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Abstract. The topological sensitivity analysis provides an asymptotic expansion of a shape
function with respect to the insertion of a small hole or obstacle inside a domain. This expansion
can then be used for shape optimization. In this paper, such an expansion is obtained for the Stokes
equations with general shape functions and arbitrarily shaped holes. A numerical example illustrates
the use of the topological sensitivity in a shape optimization problem.
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1. Introduction. The topological sensitivity analysis consists of studying the
variation of a cost function with respect to a modification of the topology of a domain.
It is a basic tool for topological shape optimization, in that it provides a “descent
direction” for updating the shape of the domain. In this paper, we consider the case
of the Stokes equations. The shape optimization problem consists of minimizing a
function j(Ω) = J(Ω, uΩ) where the solution uΩ to the Stokes equations (2.1) is defined
on a variable open and bounded subset Ω of R

n. For ε > 0, let Ωε = Ω\(x0 + εω)
be the subset obtained by inserting a small obstacle x0 + εω into Ω, where x0 ∈ Ω
and ω ⊂ R

n is a fixed open and bounded subset containing the origin. Then, an
asymptotic expansion of function j is obtained in the following form:

j(Ωε) = j(Ω) + εδj(x0) + o(ε).

The “topological sensitivity” δj(x0) provides information for inserting a small obstacle
at x0: if δj(x0) < 0, then j(Ωε) < j(Ω) for small ε. More generally, function δj can
be used like a descent direction in an optimization process. The step length then
consists of choosing the size of the obstacle which is added, located where δj(x) is the
most negative. For example, in the case of a circular obstacle and n = 3, if the cost
function involves uΩ but not DuΩ, then the first variation of function j reads

j(Ωε) = j(Ω) + 6πνε uΩ(x0).vΩ(x0) + o(ε),

where vΩ is the adjoint state (see Proposition 4.3). It is interesting to observe that
the resulting optimality condition uΩ.vΩ ≥ 0 is almost the same as the one given
by Buttazzo and Dal Maso [4] in the case of the Laplace equation. When the cost
function involves DuΩ, there is an additional term (see Proposition 4.4).

An asymptotic theory for partial differential equations defined on a singular per-
turbed domain has been developed by several authors; see, for example, [12]. In the
context of shape optimization, the topological sensitivity was introduced by Schu-
macher [14] followed by Sokolowski and Zochowski [15], who studied the effect of
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removing a small part of material in structural mechanics. A topological sensitivity
framework using an adaptation of the adjoint method [5] and a truncation technique
was then introduced by Masmoudi [11] in the case of the Laplace equation with a cir-
cular hole and a Dirichlet condition on the boundary of the hole. It was generalized
in [9] to the elasticity equations in the case of arbitrarily shaped holes and a Neu-
mann boundary condition. In [10], we have analyzed the case of Poisson’s Equation
with noncircular holes (with a Dirichlet boundary condition), arbitrary right-hand
sides, and cost functions. These results are generalized here to the Stokes equations
which have some similar properties: in the three-dimensional case, one observes that
the topological sensitivity δj(x0) depends on the shape of the obstacle, whereas it is
independent of the shape in the two-dimensional case. This comes from the Stokes
paradox, and was already observed by Allaire [1] in the case of periodically distributed
holes. There is, however, a difference with Poisson’s equation in the three-dimensional
case: in the Stokes equations, the topological sensitivity δj(x0) may also depend on
the orientation of the obstacle, whereas it was independent of the orientation in the
(scalar) Poisson’s equation.

First, the formulation of the problem is presented in section 2, and its truncated
version is described in section 3. Section 4 presents the main results whose proofs
are given in section 6. In the case of a circular obstacle, explicit expressions of the
topological sensitivity are given for Dirichlet boundary conditions and for dimensions
n = 2 or 3. Finally, numerical examples in section 5 illustrate the use of the topological
sensitivity in shape optimization.

2. Formulation of the problem. Let Ω be an open and bounded subset of R
n

with boundary Γ, n = 2 or 3. The Stokes equations [16] with homogeneous Dirichlet
boundary conditions read ⎧⎨⎩

−ν∆uΩ + ∇pΩ = f in Ω,
div uΩ = 0 in Ω,

uΩ = 0 on Γ,
(2.1)

with ν > 0. The case of an inhomogeneous boundary condition on Γ can be treated
in a similar way by using a suitable change of the unknown velocity field, of the form
ur

Ω = uΩ +µ, where µ satisfies the given boundary condition. We suppose throughout
this paper that f ∈ Lq(Ω)n with q > n/2. These equations have a unique solution in
H1

0 (Ω)n×L2(Ω)/R, and due to the regularity of f , the velocity field uΩ is continuous
in Ω [16, 3]. For a given x0 ∈ Ω, consider the modified open subset Ωε = Ω\ωε,
ωε = x0 + εω, where ω is a fixed open and bounded subset of R

n containing the
origin (ωε = ∅ if ε = 0), whose boundary ∂ω is connected and piecewise of class C1

(cf. Figure 1). It is supposed that ε is small enough so that ωε ⊂ Ω. The modified
solution uΩε

, pΩε satisfies⎧⎨⎩
−ν∆uΩε

+ ∇pΩε
= f in Ωε,

div uΩε = 0 in Ωε,
uΩε = 0 on Γ ∪ ∂ωε.

(2.2)

Note that for ε = 0, one has uΩ0 = uΩ and pΩ0 = pΩ.
Consider now a cost function j(ε) of the form

j(ε) = J̃ε(uΩε)(2.3)

where J̃ε is defined on H1
0 (Ωε)

n for ε ≥ 0. We aim to obtain an asymptotic expansion
of j with respect to ε. The velocity field uΩε

is defined on the variable open subset Ωε;
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Fig. 1. The initial domain and the same domain after inclusion of an obstacle.

thus it belongs to a functional space which depends on ε. In order to obtain an asymp-
totic expansion of j, we need to work on a fixed functional space (cf. Lemma 6.1).
Such a functional space can be constructed by using the domain truncation technique
described in the next section (see also [11] and [9]). This truncation is needed only for
analysis, and will never be used for practical computations. During the optimization
process, the two systems which have to be solved at each step are (2.1) and (4.14).

3. The truncated problem. Let R > 0 be such that the closed ball B(x0, R)
is included in Ω. The truncated open subset ΩR and Dε (cf. Figure 2) are defined by

ΩR = Ω\B(x0, R), Dε = B(x0, R)\ωε.

Let ΓR be the boundary of the ball B(x0, R). We will use the following space of traces
on ΓR:

H
1/2
V (ΓR)n =

{
ϕ ∈ H1/2(ΓR)n;

∫
ΓR

ϕ.n dγ(x) = 0

}
,(3.1)

where dγ(x) denotes the Lebesgue measure on the boundary. The normal n is chosen
outward to Dε on ΓR and ∂ωε, regardless of whether Dε or ΩR are considered. The

dual space of H
1/2
V (ΓR)n is denoted H

−1/2
V (ΓR)n. Here x.y denotes the usual dot

product of R
n.

ΩR

ΓR

R

Γ

Dε

Fig. 2. The truncated domain.

For ϕ ∈ H
1/2
V (ΓR)n and ε > 0, let (uf,ϕ

ε , pf,ϕε ) ∈ H1(Dε)
n×L2

0(Dε) be the solution
to the following problem: find uf,ϕ

ε , pf,ϕε such that⎧⎪⎪⎨⎪⎪⎩
−ν∆uf,ϕ

ε + ∇pf,ϕε = f in Dε,
div uf,ϕ

ε = 0 in Dε,
uf,ϕ
ε = ϕ on ΓR,
uf,ϕ
ε = 0 on ∂ωε.

(3.2)
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As usual, the space L2(Dε)/R is identified to L2
0(Dε) = {p ∈ L2 (Dε) ;

∫
Dε

p dx = 0}.
This problem has a unique solution [16]. For ε = 0, (uf,ϕ

0 , pf,ϕ0 ) is the solution to⎧⎨⎩
−ν∆uf,ϕ

0 + ∇pf,ϕ0 = f in D0,

div uf,ϕ
0 = 0 in D0,

uf,ϕ
0 = ϕ on ΓR.

(3.3)

Clearly we have

uf,ϕ
ε = uf,0

ε + u0,ϕ
ε , pf,ϕε = pf,0ε + p0,ϕ

ε .(3.4)

For ε ≥ 0, the Dirichlet-to-Neumann operator Tε is defined by

Tε : H
1/2
V (ΓR)n −→ H

−1/2
V (ΓR)n,

ϕ �−→ Tεϕ = (νDu0,ϕ
ε − p0,ϕ

ε I)n;

that is,

〈Tεϕ,ψ〉−1/2,1/2 = ν

∫
Dε

Du0,ϕ
ε : Du0,ψ

ε dx.(3.5)

Here and in what follows, I denotes the identity matrix, A : B =
∑

ij AijBij for
A, B ∈ Mn(R), and Du = (∂jui)i,j=1,n denotes the Jacobian matrix of u. One can
observe that Tεϕ is completely determined by u0,ϕ

ε .

Function fε ∈ H
−1/2
V (ΓR)n is defined by

fε = (−νDuf,0
ε + pf,0ε I)n;

that is,

〈fε, ψ〉−1/2,1/2 =

∫
Dε

f.u0,ψ
ε dx.(3.6)

Notice that ∫
Dε

Duf,0
ε : Du0,ψ

ε dx = 0.(3.7)

Hence, we have

(νDuf,ϕ
ε − pf,ϕε I)n = Tεϕ− fε.

For ε ≥ 0, we can now define the solution (uε, pε) ∈ H1(ΩR)n × L2(ΩR) to the
truncated problem ⎧⎪⎪⎨⎪⎪⎩

−ν∆uε + ∇pε = f in ΩR,
div uε = 0 in ΩR,

uε = 0 on Γ,
−(νDuε − pεI)n + Tεuε = fε on ΓR.

(3.8)

The associated variational formulation is as follows: find uε ∈ VR such that

aε(uε, v) = lε(v) ∀v ∈ VR,(3.9)
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where the functional space VR, the bilinear form aε, and the linear form lε are defined
by

VR =
{
u ∈ H1(ΩR)n; div u = 0, u = 0 on Γ

}
,

aε(u, v) = ν

∫
ΩR

Du : Dv dx +

∫
ΓR

Tεu.v dγ(x),(3.10)

lε(v) =

∫
ΩR

f.v dx +

∫
ΓR

fε.v dγ(x).(3.11)

Symmetry, continuity, and coercivity of aε and continuity of lε follow directly from
(3.5) and (3.6). We suppose that the pressure pΩε solution to (2.2) is chosen in such
a way that

∫
Dε

pΩε dx = 0. Recall that f ∈ Lq(Ω)n with q > n/2.

Proposition 3.1. Let ε ≥ 0. Problems (2.2) and (3.8) have a unique solution.
Moreover, the restriction to ΩR of the solution uΩε

, pΩε to (2.2) is the solution uε, pε
to (3.8), and we have on Dε

(uΩε
)|Dε

= uf,ϕ
ε , (pΩε

)|Dε
= pf,ϕε ,(3.12)

where ϕ is the trace of uε on ΓR.
Proof. Problem (2.2) has a unique solution uΩε [16], and it follows from Lax–

Milgram’s theorem and [16] that Problem (3.8) has a unique solution uε. Let ϕ =
(uΩε)|ΓR

and uR = (uΩε)|ΩR
. Clearly (3.12) holds for this ϕ, and it remains to prove

that uR = uε. Let v ∈ VR and ψ = v|ΓR
. Its extension by u0,ψ on Dε is still denoted

by v, and it is divergence free on Dε. Using (3.5), (3.6), (3.7), and the definition of
uΩε

, we have

ν

∫
ΩR

DuR : Dv dx +

∫
ΓR

(TεuR − fε).v dγ(x)

= ν

∫
ΩR

DuR : Dv dx +

∫
Dε

νDu0,ϕ : Du0,ψ − f.u0,ψ dx

= ν

∫
ΩR

DuR : Dv dx +

∫
Dε

ν(Duf,ϕ −Duf,0) : Du0,ψ − f.u0,ψ dx

= ν

∫
Ωε

DuΩε
: Dv dx−

∫
Dε

f.u0,ψ dx

=

∫
Ωε

f.v dx−
∫
Dε

f.v dx =

∫
ΩR

f.v dx.

This proves that uR is a solution to (3.9), and uR = uε follows from uniqueness
of this solution.

We now have at our disposal the fixed functional space VR (independent of ε)
required by Lemma 6.1. The cost function (2.3) can be redefined in the following
way: for u ∈ VR, let ũε ∈ H1(Ωε)

n be the extension of u which coincides with u on
ΩR and with uf,ϕ

ε on Dε for ϕ = u|ΓR
. Then, a function Jε can be defined on VR by

Jε(u) = J̃ε(ũε).(3.13)

Particularly, it follows from the previous proposition that

j(ε) = J̃ε(uΩε) = Jε(uε).(3.14)
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Notice that Jε(uε) is independent of the choice of R. For example, for a given target
function ud, if

J̃ε(uΩε) =

∫
Ωε

|uΩε − ud|2dx,

then we have

Jε(u) =

∫
ΩR

|u− ud|2dx +

∫
Dε

|uf,ϕ
ε − ud|2dx, u ∈ VR and ϕ = u|ΓR

.

4. Asymptotic expansion of the cost function. This section presents the
main results of the paper. All asymptotic expansions concern the homogeneous prob-
lem (2.1) and involve its solution uΩ, a cost function Jε (or J̃ε), and the associated
adjoint state vΩ solution to (4.14). However, they remain valid for inhomogeneous
problems (on Γ), provided that all data are written with respect to the inhomoge-
neous formulation: uΩ has to be replaced by the inhomogeneous solution ur

Ω and Jε
by the cost function depending on this solution ur

Ω. The adjoint state corresponding
to the inhomogeneous problem is the same as the one corresponding to the associated
homogeneous problem.

A general statement (Theorem 4.1) is followed by applications to two classes of
cost functions, the first one involving u, the second one involving Du. Most proofs are
reported in section 6. Henceforth we have to distinguish the cases n = 2 and n = 3.
This is due to the fact that the fundamental solutions to the Stokes equations in R

2

and R
3 have an essentially different asymptotic behavior at infinity, and Problem (4.1)

generally has no solution if n = 2.

4.1. The three-dimensional case. Possibly changing the coordinate system,
we can suppose for convenience that x0 = 0. Let vω, pω be the solution to the exterior
problem ⎧⎪⎪⎨⎪⎪⎩

−ν∆vω + ∇pω = 0 in R
3\ω,

div vω = 0 in R
3\ω,

vω = 0 at infinity,
vω = uΩ(x0) on ∂ω,

(4.1)

where uΩ is the solution to (2.1). Due to f ∈ Lq(Ω)n with q > n/2, uΩ is continuous
in Ω and the above boundary condition is well defined.

Functions vω, pω can be expressed by a single layer potential on ∂ω. For y ∈
R

3\{0}, let

E(y) =
1

8πνr

(
I + ere

T
r

)
, P (y) =

y

4πr3
,(4.2)

with r = ‖y‖ and er = y/ ‖y‖. It is a fundamental solution system to the Stokes
equations in R

3; that is

−ν∆Ej + ∇Pj = δej ,(4.3)

where Ej denotes the jth column of E, (ej)
3
j=1 is the canonical basis of R

3, and δ is
the Dirac distribution. Then, functions vω, pω read (recall that x.y denotes the usual
dot product of R

3) as follows:

vω(y) =

∫
∂ω

E(y − x)tω(x) dγ(x), y ∈ R
3\ω,(4.4)

pω(y) =

∫
∂ω

P (y − x).tω(x) dγ(x), y ∈ R
3\ω,
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where tω ∈ H−1/2(∂ω)3 is a solution to the boundary integral equation (see [8],
Chap. XI-B, sect. 5)∫

∂ω

E(y − x)tω(x) dγ(x) = uΩ(x0) ∀y ∈ ∂ω.(4.5)

Function tω is determined up to a function proportional to the normal; hence it is

unique in H−1/2(∂ω)3/Rn, which can be identified to H
−1/2
V (∂ω)3 = (ker ln)′ for

ln(ϕ) =
∫
∂ω

ϕ.n dγ(x).
For x bounded (and r = ‖y‖), we have

E(y − x) = E(y) + O

(
1

r2

)
, P (y − x) = P (y) + O

(
1

r3

)
,

from which follows the asymptotic expansion at infinity of functions vω and pω:

vω(y) = Vω(y) + Rω(y), pω(y) = Pω(y) + Sω(y),(4.6)

Vω(y) = E(y)Aω(uΩ(x0)), Pω(y) = P (y).Aω(uΩ(x0)),(4.7)

Aω(uΩ(x0)) =

∫
∂ω

tω(x) dγ(x) ∈ R
3,(4.8)

Rω(y) = O

(
1

r2

)
, Sω(y) = O

(
1

r3

)
.

Notice that Vω ∈ Lm
loc(R

3)3 for all m < 3. Clearly, the function α �−→ Aω(α) is linear
on R

3, and the vector Aω(α) depends on the shape of ω. For example, if ω is changed
in kω, k > 0, then vkω(ky) = vω(y) in (4.1), and it follows from (4.5) that ktkω(kx) =
tω(x) for x ∈ ∂ω. Then using (4.8) we obtain Akω(uΩ(x0)) = kAω(uΩ(x0)). More
generally, Aω(α) may depend on the orientation of ω, contrary to the scalar case like
Poisson’s equations [10]. Next we consider Wω, Qω the solution to⎧⎨⎩

−ν∆Wω + ∇Qω = 0 in D0,
divWω = 0 in D0,
Wω = Vω on ΓR.

(4.9)

The main result is the following. It is based on the fact that

ε(Wω − Vω)|Dε
(4.10)

is the “first order approximation” of (uf,ϕ
ε − uf,ϕ

0 )|Dε
with ϕ = (uΩ)|ΓR

, in a sense
which will be stated precisely in section 6. The stronger hypothesis f ∈ Lq(Ω)n, q > n,
is used in the study of the variation of the linear form lε (3.11) (cf. Proposition 6.8),
which involves the C1 norm of u0 around x0. If lε does not depend on ε (which
happens, for example, if f vanishes on D0), then f ∈ Lq(Ω)n, q > n/2 is sufficient.

Theorem 4.1. Let f ∈ Lq(Ω)n with q > n and let Jε be a function defined on
VR for all ε ≥ 0. Suppose that for all v ∈ VR and ε > 0, one has

Jε(v) − J0(u0) = DJ0(u0)(v − u0) + ε δJ(u0) + o(ε + ‖v − u0‖VR
),(4.11)

where DJ0(u0) is linear and continuous on VR, and uε, ε ≥ 0, is the solution to (3.9).
Let v0 ∈ VR be the solution to the adjoint equation

a0(w, v0) = −DJ0(u0)w ∀w ∈ VR.(4.12)
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Let j(ε) = Jε(uε) for ε ≥ 0. Then function j has the following asymptotic expansion:

j(ε) = j(0) + ε δj(x0) + o(ε)

with

δj(x0) =

∫
ΓR

((νDWω −QωI) − (νDVω − PωI))n.v0 dγ(x) + δJ(u0).(4.13)

Function δj(x0) is called the “topological sensitivity” or the “topological gradi-
ent.” As j is usually independent of R (at least when it is of the form (3.14), which
is the “natural” way of posing the problem) and δj(x0) is independent of ε, it follows
from the uniqueness of an asymptotic expansion that δj(x0) is also usually indepen-
dent of R. This is not necessarily true for the terms δa(u0, v0), δl(v0) (see section 6),
or δJ(u0) considered separately, because a, l, and J do depend on R.

During an optimization process, what is in fact computed is the solution uΩ to
(2.1) and the adjoint state vΩ ∈ V0, which is the solution to

ν

∫
Ω

Dw : DvΩ dx = −DJ̃0(uΩ)w, ∀w ∈ V0,(4.14)

with V0 = {v ∈ H1
0 (Ω)3; div v = 0 in Ω}. As observed in Proposition 3.1, u0 is the

restriction to ΩR of uΩ. Similarly, v0 is the restriction to ΩR of vΩ, which can be proved
in the same way as in [9]. Hence, the basic property of an adjoint technique is here
satisfied, in that function uΩ (or u0) and the adjoint state vΩ (or v0) do not depend
on x0. Thus only two systems must be solved in order to compute the topological
sensitivity δj(x) for all x ∈ Ω. Moreover, there exists a unique qΩ ∈ L2 (Ω) /R such
that

ν

∫
Ω

Dw : DvΩ −
∫

Ω

qΩ div w = −DJ̃0 (uΩ)w, ∀w ∈ H1
0 (Ω)

3
,(4.15)

and (4.13) can be expressed in the following way (see Corollary 4.2). Proposition 4.3
will show that in fact the two last terms in the right-hand side of (4.16) cancel each
other for a large class of cost functions which do not involve DuΩ. The regularity of
ν∆vΩ −∇qΩ depends on uΩ and on the cost function J ; some examples are provided
in sections 4.1.1 and 4.1.2.

Corollary 4.2. Under the assumptions of Theorem 4.1, if ν∆vΩ − ∇qΩ ∈
Lq(D0)

n with q > n/2, then

δj(x0) = Aω(uΩ(x0)).vΩ(x0) +

∫
D0

(ν∆vΩ −∇qΩ).(Vω −Wω) dx + δJ(u0).(4.16)

If ω is the unit ball B(0, 1), then vω(y), tω(y), and Aω(uΩ(x0)) are given explicitly by

vω(y) = πν(6E + ∆E)uΩ(x0),

tω(y) =
3ν

2
uΩ(x0), ∀y ∈ ∂ω,

Aω(uΩ(x0)) = 6πνuΩ(x0).

Proof. Thanks to Green’s formula and (4.9) (with Vω = Wω on ΓR), (4.13) also
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reads as follows:

δj(x0) =

∫
ΓR

((νDWω −QωI) − (νDVω − PωI))n.vΩ dγ(x) + δJ(u0)

=

∫
ΓR

(νDvΩ − qΩI)n.Vω dγ(x) −
∫

ΓR

(νDVω − PωI)n.vΩ dγ(x)

−
∫
D0

(ν∆vΩ −∇qΩ)n.Wω dx + δJ(u0).

Through a regularization and localization technique, it can be shown that∫
ΓR

(νDvΩ − qΩI)n.Vω dγ(x) −
∫

ΓR

(νDVω − PωI)n.vΩ dγ(x)

=

∫
D0

(ν∆vΩ −∇qΩ).Vω dx− 〈ν∆Vω −∇Pω, ϕvΩ〉 ,

where ϕ ∈ D(D0)
3 satisfies ϕ(x0) = 1. It follows from (4.7) and (4.3) that

〈−ν∆Vω + ∇Pω, ϕvΩ〉 = 〈−ν∆(EAω(uΩ(x0))) + ∇(P.Aω(uΩ(x0))), ϕvΩ〉
=

∑
j

Aω(uΩ(x0))j 〈−ν∆Ej + ∇Pj , ϕvΩ〉

=
∑
j

Aω(uΩ(x0))j 〈δej , ϕvΩ〉

= Aω(uΩ(x0)). vΩ(x0).

This proves (4.16). For ω = B(0, 1), function vω can be computed explicitly. For
y 
= 0, we have

E(y) =
1

8πνr
(I + ere

T
r ),

∆E(y) =
1

4πνr3
(I − 3 ere

T
r ),

πν(6E + ∆E)(y) =
1

4

(
3

r
+

1

r3

)
I +

1

4

(
3

r
− 3

r3

)
ere

T
r .

Hence πν(6E+∆E)(y) = I on ∂B(0, 1), and it follows from the uniqueness of vω that

vω(y) = πν(6E + ∆E)(y)uΩ(x0).

The expressions of tω(y) and Aω(uΩ(x0)) follow straightforwardly from (4.5) and∫
∂B(0,1)

E(y − x) dγ(x) =
2

3ν
I ∀y ∈ ∂B(0, 1).

We now examine two classes of cost functions.

4.1.1. First example. It consists of functions of the form

J̃ε(u) =

∫
Ωε

g(x, u(x)) dx, u ∈ H1(Ωε)
3.(4.17)

The hypotheses on g are the following:
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• For all x ∈ Ω, function s �→ g(x, s) is of class C1 on R
3, its gradient being

denoted by ∇sg(x, s).
• For all x ∈ Ω, function s �→ ∇sg(x, s) is Lipschitz continuous, and there exists

a constant M such that

|∇sg(x, t) −∇sg(x, s)| ≤ M |t− s| , ∀(x, s, t) ∈ Ω × R
3 × R

3,(4.18)

where |t| denotes the usual norm on R
n.

• Function x �→ ∇sg(x, 0) belongs to L2(Ω)3 and x �→ g(x, 0) belongs to
L3/2(Ω).

These hypotheses imply that for all (x, s) ∈ Ω × R
3

|g(x, s)| ≤ |g(x, 0)| + |∇sg(x, 0).s| + M

2
|s|2 ,(4.19)

|∇sg(x, s)| ≤ |∇sg(x, 0)| + M |s| ,(4.20)

and functions x �→ g(x, u(x)) and x �→ |∇sg(x, u(x))|2 are integrable on Ω for all
u ∈ L2(Ω)3. If u ∈ L6(O)3, O ⊂Ω, then function x �→ g(x, u(x)) belongs to L3/2(O).
The standard example

g(x, s) = |s− ud(x)|2

satisfies these hypotheses if ud ∈ L3(Ω)3.
Proposition 4.3. If these hypotheses are satisfied and if f ∈ Lq(Ω)n with q > n,

then

δJ(u0) =

∫
D0

∇sg(x, uΩ).(Wω − Vω) dx,

the adjoint state (vΩ, qΩ) ∈ V0 × L2(Ω)/R is the solution to

−ν∆vΩ + ∇qΩ = −∇sg(x, uΩ),

and function j has the asymptotic expansion

j(ε) = j(0) + εAω(uΩ(x0)).vΩ(x0) + o(ε).

If ω is the unit ball B(0, 1), then

j(ε) = j(0) + 6πνε uΩ(x0).vΩ(x0) + o(ε).

4.1.2. Second example. It consists of functions of the form

J̃ε(u) =
1

2

∫
Ωε

BD(u− ud) : D(u− ud) dx, u ∈ H1(Ωε)
3,(4.21)

where B ∈ W 1,∞(Ω,R9×9) with (BM)ij(x) =
∑

kl bijkl(x)Mkl for M ∈ M3(R), and
ud ∈ H1(Ω)3. The operator B is supposed to be symmetric; that is, bijkl = bklij , or
equivalently BM : N = M : BN for all M, N ∈ M3(R).

Proposition 4.4. If these hypotheses are satisfied and if f and ∆ud belong to
Lq(Ω)n, q > n, then the adjoint state (vΩ, qΩ) ∈ V0 × L2(Ω)/R is the solution to

−ν∆vΩ + ∇qΩ = div [BD(uΩ − ud)],



TOPOLOGICAL SENSITIVITY FOR THE STOKES EQUATIONS 11

the variation of J is given by

δJ(u0) =

∫
D0

(ν∆vΩ −∇qΩ).(Wω − Vω) +
1

2

∫
R3\ω

B(x0)Dvω(y) : Dvω(y) dy,

and function j has the asymptotic expansion

j(ε) = j(0) + εAω(uΩ(x0)).vΩ(x0) +
ε

2

∫
R3\ω

B(x0)Dvω(y) : Dvω(y) dy + o(ε).

If ω is the unit ball, then

vω = πν(6E + ∆E)uΩ(x0) =
3r2 + 1

4r3
uΩ(x0) +

(3r2 − 3)uΩ(x0).er
4r3

er,

and the integral can be computed explicitly.
If ω is the unit ball B(0, 1), the integral has the form∫

R3\B(0,1)

B(x0)Dvω(y) : Dvω(y) dy

=
∑

ijklmn

(Bijklumun)(x0)

∫
R3\B(0,1)

(πν)2∂j(6E + ∆E)im∂l(6E + ∆E)kn dy,

where uΩ = (u1, u2, u3), each term in ∂j(6Eim + ∆Eim)∂l(6Ekn + ∆Ekn) is of the
form yα/rs with s = |α| + p, p = 4, 6, or 8, and each yα is of the form y2

i , y
2
i y

2
j , or

y2
i y

2
j y

2
k (the other integrals vanish). Then one can use the following formulas:∫

R3\B(0,1)

y2
i

rs
dy =

1

3

∫
R3\B(0,1)

1

rp
dy =

4π

3(p− 3)∫
R3\B(0,1)

y2
i y

2
j

rs
dy =

{
4π

5(p−3) if i = j,
4π

15(p−3) if i 
= j,

∫
R3\B(0,1)

y2
i y

2
j y

2
k

rs
dy =

⎧⎪⎨⎪⎩
4π

7(p−3) if i = j = k,
4π

35(p−3) if i = j 
= k,
4π

105(p−3) if i 
= j 
= k 
= i.

For example, if BM(x) = C(x)M where C(x) ∈ M3(R) is a symmetric matrix, then

j(ε) = j(0) + ε[6πνuΩ.vΩ +
3π

10
trC|uΩ|2 +

21π

10
CuΩ.uΩ](x0) + o(ε).

4.2. The two-dimensional case. We briefly describe the transposition of the
previous results to the two-dimensional case. As before, uΩ and the adjoint state vΩ,
respectively, are the solutions to (2.1) and (4.14). A fundamental solution system to
the Stokes equations in R

2 is given here by

E(y) =
1

4πν

(
− log rI + ere

T
r

)
, P (y) =

y

2πr2
.

The exterior problem must now be defined differently than in (4.1), which generally
has no solution in the two-dimensional case (Stokes paradox). Let vω be the solution
to ⎧⎪⎪⎨⎪⎪⎩

−ν∆vω + ∇pω = 0 in R
2\ω,

div vω = 0 in R
2\ω,

vω/ log ‖y‖ = uΩ(x0) at ∞,
vω = 0 on ∂ω.
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Functions vω and pω have the following asymptotic expansion at infinity:

vω(y) = −4πνE(y)uΩ(x0) + Vω + Rω(y), Rω(y) = O(1/r),

pω(y) = −4πνP (y).uΩ(x0) + Sω(y), Sω(y) = O(1/r2),

where Vω ∈ R
2 is constant (it follows from the fact that any tempered distribution so-

lution to the homogeneous Stokes equations in R
n is a polynomial, which can be proved

as in [8, Chap. II, sect. 2, Prop. 3]). The principal part of vω is −4πνE(y)uΩ(x0)+Vω

and, because Vω is constant, its derivative is independent of ω. The consequence is
that, in contrast to the three-dimensional case, the topological sensitivity does not
depend on the shape of ω (cf. Propositions 4.5 and 4.6).

If ω = B(0, 1), then function vω can be computed explicitly as follows: for y 
= 0,
we have

E(y) =
1

4πν
(− log rI + ere

T
r ),

∆E(y) =
1

2πνr2
(I − 2ere

T
r ),

πν(4E + ∆E)(y) =

(
− log r +

1

2r2

)
I +

(
1 − 1

r2

)
ere

T
r .

Hence πν(4E + ∆E)(y) = I/2 on ∂B(0, 1), and it follows from the uniqueness of vω
that

vω(y) = −πν(4E + ∆E)(y)uΩ(x0) +
1

2
uΩ(x0).

Next we consider the solution Wω, Qω to the interior problem⎧⎨⎩
−ν∆Wω + ∇Qω = 0 in D0,

divWω = 0 in D0,
Wω = −4πνEuΩ(x0) + Vω on ΓR.

The “first order approximation” of (uf,ϕ
ε − uf,ϕ

0 )|Dε
with ϕ = (uΩ)|ΓR

now becomes
(compare with (4.10))

−1

log ε
(−4πνE(x)uΩ(x0) + Vω −Wω(x))|Dε

.

Proposition 4.5. The assumptions are the same as in Proposition 4.3, with J̃ε
of the form

J̃ε(u) =

∫
Ωε

g(x, u(x)) dx, u ∈ H1(Ωε)
2.

Then function j has the following asymptotic expansion:

j(ε) = j(0) − 4πνuΩ(x0).vΩ(x0)

log ε
+ o

(
−1

log ε

)
.(4.22)

In the next proposition, the first expression of j(ε) is given for comparison with
the three-dimensional case.
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Proposition 4.6. The assumptions are the same as in Proposition 4.4, with J̃ε
of the form

J̃ε(u) =
1

2

∫
Ωε

BD(u− ud) : D(u− ud) dx, u ∈ H1(Ωε)
2.

Then function j has the following asymptotic expansion (with Dε/ε = B(0, R/ε)/ω):

j(ε) = j(0) − 4πν

log ε
uΩ(x0).vΩ(x0) +

1

2 log2 ε

∫
Dε/ε

B(x0)Dvω : Dvω dy + o

(
−1

log ε

)
= j(0) − 4πν

log ε
uΩ(x0).vΩ(x0) +

(4πν)2

2 log2 ε

∫
Dε/ε

B(x0)D(EuΩ(x0)) : D(EuΩ(x0)) dy

+o

(
−1

log ε

)
= j(0) − π

4 log ε
[16νuΩ.vΩ + (b1111 + b2222 + b1212 + b2121 − 2b2112 − 2b1122)|uΩ|2

+4b1212u
2
1 + 4b2121u

2
2 + 4(−b1112 + b1222 − b2122 + b1121)u1u2](x0) + o

(
−1

log ε

)
,

where uΩ = (u1, u2).
The proofs use the same tools as for the three-dimensional case (see section 6)

and will not be repeated for the two-dimensional case.

5. A numerical example. The example presented in this section shows how
topological sensitivity can be used to improve a given criterion. Although the obtained
result indicates that the problem may not have a “classical solution,” which is quite
common in shape optimization, such a result may still have some practical interest
for situations where the user does not necessarily need the “best solution,” but only
an improved design. A classical approach used for obtaining existence of an optimal
solution is to use homogeneization [1, 4, 7, 13]. For a review on recent advances
in shape optimization methods and existence of an optimal solution (either through
penalization or relaxation), we refer the reader to [2] and references therein.

We consider the case of a tank filled with an incompressible fluid, in which some
obstacles can be inserted in order to approximate a target flow ud. The velocity and
the pressure are the solution to

−ν∆uΩ + ∇pΩ = 0 in Ω = [0, 1.4] × [−1.2, 1.2],(5.1)

where the domain Ω and the boundary conditions are illustrated by Figure 3.
The cost function is defined by (see also Figure 3)

J(u) =

∫
Ωd

||u− ud||2 dx,

ud =

(
y + 1.2

2.42
, 0

)
, Ωd = {(x, y) ∈ Ω; |x| < 0.8}.

The subset Ω\Ωd is the location where some obstacles can be inserted. For that
function, the adjoint equation (4.15) reads{

−ν∆vΩ + ∇qΩ = −2(uΩ − ud) in Ω,
vΩ = 0 on Γ,
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u  = 0

Ω

Ω

u = (1, 0)u = (1, 0)

u.n = 0

d

Fig. 3. The domain Ω and the boundary conditions.

and we obtain from (4.22) the topological sensitivity

j(ε) = j(0) − 4πν

log ε
uΩ(x0).vΩ(x0) + o

(
−1

log ε

)
.

For completeness, we recall here the topology optimization algorithm described
in [9], which was inspired by the original work of Céa [6]. Let (mk)k≥0 be an increasing
sequence of volume constraints, with m0 = meas(Ωd). For example, a geometrical
sequence may be chosen. At the kth iteration, the topological sensitivity is denoted
by δjk(x), and a small obstacle is added at the point where δj is the most negative.
The algorithm is the following [9]:

• Initialization: choose Ω0 = Ωd, and set k = 0.
• Repeat until target is reached:

1. solve (5.1) in Ωk,
2. compute the topological sensitivity δjk,
3. set Ωk+1 = {x ∈ Ωk; δjk(x) ≥ ck+1}, where ck+1 is chosen in such a way

that meas(Ωk+1) = mk+1,
4. k ← k + 1.

Figures 4(a) and 4(b) show the initial flow and the objective flow that we want
to obtain after optimization. Only half of the tank is represented. The results after
optimization (obstacles and obtained flow) are presented in Figures 4(c) and 4(d).
The plotting function of matlab normalizes the sizes of the arrows, which is the
reason why we show in Figure 4(d) the restriction of the flow (Figure 4(c)) to Ωd.
That allows a better comparison between the objective flow and the obtained flow.
The value of the cost function at each iteration is presented in Figure 4(f).

6. Proofs. This section consists of the proofs of Theorem 4.1 and Propositions
4.3 and 4.4. They use the fundamental result from [11], [9] which is recalled here.

Lemma 6.1. Let V be a Hilbert space. For ε ≥ 0, let aε be a bilinear and
symmetric form on V and lε be a linear form on V, such that for all ε ≥ 0,

aε(u, v) ≤ M1‖u‖ ‖v‖, ∀u, v ∈ V,
aε(u, u) ≥ α‖u‖2, ∀u ∈ V,
|lε(v)| ≤ M2‖v‖, ∀v ∈ V.
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We suppose that there exists a bilinear and continuous form δa, a linear and contin-
uous form δl, and a real function f(ε) > 0 defined on R+ such that

||aε − a0 − f(ε)δa||L2(V) = o(f(ε)),

||lε − l0 − f(ε)δl||L(V) = o(f(ε)),

lim
ε→0

f(ε) = 0.

For ε ≥ 0, let uε be the solution to

aε(uε, v) = lε(v) ∀v ∈ V.

Then

‖uε − u0‖V = O(f(ε)).

