 15, 17, 18, 19, 23, 24, 25, 30, 31], that
helps one understand relevant issues such as minimum-phase behavior or certainty
equivalence [20, 11].

Although general nonlinear systems may often exhibit an overwhelming variety of
behaviors, it turns out that many of the “reasonable” formulations of the detectabil-
ity property (meaning at least compatible with the linear notion of detectability) are
equivalent to each other. In this paper, we discuss characterizations of IOSS in terms
of the asymptotic behavior of system solutions. This leads to several useful decompo-
sitions of the IOSS property in terms of weaker notions. These separation principles
are in direct analogy to those previously provided for ISS [28] and input-to-output sta-
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bility [12]. These results all generalize from differential equations the fact that global
asymptotic stability can be characterized by the combination of (neutral) stability
and attractivity.

As an application of our results, we will also discuss several ways of reformulating
the notion of integral input-to-state stability (iISS) (cf. [5, 26]) in terms of asymptotic
gains. This is accomplished by treating the iISS property as the IOSS property
for suitable auxiliary systems. Similar results were also obtained for the so-called
derivative-ISS property (DISS) in the recent work [7].

As mentioned, the main results are (far from obvious) generalizations to systems
with outputs of the analogous separation principles which appeared in [28] dealing
with the ISS notion. Actually, the ISS case is a special case of IOSS when the output
map is identically zero. However, it takes much more effort to handle the general case
of nonzero output maps. It can be seen from later sections that IOSS amounts to
the requirement of convergence to 0 (or to balls whose radii are proportional to the
norms of the input signals) only for those trajectories which evolve in a certain set
constrained by the output signals. In the ISS case, by comparison, the output map is
identically zero, so the constraints become trivial, and the restricted set becomes the
whole state space.

2. Basic definitions. Consider systems in the following general form:

(1) o(t) = flz(t),ult), y(t) = h(z(t)),

where, for each ¢t > 0, x(t) € R", u(t) € U, a subset of R™. We assume that the
maps f: R®" xR™ — R” and h: R™ — RP are locally Lipschitz continuous, with
f£(0,0) = 0 and h(0) = 0. The symbol |-| denotes the usual Euclidean norms. The
open ball in R! centered at the origin with radius r will be denoted by By(r).

By an input we mean a measurable and locally essentially bounded function
u : Z — U, where 7 is a subinterval of R which contains the origin. Whenever the
domain Z of an input u is not specified, it will be understood that Z = R>(. Given
a system with input-value set U, we will also often consider the same system with
inputs restricted to some subset O C U. We use My to denote the set of all such
inputs.

Given any input u and any £ € R™, the unique maximal solution of the initial
value problem & = f(z,u), (0) = £ (defined on some maximal open subinterval of
7) is denoted by z(-,&,u). When Z = R>(, this maximal subinterval has the form
[0,T¢ ). The system is said to be forward complete if for every initial state £ and for
every input u defined on Rxg, Tt , = 4+00. The corresponding output is denoted by
y(+, &, u), that is, y(¢,&,u) = h(z(t,&,u)) on the domain of definition of the solution.

The Lo,-norm (possibly infinite) of a function v defined on Z is denoted by ||v]|,
ie.,

|v|l = (ess) sup{|v(t)|,t € T}.

In particular, for a maximal trajectory z(-, £, u) and the corresponding output function
y(-, & u) of (1) defined on [0,T¢ ), ||ull, ||z]|, and ||y|| denote the L-norm of wu(-),
z(-, & u), and y(-,&, u), respectively, on [0,T¢,). We will make a slight abuse of
notation and use sup and lim sup to mean the essential supremum where appropriate.
For a function v defined on an interval 7, it 7; C 7, we use v, to denote the restriction
of v to Iy, ie., vy (t) = v(t) if t € Ty, and v, (t) = 0 otherwise. Notice the following
fact: for a measurable function v defined on some interval [0,T") for some T' < oo,
(2) limsup [v(t)| = lim [Jv 7).
T t—=T

t—
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We use standard terminology (cf. [10]): A is the class of continuous, increasing
functions from [0, c0) to [0, 00); K is the set of A functions « that are strictly increasing
and satisfy v(0) = 0; Ko is the set of K functions that are unbounded; £ is the set
of functions [0, +00) — [0, 4+00) which are continuous, decreasing, and converge to 0
as their argument tends to +o00; KL is the class of functions [0,00)? — [0, 00) which
are class IC on the first argument and class £ on the second one. A positive definite
function « : [0,00) — [0, 00) is one such that v(0) = 0 and ~(s) > 0 for all s > 0.

The following notions were introduced in [22] (see also [4]) and [16, 29], respec-
tively.

DEFINITION 2.1. The system (1) satisfies the unboundedness observability (UO)
property if, for each state & and control w such that Tg, < oo, it holds that
limsup, 7, , [y(¢,&, u)| = +o0, that is, for each state £ and control u,

Tew <00 = |ly|| = +oo.

DEFINITION 2.2. The system (1) is input-output-to-state stable (I0SS) if there
exist some B € KL, v, € K, and vy € K such that

(3) 2 (t,€,u)| < BEL 1) +yulllull) + vy (lyp.al)

for allt € 0,T¢ ), all § € R™, and all u(-). O

Clearly, the IOSS property implies the UO property. The following local version
of it will also be used in the proof of our main result.

DEFINITION 2.3. The system (1) is locally IOSS if there exist § > 0 and functions
B €KL, Yu,vy € K so that for any § € R™, any u(-),

(4)  max{[¢], [lull, [y} <6 = 2t & w) < BUELLE) + yulllull) + 2 ([Y041)

for allt € [0,T¢ ). O

Below we discuss several other properties for systems as in (1) regarding estimates
of the state variables on the basis of external information provided by past input and
output signals.

2.1. A catalog of properties.
DEFINITION 2.4. Consider system (1). We say that
e the input-output limit property (10-LIM) holds if for some v, v, € K,

(5) te[(i)flew) (¢, &, w)| < max{yu([lull), v (lyl)} VEER™, Vu();

e the input-output asymptotic gain property (IO-AG) holds if solutions are
ultimately bounded by some nonlinear gain function of ||ul| and ||y||, that is,
for some vy, vy € K,

(6)  limsup |z(t,§, u)| < max{yu([[ull),w(lyl)} VEeR", Vu();

t—Te

e the input-output-to-state boundedness property (I0-BND) holds if for some
00,0u, 0y €N, it holds that

(7) |z, &, w)| < max{oo([€]), ou(llul), oy 1y, 1)}

for all € € R", all u(-), and allt € [0, T y);
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e the input-output global stability property (10-GS) holds if the functions
00, 04,0y i (7) can be taken to be of class K.

Thinking of these detectability properties as “stability modulo inputs and out-
puts,” we can identify IOSS with asymptotic stability, IO-GS with (neutral) stability,
and IO-AG with attractivity. In this context it seems perfectly natural that I0SS
should be equivalent to the combination of IO-GS and I0-AG, and indeed that is one
of the decompositions which appears in our main result. Related results follow by
considering other “basic” stability-like notions, such as 10-LIM.

It is not hard to see that each of the IO-AG, the IO-GS, and the IO-BND prop-
erties implies the UO condition. This follows from the fact that, for any &, u, if
T < 00, then |z(t,§,u)| — oo as ¢ — T¢,. That the IO-LIM property also implies
the UO condition follows from the next remark.

Remark 2.5. The IO-LIM property can be defined equivalently by replacing the
“inf” in (5) by “liminf”, that is,

(8) limf[z(t, € u)| < max{y([[uf), 7 (lyl)}-

e d &y'U/
It is straightforward that (8) implies (5). To see that (5) implies (8), take any T €

[0,T¢ ). Applying (5) to z(t,&p, ur) with & = (T, &, u) and up(t) = u(t +T'), one
gets

(9) e (¢, €, u)| < max{y([luz|), v (lyrl))} < max{yu(llull), v (lyl)},

where yr = h(x(-,&r,ur)). Since T can be arbitrary, one obtains (8). 0
Another characterization of IO-LIM is as follows. This statement is proved (along
with some related characterizations of the IO-LIM property) in Appendix A.
LEMMA 2.6. System (1) satisfies the IO-LIM property if and only if there exist
Yu, Yy € K such that

DI} <0 vEER", Vul).

(10) ot {l(t,& )l = max(alu.al): 7 o

The following implication will be needed.

LEMMA 2.7. If (1) satisfies the IO-LIM property, then it satisfies the I0-BND
property.

Proof. Consider a system as in (1). For each subset O of the input space U, each
subset C' of R™, and each ) C R? we denote

Roy(C) = {x(t,g,u) L EeCue Mo, te[0,Te)

and h(z(\, &, u)) €Y YA€ [O,t]}.

Then Rp,y(C) is the reachable set with initial conditions in C', controls in O, and
subject to an output constraint.

Suppose a system as in (1) satisfies the IO-LIM property and, consequently, the
UO property as well. By Lemma 2.6 one sees that (10) holds for some 7,7, € K.
Pick an arbitrary s > 0. We let

0 =B, (2s), C=cl(Q), K =cl (Bn (328» , Y=cl <Bp (“Yyl(;)))
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and
Yo =By, ' (s)), O = cl(Bm(v, ' (5)))-

Finally we define o¢(s) := sup{|p| : p € Ro/y(C)}.

Claim. oo(s) < 0.

Proof. For any £ € R" and any u € Mo, by (10), there exists 7 € [0,T¢ ) so
that

3
(7, & w)| < 5 max {s, 3 Iy~ 1)} -

Considering separately the cases [lyjo,-l| < v, '(s) and [yl > 7, '(s), we obtain
that either

ol & )l < 2

or there is some t € [0, 7] so that
[P (x(t, &, u)| > 75 (s).

In other words, there exists 7 € [0, T¢ ) such that either z(r, &, u) € K or for some
t €[0,7], h(x(t,&,u)) ¢ Vo. We then apply Lemma B.1 to conclude that Re,y(C) is
bounded, and thus o¢(s) < co.

Let oy (r) = 0o(7u(r)) and oy(r) = o¢(vy(r)). Now pick £ € R”, an input u, and
t € [0,T¢w). Let s = max{[¢],vu(llull), v (yp0,ql)}- If s =0, then |z(t,0,0)] = 0. If
s > 0, by definition of oy we have

(11) lz(t, & u)| < oo(s) < max{oo([€]), oulllull); oy (Yo,

This completes the proof of IO-LIM = I0-BND. O
Remark 2.8. Note that in the above proof, if the function +,, can be chosen to be
the zero function, that is, if (10) can be strengthened to

inf ¢ _ <0
el [z(t, & u)| = vy (lyp.41)] <0,

)}

then the function o, in (11) can be chosen to be the zero function. |

We next comment on some straightforward characterizations of the I0-AG prop-
erty.

Remark 2.9. Tt is immediate from the definition that the IO-AG property (6) is
equivalent to the UO property in combination with the following:

(12) lim sup |(2, €, u)| < max {yu(llul), 7w (ly)}
for all &, u for which T¢ ,, = oo. a

Combining this remark with (2), the following can be easily shown (using an
argument as in Remark 2.5).

LEMMA 2.10. A system as in (1) satisfies the I0-AG property if and only if it is
UO and, for some vyyu,vy € K, the following holds for all & and w for which T¢ , = oo:

(13)  limsup |z(t, &, u)| < max {% (limsup |u(t)|) s Yy (Hmsup |y(t)|) } .
t—o0 t—o0

t—oo
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2.2. TOSS and OSS properties. Consider a system

(14) &= f(x), y = h(z)

without input. This can be considered as a system as in (1) with U consisting of
a single point. We use z(+,&) to denote the solution of (14) with the initial state &
defined on a maximal interval [0,T), and we let y(¢,§) = h(z(¢,£)).
DEFINITION 2.11. We say that the system (14) is
e locally stable modulo outputs (O-LS) if for any e > 0 there exists 6. > 0
such that for all § and all t € [0,T¢) it holds that

(15) max{[&], |yj0,

e output-to-state stable (OSS) (see [29]) if there exist some 8 € KL and some
v € K such that, for any trajectory x(-) of the system, it holds that

(16) (8, 6)] < BUEL ) +v(lypall) VI [0,Te).

For a system as in (1), we say that the system is zero-input 0SS (zero-OSS) or
zero-input O-LS (zero-O-LS) if the zero input system & = f(z,0), y = h(x) is OSS or
O-LS, respectively. The following technical lemma will be needed in the proof of our
main result.

LEMMA 2.12. The zero-OSS property implies the local I0SS property.

Proof. Suppose the system (1) is zero-OSS. Then, by Theorem 3 in [29] there
exists a smooth function V' : R” — R>q and class K functions o, ag, a, and p such
that s (1€]) < V(€) < as(l¢]) and

oV (¢)

[} <be = |28 < s

(1) Do) 1.0 < ~2a(leh + o)) VEER"
Let 0 : R>0 X R>¢p — R>( be defined as

I LI
(19) olsor) s max {2 e - sc.on}.

Note that o(s,0) = 0 for all s > 0. Since V is smooth and ?T‘g/ (0) = 0, we also have
o(0,7) = 0 for all » > 0. Furthermore, o(-,7) € K for each » > 0 and o(s,-) € K
for each s > 0. By Corollary IV.5 in [5], there exist o1, 02 € Ko so that o(s,r) <
o1(s)oa(r). Hence, combining (17) and (18), we get

oV (¢) _ V() V()
—2a([¢]) + p(IP(E)]) + o (I&]; [ul)
—2a(lg]) + p(R(E)]) + o1 (€ (]

IAIA

Therefore

o Hoalul) + p(h@D) < 6 <o) = ToE e < —ale),

from which it follows that for some K-functions x1, x2, and & and some ¢ > 0, it
holds that

waxa (i) e(r@ < VO <c = T fiep < -awie).
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Pick any initial state ¢ and input u. Denote the trajectory x(¢,&,u) by x(t), and the
output y(t,&,w) by y(t). Pick any T € [0,T¢,,), and let

vt = max{xa([[ull), x2(llyj0,2[D}-

For almost all ¢ € [0,T], we have

v < V(z(t) <c = %V(m(t)) < —a(V(x(t))).

By Lemma 13 in [29], one sees that there exists some [y € KL which depends only
on & so that

tle%f);] V(z(t) <ec = V(z(t)) <max{B(V(z(0)),t),v*} Vtel0,T];

that is, if V(z(t)) < c for all ¢ € [0, T7,
(19)  V(x(t)) <max{Go(V(x(0)), 1), xa(llull), x2(lyjo,rI)} Vte€l0,T].

Let (o(r) = Bo(r,0). Without loss of generality, we assume that 3y(r) > 7, and thus,

Bo € Koo Let
it (§) 61 (9): o5 (5 (£)-

Claim. If max{|z(0)], ||ul|, ||yl|} <6, then V(z(t)) < cfor all ¢t € [0, T ).
Suppose the claim fails. This means

max{fo(az(|2(0)])), xa(lul), xa(lyl)} < g
but for some t € [0,T¢.,), V(z(t)) > c. Let
to = inf {t >0:V(z(t) > g}

Then ¢ty < T¢,. By the continuity property of x(-), there is some 0 < ¢ < T¢,, — o
such that on [0,%0 +€), V(z(t)) < ¢. By (19), we have

V(2 (t)) < max{B(V(«(0))), x(llull), x2(lyl)} <

oo

for all ¢ € [0,t9 + £]. This contradicts the definition of .
Finally, applying (19) together with the proved claim, one sees that if

max{|z(0)[, [[ull, [yll} <6,
then
lz(t)] < max{B(|z(0)],t), vi(llul]), v2(lypnl)} vt € [0,T¢ ),

where (s, 7) = a7 (Bo(az(s), 7)), 7i(r) = oy (xa(r)) for i =1,2. O
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3. Equivalent characterizations of I0OSS. The following is our main result
in the context of IOSS.

THEOREM 1. Consider a system as in (1) with U = R™. The following properties
are equivalent:

1. (I0SS),

(10-AG) & (10-GS),
(I0-AG) & (zero-0SS),
(I0-AG) & (local I0SS),
(10-AG) & (zero-O-LS),
(I0-LIM) & (I0-GS),
(I0-LIM) & (zero-0OSS),
(I0-LIM) & (local I0SS),
. (I0-LIM) & (zero-O-LS).

Among the properties listed in Theorem 1, it is easy to see that the IOSS property
implies every other one, and the zero-O-LS property is implied by any one of the local
10SS, the zero-OSS, and the IO-GS properties. Thus, to prove Theorem 1, it is
enough to show the following implication:

© X NI W

(IO-LIM) & (zero-O-LS) = (I0SS).

We will proceed by the following technical lemmas.

LEMMA 3.1. (IO-LIM) & (zero-O-LS) = (zero-OSS).

LEMMA 3.2. (IO-LIM) & (local 10SS) = (IO-LIM) & (10-GS).

LEMMA 3.3. (IO-LIM) & (I0-GS) = (I0-AG) & (10-GS).

Observe that Lemmas 3.1-3.3 together with Lemma 2.12 provide the following
chain:

(I0-LIM) & (zero-O-LS) = (I0-LIM) & (zero-OSS) = (I0-LIM) & (local IOSS)
= (IO-LIM) & (I0-GS) = (I0-AG) & (IO-GS).

To complete the proof of Theorem 1, we will need the following result.

PrOPOSITION 3.4. (I0-AG) & (I0-GS) = (10585).

The proofs of the lemmas and the proposition will be given in section 6.

Remark 3.5. Theorem 1 is a satisfying theoretical result in that it unifies a
number of properties and provides a generalization of the separation principle for
asymptotically stable differential equations. Moreover, the theorem is a useful tool
for recognizing IOSS systems. The definition of I0SS rarely lends itself to direct
verification. More often, this property is shown using the Lyapunov characterization
provided in [16]. In cases where construction of an appropriate Lyapunov function
proves difficult, Theorem 1 provides a number of alternative conditions which may be
tested.

As an example, consider the following family of systems without inputs, with
state (z,z) € R" x R:

(20) z=|zf,
Y=z

Suppose that the system is forward complete. Provided that the function f is lo-
cally Lipschitz, this system satisfies the IO-LIM property, which can be shown as
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follows. For each initial condition &, consider two cases. If [ |2(s,£)| ds = oo, then
limy o0 y(t,€) = o0, and so the IO-LIM bound (8) holds trivially for any v, € Ku.
Otherwise, from the fact that [~ [z(s,£)| ds < oo, we have liminf ;.o |2(t,€)| =0 <
[ly]]. Thus, the IO-LIM estimate (8) holds in both cases.

Hence system (20) is known to satisfy the IOSS property (OSS in this case),
provided that it satisfies one of the stability properties as in Theorem 1. For instance,
if the system & = f(z) is locally stable, then the system (20) is (zero)-O-LS (since
the z component of the state is trivially bounded by the output), and so the system
enjoys the OSS property.

On the other hand, the Lyapunov approach would not be well suited to exploring
the IOSS property in this situation, since little is assumed about the dynamics. O

4. On iISS. In this section, we indicate how the equivalences shown in Theo-
rem 1 can be used to derive asymptotic characterizations of the iISS property.

DEFINITION 4.1 (see [26]). A system as in (1) is integral input-to-state stable
(i1SS) if there ezist functions § € KL, o0 € K, and v € K such that, for all £ € R"
and all u, the solution x(t,&,u) is defined for allt >0, and

(21) |=(t,§,u)] < BE], 1) + </0 U(|U(S)|)d8>

for allt > 0.

To make use of our main result, we reformulate the iISS property in terms of the
IOSS property.

LEMMA 4.2. System (1) is integral input-to-state stable with an estimate as
in (21) if and only if the augmented system
(22) iif(it,lt), 6:0(|u|)? y=e
is IOSS.

Proof. Let the augmented system be I0SS; then, for ¢(0) = 0 we have

le(t, & u)| < |t & u)| + le(t)] < B(EL E) + yallull) +v2(llypo.9 1)
(23) = B(I&l 1) + mllul) + 2 </0 O(IU(S)I)d8>

for all ¢t € [0,T¢,,). By causality, (23) can be rewritten as

)+ (/Ot(f(u(s))ds) .

Since on any finite interval, the integral term in (24) is finite, it follows that T ,, = cc.
In turn, this implies that (24) holds on [0, 00). This estimate implies iISS for (1), by
virtue of Theorem 1 in [6].

To see the converse, clearly, |e(t)| = |y(t)| < |lyjo,qll. Also observe that the iISS
property implies that the augmented system is forward complete. Thus, it is enough
to show that a suitable estimate holds on [0, c0) for the 2 component of the state. By
(21), we have

(e, < a0l + ([ to<|u<s>|>ds)

= B(I€], t) + v(e(t) — e(0))
(25) < Bl 1) +v(ly(B)] + [y(0)
for all ¢ > 0. This completes the proof. 1]

(24) (¢, & u)| < B[ 1) + 71 (l[ug,

) < BEL ) +v2llyo,gl)
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4.1. Lyapunov characterizations of iISS. This IOSS formulation of the iISS
property allows us to exploit known results on I0SS to develop new characterizations
of iISS. For instance, the following new Lyapunov characterization for iISS follows
directly from the Lyapunov characterization for IOSS presented in [16]. We prove the
next two results under the assumption that the gain o in (21) is locally Lipschitz.
Remark 4.7 indicates how this can always be achieved through a simple modification.

THEOREM 2. System (1) is iISS if and only if there exist functions a1, as,q,
V1,72, 0 of class Ko and a smooth function V : R" ™! — R, with

(26) ar ([l +nl) S V(Em) < o(lgl+ ) VE€R"neR,
such that the following dissipation inequality is satisfied:

OV (&,n) OV (& n)

27 — —
n T e + T

forallE eR" neR, pel. O

Remark 4.3. Tt is easy to see that estimates (26) and (27) imply

o(lul) < —a(lg] + nl) + v (lnl) + v2(|ul)

(29) or(E) < VEm) < aolle] +1al)  VECR'meR,
and forall E e R", ne R, peU,

0 0
e e+ Do) < ~ale) + ) + ().

On the other hand, suppose that for a given V, equations (28) and (29) hold for some
1,9, Q, Y1, Y2,0 of class Ky ; then one can again show that the following type of
estimate holds for the z-component of (22):

(8, &, w)| < BUEL ) + pr(llello) + p2(llull) — VE>0,

where p1, p2 € K. Combining this with the fact that [e(t)| < |le||(0,4, one sees that the
augmented system (22) is IOSS. Hence, the corresponding system as in (1) is iISS.
Thus, a system as in (1) is iISS if and only if there exists some smooth function
V :R"M — R for which (28) and (29) hold for some Ko-functions as, g, a, 1,72
and o.
In [5], an equivalent Lyapunov characterization for iISS was formulated as in the
following: for some a1, as,v € Ko and some continuous positive definite function «

(30) ar(€) V() anllél)  VE R,
(31) D fte.n) < —aleh +(u.

The significance of the new Lyapunov characterization by (28)—(29) (or (26)—(27)) is
that in (27) or (29) one can require the function o be of class K. This may lead
to some interesting applications in feedback design. For instance, if V' is an iISS-
Lyapunov function defined by (30)—(31), then, given a K.-function, poV may fail to
be an iISS-Lyapunov function. However, if V' is an iISS-Lyapunov function satisfying
(28)—(29), then, for any p € K, po V is again an iISS-Lyapunov function satisfying
the same type of estimates as in (28)—(29) (cf. [27, 2] regarding changing “supply
rates”). O



266 D. ANGELI, B. INGALLS, E. D. SONTAG, AND Y. WANG

4.2. Asymptotic characterizations of iISS.
DEFINITION 4.4. A system as in (1) satisfies the bounded energy weakly con-
verging state (BEWCS) property if for some o of class Koo the following holds:

+oo
(32) / o(|u(s)]) ds < o0 = Timinf|z(t, €, u)| = 0.
0 t—+oo
To be more precise, (32) means that for any £ and any « for which

/OO o(lu(s)]) ds < oo,
0

it holds that T ,, = oo, and liminf, , o |z(t, &, u)| = 0.
DEFINITION 4.5. A system as in (1) satisfies the bounded energy frequently
bounded state (BEFBS) property if for some o of class Ko, the following holds:

—+o0
(33) / o(Ju(s)]) ds < +oo = lminf |a(t, €, u)| < +oo.
0 —Too

To be more precise, (33) means that for any & and any u for which [° o(|u(s)|) ds <
00, it holds that T¢ ,, = 0o and Uminf,_, o |2(t, &, u)| < co.

Remark 4.6. Note that, given any input function u, any 7' < oo, and any Keo-
function o, one has fOT o(Ju(s)]) < oo. Hence, together with the causality of the
trajectories, the BEFBS property implies the forward completeness property. That
is, if a system is BEFBS, then the system is forward complete. Since the BEWCS
property implies the BEFBS property, the BEWCS property also implies the forward
completeness property. 0

We say that a system as in (1) is zero-GAS if the corresponding zero-input system
z = f(xz,0) is globally asymptotically stable, and is zero-LS if the zero-input system
is locally (neutrally) stable.

THEOREM 3. The following properties are equivalent for system (1) with U = R™:

1. 4ISS,
2. BEWCS and zero-LS,
3. BEFBS and zero-GAS.

Proof. Implication 1 = 3 follows immediately from the definition of iISS. We
show next 3 =2 and 2 = 1.

[3 = 2]. Assume that the system (1) is zero-GAS and satisfies (33) for some
0 € K. By the Lyapunov characterization of zero-GAS in [5, Lemma IV.10], there
exists a smooth Lyapunov function U(&) such that for some a1, &2 € Koo,

a(lE)) SUE) < ao(lg])  VEeR™,
and for some &, y, 09 € Ko, it holds that

oU(¢)

f& ) < —allgh) +(ghoo(lul)  VE€R™ nel.

By Proposition IL.5 in [5], there exists some smooth K-function y such that for the
function V defined by V = x o U it holds that

oV (E)

(35) o (& p) < =p([E]) +ou(lu))  VE€R", nel,
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for some Ko, function o, and some positive definite function p. Let & = max{oy, 0},
where o is as in (33). Pick £ € R"” and u with [;° &(|u(s)|) ds < +oc. By the BEFBS
assumption,

m = liminf |z(¢, £, u)| < +o00.
t—+4oo

We want to show m = 0. For the sake of contradiction, assume m > 0. For any r > 0,
let
w(r) := max V(§).
(1) = max V(€

Claim. w(3m) — w(2m) > 0.

Proof. Suppose w(3m) — w(2m) = 0. Then there exists some &, with [£y| < 2m
at which V' takes the maximum value w(3m). Since & is an interior point of the open
ball centered at 0 with radius 3m, it follows that (%V(&)) = 0. This contradicts (35)
applied with p = 0.

We let T' be such that

—+oo
/ g(Ju(s)]) ds < w(3m) — w(2m).
T

By the definition of m, there exists 7 > T such that |z(7,&, u)| < 2m. By virtue of
(35), for all t > 7

V(a(t.€,u) - Vie(r.&u) < /omwme
(36) -
< / g(Ju(s)]) ds < w(3m) — w(2m).

T

Hence V(z(t,&,u)) < w(3m) for all ¢ > 7. This implies that
Uz(t,&u) < x HwBm)) Vi>r

(note that w(3m) is in the range of the K-function ). Hence, (¢, &, u) stays bounded
on [r,00), and consequently, (¢, &, u) is bounded on [0, 00). Let M > 0 be such that
|z(t, &, u)| < M for all t. By (34), one sees that

d -

V(@) = —a(jz(@)]) +~(M)ar(fu(®)]),

where z(t) denotes the considered trajectory x(t,&,u). This is enough to conclude
that for some § € KL and some « € K, it holds that

Mmmwmgmmw+A&W@mm

and therefore, as shown in [26], |z(¢,&, u)| — 0. This implies m = 0, which is clearly
a contradiction. a

[2 = 1]. Suppose that (1) satisfies the BEWCS property with an estimate as in
(32). Consider the auxiliary system (22), where o is the energy supply function as in
(32). Note that this system is forward complete (cf. Remark 4.6). By (32), one sees
that for any 7, € K it holds that

lim inf [ (¢, &, u)| < v ([lyll)-
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Therefore, for any choice of 7, and v, € K., the following asymptotic property is
true:

(37) liminf [z(t, & w)| < max{y(ul), v (llyl)}-
Since le(t)| = |y(t)] < |ly|| for all t > 0, system (22) satisfies the IO-LIM property.
Also, it follows from the zero-LS and the BEWCS properties that the system (1) is
zero-GAS. Hence, the corresponding augmented system (22) is zero-OSS. By applying
the main result in section 3, we find that (22) is IOSS, and therefore, by virtue of
Lemma 4.2, system (1) is iISS. a

Remark 4.7. Notice that, in the construction of the augmented system (22), the
only requirement on the function ¢ is that it must be class K. In order to apply
the results for IOSS systems, though, the local Lipschitz condition of the dynamics
is needed. This issue can be dealt with as follows. First of all, one may always
choose a function 6 € K., that majorizes o so that 7! is locally Lipschitz. Then
the iISS, the BEWCS, or the BEFBS estimates as in (21), (32), or (33), respectively,
are not violated by replacing o by 6. Consider the change of input variables by
u = 267 1(|lw]). Clearly 6(Ju|) = |w|, and therefore, iISS, BEWCS, or BEFBS of

[w]
(1) with & as the input energy supply function is easily seen to be equivalent to iISS,

BEWCS, or BEFBS, respectively, for

(38) & = f(z,wo™" (jwl)/w])

with the new supply function (s) = |s|. The augmented system corresponding to (38)
will therefore be

(39) &= f(z,wo™ (lw)/Jwl), e=luwl, y=e.

The proofs of the previously derived results, when applied to system (39) and (38),
provide proofs of the results in Theorem 3 for the original system (1). Therefore the
Lipschitz condition on ¢ can be dropped. ]

5. Uniform detectability. In this section we develop some machinery which
will be needed to prove Theorem 1. We will derive a separation principle for the
property we call uniform OSS. Here we consider systems with inputs (unlike in the
definition of OSS), but we think of those inputs not as additive disturbances but
as multiplicative time-varying uncertainties. We restrict the possible values of these
inputs by considering systems as in (1) with © € Mg for some O C U. Throughout
this section, we assume that O is compact.

DEFINITION 5.1. For a system as in (1), the global detectability property holds
if the following hold:

e there exist a1, oo € K so that

(40)  |z(t, & u)| < max{z1([S]), o2(llyp,l)} VEER™, Vu, Vi€ [0,Teu);
e there exists 7 € Koo so that

(41) 1tim1§up (¢, & uw)| < v(llyl)
hd &,u

for all € € R™, allu € Mp. 1]
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Note that the last condition (41) is just the IO-AG condition as in (6) with 7, = 0.
It can be seen that if a system is globally detectable, then the system satisfies the UO
property.

DEFINITION 5.2. We say that the uniform output-to-state stability property holds
for (1) with u € Mg if for some 4 € Koo and some 3 € KL the system satisfies

(42) (¢, & u)| < max{B([¢], 1), ¥(lyj0,9 1)}

for all{ e R™, allu € Mo, and allt € [0,T¢ ). d

Clearly, the uniform output-to-state stability property implies the global de-
tectability property. The main result of this section says that the converse is true
as well when O is compact.

THEOREM 4. Consider a system as in (1) with O compact. The system is globally
detectable if and only if it is uniformly output-to-state stable.

To prove Theorem 4, we will need the following result.

LEMMA 5.3. Consider system (1) with u € Mo for some compact set O. Assume
that the system (1) satisfies the global detectability property. Then there exists some
v1 € K such that for all e > 0 and all v > 0 there exists T, , so that for any £ € R™
with |€| < r and for any u € Mo, if T, , < Tt ., then

|2 (t,§,u)] < max {e, 11 (lyp.ql)}

forallt € [T, ,, Te).

Proof. Suppose a system satisfies the global detectability property for u € Mo
as in (40) and (41). Let p(r) := max{a2(r),v(r)}. It can be seen that, with z = z,
w =y, and 2(t) = max{|z(¢)| — p(Jw(t)|), 0}, the system is globally error-detectable
as defined in [3] (see also Appendix B of this paper). Hence, by Lemma B.6, the
system is uniformly globally error-detectable. Combining this with Remark B.5, we
have proved Lemma 5.3. ]

Modifying T , if necessary, we may restate Lemma 5.3 as in the following.

COROLLARY 5.4. Consider system (1) with u € Mo for some compact set O.
Assume that the system (1) satisfies the global detectability property. Then there exists
a continuous map T : Ryg x R with the properties that for each r > 0, T(-,r) is
decreasing, and for each € > 0, T(e,-) is increasing, so that for any e > 0, [§] < r,
and any u € Mo, the following holds:

T(e,r) < Tew = {lot.&u)l <max{e, 2 (lypall)} VteT(er), Teu)}-
(43)

The following lemma on L functions will also be needed. This fact is proved
in [21] and is stated as Lemma 4.1 in [1]. (That reference requires ¢ to take non-
negative values, but this can always be assumed without loss of generality, simply
replacing ¢ by max{y,0}.)

PROPOSITION 5.5. If a function ¢ : R>¢ x R>g — R satisfies

e forallr >0, e > 0, there exists some T =T(e,r) > 0 so that p(s,t) < e for
alls<r andt>T;
o for all e > 0, there exists 6 > 0 so that p(s,t) <& for all s <6 and all t > 0,
then there exists some 3 € KL so that ¢(s,t) < B(s,t) for all s >0, ¢t > 0. O

We are now ready to prove Theorem 4.

Proof of Theorem 4. Suppose that the system (1) with u € M is globally
detectable. Then estimate (40) holds for some 1,52 € K, and there exist some
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v € K and some T'(-,-) as in Corollary 5.4 such that (43) holds. Without loss of
generality, we assume that v; = 5. For each s > 0, ¢t > 0, set

¢(s,t) = sup {|z(t,&uw)| =11 (lyo,ll) = €] <5, ue Mo, t <Teu}

(with the convention that sup @) = —o0).

It follows from definitions of T'(-,-) and ¢ that for any » > 0 and any € > 0,
p(s,t) <eforall s <randt>T(er). By (40), ¢(s,t) < 71(|¢]) for all s > 0 and
t > 0. Hence, ¢ satisfies both conditions as in Proposition 5.5, and thus, there exists
some 5 € KL so that o(s,t) < f(s,t) for all s > 0, ¢ > 0. Combining this with the
definition of ¢, we get

l2(t, & u)l < B(E] 1) + 7 (llyp,gl)
for all £ € R™, all u € Mo, and all t < T . O

6. Proofs of the technical lemmas. To prove Lemmas 3.1-3.3, we need the
following result.

DEFINITION 6.1. A system as in (1) satisfies the input-output local stability
property (IO-LS) if there exist 6 > 0 and K functions ag, ay, oy € K so that for all
& allu(-), and allt € [0,T¢ ) it holds that

(44)  max{[¢], [lull, [y} < 6 = [t & u)| < max{ao([§]), aw(llull), ey (llypo,01D)}-

LEMMA 6.2. (IO-LS) & (IO-BND) < (I0-GS).

Proof. The implication (I0-GS) = (IO-LS) & (IO-BND) is obvious; therefore,
we only show the converse. Let 6, ap, o, oy, 00, 0w, 0y be given as in (44) and (7).
Pick a constant ¢ > 0 and three class-K functions 3, such that for each x € {0, u, y},
04(8) < Bi(s)+ cfor all s > 0. Pick class-K functions 7, so that for each x € {0, u,y}
it holds that

(45) ve(s) > { max{a,(s),30.(s)} V0<s<§é,

3[Bx(s) + 3] Vs > 6.

Consider any ¢ and u(-). Then (IO-GS) holds with gains v, 7., and v,. Indeed, if
1€l <6, [|ull <6, and ||yjo4ll < 6, this follows by (IO-LS). If instead |{| > 6, the
definition of (I0-BND) implies

(8, &, w)| < o0([€]) + oulllull) + oy (ly.al)
< Bo(l€]) + Bulllull) + By (ly0.41) + 3¢
< [Bo(I€]) + 3¢] + [yulllull) + 7y (lyp0,1D1/3
< (1/3) (€D + yullull) + vy (lly,41D]
(46) < max{0(|€]), vu(lull), 7 (110,41}

The case ||ul]| > ¢ can be treated in a similar way. Finally, we are left to deal with
the case 6 < [lyjo,gll < +o0. (The case [|y| = +oc is trivial.) By (UO), z(t,{,u) is
well defined, and therefore the argument as in (46) can be repeated. |

Remark 6.3. Observe that in the proof of Lemma 6.2, if the functions «a, and
o, as in (44) and (7) can be chosen zero, and if the |lu|| term is not presented in the
max{---} < é phrase in (44), then the function =, in (46) can also be chosen zero.
That is, one has the following.
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If for some ag, oy € K, 09, 0 € N it holds that

(47) max{[¢], [[yjo,gll} < 6 = |z(t,& u)| < max{ao([€]), ay(llypglD}
and
(48)  [x(t,& u)| < max{oo([¢]), oy(llyp,glD} — VEER", Vu, Vi €[0,Tew),
then for some &g, 0, € K it holds that
(49)  |z(t, & u)| < max{Go([€]), oy(llypyl)}  VEER, Vu, Vi€ [0,T¢,u).

6.1. Proof of Lemma 3.3. Let ,,7y,00,04,0, € K be as in (5) and (7). Pick
any &, v and any € > 0. By (5), there is some T € [0, T¢ ,,) such that

|2(T, &, w)| < max{vu([[ull), v(lyl)} +e.

Applying (7) to the initial state &p := x(T, &, u) and the control ur(t) := u(t + T)
(whose corresponding output function is yr (¢, &r,ur) = y(t + T,&,u)), we conclude
that

sup [(t,§,u)| = sup  |z(t, &7, ur)| < max{oo([§r]), oulllurl), oy ([lyl)}
t>T 0<t<Tep up

< max {oo(yu(l[ull) + &), a0 (w (lyl) + &), oulllull), oy (lyl)} -

Letting € — 0, we get

(50) lim sup [x(t, §, u)| < max{Fu([|lul), 3 (lyl)},

t—Te o

where 4y, (s) = max{oo(7u(s)), ou(s)}, ¥y(s) = max{oo(vy(s)),04(s)}. O

Remark 6.4. We remark that if v, and o, as in (5) and (7) can be chosen to be
the zero function, then the gain function 4, in (50) can also be chosen to be the zero
function. a0

6.2. Proof of Lemma 3.1. Consider the zero-input system

(51) &= f(x,0), y=h(x)

Denote the trajectory corresponding to an initial state £ by x(¢,€). This trajectory
is defined on a maximal interval [0, T¢). Applying Lemma 2.7 and Remark 2.8 to the
zero-input system, we know that there exists some o¢, o, € N such that for every
trajectory of the system the following holds:

(52) (¢, §)| < max{oo([€]), oy(llyp.alhy VI e0,Te).

By Remark 6.3, one sees that, together with the zero-O-LS property (as defined in
(15)), (52) implies that the system is locally detectable, that is, for some 69,5, € K,
(49) holds.

Applying Remark 6.4 to (51) with the IO-LIM estimate (5) with -, = 0 and (49),
one sees that the following holds for every trajectory z(t,&) of (51):

(53) lim sup 12(t, &) < (lyjo,0) -
—dg

The combination of (52) and (53) means that the system (51) is globally detectable.
By Theorem 4, the system (51) is OSS. d
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6.3. Proof of Lemma 3.2. Clearly (local-IOSS) = (IO-LS). Moreover, by
Lemma 2.7, (I0-LIM) = (I0-BND). Combining this with Lemma 6.2, we get

(54) (local TOSS) & (IO-LIM) = (I0-LS) & (I0-BND) < (I0-GS),

which completes the proof. 0

6.4. Proof of Proposition 3.4. In order to complete the proof, the following
result will be needed.

LEMMA 6.5. Suppose that system (1) satisfies the I0-AG and IO-GS properties.
Then there exists some locally Lipschitz p € Koo such that the system

(55) #(t) = f(z@),dO)e(z@)]),  y(t) = h(z(?)),

where d denotes the disturbance functions taking values in the closed unit ball of R™,
is globally detectable.

Proof. Let o9, oy, 0, € K be such that the IO-GS estimate (7) holds, and let
Yus Yy € K be such that the IO-AG estimate (6) holds for the system. Without loss
of generality, we may assume that o, = v, and o, = ,. Pick any locally Lipschitz
K oo-function ¢ such that o, (¢(s)) < s/2 for all s > 0. Below we show that with the
function ¢, the corresponding system (55) is globally detectable. For any £ € R™ and
any d, we let z,(¢,§,d) denote the corresponding solution for (55), y, = h(z,), and
let [0, 7¢,q) denote the maximal interval of the solution. Observe that for any &, d it
holds that

I¢(t7£7 d) = ‘T(t7£a ud) Vo0 S t < Tedy
where uq(t) = d(t)p(|z,(t, &, d)]). Consequently,

|I‘¢(t,£,d)| < max {UO(|€|)7 Oy (90 (”xsﬂ('agad)[o,t)

) oyl D}

||'r (7§ad> s ||
< max {an(le. LGV o)) YOS t< e
Thus, for any 0 <t < 7¢ 4,
(& oo
o 6ol < max { i), EED00 o10

Consequently, for any 0 <t < 7¢ 4,

2 (-, &, d)jo, | < max {oo([€]), oy (l(ye) 0[N}

and in particular,

(56) |2 (¢, €, d)] < max {o0(l&]), oy (| (ye)ionll) }

for all 0 <t < 7¢ 4. This shows that property (40) holds. Below we show that the
attractivity property as in (41) holds for the system (55). By (56), the system (55)
satisfies the UO property. Pick any £,d. Suppose 7¢,4 = oo and ||y|| < co. Then,
again, by (56),

(57) limsup |z,(t, &, d)| < oo.
t—oo



SEPARATION PRINCIPLES FOR IOSS 273

By the I0-AG property (6), with Lemma 2.10,

limsup |z,(t, &, d)| < max {Wu (hmsup |ud(t)> s Yy (hmsup |y<p(t)|)}
t—o0 t—o0

t—oo

max {% (@ (h?isup Iw@(t,&d)I)) . Ty (li}}isup Iyw(t)l>}

1
< max{2 limsup |z,(t,&,d)|, vy (limsup |y¢(t)|> } .
t—oo t—o0

IN

Combining this with (57), we get

limsup |z, (t, &, d)| < vy (limsup |y<p(t)|> .
t—oo t—o0

Again, with the UO property, we see that the attractivity property (41) holds for the
system (55). Thus, the system is globally detectable. |

Proof of Proposition 3.4. Suppose that a system as in (1) satisfies the I0-AG and
the IO-GS properties. By Lemma 6.5, there exists some locally Lipschitz ¢ € K
such that the corresponding system (55) is globally detectable. By Theorem 4, the
system (55) is uniformly output-to-state stable. Applying Theorem 2.16 together with
Corollary 3.6 of [16], one sees that the system (1) is IOSS. (Following the work in [16],
if a system (1) admits a locally Lipschitz ¢ € K4 such that the corresponding system
(55) is uniformly OSS, then the system (1) is called robustly OSS.) |

Appendix A. Characterizations of IO-LIM. Consider the following varia-
tions of the IO-LIM property.
DEFINITION A.1. For system (1), we say that
o the asymptotic 10-LIM property holds if for some vy,,vy, € K,
(58) b inf (£, €, w)] < lim sup max{yu (ju(®)]), w ()}
U —Te u
for all £ € R™, all u(-);
o the causal I0-LIM property holds if for some v,,y, € K,

69) int {Ie(t.6 )] = maxfu(luoa ) w(lvo o)} f <0
for all £ € R™, all u(-);
o the asymptotic causal I0-LIM property holds if

©0)  Timint{Jo(t, & w)] — max{y (o nl) 3o al)} <0

for all £ € R™, all u(-). |
PROPOSITION A.2. For a system as in (1), the following properties are equivalent:
1. IO-LIM,
2. asymptotic I0-LIM,
3. causal 10-LIM,
4. asymptotic causal 10-LIM. ]

Proof. [1 = 2]: Suppose the IO-LIM property holds for system (1) with 7, v, €
Koo asin (5). Fix &, u. Pickany T' € [0,T¢ ). Let &y = (T, &, u) and up(t) = u(t+T).
Applying (5) to & with up, we get

)}

tlgg“ |x(t,§,u)\ - %gg lx(tafT’uT” < max {VU(HU[T,T&U) )7 ’}/y(Hy[T,T&u)
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This implies that
timin fo(t, & w)l < Tim e {100 0l 10}

With (2), we get (58).

[2 = 3]: Assume that (58) holds for some v, 7y, € K. Below we show that this will
imply (59) with the same ~,,, 7, functions. Suppose that this fails for some trajectory
x(t, &, u). It then follows that

|2(t, & w)| > max{yu([lujo,ql); v (Yo, Yt € [0, Tew).

Taking the lim inf on both sides of the inequality, one gets
liminf (2, §, u)| = lim inf max {7 ([lujo,nl1): v ly10.01)}
—Te tHTgyu

)}

= maX{%(HU[O,TM) )s Wy(”y[o,TE,u)

which contradicts (58).
[3 = 4]: The proof of this portion is trivial.
[4 = 1]: An estimate as in (60) in particular implies that

tim inf [, €, )| — max{(ul), (I} <0,

—leu

which is the same as (8). By Remark 2.5, IO-LIM holds. a

Appendix B. The error detectability properties. In some of the proofs in
this paper, we have used some results from the recent work [3]. They are stated here,
in the interest of making this paper self-contained. The first statement is a special
case of Corollary 4.3 in [3].

LEMMA B.1. For a given unboundedness observable system of the form (1), as-
sume

e a compact subset O of the input set U;
o subsets K, C, and Q of the state space R™ such that K and C are compact,
Q is open, and K C Q C C;
o subsets Y and Yy of the output space RP such that Y is compact, Yy is open,
and Y C Yy
such that, for all £ € C' and all inputs uw € Mo, there exists t € [0,T¢ ) for which

(61) x(t, &, u) € K or h(z(t,& u)) ¢ Vo.

Then Roy(C) is bounded. O
Considered a system as in the following:

(62) @(t) = f(x(t),u(d), 2(t) = @(x(t)), w(t) = k(z(1)),

where ©(+), k(-) are continuous maps from R™ to R* and R!, respectively, for some
k and [, and where f satisfies the same assumptions as were made for system (1).
Following the work in [3], we call z the output signal and w the measurement signal.
The inputs are functions in M for some O C U.

DEFINITION B.2. The system (62) is said to satisfy the unboundedness observ-
ability property through w (UO through w) if, for each & and u such that T¢ ,, < oo,
it holds that

lim sup |w(t)| = oo.
t*)Tg‘u
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The following definitions were proposed in [3].
DEFINITION B.3. We say that system (62) is globally error-detectable if there
exists some v € K such that for the map %(-) defined by

(63) 2(t) = max{[z()| = v(Jw(®)]), 0}

the following hold:
e (Local uniform output-stability modulo measurements): for some o1,09 € K
and some 6 > 0, it holds that

(64)  [2(0)] < 8 = [2(0)] < 1 (2O + 0 (lwlpy) VOt < Tey

for all € and u € Mop.
e (Asymptotic-detectablity): info<i<r, , |2(t)] = 0 for all § and v € Mo. |
DEFINITION B.4. We say that system (1) is uniformly globally error-detectable
if there exists some v € K such that for the map 2(-) defined by (63) the following
hold:
e the local uniform output-stability modulo measurements property as in Defi-
nition B.3 holds, and
o (uniform asy-detectability): for any € > 0 and any k > 0, there exists Ty
so that for any & € R™ with |{] < k and for any u there exists some T <
min {7 ., T¢} such that

(65) |2(7)| < e.

Remark B.5. The uniformly global error-detectability implies the following prop-
erty: there exists some y; € K such that for all ¢ > 0 and all x > 0 there exists T; ,
so that for any £ € R™ with |£| < k and for any wu, if T, ,, < T¢,,, then

l2(t)] < e+ ([wllo,)

forall t € [Ty, Tew)- 1]

A main result in [3] is the following.

LEMMA B.6. Let O be compact. Assume that system (62) satisfies the UO
property through the measurement w. Then the system is globally error-detectable in
u € Me if and only if it is uniformly globally error-detectable in v € Me. a
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REDUCTION OF CONTROLLED LAGRANGIAN AND
HAMILTONIAN SYSTEMS WITH SYMMETRY*

DONG EUI CHANGT AND JERROLD E. MARSDEN#

Abstract. We develop reduction theory for controlled Lagrangian and controlled Hamiltonian
systems with symmetry. Reduction theory for these systems is needed in a variety of examples, such
as a spacecraft with rotors, a heavy top with rotors, and underwater vehicle dynamics. One of our
main results shows the equivalence of the method of reduced controlled Lagrangian systems and that
of reduced controlled Hamiltonian systems in the case of simple mechanical systems with symmetry.

Key words. controlled Lagrangian systems, controlled Hamiltonian systems, reduction, equiv-
alence
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1. Introduction. We develop the theory of symmetry reduction for the class of
controlled Lagrangian (CL) and controlled Hamiltonian (CH) systems with symmetry
and show the equivalence of the method of reduced CL systems and that of reduced
CH systems for simple mechanical systems. The phrases “controlled Lagrangian” and
“controlled Hamiltonian” systems were coined in [20], and their technical definition
is recalled below. The concept of a CH system used here is the same as that of a
“port-controlled Hamiltonian system” in [32]. We prefer to use the term “controlled
Hamiltonian” in a way that is parallel to “controlled Lagrangian.” The notion of an
“implicit Hamiltonian system” is related to that of a CH system but is based on the
more general notion of Dirac structures rather than symplectic and Poisson structures,
and a type of reduction theory (different from what is given here) in that context was
developed in [6]. The notion of an “implicit Lagrangian system” is developed, also
using Dirac structures, in [35], and in future work we hope to explore the reduction
theory of controlled implicit Hamiltonian and Lagrangian systems and the relation
between them.

CL systems. We will begin by describing the Lagrangian side. To help design
stabilizing controllers for mechanical systems whose equations are written in Euler—
Lagrange form with control forces, the CL method was developed by a number of
authors, including [3], [4], [7], [10], [11], [12], [13], [14], [15], [19], [20], [22], [23], [33].
In the study of CL systems, it is important to take into account external forces and
control forces, including gyroscopic forces.

The main idea of the CL method is to proceed in the following steps:

1. Define a (feedback-transformation) equivalence relation among CL systems.

2. Given a CL system, find an equivalent CL system such that the energy of
the second CL system has a minimum at the equilibrium of interest and the
system is forced or controlled by a dissipative (plus gyroscopic) force.
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3. Using the energy as a Lyapunov function, obtain asymptotic stability of the
equilibrium in the second CL system.

4. Since the two systems are equivalent, the equivalence relation gives an asymp-
totically stabilizing controller for the first system.

CH systems. A similar approach has been taken on the Hamiltonian side, too,
where the main governing equations are in Hamiltonian form (see [5], [9], [32], [34]
and references therein).

Equivalence. There have been some recent studies concerning the equivalence of
both methods. First of all, [5] showed that the CH method is more general than
the CL method for simple mechanical systems and used a limited definition of CL
systems. Then [20] extended the theory of CL systems and showed the full equivalence
of the method of CL systems with the method of CH systems for simple mechanical
systems.

Symmetry. The main goal of the present paper is to include symmetry in the dis-
cussion. We do so in a systematic and general way. In previous works, symmetry was
considered in certain cases (see, for instance, [15], [23], and [26]), but a comprehensive
theory has been lacking.

In this paper, we define the notion of G-invariant CL and CH systems and develop
a reduction theory for them. In addition, we trace through the equivalence of the CL
and CH systems under the reduction process.

Reduction theory. Reduction theory for mechanical systems has been studied both
on the Lagrangian side and on the Hamiltonian side. It has proven to be a powerful
tool for studying the dynamics, stability, and control of many mechanical systems,
such as rigid body and spacecraft systems, underwater vehicles, heavy tops, and fluid
systems.

On the Lagrangian side, one reduces variational principles, an idea due to [29]
and [30]. A comprehensive account of this theory is given in [17]. On the other hand,
on the Hamiltonian side, one reduces symplectic and Poisson structures. See, for
instance, [1], [27], and [28] and references therein. We shall merge these ideas with
those of CL and CH systems to develop the notions and basic properties of reduced
CL and CH systems.