Consider next a cost function of the form j(ε) = Jε(uε), where Jε is defined on V and
J0 is differentiable with respect to u, its derivative being denoted by DJ0(u). Suppose
that there exists a function δJ defined on V such that for all v ∈ V and all ε > 0

Jε(v) − J0(u) = DJ0(u)(v − u) + f(ε)δJ(u) + o(‖v − u‖V + f(ε)).

Then j has the asymptotic expansion

j(ε) = j(0) + f(ε)[δa(u0, v0) − δl(v0) + δJ0(u0)] + o(f(ε)),

where v0 ∈ V is the solution to the adjoint problem

a0(w, v0) = −DJ0(u0)w ∀w ∈ V.

Here, the variations of the bilinear form aε and the linear form lε (see (3.10) and
(3.11)) read

aε(u, v) − a0(u, v) =

∫
ΓR

(Tε − T0)u.v dγ(x),

lε(v) − l0(v) =

∫
ΓR

(fε − f0).v dγ(x).

Hence, the problem reduces to the analysis of (Tε − T0)ϕ for ϕ ∈ H
1/2
V (ΓR)3 and of

fε−f0 in H
−1/2
V (ΓR). More precisely, it will be shown in sections 6.3 and 6.4 that there

exists an operator δT ∈ L(H
1/2
V (ΓR)3;H

−1/2
V (ΓR)3) and a function δf ∈ H−1/2(ΓR)

such that

‖Tε − T0 − εδT‖L(H
1/2
V (ΓR)3;H

−1/2
V (ΓR)3)

= O(ε2),(6.1)

‖fε − f0 − εδf‖
H

−1/2
V (ΓR)

= O(ε2).(6.2)

Consequently, defining δa and δl by

δa(u, v) =

∫
ΓR

δTu.v dγ(x), u, v ∈ VR,

δl(v) =

∫
ΓR

δf.v dγ(x), v ∈ VR,
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will yield straightforwardly

‖aε − a0 − εδa‖L2(VR) = O(ε2),

‖lε − l0 − εδl‖L(VR) = O(ε2),

and Lemma 6.1 can be applied. In order to derive (6.1)–(6.2), we need some definitions
and preliminary lemmas.

6.1. Definitions. This section describes the functional spaces and norms which
will be used in the proofs.

• For a bounded and open subset O ⊂ R
3 and m ≥ 0, the Sobolev space

Hm(O)3 is equipped with the norm defined by

‖u‖2
m,O =

m∑
k=0

|u|2k,O ,

where the seminorms |u|2k,O are given by

|u|2k,O :=
∑
|α|=k

||Dαu||2L2(O).(6.3)

The usual space of traces on the boundary of O is denoted by H1/2(∂O), and
its norm is denoted by || · ||1/2,∂O. The subspace

H
1/2
V (∂O)3 =

{
ϕ ∈ H1/2(∂O)3;

∫
ΓR

ϕ.n dγ(x) = 0

}

is equipped with the norm induced by H1/2(∂O)3, and H
−1/2
V (∂O)3 denotes

its dual space. A special case is when ψ = (νDu− pI)n on ΓR with −ν∆u+

∇p = 0 in C(R/2, R). For ϕ ∈ H
1/2
V (ΓR)3, let v ∈ H1(C(R/2, R)) solve the

Stokes equations with a null right-hand side, v = ϕ on ΓR and v = 0 on ΓR/2.
Using the well-posedness of the Stokes equations, we have

〈(νDu− pI)n,ϕ〉−1/2,1/2 = ν

∫
C(R/2,R)

Du : Dv dx

≤ ν|u|1,C(R/2,R)|v|1,C(R/2,R)

≤ c|u|1,C(R/2,R)||ϕ||1/2,

which proves that

‖(νDu− pI)n‖−1/2,ΓR
≤ c|u|1,C(R/2,R).(6.4)

As usual in PDEs, letter c denotes a positive constant independent of the
data (e.g., on ε).

• Finally, the space L2(O)/R is identified with

L2
0(O) =

{
p ∈ L2 (O) ;

∫
O
p dx = 0

}
.
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6.2. Preliminary lemmas. Recall that x0 = 0. We will use extensively the
following change of variable. For a given function u defined on a subset O, function
ũ is defined on Õ := O/ε by

ũ(y) = u(x), y = x/ε.

Due to Du(x) = Dũ(y)/ε and to Definition (6.3), we have

|u|21,O =

∫
O
|Du|2 dx =

1

ε2

∫
Õ
|Dũ|2 ε3dy;

hence

|u|1,O = ε1/2 |ũ|1,Õ .(6.5)

Similarly, we have

||u||0,O = ε3/2||ũ||0,Õ.(6.6)

Lemma 6.2. For ϕ ∈ H
1/2
V (∂ω), let vω, qω be the solution to the problem⎧⎪⎪⎨⎪⎪⎩
−ν∆vω + ∇qω = 0 in R

3\ω,
div vω = 0 in R

3\ω,
vω = 0 at ∞,
vω = ϕ on ∂ω.

(6.7)

Function vω is split into

vω(y) = Vω(y) + Rω(y),

Vω(y) = E(y)

∫
∂ω

tω(x) dγ(x),

where E(y) is defined in (4.2) and tω ∈ H
−1/2
V (∂ω)3 is the unique solution to∫

∂ω

E(y − x)tω(x)dγ(x) = ϕ(y) ∀y ∈ ∂ω.(6.8)

There exists a constant c > 0 (independent of ϕ and ε) such that

‖Vω‖0,C(R/(2ε),R/ε) ≤ cε−1/2‖ϕ‖1/2,∂ω,

|Vω|1,C(R/(2ε),R/ε) ≤ cε1/2‖ϕ‖1/2,∂ω,

‖Vω‖0,Dε/ε
≤ cε−1/2‖ϕ‖1/2,∂ω,

|Vω|1,Dε/ε ≤ c||ϕ||1/2,∂ω,
‖Rω‖0,C(R/(2ε),R/ε) ≤ cε1/2‖ϕ‖1/2,∂ω,

|Rω|1,C(R/(2ε),R/ε) ≤ cε3/2‖ϕ‖1/2,∂ω,

‖Rω‖1,Dε/ε
≤ c‖ϕ‖1/2,∂ω.

Proof. Function vω reads

vω(y) =

∫
∂ω

E(y − x)tω(x) dγ(x), y ∈ R
3\ω.
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Using a Taylor expansion of E computed at the point y and the well-posedness of
(6.8) we have for large r = ||y||

|Vω(y)| ≤ c

r
‖ϕ‖1/2,∂ω, |Rω(y)| ≤ c

r2
‖ϕ‖1/2,∂ω,

|DVω(y)| ≤ c

r2
‖ϕ‖1/2,∂ω, |DRω(y)| ≤ c

r3
‖ϕ‖1/2,∂ω,

from which the above inequalities follow straightforwardly.

Lemma 6.3. For ε > 0 and ϕ ∈ H
1/2
V (ΓR)3, let vε, qε be the solution to the

problem ⎧⎪⎪⎨⎪⎪⎩
−ν∆vε + ∇qε = 0 in Dε,

div vε = 0 in Dε,
vε = ϕ on ΓR,
vε = 0 on ∂ωε.

(6.9)

There exist a constant c > 0 (independent of ϕ and ε) and ε1 > 0 such that for all
0 < ε < ε1,

‖vε‖1,Dε
≤ c ‖ϕ‖1/2,ΓR

.

Proof. Let ε0 > 0. Problem (6.9) is well-posed; hence there exists a constant c
such that

|vε0 |1,Dε0
≤ c‖ϕ‖1/2,ΓR

.

Let ε1 ≤ ε0 be such that Dε0 ⊂ Dε for all ε < ε1. Let v̂ε0 be the extension of vε0 to
Dε by 0. Function vε minimizes the energy |v|1,Dε over the affine space{

v ∈ H1(Dε)
3; v = ϕ on ΓR, div v = 0 and v = 0 on ∂ω

}
;

hence, for all ε ≤ ε1 we have

|vε|1,Dε
≤ |v̂ε0 |1,Dε

= |vε0 |1,Dε0
≤ c‖ϕ‖1/2,ΓR

.

We also have

‖v0‖0,D0
≤ c ‖ϕ‖1/2,ΓR

.

Then, denoting by v̂ε the extension by 0 of vε to D0 and using Poincaré’s inequality
on D0 yields

‖vε‖0,Dε
= ‖v̂ε‖0,D0

≤ ‖v̂ε − v0‖0,D0
+ ‖v0‖0,D0

≤ c |v̂ε − v0|1,D0
+ ‖v0‖0,D0

≤ c |v̂ε|1,D0
+ c ‖v0‖1,D0

= c |vε|1,Dε
+ c ‖v0‖1,D0

≤ c ‖ϕ‖1/2,ΓR
.

Lemma 6.4. For ε > 0 and ψ ∈ H1(D0)
3 such that divψ = 0, let uε, pε be the

solution to the problem ⎧⎪⎪⎨⎪⎪⎩
−ν∆uε + ∇pε = 0 in Dε,

div uε = 0 in Dε,
uε = 0 on ΓR,
uε = ψ on ∂ωε.

(6.10)
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There exist a constant c > 0 (independent of ψ and ε) and ε1 > 0 such that for all
0 < ε < ε1,

|uε|1,C(R/2,R) ≤ cε‖ψ(εy)‖1/2,∂ω,

‖uε‖0,Dε
≤ cε ‖ψ(εy)‖1/2,∂ω ,

|uε|1,Dε
≤ cε1/2 ‖ψ(εy)‖1/2,∂ω .

Proof. Let ṽε, q̃ε be the solution to the exterior problem⎧⎪⎪⎨⎪⎪⎩
−ν∆ṽε + ∇q̃ε = 0 in R

3\ω,
div ṽε = 0 in R

3\ω,
ṽε = 0 at infinity,

ṽε = ψ(εy) on ∂ω.

Function uε can be written

uε = vε − wε

where vε(x) = ṽε(x/ε). Function wε itself is the solution to⎧⎪⎪⎨⎪⎪⎩
−ν∆wε + ∇sε = 0 in Dε,

divwε = 0 in Dε,
wε = vε on ΓR,
wε = 0 on ∂ωε.

It follows from Lemma 6.3, (6.5), (6.6), and Lemma 6.2 that there exist c > 0 and
ε1 > 0 such that for all 0 < ε < ε1,

‖wε‖1,Dε
≤ c ‖vε‖1/2,ΓR

≤ c ‖vε‖1,C(R/2,R)

≤ c(|vε|0,C(R/2,R) + |vε|1,C(R/2,R))

= c(ε3/2|ṽε|0,C(R/2ε,R/ε) + ε1/2|ṽε|1,C(R/2ε,R/ε))

≤ cε ‖ψ(εy)‖1/2,∂ω .(6.11)

Hence

|uε|1,C(R/2,R) = |vε − wε|1,C(R/2,R) ≤ |vε|1,C(R/2,R) + |wε|1,Dε

≤ cε ‖ψ(εy)‖1/2,∂ω .

Similarly we have

‖vε‖0,Dε
= ε3/2 ‖ṽε‖0,Dε/ε

≤ cε ‖ψ(εy)‖1/2,∂ω ,

|vε|1,Dε
= ε1/2 |ṽε|1,Dε/ε

≤ cε1/2 ‖ψ(εy)‖1/2,∂ω

and

‖uε‖0,Dε
≤ cε ‖ψ(εy)‖1/2,∂ω ,

|uε|1,Dε ≤ cε1/2 ‖ψ(εy)‖1/2,∂ω .

Lemmas 6.3 and 6.4 are summarized in the following lemma.
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Lemma 6.5. For ε > 0, ϕ ∈ H
1/2
V (ΓR)3, and ψ ∈ H1(D0)

3 such that divψ = 0,
let vε, qε be the solution to the problem⎧⎪⎪⎨⎪⎪⎩

−ν∆vε + ∇qε = 0 in Dε,
div vε = 0 in Dε,

vε = ϕ on ΓR,
vε = ψ on ∂ωε.

There exist a constant c > 0 (independent of ϕ, ψ and ε) and ε1 > 0 such that for all
0 < ε < ε1,

|vε|1,C(R/2,R) ≤ c
(
‖ϕ‖1/2,ΓR

+ ε ‖ψ(εy)‖1/2,∂ω

)
,

||vε||0,Dε
≤ c

(
‖ϕ‖1/2,ΓR

+ ε ‖ψ(εy)‖1/2,∂ω

)
,

|vε|1,Dε
≤ c

(
‖ϕ‖1/2,ΓR

+ ε1/2 ‖ψ(εy)‖1/2,∂ω

)
.

6.3. Variation of the bilinear form. The variation of the bilinear form aε
reads

aε(u, v) − a0(u, v) =

∫
ΓR

(Tε − T0)u.v dγ(x).

For ϕ ∈ H
1/2
V (ΓR)3, recall that u0,ϕ

ε is the solution to (3.2) or (3.3) if ε = 0. Let
v0,ϕ
ω , p0,ϕ

ω be the solution to⎧⎪⎪⎨⎪⎪⎩
−ν∆v0,ϕ

ω + ∇p0,ϕ
ω = 0 in R

3\ω,
div v0,ϕ

ω = 0 in R
3\ω,

v0,ϕ
ω = 0 at ∞,

v0,ϕ
ω = u0,ϕ

0 (x0) on ∂ω.

(6.12)

As in (4.6), let V 0,ϕ
ω (y) = E(y)Aω(u0,ϕ

0 (x0)) be the dominant part of v0,ϕ
ω , and let

W 0,ϕ
ω , Q0,ϕ

ω be the associated solution to (4.9) with W 0,ϕ
ω = V 0,ϕ

ω on ΓR. The linear
operator δT (independent of ε) is defined as

δT : H
1/2
V (ΓR)3 −→ H

−1/2
V (ΓR)3,

ϕ �−→ δTϕ := [(νDW 0,ϕ
ω −Q0,ϕ

ω I) − (νDV 0,ϕ
ω − P 0,ϕ

ω I)]n.

(6.13)

Proposition 6.6. The asymptotic expansion of Tε is

‖Tε − T0 − εδT‖L(H
1/2
V (ΓR)3;H

−1/2
V (ΓR)3)

= O(ε2).(6.14)

Proof. Let ϕ ∈ H
1/2
V (ΓR)3. For simplicity we may drop the subscripts (.)0,ϕ.

For y = x/ε, we have vω(y) = Vω(y) + Rω(y) with Vω(x/ε) = εVω(x); pω(y) =
Pω(y)+Sω(y) with Pω(x/ε) = ε2Pω(x); and Rω(y) = O(1/||y||2), Sω(y) = O(1/||y||3)
(see (4.2), (4.6), (4.7)). Let

ψε(x) = (Tε − T0 − εδT )ϕ(x).

We have

ψε(x) = (νDuε − pεI)n − (νDu0 − p0I)n − ε[(νDWω −QωI)n − (νDVω − PωI)n]

= νD(wε(x) −Rω(x/ε))n −
(
sε(x) − 1

ε
Sω(x/ε)

)
n,
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where wε, sε is defined by

wε(x) = uε(x) − u0(x) + vω(x/ε) − εWω(x),

sε(x) = pε(x) − p0(x) +
1

ε
pω(x/ε) − ε Qω(x).

Functions wε, sε are solutions to⎧⎪⎪⎨⎪⎪⎩
−ν∆wε + ∇sε = 0 in Dε,

divwε = 0 in Dε,
wε = vω(x/ε) − εWω(x) on ΓR,
wε = [−u0(x) + u0(x0) − εWω(x)] on ∂ωε.

In order to apply Lemma 6.5, we have to estimate the two right-hand sides.
On ΓR, due to Wω(x) = Vω(x), we have

vω(x/ε) − εWω(x) = Rω(x/ε).

Due to the definition of vω and Wω, we have∫
ΓR

(vω(x/ε) − εWω(x))n dγ(x) = 0.

Using (6.5), (6.6), Lemma 6.2, and elliptic regularity we obtain

‖vω(x/ε) − εWω‖1/2,ΓR
= ‖Rω(x/ε)‖1/2,ΓR

≤ c‖Rω(x/ε)‖1,C(R/2,R)

≤ c(‖Rω(x/ε)‖0,C(R/2,R) + |Rω(x/ε)|1,C(R/2,R))

= c(ε3/2|Rω(y)|0,C(R/2ε,R/ε) + ε1/2|Rω(y)|1,C(R/2ε,R/ε))

≤ cε2 ‖u0(x0)‖1/2,∂ω

≤ cε2||ϕ||1/2,ΓR
.

On ∂ωε, putting θε(x) := (−u0(x) + u(x0) − εWω(x))/ε, we have div θε = 0 in
D0, and for small ε,

‖θε(εy)‖1/2,∂ω ≤ c‖θε(εy)‖1,ω

= c

∥∥∥∥u0(εy) − u0(x0)

ε
+ Wω(εy)

∥∥∥∥
1,ω

≤ c(||u0||C2(B(0,R/2)) + ||Wω||C1(B(0,R/2)))

≤ c(||ϕ||1/2,ΓR
+ ||Vω||1/2,ΓR

)

≤ c||ϕ||1/2,ΓR
.

We can now apply Lemma 6.5, which gives

|wε(x)|1,C(R/2,R) ≤ c(ε2||ϕ||1/2,ΓR
+ ε||εθε(εy)||1/2,∂ω)

≤ cε2 ||ϕ||1/2,ΓR
.

Finally, observing that −ν∆Vω+∇Pω = 0 in C(R/2, R), which implies that −ν∆(wε(x)−
R(x/ε)) + ∇(sε(x) − Sω(x/ε)/ε) = 0 in C(R/2, R), it follows from (6.4), (6.5), and
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Lemma 6.2 that

||ψ||−1/2,ΓR
= ‖νD(wε(x) −R(x/ε))n − (sε(x) − Sω(x/ε)/ε)n‖−1/2,ΓR

≤ c(|wε|1,C(R/2,R) + |Rω(x/ε)|1,C(R/2,R))

= c(|wε|1,C(R/2,R) + ε1/2|Rω(y)|1,C(R/2ε,R/ε))

≤ cε2‖ϕ‖1/2,ΓR
.

Hence

‖(Tε − T0 − εδT )ϕ‖−1/2,ΓR
= O(ε2).

The asymptotic expansion of the bilinear form aε now follows straightforwardly.
Proposition 6.7. Let

δa(u, v) =

∫
ΓR

δTu.v dγ(x), u, v ∈ VR.

Then the asymptotic expansion of the bilinear form aε is given by

‖aε − a0 − εδa‖L2(VR) = O(ε2).

6.4. Variation of the linear form. The technique is the same as in section 6.3.
The difference comes from the boundary condition imposed on ∂ω to the solution of
the exterior problem: v0,ϕ

ω = u0,ϕ
0 (x0) in (6.12) for the study of the bilinear form;

vf,0ω = uf,0
0 (x0) in (6.15) for the study of the linear form. Hence estimations involving

‖ϕ‖1/2,ΓR
are replaced by estimations involving ‖f‖Lq . The variation of the linear

form lε reads

lε(v) − l0(v) =

∫
ΓR

(fε − f0).v dγ(x).

Recall that uf,0
ε is the solution to (3.2) or (3.3) if ε = 0. Let vf,0ω , pf,0ω be the solution

to ⎧⎪⎪⎨⎪⎪⎩
−ν∆vf,0ω + ∇pf,0ω = 0 in R

3\ω,
div vf,0ω = 0 in R

3\ω,
vf,0ω = 0 at ∞,

vf,0ω = uf,0
0 (x0) on ∂ω.

(6.15)

As in (4.6), let V f,0
ω (y) = E(y)Aω(uf,0

0 (x0)) be the dominant part of vf,0ω , and let
W f,0

ω , Qf,0
ω be the associated solution to (4.9) with W f,0

ω = V f,0
ω on ΓR. Function

δf ∈ H
−1/2
V (ΓR)3 (independent of ε) is defined by

δf = [−(νDW f,0
ω −Qf,0

ω I) + (νDV f,0
ω − P f,0

ω I)]n.(6.16)

Proposition 6.8. Let f ∈ Lq(Ω)n, q > n. The asymptotic expansion of fε is

‖fε − f0 − εδf‖−1/2,ΓR
= O(ε2).

Proof. The proof runs as in Proposition 6.6 (we drop the subscripts (.)f,0) with
wε and θε defined by

wε(x) = uε(x) − u0(x) + vω(x/ε) − εWω(x),

θε(x) = (−u0(x) + u0(x0) − εWω(x))/ε.
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The only difference lies in the elliptic regularity estimates

|u0(x0)| ≤ ‖u0‖C0(D0) ≤ c ‖f‖Lq ,

and for small ε

‖θε(εy)‖1/2,∂ω ≤ c ‖θε(εy)‖1,ω

≤ c

∥∥∥∥u0(εy) − u0(x0)

ε
+ Wω(εy)

∥∥∥∥
1,ω

≤ c (‖u0‖C1(B(0,R/2)) + ||Wω||C1(B(0,R/2)))

≤ c (‖f‖Lq + ||Vω||1/2,ΓR
)

≤ c ‖f‖Lq .

The asymptotic expansion of the linear form lε now follows straightforwardly.

Proposition 6.9. Let

δl(v) =

∫
ΓR

δf.v dγ(x), v ∈ VR.

Then the asymptotic expansion of linear form lε is given by

‖lε − l0 − εδl‖L(VR) = O(ε2).

6.5. Proof of Theorem 4.1. It follows from Propositions 6.7 and 6.8 and Lem-
ma 6.1 that

j(ε) = j(0) + (δa(u0, v0) − δl(v0) + δJ(u0))ε + o(ε).

With ϕ = u0|ΓR
, it follows from (3.4), (3.12), (4.1), (6.12), and (6.15) that

vω = vf,0ω + v0,ϕ
ω ,

which implies

Vω = V f,0
ω + V 0,ϕ

ω ,

Wω = W f,0
ω + W 0,ϕ

ω .

Then, using (6.13), (6.16), and Propositions 6.7 and 6.9, we obtain

δa(u0, v0) − δl(v0) =

∫
ΓR

[(νDW 0,ϕ
ω −Q0,ϕ

ω I) − (νDV 0,ϕ
ω − P 0,ϕ

ω I)]n.v0 dγ(x)

+

∫
ΓR

[(νDW f,0
ω −Qf,0

ω I) − (νDV f,0
ω − P f,0

ω I)]n.v0 dγ(x)

=

∫
ΓR

[(νDW f,ϕ
ω −Qf,ϕ

ω I) − (νDV f,ϕ
ω − P f,ϕ

ω I)]n.v0 dγ(x),

which achieves the proof of Theorem 4.1.
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6.6. Proof of Proposition 4.3. This section describes the variations of Jε(u) =

J̃ε(ũε) (see (3.13)) when J̃ε is of the form (4.17)

J̃ε(u) =

∫
Ωε

g(x, u(x)) dx, u ∈ H1(Ωε)
3.

The hypotheses on g (4.18)–(4.20) described in section 4 are supposed to be satisfied.
Throughout the two next sections, ũε ∈ H1(Ωε)

3, ε ≥ 0, denotes the extension of
u ∈ VR which coincides with u on ΩR and with uf,ϕ

ε on Dε for ϕ = u|ΓR
.

Lemma 6.10. Let ϕ ∈ H
1/2
V (ΓR)3 and f ∈ Lq(Ω)3, q > n. Let uf,ϕ

ε and uf,ϕ
0 be,

respectively, the solutions to (3.2) and (3.3). Then

||uf,ϕ
ε − uf,ϕ

0 − ε(W f,ϕ
ω − V f,ϕ

ω )||0,Dε = O(ε3/2),(6.17)

||uf,ϕ
ε − uf,ϕ

0 − εW f,ϕ
ω + vf,ϕω (x/ε)||1,Dε = O(ε3/2),(6.18)

where V f,ϕ
ω is the dominant part (4.6) of the solution vf,ϕω to the exterior problem (4.1)

with uf,ϕ
0 (x0) substituted for uΩ(x0), and W f,ϕ

ω is the associated solution to (4.9).
Proof. Recall that vω = Vω + Rω (4.6) with Vω(x/ε) = εVω(x) and Rω(y) =

O(1/||y||2) (we drop the subscripts (.)f,ϕ). Let

wε(x) = (uε − u0 − ε(Wω − Vω)) (x) + Rω(x/ε)(6.19)

= uε(x) − u0(x) + vω(x/ε) − εWω(x).

Function wε (with the appropriate sε) is the solution to⎧⎪⎪⎨⎪⎪⎩
−ν∆wε + ∇sε = 0 in Dε,

divwε = 0 in Dε,
wε = vω(x/ε) − εWω(x) on ΓR,
wε = −u0(x) + u0(x0) − εWω(x) on ∂ωε.

Using the same arguments as in the proofs of Proposition 6.6 and 6.8 we obtain

‖vω(x/ε) − εQω‖1/2,ΓR
≤ cε2

(
‖ϕ‖1/2,ΓR

+ ‖f‖Lq

)
,

‖ − u0(εy) + u0(x0) − εQω)‖1/2,∂ω ≤ cε
(
‖ϕ‖1/2,ΓR

+ ‖f‖Lq

)
.

It follows from Lemma 6.5 that

||wε||0,Dε ≤ cε2
(
‖ϕ‖1/2,ΓR

+ ‖f‖Lq

)
,

||wε||1,Dε ≤ cε3/2
(
‖ϕ‖1/2,ΓR

+ ‖f‖Lq

)
.

The second equation proves (6.18). Due to (6.6), Lemma 6.2, and elliptic regularity
we also have

‖Rω(x/ε)‖0,Dε
= ε3/2 ‖Rω‖0,Dε/ε

≤ cε3/2
(
‖ϕ‖1/2,ΓR

+ ‖f‖Lq

)
.

We conclude by using uε − u0 − ε(Wω − Vω) = wε(x) −Rω(x/ε).
The variation Jε(u) − J0(u) is given by the next lemma.
Lemma 6.11. For u ∈ VR we have

Jε(u) = J0(u) + εδJ(u) + o(ε),

δJ(u) =

∫
D0

∇sg(x, ũ0(x)).(Wω − Vω) dx,
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where Wω and Vω are defined as in Lemma 6.10, with ϕ = u|ΓR
.

Proof. Let

Iε = Jε(u) − J0(u) − ε

∫
D0

∇sg(x, ũ0).(Wω − Vω) dx.

On Dε we have ũε = uf,ϕ
ε for ε ≥ 0, ϕ = u on ΓR, and on ΩR we have ũε = ũ0. Hence

Iε = J̃ε(ũε) − J̃0(ũ0) − ε

∫
D0

∇sg(x, ũ0).(Wω − Vω) dx

=

∫
Ωε

g(x, ũε) dx−
∫

Ω

g(x, ũ0) dx− ε

∫
D0

∇sg(x, ũ0).(Wω − Vω) dx

=

∫
Dε

g(x, uf,ϕ
ε ) − g(x, uf,ϕ

0 ) dx−
∫
ωε

g(x, uf,ϕ
0 ) dx− ε

∫
D0

∇sg(x, u
f,ϕ
0 ).(Wω − Vω) dx.

Due to the hypotheses on g (4.18) and (4.19), we have, for all (x, s, t) ∈ Ω×R
3 ×R

3,

g(x, t) − g(x, s) = ∇sg(x, s).(t− s) + θ(x, s, t)(t− s).(t− s),

‖θ(x, s, t)‖L(R3) ≤
M

2
.

Then

Iε =

∫
Dε

∇sg(x, u
f,ϕ
0 ).

(
uf,ϕ
ε − uf,ϕ

0 − ε(Wω − Vω)
)
dx

−ε

∫
ωε

∇sg(x, u
f,ϕ
0 ).(Wω − Vω) dx−

∫
ωε

g(x, uf,ϕ
0 ) dx

+

∫
Dε

θ(x, uf,ϕ
0 , uf,ϕ

ε )(uf,ϕ
ε − uf,ϕ

0 ).(uf,ϕ
ε − uf,ϕ

0 ) dx,

and

|Iε| ≤
∫
Dε

∣∣∣∇sg(x, u
f,ϕ
0 ).

(
uf,ϕ
ε − uf,ϕ

0 − ε(Wω − Vω)
)∣∣∣ dx

+ε

∫
ωε

∣∣∣∇sg(x, u
f,ϕ
0 ).(Wω − Vω)

∣∣∣ dx +

∫
ωε

∣∣∣g(x, uf,ϕ
0 )

∣∣∣ dx +

∫
Dε

M

2
|uf,ϕ

ε − uf,ϕ
0 |2 dx.

It follows from the hypotheses on g (4.18)–(4.20), Lemma 6.10, the regularity of

uf,ϕ
0 (which implies that x �→ g(x, uf,ϕ

0 (x)) is in L3/2(DR/2)), ||Vω||0,ωε = cε1/2, and

||∇sg(., u
f,ϕ
0 (.))||0,ωε = o(1) that∫

Dε

∣∣∣∇sg(x, u
f,ϕ
0 ).

(
uf,ϕ
ε − uf,ϕ

0 − ε(Wω − Vω)
)∣∣∣ dx ≤ c||uf,ϕ

ε − uf,ϕ
0 − ε(Wω − Vω)||0,Dε

= O(ε3/2),∫
Dε

M

2
|uf,ϕ

ε − uf,ϕ
0 |2 dx = O(ε2),

ε

∫
ωε

∣∣∣∇sg(x, u
f,ϕ
0 ).(Wω − Vω)

∣∣∣ dx ≤ ε||∇sg(., u
f,ϕ
0 (.))||0,ωε

||Wω − Vω||0,ωε

= o(ε3/2),
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ωε

∣∣∣g(x, uf,ϕ
0 )

∣∣∣ dx ≤
(∫

ωε

∣∣∣g(x, uf,ϕ
0 )

∣∣∣3/2 dx

)2/3 (∫
ωε

dx

)1/3

(6.20)

= o(ε).

Hence

Iε = o(ε).

We can now check hypothesis (4.11) involved in Theorem 4.1.
Proposition 6.12. Function J0 is differentiable on VR and we have, for all

u, v ∈ VR,

Jε(v) − J0(u) = εδJ(u) + DJ0(u)(v − u) + o(ε + ‖v − u‖VR
).

Proof. We have

J0(u) = J̃0(ũ) =

∫
Ω

g(x, ũ(x)) dx.

It follows from the hypotheses on g (4.18) that function J̃0 is differentiable on H1(Ω)3

with

DJ̃0(ũ0)w =

∫
Ω

∇sg(x, ũ0).w dx, w ∈ H1(Ω)3.

Thus J0 is differentiable on VR, and for w ∈ VR extended by ŵ ∈ H1(Ω)3 with
−ν∆ŵ + ∇q̂ = 0 in D0 and div ŵ = 0, we have

DJ0(u)w = DJ̃0(ũ0)ŵ.

Hence, applying Lemma 6.11 yields

Jε(v) − J0(u) = Jε(v) − J0(v) + J0(v) − J0(u)

= εδJ(v) + o(ε) + DJ0(u)(v − u) + o(‖v − u‖VR
)

= εδJ(u) + DJ0(u)(v − u) + o(ε + ‖v − u‖VR
)

+ε(δJ(v) − δJ(u)).

It remains to prove that ε(δJ(v)− δJ(u)) = o(ε+ ‖v− u‖VR
). For this it is sufficient

to prove that δJ(v) − δJ(u) = O(‖v − u‖VR
). With the notation defined below in

(6.21) and (6.22), it follows from Lemma 6.11 that

δJ(v) − δJ(u) =

∫
D0

∇sg(x, ṽ0).(W
v
ω − V v

ω ) −∇sg(x, ũ0).(W
u
ω − V u

ω ) dx

=

∫
D0

[∇sg(x, ṽ0) −∇sg(x, ũ0)] .(W
v
ω − V v

ω ) dx

+

∫
D0

∇sg(x, ũ0). [(W
v
ω − V v

ω ) − (Wu
ω − V u

ω )] dx.

Hence, using the hypotheses on g (4.18)–(4.19) we obtain

|δJ(v) − δJ(u)| ≤
∫
D0

M |ṽ0 − ũ0||W v
ω − V v

ω | dx

+

∫
D0

(|∇sg(x, 0)| + M |ũ0|) (|W v
ω −Wu

ω | + |V v
ω − V u

ω |) dx.
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We conclude by using linearity and continuity of

VR → H
1/2
V (ΓR)3 → H1(D0)

3 → L2(D0)
3,

u �→ ϕ := u|ΓR
�→ uf,ϕ

0 �→ V u
ω := EAω(uf,ϕ

0 (x0))
(6.21)

and

VR → H1/2(ΓR)3 → R,
u �→ (V u

ω )|ΓR
�→ Wu

ω .
(6.22)

Hence, hypothesis (4.11) is fulfilled and we can apply Theorem 4.1. The adjoint
equation (4.14) reads

ν

∫
Ω

Dw : DvΩ dx = −
∫

Ω

∇sg(x, uΩ).w dx;

hence

−ν∆vΩ + ∇qΩ = −∇sg(x, uΩ).(6.23)

It follows from (4.16), Proposition 6.11, and (6.23) that

δj(x0) = Aω(uΩ(x0)).vΩ(x0) +

∫
D0

(ν∆vΩ −∇qΩ).(Vω −Wω) dx + δJ(u0)

= Aω(uΩ(x0)).vΩ(x0) +

∫
D0

(ν∆vΩ −∇qΩ)(Vω −Wω) dx

+

∫
D0

∇sg(x, uΩ)(Wω − Vω) dx

= Aω(uΩ(x0)).vΩ(x0),

which achieves the proof of Proposition 4.3.

6.7. Proof of Proposition 4.4. Here J̃ε is of the form (4.21)

J̃ε(u) =
1

2

∫
Ωε

BD(u− ud) : D(u− ud) dx, u ∈ H1(Ωε)
3.

The notation is the same as in section 6.6. For u ∈ VR, we have

Jε(u) = J̃ε(ũε) =
1

2

∫
Ωε

BD(ũε − ud) : D(ũε − ud) dx.

Due to the assumptions ∆ud, f ∈ Lq(Ω)3 with q > n, we have Dud, D ũ0 ∈
C0(B(0, R/2))9 (see [8, Chap. II, sect. 3, Prop. 6]); hence∫

ωε

BD(ũ0 − ud) : D(ũ0 − ud) dx = O(ε3).

This and the fact that bijkl(x) = bklij(x) yield

Jε(u) − J0(u) =
1

2

∫
Dε

2BD(ũ0 − ud) : D(ũε − ũ0) + BD(ũε − ũ0) : D(ũε − ũ0) dx + o(ε).



TOPOLOGICAL SENSITIVITY FOR THE STOKES EQUATIONS 29

Equation (6.19) reads here as

wε(x) = ũε(x) − ũ0(x) + vω(x/ε) − εWω(x)

and

Jε(u) − J0(u) =

∫
Dε

BD(ũ0 − ud) : D(εWω − vω(x/ε) + wε) dx

+
1

2

∫
Dε

BD(εWω − vω(x/ε) + wε) : D(εWω − vω(x/ε) + wε) dx + o(ε).

Recall that vω = Vω + Rω (4.6) with Vω(x/ε) = εVω(x) and Rω(y) = O(1/||y||2).
Then

Jε(u) − J0(u) =

∫
Dε

BD(ũ0 − ud) : D(εWω(x) − εVω(x)) dx

−
∫
Dε

BD(ũ0 − ud) : DxRω(x/ε) dx

+

∫
Dε

BD(ũ0 − ud) : Dwε(x) dx +
ε2

2

∫
Dε

BDWω : DWω dx

+
1

2

∫
Dε

BDxvω(x/ε) : Dxvω(x/ε) dx− ε

∫
Dε

BDxvω(x/ε) : DWω dx

+

∫
Dε

BD(εWω − vω(x/ε)) : Dwε dx +
1

2

∫
Dε

BDwε : Dwε dx + o(ε).

Here Dx denotes the derivative with respect to x, and particularly D(v(x/ε)) =
Dxv(x/ε) = Dv(x/ε)/ε. We have ||DxRω(x/ε)||L1(Dε) = ε2||DRω|||L1(Dε/ε) = O(ε2| log ε|);
hence∣∣∣∣∫

Dε

BD(ũ0 − ud) : DxRω(x/ε) dx

∣∣∣∣ ≤ ||BD(ũ0 − ud)||∞||DxRω(x/ε)||L1(Dε)

≤ (||ũ0||3,D0
+ ||ud||1,∞,D0

)||DxRω(x/ε)||L1(Dε)

= o(ε).

It follows from the regularity of Wω and Lemmas 6.2 and 6.10 that∫
Dε

BD(ũ0 − ud) : Dwε(x) dx = O(ε3/2),∫
Dε

ε2BDWω : DWω dx = O(ε2),

ε

∫
Dε

BDxvω(x/ε) : DWω dx = O(ε3/2),∫
Dε

BD(εWω − vω(x/ε)) : Dwε dx = O(ε2),∫
Dε

BDwε : Dwε dx = O(ε3).
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Hence, using DVω = O(1/r2), which implies that
∫
ωε

BD(ũ0−ud) : D(Wω−Vω) dx =

O(ε), we obtain

Jε(u) − J0(u) = ε

∫
D0

BD(ũ0 − ud) : D(Wω − Vω) dx

+
1

2

∫
Dε

BDxvω(x/ε) : Dxvω(x/ε) dx + o(ε).