Equivalence and reduction. Once we have developed the reduction theory, we
will be in a position to define an equivalence relation among G-invariant CL (resp.,
CH) systems; in this context, we show that two reduced CL (resp., CH) systems
are equivalent if and only if their unreduced G-invariant CL (resp., CH) systems are
equivalent. This is given in Theorems 2.10 and 3.9.

We also show that this reduced equivalence relation is a feedback-transform equiv-
alence relation (see Theorems 2.11 and 3.10). Based on these results and the equiva-
lence of the methods of CL and CH systems for simple mechanical systems proven in
[20], we prove that the method of reduced CL systems and that of reduced CH systems
are equivalent for reduced simple mechanical systems (this is given in Theorem 4.3).

Ezxample. In the final section, we review the example of a satellite controlled via
a spinning rotor and show that the Euler—Poincaré matching conditions derived in [8]
and [15] directly in the reduced context can be obtained in a natural way through the
reduction process. We study the stabilization of the heavy top with rotors, using the
reduced CL method as an illustration.

2. Reduction of CL systems with symmetry. We begin this section with
some general notation, then we introduce the notion of a CL system with symmetry,
and finally study the theory of reduction for such systems.
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We first summarize some general notation that will be used. We refer to [2], [17],
[25], and [28] for more details and background information.

Manifolds and bundles. Let @) be the configuration manifold, and let 7 : TQ — @
and mg : T%Q — @ be the tangent bundle projection and the cotangent bundle

projection, respectively. The second order tangent bundle Téf) : TP Q — Q is defined

as follows. For ¢ € @, elements of Tq(2)Q are equivalence classes of curves in @,
the equivalence relation being defined as follows: two curves ¢;(t), ¢ = 1,2, with
q1(f) = g2(t) = @, are equivalent, by definition, if and only if in any local chart
we have qil)(f) = qél)(f) for I = 1,2, where ¢\ (t) denotes the derivative of order
I. The second order bundle has local coordinates given by (¢’,¢%, §") and may be
thought of as a subbundle of the second tangent bundle T7T'Q via the embedding
(¢, 4%, ) — (¢, 4%, 4", d*). As is explained in [28], the second order tangent bundle is
the basic space on which the Euler-Lagrange operator of mechanics is defined; in fact,
given a Lagrangian L, the associated Euler-Lagrange operator ££ induces a bundle
map EL(L) : TPQ — T*Q.

For a manifold M, F(M) denotes the set of smooth real-valued functions on M.

Symmetry groups. Let G be a Lie group acting (on the left) on @ freely and
properly so that 7¢(Q) : @ — @Q/G becomes a principal bundle. The tangent (resp.,
cotangent) lift of the action of G on @ defines an action of G on TQ (resp., T*Q),
which is automatically free and proper as well, so that the maps 7/ : TQ — TQ/G
(resp., 7/ : T*Q — T*Q/G) also define principal bundles. When M is a manifold on
which G acts, we let [m]e denote an equivalence class of m € M in the quotient space
M/G. Even though we do not explicitly denote the manifold M in this notation, it
will be clear which manifold is meant from the context. The space TQ/G becomes
a vector bundle with base Q/G by inheriting the vector bundle structure of T'Q) as
follows:

[uq]G + )‘[vq]G = [uq + )‘Uq]Gv

where A € R; ug,v, € T,Q; and [uglg, [v4]c are their equivalence classes in the
quotient space T'QQ/G. The fiber (T'Q/G), is isomorphic, as a vector space, to T,Q
for each z = [ql¢ € Q/G, q € Q (see Lemma 2.4.1 in [17]). In the same manner, the
space T*Q/G becomes a vector bundle with base Q/G.

Vertical lifts. Let V be a vector bundle over a manifold ). The vertical lift of a
vector wy € V4 along the vector v, € V, is the vector, vlift, (w,) € T,V , defined by

vlift,, (wq) = 4

dt (vq + tw‘])

t=0

The vertical lift of a fiber-preserving map F : V — V is a section, vlift(F) : V —
TV, defined by

(2.1) vIift(F) (vg) = vlift,, (F(vg)).
The vertical lift of a subbundle W of V' is the subbundle of TV defined by
(2.2) vlift(W) = {vlift,, (wq) | vq € Vg, wq € Wy, q € Q}.

CL systems. We next recall the definition of a CL system from [20].
DEFINITION 2.1. A controlled Lagrangian (CL) system is a triple (L, F,W),
where the function L : TQ — R is the Lagrangian, the fiber-preserving map F :
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TQ — T*Q is the (external) force map, and the subbundle W of T*Q is called the
control subbundle. When one chooses a feedback control law u : TQ — W, the triple
(L, F,u) will denote the closed-loop CL system.

Euler—Lagrange operator. The Euler-Lagrange operator £L£ assigns to a Lagran-
gian L : TQ — R a bundle map E£(L) : T®Q — T*Q, which may be written in local
coordinates (and using the index summation convention) as

EL(L)(q.d4.) = (d oL L <q,q'>) dg,

@Tqi(qﬂ) - g

in which it is understood that one regards the first term on the right-hand side as a
function on the second order tangent bundle 7 Q by formally applying the chain
rule and replacing dq/dt by ¢ everywhere. The equations of motion of a CL system
(L, F,W) with a choice of feedback control u : TQ — W are written as

(2.3) EL(L)(q,4,G) = F(q,q) + u(g,q),

which may be derived from the Lagrange—d’Alembert principle.

CL systems with symmetry. We next define the notion of a G-invariant CL system
on T'Q and the associated notion of a reduced CL system on T'Q /G, where G is a Lie
group acting on Q.

DEFINITION 2.2. Let G be a Lie group action on Q. A G-invariant controlled
Lagrangian (G-CL) system is a CL system, (L, F, W), where L is a G-invariant La-
grangian, F' is a G-equivariant force map, and W is a G-invariant subbundle of T*Q.

Reduction of CL systems with symmetry. Now we can define the notion of a
reduced CL system.

DEFINITION 2.3. A reduced controlled Lagrangian (RCL) system is a triple
(I, f,U), where the function | : TQ/G — R is called the reduced Lagrangian, the
fiber-preserving map f : TQ/G — T*Q/G is called the reduced force map, and the
subbundle U of T*Q/G is called the reduced control subbundle. A feedback control
for an RCL system is a fiber-preserving map of TQ/G into U.

Suppose that we are given a G-CL system (L, F,W). The G-invariance of L
induces the reduced Lagrangian [ on T'Q)/G satisfying

(24) lo T/IG = L.

The equivariance of F' induces the reduced force map [F|g : TQ/G — T*Q/G satis-
fying

(25) [F]GOT/GZW/GOF.

Similarly, a G-invariant control subbundle W induces a reduced control subbundle
W/G in a natural way; namely, we have W = W?Gl(W/G)

These considerations lead to the following definition.

DEFINITION 2.4. The RCL system of a G-CL system (L,F,W) is the triple
(I,[Fla,W/G), where 1 is the reduced Lagrangian satisfying (2.4) and [F|g is the
reduced force satisfying (2.5).

One may ask whether there exists a G-CL system on T'Q) when one is given a RCL
system on T'Q/G. The following proposition proves its existence and uniqueness.

PROPOSITION 2.5. Given a RCL system (I, f,U), there is a unique G-CL system
(L, F,W) whose RCL system is (I, f,U).
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Proof. Define L by (2.4). Define a force map F on T'Q as follows: for v, w, € T,Q,

(2.6) <F(Uq)7 wq> = <f © T/G(Uq)v T/G(wq)>'

One can check the G-equivariance of F'. One can also check that relation (2.6) defines
the unique fiber-preserving map F of TQ to T*Q. Let W := W;é(U) By construction,
(L, F,W) is the unique G-CL system whose RCL system is (I, f,U). d

By Proposition 2.5, we can write an arbitrary RCL in the form of the RCL of a
G-CL without loss of generality. Additionally, the proof of Proposition 2.5 establishes
the following assertion: given a fiber-preserving map f : TQ/G — T*Q/G, there
exists the unique fiber-preserving map F : TQ) — T™*(Q satisfying

fOT/GZﬂ'/GOF.

Reduced equations of motion. Given a G-CL system (L, F, W), the G-invariance
of L implies the G-equivariance of the bundle map ££(L) : T®Q — T*Q, which
induces a quotient map

REL() = [EL(L)]¢ : TPQ/G — T*Q/G,

which depends only on the reduced Lagrangian ! on TQ/G induced from L. The
operator REL is called the reduced Euler—Lagrange operator. The equations of motion
of an RCL (I, [F]g, W/G) with a choice of control [u]g : TQ/G — W/G are given by

REL()(lg:4,4lc) = [Fla(lg; dla) + [vla(lg, dla)-

To write computable equations of REL, one normally chooses a principal connection
on the principal bundle @ — @Q/G to identify the quotient bundles,

TQ/G with T(Q/G) & §,
T®Q/G with T®(Q/G) x¢ /¢ 28,
and
T"Q/G with T*(Q/G) @ g,

where g := @ X g is the associated adjoint bundle, g* := @ X g* is the associated
coadjoint bundle, T (Q/G) X @/ 28 is the product bundle over Q/G, 2g := g @ g,
and @ is the Whitney sum (see Lemmas 2.4.2 and 3.2.2 in [17]). For example, a
principal connection A : TQ) — g on the principal bundle 7 : Q@ — @/G induces the
bundle isomorphism a4 : TQ/G — T(Q/G) & g as follows:

(27) OéA([q; q]G) = Tﬂ—(qv Q) @ [qv A(qv Q)]G

With these identifications, REL induces the Lagrange-Poincaré operator LP as fol-
lows: for a reduced Lagrangian [,

(2.8) LP() : T?(Q/G) xgc 28 — T*(Q/G) ® §".

Hence, the reduced Euler-Lagrange operator REL may be replaced by the Lagrange—
Poincaré operator LP in this paper as far as one chooses a connection on Q — Q/G.
Further details may be found in [17].
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Let us give the local coordinate expression of the Lagrange—Poincaré operator LP
induced from a connection A on the principal bundle @ — @Q/G. This will be used in
section 5. We choose a local trivialization of the bundle @ — Q/G tobe X xG — X
where X is an open subset of R” with » = dim(Q/G). Then, at any tangent vector
(7,9,%,9) € T(z,9)(X x G), we have

A(:Emg?:tmg) = Adg(AE(x) I +§)7

where A, is the g-valued 1-form on X defined by A (z)-@ = A(z,e,#,0) and £ = g~ 1g.
The bundle isomorphism « 4 in this case becomes

O‘A([xvgvi‘vg](;) = (1‘,3;‘) S (xvg)v

where Q = A.(x) - & + £ and we choose a local trivialization of the associated bundle
g to be X x g — X. The Lagrange—Poincaré operator LP for a reduced Lagrangian
lonTQ/G =T(Q/G) @ g gives

d ol ol ol

(Bgad” + Cp7A7)

(29) ;C’]D(l) — dt a.’l&a ol Ox® ol oNe ,
o a Qd _(a Ad e
dt O Tga(cdb CarAgs®)
where Bj, is the curvature of the connection A, = (A7), Cp,; are the structure

constants of the Lie algebra g, and Q = (Q*) and z = (z*) witha =1,...,dimg and
a=1,...,dim(Q/G). More details of the derivation of (2.9) may be found in sections
3.3 and 4.2 of [17]. In particular, if one chooses a local trivial connection, i.e., A, = 0,
then the Lagrange—Poincaré equation in (2.9) is given by

ao o

(2.10) cp@y= | Ao dxe
ALy a O
dtogb I fea

We briefly mention the relation between trajectories of G-CL systems and tra-
jectories of RCL systems. Let (L, F,W) be a G-CL system and (I, [F]g, W/G) its
RCL system. Choose an arbitrary G-equivariant feedback control law u : TQ —
W for (L,F,W). The control u induces a reduced map [u]lg : TQ/G — W/G.
Then, if (¢(t),q4(t)) € TQ is a trajectory of the closed-loop system (L, F,u), then
7/6(q(t),q(t)) € TQ/G is the trajectory of the closed-loop system (I, [F]g, [u]g)-

Simple CL systems. We define simple CL systems, which include most mechanical
systems in engineering applications.

DEFINITION 2.6. A CL system (L, F,W) on T'Q is called simple if its Lagrangian
L:TQ — R is of the form kinetic minus potential energy as follows:

(211) Lg:d) = 3m4(d: ) — V(a),

where m is a (generalized) mass tensor, i.e., a nondegenerate symmetric (0,2)-tensor.
A reduced CL system (I, [F|q, W/G) is called simple if the reduced Lagrangian 1 is
induced by a G-invariant simple Lagrangian L on TQ. The acronym (R)SCL will
denote “(reduced) simple controlled Lagrangian.”
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When a simple G-invariant Lagrangian L is given by (2.11), its RSCL 1 : TQ/G —
R is given by

g, dle) = lmlc(a: dle. o dla) - Via(lalo)
where [m]g € T(Q/G, T*Q/G®T*Q/QG) is the reduced mass tensor induced from the
G-invariance of the mass tensor m € I'(Q,T*Q ® T*Q) and [V]g : Q/G — R is the
reduced potential energy.

SCL-equivalence. We now recall the fundamental definition of CL-equivalence
from [20] as follows.

DEFINITION 2.7. Two SCL systems (L1, F1,W1) and (Lo, Fo,W3) are said to
be CL-equivalent, or simply, (Ly,Fy, Wq) 9 (Lo, F5, W), if the following Euler—
Lagrange matching conditions hold:

ELM-1: Wy = mym; ' (W),

ELM-2: Im[£L(Ly) — F) — myms H(EL(Ls) — Fy)] € Wi,
where m; is the mass tensor of L; and Im means the pointwise image of the map in
brackets.

The following proposition from [20] explains the significance of the CL-equivalence
property. It shows that in a very natural sense the two control systems can be made
to correspond by using an appropriate choice of control.

PROPOSITION 2.8. Suppose that two SCL systems (L;, F;, W;), i = 1,2, are CL-
equivalent. Then, for an arbitrary control law for one system, there exists a control law
for the other system such that the two closed-loop systems produce the same equations
of motion. The explicit relation between the two control laws u;, i = 1,2, is given

by
(212) Uy = 5£(L1) - F1 - mlmgl(gﬁ(Lg) - FQ) + m1m2_1u2,

where m; is the mass tensor of L;, 1 = 1,2.
Proof. Recall that the Euler—Lagrange operator is given by

omyj ;e L10mgy .. OV
k q9 —3 —q q o)
dq 2 O0q¢ oq?

EL(L)(g:4,G); = mizd' +
where the Lagrangian L is given by

1 i
L= 5Mmiid @ - V().

One can solve (2.3) for §. Denote by ¢y, the expression of the acceleration ¢ obtained
from the closed-loop SCL system (L;, F;,w;), i = 1,2. Then,

mi (G, — Gr,) = w1 —mamy 'ug — [(EL(Ly) — Fr) — mimy ' (EL(L2) — Fy)] .

The conditions ELM-1 and ELM-2 imply that (2.12) holds if and only if G, = ¢z, if
and only if they produce the same equations of motion. Notice that the term

EL(Ly) — mimy 'EL(Ly)

in (2.12) can be regarded as a map defined on T'Q) because the acceleration ¢ cancels
out. O
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RSCL-equivalence. We now define an equivalence relation among RSCL systems
on TQ/G.

DEFINITION 2.9. Two RSCL systems (l;, [Fi]la, Wi/G), i = 1,2, are said to be
reduced-CL-equivalent (RCL-equivalent), or simply

(I, [Fila, W1 /G) % (Ia, [Fala, Wa/G),

if the following reduced Euler—Lagrange matching conditions hold:

RELM-1: W1 /G = [mi]g[ma]g! (W2/G),

RELM-2: Im [Rgﬁ(ll) — [Fl]G — [ml]c[mg]él(Rgﬁ(lg) — [FQ}G)] C Wl/G,
where [m;]a is the reduced mass tensor of l;, i = 1,2, and Im means the pointwise
image of the map in brackets.

Equivalence commutes with reduction. The following theorem explains the rela-
tionship between the CL-equivalence relation among G-SCL systems and the RCL-
equivalence relation among RSCL systems.

THEOREM 2.10. Two G-SCL systems are CL-equivalent if and only if their as-
sociated RSCL systems are RCL-equivalent.

Proof. Let (L, F,W) be a G-SCL system, and (I, [F|g, W/G) its associated RSCL
system. Then, the theorem follows from the G-invariance of W and the following
relations:

Rgﬁ(l)OT/(é):TF/GOEE(L), [F]GOT/G:W/GOF,

where T/(é) TAQ — T(Q)Q/G is the G-quotient map. 0

Hence, one can check the RCL-equivalence of two RSCL systems in two ways; one
is to directly check it, and the other is to check the CL-equivalence of their associated
unreduced G-SCL systems. In practice, it is more convenient to check it directly at
the reduced level; we shall see an example of this in section 5.

The following theorem explains the property of the RCL-equivalence relation.

THEOREM 2.11. Suppose that two RSCL systems (1;,[Fila, W;/G), i = 1,2, are
RCL-equivalent. Then, for an arbitrary control law for one system, there exists a
control law for the other system such that the two closed-loop systems produce the
same equations of motion. The explicit relation between the two control laws [u;]ca,
i =1,2, is given by

[ur]g = REL(L) — [Fi]e — [ma]almal g (REL(L2) — [Fla)
(2.13) + [ma]alma)g' [uzle,

where [m;]¢ is the reduced mass tensor of l;, i =1, 2.

Proof. Let [u;]g be a control for (I;, [Fi]la, Wi/G), i = 1,2. Let (L;, F;, W;) be
the unreduced G-CL system of (I;, [Fi]a¢, W;/G), i = 1,2. By Theorem 2.10, the two
G-SCL systems are CL-equivalent. By Proposition 2.8, the two closed-loop G-SCL
systems (L;, F;,u;), i = 1,2, produce the same equations of motion when u; and usy
satisfy (2.12). Hence, the two closed-loop RSCL systems (I;, [Fi]q, [ui]a), i = 1,2,
produce the same equations of motion when [u1]g and [us]g satisfy (2.13), because
each term in (2.12) is G-equivariant. Also notice that, for any choice of [u;]¢, one can
choose the other [u;]¢ such that (2.13) holds. 0

One can prove Theorem 2.11 by comparing the expressions of “accelerations” of
both equations using (2.9), as in the proof of Proposition 2.8. For this purpose, one
needs to choose a connection on @ — @/G because one has to split the variations
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to write down the equations of motion in coordinates, because the Euler-Lagrange
equations come from the variational principles (see (2.9) of this paper and Chapter 3
of [17] for more detail). In the current proof of Theorem 2.11, we were able to bypass
this route by Theorem 2.10.

3. Reduction of CH systems with symmetry. There is a Hamiltonian coun-
terpart to CL systems called CH systems. We study the reduction of CH systems with
symmetry in this section.

CH systems. We first recall the definition of CH systems from [20].

DEFINITION 3.1. A CH system is a quadruple (H, B, F, W), where the function
H : T*Q — R is called the Hamiltonian, B € T(A?*TT*Q) is called an almost Poisson
tensor (the main point being that it need not satisfy the Jacobi identity) on T*Q,
the fiber-preserving map F : T*Q — T*Q is called the (external) force map, and
the subbundle W of T*Q is called the control subbundle. When a feedback control
law u : T*Q — W is chosen, the quadruple (H, B, F,u) denotes the closed-loop CH
system.

We remark that we choose to use almost Poisson tensors rather than almost
symplectic forms, as it is more general and, moreover, is convenient in performing
Poisson reduction. The vector field Xy  p.) of a CH system (H, B, F,W) with a
control law w is given by

X(u,p,Fuy = B'AH + vlift(F) + vlift(u),

where vlift(F') and vlift(u) are the vertical lifts defined in (2.1).

Reduction of G-invariant CH systems. We define G-invariant CH systems on T*Q
and reduced CH systems on T*Q/Q as follows.

DEFINITION 3.2. Let G be a Lie group action on Q. A G-invariant CH (G-CH)
system is a CH system (H,B,F,W), where H, B, F', and W are all G-invariant.

DEFINITION 3.3. A reduced CH (RCH) system is a quadruple (h,b, f,U), where
the function h : T*Q/G — R is called the reduced Hamiltonian, b € T'(A?2 T(T*Q/Q))
is called the reduced almost Poisson tensor, the fiber-preserving map f : T*Q/G —
T*Q/G is called the reduced force map, and the subbundle U of T*Q/G is called the
reduced control subbundle.

Suppose that we are given a G-CH system (H, B, F, W) on T*(Q. The G-invariant
Hamiltonian H : T*Q — R induces the reduced Hamiltonian h : T*Q/G — R as
follows:

(31) H:hO’IT/G.

The G-invariance of the almost Poisson tensor B € TI'(A?TT*(Q) induces a reduced
almost Poisson tensor [Blg € T(A’T(T*Q/Q)) as follows: for f1, fo € F(T*Q/G),

(3.2) [Blagpe(df1,df2) = B p) (m)cdfi, m)qd f2).
This is well defined since
Bygp(d(fiomg),d(f2om/c)) = Bp(g'd(fiomg),g"d(f207/c))

= B(‘Z;P)(d(fl o 7T/G 9] g),d(fg o 7T/G o g))
= B p(d(fiomq),d(f20m/a))

for any g € G, where we used the G-invariance of B in the first equality. One can
easily check that [B]q is skew-symmetric. The G-invariance of F' induces the reduced
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force [Flg : T*Q/G — T*Q/G satisfying
(33) [F]GOT(/GZﬂ'/GOF.

This discussion motivates the following definition.

DEFINITION 3.4. The RCH system of a G-CH system (H, B, F, W) is a quadruple
(h, [Blg, [Fla, W/G), where h is the reduced Hamiltonian defined in (3.1), [Blg is the
reduced almost Poisson tensor defined in (3.2), and [F|¢g is the reduced force defined
in (3.3).

Similarly to Proposition 2.5, the following proposition explains the relations be-
tween G-CH systems and RCH systems.

PROPOSITION 3.5. Given a RCH system (h,b, f,U), there is a (not necessarily
unique) G-CH system (H, B, F,W) whose RCH system is (h,b, f,U).

Proof. Define H by H = homg. Define a force map F on T*Q as follows: for
ag €T7Q, vg € T,Q

(F(ag), vg) = (fomjalag), T/a(vg))-

Choose a connection on the principal bundle T*Q — T*Q/G. (See Chapter 2, The-
orem 2.1 in [25] for the proof of the existence.) Then we can split TT7*(Q into the
vertical space V and the horizontal space H as TT*Q = V@ H. This induces the
decomposition of T*T*Q as T*T*Q = H° & V°, where H° and V° are the annihilators
of H and V, respectively. Let hor : T(T*Q/G) — H be the horizontal lift. Then
its dual map hor* : V° — T*(T*Q/G) is an isomorphism. For simplicity, we use H®
(resp., V°) as the projection of T*T*Q onto H® (resp., V°). Define an almost Poisson
tensor B on 1@ as follows: for a, 3 € T;T7(Q

B(a, 8) := b(hor* V° «, hor™ V° 3).

One can check that this almost Poisson tensor is G-invariant. We now show that
76 T"Q — T*Q/G is the Poisson map; i.e., b = [B]g. Let hyi, ho be two functions
on T*Q/G. Then d(h; om/g) € V°, i =1,2. Thus, hor*d(h; o /) = dh;, i = 1,2.
Hence,

[B]G(dhl, dhg) = B(d(hl (¢] 7T/G), d(hg (¢] ’/T/G))
= b(dhy, dhy).

It follows that [B]lg = b. Let W = w?Gl(U) Then one can see that (H, B, F,W) is
a G-CH system and that its RCH system coincides with (h, b, f,U). This completes
the proof. ]

Notice in Proposition 3.5 that there can be more than one B satisfying [B]g =
b, which is the source of the nonuniqueness of the G-CH systems (H, B, F,W) in
Proposition 3.5. By Proposition 3.5, we can write an arbitrary RCH system in the
form of the RCH system of a G-CH system without loss of generality.

Reduced CH dynamics. Given a G-CH system (H, B, F,W), let (h,[B]a,[Fla,
W/G) be its RCH system. The (reduced) Hamiltonian vector field X (5]4.[F¢ . [ule)
of (h,[Blg, [F]lg, W/G) with a control [u]g € W/G is given by

(3.4) X(hy[B]G,[F]Gy[U]G) = [B]ﬁgdh + vIift([F ) + viift([u]e),

where vlift([F]g) and vlift([u]g) are the vertical lifts defined in (2.1). Let Xz B pu)
be the vector field of (H, B, F, W) with control u € W. Then we have

(3.5) X(h,[Ble.[Fle:lule) ©T/a = TT)q - X(H,B,Fu)-
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The CH-equivalence relation. We shall first recall the CH-equivalence relation
among CH systems on 7*@Q from [20].

DEFINITION 3.6. Two CH systems (H;, B;, F;,W;), i = 1,2, are said to be CH-
equivalent, or simply, (Hy, By, Fy, W) - (Ha, Ba, F5, W3), if the following Hamilto-
nian matching conditions hold:

HM-1: Wy = W,

HM-2: Im[B!dH, + viift(Fy) — BidHy — v1ift(Fy)] C vlift(W;),
where v1ift(W7) is the vertical lift of W1 defined in (2.2).

The following proposition explains the significance of the CH-equivalence relation.

PROPOSITION 3.7. Suppose that two CH systems (H;, B;, F;,W;), i = 1,2, are
CH-equivalent. Then, for an arbitrary control law for one system, there ezists a
control law for the other system such that the two closed-loop systems produce the
same equations of motion. The explicit relation between the two control laws u;,
i=1,2, is given by

vlift(uy) = —BYdH, — vlift(Fy) + Bid Hy + vift(Fy) 4 vlift(us).

Proof. Just compare X (g, B, r u,) and X (g, B, Fy,u.) With controls u; : T%Q —
W1 and Uus : T*Q — WQ. 0

RCH-equivalence. We now introduce an equivalence relation among RCH systems
on T*Q/G as follows.

DEFINITION 3.8. Two RCH systems, (hi,[Bila, [Fila, Wi/G), i = 1,2, are said
to be reduced-CH-equivalent (RCH-equivalent), or simply

(h1, [Bile, [Fila, Wi /G) & (ha, [Bs)a, [Fala, Wa/G),

if the following reduced Hamiltonian matching conditions hold:

RHM—lZ Wl/G = WQ/G,

RHM-2: Tm[[By]%dhy + VIift([F1]¢) — [Balhdhy — viift([Fa]q)] C viift(W:/G),
where v1ift(W1/G) is the vertical lift of the subbundle W1 /G defined in (2.2).

Reduction commutes with equivalence. The following theorem explains the rela-
tion between the RCH-equivalence relation among RCH systems on 7*Q/G and the
CH-equivalence relation among G-CH systems on 7*Q.

THEOREM 3.9. Two G-CH systems are CH-equivalent if and only if their asso-
ciated RCH systems are RCH-equivalent.

Proof. Use Definitions 3.6 and 3.8 as well as the relation (3.5). d

THEOREM 3.10. Suppose that two RCH systems (h;, [Bila, [Fila, Wi/G), i = 1,2,
are RCH-equivalent. Then, for an arbitrary control law for one system, there exists a
control law for the other system such that the two closed-loop RCH systems produce
the same equations of motion. The explicit relation between the two control laws [u;]q,
i=1,2, is given by

vlift([u1]e) = —[Bilhdhy — viift([F1]e) + [Balsdhy + viift([Fa]e) + viift([ug]q).

Proof. The proof follows from a straightforward computation using (3.4). ]

Simple CH systems. Let us review the definition of simple CH systems from [20].

DEFINITION 3.11. A CH system (H,B,F,W) on T*Q is called simple if the
Hamiltonian H has the form kinetic plus potential energy,

Hg.p) = 3 (b, my"p) + V(a),
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and its almost Poisson tensor B is nondegenerate and is of the form

0 KT
(3.6) Blg,p) = [K(q) J(q({p)]

in cotangent coordinates (q,p) on T*Q, where K(q),J(q,p) are n X n matrices with
n = dimQ. We call H the simple Hamiltonian and B the simple almost Poisson
tensor. The acronym, SCH, denotes “simple controlled Hamiltonian.”

One can check that the statement that B has the form (3.6) is independent of the
choice of cotangent bundle coordinates on 7*Q.

Let B be a simple almost Poisson tensor. Then the relation

(3.7) vlift(1hp) = Bo ©

defines a unique ¥ € T'(Aut(T*Q)), where © is the canonical 1-form! on T*Q and
B is regarded as a bundle map B : T*T*Q — TT*Q. In other words, there exists a
unique p € T'(Aut(T*Q)) such that the following diagram commutes:

7*°Q —2 TT*Q

E [
T°Q —E. T*Q

See [20] for the proof of the existence of 5. When B is given in coordinates as in
(3.6), the map g is given in coordinates by

¥Ye(g,p) = (¢, K(q)p).

Now, we make the following definition of the reduced simple CH system.

DEFINITION 3.12. An RCH system (h, [Bla, [Fla, W/G) is called a reduced sim-
ple CH system (or RSCH system) if it is the reduced CH system of a G-invariant
simple CH system.

Simple almost Poisson tensors and their reductions. Recall that in Definition 3.11
we defined simple almost Poisson tensors on T*@Q using local coordinates. Here, we
characterize the reduced simple almost Poisson tensors using local coordinates, so we
may assume that ) = G x X, where G is a Lie group acting on the manifold X
trivially. Recall the following identifications by left translation of G:

T"G=Gxg", TT"G=(Gxg")x(gxg), T'T*G=(Gxg")x(g"xg).

We use (ga, fta, Ti, i) as local coordinates for T*Q = G x g* x T* X, and (ua, i, pi)
for T*Q/G = g* x T*X, where a = 1,...,dimG and i = 1,...,dim X. We will use
{eq} as a basis for g, and {e}} as its dual basis. Let B € T'(A2TT*Q) be a G-invariant
simple almost Poisson tensor. Then it is of the following form:

B(g, pt,z,p) = Aap(2)(€a ® € — € @ €q) + Eia(2)(0z, ® € — € ® Os,)
+ Cui(z)(ea ® By, — By, ® €a) + Dij(2)(0z, @ Oy, — By, @ ;)
+ Rab(:uvxvp)e: ® eZ + Sai(ﬂa$7p)(ez ® 0 i api ® 62)
(38) + Uij (/1'7 xap)api ® 8171"

IThe canonical 1-form © on T*Q is given by © = p;dq’ in cotangent bundle coordinates (qi,pj) €
T*Q.
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In the matrix form, B is given by

0) 0) A(z) C(x)
B_ 0 @) E(x) D(x)
B ()" R(u,x,p)  S(p,a,p)|’

_ (J;)T _
(z)" —D(=)" =S(u,z,p)" Up,z,p)

where we used the basis for T,7*Q in the following order: e,, 0s,, €., Op,. The

nondegeneracy condition for B is given by

A C .
rank {E D] = dim Q.

The reduced simple Poisson tensor [B]g is given by

(Bl(ts 2,5) = Fia(@) (0, € — €5 © 0,) + Dis () (Ba, © By, — By, © )
+ Rab(M,LP)@: ® ‘3; + Sai(,uvxap)(ez ® 0 i apv: & 6:)
(39) + Uij(:uv x’p)api ® 8?]"

In a matrix form,

R(u,m,p) _E(x)T S(/,L,{L‘7p)
[Ble = E(x) O D(z) |,
_S(/’[’ax7p)T _D(‘r)T U(M,Jf,p)

where we used the basis for Tt,)(7*Q/G) in the following order: e, 0, 0p,. The
nondegeneracy condition for B induces the following rank condition for [B]g:

(3.10) rank[F D] = dim X.

Remark. One could argue that it might be better if we could characterize all
the tensors b € T'(A2T(T*Q/G)) for which there exists a G-invariant simple almost
Poisson tensor B such that b = [B]g. Then we could define RSCH systems without
reference to G-invariant SCH systems. This point has to be studied more, and we
think that the use of connections is crucial; see [31] and [17].

4. Equivalence between reduced simple Lagrangian and Hamiltonian
systems. In this section we show the equivalence between the method of RSCL
systems on TQ/G and that of RSCH systems on T*Q/G.

The CL-CH equivalence theorem. In [19] and [20], the equivalence between the
method of SCL systems on T'Q and that of SCH systems on T*@Q was shown. It is
summarized in the following theorem.?

THEOREM 4.1. The method of CL systems is equivalent to that of CH systems
for simple mechanical systems in the following sense:

1. For any two simple CL systems (L;, FiL, WE), i = 1,2, there exist two associ-

7

ated simple CH systems® (H;, B;, FE, WH), i =1,2, such that

(Ly, FE, W) & (Lo, Ff, W)
(4.1) s (Hy, By, FE, WE) R (H,, By, FF, WH).

2The statement of Theorem 4.1 is slightly different from that of Corollary 4.1 in [20] in that
there appears an additional term, g, o wgll = mgy, (mHl)_l, in statement 2. However, one can
still prove Theorem 4.1 of this paper using section 4 of [20]. For example, see [19] for the proof.
3Refer to section 4 of [20] to learn how to find the associated CH systems.
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2. For any two simple CH systems (H;, B;, F. WH) i = 1,2, there eist two

2

associated simple CL systems (L;, F£,WE), i = 1,2, such that

(H1, By, F, W) s (Ha, Bo, FY' W)
L _ _
= (L1, W) S (Lo, FY,WY)  and g, o vp! = mp, (mpg,) ™",

with mp, the mass tensor of H; and ¢p, defined in (3.7) fori=1,2.

In statement 1, one does not need the condition g, o 1/1511 =mpy,(my,)" ! along
with the CL equivalence condition for the two CL systems, because it automatically
holds for the associated CH systems.

This result implies the following: suppose that we want to find all SCL systems
which are equivalent to a given SCL system. One can directly search for them on the
Lagrangian side using the CL equivalence relation. Alternatively, one can first find
an SCH system which is associated with the given SCL system, secondly search for
all SCH systems which are CH-equivalent to this SCH system, and finally transform
those SCH systems to SCL systems. Those SCL systems are all SCL systems CL-
equivalent to the original SCL system. In the similar way, one can find all the SCH
systems which are CH-equivalent to a given SCH system, directly or with a CL-
equivalence relation. (Refer to [20] and [19] for more detail.) Hence, one can describe
a given simple mechanical system as an SCL system or as an SCH system and then
apply the CL method or the CH method, correspondingly. Both procedures are
equivalent.

We now restrict Theorem 4.1 to G-invariant systems.

THEOREM 4.2. The method of G-invariant SCL systems and that of G-invariant
SCH systems are equivalent. In other words, Theorem 4.1 restricted to G-invariant
simple CL and CH systems holds.

Proof. For the proof, one just needs to keep track of the G-invariance in the proof
of Theorem 4.1 in [20] and the proof of Theorem 3.2.1 in [19]. 0

The following theorem explains the equivalence between the method of RSCL
systems on T'Q)/G and that of RSCH systems on T*Q/G.

THEOREM 4.3. The method of RSCL systems is equivalent to that of RSCH
systems in the following sense:

1. For two given RSCL systems (L;, [FF)a, W¥/Q), i = 1,2, there exist two asso-

ciated RSCH systems (hy, [Bilc, [F#]a, WH/G), i = 1,2, such that

%

(L, [FHe, WE/G) % (I, [FFla, WE/G)

(4'2) — (hlv [Bl]Gv [FlH}Gv WIH/G) z (th [BQ}GV [FQH]G’ W2H/G)
2. For two given RSCH systems (hi, [Bila, [Ffa, WH /@Q), i = 1,2, there exist
two associated RSCL systems (I;, [F¥)a, WE/G), i = 1,2, such that

(h1, [Bila, [Ff ), Wi /G) R (ho, [B2la, [Fi)a, Wi /G)
= (. [FHe, WEIG) X (o, [FFla, WE/G) and [$p, o v5He = [mu,)almu, |G,

where [mp,]c is the reduced mass tensor of h;.
Proof. Let us prove statement 1. For given two RSCL systems (I;, [F¥]a, WE/G),

7

i = 1,2, consider their unreduced G-SCL systems (L;, X, Wk), i = 1,2, with L; =

K2

lio T/ (see Proposition 2.5). Theorem 4.2 implies that there are two G-SCH systems



REDUCTION OF CL AND CH SYSTEMS WITH SYMMETRY 291

Fic. 5.1. A satellite with a rotor along the third body azis.

(H;, B;, FI1, WH) i = 1,2, such that (4.1) holds. Let (hy,[Bilc, [F]a, WH/G)
be the RSCH system of (H;, B;, F,WH) for i = 1,2. Then (4.2) follows from
Theorems 2.10 and 3.9 and (4.1). Now we prove statement 2. In this case, use
Proposition 3.5 instead of Proposition 2.5, and then proceed in a similar manner. ]

Hence, one can describe a given simple mechanical system as an SCL/SCH system,
apply the CL/CH reduction, and then apply the reduced CL/CH method, correspond-
ingly. Both procedures are equivalent.

Remark. Notice in (4.2) that ¢p, o wgll is G-equivariant even though each of
1p, may not be. This equivariance is a consequence of the following commutative
diagram:

TT*Q 2 T Q*Q — 22 TT*Q

Tvlift T@ Tvlift

TQ VB, TQ VB, TQ

It follows that for o € T*Q, By By ' (vlift(a)) = vlift(vp, o wgll(a)). One can easily
check that vlift is G-equivariant, i.e., vlift(ga) = g vlift(c) for g € G. Then the G-
equivariance of ¢p, o %}11 follows from the G-equivariance of By, Bs, and vlift and
from the injectivity of vlift.

5. Examples. We review the example of a satellite with a rotor and the Euler—
Poincaré matching conditions presented in [15] in the framework of the current paper.
We then apply the RCL method to the stabilization of the heavy top with rotors.
This will show the application of CL systems only. For an excellent application of CH
systems to the problem of underwater vehicle stabilization by internal rotors, refer to
[34] and [15].

5.1. Satellite with a rotor and Euler—Poincaré matching.

Satellite with a rotor (see [15]). We consider the example of a satellite with a rotor
aligned along the third principal axis of the body (see Figure 5.1). The configuration
space is Q@ = G x X = SO(3) x S!, with the first factor being the satellite attitude and
the second factor being the rotor angle. The Lie group G = SO(3) acts on the first
factor of @ only. We take a trivial (flat) connection on @ such that TQ/G ~ gx TX.
Use (1, Q2,3), (¢, ¢)) as coordinates for so(3) x T'S* ~ R? x T'S*. This system is
described by the RSCL system (I, [F1]g = 0, W1/G) given by

(2 8) = 5 (AQF + X035 + (I3 + J3)Q3 + 213030 + J36°)

| =
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and W1 /G = span{d¢}, where A\; > Ay > A3 := J3 + I3. Notice that I; does not
depend on ¢. Recall that the reduced Euler-Lagrange operator REL induces the
Lagrange—Poincaré operator LP in (2.8) with respect to the trivial connection on
@ — X. By (2.10), this Lagrange—Poincaré operator LP(ly) is given by

i% _ % X Q
(5.1) £p(y) = |08

where we switched the first and second components of (2.10).
Consider another RSCL system (I2,0, W5/G) with Wo = W3 and

12(2,0) = = (MO + X3 + (I3 + J3)Q + 23030 + pJ3¢?)

DN =

with p € R. Here we allow only one free parameter p as in [15], but one can con-
sider a more general form of CL system. One can check that RELM-1 and RELM-2
in Definition 2.9 are satisfied. Since these two CL systems are equivalent, one has
only to design a controller for the second system, which will give an asymptotically
stabilizing controller for the first system by Theorem 2.11. See [8] for the discussion
on asymptotic stabilization of the rotation about the middle axis in the body-fixed
frame. There, it is shown how to choose p and the dissipative input for stability of the
equivalent system (l3,0, Wa/G). This leads to an asymptotically stabilizing controller
for the original system (I1,0, W1 /G).

Euler—Poincaré matching. Here we briefly sketch the proof that the set of Euler—
Poincaré matching conditions in [12] and [15] is a special case of the reduced Euler—
Lagrange matching conditions in this paper. This set of matching conditions can
handle such examples as a satellite with a rotor and underwater vehicles with internal
rotors. Let @Q = G x X be the configuration space, where G is a Lie group acting
trivially on the manifold X. We choose the trivial (flat) connection on @ — X to
write down the Lagrange-Poincaré equation on 7Q /G ~ g x TX with the Lie algebra
g of the Lie group G. We use n = (n%) as coordinates for g, and (6,0) = (6*,0%) as
coordinates for TX. By (2.10), the Lagrange—Poincaré operator LP with respect to
the trivial connection is given by

d oy 0

dtope e P
d ol ol

dt 9fa 00

(5.2) LP(l) =

for any reduced Lagrangian [ = I(n®,0%,6), where Cga are the structure constants of
the Lie algebra g. In (5.2) we wrote the vertical part of LP(l) first, while in (2.10)
the vertical part was written in the second component.

Let (1,0, 7*X) be the given RSCL system with the reduced Lagrangian

) 1 . 1 . .
I(n",60%) = 59am" 1" + gaan™0" + §gab9“9b,

where gag, gaa, gab are constant functions on T'Q)/G. Notice that this Lagrangian is
cyclic in the variables 8% and that the controls act only on the cyclic variables. Let
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F1G. 5.2. Heavy top with two rotors, each consisting of two rigidly coupled disks. The center
of mass is at CM.

(Ir,0,0,0,T*X) be another RSCL system with the reduced Lagrangian of the following
form:

1
2

1 . .
(5.3) + 5 (Pab = 9a) (0% + 9" Gean® + 7an) (0" + g"gesn” + 750,

lT,o’,p = l(nav 9'(1 + 7'577“) + UangTgnanﬁ

which is exactly the equation (11) in [15]. See also [14] for the motivation of this choice
of the form in (5.3). [15] proposes the following so-called Euler-Poincaré matching
conditions:

EP-1: 75 = —0 g,

EP-2: O_ab + pab — gab.
Then one can show that the two assumptions of EP-1 and EP-2 imply the RCL-
equivalence of the two RSCL systems (1,0,7*X) and (l;,,,,0,7"X). Hence, one
can equivalently work with the second system to design controllers. Refer to [15]
for the method of constructing a Lyapunov function using the energy and Casimir
functions.

5.2. Heavy top with rotors. It is well known that an upright spinning top
is unstable if the angular velocity is small. The motion of a heavy top and the
stability of the Lagrange top are well studied in [28] and [24]. We use the CL method
to asymptotically stabilize the upright spinning motion of a heavy top with small
vertical angular velocity, including zero velocity. See Figure 5.2 for the heavy top
system. One can notice that the system dynamics are not SO(3)-invariant because
the gravitational force breaks the SO(3) symmetry, and thus we cannot perform the
usual reduction of the system by the SO(3) group. However, there is a way of doing
the SO(3)-reduction of this system by considering this system as one depending on a
parameter in R3.

In this section, we will first review the general theory of reduction of systems
depending on a parameter and then apply this reduction theory to the design of a
controller for the heavy top system. We will not develop the whole theory of CL
systems depending on a parameter and the reduction theory for those systems with
symmetry because it is a straightforward modification of the theory in section 2 of
this paper. Moreover, the complete theory of reduction for (uncontrolled) systems
depending on a parameter is in [17].
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Systems depending on a parameter. We here review the reduction theory for sys-
tems depending on an advected parameter, as presented in [17]. Consider a Lagrangian

L:T(GxX)xV* =R,

where G is a Lie group, X is a manifold, and V* is the dual space of the vector
space V. The value of L at the point (g,z, g, 4, a9) € T(G x X) x V* will be denoted
by L(g,x,g,%,a0), as usual, and we will think of ap as a parameter that remains
fixed along the evolution of the system. Assume that there is an action of G on V,
so there is an induced action on V* such that (gag, gby) = (ao, bo) for all ag € V*,
bp € V, g € G. Assume that G acts trivially on X and that L is G-invariant,
ie.,

L(hga z, hgv$a h(l(]) = L(ga xvga "tva())

for h € G, (9,z,9,%,a9) € T(G x X) x V*. Define the reduced Lagrangian [ :
gx TX x V* =R by

(54) l(fax;faa) :L(€,$,€,i,a)

for ¢ € g, (z,4) € TX, a € V*, where £ = g~1g and a = g~ 'ao.

Fix ag € V*. Let Ly, : T(G x X) — R be the restriction of L to T(G x X) x {ag}.
Then, the Euler-Lagrange operator £L£(L,,) induces the reduced Euler-Lagrange
operator

REL() : 28 THX x TV* — g* x T*X
and the equation in (5.6) as follows:

do_ Lo o
dt 9 96 da

(5.5) REL() = iﬂ ) g
dt0r Ox

and

(5.6) a = —¢a,

where the map ¢ : V x V* — g* is defined by (boa,n) = —(na,b) forn € g, a € V*,
b € V. One may find the derivation of (5.5) and (5.6) in section 7.4 of [17].

The equations of motion of the reduced Lagrangian ! with a (g* x T X)-valued
(reduced) force f, are given by

(5.7) REL() =f and a=—Ca,

where f includes external forces and control forces.

Heavy top with two pairs of rotors. We first describe a heavy top with two pairs
of rotors. We mount two pairs of rotors within the top so that each pair’s rotation
axis is parallel to the first and the second principal axes of the top; see Figure 5.2.
Let I, 15, I3 be the moments of inertia of the top in the body-fixed frame. Let Ji, Jo
be the moments of inertia of the rotors around their rotation axes. Let J;1, Ji2, Ji3 be
the moments of inertia of the ith rotor with ¢ = 1,2 around the first, the second, and
the third principal axis, respectively. Let I} = I1 + Ji1 + Jo1, Io = Is + Jig + Jao,
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and Iy = Iy + Ji3 + Jas. Let \y = I + J; and \y = I, + Jo. Let M be the total mass
of the system, g the magnitude of the gravitational acceleration, and h the distance
from the origin O to the center of mass of the system.

Let G = SO(3), X = S! x S, V* = R3. We use the following notation for
coordinates:

R €S0(3), 0= (0,0,) €S xS', acR>

We will use Q = (1, Q2,Q3) € R? as coordinates for the Lie algebra so(3) under the
Lie algebra isomorphism, V : (s0(3),[,]) — (R?, x),

0 —2 wy v
z 0 —z| =(z,y,2).
-y T 0

Let L: T(G x X) x V* — R be the Lagrangian defined by

QN /a0 0 g 0\ /D

. L] @ 0 X 0 0 L[
L(R,0,R,0,a) = 3 Qd 0 0 Is 0 O Qs — MghRfla X,

0, Ji 0 0 Jp O 01

0o 0 J, 0 0 J) \a,

where Q = (1,05, Q3) = (R"'R)V is the body-fixed angular momentum and y is the
body-fixed unit vector on the line segment connecting the origin O with the body’s
center of mass, i.e., x = (0,0,1) in the body-fixed frame.

Fix k := (0,0,1) € R3. Let Ly be the restriction of L to T(G x X) x {k} as
follows:

Li(R,0,R,0) = L(R,0, R, 0,k).

Then one can check that Ly is the Lagrangian of the heavy top system in Figure 5.2.
The actuation is exerted on each pair of rotors, so the control bundle U is given by
U=T*X.

By (5.4), the reduced Lagrangian [ : s0(3) x TX x R3 — R is given by

. 1 _ . )
1(9,0,6,T) = 5(/\1Q§ + X202 + I302 + 27,1916, + 2J5005)
1 . R
+ 5((]19% —+ JQQ%) — Mghl' - x,
where I' = (I';, '3, T'3) = R~'k. Physically, the vector I' represents the motion of the
unit vector with the opposite direction of gravity as seen from the body. Recall that
the reduced equations of motion are derived from (5.7) and (5.5).
Let us consider a new reduced Lagrangian [ defined by
- ) 1 _ . .
Z(Q, 0,0, F) = 5()\10? + )\29% + IgQ% +2J:2.01 + 2,]29292)
1 . .
(5.8) + §(P1J19% + p2J203) — MghT - x,

where p1,p2 € R are free parameters to be chosen later. See [15] and [21] for the
motivation of this choice of the form in (5.8).
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Even though we have not developed the general theory of CL systems depending
on a parameter and the associated reduction theory, one can check that Definition 2.9
and Theorem 2.11 hold for reduced CL systems depending on a parameter where one
should use the reduced Euler-Lagrange operator in (5.5) instead of (2.9) or (2.10).
Notice that the equation in (5.6) is common for all reduced CL systems depending on
a parameter. With these modifications in mind, one can check that

(1,0,7*X) % (1,0, T* X).

By Theorem 2.11, we can work with the RCL system (Z, 0,7*X) to design a controller.
Let us define the angular momentum, IT = (II;, II5, I15), and the control momen-

tum, J = (Jy, J2), as follows:

ol . N
(5.9) = i (MQ1 + J161, XoQao + Job, 1303),
- ol : .
(5.10) J = % (J18 + J1p101, JoQa + Japabs).

By (5.7) and (5.5), the equations of motion of the system (I,0,T*X) with a choice of
control v = (vy,v9) are given as follows:

(5.11) II=1I x Q+ MghT x x,
(5.12) J=ou,
(5.13) I=Tx.

These dynamics have two constants of motion,
II-T and |T| =1,

where IT - ' is the vertical component of the space-fixed angular momentum, and
Tl = IR k|| = ||| = 1. 3

Since the reduced Lagrangian ! (or [) does not depend on the rotor angle 6, and
we are not interested in the angle of rotors but in the angular velocity of rotors,
we will remove X from the phase space for the sake of simplicity. Hence, we will
regard s0(3) x R? x R3 as a new phase space, where R? is the velocity component of
TX =R? x R2.

Let €(0), (0), and I'(0) with ||T'(0)||> = 1 be an initial condition with

I'(0) Mgh

5.14 3:=11(0) - —= < =
(5.14) §=100)- 72 <[

We are interested in the equilibrium e = (€2, 0., r.),
(5.15) Qe =(0,0,93), 6= (0,0), I'e=(0,0,1)
or

Q. = (0,0,9Q3), J.=(0,0), T.=(0,0,1),

which corresponds to the upright spinning top with the rotors at rest. Notice that
this equilibrium lies in the same level set of (IT- T, ||T'||?) as the initial condition.
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We construct a Lyapunov function using the energy-Casimir method (see [8] for
more detail of this method). Set
(5.16) Ey=K+U+®I1-T,[|T||?) + U(J1, J2),

where the potential energy U is given by U(T') = MghT'- x = M ghT's, and the kinetic
energy K is given by

1 I\ o 1 BN o 1o o J? J?
K==-|XAM—-——]Q — (A= —]Q — 130 —
2(1 Pl) 1+2<2 P2> 2T S 2k

in the new coordinates (€2,.J,T). Choose the function ¥ as follows:
B, B
261 J1 2€2J2

(5.17) U(J1, Jy) =
where coefficients ¢; will be determined later. Choose the function ® of the form
B(r,y) = ~05(x — %) + 5 (7(95)* — Mgh) (y— 1)
+ gl = 95 + Jaaly — 1)%

where the constants a; and as are chosen such that

a<;
1 13

and
a1f3Q§ — Qg)Z

i _ I
4 I309)% + I5(Q9)% — Mgh < -
az + a1 (13923)° + I3(923) g A

One can check that the equilibrium e is a critical point of Ez. We now find conditions
under which this critical point is a local mazimum. First, choose p; satisfying
I5(Q%)% — Mgh J;
—3( 3)02 g <)\i—i<0

(€23) Pi
for i = 1,2, and then we can choose ¢; and € such that the second derivative of Fg
becomes negative definite at e, which implies that Eg has a local maximum at e. For
later use, we impose an additional condition on p; and ¢; as follows:

(5.19) Ji(€3)% + (e + pi) ((923)*(Is = Ai) — Mgh) # 0.

(5.18)

With (5.19), it is still possible to find p; and €; to ensure negative definiteness of the
second derivative of Kz at e.
The following choice of v = (v1, v2),

(5.20)

&
Il
o
/N
$.
_|_
()
s
N———

with ¢; > 0 for ¢ = 1,2, implies

d 2 i\
21 B = | 6 ]l >o,
(5 ) dt [ ;C ( + ei']'i> - 0
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which proves the Lyapunov stability of the equilibrium e in the closed-loop system.
The complete control law u for the original system (I,0,7*X) can be obtained from
Theorem 2.11.