The adjoint equation reads for ϕ ∈ D3(D0) as∫
D0

(−ν∆vΩ + ∇qΩ).ϕ dx = −
∫
D0

BD(uΩ − ud) : Dϕdx.(6.24)

Due to B ∈ W 1,∞(Ω)9×9 and ∆ud, f ∈ Lq(Ω)3 (thus D2ud, D
2uΩ ∈ Lq(D0); cf. the

Calderon–Zygmund theorem [8, Chap. II, sect. 3, Prop. 8]), we have −ν∆vΩ+∇qΩ =
div [BD(uΩ − ud)] ∈ Lq(D0)

3. Moreover, q > n/2 and Wω − Vω ∈ Lm(D0)
3 for all

m < 3; thus (−ν∆vΩ + ∇qΩ).(Pω − Qω) ∈ L1(D0). Hence, as Wω − Vω vanishes on
ΓR, (6.24) still holds for ϕ = Wω − Vω, and

Jε(u0) − J0(u0) =

∫
D0

ε(ν∆vΩ −∇qΩ).(Wω − Vω)

+
1

2

∫
Dε

BDxvω(x/ε) : Dxvω(x/ε) dx + o(ε).

Then the proof can be achieved as in section 6.6. It follows from Corollary 4.2 that

j(ε) = j(0) + εAω(uΩ(x0)).vΩ(x0) +
1

2

∫
Dε

BDxvω(x/ε) : Dxvω(x/ε) dx + o(ε).

Using Lebesgue’s convergence theorem, we deduce that∫
Dε

B(x)Dxvω(x/ε) : Dxvω(x/ε) dx = ε

∫
Dε/ε

B(εy)Dvω(y) : Dvω(y) dy

= ε

∫
R3\ω

B(x0)Dvω(y) : Dvω(y) dy + o(ε),

which proves that

j(ε) = j(0) + εAω(uΩ(x0)).vΩ(x0) +
ε

2

∫
R3\ω

B(x0)Dvω(y) : Dvω(y) dy + o(ε)

and completes the proof of Proposition 4.4.
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Abstract. A control approach for the practical and asymptotic stabilization of nonlinear driftless
systems subjected to additive perturbations is proposed. Such perturbations arise naturally, for
instance, in the modeling of trajectory stabilization problems for controllable driftless systems on
Lie groups. The objective of the approach is to provide practical stability of an arbitrary given point
in the state space, whatever the perturbations, and asymptotic stability (resp., convergence to the
point) when the perturbations are absent (resp., tend to zero). A general framework is presented in
this paper, and a control solution is proposed for the class of the chained systems.
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1. Introduction. The development of the transverse function (t.f.) approach
[18] finds its original motivation in the problem of practical stabilization of the origin
of a control system in the form

S : ẋ =

m∑
i=1

uiXi(x) + P (x, t),(1)

with x ∈ R
n, n > m, {X1, . . . , Xm} a set of smooth vector fields (v.f.) that satisfy

the Lie algebra rank condition (LARC) on an open ball centered at x = 0, and P an
additive perturbation, continuous in x and t but otherwise arbitrary. Note that such a
perturbation may well forbid the existence of any equilibrium point for the controlled
system. The t.f. approach provides a general solution to this problem. Up to now,
and to our knowledge, this solution is unique in its class, even though several other
methods and many control laws have been devised during the last decade to address
the stabilization problem when P ≡ 0. These studies were motivated in the first place
by Brockett’s theorem [5] according to which, if m < n and the control v.f. evaluated
at x = 0 are linearly independent, no smooth or even continuous pure state feedback
can make the origin of the system asymptotically stable. Different types of feedback
laws have been considered to circumvent this difficulty, although not all of them guar-
antee Lyapunov stability. Discontinuous feedback [1, 3, 6, 11] and hybrid feedback
[2, 15, 23] are two possibilities. Another one, more related to the present approach,
consists of using continuous time-varying feedback [21, 7, 20, 27, 22, 13, 19, 16, 14].
An early survey on the control of nonholonomic systems, whose kinematic models are
nonlinear driftless systems, can also be found in [4]. The importance of considering
the perturbed case in association with the objective of practical stabilization is well
illustrated when S is a system on a Lie group and the control objective consists of
tracking a trajectory. Indeed, it is shown in [18] that the error system associated with
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this problem is in the same form as the original system, except for the presence of a
perturbation P . Moreover, when the trajectory is not a solution of the control system,
asymptotic stabilization is not possible. Other reasons for considering practical stabi-
lization as a reasonable control objective, in the case of nonlinear driftless systems, are
also pointed out in [18]: lack of robustness of exponential (continuous/time-varying
or discontinuous) stabilizers, nonexistence of feedback controllers capable of stabi-
lizing asymptotically every feasible trajectory [12], and incapacity of most existing
asymptotic stabilizers to ensure ε-ultimate boundedness of the closed-loop trajecto-
ries when a destabilizing perturbation P is present. However, it is important to realize
that practical stabilization is by no means opposed to asymptotic stabilization. It is
merely a weaker requirement, whose interest resides precisely in the fact that it is
weaker and thus applicable to more numerous situations. Once practical stabilization
is granted, it may still be possible, and desirable in some cases, to achieve asymptotic
stabilization, or at least convergence to zero—when, for instance, P vanishes after
some time. For the same reasons, feedback controllers derived with the t.f. approach
should not be considered as antagonistic to other controllers proposed for nonlinear
driftless systems—asymptotic stabilizers, in particular. A more pertinent issue is the
possibility of deriving a practical stabilizer which also ensures asymptotic stabilization
when the perturbation P allows for it. For instance, can the t.f. approach be used for
this purpose?

This question is addressed in the present paper, and a partial positive answer is
obtained. More precisely, an extension of the approach in [18] is proposed in order
to achieve asymptotic stabilization of the origin of S when P ≡ 0, and asymptotic
convergence to the origin when P tends to zero as time tends to infinity. The main
ingredient of this extension is the concept of a generalized t.f. introduced in section
2. The principles of the t.f. approach and design of stabilizers are also laid out in
this section. A solution to the problem of practical and asymptotic stabilization for
the popular class of the chained systems is proposed in section 3, and illustrated by
simulation results in section 4. The practical relevance of this case comes from the
widespread use of chained systems to model the kinematic equations of various me-
chanical systems subjected to nonholonomic constraints (unicycle and car-like mobile
robots, for instance) and also the possibility of using them as homogeneous approxima-
tions of dynamics involved in several other physical systems (ships, induction motors,
etc.). Finding a more general solution, which applies to a broader class of systems,
remains an open subject of research. In order to facilitate the reading of the paper,
we have distributed the proofs of our results into two sections: the cores are given in
section 5, whereas intermediate technical results of lesser conceptual significance are
regrouped in the appendix.

Since the t.f. approach finds its most natural exposition in the context of systems
which are invariant on Lie groups, we have chosen to recast the systems and control
problems evoked above in this framework. Let us recall the prominent role played by
Lie groups in control theory [26, 10]. In particular, controllable driftless systems can
always be approximated by controllable driftless homogeneous systems which are,
after a possible dynamic extension, systems on Lie groups. The chained systems,
which are more specifically addressed here, are systems on Lie groups.

The following notation is used throughout the paper. The tangent space of a
manifold M at a point p is denoted as TpM . The differential of a smooth mapping f
between manifolds, at a point p, is denoted as df(p). The torus of dimension p ∈ N

is T
p with T

∆
= R/2πZ. An element θ ∈ T is identified with the real number in

(−π,+π] which belongs to the class of equivalence of θ. Addition of angles makes T
p
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a Lie group. The ith component of σ ∈ T
p is denoted as σi, i.e., σ = (σ1, . . . , σp).

The canonical basis of R
p is the set of unitary vectors {ei}i=1,...,p. Since this set is

also the natural basis of the Lie algebra of T
p, a vector field v on T

p is identified
with its vector of coordinates in this basis, i.e., v = (v1, . . . , vp)

′ if v =
∑p

i=1 viei. If
σ(.) is a smooth curve on T

p, this identification allows us to view σ̇(t) as a vector
in R

p. Consider a differentiable mapping f from T
p to a manifold M . By a slight

abuse of notation, and for the sake of simplifying the writing of several forthcoming
equations, we write the Lie derivative of f along ei at σ as ∂f

∂σi
(σ), or ∂f

∂σ (σ)ei, instead
of df(σ)(ei) (or Leif(σ)), even though the normal use of the partial derivative symbol
refers to a system of coordinates on M . Accordingly, along an arbitrary v.f. v on

T
p, we write ∂f

∂σ (σ)v
∆
= df(σ)(v). We also use standard notation for Lie groups—see,

e.g., [8] for more details on this topic. G denotes a Lie group of dimension n, with
Lie algebra (of left-invariant v.f.) g. For simplicity, we assume that G is connected
so that there exists a globally defined left-invariant distance dG on G. The identity
element of G is denoted by e. Left and right translations are denoted by l and r,
respectively, i.e., lσ(τ) = rτ (σ) = στ . As usual, if X ∈ g, then exp tX is the solution
at time t of ġ = X(g) with initial condition g(0) = e. The adjoint representation of G
is Ad; i.e., for σ ∈ G, Ad(σ) = dIσ(e) with Iσ : G −→ G defined by Iσ(g) = σgσ−1.
By extension we define the v.f. Ad(σ)X on G by Ad(σ)X(g) = dlg(e)(Ad(σ)X(e)).
The differential of Ad is ad, and (adX,Y ) = [X,Y ], the Lie bracket of X and Y .

2. Control of perturbed driftless systems by the t.f. approach. Consider
a control system

S(g) : ġ =
m∑
i=1

uiXi(g) + P (g, t)(2)

on a Lie group G, with X1, . . . , Xm independent left-invariant smooth v.f. that satisfy
the LARC. We assume that the drift term P (g, t) is a continuous function of g and t,
and that1

∀(g, t) ∈ G× R, P (g, t) ∈ span{X1(g), . . . , Xm(g)}⊥,(3)

where orthogonality refers to an arbitrary Riemannian metric on G. The definition of
a transverse function, as originally given in [17] for v.f. on an arbitrary manifold—i.e.,
not necessarily on a Lie group—is now recalled.

Definition 1. Let X1, . . . , Xm denote smooth v.f. on a manifold M . A function
f ∈ C∞(Tp;M) is called a transverse function (for the v.f. X1, . . . , Xm) if

∀σ ∈ T
p, span{X1(f(σ)), . . . , Xm(f(σ))} + df(σ)(TσT

p) = Tf(σ)M.(4)

Another way of writing the above relation (with the notation explained before) is

∀σ ∈ T
p, span

{
X1(f(σ)), . . . , Xm(f(σ)),

∂f

∂σ1
(σ), . . . ,

∂f

∂σp
(σ)

}
= Tf(σ)M.(5)

Note that, by this definition, the image set Im(f) = f(Tp) is compact. The main
contribution of [17] was to show that if a set of v.f. X1, . . . , Xm satisfies the LARC
at some point q ∈ M , then for any neighborhood U of q there exists a transverse
function with values in U .

1Note that (3) can always be obtained after the application of a suitable preliminary feedback.
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In the context of stabilization, transverse functions allow to use σ̇ as a new—
virtual—control input vector. This leads us to introduce the following dynamic ex-
tension of S(g), which evolves on G× T

p:

S(g, σ) :

⎧⎪⎨⎪⎩ ġ =

m∑
i=1

uiXi(g) + P (g, t),

σ̇ = uσ,

(6)

where (u, uσ) is viewed as an extended control vector. In the following subsection,
the practical stabilization of g = e for S(g), based on the t.f. approach, is addressed.
More details on the approach, as well as several examples with explicit derivations of
t.f., can be found in [18].

2.1. Practical stabilization. The formulation of a general practical stabiliza-
tion problem which can be associated with S(g) is as follows: given an arbitrary
neighborhood UG(e) of e, determine a (smooth, or at least continuous) feedback con-
trol (which depends on g and, eventually, on other variables) which asymptotically
stabilizes some compact set DG ⊂ UG(e). The t.f. control approach provides a solution
to this problem. This solution is now recalled.

Consider the change of variables on G × T
p defined by Ψf (g, σ) = (f(σ)g−1, σ),

with f a t.f. such that f(Tp) ⊂ UG(e). From now on, in order to ease the notation,
the element f(σ)g−1 ∈ G associated with g and f(σ) will be abbreviated as z, i.e.,

z
∆
= f(σ)g−1. By differentiating both members of the equality zg = f(σ), one easily

verifies that, along any trajectory (g, σ)(.) of S(g, σ),

ż = −drg−1(f(σ))

( m∑
i=1

uiXi(f(σ)) − ∂f

∂σ
(σ)σ̇ + dlz(g)P (g, t)

)
.(7)

Therefore, S(g, σ) is equivalent to the control system

S̄(z, σ) :

⎧⎪⎨⎪⎩ ż = −drg−1(f(σ))

( m∑
i=1

uiXi(f(σ)) − ∂f

∂σ
(σ)uσ + dlz(g)P (g, t)

)
,

σ̇ = uσ.

(8)

From the definition of Ψf , the asymptotic stability of {e}×T
p for S̄(z, σ) is equivalent

to the asymptotic stability of {(f(σ), σ) : σ ∈ T
p} for S(g, σ). It is also equivalent to

the asymptotic stability of f(Tp) for S(g), provided that, for some left-invariant dis-
tance on G, the initial value σ(0) of σ is chosen so as to minimize the distance between
z(0) = f(σ(0))g(0)−1 and e.

Now, for any v.f. Z on G, the property of transversality of f ensures that the
equation

m∑
i=1

uiXi(f(σ)) − ∂f

∂σ
(σ)uσ = −dlz(g)P (g, t) − drg(z)Z(z)(9)

admits a feedback solution (u, uσ)(g, σ, t). Applying any2 such feedback law to S̄(z, σ),
and using the fact that (drg(z))

−1 = drg−1(f), it follows from (7) that

ż = Z(z).(10)

2The only (weak) requirement is that the solutions of S(g, σ) must be well defined for t ∈ [0,∞).
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Therefore, provided that Z is chosen so as to asymptotically stabilize e for system
(10), the feedback law (u, uσ) defined by (9) makes the set {e} × T

p asymptotically
stable for S̄(z, σ).

In general, the solution (u, uσ) of (9) is not unique. It is shown in [18], however,
that one can always find3 t.f. f ∈ C∞(Tn−m;G), i.e., such that p = n −m with the
notation of Definition 1. It is clear from the transversality condition (4) that this value
of p is minimal and that the solution (u, uσ) of (9), given f , is unique in this case.
Allowing the t.f. f to depend on a larger number of variables provides complementary
control inputs which can be used to guarantee complementary control objectives. The
asymptotic stabilization of e for S(g) when P ≡ 0 will, for instance, be addressed in
this way.

2.2. A framework for asymptotic stabilization. Let us introduce, in the
framework of Lie groups, the following specific class of transverse functions.

Definition 2. Consider a function f ∈ C∞(Tn−m×T
n−m;G) and the associated

family of functions {fβ}β∈Tn−m defined by fβ(θ) = f(θ, β). The function f is called
a generalized t.f. for the v.f. X1, . . . , Xm on the Lie group G if

∀σ = (θ, β) ∈ T
n−m × T

n−m,(11)

span{X1(f(σ)), . . . , Xm(f(σ))} + dfβ(θ)(TθT
n−m) = Tf(σ)G

and

∀β ∈ T
n−m, f(0, β) = e.(12)

From now on, variables in T
n−m will be indexed starting from m + 1; i.e., if

θ ∈ T
n−m, then θ = (θm+1, . . . , θn). With the notation specified in the introduction,

another way of writing relation (11) is

∀σ = (θ, β) ∈ T
n−m × T

n−m,(13)

span

{
X1(f(σ)), . . . , Xm(f(σ)),

∂f

∂θm+1
(σ), . . . ,

∂f

∂θn
(σ)

}
= Tf(σ)G.

It is clear that any generalized t.f. is a t.f. It is also quite simple to build a generalized
t.f. f ∈ C∞(Tn−m × T

n−m;G) from a t.f. f̄ ∈ C∞(Tn−m;G). For example, define

∀(θ, β) ∈ T
n−m × T

n−m , f(θ, β) = (f̄(β))−1f̄(θ + β).

Let us now consider any generalized t.f. We let

θ̇ = v , β̇ = w,(14)

so that σ̇ = uσ = (v, w). With this notation, (9)—whose satisfaction yields ż =
Z(z)—is equivalent to

m∑
i=1

uiXi(f(σ)) − ∂f

∂θ
(σ)v =

∂f

∂β
(σ)w − dlz(g)P (g, t) − drg(z)Z(z).(15)

From (11), this equation has a unique feedback solution (u, v)(g, σ, t) for any function
w. The v.f. Z is again chosen so as to make z = e asymptotically stable. Now the

3Expressions of such functions are given in that paper—see also the next subsection.
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objective is to determine w in order to make θ tend to zero. Indeed, this latter property
implies, in view of (12), that f tends to e so that, from the fact that z = f(σ)g−1

tends to e, the asymptotic convergence of g to e follows. Note that such a convergence
cannot be obtained without the drift term P satisfying some extra conditions. For
instance, if P (e, t) is periodically different from zero, then it follows from (3) that e
cannot be an equilibrium for system (2), whatever the control u. Moreover, under
mild complementary regularity conditions upon the function P , convergence of P (g, t)
to zero when g tends to e and t tends to infinity is necessary to the convergence of
the system’s solutions to e.

The feedback law (u, v) defined by (15) ensures the convergence of z to e inde-
pendently of w. Hence, the asymptotic behavior of θ(t) and β(t), for the controlled
system, is described by the zero-dynamics obtained by setting z = e in (15), i.e.,

m∑
i=1

ui(g, σ, t)Xi(f(σ)) − ∂f

∂θ
(σ)v(g, σ, t) =

∂f

∂β
(σ)w − P (f(σ), t).(16)

From the initial assumption that the v.f. X1, . . . , Xm are independent, there exist
v.f. Xm+1, . . . , Xn such that span{X1, . . . , Xn} = g. For any such set of v.f., there
exist smooth functions ai,j and bi,j such that

∀j = m + 1, . . . , n ,
∂f

∂θj
(σ) =

n∑
i=1

ai,j(σ)Xi(f(σ)) ,
∂f

∂βj
(σ) =

n∑
i=1

bi,j(σ)Xi(f(σ)).

(17)

With di (i = m + 1, . . . , n) denoting the one-forms defined by 〈di, Xk〉 = δi,k (the

Kronecker delta), the application of di to each side of (16) yields, since θ̇ = v,

A(σ)θ̇ = −B(σ)w +

n∑
i=m+1

〈di(f(σ)), P (f(σ), t)〉ei(18)

with

A(σ)
∆
= (ai,j(σ))i,j=m+1,...,n, B(σ)

∆
= (bi,j(σ))i,j=m+1,...,n,(19)

and ei the (i−m)th unit vector in R
n−m. Note that the transversality condition (11)

is equivalent to the matrix A(σ) being invertible for any σ.
Equation (18) is important because it explicitly relates the control w (the time-

derivative of β) to the variation of θ. In particular, the simplification obtained when
P ≡ 0, i.e.,

θ̇ = −A−1(σ)B(σ)w,(20)

suggests some ways of choosing w to make |θ(t)| nonincreasing on the zero-dynamics.
However, a difficulty arising at this stage, to ensure the convergence of θ(t) to zero,
comes from the fact that B(σ) tends to the null matrix when θ tends to zero, since
f(0, β) = e ∀β ⇒ ∂f

∂β (0, β) = 0, ∀β. This difficulty is itself related to the well-
known impossibility of ensuring exponential stabilization of e by means of a smooth
feedback [13, Thm. 3]. The matter would still be easily settled if B(σ) were invertible
everywhere except at θ = 0. Unfortunately, this is not true in general, and further
inspection of this matrix, in relation to the way the structure of f combines with the
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structure of the Lie algebra g, is required. Although we do not know whether a solution
always exists, we were able to use the specific structure of the Lie algebra associated
with the chained systems and derive a solution in this case. Prior to reporting it
in the next section, we propose below a formulation of the problem which, whereas
it is restricted to the zero-dynamics (20), simplifies the search for a solution for the
complete system.

Problem 1. Given a neighborhood UG(e) of e, determine a triplet (f, w, V )
consisting of

(i) a generalized t.f. f ∈ C∞(Tn−m × T
n−m;UG(e)),

(ii) a function w ∈ C1(UTn−m(0); Rn−m),
(iii) a function V ∈ C1(UTn−m(0); R) with bounded first-order partial derivatives

such that
1. ∀θ ∈ V −1([0, Vmax)), hVm

(|θ|) ≤ V (θ) ≤ hVM
(|θ|) with hVm

and hVM
two K-

functions, and Vmax > 0 a real number such that V −1([0, Vmax)) ⊂ UTn−m(0);
2. the following proposition is true:

∀β ∈ T
n−m, ∀θ ∈ V −1([0, Vmax)), LF (π∗V )(σ) ≤ −γV (θ)l, γ, l > 0,

(21)

with π and F defined by

∀σ = (θ, β), π(σ) = θ, F (σ) = −A−1(σ)B(σ)w(θ).(22)

Note that (21) clearly implies that θ = 0 is locally asymptotically stable for the
system (20). Note also that the inclusion UTn−m(0) ⊂ T

n−m has to be strict since (21)
would otherwise contradict the known nonexistence of global asymptotic stabilizers
on T

n−m. Once the above problem is solved, it is not difficult to infer a solution to
the problem of asymptotic stabilization of e for system S(g) when P ≡ 0. Such a
solution is pointed out in the following proposition.

Proposition 1. Let Z denote a smooth v.f. which asymptotically stabilizes e for
the system ż = Z(z). Assume that Problem 1 is solved by a triplet (f, w�, V ), and
consider for S(g, σ) the feedback control (u, v, w) with (u, v) defined by (15) and w
defined by

w(θ) = k

(
1

Vmax − V (θ)

)
w�(θ),(23)

with k denoting any K∞-function. Assume also that the initial condition θ(0) is
chosen in V −1([0, Vmax)). Then

1. whatever P , the above-defined feedback control asymptotically stabilizes the
set {(f(σ), σ) : σ ∈ V −1([0, Vmax)) × T

n−m} for S(g, σ);
2. if P ≡ 0, then this control asymptotically stabilizes the set {e} × {0} ×T

n−m

for S(g, σ);
3. if P (g, t) tends to zero as t −→ +∞, uniformly w.r.t. g in compact sets, then

(g, θ)(t) −→ (e, 0) as t −→ +∞.
Note that when P , Z, and k are differentiable, the stabilizing feedback control

(u, v, w) so obtained is also differentiable. When P ≡ 0 and θ(0) = 0, this con-
trol asymptotically stabilizes e for S(g). However, as in the case of a time-periodic
Lipschitz-continuous asymptotic stabilizer of S(g), the control’s differentiability rules
out the possibility of a uniform convergence rate as fast as exponential. On the
other hand, while the frequency of a time-periodic stabilizer is constant, the time-
derivatives of θ and β, which may be interpreted as self-adapting frequencies in the
case of a stabilizer derived with the t.f. approach, asymptotically tend to zero.
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2.3. A class of generalized t.f. In this section, we introduce a class of gen-
eralized t.f. which is instrumental in solving Problem 1 for the class of the chained
systems. First, we need to recall the definition of a graded basis of g (see [18]). This
definition is similar to the one of a basis adapted to the control filtration [9, 25]; a
complementary requirement is that some elements of the basis be expressed as Lie
brackets of other elements of the basis.

Definition 3. Let X1, . . . , Xm ∈ g denote independent v.f. such that Lie(X1, . . . ,
Xm) = g. Let u = span{X1, . . . , Xm}, and define inductively, for k = 2, . . . ,K,
uk = uk−1 + [u, uk−1] with K = min{k : uk = g}. A graded basis of g associated
with X1, . . . , Xm is an ordered basis {X1, . . . , Xn} of g associated with two mappings
λ, ρ : {m + 1, . . . , n} −→ {1, . . . , n} such that

1. for any k ∈ {1, . . . ,K}, uk = span{X1, X2, . . . , Xdim uk};
2. for k ≥ 2 and dim uk−1 < i ≤ dim uk, Xi = [Xλ(i), Xρ(i)] with Xλ(i) ∈ ua,

Xρ(i) ∈ ub, and a + b = k.
With any graded basis of g, one can associate a weight-vector (r1, . . . , rn) defined

by

ri = k ⇐⇒ Xi ∈ u
k \ u

k−1 ⇐⇒ dim u
k−1 < i ≤ dim u

k.

Note that 1 = r1 ≤ r2 ≤ · · · ≤ rn = K, and, from Definition 3, ∀i > m, ri =
rλ(i) + rρ(i).

With {X1, . . . , Xn} any graded basis of g, let us define f ∈ C∞(Tn−m×T
n−m;G)

by

∀σ = (θ, β) ∈ T
n−m × T

n−m, f(σ) = fn(σn) · · · fm+1(σm+1),(24)

with fj : T × T −→ G defined by

∀σj = (θj , βj), fj(σj) = exp (αj(σj)Xj) exp
(
αj,λ(σj)Xλ(j) + αj,ρ(σj)Xρ(j)

)
,(25)

where

αj,λ(σj) = ε
rλ(j)

j (sin(θj + βj) − sinβj) , αj,ρ(σj) = ε
rρ(j)

j (cos(θj + βj) − cosβj) ,

αj(σj) =
ε
rj
j

2
sin θj ,(26)

and the εj ’s are positive real numbers. This function obviously satisfies (12). As for
the transversality condition (11), we have the following result.

Proposition 2. Let X1, . . . , Xm denote independent v.f. on a Lie group G of
dimension n. Assume that Lie(X1, . . . , Xm) = g. Let f ∈ C∞(Tn−m × T

n−m;G) be
defined by (24), (25), (26), with {X1, . . . , Xn} a graded basis of g. Then there exist real
positive numbers ηm+1, . . . , ηn and ε0 such that, for (εm+1, . . . , εn) = ε(ηm+1, . . . , ηn)
with ε ∈ (0, ε0), f satisfies (11). More precisely, the ηk’s can be defined recursively
by choosing any ηm+1 > 0 and for k = m + 2, . . . , n, choosing ηk large enough w.r.t.
ηm+1, . . . , ηk−1.

3. Asymptotic stabilization of chained systems. A solution to Problem 1
is provided in the case where G = R

n, m = 2, and the control v.f. X1, X2 are defined
by

X1(x) = (1, 0, x2, . . . , xn−1)
′ , X2 = (0, 1, 0, . . . , 0)′(27)
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with g = x = (x1, . . . , xn)′ and e = 0.
The v.f. X1 and X2 defined by (27) are left-invariant w.r.t. the group operation

(xy)i =

⎧⎪⎨⎪⎩
xi + yi if i = 1, 2,

xi + yi +

i−1∑
j=2

yi−j
1

(i− j)!
xj otherwise,

with x, y ∈ R
n (see [24], for instance). Furthermore, Lie(X1, X2) = g, so that chained

systems (with P ≡ 0) are controllable, and the v.f.

X1, X2, Xk
∆
= [X1, Xk−1] (k = 3, . . . , n)(28)

define a graded basis. The associated weight-vector r is given by

r1 = r2 = 1, rk = k − 1 (k = 3, . . . , n).(29)

Since the underlying Lie group G is R
n, a simple example of v.f. which globally

exponentially stabilizes the origin of ż = Z(z) on R
n is defined by Z(z) = Kz, with

K denoting any n× n Hurwitz-stable matrix. The main result is stated next.
Theorem 1. When m = 2 and the v.f. X1, X2 are given by (27), there exist real

positive numbers ηm+1, . . . , ηn such that a solution to Problem 1 is the triplet (f, w, V )
consisting of

1. the candidate generalized t.f. defined by (24)–(26) with (εm+1, . . . , εn) =
ε(ηm+1, . . . , ηn) and ε > 0 chosen small enough so that f ranges in URn(0),

2. the function w ∈ C1((−π, π)n−2; Rn−2) defined by

wi(θi) =
1

ηi−2
i

|θi|(i−3)θi (i = 3, . . . , n),(30)

3. the function V ∈ C1((−π, π)n−2; R) defined by

V (θ)
∆
=

n∑
i=3

η
i−3/2
i |θi|n+2−i with Vmax = min

i=3,...,n
{ηi−3/2

i πn+2−i}.

Remark 1. The proof of this theorem in section 5.3 involves a recursive proce-
dure for the determination of the numbers ηm+1, . . . , ηn, which is similar to the one
indicated in Proposition 2.

Remark 2. The solution to Problem 1 given in Theorem 1 applies also to a
unicycle-like mobile robot without having to transform its kinematic equations into
the chain form—the only restriction is that ε must be smaller than some finite upper
bound ε0 > 0, whatever UG(e), whereas, in the case of a chained system, ε0 = +∞.
One only has to check that the proof of Theorem 1 works as well in this case with
n = 3, G = R

2 × S1, g = (x, y, α)′, and the system’s control v.f. defined by

X1(g) = (cosα, sinα, 0)′ , X2(g) = (0, 0, 1)′.(31)

These v.f. are left-invariant w.r.t. the group operation

g1g2 =

⎛⎝ (
x1

y1

)
+ R(α1)

(
x2

y2

)
α1 + α2

⎞⎠
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with gi = (xi, yi, αi)
′ and R(α1) the rotation matrix of angle α1. Also, Lie(X1, X2) =

g and {X1, X2, X3 = [X1, X2]} constitutes a graded basis of g with weight vector
(r1 = r2 = 1, r3 = 2).

Let us comment on the rate of convergence provided by a feedback control derived
according to Proposition 1 and Theorem 1 when P ≡ 0. This will be the starting point
of a more general discussion about what the t.f. approach can offer in comparison with
other control design methods, its limitations and assets. Assuming that the v.f. Z
used in the expression of (u, v) is chosen so as to stabilize the origin of ż = Z(z)
exponentially, the rate of convergence of g(t) to e coincides with the slower rate of
convergence of θ(t) to zero on the zero-dynamics. This latter rate is itself given by the
rate of convergence of V (θ(t)) to zero, and is thus related to the integer l in relation
(21). From (47) in the proof of Theorem 1, we have l = n+1

2 , and one deduces that

V (θ(t)) tends to zero as quickly as t−
2

n−1 . In fact, a complementary analysis would
show that V (θ(t)) cannot tend to zero faster. Now, since k1|θ|n−1 ≤ V (θ) ≤ k2|θ|2
in the neighborhood of θ = 0, this in turn implies that |θ(t)| may (and will usually)

not tend to zero faster than t
− 2

(n−1)2 . The same rate holds for the convergence of
|g(t)| towards e. This polynomial rate of convergence is similar to the one which can
be obtained by applying a smooth time-periodic stabilizer to S(g). Therefore, one
can conclude that, as far as asymptotic stabilization is concerned, no clear advantage
results from designing a stabilizer with the t.f. approach. In the authors’ opinion this
conclusion is correct, but it conveys only a partial picture of the properties granted by
the approach. Indeed, the primary feature of such a controller, which motivated the
development of the t.f. approach in the first place, is the capacity of ensuring practical
stabilization, with easily tunable arbitrary small ultimate bound of the state error,
independently of the “perturbation” P acting on the system. As shown in [18], this
allows, for example, the tracking of any trajectory in the state space (it does not
have to be a solution to the system’s equations) with arbitrarily good precision, in
the sense that tracking errors are ultimately bounded by a prespecified (nonzero,
but otherwise as small as desired) threshold. To our knowledge, no other controller
proposed so far in the literature has this capacity. Our motivation for the present
paper was to show that such a controller can also be endowed with the extra property
of ensuring asymptotic point-stabilization when such a feature is desirable. This is
achieved via the concept of a generalized t.f. depending upon two sets of variables
whose time-derivatives are used as extra control inputs. Transversality is maintained
with respect to the first set θ, while the second set β is used to enforce some type of
“phase-tuning,” which allows us to reduce the size of the t.f. when the perturbation
P vanishes.

4. Simulation results. The control law proposed in the previous section has
been tested by simulation on the four-dimensional (4d) chained system. The following
parameters for the definition of the transverse function have been used: ε = 0.2, η3 =
1, η4 = 8. The v.f. Z(z) in (15) has been chosen as Z(z) = −0.3z. Finally, the
K∞-function k in (23) has been defined by k(s) = 10Vmaxs, with Vmax as specified
in Theorem 1. The initial condition for the simulation was x(0) = (0, 0, 0, 10)′, and
σ(0) = 0. Figure 1 displays the state variables versus time. As discussed in the
previous section, the convergence rate to zero is slow. For comparison, Figure 2
displays the same variables when no attempt is made to achieve convergence to zero,
i.e., with w = 0 and β = 0 in the control law defined by (15). In this case θ(t)
exponentially converges to some θlim ∈ T

n−m, and x(t) exponentially converges to
f(θlim, 0). Note that the solution to Problem 1 given by Theorem 1 is only one of its
kind, and that much room is left for improving the proposed stabilization method.
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Fig. 1. State variables for the 4d chained system, asymptotic stabilization.
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Fig. 2. State variables for the 4d chained system, practical stabilization.

5. Proofs.

5.1. Proof of Proposition 1. Let us first recall, as shown in section 2.2, that
the control (u, v)(g, σ, t) defined by (15) yields

ż = Z(z),(32)
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with z = fg−1 and Z chosen so as to ensure the asymptotic stability of e for the
above system. Now, applying the one-forms di (i = m + 1, . . . , n) to each side of the
equality (15) yields (compare with (18))

θ̇ = −A−1(σ)B(σ)w(θ) + A−1(σ)

n∑
i=m+1

〈di(f), dlz(g)P (g, t) + drg(z)Z(z)〉ei,(33)

where we have used the same notation as in section 2.2. Using the fact that z = fg−1,
we rewrite this equation as

θ̇ = −A−1(σ)B(σ)w(θ) + A−1(σ)

n∑
i=m+1

〈di(f), dlz(z
−1f)P (z−1f, t)

+ drz−1f (z)Z(z)〉ei.
(34)

By using (23), this in turn implies that, along a solution of the controlled system,

d

dt
V (θ) = k

(
1

Vmax − V (θ)

)
LF (π∗V )(σ) + Q(g, σ, t),

with

F (σ)
∆
= −A−1(σ)B(σ)w�(θ),

Q(g, σ, t)
∆
=

∂V

∂θ
(θ)A−1(σ)

n∑
i=m+1

〈di(f), dlz(z
−1f)P (z−1f, t) + drz−1f (z)Z(z)〉ei.

Therefore, in view of (21),

d

dt
V (θ) ≤ −ξ(V (θ)) + Q(g, σ, t), ξ(V )

∆
= k

(
1

Vmax − V

)
γV l.(35)

Let us show that θ(t) cannot leave the set V −1([0, Vmax)). We first remark that, on
any time-interval [0, T ) such that θ(t) stays in this set, there exists a constant MT ,
independent of the trajectory θ(.), such that |Q(g(t), σ(t), t)| ≤ MT because (i) by
assumption, ∂V

∂θ is bounded on UTn−m(0) ⊃ V −1([0, Vmax)); (ii) z, and subsequently
z−1, are bounded due to the asymptotic stability of e for the system (32); (iii) P
is continuous. Since, by (35), ξ is a bijective increasing function from [0, Vmax) to
[0,+∞), we deduce from (35) that on any such interval [0, T )

V (θ(t)) ≤ max{ξ−1(MT ), V (θ(0))} < Vmax.

This implies that V (θ(t)) cannot tend to Vmax in finite time, so that θ(t) remains in
the set V −1([0, Vmax)). This in turn implies that the control law is well defined along
any trajectory of the closed-loop system with initial conditions (g(0), θ(0), β(0)) such
that z(0) = f(σ(0))g(0)−1 is in the stability domain of e for the system ż = Z(z) and
θ(0) ∈ V −1([0, Vmax)), and that such a trajectory is complete. Point 1 of Proposition
1 then follows directly from the asymptotic stability of z = e, as ensured by (32), and
the invariance of the set V −1([0, Vmax)) for the variable θ.

As for point 2, which assumes that P ≡ 0, it is sufficient to consider trajectories
with initial conditions (z(0), θ(0)) in a small neighborhood of the point (e, 0). From
the definition of Q, the asymptotic stability of z = e, combined with the invariance
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of the set V −1([0, Vmax)) for the variable θ and the fact that V has bounded partial
derivatives on this set, yields the existence of a K-function hz such that

∀t ≥ 0, |Q(g(t), σ(t), t)| ≤ hz(dG(z(0), e)).

Therefore, in view of (35),

∀t ≥ 0,
d

dt
V (θ(t)) ≤ −kV V (θ(t))l + hz(dG(z(0), e)),

with kV = k( 1
Vmax

)γ(> 0). This in turn implies

∀t ≥ 0, V (θ(t)) ≤
(
hz(dG(z(0), e))

kV

)1/l

+ V (θ(0)).(36)

In view of (36) and property 1 in Problem 1,

∀t ≥ 0, |θ(t)| ≤ h−1
Vm

((
hz(dG(z(0), e))

kV

)1/l

+ hVM
(|θ(0)|)

)
.

This relation, combined with the asymptotic stability of z = e, implies the stability of
the set {e}×{0}×T

n−m for S(g, σ). The convergence of the closed-loop trajectories to
this set simply results from the convergence of Q(g(t), σ(t), t) to zero when z(t) tends
to e, since Z(z(t)) then converges to zero. In view of (35), this yields the convergence
of V (θ(t)) to zero.

When it is assumed only that P (g, t) tends to zero when t tends to infinity—
uniformly w.r.t. g in compact sets—the term Q(g(t), σ(t), t) in (35) still converges
to zero, because the asymptotic stability of z = e implies that Z(z(t)) converges to
Z(e) = 0. Hence, the convergence of V (θ(t)) to zero is still ensured, so that θ(t) tends
to zero and f(σ(t)) tends to e (using the property (12) of a generalized t.f.). Therefore
(g, θ)(t) tends to the point (e, 0), as announced in point 3 of the proposition.