Asymptotic stabilization will now be shown by using LaSalle’s theorem. Since
Ej has a local maximum at e, it is nondecreasing in time, and I - T' and ||T||? are
conserved, there is a number ¢ such that the set

S={r€s03)xR*xR*|Eg >c, II-T =1L -T,, |[[|*=1}
is nonempty, compact, and positively invariant. Define
E={recS|E;=0}={recS|v=0}

Let M be the largest invariant subset of £. One can show M = {e} by (5.19) after
shrinking the set S if necessary. Thus, by LaSalle’s theorem, e is asymptotically
stable. )

Here are the main points in the proof that M = {e}. Let (Q(¢),0(t),T'(t)) be
a trajectory in M. The condition v = 0 and (5.12) imply that J(¢) is constant.
Hence, 0;(t) and Q;(t) are constant for ¢ = 1,2. By (5.9), II;(¢), ¢ = 1,2 are constant.
Then the third component of (5.11) becomes A3Q3(t) = constant. By the Lyapunov
stability of the equilibrium, it follows Q3(t) = 0. Hence, Q3(t) is constant. The first
and second component of (5.11) imply that I'y(¢) and T'2(¢) are constant. Then the
third component of (5.13) implies that I'3(¢) is constant. So far we have shown that
the trajectory (Q(t), 6(t), (), or (II(t), 8(t),T'(t)), is constant for all ¢ > 0. Consider
the map f : R® — R0 defined by

ITx Q4+ Mghl' x x II
I'xQ T
: J1Q + (61 + J1p1)91 €101
Q>9>F = A = )
g ) J2Qs + (€2 + Jopa)bs €202
II-r—-1I1.-I', II-r—-1I1.-I',
IT)* =1 > =1

where IT is expressed in terms of (£,6) as in (5.9). Then one can see that all the
trajectories lying in M are contained in the set f~(O). In particular, the equilibrium
(Qe,8c,T.) in (5.15) is also contained in f~1(0). One can check that the rank of the
Jacobian matrix Df at the equilibrium is the full rank 8 by (5.19). Thus, f is locally
one-to-one around the equilibrium by Theorem 4.12 in [16]. Therefore, the only
possible trajectory totally lying in M is the equilibrium point itself. It follows from
LaSalle’s theorem that the equilibrium is asymptotically stable.

Remarks. 1. The above procedure shows that the choice of control gains depends
on the initial condition. This is unavoidable because we need to know the value of
the constant of motion II - I, which the internal actuation cannot change; however,
our suggested controller is robust to small errors in the measurement of the initial
condition. Let é be the equilibrium of the form (5.15), with Qg instead of Q5. Suppose
the Qf used in constructing the control law is very close to the value Qg Let Ei) be
the function of the form (5.16), with Q3 replaced by Q3. Then € is a critical point
of EEIS- By continuity, the second derivative of E&) at € will remain negative definite,
proving Lyapunov stability of e.

2. The same form of controller works for the asymptotic stabilization of the
upright spinning top with Q3 > \/Mgh/I3, which is the opposite of (5.14). All
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that needs to be done is to choose p; and ¢; to make Ez have a local minimum at
the equilibrium and to choose negative c; such that Eg decreases in time. LaSalle’s
theorem argument guarantees asymptotic stability.

6. Conclusions. In this paper we have studied the reduction of controlled La-
grangian (CL) and controlled Hamiltonian (CH) systems with symmetry. We have
shown that the notion of equivalence of controlled systems is preserved by the re-
duction procedure. This leads to a natural derivation of the Bloch—Leonard—Marsden
Euler—Poincaré matching conditions and shows in a precise sense how they are related
to the unreduced Euler-Lagrange matching conditions. The theory also shows how
to do the equivalent matching on the Hamiltonian side. We studied the examples of
a rigid body with rotors (a spacecraft) as well as a heavy top with rotors to illustrate
the theory.

In the future we will study more examples and also see to what extent this the-
ory applies to controlled nonholonomic systems with or without symmetry, following
[18] and [36], and to degenerate and implicit controlled Lagrangian and Hamiltonian
systems, following [6] and [35].
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Abstract. Sufficient conditions involving Lie brackets of arbitrarily high order are obtained for
local controllability of families of vector fields. After providing a general framework for the generation
of high-order control variations, we propose a specific method for generating such variations. The
theory is applied to a number of nontrivial examples.
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1. Introduction. In this paper we present a technique for generating high-order
variations of families of vector fields. Our approach is motivated by the early work
of Sussmann on local controllability [10]. As in [10], we consider S a set of analytic
vector fields on 2 C R™ and an S-trajectory to be a continuous curve which is a
finite concatenation of integral curves of vector fields in S. A point ¢ is S-reachable
from p if there exists an S-trajectory ¢ — ~(t) such that v(0) = p, ¢ = v(¢) for some
t > 0, and S-reachable from p in time <T if t <T. We say S is locally controllable
(hereafter abbreviated l.c.) if, for every T' > 0, the set of points S-reachable from
p in time < T contains p in its interior. In [10] Sussmann defines the set Szl, of Lie
brackets of order two of vector fields in S. His main result is that S is lL.c. at p if
0 € int(co(S(p) U Si(p))), where co stands for convex hull. The main contribution
in this paper is the construction of sets of vector fields SI% , SS, ... of higher-order Lie
brackets of vector fields in S. In Theorem 4.5 we summarize our results concerning
the generation of these high-order variations. This method of generating variations
leads to a controllability result, Theorem 3.7, which states that S is l.c. at p if

0 € int(co(S(p) U S,(p) U --- U S) (p)))

for some m > 1. Of course, the problem of local controllability, especially for control
affine systems, has been studied in detail. We refer particularly to [1, 2, 3, 5, 6, 7, 11,
12].

The paper is organized as follows. In section 2 we review Sussmann’s results on
local controllability and consider an example. In section 3 we introduce our high-order
condition for local controllability, Theorem 3.7. In section 4 we introduce a concrete
class of higher-order variations which allow us to apply Theorem 3.7. In section 5 we
give some examples illustrating our results.

2. First-order conditions. Suppose that S is a set of vector fields on an open
set @ C R™ and 0 € co(S(p)) for some p € Q, where co(S(p)) is the convex hull in
R™ ~ T,9Q of the set of vectors S(p) = {X(p) | X € S}. Then, as in [10], we let
L°(S,p) C R™ denote the unique linear subspace of maximal dimension such that

0 € intro(s,p) (co(S(p)) N LO(Svp))
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and define
Zy={X eS| X(p) e L°(S,p)}.

Let S; denote the set of second-order Lie brackets 5’; ={[X,Y]| X,Y € Z)}, where
[X,Y](p) = dY,X(p) — dX,Y (p). The following sufficient condition was established
by Sussmann.

THEOREM 2.1 (see [10]). Suppose that S is a finite set of vector fields such that
0 € int(co(S(p) US}(p))). Then S is Lc. at p.

Remark 2.2. A natural extension of this result would involve S*g, the set of
all triple brackets of elements of Zg . Sussmann points out that the corresponding
second-order theorem, that S is l.c. at p if

(2.1) 0 € int(co(S(p) U S, (p) U Sp(p))),

is false. One consequence of our results is that this theorem does hold if 5’12) is the
restricted set of triple brackets of elements of Z) of the form [X, [X,Y]]. For example,
if in R3 we take the vector fields

W=(1,20), X=(-1042%, Y=(0,10), Z=/(0-10),

then (2.1) holds at p = (0,0,0), but clearly the family is not l.c. at this point as one
can never reach states with negative z coordinate.

3. Higher-order Lie brackets. In this section we develop our methodology for
the generation of control variations involving arbitrarily high-order brackets of vector
fields in S. Our method for doing so begins with some constructions involving what
we call complementary sets of vector fields. After these considerations have been
discussed in section 3.1, in section 3.2 we produce explicit S-trajectories, which give
us control variations involving certain high-order Lie brackets of vector fields in S. In
section 3.3 we apply these constructions to give a theorem on local controllability of
S.

If X is a vector field, we denote its flow by t — X (p). If X,Y are vector fields,
we let adxY denote the Lie bracket [X,Y](p) = dY, X (p) — dX,Y (p) (see [14]). We
shall consider iterated brackets of vector fields from a family of vector fields, and so
need the notion of degree of a bracket. For us, this will refer to the number of vector
fields involved in the bracket. Thus a plain vector field has degree 1, and [X,Y] is a
bracket of degree 2. Of course, to be perfectly clear about this, one should use free
Lie algebras [8]. However, the loss of rigor in what we do here does not merit the
introduction of the additional terminology.

3.1. Complementary vector fields. A finite subset X}, C ZS is said to be
complementary at p if

0 € intag(x, (p)) (cO(Xp(P)))s

where aff denotes the affine hull. Equivalently, X}, is complementary if 0 can be written
as a linear combination of the X (p), X € X}, with strictly positive coefficients. Clearly
Zg is complementary at p. If Zg is convex, then there are many complementary sets.
We note that Zg is convex if S is. Furthermore it is known that S is lL.c. if and only if
co(.9) is l.c. While our results do not depend on S being convex, to simplify notation
we will assume that S is convex for the rest of this paper. We will also assume that
the family of vector fields has the property that S(p) C T,,(2 is compact.
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PROPOSITION 3.1. Suppose Zg s conver. Then for every X € ZS there exists a
vector field Y € ZS such that {X,Y} is complementary at p.

Proof. Let X € ZS. From the definition of Z) there exist A\; > 0 and Y; € Z)
such that S2F A =1 and Ao X (p) + M Yi(p) + -+ + A Yi(p) = 0. Set A = S2F N
and Y = Zle()\i/)\*)Yi. Because Z is convex, Y € ZJ. This, together with the fact
that (Ao X + A.Y)(p) = 0, completes the proof. o

Suppose that X, = {X!,..., X*} C ZS is complementary at p. Then X, gives
rise to vector fields which vanish at p, namely those which can be expressed as Z =
MXt+ -4+ A\ XF for appropriate \; > 0. We define Z, as the collection of all such
vector fields Z. Since we assume that S is convex, we know that Z € S and thus

Z,={Z| Z€8S, Z(p) =0}.

Part of our approach will be to systematically consider rather general classes of
S-trajectories. To this end, let 7 be a permutation of {1, ..., k}. We denote by X7 (p)
the composition of integral curves of the vector fields in X}, with time rescaled, namely

T w(k (1
X7 (p) = XA,(,(,3>t -0 X/\f,(l))t(p)a

where A; > 0 and Z?:O A\ X%(p) = 0. Note that X (p) is reachable in time (3, \;)t.
In spite of a rescaling of time, X (p) is an S-trajectory in the sense that all points
of the form X[ (p) for t sufficiently small are the image of a proper S-trajectory.
Let P denote the set of sequences of permutations of {1,2,...,k}. If n € Py, then
n = (mg,7oe—1,...,m) for some ¢ € N, and we define a Xpl—tmjectory X, (p) to be
the S-trajectory which is the composition of the curves X} (p). Then the Campbell-
Baker—Hausdorff formula [13] asserts that, for ¢ sufficiently small, there exist vector
fields X% and X™ such that

k
Xt‘ﬂ'(p) — (Z )\W(i)Xﬂ(i) _|_X7r,1t+X7r72t2 +O(t2)> (p)’
=1 t

X (p) = Xl 00 X (p)
_ (Xn’l 4+ XM% 4 o(t)):(p),

(3.1)

where X! is a multiple of Zle A X% and hence vanishes at p. Note that the
Campbell-Baker—-Hausdorff formula also provides explicit expressions for these terms
in the series. In any event, this leaves as dominant the second-order term X"2(p).
Sussmann [10] generates a richer class of S-trajectories, which allows him to prove
his theorem on local controllability (stated as Theorem 2.1 here). However, the lo-
cal controllability result can be proved using the smaller class of S-trajectories that
we consider here. We also point out that, as with X;"(p) above, the point X,'(p) is
reached by an S-trajectory after some time ot, o > 0, has elapsed.

Remark 3.2. In (3.1) we have expressed X,’(p) as an integral curve for a “time-
dependent” vector field X (t) = X! 4+ X2t 4 o(t). To make this more precise we fix
7> 0 and let «(t) denote the integral curve of the vector field X (7) through p, that
is, ar(t) = (X(7))¢(p), where La.(t) = X(7)(a(t)) and a,(0) = p. Then X,(p)
denotes the point o (t)|r=¢.

Remark 3.3. While our definition for S;; differs slightly from Sussmann’s 5’11,, we

do have CO(S;) C co(S}). To show this we can utilize the limited set of permutations
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used by Sussmann in his proof of his sufficiency condition for local controllability
(Theorem 3 of [10]).

Before we define S{;, we motivate the notion of S-trajectories which approximate
integral curves to orders higher than one. Let XY € S;. From the definition of SII)
there exist S-trajectories X} (p) = (X' +tX +o(t)):(p) and V) (p) = (Y1 +tY +o(t)):(p)
such that X' and Y'! are linear combinations of vector fields in S that vanish at p.
Now suppose that (A1 X + XY + A3Z)(p) = 0 for some Z € S and A, Ay, A3 > 0.
Proceeding as above, while rescaling time to ensure compatibility between the vector
fields in S and Szl,, we construct the S-trajectory

Xt(p) = X:}Ht ) y:]/Et e} Z>\3t2 (p)

From the Campbell-Baker—Hausdorff formula we obtain

Xi(p) = (X' + XV Mt +0(t) oo (VI + YV ot +0(t) i, © Zage ()
- (t(\/Tlxl F VYY) A+ 20X + XY + X Z + (1/2)v/ AV, X))
+ W +o(t)) (p)
= (X" 4 £2X72 4 3 X13), (p)

for vector fields X1, X2 X3 with the following properties:
1. X! is a linear combination of vector fields from S;
2. X2 is a linear combination of degree 1 and 2 brackets of vector fields eval-
uated at p in S
3. X3 is a linear combination of degree 2 and 3 brackets of vector fields eval-
uated at p in S}
4. X1 and X2 vanish at p.
Since the coefficients of ¢ and ¢? vanish at p, we have produced an S-trajectory which
approximates, to the third order in ¢, the integral curve of X3, We let SZ (Xp) denote
the set of all such terms X3, and Sg the union of the sets Sg(.)(p) over all subsets
X, complementary at p.

3.2. Higher-order variations. We now define S; for ¢ > 1 inductively. Sup-
pose that we have defined sets of vector fields Szl), ..., 5;" with the following property:
for any X € SJ there exists an S-trajectory of the form X{(p) = (X"(t))¢(p) =
(tX"(t)1(p), with X"(t) a time-varying vector field so that for ¢ sufficiently small
tX"(t) can be represented by the convergent power series

EX(E) = tX™E 42X O TLXOL g9 X9 (497

where the vector fields X!, ..., X"~ vanish at p, X = X" and oj is defined
inductively by o1 = 2 and
(ox + Dlem{oq,...,01}

3.2 =
( ) Ok+1 % )

where lcm denotes least common multiple. We note that one consequence of the
above definition is that 0,41 > o, > -+ > o01. The reason for this definition
becomes apparent in the proof of Lemma 3.4. Let L™ (S, p) denote the unique linear
subspace of maximal dimension such that

0 € intym (s, (co(S(p) U SH(p) U+ U ST () N L™ (S.p),
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and set
ZM={XeSuS u---US™| X(p) e L™(S,p)}

A finite subset X, C Z is said to be complementary at p if

0e intaff(;gp(p)) (CO(Xp(P)))

or, equivalently, if 0 can be written as a linear combination of the vectors X (p), X €
Xp, with strictly positive coefficients. Suppose that &), = {X1,...,XF} is a subset
of Z7 complementary at p, so that Zf:o XiXi(p) = 0 for some \; > 0. Let 7 be
a permutation of {1,2,...,k}. Then X’ € S or X' € SJ, where m; € {1,...,m}.
If Xt ¢ S;'t, then, by our induction hypothesis, there exists an S-trajectory of the
form X" (p) = (X" (t))(p), where the time-varying vector field X" (¢) has the power
series expansion

(3.3) EX () = X e T Tt 4 g7m X ()
and such that X", ... X7:9mi-1 vanish at p. We rescale time by ¢ — a;t7", where
o; = )\3/0"”, and v; = lem{oy,...,0,}/om,. If X* € S, we rescale time by t +— a;t7%,

where v; = lem{oy,..., 0, }—in effect, we define oy = 1. We denote by X (p) the
S-trajectory

N (i N
(3'4) Xtﬂ(p) = Xa"((:;t‘hr(k) ©:-+0 Xaﬂfi))tvﬂ(l) (p)
This rescaling is needed because, if X € S’}’;, then, using a suitable control variation,
we can generate an S-trajectory which achieves motion in the X direction to order oy,

in t. Finally, if n € Py, so that n = (ms_1,Tk,_,,...,m1), we define X;’(p) to be the
composition of the curves X7 (p) and say that X;(p) is an X)**!-trajectory. Then

X/ (p) = X[ 00 X[ (p) = (X"(1))e(p)-
For ¢ sufficiently small the Campbell-Baker—Hausdorff formula yields
(3.5) tX"(t) — tX”’l 4+t to'm+1_1X7770'm+1_1 4 OmA X Omtl 0(t0m+1)

for vector fields X"°.

The following lemma makes clear why the inductive definitions of the o}’s are as
in (3.2). The idea essentially is that one needs to define time rescalings along vector
fields in an S-trajectory to ensure that the desired term is the first nonzero term in
the series expansion. This makes sense of our inductive definition of S (p).

LEMMA 3.4. The vector fields X"t ... X"om+1=1 that appear in (3.5) vanish
at p.

Proof. Let X € S;, Y e Sg, where 4,5 € {0,...,m} and Sg = S. By our induction
hypotheses there exist time-varying vector fields X" (t), X" (t), where

tX(t) = (X" o A tTTIXTTE L 7 X 4 o(171)),
tX(t) = (tXM po 7T X0 49 o(199),

with X7k X7-¢ vanishing at p as in (3.3) above. The corresponding S-trajectories
are X} (p) = (X" (8)):(p) = (tX" (t))1(p) and X" (p) = (X" ())e(p) = (EX " (£))1(p)-
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Rescaling time as above and concatenating these curves yields the S-trajectory

B(t) = X;Zm o X;’:tw

= (X (@), © (X (00 7
= (et X" (a;177))1 o (0t X (a;t7%))1(p)

oj+1 oi+1
- (Z (ast) Xk o(tm“f“))) ° (Z (aat™) X + o(t%@i*“)) »)
k=1 1 (=1 1
where X = X% Y = X":% and X"* and X" F vanish at p for k < oj,l < 0;.
For t sufficiently small, the Campbell-Baker—Hausdorff formula gives the coefficients
of ¢t in the power series expansion for §(¢). In particular, 3(t) can be written as
a convergent power series whose terms are expressible as linear combinations of Lie
brackets of the vector fields X”* and X"°* and Lie brackets of these vector fields
of all orders. Our induction hypothesis implies that X7¢ and X"* vanish at p if
k < o; and £ < 0;. Hence Lie brackets of these vector fields also vanish at p. Thus
the lowest-order term with respect to ¢ in the power series expansion for §(¢) which
does not necessarily vanish at p will be

a;t79)% X595 + Ozit% i XM
J
From the above definitions
i\oj §,05 1/oj\o; o PP
(ajt’YJ) i XM % — ((}\j/ J) J)t% i X i3
and
(ait%)UiXm,Ui — ((Az/ﬂi)oi)t'yioiXm,ai.
Thus
(ajt'Yj)UjXW’aj + (ait'Y'i)G'iX'ﬂhU'i _ tlcm{Ul,-<~70m}(>\anj,aj + )\iXm’U'i).

The next (higher) power of ¢ which appears in the power series for 3(t) is ¢t", which
has as coefficient the linear combination of vector fields

(Oljt'Yj)Uj+1X77ijj+1 4 (aitvi)oiJrle,giJrl
= aq'jJrlt'Yj(Uj—i_l)an’aj-i_l + afitipriloitl) xymioitl
J 1
oi+1
“L—=)lem{oy,...,0m}; the sequence

{o;} is, by definition, monotone increasing; and oy, 41 = (2=t )lem{oy, ..., 0m}, we

see that vj(0; + 1) > o4 for j < m and vj(o; +1) = Om41 if j = m. Among the
Lie brackets of order 2 in the power series expansion of (3(¢) which do not vanish at
p, the terms with the lowest power of ¢ will have the form

[ajt’Yj ‘)(771'717 (ait’Yi)U'iX"?'hUi] _ ajaio"it'Yj"l"‘/io'i [an’17 Xm,m:}.

We now show that 7 > 0,,,11. Since y;(0;+1) = (

Here we have t to the power «y; + v;0; and

lem{oy,...,0
")/j +’yioi:¥+lcm{al,...,om}
J

)lcm{al, cey Om )

. (O'j +1
0j
Zo—m+17
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with equality holding if and only if 5 = m. Lie brackets of order greater than 2
which are coefficients of t* with s < o,,41 clearly must vanish at p. Thus if £ =
lem{oy,...,0m}, then the power series expansion for X7 (p) defined by (3.4) is of the
form (tZ' + - + 712V 1 8 Z8 14727 + o(t7))1(p), where Z1, ..., Z~! vanish at
p, Z¢ = > XX hence by our choice of the );’s we have Zt(p) =0, and r > 0y
with » = 0,41 if and only if one of the vector fields X € S;'. Extending this
argument to X;’(p) completes the proof. |

This lemma implies that X,’(p) is an S-trajectory which approximates, to order
t7m+1, the integral curve of X"7m+1 with time rescaled to t7=+'. We let S" (X))
denote the set of all such terms X"?m+1  indexed over all X;"‘*‘l—trajectories X (p).

DEFINITION 3.5. S7"! is defined to be the union of the sets S;*+1(X,) over all
subsets X, complementary at p.

We note that vector fields in S7* will be linear combinations of brackets of degree
at most m + 1 of vector fields in S. The following is a consequence of the above
discussion.

PROPOSITION 3.6. Suppose that X € S)'. Then

1. for t sufficiently small, there exists an S-trajectory X,'(p) of the form

(3.6)  A(p) = (X! 4o tTnTIXIm 4T XTI EL 4 o(87))(p),

where X = X" and the vector fields X% vanish atp fork=1,...,0m—1;
2. if X(p) =0, then X7+ in (3.6) belongs to S}
3. the S-trajectory (3.6) has the form

X' (p) =p+t7" X (p) + o(t™™),

where X is a linear combination of brackets of vector fields in S of degrees
up to and including m + 1.
Proof. Assertion 1 follows from our definition of Sj*. In particular, the fact that,
for ¢ sufficiently small, there exists an S-trajectory X;(p) of the form

th(p) _ (Xn,l et tom =1 xMom 4 tom X Mom+1 + O(tam))t(p)’

where X = X" and the vector fields X" vanish at p for k = 1,... 0, — 1,
follows from the definition of S7" and Lemma 3.4. For point 2, suppose that X
also vanishes at p. Then, by definition, &), = {X} C Z* is a set of vector fields
complementary at p, and hence the &}"-trajectory X/ (p) is also a X;”H—trajectory,
and then X"om*1 € ST by definition.

For assertion 3 we write (3.6) in exponential form:

ng(p) — exp(tX"al 4ot tom—1xmom—1 Lom X 4 O(tam))(p)
=p+t7"X(p) +o(t"™),

since X™1(p) = ... = X1om=1(p) =0, 0

3.3. A theorem on local controllability. The main result in this section is
the following high-order sufficient condition for local controllability.
THEOREM 3.7. Suppose that S is a set of vector fields on 2 C R™ such that

0 € int(co(S(p) U S (p) U---U ST (p)))

for some m > 1. Then S is l.c. at p.
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Proof. By assumption there exist vector fields X7, ... ,X,ii € Sli, for0 <i<m
such that 0 is contained in the absolute interior of the convex hull of {X]Z (p) ] 0<
i <m, 1<j<k;}. Here we set S) = S. In light of Proposition 3.6(3) we can find
corresponding S-trajectories

g4

X" (p)=p+

— X (p) +olt™)

Rescaling time by t7 = a;s, j for s, ; > 0, we have X"/ (p) = p + 5i.jX5(p) + o(si 5)-
The composition of such S-trajectories yields

m  k;
a(81,1,81,2,- -+ Sk, ) =P+ Z Z $i,;X;(p) +o(s1,1+ 812+ + Smyk,,)-
=0 j=1

This is the form of the S-trajectories used in the proof of Theorem 3 in [10]. We can
then apply Lemma 4 of [10] to conclude that S is l.c. at p. d

Remark 3.8. The result may also be proved using techniques of Frankowska [4].

Remark 3.9. Suppose that X € S and that Z',...,Z" € Z,. Then the di-
rections spanned by tadz: o adgz o -+ o adgze X(p) can be considered as available
directions for the purposes of local controllability, provided that there exists Y € ST
so that X (p) + Y(p) = 0. This may be argued by slightly generalizing Theorem 2.4
in [2].

4. A concrete class of higher-order variations. While Theorem 3.7 is inter-
esting, it is not so easy to apply, as we have not been very concrete about describing
tangent vectors in S)"(p). In this section we provide a description of some such tan-
gent vectors. Our description arises from developing S-trajectories associated with
sequences of permutations. One of the consequences of our development is the iden-
tification of terms in the series expansion for the S-trajectories that are independent
of permutation. These are obstructions to local controllability in our setup. In the
parlance of Sussmann [12], these are fixed points of a group action in a free Lie algebra.

4.1. Variations associated with sequences of permutations. Suppose that
X,Y € S. Then, for t sufficiently small,

Yo Xi(p) = (A%(X,Y) + AN X V)t + A2(X, V)P + AP(X,Y)E + ), (),
where, from the Campbell-Baker—Hausdorff formula,
A'X,)Y)=X+Y,

AYX,)Y) = %adXY,

1
A2(X,)Y) = E(ad%VXJraol%(Y),
4.1 1
(“.1) A3(X)Y) = — ﬂawlyad?xy,
1 1 1
AYX,)Y) = — — Y — — Y,ad% Y]+ — ad?ad%Y
(X,Y) 180adyadX 120 [adx Y, ad% ]—I—lsoadyadx
1 1
+ — [adxY,ad? X] — — ad%Y — —— ad} X,

360 720 720
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and Ak(X ,Y) can, in principal, be expressed e_xpli_citly as functions of X,Y for all
k > 0. Let N denote the positive integers. If X*,Y? € S, s = (s1,...,5;) € N¥, then
for m € P, the group of permutations of {1,2,...,k}, we form the S-trajectory

X7 (p) = y*™@ o xm)  Jym@) (@) er(k) o x7 (k) ()

(4.2) o) T T tw(@) T ) G I
= (@) + Qut + Q2> + - )u(p),
where the vector fields Q% = Q4(X', Y, ..., X" Y* s) are linear combinations of

the vector fields A47(X? Y?) and their Lie brackets. For example, for s = (1,...,1)
we have

Q = A(XLYT) 4+ ANXEYE),
k
1 _ 1 % i - 0 7(2) 7(2) 0 () ()
i=1 1<i<j<k

The order of the group P is k!, and we define P! to be the elements of the k!-fold
direct product of P{ with itself, HflzlP,g, of the form 7 = (w1, ..., ), where m; € PP
are distinct. We note that P} is a set with I' = k!l elements. If 7 = (my,...,70) € P,
we define a corresponding S-trajectory

X (p) = X[ o0 X (p) = (Qgr + Q}rt + QgrtQ + - )e(p),
where, as above, Q¢ = Q%(X',Y' ..., X* Y* s)is alinear combination of the vector
fields A7(X",Y*) and their Lie brackets. Similarly = € P2 if 7 = (m1,..., 7, ), where
T € Pkl and

X (p) =X o0 X (p) = (Qg +Qrt+ Q72'rt2 + - )e(p)-

In this way we can inductively define subsets of permutations P. It will be convenient
to use the notation T'(k,¥) to denote the cardinality of Pf. Thus I'(k,0) = k! and
['(k, £+ 1) = I'(k,£)!. Note that if 7 = (m1,...,Trm,e)) € P,f“, where 7; € P{, then
X[ (p) denotes the S-trajectory
X (p) =X o0 X (p)

= (QF +Qxt+ - )i(p).

For example, P = {my, 7y} with
(1 2 (1 2
= o2) ™72 1)

P21 = {(771’772)7 (7T2,7T1)},
Py ={((m,m2), (m2,m1)), ((m2,m1), (m1,72))}.
If 7 = (71, m2) € P}, then
X (p) =Y o X} oV2, 0 XA, 0Y2, 0 X2, oVh o X},

(4.3)

Thus

and if 7 = (72, 7m) € Py, then
X7 (p) = Ytgz o Xt232 o Y;slﬂ o Xt151 o Yt£1 o thsz ° Y;f%z ° Xt252'

Similar expressions then hold for the elements of P§. In essence these are analogous
to the time reversal permutations considered by Sussmann [12].
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4.2. Permutation-invariant elements. Next we turn to a more detailed in-
vestigation of the terms in the power series expansion for the S-trajectories of the
preceding section. In particular, we show that such power series expansions possess
terms that are independent of the sequence of permutations. In essence, these are
terms in the series which cannot be modified by changing the sequence, and so may
be thought of as obstructions to local controllability.

The first result exposes the pattern in which invariant terms arise in the series ex-
pansion (4.3) under sequences of permutations of a given length. If s = (s1,...,s%) €
NF, we set

m(s) =min{s; | 1 <i <k}
and define m;(s) inductively by
mo(s) +2 = min{s; + 85| 1<0,j <k, i £}
and
me(8) = mo(s) + fm(s).
LEMMA 4.1. Let m € P{, and let X[ (p) be the S-trajectory
A (p) = (QF + Qrt+ - )e(p)

defined by (4.3). Then QY,..., me(®) gre independent of m, and QY, ..., Q;n(s)*2
vanish identically.
Proof. We begin by considering the case m € P,?. To help with notation we set

Xj (t) — ZAi(XW(j)’ Yﬂ—(j))t(i"’_l)sﬂ(j),
=0
so that the S-trajectory X7 (p) defined by (4.2) is the composition of integral curves

of the vector fields X; followed for one unit of time. Thus X7 (p) = (X1(¢))10---0
(Xk(t))1(p), and, using the Campbell-Baker-Hausdorff formula, we have

k
@) e =N N0+ Y XK@+ | @),
j=1

1<i<j<k L

where the additional terms are iterated brackets of the vector fields X;(t) of degree
greater than 2. We note that Zle X;(t) is independent of our choice of © € Pp.
Writing the above vector field explicitly as a power series in ¢,

X (p) = (Q% + QLt® + - )1(p),

we see that, from the definition of X;(¢), the lowest power of ¢ with a nonzero co-
efficient will be t™(%), where m(s) = min{s; | 1 < i < k} as above. In particular,

oo, Q;n(s)_Q are identically zero. Similarly the lowest power of ¢ with a nonzero
coefficient in 37, ;<. 21X;(t), Y; ()] will be tmo(®)¥2 5o that Qo i the coef-

ficient of the ¢ which could vary with 7 € P?. From our definition of mg(s) we have

X7 (p) = (Q@ 717 o Q@ ), (),
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where Q771 . Q™) are invariant with respect to 7 € PY. This proves the
lemma in the case £ = 0. Now suppose that the lemma holds for = € P,f. Let
T = (T1,..., (k) € P,f“, where 7; € Pf, and set

X[ (p) =X 0.0 X0 (p).
By assumption,
Xtﬂ'z‘ (p) — ( Z:(S)*ltm(s)*l + QZ(S)tm(S) + .- )t(p)’

where Q?i(s)_l, cee ;nf(s) are independent of ;. Setting Q= Q{T for j = m(s) —
1,...,my(s), it follows that X" (p) = (X;(¢)):(p), where

X;(t) = Qm(s)*ltm(s)*l + Qm(s)tm(s) N Qmﬂ(s)tm’«(s)
+Q?e(s)+1tme(s)+1 4.

As in (4.4), the Campbell-Baker-Hausdorff formula yields an expression for X" with
X (t) replacing X;(¢). Arguing as in the case £ = 0 above, we can conclude that

X7 (p) = (I‘(]€7 g)Qm(S)*ltm(S)*l + -+ T(k, g)Qme(S)tme(S)
+ (Qme(S)Jrl N Qm@(5)+1)tml(3)+1 4
™

T (k,2)
me(8)+m L m +m\pme(s)+m
+ QT e Qe e

+ Q?e(s)+m+1tme(s)+m+l 4. .)t(p)_

Since my(s) + m = myy1(s) and in the above equation the coefficients of ¢* with
1 < myy1(s) are w-invariant, the induction is complete. d
Let m € P,f. In light of Lemma 4.1 we set

fnv = Q:r? me-1(5) <1 S mg(S),
where Q¢ = Q! (X', Y ..., X* Y* s) depends on X?, Y and s is independent of
m. For £ =0 we set

=0, ie{0,1,...,mp(s)}.

inv T

In the case s = (1,...,1) it is straightforward to show that my(s) = ¢ and
Oy =AY XL YY) 4+ AY(XP YR,

iy = KI(AN XY 4o 4 AN XE YY),
v = (RD2(A2 (XL YY) 4+ A2(XP YY) + B,
where B is a linear combination of degree 3 brackets of the vector fields A%(X?, V).
For our application, the pairs {X?,Y?} above will be complementary at p so that
A%(X® Y?) and hence B vanish at p.

The following proposition relates the definition of Qf , to the S-trajectory corre-
sponding to 7 € P{, where i < my(s).

PRrROPOSITION 4.2. For each £ > 0 and w € P,f there corresponds an S-trajectory
of the form

Xtﬂ'(p) _ (O‘OQ?nv 4t amg(s)Q;’K\tZ/(s)tme(s) + Q;nz(s)+1tme(s)+1 +.. )t(p),

where a;; > 0, 4 € {0,1,...,me(s)}.



312 RONALD HIRSCHORN AND ANDREW D. LEWIS

Proof. The proof of Lemma 4.1 contains this result with a slight change of notation
using the subscript “inv” to keep track of the vector fields invariant with respect to
the appropriate collection of permutations. 0

Remark 4.3. In the case of a single-input affine system & = f(z)+wug(x), consider
thesets {X' = f+¢g,Y'=f—g}and {X? = f—g,Y? = f+g}, and take s; = 89 = 1
to compute

iOHV = 4f7
8
i2nv = 7ad£2;f7
4
4, = éad‘lf + 3 6 adgad’g %;[adfg,adfc%

1136 119912
o = d}g] — dg,ad}g] + —ad;ad}g
mv 315 Hf’ ]’ ] 945 [ ’ g] + 105& a
1024 3376 144
T [adfg,adzad?cg] 31E ——adyg, [adfg,ad - —[adfg,adgf]
16 o 176

These are linear combinations of bad vector fields as per [12]. We show in Corollary 4.8
that, for two pairs of complementary vector fields, va = 0 for £ odd. We also remark
that the eccentric character of the coefficients in the expressions for the permutation-
invariant brackets is a consequence of our use of the Campbell-Baker—Hausdorff
formula.

Remark 4.4. In a given example, one may have many more permutation-invariant
vector fields than the Q?, ., which are invariant on essentially the free Lie algebra level.

inv’

4.3. Applications to local controllability. In this section we summarize the
above developments as they apply to conditions for local controllability. The following
result relates the permutation-dependent constructions to the more general construc-
tions of section 3.2.

THEOREM 4.5. Suppose that {X*, Y} C S fori = 1,...,k, s € N¥, and

?nv(p) = }nv(p) - - Q:ﬁi(S)( ) = 0 Then
L Qpott ¢ SW(S)H for all m € P{ and
9 lez(s)+1 c Sm; s)+1

mv
The next three corollarleb specialize the theorem to interesting cases. The first

deals with the case when all time rescalings are equal to 1. In practice, this will often
be the case, but in Remark 4.10 we provide a situation where it is beneficial to allow
the more general class of rescalings.
COROLLARY 4.6. Suppose that {X* Y} C S fori=1,....k and s = (1,...,1).
Then
Cif QY (p) = QL (p) = -+ = Qb (p) = 0, then QLT € SEFY for all € P
and
2. if {X*, Y} are complementary at p fori=1,...,k, then
(a) fadx:Y" € S},
(b) 2ad§(7;Yi — ad%,,.,Xi € Sf, and adﬁ(,;Yi € Sg, and
(¢) tady:ad%.Y? €S2 if Y (ad%, Y’ +ad2, X")(p) = 0.
Our next result specializes Theorem 4.5 to two pairs of vector fields.
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COROLLARY 4.7. Suppose that { X', Y1} {X%,Y?} C S, s=(1,1), and Q0. (p) =
L(p)=--=Q . (p)=0. Then

mv inv

1. Qi1 e SZJFI and

Qﬁ;} Se+1 and Qﬁf S£+2 if £ is even.
Finally, we consuier the case of a single pair of vector fields. In practice, this
simple result is often the most useful, as we shall see in section 5.
COROLLARY 4.8. Suppose {X,Y} C S. The following statements hold:
1. if s = (1, 1) then for the pairs {X',Y'} = {X,Y} and {X%,Y?} = {V, X}
we have va =0 for ¢ odd;
2. if s = (1), then Q! , = AYX,Y). In particular, A*(X,Y)(p) = 0, k €
{0,1,...,¢}, implies A*T1(X,Y) € Spt.
Remark 4.9. We can replace one or more of the pairs {X* Y*} in Theorem 4.5
with {Y%, X'} to generate additional vector fields in SZJr1
Remark 4.10. In Theorem 4.5 the vanishing of the vector fields Q! at p can be
replaced by conditions for neutralization resembling those in the existing literature
(e.g., [12, 2]). That is, we may ask not that Q9 (p) = --- = Q! (p) = 0, but

IHV

tha’t anv( ) = = Qlenvl( ) - O a“nd 0 € CO{anv( ) ilnv(p>7 tt lnv( )} MOI'G
generally, suppose that for i, 7 € N we denote

iinv - 1nv(‘Xv1 Yl 7Xk7Yk7S)ﬂ C?ijnv :Qijnv(Xl’?IV X]; ?INC é)?
and that for a specific £,m € N we have Q. (p) + QI (p) = 0. Then we consider the
augmented collection of pairs of vector fields

XLy xR YR, (XYL {XR YR,

and choose 8§ = (msy,...,msg,€51,...,¢5;). The resulting set of invariant vector
fields Q¢,, will have Q:ﬁﬁ 1, a positive multiple of Q% + Q™. , and for j<ml—-1
the vector fields va will be linear combinations of Q9 ... va Q0 Ni’gv L
and their Lie brackets. The notion of rescaling time to generate new higher-order
S-trajectories is inherent in the definition of the sets SI’f. In other words, if one
generates “complementary” variations, they can be scaled to the same order, and
then our methodology can be applied to the new variations. Examples 5.3 and 5.4
illustrate this point.
Remark 4.11. Stefani’s example [9],

T = u,
y=uz,
2 =a3y

in R3, fits the framework of Corollary 4.7. As noted in Sussmann’s paper [12], the Lie
brackets in f = (0, x,23y) and g = (1,0, 0) of degree 3, 4, and 5 vanish at p = (0,0, 0).
Consider { X! = erg,Y1 f—gh {X%= f/2+2g,Y2 f/2—2g} C Sand s = (1,1).
Corollary 4.6(2a) implies that +[f, g] € p while f+g€ S =co{f+g,f—g} Thus
we can find control variations in the directions (£1,0,0), (0,£1,0). To generate the
control variations in the directions (0,0 £+ 1) we use Corollary 4.6(1). Note that
PY = {m,m}, where 71(1) = 1,71(2) = 2 and m2(1) = 2,m2(2) = 1, so that

X[ (p) =X} oY o X7 o Y2(p) = (Qhy + Qi t + Q287 + - )u(p).
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However, Q?nv 3f, which vanishes at p, and Corollary 4.6(1) imply that Q}rl € S;.
However 1, = 0; hence Q2 € S? as a consequence of Proposition 3.6(2). Similarly
il, e Q4 vanish at p, as they consist of linear combinations of Lie brackets in f
and g of degree 3, 4, and 5; hence Q5 € 55 Likewise Q2 n, € S5 Since Q% (p) =
(0,0,21/18) and Q3 (p) = (0,0, 21/18) Theorem 3.7 implies local controllability.
Proof (proof of Theorem 4.5). Choose 7; € Pf. Then Proposition 4.2 asserts that

there exists an S-trajectory
X{r( ) _ (aonv a.zm(s)va( )tmz(s) + sz(s)+1tmz(s)+1 +. )t(p)

Since Q! (p) vanishes for 0 < i < my(s), it follows that Qm“(s € Sy for some a € N.

Here Qm”l(s) is the coefficient @, of the lowest power of ¢ with the property that Q,

could vary with m; € P{. To determine a we note that, in light of Proposition 3.6(3),

X € 57 implies X is a hnear combination of brackets of vector fields in S of degrees
5)+1

up to and including a 4+ 1. To determine the bracket of highest degree in Q7T7 we
can, without loss of generality, assume that min{sj,...,sx} = 1 and take s; = 1. (If
this is not the case, we can replace s; with s; — (min{sl, ..., 8k} —1) without changing

the vector fields @7..) Then
Yo X} (p) = (A°(X1, YY) + AL XD, Y+ A2(X, V)2
3¢yl 1143
+ANXLY D+ ), (),
8)+1 .

which has the consequence that Qr' is a linear combination of brackets of vector
fields in S of degrees up to and 1nc1ud1ng me(s) + 2. Thus a = my(s) + 1. Finally, if

Pf“ ={T1,..., (ke }, then we form the S-trajectory
T(k,¢)
X7 (p) = aOQ?nv R ame(s)Q;ﬁi(S)t"M(S) + Z QZ;tz(s)-&-ltmz(sH—l +- | (p),
j=1

t
where «; > 0. Since

['(k.)

ng(s) Z ng(s)+l

Jj=1

it follows that Q<® ¢ STt 0
Before proving the corollaries to Theorem 4.5, we establish some technical lemmas.
LEMMA 4.12. Suppose that P,Q are vector fields on @ C R™. Then, for t

sufficiently small, the integral curve Q¢ o Py(p) = (3509 M*(P,Q))¢(p) for vector

fields M*(P, Q) with the following properties:
L. Me(Pa Q) = (_1)EM6(Q7P);
2. if Py = Y o0 At and Qp = Y002, Abt?, then MY(P,Q) has a power series
expansion in t whose coefficients are Lie brackets of the vector fields A; of
degree £+ 1.

Proof. The existence of the vector fields M*(Q, P) follows from the Campbell-
Baker—Hausdorff formula, and we have M°(P,Q) = P+Q = M°(Q, P) and M1 (P, Q) =
%adpQ = —fadQP = —Ml(Q P). Thus P + @ is a linear combination of the vector
fields A%, which we call Lie brackets of degree 1, while M'(P,Q) is a linear com-

bination of the vector fields of the form [A}, A], which are Lie brackets of degree
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2. Thus 1 and 2 hold for ¢ = 0,1. We now establish 4.12. Set M* = M*(P,Q)

and M* = M¥(Q,P). Suppose that M’/ = (—1)JMJ for j < £. For j = { the
Campbell-Baker-Hausdorff formula [13] asserts that

(+1)M* = %[P — QM T+ > K Vy(P,Q)

p>1
2p<t
with
‘/p(P;Q): Z [Mk1_17[Mk2_1,-..7[Mka_l,P-i-Q]..,H_
kl,..47k2p>0
kyte ko =0
Hence
_ 1 L ~
(C+ DM = Z[Q - P M+ 3 Koy Vy(P.Q)
p>1
2p</t
with
L= Y MMkt MR P Q)]
K1, kizp>0
ki tkop=20

By our induction hypothesis we know that M7 = (=1)/M’ for j < ¢; thus %[Q —
P, MY = (=1)"4[P — Q,M* '] and

VP(P,Q) _ Z [(—l)kl_lel_l,[~-~ ,[(_1)k2p—1Mk2p—1’P_|_Q]._.]]
kl,...,k2p>0
kit tkop=£
- Z (71)k1+“.+k2p72p[Mk1713["' ﬂ[Mk2p717P+Q]"'H
k1,...;k2p>0
k14 tkop=¢

= (-1)V,(P.Q)

since (—1)F+-Fhp=2r — (_1){(—1)> = (—1)’. This implies that M*(P,Q) =
(—1)'M4(Q, P).

To establish point 2 we note that it holds for £ = 0,1. Suppose that assertion 2
holds for j < £. Thus M*~'(P, Q) has a power series expansion in ¢ whose coefficients
are Lie brackets of the vector fields A; of degree . Now P — @ has a power series
expansion in ¢t whose coefficients are Lie brackets of the vector fields A;. of degree
1; hence, in the above formula for M*(P,Q), the term [P — Q, M*~!] is a combina-
tion of Lie brackets of the vector fields A; of degree £ + 1. The remaining terms in
M*(P,Q) involve the vector fields V,(P,Q). By our induction hypothesis the vector
fields M* = in V,(P,Q) involve Lie brackets of the vector fields A} of degree k;.
Since P + @ involve Lie brackets of the vector fields A; of degree 1, it follows that
[MF =1 [MF2=1[MF22=1 P+ Q]...]] has a power series expansion in ¢ whose
coefficients are Lie brackets of the vector fields A;- of degree k1 + -+ -+ kop+1=0+1.
This completes the induction. 0

LEMMA 4.13. Suppose that {X*, Y1}, {X?%, Y2} C S and s = (1,1). Then Q% is
a linear combination of Lie brackets of odd degree of the vector fields A; = AY(X7,Y7)
for all £> 0.
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In particular, Qf, (XY, Y1, X2, Y2 s) = (=1)'Q¢,, (Y1, X1, V2 X2 5).

Proof. We begin by examining the S-trajectories which correspond to permuta-
tion in PY. By definition, P = {m,m}, where m1(1) = 1,71(2) = 2 and m(1) =
2,m9(2) = 1. Then

Xtﬂ'l( ) Xl OYl OX2 OY2 (Z Az l) ° (Z Aétl> (p)
t 1=0 t

where A} = AY(X',Y?!) and A} = AY(X?Y?). Set P =Y 2, Alt",Q = > 2, At
so P and @ are power series in t whose coefficients are Lie brackets of the vector
fields A% of degree 1 (odd).‘ Thus X (p) = P; o Q¢(p) and, in light of Lemma 4.12,
there exist vector fields M*(P,Q) such that X (p) = (> .2y M*(P,Q))¢(p). Since
X (p) = Q¢ o Pi(p), we have

X7 (p <Z M(Q, P) (p) = (Z(—l)iMi(R Q)) (p),

i=0 i=0
where M*(P, Q) is a power series in t whose coefficients are Lie brackets of the vector
fields A% of degree £+ 1. We let M°I4(P,Q) = Y72  M*(P,Q) and M***(P,Q) =

>to M2”‘1(P Q) so that M°(P,Q) (M (P,Q)) is a power series in ¢ whose
coefficients are Lie brackets of the vector fields A% of odd (even) degree. Furthermore
Med(P Q) = M°(Q, P), while M*V*"(P,Q) = —Meven(Q,P). We now explore
the same issues for P} = {1, 72}, where #; = (7r1,7r2) and 7o = (mg,m) for the
permutations 7,7y € Py defined above. Setting P = Yoo MY(P,Q) and Q =
Yoo M¥(Q, P), we have, as above,

Xﬁl( ) =X o X (p ):PtoQ (p).
From Lemma 4.12 there now exist vector fields M*(P,Q) such that M*(Q,P) =
(=1)EME(P,Q); hence

ws) X (ZMWQ) ») »cﬁ(p)(zu)mﬁ,@)) ).

=0 ¢
We now establish that the vector fields M é(P, Q) are power series in t whose coef-
ficients are Lie brackets of the vector fields Aé— of odd degree. We showed above that we
have P =32 M¥(P, Q) = M°Y(P, Q)+ M****(P,Q), while Q = > M*(Q, P) =
Medd (P, Q) — M®*"(P,Q). From the Campbell-Baker-Hausdorff formula we know

that M = P+ Q = 2M°%9(P,Q), a power series in t whose coefficients are Lie
brackets of the vector fields A; of odd degree. Also

M= %[1% Q] = [M**"(P,Q), M*(P,Q)].

Since M (P, Q) is composed of Lie brackets of A; of even degree and M°4(P,Q)
is composed of Lie brackets of A; of odd degree, it follows that M? is composed of

Lie brackets of A’ of odd degree. Now suppose that this holds for M2 N3, ... M~
From the Campbell-Baker-Hausdorff formula,

(£ +1)M ;[QMe"e“(P Q), M1+ > K3V, (P,Q)

p>1
2p</t
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with
V(P = Y [N ARt e 2o (P Q).
k1,...,k2p>0
A

By our induction hypothesis and the fact that MV* (P, @) is composed of Lie brackets
of Aé of even degree, we see that [2M<V*(P,Q), M*~!] is composed of Lie brackets
of A; of odd degree. Looking at the terms in V,(P, Q)), we note that

(AR [ 2 (P Q)]

has an even number of terms M*~1 and M°(P, Q) is composed of Lie brackets of
A; of odd degree; it follows that M? is composed of Lie brackets of A; of odd degree.
We can now repeat the initial argument to show that if P§ = {my,ma}, then there
exist vector fields M*Ve"(P, Q) composed of Lie brackets of A; of even degree and

M°4(P, Q) composed of Lie brackets of A; of odd degree such that

A7 (p (ZM”D@> p) = (M (P, Q) + M™(P.Q)):(p)

and

X[ (p (Z M@, P) (p) = (Z(—l)iMi(P, Q)) (p)

=0 =0
= (M°Y(P,Q) — M™*(P,Q)):(p)-

We simply repeat the above steps for P$, Py, ... to conclude that the vector fields
M*(P,Q) are power series in t whose coefficients are Lie brackets of the vector fields
A? of odd degree.

We now are in a position to verify that va is a linear combination of Lie brack-
ets of the vector fields A; of odd degree. We begin by choosing any 7 € P¥. Then
we know from above that the corresponding S-trajectory X[ (p) = (M°(P,Q) +
M (P,Q)):(p), where M***(P, Q) is composed of Lie brackets of A} of even de-
gree and M°49(P,Q) is composed of Lie brackets of A? of odd degree. In the
case where k is odd we showed that Me*(P,Q) = 0. Suppose k = 1. Then
X[ (p) = (M°Y(P,Q))¢(p), where M°Id(P Q) is a power series in t whose coeffi-
cients are Lie brackets of the vector fields A; of odd degree. Thus there exist vector
fields Q3%, Q39Y, . . ., which are linear combinations of Lie brackets of the vector fields

A; of odd degree, such that

X7 (p) = (QFF + Q%' + Q55 + - ) (p).
However, from Proposition 4.2 we have
Xtﬂ (p)F (QOanv + alanvt + ert2 +oee )t(p)
odd 1

This means that agQ? = 0 a1,

iy = ‘ffild, and Q2 are linear combinations of
Lie brackets of the vector fields Az of odd degree. Next we consider the case where

7 € P§ = {m,m}. Then
Xtﬂ'l (p) — (MOdd(P,Q) 4 ]\4even(F)7 Q))t(p),
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where M°44(P,Q) (resp., MR (P, Q)) is a power series in ¢ whose coefficients are
Lie brackets of the vector fields A} of odd (vesp., even) degree. Thus there exist

vector fields &dld, Cfflld, ooy and Q@M QT ..., which are linear combinations of
Lie brackets of the vector fields A; of odd and even degrees, respectively, such that
A7 (p) = ((@F3+ Q8™ + (QFS + QR + (@34 + @8 + ).
However, from Proposition 4.2 we have
A (p) = (a0Qiny + 01Qinyt + 02 Q3 t* + Q7,7 + - )2(p).
Similarly, using the expansion for X;(p) in (4.5),
X2 (p) = (@ + a1Qhot + Q2% + Q2 13 + - )¢ (p)

(O~ Q)+ (@ QR (@4 Q5+ )

Since @Y, is invariant with respect to our choice of permutation in PQZ+ , We can

conclude that Q§'f™ = Q§'T" = @5t = 0. This in turn implies that Q) and

2
inv

is straightforward to show by induction that this is the case for all QF
Finally we show that

inv? inv»

are linear combinations of Lie brackets of the vector fields A’ of odd degree. It

v’

(XL YL X2 Y?) = (D00 (Y X Y2 X,

Using Lemma 4.12 with P = X, Q =Y, we conclude that A*(X,Y) = (—=1)*A*(Y, X).
The vector fields A% enter into our S-trajectory in the power series Y .2 A" (X7, V7)t".
Since QY , is the coefficient of t* in a power series expansion of a similar S-trajectory,

we can conclude that Q! is a linear combination of iterated Lie brackets

= (A5, (A%, (A3, A )
of an odd number of A;’s, where j,, € {1,2} and i1 + -+ + dog+1 = ¢ — 2k. In light
of Lemma 4.12 with @ = Y, P = X, we know that if i, is even, then A" (Y7, X7) =
Alm(X9,Y7), and if iy, is odd, then AY (Y7, X7) = —Alm(X7,Y7) for j € {1,2}.
If ¢ is even, then there must be an even number of integers in {i1,...,425x+1} which
are odd, and hence B does not change sign when X* and Y* are interchanged. This
completes the proof. 0
Proof of Corollary 4.6. Suppose that s = (1,...,1). Then 4.6 follows from The-
orem 4.5 and the observation that in the case s = (1,...,1) we have m;(s) = i.
Suppose that the subsets {X¢ Y%} C S are complementary at p for i = 1,...,k.
From Remark 3.3 (or from the definition of A'(X% Y?)) we know that adx:Y? €
.S’Zl,. Also {X% Y} complementary at p implies {Y*, X’} complementary at p; hence
—adx:Y" € S). This gives part 2(a) of the corollary. To establish 2(b) we can use
Lemma 4.13 with the choices X! = X? V! = Y/, X? = Y*,Y? = X' to conclude
XL YL X2 V2 8) = —Qf (X2, Y2 XYY, ) Since va is invariant with re-
spect to permutatlons of {1,2}, we conclude that Q% (X' Y1 X2 V2 s)=0. As a
result of Theorem 4.5, we have Q2 € Sf, for all 7 € PJ. One can easily check from
the definition that Q3,, = (ad%.Y" + ad},X")/6, while Q2 = 2ad3.,Y" — ad?, X"
for all 7 € Py. Finally, if we reverse X* and Y?, we get 2ad}, X' — ad%,Y", and
co{2ad?, X" — adgﬁYi, 2ad§(iYi — ad%,iXi} contains a positive multiple of ad?,Y?;
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hence adgﬁYl € Sg. To complete the proof we must show that 2(c) holds. Here
we simply augment our set of complementary vector fields by adding in k additional
pairs, namely those of the form (Yi X%). Arguing as in the proof of 2(b) above,
we find that QL = 0, Q% = ZZ (ad% Y + adngl) hence Q2 (p) = 0 and

mv
Q3 = Zi:l adyladgﬁl” Thus Theorem 4.5 implies Z 4 adyladXiY’ € S;’. Now
we note that reversing X* and Y? in ady:ad Xle gives the negative of this vector
field. In this way we can isolate each term in the above sum and conclude that

iadyiadg(iYi € SS. 0
Proof of Corollary 4.7. Suppose that {X' Y1} {X2, Y%} C S, s = (1,1), and
O (p)=QL,(p)=---=Q (p) =0. We begin by establishing assertion 4.7. We

have Q! ¢ S”l by Corollary 4.6 for any 7 € Pj. Since Q1 s a linear combination

mv

of the vector ﬁelds Q! using positive coefficients, it follows that Qi e Sﬁ“.

mv
Alternatively, from Proposition 4.2, there is an S-trajectory of the form

Xt (p) = (aOQ?nv +o 4+ aniKnvté + aZJrleI:lté—l_l antztf'l‘Q o )t(p)’

where a; > 0. Since Q¥ (p) = QL,(p) = -+ = Qf,,(p) = 0, we have Q1! € SL+1.

mv mnv mv

To establish 4.7 we note that

Qﬁj:,l(Xl,Yl,X27Y2,S) _ ( )@+1Qf+1(yl Xl Y2 X2 )

mv

= _Qf$1(X17Y1aX27Y2a S)
as a consequence of Lemma 4.13 and the assumption that ¢ + 1 is odd. Similarly
Q[—O—Q(Xl Yl X2 Y2 ) Q£+2(Y1 Xl Y2 X2 )

Thus we can proceed as above using {Y1, X'}, {Y? X2} C S, s = (1,1) instead of
{XY Y} {X2,Y?} C S, to form an S-trajectory

Xi(p) = (0@ + -+ + Qiut’ — arn QR + QI 1) (),
and conclude that
QU = —QUICEL YL X2, Y7 5) — QUYL XY X ) € SEP
Finally, we form the S-trajectory
Xy 0 Xy 0 Xiy(p) = (4@ + -+ + 4Qf " +4QT 2 ) (p)

and note that Q% _(p) = QL. (p) = --- = Q% (p) = 0 implies Q\F? € ST, O
Proof of Corollary 4.8. The proof relies on Lemma 4.13 together with the fact

that reversing the roles of {X', Y1} and {X?2,Y?} is, in this case, the same as in-

terchanging X* and Y*. Thus permutation-invariance means that va vanishes for ¢

odd, establishing 4.8. If s = (1), then P{ consists of the single permutation 1 + 1, so
Q! = AY(X,Y). Then 4.8 follows from Corollary 4.6. o

5. Examples. In the examples, the sets S of vector fields are not convex. As
noted in section 3.1, we can replace S by its convex hull without affecting local
controllability. Certain of these examples may be treated using existing techniques in
the literature. Therefore, such examples should be regarded as being illustrative of
our theory, rather than as presenting new ideas. However, we might mention that we
do not know of a theory that will cover Example 5.5.
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Ezample 5.1. As in [10], we consider the system S = {X,Y, Z} in the plane where,
in local coordinates (x,y),

X = (170)7 Y = (717932)7 Z = (Oa 71)'
Then

[X7 Y] = (072‘7:)7 [X, [X> Y]] = (072)7
[Yv [Xv Y]] = (Oa _2)7 [Za Y} = [Z’X] = (0’0)

For p = (0,0) we have L°(S,p) = R x {0}, and hence Z) = {X,Y} and S} =
{IX,Y],[Y, X]}. This implies that S(p) = {(1,0),(-1,0),(0,—1)}, S;(p) = {(0,0)},
and it follows that L'(S,p) = L°(S,p) and Z, = {X,Y,[X,Y],[Y, X]}. Since X (p) +
Y (p) = (0,0) the subset {X,Y} C S is complementary at p. From Corollary 4.6(2b)
we have ad%Y = (0,2) € S7. Thus

CO({(LO), (_1,0)7 (Ov _1)7 (Oa 2)}) - CO(S(p) U S;;(p) U SZ(}?))

and 0 € int(co(S(p) U S}(p) U SZ(p))). Local controllability at p then follows from
Theorem 3.7.
Example 5.2. Consider the affine system

T = Ui,
(5.1) J = us,
3=2%— y4,

with |ug| < 1 for a = 1,2 and p = (2(0), y(0),2(0)) = (0,0,0). Here the system model
is of the form

@(t) = fo(x(t)) + ua(t) f1(2(t) + ua(t) f2 (1),

where fo, f1, f2 are smooth vector fields on R? which, in local coordinates, are defined
by fo = (0,0,22 —y*), f1 = (1,0,0), and fo = (0,1,0). The nonzero Lie brackets are

ady, fo = (0,0,2z), ad}, fo = (0,0,2),
ady, fo = (0,0, —4y*), ad?, fo = (0,0, —12y%),
ad}, fo = (0,0, —24y), ad}, fo = (0,0, —24),

while adi’e1 fo = audk0 adi;-l fo = (0,0,0) for j,k > 1 and aud‘;’c2 fo = adkoaudgr2 fo =
(0,0,0) for j,k > 1. The tangent space to R? at p is spanned by fi(p), f2(p), and
[f1, [f1, fo]l(p); hence the first-order sufficient condition Theorem 2.1 cannot be em-
ployed. The generalization of Hermes’ condition, Theorem 7.3 of [12], does not apply
because the “bad” bracket ad?cl fo is not expressible in terms of “good” and “bad”
brackets of the required orders. On the other hand, the drift vector field fy vanishes
at p, so that {X1, Y1} = {fo + f1, fo — f1} is complementary at p, as is {X?2,Y?} =
{fo+f2, fo—f2}. Inlight of (4.1), we have A%(X1,Y1)(p) = AX (X1, Y1) (p) = (0,0,0),
while A2(X! Y1)(p) is a positive multiple of (0,0,1). Corollary 4.8 lets us con-
clude that (0,0,1) € S2(p). Similarly A*(X?,Y?)(p) = (0,0,0) for i = 0,1,2,3, and
A*(X2,Y?)(p) is a positive multiple of (0,0,—1), so that (0,0,—1) € Si(p), as a con-
sequence of Corollary 4.8. Finally, we note that fo(p) £ f1(p) = (£1,0,0) € S(p) and
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fo(p) £ fa(p) = (0,£1,0) € S(p); hence 0 € int(co(S(p) USy(p)U---USy(p))). Thus
system (5.1) is L.c. as a consequence of Theorem 3.7.

The next example illustrates the weakening of the hypotheses of Theorem 4.5
described in Remark 4.10.

Ezample 5.3. Consider the system S = {W, X, Y} in R?® where, in local coordi-
nates (x,y, 2),

W =(0,0,-1), X =(1,2,0), Y =(-1,0,27).
Then

[X,Y] = (0,—2%22), [X,[X,Y]]=(0,—4z,2),
[Y7 [KX]] = (07_23:72)7 [K [X’ [X’Ym = (0,4,4.2?).
We take p = (0,0,0). Since (X +Y)(p) = 0, we have {X, Y} complementary at p. In

light of (4.1) and Corollary 4.8, Q¢ is a positive multiple of A*(X,Y’), and we have
the S-trajectory

mv

Xy 0Yi(p) = (A°(X, Y>+A (X, Y>t+A2<X V)12 4+ A3 (X, Y)E +---),(p)
= ((X+Y) + adXYt+ (adyX+ad2 Y)t?

—ﬂadyad?thg +--- )t (p).

Here A%(X,Y)(p) = (X +Y)(p) = 0 and AY(X,Y)(p) = 3adxY(p) = 0. Thus

A*(X,Y) = $5(ad} X +ad%Y) € S2 by Corollary 4.8. We note that

1 1
Wes, A?= E(ac@X +adkY) €S2, <3W + A2> (p) = (0,0,0),

where A* = A'(X,Y). As in Remark 4.10, we consider the pairs {W, tW}, {X,Y} C
co(S) and take s = (3,1). Here k = 2, and thus PY = {m,m}, where m(1) =
1,m1(2) = 2,m2(1) = 2,m2(2) = 1. The S-trajectories (4.2) corresponding to my, w2
are

X (p) = (éw) L (éW) e Xi0Yi(p)

1
= <3W> o (AY + AMt + A% 4+ - )(p)
t3

= <A0+A1t+<A2+1W> t2+<A3é[AO,W]>t3+-~>t(p)
= (QF, + Qrt + Q71"+ )u(p)
and
A (p) = (AO + At + <A2 + 1W> 2+ <A3 + é[AQW]) 3 +'~>t (p)
= (Q0, + Qn,t + Q21" + - )u(p).

Here m(s) = 1,mg(s) = 2,mi(s) = 3,ma(s) = 4 and Lemma 4.1 implies that
Y. QL,Q? are constant functions of 7 € P, which is shown explicitly above. From

T
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our definition it follows that Q% = A%, Ql, = A', and Q% = A? + 3W. Similarly

inv inv inv

if T = (1, m2) € P3, we have
X (p) = & o X[ (p)

1
— (2A0 +2A% + 2 <A2 + SW) 2 4+ 2433 + . ) (p);

t

hence QF ., = 243 = —Ladyad%Y. Since Q) 1 and Q2 each vanish at p,

inv inv? inv> inv

Theorem 4.5 implies that

1 1 1
.3 = —— 2 f = _—— == 3_
inv 12adyadx (O, 37 3$) S Sp

Interchanging X and Y and repeating the previous steps, we can conclude that
—%adxad%/X = (0, %, %x) € Sg. In summary, S(p) contains the vectors
W(p) = (0,0,71), X(p) = (17070)7 Y(p) = (717030)5

S2(p) contains the vector 5 (ad} X + ad%Y)(p) = (0,0, 5); and S3(p) contains the
vectors

1 o 1 1 oo (1
EadyadXY(p) = (O7 3,0) ) 12adxadYX(p) = <O7 3,0).
Thus

co <{(j:1,0,0), (o,%,o) , (0,0, :1))) , (0,0, —1)}) C co(S(p) U S5 (p)
U S (p) U Sy (p))

and 0 € int(co(S(p) U Sy (p) U S2(p) US3(p))). Local controllability at p follows from
Theorem 3.7. This example illustrates the use of time rescaling to generate new
higher-order S-trajectories (see Remark 4.10).

Example 5.4. Here is a control affine system which has a “bad” bracket that can
be neutralized as in [2]:

T =yz+u,
Y= —xz+uy,
Z= — Uz,

with |u;] < 1, ¢ = 1,2, and p = (0,0,0). Here f = (yz,—x2,0), g1 = (1,0,0),
g2 = (0,1,—1), and the brackets are
[.f).gl]:(OaZvO)a [faQQ] :(y_zv_xao)a
[gl? [f’ gl]] = (07050)7 [927 [f7 92]] = (2a070>7 [917 [f7 92]] = (05 _170)

Motivated by Remark 4.10, we will show that the bad bracket [ga,[f, g2]] can be
neutralized. To this end we set

S={f+ag +bg2| —1<a,b<1},
W=f+g;, X=f+g, Y=Ff-go,



HIGH-ORDER VARIATIONS 323
and consider the pairs { W, W}, {X,Y} C co(S) and s = (3,1). With P = {my, 72}

and A® = A(X,Y) as defined in Example 5.3, the S-trajectory (4.2) corresponding
to my is

X7 (p) = (lw)tg o (lw)ta o X; 0 Yy(p)

3 3
2
= (gw) o (A% + ALt + A% + - )y(p)
tS

= (40 + At (424 §W>t2 + (47— %[AO,W]>t3
+ (At gt Wy i[AO, AW )i+ ) )
= (QF, + Qnt + Q22+ )u(p).

Here A% = fad2) f does not vanish at p but is neutralized in the above S-trajectory,

as A% + 2W does vanish at p. It is straightforward to check that QY . Qf’rl vanish
at p, Whlle

Tyt

) = =5 AL W) = - 3o ) = (0,5.0)

From our definition of 57" (or from Proposition 3.6(2) it follows that (0, 3,0) € S5 (p).

Now we can repeat the above construction with X and Y interchanged to conclude
that (0, f%,O) € S;,l(p). Since f + g1, f £ g2 € S, we have

o ({ (1,0,0), (0, 1 ,_1>,i(o,§,o)}) < co(S(p) U S1(p) U S2(p)
US,(p) U S, (p))

and 0 € int(co(S(p)U- - -USy(p))). Local controllability at p follows from Theorem 3.7.
Example 5.5. We con51der the system on R? defined by

T = Uy,

y = U2,

Z = 1'2(1 + %Uz),
and with (uy,u2) € U = [—a, a]?. We take as our reference point p = (0,0,0). For
a < 2 the system is obviously not STLC (small-time locally controllable) from p

(2 > 0 in this case). Let us show that this system is controllable if the controls are
allowed to be sufficiently large. Some relevant Lie brackets for this system are

[f> gl] = (anv _21')7 [fv 92] = (07070)7 [91792] = (0,0,1’),
[f7 [fa gl” = [fa [fv 92]] = (O’ 0, 0)7 [917 [fa gl]] = (Ov 0, _Q)a
92, [f> g2]] = lg2. [f, 91]] = [92, 91, 921 = (0,0,0),  [g1,[91,92]] = (0,0,1).
We define two complementary sets { X!, X?} = {f+ag1, f—agi } and {Y1, Y2} = {f—

aga, [ + aga}. By Corollary 4.6(2b) we have ad%, X?(p) = —2a[g1, [f, 91]](p) € S3.
Also consider 7 = (}?) € PY. By Proposition 4.2 we have

X[ (p) = (Qhy +1Qr +°Q% + - )e(p),
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where a direct calculation using the Campbell-Baker—Hausdorff formula yields

= 4f,

Q}r = 20[[f, 92] - QOL[f, gl] - 062[_91792],

Q% = alf, [f.gal) + ol f, )+ 502lon, [, 2] + 507002, [ 1]
= 20200, 1,02 + 30l [on,92]) — 20l . 1)) — g

gl
6 6 2

g1, [917 92]]-

Since QY . (p) = 0, by Corollary 4.6(1), we have QL € S;. Furthermore, since QL (p) =

0, by Proposition 3.6(2) we have Q2 € S?. One can then see that, provided that «

is sufficiently large (to be exact, if & > %), then we have 0 € int(co(S(p) U 52)).

Small-time local controllability of this example for the sufficiently large control set

now follows from Theorem 3.7. The lower bound of % on the size of the control set

to ensure small-time local controllability is undoubtedly not sharp.

Acknowledgments. We would like to thank the anonymous reviewers whose
comments significantly improved the paper. One reviewer, in particular, read the
paper very carefully, and noticed a couple of significant errors which have now been
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ON A REPRESENTATION OF THE LIMIT OCCUPATIONAL
MEASURES SET OF A CONTROL SYSTEM WITH APPLICATIONS
TO SINGULARLY PERTURBED CONTROL SYSTEMS*
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Abstract. A representation of the limit occupational measures set of a control system in terms
of the vector function defining the system’s dynamics is established. Applications in averaging of
singularly perturbed control systems are demonstrated.
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1. Introduction and preliminaries. Under certain conditions, the set of oc-
cupational measures generated by admissible controls and corresponding solutions of
a control system converges (as the length of the time interval tends to infinity) to a
limit set. If this limit set is independent of the initial conditions within some subset of
the state space, it is called a limit occupational measures set (LOMS) of the system.

Criteria for the existence of the LOMS were discussed in [24], [25], where it was
used as a tool for analysis of singularly perturbed control systems (SPCS).

In this paper, we give a natural representation for the LOMS which enhances
its applications in SPCS. Our main results are stated in Theorem 2.1. We establish
that, under the assumptions made, the convex hull of a union of occupational measures
sets converges to a convex and compact set of probability measures defined in (2.6)
(Theorem 2.1(i)) and that the LOMS of the control system is equal to this set if
it exists (Theorem 2.1(ii)). We also give necessary and sufficient conditions for the
existence of the LOMS (Theorem 2.1(iii)).

The paper consists of six sections. Theorem 2.1 is stated in section 2 and proved
in sections 4-6. Applications in SPCS are discussed in section 3.

Singularly perturbed problems of control and optimization have been studied
intensively in both deterministic and stochastic settings (see [1], [2], [3], [4], [5], [6],
(7], [8], [11], [12], [14], [16], [17], [18], [19], [20], [21], [22], [23], [24], [25], [26], [27], [28],
[29], [30], [31], [32], [33], [34], [36], [37], [38], [39], [40], [41], [42], [45], [46], [48] and
the references therein).

Originally, the most common approaches to SPCS, especially in the deterministic
case, were related to an approximation of the SPCS by the systems obtained via
equating the singular perturbations parameter to zero (with further application of
the boundary layer method (see [37], [44]) for an asymptotical description of the fast
dynamics). This type of approach was successfully applied to a number of important
classes of problems (see [30], [31], [38] and also [17], [36], [39], [45] for some recent
results obtained in this direction).
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Various averaging type approaches allowing a consideration of more general classes
of SPCS, in which the equating of the small parameter to zero may not lead to a right
approximation, were developed in [2], [3], [4], [5], [6], [7], [11], [20], [21], [22], [23], [24],
[25], [26], [27], [41], [46].

In [24] and [25], in particular (see also [3], [5], [46] for related results), the slow
trajectories were approximated by the solutions of the averaged system in which the
controls are measure-valued and take their values in the LOMS of the associated
system (that is, the system that would describe the fast dynamics if the slow state
variables were “frozen”). The paper continues this line of research by establishing
that the LOMS allows a representation in terms of the vector function defining the
right-hand side of the associated system.

Let us introduce some notation and definitions which are used throughout the
paper. Given a compact metric space W, B(W) will stand for the o-algebra of its
Borel subsets and P(W') will denote the set of probability measures defined on B(W).
The set P(W) will be treated as a compact metric space with a metric p, which is
consistent with its weak convergence topology (see, e.g., [13]). A sequence 7k e P(W)
converges to v € P(W) in this metric if and only if

i k = w w
(1) Jm [ atwptdu) = [ atwp(aw)

for any continuous q(w) : W — R!. There are many ways of defining such a metric

p. In this paper, we will use the following definition: V+/,v" € P(W),

)

def o 1
(1.2) R OED I
=1

/W alwy(dw) - [ atw)(dw)

w

where ¢;(-), I = 1,2,..., is a sequence of Lipschitz continuous functions which is
dense in the unit ball of C(WW) (the space of continuous functions on W). Using the
metric p, one can define the Hausdorff metric py on the set of subsets of P(W) as
follows: VI'; ¢ P(W), 1 = 1,2,

(1.3) pir(Ty, Ta) 2 max{sup p(4,Ts), sup pw,m} ,
vel v€l2

where p(v,T;) = infrcr, p(7,7'). It can be verified (see, e.g., Lemma I12.4, p. 205
n [22]) that, with the definition of the metric p as in (1.2),

(1.4) pu(col'1, col'y) < py(T'1,Ts),

where co stands for the convex hull of the corresponding set.

In what follows, we will deal with the convergence in the Hausdorff metric of sets
in P(W) defined as unions of occupational measures. Given a measurable function
w(t) : [0, 8] — W, the occupational measure p®(") € P(W) generated by this function
is defined by taking

der 1

pOQ) = gmeas {t ’ w(t) € Q} vQ € B(W),

where meas {-} stands for the Lebesgue measure on [0, 5].
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2. Main theorem. Consider a control system

(2.1) y(r) = flu(r),y(r), 7€][0,5],

where the function f(u,y) : U x R™ — R™ is continuous in (u,y) and satisfies
Lipschitz conditions in y, U is a compact metric space, and the controls are Lebesgue
measurable functions u(7) : [0,5] — U.

Let Y be a compact subset of R™ and Y4 s Y + 6B, where 6 is a positive number
and B is the closed unit ball in R™, and let us introduce the following definition and
assumptions.

DEFINITION. A pair (u(7),y(7)) is called admissible (6-admissible) for system
(2.1) on the interval [0,S] if u(r) is a control, y(7) is the corresponding solution of
(2.1), and y(7) €Y (y(1) € Y?®) ¥r €0, S].

Assumption 1. For any initial condition y(0) € Y, there exists a control u(7) such
that the corresponding solution of (2.1) does not leave Y on [0, S] for any S > 0.

Assumption I1. For any Lipschitz continuous function g(u,y) : U x R™ — R,

1 o 1 o de

S P /Q(U(ﬂ,y(f))dT g Sup /g(ué(T),y‘s(T))dT = 1y(8,8) — 0
() Jo (s ()8 () Jo

(2.2)

as & — 0 and S — oo, where the sups in the above expression are, respectively, over all
admissible pairs and over all §-admissible pairs which satisfy the condition 3°(0) € Y.

Assumption I is equivalent to the assumption that the viability kernel of Y is
equal to Y. It is satisfied, for example, if, for any y € Y, there exists u € U such that
f(u,y) = 0. More general sufficient (and necessary) conditions for this assumption to
be satisfied can be found in [9], [10].

Note that if Assumption I is replaced by a stronger assumption that Y is a
forward invariant set—that is, all solutions of (2.1) obtained with the measurable
controls u(7) : [0,S] — U VS > 0 do not leave Y—then Assumption II is satisfied
automatically. In this case, all §-admissible pairs satisfying the condition y°(0) € Y
are admissible and (2.2) is valid with p,(6,5) = 0.

Let (u(7),y(7)) : [0,S] — U x Y be an admissible pair and let p(*():¥() ¢
P(U xY) be the occupational measure generated by this pair. Denote by T'(S,y) and
T'(S,Y) the sets of occupational measures defined by the equations

@3 e U oo}, ren® U{rew}.
(u(r), y(7)) yeY

where the first union is over all admissible pairs of (2.1) satisfying the initial conditions
y(0) = y and the second is over all initial conditions

(2.4) y(0) = y € Y.

DEFINITION. A convex and compact set T' C P(U x Y) is called the LOMS of
system (2.1) on'Y if there exists a function v(S), limg_o, v(S) =0, such that

(2.5) p(T(S,y),T) < v(S) ¥y € V.

In Theorem 2.1 below, we relate the LOMS of system (2.1) on Y to the set
W C P(U xY) defined by the equation

(2.6) Wﬁ{vwePwax[;(W@FﬂwwwMszowmec},

XY
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where C! is the space of continuously differentiable functions ¢(y) : R™ — R! and
@'(y) is the vector column of partial derivatives (the gradient) of ¢(y). Note that,
as can be easily verified, the set W is convex and compact in the weak convergence
topology of P(U x Y).
THEOREM 2.1. Let Assumptions 1 and 11 be satisfied. Then the following hold:
(i) The estimate

(2.7) pr(col'(S,Y), W) < (S)

is valid for some v(S), limg_.o, 7(S) = 0.
(i) If the LOMS T of system (2.1) on'Y ewists, it is equal to the set W:

(2.8) r =w

(iii) The LOMS T of system (2.1) on'Y exists if and only if
(2.9) pu(L(S,y),T(S,y")) < v(S) Vy.,y" €Y,
for some (S), limg_,o 2(S) = 0.

Proof. Statements (i) and (ii) of the theorem are proved in sections 5-6. State-
ment (iii) is proved in section 4. 0

3. On applications in SPCS. Let us consider an SPCS defined on the interval
[0,T] (T > 0) by the equations

(3.1) ey(t) = fu(t),y(), (1),  y(0) = yo,
() = g(u(t), y(t), 2(1)),  2(0) = 20,

where € > 0 is a small parameter; f : U x R™ x R" — R™, g : U x R x R" —
R™ are continuous vector functions satisfying Lipschitz conditions in z and y; U is
a compact metric space, and the controls are measurable functions satisfying the
inclusion u(t) € U.

Along with (3.1)—(3.2), let us consider the associated system

(3.3) y(r) = fu(r),y(7),2), 7€[0,5],

in which (in contrast to (3.1)) z is a vector of fixed parameters: z = const. The
controls in (3.3) are measurable functions satisfying the inclusion u(7) € U.

Assume that, Vz from a sufficiently large area Z C R™, the solutions of the
associated system (3.3) with the initial conditions in a compact set ¥ C R™ do not
leave this set V7 > 0 (that is, Y is forward invariant with respect to the solutions of
(3.3)). Assume also that the solutions of the SPCS (3.1)—(3.2) do not leave Y x Z’
for ¢ € [0,T], where Z’ is a compact set belonging to the interior of Z.

Let u(r) € U be a control and y(r) € Y be the solution of the associated
system (3.3), obtained with this control and the initial condition y(0) = y. De-
note by ~y(®()w() ¢ P(U x Y) the occupational measure generated by the pair
(u(+),y(+)) : [0,S] — U x Y and denote by T'(z,5,y) C P(U x Y) the union of
all such occupational measures.

Assume that the LOMS I'(z) of the associated system exists, that is,
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with the convergence being uniform with respect to (y,z) € Y x Z. Note that, by

Theorem 2.1(ii), I'(z) = W (z) (the latter is defined in (2.6), with the dependence on z

being due to the fact that the vector function f(-) includes the dependence on z).
Define (v, 2) : P(U x Y) — R™ by the equation

def

302 [ gluy2(dudy)
UxY
and consider the averaged system

(3-4) 2(t) = g(v(1), 2(1),  2(0) = 20,

in which the controls are Lebesgue measurable functions v(-) : [0,7] — P(U x Y)
satisfying the inclusion

(3.5) A(t) € W(=(1)).

The following result is a corollary of Theorem 2.1(ii) and Theorem 4.2 in [24].
COROLLARY 3.1. Let the assumptions made above be satisfied. Also let the
multivalued map Vy(-) : Z — 28",

Vo) = | {3t o)),

YEW (2)

be Lipschitz continuous. Then the following hold:
(i) Corresponding to any solution (z°P(t),y°P(t)) of (3.1)—(3.2) there exists a
solution z°V(t) of (3.4) such that
sp _ av . _
(36) ma [127(0) = 2 (0] < (o), Jim () = 0.
(ii) Corresponding to any solution 2°Y(t) of (3.4) there exists a solution (2°P(t),
y°P(t)) of (3.1)—(3.2) which satisfies (3.6).
Proof. The proof follows from Theorem 4.2 in [24] with the replacement of I'(z)
by W (z) (see also Theorem 2.6 in [25] and related results in [3]). O
Sufficient conditions for the assumptions used in Corollary 3.1 to be valid have
been discussed in [24], [25], where it was noticed, in particular, that these assump-
tions (including the existence of the LOMS and the Lipschitz continuity of V;(z)) are
satisfied if there exist positive definite matrices C and D such that, for any v € U,
any y',y%2 € R™, and any z € Z,

(flu, ' 2) = fluy?,2) Clyt =) < —(y' —*)"' Dy — 7).

The existence of such C' and D can be guaranteed, for example, if f(u,y,z) = A(z)y+
B(z)u, where A(z) and B(z) are matrices functions of the corresponding dimensions
and the eigenvalues of A(z) have negative real parts Vz € Z.

Let G(-) : R® — R! be a continuous function. From Corollary 3.1 it follows that
the optimal value of the problem

(3.7) G(z*"(T)) = G,

inf
(257 (+),y=P(+))

where inf is over the solutions of (3.1)—(3.2), converges (as € tends to zero) to the
optimal value of the problem

(3.8) nf G(="'(T)) = 6",
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where inf is over the solutions of (3.4). That is,
(3.9) lim G = G,

Also, it can be shown that a near optimal solution of (3.7) can be constructed on
the basis of the optimal (or near optimal) solution of (3.8) (see details in [23], [24],
25], [27)).

Note that statement (i) of Corollary 3.1 remains valid even in the event the
assumption about the existence of the LOMS is not satisfied, with (3.9) being replaced
in this case by a weaker statement that

lim iélf G: > G™.

The validity of this can be established via a straightforward extension of the averaging
techniques used in [23], [24], [25], [27] in combination with Theorem 2.1(i).

In conclusion, let us observe that a numerical analysis of the solutions of (3.4)
satisfying the inclusion (3.5) can be based on the fact that the set W(z) allows the
representation in the form of a countable system of equations:

W) = {7 9P XYY [ (@) a2 ldudy) =0 i = 1,27...} .

XY

(3.10)

Here, {¢;(-)} is a sequence of continuously differentiable functions such that any
function ¢(-) € C! and its gradient ¢/(-) can be simultaneously approximated on Y
by linear combinations of functions from {#;} and their corresponding gradients. (An
example of such a sequence is the sequence of the monomials y|* ...y iy, ... iy =
0,1,..., where y; (j = 1,...,m) stands for the jth component of y; see, e.g., [33].)
To numerically approximate the solutions of the averaged system (3.4)—(3.5) one may
need to truncate the system of equations in (3.10) and subsequently approximate
the resulting set by the set of measures supported on a grid. The details of such a
procedure will be studied in a different paper.

4. Sets of time averages and proof of Theorem 2.1(iii). Let §o > 0 be
fixed and q;(u,y) : U x Y% — R', 1 =1,2,..., be a sequence of Lipschitz continuous
functions which is dense in the space of continuous functions on U x Y. Let

(41) h(u,y) = (Q1(u’y)7"'vqj(uay))7 j: 1,27“-3

and let V},(S,y) be the set of time averages defined by the equation

def 1 [°
(4.2) VS = |J g/ hlul),y(n)drs,
(u(), y<->>{ S /0 }

where the union is over all admissible pairs of (2.1) satisfying the initial conditions
(2.4).
The proof of Theorem 2.1(iii) is based on the following proposition.
PROPOSITION 4.1. Let Assumption 1 be satisfied. Then the following hold:
(i) The LOMS T of system (2.1) on Y exists if and only if, for every vector
function h(u,y) defined in (4.1), there exist a convex and compact set V}, and
a function v (S), limg_,oo vp(S) = 0, such that

(4.3) dH(Vh(S,y),Vh) < I/h(S) Vy S Y7
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where dg (-, -) is the Hausdorff metric defined on the bounded subsets of the
corresponding finite dimensional space by the Fuclidean norm.

(ii) For a given h(u,y) as in (4.1), a convex and compact set Vi, satisfying (4.3)
exists if and only if

(4.4) da(Va(S, '), Va(S,y")) < on(S) Wy',y" €Y

for some Dy,(S) tending to zero as S tends to infinity.

Proof. The proof of Proposition 4.1(i) is similar to that of Theorem 3.1 in [24]
(see also Corollary 3.7 in [25] and the more general result in [7]). The proof of
the “if” statement in Proposition 4.1(ii) follows exactly the same steps as that of
Proposition 3.2 in [26] (see also [21], [22], and [7]), where this statement was proved
for the case when Y is forward invariant with respect to the system (2.1). The proof
of the “only if” statement is obvious. ]

Proof of Theorem 2.1(iii). If (2.9) is valid, then the estimate (4.4) is true for
every h(u,y) defined in (4.1). Hence, by Proposition 4.1(ii), for every such h(u,y),
there exists a convex and compact set V}, satisfying (4.3). This, by Proposition 4.1(i),
implies the existence of the LOMS. Thus, the “if” statement in Theorem 2.1(iii) is
proved. The proof of the “only if” statement is obvious. ]

To conclude this section, let us show that Assumption II can be equivalently
reformulated in terms of convergence to zero of the Hausdorff metric between the sets
of time averages defined below. For 0 < § < dg, let

o 1 [°
(45) vsn® U {3 sl
CUONI0)
where, in contrast to (4.2), the union is over all §-admissible pairs of (2.1) satisfying
the initial conditions (2.4). Denote

U sy, Vs y) = [ WSy}

yey yey

def

‘/}L(S? Y) =

The following lemma is used in the proof of Theorem 2.1(i) (see section 5 below).

LEMMA 4.2. Assumption 11 is equivalent to that, for any h(-) as in (4.1),

(4.6) i (coVi(S,Y),coV (S,Y)) = 0y(6,5) — 0
as 6 — 0 and S — oo.

Proof. Let Wy () stand for the support function of a set V' C R’. That is,
for any n € R, Wy (n) = sup,cy nlv. If Assumption II is satisfied, then, taking
g(u,y) = nTh(u,y) in (2.2), one can obtain that the function y, (6, S) defined by the
equation
(A7) [ Peov, (571 (1) = T s,y D] = [Tv, 537 () = Tyssy (D] = 114(6,9)
tends to zero as 6 — 0 and S — oo. Using a standard argument based on the
separability of convex sets, one can verify that (4.7) implies (4.6). Thus, the validity
of (4.6) is implied by the validity of Assumption II.

Now let (4.6) be satisfied for any h(-) constructed as in (4.1). Then p4(6,.5) in
(4.7) tends to zero as 6 tends to zero and S tends to infinity. By taking all but one
component of n to be equal to zero in (4.7), one can verify that (2.2) is valid for
any g(u,y) = qi(u,y), Il = 1,2,.... Since the sequence ¢;(u,y), I = 1,2,..., is dense
in C(U x Y?%), it implies that (2.2) is valid for any continuous (and, in particular,
Lipschitz continuous) ¢(-). This completes the proof of the lemma. |
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5. Proofs of Theorem 2.1(i) and Theorem 2.1(ii).
Proof of Theorem 2.1(i). To prove the required statement, one needs to establish
the validity of the following two inequalities:

(5.1) sup p(v,col'(S,Y)) < (S9),
vEW

(5.2) sup  p(7y, W) < o(9).
y€Ecol'(S,Y)

Let us first prove the validity of (5.2). It is straightforward to verify that from
the convexity of W it follows that

sup  p(v, W)= sup p(y,W).
yEcoI'(S,Y) YyeI'(S,)Y)

Hence, to prove (5.2) it is enough to show that the function 7(S) defined by the
equation

(5.3) v(S) = sup p(y, W)
~y€eI'(S,Y)

tends to zero as S tends to infinity. Assume this is not the case. Then there exist a
positive number §, a sequence S¥ — oo, and sequences y* € Y and ¥ € T'(S*, ¢*)
such that p(v*, W) > 6, k = 1,2,.... Without loss of generality one may assume

def

that there exists limg_.o, 7* = v € P(U x Y) (since P(U x Y) is compact). From the
continuity of the metric it follows that

(5.4) p(y, W) = 6.

By the definition of the convergence in P(U x Y) (see (1.1)),

(55 lm [ (@) Flu ) (du,dy) = /U (@) sy dudy)

k—oo Juxy
for any ¢ € C'. Also, from the fact that v* € T'(S¥,y*), it follows that there exists
an admissible pair (u*(7),y*(7)) (for system (2.1) on the interval [0, S¥]) such that

Sk‘
| @) s andy = g [ @F @ ) ),
UxY 0
The second integral is apparently equal to

P(y*(S*)) — p(y*(0))
Sk

and tends to zero as S* tends to infinity (since y*(7) € Y V 7 € [0,8%] and Y is a
compact set). This and (5.5) imply that

/U Y(¢/(y))Tf(u,y)v(du,dy) —0Voel = €W

The latter contradicts (5.4) and, hence, 7(s) defined in (5.3) tends to zero as S tends
to infinity. This proves (5.2).
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Let us now prove the validity of inequality (5.1). Let # be a positive number such
that Y is contained in the interior of 7B = B (as above, B is the closed unit ball
in R™) and let ¢(y) : R™ — [0, 1] be a continuously differentiable function such that

(5.6) bly) =1 Wy €Y, ¢(y) = 0 Yy eR™/B.

Define the function F(u,y) : U x R™ — R™ by the equation

def

Note that, by (5.6),
(5.8) F(u,y) = flu,y) Y(u,y) €U xY, F(u,y)=0 Y(u,y) €U xR™/B.

Let C(U x R™) be the space of bounded continuous functions on U x R™ taking values
in R!, and let C'! be the space of continuously differentiable functions on R™ taking
values in R! and vanishing at infinity. Note that, since Y is a compact set, one can
replace C! by C* ¢ C' in (2.6) without adding new elements to the set W. Define a
linear operator A : C1 — C(U x R™) by the equation

def

(40)(u.y) = (&) Fluy) Yo €Ch

This operator satisfies the conditions of Theorem 4.1 in [43], namely, the following:
(1) C!, the domain of A, is an algebra and is dense in the space C of continuous
functions on R™ which vanish at infinity (this is an immediate consequence
of the Stone—Weierstrass theorem; see, e.g., Theorem IV.6.16 in [15]).

def

(i) For each ¢ € C* and u € U, (A¢)(u,-) 2 (¢/()) " Flu, ) € C.
(iii) For each ¢ € C*,

lim max(A¢)(u, = lim max(¢’ T u, — 0.
ol wEE AP ) = i@ () E ()

(iv) For each u € U, the operator A, = (A¢)(u, -) satisfies the positive maximum
principle, i.e., if ¢(y*) = sup, ¢(y) > 0, then

(Aud)(y*) = (&' () Flu,y") < 0.

Note that (ii) and (iii) are satisfied because of (5.8) and that (iv) follows from the
fact that ¢'(y*) = 0.
Let us consider now an arbitrary v € W and extend its definition to the Borel
def

subsets of U x R™ by taking v(Q) = v(QN (U xY)) VQ € B(U x R™). By (5.8) and
(26),

/ (A)(u, y)y(du, dy) =/ (&' (9) F (u, y)1(du, dy)
UxRm™

U xR™
- / (& (9))" F (u, y)y(du, dy) = / (& (9)" f (w9 (du, dy) = 0
UxXY UxY

V¢ € C'. From Theorem 4.1 in [43] it follows that there exist a probability space
(Q, F, P), a filtration {F,} of o-subalgebras of F, and a P(U) x R™-valued random
process (A(7),y(7)) = (A(1,w),y(7,w)) which satisfies the following conditions:
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(a) (M\(+),y(")) is {F;}-progressive and stationary with
(5.9) EMT)(D1)xp,(y(7))] =v(D1 x D2) V7 = 0,

where Dy and D are arbitrary Borel subsets of U and R™, respectively, and xp, (+)
is the indicator functiop of Ds.

(b) For every ¢ € Ct, ¢(y(7)) — [y [o; (&' ()T F(u,y(s))A(s)(du)ds is an {F }-
martingale.

A further characterization of the pair (A(7,w), y(T,w)) is given by the following
lemma.

LEMMA 5.1. There ezists a subset A of Q such that P(A) = 0 and such that,
Yw € Q/A, the pair (A(1,w),y(T,w)) satisfies the equation

(5.10) j(r,w) = F(A(r,w),y(r,w))

for almost all T € [0,S] (VS > 0), where

(5.11) FOw) 2 [ Plug)idu).
U
Proof. Proof of the lemma is given in section 6 below. 0
Let 75, =1,2,..., stand for a sequence of all rational numbers belonging to the

interval [0, S]. By (5.9),

Ploly(rw) €Y} = Elxy(y(m)] = ENm)U)xy (y(m)] = +(UxY) = 1.
That is, for every i there exists a subset A; of Q such that P(A;) = 0 and such that
(5.12) y(m,w) €Y YweQ/A;, = y(n,w)eY, i=1,2,..., Yw e Q/(UA;).

From the fact that y(7,w) satisfies (5.10) it follows that y(-,w) is continuous (in fact,
absolutely continuous) for w € Q/A. Thus, the inclusions (5.12) and the fact that ¥
is compact imply that

(5.13) y(r,w) €Y vre0,5], VweQ/A,
where A = A U (U;A;), with

(5.14) P(A) = 0.

Note that, by (5.8) and (5.11), equation (5.10) is equivalent to
(5.15) y(r,w) = fA(r,w),y(r,w))

for w € Q/A, where

(5.16) Fouy) /U F(u, )\ (du).

Consider the control system

(5.17) y(r) = FNT), (7)),

where A(7) is a relaxed control, that is, a Lebesgue measurable function \(7) : [0, 5] —
P(U) (see [47]). A pair (A(7),y(7)) will be called admissible (for system (5.17) on
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the interval [0,5]) if A(7) is a relaxed control, y(7) is the corresponding solution of
(5.17), and y(7) € Y V7 € [0, 5]. Let h(u,y) be as in (4.1) and

T def

(5.18) h(A,y) :/Uh(u,y)/\(du).

Consider the set of the time averages
. aet 1[5
(519) nsn® U {5 [ a0l
0
(A, y()

where the union is over all admissible pairs of (5.17) satisfying the initial conditions
(2.4).
By the relaxation theorem (see, e.g., Theorem 10.4.4, p. 402 in [10]),

(5.20) Vi(S,y) C cVP(S,y) V6 > 0,

where cl stands for the closure of the set and V}? (S, y) is defined in (4.5). Since y(7,w)
satisfies (5.13) and (5.15), from (5.20) and (4.6) it follows that, Vw € Q/A,

s
%/O h(A(m,w),y(r,w))dr € Vi(S,y(0,w))

C cdVP(S,Y) CcVi(S,Y) + 4(6,5)B;,

where co is the closed convex hull of the corresponding set and B; is the closed unit
ball in R? (j is the dimension of the vector function h(-)). Using now (5.14), one
obtains from here that

15
(5.21) E/o E[h()\(T,w),y(T,w))]dT € coVi(S,Y) + mx(6,5)B;.

From (5.9), however, it follows that

(5.22) E[ﬁ()\(r, w), y(T, w))] = / h(u, y)y(du, dy).
UxY

Consequently, by (5.21),

/ h(u,y)y(du,dy) € coVi(S,Y) + vn(6,5)B;
UxXY

= h(u,y)y(du,dy) € coVi(S,Y) + vn(S)Bj,
UxY

where

7k (S) = 1i1;1551p (6, 5).

Note that from the fact that 75(6,5) — 0 as § — 0 and S — oo it follows that
Up(S) — 0 as S — oo. Since v is an arbitrary element of W, one can conclude that

(5.23) U {/U Yh(u, y)v(du,dy)} C coVu(S,Y) + o,(S)B;.

yeEW
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The set V3,(S,Y) allows the representation

U {[  mwntan.

YEL'(S,Y)

Vi(S,Y)

Hence,

coVi(8,Y) = co U {/nyh(u,y)v(du, dy)}

~v€Er(S,Y)
/ h(u,y)y(du, dy)}-
UxY

That is, (5.23) can be rewritten in the form

ng{/ljxyh(wy)’ﬂdu,dy)} C U ){/nyh(u,y)v(du,dy)} + op(S)B;.

y€ecol'(S,Y

y€col'(S,Y) {

Since it is true for any h(u,y) as in (4.1), the validity of (5.1), with some 7(5) tending
to zero as S tends to infinity, follows from Lemma 3.5 in [25]. This completes the
proof of Theorem 2.1(i). d

Proof of Theorem 2.1(ii). If the LOMS T exists, then, by (1.4),

pH(COF(S’Y)’F) = pH(COF(SaY)7COF) < pH(F(Svy)vr) < V(S)7

where v(5) is from (2.5). This and (2.7) imply equation (2.8) (because both I" and W
are compact). |

6. Proof of Lemma 5.1. The proof is divided into three steps. First, it is
established that the random processes

— def 2

Ji(r) = yilr) = / Fi(Ms).y(s)ds . Ki(r) = yf(r)—2 / Bi()Fi(A(s), y(s)) ds,
0 0

(6.1) )

i=1,...,m, are {F; }-martingales, where y;(-), F;(-), are the ith components of y(-)

and F'(-), respectively. That is, for 7 > o > 0,

(6.2) E[Ji(7) | Fo | = Ji(o), E[ Ki(1)|Fo | = Ki(0).

Second, it is shown that the processes JZ(7), i = 1,...,m, are {F,}-martingales.
That is, for 7 > o > 0,

(6.3) E[J2(1) | Fyl=J0), i=1,...,m.

Finally, the statement of the lemma is proved on the basis of (6.3).
Let us verify the validity of (6.2). Let N > 0 and ¥ () : [0,00) — [0,00) be a
continuously differentiable function such that

Un@) =1 V8e[0,N?], on(@)=0 Ve [N?+1,00),

and ¥ () € [0,1] V8 € (N2, N2 +1). Define ¢; n(-) € C* by the equation ¢; n(y) =
yin (||yl|?), where ||y|| is the Euclidean norm of y. Note that |¢; v (y)| < |y;| and
that ¢; v (y) = yi for [ly[| < N.



REPRESENTATION OF THE LIMIT OCCUPATIONAL MEASURES SET 337

By condition (b), the process

() £ i / &% ()T Ei(A(s), y(s))ds
is an {7, }-martingale. Hence,
(6.4) E[Jin(T) | Fo l=din(o), T>0.
It can be seen, however, that for N large enough,
B[ (7) = Ji()]] = Elléin (9(m) = (D] < 2E{ () xan (4(7))]
< 2B [P Bl xox (7)) | < 2VE 0 (mPIVAT x Q) =0,

where xq, (-) is the indicator function of the set Qu = {y | lly|| > N} and (5.8),
(5.11) as well as (5.9) and the fact that v(U x Y) = 1 have been used. Thus, for
sufficiently large N, J; n(7) = J;i(7) a.s. and, hence, (6.4) implies the validity of the
first equation in (6.2). The validity of the second equation in (6.2) is verified in a

def

similar way (by using the test functions ¢; n(y) = y2vn(||y[[?)).
Let us now prove (6.3). Using the second equation in (6.2), one can write

BlJ2(1) | Fol = J2(0) = E[J} (1) = Ki(7) | Fol = (J}(0) = Ki(0))

=F

-2 [ ) = DB weas + ([ R y(s»ds)2 | fg]
- (—2 / " (i(0) — s(5) Fo(A(3), y(5))ds + ( / ’ Fi<A<s>,y<s>>ds)2>

—E [—2(.%(7) ~u(o) [ TROG) s ~2 [ 010~ s D)) | fa]

+E

T o T 2
2/ Fi(A(S),y(S))dS/ Fy(A(s),y(s))ds + (/ Fi()‘(s)7y(3))d5> |-7:0‘| :
o 0 o
Note that, by the first equation in (6.2),
E [ —yi(o / F;(\ ))ds | F. }
- £ | [ FOG.ts >>ds/0 RN, o(s)ds | £,| =0
Hence, to complete the proof of (6.3), it is now sufficient to show that

(/ F(r d)zml.

B[ [ ) = wlD RO sl | = 5
©5
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Using again the fact that J;(-) is a martingale, one can obtain that

B[ ) = D EOG).ue)ds | 7

3

= [ [([ Ao ) B | 7| s

[ [ ([ B ) B | 7]
Since

[ ([ mouenas) moe. s | ]

_E [ | ( | E(A<s'>,y<s’>>ds’) Fi(A(s), (s))ds | fa}

and the sum of the left- and the right-hand sides in the above equation is equal
to E[([] Fi(A(s),y(s))ds)? | F,], it follows that (6.5) is valid and, thus, (6.3) is
established.

From (6.3) and the first equation in (6.2), it follows that, for 7 > ¢ > 0,

(6.6) E[(Ji(1) = Ji(0))* | Fos] =0 = E[(Ji(1) — Ji(0))*] =0,

i = 1,...,m. By Kolmogorov’s continuity theorem (see, e.g., Theorem 1.10, p. 23

in [35]), there exists a continuous version of the R™-valued process J(+) = {J:()},
t=1,...,m. For this version, (6.6) implies that

J(r)=J(0) VYrel0,S], VS>O0.

In accordance with our notation (see (6.1)), the latter is equivalent to

v =u0)+ [ " F(A(s), y(s))ds,

which, in turn, is equivalent to (5.10). This completes the proof of the lemma. 0
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BOUNDARY FEEDBACK STABILIZATION OF THE UNDAMPED
EULER-BERNOULLI BEAM WITH BOTH ENDS FREE*

FAMING GUO! AND FALUN HUANGH

Abstract. In this paper, we are concerned with a boundary feedback system of a class of
nonuniform undamped Euler—-Bernoulli beam with both ends free. We give some sufficient conditions
and some necessary conditions for the system to have exponential stability. Our method is based on
the operator semigroup technique, the multiplier technique, and the contradiction argument of the
frequency domain method.

Key words. Cp-semigroup, Euler—Bernoulli beam, exponential stability, multiplier technique,
frequency domain method
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1. Introduction. The exponential stability of the boundary feedback system
of an Euler-Bernoulli beam with one or two ends fixed has been studied extensively
during the past two decades, but little attention has been paid to the case of the
beam with both ends free. However, a long and thin object flying in the sky can
be considered as a elastic beam with both ends free, and the boundary feedback
stabilization of this beam is of great interest, both in control theory and in engineering
practice. In this paper we shall consider this kind of problem. More precisely, we
consider a undamped nonuniform Euler-Bernoulli beam of length L with both ends
free, and its transverse vibration can be described by the following boundary feedback
system:

(1.1)

0? 0? 0? i
p(l‘)78t2w(l’,t) + 5‘%2 (EI(I) 8$2w(x7t)> = 07 (I’,t) € (Oa L) X R )
0? 0 0?
—_— = —— —_— = +
El(x)ax2w(x,t) - o <EI(x) ax2w(x,t)> . 0, te RT,
0? 0 0?
_ — — __ +
El(x) xzw(m,t) » k1 axw(O,t) + ko 8t8xw(0’t)’ te RT,
0 0? 0
R, — — _ +
5 ](917)6’:172 w) » ksw(0,t) + kq 8tu)(O,If), teRT,
w(:v,O) :(.U()(;U), atw(xvo) :wl(x)a x € (OaL)a
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where w(x,t) denotes the transverse displacement of the beam at position x and time
t, p(x) its mass density at position x, EI(x) its flexural rigidity, and k; > 0 (j =
1,2,3,4) the feedback coefficients. The bending moment at x = 0, Elaa—:?w|w:0, is
controlled by the linear feedback of rotation angle and angular velocity, and the shear
force at x = 0, _8% (Elaa—;w) |z=0, is controlled by the linear feedback of displacement
and velocity. We refer to [3], [5], [6], and [30] for the precise description of the problem
and for more technical details.

In this paper we are interested in the following feedback stabilization problem:
Under what conditions on k; (j = 1,2,3,4), does the energy E(t) (see (2.2) for its
definition) of the system (1.1) exponentially decay?