5.2. Proof of Proposition 2. The following notation is used in the forthcoming
proofs. With v denoting a smooth function of the real variables x and y—possibly
vector-valued—we write v = o(xk) (resp., v = O(xk)) if (|v(x, y)|/|x|k) −→ 0 as
|x| −→ 0 (resp., if (|v(x, y)|/|x|k) ≤ K < ∞ in some neighborhood of x = 0) uniformly
w.r.t. the y variable which takes values in a compact set. Finally, for indexed variables
xi with i = k, . . . , n, we define the set of indexed vectors {x̄p}p∈{k,...,n} by setting
x̄p = (xk, . . . , xp).

Remark 3. Various results in the paper, starting with Proposition 2, refer to
t.f. which depend on a vector of parameters ε ∈ R

n−m, used as a means to monitor
the “size” of the functions. Relations (24)–(26) define such a family of transverse
functions. A member of this family could have been denoted as fε or f(ε, .) in order
to point out the functional dependence upon ε explicitly. However, for the sake of
simplifying the (already cumbersome) notation used in the paper, we have chosen to
systematically omit the argument ε when referring to t.f. It is nonetheless important
to keep this dependence in mind when reading the forthcoming proofs. In particular,
several functions associated with an arbitrary member of the family of t.f. defined by
(24)–(26) will be introduced in Lemmas 1 and 2. Each of them is thus also a function
of ε. For the sake of keeping the notation coherent throughout the paper, the index
is again omitted when referring to such a function.
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The proof of Proposition 2 consists of three steps summarized in the form of three
lemmas, which are proved in the appendix.

Lemma 1. Assume that the assumptions of Proposition 2 are satisfied. Then, for
each j ∈ {m+1, . . . , n} and i ∈ {1, . . . , n}, there exist analytic functions vi,j and wi,j

of εj ∈ R and σj ∈ T × T such that

∂fj
∂θj

(σj) =

n∑
i=1

vi,j(σj)Xi(fj(σj)) ,
∂fj
∂βj

(σj) =

n∑
i=1

wi,j(σj)Xi(fj(σj)),(37)

with

vi,j =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
O(εrij ) ∀i,
o(εrij ) if i < j and ri = rj ,

ε
rj
j

2
+ o(ε

rj
j ) if i = j,

(38)

and

wi,j =

{
O(εrij )O(θj) ∀i,

ε
rj
j (1 − cos θj) + o(ε

rj
j )o(θ2

j ) if i = j.
(39)

In the following lemma, O(ε̄m) formally appears when setting j = m + 1 in
O(ε̄j−1), although εm has not been defined previously. The lemma’s statement is
nonetheless valid, provided that O(ε̄m) is identified with the null function.

Lemma 2. Assume that the assumptions of Proposition 2 are satisfied. Then, for
each j ∈ {m+ 1, . . . , n} and i ∈ {1, . . . , n}, there exist analytic functions ai,j and bi,j
of ε̄j ∈ R

j−m and σ ∈ T
n−m × T

n−m such that

∂f

∂θj
(σ) =

n∑
i=1

ai,j(σ)Xi(f(σ)) ,
∂f

∂βj
(σ) =

n∑
i=1

bi,j(σ)Xi(f(σ)),(40)

with

ai,j =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
O(ε̄rij ) ∀i,

O(ε̄j−1)O(ε̄ri−1
j ) + o(ε̄rij ) if i < j and ri = rj ,

ε
rj
j

2
+ O(ε̄j−1)O(ε̄

rj−1
j ) + o(ε̄

rj
j ) if i = j,

(41)

and

bi,j =

{
O(ε̄rij )O(θ̄j) ∀i,

ε
rj
j (1 − cos θj) + O(ε̄j−1)O(ε̄

rj−1
j )O(θj)O(θ̄j−1) + o(ε̄

rj
j )o(θ̄2

j ) if i = j.

(42)

Note that, if all O and o terms in the above expressions were equal to zero,
then the transversality property would simply follow from (40)–(41) and the fact that
{X1, . . . , Xn} is a basis of g. Although this is not the case, one can show that these
terms can be neglected, provided that the εj ’s are adequately chosen.

Lemma 3. Assume that the assumptions of Proposition 2 are satisfied. Then
there exist n−m numbers ηm+1, . . . , ηn and ε0 > 0 such that choosing

(εm+1, . . . , εn) = ε(ηm+1, . . . , ηn)
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with ε ∈ (0, ε0) yields

∀σ ∈ T
n−m × T

n−m, DetA(σ) �= 0 with A(σ) = (ai,j(σ))i,j=m+1,...,n.(43)

5.3. Proof of Theorem 1. One easily verifies that for any positive real numbers
η3, . . . , ηn the functions w and V satisfy (ii) and (iii) of Problem 1 with UTn−m(0) =
(−π, π)n−m. It is also clear that property 1 of Problem 1 is verified. We show
below that, for an adequate choice of positive η3, . . . , ηn, properties (i) and 2 are also
satisfied. The proof relies on the following lemma, proved in the appendix, which
points out complementary properties of the functions ai,j and bi,j in Lemma 2 in the
case of the chained systems.

Lemma 4. In the case of chained systems, the functions ai,j and bi,j (i = 1, . . . , n,
j = 3, . . . , n) are homogeneous polynomials of degree ri in ε3, . . . , εj. Furthermore,

ai,j = O(θ̄
ri−rj
j ) , bi,j = O(θ̄

max(1,ri−rj+2)
j ).(44)

Let

Ap(σ)
∆
= (ai,j(σ))i,j=3,...,p , Bp(σ)

∆
= (bi,j(σ))i,j=3,...,p,(45)

and note that An = A and Bn = B, with A and B defined by (19).
Proposition 3. For any p = 3, . . . , n, there exists a set of positive numbers

{η3, . . . , ηp} such that setting (ε3, . . . , εp) = ε(η3, . . . , ηp) with ε > 0 implies that
(i) the matrix Ap(σ) is invertible for any σ, and

∀i, j = 3, . . . , p, (A−1
p (σ))i,j = O(θ̄ri−rj

p );(46)

(ii) the following is true:

Vp(θ̄p) < Vp,max =⇒ LFp
Vp(σ) ≤ −αp|θ̄p|n+1 (αp > 0)(47)

with

Vp(θ̄p)
∆
=

p∑
i=3

η
i−3/2
i |θi|n+2−i , Vp,max = min

i=3,...,p
{ηi−3/2

i πn+2−i}(48)

and

Fp(σ) = −A−1
p (σ)Bp(σ)w̄p(θ̄p).(49)

With p = n, property (i) of this proposition implies that the function f satisfies
the transversality condition (11). Since (12) is trivially verified from (24), (25), (26),
property (i) of Problem 1 follows. As for property 2 in Problem 1, it is true by (ii)
in the above proposition. Note that, to be fully precise, in (47) one should write
LFp(π

∗
pVp)(σ) instead of LFpVp(σ), with πp(σ) = θ̄p (compare with (21)). For the

sake of simplifying the notation in the forthcoming proof, we have chosen to keep this
small abuse of notation.

Proof of Proposition 3. We proceed by induction. For p = 3, it follows from (29)
and Lemma 2 that

a3,3(σ) =
ε2
3

2
+ o(ε2

3) , b3,3(σ) = ε2
3(1 − cos θ3) + o(ε2

3)o(θ3
2).(50)
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Lemma 4 implies that the o terms in the above equation are identically equal to zero,
since a3,3 and b3,3 are homogeneous polynomials of degree r3 = 2 in ε3. Therefore,
a3,3(σ) > 0 for any ε3 > 0, and the point (i) of the proposition is verified.

Take η3 = 1. From (30), (49), (50), and the fact that the o terms in (50) are
equal to zero,

F3(σ) = −a−1
3,3(σ)

(
ε2
3(1 − cos θ3)

)
θ3 = −2(1 − cos θ3)θ3.(51)

From (48), one easily checks that

LF3
V3(σ) = −2(n− 1)(1 − cos θ3)|θ3|n−1.(52)

Since V3(θ3) = |θ3|n−1 and V3,max = πn−1, we deduce from (52) that

V3(θ3) < πn−1 =⇒ LF3
V3(σ) ≤ −α3|θ3|n+1

for some α3 > 0. Point (ii) of the proposition is thus verified with η3 = 1 and
ε = ε3 > 0, and this concludes the proof of Proposition 3 for p = 3.

Let us now assume that points (i) and (ii) of the proposition hold true up to some
p < n, with ε̄p = η̄p, and show that they are also true for p + 1, with ε̄p+1 = η̄p+1.
This will in turn imply that they are true when ε̄p+1 = εη̄p+1 with ε > 0, thanks to
the homogeneity properties of the ai,j ’s and bi,j ’s—see Lemma 4. Indeed, when η̄p+1

is multiplied by ε, then Ap+1 and Bp+1 are just premultiplied by the diagonal matrix
Diag(εr3 , . . . , εrp+1), thus leaving Fp+1(σ) and the subsequent analysis unchanged.

From (45), Ap+1 and Bp+1 can be written as

Ap+1 =

(
Ap a∗,p+1

ap+1,∗ ap+1,p+1

)
, Bp+1 =

(
Bp b∗,p+1

bp+1,∗ bp+1,p+1

)
,(53)

with the star denoting the indexes from 1 to p, i.e., ap+1,∗ = (ap+1,1, . . . , ap+1,p) and
a∗,p+1 = (a1,p+1, . . . , ap,p+1)

′. Let us recall (see, e.g., [29, Chap. 2]) that if A11 and
A22 are square matrices with A11 nonsingular, the matrix

A =

(
A11 A12

A21 A22

)
is invertible if and only if the Schur complement S

∆
= A22 − A21A

−1
11 A12 of A11 in A

is invertible. Then

A−1 =

(
A−1

11 + A−1
11 A12S

−1A21A
−1
11 −A−1

11 A12S
−1

−S−1A21A
−1
11 S−1

)
.(54)

From (53), the Schur complement of Ap in Ap+1 is S = ap+1,p+1 − ap+1,∗A
−1
p a∗,p+1,

and, in view of (29) and Lemmas 2 and 4,

S =
εpp+1

2
+ qp−1(εp+1),(55)

with qp−1(εp+1) a polynomial of degree p−1 in εp+1. (Note, from the domain definition
of the functions ai,j in Lemma 2, that the term ap+1,∗A

−1
p a∗,p+1 depends on εp+1 only

through a∗,p+1 so that, by Lemma 4, it is a polynomial of degree rp = p− 1 in εp+1.)
This implies that S, and thus Ap+1, are invertible for εp+1 large enough. In order to
prove (i), it remains to show that (46) holds true for p + 1. Since (46) is true for p,
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for any p = 3, . . . , n− 1 and ε3, . . . , εp+1 such that Ap and Ap+1 are invertible, let us
use (54) to decompose A−1

p+1 as follows:

A−1
p+1 =

(
A−1

p 0
0 S−1

)
+

(
Ξ11 Ξ12

Ξ21 0

)
∆
=

(
A−1

p 0
0 S−1

)
+ Ξ,(56)

with

Ξ11 = A−1
p a∗,p+1S

−1ap+1,∗A
−1
p ,

Ξ12 = −A−1
p a∗,p+1S

−1,
Ξ21 = −S−1ap+1,∗A

−1
p .

By Lemma 4, ai,j is a homogeneous polynomial in ε3, . . . , εj of degree ri and satisfies
(44). Therefore, there exists a constant C such that

∀σ, |ai,j(σ)| ≤ C|ε̄j |ri |θ̄j |ri−rj .(57)

Then, from Lemma 4, relations (46), (55), and (57), and using the fact that neither
Ap nor ap+1,∗ depend on εp+1, one infers that

εp+1 ≥ 1 =⇒
{

|ξi,j | ≤ Cε−1
p+1|θ̄p+1|ri−rj for i ≤ p,

|ξi,j | ≤ Cε−p
p+1|θ̄p+1|ri−rj for i = p + 1,

(58)

with Ξ = {ξi,j}i,j=3,...,p+1. The fact that (46) holds true for p+ 1, provided that it is
true up to p, directly follows from (56) and (58). Note that a relation similar to (57)
holds for bi,j , i.e.,

∀σ, |bi,j(σ)| ≤ C|ε̄j |ri |θ̄j |max(1,ri−rj+2).(59)

This relation will be used later on.
Let us now examine the case of (ii). Throughout the rest of the proof, we assume

that εp+1 ≥ 1. From (53) and (56),

A−1
p+1Bp+1w̄p+1 =

(
A−1

p Bpw̄p

S−1bp+1,p+1wp+1

)
+ D2,(60)

with

D2 = ΞBp+1w̄p+1 +

(
A−1

p b∗,p+1wp+1

S−1bp+1,∗w̄p

)
.(61)

From (42) and Lemma 4, it is not difficult to deduce that

bp+1,p+1 = εpp+1(1 − cos θp+1) + Rb,(62)

with

|Rb| ≤ Cεp−1
p+1|θ̄p+1|2(63)

for some constant C—recall that εp+1 ≥ 1. From the definition of Fp+1(σ) in Propo-
sition 3 and from relations (60) and (62),

Fp+1(σ) =

(
Fp(σ)

−S−1εpp+1(1 − cos θp+1)wp+1(θ)

)
︸ ︷︷ ︸ −

(
0

S−1Rbwp+1(θ)

)
︸ ︷︷ ︸ − D2.

D0 D1

(64)
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We claim that the Lie derivative LD0Vp+1 of Vp+1 along D0 defined by (64) satisfies

LD0Vp+1(σ) ≤ −αp|θ̄p|n+1 − α1ε
1/2
p+1|θp+1|n+1 (αp, α1 > 0).(65)

Indeed, by (48), Vp+1 = Vp + ε
p−1/2
p+1 |θp+1|n−p+1 (recall that ε̄p+1 = η̄p+1), and it

follows from (64) that

LD0
Vp+1(σ) = LFpVp(σ) − (n− p + 1)S−1ε

2p−1/2
p+1 (1 − cos θp+1)wp+1(θ)θ

{n−p}
p+1 ,

(66)

with the notation x{n} = |x|n−1x, also used in subsequent relations. From (47),

LFpVp(σ) ≤ −αp|θ̄p|n+1,(67)

and, proceeding as for a3,3, it is simple to verify, by using (30), (55), and the fact that
εp+1 = ηp+1 ≥ 1, that

−(n− p + 1)S−1ε
2p−1/2
p+1 (1 − cos θp+1)wp+1(θ)θ

{n−p}
p+1 ≤ −α1ε

1/2
p+1|θp+1|n+1.(68)

Then, (65) follows from (66), (67), and (68).
From (30), (55), (63), and (64), it is straightforward to verify—by again using

the condition εp+1 ≥ 1—that

|LD1
Vp+1(σ)| ≤ α2ε

−1/2
p+1 |θ̄p|n+1 + α2|θp+1|n+1.(69)

Finally, we claim that

|LD2
Vp+1(σ)| ≤

(αp

2
+ α3ε

−1/2
p+1

)
|θ̄p|n+1 + α4|θp+1|n+1.(70)

Indeed, from (53), (56), and (61),

D2 =

(
(Ξ11Bp + Ξ12bp+1,∗)w̄p + (Ξ11b∗,p+1 + Ξ12bp+1,p+1)wp+1 + A−1

p b∗,p+1wp+1

Ξ21Bpw̄p + Ξ21b∗,p+1wp+1 + S−1bp+1,∗w̄p

)
.

By using (29), (30), (46), (57), (58), and (59), it is tedious but not difficult to show
that {

|(D2)i| ≤ Cε−1
p+1|θ̄p+1|i + C|θ̄p+1|i−p+1|θp+1|p−1 for i = 3, . . . , p,

|(D2)p+1| ≤ Cε−p
p+1|θ̄p+1|p+1.

(71)

We infer from (48) and (71) that

|LD2
Vp(σ)| ≤ α5ε

−1
p+1|θ̄p+1|n+1 + α6|θ̄p+1|n−p+2|θp+1|p−1.(72)

By using Young’s inequality, one shows that

α6|θ̄p+1|n−p+2|θp+1|p−1 ≤ αp

2
|θ̄p+1|n+1 + α7|θp+1|n+1

≤ αp

2
|θ̄p|n+1 + α8|θp+1|n+1

(73)

for other constants α7, α8. We deduce from (72) and (73) that

|LD2
Vp(σ)| ≤

(αp

2
+ α9ε

−1
p+1

)
|θ̄p|n+1 + α10|θp+1|n+1.(74)
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We also deduce from (71) that

|LD2(Vp+1 − Vp)(σ)| ≤ α11ε
−1/2
p+1 |θ̄p+1|n+1,(75)

and (70) then follows from (74), (75), and the condition εp+1 ≥ 1.
Let us now use (65), (69), and (70) to get an upper bound for LFp+1

Vp+1. We
obtain

LFp+1
Vp+1(σ) = (LD0

Vp+1 − LD1
Vp+1 − LD2

Vp+1)(σ)

≤ −
(αp

2
− α12ε

−1/2
p+1

)
|θ̄p|n+1 −

(
α1ε

1/2
p+1 − α13

)
|θp+1|n+1.

Since, by (65), αp and α1 are strictly positive, for εp+1 large enough there exists
αp+1 > 0 such that

LFp+1
Vp+1(σ) ≤ −αp+1|θ̄p+1|n+1.

This concludes the proofs of Proposition 3 and Theorem 1.

Appendix: Proofs of Lemmas 1–4. The proofs of these lemmas rely on the
following two properties.

Claim 1. Let Y and Z denote two time-dependent left-invariant v.f. on G, and

g, h solutions of ġ = Y (g, t) and ḣ = Z(h, t), respectively. Then ν
∆
= gh is a solution

of ν̇ = Ad(h−1)Y (ν, t) + Z(ν, t).
This is simple to verify. Indeed one has

d
dt (gh) = dlg(h)ḣ + drh(g)ġ

= dlg(h)Z(h, t) + drh(g)Y (g, t)
= Z(gh, t) + drh(g)dlg(e)Y (e, t),

so that one has to show only that drh(g)dlg(e) = dlgh(e)Ad(h−1). For this purpose,
it suffices to use the definition of the Ad operator, i.e.,

Ad(h) = d(lh ◦ rh−1)(e)
= dlh(rh−1(e))drh−1(e)
= dlh(h−1)drh−1(e),

and well-known relations obtained by differentiating both members of the identities
lg ◦ rh = rh ◦ lg, lg ◦ lg−1 = id, and lgh = lg ◦ lh. The desired result is then obtained
as follows:

drh(g)dlg(e) = dlg(h)drh(e)
= dlg(h)dlh(e)dlh−1(h)drh(e)
= dlgh(e)dlh−1(h)drh(e)
= dlgh(e)Ad(h−1).

Claim 2. Let {X1, . . . , Xn} denote a graded basis of the Lie algebra g of a Lie
group G. Let λ, ρ, q ∈ {1, . . . , n}, αp ∈ R, and s ∈ N. Then, there exist analytic
functions g1, . . . , gn such that, for any αλ, αρ ∈ R,

∞∑
j=s

1

j!
(adj(αλXλ + αρXρ), Xq) =

n∑
k=1

gk(αλ, αρ)Xk.
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Furthermore, if αλ, αρ are analytic functions of x and y such that αλ = O(xrλ) and
αρ = O(xrρ), then gk(αλ, αρ) is an analytic function of x and y and gk(αλ, αρ) =
O(xmax{s min{rλ,rρ},rk−rq}).

The proof of this claim, which can be viewed as a direct adaptation of [28, sect.
2], is given in [18, App. A, Claim 2].

Proof of Lemma 1. In order to simplify the notation, let

Xλ = Xλ(j) , Xρ = Xρ(j) , αλ = αj,λ , αρ = αj,ρ.(76)

With this notation, it follows from (25) that fj(σj) = gj(σj)hj(σj), with gj(σj) =
exp(αj(σj)Xj) and hj(σj) = exp(αλ(σj)Xλ + αρ(σj)Xρ).

Let σj(.) denote an arbitrary smooth curve on T
2. By using the fact that

d
dt expX(t) = d

ds exp(X(t) + s d
dtX(t))|s=0 and that (see, e.g., [8, p. 105])

d

ds
exp(X + sY )|s=0 = (φ(adX), Y )(expX) , φ(z)

∆
=

∞∑
k=0

(−1)k

(k + 1)!
zk,

one infers that

ḣj
∆
=

d

dt
hj(σj(t))

=
d

ds
exp

(
αλXλ + αρXρ + s

d

dt
(αλXλ + αρXρ)

)
|s=0

= (φ(ad(αλXλ + αρXρ)), α̇λXλ + α̇ρXρ)(hj).

One has also ġj = α̇jXj(gj). The application of Claim 1 then yields

ḟj = (φ(ad(αλXλ + αρXρ)), α̇λXλ + α̇ρXρ)(fj) + α̇jAd(exp(−αλXλ − αρXρ))Xj(fj).

(77)

Let us now use the fact (see, e.g., [8, p. 128]) that Ad(expY )Z = (exp adY,Z). From
(77),

ḟj = (φ(ad(αλXλ + αρXρ)), α̇λXλ + α̇ρXρ)(fj)

+ α̇j(exp ad(−αλXλ − αρXρ), Xj)(fj)

= α̇λXλ(fj) + α̇ρXρ(fj) −
1

2
[αλXλ + αρXρ, α̇λXλ + α̇ρXρ](fj)

+

∞∑
k=2

(−1)k

(k + 1)!
(adk(αλXλ + αρXρ), α̇λXλ + α̇ρXρ)(fj)

+ α̇jXj(fj) + α̇j

∞∑
k=1

1

k!
(adk(−αλXλ − αρXρ), Xj)(fj).

(78)

Since Xj = [Xλ, Xρ] by Definition 3, it comes from (78) that

ḟj = α̇λXλ(fj) + α̇ρXρ(fj) +

(
α̇j −

1

2
(αλα̇ρ − αρα̇λ)

)
Xj(fj)

+ (αλα̇ρ − αρα̇λ)

∞∑
k=1

(−1)k+1

(k + 2)!
(adk(αλXλ + αρXρ), Xj)(fj)(79)

+ α̇j

∞∑
k=1

1

k!
(adk(−αλXλ − αρXρ), Xj)(fj).
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It follows from (26) that

αλ,
∂αλ

∂θj
,
∂αλ

∂βj
= O(εrλj ); αρ,

∂αρ

∂θj
,
∂αρ

∂βj
= O(ε

rρ
j ); αj ,

∂αj

∂θj
,
∂αj

∂βj
= O(ε

rj
j ).(80)

Therefore, by application of Claim 2 (with x = εj and y = θj),

∞∑
k=1

(−1)k+1

(k + 2)!
(adk(αλXλ + αρXρ), Xj)(fj) =

n∑
k=1

gk(αλ, αρ)Xk(fj)(81)

for some analytic functions g1, . . . , gn which verify

gk(αλ, αρ) = O(ε
max{1,rk−rj}
j ).(82)

Similarly, by applying Claim 2 again,

∞∑
k=1

1

k!
(adk(−αλXλ − αρXρ), Xj)(fj) =

n∑
k=1

hk(αλ, αρ)Xk,(83)

with

hk(αλ, αρ) = O(ε
max{1,rk−rj}
j ).(84)

From (79), (81), and (83), we get

ḟj = (α̇λ + (αλα̇ρ − αρα̇λ) gλ(αλ, αρ) + α̇j hλ(αλ, αρ))Xλ(fj)

+ (α̇ρ + (αλα̇ρ − αρα̇λ) gρ(αλ, αρ) + α̇j hρ(αλ, αρ))Xρ(fj)

+

(
α̇j −

1

2
(αλα̇ρ − αρα̇λ) + (αλα̇ρ − αρα̇λ) gj(αλ, αρ) + α̇j hj(αλ, αρ)

)
Xj(fj)

+
∑

k/∈{λ,ρ,j}
((αλα̇ρ − αρα̇λ) gk(αλ, αρ) + α̇j hk(αλ, αρ))Xk(fj).

(85)

Since this equality holds along any smooth curve σj(.) on T
2, it is also true when the

time-derivatives are replaced by partial derivatives w.r.t. either θj or βj .
Now, it follows from (26) that

dαj −
1

2
(αλdαρ − αρdαλ) =

ε
rj
j

2
dθj + ε

rj
j (1 − cos θj)dβj(86)

and

αλ,
∂αλ

∂βj
, αρ,

∂αρ

∂βj
, αj = O(θj);

∂αj

∂βj
= 0.(87)

Furthermore, if f is an analytic function of ε and θ such that f = O(|ε|p) and f =
O(|θ|q), then f = O(|ε|p)O(|θ|q). Therefore, by using (80), (82), (84), (86), and (87)
in (85), it is tedious but simple to recover all relations in Lemma 1. (For the last
relation of (39), note that gj in (85) is an O(θj) because it is a function of αλ and
αρ, which vanishes when αλ = αρ = 0).
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Proof of Lemma 2. From Claim 1 and relations (24) and (37),

∂f

∂θj
=

n∑
k=1

vk,jAd(f−1
m+1 · · · f−1

j−1)Xk(f) ,
∂f

∂βj
=

n∑
k=1

wk,jAd(f−1
m+1 · · · f−1

j−1)Xk(f).

(88)

From the fact that Ad(g1g2) = Ad(g1)Ad(g2) and (25),

Ad(f−1
m+1 · · · f−1

j−1) =

j−1∏
p=m+1

Ad(f−1
p )

=

j−1∏
p=m+1

Ad(exp(−αp,λXλ(p) − αp,ρXρ(p)))Ad(exp−αpXp).

(89)

By application of Claim 2, for any p, q, k = 1, . . . , n and (αp, αq) ∈ R
2,

Ad(exp−αpXp − αqXq)Xk = Xk +

n∑
i=1

hi
p,q(αp, αq)Xi

for some analytic functions hi
p,q. Moreover, if αp = O(εrp) and αq = O(εrq ) are

analytic functions, then hi
p,q(αp, αq) = O(εmax(1,ri−rk)). This is used to infer from

(80) and (89) that

Ad(f−1
m+1 · · · f−1

j−1)Xk = Xk +
∑
i

gij,kXi with gij,k = O(ε̄
max(1,ri−rk)
j−1 ).(90)

From (90),

n∑
k=1

vk,jAd(f−1
m+1 · · · f−1

j−1)Xk(f) =

n∑
i=1

(
vi,j +

n∑
k=1

vk,jg
i
j,k

)
Xi(f),

and a similar expression holds when replacing v by w. Therefore, in view of (88),
equation (40) holds with

(91) ai,j
∆
= vi,j +

n∑
k=1

vk,j g
i
j,k = A + B + C ,

A =
∑
rk≤ri

vk,j g
i
j,k , B = vi,j , C =

∑
rk>ri

vk,j g
i
j,k,

and

(92) bi,j
∆
= wi,j +

n∑
k=1

wk,j g
i
j,k = D + E + F ,

D =
∑
rk≤ri

wk,j g
i
j,k , E = wi,j , F =

∑
rk>ri

wk,j g
i
j,k.

Lemma 2 follows from this decomposition. Let us first show how (41) is obtained.
From (38) and (90), A, B, and C in (91) are O(ε̄rij ). This gives the first relation of
(41).
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For i < j and ri = rj , A vanishes at ε̄j−1 = 0 because of (90), and in view of
(38), B = o(ε̄rij ) and C = o(ε̄rij ). This gives the second relation of (41).

For i = j, the only difference with the previous case comes from the B term,
which, in view of (38), is equal to ε

rj
j /2+o(ε

rj
j ). This gives the third relation of (41).

Let us now show how (42) is obtained. From (90),

gij,k = O(θ̄j−1)(93)

because, by (25) and (26),

θ̄j−1 = 0 =⇒ fm+1 = · · · = fj−1 = e =⇒ Ad(f−1
m+1 · · · f−1

j−1)Xk = Xk.

The first relation of (42) is then simply obtained from (39), (90), (92), and (93).
For i = j, E in (92) accounts for the term ε

rj
j (1 − cos θj)—up to higher order

terms—in the second relation of (42), whereas D and F account for the remaining
term by inspection of (39), (90), and (93).

Proof of Lemma 3. The lemma is a direct consequence of the following property,
which can be proved by induction exactly as in the proof of [18, Lem. 3]:

∀k = m + 1, . . . , n, ∃η̄k ∈ R
k−m, ∃αk > 0 :

ε̄k = εkη̄k ⇒ Dk ≥ αkε
r̄k
k + o(|εk|r̄k),

(94)

with r̄k = rm+1 + · · · + rk and Dk the function defined by

Dk(σ)
∆
= Det(ai,j(σ))i,j=m+1,...,k.

The first step consists of showing that (94) holds for k = m + 1. From relation
(41) in Lemma 2, am+1,m+1 = 1

2ε
rm+1

m+1 + o(ε
rm+1

m+1 ). Since Dm+1 = am+1,m+1 and
r̄m+1 = rm+1, (94) is verified with ηm+1 = 1 and αm+1 = 1

2 . For the subsequent steps
of the proof, the reader is referred to [18].

Proof of Lemma 4. Let us first show how Lemma 4—relation (44), in particular—
is obtained from the following two claims.

Claim 3. For any i, j,{
vi,j = εrij ṽi,j with ṽi,j = O(θ

ri−rj
j ),

wi,j = εrij w̃i,j with w̃i,j = O(θ
max(1,ri−rj+2)
j ),

(95)

where the functions ṽi,j and w̃i,j do not depend on the εk’s.
Claim 4. Each function gij,k in (90) is a polynomial in ε3, . . . , εj−1 homogeneous

of degree ri − rk. Furthermore,

gij,k =

{
O(θ̄ri−rk

j−1 ) if rj ≤ rk < ri,

O(θ̄
ri−rj+1
j−1 ) if rk < rj < ri.

(96)

From these claims, and from (91) and (92), it is straightforward to show that ai,j
and bi,j are polynomials homogeneous of degree ri in ε3, . . . , εj . Then, by (95), E and

F in (92) are O(θ̄
max(1,ri−rj+2)
j ). As for the term D, it can be decomposed as

D =
∑
rk<ri

wk,j g
i
j,k +

∑
rk=ri

wk,j g
i
j,k.(97)
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From (95) and (96), the first sum in (97) is an O(θ
max(1,rk−rj+2)
j )O(θ̄ri−rk

j−1 ) if rj ≤
rk < ri, and an O(θj)O(θ̄

ri−rj+1
j−1 ) if rk < rj < ri. Therefore, in both cases, it is an

O(θ̄
max(1,ri−rj+2)
j ). As for the second sum in (97), it follows from (95) that it is an

O(θ̄
max(1,ri−rj+2)
j ). This proves (44) for the term bi,j . The proof for ai,j is similar.
It remains to prove Claims 3 and 4. In the case of a chained system, each element

Xj of the graded basis, for j = 3, . . . , n, is equal to [Xλ(j), Xρ(j)] with λ(j) = 1 and
ρ(j) = j − 1. It is also a constant v.f. With the notation used in the proof of Lemma
1, these two facts imply that

(ad(αλXλ + αρXρ), Xj) =

{
αλXj+1 if j < n,
0 if j = n.

Relation (79) in Lemma 1 then becomes

ḟj = α̇λXλ(fj) + α̇ρXρ(fj) +

(
α̇j −

1

2
(αλα̇ρ − αρα̇λ)

)
Xj(fj)

+ (αλα̇ρ − αρα̇λ)

n−j∑
k=1

(−1)k+1

(k + 2)!
αk
λXj+k(fj) + α̇j

n−j∑
k=1

(−αλ)k

k!
Xj+k(fj).

Claim 3 is easily obtained by identifying this equality with (37), and by using (26)
and (29).

Let us now prove Claim 4 by showing how relation (96) is obtained. The first
step involves the evaluation of Ad(f−1

p )Xk, for p ∈ {3, . . . , n− 1} and k ∈ {1, . . . , n}.
We distinguish two cases.

Case 1. k �= 1. From the definition (28) of X1, . . . , Xn and from (25),

Ad(f−1
p )Xk = Ad(exp(−αp,λX1 − αp,ρXp−1))Ad(exp−αpXp)Xk

= Ad(exp(−αp,λX1 − αp,ρXp−1))Xk

= Xk +

n−k∑
j=1

(−αp,λ)j

j!
Xk+j

= Xk +

n−k∑
j=1

εjp h
k+j
p,k Xk+j with hk+j

p,k = O(θjp),

(98)

where the last equality comes from (26) and (29), and hk+j
p,k is a function which does

not depend on εp. From (29), rk+j = rk + j for k > 1 and 0 ≤ j ≤ n− k. Therefore,
from (26) and (98),

Ad(f−1
p )Xk = Xk +

∑
i>k

εri−rk
p hi

p,kXi with hi
p,k = O(θri−rk

p ).(99)

By applying (99) recursively, it follows that, for any k �= 1,

Ad(f−1
3 · · · f−1

j−1)Xk = Xk +
∑
i>k

gij,kXi with gij,k = O(θ̄ri−rk
j−1 ),(100)

where each gij,k is a polynomial homogeneous of degree ri − rk in ε3, . . . , εj−1. This
yields (96) for rj ≤ rk ≤ ri, and also for rk < rj < ri (and k �= 1) after noticing that,
in this case, ri − rk ≥ ri − rj + 1.
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Case 2. k = 1. We have

Ad(f−1
p )X1 = Ad(exp(−αp,λX1 − αp,ρXp−1))Ad(exp−αpXp)X1

= Ad(exp(−αp,λX1 − αp,ρXp−1))(X1 + αpXp+1)

= X1 + αpXp+1 + [−αp,λX1 − αp,ρXp−1, X1 + αpXp+1]

+

∞∑
k=2

1

k!

(
adk−1(−αp,λX1 − αp,ρXp−1),

[−αp,λX1 − αp,ρXp−1, X1 + αpXp+1]

)
= X1 + αpXp+1 − αp,λαpXp+2 + αp,ρXp

+

∞∑
k=2

1

k!
(adk−1(−αp,λX1 − αp,ρXp−1),−αp,λαpXp+2 + αp,ρXp)

= X1 + αpXp+1 − αp,λαpXp+2 + αp,ρXp

− αp,λαp

∞∑
k=2

(−αp,λ)k−1

k!
Xp+2+k−1 + αp,ρ

∞∑
k=2

(−αp,λ)k−1

k!
Xp+k−1.

(101)

It follows from (26) and (101) that

Ad(f−1
p )X1 = X1 +

∑
i>1

εri−r1
p hi

pXi with hi
p = O(θri−rp

p ),(102)

and hi
p does not depend on εp. By applying (102) recursively and by using (100), it

follows that

Ad(f−1
3 · · · f−1

j−1)X1 = X1 +
∑
i>1

gij,1Xi with gij,1 = O(θ̄
ri−rj−1

j−1 ) = O(θ̄
ri−rj+1
j−1 ),

where each gij,1 is polynomial homogeneous of degree ri − r1 in ε3, . . . , εj−1. This
concludes the proof of Claim 4.
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Abstract. A firm issues a convertible bond. At each subsequent time, the bondholder must
decide whether to continue to hold the bond, thereby collecting coupons, or to convert it to stock.
The firm may at any time call the bond. Because calls and conversions often occur far from maturity,
it is not unreasonable to model this situation with a perpetual convertible bond, i.e., a convertible
coupon-paying bond without maturity. This model admits a relatively simple solution, under which
the value of the perpetual convertible bond, as a function of the value of the underlying firm, is
determined by a nonlinear ordinary differential equation.

Key words. convertible bonds, stochastic calculus, viscosity solutions

AMS subject classifications. 90A09, 60H30, 60G44
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1. Introduction. Firms raise capital by issuing debt (bonds) and equity (shares
of stock). The convertible bond is intermediate between these two instruments. A
convertible is a bond in the sense that it entitles its owner to receive coupons plus
the return of the principle at maturity. However, prior to maturity, the holder may
“convert” the bond, surrendering it for a preset number of shares of stock. The price
of the bond is thus dependent on the price of the firm’s stock. Finally, prior to
maturity, the firm may “call” the bond, forcing the bondholder to either surrender it
to the firm for a previously agreed price or else convert it for stock as above.

After issuing a convertible bond, the firm’s objective is to exercise its call option
in order to maximize the value of shareholder equity. The bondholder’s objective is
to exercise his conversion option in order to maximize the value of the bond. If stock
and convertible bonds are the only assets issued by a firm, then the value of the firm
is the sum of the value of these two types of assets. In idealized markets where the
Miller–Modigliani [17], [18] assumptions hold, changes in corporate capital structure
do not affect firm value. In particular, the value of the firm does not change at the
time of conversion, and the only change in the value of the firm at the time of call
is a reduction by the call price paid to the bondholder if the bondholder surrenders
rather than converts the bond. By acting to maximize the value of equity, the firm is
in fact minimizing the value of the convertible bond. By acting to maximize the value
of the bond, the bondholder is in fact minimizing the value of equity. This creates a
two-person, zero-sum game.

Brennan and Schwartz [5] and Ingersoll [11] address the convertible bond pricing
problem via the arbitrage pricing theory developed by Merton [16] and underlying the
option pricing formula of Black and Scholes [4]. This leads to the conclusion that the
firm should call as soon as the conversion value of the bond (the value the bondholder
would receive if he converts the bond to stock) rises to the call price. There has been
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considerable discussion whether firms call bonds at this time; see, e.g., [1], [2], [8],
[12].

In the Brennan and Schwartz [5] model, dividends and coupons are paid at discrete
dates. Between these dates the value of the firm is a geometric Brownian motion
and the price of the convertible bond is governed by the linear second-order partial
differential equation developed by Black and Scholes [4]. Brennan and Schwartz [6]
generalize that model to allow random interest rates and debt senior to the convertible
bond. In Ingersoll [11], coupons are paid out continuously, and for most of the results
obtained, dividends are zero. Again, the bond price is governed by a linear second-
order partial differential equation. In [5] the bond should not be converted except
possibly immediately prior to a dividend payment; in [11] the bond should not be
converted except possibly at maturity. Therefore, neither of these papers needs to
address the free boundary problem which would arise if early conversion were optimal.