In 1980 a class of Euler—Bernoulli beams with structural damping was proposed for
large flexible structures by Chen and Russell [6] and Russell [14], and the exponential
stability of an Euler-Bernoulli beam with structural damping has been discussed at
length, beginning with [6] by Chen and Russell and continuing with the more general
results [13], [14] by Huang. We refer to Chen et al. [4] and Kim [15] for the beam
with viscous damping, and to Chen, Liu, and Liu [7] and Liu and Liu [23], [24] for
the beam with Kelvin—Voigt damping. For the boundary feedback stabilization of an
undamped Euler—Bernoulli beam that is clamped at one end and free at the other
end, Littman and Markus [22] proved the strong stabilization together with the lack
of exponential stabilization under velocity feedback (also see Rao [27]); Conrad and
Morgiil [9] used the energy multiplier method to show the exponential stabilization
under linear boundary feedback control (—aw:(1,t) +wzzrt(1,1)). More recently, Guo
[11] obtained the exponential stabilization of the nonuniform Euler-Bernoulli beam
under linear boundary feedback control by the Riesz basis approach. See references
therein for further articles.

In the literature, various techniques have been developed to address the stabiliza-
tion/controllability problem for distributed parameter systems. The spectral method
is a useful method for the one space dimensional problem (see Guo [11]). For the
high dimensional system with constant coefficients, the Hilbert uniqueness method
(HUM), introduced by Lions in [21], is a powerful tool. For the counterpart with vari-
able coefficients, Yao [31] has introduced the Riemann geometry method. We refer
to Bardos, Lebeau, and Rauch [2], Fursikov and Imanuvilov [10], and Zhang [32] for
other related methods.

However, the known methods are not easily adapted to our stabilization problem.
Indeed, in system (1.1), the beam equation uses variable coefficients, both ends of the
beam are free, and the boundary conditions are more complex than those in the liter-
ature. These restrictions certainly introduce some technical difficulties. Therefore, we
need to develop a new method to solve our problem. Our approach is based on the op-
erator semigroup technique, the multiplier technique with the contradiction argument
of a frequency domain method. Recall that multiplier techniques were developed in
the work of Lions [21], Lagnese [18], Komornik [16], [17], Lasieka [19], Lasieka and
Triggiani [20], and Zuazua [33], [34] for various PDEs and control problems. On the
other hand, the frequency domain method is based on the boundedness on the imag-
inary axis of the resolvent of a Cy-semigroup generator to establish the exponential
stability of the Cy-semigroup on a Hilbert space (see Huang [12] and Priiss [26]).

This paper is organized as follows. In section 2, we will state our main results.
In section 3, we show the well-posedness of the system and derive some spectral
properties of the underlying semigroup. Finally, in sections 4 and 5, we will prove our
main results.
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2. Statement of the main results. Throughout this paper, we need the fol-
lowing natural hypothesis:

(2.1)  p(-)ecto,L], EI(-) e C?0,L); p(x)>0, El(x)>0, =c][0,L]
Denote the energy of system (1.1) by
(2.2)

1| [k 02 2
E(t):§/0 El‘azw dw + ky

where ki|2w(0,t)[? + ks|w(0,t)|? represents the energy of the rigid motion of the
elastic system. Simple calculations yield that

d L 02 93 g 02
(2:3) afl= /0 {Ela 2 o102 T P o o }dw

0 02
+hgre0. )55

L 8 82 L 8 82 82
/0 Yoo = ), a o (EI@ ? >dx
5 )
= —5w(0.1) (kgw(o,t) + k4atw<07f>>

L 2 2
92 9 )
o 0tox” o (Efaz?“’> d

2 2

w(0,1)

0 :
o +mmwy

0
+p‘atw

w(0,t) + ksw(0, t)gw

ot (0,%)

and

= —%w(o t) <k3w(0,t) + Ic4;)tw(0,t)>

0? 0 0?
= o0 (Big(00) + o 0.0

L 3 2
0 0
A4 — — — .
(2.4) ; 51052 (EIG:CQ w) dz
From (2.3) and (2.4) we obtain

2 2

2

d 0
kz m(ﬂ(o, t)

0
g —w(0.t)

(2.5) =

—E(t) = —ky

b

which means that ko > 0 and k4 > 0 are necessary for the energy E(t) to be not
increasing.

It is easy to see that k1 # 0 and k3 # 0 are necessary for the energy FE(t) to
uniformly exponentially decay. In fact, if k&4 = 0, then the beam can be rotated
rigidly, and w(z,t) = x,x € [0, L] is an eigenvector belonging to eigenvector A = 0.
Likewise, if k3 = 0, then the beam can be translated rigidly, and w(x,t) = 1,z € [0, L]
is an eigenvector belonging to eigenvalue A = 0.
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For simplicity, we will denote 3 u and 8tu by v’ and 1, respectively. Let H =
L2(0, L) with the norm [|ul| = fo 2)|2dz)z and H* = H*(0,L),k > 1, where

H k(O L) is the Sobolev space of order k and let Hp = H?(0, L) with the equivalent
norm

L 3
lullg, = <k1|u’(0)|2 + k3|u(0)]? —|—/ EI|u”2dx> (k1, k3 > 0).
0

Define H = Hr @& H with the norm

1
1w, )l = (lullr, + 0l7)=-

To formulate (1.1) as an abstract Cauchy problem on H, we define a linear oper-
ator A as follows:

2

D(A)Z{(u,v)EH‘*@Hﬂ Elj— € H2, EI;LU

2
(2.6) pr

, , d d?

dz? |, _, =0
and
(2.7) A(L‘) - (OA (I)) (Z) (u,0) € D(A),
where

d? d?
-1
A=r G (Efd)

and D(A) = {u € H?| there exists v € H? such that (u,v) € D(A)}. Then the system
(1.1) can be formulated as the following Cauchy problem on H:

W\ u u(0)\ _ [wo
(0) =) Co) = ()
Now we can state our main results as follows.

THEOREM 2.1. Let (2.1) hold and k; > 0,5 = 1,2,3,4. Then the Cy-semigroup

tA is uniformly exponentially stable; i.e., there exist constants M,w > 0 such that

e
e < Me™*t, t>0.

THEOREM 2.2. Assume that ki,ks > 0 and that the Cy-semigroup e decays
uniformly exponentially. Then ke > 0 and kg > 0.

3. Preliminaries. In this section, we will prove that (A, D(A)) generates a Cp-
contraction semigroup on H, which shows the well-posedness of system (1.1), and give
some spectral properties of the generator A.
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THEOREM 3.1. Let ki, ko, ks, ks > 0. Then A is the infinitesimal generator of a
Co-contraction semigroup et on H.

Proof. It is easy to see that A is densely defined in H. Furthermore, for any
(u,v) € D(A), we have

(A1) ()7 () (),

(3.1) = Re[(v,u) g, — (Au,v) g,
where

[ L —_—
(3.2) (v,u) g, = k1v'(0)u/(0) + k3v(0)u(0) +/O EIV"(z)u (x)dx
and

2

Ld
(Au,v)H:/o E(Elu”)@da:

(3.3) = ksu(0)v(0) + kg|v(0)|* + K1/ (0)v'(0) + ko|v’(0)]? + /0 EIu"v"dx.

Substituting (3.2) and (3.3) into (3.1), we obtain

re (1) (1)) =kl =kl O

which implies that A is dissipative in H.
Finally, we show that A\ = 0 € p(.A) (the resolvent set of A). For any (f,g) € H,
we are going to solve the following equation:

(3.4) A (z) - (g ) . (uv) € D(A).
This implies
v =
(3.5) {Au N,
and hence
d2
(3.6) — (EIu") = —pg.

dx?

Integrating from x to L and using the boundary conditions at x = L, we have

L
(3.7) LB = [ g

and consequently,

(3.9) Bl = — /x " /y " (a2 dzdy,
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or equivalently,

L L
(3.9) u'(z) = ey / / p(2)g(z)dzdy, x € [0,L].

Therefore, we have

u(z) = u(0) + zu'( //EI // 2)dzdysdyrdy, x € [0, L].

(3.10)

Let © = 0 in (3.7); we can obtain

L
— (ku(0) + kv (0)) = / p(2)g(2)dz,

which, using (3.5), yields

L
(3.11) u(0) = —kig <k4f(0) +/0 p(Z)g(Z)dz> :

Similarly, let z = 0 in (3.8); we have

L L
(3.12) w(0) =~ <k2f<> / / p(z)g(z)dzdy>.

From (3.10), (3.11), and (3.12) we can assert that

u(w) =~ [k4f(0)+ / Lp(z)g(z)dz—<sz / / dzdyﬂ
(3.13) //EI //L o(2)g()dedysdyadys, @ € [0, L.

Since hypothesis (2.1) is satisfied, we can easily deduce that u € H? and that (u,v) €
D(A) is the unique solution of (3.4) (v = f). Hence, A = 0 € p(A). Finally, from the
above discussion and the Lumer—Phillips theorem [25, Theorem 1.4.3], it follows that
A generates a Cy-contraction semigroup. The proof has been completed. 0
PROPOSITION 3.2. Assume that k; >0, j =1,2,3,4. Then iR C p(A).
Proof. From the proof of Theorem 3.1 we have A = 0 € p(A) and we can prove

{Aeo(A):ImA #0} C o,(A)

in a similar way as in [7, Lemma 4.1]. Therefore it suffices to show iw & o,(A).
Indeed, if it is not true, then there exists w € R, w # 0, such that iw € 0,(.A). Hence,
there exists (u,v) € D(A), (u,v) # 0, such that

(iw — A) (ff) =0,
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which implies

(3.14) iwu = v
and
(3.15) Au +iwv = 0.

From (3.14) and (3.15) it follows that

(3.16) — <Elu) —w?pu =0,
z

and consequently,

L d2 d2 B 9 L 9
Oz/0 M(EIWU)MZI_W A plu|*dx

L d d2 d L
:k3|u(0)|2+iwk4|u(0)|2—/ (EI )udx—aﬂ/ oluf2dz
0 0

dz a2 ") dx

d 2 d ?
= ks|u(0)|? + iwks|u(0)[* + ky |=—u(0)| + iwky [-—u(0)

dx dx

2 2

—=Uu

L
dz — w? *da.
e x—w /0 plu|*dx

L
+/EI
0

Using w # 0, we conclude that

2 2

2

d L
Es|u(0)|* + k1 %U(O) gL dx — w2/0 plu|*dz =0,

L
+/EI
0
2

=0.

(3.17)
E4|u(0)]? + ko

d
ﬁu(O)

Since hypothesis (2.1) is satisfied, we have u € H*[0,L] and hence u € C3[0, L].
Moreover, it follows from (3.17) that

u(0) = 4/(0) = 0,
(3.18) L L
/ EIW|*dz = wz/ plul’dz,
0 0
which implies that
v(0) =v'(0) =0

Therefore, using the boundary conditions at x = 0, we get
EI(0)u"(0) = k1u(0) + k2v(0) =0
and

(EIU") | =0 = EI'(0)u” (0) + EI(0)u""(0) = kst (0) + kv’ (0) = 0,
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which, together with ET(0) > 0, implies that

(3.19) u”(0) = u"'(0) = 0.

From (3.18) and (3.19), it follows that w is a solution of the following equation:
d? d?

— (EI-—u) —w?pu=

dx? ( dx? u) wipu =0,

u(0) = u'(0) = w”(0) = u""(0) = 0.

(3.20)

The uniqueness theorem of ODEs shows that v = 0 and v = iwpu = 0. This is in
contradiction with (u,v) # 0, and the proof is completed. |

4. Proof of Theorem 2.1. Clearly, if w = w(x,t) is the solution of the system
(1.1), then

0 A 0
<w,8tw)—e (wo,wy) and H(w,atw>

Hence, the uniformly exponential decay of the energy F(t) is equivalent to the uniform
exponential stability of Cp-semigroup e*4. It follows from Proposition 3.2 and the
frequency domain results (see [12], [26]) that we need only to prove

2
=2E(t), t>0.
H

(4.1) sup [[(A — A)7H| < +oo.
AEiR

If (4.1) is not true, using iR C p(.A), then we can deduce that there exist A\, = iw, €
iR, (Un,vn) € D(A) such that

(4.2) [ (wn,vn)lle =1, |wn| — 0o(n — o0)
and
(4.3) (iwn, — A)(Un, V) = (fr,gn) — 0 in H.

From (4.3), it follows that
(4.4) Wply — Uy = fn — 0 in Hg,

d? d?

By (4.4), we have

L
1 FullZ, = Rl L) + kalfa () + / BI|f!Pdz — 0,
0
which yields that

(4.6) fu(0) =0, fu(0) — 0.

Again by (4.4), we have that (f,,un)g = iwy|un||% — (Vn,un)g — 0, and conse-
quently,

1
(4.7) nllFr = = [(Farun) st + (vn, un) ] — 0.

n
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Moreover, we have

L g2 a2 L
(gn,un)g = /0 ) <EIdx2un) Updx + iwy, ; PO dX

Ld d2
un(0) /od:c( " )u %+ b (0, tn)

= k3|un(0)|* + kgv,, (0)u, (0) + kylul, (0)[?

= ks3|un(0)* + kg0, (0)

L
+ kov! (0)ul,(0) + / BT 2dx + iwy, (Vn, un) i
0

= lunllfr, + ka(iwntn(0) = £n(0))un (0
+ ka(iwnui, (0) = £,(0))u,(0) + iwn (vn, un) 1
+

= lunllfr,, + kaiwn|un (0)* + kaiwn|u;, (0)[?

= kafn(0)un(0) = k2. f;,(0)u}, (0) + iwn (vn, un) 1

(4.8) — 0.
Therefore, from (4.6), (4.8), Re(vn, un) g — 0, and |w,| — 0, we can deduce that
(4.9) un(0) — 0, ul (0) — 0.
From (4.4), it follows that
(frstn) g = (iwntin = U, un) iy = wnlltnllfr, — (n,vn) g, — 0,

and consequently,

n

(4.10) Re(tn, )iy — 0, |lun|?, +Im (un Z”) —=0.
Hg

Since
(4.11) <p [dcj:Q (E.Tdd22 > +zwnvn} , Un )H
= (tn, vn)Hg + kalvn(0)[* + k2|v,, (0) + iwnllvn 3 — 0,
we can easily deduce that
Re(tn, Un) iy + kalvn(0))? + Ea|v), (0)]? — 0.
Combining this together with (4.10), we get
(4.12) v, (0) = 0, ,(0) — 0.

Without loss of generality, let |v,[|> — v € [0,1]; we obtain that [luy |3, — 1 —~
From (4.11) it follows that

n

(4.13) Im <un v") +llvall — 05
w Hpg

combining this with (4.10) implies v = %
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Furthermore, if

then

|Gui) = ()l =

t(.A iwy) [ Un
vn Un ) |4

T<A*“">(A — iw, 1) (“") dTH
H

n

<[ e (= iwun) (1)
(),

<£n(7t)) _ eiwnt (un) H N 0

M (-, ) Vn ) |4y

for any T > 0. Note that e !u,,(0)] = |u,(0)] — 0 and |entu! (0)| = |u/,(0)] — 0;
together with the definition of ||(.,.)||» and (4.9), we can assert that

dr

’ H

Therefore, we deduce that

(4.14) sup
t€[0,T]

0
(4.15) gn(oa t) — 0, %Em(ov t) —0

uniformly for £ in compact intervals of RT.
On the other hand, we have

G e ), ( )
= ||(iw, —
—1 367«2 EI 9> 2€n + annn

(4.16)

A
=
S
3
|
/\
s 5
\_/

uniformly for ¢ € [0, 00). Therefore,
(iwnn = s &)t = iwnllénll iy — (€ mm) = 0
uniformly for ¢ € [0, 00). This yields
Re(&n, M) m, — 0 uniformly for ¢ € [0, 00).

Similar to (4.11), we can get

o2 < 0?

-1 .

p EI—&, > +zwn77n,17n>
< Ox? Ox? "

= (&ns ) 1 + ka0 (0,8)1* + Koy, (0,8)* + dwn|mnll3; — O
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uniformly for ¢ in compact intervals of RT, and consequently,
(4.17) 7 (0,t) — 0, n,(0,¢) — 0

uniformly for ¢ in compact intervals of RT. Since (&,,7,) € D(A), using (4.15) and
(4.16), we obtain

82 ! /

0 0?
“ox (EI axzfn)

uniformly for ¢ in compact intervals of R*. Hence

02 3
G0 =0,

uniformly for ¢ in compact intervals of RT. Moreover,

and

d 0? 3
— ZEI(0)560(0,0) + EI(0)5 56,(0.1)

- kBEn(Ov t) + k477n(oa t) —0

x=0

(4.18) = £,(0,t) = 0

82
BI(L) 5—&n(L,1) = 0,

0 0?
~ <E18 5én (x,t))

which implies that

0 O0x? o3

2 3
<8E 0 5(xt)+EIa f(a:,t))
x=L

o ok

Furthermore, it follows from (4.16) that
wrén —Mn =hp — 0

in Hg uniformly for ¢, and hence, it holds in H. Therefore,

(4.20) n(-s1) = %(hn + 1) =0

n

in H uniformly for ¢.

Now let M¢ = 2(z—L)e™ % a%f, where 6 is such a positive constant that §p—p’ > 0
and 30EI+ (ET) > 0. It is easy to see that hypothesis (2.1) guarantees the existence
of 8. For T > 0, we have

02 —
O—Re/ / [W ( o ﬂM«fndxdt
L 9 . T (L o o —
T a 82 - L T 82 8 —_— L
Ltz MsM (m5) ] o

(4.21) / / EI M{jndxdt

= Re
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Since

0

&gn =1Tn

and

I ) o P =\ B
Re (patsnMatsn) ~ Re (patfn2(w—L)€ 0 Mtgn) = O~ Lyp P’

we can deduce

87
//x— )pe? —\nn|2dxdt

- / (& — L)pe™®% |, 2|k dt — / / (o + (L — 2)(0p — )| Pddt

0
@2) = [ Lo 0.0 - / / e~[p + (L = 2)(0p — )]lnndadt.

From the definition of M, we have

0? 0? —ow O —
a2 Mo =2 [W —L)e axfn]
9 —in o o —6bx 27 _ —Gac >
=9 |:2€ §n 20(x — L)e o &n+2(x—L)e §n
0 — 82 — 0 —
_ —0x Y —0x o —0x 2 o —0x Y
= —20e 5 &+ 2e fn 20e §n +20°(x — L)e 5 &n

—xazi —0x r
—20(x — L)e™* —2§n+26 0 ﬁgn

2 3
—0x a —0z 8

—20(x — L)e fn +2(x— L)e fn

2
- —[49+292<L—xne—“;m%—%+9<L_xn%g:

3
—0x 0

+ 2(x — L)e 93

= —5n-

Therefore,
d? T L 62 w0 —
/0 / Bl 2gn —— M&,dxdt = / i Elo—s6n 202+ 0(L = 2)]e o o Sndadt

Ox
82
//4e_az1+9 —x)]EI‘ 5.2%n

//”C‘ HIE‘W&L

dxdt

dxdt,
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or equivalently,
(4.23)

// (x—L —OIEI’

dxdt

=/OT (x — L)e —93”)97166—22 ] dt—/ / . [(x— L ‘Q‘CEI] gn dxdt
~enor [ ;225 w.of
0
[ oo epmn - - aem| L asa

We also have

T rL 2 o2 o

92 0? o
:EI(O)L/O 536n(0.1) dt / / <E18 Sén >29(2+9( —z))e? @,d:z:dt
2 2
/ / “9T3ET + 30(L — 2)EI + (L — x)(EI) 52%n| dedt.

From (4.21), (4.22), and (4.23), it follows that

B T L 82 2

e GL/O /0 <EI‘89U2£” +p|nn2> dxdt

”2 |
/ / "BEL+36(L — 2) BT + (L~ 2) (BT | 56| dude

/ =02+ (L — 2)(8p — )] *dodt
0 0

L 9 o T T ) L L
=Re<{ — [/0 pm&LM{ndm]O —A |:(95L' <EI§7’L> Mgn:|0 dt
9% 0 r
E'Ii ng M nl d
v [ [praege] o
2
A dt

00

T
4 / Lp(0)[n,(0, D)2t — ET(0)L
0 0

T L 82 0w o
(4.24) + /o /0 EI@@LZQ(Q +0(L—x))e %fndxdt .



354

FAMING GUO AND FALUN HUANG

Finally, we are going to show that the right-hand side of (4.22) converges to zero
as n — oo. Indeed, from (4.15), (4.17), and (4.18), we obtain

2

T 82
(4.25) /0 Lp(0)|n,(0,t)|?dt — 0, EI(O)L/O 526 (0,t)] dt —0
and
T b 52 - L T 52 L
- [ (o) e o [ [priagive] o
o 0* 0 ———
_/0 - (Elwfn) » (—QLaxgn(O,t)> dt
82 0 0?
/ BI(0) 55 (0, t)[ (L4 L6)5-E:(0,8) ~ 2L 5, (o,t)] dt
(4.26)  — 0.
Since |, () |lm, < 1 and ||§,(.,t)[lg — O uniformly for ¢ € [0,7], we can easily

deduce that

fomo,t)

HH

82

1
2 1

t)H €nll7; — 0 uniformly for ¢ € [0,7]
H

by the Hardy-Littlewood inequality. Consequently,

(4.27)
and

(4.28)

T L 52 o
29/0 /o EI@&LD +0(L —z)le %ﬁndxdt =0

0

L L
0 —os O —
/0 patangndxb = /0 pin2(z — L)e™° —&E{ndﬂg — 0.

Using (4.25)—(4.28), we can assert that the right-hand side of (4.24) converges to zero

as n — o0o. Hence

(4.29)

T L 82 2
[ (Ef\axzf"

+ p|nn2> dxdt — 0.

However, using ||un |7, + lvn|% = 1, it follows from (4.14), (4.15), and (4.17) that

T L
lim / / FEl
T L
i [ (EI
n—oo 0 0
T L
lim/ / EI

2 2

0
wgn

+ P|77n|2> dxdt

2 2

eiwntun

0x2

+ p|ei“’”tvn|2> dxdt

2
a2 n

2
+ p|vn|2> dxdt =

which is in contradiction with (4.29), and the proof is completed. d
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5. Proof of Theorem 2.2. First it is impossible that ky = k4 = 0. Indeed, it
follows from ko = k4 = 0 and (2.5) that

B(t) =

2
+ plwr[* | dz + k1|w)(0)[* + kslwo (0)[* |, ¢ >0,

Il

N = Nl
~—~
o

L 2
d
El|—
/0 ' 2"
for any (wp,w1) € D(A). Thus the energy E(t) of the system (1.1) does not uniformly

exponentially decay.
Next, let ks = 0 and k4 > 0. We can define

HY ={ue Hp|u(0) =0}, H'=H%® H, A" = Also.
That is,
D(A%) = {(u,v) € D(A) NH°| A(u,v) € H°}
and
A(u,v) = A(u,v),  (u,v) € D(A°).

By the same argument as in the proof of Theorem 3.1, we can conclude that A° is
dissipative and 0 € p(AY). Hence, A" is m-dissipative and generates a Cp-contraction
semigroup e"A”. Since e’ (wo,w1) € D(A®), the same proof of (2.5) yields

o (w
etA ( 0>
w1

A

2
d
=SBl =0,
Hg dt

d (1
dt \ 2

which implies that Cy-semigroup e? * is an isometric semigroup. Therefore the energy
of the system (1.1) does not exponentially decay. Finally, let ks > 0 and kg = 0; we
only need to define HY = {u € Hg|v/(0) = 0} and the similar proof follows. This
concludes the proof of the theorem. ]
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Abstract. The primal-dual active set method has proved to be an efficient numerical tool
in the context of diverse applications. So far it has been investigated mainly for linear problems.
This paper is devoted to the study of global convergence of the primal-dual active set method for
nonlinear problems with bilateral constraints. Utilizing the close relationship between the primal-dual
active set method and semismooth Newton methods, local superlinear convergence of the method is
investigated as well.

Key words. primal-dual active set method, semismooth Newton method, optimal control,
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1. Introduction. This paper is devoted to the study of algorithms for solving
problems of the type

(1.1) min § |T(u) -z + § |u?
over u subject to ¢ < u < 1,

where T is a nonlinear operator between Hilbert spaces and a, z, ¢, and ¢ are given. A
typical motivation for considering (1.1) is given by optimal control problems, where
T is the control-to-output mapping. Depending on the type of dynamics and the
way in which the control enters into the equation, T' may be affine or nonlinear.
The inequalities in (1.1) then describe bilateral constraints on the class of admissible
controls. Without the presence of the constraints, (1.1) has received a considerable
amount of attention over the last 20 years, and numerical methods for solving (1.1)
have achieved a high level of sophistication. The presence of the infinite dimensional
constraints, however, complicates the problem significantly, and analytical as well as
numerical issues are not yet completely resolved.

It should be mentioned that discretizing (1.1) results in a finite dimensional prob-
lem, for which numerical algorithms are readily available. However, this approach can-
not avoid the infinite dimensional problem, since grid refinement must be addressed.
Moreover, in the process of discretization, important properties such as smoothing
and compactness of T and existence of integrable Lagrange multiplier associated with
inequality constraints are hidden. Such properties, however, have a significant effect
on the behavior of any fine-tuned algorithm. We refer, e.g., to [IK2] for a discussion
on the regularizing properties of T" depending on whether control or state constraints
or problems of obstacle or control-of-obstacle type are described by 7. Smoothing
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properties of T which hold for many optimal control problems will play an essential
role in our analysis of (1.1).

We turn to a brief description of the primal-dual active set strategy and the con-
tributions of this paper. The primal-dual active set strategy is an iterative algorithm
that on the basis of the current primal variable u* and the current Lagrange multiplier
A¥ associated to the constraints in (1.1) predicts new active sets A}, | = A}, (uF, AF)
and A, = A H(uk, AF) and requires solving the equality constrained problems

o1 2 2
(1.2) min 5 |T(u) -z + 5 |u|+ B
over u with w=1 on A ;, u=¢ on A_ .

Here AT and A~ refer to the sets that are active at the upper, respectively, lower,
bound. In case T is linear, the solution to (1.2) is characterized by a linear equation
on the complement of A:_H U Ap ;. In our work the strategy for choosing A;;_l and
Aj 4, is based on convex analysis techniques [IK1, BIK]. Due to the simple nature
of the box constraints in (1.1), this strategy is related to strategies already used in
[B, HI]. We shall further comment on this below.

To put the algorithm described above into a more general context, it will be
convenient to recall that the first order optimality condition for (1.1) is given by

(1.3) { au+T'(u)*(T(u) — 2) + A =0,

A=max(0, A+ a(u— 1)) +min(0, A + a (u — ¢)).
We shall argue in section 6 that this is equivalent to

(1.4) alu— )+ max(0, ) + T (u)*(T'(u) — 2))
' + min(0, = 7" (u)*(T'(u) — z) — ap) = 0.

Note that (1.4) involves the term p(u) := —T"(u)*(T(u) — z), which is commonly
referred to as the adjoint state in optimal control. Solving (1.1) by means of optimal-
ity conditions amounts to solving (1.4), which involves two types of nonlinearities of
very different nature: the simple but nondifferentiable max and min operations and
the nonlinear mapping 7', which is typically smooth (the precise conditions will be
formulated below) and possibly highly nonlinear. This difference between the nonlin-
earities max/min and u — p(u) motivates us to separately consider their linearization
in Newton-type iterative approaches. Linearizing p(u) at the current iterate u* and
leaving the nondifferentiable functions unchanged results in

a(u — ) +max(0, ) — p(u®) — p' (") (u —u*))

1.5

- +min(0, p(u) + p/(@F)(u — u¥) — ag) = 0,
where

(1.6) P (W)su=—T' W) T (W*)su — (T(W) — 2, T (uF) (6 u,-)).

This can be considered as a projected Newton iteration, as we shall show at the end
of this section, and it is also closely related to the sequential quadratic programming
(SQP) approach to (1.1), which has frequently been considered in the literature; see,
e.g., [TV] and the references given there. In the SQP approach to (1.1) both u and y =
T'(u) are considered as independent variables, and at each iteration level a quadratic
approximation to the cost in (1.1) is minimized subject to the constraints ¢ < u < ).
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Alternatively, one can take generalized derivatives of the nondifferentiable functions
n (1.4), leaving the nonlinearity p(u) unchanged. The resulting auxiliary problems
are smooth and can be solved with an appropriate standard method. This partial
(semismooth) Newton method is the focus of this paper. In fact, we shall start our
analysis with the primal-dual active set strategy and only later argue its equivalence
to the partial (semismooth) Newton method. Finally, of course, both nonlinearities
max/min and p(u) can be “linearized” simultaneously, resulting in a semismooth
Newton method. The semismooth Newton method for general-purpose nonlinear finite
dimensional optimization problems has been well studied; see, for instance, [LPR]
and the references given there. Much less is known about such methods in infinite
dimensions, specifically in the context of optimal control; see, however, [HIK, U]. We
shall address the semismooth Newton approach to (1.4) in section 7.

We have studied the primal-dual active set strategy in several previous papers
[IK1, BIK, HIK]. The significant difference in the present contribution compared
with earlier work is the treatment of bilateral constraints and of nonlinear rather
than only linear operators. As in earlier work the global convergence proofs are based
on a properly chosen merit functional. The merit functional utilized in [BIK] is not
appropriate for analyzing bilateral constraints. Therefore we were forced to find a
new merit-functional that has the additional advantage over the one in [BIK] that the
details of the convergence proof are more transparent.

Let us briefly describe the contents of this paper. In section 2 we give a precise
problem statement and description of the primal-dual active set algorithm. Section 3
is devoted to a general framework for establishing convergence of the algorithm from
arbitrary initial data. The applicability of the framework for linear and nonlinear
problems is described in sections 4 and 5, respectively. In section 6 we give sufficient
conditions for local superlinear convergence of the algorithm. In the context of lo-
cal convergence we address in section 7 superlinear convergence of the semismooth
Newton method, when both types of nonlinearities max/min and p(u) in (1.4) are
linearized. While the focus of this paper is an analytical one, we nevertheless present
in section 8 a numerical example illustrating some effects of treating the nonlinearities
in (1.4) separately rather than directly applying a generalized chain rule.

Let us comment on related contributions. In [H] the primal-dual active set algo-
rithm is extended to bilateral constraints with convergence proofs based on the merit
functional from [BIK]. This necessitates further assumptions and modifications of
the algorithm, which can be avoided with the new merit functional. The primal-dual
active set algorithm is closely related to the Bertsekas projected Newton method,
which was developed for finite dimensional problems in [B] and extended to optimal
control problems in [KS]. The main difference between the two algorithms is that
Bertsekas’ algorithm is a feasible algorithm, while ours is not. We comment further
on this in Remark 7.4, where we also indicate how the local convergence proofs of
this paper can be utilized for the Bertsekas method. The dual algorithm developed
in [HI] for optimal control of ordinary differential equations is closely related to the
primal-dual active set method. The concepts for the local convergence proofs based
on generalized equations in [HI] and semismooth Newton methods in our work are
significantly different. There are no global convergence results in [HI]. In [HH] the
dual algorithm was modified by the introduction of backtracking steps, resulting in
guaranteed convergence for finite dimensional problems. For a detailed comparison of
the two methods, see [BK]. As mentioned, semismooth Newton methods were recently
extended to nonlinear problems. One of the peculiarities in the application of such
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methods to (1.1) is the lack of generalized differentiability (in a sense to be specified
in section 7) of the max/min operations between L spaces. In [U] this difficulty is
compensated by an additional smoothing step introduced to the semismooth Newton
method. In our work the lack of generalized differentiability is incorporated in the
form in which the optimality condition is expressed (see (1.3), (1.4)) as well as a
regularity condition for the mapping u — T'(u).

We close this introduction by establishing the announced relationship between
the SQP method applied to (1.1) and (1.5). Let y represent an independent variable,
denote by p the Lagrange multiplier associated to the constraint y — T'(u) = 0, and
introduce the Lagrangian

Ly, u,p) = 5 [y — 2 + § |ul> + (1, T(u) —y).
Given (y*,u*, ui¥) the new correction is obtained as the solution to
min L (y*, u®, p*) (8 y, 6 u) + L7 (yF, u¥, %) (6 y, 6 w), (6 y, 6 u))

(1.7) subject to
T +T'(uh)bu = y* +6y, p<up+6u<y,

over (0y,6u), where primes denote differentiation with respect to (y,u). Denoting by
6 and A the Lagrange multipliers to the two constraints in (1.7), and setting

(T ) = (R i) 4 (8, 8w, 6 )
the optimality condition for (1.7) is given by
Y = T(F) + T ()6 u,

k+1 _ , k+1

H =Y -z,

auf T4 T (k) gt 4 (i T () (S, ) + A =0,

A = max(0, A + (v — ) + min(0, A + (uF+! — ¢)).
From the first three equations we get
a4 T (WP (TWF) + T (W) u — 2) + (yF — 2, T (W) (§u,-)) + X = 0.
This, together with the last equation in the optimality condition, implies that
(1.8) o (Ut — ) + max(0, a v — w*) + min(0,w* — ap),
where
(1.9)  WF =T (W) (TWh) + T WFou—2) — (y* — 2,7 (¥ (6u,-)).

Comparing to (1.5)—(1.6), we observe that the only difference between the SQP
method and the Newton method applied to the smooth operator T in (1.4) occurs in
the second summand of the second derivative. In the SQP method y* is computed
from the linearized equation y* = T'(u*~1) + T’(u*~1)6u), whereas T'(u¥) in (1.6)
requires the computation of the nonlinear operator 7" at u*. Concerning the term
(T(uk) — 2, T (u*)(6w,-)) in (1.6) it is worthwhile to observe that
(T@*) = 2,T" () (6 u,v))
(T (w*)(T(u*) = 2), T (T (W) (T (wh)6u, T (1))

"

= (p(u®), T™HT (")) (T"(u")6u, T' (u")0)).
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In applications to optimal control of differential equations T'(u), respectively, T (u)v,
require the solution of a nonlinear, respectively linearized, differential equation.

2. Problem statement and algorithm. Let Y and U be Hilbert spaces with
U = L?(X), where X a bounded measurable set in R™, and let T: U — Y be a, possi-
bly nonlinear, continuously differentiable, injective, mapping with Fréchet derivative
denoted by T”. Further let @,v € U with ¢ < ¢ a.e. in X. Fora >0and z € Y
consider

(2.1) Jmin J(w) = 4 [T () = = + § [uff-

We refer to (2.1) as the bilaterally constrained problem. When the constraint ¢ <
u is not present, formally obtained by setting ¢ = —oo, we have the unilaterally
constrained problem. The necessary optimality condition for (2.1) is given by

(au+ T (u) (T(u) — 2),0 —u)y >0 forall p <u <.
A direct computation shows that this is equivalent to the existence of A € U such that

au~+ T (w)*(T(u) —2) + A =0,
A=0onlI, A>0onA"t, AX<Oon A",

where I = {z: o(z) < u(z) < (z)}, AT ={z:u(x) =¢(z)}, and A~ = {x : u(z) =
©(z)}, in the a.e. sense. The second condition can be equivalently expressed as

A =max(0, A + a(u — ) + min(0, A + a(u — ¢)),

where ¢ > 0 is arbitrarily fixed. For our work the choice ¢ = « is convenient and
results in the first order optimality system,

A =max(0, A + a(u — ) + min(0, A + a(u — ¢)),
where (u,\) € U x U, and max as well as min are interpreted as pointwise a.e.
operations.

We next specify the primal-dual active set algorithm. The iteration index is
denoted by k and an initial choice (u°, \?) is assumed to be available.

PRIMAL-DUAL ACTIVE SET ALGORITHM.
(i) Given (u*, A\¥), determine

Ay = {o: O + a(u® = 9))(x) > 0},
Lis1 = {z: (V' +a(@’ —¥))(2) <0 <A +a(u” - 9)(2)},
Ay =1z (A + a(u® — 9))(z) < 0}.
(ii) Determine (u**1, A**1) from

k

+1 + E+1 _ - k+1
U =19 on A ,, wu =¢ on A, A

=0 on Iyx41,
and

(2.3) auF 4 T (WP (T (WP — 2) + AL = 0.
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Note that the equations for (uF+1 A¥+1) in step (ii) of the algorithm constitute
the necessary optimality condition for the auxiliary problem

. 1 a
(2.4) { min 5 |T(u) — 23 + § [ulf; over ue U

subject to u =1 on A:—&-l’ u=¢ on A_ .

For the global convergence analysis which will be given in the following sections we
require the primal-adjoint structure of the optimality system that arises if the action
of T is given as the solution of an equation. This situation typically arises in optimal
control and parameter estimation problems. Thus we consider the case where y =
T'(u) is given as the solution of an equation of the form

H(y) = u.

Assume that for every u € U this equation has a unique solution y = T'(u) € X, where
X is dense subset of Y, and that v — T'(u) is continuous from u to X. Assume further
that H : X — U is C' and that H’'(y) has a bounded inverse H'(y)~! € L(U,Y).
Then,

T'(u) = (H'(y)) " and T'(w)" = (H'(y)") " € LV,U)  foruel,

where y = T'(u) and the adjoint of H'(y) is taken as an operator with domain in Y’
to U. Consequently (2.2) can equivalently be expressed as

H(y) = u,

H'(y)'p=—(y—2),
(2.5)
au—p+A=0,

A =max(0, A + (v — 1)) + min(0, A + (v — ¢)),

where p = —T"(u)*(T (u) — 2) is the adjoint state. Analogously, for u**1 € U, setting

Yy = T(uhHL), phtt = — T/ (WP 1) (T (uF+1) —2), (2.3) can equivalently be expressed
as
Y on Aerl’
Hy ) =< 2pH on Iy,
%) on AI:H’
(2.6)

H’(yk+1)*pk+1 — _(yk+1 _ Z),

aubtl — phtl 4 \RL — ),

Ezample 2.1. Let Q C R™ be a bounded domain in R™ with Lipschitz continuous

boundary I' and © C Q, I' C I' measurable subsets. Let Eq: L*(T') — L?(T') be

the extension-by-zero operator and Rg: L*(Q) — L*(Q) the canonical restriction

operator. Define L: L?(I') — L?(Q2) as the solution operator to the inhomogeneous
Neumann boundary value Lu = y, i.e., y is the solution to

(2.7 (Vy, Vo)g + (y,v)q = (u,v)r for all ve HY(Q),
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and then T' = R5L Er: L3(T') — L*(Q). Then T*: L?(Q) — L*(T) is given by
T = RFL* Ey

with RF the restriction operator to [ and Ey the extension operator from Q to by
zero. Further, the adjoint L*: L?(Q) — L*(T) of L is given by L*z = 7rp, where 1
is the Dirichlet trace operator from H'() to L?(T") and p is the solution to

(2.8) (Vp, Vw)a + (p,w)a = (z,w)q for all we HY(Q).

3. Global convergence. In this section we give conditions that guarantee con-
vergence of the primal-dual active set strategy for linear and certain nonlinear opera-
tors T from arbitrary initial data. The convergence proof is based on an appropriately
defined functional that decays when evaluated along the iterates of the algorithm. An
a priori estimate for the adjoint variable p in (2.6) will play an essential role. In this
section we shall assume this estimate to hold. In the following sections the estimate
will be investigated separately for the linear and nonlinear cases.

To specify the condition alluded to above let us consider two consecutive iterates
of the algorithm. For every k = 1,2,..., the sets A;CF,A,:, and I give a mutually
disjoint decomposition of ¥. According to (i) and (i) in the form (2.6) we find

R];H on A:Jrl,
(31) H(yk-i-l) o H(yk) — uk-i-l _ uk _ é (pk—i-l _pk> 4 Rl[c on Ichrla
RZ, on A,
and
(3:2) H'(y" ) P — H (™)t + " =P =0,
where the residual R* is given by
0 on A;: N AZ+1’
(3.3) RE, = Yp—Lph=y—uF <0 on IkﬂA;;_l,
z/1—<p<i)\k on A;ﬂA;r_H,

[ aXN=ar ee<0 o Al
(3.4) Rj =10 v feD e
é)\k:ipk—wzo on A, Nlptq,

. p—1 > i)‘k on AgﬂA;_H,
(3.5) R =S o—Iph=p—u">0 on IL;nA_,,
0 on Al NA,.

Let R* denote the function defined on € whose restrictions to A'k:l, Ty1, A
coincide with Rffﬁ, R’}, and R’j‘_.
We shall utilize the following a priori estimate:

k+1

There exists p < a such that

(3.6)

"+ —p*lu < p|RF|y for every k=1,2,....
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The convergence proof will be based on the following merit functional M: U xU — R
given by

M(u.)) = a2/<|<u—w>+|%, + |<so—u>+|%>dx+/

\A-|%,dx+/ N d,
) At (u) A= (u)

where AT (u) = {x: u > ¢} and A~ (u) = {z: u < p}. For pairs (u,\) € U x U
satisfying

(3.7) AMu—9)(p—u)(x)=0 foraa xz€X,

at most one of the integrands of M can be strictly positive at x € X.

THEOREM 3.1. Assume that (3.6) holds for the iterates of the primal-dual active
set strategy. Then M (uF*t NFH1) < a=2p2 M (u¥, \¥) for every k = 1,.... More-
over there exist (u*,y*,p*,\*) € U xY x U x U with (y*,p*) € range (T(u*))x
range (T’ (u*)*) such that limy_ o (u®, p*, X\F) = (u*,p*, \*) and (u*,y*,p*, \*) satis-
fies (2.5).

Proof. From (2.6) we have

k41 _ k+1 +
Metl = phtl ) on Al

k1 _ 1 k+1

U 4 on Iy,

k1 _ k1 -
Mt =phtl —ap on A .

Using step (ii) of the algorithm in the form of (2.6) implies that

N> 0 on Ag ﬂAzH,
AR = L gk kg = Rk o uf — ) > 0 on I.N ALD

aufF +XF —ap >0 on AL ﬁAﬁH,
and therefore
(3.8) ML= ()] < |pF L (2) — pF(z)| for z € AfLL

Analogously one derives

(3.9) INFEF ()| < [pPH (@) — pF(2)| for z e A,
Moreover
1
uFt W= a(pk-u _ +pk) _
1 I\ <0 on  Af NIy,
a(p’“+1—p’“)+ uk —p <0 on  InN I,

INtu—9<0 on  Ap NIy,
which implies that

(3.10) (W =) * (2)]

IN
—
iS]
E
+
—
8
~—

—pk(x)| for = € Ixiq.
Analogously one derives that

(3.11) (¢ — T (2)] <

—
S
S
+
—
—~
8
~

—pF(x)| for x € Iyy.
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Due to (ii) of the algorithm we have that

(W =)t = (p— w1 =0 on Af

pr1 U AL

k+1>

which together with (3.10)—(3.11) implies that

(312) (WM =) (@) + (o — M ()] < LpH(2) - pF(2)] forz e X
From (3.8), (3.9) and since ¢ < ¢ a.e. on ¥ we find

(3.13) N (@) < [P () = pf(a)] for @ e AT (uMH)

and

(3.14) NHEF (@) < [pMHH () = pf(a)| for e AT (WM.

Combining (3.11)—(3.14) implies that
(3.15) M) < [ @) - )P,
)

Since (3.6) is supposed to hold we have
M@ Y < 2|RFR.
Moreover, from (3.3)—(3.5) we deduce that
(3.16) |RF|Z, < a™2M(u*,\F),
and consequently
(3.17) M NMYY < a7 2p2 M (uF AP for E=1,2,....

From (3.6), (3.16), and (3.17) it follows that [p*™! — p¥|; < (2)%p|R%|y. Thus there
exists p* € U such that limy_,. p* = p*.
Note that for £ > 1

Al = {25 @) > av(@)}, T = {22 ap(z) <pfr) < ay(a)},

Ay = {z:p"(@) < ap(n)},
and hence
N = max(0,p* — a9p) + min(0,p* — ap) + P —pF)\ .
Apr1Y %41
Since limy o0 (p"+1 —p*) = 0 and limy, ., p* exists, it follows that there exists \* € U
such that limy_.oc A¥ = \*, and

(3.18) A* = max(0,p* — av) + min(0,p* — ap).

From the last equation in (2.6) it follows that there exists u* such that limy,_, o u* = u*
and au* — p* + \* = 0. Combined with (3.18) the triple (u*,p*, \*) satisfies the
complementarity condition given by the second equation in (2.2). Passing to the limit
with respect to k in (2.3) we obtain that the first equation in (2.1) is satisfied by
(u*, A*). Setting y* = T'(u*) we find that (u*,y*, p*, \*) satisfies (2.5). O
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4. The linear case. In this section we give sufficient conditions for (3.6) to hold
if T € L(U,Y) is an injective operator with dense range in Y. If we define H = T~ 1,
then H is closed and (3.1)—(3.2) can be expressed as

(41) H(yk+t — ) R + (p’“+1 P X1t
. H* (pk+1 ) 4 yk-i-l _ y =0.

THEOREM 4.1. If T is linear and HTH%(U,y) < a, then (3.6) holds.

k+1

Proof. Since y — y* € range (H) we can apply H to the second equation in

(4.1) and obtain
. 1
(4.2) HH*(p"™ = p*) + = ("™ = p")x1,,, = —R".

Taking the inner product with respect to p**1 — p* implies
[H* (" = M) < [RF 5 = pf[u

Since [pHH — ply < [T H* (05 = p) g < [T ey H¥ 0"+ = p¥)ly, the claim
follows. O

Remark 4.1. In [BIK] the condition ||TH%(U7Y> < § was obtained for global con-
vergence by a different technique for the unilateral case. Note that in applications to
optimal control problems, T represents the solution operator to a differential equa-
tion. For elliptic or parabolic equations T is smoothing and it is reasonable to assume
that ||T|| is relatively small. (For T = (—A)~! with Dirichlet boundary conditions on
the unit square in R?, we have |T[|> = 2.)

The smallness condition of Theorem 4.1 is not required if appropriate structural
properties can be utilized. For example, in finite dimensions, if 7" is an M matrix, then
global convergence was obtained in [HIK]. Sufficient conditions for global convergence
if T is a P-matrix are also given in [HIK]. Global convergence of infinite dimensional

obstacle problems was analyzed in [IK2] exploiting the maximum principle.

5. A class of nonlinear problems. This section is devoted to an analysis of
specific nonlinear problems for which (3.6) can be satisfied. Let ¥ =Q C R", n =2
or 3, with smooth boundary 9£2. Further let ¢: R — R be a monotone mapping with
locally Lipschitzian derivative, satisfying ¢(0) = 0, and such that the substitution
operator determined by ¢ maps H!(Q) into L?(Q2). In the notation of section 2 we
choose U =Y = L?(Q2) and define T as the solution operator to

Hy) =-Ay+dé(y)=v in
(5-1) { =0 on 0f),
where A denotes the Laplacian. The adjoint equation is given by
(5.2) H(y)p=—-Ap+¢yp=—(y—-2) n 9
’ p=20 on 0.

Let (u?,\%) be an arbitrary initialization and let U = {u*: k = 1,...} denote the
set of iterates generated by the algorithm. Since these iterates are solutions to the
auxiliary problem (2.4) it follows that for every & > 0 the set U is bounded in L?(f2)
uniformly with respect to a > a.

By monotone operator theory and regularity theory of elliptic partial differential
equations it follows that the set of primal states {y* = y(u*): k =1,...} and adjoint
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states {p* = p(y(u*)): k = 1,...} are bounded subsets of L>°(f2). Let C denote this
bound and let Lo denote the Lipschitz constant of ¢ on the ball B¢(0) with center
0 and radius C in R. Let H}(Q) = {u € H*(Q) : u = 0 on 9Q} be the Hilbert space
endowed with norm |Vu|z: and let x stand for the embedding constant from Hg ()
into L2(Q).

PROPOSITION 5.1. Assume that 0 < % < 1. Then (3.6) holds for
the mapping T determined by the solution operator to (5.1).

Proof. For the case under consideration, (3.1) and (3.2) can be expressed as

1

(5.3) —AYTT = yF) + oy — o(yF) = - (P = p*)x ke + RY,

(5.4)
AT =) + ¢ (TP =) + (8 = @ (F))pF T —yF =0,

Taking the inner product of (5.3) with y**! — y* we have, using monotonicity of ¢,

2
K
(55) P =gt < R -+ RN,

where |- |1 and |-|_1 denote the norms in H}(Q) and H (), respectively. Note that
@' (y**+1) > 0. Hence from (5.4) we find

P —pFF < CLely™™ — yF | ™ — pF[pe + (T — 7, PP = p))

< (1+CLe) &Iy —y* " —p*lh.
Thus,
P —pfli < (1+C Le) k2 |y — %

and hence from (5.5)

R+l _ ko < @ R* ..
ly yh < a—(1+CLc)l<a4| -1
It thus follows that
b1k a(l4+CLo)k &
This implies (3.6) with
(1 + CLc) K 0

P :a—(l—&-C’LC)/ﬁ‘l'

6. Local superlinear convergence. In this section we derive sufficient condi-
tions for superlinear convergence. Our analysis is based on expressing the primal-dual
algorithm as a partial semismooth Newton algorithm for solving the optimality system
(2.2). We refer to the procedure as partial semismooth Newton approach, since only
the nonlinearity due to the max operation is linearized whereas the mapping u — T'(u)
is not. Observe that the second equation in (2.2) can equivalently be expressed as

(6.1) A =max(0, A + c(u — ¢)) + min(0, A + c(u — ¢)) for every ¢ > 0.
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Choosing « = ¢, the necessary optimality condition can equivalently be formulated as
(6.2) F(u) = a(u — ) + max(0,a ) — p(u)) + min(0, p(u) — ap) =0,

where

pu) = =T"(u)"(T(u) - 2).

Aside from the initialization, the iterative step of the algorithm can be equivalently
expressed as

(6.3) a(W ™ = 9) = GRa(p(u™™) = p(u)) + G (p(u™) = p(u"))

+max(0, at) — p(u®)) +min(0, p(u*) — ap) =0,

where

Gk

max

¢ on IkH:{x:pk—ozng},

GF b= ¢ on A, ={r:p F—ap <0},
min 0 on Ik+1—{:rp—a<p20},

and p* = p(u*).

Henceforth let u* denote a solution to (2.1), set y* = T'(u*), and let \* be such
that (u*, \*) satisfy (2.1). Further, let {u¥}?2 | denote the sequence of iterates which,
together with u* are assumed to be contained in N, introduced in section 2. Note
that (u*, \*) satisfy

au® —plu*) + A =0,
a(u* — 1) + max(0,«p — p(u*)) + min(0, p(u*) — a ) = 0.

Combined with (6.3) we obtain

(6.4)

(6.5)
aWtt —u) = GY L (p(uT) = p(u ))+Gfmn( (uFt1) — p(u*))
= max(0, ) — p(u*)) — max(0, aw P(uF)) + Gl (p(u *)—p(uk))_

+min(0,p(u”) —ap) - mln(,( ") —ap) = G (p(u®) —p(uh)) =: R(u").

Thus, given u*, the new iterate u**! satisfies

(6.6) alu —u*) — Gl (p(u) — p(u*)) = R,
where R = R(u*), and G' is the characteristic function of the set {z: ap(z) <
p(u¥)(x) < ap(x)}. Equivalently, (6.6) can be expressed as

H(y)-H(y*) = G'(p—pu*) + £ R,
(6.7) { H'(y)'p—H' (y*)*plu*)+y—y* =0,

with R = R(u®), I = I(p(u*)), where y and u are related by y = T'(u).
In the statement of the following conditions, which will be used to establish local
superlinear convergence, N(u*) denotes a neighborhood of u* in L?(%).

(6.8) { There exists ¢ > 2, a neighborhood N(u*) and L > 0 such that

Ip(u) — p(u*)|Lasy < Llu —u*[r2(xn) for all u € N(u*),
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where p(u) = =T"(u)*(T'(u) — 2).

There exists a constant C' independent of I and R such that
(6.9) for every solution u to (6.6) with u € N(u*)
lu—u*|r2(s) < C|R|2(z).

Condition (6.9) will be applied with v = u* and R = R(u*), so that existence of u
satisfying (6.6), respectively (y, p) satisfying (6.7), is a priori established. Throughout
the remainder of the paper we require that ¢, ¢ € LI(X).

LEMMA 6.1. Assume that (6.8) is satisfied. Then

| max(0, a ) — p(u” + h)) —max(0,a ) — p(u”))
+ GRECTT (p(u” + h) = p(u”)) L2 () = o[k r2(s))-

Proof. The mapping u — max(0,u) is Newton differentiable for every ¢ > 2, i.e.,
(6.10) | max(0, v + v) — max(0,u) — G(u +v)v|r2(x) = o(|v]La(x)),
where
1 if(u+wv)(z)>0,
Glu+v)(@) = { 0 if (u+wv)(z) <05
see [HIK, U]. Applying (6.10) with v = a¢ — p(u*) and u +v = a) — p(u* + h)
implies
| maX(O’ O”/J - p(U* + h)) - maX(07 O”/) - p(U*))
+ G (p(w 4 h) = p(u)) L2 (m) = ol[p(w* + h) = p(u*)|La(s))-

The claim follows with (6.8). d
THEOREM 6.2. Assume that the iterates u* converge to a solution u* of (2.1)
and that (6.8) is satisfied. If in addition (6.9) holds, then u* converges superlinearly.

Proof. In case (6.9) is satisfied, we have for all sufficiently large k
|u**t —w* |y < C|R(u®)|y.

Using Lemma 6.1 with h = v* —u*, and an analogous estimate for the min operation,
it follows from 6.5 that
W —ut |y < o(|uf —ut|y). O

PROPOSITION 6.3. If T is linear, then (6.9) is satisfied.

Proof. Let I be an arbitrary subset of ¥ and let R € L?(X). Denote by A the
complement of I in ¥. For ¢ € L?(X) let ¢; = ¢x7 and ¢4 = ¢ xa. From (6.6) we
have

(6.11) [(u—u*)alv < L|Ralu,
where u is any solution to (6.6). Moreover,

ol — )1 — (p(w) — p(u*))r = Ry
and hence

a(u—u*)+ (T"T(w—u*))xr = Ry.
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Taking the inner product with (v — u*); we find

al(u—u* )l + 17w —u" )y < 5T —u)il} + 5T —u)aly
+ 5w —uwilf + LIRiIE,

and therefore

(w—u)ilf +1T(w = )iy < ZITIP|RAlG + 5| R: D

= 2

Combined with (6.11) this gives the desired result. d

In the following propositions we turn to providing conditions that imply (6.9) in
case T is nonlinear. The abbreviations y* = y(u*) and p* = p(u*) will be used.

PROPOSITION 6.4. Assume that p : U — U is Lipschitz continuous with Lipschitz
constant y. If a > =, then (6.9) is satisfied.

Proof. From (6.6),

(@ —=7)|u—u*ly <|R|y,

and (6.9) follows. 0
PROPOSITION 6.5. Assume that there exists a neighborhood N (u*) and constants
c¢>0 and 6 > 0 such that

(6.12) (H'(y) = H'(y)py—v o +ly—v [y =6ly—y*[}
and
(6.13) lp—p"lv <cly—y'ly

for u e N(u*), where y = T(u) and p = =T"(u)*(T'(u) — z). If further

(6.14) (H(y) = H(y") = H' )y —y"),p— v < ely—y'I7,

where € — 0 as |u — u*| — 0, then (6.9) is satisfied.
Proof. From (6.7),

H(y)y—y)+Hy) —Hy)—H(y)(y—y)=2G'(p—p*) + LR,
H'(y)*(p —p*) + (H'(y) = H'(y*))*p" +y —y* =0.

Multiplying the first equation by —(p — p*) and the second equation by y — y* and
then summing them, we have

(H'(y) — H'(y ) vy —y v+ ly—v* 13+ Lo — )13
<(H@y) -Hy)—HW)y—y).,p—p)v—L(R,p-p").

The assumptions of the proposition imply the existence of a constant C' and a neigh-
borhood N(u*) such that

lp—p*lv < C|R|uy

for all u € N(u*). The conclusion now follows from (6.2) and (6.4). 0
If H is twice continuously Fréchet differentiable in a neighborhood of y* and
H"(y*)p* is small, then (6.12) in Proposition 6.4 is satisfied. This smallness condition
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can be implied by smallness of y* — z, for example. The solution u* itself and hence
y* depend on «, and the question arises whether by appropriate choice of « it can be
guaranteed that y* — z is sufficiently small. This problem is addressed by assuming
that there exists a feasible control @ such that T'(u) — z is sufficiently small. Then, it
can be shown that under appropriate conditions, the smallness condition for y* — z
holds for all sufficiently small «.

Remark 6.1. We demonstrate the applicability of Proposition 6.5. For this pur-
pose we return to the class of problems described at the beginning of section 5 and
assume in addition that ¢ € C?. Let B denote a bounded subset of L?(Q2). Then
y = y(u) and p = p(u) with u € B are bounded sets in H?(2) N H}(Q) N L>(2). We
have

Ay —y*) +o(y) — o(y*) = u — u,
~Alp—p" )+ ¢ W) —p")+ (') — ¢ W))p*+y—y*=0.

Since ¢ is monotone, it follows from the first equation with the arguments of Propo-
sition 5.1 that

ly =yl < K?u— |z,
and from the second equation we deduce that
lp—p*[ < (k+ M[p*|r=) ly — y" |2

for a constant M independent of v € B. Thus, (6.13) holds. Moreover, since |(¢'(y) —
& W))p* +y—y*le — 0 as |u—u*|pz — 0, it follows that [p — p*|g2 — 0 for
|u —u*| — 0 as well. To argue (6.14) observe that

(H(y) — H(y*) — H'(y)(y —y*),p — p*)

1 * * * \ /] * *
=@ y+tly—y))y—y*)2p—p*)dt < Mlp—p*|r=|ly — y* |32,

for a constant M independent of u € B. Moreover |p — p*|r~ — 0 as |u — u*|gz — 0
and hence (6.14) holds. Finally note that

(@' (y) = ¢' (v ))p*|e2 < My* = zl12ly — y* 1z,
where M is independent of o > 0 and thus (6.12) follows.

7. Semismooth Newton method. So far we have analyzed global convergence
as well as local superlinear convergence of the partial semismooth Newton method
for solving (2.1). In this section we consider the semismooth Newton method for
(2.1). The starting point is the optimality condition in the form (6.2). Given u°, the
semismooth Newton iteration is determined by

a(ufth — ) = GR o p'(WP) (= uh) + Gl pf (uP) (W — )

(7 +max(0; 0 — p(u)) + min(0, () ~ a) =0,
where G and G, are as given for (6.3). Combined with (6.4) the error equation
is found to be

QU — %) — G () (5 — ) + Gl (1) (0 — )
(72) = _max(oaaw _p(uk)) +maX(0,0é’(/J _p(U*)) maxp ( (u )
—min(0, p(u*) — a ) + min(0, p(u*) — ap) + G, P (uF —u*) = R.
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Thus, given u* the next iterate u**! is the solution to

(7.3) alu—u*) = G (ur)(u—u*) = R,

where R = R(u*) and G+ is the characteristic function of the set I = {z: a ¢(z) <
p(uF)(z) < ay(z)}. Equation (7.3) is the analogue to (6.6), which characterized the
error equation for the partial semismooth Newton method. From (7.3) it follows that
the convergence rate of u* to u* is determined by R and invertibility of the family of
operators

M(u,I) = ol —G'p/(u)

as elements of £(L?(X)), where u € L?(X) and I is a measurable subset of . With
respect to the latter we shall utilize the following assumption:

There exists a neighborhood N (u*) of u* and a constant C' > 0
(7.4) such that
M~ (u, I)||gr2syy < C for all w e U(u*) and I C Q.

If we assume p to be C' and the conditions of either Proposition 6.4 or 6.5 are
satisfied, then (7.4) holds. This follows from minor modifications of the proofs of
these results. Turning to the estimate of R we observe that it involves the generalized
derivatives of the composite mappings v — max(0, a9 — p(u)) and v — min(0, p(u) —
ap). We recall the notion of Newton differentiability from [HIK] and prove a chain
rule.

Let X, Z be Banach spaces, D C X an open subset, and w C R™ bounded.

DEFINITION 7.1. F: D C X — Z is called Newton differentiable at x* if there
exists a neighborhood N(x*) C D and a family of mappings G: N(z*) — L(X,Z)
such that {||G(x)||: x € N(z*)} is bounded and

(A) —|F(z* +h) — F(z*) — G(a* + h)h|; = 0.

lim
Ihlx—0 |h|x

LEMMA 7.2 (chain rule). Let g: D C LP(w) — Li(w), 1 < p < g < oo, be
continuously Fréchet differentiable at y* € D and let ¢: LY(w) — LP(w) be Newton
differentiable at g( *) with a generalized gradient G. Then F = ¢(g) is Newton
differentiable at y* with a generalized gradient given by G(g)g9’ € L(LP(w), LP(w)).

Proof. Let U be a convex neighborhood of y* in LP() such that ¢’ is continuous
in U and g(U) is contained in the neighborhood N(g(y*)) according to the definition
of Newton differentiability of ¢ at g(y*). Further let U and C' > 0 be such that

IG(gW)llcpary <C  foralyelU
and
lg' Wl zere,Lay < C  forally e U.

Let h € LP(Q) be such that y* + h € U. We shall utilize that

1
(7.5) gy* +h)=gy") + /O g'(y* +sh)h ds
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and g(y* 4+ h) € N(g(y*)). Newton differentiability of ¢ at g(y*) implies that

(7.6)
=0.

d(g(y" +h)) — o(g(y™)) — Glg(y™ + h))/o g (y + sh)h ds

lim
lhlLp—0 |h[Le Le

Here we use (7.5) and the fact that

1 1
/ g (y+sh)hds| < / 9" (y + sh)|| ccLe,Layds|hlr < Clh|pr.
0 La 0

Let € > 0 be arbitrary. Due to continuity of ¢’ at y*, there exists a convex neighbor-
hood U, C U of y* such that ||g'(y) — ¢'(¥*)|| c(zr,za) < € for all y € U.. Consequently

ot + ([ o+ shypds oo + )

0

[h|Lp
Lp

1
< [ 190+ 5h) = g + 1) ewosedslbles
0

<Ce forallyeU..

Combining this estimate with (7.6) we find

lim = [p(g(y" + 1)) = d(9(y")) = Glg(y" + 1)g'(y" + h)[r» <Ce. O
Alp—0 |R[Le

THEOREM 7.3. If (7.4) holds and v — p(u) = —(T(u)')*(T'(u)—2) is continuously
Fréchet differentiable from neighborhood N(u*) C L*(X) of u* to LX) for some
q > 2, then the semismooth Newton iteration (7.1) converges superlinearly provided
|u® — u*|y is sufficiently small.

Proof. The mappings v — max(0,u) and v — min(0, u) are Newton differentiable
at every u from L?(¥) to L*(X) for each ¢ > 2. The claim follows from (7.3), (7.4),
and Lemma 7.2 with p = 2 applied to R. O

Remark 7.1. For the results of sections 6 and 7, the requirement ¢ < 1 can be
relaxed to ¢ < ¢ a.e. in X. However, we require ¢, 1 € LI(X).

Remark 7.2. While the analysis of semismoothness in function space is rather
recent, it has a long tradition in finite dimensional spaces. We refer to the pioneering
work [M] for semismooth functionals and its extensions, e.g., in [QS, SQ] to R™-valued
functions and nonsmooth versions of Newton’s method.

Remark 7.3. The results of sections 6 and 7 depend in an essential manner
on the regularity properties of the composite functions © — max(0, @t — p(u)) and
u — min(0, p(u) — @ ). Recall that v — max(0,w) is not Newton differentiable with
the indicator function of {x: u(x) > 0} as generalized derivative from L?(3) to itself
[HIK], and therefore the smoothing properties that were assumed to hold for u — p(u)
as mapping from L?(X) to L4(X), for some ¢ > 2, are essential. They are satisfied
by many optimal control problems related to elliptic and parabolic partial differen-
tial equations. The results of section 7 are closely related to the general theory on
semismooth Newton methods developed in [U]. In [U] composite functions ¥ = ¢(F)
are considered, where F' is a differentiable mapping between vector-valued functions
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spaces and 1) is a semismooth mapping from R" to R*. The generalized derivative
of W is given as the composition of the generalized derivative of 1) and F’. The map-
ping u — max(0,u) is not generalized differentiable in the sense of [U] from L%(X)
to itself. Expressed in the present context, the results in [U] are based on general-
ized differentiability of v — max(0, v — p(u)) + min(0, p(u) — ag) from LI(X) to
L?(%), with 2 < g, solvability (under appropriate conditions) of the Newton equation
in L?(¥), and an additional smoothing step in the Newton iteration resulting in an
update that is again in L7(X). Convergence rates are subsequently obtained in L(X).
In our work, on the contrary, we utilize smoothing properties of p, which guarantee
that the composite mapping v — max(0, a ¢ — p(u)) + min(0, p(u) — ag) is Newton
differentiable.

Remark 7.4. There is a close relationship between the algorithms analyzed in
this paper and Bertsekas’ projected Newton method for simple constraints; see [B,
p. 76 fI]. In the Bertsekas algorithm the new iterate is projected onto the admissible
set Uyq = {u: ¢ < u < 9}, before the new system matrix and right-hand side are
computed. A more complete comparison is given in [BK]. Since to our knowledge the
Bertsekas algorithm was not analyzed in a general context in the infinite dimensional
setting, the following observation is of interest. Let P denote the projection in L?(X)
onto U, 4, and assume that for the iterates of the partial (or full) semismooth Newton
method we have |u*+! — u*| < §;uf — u*| with limg oo 6 = 0. Then the feasible
iterates @*¥ = P(u*) which are obtained from modifying the algorithm by including
a projection step after the Newton update converge superlinearly as well. In fact we
have

@5 — o) = [P — P(u®)| 2z < [T — u¥[p2gs) < 80 — u¥| (s,

as desired.

8. Numerical tests. We give a brief account of some numerical tests that we
carried out to solve optimal control problems with unilateral constraints for nonlinear
problems of the form

min% ly(u) — z|2L2(Q) +3 |u|2L2(Q)
—uAy+g(y) =u in Q
1 pAy+g :
(8.1) y =0 on 09,
u <y in Q.

The domain © was chosen as the unit square, and the discretization of (8.1) was
obtained on the basis of finite differences with a five-point star approximation of the
Laplacian and a uniform grid with mesh size h = % When applying the primal-dual
active set strategy specified at the beginning of section 2, then (2.3) can be expressed
as in (2.6) with H(y) = —p Ay + g(y). The auxiliary equality constrained problems
(2.4) were solved by an SQP method with stopping criterion 107!? for the discrete
L2-norm of the increments. The primal-dual algorithm was initialized by solving (8.1)
without the constrained u < ¢ by the SQP method with stopping criterion 1073,

In the numerical examples that we tested we observed that the primal-dual active
set algorithm terminated after finitely many iterations by producing identical active
sets in two consecutive iterations. We refer to the corresponding iterate as the solution
uy, of the discretized problem. This is justified by the fact that such a solution satisfies
the discretized form of the optimality system (2.6).
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TABLE 1
k 1 2 3 4
q’c 0.3776 | 0.4082 | 0.1587 | 0.0334
qlam k1 0.1656 | 0.2462 | 0.0954 | 0.0207

The first question that we addressed is whether superlinear convergence can be
observed in numerical practice. The problem data are specified by

z=e€e"sinay —1, Yv=xz22—1, p=01 a=1073,
g(y) =sin 3y, and n = 40.
In Table 1 we give the results for
k _ [t — uj e
k 'U/Z|L2 ’

R A= Al

lam” = ,
! ! =Nl

|u

where u is the solution from the initialization phase, u*, k > 1, the solution of the kth
iteration of the primal-dual active set strategy, and u;j the solution of the discretized
problem as introduced above. Further, \* and A}, denote the corresponding Lagrange
multipliers and | - | stands for the discrete L?-norm.

We tested with several other nonlinearities, including g(y) = v3, g(v) = v°, g(y) =
e¥ and different mesh sizes, and again observed that the algorithm self-terminates due
to the coincidence of two consecutive active sets.

In the second class of tests we compared three algorithms. For the sake of the
following discussion let us refer to the algorithm that we described at the beginning
of this section as the PD-SQP algorithm. This refers to the fact that in an outer loop
we utilize the primal-dual active set strategy, and the resulting nonlinear equality
constrained problem, see (2.4), is solved by an SQP method. For the second algorithm,
referred to as SQP-PD, the order of the two loops is reversed. This is to say, an
SQP approach is applied to (8.1) and the resulting inequality constrained linear-
quadratic subproblems are solved by the primal-dual active set strategy. This strategy
is described in [TV], for example. Here the primal-dual active set strategy allows us
to solve the subproblems exactly since again for sufficiently large values of p and «
the algorithm terminates when the active sets coincide in two consecutive iterations.
The outer loop is terminated with a stopping criterion measuring the increment in
the SQP iteration and is set to 107'2 in the examples. The third algorithm arises
by applying a semismooth Newton algorithm to the optimality system (2.5) with
H(y) = —pAy+g(y). This algorithm, the SSN algorithm, coincides with SQP-PD as
well as PD-SQP if in the latter two only one iteration in the inner loops is carried out.
The SSN algorithm treats both nonlinearities g(y) as well as A = max(0, A + (u —¢))
simultaneously. Differently from SQP-PD and PD-SQP, it is not inherent to this
algorithm that the nonlinearity A = max(0, A 4+ (u — v)) is realized exactly, although
depending on the stopping criterion in numerical practice this can occur.

For our comparison the stopping criterion was set to 107'2 as for the other algo-
rithms. The comparison itself was made on the basis of the overall number of required
solves of linear optimality systems. For test examples with moderate values of p and
a, PD-SQP requires more solves than SQP-PD or SSN. This situation changes for
problems with smaller values of a and p. In view of Theorem 4.1 and Proposition 5.1
it is then less likely that sufficient conditions for global convergence of the primal-dual
active set strategy (in SQP-PD as well as in PD-SQP) are satisfied. For such problems
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PD-SQP proved to be superior to SQP-PD, with the latter possibly nonterminating
in the inner (PD) loop by the criterion of equality of two consecutive active sets. We
therefore added the criterion of a maximum of 10 inner iterations to the SQP-PD
algorithm. For the problem data given by

(82) z=e€"sinzy—1, =21 25— 1, p=10"% a=10"% g(y) = ¢°, n = 40,

the number of problem solves required by the PD-SQP/SSN/SQP-PD methods is
34/36/66, and with p, o changed to 1 = 1073, @ = 1075 the number of solves is given
by 39/51/99. A similar comparison with 2,1 as in (8.1) and u = 1073, a = 1074,
g(y) = y® resulted in 27/18/81 required problem solves.
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[BK]
[BIK]
(H]
[HH]
[HI]
[HIK]
[IK1]
[1K2]
[KS]
[LPR]
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ERRATUM:
NONLINEAR OBSERVER DESIGN IN THE SIEGEL DOMAIN*
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Abstract. There is an error in the proof of the main result of our paper [SIAM J. Control
Optim., 41 (2002), pp. 932-953]. An additional assumption is needed for the main result to hold. In
this erratum, we supply a corrected version of the main result.
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In our paper [1], we considered the problem of transforming the real analytic
system

(0.1) i=f(x)=Fz+---,
y=h(z)=Hx+---

by a local, analytic change of coordinates

z=0(x)
and an analytic output injection
Bly)
into the system
2= Az+ B(y).

As shown by Kazantzis and Kravaris [2], this question is of interest because the latter
system admits an observer

2=A

N>
_l’_

B(y)

with linear error dynamics
Z= Az,
where Z = z — 2. Such a 0(z) and B(y) must satisfy the PDE

00

(0.3) s

(z)f(z) = Ab(z) + B(h(z)).

Using the Lyapunov auxiliary theorem, Kazantzis and Kravaris showed, given an
analytic 3, that this PDE admits a unique solution if all the eigenvalues of F' lie in
the same half plane, either the left or the right, and the eigenvalues of A are not
resonant with those of F'.
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In our paper, we claimed (Theorem 2) the existence of solutions to this PDE
under considerably weaker hypothesis on the spectrum of F', but there is an error in
our proof. An additional assumption is required: that the eigenvalues of the linear
part of the system are of type (C,v) with respect to (w.r.t.) themselves. The correct
statement of the main result is as follows.

MAIN THEOREM. Assume that f: R" — R",h: R®" — R?, and §: R» — R"
are analytic vector fields with f(0) =0, h(0) =0, 8(0) =0, and F = %(0), H =
%(0), B = g—Z(O). Suppose

1. there exists an invertible n x n matriz T so that TF = AT — BH,
2. there exists a C' > 0,v > 0 such that all the eigenvalues of A are of type (C,v)
w.r.t. o(F),
3. there exists a C > 0,v > 0 such that all the eigenvalues of F are of type
(Cyv) wrt. o(F).
Then there exists a unique analytic solution z = 6(z) to the PDE (0.3) locally around
x = 0. Moreover %(O) =T, so 8 is a local diffeomorphism.

Proof. Because the eigenvalues of F' are of type (C, v) w.r.t. themselves, it follows
from Siegel’s theorem [3] that there exists an analytic local change of coordinates which
linearizes the dynamics of the system (0.1). Therefore without loss of generality we
may assume that the system is of the form

(0.4) i = Fu,
(0.5) y = h(x).

Then the PDE (0.3) becomes

00
(0.6) 5, @ Fz = A8(z) + B(h(2)),
which has a unique local solution by Theorem 1 of [1]. 0
Remarks. With the additional assumption, our result is no longer a generalization
of that of Kazantzis and Kravaris [2]. The set of complex vectors A = (A1,...,A,) €

" which are not of type (C,v) w.r.t. themselves for any C is a set of measure zero
if v is large enough [3]. Therefore the additional assumption is satisfied by almost all
systems.
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MAX-PLUS EIGENVECTOR METHODS FOR
NONLINEAR H,, PROBLEMS: ERROR ANALYSIS*
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Abstract. The Ho problem for a nonlinear system is considered. The corresponding dy-
namic programming equation is a fully nonlinear, first-order, steady-state partial differential equation
(PDE), possessing a term which is quadratic in the gradient. The solutions are typically nonsmooth,
and further, there is nonuniqueness among the class of viscosity solutions. In the case where one tests
a feedback control to see if it yields an Hoo controller, or where either the controller or disturbance
sufficiently dominates, the PDE is a Hamilton—Jacobi—Bellman equation. The computation of the so-
lution of a nonlinear, steady-state, first-order PDE is typically quite difficult. In a companion paper,
we developed an entirely new class of methods for obtaining the “correct” solution of such PDEs.
These methods are based on the linearity of the associated semigroup over the max-plus (or, in some
cases, min-plus) algebra. In particular, solution of the PDE is reduced to solution of a max-plus (or
min-plus) eigenvector problem for known unique eigenvalue 0 (the max-plus multiplicative identity).
It was demonstrated that the eigenvector is unique and that the power method converges to it. In
the companion paper, the basic method was laid out without discussion of errors and convergence. In
this paper, we both approach the error analysis for such an algorithm, and demonstrate convergence.
The errors are due to both the truncation of the basis expansion and computation of the matrix
whose eigenvector one computes.

Key words. nonlinear Hoo control, dynamic programming, numerical methods, partial differ-
ential equations, max-plus algebra
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1. Introduction. We consider the H,, problem for a nonlinear system. The
corresponding dynamic programming equation (DPE) is a fully nonlinear, first-order,
steady-state partial differential equation (PDE), possessing a term which is quadratic
in the gradient (for background, see [1], [2], [18], [19], [37] among many notable oth-
ers). The solutions are typically nonsmooth, and further, there are multiple viscosity
solutions—that is, one does not even have uniqueness among the class of viscosity
solutions (cf. [32], [33]). The computation of the solution of a nonlinear, steady-state,
first-order PDE is typically quite difficult, and possibly even more so in the presence
of the nonuniqueness mentioned above. Some previous works in the general area of
numerical methods for these problems are [3], [7], [8], [15], [17], [22], and the references
therein. In the companion paper [25] to this article, the mathematical background
and basic algorithm for a class of numerical methods for such PDEs was discussed.
This class of methods employs the max-plus linearity of the associated semigroup. It
is a completely new class of methods. The approach is appropriate for two classes of
PDE:s associated with nonlinear (infinite time-horizon) H., problems. The first is the
(design) case where one tests a feedback control to see if it yields an Ho, controller;
the corresponding PDE is a Hamilton—Jacobi-Bellman (HJB) equation. In the case
where the “optimal” feedback control is being determined as well, the problem takes
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the form of a differential game, and the PDE is, in general, an Isaacs equation. How-
ever, if the controller sufficiently dominates the disturbance, the PDE is still an HJB
equation, and this is the second case. There is a slight difference in that the second
case makes use of the min-plus algebra rather than the max-plus algebra. In this
paper, we will consider only the first case, so as to simplify the discussion. However,
one can certainly generalize the discussion to the second case.

The recent history of this new class of methods stems from a study of the
robust/Ho, filter ([31], [13], [11], [14], [28]; see also [5], [21], [6]), which has an asso-
ciated time-dependent, fully nonlinear, first-order PDE. In [12], the linearity of the
associated semigroup over the max-plus algebra was noted and provided a key ingre-
dient in the development of a numerical algorithm for this filter. This linearity had
previously been noted in [24]. A second key ingredient (first noted to our knowledge
in [12]) was the development of an appropriate basis for the solution space over the
max-plus algebra, i.e., with the max-plus algebra replacing the standard underlying
field. (See also [20], [23] for related work.) This reduced the problem of propagation
of the solution of the PDE forward in time to max-plus matrix-vector multiplication—
with dimension being that of the number of basis functions being used. A key point
here is that only a finite number of basis functions are used, and so one needs to
determine a bound on the induced errors.

Returning to the (design case) Ho, problem, the associated steady-state PDE is
solved to determine whether this is indeed an H,, controller with that disturbance
attenuation level. (If there is a nonnegative, locally bounded solution which is zero
at the origin, then it is such an H. controller; see, for instance, [1], [36].) The
Hamiltonian is concave in the gradient variable. An example of such a PDE is

1

0= H(z,VIV) == | 7

(VI Ta(z)VW + (f(2)TVW + ()] ,

where the notation will be described further below. There are typically multiple so-
lutions of such PDEs—even when one normalizes by requiring W(0) = 0. In the
linear-quadratic case, two of these solutions correspond to the stable and antistable
manifolds associated with the Hamiltonian. The “correct” solution (i.e., the one cor-
responding to the available storage or value) was characterized in [36] as the smallest,
nonnegative viscosity solution which is zero at the origin. In [33], [32], for the class of
problems considered here, a specific quadratic growth bound was given which isolated
this correct solution as the unique, nonnegative solution satisfying 0 < W (z) < C|z|?
for a specific C' depending on the problem data.

The max-plus—based methods make use of the fact that the solutions are actually
fixed points of the associated semigroup, that is,

(1.1) W = S.[W],

where S; is the semigroup with time-step 7 > 0. (See (2.7) for a definition of the
semigroup.) In this case, one does not actually use the infinitesimal version of the
semigroup (the PDE).

The max-plus algebra is a commutative semifield over RU{—o0} with the addition
and multiplication operations given by

a ®b=max{a,b},

(1.2)
a®b=a+b,
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where the operations are defined for —oo in the obvious way. Note that —oo is the
additive identity, and 0 is the multiplicative identity. Note that it is not a field since
the additive inverses are missing. Roughly speaking, it can be extended to mimic the
inclusion of additive inverses [4], but we do not need that here. Note that since 0 is
the multiplicative identity, we can rewrite (1.1) as

(1.3) 00 W = S, [W].

In the companion paper [25] (see also the references therein), we showed that
S is linear over the max-plus algebra. With this in mind, one then thinks of W as
an infinite-dimensional eigenvector (or eigenfunction) for S, corresponding to eigen-
value 0. If one approximates W by some finite-dimensional vector of coefficients in
a max-plus basis expansion, then (1.3) can be recast as a finite-dimensional max-
plus eigenvector equation (approximating the true solution). Thus, the nonlinear
PDE problem is reduced to the solution of a (max-plus) linear eigenvector problem.
In [25], an algorithm was generated under the assumption that the actual solution
was spanned by a finite number of the basis functions. It also assumed exact com-
putation of the finite-dimensional matrix which had the solution as the eigenvector.
(Uniqueness of the eigenvalue and eigenvector were proven there.) In order to keep the
paper at a reasonable size, further results regarding details of the numerical methods,
convergence proofs, and error bounds were delayed to the current paper (although
one may note that [26], [27] contain some of the main points).

Since, in reality, the value function would not have a finite max-plus expansion in
any but the most unusual cases, we must consider the errors introduced by truncation
of the expansion. In [16], the question was addressed in a broad sense. In [27], it was
shown that as the number of basis functions increased, the approximation obtained
by the algorithm converged to the true value function (assuming perfect computation
of the matrix whose eigenvector one wants). We will now obtain some error estimates
for the size of the errors introduced by this basis truncation. We also consider errors
introduced by the approximation of the elements of the matrix corresponding to the
H problem. Finally, these lead us to consider the relative rates at which the spacing
between the basis functions and the improvement in the time-propagation errors in
the matrix element computations must converge.

First, we need to review some results from [25] and other earlier papers which
will be needed here. This is done in section 2. In section 3, we obtain a bound on
the size of the errors in the computation of the finite-dimensional matrix, beyond
which one cannot guarantee that the method will produce an approximate solution.
Then, in section 4, we consider the errors in the solution introduced by truncation
of the basis functions. In section 5, we consider the errors in the solution introduced
by approximation of the elements of the finite-dimensional matrix. In section 6, we
combine these to determine the relative rates at which the spacing between the basis
functions and the matrix element errors must go to zero together.

Portions of this paper have appeared previously in [29], [30], [27], and [26], and
the last two specifically discuss aspects of the convergence and error analysis.

2. Review of the max-plus based algorithm. In this section, the H,, prob-
lem class under consideration and accompanying assumptions are given. This is fol-
lowed by a review of previous results regarding the max-plus—based algorithm which
are necessary for the error analysis to follow.

We will consider the infinite time-horizon H,, problem in the fixed-feedback case
where the control is built into the choice of dynamics. Recall that the case of active
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control computation (i.e., the game case) is discussed briefly in [25], [29], and [30].
Consider the system

(2.1) X=fX)+o(X)w, X(0)=uz,

where X is the state taking values in R™, f represents the nominal dynamics, the
disturbance w lies in W = {w : [0,00) — R” : w € Ly[0,T] for all T < oo}, and o is
an m X k matrix-valued multiplier on the disturbance.

We will make the following assumptions. These assumptions are not necessary
but are sufficient for the results to follow. No attempt has been made at this point
to formulate tight assumptions. In particular, in order to provide some clear sketches
of proofs, we will assume that all the functions f, o, and I (given below) are smooth,
although that is not required for the results. We will assume that there exist Ky, c €
(0, 00) such that

(x—T(f(x) - fly) < —clz —y|> Va,y € R™,
(A1) f(0) =0,
|fe(z)] < K VYoeR™

Note that this automatically implies the closed-loop stability criterion of H, control.
We assume that there exist M, K, < oo such that

lo(x)| <M VzeR™,
(A2) o~} (x)| <M VzeR™,
loz(2)] < K, VzeR™.

Here, we, of course, use o~ ! to indicate the Moore-Penrose pseudoinverse, and it is
implicit in the bound on ¢~!(z) that ¢ is uniformly nondegenerate. Let [(z) be the
running cost (to which the Lo-norm disturbance penalty will be added). We assume
that there exist 3, a < oo such that

lox(x) <8 V2zeR™,

(A3) 0<li(z) <alz]* VzeR™,

where notation such as [, < § will be used as a shorthand to indicate that the matrix
ly — B is negative semidefinite. (There is a reason for allowing § to be greater than
2a, which one might notice; see [32].)

The system is said to satisfy an H., attenuation bound (of ) if there exists
v € (0,00) and a locally bounded available storage function (again, also referred to
as the value function in what follows), W (z), such that

2

T
(2.2) W(e) = sup sup /0 (X () — %|w(t)|2dt.

The corresponding DPE is
2
0 = —sup,eqe {[f(@) + o(@)w] YW +1(z) - % |uw]*}

(2.3)
= = [ 2 (VW)To(2)o" (@)W + [T (@)W +1(x)]

Since W itself does not appear in (2.3), one can always scale by an additive constant.
It will be assumed throughout that we are looking for a solution satisfying W (0) = 0.
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We will also suppose that the above constants satisfy

o«

(A4) ITERrR

We note that there are examples where (A4) fails and the available storage is oo.
Then one has the following result. (See [32, Thms. 2.5 and 2.6] and [33, Thm. 2.5],
where the proofs also appear.)

THEOREM 2.1. There exists a unique continuous viscosity solution of (2.3) in
the class

(v —96)°

(2.4) 0<W(z) < o

]

for sufficiently small & > 0. Further, this unique continuous viscosity solution is given
by

(2.5) W(z) = 7}1_120 V(T,z) = sup V(T,x),

T<oo
where V is the value of the finite time horizon problem with dynamics (2.1) and payoff
and value
T A2
Iww) = [ 10X ) - Tluo)P at

0
V(T,z) = sup J(T,z,w).
weWw

(2.6)

Define the semigroup

(2.7) S, [W())(w) = SZVPV{ / ") - Tl dt + W(X(r) },

where X satisfies (2.1). The next result demonstrates that we may solve the problem
by obtaining the fixed point of the semigroup. See [25, Thm. 3.2] and the accompa-
nying proof (or alternatively [30, Thm. 3.2 and proof]).

THEOREM 2.2. For any 7 € [0,00), W given by (2.5) satisfies S;[W] =W, and
further, it is the unique solution in the class (2.4).

The following key result is proved in [25, p. 1153] as well as in earlier references
such as [30, Thm. 3.3] and [12, pp. 689-690]. However, to the best of the author’s
knowledge, the first statement of the result is due to Maslov [24].

THEOREM 2.3. The solution operator, S, is linear in the max-plus algebra.

As noted in the introduction, the above linearity is a key to the development of
the algorithms. A second key is the use of the space of semiconvex functions and a
max-plus basis for the space. A function ¢ is semiconvez if for every R < oo, there
exists Cr such that ¢(x) = ¢(z) + (Cr/2)|z|? is convex on the ball B = {z € R™ :
|z| < R}. The infimum over such Cr will be known as the semiconvexity constant for
¢ over Br. We denote the space of semiconvex functions by S. (The scalar Cr may
sometimes be replaced by a symmetric, positive definite matrix where the condition
becomes ¢(x) + (1/2)2T Crz being convex; the case will be clear from the context.)
Let 0 < R < }A%, and suppose that ¢ is semiconvex over By(0) with constant Cp.
Then ¢ is Lipschitz over Br(0), with some constant Lg. See, for instance, [10] for a
proof. Therefore any ¢ € S must be semiconvex and Lipschitz with some constants
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Cr and Lg over any ball Bg(0). Consequently, we define the notation Sg’ 1, to be
the set of ¢ : Br(0) — R such that ¢ is semiconvex and Lipschitz over Br(0) with
constants C' and L, respectively. For simplicity of notation, we will henceforth use
the notation B, for the closed ball B,(0) for any p € (0,00). It is essential that the
value, W, be semiconvex, and that is given by the next result. The proof appears on
pages 1154-1155 in [25].

THEOREM 2.4. W lies in S; for any R < oo, there exist Cr, Lr < oo such that
WeSE ..

We now turn to the max-plus basis over SgR’ Ly~ The following theorem is a
minor variant of the semiconvex duality result given in [12]. Tt is derived from convex
duality [34], [35] in a straightforward manner. There is a change from [12] in that a
scalar constant there is replaced by a symmetric matrix C' such that C — Cgrl > 0,
where I is the (usual algebra) identity matrix. This replacement allows more freedom
in the actual numerical implementation.

THEOREM 2.5. Let ¢ € S. In particular, let Cr, Lr € (0,00) be the semiconvexity
and Lipschitz constants, respectively, for ¢ over Br. Let C be a symmetric, positive
definite matriz such that C —CrI > 0. Let Dr > R+|C~Y|Lg, where |C~1| indicates
the matriz norm of C~1. (In particular, one may take Dr = R+ Lr/Cr.) Then for
all x € Bp,

(2.8)

o(z) = EIGHE?J;{ _l(x ~-D)TC(x—7) + ag} = max [—%(m -0)TC(x-7) + a;}
where
(2.9) 0 = — max [—%(m ~ B0~ 7)  (a)|.

COROLLARY 2.6. Let Cr,Lgr, Dgr be as in Theorem 2.5. Let ¢ € Sg,,L,, where
in this case, C' may be a symmetric, positive definite matriz such that C — C’ > 0,
and R+ |C7|L' < Dg. Then, (2.8), (2.9) hold.

Remark 2.7. R+ |C~!|Lg may be replaced by |C~!|Lg, where L is a Lipschitz
constant for ¢(x) = ¢(z) + 22T Cx over Bg. Note that L < Lg +|C|R.

Let ¢ € ng L Let {z;} be a countable, dense set over Bp,,, and let symmetric
C —CgrI > 0, where (again) Cg > 0 is a semiconvexity constant for ¢ over Br. Define

Pi(x) = f%(x —2)7C(x — ;) VYaeBp

for each ¢. It may occasionally be handy to extend the domain beyond Bpg by letting
Y;(x) = —oo for & ¢ Br. Then, using Theorem 2.5, one finds (see [12, pp. 695-698])

oo

(2.10)  ¢(z) = @Pla: @ ¢i(x)] Vx € Br, where a; =— max [1)(z) — ¢(x)].

. zeR™
=1

This is a countable max-plus basis expansion for ¢. More generally, the set {1);} forms
a max-plus basis for the space ng L~ We now have the following.

THEOREM 2.8. Given R < oo, there exist semiconvexity and Lipschitz constants
constant Cr,Lr < oo such that W € ngLR. Let C — CrlI > 0 and {x;} be dense
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over Bp,,, and define the basis {1;} as above. Then

(2.11) W(x) = @[ai ®v;(z)] Va € Bg,
where
(2.12) a; = — max [Yi(z) — W(z)].

For the remainder of the section, fix any 7 € (0,00). We also assume throughout
this section that one may choose C such that C'— C'grI > 0 and such that

(A5) Se[vi] € S& 1 Vi,

where C' — C’ > 0 and R+ |C~!|L’ < Dg. This assures that each S, [1;] has a max-
plus basis expansion in terms of the basis {1;}. We will not discuss this assumption
in detail here but simply note that we have verified that this assumption holds for
the problems where we have used this max-plus method. We also note that this
assumption will need to be replaced by a slightly stricter assumption (A5’) in section 4
for the results there and beyond.

We now proceed to review the basics of the algorithm. In [25], the above theory
was developed, and then, rather than proving convergence results for the algorithms,
drastic assumptions were made so that the basic concept could be presented, while still
keeping the paper to a reasonable length. In [25], [29], [30], it was simply assumed that
there was a finite set of basis functions, {;}? , such that W had a finite max-plus
basis expansion over By in those functions, that is,

(2.13) W(x) =P a; @ vs(x),
i=1
and we let ¥ = (a1 az---ay), and Bj; = —maxzep,[¥j(®) — Sr(¥i(x))]. Let B

be the n x n matrix of elements B;;. Note that B actually depends on 7, but we
suppress the dependence in the notation. We made the further drastic assumption
that for each j € {1,2,...,n}, S;[¢;] also had a finite basis expansion in the same
set of basis functions, {;}"_, so that

(2.14) S, [1;(x)] = @ Bji ® vy(x)

for all x € Br. Specifically, under (2.13), (2.14) one has the following theorem (see,
for instance, [25, Thm. 5.1] or [30, Thm. 5.1]).

THEOREM 2.9. Suppose expansion (2.13) requires a; > —oo for alli. S;[W] =W
if and only if a = B ® a, where B ® a represents max-plus matriz multiplication.

Continuing with the review, suppose that one has computed B exactly. One must
then compute the max-plus eigenvector. We should note that B has a unique max-plus
eigenvalue, although possibly many eigenvectors corresponding to that eigenvalue [4].
By the above results, this eigenvalue must be zero. As discussed in [25], [29], [27],
one can compute the max-plus eigenvector via the power method; this has the added
benefit that the convergence analysis to follow is performed in an analogous way. In
the power method, one computes an eigenvector a by

a= lim BN®6,
N —o0
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where the power is to be understood in the max-plus sense and 0 is the zero vector.
Throughout the paper, we let the {z;} be such that x; = 0, that is, ;1 (x) = —%xTC’x.
Since this is simply an approach to arrangement of the basis functions, we do not
annotate it as an assumption. The fact that the power method works is encapsulated
in the following series of three results which hold under (2.13), (2.14) and are proved
in [25, pp. 1158-1160].

LEMMA 2.10. By = 0. Also, there exists 6 > 0 such that for all j # 1,
BjJ' < —0.

THEOREM 2.11. Let N € {1,2,...,n}, {k;}'=N T such that 1 < k; <n for all i
and kyy1 = k1. Suppose we are not in the case k; = 1 for all i. Then

N
Z Bki7ki+1 < —é.
i=1

Recall that B has a unique max-plus eigenvalue, although possibly many max-
plus eigenvectors corresponding to that eigenvalue [4], and that by the above results,
this eigenvalue must be zero (ignoring errors due to approximation).

THEOREM 2.12. limy_.o, BY ®0 exists, converges in a finite number of steps and
satisfies e = B®e. Further, this is the unique maz-plus eigenvector up to a mazx-plus
multiplicative constant.

Thus, under the drastic assumptions above, one finds that the power method
converges to the unique solution of the eigenvector problem (in a finite number of
steps), and that this eigenvector is the finite set of coefficients in the max-plus basis
expansion of the value function, W. The next sections will deal with the facts that
we actually need to truncate infinite basis expansions, and that the computations
of the elements of B are only approximate. Convergence results and error analysis
will be performed. This not only will indicate that one can achieve arbitrarily good
approximations to W via the above max-plus approach, but also will indicate the
rate at which the distance between basis function centers should drop as the time-
propagation errors in B drop so as to guarantee convergence. This is somewhat
analogous to results for finite difference schemes which indicate the required relative
rates at which the time and space step must go to zero for such problems.

For purposes of readability, we briefly outline the steps in the max-plus algorithm
for (approximate) computation of W over a ball, Bg.

1. Choose a set of max-plus basis functions of the form ¢;(z) = — 1 (z—x;)TC(z—
x;) where the x; lie in Bp,,. (In practice however, a rectangular grid has been
used.) Choose a “time-step,” 7.

2. Compute (approximately) elements of the matrix B given by

Bji = — max [¢;(x) — S (¢i(2))]-

r€EBR

A reasonably efficient means of computing B is important, and a Runge—
Kutta—based approach is indicated in section 5.1.

3. Compute the max-plus eigenvector of B corresponding to max-plus eigenvalue
A =0 (i.e., the solution of e = B ® e¢). This is obtained from the max-plus
power method apy1 = B ® ap. This converges exactly in a finite number of
steps. -

4. Construct the solution approximation from W(z) = ., a; ® ¢;(z) on
Bg(0).
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3. Allowable errors in computation of B. In this section, we obtain a bound
on the maximum allowable errors in the computation of B. If the errors are below
this bound, then we can guarantee convergence of the power method to the unique
eigenvector. In particular, the guaranteed convergence of the power method relies on
Lemma 2.10 and Theorem 2.11 since these imply a certain structure to a directed
graph associated with B (see [25], [29]). If there was a sequence {k;}:=N "' such that
1 <k; <nforall i and ky41 = k1 such that one does not have k; = 1 for all ¢ and
such that

N
Z Bki,ki+1 >0
=1

then there would be no guarantee of convergence of the power method (nor the ensuing
uniqueness result for that matter). In order to determine more exactly, the allowable
errors in the computation of the elements of B, we first need to obtain a more exact
expression for the ¢ that appears in Lemma 2.10 and Theorem 2.11, and this will
appear in Theorems 3.4 and 3.6. That will be followed by results indicating the
allowable error bounds. To begin, one needs the following lemma.

LEMMA 3.1. Let X satisfy (2.1) with initial state X(0) =z € R™. Let K, 7 €
(0,00), and let w € L0, 7]. Suppose 6 > 0 sufficiently small so that

(3.1) 8§ < KM?/[c(1 —e )],
where ¢, M are given in assumptions (Al), (A2). Then

oc e 4
KIX(7) = af> + 8wl 0.0 = garslol?(1 = e)"

Remark 3.2. It may be of interest to note that the assumption on the size of
6 does not seem necessary. At one point in the proof to follow, this assumption is
used in order to eliminate a case which would lead to a more complex expression on
the right-hand side in the result in the lemma statement. If some later technique
benefited from not having such an assumption, the lemma proof could be revisited
in order to eliminate it. However, at this point, that would seem to be a needless
technicality.

Remark 3.3. It is perhaps also worth indicating the intuition behind the in-
equality obtained in Lemma 3.1. Essentially, it states that, due to the nature of the
dynamics of the system, the only way that |X(7) — z|> can be kept small is through
input disturbance energy |Jwl||?, and so their weighted sum is bounded from below.
The dependence on |z| on the right-hand side is indicative of the fact that |f(x)| goes
to zero at the origin.

Proof. Note that by (2.1) and assumptions (A1) and (A2),

d
(3.2) %|X|2 < —2¢| X2 + 2M| X ||w]
(3.3) < —e| X2 4 M )2,

Consequently, for any ¢ € [0, 7],

t
ww%wﬂW+$/mmmr
0
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and so

(3.4) Il = 35 [|XOF ~1al?] vte o]

We may suppose

(3.5) IX()| < V14 (1—ecm)4/20z| Vtelo,1].
Otherwise by (3.4) and the reverse of (3.5), there exists t € [0, 7] such that

(3.6) E|X(1) = a|* + 6|lwl|Z, 0,1 = 6llwllZ, 0. = ax7z (1 — ) al?,

in which case one already has the desired result. Define K = /1+ (1 —e—<7)4/2,
Recalling (3.2), and applying (3.5), one has

d _
SIX(O < —2e|X (1) + 2ME]alfuw )|

Solving this ODI for | X (¢)|?, and using the Hélder inequality, yields the bound

ME|z||w]

(3.7) 1 X (7)) < |zfPe™ 2T + e (1

_ €_4CT)1/2.

This implies

—CT 1 T —4ecT 1/4
(3.8) X ()] < Jele™T + 7z ME |z]||w]| (1 — e™*7) .
cl/

We consider two cases separately. First, we consider the case where | X (7)| < |z|.
Then, by (3.8)

(3.9) [X(7) 2l > fal — [X(7)] 2 [al(1 - ) = o MEK]a||Jw]|(1 - e™*7)

1/4
cl/1 :

Now note that for general a,b,c € [0,00), a + ¢ > b implies

20
(3.10) a 25—0.

By (3.9) and (3.10) (and noting the nonnegativity of the norm),
1 _ MK _ 1/2
2 2 cT\2 4et
() = o 2 ma { a1 - €772 = 2 palfull (1 - 1) 0.
which implies
KMK

Nz

K
K|X(7) — af” + 8]lw|* > max{2x|2<1 — Ty [l ]| (1 = e*7) "

(3.11) +5||w||2,5||w||2}.

The right-hand side of (3.11) is a maximum of two convex quadratic functions of
|lw]]. The second is monotonically increasing, while the first is positive at ||w|| = 0 and
initially decreasing. This implies that there are two possibilities for the location of the
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minimum of the maximum of the two functions. If the minimum of the first function
is to the left of the point where the two functions intersect, then the minimum occurs
at the minimum of the first function; alternatively it occurs where the two functions
intersect. The minimum of the first function occurs at ||w||mn (Where we are abusing
notation here, using the min subscript on the norm to indicate the value of ||w]|| at
which the minimum occurs), and this is given by

KMEK|z|(1 — e4em)1/2
2,/cb '

The point of intersection of the two functions occurs at

(3.12) wllmin =

Velz|(1—e )2
3.13 int = — .
(3.13) lwlline = 53 e —emery172

The two points coincide when

5 KM?E (1 —e%7)  KM[1+ (1 —ec7)4/2)(1 — e~4e)
- C(]. _ efc‘r)Q - C(]. _ 6707’)2 ’

and ||wl|ins occurs to the left of ||w|msn for ¢ less than this. It is easy to see that
assumption (3.1) implies that ¢ is less than the value at which the points coincide,
and consequently, the minimum of the right-hand side of (3.11) occurs at ||w||int-

Using the value of the right-hand side of (3.11) corresponding to ||w||;n:, we find
that for any disturbance, w,

Sclx]? (1 —e )t

AM2R? (1 —eeT)

K|X(7) = af* + §]|w||* =

which, using definition of K, equals

dclz|? (1 —e )4 dc|z|?
AM? (1—e )1+ (1 —ecm)4/2] = 8M?

(3.14) (1—e )%

Now we turn to the second case,
(3.15) | X (7)] > |x|.
In this case, (3.15) and (3.8) yield

—cT 1 T —der\1/4
(3.16) |x|e™ " + W\/MKMHU}H@ —e 4 ) > |zl

Upon rearrangement, (3.16) yields

el (1 ey
MK (1 _ 67467')1/2 !

Consequently, using the definition of K and some simple manipulations,

dclxl?(1 —e—cT)4
2 25
K|X(7) — 2" + 8w = M2(1 — e 4em)[1 + (1 — e—<7)4/2)]

Sclz|?
— 2M?

(3.17) (1—e )4
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Combining (3.14) and (3.17) completes the proof. 0O
Now we turn to how Lemma 3.1 can be used to obtain a more detailed replacement
for the 6 that appears in Theorems 2.10 and 2.11. Fix 7 > 0. Let

R 2M32a
(3.18) e (Z52),

and in particular, let 43/2 = v2/2 — §, where § is sufficiently small so that

2M3a
2

(3.19) 26 < 4% —

Then all results of section 2 for W hold with 2 replaced by 43, and we denote the
corresponding value by W7, In particular, by Theorem 2.8, for any R < oo there
exists semiconvexity constant C% < oo for W over Bg, and a Lipschitz constant,
LY,. Note that the required constants satisfy C% < Cg (see the proof of Theorem 2.8
as given in [25]). If LY > Ly sufficiently so that R + |C~!L% > Dg, we modify
our basis to be dense over Bpg, where D% > R +|C'|L% (and redefine Dg = D
in that case). Then, as before, the set {1;} forms a max-plus basis for the space of
semiconvex functions over B with semiconvexity constant, C'%, i.e., Sg% L9

For any j, let

(3.20) T, € argmax{y,;(x) — W (x)}.
|z|<R

Then for any = € Bp,
(3.21) V(@) = ;(T;) < W (x) = W(T;) — Kol — 7,

where Ky > 0 is the minimum eigenvalue of C' — C%I > 0. Note that Ky depends
on 4p.

THEOREM 3.4. Let 4o satisfy (3.18). Let K = Ky satisfy (3.21) (where we may
take Ko > 0 to be the minimum eigenvalue of C — C%I > 0 if desired). Let § > 0

satisfy 6 < g — %(2’ and (3.1). Then, for any j # 1,
_6C|§"2 —cr\4
Bij<—gp (=)

(Recall that by the choice of 1; as the basis function centered at the origin,
B11 = 0; see Lemma 2.10.)
Proof. Let Ko, T, 6 satisfy the assumptions. Then

(3.22)
T 2
5,000 = @) = sup { [ 106 0) = (o de+ 45 (X(7) = (5}

we L2
where X satisfies (2.1) with X (0) = Z;. Let ¢ > 0, and w® be e-optimal. Then this
implies
2

Sf[llfj](zj)%(ﬂfj)S/OT I(X(t)) — %|w€(t)\2dt + i (X5(7)) — () +e,
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and by (3.21) and the definition of 4¢

2,2

T e 7 e e o € Yo (=
S/O I(X (t))—?ohu ()7 = 8lw® (1)]? dt+ W (X5 (7)) — W (z;)
— Ko|X*(r) —7;* + ¢
and by Theorem 2.2 (for W),
§—(5Hw‘€||2 — Ko|X®(1) — fj|2 + €.

Combining this with Lemma 3.1 yields

= — 760‘f'|2 —cr\4
Sr[i)(F;) —¢;(F5) < 87;(1 —e ) te
Since this is true for all € > 0, one has
_ _ —belz;|? e 4
(323) Sl )()) (7)) < ol ey
But
(3.24) Bjj = Eﬂi% {S-[5](2) — ()},

which by (3.23)

—bc|z;|? e 4
< %(1 —e 7). 0

Remark 3.5. It is interesting to note that one may modify (3.24) as B;,; =
mingerm {S-[1;](x) — 1;(x)} since one has 1;(x) = —oc for x ¢ Br. One might also
note that by the nondegeneracy of o (assumption (A2)), if any function ¢ > —oo on
Br, then S.[¢] > —occ on Bpg.