The present paper assumes that a firm’s value comprises equity and convertible
bonds. To simplify the discussion, we assume the equity is in the form of a single
share of stock, and there is a single convertible bond. We assume the value of the
issuing firm has constant volatility, the bond continuously pays a coupon at a fixed
rate, and the firm equity pays a dividend at a rate which is a fixed fraction of the
equity value. In particular, payments are always up to date and there is no issue of
accrued interest at the time of a call, default, or conversion. Default occurs if the
coupon payments cause the firm value to fall to zero, in which case the bond has zero
recovery. In this model, both the bond price and the stock price are functions of the
underlying firm value. As pointed out by [3], this means that the stock price does
not have constant volatility. Furthermore, because the stock price is the difference
between firm value and bond price and because dividends are paid proportionally to
the stock price, the differential equation characterizing the bond price as a function
of the firm value is nonlinear. The development of a mathematical methodology to
treat this nonlinearity is the rationale for this paper.

To simplify the analysis, we assume the bond is perpetual, i.e., it never matures.
This removes the time parameter from the problem, and the free boundary problems
associated with optimal call and optimal conversion become “free point” problems.
Perpetual bonds are the asymptotic case of finite-maturity bonds; work along the
lines of this paper on these bonds is forthcoming. Also, as noted by Ingersoll [11],
perpetual convertible bonds are unknown in the market, but they are close relatives
of preferred stock, which does trade. Preferred stock does not mature, it can often be
called by the issuing firm, and it can be converted to common stock by its owner.

In the time-independent setting of this paper, it is possible to place the convertible
bond pricing problem on a firm theoretical foundation. Indeed, the price we obtain
is shown to be the only arbitrage-free price in a perfectly liquid market in which
the bond, the stock, and a constant-interest-rate money market can be traded. To
establish this we first make the assumption that the respective parties adopt not
necessarily optimal call and conversion strategies and derive the corresponding no-
arbitrage bond price (Theorem 2.1). We then pose the determination of optimal call
and conversion strategies as a two-person, zero-sum game and show that the game
has a value (Theorem 2.4). We give a full description of the bond price as a function
of the firm value in Theorem 2.5. One of the conclusions of that theorem is that it
can be optimal to call the bond before the conversion price has reached the call price.

2. The model. We consider a firm whose value at time t ≥ 0 is denoted by X(t).
We assume that prior to call or conversion of the convertible bond, the evolution of



60 MIHAI SÎRBU, IGOR PIKOVSKY, AND STEVEN E. SHREVE

X(t) is governed by the stochastic differential equation

dX(t) = h(X(t)) dt− c dt + σX(t) dW (t),(2.1)

where W is a one-dimensional Brownian motion on some probability space (Ω,F ,P),
h is a Lipschitz continuous function satisfying h(0) = 0, and c and σ are positive
constants. We denote by {F(t); t ≥ 0} the filtration generated by the Brownian
motion W , augmented by the null sets in F .

At time t, the firm has a debt D(t), and so the equity value is

S(t) = X(t) −D(t).(2.2)

The debt is in the nature of a convertible bond, which pays coupons at the constant
rate c. The bond never matures. The firm’s dividend policy is to pay continuously to
shareholders at a rate δ times the equity, where δ > 0.

At any time, the owner of the convertible bond may convert it for stock. Upon
conversion the bondholder will be issued new stock so that his share of the total
equity of the company is the conversion factor γ, where 0 < γ < 1. To simplify
the discussion, let us assume that before conversion the firm has one share of stock
outstanding. We are denoting by X(t) the value of the firm and by D(t) the size of
the debt before conversion. Therefore, (2.2) gives the price of firm’s single share of
stock before conversion. Upon conversion, the firm issues new stock and the former
bondholder becomes a stockholder. The total value of the firm’s outstanding stock is
X(t), and the value of the stock owned by the former bondholder is γX(t). Therefore,
the price of the share of the stock outstanding before conversion is now (1 − γ)X(t).

At any time, the firm may call the bond, which requires the bondholder to either
immediately surrender it for the fixed conversion price K > 0 or else immediately
convert it as described above. If the bond is surrendered, no new stock is issued and
the price of the firm’s single outstanding share becomes X(t)−K. In this model the
firm may not call the bond if X(t) < K; i.e., there is no provision for reissuing debt.

Equation (2.1) describes the evolution of X(t) only before call or conversion. Prior
to conversion or call, the firm value X(t) may drop to zero, in which case the firm
declares bankruptcy and coupons and dividends cease.

There is a constant interest rate r, and we assume δ < r. Prior to call or conversion
of the bond, there are three tradable assets: the firm’s stock, the convertible bond, and
a money market paying interest r. We assume that all these are infinitely divisible and
there are no transaction costs. Thus, the value V (t) of a portfolio which holds ∆1(t)
shares of stock and ∆2(t) convertible bonds at time t and finances this by investing or
borrowing at interest rate r evolves according to the stochastic differential equation

dV (t) = ∆1(t)
(
dS(t) + δS(t)

)
+ ∆2(t)

(
dD(t) + cdt

)
(2.3)

+r
(
V (t) − ∆1(t)S(t) − ∆2(t)D(t)

)
dt.

An arbitrage arises if one can begin with V (0) = 0 and use {F(t)}-adapted processes
∆1 and ∆2 so that at some bounded stopping time τ at or before the minimum of the
time of call, the time of conversion and the time of bankruptcy, V (τ) ≥ 0 almost surely
and V (τ) > 0 with positive probability. We restrict ourselves to trading strategies
∆1(t), ∆2(t) which cause V (t) to be uniformly bounded from below for 0 ≤ t ≤ τ .
Our goal is to price the convertible bond, under the assumption that the firm issuing
the bond and the bondholder behave optimally, in a way which precludes arbitrage.
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If the bond is called, the bondholder surrenders it for the call price K if K
exceeds the conversion value γX(t) and converts it if γX(t) > K. If γX(t) = K,
the bondholder is indifferent between surrender and conversion. Thus, if the bond is
called when the firm value is X(t), then the value of the bond is max{K, γX(t)}. If
the bond has not been called, we assume the bondholder adopts a rule of the form:
“convert as soon as the value of the firm equals or exceeds Co.” For the firm, we
consider call strategies of the form “call the first time the value of the firm equals or
exceeds Ca.” The firm must choose Ca ≥ K; if Ca < K, the firm would call when the
firm value was insufficient to pay the call price. The firm and bondholder each choose
a strategy, characterized by positive constants Ca ≥ K and Co > 0. Once Ca, Co are
chosen, we want to find the price of the bond as a smooth function of the value of the
firm such that no arbitrage can occur.

To set the notation, for an arbitrary number a > 0 we define the nonlinear
differential operator acting on functions f ∈ C[0, a] ∩ C2(0, a) by

N f(x) � rf(x) − (rx− c)f ′(x) + δ(x− f(x))f ′(x) − 1

2
σ2x2f ′′(x).(2.4)

We shall see that this differential operator corresponds to the stochastic differential
equation for the firm value

dX(t) =
(
rX(t) − c

)
dt− δ

(
X(t) − f(X(t))

)
dt + σX(t) dW (t),(2.5)

rather than (2.1) posited above. This turns out to be the so-called risk-neutral evo-
lution of the value of the firm. Under the risk-neutral evolution, the firm value has
mean rate of change r reduced by the coupon and dividend payments. The volatility
σ is the same as in (2.1). An interesting feature of this model is that the function
f appearing in (2.5), which determines the evolution of the “state” under the risk
neutral measure for this problem, must be determined by optimality considerations.
It is not known a priori.

Theorem 2.1. Suppose Ca ≥ K and Co > 0 are chosen (not necessarily opti-
mally) by the firm and bondholder, respectively, and set

a∗ � min{Ca, Co}, τ∗ � inf{t ≥ 0;X(t) /∈ (0, a∗)}.(2.6)

Assume X(0) ∈ (0, a∗) and

D(t) = f(X(t)), 0 ≤ t ≤ τ∗,(2.7)

for a function f ∈ C[0, a∗] ∩ C2(0, a∗) satisfying the boundary conditions

f(0) = 0, f(a∗) =

{
γa∗ if 0 < Co < Ca,
max{K, γa∗} if K ≤ Ca ≤ Co.

(2.8)

If there is no arbitrage, then

N f(x) = c for 0 < x < a∗.(2.9)

Conversely, if the function f satisfies (2.8) and (2.9) and the derivative f ′ is bounded
on (0, a∗), then there is no arbitrage.

Proof. Assume that the price of the bond is D(t) = f(X(t)) for a function
f ∈ C[0, a∗] ∩ C2(0, a∗) satisfying (2.8). In particular, the value of the equity is
S(t) = X(t)−f(X(t)) for 0 ≤ t ≤ τ∗. Taking (2.3) into account, we see that the value
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V (t) of a self-financing portfolio starting with initial capital V (0) = 0 and containing
∆1(t) shares of stock and ∆2(t) units of convertible bond evolves according to

dV (t) = ∆1(t)
[
d
(
X(t) − f(X(t))

)
+ δ

(
X(t) − f(X(t))

)
dt
]

+ ∆2(t)
[
df(X(t)) + c dt

]
+ r

[
V (t) − ∆1(t)

(
X(t) − f(X(t))

)
− ∆2(t)f(X(t))

]
dt.

Therefore,

d(e−rtV (t))(2.10)

= e−rt
[
∆1(t)

(
1 − f ′(X(t))

)
+ ∆2(t)f

′(X(t))
]
dX(t)

+ e−rt∆1(t)

[
−1

2
σ2X2(t)f ′′(X(t)) − (r − δ)X(t) + (r − δ)f(X(t))

]
dt

+ e−rt∆2(t)

[
1

2
σ2X2(t)f ′′(X(t)) + c− rf(X(t))

]
dt.

We choose ∆1(t) = f ′(X(t))sgn(N f(X(t)) − c) and ∆2(t) = −(1 − f ′(X(t))) sgn
(N f(X(t))− c), so that ∆1(t)(1− f ′(X(t)))+∆2(t)f

′(X(t)) = 0. With these choices
(2.10) becomes d(e−rtV (t)) = |N f(X(t)) − c| dt. This equation shows that the port-
folio value V (t) is bounded from below by V (0) = 0 and provides an arbitrage unless
N f(x) = c for 0 < x < a∗.

We now prove the converse. Assume D(t) = f(X(t)) for 0 ≤ t ≤ τ∗, and f

satisfies (2.8) and (2.9). Let τ ≤ τ∗ be a bounded stopping time. Since h(X(t))
X(t) and

f(X(t))
X(t) are bounded for 0 ≤ t ≤ τ∗, we can use Girsanov’s theorem to construct an

equivalent probability measure P̃ such that∫ t

0

h(X(s))

X(s)
ds + σW (t) = rt− δ

∫ t

0

(
1 − f(X(s))

X(s)

)
ds + σW̃ (t)(2.11)

for 0 ≤ t ≤ τ , where W̃ is a Brownian motion under P̃. The differential of the value
of the firm may be rewritten as

dX(t) = rX(t)dt− δ(X(t) − f(X(t)))dt− cdt + σX(t)dW̃ (t), 0 ≤ t ≤ τ.(2.12)

Let us consider the value V (t) starting with initial capital V (0) = 0 corresponding
to a self-financing trading strategy ∆1(t), ∆2(t) for 0 ≤ t ≤ τ . We can write the
evolution of V (t) as

d(e−rtV (t)) = ∆1(t)
(
d(e−rtS(t)) + δe−rtS(t)dt

)
(2.13)

+ ∆2(t)
(
d(e−rtD(t)) + ce−rtdt

)
.

Since D(t) = f(X(t)), S(t) = X(t) − f(X(t)), and the function f is smooth, we can
apply Itô’s formula to obtain

d(e−rtS(t)) + δe−rtS(t)dt(2.14)

= e−rt (N f(X(t)) − c) dt + e−rt(1 − f ′(X(t)))σX(t)dW̃ (t),

d(e−rtD(t)) + ce−rtdt(2.15)

= −e−rt (N f(X(t)) − c) + e−rtf ′(X(t))σX(t)dW̃ (t).
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We assume N f(x) − c = 0 for 0 < x < a∗, and taking into account (2.14), (2.15),

and (2.13), we conclude that e−r(t∧τ)V (t∧ τ) is a local martingale under P̃. But V is

uniformly bounded below, and Fatou’s lemma implies Ẽ [e−rτV (τ)] ≤ V (0) = 0. This

means it is impossible to have P̃{V (τ) ≥ 0} = 1 and P̃{V (τ) > 0} > 0. Since P̃ is
equivalent to the probability measure P, no arbitrage exists.

In the remainder of this section we state the principal results of the paper. Their
proofs are provided in section 7.

To compute the “no arbitrage” price of the convertible bond for some (not neces-
sarily optimal) call and conversion levels, we need an existence and uniqueness result
for boundary value problems associated with (2.9).

Theorem 2.2. Let y1 be a positive number and 0 < y1 ≤ x1. Then there exists
a unique solution f ∈ C[0, x1] ∩ C2(0, x1) of the boundary value problem{

N f(x) = c for x ∈ (0, x1),
f(0) = 0, f(x1) = y1.

(2.16)

Furthermore, the derivative f ′ is bounded on (0, x1). If y1 < x1, then f ′(x) < 1 for
all x ∈ (0, x1).

Taking into account Theorem 2.1, Theorem 2.2, and the discussion regarding the
price of the bond at call or conversion time, we see that once the call and conversion
levels have been set, the “no-arbitrage” price of the convertible bond is

D(t) = f(X(t), Ca, Co),(2.17)

where the function f(x,Ca, Co) is given in the next definition.
Definition 2.3.

(i) If 0 < Co < Ca, define f(x,Ca, Co) for 0 ≤ x ≤ Co to be the unique solution
of the equation N f = c on (0, Co) satisfying the boundary conditions f(0) = 0,
f(Co) = γCo. For x ≥ Co, define

f(x,Ca, Co) =

{
γx, Co ≤ x < Ca,
max{K, γx}, x ≥ Ca.

(ii) If K ≤ Ca ≤ Co, define f(x,Ca, Co) for 0 ≤ x ≤ Ca to be the unique solution
of the equation N f = c on (0, Ca) satisfying the boundary conditions f(0) = 0,
f(Ca) = max{K, γCa}. For x ≥ Ca, define f(x,Ca, Co) = max{K, γx}.

Equation (2.17) provides a bond price once the call and conversion levels Ca and
Co have been chosen. The firm wishes to minimize the value of the bond (in order to
maximize the value of equity), and the bondholder wishes to maximize the value of
the bond. This creates a two-person game, and according to the next theorem, this
game has a value.

Theorem 2.4. There exist C∗
a ≥ K and C∗

o > 0 such that for each x ≥ 0, we
have

f(x,C∗
a , C

∗
o ) = inf

Ca≥K
f(x,Ca, C

∗
o ) = sup

Co>0
f(x,C∗

a , Co).(2.18)

Equation (2.18) implies the following equalities, so we can define

f∗(x) � f(x,C∗
a , C

∗
o ) = sup

Co>0
inf

Ca≥K
f(x,Ca, Co) = inf

Ca≥K
sup
Co>0

f(x,Ca, Co).(2.19)
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This is the price of the bond as a function of the underlying firm value x, and C∗
a and

C∗
o are the optimal call and optimal conversion levels, respectively.

Theorem 2.5. The function f∗ is in C[0,∞) and is described by one of three
cases. There are two constants 0 ≤ K1 < K2 depending on r, δ, σ, c, and γ.

(i) If K > K2, then f∗ ∈ C1(0,∞) and satisfies

0 < f ′
∗(x) < 1 for x > 0.(2.20)

In this case,

C∗
o = min {x > 0; f∗(x) = γx} =

K2

γ
,

f∗ restricted to (0, C∗
o ) is the unique classical solution of N f∗ = c on (0, C∗

o ) with
boundary conditions f∗(0) = 0 and f∗(C

∗
o ) = γC∗

o ,

f∗(x) = γx for x ≥ C∗
o ,(2.21)

and C∗
a = K

γ > C∗
o = K2

γ .

(ii) If K1 ≤ K ≤ K2, then f∗ restricted to (0,K/γ) is the unique classical solution
of N f∗ = c on (0,K/γ) with the boundary conditions f∗(0) = 0 and f∗ (K/γ) = K.
We have

0 < f ′
∗(x) < 1 for 0 < x <

K

γ
,(2.22)

f∗(x) = γx for x ≥ K

γ
.(2.23)

In this case, C∗
o = C∗

a = K
γ .

(iii) If K1 > 0, there is a third case. A sufficient condition for K1 > 0 is 0 <
γ < 1

2 . In the third case, 0 < K < K1, f∗ restricted to (0,K/γ) is continuously
differentiable, C∗

a ∈ (K,K/γ), and f∗ restricted to (0, C∗
a) is the unique solution of

N f∗ = c on (0, C∗
a) with the boundary conditions f∗(0) = 0, f∗(Ca) = K. We have

0 < f ′
∗(x) < 1 for 0 < x < C∗

a ,(2.24)

f∗(x) =

{
K, C∗

a ≤ x ≤ K
γ ,

γx, x ≥ K
γ .

(2.25)

In particular, f ′
∗(C

∗
a−) = 0 and K < C∗

a < C∗
o = K

γ .

From Theorem 2.5 we see that the firm debt at time t is D(t) = f∗(X(t)), and
(2.2) becomes

S(t) = X(t) − f∗(X(t)).(2.26)

So long as x ∈ (0, C∗
a∧C∗

o ), the function F (x) � x−f∗(x) is strictly increasing because
of (2.20), (2.22), and (2.24) and hence has an inverse F−1. We may invert (2.26) to
obtain X(t) = F−1(S(t)), and thereby obtain a formula for the market price of the
convertible bond in terms of the equity of the firm: D(t) = f∗(F

−1(S(t))). In all
three cases of Theorem 2.5, the firm should call as soon as D(t) rises to the call price
K. In cases (i) and (ii), this is the first time the conversion value of the bond rises to
the call price. In case (iii), the call should occur before the conversion value rises to
the call price. The owner of the bond should convert as soon as D(t) − γF−1(S(t))
falls to zero, i.e., as soon as the difference between the bond price and the bond’s
conversion value falls to zero.
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3. Generation of candidate functions. Theorem 2.5 asserts that for small
values of x, the value f∗(x) of the convertible bond satisfies the second-order ordinary
differential equation N f(x) = c. Not only is this equation nonlinear, it is also singular
at x = 0. Rather than solving the differential equation N f(x) = c directly, we
generate a one-parameter family of solutions to the variational inequality

min{N f(x) − c, f(x) − γx} = 0.(3.1)

To do this, we first construct for a fixed function g ∈ C[0, a], a solution to the
variational inequality

min{Lgf(x) − c, f(x) − γx} = 0,(3.2)

subject to boundary conditions f(0) = 0, f(a) = γa. Here, the linear differential
operator Lg is defined by

Lgf(x) � rf(x) − (rx− c)f ′(x) + δ(x− g(x))f ′(x) − 1

2
σ2x2f ′′(x).(3.3)

In section 6 we prove existence of a function g for which the solution to this equation
is g itself.

Definition 3.1. Let a ∈ (0,∞) be given. Denote Da = [0, a] and let Ga be the
set of continuous functions g : Da → R which are continuously differentiable on (0, a)
and satisfy

g(0) = 0, g(a) = γa,

g(x) ≥ γx, −Ma ≤ g′(x) < 1 ∀x ∈ (0, a),

where Ma will be defined in Proposition 5.6. We denote by Ga the closure of Ga with
respect to the supremum norm in C[0, a].

Denote D∞ = [0,∞) and let G∞ be the set of continuous functions g : D∞ → R

which are continuously differentiable on (0,∞) and satisfy

g(0) = 0, g(x) = γx ∀x ∈ [bg,∞),

g(x) ≥ γx, 0 ≤ g′(x) < 1 ∀x ∈ (0,∞),

where bg is a finite number depending on the function g. Let (Cγ , d) be the complete
metric space of continuous functions on D∞ which satisfy limx→∞[g(x) − γx] = 0,
and d is the supremum metric. We denote by G∞ the closure of G∞ in (Cγ , d).

For a ∈ (0,∞], g ∈ Ga, and x ∈ Da, we define Xx(t) by Xx(0) = x and

dXx(t) = rXx(t) dt− δ
(
Xx(t) − g(Xx(t))

)
dt− c dt + σXx(t) dW (t)(3.4)

for 0 ≤ t ≤ τx0 ∧ τxa , where τxy � inf {t ≥ 0;Xx(t) = y}. We then set

Tag(x) � sup
0≤τ≤τx

0 ∧τx
a

E

[∫ τ

0

e−ruc du + I{τ<∞}e
−rτγXx(τ)

]
,(3.5)

where the supremum is over stopping times τ which satisfy 0 ≤ τ ≤ τx0 ∧ τxa .
We interpret the objects in Definition 3.1 as follows. Suppose we have a function

g which maps the value of the firm into the value of convertible bond. Then S(t)
in (2.2) is given by S(t) = X(t) − g(X(t)). As we have already seen in the proof of
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Theorem 2.1 (see (2.12)), under a “risk-neutral” measure, we expect the value of the
firm to have mean rate of growth equal to the interest rate r, reduced by the dividend
and coupon payments. In other words, if g(x) is the value of the bond when x is the
value of the firm, then the evolution of the value of the firm should be given by (3.4).

The fortunes of the firm, which depend on the function g and the initial condition
x, may result in bankruptcy at time τx0 . If bankruptcy never occurs, then τx0 = ∞. The
bondholder collects dividends at rate c until bankruptcy occurs or until he converts the
bond to stock. He may convert at any stopping time τ ≤ τxa ; if he has not converted
by the time τa, he must do so at this time. The parameter a in this restriction on
the stopping time τ will allow us to construct a one-parameter family of solutions
to (2.4), and we shall later see that the correct choice of the parameter a depends
on the call price K. However, in this interpretation of the function Tag, we do not
permit the firm to call. Since the conversion option is worthless after bankruptcy, we
assume without loss of generality that 0 ≤ τ ≤ τx0 . Upon conversion, the bondholder
receives stock valued at γXx(τ). It follows that the risk-neutral value of a conversion
strategy τ is E

[∫ τ

0
e−ruc du + I{τ<∞}e

−rτγXx(τ)
]
, and Tag(x) is the value of the

optimal conversion strategy, if it exists.
We began this discussion with the supposition that g(x) is the value of the con-

vertible bond when x is the value of the firm. But the value of the convertible bond
should be the risk-neutral discounted value of coupons collected plus the risk-neutral
discounted value of the stock received upon conversion. In other words, we seek a
function f ∈ Ga such that Taf = f . Such a function will satisfy (2.9), at least for
small values of x.

In section 4 we prove continuity of the function Tag. In section 5 we show that,
like g, the function Tag is in Ga, and we state the Hamilton–Jacobi–Bellman equation
(3.2) satisfied by Tag. In section 6, we show that the mapping Ta : Ga → Ga has a
unique fixed point, which we call fa. Section 7 shows that for each call price K, there
is a value of a so that fa is a part of the function described in Theorem 2.5. This
enables us to prove Theorems 2.4 and 2.5. Finally, at the end of section 7 we also
prove Theorem 2.2.

4. Continuity of candidate functions. Let a ∈ (0,∞] and g ∈ Ga be given,
and define Tag by (3.5). If a is finite, we extend g to be constant on (−∞, 0] and
on [a,∞). Since the extended g is Lipschitz, we may use (3.4) to define Xx(t) for
all t ≥ 0. The assumptions on g ensure that for some η > 0, δ(x − g(x)) + c ≥ ηx
for all x ≥ 0. We now set Z(t) = exp

{
−σW (t) − 1

2σ
2t
}
, so that d(Z(t)Xx(t)) ≤

(r − σ2 − η)Z(t)Xx(t) dt for all 0 ≤ t ≤ τx0 . Integration yields

Z(t)Xx(t) ≤ x +
(
r − σ2 − η

) ∫ t

0

Z(u)Xx(u) du, 0 ≤ t ≤ τx0 ,

and an application of Gronwall’s inequality gives the bound

Xx(t) ≤ x

Z(t)
e(r−σ2−η)t = x exp

{
σW (t) +

(
r − 1

2
σ2 − η

)
t

}
, 0 ≤ t ≤ τx0 .(4.1)

Lemma 4.1. The function Tag satisfies the bounds

γx ≤ Tag(x) ≤ c

r
+ γx ∀x ∈ Da.(4.2)

Proof. The lower bound in (4.2) follows from taking τ ≡ 0 in (3.5). For the upper
bound, we apply the optional sampling theorem and Fatou’s lemma to the martingale
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exp
{
σW (t) − 1

2σ
2t
}

and use (4.1) to obtain for any stopping time τ satisfying 0 ≤
τ ≤ τx0

Ee−rτXx(τ) ≤ xE exp

{
σW (τ) − 1

2
σ2τ

}
(4.3)

≤ x lim inf
t→∞

E exp

{
σW (t ∧ τ) − 1

2
σ2(t ∧ τ)

}
= x.

Therefore,

Tag(x) ≤
∫ ∞

0

e−ruc du + γ sup
0≤τ≤τx

0

Ee−rτXx(τ) ≤ c

r
+ γx.

Lemma 4.2. For all y ≥ 0, τxy is almost surely continuous in x at all x ≥ 0.
Proof. It is possible to choose for each initial condition a version of the process

Xx(t), t ≥ 0, such that Xx(t) is jointly continuous in (t, x), almost surely (see [15,
Theorem 4.2.5]). Because of the uniqueness of the solution to (3.4), we have for
0 ≤ ξ < x ≤ y that Xξ(t) ≤ Xx(t), 0 ≤ t < ∞, almost surely; if these processes
ever coalesce, they would henceforth coincide. This implies that limξ↑x τ

ξ
y ≥ τxy .

On the other hand, τxy = inf {t ≥ 0;Xx(t) > y}, which implies that limξ↑x τ
ξ
y ≤ τxy .

Therefore,

lim
ξ↑x

τ ξy = τxy .(4.4)

By a similar argument, we conclude

lim
ξ↓x

τ ξy = τxy .(4.5)

Combining (4.4) and (4.5), we see that, almost surely, limξ→x τ
ξ
y = τxy , 0 ≤ x < y,

and (4.4) holds for x = y. A similar argument shows that limξ→x τ
ξ
y = τxy , 0 ≤ y < x,

and (4.5) holds for x = y.
Using (4.1) to bound e−rtXx(t), limt→∞ exp{σW (t)− 1

2σ
2t} = 0, joint continuity

of Xx(t) in (t, x), and Lemma 4.2, we conclude that the process

Y x(t) �
∫ t∧τx

0 ∧τx
a

0

e−ruc du + I{t∧τx
0 ∧τx

a<∞}e
−r(t∧τx

0 ∧τx
a )γXx(t ∧ τx0 ∧ τxa )(4.6)

is jointly continuous in (t, x) ∈ [0,∞] × Da, almost surely. In particular, we have
continuity at time t = ∞, where

Y x(∞) �
∫ τx

0 ∧τx
a

0

e−ruc du + I{τx
0 ∧τx

a<∞}e
−r(τx

0 ∧τx
a )γXx(τx0 ∧ τxa ).

Lemma 4.3. The function Tag is lower semicontinuous on Da.
Let τ be any nonnegative stopping time. Lemma 4.2 implies that τ ∧ τx0 ∧ τxa is

almost surely continuous in x. The function

hτ,a = E

[∫ τ∧τx
0 ∧τx

a

0

e−ruc du + I{τ∧τx
0 ∧x

a<∞}e
−r(τ∧τx

0 ∧τx
a )γXx(τ ∧ τx0 ∧ τxa )

]

is thus lower semicontinuous (Fatou’s lemma), and Tag(x) = supτ hτ,a(x), the supre-
mum of lower semicontinuous functions, is lower semicontinuous.
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We know from inequality (4.1) that

sup
0≤t≤∞

Y x(t) ≤ c

r
+ γx sup

t≥0
exp

{
σW (t) −

(
η +

1

2
σ2

)
t

}
=

c

r
+ γxeσW

∗
,(4.7)

where W ∗ = supt≥0

[
W (t) −

(
σ
2 + η

σ

)
t
]
. According to [13, Exercise 5.9, Chapter 3],

W ∗ has density

P{W ∗ ∈ db} = 2
(σ

2
+

η

σ

)
exp

{
−2

(σ
2

+
η

σ

)
b
}
db, b > 0.(4.8)

This means that EeσW
∗
< ∞, so we obtain

E sup
0≤t≤∞

Y x(t) < ∞.(4.9)

In light of Lemmas 4.1 and 4.3, the set

Sg � {x ∈ Da;Tag(x) = γx} = {x ∈ Da : Tag(x) ≤ γx}

is closed, contains the origin, and contains a if a is finite. We define

τx∗ � inf {t ≥ 0;Xx(t) ∈ Sg} ,(4.10)

a stopping time satisfying τx∗ ≤ τx0 ∧ τxa . Since inequality (4.9) holds, it is known from
the general theory of optimal stopping that the process

Zx(t) �
∫ t∧τx

0 ∧τx
a

0

e−ruc du + I{t∧τx
0 ∧τx

a<∞}e
−r(t∧τx

0 ∧τx
a )Tag(X

x(t ∧ τx0 ∧ τxa ))(4.11)

is a supermartingale for 0 ≤ t ≤ ∞; the stopped process Zx(t ∧ τx∗ ), 0 ≤ t ≤ ∞, is a
martingale; and τx∗ is an optimal stopping time, i.e.,

Tag(x) = E

[∫ τx
∗

0

e−rucdu + I{τx
∗ <∞}e

−rτx
∗ γXx(τx∗ )

]
= EY x(τx∗ ).(4.12)

To prove this, one can first show, using the Markov property, that the process
{Zx(t)}0≤t≤∞ is the Snell envelope of {Y x(t)}0≤t≤∞, i.e.,

Zx(t) = ess supτ≥tE [Y x(τ)|Ft] ,(4.13)

and then appeal to [14, Appendix D] . Another way to prove it is to combine Theorem
1, page 124, and Theorem 3, page 127, from [20].

Lemma 4.4. Assume a = ∞. We have

γx ≤ T∞g(x) ≤ x ∀x ∈ D∞,(4.14)

and there is a number b > 0 such that

T∞g(x) = γx ∀x ∈ [b,∞).(4.15)

If a ∈ (0,∞), we have

γx ≤ Tag(x) ≤ x ∀x ∈ Da.(4.16)
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Proof. We shall construct a number b > 0 and a function ϕ : [0,∞) 
→ R such
that

γx ≤ ϕ(x) ≤ x ∀x ∈ [0, b], ϕ(x) = γx ∀x ∈ [b,∞);(4.17)

ϕ′′ is defined and continuous on [0,∞), except at
√
b and b, but has one-sided deriva-

tives at these points; ϕ′ is defined, bounded, and continuous on [0,∞) except at
√
b,

but has one-sided derivatives at this point which satisfy

D−ϕ(
√
b) −D+ϕ(

√
b) > 0,(4.18)

Lgϕ(x) ≥ c ∀x ∈ [0,∞) \
{√

b, b
}
.(4.19)

Once b and ϕ are constructed, we choose an arbitrary x ≥ 0. With X(t) =
Xx(t), the extension of Itô’s rule to continuous, piecewise C2 functions [13, Chapter
3, Theorem 7.1 and Corollary 7.2] implies that

d
(
e−rtϕ(X(t))

)
= −e−rtLgϕ(X(t)) dt− e−rt

(
D−ϕ(

√
b)−D+ϕ(

√
b)
)
dΛ(t)

+ e−rtσX(t)ϕ′(X(t)) dW (t),

where Λ(t) is the (nondecreasing) local time of X at
√
b. From (4.18) and (4.19), we

see that

d
(
e−rtϕ(X(t))

)
≤ −e−rtc dt + e−rtσX(t)ϕ′(X(t)) dW (t).

Hence, for any stopping time τ ≤ τx0 and any deterministic time T , we have

Ee−r(τ∧T )ϕ(X(τ ∧ T )) ≤ ϕ(x) − E

∫ τ∧T

0

e−rtc dt,

where we have used the boundedness of ϕ′ and (4.1) to ensure that the expectation
of the Itô integral is zero. This last inequality implies

ϕ(x) ≥ E

[∫ τ∧T

0

e−rtc dt + I{τ<∞}e
−r(τ∧T )γX(τ ∧ T )

]
.

Letting T → ∞ and using Fatou’s lemma, then maximizing over τ , we obtain ϕ(x) ≥
Tag(x). Relations (4.14), (4.15) follow from (4.2) and (4.17).

If a ∈ (0,∞), then the function h(x) = x on [0, a] is two times continuously
differentiable on (0, a) and satisfies Lgh(x) ≥ c. Since h(x) ≥ γx for each 0 ≤ x ≤ a,
we can do the same computation as above for the function h instead of ϕ and obtain
(4.16).

The remainder of the proof is the construction of b and ϕ. For b > e2, define the
positive function η(b) � (1 − γ)/

(
1
2 log b + 1√

b
− 1

)
. Consider the function

k(b) � c [γ − η(b) − 1] +
1

2
δ
√
b(1 − γ) (γ − η(b)) − 1

2
σ2η(b)

√
b.

Since limb→∞ η(b) = 0, we have limb→∞ k(b) = ∞. We fix a value b > e2 for which
k(b) > 0, η(b) < γ. For any g ∈ Ga we know that limx→∞[g(x) − γx] = 0, so for b
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sufficiently large, we also have

x− g(x) ≥ 1

2
(1 − γ)

√
b ∀x ∈ [

√
b,∞),(4.20)

δ(x− g(x)) ≥ (1 − γ)c

γ
∀x ∈ [b,∞).(4.21)

With b chosen to satisfy all the above properties, we set

ϕ(x) =

⎧⎨⎩
x, 0 ≤ x ≤

√
b,

γx + η(b)
√
b
(
x
b − log x

b − 1
)
,

√
b < x < b,

γx, x ≥ b.

(4.22)

A straightforward computation verifies that ϕ has the desired properties.

Corollary 4.5. The function Tag is continuous on Da.

Proof. Recall from the proof of Lemma 4.3 that for each y ≥ 0, the stopping time
τxy is a continuous function of x. The complement of the closed set Sg,

Cg � {x ∈ Da;Tag(x) > γx},

is a countable union of disjoint open intervals, and on each of these intervals (α, β),
we have τx∗ = τxα ∧ τxβ , which is a continuous function of x ∈ [α, β]. On the set Sg,
τx∗ ≡ 0. Hence, τx∗ is continuous on both Sg and its complement Cg. To show that τx∗
is continuous on Da = Cg ∪ Sg, it remains only to show that if {xn}∞n=1 is a sequence
in Cg converging to x ∈ Sg, then τxn

∗ → τx∗ = 0. But τxn
∗ ≤ τxn

x and τxn
x → τxx = 0,

almost surely (Lemma 4.2), so the desired result holds.

For a < ∞ we have 0 ≤ Xx(t ∧ τx∗ ) ≤ a. For a = ∞, Lemma 4.4 implies there
exists b > 0 such that [b,∞) ⊂ Sg. In this case, 0 ≤ Xx(t ∧ τx∗ ) ≤ max{x, b}. The
continuity of Tag follows from the representation (4.12), the continuity of τx∗ , the joint
continuity of Y x(t) on [0,∞] ×Da, and the dominated convergence theorem.

Proposition 4.6. The function Tag is twice continuously differentiable on Cg
and satisfies the equation

LgTag = c on Cg.(4.23)

If g ∈ Ga, then Tag is three times continuously differentiable on Cg.
Proof. Let x ∈ Cg be given, and choose 0 < α < x < β such that (α, β) ⊂ Cg.

Consider the linear, second-order ordinary differential equation

Lgh(x) = c ∀x ∈ (α, β),(4.24)

with the boundary conditions h(α) = Tag(α), h(β) = Tag(β). Because the coefficients
of (4.24) are continuous, the equation has a twice continuously differentiable solution
h satisfying these boundary conditions. If g ∈ Ga, so that the coefficients of (4.24)
are continuously differentiable, then h is three times continuously differentiable. Itô’s
formula implies that

d
[
e−rth(Xx(t))

]
= e−rt [−Lgh(Xx(t)) dt + σXx(t)h′(Xx(t)) dW (t)]

= −e−rtc dt + e−rtσXx(t)h′(Xx(t)) dW (t).
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Integrating this equation from t = 0 to t = τxα ∧τxβ and taking expectations, we obtain

h(x) = E

[∫ τx
α∧τx

β

0

e−rtc dt + e−r(τx
α∧τx

β )h(Xx(τxα ∧ τxβ ))

]

= E

[∫ τx
α∧τx

β

0

e−rtc dt + e−r(τx
α∧τx

β )Tag(X
x(τxα ∧ τxβ ))

]
= EZx(τxα ∧ τxβ ) = Zx(0) = Tag(x),

where we have used the fact that Zx(t ∧ τxα ∧ τxβ ) is a bounded martingale, since
τxα ∧ τxβ ≤ τx∗ .

Remark 4.7. Let us denote by D±Tag the derivatives from the right and left of
Tag, when these one-sided derivatives exist. We likewise denote by DTag the derivative
of Tag, when the derivative exists. Because it is open, the set Cg is a countable union of
disjoint open intervals, which we call the components of Cg. Let (α, β) be one of these
components. The second-order differential operator Lg does not degenerate to a first-
order operator at any point in [α, β], except at α when α = 0. Therefore, the function
h in the proof of Proposition 4.6 is twice continuously differentiable at the endpoint
β and also at α provided that α > 0. We conclude that D−Tag(β) = limx↑β DTag(x)
exists. If α > 0, then D+Tag(α) = limx↓α DTag(x) also exists.