THEOREM 3.6. Let 4o satisfy (3.18). Let Ko be as in (3.21), and let § > 0 be
given by

. [ KoM?* * A3
( ) mln{ Pt 5

(which is somewhat tighter than the requirement in the previous theorem). Let N € N,
k; szNH such that 1 < k; <n for all i and kni1 = k1. Suppose we are not in the
i=1 +
case k; =1 for all i. Then

N

E Bki,ki+1 < _H}?‘X'jki
i=1 ‘

28i;2 (1 _ e—CNT)4.

Proof. By Theorem 3.4, this is true for N = 1. We prove the case N = 2. The
proof of the general case will then be obvious. First, note the monotonicity of the
semigroup in the sense that if g;(x) < go(x) for all z, then

(3.26) Srlg1](z) < Srlg2)(x) Yz eR™.
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Suppose either ¢ # 1 or j # 1. By definition, ¥;(z) + B;; < S;[¢;](z) for all
z € R™. Using (3.26) and the max-plus linearity of the semigroup yields

S [;1(x) + Bji < Sor[i](x) Va,

which implies in particular that
(3.27) S:1i1(Ti) + By < Sar[1hi] (Ts).

Now, employing the same proof as that of Theorem 3.4, but with 7 replaced by
27 (noting that condition (3.1) is satisfied with 27 replacing 7 by our assumption
(3.25)), one has as in (3.23)

| 2

_ _ —bclz; 94
(3.28) SQ-,—[wZ](.’El) — wi(xi) S W(l — € 2e ) .
Combining (3.27) and (3.28) yields
— — _6C|Ti|2 —2cr\4
[STWJA(%) - 1/%'(%)} + Bji < W(l —e )
Using the definition of B; ;, this implies
_6c|fi|2 —2cr\4
(329) Bi,j + Bj,i S W(l —e ¢ ) .
By symmetry, one also has
_6C|fj|2 —2cr\4
(3.30) B;;j+Bj; < 87(1 — ) .

Combining (3.29) and (3.30) yields

bc
8M?2

Bi,j + Bjﬂ' < — max{\fi\Q, |§j|2} (1 — 6_207—)4. 0

The convergence of the power method (described in the previous section) relied
on a certain structure of B (By; = 0 and strictly negative loop sums as described in
the assumptions of Theorem 2.11). Combining this with the above result on the size
of loop sums, one can obtain a condition which guarantees convergence of the power
method to a unique eigenvector corresponding to eigenvalue zero. This is given in the
next theorem.

THEOREM 3.7. Let B be given by Bj; = —max g, (¥;(x) — S;[¢](x)) for all
1,7 <n, and let B be an approximation of B with ELI = 0 and such that there exists
€ > 0 such that

(3.31)

4
~ I be 1—e . o
|Bi,j—Bi,j|<max{|xi|2,xj|2}(8M2) ( 3 ) —e V4,7 such that (i,75) # (1,1),

where

KoM? 42 42
(3.32) 0= min{ 0 % _ X }
c
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Then the power method applied to B converges in a finite number of steps to the
unique eigenvector € corresponding to eigenvalue zero, that is,

¢=B®e.

Proof. Let N € N, and consider a sequence of nodes {kl}iv;{l with k1 = knt1.
We must show that if we are not in the case k; = 1 for all ¢, then

N
Z Bkz‘,ki+1 < 0.
i=1

Suppose N > n2. Then any sequence {ki}ﬁv:"{l with k1 = ky41 must be composed of
subloops of length no greater than n2. Therefore, it is sufficient to prove the result
for N < n?. Note that by the assumptions and Theorem 3.6,

N N N
E Bkiyki+l < E Bki,ki+1 + E ‘Bki,kiJrl - Bki7k5i+1|
=1 =1 =1

bc
SM?

bc
SM?

§—H}€ax Tk, | (1—6_CNT)4+H}€aX Tk, | (1—6_CNT)4(N/n2)—£

<—e.

Then by the same proofs as for Theorem 2.12, the result follows. ]

Theorem 3.7 will be useful later when we analyze the size of errors introduced by
our computational approximation to the elements of B.

If the conditions of Theorem 3.7 are met, then one can ask what the size of the
errors in the corresponding eigenvector are. Specifically, if eigenvector € is computed
using approximation B, what is a bound on the size of the difference between e (the
eigenvector of B) and é? The following theorem gives a rough, but easily obtained,
bound.

THEOREM 3.8. Let B be given by B;; = —max g, (¢;(z) — S;[¢i](x)) for all
1,7 < n, and let B be an approximation of B with El_’l = 0 and such that there exists
€ > 0 such that

4
~ o e 1—e™" .
(3.33) |&J—BM|Smw4mfA%2}Qmp)( i,

where p € {2,3,4,...} and § is given by (3.32). Then the power method will yield the
unique eigenvectors e and € of B and B, respectively, in finite numbers of steps, and

4
~ ) B (5 1 _ e—CT
Ik—dZm?€r1HSUMf<M;>(nuz)—a

Proof. By Theorem 3.7, one may use the power method to compute €, and so one
has that for any j < n?,

m

€; = [§"2 ® 0] . = max [Em ®0], = max  max nghklﬂ,

I m<n? T msn? (k) k=i

where the exponents on B represent max-plus exponentiation and the bound m < n?
follows from the fact that under the assumption, the sums around any loop other than
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that of the trivial loop, §171 = 0, are strictly negative. Therefore,

m m
€; < max =~ max E \Bkz,kHl—Bkl,mlHE By ka5
m<n? (ki) k=i | =

which by the assumption (3.33) and the fact that e is the eigenvector of B,

< (DR)2< r >(16-:)4 —ete

8M? nH
By a symmetrical argument, one obtains
4

. 2 ( b6c \(1—e™
[€; — ejl < (Dr) (8M2>( — ) . g

We remark that by taking e sufficiently small, and noting that 1 —e™°" < ¢7 for
nonnegative 7, Theorem 3.8 implies (under its assumptions)

8M?2 ) nr—2"

Also note that aside from the case i = j = 1 (recall By ; = 0), one has

5 4
(3.34) |e—é:max|ei—éi|§(DR)2<6c > T

13172{1{|@|2} < max{|z;|?, [z;*} Vi, j.

Using this, and choosing ¢ > 0 appropriately, one has the following theorem (where we
note the condition on the errors in B is uniform but potentially significantly stricter).
The proof is nearly identical to that for Theorem 3.8

THEOREM 3.9. Let B be as in Theorem 3.8, and let B be an approzimation of B
with B11 = 0 and such that

4
~ o s\ (1—eem) o
(3.35) By = Bogl < min{im} (530 ) o i
where p € {2,3,4,...} and 6 is given by (3.32). Then the power method will yield the
unique eigenvectors e and € of B and B, respectively, in finite numbers of steps, and
4
se \ (1)
~ . — 12
lle —éll Sr&l{lﬂxl' } (9M2) nH—2 :

A simpler variant on this result may be worth using. Note that for 7 € [0,1/¢], one
has 1—e~“" > (¢/2)7. Then by a proof again nearly identical to that of Theorem 3.8,
one has the following. B

THEOREM 3.10. Suppose 7 < 1/c. Let B be as in Theorem 3.8, and let B be an

approximation of B with El,l =0 and such that
~ 6cb T4
¢ e — . . ] r. 2 — PR y y
(3.36) |Bi,j — Bij| < g?{|xv| ¥ <9(16)M2) H Vi, J,

where ;1 € {2,3,4,...} and § is given by (3.32). Then the power method will yield the
unique eigenvectors e and € of B and B, respectively, in finite numbers of steps, and

5c? T4
~ . =, 2 v o
e — &l < min{[z"} (9(16)M2> T

This variant is included since the simpler right-hand sides might simplify analysis.
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4. Convergence and truncation errors. In this section we consider the ap-
proximation due to using only a finite number of functions in the max-plus basis
expansion. It will be shown that as the number of functions increases (in a reasonable
way), the approximate solution obtained by the eigenvector computation of section 2
converges from below to the value function, W. Error bounds will also be obtained.

4.1. Convergence. This subsection contains a quick proof that the errors due
to truncation of the basis go to zero as the number of basis functions increases (in
a reasonable way). No specific error bounds are obtained; those require the more
tedious analysis of the next subsection.

Note that in this subsection a slightly different notation for the indexing and
numbers of basis functions in the sets of basis functions is used. This will make the
proof simpler. This alternate notation appears only in this subsection. Specifically,
let us have the sets of basis functions indexed by n; that is, the sets are indexed by n.
Let the cardinality of the nth set be Z("). For each n, let X" = {:L'E”)}Z.I:(q) and
X ¢ x(»+1)_ For instance, in the one-dimensional case, one might have X =
{0}, ¥® = {-1/2,0,1/2}, X3 = {-3/4,-1/2,-1/4,0,1/4,1/2,3/4}, and so on.
Further, we will let the basis functions be given by wgn) = —1(z— xgn))TC’(x - acgn)),

and consider the sets of basis functions ¥(") = {wl(n) i € T}, Then define the
approximations to the semigroup operator S; by

o
(4.1) S)@) = Pa o 0 (@),
where

(4.2) o™ = —max [¢{"(z) - 5-[](z)] .

In other words, Sﬁn) is the result of the application of the S, followed by the truncation
due toa finite number of basis functions. More specifically, if one defines 7™ [¢](x) =

DL, o™ @ ™ (2) with the a{™ given by (4.2), then S [¢] = T(™ o 5,[¢]. Also,

let Y = {¢: BR(0) —» R | H{al(-n)} such that ¢(x) = EBZI; al(-n) ® wﬁ”)(x) for all
x € Br(0)}. Then note that for ¢ € Y™ one has

(4.3) SMg)( EB @B(")@)a(") @y (),
=1 [ j=1

where BEZ) corresponds to 5\ (@]

Lastly, we use the notation S.% to indicate repeated application of S, N times.
(Of course, by the semigroup property, S, = Sy,.) Correspondingly, we use the

N
notation Sﬁ") to indicate the application of Sﬁn) N times.
Define ¢g(z) = 0 and

(4.4) EBa "op@), e = —max [v(" (2) - go(w)] .

It is well known (see [29], [32] among many others) that
(4.5) Jim S Ngpo] = W.
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Also, note that since X ¢ X"+ one has

(4.6) SN 65 (@) < 8,V gl () < 9,V (o) ()

for all z € Bp.
Note that by (4.4), and the definition of ¢q, the corresponding coefficients, aol(,”),

satisfy aogn) = 0 for all 4. Combining this with Theorem 2.12 and (4.3), one finds
that for each n, there exists N(n) such that

(4.7) $EN [gi] = sV P ¥ N > Nn),
Defining
(4.8) W = g gi)
we further find that the limit is the fixed point. That is,
(4.9) S W) = (>
Then, by (4.5), (4.6), and (4.8), we find that
(4.10) W™ is monotonically increasing in n
and
(4.11) W <w.
Therefore, there exists W < W such that
(4.12) W™ g preeee

and in fact, one can demonstrate equicontinuity of the W™ on By given the as-
sumptions (and consequently uniform convergence).

Under assumption (A5), one can show (see, for instance, Lemma 4.3, although
this is more specific than what is needed, or Theorem 3.3 in [27]) that given ¢ > 0,
there exists n. < oo such that

W™ () = SO () > 8, (W T (2) ~ e
for all x € Bg for any n > n.. On the other hand, one always has
S[9] < S.[g].
Combining these last two inequalities, one obtains
(4.13) WO = MWW < § W] < ST 4o = W™ 4o

Combining this with (4.12), one finds the following theorem.
THEOREM 4.1.

(4.14) W = § [,

or in other words, W is a fized point of S, .

Then, with some more work (see [27], Theorem 3.2), one obtains a convergence
theorem.

THEOREM 4.2.

W>**(z) =W (z) Vz € Bg.
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4.2. Truncation error estimate. Theorem 4.2 demonstrates convergence of
the algorithm to the value function as the basis function density increases. Here we
outline one approach to obtaining specific error estimates. The estimates may be
rather conservative due to the form of the truncation error bound used; this issue will
become more clear below. The main results are in Theorem 4.5 and Remark 4.6. Note
that these are only the errors due to truncation to a finite number of basis functions;
as noted above, analysis of the errors due to approximation of the entries in the B
matrix is discussed further below.

Recall that we choose the basis functions throughout such that sc(ln) = 0, or in

other words, w§”) (z) = FaTCx for all n. (Note that we return here to the notation
where the (n) superscript corresponds to the number of basis functions—as opposed
to the more complex notation with cardinality Z(™ which was used in the previous
subsection only.) Also, we will use the notation

Wi () = 8. [0 (a)

and we reiterate that the N superscript indicates repeated application of the opera-
tor N times. Also, é") is the finite basis expansion of ¢¢ (with n basis functions).
To specifically set C, we will replace assumption (A5) of section 2 with the follow-

ing. We assume throughout the remainder of the paper that one may choose matrix
C > 0and ¢ € (0,1) such that with C’ = (1 —§")C

(A5I) ST[wZ] S Sg/,L’ VZ,

where R + |C71|L’ < Dg. Again, we do not discuss this assumption in detail, but
simply note that we have verified that this assumption holds for the problems we
have run. Also note that one could be more general, allowing C’ to be a more general
positive definite symmetric matrix such that C' —C” > 0, but we will not include that
here. Finally, it should be noted that ¢’ would depend on 7; as 7 | 0, one would need
to take ¢’ | 0. Since &’ will appear in the denominator of the error bound of the next
lemma (as well as implicitly in the denominator of the fraction on the right-hand side
of the error bound in Theorem 4.5), this implies that one does not want to take 7 | 0
as the means for reducing the errors. This will be discussed further in the next section.

The following lemma is a general result about the errors due to truncation when
using the above max-plus basis expansion.

LEMMA 4.3. Let §',C',L" be as in assumption (A5'), and let ¢ € Sg,cr with

$(0) =0, ¢ differentiable at zero with V,¢(0) =0, and —1z7C'z < ¢(z) < %M\|x|2

for all z for some M < oco. Let {;}1_, consist of basis functions with matriz C,

centers {x;} C Bp,, such that C—C'I > 0, and let A = max,cp,, (o) Wi |x—x;|. Let
¢° (z) = max[a; + ;(z)] VY € B,

where

a; = — max [¢;(z) — d(x)] Vi.
z€BR
Then
0< d(z) — ¢™(z) < |C|L25 +1+1C1/(6 CR):| Z|Aif |z] > A,
3 [(M+[Cl][zlA otherwise,

where B is specified in the proof.
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Proof. Note that (see [12])

¢(z) = max [a(Z) +¢z(x)] Va € Br(0),

#€Bp,,
where
a(z) = *;Tel%i[i/)z(x) —¢(z)] VY7 € Bp,
and

Vz(z) = —3(x—2)"C(x — %) Va € Bg(0), 2 € Bp,.

It is obvious that 0 < @(z) — #* (), and so we prove the other bound.
Consider any T € Bgr. Then

(4.15) o(T) = a(r) + ¥z(T)
if and only if
C(x—-1) € -D; (),

where

— () = m e @@ 0@ (=) p
qui)(x){pGR : \lyfﬂjo =zl 20},

We denote such an # corresponding to Z (in (4.15)) as . By the Lipschitz nature of
¢, one can easily establish that

(4.16) |z -7 <|C7H L.

However, it will be desirable to have a bound where the right-hand side depends
linearly on |Z|. (Actually, this may only be necessary for small Z, while (4.16) may
be a smaller bound for large Z, but we will obtain it for general z.) Noting that
¢ > —327C'x > — 2T Cx, one has

iz-2)'C(@-2) <a(@) + 32" CZ.

Also, since a(T) + 1=(+) touches ¢ from below at T, one must have

17707 — Lz - 2)"C(z - 7)

1770z < 1M\x|2 +iz'Cz

for all x € By, where the last inequality is by assumption. Define
F(2)=i@-2T0@@-7) - iz - 0)TC( - T) — iM|z],

and we see that we require F(z) < %fTCf for all x € Bg. Taking the derivative, we
find the maximum of F' at Z given by

(4.17) T=(C+MI)"'CT
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and so
(4.18) T—T=-M(C+MI)'Z

(In the interests of readability, we ignore the detail of the case where & ¢ Bgr(0) here.)
Therefore, F(Z) < 327 C7 implies

@-DTC@-F) <F M(C+MD~LC(C + MI)"*Mz
L3 OC+ MDLM(C + MI)"'CF + 770z
= Mz [/\7(0 + MI)7LO(C + MI)™!
+ M(C + MI)*MI(C + MI)~!
—ME(C+MD2+0(C + /\71)*20]5 +77CT
= Mz [ﬂ(J(C + M2+ C(C + A?I)—QCF +77CT
(4.19) =7 MCO(C + MI)~'F +77C.
Noting that C' is positive definite symmetric, and writing it as C' = \/5\/5T where

V€' = Sv/A with S unitary and A the matrix of eigenvalues, one may rewrite the first
term in the right-hand side of (4.19) as

T MC(C+MD T =7 ML [0(0 LMD 4 (C+ /\71)*10}5 — 7 VoQVC'T,
where
Q=IM[VC (C+MD™WC " +VT (C+ MI)~VE].
Making the change of variables y = VO z, (4.19) becomes
-7 <7 Q5+
Noting that \FCT(C + /\//YI)’l\FC’fT is a similarity transform of (C + /\//YI)’l,

one sees that the eigenvalues of ) are the eigenvalues of M (C+ MI )~!. Now, since
(C + MI) is positive definite,
(C+MI)=5A5 "
with A the diagonal matrix of eigenvalues and S the unitary matrix of eigenvectors.
Therefore, M(C' + MI)™! = ?(MA_l)gj, and note that g = maxi{/\/l)\f} <1
where the \; are the diagonal elements of A. Consequently,
(4.20) 7 —3* < B9 + 9,
where 8 € (0,1). This implies
v-9> <Bly-v+3°+
= 8|7 -7 + 19 +2G ) 7] + lol?
(1-p)/2

< 817 -3+ -+ Ol + B[ U= G -+ ],
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which after some rearrangement, yields

— 5 _201+p6%)
(4.21) 7 —7° < WMQ

which implies

=T = < [20467)
@-n)TcEz-7) < [(1—5)2

Consequently, there exists 3 < oo (i.e., B = [VC|/ColV/2(1 + B82)/(1 — B)]) such
that

}xTC’x.

(4.22) T -7 < Blzl.

Given 7, let i € argmin, |z; — Z|, and note that
(4.23) |z — 7| < A.
It is easy to see that

[¥3(2) = ¥i(2)] < 3l(2 = 2)TCla = 7) - (x = )T C(z — 27)]
+3l@ - 2)7C0@ —a7) — (& —27)TC(x — 27)]

< 310117 - wille - 3|+ [ - wille - o]

< HC1F - wille =7 + 7 — wil(le 31 + 7 — a1
which by (4.23)
(4.24) < |C|[|x—§|A+ %A?].

Combining (4.22) and (4.24), one finds
(4.25) [6:() — i(@)] < |1 [Blla + $42].
Now note that
$(z) — ¢°(7) < a(@) + ¢z(@) — [a; + ()],
which by (4.25)
(4.26) <|ol|BE|a + %Aﬂ +a(@) — az.
We now deal with the last two terms in this bound. Let

7; = argmaxi;(z) - ¢(x)].

a:EER

(Note that we will also skip the technical details of the additional case where 77 lies
on the boundary of Bg.) Then,

—C(T7 — x7) € D™ ¢(75)
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and
~C(T—12) € D ¢(T).
By the semiconvexity, one has the general result that p € D~ ¢(x), ¢ € D~ ¢(y) implies
(p—q)-(x—9y)>—(z—y)"TC(z—vy).
Consequently,
~(@; —2;+7-7) C(T; —7) 2 —(T; —~7)" C'(T; — 7).
Recalling that C" = (1 — ¢§')C, we see that this implies
(7~ B~ 7) + (1 - 8)(@: — 7 (@~ 7) = IO |7 — 7 lar - 7
> —|C|[z; = 7|A,
or

8 (@ —7)TC(T; —7) < |C| |77 — T|A.

7 i

Noting that C' — CrI > 0, this implies

_ |C]
(4.27) |7; — 7| < 50 A.
Now,
a — a7 < Pp(T;) — ¥z(T;
= () — ¥z(@) + [Vi(T7) — ¥z(T7)] = [i(@) — ¥z(@)],

which, after cancellation,

= 4:(@) — ¥5(@) — (@ - T)C(a: - T)
< [5(@) - ¥3(@)| + ICIALT - T,

which by (4.25) and (4.27)

(4.28) < |C|[BlEl+ (3 +1C1/(8'Cr)) A A.

Combining (4.26) and (4.28) yields

(4.29) 6() — ¢* (@) < |C1 2817 + (1 +|C1/(6'Cr)) A A.
Suppose [Z| > A. Then, (4.29) implies

(4.30) 6(z) — 0*(7) < |CI[25+ 1+ |C1/(E'Cr)| 71,

which is the first case in right-hand side of the assertion.
Last, suppose |Z] < A. By assumption, there exists M < oo such that ¢(x) <
2 M|z|?. Therefore,

H(T) — 6 (T) < LM+ [O))[F? < LM + [C))[F|A,

which completes the proof. 0
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The above lemma is a general result about the errors due to truncation with the
above max-plus basis expansion. In order to apply this to the problem at hand, one
must consider the effect of repeated application of the truncated operator S&”). Note
that S&n) may be written as the composition of S, and a truncation operator, 7
where we have

TM[g] = ¢*
in the notation of the previous lemma, where, in particular, ¢ was given by
P> (x) = mzax[ai +;(z)] Vax € Bp,
where

a; = — max [¢i(z) — ()] Vi.

wEER(O)
In other words, one has the equivalence of notation
(4.31) ST = {T™ o S, }¢] = {S-[¢]}*,

which we shall use freely throughout.
We now proceed to consider how truncation errors accumulate. In order to sim-
plify the analysis, we simply let

Mo = max{|CI[28 +1 + |C1/(6'Cr)]. §[M + (] }.

Fix A. We suppose that we have n sufficiently large (with properly distributed basis
function centers) so that

max min |z —z;| <A.
z€Bp, !

Let ¢¢ satisfy the conditions on ¢ in Lemma 4.3. (One can simply take ¢g = 0.)
Then, by Lemma 4.3,

(4.32) bo(z) — Mer|z|A < ¢ (2) < ¢o(x) Va € Br(0).

Now, for any z € Bg(0), let wl® be £/2-optimal for S, [¢o](z), and let X1 be
the corresponding trajectory. Then,

0 < S, [¢o](z) — S-[65"](x)
< go(XLE(1)) — ¢§" (X L5 (7)) +

which by (4.32)
(4.33) < Mo | XEE(T)|A + =

Proceeding along, one then finds

0 < 8- [6o)(z) — ST [65"](2)
= S, [¢o](x) — S-[65](x) + S [65] () — S [65"] (),
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which by Lemma 4.3, the fact that S, [ ] € SC, (by assumption (A5")), and (4.33)

(4.34) < Mo/ | XEE(7)|A + Mooz A + g

Let us proceed one more step with this approach. For any x € Bg(0), let w?F be
g/4-optimal for S;[S;[po]](x) (that is £/4-optimal for problem S, with terminal cost
S [#0]), and let X2 be the corresponding trajectory. Then, as before,

0 < S [0](x) — S-S 5" ()
S-1S-[9ol)(x) — S- (5 [96”)] () )
(4.35) < Srlgol (X2%(7) = UGG 1(X25(7)) + =
Now let
. w2 (t) if t € [0, 7],
wy(t) = { w;EE(T)(t —7) ifte(r27],

and let Yi’g be the corresponding trajectory. Then combining (4.34) and (4.35), one
has

0 < Sy [go](z) — S-[STHV](x)
(4.36) < Mo [ X2E0)|A + Mo X2 (A + £ 5+

rlk\(")\

Applying Lemma 4.3 again, but now using (4.36), one has

0 < Sarlgo](z) — STV [S 65 (x)
Sy 1S+ dol)(@) = S+[5 66 (@) + S, 1S (86 () — STV 6 ) (x)

< Mo X5 2)A + Mo X 25 (1)|A + Moo |2 A + % L £

4
2. 2 -
= Mo AN X, WHZ@
=1

i=0
(4.37)
It is then clear that, by induction, one obtains the following lemma.
LEMMA 4.4.
N N N iy
(438 0% Swelonlle) = S0 onlle) < Mo AT 0l + 2 5

where the construction of -optimal Yivs() by induction follows in the obvious way
as above.

THEOREM 4.5. Let {y;
m, A € (0,00) such that

? ., C' and A be as in Lemma 4.3. Then, there exists

em

0< W(z) - WM™ (z) < M (H

> |z|A  Vx € Bg(0).
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Remark 4.6. By Theorem 2.12, there exists N = N(n) < oo such that
W (@) =W () Ve Br(0),

and so Theorem 4.5 also implies

eﬁ

>

O§W(x)—W(n)N(m) < Mcr (1 ) |z]A V€ Br(0)
for N > N(n).

Proof. Let € € (0,1). Fix ¢9 and z. For each N < oo, construct w%,(-) as above
along with the corresponding Yiv’s. Let wS,(t) = wi (t) if t € [0, N7], and similarly,
X%t = Yiv’s(t) if ¢ € [0, N7]. Then, by [32] (see also [33]), there exists K < oo

x

(independent of € € (0,1)) such that
el o057 < K(1+ |2])

for all N < co. Consequently, using assumptions (A1) and (A2), there exist 7, A €
(0, 00) such that

(4.39) X225 (8)] < Jale™ M Vi e [0,00).

Then, by Lemma 4.4 and (4.39),

N _

_ (n)N m —NiT i

0 < Snr[go](a) = SE " [po](z) < MerAlale ;e + ; o
< MoAa|—"— 4=

Since this is true for all N € N, and S’gn)N[%}(x) = Sﬁn)NH[(bo](x) = WM™ (g)
for all N > N(n), one obtains the result by taking the limit as N — oo and then as
zl0. O

Last, we note that for 7 sufficiently small, where

(4.40) <1/

is sufficient (so that Ar/2 < (1 — e=*7)), one has

(4.41) 0 < W(a) = W™(@) € Mo A ) o] < Kulal(&/7)
— e— T

with

(442) Kl = QMC/GW/X.

5. Errors in the approximation of B. In the previous section, we considered
the errors due to truncation while assuming that B and, consequently, the eigen-
vector e were computed exactly. Of course, as discussed in section 3, there is an
allowable upper limit for errors in the elements of B, below which one can guarantee
the convergence of the power method. The errors in B also translate into errors in
the eigenvector and consequently the approximate solution as discussed in sections 3



MAX-PLUS EIGENVECTOR METHODS: ERROR ANALYSIS 405

and 6. In this section, we consider a power series (in t) for V(¢t,x) = Si[i;](z),
where we recall Bj; = —max 5, o) [—¥;(@) — S-[¢:](x)]. With the power series for
V(t,z) = Sy[th;](z) truncated at some level, £ =1 (for each i), we obtain a relation-
ship between n’, 7, and basis function density which guarantees that the errors in B
do not exceed the allowable bounds obtained in section 3. In addition to the errors
incurred by truncation of the power series, there may be errors in the computation
of the terms in the series themselves. In subsection 5.1, one particular method for
computing the power series terms to sufficient accuracy is given.

As noted above, one approach to the computation of B is a Taylor series (in t)
approximation to S;[¢;](x). More specifically, letting V (¢, z) = S;[¢;](z), so that V
satisfies

1
(5.1) Vi=f-VV+1i+ WVVTO'O'TVV,
V(0,2) = (),

one may approximate V as
1
(5.2) V(t,z) = Vo(z) + Vi(z)t + 5‘/2(9c)t2 +---

Here Vo (z) = ¢;(x) and Vi is the right-hand side of (5.1) with ¢; replacing V. Specif-
ically,

1

where a = 0o” and we drop the gradient/vector notation for simplification here and
below. The higher order terms are computed by differentiating (5.1) at ¢ = 0. Of
course this process requires some smoothness for V. The following is well known, and
so we only sketch a proof.

THEOREM 5.1. Given R’ < oo and n' € N, there exists 7 > 0 such that
V e C"((0,7') x Br:(0)).

Proof. The result for C? can be found, for instance, in [9] as well as many earlier
works (see the references in [9] as well as [15]). In order to obtain continuity of
higher derivatives, one simply differentiates (5.2) and applies the same technique. For
example, the partial V,, (¢, z) satisfies

Ur = [fuVa Loy + Vo, Vi) + [+ 2Vaa] UL,
U(0> ;E) = '(/}izl (33)

Note that 7/ may depend on n'. ]

Fix some R',n’ < oco. Let 7/ be given by Theorem 5.1. We assume 7 <
min{7’,1,1/c} (where the motivation for the bounds of 1 and 1/c appear in (5.8)
and (5.11) below) and R < R’. Then we may approximate V over (0,7) x B(0) by

(53)  V(tm) = Vola) + Vi)t + Vala) G+ + vn/_l(a:)ﬁ.

Letting

Mgy = max_ |Viwn (t,2)],
(t,z)€[0,7]x B%(0)
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one has

’
n

(5.4) V(t,z)— V(t,z)| < MRWﬁ ¥ (t,7) € [0,7] x B(0).

Now define the corresponding approximation to B by

(5.5) Bj; =— max {wj (z) — V(r, x)}

QCEE]?{(O)

By (5.4) and (5.5), one has

/
n

~ T
(5.6) |Bji — Bj.il < Mrw ot

Comparing (5.6) with Theorem 3.10, one finds that a sufficient condition for the
convergence of the power method (using B computed from approximation V) is that
7 < 1/c and that for some u € {2,3,4,...} (u =2 is the weakest condition)

’

T

n 565 7_4
Mpi <[ in|z; 2} — ).
Ry < [0 5y )

Note that the 7 < 1/c condition can be removed by using Theorems 3.8 and 3.9
instead of Theorem 3.10.
Since computation of B;; requires the maximization operation, below we will

~

introduce an approximation for B, ;, to be denoted by B, ; (where the maximum may
only be computed approximately rather than exactly). Suppose further that

’
n

~ ~ T
(5-7) |B]77/ - J,l| S MR/?”L/W.
Then, by (5.7), (5.6) with Theorem 3.10, one finds that a sufficient condition for
the convergence of the power method (using B) is that 7 < 1/¢ and that for some
pwe€{2,3,4,...} (n =2 is the weakest condition)

/

T 6cd T4
. ' < |min|7)?| [ —— | —
(58) 2Mp iy S [rzm?‘x | } <9(16)M2>nl“

and so a sufficient condition is

] n' —4 < 3 . 2 _— ——
(5 9) T =~ |:Iln;£1{1 |Iz| :| (9(32)M2MR’,7L’ ) nk

Suppose a rectangular grid of evenly spaced basis function centers with Np center-
points per dimension, and recall that 1) is centered at the origin which implies Np is
odd. (Perhaps it should be noted that this is conservative in that we are considering
a rectangular grid encompassing Bp,, rather than just those basis functions centered
in the sphere itself.) This implies min; 4 [7;|* = 4D%/(Np — 1)%, and (5.9) becomes

s o (DRSS (LN 1 2
= \9(8)M2Mg: . ) \ Np Np—1)"
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which implies a sufficient condition is
, D265 (n)! 1\™? I
(5'10) 4 < L(n) = = Mprp | — ,
9(8)M>Mp, v ) \Np ™\ Np

where we recall that m is the dimension of the state space.
Therefore, if one fixes 7 < min{1, 1/c}, then it is sufficient that

log Mg/ 2)log (1/N
ogT

Alternatively, one may, without loss of generality, require M r'.n > 1 in which case
(noting that log7 < 0 since 7 < 1) (5.11) yields the sufficient condition

(mp +2)log (1/Np)

5.12 >4
( ) w24t log T

)

in which case the lower bound on n’ scales like log (1/Np). We remark that this
sufficient condition may be quite conservative.

5.1. A method for computing B. As noted above, one would not typically
have a closed-form expression for the B;; or even the B;; terms, and we denote the
approximation of B by B. In this subsection, we indicate some specifics of a numerical
method for the approximation. This is not essential to the paper, but we felt that
it was useful to sketch an approximation technique so as to concretely indicate one
approach to this subproblem.

The approach taken was to define

X;.i(t) = argmax{¢;(z) — V(t, )},

where V is given by (5.3) (i.e., the truncated power series expansion of Sy[1h;](x)),

and then to propagate X j,i as the solution of an ODE forward from ¢t = 0 to 7 via

a Runge-Kutta method. One difficulty is that )?j,i(t) diverges as t | 0. In order to

remedy this, and also remedy unbounded derivatives as ¢ | 0, we replace ¥,(x) by
7i(t,z), where

(5.13) Titix) = —%(l“ —E)T(C+6(1 —t/T)I](z — £(1)),
where
(5.14) E(t) = + (t/7)(x; — ),

and 6 > 0. Then one may define

(5.15) X54(0) = argmax{u], (t,2) - V(t.0)},

and note that
X]Tﬂ('r) = X,i(7) = argmax{y;(z) — V(t,z)}.
Since X 7:(t) is the argmax at each time ¢ € [0, 7], this implies

[T Ja(t, XI,(1) — Valt, XI,(1)) = 0
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for all t € [0, 7]. Differentiating with respect to time, implies
([0 o (1 X7a(6)) = Vit X7,0)]| X00) + |07, Jia 6, K7 0)) = Vit X7,(8)] = 0,

or,

(5.16)

X5 a(0) = [ den (0. X7400) = Voa (0. X700 [0 0 K7400)) = Va2, K700

The initial state for (5.16) is

X7.4(0) = argmax{y,; (0,) — V(0,)}

Js

= arginax{—%(a: — )T (C+ 61 (x — 23) — i)} = =y

Note that

which is negative definite, and

(5.18) (7 (7, 2) = Vi (7, 2)]| = =C = Vo (7,2)

would be negative definite on By by assumption (A5’) if approximation ‘7(7'7 -) were
replaced by S;[¢;]. Also,

(5.19) X7,(0)=x; € Bp,, and X,(7) € Bg

if approximation V (7, ) is replaced by S [1;]. This suggests the following assumption
(which is only used for this approach to computing B). Suppose there exists 6 > 0
such that

(5.20) [[i/’},i]m(tvx) Vot 2)| +6I <0 V2| < (1), vt € [0,7),
X7, < g(t) Vtelo,r],

where g : [0,7] — R is any function such that §(0) = Dg, §(r) = R and § is
monotonically decreasing. Note that, by (5.17)—(5.19), the conditions are satisfied at
both endpoints (¢t = 0 and ¢t = 7) when ‘7(7'7 -) is replaced by S;[¢;]. Consequently,
this may not be significantly more restrictive than the general assumptions, and for
the purposes of sketching this particular approach to computing B, let us assume
(5.20). Note that this guarantees the existence of the inverse in (5.16) and further
that )A(:JTZ(T) is the unique maximizer in Bp.

Analytical expressions for the right-hand side of (5.16) can be obtained from (5.3)
and (5.13). (These can be used to generate sufficient conditions that guarantee (5.20),
but these are likely much too conservative.) Thus, one merely needs to propagate the
n-dimensional ODE (5.16) forward to time 7. A Runge-Kutta method may be used

for this and the resulting approximate solution is denoted by X7,. The approximation

of the elements of B are then given by
Bjs =~ {uj.(X7(r) - V(. X7(7)}

(5.21) = —{v(X(") = V(#. X7() ]



MAX-PLUS EIGENVECTOR METHODS: ERROR ANALYSIS 409

Note that

the number of steps in the Runge-Kutta algorithm must be

(522) controlled so that (5.7) is satisfied.

6. Error summary. The error analyses of the previous three sections will now
be combined. In particular, the errors due to truncation and the errors in computation
of B will be combined to produce overall error bounds (6.8), (6.9). A condition
required for the algorithm to work (assuming one uses the power series of section 5
for computation of B) is also obtained.

Theorems 3.7 to 3.10 provided sufficient conditions for the power method step to
converge to the max-plus eigenvector. Employing the simplest condition (but also the
strictest), that of Theorem 3.10, convergence of the power method with approximation
Bto Bis guaranteed if

~ NPT 6cd T4 ..
(6.1) \Bz‘,j—Bi,HSI};ﬁl{lﬂxﬂ } 9(16)M2 ) it Vi, J,

where 1 € {2,3,4,...} and ¢ is given by (3.32). Note that we are assuming 7 <
min{1,1/c, 7'} as in section 5 (as well as all assumptions including (A5’) and technical
conditions (3.1), (3.19) which appear in section 3). Then, Theorem 3.10 implies a
resulting error bound for the max-plus eigenvector given by
o A o 6cd T4

(6.2) e = = max fe; - & < min{fz.{?) (9(16)1\42)n“—2
where é corresponds to B. We remark that slightly different error estimates (under
slightly different conditions) are also given in Theorems 3.8 and 3.9.

Suppose we adopt the notation W(m) =@, éi@¢;(r) and W/ (2) =D, e; ®
¥;(z) so that W7 corresponds to the finite expansion with zero error in the compu-
tation/approximation of B. Then, by (6.2),

- — 8¢d T4
_wify = _wf < mi =2 I D
77 = 7] = e [o) = W7 )] < mind 5} (e ) s

Scor4 1 m(p—2)
_ : =12 o= -
(6.3) = min{[z,|} <9(16)M2) <ND> )

where again, Np is the number of centers of basis functions per dimension of the
state space with a rectangular, evenly spaced grid of centers. It should be recalled
that the basis functions are such that ¢ is centered at the origin (z; = 0), and so Np
is odd. (Perhaps one should note that we are being sloppy here by using the number
of basis functions corresponding to covering the entire rectangle which encloses the
sphere Bp,,, although only those with centers covering the sphere itself are required
for the bound. Consequently, the above bound is conservative.) Also, with the evenly
spaced basis function centers, (6.3) can be written as

— D3RS 1\ 1\
_wlll < (2R )
o0 Wi (i) () ()

Using the approach of section 5, (6.1) is satisfied if

mu+2
(6.5) < M [ '
~ s ND y
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where M R 1s given by (5.10) and n’ is the number of terms (including zeroth order)
in the Taylor series, and if (5.22) is satisfied.

This does not account for the truncation errors induced by using only a finite
number of basis functions. Let W be the true value function (see section 2). Then,
by (4.41),

x 2D —
(6.6) W (z) — W/ (z)| <K1|T|(NDf1> Vz € B,
where K7 is given by (4.42), 2Dg/(Np — 1) = A, and 7 satisfies (4.40); 7 now must
satisfy

(6.7) 7 <min{1,1/c, 1/\,7'}.

The error bound (6.6) is not without drawbacks. In particular, 7 appears in the
denominator. However, it does not seem possible with the techniques of this paper to
remove that term. This is the reason for concentrating in section 5 on fixed T with
increasing n’ as the means for reducing errors.

Combining (6.4) and (6.6), the total error bound (assuming convergence of the
power method—for which (6.5) and (5.22) form a sufficient condition—and 7 <
min{1,1/c,1/\,7'}) is given by

— D%éc5r4 1\ 1 2 |z| [ 2Dpg
_ < ([ZBZ- 1 ) K=
we -l s (S ) (7) (mn) +505 (m2)
which for Np > 3
D%6c574 1\ |z| (2Dg
6.8 < (=B —_— Ki— [ —].
(6:8) (18M2>(ND) + 1T(ND)

Since the best error rate in the last term in 1/Np, we take p = 2, and find in that
case

— D%6c5 T4 || 1
) Wiz — W) < | 2R ) .
(6.9) W(z) = W)l < l a2 PR PRT ] (Np)

That is, the total error goes down linearly in (1/Np). Note that this rate is con-
strained by the fact that the solutions are only viscosity solutions—which may have
discontinuous first derivatives. It is conjectured that with smooth solutions, the rate
would instead be (1/Np)2.

This assumes that conditions (6.5) and (5.22) are met as well as (6.7). Also, as
in section 5, one may prefer to write (6.5) as

N log./i/lvR/yn/ + (mp+2)log (1/Np)

n' >4
log T

)

or assuming without loss of generality that M R’ = 1, one has the less tight but
clearer bound of

(mps + 2) log (1/Np)

n >4+
log T

)
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in which case the lower bound on n’ scales like log (1/Np). From this, one sees for
instance that doubling Np would typically imply the addition of

() - (e

to n/, where [(z) indicates the smallest integer greater than or equal to z. Again, this
assumes the use of the Taylor series/Runge-Kutta approach of section 5 toward the
approximation of B. Alternate approaches may yield different conditions.

Remark 6.1. All error bounds are actually conceived as the errors which may
be achieved with given computer effort. A key underlying assumption of this paper
is that all the elements of B are computed. This requires substantial effort since the
number of terms in B is the square of the number of basis functions. In practice, it has
been observed that elements of B, B; ;, corresponding to basis function pairs where
|z; — x;| is large generally, do not contribute at all to the resulting eigenvector (recall
that this is the max-plus algebra). By not computing these terms, one could greatly
reduce the computations. This is a question for further study which lies beyond the
bounds of the current paper.
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STABILIZABILITY OF STOCHASTIC LINEAR SYSTEMS
WITH FINITE FEEDBACK DATA RATES*
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Abstract. Feedback control with limited data rates is an emerging area which incorporates
ideas from both control and information theory. A fundamental question it poses is how low the
closed-loop data rate can be made before a given dynamical system is impossible to stabilize by any
coding and control law. Analogously to source coding, this defines the smallest error-free data rate
sufficient to achieve “reliable” control, and explicit expressions for it have been derived for linear time-
invariant systems without disturbances. In this paper, the more general case of finite-dimensional
linear systems with process and observation noise is considered, the object being mean square state
stability. By inductive arguments employing the entropy power inequality of information theory, and
a new quantizer error bound, an explicit expression for the infimum stabilizing data rate is derived,
under very mild conditions on the initial state and noise probability distributions.
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1. Introduction. Communications and control have traditionally been areas
with little common ground. For the most part communications theory is concerned
with the reliable transmission of information from one point to another, and is rel-
atively indifferent to its specific purpose or whether it is eventually fed back to the
source. Control theory, in contrast, is concerned mainly with using information in a
feedback loop to achieve some performance objective, and usually assumes that limi-
tations in the communications links are not significant enough to affect performance
drastically.

The reasons usually given for this mutual indifference are, first, that a communica-
tions system is generally used for a broad range of purposes and can rarely be designed
to match a particular objective and, secondly, that to explicitly model communication
limitations would complicate controller synthesis. However, in recent years emerging
applications such as microelectromechanical systems, mobile telephone power control,
and networked industrial control systems have begun to cross the boundary between
these disciplines. In these applications, the aim is to control a dynamical system
consisting of many separate components connected by a digital communication net-
work. Although the total available capacity in bits per second may be large, each
component is effectively allocated only a small portion. This can introduce significant
quantization errors and delays, due to the low resolution and finite transmission time
of each discrete-valued, digital symbol. Quantization resolution can be improved at
the expense of delay and vice-versa, but nonetheless there remains an upper bound
on the amount of information, in some sense, that may be exchanged per unit time.
Clearly, by designing coders and decoders that are matched to the dynamical system
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and controllers, a more economical use of communication resources ought to be pos-
sible. Conversely, closed-loop performance should improve by matching the feedback
laws to the specific coding and decoding schemes used.

The first step towards gaining a comprehensive understanding of these issues is
to analyze the simplest possible network topology, consisting of one controller and
dynamical system connected by a feedback loop with a given data rate in bits per
unit time. In view of the limited communication resource, a natural question is:
what is the smallest data rate above which there exists a coding and control law
that stabilizes the system? This is analogous to Shannon’s source coding theory,
which seeks to determine the smallest data rate above which a given random process
can be reliably communicated, i.e., with arbitrarily small error, by some coder and
decoder [25, 7]. However, despite this analogy, Shannon’s theory has generally not
been fruitful in real-time control systems since its reliance on arbitrarily long block
coders entails arbitrarily long delays. While this can be overcome by recursive coders
such as delta and differential pulse code modulators, stationarity or ergodicity are still
assumed [17]. Although this may be justified in communications, it does not always
suit the unstable dynamics encountered in control.

In recent years, somewhat more progress on this topic has been made in the con-
trol literature. Beginning with the seminal paper [8] and continuing with [29, 2, 6,
10, 3, 23, 11, 16, 18], various schemes have been proposed and proven to asymptot-
ically or practically stabilize linear time-invariant (LTI) systems at sufficiently high
data rates. The first rigorous results on minimum data rates were in [29, 2|, where
it was shown that a discretized scalar plant with parameter a was stabilizable iff the
data rate was not less than log, |a| bits per sampling interval. Similar tight bounds
were subsequently obtained for noiseless autoregressive moving average [20] and linear
state-space systems [27, 22, 14], using different formulations and techniques. With re-
gard to stochastic plants, separation principles, causal rate-distortion theorems [28, 5],
and the notion of feedback capacity [24] have been introduced.

This paper focuses on finite-dimensional, stochastic linear plants, under very mild
assumptions on the noise and initial state probability distributions. In particular, the
objective is to construct a coding and control scheme which achieves mean square state
stability while consuming as little data rate as possible. The problem is formulated
precisely in the next section, and the main result, which specifies the infimum stabi-
lizing data rate, is stated. Somewhat counter-intuitively, the infimum rate depends
only on the unstable dynamics of the plant and not on the noise statistics.

The remainder of the paper essentially constitutes the proof. As the presence of
noise makes it difficult to extend the asymptotic quantization approach of [20, 22], a
completely different method is developed here. In section 4, the well-known entropy
power inequality of information theory [7, 9] is used to derive a strict lower bound on
the data rate of any stabilizing, causal coding and control scheme, regardless of struc-
ture. It is shown that as the feedback data rate approaches this bound from above,
the mean square state norms become arbitrarily large. In section 5, a specific, finite-
dimensional scheme is then proposed. By applying a new, finite-level quantizer error
inequality, it is proven to achieve mean square stability at any data rate exceeding
the critical bound.

2. Formulation. First, certain conventions are defined. Vectors are written
in bold-face type, matrices in bold-face upper-case, random variables in upper-case,
and their realizations in corresponding lower-case letters. All random variables are
assumed to exist on a common probability space with measure P. The probability
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density of random vector X in Euclidean space with respect to (w.r.t.) Lebesgue mea-
sure \ on the space is denoted by px, the probability density conditioned on the o-field
generated by an event A = a by px|,, expectation by E, and expectation conditioned
on A =a by E,. The (differential) entropy of X is written H{X} 2 —E{lnpx(X)};
the conditional entropy of X, given A = a, as H,{X} = —Eq{Inpx|a(X)}; and
the average conditional entropy of X, given A = a, B = b, and averaged over B,
as H {X|B} 2 —E.{Ha 5{X}}. Sequences {aj}fzo are denoted ay (defined as the
empty sequence when k < 0), and || - || represents either the Euclidean norm on a real
vector space or the matrix norm induced by it. The d x d identity matrix is written I,
the m x n null matrix 0,,x,, real numbers R, positive reals R, complex numbers C,
integers Z, positive integers Z, and nonnegative integers W.
Consider the partially observed, discrete-time, stochastic linear system

(2.1) Xp+1 = Axg + Bug + v, yir = Cxi + wyg vk e W,

with state x; and process noise v € R"™, control signal uy € R™, and measurement yy,
and measurement noise wy € RP. It is assumed that the following hold:
Al. (A,B) is reachable and (C, A), observable;
A2. xq, vi, and wy, are realizations of random variables X, Vi, and Wy, respec-
tively, where Xo, Vi, W; are mutually independent VEk, j € W;

A3. Je > 0s.t. Xg, Vi, Wy, have uniformly bounded (2 + ¢)th absolute moments
over k € W,

A4. the probability distribution of each random variable Vy is absolutely contin-
uous with respect to Lebesgue measure A on R”;

A5. infrew H{Vi} > —o0, where V} € R/*" is the process noise seen by the
f > 1 unstable eigenvectors of A; i.e., the process noise injects a minimum
amount of uncertainty into the unstable dynamics.

Suppose that the sensor producing the measurements is connected to the con-
troller via a digital channel, onto which one symbol s; from a finite alphabet Sk,
of possibly time-varying size pp > 1, is transmitted during the (k + 1)th sampling
interval. It is assumed that each transmitted symbol is received without error, as in
Shannon source coding, after a delay of d intervals. The (asymptotic average) data
rate of the channel may then be defined as

t—1

A1
(2.2) R= htrglorclf n kz_ologQ -

This is a more general definition than in [21, 22], in which the alphabet size uy is
constant. In particular, it permits the alphabet Sy to vary periodically. For technical
reasons, it is also assumed that py/k — 0 as k — oo.

As the symbols in the channel are discrete-valued but the plant measurements
are continuous-valued, analog-to-digital conversion, or coding, is required. In practice,
constraints such as complexity and finite memory may be important but, in the spirit
of source coding, such limitations will be largely ignored here in order to concentrate
on the communication aspect of the problem. Each transmitted symbol may thus
depend on all past and present measurements and past symbols,

(23) Sk = ’yk(yk, gk—l) Vk € W,

where i : Rpx(k+1) Sk_l — &S, is the coder mapping at time k. Note in par-
ticular that s does not necessarily correspond to a quantized version of the latest
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measurement alone. At time k the controller has the symbols sg, ..., sx_q available
to it and can then generate a control signal of the general form

(2.4) up = 6k(§k—d) Vk € W,

where 65, : Sp_q — R™ is the controller mapping at time k. As §; is the empty

sequence {} when k < 0, the first d control signals uy, ..., ugs—1 are just preset inputs.

Similarly, in the coder equation (2.3) at time k = 0, s¢ is a function only of yj.
Now, define the coder-controller as the triple of alphabet, coder, and controller

mapping sequences (Sx, Yoo, 00 ). The objective here is to construct a coder-controller
which stabilizes the plant in the mean square sense,

(2.5) sup E|| X ||? < oo,
keWw

while using as small a data rate as possible. The main result of this paper is now
stated as follows.

THEOREM 2.1. Given assumptions A1-A5, any coder-controller which stabilizes
the plant (2.1) in the mean square sense (2.5) must have a data rate R (see (2.2))
strictly satisfying

(2.6) R> Y logy|ny| = H,
Inj|>1
where n1,...,m, are the open-loop eigenvalues. As R approaches this bound from

above, the supremum mean square state norm (2.5) approaches oo.

This inequality is also tight. In other words, for any number R’ > H, a mean-
square-stabilizing coder-controller at data rate R < R’ can be constructed, which fur-
thermore is finite-dimensional with periodic alphabet.

This result assumes nothing about the coding and control laws except causality,
and imposes only mild requirements on the noise distributions. It thus draws a fun-
damental line of demarcation between what is and is not achievable with stochastic
linear systems when communication rates are limited. In this sense, H plays a role
similar to source entropy in errorless Shannon source coding, and can be taken as
a measure of the rate at which information is generated by an unstable, stochastic
linear plant. Hence (2.6) states that, to achieve stability, the channel must transport
data as fast as it is produced.

A more physical insight can be gained by rewriting the inequality above as 27 >
HI 11 [n;]. The right-hand side (RHS) is simply the factor by which a volume in the
unstable subspace increases at each time step due to the plant dynamics, while the
left-hand side (LHS) is the asymptotic average number of disjoint regions into which
the coder can partition the volume. In other words, the system is stabilizable iff the
dynamical increase in “uncertainty volume” due to unstable dynamics is outweighed
by the partitioning induced by the coder.

Note also that the data rate bound above is completely independent of the noise
distributions and link delay, a consequence of the weak notion of stability used here.
Increasing the noise variances (or delay) would obviously increase the mean square
state norms, but as long as (2.6) is satisfied it remains possible to keep the state
uniformly bounded in a mean square sense. The reason for this is that the noise
increases state uncertainty volumes in an additive rather than multiplicative fashion
but is averaged out exponentially, in effect, by the coder. However, as the data rate
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approaches the critical limit, this exponential averaging becomes increasingly weak,
leading to an unbounded increase in uncertainty volumes and hence mean square
states.

Finally, it is remarked that in the problem formulation above there is no explicit
communication constraint between the controller and actuator. This is reasonable if
they are colocated, but even otherwise the formulation above is applicable, since from
a plant output-to-input perspective the location of the controller is purely nominal.
The symbols that would be transmitted by it over an additional digital link to the
actuator would have to be converted once again into inputs, making intermediate
calculations redundant. In other words the “bottle-neck” link determines the effective
data rate, as expected, and Theorem 2.1 still applies. This is stated below more
precisely.

PROPOSITION 2.2. Suppose that two cascaded digital links connect the sensor to
the actuator, with associated mappings

(2.7) st =V (Fr,55_1) €S, (link-1 coder)
(2.8) sy =v(85_a,) € Sk, (link-2 coder)
(2.9) u; =

6i(55_a,) ER™.  (actuator)
)

Let Ry be the data rate (2.2) of the first link and Ry that of the second. Then this
coding and control scheme can be expressed as a single-link coder-controller of the
form (2.3)—(2.4), with delay d = dy + d2 and data rate R = min{ Ry, Ra}.

Conversely, any single-link coder-controller with periodic alphabet, data rate R,
and delay d can always be expressed as a two-link coding and control scheme of the
form above, with periodic alphabet sizes, link data rates both equal to R, and arbitrary
delays di,do € W s.t. di +ds = d.

Proof. See Appendix A for the proof.

The remainder of this paper is devoted to proving Theorem 2.1, in three stages.
In the next section, the system dynamics are transformed into a simpler form. In
section 4, the strict necessity of (2.6) is established via an inductive argument using
the entropy power inequality of information theory [9]. Finally, the sufficiency of
(2.6) is demonstrated in section 5 by constructing a coder-controller and using a new
quantizer error result to recursively bound the mean square state norms.

3. Real Jordan form. Before proceeding, it is convenient to transform the
system so as to decouple its dynamical modes. The obvious approach of putting the
matrix A into Jordan canonical form generally requires a transformation matrix with
complex elements. As this would complicate the analysis somewhat, the real Jordan
canonical form [15] is used here.

Let A1,..., Ay be the distinct eigenvalues of A € R™*™ ordered by nonincreasing
magnitude with conjugates excluded, and let the algebraic multiplicity of each A;
be m;. The real Jordan canonical form J then has the block diagonal structure

(3.1) J = diag(Jy,...,Jp) € R™™,

where the block J; € R™ %" with

A m; if \; € R,
(32) = { 2m,; otherwise.

More detail regarding the structure of each block can be found in, e.g., [15, pp.
150-153] or [26]. For the purposes of this paper, the most important fact is that
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each block J; is similar to the block diagonal matrix of all standard Jordan blocks
corresponding to A;, AY. Hence J; has either exactly one distinct eigenvalue \; or a
pair of complex conjugate eigenvalues \;, A}, each with multiplicity m;.

The real Jordan canonical form is related to the matrix A via a real similarity
matrix T € R™*" s.t. T7'JT = A. Defining the transformed state

(3.3) %, 2 Tx), VkeW,
the system equations (2.1) can then be written

(34) %pp1 =J%, + TBu, + Tvp €R", y, 2CT %, +w, € RP Ve W.

By partitioning the transformed state vector into the vectors )’(,(91), ceey )’(,(f) correspond-

ing to each subsystem, the dynamical equation above can be rewritten more explicitly
as

(3.5) %), = 3% + (TBup)@ + (Tvy)D e R VkeW, ie[l,....b],

where (-)( denotes that portion of the vector argument that feeds into the ith sub-
system.

The original system has thus been decomposed into b real subsystems, with dy-
namics characterized by either a single eigenvalue or a pair of complex conjugate
eigenvalues, possibly repeated. As T is invertible, it follows that the problems of
stabilizing (3.4) and (2.1) are equivalent.

4. Proof of necessity. The first step towards proving Theorem 2.1 is to estab-
lish the necessity of (2.6) for mean square stability. In order to do so, a recursive lower
bound for E||X}||2 shall be sought, which is independent of the coder-controller and
easier to analyze in terms of dynamics and data rate. More precisely, this bound will
be sought for the state vector corresponding to subsystems with eigenvalue | ;| > 1.

If a strict inequality in (2.6) was not desired, a lower bound could quickly be
obtained by observing that since the noise terms are independent, the mean square
state norm cannot increase if they are all suppressed. In other words, the mean
square state norm is bounded below by the mean square state norm of the plant with
a random initial state but no noise. This is precisely the situation explored in [22]
and, by a slight modification of the quantization argument used there, the nonstrict
version of (2.6) is easily seen to be necessary for mean square stability.

However, this reduction to a noiseless system does not reveal that stability is in
fact impossible at a data rate equal to the critical bound H. More importantly, it
states nothing about behavior near H, in particular the fact that, as the data rate
approaches H, the supremum mean square state norm (2.5) becomes arbitrarily large,
drastically degrading performance, regardless of the coder-controllers used. This is
made apparent by the entropy-based analysis below.

Denote the index set of unstable subsystems and their total dimension, respec-
tively, by

(4.1) UE (it 21}, 123
=
and stack the unstable subsystem states )'c,(:), 1 € U, to construct
T
xipi= [T kT =Rt e R vhew,

(4.2) where R 2 [I; 0f,(,_p] € R7¥™.
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Now, suppose that the coder-controller (S, Yoo, Soo) stabilizes (2.1), and hence (3.4),
in mean square state norm. As ||x}|| < ||%x]|, it follows that {X} }xew is also bounded
in mean square norm. Following the usual definition of entropy power (see, e.g., [9]),

let the conditional entropy power of a random variable X € Rf, given an event A = a,
be

(4.3) N, {X} 2 (27e) Lo {X}/],

In connection with the uncertainty volume interpretation of Theorem 2.1, (N, {X})#/2
can be regarded as the volume of the effective support set of px|,. Furthermore,

(4.4) NofX) < /I B X,

with equality iff X is symmetric Gaussian with zero mean when conditioned on
A = a (see Appendix B). This is essentially a statement of the well-known entropy-
maximizing property of Gaussian distributions.

By analogy with the notation for average conditional entropy, denote the average
conditional entropy power of X, given A = a, averaged over A, by

(4.5) N{X|A} £ E{NA{X}}.

Setting X = X} and A = Sk,d,l, the random variable associated with the sequence
Sk_d_1, it then follows that
ng = N{X‘,;|Sk,d,1} = ]‘__‘){1\15197d71{)C];}}7

(4.6) < e/TIE{Eg,__ IXpI*} =e"TTEBIXR? VEeW,
so that {ng}rew must also be bounded. Note here that nj can be interpreted as the
average unstable subspace uncertainty volume, given the symbol sequence §;_q4_1.

Another important property of conditional entropy power is its superadditivity
for summed independent random variables, i.e.,

(4.7) N X + Y} > No{X) + No (Y},
where X, Y € R/ are mutually independent when conditioned on an event A = a (see,
e.g., [7, 9]). By means of a recursive argument that employs this so-called entropy

power inequality, it shall be shown that any stabilizing data rate must satisfy (2.6)
strictly. First, observe from (4.2) that

(4.8) RJ = J'R, where J" £ diag(Jy,...,J ) € R/

Left-multiplying (3.4) by R and using (2.4), the dynamical equation for x} is then

(49) Xz+1 =J"%; + RTvy + RTB(Sk(gk,d),
= Ng,_ {X}, 1} =Ng_ {I'X} + RTV, + RTB6(Sk—a)}
(4.10) =Ng, {J"X} +RTV,}
(4.11) >Ng _ {I"X}}+Ng  {RTV,} =Ng_{I"X}} + N{RTV,}

(4.12) = |detT"|*Ng  {Xp} + N{RTV,} VkeW.
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The equality in (4.10) is due to the property that Ho,{X + g(A)} = H,{X} for any
function g (translation invariance). The inequality (4.11) uses the mutual indepen-
dence of V, and X}, Sj,_q4, the latter both being determined by X, V;,W;, i <k-1,
to apply the entropy power inequality (4.7), and finally (4.12) expresses the effect of
an invertible linear transformation on differential entropy; see Corollary 9.6.4 in [7].
Now, denote the conditional entropy power of X, given A = a, S = s and averaged
only over S, by N,{X|S} = Eq.{Na s{X}}. The next step utilizes the result below.

LEMMA 4.1. Let X € Rf and S € S, a finite alphabet, be random variables
conditioned on an event A = a. Then

(4.13) N.{X|S} > |S|7¥IN{X}.

Proof. See Appendix C for the proof.

As (No{X]|S})?/2 can be viewed as the average uncertainty volume of X, given
S conditioned on A = a, this inequality states that knowledge of a correlated random
variable S € § with |S| distinct values reduces the average uncertainty volume of X
by at most a factor of |S|. In a sense, this is an extension of deterministic volume
partitioning to a stochastic setting.

Setting X = X}}, A = Sk—d—1, S = Sk_a, and averaging (4.12),

ng+1 =E {Ngk,d{XEH}}
> |detd"PUE B, {Ng_ (Xi}}}+ E{N{RTV,})

= |detJ" >/ E {N~

Su_u s {XEISk-a} } + N{RT V)
2/f

detJ™ .
= 1Si_dl E {Ngk,d,l{xk}} +N{RTV,}
detJ >/
(4.14) = |d¢ ng + N{RTV,} VkeW.
Hk—d

By assumption A5 in section 2, 30 € R s.t. H{RTV;} > 6 Vj € W. Hence
(4.15) N{RTV;} > (2n) 1?1 = 3>0 VjeW,

by definition (4.3). Substituting this into (4.14) and for convenience setting p; = 1
when ¢ < 0,

detJ" il 21

2/f k
y ne+B8>8Y |]

§=0i=j+1
" b detd®
= BZ h—j, where hy, := H i

=0

detJ"
Wi—d

Npt1 2>

2/f

k
1
(4.16) ioo>aéfsupnkzzf@

Vk € Z,.

As hy > 0, @ > 1. By upward induction on k it can be verified that



STABILIZABILITY WITH FINITE DATA RATES 421
hy <a(l —1/a)*hy Yk € Z,

= 0>logy(1—1/a) > log2( k)

(0%

k
1 2(k+1) u log, a
= log, (1 — a) = T log, |detJ"| — EO 08y Mhi— l€2 Vk € Zy

[\)

21log, |detJ"| = log, a
Ik k

k
— log, |detJ"| — hm mf [ Z logy fhi—d —
=0

(4.17) = (2/f) (log; [detJ"| — R) = (2/f)(H—R)-

kh

This proves the strict necessity of (2.6). Furthermore, after rearranging the inequali-
ties above and using (4.6),

el_l/fﬁ

. w2 5 J1-1/f —ol gy > % TP
(4.18) sup E[IXE[" = e B a2 o =smmys

€Z+

As 8 in (4.15) depends only on process noise statistics, this is a universal lower bound
on the supremum mean square state of all coder-controllers with data rate R. Hence
as R\, H, the supremum mean square state becomes arbitrarily large. 0

Note that the argument above can be adapted to deal with stability in the sense of
uniform boundedness with bounded disturbances. The idea is to replace the average
conditional entropy power nj; with the maximum state uncertainty volume, given past
symbols, and then use the deterministic analogue of the entropy power inequality, the
Brunn—Minkowski inequality (see, e.g., [7]). This states that, given two A-measurable

regions X,Y C R/, the volume of the set sum X +Y = {z+ylz € X,y € Y} satisfies
MX AV > XX+ X(Y)YS. Tt then follows that (2.6) is also strictly necessary
for uniformly bounded stabilizability.

5. Achievability of data rate bound. The final step in proving Theorem 2.1
is to establish that (2.6) is attainable, i.e., that the system (2.1) can in principle be
stabilized at any data rate arbitrarily close to but greater than the critical bound H.
The general, entropy-based argument of the preceding section does not offer many
clues as to how to prove this, so in this section a completely different approach is
taken. Based on a semiheuristic line of reasoning, a finite-dimensional coder-controller
with periodically varying coding alphabet is constructed in section 5.2. By means of
a new quantizer bound, it is then demonstrated in section 5.3 that it achieves means
square stability at data rates arbitrarily close to H.

The chief complications in the design and analysis of this scheme arise from the
unbounded support of the noise terms. With uniformly bounded noise, any coding
and control law which achieves asymptotic contraction without disturbances, in the
sense that 3y € (0,1) s.t. V sufficiently large k, ||xx|| < vr, Vrr > 0, ||x0|| < r, can
easily be modified to achieve uniformly bounded stability. The idea is to recast such
a law as an equivalent open-loop scheme which generates symbols according to the
initial state alone. Assuming no noise, 3 a sufficiently large 7 € Z, s.t. any state with
norm < r will after 7 steps have norm < ~yr. The effect of bounded disturbances then
boosts the radius of this worst-case region by an additive constant c- 7, so the open-
loop scheme can then be reapplied with r**% = ~yr + c7. As the recursion r — yr+cr
is stable, a uniform bound on the state at times 0, 7, 27, . .. is guaranteed and trivially
leads to a bound over all integer times.
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The situation is quite different when dealing with unbounded stochastic distur-
bances, because of the impossibility of a coder-controller which uniformly contracts
mean square norms in an analogous sense. Briefly, the reason for this is that even
though a distribution may have finite second absolute moment, the tail integral
foHZt ||x||?dPx (x) can approach 0 arbitrarily slowly with large t. In section 5.3
this difficulty is overcome by dealing with a functional M. (see (5.9)) instead of the
mean square state norm. Before proceeding to the construction and analysis of the
stabilizing coder-controller, several structural issues are first discussed below.

5.1. Structural issues. In order to make the analysis tractable, a certain
amount of structure will need to be imposed on the general coder-controller equa-
tions (2.3)—(2.4). It is known (see, e.g., [28]) that for a linear Gauss-Markov system
under a mean quadratic cost there exist optimal coding and control schemes with the
following form:

1. Prior to coding, a Kalman filter is applied to recursively calculate the linear
minimum variance prediction X4, of Xx44, given the measurement and
control sequences yi, Ux+q—1. Note that the control signals are not observed
directly by the coder, but inferred from knowledge of the symbol sequence
Sk—1 and the controller mappings.

2. Based on the past symbol sequence 5;_1, the latest prediction Xy 4 is recur-
sively (and possibly nonuniformly) quantized to yield a coded estimate

Xrd = Qr(Xitdlk, Sk—1) = @i (Sk)

with py possible values. The index s of the selected quantizer point g (s)
is transmitted.

3. Upon receiving s; at time k + d, the controller uses it and the previous
symbols to regenerate Xj4 and applies a certainty-equivalent linear control
law Ug+d = L)A(ker.

Although no Gaussian assumptions are made in this paper, it is convenient to use
a modified version of this tristage structure as a basis for constructing a stabilizing
scheme.

Considering the first stage, recall that the linear minimum variance predictions
satisfy the separation principle

E||Xx|* = Bl[Xx — Xpp—dl® + Bl Xpjp—al® ¥k €W,

even with non-Gaussian noise. The first term on the RHS is uniformly bounded, by
the observability and (2 + £)th moment assumptions Al and A3 in section 2, and
independent of the control law (see, e.g., [1]). Hence the mean square stability of
the partially observed system (3.4) is equivalent to that of the fully observed filter
process. Furthermore, this process satisfies a recursive equation of the same form as
(3.4), i.e.,

where, by assumption A3, the (2+¢)th absolute moments of the innovation Zyy1 can
be shown to be uniformly bounded over k € W.

The second stage above is not quite so straightforward, since the optimal quantizer
Qk(+, ) is generally time-varying and stores all past symbols. As the objective here
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is not optimality but stability, it is natural to investigate whether simpler quantizer
structures will suffice. One possibility is a static, memoryless coder,

(5.2) XKitd = Q(Xpyap) = w(sk) € R",

where @ is a fixed quantizer with points w(0),w(1),...,w(x — 1). Another option
is a finite-state, predictive quantizer (see, e.g., [12]), in which the latest coded state
estimate is stored and the prediction error is recursively coded according to a finite-
valued internal variable iy, € Z,

(5.3)  Q (Ritae — (I +TBL)Xy_ 1 qp—1, k) = w(sk),
(54) )A(k-i-d = (J + TBL))A(k_l_,_d + w(sk),
thr1 = gtk Sk)s

where L is a certainty-equivalent control gain such that J + TBL is stable. The
symbol s, corresponding to the index of the selected quantizer point, is then used
to update the finite state, (tx, Sx) — tk+1. Examples are differential pulse code and
delta modulation in speech processing.

For noise distributions with compact support, it can be shown that either type of
coder can achieve stability. It may seem as if this should also hold in the case of infinite
support, since if stability has been achieved, then the states and prediction errors
remain with high probability in some bounded region, which could then be quantized
without memory. However, this somewhat circular argument fails drastically if the
plant is strictly unstable and either the initial state or a process noise term has infinite
support in all directions.

PROPOSITION 5.1. Suppose that the plant (2.1) has at least one open-loop eigen-
value with magnitude strictly greater than 1, and that, for any nonzero h € R™, either

(5.5) P{hTXy >0 >0 VAcR or IHecWst P{hTV,>0}>0 VIcR.

Then for any static memoryless coder (5.2) or finite-state predictive quantizer (5.3)—
(5.4), the rth absolute state moments are unbounded with time, Vr > 0, regardless of
the number of quantization points.

Proof. See Appendix D for the proof.

This distinguishes the stochastic, communication-limited stabilization problem
from the deterministic, bounded disturbance version, for which either memoryless or
finite-state quantization suffices. The reason for the difference is basically that the
finite range of the quantizer causes controller saturation. If the initial state or process
noise has infinite support, there is consequently a finite chance that at some time k,
the propagated state Axj is beyond reach of the control signal. The unstable plant
dynamics then amplify this shortfall, causing the same phenomenon to occur with
increasing probability at subsequent times, and inevitably leading to instability.

An obvious solution is to use an adaptive quantizer with possibly unbounded
range, thereby allowing the control signal to “catch up” with the state. One simple
approach is to use a predictive scheme with a scaling factor [, > 0 which is recursively
adjusted according to the symbols transmitted:

0 (ik+d|k - (J+ TBL)Xk1+d|k1>
Uy

= w(sk),

Xi+d = (I + TBL))A(k71+d + lkw(sk),
lk+1 = g(lk,sk) € R+.
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This approach, similar to [6, 19], is adopted in section 5.2.

Another characteristic of the coder-controller constructed here is that its symbol
alphabet varies periodically with time, a point of departure from the time-invariant,
constant data rate schemes in [3] and elsewhere. If the symbol alphabet were fixed,
then the data rate in bits/interval could only take the discrete values logy p, p =
1,2,..., making it impossible in general to attain data rates arbitrarily close to H.
In [3] this is not an issue, since the underlying plant is in continuous time and the
corresponding data rate bound, in bits/second, can be approached by increasing the
sampling period. In the scenario considered in this paper, it is assumed that the
sampling interval is not adjustable. However, by using a symbol alphabet which
varies periodically, average data rates as close as desired to H can be achieved with
sufficiently large cycle lengths, similar to the way that irrationals are approximated
by rationals.

A periodic alphabet is also suggested by a consideration of the plant dynamics.
By the block structure of the real Jordan form J, the filter process (5.1) consists of
b subsystems with decoupled dynamical matrices J; € R™ %™ ¢ =1,...,b. The speed
at which the ith subsystem grows in any direction is determined by the eigenvalue \;
and, intuitively, a larger |\;| necessitates using a higher data rate. A natural approach
is to cycle through the subsystems and encode each at a rate determined by the
corresponding level of instability.

Notwithstanding the discussion above, the implementation of time-varying alpha-
bets can be difficult. In the coder-controller presented below, the alphabet size is in
fact kept constant for the initial part of each cycle, and no data is transmitted for the
remainder. The subsystems are then allocated different effective data rates by means
of a time-sharing protocol. More explicitly, time is divided into cycles of sufficiently
large duration 7 € Z, and, within each cycle, the components of the unstable sub-
system states 5(,(;) € R™ are allocated transmission slots of fixed length 7;, roughly
proportional to log, |A;|. During each slot a fixed alphabet of size ux = p > 2 is used
to quantize the corresponding subsystem state component with a total of u™ levels.
Towards the end of each cycle, there is then a quiet slot during which no information
is transmitted, i.e., ur = 1.

5.2. Stabilizing coder-controller. The coder-controller to be applied is de-
fined below and analyzed in subsection 5.3. First, however, the static quantizer which
is its basis is constructed, and a key lemma which stochastically bounds the quantizer
errors is presented.

5.2.1. Quantizer. Recall that the floating point representation of a number
x > 1 can be generated recursively by means of the following algorithm:

1. At iteration i, let « € J;, where Jo = [1, 00).

2. At iteration i + 1, if J; was the semi-infinite interval [10?, 00), then partition
it into nine contiguous, disjoint subintervals of length 10 and one semi-infinite inter-
val [1011 c0). If J; was bounded, however, then partition it into ten equally long
subintervals. In both cases set J; ;1 to the subinterval containing z.

3. Repeat step 2 until ¢ = some predefined v > 1.

4. Approximate x by the lower limit of J,,.

At termination, each interval [10°~1 10%), i = 1,...,v, has been partitioned into
9 x 10~* subintervals of equal length, and each z in it approximated as a floating
point number with v — ¢ significant figures. Including the semi-infinite “overload”
subinterval [10¥, 00), there are 10” subintervals in total, and so this algorithm can be
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viewed as a nonuniform quantization of x > 1 with 10" points.

The scalar quantizer which underpins the coder-controller constructed here is
basically an extension of this floating point scheme to z € R, with a base which may
be nondecimal. First, select o > 1 and let

(5.6) 2ol i€z,

Then select a base p > 2 and for any integer v > 2 generate p” disjoint, exhaustive
intervals symmetrically about the origin by
(i) partitioning [—rq,71] = [~1,1] into (u? —2)u”~2 intervals of length 2/[(u? —
2)pr 2],
(ii) partitioning (r;_1,7;] and [~r;, —r;_1) each into (u — 1)u”~" intervals of
length (o'~' — 0" ) /[(n — V)u" "] Vi € [2,3,..., V],
(iii) leaving (r,,00) and (—oo, —r,) as the right- and left-most intervals.
In general, there are precisely (u? — 2)u” 24+ 24 > o, 2(pn — L)p™" = p
intervals. Label them 1(0),1(1),...,I(u” — 1), from left- to right-most, and Vo € R
let

N half-length of I'(w) ifl <w<p”—2,
(5.7) ky(w) = 0.5(1—1/u) " Y(ryp1 — 1) ifw=p"-1,
—05(1—1/w) " t(rys1 — 1) ifw=0,
midpoint of [(w) if 1 <w < p” —2,
(6.8) q(z):=wm,(w) =1 1+ k(W) ifw=p"—1, if x € I(w).

—ry — Ky(w) ifw=0,

The precise form of the equations above is immaterial, some of the constants
being selected solely to simplify subsequent analysis. Observe that, like the floating
point quantizer, the intervals of g,,1 can be generated recursively by partitioning
each interval of ¢, into p subintervals. Furthermore, as v — oo, the range [—r,,r,]
covered by finite I's becomes unbounded, and at the same time any number z is
eventually captured in an interval with length — 0. Both these competing properties
are necessary for the quantization error of a random variable with infinite support to
approach zero pointwise as v increases.

However, to show the attainability of (2.6), convergence in a stronger sense will
be required; in particular, the mean square quantization error should diminish like
the inverse square of the number of levels, u~2”. Guaranteeing this for fat-tailed
distributions is the real motivation for the exponential form of (5.6). If the distribution
being quantized had exponentially decaying tails, then it can be shown that (5.6) leads
to a waste of quantizer levels on regions of very low probability and, consequently,
a shortage of levels in high-probability regions. However, as the tails may decay
according to a power law, a sufficiently large o ensures that both the low- and high-
probability mean square error contributions die off like p =2V,

In fact, a slightly stronger result can be proven. Before stating it formally, for
any random variable L € Ry and random vector X define the functional

(5.9) M AX|L} := E{L?} + E{||X|***L=}.
This cannot be smaller than the mean square norm of X, since
E|[X[1? = E {|IX|I* [x(IX]| < L) + x(IIX]| > L)]}
< E{L*} + E{|IX[P(IX]I/L)*x(IX]| > L)}
(5.10) < E{L*} + B {|IX[**°L7} = M{X|L},
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where y is the usual indicator function. The mean square quantizer errors generated
by ¢, can then be bounded as follows.

LEMMA 5.2. Let X € R, L > 0 be random variables with E|X|**¢ < co for some
e > 0. If the quantizer parameter g of (5.6) and the base u € [2,3,...) are selected so
that o > p?/¢, then the quantizer errors X — Lq, (X/L) satisfy

san s () :

,U,2D
where gy, Ky, are defined in (5.8)—(5.7), Q@ € [0,1,...u"—1] is the index of the quantizer
level q,(X/L), and ¢ > 0 is determined only by €, p, and o.

Proof. See Appendix E for the proof.

By (5.10), the LHS exceeds the mean square quantizer error E|X — Lq,(X/L)|?,
so this result upper-bounds the latter and guarantees that it decreases as fast as the
square of the number of quantizer levels. The condition o > /¢ is crucial here, as it
relates the speed at which the quantizer range increases with v to the fatness of the
distribution tails, and thereby ensures that the contribution of the overload regions
decays faster than p~2¥ for any fixed integer pu > 2.

However, the real utility of this lemma lies in the appearance of M, on both sides,
together with the independence of the constant ¢ of the distribution of X. These two
facts permit (5.11) to be used recursively when proving coder-controller stability in
subsection 5.3. In contrast, a similar inequality relating the mean square norms of
the error and X, via a density-independent factor decaying like the number of levels
squared, is impossible.! What can be done instead is to upper-bound the mean square
error by some higher moment of X as in Lemma 6.6 of [13], an approach which does
not, permit recursive application.

MAX|L} Vve(2,3,..),

me} <

5.2.2. Time-sharing protocol and coder. The quantizer above will now be
used to construct a coder-controller. The measurements are first passed through a
Kalman filter to generate a fully observed process of the form (5.1). In order to
simplify the analysis, and reduce subscript clutter, a nonpredictive filter with output
X 1= Xp|k is used. As discussed in section 5.1, its mean square stability is equivalent
to that of the original system (2.1), and its innovations zx, k € Z,, are uniformly
bounded in the (2 + £)th absolute moment.

Divide times k € W into cycles [j7,...,(j + 1)7 — 1], 5 € W, of uniform integer
duration 7 € Zy. Let R’ be any given number greater than H from (2.6), and
select any integer pu > 2F  With U denoting the index set of unstable subsystems
(4.1), subdivide each cycle into f transmission slots of duration 7;, for each scalar

component of 5‘;? € R", followed by a quiet slot of duration 7 — ), n;7;, where

(5.12) 7 2 [rlog,(EIN])] +1 Vieu,

with |-] denoting rounding down. If the parameter £ is chosen to satisfy

(5.13) 0< flogy§ <R = milogy |Ni| =R — > logy |ml,
€U [m|>1

IThe reason for this is essentially that even if px has a finite second moment, |z|?px (z) may
decay so slowly with large x that the overload regions dominate the mean square error, making it
decrease more slowly than the inverse square number of levels.
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then the choice of transmission slot durations (5.12) is feasible, since

, i 1 ; !
5 14 ZnTZ < Z ( 10g2 E‘)‘ |) ) < Tzzelxlnl OgQ‘)‘l| +f Og2€ +f

/
ieu ieu log, R

As the coefficient of 7 is less than unity by (5.13), the sum of transmission slot
durations is less than any sufficiently large cycle length 7.

Let the symbol alphabet S, = Z,, during transmission slots, and = {0} during
the quiet slot. Then by reasoning similar to the above, the asymptotic average data
rate R of this periodic alphabet, equal to the average data rate over one cycle, satisfies

1 i
R:72n17110g2#< g2'uz ( Og2£||)+1)
= = logy
1
:Znilog2|)\i|+flog2§+f07f2u <R
iceU

for all sufficiently large 7. As R’ is any number exceeding H, this confirms that the
data rate of this protocol can be made arbitrarily close to H, leaving aside for now
the question of stability.

Just before the start of a cycle at time k = j7, let [; € Ry be the adaptive
quantizer scaling factor discussed in section 5.1, and X, € R" be an estimate of X,

internal to the coder. The coder state is then defined as ; 2 (Xjr, 1) Indexmg the
scalar components of vectors € R™ by an additional superscript h € [1,...,n;], at
the start of the transmission slot for a‘céi’h) let it be scaled and quantized via

(5.15) @ (W) = g (07 — 20M)1) vhe L, ),

J

where w,, and ¢, are defined in (5.8). The index cuj(z ) e [0,...,u" —1] of the selected

quantizer level is then expanded as 7; base-u digits and transmitted. After this has
been done for all unstable state components, the coder state is updated via

(G+1)7—1
(516) )A((j-'rl)T =J7 [)A(jT + lj’(D(Wj)] + Z J(j+1)T717kTBL)A(k,
k=j1
(5.17)  where xx4+1 = (J+ TBL)X;, Vk € [j7,...,j7+7—2], %0 =0,
— ) T (ivh) - —
(5.18) liy1 = ieu,i?el?i),(w.,ni} {cr, LAl K, (wj )} vieW, ly=o.

In the above, w(w;) € R™ is the vector with (¢, h)th component w,, (w )) foriel
and 0 for i ¢ U, L € RPX™ is the certainty-equivalent controller gain matrix, and o?*¢
is a uniform upper bound on the (2 + €)th absolute moment of

(5.19) Gj=> T Zj,; VjeW.
i=1

5.2.3. Controller. Similar to the coder, define a controller internal state " £
(x;:ﬁ“,lc"“) € R™ x Ry, initialized when j = 0 to (0,0). At any time k € [j7,...,
j7 + 7 — 1] in the cycle, a certainty-equivalent control signal

(5.20) uy, = LS
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is applied, where X§°" is given by (5.17) (with superscripts “con”), and L is the given
gain matrix s.t. J 4+ TBL is strictly stable.
By the time-sharing protocol, the last transmission slot during this cycle ends

at time j7 + ¢(7) — 1, where ¢(7) 2 > icu iTi- Recalling that the channel has a
delay d, at time k = j7+ ¢(7) — 1+ d the controller then has available all the symbols

.. . . . (i,h)
Sjry. -+, Sjr+c—1, comprising the base-u expansions of the quantizer level indices w;
h€[l,...,n], i € U. By reasoning similar to (5.14), c(7) + d < 7 sufficiently large,
so that these indices are guaranteed to be received before the beginning of the next
cycle at time (j + 1)7. The controller then updates its internal state via the same

recursive equations (5.16)—(5.18) as the coder.

5.3. Analysis. A uniform bound on the mean square norms of the filter process
(5.1) using the coder-controller above will now be derived, for a data rate arbitrarily

close to the lower bound (2.6). First, it is shown that the coder error Fy 2 X — Xk
is uniformly bounded in mean square norm over times k = j7, j € W, by using the
functional M. defined in (5.9) and Lemma 5.2. The mean square stability of F, over
all integer times is then deduced, which in turn will be shown to imply that of Xj,
keW.

Observe that since the initial controller and coder internal states ¥§", 1o are
equal and, furthermore, the same update equations (5.16)—(5.18) are used for each, it
follows that x3°" = x, and I§°" = [; Vj, k € W. The superscript “con” is thus dropped
in the analy51s Substituting (5.20) into the filter recursion (5.1) and iterating over a
cycle,

(+D7-1
X(G+1)r = JTf(jT + Z JUHT—1-k (TBL)A(k + Zk—i—l)
k=j1
G+yr-1
=J%;, +g;+ » JUTUTTITRTBLE,,
k=31

where g; = Ek (I %z 1) (see (5.19)). Subtracting this from (5.16), and then
exploiting the block diagonal structure J = diag(Jy,...Jp) of the real Jordan form,
where J; € R™"*™

fnr =3[ — w(w))] + 8,

(521) £, =J7 [fﬁ) - zjw(wj)@] +g e R Vie[l,... b, jeW.

By (5.15) and the definition of w(w;), w(w;)® 2ovi ¢ U, in which case the RHS

above simply becomes the recursion f(]zrl)T = J[fj(i) (z) Recall that each block J;
has exactly either one real eigenvalue \; or two complex conjugate eigenvalues \;, \}.
As |N\;] < 1Vi ¢ U, and furthermore the noise term has a uniform moment bound
EHG(z) |2 < 0?2, it immediately follows that E||F(z) |> must be uniformly bounded for
all strlctly stable subsystems.
Hence, only the unstable subsystems ¢ € & need be considered. For each such ¢,
(wj)(‘) € R™ is defined to be the quantizer point vector with Ath component
ar; (f;7 (6,h) /l;). Applying square norms and the triangle inequality to (5.21), Vi € U,
j € W
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10y 12 < 22 (172D = L) D12 + g1

G+D)7
(5.22) —4[|g]>2+|r|| Z\ 1 = tas, (f “’”/Z)\]

using (5.15) and the definition of w(w;). As each J; is similar to the block diagonal
matrix of all Jordan blocks associated with )\;, a trivial adaptation of a result in [15,
p. 138] states that 3¢y > 0 s.t.

(5.23) 137)) < Gor™ HN|™ Vie[l,...,b],T € Zy.

Let the stacked vector of unstable subsystem errors be f}! 2 [f,gl) e ,fé‘ul)T]T, and
define g in a similar way. By summing (5.22) over i € U, applying the growth rate
bound above, and twice using the trivial inequality (3, ;<. [m])* < 7> 1 <1<, [w]*
Vr € Z4, a > 0, it then follows that 3¢ > 1 s.t.

14+e/2
I 1), 12+ = (Z If, 2‘11)7”2)
€U

< ¢ <|gj |2+€ +Z |Tn1—1/\7-|2+52‘ (zh _qun ( (1 h)/l )\2-&-5) .

1€EU

Dividing by {5, and taking expectations,

E{IFg 0, 17155 )

IG “H” i1 (24 |FSM — Ligr (FEY /L)
o g

€U J+1

Gu i,h i,h
( {n \2+f } P e 2+EZE { " — Lyar (B /1) P })
ey [Lj N7 hr, (Q477))e
Gu (4,h) (,h) 2+e
” H2+8 1)(2 F’T B quTi (Ff'r /LJ)|
=0 +) e N 2Ty TR L L A ,
( { 27 Z [Ljter, (O]

€U

U\

(5.24)

where the second inequality is a consequence of the definition of 141 (see (5.18)).
Now, let

(5.25) ;= MAFY ), |0} = B{L7} + E{|[F{; ), [IPT°L;°} vieW.

By (5.10), the RHS is never less than EHF(JH)TH , S0 to establish the mean square
boundedness of the errors it is sufficient to show that sup;cw ¥; < 0o. Observe that

. 2
2 121y 27 (3,h)
E{L},,}=E {ieuyg%{g“m]{a,m/\i or, (Qj )}}

i . 2
<o+ MY E ‘Ljnﬂ. (ng) ‘ .
e h=1
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Adding this to (5.24), noting that E[|GY[|*"¢ < o**¢, 7 > 1, and using definition
(5.25),

Fja
n; , F&R ,
gt o (om0
= h=1 L
(5.26)

(4,h)

Applying Lemma 5.2 to each term in the inner sum, with X = ir

and @ = Q" vj e W,

ng
e N ¢ ih
19j+1 < (b (0’2 + ZT( ’ 1)(2+E)|)\i|2 Z M2Ti Ms {Fj‘(q— )|LJ}

€U h=1

<o ((72 + ZT(nifl)(2+6)|)\i|2T Z ,ugﬂ M. {F;T|Lj}>

ieU h=1

aL:Ljvszia

12T
(5.27) = ¢o® + ¢ (Z nﬂ(”il)(ﬂs)p\z) 9y,

27’1
S2 H

where the second inequality is obtained from the definition of M. in (5.9) and the
trivial fact that the magnitude of a vector is never less than the magnitude of any of
its components.

The inequality above is a first order, sublinear recursion for ¥; with a forcing term.
By (5.12) and the fact that z — [z| < 1 Vz € R, it follows that 7; > 7log,(£|\i])
Vi €U, T € Zy. This is equivalent to £7| ;|7 < ™, which when substituted into the
above yields

1
941 < ¢02 +éC (Z niT(n¢—1)(2+a)£2T> 9; VjieEW.
=

As & > 1 by the left inequality of (5.13), 7("=DE+e)¢=27 0 as 7 — oo Vi. Hence,
by choosing a sufficiently large, finite cycle length 7, the coefficient of ¥; above can be
made strictly less than 1. As the 7-dependent noise term o2 is finite for any fixed 7,
the recursion above is then stable and yields uniformly bounded ¥;. By definition
(5.25) and the inequality (5.10), E[[FY_||* is then also uniformly bounded over j € W.
Recalling the discussion after (5.21), the overall error vector F;, must be as well.

The rest of the proof is straightforward. Subtracting (5.17) from (5.1), iterating
forward r steps from time j7, and taking norms, at any time k = j7 + r with r €
0,...,7—1],

r—1

1Ell < 1IN+ D 1197 TBL| | Zjrsi40 .
=0

As Fj; and Z 441 are uniformly bounded in mean square norm and r can only take
a finite number of values, the RHS and hence LHS are also uniformly mean square
bounded over k € W. Rewriting (5.1) as

%1 = (J+TBL)%+ TBL (X, — %1 )+ 2511 = (J+TBL)%, — TBLf, +2j,41 Yk € W,
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the strict stability of J + TBL then ensures the uniform boundedness of the mean
square filter outputs E|| X, 1]|? over & € W. This completes the proof that the
coder-controller constructed in subsection 5.2 stabilizes the system (2.1) at data rates
arbitrarily close to, but exceeding, the critical bound (2.6). |

In the foregoing analysis, the assumption that the coder and controller internal
states have the same initial value is crucial. Even if true, real digital channels invari-
ably introduce data errors, causing the coder and controller states to eventually differ.
It is thus important to emphasize that the scheme presented here is not intended in
the present form to be a practical solution to communication-limited stabilization
problems, but is primarily a theoretical construct for demonstrating stabilizability in
the limited sense of (2.5). Nonetheless it does possess some attributes, such as finite
dimensionality, which make implementation easy and may serve as a foundation for
a more practical scheme. In this respect, an important and as yet open extension of
this research is the internal stability of finite-dimensional, data-rate-limited control
loops, i.e., ensuring that the plant and coder-controller internal states remain mean
square stable with a random owerall initial condition, channel errors, and process and
measurement noise. It is easy to see that redundancy must be incorporated in the
transmitted symbols to counteract channel noise, but it is not evident if an analogue of
the well-known source-channel separation theorem of information theory [25] applies.

6. Conclusion. In this paper, the problem of stabilizing a general stochastic
linear system in mean square state norm under a feedback data rate constraint was
investigated. By employing information-theoretic techniques and a new quantizer er-
ror bound, an expression was derived for the smallest data rate above which such a
system is stabilizable by a coding and control law, without imposing any structural or
computational constraints and with very mild conditions on the system noise. This
infimum rate is determined only by the unstable eigenvalues of the dynamical matrix,
and it was demonstrated that, as the data rate approaches it from above, the mean
square states become unbounded for any coder-controller. To establish the attainabil-
ity of this bound, a finite-dimensional scheme was constructed and shown to achieve
stability at data rates arbitrarily close to the bound. Extensions of these results to
nonlinear systems, linear systems with Markov parameters, and decentralized control
are being investigated.

Appendix A. Proof of Proposition 2.2. Suppose that R; < Rs. By direct
substitution of (2.8) into (2.9), each input u depends (in a time-varying way) on the
link-1 symbol sequence 5 _4 .,

up = ¢k(§]1€7d17d2> Vk’ S W

This mapping, (2.7), and the alphabet sequence S;O then constitute a coder-controller
with data rate R; (see (2.2)) and link delay d = d; + ds.

Now suppose that Ry < R;. By (2.7), the link-1 symbol sequence §,1€7d1 is also
a time-varying function of the measurement sequence yi_4,. Hence (2.8) can be
rewritten in the form

Si = Hk (yk—dl )

Defining the d;-step-ahead link-2 symbol ¢ £ s%+d1, Vk € W, the expression above
and the actuator mapping (2.9) become

ck = Ok(Yr) € Sivays Wk = 63(Ch—dy—as)-
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This is a single-link coder-controller with delay d = dy+ds. As the asymptotic average
data rate is independent of constant time shifts of the alphabet, its value remains Rs.

The proof of the second part is straightforward. Let the coder (2.7) for link-1,
with delay dq, be given by (2.3), and set the coder and actuator for link-2, with delay
dgzd—dl,tobe

St = Shedy = Sk—dis Wk = 0k(5h_g,) = Ok(Bk-di—dz)-

Evidently, with regard to the plant this is equivalent to the single-link coder-controller
(2.3)—(2.4). Furthermore, the link-2 alphabet is obviously periodic if that of link-1 is,
with the same average data rate. 0

Appendix B. Proof of inequality (4.4). The argument is essentially that of
Lemma 5 in [9]. Denote the mean square norm of X, given A = a, by 02, and let ¢ be
the symmetric, f-dimensional Gaussian distribution with zero mean and variance o2.

By the nonnegativity of the Kullback-Leibler information distance D,

0 Dloxi9)2 | a0 2 are
- / Pt (%) In P (x)AA(x) — / Pxja(%) In $(x)dA()
RS RS

1,0} - [ a0 (~ S atzno?) - B ) arce

= —H,{X} +0.5fIn(270%) + 0.5
= N {X} = (2me) 1e2HadXH/f < o1/ 7152, O

Appendix C. Proof of Lemma 4.1. By standard properties of joint and
average differential entropy [7, 9],

H,{X|S} = Ho{X, S} — HoS > Ho{X} — HoS > H,{X} — In|S].

Differential entropy is undefined for discrete-valued random variables, but the joint
entropy above may be taken to denote —E, In (px|s,4(X)P{S|A}), while H,{S} rep-
resents the base-e discrete entropy of S, given A = a. The first inequality arises from
the fact that the entropy of joint random variables can never be smaller than the
individual entropies, while the second inequality is a consequence of the fact that the
base-e entropy of a random variable in a finite alphabet S is at most In|S|. Using
Jensen’s inequality for convex functions [7] and the lower bound above,

27N, {X|S} = Eo{e2HsaX)/T} > oBal2Hsa{X)/f)
= PHaAXISY/ T > 2HAX}-ISD/S _ | §|=2/T97eN, X, O

Appendix D. Proof of Proposition 5.1. Consider the finite-state predictive
quantizer (5.4). As there are a finite number |Z| of possible internal variables ¢y,
Q(-) is bounded. By the strict stability of J + TBL, it then follows from (5.4) that
X}, is bounded over k, and hence Jp > 0 s.t. ||ug| = [|[Lxg| < p.

Now, convert (2.1) into standard Jordan form via a complex similarity matrix S.
There is then at least one scalar component x) € C of the transformed state vector
that satisfies the scalar, decoupled recursion

k

Tht1 = NTk + VU + U = Z 7" (vj + uj) € C,
j=—1
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where || > 1 and vk, uy are the corresponding scalar components of Svy, Suy, re-
spectively. For convenience, u_1 20 and vV_1 2 Sxg. Evidently V_1,Vj, ... are still
independent, and |ux| < p. Defining

k

k
Br=p> "7 > > nFuyl,
J Jj=0

0

k
i A _j
gr= > 1", = Y v VReEW,
j=—1 — 1<kt

where the time ¢ > —1 is specified in (5.5), it follows that

k
P{|SXy+1ll = B} = P{|Xk41| = Bk} =P { |Gk — anijUj > Pk
=0

> P{|Gr| — Br = Br} = P{IGk| > 206x}
k k k k
=PI 0"V = 20> InfF T =PI IV =20 [l
Jj=-1 j=0 j=-1 Jj=0
k
>PI> V| 20 =Pl Vi + Vil > 0} > P{R(~'Vy) + R(Vi) > 6}

j=—1

>P{R(n""'V,) > af, R(Vi) > (1 - )0}
=P{R(n""Vi) > ab} P{R(Vk) > (1 —a)f} VaeR k>t

where 0 2 2p > ew N7 =2p/(1 —|n|~") and the last step follows from the mutual
independence of Vj, j > —1.

Furthermore, as E|V;|? is uniformly bounded, it follows from Holder’s inequality
that

2

ERVOP<E| > 07V < > W7EQ Y Il7ViP p <oo WkeW.
Jj=—1,j#t jz-1 j=z—1

By Theorem 22.6 in [4], ®(V}) then converges with probability 1, and thus in distri-

bution, to a random variable V. Hence da, € R, € > 0, k, € W s.t. Vk > k.,
P{R(Vi) > (1—0a.)0} >P{V > (1-a.)0} —e>0.

In addition, since R(n~tV;) is just a scalar linear function of Vi, (5.5) implies that
P{R(n~*V;) > 9} > 0 V¥ € R. Applying this and the inequality above to (D.1),

P{[|Xjq1l| = Bc} = P{R(n"V}) 2 a0} [P{V > (1 —a.)0} —€] =v >0 Vk > k..
It then follows that, Vr > 0,
EXp41l]" = E{Xpt1 "X Xptall = Br)} = BeP{lIXp+1ll = B} = By — oo,

since Oy — oo. The same reasoning applies to static memoryless coding (5.2). O



434 GIRISH N. NAIR AND ROBIN J. EVANS

Appendix E. Proof of Lemma 5.2. Let ¢ = lx,(w), where w € Z,+ is the
index of the selected quantizer point ¢, (z/l) = w, (w) and k,,, @, are defined by (5.8),
(5.7), respectively. If 1 < w < p” — 2, then the interval I(w) which contains x/l is

bounded with length 2k, (w) = 2¢/l and midpoint g, (z/1) £ w,(w). In this case,
|z —lg,(x/1)| < ¢, and Yw € [1,...p" — 2],

(E.1) Euy {|X — Lg,(X/L)?T @7 ¢} < B, {®*T0°} = ¢*

If w= p” — 1, then /! lies inside the semi-infinite interval I(p” — 1), defined as
(wy(w) — @/l,00). Hence

B {|X = Lo, (X/L)***07°}
= Eu {|X — Lo, ()07 (|X — Lw, (?)| < @)}
+ B {[X — L@, (D] 07X (X ~ Lw,(Q) > @)}
<E  {®*70 7} + Eu {X*T°0x(X — Lw, (Q) > @)}
= ¢* + B {| X7 [Lry ()] 7" x (X — Loy () > Lry(w)) }
< ¢+ KV(W)_EEw,l{|X|2+EL_€}
= 6"+ [0.5(1 = 1/p) 7 (1= 07 )e"] " Eu {|X[PTL7°)
(E.2) < ¢+ [0.5(1 = 47V9) "] B {IX L,
since 1 — o' >1—p~2/5>1—47Y¢ for 4 > 2. By the symmetry of the quantizer

about the origin, the same bound applies if w = 0, corresponding to the other semi-
infinite interval I(0). Averaging this, (E.1) and (E.2) over Q, L,

g { X Lo

(I)s
B - y X 24
(E.3) < E{®?} + [0.5(1 —4 1/5)} 0° E{' L' }:; B,.
By the definitions of ¢ = Ik, (w) from (5.7), and ¢, from (5.8),

E{®%}

[l e A <

=2

1=2
2 2 -1 —92 2v+1
el 0 —o 272 | X|
< P —>r_
S 2 (o Tz

(E.4) -
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since p?/(u? —2) < 2 for 4 > 2 and ¢ > 1. By a Chebyshev inequality type of
argument,

PPIX] > rioaly < PE{IX]/ (i L X(X] > rica L) |
= B {IX P LT X (X > i L)}
ST A E{IX L) = o PRI (|XPTEL ) Vi 2,
Substituting this into (E.4), averaging over L, and letting b £ E{|X|?>*°L~¢},

2 v+1 i 2v+1 i
o < L T 1 Sl _apiz [ g PR (2N
T [2(p = 1)op” pli=2te) v 2(p — )p¥ o

=2 =2

As o > p?/¢, the geometric sum on the RHS is bounded with limit pu*o=2¢/(1—pu20~°).
Hence

2 1+e 2 4 2 m
EP? < 4E2L + { ¢ } re AEL = Gob.

p2 20 =Dp| 1—p?o=* w2
Adding this to (E.3),

2 _g1—1/ey1—¢
M.{X — Lq,(X/L)|®} < B0 1, < 2 EL" T b (050 =4~ )77

M2V QEIJ
9 _A—1/eN1—€
- L AEL 2+ Gob | [0.5(1 42 )] ~cb
v w
“1/evi—e) EL?+b
< max {8, 26 + 05(1 47V T} D

Note that virtually the same argument holds for the mean mth power quantization
error, m > 0, by defining M, ,,,{X|L} 2gELm +E{|X|™*¢L~¢} and setting o > p/*.
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FINITE ELEMENT METHODS IN
LOCAL ACTIVE CONTROL OF SOUND*
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Abstract. The active control of sound is analyzed in the framework of the mathematical theory
of optimal control. After setting the problem in the frequency domain, we deal with the state
equation, which is a Helmholtz partial differential equation. We show the existence of a unique
solution and analyze a finite element approximation when the source term is a Dirac delta measure.
Two optimization problems are successively considered. The first one concerns the choice of phases
and amplitudes of the actuators to minimize the noise at the sensors’ location. The second one
consists of determining the optimal actuators’ placement. Both problems are then numerically solved.
Error estimates are settled and numerical results for some tests are reported.

Key words. dissipative acoustics, noise reduction, active control, optimal control problem,
finite element approximation
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1. Introduction. Noise reduction is an important problem in acoustical and
environmental engineering. While passive methods are good for middle and high fre-
quencies, they are not efficient for low ones. However, the latter can be significantly
reduced by active control techniques. This is an old concept that has generated in-
creasing interest in recent years due to the development of fast digital signal processors
(DSP). It is based on the principle of destructive interference of waves: an opposite
pressure is generated by a secondary source to cancel an undesired noise. In order
to achieve a significant reduction, this source must produce, with great precision, an
equal amplitude but inverted replica of the noise to be canceled. Applications of these
techniques can be used, for instance, to reduce noise in aircrafts or cars.

Reference books on this subject are [3] and [11]. The general principles of active
control of noise were described in an early patent by Leug in 1936. A microphone
detects the undesired noise and provides an input signal to an electronic control
system. The transfer from the microphone to the loudspeaker is adjusted so that the
sound wave generated will destructively interfere with the noise to be canceled.

In this paper we state the problem of active control of noise in the framework
of the optimal control theory of distributed systems and present its mathematical
and numerical analysis. For the sake of simplicity we consider that the noise to be
canceled has one single frequency, although it is also possible to control broad-band
or even nonperiodic noises. Two problems are successively considered. In a first step,
complex amplitudes are taken as control variables with the objective of minimizing the
pressure at some particular points in the domain. In a second step, the loudspeakers’
location is optimized with respect to the same objective function. A third step that is
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not included here would consist of determining the microphones’ location in view of
minimizing the global noise, i.e., the norm of the pressure in the whole domain under
consideration rather than at some finite number of points.

The outline of the paper is as follows. In section 2 we introduce the physical
problem and pose it in the framework of the optimal control theory. In section 3 we
analyze the state equation. Although our main concern is when the inner source terms
are Dirac delta measures, to tackle this problem we analyze first the same equation
with data in L?. We prove the existence and uniqueness of the solution and analyze
its regularity, including some local W2 a priori estimates which are used in the
following section. In section 4 we introduce a finite element method to approximate
the state equation. Once more we study first the case with L? data and then with
Dirac delta measures. In both cases we prove L? and pointwise error estimates. In
section 5 we state an optimal control problem to determine the optimal amplitudes
of the actuators and show that it is well-posed. Then we approximate it by using
the finite element approximation of the state equation introduced in the previous
section. Next, we prove an error estimate for the approximate optimal control. In
section 6 we report some numerical results which confirm our theoretical assertions.
In section 7 we study how to determine the optimal location of the actuators, again
in the framework of the optimal control theory. We prove the existence of an optimal
control in this case and settle the optimality conditions. Finally, we report the results
of some numerical experiments.

2. Mathematical model. The optimal control problem. Let Q@ C R™
(n = 2 or 3) be a bounded, convex, two-dimensional polygonal or three-dimensional
polyhedral domain enclosing a nondissipative acoustic fluid (i.e., inviscid, compress-
ible, and barotropic). The propagation of acoustic waves in this domain is modeled
by the well-known equation

i@QP(x,t)

2 oz AP(z,t) = F(z,t) in Q,

where P is the pressure fluctuation, ¢ the sound speed, and F' an inner source term. In
our case, F' will correspond to the secondary source of noise produced by loudspeakers,
which will be the control variable. Moreover, there is a primary noise source acting
on a part I, of the boundary of the domain, 0f2, which is modeled by

% = G(x,t) on Ty,
where n is an outward unit normal vector to 9. This means that nor