5. The invariance property of Ta. As in the previous section, let a ∈ (0,∞]
and g ∈ Ga be given, and define Tag by (3.5). In this section we show that Ta

maps Ga into itself. For this we use the theory of viscosity solutions of Hamilton–
Jacobi–Bellman equations developed by Crandall and Lions (see [7], [9]). The proof
of Proposition 5.1 below is standard, so we omit it. See [19] for a similar proof.

Proposition 5.1. The function Tag is a viscosity solution of the Hamilton–
Jacobi–Bellman equation

min{Lgh(x) − c, h(x) − γx} = 0 ∀x ∈ Da.(5.1)

We use Proposition 5.1 to deduce other information about Tag.
Corollary 5.2. Given any b ∈ (0, a), the set Cg ∩ (0, b) is nonempty.
Proof. Suppose Tag(x) = γx for all x ∈ [0, b]. Then

LgTag(x) − c = (γ − 1)c + δγ(x− g(x)),

which is strictly negative for x > 0 sufficiently small. This violates the viscosity
supersolution property of Tag.

Lemma 5.3. If (0, a) ∩ Sg contains a point b, then [b,∞) ∩ Da ⊂ Sg.
Proof. Assume b ∈ (0, a) ∩ Sg and denote ϕ(x) = γx. Because Tag(b) = ϕ(b) and

Tag ≥ ϕ, the viscosity supersolution property for Tag implies

c ≤ Lgϕ(b) = cγ + δγ(b− g(b)).

But the function x → x− g(x) is nondecreasing on Da. Therefore

c ≤ cγ + δγ(x− g(x)) ∀x ∈ [b,∞) ∩ Da.

We must show that Tag(x) ≤ ϕ(x) for all x ∈ [b,∞) ∩ Da. Assume on the
contrary that η � sup

{
Tag(x) − ϕ(x);x ∈ [b,∞) ∩ Da

}
is positive and let x0 attain
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the supremum in the definition of η. (The supremum is attained because both Tag
and ϕ are continuous, and if a = ∞, then Tag(x) = ϕ(x) for all sufficiently large x.)

We take ϕ(x) = ϕ(x) + η for x ∈ [b,∞) ∩ Da, so that ϕ(x) ≥ Tag(x) for x ∈
[b,∞) ∩ Da and ϕ(x0) = Tag(x0). We have ϕ(b) > Tag(b) and can choose ϕ on
(0, b) so that it is twice continuously differentiable and dominates Tag on all of (0, a).
Because Tag is a viscosity subsolution of (5.1) and ϕ(x0) = Tag(x0) > γx0, we obtain

Lgϕ(x0) = rTag(x0) − γ(rx0 − c) + δγ(x0 − g(x0)) ≤ c ≤ γc + δγ(x0 − g(x0)),

and hence Tag(x0) ≤ γx0, a contradiction to the choice of x0. We conclude that
Tag(x) ≤ ϕ(x) for x ∈ [b,∞) ∩ Da.

From Corollary 5.2 and Lemmas 5.3 and 4.4, we have the following.

Proposition 5.4. If a is finite, then Cg = (0, b) for some b ∈ (0, a] and Sg =
{0} ∪ [b, a]. If a = ∞, then Cg = (0, b) for some b ∈ (0,∞) and Sg = {0} ∪ [b,∞).

Let b be as in Proposition 5.4. We have already seen that Tag is twice continuously
differentiable on Cg = (0, b) with a one-sided derivative D−Tag(b) at b. Since Tag(x) =
γx on Sg, this function is clearly differentiable on the set (b, a) if b < a, with one-sided
derivative D+Tag(b) = γ. It remains to examine the differentiability of Tag at the
point b.

Proposition 5.5 (smooth pasting). The function Tag is continuously differen-
tiable on (0, a).

Proof. It suffices to show in the case that b < a that D−Tag(b) = D+Tag(b).
Because Tag(x) ≥ γx for all x ∈ Da and Tag(b) = γb, we must have D−Tag(b) ≤
γ. If D−Tag(b) < γ, we choose m ∈ (D−Tag(b), D

+Tag(b)), k > 0, and define
ϕ(x) = γb + m(x − b) + k(x − b)2 for x in an open interval containing b. Note that
ϕ(b) = Tag(b) and ϕ′(b) = m. Therefore, ϕ(x) < Tag(x) for x �= b in a sufficiently
small neighborhood of b (whose size depends on k). We construct ϕ outside this
neighborhood so that ϕ is twice continuously differentiable on (0, a) and ϕ(x) ≤ Tag(x)
for all x ∈ (0, a). Because Tag is a viscosity supersolution of (5.1), the inequality

0 ≤ Lgϕ(b) − c = rγb− (rb− c)m + δ(b− g(b))m− σ2b2k − c

must hold. Since k > 0 is arbitrary, this is impossible.

We have proved so far the following properties of the value function Tag: for any
g ∈ Ga, Tag is a continuous function on Da and it has a continuous derivative on
(0, a), Tag(0) = 0 and Tag(x) ≥ γx for all x ∈ Da. If a is finite, then Tag(x) = γa; if
a = ∞, then T∞g(x) = γx for x sufficiently large.

We now need to prove an invariance property for the operator Ta. Up to this
point, we have taken g to be an arbitrary function in Ga. For the next proposition,
we must restrict our attention to g ∈ Ga.

Proposition 5.6. Let a ∈ (0,∞] be given. Then Ta maps Ga into Ga.

Proof. Assume that g ∈ Ga. By the above remark, it remains only to show that
−Ma ≤ DTag < 1 on (0, a) if a is finite and 0 ≤ DTag < 1 if a = ∞.

First we claim that the function ψ = DTag (defined on (0, a)) cannot attain a
positive local maximum or a negative local minimum in Cg. By Proposition 4.6, ψ is
C2 on Cg. Assume that ψ has a positive local maximum at x∗ ∈ Cg. Thus, we have
ψ′(x∗) = 0. In particular,

d

dx
(Tag(x) − xψ(x))

∣∣∣
x=x∗

= −x∗ψ
′(x∗) = 0.
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Equation (4.23) implies for x ∈ Cg that

c = LgTag(x)

= r(Tag(x) − xψ(x)) + cψ(x) + δ(x− g(x))ψ(x) − 1

2
σ2x2ψ′(x),

and thus

0 =
d

dx
LgTag(x)

∣∣∣
x=x∗

= δ(1 − g′(x∗))ψ(x∗) −
1

2
σ2x2

∗ψ
′′(x∗).

Because ψ has a local maximum at x∗, ψ
′′(x∗) ≤ 0. But 1 − g′(x∗) is positive, and

ψ(x∗) > 0. We have a contradiction, and hence ψ cannot have a positive local maxi-
mum in Cg. If ψ has a negative local minimum at x∗, we likewise have a contradiction.

We consider now the case that a = ∞. For x < y we have Xx(t) ≤ Xy(t) almost
surely and τx0 ≤ τy0 almost surely. It follows from (3.5) that T∞g is nondecreasing.
The lower bound DT∞g ≥ 0 is established. For the upper bound, DT∞g(x) < 1, we
recall that Cg = (0, b) for some b ∈ (0,∞). Assume there were a point x0 ∈ (0, b)
where DT∞g(x0) ≥ 1. We know that DT∞g(b) = γ < 1. Now consider a point
x1 ∈ (0, x0). If DT∞g(x1) < 1, then DT∞g would have a positive local maximum
in the interval (x1, b), which is impossible. We conclude that DT∞g(x1) ≥ 1. In
other words, if there were a point x0 ∈ (0, b) where DT∞g(x0) ≥ 1, then DT∞g ≥ 1
on the whole interval (0, x0). The upper bound in (4.14) would immediately imply
that T∞g(x) = x for 0 ≤ x ≤ x0, and once again DT∞g would have a positive local
maximum in (0, b). We conclude that DT∞g(x0) < 1 for all x0 ∈ (0, b).

If a is finite, we can modify the above argument, using (4.16) in place of (4.14)
and D−Tag(b) ≤ γ (in case Cg = (0, a)), to obtain the upper bound DTag < 1 on
(0, a).

The proof of the lower bound DTag(x) ≥ −Ma for the case a < ∞ is more
involved. Again using the notation Cg = (0, b), we assume there is x0 ∈ (0, b) such
that DTag(x0) < 0. Let x1 ∈ (0, x0). The continuous function DTag attains its
minimum on [x1, b] at x1 or b, since it cannot attain a negative interior minimum. In
case the minimum is attained at x1, this means that DTag(x1) < DTa(x0) < 0. For
any 0 < x2 < x1, DTg cannot attain a negative interior minimum on [x2, x0], so we
can conclude that DTag(x2) < DTag(x1) < 0. This should hold for any 0 < x2 < x1,
which is in contradiction to Tag(0) = 0, Tag(x) ≥ γx. So if DTag(x0) < 0, then for
any x1 ∈ (0, x0), DTag attains its negative minimum on [x1, b] at b. This means that

D−Tag(b) ≤ inf
0<x≤b

DaTg(x) < 0.(5.2)

In other words, the derivative DaTg either is nonnegative or, if it has negative values,
is bounded below by DT−

a g(b). Of course, the latter case can only happen for b = a.
The first case satisfies the conclusion, so we assume

D−Tag(a) = min
x∈(0,a]

DTag(x) < 0.(5.3)

This means that Cg = (0, a) and hence LgTag(x) = c for all x ∈ (0, a). Let h satisfy
Lgh(x) = c for x ∈ (γa, a) and h(γa) = γa, h(a) = γa. Since Tag(γa) ≤ γa = h(γa),
Tag(a) = γa = h(a) and LgTag(x) = Lgh(x) for all x ∈ (0, a), the usual comparison
argument based on the maximum principle yields Tag(x) ≤ h(x) for all x ∈ [γa, a].
But Tag(a) = h(a), and this implies

D−Tag(a) ≥ D−h(a).(5.4)



74 MIHAI SÎRBU, IGOR PIKOVSKY, AND STEVEN E. SHREVE

It suffices to find a lower bound on D−h(a). We have 0 ≤ γx ≤ Tag(x) ≤ h(x)
for x ∈ [γa, a]. In order to find an upper bound on h, we let x∗ ∈ [γa, a] be such that
h(x∗) = maxx∈[γa,a] h(x). If x∗ is an interior point of [γa, a], then h′(x∗) = 0 and
h′′(x∗) ≤ 0. But Lgh(x∗) = c from which we conclude that maxx∈[γa,a] h(x) = h(x∗) ≤
c
r . If x∗ is not an interior point of [γa, a], then maxx∈[γa,a] h(x) ≤ h(γa) = h(a) = γa.
In either case, we have

0 ≤ h(x) ≤ max
{
γa,

c

r

}
∀x ∈ [γa, a].(5.5)

We know that

0 ≤ g(x) ≤ a ∀ x ∈ [γa, a].(5.6)

Neither (5.5) nor (5.6) depends on the lower bound −Ma ≤ g′(x) satisfied by functions
g in Ca when a is finite.

Since h(γa) = h(a), there exists x0 ∈ (γa, a) such that h′(x0) = 0. We solve the
equation Lgh = c on (γa, a) for h′′ and then integrate to obtain

h′(x) =

∫ x

x0

2

σ2y2

[
rh(y) − (ry − c)h′(y) + δ(y − g(y))h′(y) − c

]
dy(5.7)

for all x ∈ [x0, a]. Taking into account the bounds (5.5) and (5.6), we may use
Gronwall’s inequality to obtain |h′(a)| ≤ Ma for some constant Ma depending only
on the bounds max{γa, c

r

}
and a appearing in (5.5) and (5.6) and also depending

on the interval [γa, a]. From (5.3), (5.4) we conclude that DTag(x) ≥ −Ma for all
x ∈ (0, a).

Remark 5.7. Ma is bounded in a as long as a is bounded away from 0.

6. The fixed point property. For a = ∞ we recall that G∞ is a closed subset
of the complete metric space (Cγ , d) (see Definition 3.1). For a < ∞, the set Ga is a
closed convex subset of the Banach space C[0, a] endowed with the supremum norm.
We denote by d(f, g) the metric associated with the supremum norm. We have proved
that T∞(G∞) ⊂ Cγ and Ta(Ga) ⊂ C[0, a] for a < ∞. We also know (in both cases
a = ∞ and a < ∞) that Ta(Ga) ⊂ Ga. In this section we prove that Ta(Ga) ⊂ Ga and
the operator Ta has a unique fixed point in Ga. Many of the arguments in the rest of
the paper are based on the following lemma.

Lemma 6.1 (comparison). Let 0 ≤ α < β and f, g ∈ C(α, β) be given. Consider
ϕ ∈ C1(α, β) a viscosity subsolution of Lfϕ(x) ≤ c on (α, β) and ψ ∈ C1(α, β) a
viscosity supersolution of Lgψ(x) ≥ c on (α, β). Assume that at least one of the
functions is a classical (C2(α, β)) solution of the corresponding differential inequality
and that the function ϕ− ψ attains a local maximum at x∗ ∈ (α, β). Then

r(ϕ(x∗) − ψ(x∗)) ≤ δ(f(x∗) − g(x∗))ϕ
′(x∗) = δ(f(x∗) − g(x∗))ψ

′(x∗).

Proof. Let us assume that ϕ ∈ C2(α, β) is a classical solution of Lfϕ(x) ≤ c.
(The argument in the other case is identical.) This means that

rϕ(x∗) − (rx∗ − c)ϕ′(x∗) + δ(x∗ − f(x∗))ϕ
′(x∗) −

1

2
σ2x2

∗ϕ
′′(x∗) ≤ c.

The function ψ−ϕ attains a local minimum at x∗, and since ϕ is C2 in a neighborhood
of x∗, we can consider ϕ as a test function when we apply the definition of the viscosity
supersolution ψ. We obtain the inequality

rψ(x∗) − (rx∗ − c)ϕ′(x∗) + δ(x∗ − g(x∗))ϕ
′(x∗) −

1

2
σ2x2

∗ϕ
′′(x∗) ≥ c.
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Comparing the above results, we conclude that

r(ϕ(x∗) − ψ(x∗)) ≤ δ(f(x∗) − g(x∗))ϕ
′(x∗).

Since x∗ is a point of interior maximum for ϕ−ψ, and both ϕ and ψ have continuous
derivatives on (0, α), we have that ϕ′(x∗) = ψ′(x∗).

Proposition 6.2. For 0 < a ≤ ∞, we have Ta(Ga) ⊂ Ga, and the mapping Ta

has a unique fixed point in Ga.
Proof. Let f, g ∈ Ga be given. We denote ϕ = Taf and ψ = Tag. Since ϕ(0) =

ψ(0) = 0, we know that supx∈Da
(ϕ(x)−ψ(x)) ≥ 0. We recall that ϕ, ψ are continuous

on [0, a] for finite a (or they are continuous on [0,∞) and equal to γx for x large enough
if a = ∞). Thus there exists x∗ such that ϕ(x∗) − ψ(x∗) = maxx∈[0,a](ϕ(x) − ψ(x)).
If ϕ(x∗) − ψ(x∗) = 0, then

supx∈Da
(ϕ(x) − ψ(x)) ≤ ϕ(x∗) − ψ(x∗) = 0 ≤ δ

r
max{Ma, 1}d(f, g).

Assume that ϕ(x∗)−ψ(x∗) > 0. Since ϕ(0) = ψ(0) and ϕ(a) = ψ(a) (or ϕ(x) = ψ(x)
for all x large enough if a = ∞), we see that 0 < x∗ < a. Moreover, since ϕ(x∗) >
ψ(x∗) ≥ γx∗, we know x∗ ∈ Cf = {x : ϕ(x) > γx}.

We remember that ϕ is a C2 function on the open set Cf , it is a classical solution
of Lfϕ = c on Cf , and ψ is a viscosity supersolution of Lgψ ≥ c. Lemma 6.1 implies
r(ϕ(x∗) − ψ(x∗)) ≤ δ(f(x∗) − g(x∗))ϕ

′(x∗). Therefore,

sup
x∈[0,a]

(
ϕ(x) − ψ(x)

)
≤ ϕ(x∗) − ψ(x∗) ≤

δ

r
|f(x∗) − g(x∗)||ϕ′(x∗)|.

Since ϕ′(x∗) = ψ′(x∗), it is enough to assume that at least one of the functions f
and g is an element of Ga to conclude that |ϕ′(x∗)| ≤ max{Ma, 1}, where Ma = 0 for
a = ∞. Consequently, we obtain

sup
x∈[0,a]

(
ϕ(x) − ψ(x)

)
≤ δ

r
max{Ma, 1}d(f, g).

We can switch ϕ and ψ in the argument above and obtain a similar inequality for
ψ − ϕ. In other words, we have proved that

d(Taf, Tag) ≤
δ

r
max{Ma, 1}d(f, g),(6.1)

provided that at least one of the functions f and g is an element of Ga.
We now choose f ∈ Ga, and let fn ∈ Ga be such that d(fn, f) → 0 as n → ∞.

Using (6.1) we immediately obtain d(Tafn, Taf) → 0 as n → ∞, and since Tafn ∈ Ga

for all n, we conclude that Taf ∈ Ga.
A similar approximation argument (fn → f, gn → g, fn, gn ∈ Ga), together with

d(Taf, Tag) ≤ d(Taf, Tafn) + d(Tafn, Tagn) + d(Tagn, Tag)

yields

d(Taf, Tag) ≤
δ

r
max{Ma, 1}d(f, g) ∀f, g ∈ Ga.
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We consider separately the two cases a = ∞ and a < ∞. If a = ∞, then M∞ = 0.
Since δ < r, Ta is a contraction on the complete metric space (G∞, d). Applying the
Banach fixed point theorem, we conclude that Ta has a unique fixed point in G∞.

If a < ∞, the Arzela–Ascoli theorem implies that Ga is a convex and compact
subset of the Banach space C[0, a]. Since Ta : Ga → Ga is a continuous mapping
with respect to the norm of C[0, a], Schauder’s fixed point theorem implies that there
exists a fixed point of Ta in Ga. Suppose there were two fixed points of Ta, namely f
and g. Assume without loss of generality that

f(x∗) − g(x∗) = max
x∈[0,a]

(
f(x) − g(x)

)
> 0,

so x∗ ∈ Cf . We apply Lemma 6.1 to conclude

r(f(x∗) − g(x∗)) ≤ δf ′(x∗)(f(x∗) − g(x∗)),

which is impossible since f(x∗) − g(x∗) > 0, δ < r, and f ′(x∗) ≤ 1. (We use here the
fact that f has a continuous derivative on (0, a) and f ∈ Ga to conclude f ′(x∗) ≤ 1.)
This means that f ≤ g on [0, a]. Interchanging f and g, we obtain f = g, so the fixed
point is unique.

We denote by fa the unique fixed point of Ta in Ga. The function fa is continuous
on Da and continuously differentiable on (0, a). Associated with the function fa is a
number ba ∈ (0, a] such that

Lfafa(x) = c, fa(x) > γx, 0 < x < ba,(6.2)

Lfafa(x) ≥ c, fa(x) = γx, ba < x ≤ a.(6.3)

Even if a = ∞, b∞ is finite.
Proposition 6.3. The number ba is given by

ba =

{
a if a ≤ b∞,
b∞ if a ≥ b∞.

(6.4)

Proof. The proof is based on the same comparison argument for viscosity solutions
that allowed us to conclude that the fixed point is unique in Proposition 6.2, namely
an application of Lemma 6.1.

Consider first the case a ≤ b∞, and suppose ba < a. The function fa is defined
only on [0, a], but we may extend it by the formula

fa(x) =

{
fa(x) if 0 ≤ x ≤ a,
γx if x ≥ a.

(6.5)

It is apparent from (6.3) that fa is continuous on [0,∞) and continuously differentiable
on (0,∞). Furthermore, for x ≥ a we have

c ≤ Lfa
fa(a) = cγ + δγ(1 − γ)a ≤ cγ + δγ(1 − γ)x = Lfa

fa(x).(6.6)

Using (6.6) we conclude that fa is a viscosity solution of the equation min{Lff(x)−
c, f(x) − γx} = 0 on (0,∞). Furthermore, fa has a continuous derivative on (0,∞)
and fa(x) = γx for large x. We can now compare fa and f∞. We know that either

sup
x∈[0,∞)

(fa(x) − f∞(x)) ≤ 0
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or there exists x∗ ∈ (0, b∞) such that

fa(x∗) − f∞(x∗) = sup
x∈[0,∞)

(fa(x) − f∞(x)) > 0.

In the latter case, x∗ ∈ Cfa
and Lemma 6.1 implies

r(fa(x∗) − f∞(x∗)) ≤ δf ′
∞(x∗)(fa(x∗) − f∞(x∗)),

which is impossible since r < δ and f ′
∞(x∗) ≤ 1. This means that the only possibility

is fa ≤ f∞. In the same way we prove that f∞ ≤ fa, so fa = f∞. This implies that
ba = b∞, which contradicts the hypothesis ba < a ≤ b∞.

The case a > b∞ is similar since fa(a) = γa = f∞(a), and the restriction of f∞
to [0, a] is a viscosity solution of (3.1) on (0, a). We can use the same comparison
argument to conclude that f∞|[0,a] = fa, which implies ba = b∞.

Corollary 6.4. For 0 < a ≤ ∞, the function fa is in Ga.
Proof. We have already seen that fa is continuously differentiable, and since

fa ∈ Ga, we conclude that −Ma ≤ f ′
a(x) ≤ 1 for 0 < x < a. It remains only to prove

that the derivative f ′
a cannot attain the value 1.

Assume, by contradiction, that f ′
a(x0) = 1 for some x0 ∈ (0, a). This means f ′

a

has a maximum at x0 and x0 ∈ Cfa , where fa is two times continuously differentiable.
Hence, f ′′

a (x0) = 0. Moreover, Lfafa(x0) = c, so (r − δ)(x0 − fa(x0)) = 0. Since
r − δ > 0 we see that fa(x0) = x0. The function fa is thus a solution of the ordinary
differential equation Lff(x) = c with initial conditions f(x0) = x0, f ′(x0) = 1 on
the interval [x0, ba]. However, the only such solution to this equation is f(x) = x,
and we conclude that fa(x) = x for x0 ≤ x ≤ ba. This contradicts the fact that
fa(ba) = γba < ba.

Corollary 6.5. For every 0 < a ≤ ∞, the function fa is concave for small
values of x, it has a right derivative at x = 0, and D+fa(0) ≤ 1.

Proof. Since fa = Tafa and we just proved that fa ∈ Ga, we know from the
first part of the proof of Proposition 5.6 that the derivative f ′

a = DTafa cannot
attain a positive local maximum in (0, ba). Since fa(0) = 0, fa(ba) = γba, and fa
is differentiable on (0, ba), we can conclude from the mean-value theorem that there
exists xγ ∈ (0, ba) with f ′

a(xγ) = γ. Since D−fa(ba) ≤ γ, we can argue that for any
x1 < x2 ≤ xγ we have f ′

a(x1) > f ′
a(x2). To do this, we first use the fact that f ′

a cannot
attain a positive interior maximum on [x2, ba] to conclude that f ′

a(x2) > f ′
a(xγ) = γ

and then use the fact that f ′
a cannot attain a positive interior maximum on [x1, xγ ]

to further conclude that f ′
a(x1) > f ′

a(x2). In other words, the derivative f ′
a is strictly

decreasing on (0, xγ). This means that the function fa is concave on [0, xγ ] and

D+fa(0) � lim
x→0

fa(x) − 0

x− 0
= lim

x→0
f ′
a(x)(6.7)

is well defined. It is obvious that D+fa(0) ≤ 1.

7. Proofs of Theorems 2.2, 2.4, and 2.5. For each call price K we construct
a function f∗ so that f∗(x) is the value of the convertible bond when the value
of the firm is x. For small values of x, the function f∗(x) agrees with fa(x) for
an appropriately chosen a, depending on K. In order to proceed, we must first
understand the dependence of fa on the parameter a. For this purpose, we define
m : (0,∞) → (0,∞) by

m(a) = max
x∈[0,a]

fa(x).(7.1)
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Because fa = f∞|[0,a] for a ≥ b∞ and f∞ is nondecreasing by virtue of its membership

in G∞, we have

m(a) = γa ∀a ≥ b∞.(7.2)

For a < b∞ and x ∈ (0, a), we have fa(x) > γx (Proposition 6.3 and the inequality in
(6.2)), and so it is possible that m(a) > γa for 0 < a < b∞. We shall in fact discover
that there is a number b0 ∈ [0, b∞) such that m(a) > γa for 0 < a < b0, whereas
m(a) = γa for a ≥ b0 (see Remark 7.3).

Lemma 7.1. The function m : (0,∞) → (0,∞) is strictly increasing and contin-
uous and satisfies lima↓0 m(a) = 0.

Proof. It is clear from (7.2) that m is strictly increasing on [b∞,∞). We first
show that m is nondecreasing on (0, b∞]. Let 0 < a1 < a2 ≤ b∞ be given. Since
fa1

(0) = 0 = fa2
(0) and fa1

(a1) = γa1 < fa2(a1), if the function fa1
− fa2

attains
a positive maximum over [0, a1] it must be at an interior point x∗ ∈ (0, a1). But
Lfa1

fa1(x) = c = Lfa2
fa2(x) for 0 < x < a1, and x ∈ Cfa1

, where fa1 is C2. Lemma
6.1 implies that

r
(
fa1

(x∗) − fa2
(x∗)

)
≤ δ

(
fa1

(x∗) − fa2
(x∗)

)
f ′
a1

(x∗),

which is impossible because δ < r and f ′
a1

(x∗) ≤ 1. We conclude that fa1(x) ≤ fa2(x)
for all x ∈ [0, a1]. Therefore m is nondecreasing on (0, b∞].

By the same comparison argument, the function fa2 −fa1 cannot attain a positive
maximum in (0, a1), so fa2(x)−fa1(x) ≤ fa2(a1)−γa1 for 0 ≤ x ≤ a1. It follows that

m(a2) −m(a1) = max
{

max
x∈[0,a1]

fa2(x), max
x∈[a1,a2]

fa2(x)
}
−m(a1)(7.3)

≤ max{ max
x∈[0,a1]

(
fa2(x) − fa1(x)

)
, max
x∈[a1,a2]

(
fa2(x) − γa1

)}
= max

{
fa2(a1) − γa1, max

x∈[a1,a2]

(
fa2(x) − γa1

)}
= −γa1 + max

x∈[a1,a2]
fa2

(x).

By virtue of its membership in Ga2
and Remark 5.7, the function fa2

satisfies f ′
a2

(x) ≥
−C for all x ∈ (0, a2) and some positive constant C which is bounded away from zero
so long as a2 is bounded away from zero. Thus, for x ∈ [a1, a2],

fa2
(x) = fa2

(a2) −
∫ a2

x

f ′
a2

(y) dy ≤ γa2 + C(a2 − x) ≤ γa2 + C(a2 − a1).

Substituting this into (7.3), we conclude that

0 ≤ m(a2) −m(a1) ≤ (C + γ)(a2 − a1),(7.4)

so long as a2 is bounded away from zero. The function m is thus continuous.
We now prove that m(a1) < m(a2). Assume, by contradiction, that m(a1) =

m(a2). Let x0 ∈ [0, a1] be such that fa1
(x0) = m(a1). We must actually have x0 ∈

(0, a1) because m(a1) = m(a2) ≥ γa2 > γa1 = fa1
(a1) > 0 = fa1

(0). We have already
shown that fa2 dominates fa1 on [0, a1], and hence we must have fa1(x0) = fa2(x0).
The comparison argument using Lemma 6.1 shows that neither fa2 −fa1 nor fa1 −fa2

can have a positive maximum in the open interval (0, x0); we conclude that

fa1(x) = fa2(x) ∀x ∈ [0, x0].(7.5)
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Both fa1 and fa2 are solutions of the ordinary differential equation Lff(x) = c on
[x0, a1] and have the same initial conditions fa1(x0) = fa2(x0), f

′
a1

(x0) = f ′
a2

(x0). It
follows that

fa1(x) = fa2
(x) ∀x ∈ [x0, a1].(7.6)

This implies that fa2(a1) = fa1(a1) = γa1, which contradicts Proposition 6.3. We
conclude that m is strictly increasing on (0, b∞].

Finally, since fa(x) ≤ x for 0 ≤ x ≤ a, we see that 0 ≤ m(a) ≤ a, and conse-
quently lima↓0 m(a) = 0.

Lemma 7.2.

(i) Assume m(a) > γa for some a > 0. Then a < c
rγ and m(a) > γa for all

a ∈ (0, a).
(ii) If m(a) > γa, the function fa attains its maximum over [0, a] at a unique

point xa ∈ (0, a).
Proof. (i) If a ≥ c

rγ , we define h(x) = γa ≥ c
r for x ∈ [0, a]. Then Lfah(x) ≥ c for

0 < x < a. Lemma 6.1 shows that fa − h cannot have a positive maximum in (0, a),
and since fa(0) = 0 ≤ h(0) and fa(a) = γa = h(x), we conclude that fa(x) ≤ h(a) for
all 0 ≤ x ≤ a. Consequently, the maximum of fa is m(a) = γa.

Assume now that m(a) > γa for some a > 0. We have just seen that a < c
rγ .

Let a ∈ (0, a) be given. Define � = a/a < 1 and rescale the function fa by setting
f(x) = �fa(

x
� ) for all x ∈ [0, a]. We compute f ′(x) = f ′

a(
x
� ) and f ′′(x) = 1

� f
′′
a (xl ),

from which we conclude that

Lff(x) = �Lfafa

(x
l

)
+ c(1 − l)f ′

a

(x
l

)
≤ �c + c(1 − �) = c ∀x ∈ (0, a).

Lemma 6.1 shows that f − fa cannot have a positive maximum over [0, a] at a point
in (0, a). But f(0) = fa(0) = 0 and f(a) = fa(a) = γa, and therefore fa(x) ≥ f(x)
for all x ∈ [0, a]. In particular,

m(a) = max
x∈[0,a]

fa(x) ≥ max
x∈[0,a]

f(x) = �m(a) > �γa = γa.(7.7)

(ii) Let us assume now that m(a) > γa and there exist 0 < x0 < y0 < a such
that fa(x0) = fa(y0) = m(a). Since fa(x) ≤ m(a) for x0 ≤ x ≤ y0 we see that fa
has a local minimum at some point x1 ∈ (x0, y0). Then f ′

a(x1) = 0, f ′′
a (x1) ≥ 0, and

we may use the equation Lfafa(x1) = c to obtain rfa(x1) ≥ c. This is impossible
because fa(x1) ≤ m(a) < m( c

γr ) = c
r .

Remark 7.3. We define b0 � sup{a > 0,m(a) > γa}, where we set b0 = 0 if
m(a) = γa for all a > 0. Lemma 7.2 shows that m(a) > γa for all a ∈ (0, b0). This
lemma further shows that b0 ≤ c

γr . Since for x ≥ b∞ we have f∞(x) = γx and

Lf∞f∞(x) ≥ c, we conclude that

rγb∞ − (rb∞ − c)γ + δ(b∞ − γb∞)γ ≥ c,

which implies δ(1 − γ)b∞γ ≥ c(1 − γ), and consequently b∞ ≥ c
γδ . In summary,

0 ≤ b0 ≤ c

γr
<

c

γδ
≤ b∞.(7.8)

Lemma 7.4. If 0 < γ < 1
2 , then b0 > 0.
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Proof. For small values of a, we construct a quadratic subsolution of{
Lgg(x) ≤ c for 0 < x < a,
g(0) = 0, g(a) = γa,

(7.9)

which satisfies maxx∈[0,a] g(x) > γa. According to Lemma 6.1, g − fa cannot have a
positive maximum over [0, a] in (0, a), and since g(0) = fa(0) = 0, g(a) = fa(a) = γa,
we see that fa ≥ g on [0, a]. It follows that m(a) > γa.

The remainder of the proof is the construction of g. We define

g(x) = −x2

2a
+

(
γ +

1

2

)
x,

so that g(0) = 0 and g(a) = γa. Direct computation results in

Lgg(x)

=
rx2

2a
− cx

a
+

(
γ +

1

2

)
c− δx3

2a2
+

3δγx2

2a
− δx2

4a
− δγ2x +

δx

4
+

σ2x2

2a

≤ ra

2
+

(
γ +

1

2

)
c +

3δγa

2
+

δa

4
+

σ2a

2
∀x ∈ [0, a].

Since
(
γ + 1

2

)
c < c, we have supx∈[0,a] Lgg(x) ≤ c for sufficiently small a.

We summarize what has so far been established.
(a) For a > b∞ we have fa = f∞|[0,a] and the maximum m(a) = γa of fa over

[0, a] is attained at the right endpoint a. We have fa(x) > γx for x ∈ (0, b∞) and
fa(x) = γx for x ∈ [b∞, a].

(b) For b0 ≤ a ≤ b∞, the maximum m(a) = γa of fa over [0, a] is attained at the
right endpoint a and fa(x) > γx for all x ∈ (0, a).

(c) If b0 > 0 (a sufficient condition for this is 0 < γ < 1
2 ), then for 0 < a < b0,

we have fa(x) > γx for all x ∈ (0, a) and the maximum m(a) > γa of fa over [0, a] is
attained at a unique point xa ∈ (0, a).

For a fixed call price K we want to define f∗(x) to be fa(x) for small values of x,
where a is the unique parameter such that m(a) = K. Denoting

K1 = γb0, K2 = γb∞,

we have the following three situations corresponding to the three cases of Theorem 2.5.
(i) If K > K2, we set a = K

γ . We define

f∗(x) =

{
fa(x) = f∞(x) if 0 ≤ x ≤ a,
γx if x ≥ a.

(7.10)

We see that f∗(x) = f(x,C∗
a , C

∗
o ) for C∗

a = K
γ and C∗

o = b∞ < C∗
a .

(ii) If K1 ≤ K ≤ K2, then again we set a = K
γ . We define

f∗(x) =

{
fa(x) if 0 ≤ x ≤ a,
γx if x ≥ a.

(7.11)

In this case, f∗(x) = f(x,C∗
a , C

∗
o ) for C∗

a = C∗
o = K

γ .

(iii) Assume K1 > 0 and 0 < K < K1. Because m(b0) = K1, there exists a
unique a = m−1(K) < b0 such that m(a) = K. Since K < K1, Lemma 7.2 implies
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that K = m(a) > γa and there exists a unique xa ∈ (0, a) such that fa(xa) = m(a).
Since f ′

a < 1, we obtain that K = m(a) = fa(xa) < xa, so K < xa < a < K
γ . We now

take C∗
a = xa, Co = K

γ and define

f∗(x) =

⎧⎨⎩
fa(x) for 0 ≤ x ≤ C∗

a ,
K for C∗

a ≤ x ≤ C∗
o ,

γx for x ≥ C∗
o .

(7.12)

Again we have f∗(x) = f(x,C∗
a , C

∗
o ). Since f ′

a(C
∗
a) = 0, f∗ is a C1 function on (0, K

γ ).

It is apparent that the function f∗ and the numbers C∗
o , C∗

a just defined have all
the properties set forth in Theorem 2.5. The uniqueness of solutions to N f = c in
that theorem follows from Lemma 6.1. We now accept Theorem 2.2, whose proof will
be given later in this section, and show that the function f∗ defined by (7.10)–(7.12)
is indeed the function f∗ given by (2.19), and the numbers C∗

o and C∗
a defined above

satisfy (2.18). Using f∗, C
∗
o , and C∗

a just defined in this way means that the proof of
Theorem 2.4 given below also completes the proof of Theorem 2.5.

Proof of Theorem 2.4. We need to prove that

f(x,C∗
a , C

∗
o ) ≤ f(x,Ca, C

∗
o ) for each Ca ≥ K, x ∈ (0,∞),(7.13)

f(x,C∗
a , C

∗
o ) ≥ f(x,C∗

a , Co) for each Co > 0, x ∈ (0,∞).(7.14)

Case (i). K > K2 = γb∞.

If Ca ≥ C∗
a = K

γ , then clearly f(x,C∗
a , C

∗
o ) = f(x,Ca, C

∗
o ) for x ∈ (0,∞).

If C∗
o < Ca ≤ K

γ , according to Definition 2.3(i) we have f(x,Ca, C
∗
o )=f(x,C∗

a , C
∗
o )

for 0 ≤ x < Ca, and f(x,Ca, C
∗
o ) = K ≥ f(x,C∗

a , C
∗
a) for Ca ≤ x ≤ K

γ . For x ≥ K
γ ,

we have f(x,C∗
a , C

∗
o ) = f(x,Ca, C

∗
o ) = γx.

Finally, consider the case K ≤ Ca ≤ C∗
o = b∞. Using the Case (i) assumption,

we have K > K2 = γb∞ = γC∗
o ≥ γCa. From Definition 2.3(ii),

f(Ca, Ca, C
∗
o ) = max{K, γCa} = K ≥ γCa = f∗(Ca).

Since f(·) = f(·, Ca, C
∗
o ) satisfies Lff(x) = c on (0, Ca) and Lf∗f∗(x) = c on (0, Ca),

an application of Lemma 6.1 yields

f(x,C∗
a , C

∗
o ) = f∗(x) ≤ f(x,Ca, C

∗
o ) for 0 ≤ x ≤ Ca.

For Ca ≤ x ≤ K
γ , we have

f(x,Ca, C
∗
o ) = max{K, γx} = K = f∗

(K
γ

)
≥ f∗(x) = f(x,C∗

a , C
∗
o ).

For x > K
γ , we have f(x,C∗

a , C
∗
o ) = γx = f(x,Ca, C

∗
o ). This completes the proof of

(7.13) in Case (i).

To establish (7.14), we let Co > 0 be given. If Co ≤ C∗
o , then f(Co, C

∗
a , Co) =

γCo ≤ f∗(Co). Applying Lemma 6.1, we get

f(x,C∗
a , Co) ≤ f∗(x) = f(x,C∗

a , C
∗
o ) for 0 ≤ x ≤ Co.(7.15)

The same inequality is easily verified for Co ≤ x < ∞.
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The case C∗
o < Co ≤ C∗

a is the most interesting. We know that the function
f(·) = f(·, C∗

a , Co) satisfies{
Lff(x) = c for 0 < x < Co,
f(0) = 0, f(Co) = γCo = f∗(Co) (since Co > C∗

o = b∞).

We recall that f∗ is a C1 viscosity supersolution of Lf∗f∗(x) = c on (0, Co), so
Lemma 6.1 can be again used to obtain

f(x,C∗
a , Co) = f(x) ≤ f∗(x) = f(x,C∗

a , C
∗
o ) for 0 ≤ x ≤ Co.

For Co ≤ x, we have

f(x,C∗
a , Co) = γx = f∗(x) = f(x,C∗

a , C
∗
o ).

If Co ≥ C∗
a = K

γ , we just observe that f(x,C∗
a , Co) = f(x,C∗

a ,
K
γ ), so we can

reduce this case to the case Co = C∗
a already considered. This completes the proof of

(7.14) in Case (i).
Case (ii). γb0 = K1 ≤ K ≤ K2 = γb∞.
This is the simplest case, all proofs being based on comparison arguments for C2

solutions of the equation Lff(x) = c. The details are left to the reader.
Case (iii). 0 < K < K1 = γbo.
If C∗

a < Co < ∞, there is no change:

f(x,C∗
a , Co) = f(x,C∗

a , C
∗
o ) for 0 ≤ x < ∞.

If 0 < Co ≤ C∗
a , then f(Co, C

∗
a , Co) = γCo ≤ f∗(Co). The Comparison Lemma 6.1

implies

f(x,C∗
a , Co) ≤ f(x,C∗

a , C
∗
o ) for 0 ≤ x ≤ Co.

For Co < x < C∗
a , we have f(x,C∗

a , Co) = γx ≤ f(x,C∗
a , C

∗
o ), and for C∗

a ≤ x we know
that f(x,C∗

a , Co) = f(x,C∗
a , C

∗
o ) = max{K, γx}. This completes the proof of (7.14)

in Case (iii).
We consider (7.13). If K ≤ Ca ≤ C∗

a , then f(Ca, Ca, C
∗
o ) = K ≥ f(Ca, C

∗
a , C

∗
o ).

The Comparison Lemma 6.1 implies f(x,Ca, C
∗
o ) ≥ f(x,C∗

a , C
∗
o ) for 0 ≤ x ≤ Ca. For

x ≥ Ca, we have f(x,Ca, C
∗
o ) = max{K, γx} ≥ f(x,C∗

a , C
∗
o ).

The case Ca ≥ C∗
o can be reduced to the case Ca = C∗

o since f(x,Ca, C
∗
o ) =

f(x,C∗
a , C

∗
o ) for all x ≥ 0 if Ca ≥ C∗

o . We do that case now.
Assume C∗

a < Ca ≤ C∗
o . First we claim that f∗(·) = f(·, C∗

a , C
∗
o ) is a C1 viscosity

subsolution of

Lf∗f∗(x) ≤ c on

(
0,

K

γ

)
,(7.16)

and then we use the Comparison Lemma 6.1 (the difference f∗(·)−f(·, Ca, C
∗
o ) cannot

have a positive maximum in (0, Ca)) to conclude that

f∗(x) ≤ f(x,Ca, C
∗
o ) for 0 ≤ x ≤ Ca.

In the comparison argument we also use the fact that f(·) = f(·, Ca, C
∗
o ) satisfies

Lff(x) = c for 0 < x < Ca, and

f∗(0) = 0 = f(0, Ca, C
∗
o ), f∗(Ca) = K = f(Ca, Ca, C

∗
o ).
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For Ca ≤ x ≤ K
γ , we have f∗(x) = K = f(x,Ca, C

∗
o ), and for x > K

γ we know that

f∗(x) = γx = f(x,Ca, C
∗
o ).

This means that the proof of (7.14) is complete, provided we can show that f∗
is a viscosity subsolution of (7.16). We know that Lf∗f∗(x) = c for 0 < x < C∗

a , f∗
being a C2 function on (0, C∗

a). From (7.8) and the Case (iii) assumption, we see that
rK ≤ c. Furthermore, f∗(x) = K for C∗

o ≤ x ≤ K
γ . We conclude that Lf∗f∗(x) ≤ c

on (C∗
a ,

K
γ ).

It remains to show that if ψ ∈ C2(0, C∗
o ) dominates f∗ on (0, C∗

o ) and agrees with
f∗ at C∗

a , then

rψ(C∗
a) − (rC∗

a − c)ψ′(C∗
a) + δ(C∗

a − ψ(C∗
a))ψ′(C∗

a) − 1

2
σ2(C∗

a)2ψ′′(C∗
a) ≤ c.(7.17)

Since f∗ ∈ C1(0, K
γ ) and f ′

∗(C
∗
a) = 0, we have ψ′(C∗

a) = 0. Since 0 < C∗
a < a, we

know Lfafa(C
∗
a) = c, and since fa(C

∗
a) = K and f ′

a(C
∗
a) = 0, we obtain

rK − 1

2
σ2(C∗

a)2f ′′
a (C∗

a) = c.(7.18)

However, since ψ(C∗
a) = fa(C

∗
a), ψ′(C∗

a) = f ′
a(C

∗
a) = 0, and ψ dominates fa on [0, C∗

a ]
(because f∗(x) = fa(x) on [0, C∗

a ]), we conclude that

f ′′
a (C∗

a) ≤ ψ′′(C∗
a).(7.19)

Substituting this into (7.18), we obtain (7.17).
Remark 7.5. The proof of the last claim is based on the elementary observation

that for a C2 function, a one-sided maximum is enough to conclude that the second
derivative is not positive, provided that the first derivative vanishes. Furthermore, we
have proved that f∗ is a viscosity solution of the variational inequality max{N f∗(x)−
c, f∗(x) −K} = 0 on (0, K

γ ).

Proof of Theorem 2.2. For y1 = x1, it is easily verified that f(x) = x is a solution
of (2.16), and the Comparison Lemma 6.1 establishes uniqueness.

For 0 < y1 < x1, uniqueness again follows from Lemma 6.1 once we have a solution
satisfying f ′ ≤ 1 on (0, x1). The proof of existence is based on a fixed point argument
similar to the proof of Proposition 6.2 with a < ∞. In fact, the argument here is
simpler, since we deal only with C2 solutions of the differential equation Lgf(x) = c
rather then viscosity solutions of the variational inequality min{Lgf(x) − c, f(x) −
γx} = 0.

For 0 < y1 < x1, we set A = x1 − y1 and define G to be the set of all functions
g ∈ C[0, x1] ∩ C2(0, x1) such that g(0) = 0, g(x1) = y1, and

g(x) ≥ max{x−A, 0}, −M(x1, y1) ≤ g′(x) < 1 ∀x ∈ (0, x1),

where M(x1, y1) is a constant to be determined later but depending on only x1 and y1.
We further define G to be the closure of G in C[0, x1] with respect to the supremum
norm ‖ · ‖. For g ∈ G, we set

Tg(x) = E

[∫ τx
0 ∧τx

x1

0

ce−rudu + I{τx
x1

<τx
0 }e

−r(τx
0 ∧τx

x1
)y1

]
,(7.20)

where Xx(t) is given by (3.4) with Xx(0) = x. It is clear from its definition that
Tg ≥ 0 for every g ∈ G. We use the argument in the proof of Proposition 4.6 to
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conclude that for g ∈ G the function Tg is of class C2 on (0, x1) and LgTg(x) = c for
0 < x < x1. The continuity of Tg at 0 and x1 follows from Lemma 4.2. The functions
max{x − A, 0} and x are respective sub- and supersolutions of Lgf = c which lie
respectively below and above Tg at the endpoints 0 and x1. Lemma 6.1 implies that
for all g, h ∈ G,

max{x−A, 0} ≤ Tg(x) ≤ x for 0 ≤ x ≤ x1,(7.21)

‖Tg − Th‖ ≤ sup
0<x<x1

|DTg(x)|‖g − h‖.(7.22)

We now prove that T (G) ⊂ G, the analogue of Proposition 5.6. For g ∈ G, the
first part of the proof of Theorem 5.6 shows that DTg cannot attain a positive local
maximum nor a negative local minimum in (0, x1). This implies that either DTg
is nonnegative on (0, x1) or else D−Tg(x1) ≤ DTg(x) for 0 < x < x1. To show
that DTg(x) ≥ −M(x1, y1), it suffices to find a lower bound on D−Tg(x1) which
may depend on x1 and y1 but not on g. For this purpose, we let h be the solution
on [y1, x1] of the equation Lgh = c with boundary conditions h(y1) = h(x1) = y1.
Lemma 6.1 shows that h is nonnegative and dominates Tg on [y1, x1], and hence
D−h(x1) ≤ D−Tg(x1). If h attains a maximum at some point x∗ ∈ (y1, x1), the
equation Lgh(x∗) = c implies h(x∗) ≤ c

r . If h does not attain a maximum in (y1, x1),
then h is dominated by its value y1 at the endpoints of this interval. In either case,
we obtain a bound on |h| which is independent of g. Furthermore, there must be
some point x0 ∈ (y1, x1) where h′ vanishes. We solve the equation Lgh = c for h′′

and integrate from x0 to obtain (5.7). We then use Gronwall’s inequality to obtain a
bound on |h′| independent of g.

We need also to obtain the upper bound DTg < 1. We observe first that since
Tg(x) ≥ max{x − A, 0} and these two functions agree at x = x1, we must have
D−Tg(x1) ≤ 1. We use the same arguments used to prove DTag < 1 if g ∈ Ga to
conclude that DTg < 1 on (0, x1). This completes the proof that T (G) ⊂ G. A relation
similar to (6.1) shows that the operator T is continuous on G, and hence T (G) ⊂ G.
Schauder’s fixed point theorem implies the existence of a function f ∈ G satisfying
Tf = f . This means, in particular, that f ∈ C[0, x1] ∩ C2(0, x1) and Lff = c, so f
is a solution of (2.16). Since f is differentiable and f ∈ G, we know that f ′ ≤ 1 on
(0, x1). In fact, f ′ < 1. The proof is identical to the proof of f ′

a < 1.
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STOCHASTIC GAMES WITH A SINGLE CONTROLLER
AND INCOMPLETE INFORMATION∗
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Abstract. We study stochastic games with incomplete information on one side, in which the
transition is controlled by one of the players.

We prove that if the informed player also controls the transitions, the game has a value, whereas
if the uninformed player controls the transitions, the max-min value as well as the min-max value
exist, but they may differ.

We discuss the structure of the optimal strategies, and provide extensions to the case of incom-
plete information on both sides.

Key words. stochastic games, incomplete information, single controller
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1. Introduction. In a seminal work, Aumann and Maschler [1, 2] introduced
infinitely repeated two-player zero-sum games with incomplete information on one
side. Those are repeated games where the payoff matrix is known to one player, say
player 1, but is not known to the other player—all player 2 knows is that the payoff
matrix was drawn according to some known probability distribution from a finite set
of possible matrices. Aumann and Maschler proved that those games have a value.

The issue faced by player 1 is the optimal use of information. On the one hand,
player 1 needs to reveal his information (at least partially) in order to make use of it.
On the other hand, any piece of information that is revealed to player 2 can later be
exploited against player 1.

In the optimal strategies devised by Aumann and Maschler, player 1 reveals part
of his information at the first stage, but no further information is revealed during
the game. Player 2, on the other hand, has to play optimally whatever the actual
payoff matrix may be. Aumann and Maschler achieved this by using Blackwell’s
approachability strategies.

When the underlying game is a stochastic game rather than a repeated one, the
difficulties the players face are more serious.

Is it optimal for player 1 to reveal information only once in every state, or will
he reveal information several times in each state? In repeated games, it does not
help to dilute the revelation of information over time, since player 2 would wait until
player 1 has revealed all the information he will ever reveal, and since interim payoffs
are irrelevant in the long run. In stochastic games, by contrast, the game can move
to a different state that can be more or less favorable to the informed player. By
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giving away some information about the true game at the initial stage, player 1 might
induce player 2 to adapt in an adverse way, while postponing this disclosure might
allow player 1 to escape from specific states. This is a crude explanation for why it
may help player 1 to conceal his information for a while.

For player 2 the issue is to devise the analog of Blackwell’s approachability strate-
gies for stochastic games.

Sorin [20, 21] and Sorin and Zamir [23] studied classes of stochastic games with
incomplete information on one side that have a single nonabsorbing state, and proved
that these games have a min-max value, a max-min value, and that the values of the
n-stage (resp., λ-discounted) games converge as n goes to infinity (resp., as λ goes
to 0) to the max-min value. Rosenberg and Vieille [17] studied recursive games with
incomplete information on one side, and proved that the max-min value exists and
is equal to the limit of the values of n-stage games (resp., λ-discounted games) as n
goes to infinity (resp., as λ goes to 0).

In the present paper we study stochastic games in which one player controls the
transitions; that is, the evolution of the stochastic state depends on the actions of one
player but is independent of the actions of his opponent.

We show that if player 1 (who is the informed player) controls the transitions,
then the game admits a value. We also propose a specific optimal strategy for player
1 and explain the way this strategy uses the additional information he possesses.
Roughly speaking, the state space is partitioned into disjoint sets, which are called
communicating sets. Whenever the play enters a communicating set, player 1 chooses
a stationary nonrevealing strategy, and he plays this strategy until a new communicat-
ing set is visited. The random choice of the stationary strategy itself may be revealing,
in that the distribution used at stage n to select a stationary strategy depends on the
actual payoff function.

If player 2 controls the transitions, then the game admits a min-max value and a
max-min value. We use an example to show that the two values may differ.

The techniques and the characterizations we provide extend the ideas of Aumann
and Maschler for incomplete information games to our framework.

In the last section of the paper we extend the existence results to the case of
stochastic games with a single controller and incomplete information on both sides;
that is, to the case when each of the players has some partial private information
about the true stochastic game being played.

2. The model and the main results.

2.1. The model. A two-player zero-sum stochastic game G is described by (i)
a finite set Ω of states, and an initial state ω ∈ Ω; (ii) finite action sets I and J for the
two players; (iii) a transition rule q : Ω × I × J → ∆(Ω), where ∆(Ω) is the simplex
of probability distributions over Ω; and (iv) a reward function g : Ω × I × J → R.

A two-player zero-sum stochastic game with incomplete information is described
by a finite collection (Gk)k∈K of stochastic games, together with a distribution p ∈
∆(K) over K. We assume that the games Gk differ only through their reward functions
gk, but they all have the same sets of states and actions, and the same transition rule.
We denote the common transition rule by q.

The game is played in stages. An element k ∈ K is chosen according to p. Player
1 is informed of k, while player 2 is not. At every stage n ∈ N, the two players
choose simultaneously actions in ∈ I and jn ∈ J , and ωn+1 is drawn according to
q(· | ωn, in, jn). Both players are informed of (in, jn, ωn+1). We stress that the actual
reward gk(ωn, in, jn) is not told to player 2 (but is known to player 1).
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We parametrize the game by the initial distribution p and by the initial state ω,
and denote it by Γ(p, ω). We write Γ for (Γ(p, ω))(p,ω)∈∆(K)×Ω.

A few remarks are in order. This model is an extension of the classical model of
zero-sum stochastic games. It is also an extension of Aumann and Maschler’s model
of repeated games with incomplete information, where a zero-sum matrix game is first
drawn using p, then played repeatedly over time. Here, nature chooses a stochastic
game that is then played over time.

We assume without loss of generality (w.l.o.g.) that 0 ≤ gk ≤ 1 for every k ∈ K,
and we identify each k ∈ K with the probability measure over K that gives weight 1
to k.

2.2. Strategies and values. Players may base their choices on the stochastic
states the play has visited so far, as well as on past choices of actions (of the two
players). Player 1 can base his choices also on the state of the world k.

The space of histories of length n is Hn = (Ω × I × J)n−1 × Ω, the space of
finite histories is H = ∪n∈NHn, and the space of plays (infinite histories) is H∞ =
(Ω× I × J)∞. Hn defines naturally a finite algebra Hn over H∞. We equip H∞ with
the σ-algebra ∨n∈NHn spanned by all cylinder sets. A (behavioral) strategy of player
1 is a function σ : K×H → ∆(I). A strategy for player 2 is a function τ : H → ∆(J).
A strategy σ = (σk)k∈K of player 1 is nonrevealing if σk is independent of k ∈ K.1

A strategy σ is stationary if the mixed action played at every stage depends
only on the current state. We identify each vector x = (xω)ω∈Ω ∈ (∆(I))Ω with
the stationary strategy that plays the mixed action xω whenever the game visits ω.
Stationary strategies of player 2 are defined analogously.

Every distribution p, every initial stochastic state ω, and every pair of strategies
(σ, τ) induce a probability measure Pp,ω,σ,τ over K×H∞ (equipped with the product
σ-algebra). We denote by Ep,ω,σ,τ the corresponding expectation operator.

We let k, ωn, in and jn denote, respectively, the actual game being played, the
current state at stage n, and the actions played at stage n. These are random variables.

Define the expected average payoff up to stage N by

γN (p, ω, σ, τ) = Ep,ω,σ,τ [gN ] ,

where gN = 1
N

∑N
n=1 g

k(ωn, in, jn). For fixed strategies σ, τ , γN (p, ω, σ, τ) is linear in
p and 1-Lipshitz.

We recall the definitions of the max-min value, the min-max value, and the (uni-
form) value.

Definition 1. Player 1 can guarantee φ ∈ R in the game Γ(p, ω) if, for every
ε > 0, there exists a strategy σ of player 1 and N ∈ N such that

∀τ,∀n ≥ N, γn(p, ω, σ, τ) ≥ φ− ε.

We then say that the strategy σ guarantees φ− ε in Γ(p, ω).
Player 1 can guarantee a function φ : ∆(K) × Ω → R if player 1 can guarantee

φ(p, ω) in the game Γ(p, ω), for every (p, ω) ∈ ∆(K) × Ω.
Note that, due to the Lipshitz property on payoffs and the compactness of ∆(K),

the integer N in Definition 1 can be chosen to be independent of (p, ω). The definition

1The strategy is nonrevealing in the sense that knowledge of the strategy σ and of past play does
not enable player 2 to gain information on k. This property relies on the fact that transitions are
independent of k.
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of a function that is guaranteed by player 2 is similar, with the roles of the two players
exchanged.

Definition 2. Player 2 can defend φ ∈ R in the game Γ(p, ω) if, for every ε > 0
and every strategy σ of player 1, there exists a strategy τ of player 2 and N ∈ N such
that

∀n ≥ N , γn(p, ω, σ, τ) ≤ φ + ε.(1)

We say that such a strategy τ defends φ + ε against σ in Γ(p, ω).
Player 2 can defend a function φ : ∆(K)×Ω → R if player 2 can defend φ(p, ω)

in the game Γ(p, ω), for every (p, ω) ∈ ∆(K) × Ω.
The definition of a function that is defended by player 1 is similar, with the roles

of the two players exchanged. The following lemma follows from the definitions.
Lemma 3. Player 1 can guarantee (resp., defend) max{φ, φ′} as soon as he

can guarantee (resp., defend) both φ and φ′. Player 2 can guarantee (resp., defend)
min{φ, φ′} as soon as he can guarantee (resp., defend) both φ and φ′.

Definition 4. A function φ : ∆(K) × Ω → R is
• the (uniform) value of Γ if both players can guarantee φ;
• the max-min value of Γ if player 1 can guarantee φ and player 2 can defend
φ;

• the min-max value of Γ if player 1 can defend φ and player 2 can guarantee
φ.

Note that the value exists if and only if the max-min value and min-max value
exist and coincide.

The value (resp., max-min value, min-max value) is denoted by v (resp., v, v̄)
when it exists. Observe that v ≤ v̄ whenever the two exist. Note that each of the
functions v and v̄ is 1-Lipshitz in p as soon as it exists. When the value v exists, any
strategy that guarantees v up to ε is ε-optimal. Strategies that are ε-optimal for each
ε > 0 are also termed optimal.

2.3. Related literature. Most of the literature deals with the polar cases where
either Ω or K is a singleton. In the former case, the game is a repeated game with
incomplete information. Such games have a value; see Aumann and Maschler [2].
Moreover, an explicit formula for the value exists. Letting u∗(p) be the value of
the matrix game with payoff function

∑
k pkg

k(·, ·), the value of the repeated game
with incomplete information is the concavification cav u∗ of u∗ (see section 3.1 for
definitions).

When K is a singleton the game is a standard stochastic game. Such games have
a value; see Mertens and Neyman [9].

For general stochastic games with incomplete information, little is known, but
some classes were studied in the literature. For “Big Match” games Sorin [20, 21] and
Sorin and Zamir [23] proved the existence of the max-min value and of the min-max
value. These values may differ.

For recursive games, Rosenberg and Vieille [17] proved that the max-min value
exists and provided an example where the value does not exist.

Parthasarathy and Raghavan [14] were the first to study the class of stochastic
games in which one player controls the transitions. They proved that in this class the
value exists, and both players have optimal stationary strategies. They also studied
the two-player non-zero-sum game. Filar [5] studied the situation in which states are
partitioned into two subsets, and each player controls the transitions from states in
his subset of the partition. Several finite-stage algorithms that calculate the value
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and optimal stationary strategies were proposed in the literature (see the survey by
Raghavan and Filar [15] and the references therein).

Recently Renault [16] studied games where transitions do not depend on the
actions chosen by the players and only player 1 observes the current state of the
world. All that player 2 observes are the actions of player 1.

2.4. Statements of the results. In the present paper we consider games where
a single player controls the transitions.

Definition 5. Player 1 controls the transitions if, for every ω ∈ Ω and every
i ∈ I, the transition q(· | ω, i, j) does not depend on j. Player 2 controls the transitions
if the symmetric property holds. We then simply write q(· | ω, i) or q(· | ω, j) depending
on who controls the transitions.

We prove the following two results.
Theorem 6. If player 1 controls the transitions, the value exists.
Theorem 7. If player 2 controls the transitions, both the min-max value and

max-min value exist.
We provide an example of a game where player 2 controls the transitions and v �=

v. We also provide a characterization of v̄ and v as a unique solution to a functional
equation, and we study the structure of simple optimal strategies of player 1.

We prove no result on the existence of the limit of the values of the finitely
repeated games. In the games analyzed so far (see section 2.3), this limit is known
to exist and coincides with v. This property is conjectured to hold in general by
Mertens [8].

3. Various tools. This section gathers a few results that we use in subsequent
sections. The first three subsections introduce a few extensions of tools used in the
analysis of games with incomplete information.

For three vectors a, b, c ∈ RK , c = a + b if and only if ck = ak + bk for every
k ∈ K, c = max{a, b} if and only if ck = max{ak, bk} for every k = 1, . . . ,K, and
a ≥ b if and only if ak ≥ bk for every k = 1, . . . ,K. For a scalar r ∈ R, c = a + r if
and only if ck = ak + r for every k = 1, . . . ,K, and c = ra if and only if ck = rak for
every k = 1, . . . ,K. Finally, the L1-norm and L∞-norm will be denoted by ‖·‖1 and
‖·‖∞, respectively.

3.1. Concavification. Given a continuous function u : ∆(K) → R, we denote
by cav u its concavification, namely, the least concave function v defined over ∆(K),
such that v ≥ u. It is the function whose hypograph is the convex hull of the hy-
pograph of u. Similarly, we denote by vex u its convexification, namely, the largest
convex function v such that v ≤ u. Both cav u and vex u are well defined. Thus, cav
and vex are functional operators that act on real-valued functions defined on ∆(K).

Lemma 8 (see, e.g., Laraki [7]). When ∆(K) is endowed with the L1-norm, the
two operators cav and vex map C-Lipshitz functions into C-Lipshitz functions.

Lemma 9. When the set of functions u : ∆(K) → R is endowed with the L∞-
norm, the two operators cav and vex are nonexpansive.

Proof. For any two real-valued continuous functions over ∆(K), u, and v, one has

‖u∗∗ − v∗∗‖∞ ≤ ‖u∗ − v∗‖∞ ≤ ‖u− v‖∞,

where u∗(x) = inf{〈y, x〉 − u(y), y ∈ RK} is the conjugate of u. Since u∗∗ = cav u,
the result follows.

The argument for the operator vex is analogous.
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The following lemma is classical (see, e.g., Mertens, Sorin, and Zamir [10, Corol-
lary V.1.3], or the discussion in Zamir [24, p. 118]).

Lemma 10. Assume that player 1 can guarantee u. Then player 1 can guarantee
cav u.

Proof. We briefly recall the main ideas of the proof. Prior to the first stage,
player 1 performs a state-dependent lottery, designed as follows. By the Carathéodory
theorem there exist pe ∈ ∆(K), αe ∈ [0, 1], for e = 1, . . . , |K|+1, such that

∑
e αe = 1,∑

e αepe = p, and

cav u(p) ≤
∑
e

αeu(pe) + ε.(2)

If u is continuous, ε may be set to zero in (2). To guarantee cav u(p) in Γ(p, ω),
player 1 chooses a fictitious distribution pe, and he plays optimally in Γ(pe, ω). The
distributions (pe) must satisfy that their average is p. We now provide one mechanism
player 1 can employ.

For each e set µk(e) = αep
k
e/p

k if pk > 0, and we let µk be arbitrary if pk =
0. Observe that

∑
e p

kµk(e) =
∑

e αep
k
e = pk. The following strategy of player 1

guarantees cav u(p) − 2ε: given k, choose e according to µk, and play a strategy σe

that guarantees u(pe) − ε.

The following result will be useful later.

Lemma 11. Let (Ai)i∈I be a finite collection of convex closed upwards compre-
hensive sets, and let A be the set

{
a ∈ RK : a = maxi∈I ai, ai ∈ Ai

}
. Then

fA(p) = (cav max
i∈I

fAi
)(p),

where, for any convex upwards comprehensive set B, fB(p) = infa∈B 〈a, p〉 .
Proof. Since each Ai is upwards comprehensive, A coincides with ∩iAi. Therefore

fA ≥ fAi for each i. In particular fA ≥ maxi∈I fAi . Since fA is concave, fA ≥
cav maxi∈I fAi .

To prove the opposite inequality, we first observe that if B is convex, closed, and
upwards comprehensive, one has

B =
{
a ∈ RK : 〈a, p〉 ≥ fB(p) for each p ∈ ∆(K)

}
.(3)

Set g = cav maxi∈I fAi , and

D =
{
a ∈ RK : 〈a, p〉 ≥ g(p) for each p ∈ ∆(K)

}
.

Since g ≥ fAi for each i ∈ I, and using (3) with B = Ai, one has D ⊆ Ai. Therefore,
D ⊆ A, which readily implies g ≥ fA.

3.2. Approachability. We present here the basic approachability result of Black-
well [4], in the framework of stochastic games. Let G be a stochastic game with payoffs
in RK . The description of such a game is the same as that of a two-player zero-sum
stochastic game given in section 2.1, except that the reward function g now takes
values in RK . The definition of strategies in this framework is similar to that given
in section 2.2.

We denote ḡN = 1
N

∑N
n=1 g(ωn, in, jn) ∈ RK , the average vector payoff in the

first N stages.
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Definition 12. A vector a ∈ RK is approachable by player 2 at ω if, for every
ε > 0, there is a strategy τ of player 2 and N ∈ N such that2

∀σ,Eω,σ,τ

[
sup
n≥N

(ḡn − a)
+

]
≤ ε.

We say that such a strategy τ approaches a + ε at ω.

In other words, for every ε player 2 has a strategy such that the average payoff
vector will eventually not exceed a + ε. Note that a is approachable if and only if
a+ ε is approachable for every ε > 0, so that the set of approachable vectors is closed
and upwards comprehensive.

Our definition differs slightly from that of Blackwell [4], where the strategy τ
is required to be independent of ε (i.e., the original definition of Blackwell reads
as ∃τ,∀ε > 0, etc.). Any vector a that is approachable in Blackwell’s sense is also
approachable in our sense. The two definitions are not equivalent. However, it is easily
checked that, if a is approachable (in our sense) at each state, it is also approachable
in Blackwell’s sense.

Every stochastic game with incomplete information Γ(p, ω) induces a stochastic
game with vector payoffs ΓV (ω), in which the payoff coordinates are given by the
reward functions of the component games (Gk) of Γ(p, ω). The next lemma relates
the two games. Its proof is straightforward.

Lemma 13. If a ∈ RK is approachable at ω in the game ΓV , then player 2 can
guarantee 〈a, p〉 in Γ(p, ω) for every p ∈ ∆(K).

We now state Blackwell’s sufficient condition for approachability in this context.
Denote by u∞(p, ω) the uniform value of the two-player zero-sum stochastic game
with reward function

∑
k∈K pkg

k(ω, ·, ·). The existence of u∞ follows, by Mertens
and Neyman [9] or by Parthasarathy and Raghavan [14]. We also denote by un(p, ω)
the value of the n-stage version of that game (thus, limn→∞ un = u∞, and the limit
is uniform in p).

Proposition 14. If cav u∞(p, ω) ≤ 〈a, p〉 for every (p, ω) ∈ ∆(K) × Ω, then a
is approachable in ΓV by player 2 at ω, for each ω ∈ Ω.

In this statement (and in later ones), cav u∞ is the concavification of u∞ with
respect to the first variable, p: cav u∞(p, ω) = (cav u∞(·, ω))(p).

Sketch of the proof. Let ε > 0, and choose N such that ‖uN − u∞‖ ≤ ε, so that
cav uN (p, ω) ≤ 〈a + ε, p〉. We define an auxiliary game with vector payoffs, where
each stage corresponds to N stages in the original game. We apply Blackwell’s result
to the auxiliary game, noting that Blackwell’s proof still holds when the stage game
changes from stage to stage, with payoffs remaining bounded.

A more precise result was proved by Milman [13, Theorem 2.1.1]. For results with
similar flavor, see Shimkin and Shwartz [19].

3.3. Information revelation. Let σ be a given strategy of player 1. For n ∈ N,
we denote by pn the conditional distribution over K given Hn: it is the belief held
by player 2 about the true game being played.3 The difference ‖pn − pn+1‖1 may be
interpreted as the amount of information that is revealed at stage n.

It is well known (see, e.g., Sorin [22, Lemma 3.4] or Mertens, Sorin, and Zamir

2For every real c ∈ R, c+ = max{c, 0}.
3The value of pn at a specific atom of Hn depends on σ but not on τ . Since the distribution on

Hn depends on τ , the law of pn depends on both σ and τ .
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[24, Lemma IV.2.1]) that, for each τ ,

Ep,ω,σ,τ

[ ∞∑
n=1

‖pn − pn+1‖2
2

]
≤ |K| .(4)

Given p ∈ ∆(K), we denote by σp the average nonrevealing strategy defined by
σp(h) =

∑
k∈K p(k)σ(k, h) for each finite history h. It is convenient to relate the

benefit derived by player 1 from using his information at a given stage to the amount
of information revealed at that stage. Let n ∈ N be given. The expected payoff at
stage n, conditional on past play, is

Ep,ω,σ,τ [gn|Hn] =
∑
k∈K

pn(k)gk(ωn, σ(k, hn), τ(hn)),

where σ(k, hn) and τ(hn) are the mixed moves used by the two players at that stage.4

By Proposition 3.2 and Lemma 3.13 in Sorin [22],

|Ep,ω,σ,τ [gn|Hn] − 〈pn, g(ωn, σ
pn(hn), τ(hn))〉| ≤ E [‖pn − pn+1‖1 |Hn] .(5)

Definition 15. Let T̃ be a set of strategies of player 2. Let ε > 0 and σ
be given. The strategy τ̃ ∈ T̃ is ε-exhausting information given (p, ω) and σ if τ̃

maximizes Ep,ω,σ,τ [
∑∞

n=1 ‖pn − pn+1‖2
2] up to ε over T̃ .

This notion is relative to the class T̃ . Which class of strategies is meant will
always be clear from the context.

Lemma 16. Let T̃ , ε, σ, (p, ω) as in Definition 15. Let τ̃ ∈ T̃ be an ε-exhausting

strategy given (p, ω) and σ, and let N ∈ N be such that Ep,ω,σ,τ̃ [
∑∞

n=N ‖pn − pn+1‖2
2]

≤ ε. Then for each strategy τ ∈ T̃ that coincides with τ̃ until stage N , one has

Ep,ω,σ,τ

[ ∞∑
n=N

‖pn − pn+1‖1

]
≤

√
2ε, and Ep,ω,σ,τ [‖pl − pN‖2] ≤

√
2ε for each l ≥ N.

Proof. By Jensen’s inequality and since (pn) is a martingale, for every l ≥ N one
has

(Ep,ω,σ,τ [‖pl − pN‖2])
2 ≤ Ep,ω,σ,τ

[
‖pl − pN‖2

2

]
= Ep,ω,σ,τ

[
l−1∑
n=N

‖pn − pn+1‖2
2

]
.

(6)

The equality in (6) is a standard result for martingales; see, e.g., Karatzas and Shreve
[6, p. 32]. The second inequality follows. The first inequality follows using Jensen’s
inequality (applied to each stage independently) and since ‖ · ‖1 ≤ ‖ · ‖2.

The next lemma is specific to stochastic games with incomplete information. In
effect, it proves that the amount of information revealed by player 1 up to stage l ∈ N
is an upper bound on the excess gain from the private information.

Lemma 17. Let (σ, τ) be given. For every p ∈ ∆(K), every ω ∈ Ω, and every
l ∈ N, one has

|Ep,ω,σ,τ [gl] − Ep,ω,σp,τ [gl]| ≤ 4Ep,ω,σ,τ

[
l∑

m=1

‖pm − pm+1‖1

]
.

4There is a small notational inconsistency here, since the right-hand side is the value of the
left-hand side on a typical atom of Hn.
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Proof. To distinguish between Ep,ω,σ,τ and Ep,ω,σp,τ , we denote the latter by

Ẽp,ω,σp,τ . Let n ≤ l be given. Since σp is nonrevealing, and by the Lipshitz property,∣∣∣〈pn, g(ωn, σ
pn(hn), τ(hn))〉 − Ẽp,ω,σp,τ [gn|Hn]

∣∣∣
= |〈pn, g(ωn, σ

pn(hn), τ(hn))〉 − 〈p, g(ωn, σ
p(hn), τ(hn))〉|

≤ 2 ‖pn − p‖1 .(7)

By (5), it follows that

∣∣∣Ep,ω,σ,τ [gn|Hn] − Ẽp,ω,σp,τ [gn|Hn]
∣∣∣ ≤ 2 ‖pn − p‖1 + Ep,ω,σ,τ [‖pn − pn+1‖1 |Hn] .

(8)

On the other hand, it is easily checked that the probabilities Pn
p,ω,σ,τ and P̃n

p,ω,σp,τ

induced by P and Pp,ω,σp,τ on Hn satisfy

∥∥∥Pn
p,ω,σ,τ − P̃n

p,ω,σp,τ

∥∥∥
1
≤ Ep,ω,σ,τ

[
n∑

m=1

‖pm − pm+1‖1

]
.(9)

By (8) and (9),

∣∣∣Ep,ω,σ,τ [gn] − Ẽp,ω,σp,τ [gn]
∣∣∣ ≤ 4Ep,ω,σ,τ

[
n∑

m=1

‖pm − pm+1‖1

]
,

which implies the result.

3.4. A partition of states. In this section we define a partition of the set of
states that will be extensively used in what follows. It hinges on the fact that a
single player controls the transitions, but it does not matter who is the controller.
The partition is similar to the one defined by Ross and Varadarajan [18] for Markov
decision processes, who also provide an algorithm to calculate it.

We assume that player 1 controls the transitions. The partition when player 2
controls the transitions is defined analogously. Since transitions are independent of
player 2’s actions, we here omit player 2’s strategy from the notations.

Given ω ∈ Ω, we denote by

rω = min {n ∈ N, ωn = ω}

the stage of the first visit to ω. By convention, the minimum over an empty set is
+∞.

Definition 18. Let ω1, ω2 ∈ Ω. We say that ω1 leads to ω2 if ω1 = ω2, or if
Pω1,σ(rω2

< +∞) = 1 for some strategy σ of player 1.
Note that the relation leads to is reflexive and transitive.
We define an equivalence relation over Ω by

ω ↔ ω′ if and only if ω leads to ω′ and ω′ leads to ω.

The equivalence classes of this relation are called communicating sets. Given ω ∈ Ω,
we let Cω denote the communicating set that contains ω, and we define

Iω = {i ∈ I : q(Cω | ω, i) = 1}.
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Thus, whenever Cω contains at least two elements, by properly selecting actions in
(Iω′)ω′∈Cω player 1 can ensure that the play reaches any state in Cω infinitely often,
provided the play starts in Cω.

The set Iω may (but does not have to) be empty only if |Cω| = 1. Actions in Iω
are called stay actions, and any state ω such that Iω = ∅ is a null state. The set of
nonnull states is denoted by Ωc. Note that Cω ⊆ Ωc whenever ω ∈ Ωc.

Lemma 19. ω ∈ Ωc if and only if there is a stationary strategy xCω such that Cω

is a recurrent set for x.

Thus, a state is null if it is visited only finitely many times, whatever player 1
plays: Iω = ∅ if and only if ω is transient for every stationary strategy x.

Proof. We start with the direct implication. Let ω ∈ Ωc. For ω′ ∈ Cω, define
xω′ ∈ ∆(A) by

xω′ [i] =

{
0, i �∈ Iω′ ,
1/|Iω′ |, i ∈ Iω′ ,

and let x be any stationary strategy that coincides with xω′ in each state ω′ ∈ Cω. It
is easy to show that Cω is recurrent under x.

The reverse implication is straightforward.

Some communicating sets are absorbing, in the sense that once entered, the play
remains there forever. We now single them out. Let x∗ be a fully mixed stationary
strategy, i.e., x∗

ω[i] > 0 for every ω ∈ Ω and every i ∈ I. If R ⊆ Ω is a recurrent set
for x∗, then R is a communicating set, and Iω = I for every ω ∈ R.

We denote by Ω0 the union of these sets:

Ω0 = ∪{R : R recurrent for x∗} = {ω ∈ Ω : Iω′ = I for every ω′ ∈ Cω}.

The following lemma implies that the max-min value and the min-max value are
constant over Cω for every ω ∈ Ω0, provided they exist.

Lemma 20. Assume player 1 controls transitions. Let ω ∈ Ω and ω′ ∈ Cω. If
one of the players can guarantee φ in Γ(p, ω), he can also guarantee φ in Γ(p, ω′).

Proof. Assume first that player 1 can guarantee φ in Γ(p, ω). Let σ be a strategy
that guarantees φ − ε in Γ(p, ω), and let σ∗ be the strategy that plays xCω until rω,
then switches to σ. In the game Γ(p, ω′), the strategy σ∗ guarantees φ − ε′ for each
ε′ > ε.

Assume now that player 2 can guarantee φ in Γ(p, ω), but assume to the contrary
that he cannot guarantee φ in Γ(p, ω′) for some ω′ ∈ Cω. We argue that player 2
cannot guarantee φ in Γ(p, ω), a contradiction. Since player 2 cannot guarantee φ in
Γ(p, ω′), there is ε > 0 such that for every strategy τ of player 2 and every N ∈ N there
is a strategy στ,N of player 1 and an integer nτ,N ≥ N such that γnτ,N

(p, ω′, στ,N , τ) >
φ + ε. Let τ and N be given. Let σ∗ be the strategy of player 1 defined as follows.
Play xCω until stage rω′ , then switch to στν ,M , where τν is the strategy induced by τ
after stage ν, and M is sufficiently large so that Pω,xCω

(rω′ < M) > 1 − ε
2 . One can

verify that there is n′ ≥ N such that γn′(p, ω, σ∗, τ) > φ+ε/2, a contradiction.

When player 2 controls the transitions, we denote by Jω the set of stay actions
at ω:

Jω = {j ∈ J : q(Cω | ω, j) = 1}.
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3.5. Auxiliary games. As for the analysis of zero-sum repeated games with
incomplete information on one side, it is convenient to introduce an average game in
which no player is informed of the realization of k.

For notational ease, assume that player 1 is the controller. For every p ∈ ∆(K)

and every nonnull state ω ∈ Ω, we denote by Γ̃R(p, ω) the zero-sum stochastic game
with (i) initial state ω, (ii) state space Cω, (iii) reward function

∑
k pkg

k, (iv) action
sets Iω′ and J at each state ω′ ∈ Cω, and (v) transition function induced by q.

In the case where player 2 is the controller, the game Γ̃R(p, ω) is defined by
restricting player 2’s action set to Jω′ in each state ω′ ∈ Cω.

Thus, Γ̃R(p, ω) is the stochastic game in which player 1 is not informed of the
realization of k (or does not use his information), and the controller is restricted to
stay actions. In particular, the game remains in Cω forever. The letter R is a symbol
for restricted, while the symbol ˜ stands for average.

Note that Γ̃R(p, ω) is a single controller game, so that both players have optimal
stationary strategies. Denote by ũ(p, ω) its value. Note that ũ(p, ω) = u∞(p, ω) for
each ω ∈ Ω0.

By convention, if ω is a null state, we set ũ(p, ω) = −∞ if player 1 controls the
transitions, and ũ(p, ω) = +∞ if player 2 controls the transitions. By Lemma 20, for
every communicating set C, ũ(p, ω) is independent of ω ∈ C.

Proposition 21. For every ω ∈ Ω0 and every p ∈ ∆(K) the value v(p, ω) of
Γ(p, ω) exists and is equal to cav ũ(p, ω)(= cav u∞(p, ω)).

Thus, restricted to Ω0, the game is similar to a standard repeated game with
incomplete information.

Proof. The proof of this lemma is similar to the proof for repeated games with
incomplete information on one side. Let p ∈ ∆(K) and ω ∈ Ω0 be given. Clearly
player 1, by not using his information, can guarantee ũ(p, ω). By Lemma 10, player
1 can guarantee cav ũ(p, ω).

The proof that player 2 can guarantee cav ũ is based on approachability results,
and closely follows classical lines. Let a ∈ RK be such that

〈a, p〉 = cav ũ(p, ω),

〈a, q〉 ≥ cav ũ(q, ω) for every q ∈ ∆(K).

If cav ũ(·, ω) is differentiable at p, then a is defined by the hyperplane tangent to
cav ũ(·, ω) at p. By Proposition 14, a is approachable. By Lemma 13, player 2 can
guarantee cav ũ(p, ω).

Let ΓR(p, ω) be a game similar to Γ̃R(p, ω), but in which player 1 is informed of k.
Thus, ΓR(p, ω) differs from Γ(p, ω) only in that actions of the controller are restricted.

Since in ΓR, for each nonnull state ω the game cannot leave Cω, Proposition 21
yields the following.

Lemma 22. Let ω be a nonnull state. Then ΓR(p, ω) has a value, which is cav
ũ(p, ω).

We denote by ΓV
R the stochastic game with vector payoffs in which the controller

is restricted to stay actions.

3.6. Functional equations. Let B denote the set of functions φ : ∆(K)×Ω →
[0, 1] that are 1-Lipshitz with respect to p, when ∆(K) is endowed with the L1-norm.
We here define three operators on B that will be used to characterize the solutions of
the game.
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When transitions are controlled by player 1, we define the operator T1 by

T1φ(p, ω) = cav max

{
ũ, max

ω′∈Cω,i/∈Iω′
E [φ | ω′, i]

}
(p, ω).(10)

By convention, a maximum over an empty set is −∞. In this expression, E [φ | ω′, i]
stands for the expectation of φ under q(· | ω′, i).

Note that T1φ(p, ω) is equal to cav max
{
cav ũ,maxω′∈Cω,i/∈Iω′ E [φ | ω′, i]

}
(p, ω)

as well.
When transitions are controlled by player 2, we define the operators T2 and T3

by

T2φ(p, ω) = cav min

{
ũ, min

ω′∈Cω,j �∈Jω′
E [φ | ω′, j]

}
(p, ω),

T3φ(p, ω) = min

{
cav ũ, min

ω′∈Cω,j �∈Jω′
E [φ | ω′, j]

}
(p, ω).

Since the maximum (or minimum) of a finite number of elements of B belongs to B,
and since by Lemma 8 concavification preserves Lipshitz properties when ∆(K) is
endowed with the L1-norm, all three operators T1, T2, and T3 map B into B. Note
that for each i = 1, 2, 3 the operator Ti is monotonic: φ1 ≤ φ2 implies Tiφ1 ≤ Tiφ2.
Moreover, for every φ ∈ B, Tiφ is constant over Cω, for each ω ∈ Ω.

We now assume that player 1 controls transitions, and prove a few results on T1.
When transitions are controlled by player 2, identical results hold for both T2 and T3.
Since the proofs are similar, they are omitted.

Proposition 23.

1. T1 has a unique fixed point φ.
2. The sequences (φ0

n) and (φ1
n) defined by φj

0 = j, φj
n+1 = T1φ

j
n for j = 0, 1,

are monotonic and converge uniformly to φ.
3. φ coincides with cav ũ on Ω0.
4. If f ∈ B satisfies f ≤ T1f (resp., f ≥ T1f), then f ≤ φ (resp., f ≥ φ).

Since T1φ and T2φ are concave for every φ ∈ B, the fixed points of those operators
are concave functions. Since 0 is concave, and since T3 maps concave functions to
concave functions, the analog of Proposition 23 for T3 implies that the fixed point of
T3 is concave as well.

Proof. By monotonicity of T1, item 2 follows from item 1. Since cav ũ(p, ω) is
constant on every communicating set, so is T1φ(p, ω) for every φ ∈ B. Since Iω = I
for every ω ∈ Ω0, T1φ(p, ω) = cav ũ(p, ω) for every φ ∈ B, every ω ∈ Ω0, and every
p ∈ ∆(K). Thus, item 3 will follow from item 1. We now prove item 1. By Ascoli’s
characterization, B is a compact metric space when endowed with the L∞-norm. By
Lemma 9, T1 is nonexpansive, so that it is continuous on B. Hence T1 has a fixed
point.

We prove uniqueness by contradiction. Let φ1 and φ2 be two distinct fixed points
of T1, and assume w.l.o.g. that δ := max(p,ω)∈∆(K)×Ω(φ1(p, ω) − φ2(p, ω)) > 0. Let

D = {ω ∈ Ω, φ1(p, ω) − φ2(p, ω) = δ for some p ∈ ∆(K)}

contain those states where the difference is maximal. Since both φ1(p, ·) and φ2(p, ·)
are constant on each communicating set, Cω ⊆ D whenever ω ∈ D.

Since φ1 = φ2 on Ω0, D ⊆ Ω \ Ω0. Let ω ∈ D be given, and let p0 ∈ ∆(K) be
an extreme point of the convex hull of the set {p ∈ ∆(K) : φ1(p, ω) − φ2(p, ω) = δ}.
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Thus, φ1(p0, ω) − φ2(p0, ω) = δ > 0. Since φ1(·, ω) and φ2(·, ω) are concave, it
also follows that (p0, φ1(p0, ω)) is an extreme point of the hypograph of the concave
function φ1(·, ω). This implies

φ1(p0, ω) = max

{
cav ũ, max

ω′∈Cω,i/∈Iω
E [φ1|ω′, i]

}
(p0, ω).

Since φ1(p0, ω) > φ2(p0, ω) ≥ cav ũ(p0, ω), one has φ1(p0, ω) = E [φ1(p0, ·) | ω′, i]
for some ω′ ∈ Cω and i /∈ Iω′ . Since T1φ2 = φ2, φ2(p0, ω) ≥ E [φ2(p0, ·) | ω′, i], and
therefore

δ = φ1(p0, ω) − φ2(p0, ω) ≤ E [φ1(p0, ·) − φ2(p0, ·) | ω′, i] .

By the definition of D, this implies that q(D | ω′, i) = 1.
Thus, for every ω ∈ D there exists ω′ ∈ Cω and i �∈ Iω′ that satisfy q(D | ω′, i) = 1.

This implies the existence of ω1, ω2 ∈ D such that Cω1 �= Cω2 and ω1 ↔ ω2, a
contradiction. This proves 1.

To prove 4, we assume that δ = max(p,ω)∈∆(K)×Ω (f(p, ω) − φ(p, ω)) > 0, and
repeat the second part of the proof of 1 to obtain a contradiction.

4. Incomplete information on one side.

4.1. Preliminaries. We here single out a useful lemma. The lemma concerns a
standard two-player zero-sum stochastic game G and its version GR in which player
1 is restricted to stay actions. Thus, K is a singleton.

Lemma 24. Let G be a two-player zero-sum stochastic game with transitions
controlled by player 1, and let ω ∈ Ω. If player 2 can guarantee that α ∈ R in GR(ω)
and he can guarantee that φ : Ω → R in G, then he can also guarantee max{α,
maxω′∈Cω,i/∈Iω′ E[φ|ω′, i]} in G(ω).

Proof. By Lemma 20 player 2 can guarantee α in GR(ω′) for every ω′ ∈ Cω. Let
τ1 be a strategy that guarantees α + ε in GR(ω′) for every ω′ ∈ Cω, and let τ2 be
a strategy that guarantees φ + ε in G. Let N ∈ N be such that for every n ≥ N ,
every ω′ ∈ Cω, and every σ in GR(ω), γn(ω′, σ, τ1) ≤ α + ε, and for every σ in G,
γn(ω′, σ, τ2) ≤ φ(ω′) + ε.

Define ν = 1 + inf {n ≥ 1, in /∈ Iωn
}. Define a strategy τ for player 2 as follows.

• Until stage ν, τ plays in blocks of size N (the last block may be shorter). In
block l ≥ 0, where lN < ν, τ forgets past play and follows τ1(ωlN+1) for N
stages.

• At stage ν, τ forgets past play and starts following τ2.
Let σ be an arbitrary pure strategy. We will compute an upper bound on

Eω,σ,τ [gn] for n sufficiently large. Set L∗ = � ln ε
ln(1−ε)�5 and take n ≥ N1 := �L∗N/ε2�.

Denote by gm1→m2
the average payoff from stage m1 to stage m2. With θ∗ := N×� ν

N �,
since payoffs are nonnegative one has

gn ≤ θ∗

n
gθ∗ +

n + 1 − ν

n
gν→n.(11)

On the event ν ≤ n−N , one has

Eω,σ,τ [gν→n|Hν ] = Eων ,σν ,τ2

[
gn−ν+1

]
≤ φ(ων) + ε,(12)

5For every real c, �c� is the smallest integer larger than or equal to c.
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where σν is the strategy induced by σ after ν. Since σ is pure, ν − 1 is a stopping
time and, using (12),

Eω,σ,τ [gν→n|Hν−1] ≤ E [φ|ων−1, iν−1] + ε
≤ maxω′∈Cω,i/∈Iω′ E [φ|ω′, i] + ε.

(13)

On the other hand, on the event ν > n−N ,

n + 1 − ν

n
≤ ε.(14)

We now proceed to the first term in the decomposition (11) of gn. For each l, we
let πl = Pω,σ,τ (ν ≤ (l + 1)N | HlN+1). By the choice of N ,

Eω,σ,τ

[
glN+1→(l+1)N |HlN+1

]
≤ α + ε + Pω,σ,τ (ν ≤ (l + 1)N | HlN+1)

on the event lN + 1 < ν. By taking expectations, this yields

Eω,σ,τ

[
glN+1→(l+1)N1lN+1<ν

]
≤ (α + ε)Pω,σ,τ (lN + 1 < ν) + Pω,σ,τ ((l + 1)N ≥ ν).

By summation over l, and using the definition of θ∗, this yields

Eω,σ,τ

[
θ∗−1∑
l=0

glN+1→(l+1)N

]
≤ (α + ε)Eω,σ,τ [θ∗] + 1,

hence

Eω,σ,τ

[
Nθ∗

n
gNθ∗

]
≤ (α + ε)Eω,σ,τ

[
Nθ∗

n

]
+

N

n
.(15)

The result follows by (11), (13), (14), and (15).
We shall need a variant of the previous result whose proof is identical to the

previous proof. Consider the stochastic game with incomplete information Γ(p, ω)
where ω is a nonnull state and assume that transitions are controlled by player 2.
Assume that player 1 can guarantee a function φ. Then player 1 can also guarantee
min

{
ũ,minω′∈Cω,j /∈Jω′ E [φ|ω′, j]

}
(p, ω) in Γ(p, ω).

4.2. Transitions controlled by player 1. In this section we assume that tran-
sitions are controlled by player 1.

4.2.1. Existence of the value.
Proposition 25. The unique fixed point of T1 is the value of Γ.
Proof. Let φ be the unique fixed point of T1, and fix ε > 0 once and for all.
Step 1. Player 1 can guarantee φ in Γ. By Lemma 22 player 1 can guarantee

cav ũ. Set φ0
0 = 0, and, for n ≥ 0, define φ0

n+1 = T1φ
0
n. Assume that player 1 can

guarantee φ0
n for some n ∈ N. Let p ∈ ∆(K) and ω ∈ Ω be given. Plainly, for every

ω′ ∈ Cω and every i /∈ Iω, player 1 can guarantee E
[
φ0
n | ω′, i

]
(p, ω) in Γ(p, ω′); first

he plays the action i at ω′, and then a strategy that guarantees φ0
n(p, ·) (up to ε).

By Lemma 20, he can guarantee E
[
φ0
n | ω′, i

]
(p, ω) in Γ(p, ω). By Lemmas 3 and 10

he can guarantee T1φ
0
n = φ0

n+1 in Γ. Since player 1 can guarantee φ0
0 = 0, and since

limn→∞ φ0
n = φ, the result follows.

We now prove that player 2 can guarantee φ.
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Step 2. Definition of approachable sets. For ω ∈ Ω, let Bω be the set of vectors
approachable in ΓV by player 2 at ω. We also define

Aω =
{
a ∈ RK : 〈a, p〉 ≥ cav ũ(p, ω) for every p

}
.

By Proposition 14 and Lemma 22, Aω is the set of vectors approachable by player 2 at
ω in the stochastic game with vector payoffs ΓV

R . Both sets Aω and Bω are nonempty,
closed, convex, and upwards comprehensive.

For every ω ∈ Ω define

Dω =

{
d = max

{
a, max

ω′∈Cω,i/∈Iω′
E [b(·) | ω′, i]

}
: a ∈ Aω, b(ω

′′) ∈ Bω′′ for every ω′′ ∈ Ω

}
.

Step 3. Dω ⊆ Bω. Fix d ∈ Dω. Let τ1 be a strategy that approaches a + ε at ω,
and let τ2 be a strategy that approaches b(ω′′) + ε at each state ω′′. For each k the
strategy τ1 guarantees ak + ε in the game Γ(k, ω), and τ2 has a similar property. By
Lemma 24, applied independently to each Gk, the strategy obtained by concatenation
of τ1 and τ2 guarantees max

{
ak,maxω′∈Cω,i/∈Iω′ E

[
bk(·) | ω′, i

]}
+ 3ε = dk + 3ε in

Gk. Lemma 13 implies that d ∈ Bω.
Step 4. Player 2 can guarantee φ. Let f(p, ω) = infa∈Bω

〈a, p〉 and h(p, ω) =
infa∈Dω

〈a, p〉, so that by Step 3 f ≤ h. By Lemma 13 player 2 can guarantee 〈a, p〉
in Γ(p, ω) for every a ∈ Bω. Therefore he can guarantee f(p, ω) as well. By Lemma
11, the definition of Dω may be rephrased as

h = cav max

{
cav ũ, max

ω′∈Cω,i �∈Iω′
E [f | ω′, i]

}
= T1f.

Thus, f ≤ T1f . By item 4 in Proposition 23, f ≤ φ. Therefore, player 2 can guarantee
φ.

4.2.2. Optimal strategies. The proof of Proposition 25 yields no information
on ε-optimal strategies for player 1. We argue here that player 1 has an optimal
strategy σ of a simple type. In effect, σ has the following structure. Whenever the
play enters a communicating set, say at stage n ≥ 0, σ randomly selects a nonrevealing
stationary strategy that is used until the play moves to a new communicating set, if
ever. The random choice of the stationary strategy may itself be revealing, in that
the distribution used at stage n to select a stationary strategy depends both on pn
and on k. We describe below such a strategy in more detail.

Let v be the value of the game. Let (p, ω) ∈ ∆(K) × Ω be given. Upon enter-
ing a communicating set at stage n ≥ 0, player 1 computes v(pn) = cav max{ũ,
maxω′∈Cωn ,i/∈Iω′ E[v | ω′, i]}(pn, ωn), and performs a state-dependent lottery, as de-
scribed in the proof of Lemma 10. To be specific, one determines p̃e ∈ ∆(K), αe ∈
[0, 1], for e = 1, . . . , |K| + 1, such that

∑
e αe = 1,

∑
e αep̃e = pn, and

v(pn) =
∑
e

αe max

{
ũ, max

ω′∈Cωn ,i/∈Iω′
E [v | ω′, i]

}
(p̃e, ωn).

If Gk is the actual game that is played, player 1 chooses e according to a state-
dependent lottery µk, where µk(e) = αep̃

k
e/p

k
n.

If max
{
ũ,maxω′∈Cωn ,i/∈Iω′ E [v | ω′, i]

}
(pe, ωn) = ũ(pe, ωn), player 1 plays a sta-

tionary (nonrevealing) strategy which guarantees ũ(pe, ωn) in the restricted game

Γ̃R(pe, ωn). Recall that there are finite-stage algorithms that compute this strategy.
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Fig. 1. The value of the restricted games Γ̃R(p, ωi).

If, on the other hand, max
{
ũ,maxω′∈Cωn ,i/∈Iω′ E [v | ω′, i]

}
(pe, ωn) = E[v(pe, ·)

| ω′, i] for some ω′ ∈ Cωn and i /∈ Iω′ , player 1 plays the stationary strategy xCωn

until the play reaches ω′, and at ω′ he plays the action i. He then recursively switches
to a strategy that guarantees v(pe, ·).

Under σ, player 1 will end up in finite time playing an optimal stationary strategy
in some restricted game Γ̃R(p′, ω′), with p′ ∈ ∆(K) and ω′ ∈ Ω. It can be checked
that σ guarantees v(p, ω) − ε for every ε > 0. In that sense, σ is optimal. The proof
is standard and therefore omitted.

4.2.3. An example. We here provide a simple example that illustrates the ba-
sic issues of splitting and information revelation. In particular, in this example the
informed player will perform two state-dependent lotteries and therefore reveal infor-
mation in two different stages of the game, unlike what happens in standard repeated
games with incomplete information. The game has three states Ω = {ω1, ω2, ω3},
where ω2 and ω3 are absorbing. There are two possible payoff functions, so that
K = {1, 2}. A distribution over K is identified with the probability p ∈ [0, 1] assigned
to k = 2.

We first describe the main features of the example before providing the payoff
and transition matrices of the game.

All actions of player 1 at state ω1 are stay actions, except one, which leads to
either state ω2 and ω3 with equal probability.

The value ui(p) of the restricted game Γ̃R(p, ωi) is given by (see Figure 1)

u1(p) = 2/3,

u2(p) = max{1 − 2p, 2p− 1},

u3(p) =

⎧⎪⎪⎨⎪⎪⎩
4p 0 ≤ p ≤ 1/4,
2 − 4p 1/4 ≤ p ≤ 1/2,
4p− 2 1/2 ≤ p ≤ 3/4,
4 − 4p 3/4 ≤ p ≤ 1.
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Note that 1/2(cav u2 + cav u3) is given by (see Figure 2)

1/2(cav u2 + cav u3)(p) =

⎧⎨⎩
2p + 1/2 0 ≤ p ≤ 1/4,
1 1/4 ≤ p ≤ 3/4,
5/2 − 2p 3/4 ≤ p ≤ 1.

It is the payoff that is guaranteed by player 1, when starting at (p, ω1), and exiting
from ω1 without revealing any information. Indeed, once in ω2 or in ω3, the game
will stay there and therefore the value is given by cav u2 and cav u3, respectively.

By section 4.2, the value v(p, ω1) = cav max
{

2
3 ,

1
2 (cav u2 + cav u3)

}
is given by

(see Figure 2)

v(p, ω1) =

⎧⎨⎩
(2 + 4p)/3 0 ≤ p ≤ 1/4,
1 1/4 ≤ p ≤ 3/4,
2 − 4p/3 3/4 ≤ p ≤ 1.

Assume that the game starts in state ω1, with p = 1/8. Note that v(1/8, ω1) =
1
2u1(0)+ 1

2 (cav u2(1/4)+cav u3(1/4)), and that cav u3(1/4) = 3
4u3(0)+ 1

4u3(1), while
cav u2(1/4) = u2(1/4).

The optimal strategy described in section 4.2.2 is as follows. Player 1 starts by
tossing a state-dependent coin. If the coin comes up heads, player 1 plays forever
an optimal stationary strategy in the game k = 1. If the coin comes up tails, player
1 first plays the nonstay action. The game then moves with equal probability to
states ω2 and ω3. In the former case, player 1 continues with an optimal nonrevealing
stationary strategy in the average game Γ̃R(1/4, ω2). In the latter case, player 2 again
tosses a (degenerate) state-dependent coin. If k = 1 (resp., k = 2), player 1 continues
with an optimal strategy in the game Γ̃R(0, ω3) (resp., Γ̃R(1, ω3)).

Note that the amount of information revealed by player 1 depends on the actual
play.

To complete the example, we provide in Figure 3 payoff matrices that satisfy the
required specifications. The vertical arrows that appear in the bottom row of the two
top matrices stand for the random transition to either ω2 or ω3.

In both states ω1 and ω2, player 2 is a dummy. The incomplete information game
that corresponds to the game of state ω3 coincides with example 1.3 in Zamir [24].

4.3. Transitions controlled by player 2. In this section we assume that tran-
sitions are controlled by player 2. We prove that both the min-max value and the
max-min value exist, but that they may differ.

4.3.1. The max-min value.
Lemma 26. The unique fixed point of T2 is the max-min value of Γ .
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Fig. 3. The payoff matrices.

Proof. Let φ be the unique fixed point of T2, and fix ε > 0.
Step 1. Player 1 can guarantee φ. Set φ0

0 and, for m ≥ 0, set φ0
m+1 = T2φ

0
m.

Assume that player 1 can guarantee φ0
m for some m ∈ N. By the remark follow-

ing Lemma 24, player 1 can guarantee min
{
ũ,minω′∈Cω,j �∈Jω′ E

[
φ0
m | ω′, j

]}
. Hence

player 1 can also guarantee cav min
{
ũ,minω′∈Cω,j �∈Jω′ E

[
φ0
m | ω′, j

]}
= φ0

m+1. Since
player 1 can guarantee φ0

0 ≡ 0, and since φ = limm→∞ φ0
m, the result follows.

We now prove that player 2 can defend φ. Assume that player 2 can defend φ1
m

for some m ∈ N, and let σ be an arbitrary strategy of player 1. We prove in Steps 2
and 3 below that in this case player 2 can defend φ1

m+1. Since φ = limm→∞ φ1
m, and

since player 2 can defend φ1
0 ≡ 1, he can defend φ as well.

Step 2. Definition of a reply. Given (p, ω), we let τ1(p, ω) be a (stationary) strategy

that guarantees ũ(p, ω)+ε in Γ̃R(p, ω). Choose N1 ∈ N such that γn(p, ω, σ̃, τ1(p, ω)) ≤
ũ(p, ω) + 2ε for every n ≥ N1 and every nonrevealing strategy σ̃ of player 1.

By the remark that follows Definition 1, N1 can be chosen independently of (p, ω).

Let T̃ be the set of strategies of player 2 in Γ̃R(p, ω), and let τ̃ ∈ T̃ be an ε2/32N2
1 -

exhausting information strategy given σ and (p, ω). Choose N ∈ N such that

Ep,ω,σ,τ̃

[
+∞∑
n=N

‖pn − pn+1‖2
2

]
≤ ε2

32N2
1

.

By Lemma 16,

Ep,ω,σ,τ̃

[
+∞∑
n=N

‖pn − pn+1‖1

]
≤ ε√

32N1

≤ ε

4
.(16)

We define τ as follows.
• Play τ̃ up to stage N .
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• At stage N compute βN := min
{
ũ,minω′∈Cω,j �∈Jω′ E

[
φ1
m | ω′, j

]}
(pN , ωN ).

– If βN = ũ(pN , ωN ), play by successive blocks of length N1: in the b+1th
block play the strategy τ1(pN+bN1

, ωN+bN1
).

– Otherwise, switch to a strategy that defends the quantity minω′∈Cω,j �∈Jω′

E
[
φ1
m | ω′, j

]
(pN , ωN )+ε against σN , where σN is the strategy induced

by σ after stage N .
Step 3. The computation. We here prove that τ defends φ1

m+1(p, ω) + 8
√
ε in

Γ(p, ω). We abbreviate Ep,ω,σ,τ to E. First, we provide an upper bound on the
average payoff E

[
gN→N+n−1|HN

]
between stages N and N + n on the event

A := {βN = ũ(pN , ωN )} .(17)

First take n = N1. By definition,

E
[
gN→N+N1−1|HN

]
= EpN ,ωN ,σN ,τ1(pN ,ωN )

[
gN1

]
.

By the choice of N1,

EpN ,ωN ,σ
pN
N ,τ1(pN ,ωN )

[
gN1

]
≤ ũ(pN , ωN ) + 2ε.(18)

On the other hand, by Lemma 17,∣∣∣EpN ,ωN ,σ
pN
N ,τ1(pN ,ωN )

[
gN1

]
− EpN ,ωN ,σN ,τ1(pN ,ωN )

[
gN1

]∣∣∣
≤ 4EpN ,ωN ,σN ,τ1(pN ,ωN )

[
N1∑
m=1

‖pm − pm+1‖1

]
.

Thus, using (18),

E
[
gN→N+N1−1|HN

]
≤ ũ(pN , ωN ) + 2ε + 4E

[
N+N1−1∑
m=N

‖pm − pm+1‖1 |HN

]
.

The same computation applies to any block of N1 stages. Specifically, for each b ≥ 0,

E
[
gN+bN1→N+(b+1)N1−1|HN+bN1

]
≤ ũ(pN+bN1 , ωN+bN1) + 2ε

+ 4E

⎡⎣N+(b+1)N1−1∑
m=N+bN1

‖pm − pm+1‖1 |HN+bN1

⎤⎦ .

Since ũ(p, ·) is constant on every communicating set, and since ũ(·, ω) is 1-Lipshitz,
ũ(pN+bN1 , ωN+bN1) ≤ ũ(pN , ωN ) + ‖pN+bN1 − pN‖1. By taking expectations on the
event A (defined by (17)), one gets, by Lemma 16, (16), and since ‖·‖1 ≤ ‖·‖2,

E
[
1AgN+bN1→N+(b+1)N1−1

]
≤ E [1Aũ(pN , ωN )] + 2ε + E [1A ‖pN+bN1 − pN‖2]

+ 4E

⎡⎣1A

N+(b+1)N1−1∑
m=N+bN1

‖pm − pm+1‖2

⎤⎦
≤ E [1Aũ(pN , ωN )] + 5

√
ε.
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By averaging over blocks, one obtains for every n ≥ 2
ε (N + N1)

E [1Agn] ≤ E [1Aũ(pN , ωN )] + 6
√
ε.(19)

On the other hand, there is N2 ∈ N such that for every n ≥ N2,

E [gn|HN ] ≤ min
ω′∈Cω,j �∈Jω′

E
[
φ1
m | ω′, j

]
(pN , ωN ) + 2ε on the event A.(20)

By taking expectations, (19) and (20) yield

E [gn] ≤ E

[
min

{
ũ, min

ω′∈Cω,j �∈Jω′
E
[
φ1
m | ω′, j

]}
(pN , ωN )

]
+ 8

√
ε

≤ cav min

{
ũ, min

ω′∈Cω,j �∈Jω′
E
[
φ1
m | ω′, j

]}
(p, ω) + 8

√
ε

for every n ≥ max{N2,
2
ε (N + N1)}.

Let v denote the max-min of the game, and let (p, ω) be given. Similar to the
discussion in section 4.2.2, it can be checked that there is a simple strategy for player
1 that guarantees v(p, ω) − ε for each ε > 0. Under this strategy, player 1 chooses at
random a nonrevealing stationary strategy whenever the play enters a communicating
set, and uses it until the play moves to a new communicating set.

4.4. The min-max value.
Lemma 27. The unique fixed point of T3 is the min-max value of Γ.
Proof. Let φ be the unique fixed point of T3, and fix ε > 0.
We first prove by induction that player 2 can guarantee φ. Set φ1

0 ≡ 1 and, for
m ≥ 0, set φ1

m+1 = T3φ
1
m. Assume that player 2 can guarantee φ1

m for some m ∈ N,
and let (p, ω) be given. Plainly, for each ω′ ∈ Cω, j /∈ Jω′ , player 2 can guarantee
E
[
φ1
m | ω′, j

]
in Γ(p, ω′) by first playing j at ω′, and then a strategy that guarantees

φ1
m (up to ε). By Lemma 20, he can guarantee E

[
φ1
m | ω′, j

]
in Γ(p, ω) as well. By

Lemma 22, player 2 can guarantee cav ũ. Thus, he can guarantee T3φ
1
m = φ1

m+1.
Since he can guarantee φ1

0, and since φ = limm→∞ φ1
m, the result follows.

We now prove that player 1 can defend φ0
m for each m ∈ N. Clearly, player 1 can

defend φ0
0 ≡ 0. Assume that player 1 can defend φ0

m for some m ∈ N. Let a strategy
τ of player 2 and (p, ω) ∈ ∆(K)×Ω be given. Set ν = 1 + inf {n ≥ 1, jn /∈ Jωn}. The
supremum of Pp,ω,σ,τ (ν < ∞) over all strategies σ coincides with the supremum over
all nonrevealing strategies σ.6 Denote by σ∗ a nonrevealing strategy that achieves
the supremum up to ε. We choose N such that Pp,ω,σ∗,τ (ν > N) ≤ ε. The strategy
σ∗ thus exhausts the probability of leaving the initial communicating set. Denote by
τmin{ν,N} the strategy induced by τ after stage min{ν,N}.

On the event ν > N , there is a strategy τ̃ in ΓR(p, ω) such that ‖Pp,ωN ,σ,τ̃

−Pp,ωN ,σ,τN ‖ ≤ Pp,ωN ,σ,τN (ν < +∞) for every nonrevealing strategy σ in ΓR(p, ω).
This strategy depends on the history up to stage N .

We now define the reply σ of player 1 to τ as follows: play σ∗ up to stage
min{ν,N}.

• If ν > N , switch to a strategy that defends cav ũ(p, ω) + ε in ΓR(p, ωN )
against τ̃ .

6Indeed, for every strategy σ = (σk)k, one has Pp,ω,(σk)k,τ
(ν < +∞) =

∑
k pkPk,ω,σk,τ (ν <

+∞) ≤ maxk Pk,ω,σk,τ (ν < +∞). Let k0 achieve the maximum, and let σ′ be the nonrevealing

strategy that plays σk0
irrespective of k. Since transitions are independent of k, one has Pp,ω,σ,τ (ν <

+∞) ≤ Pp,ω,σ′,τ (ν < +∞).
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Fig. 4. The payoff matrices.

• If ν ≤ N , switch to a strategy that defends φ0
m(p, ων) + ε against τν .

Since there are finitely many histories of length N , the set of strategies (τmin{ν,N})
is finite. It is straightforward to check that σ defends

min

{
cav ũ, min

ω′∈Cω,j �∈Jω′
E
[
φ0
m | ω′, i

]}
(p, ω) + 2ε = φ0

m+1(p, ω) + 2ε

against τ .

4.5. An example. Here we provide an example where min{cav f, g} is strictly
larger than cav min{f, g}, so that the max-min value and the min-max value differ.

Consider the game depicted in Figure 4, where player 2 controls the transitions,
and |Ω| = |K| = 2, |I| = 2, and |J | = 5. The initial state is ω1 (bottom two matrices).
If in ω1 player 2 chooses j5, the game moves to ω2, which is absorbing. If player 2
chooses another action in ω1, the game remains in ω1. Payoffs are as depicted in
Figure 4 (the definition of gk(ω1, ·, j5) is irrelevant).

Note that Iω1
= {j1, j2, j3, j4}, Ω0 = {ω2}, and Cω1

= {ω1}.
The game ΓR(p, ω1) is similar to Example 3.3 in Aumann and Maschler [2]. As

calculated in Aumann and Maschler,

f(p) = ũ(p, ω1) =

⎧⎨⎩
3p 0 ≤ p ≤ 2 −

√
3,

1 − p(1 − p) 2 −
√

3 ≤ p ≤
√

3 − 1,

3(1 − p)
√

3 − 1 ≤ p ≤ 1

(see Figure 5). Note that cav f �= f .
The game ΓR(p, ω2) is similar to the game presented in Aumann and Maschler

[2, I.2], with all payoffs multiplied by 4.7 As calculated in Aumann and Maschler,

g(p) = ũ(p, ω2) = 4p(1 − p).

As proved above, the max-min value when the initial state is ω1 is (cav min{f, g})
(p), while the min-max value is min{cav f, g}(p). A straightforward calculation shows
that min{cav f, g}(1/2) = 3(2 −

√
3) while cav min{f, g}(1/2) = 4/5, so the two

functions differ. The graphs of the two functions appear in Figure 6.

7We added the actions j3, j4, j5, which do not change the calculation of the value. For our
purposes, we could have multiplied all payoffs by any α, 3 < α < 3/(

√
3 − 1).
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5. Incomplete information on both sides.

5.1. The model. We now extend our model to the case of incomplete informa-
tion on both sides; that is, each player has some private information on the game that
is to be played. Formally the model is extended as follows. For more details we refer
to Mertens, Sorin, and Zamir [10] or Sorin [22].

A two-player zero-sum stochastic game with incomplete information on both sides
is described by a finite collection (Gk,l)k∈K,l∈L of stochastic games, together with a
distribution p ∈ ∆(K) and a distribution s ∈ ∆(L). We assume that the games Gk,l

differ only through their reward functions gk,l, but they all have the same sets of
states Ω and actions I and J , and the same transition rule q.

The game is played in stages. At the outset of the game a pair (k, l) ∈ K × L
is chosen according to p ⊗ s. Player 1 is informed of k, and player 2 of l. At every
stage n, the two players choose simultaneously actions in ∈ I and jn ∈ J , and ωn+1

is drawn according to q(· | ωn, in, jn). Both players are informed of (in, jn, ωn+1).
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W.l.o.g. we assume throughout this section that transitions are controlled by
player 1. We will only sketch the proofs, since none of them involves any new idea.

5.2. Related literature. The main results in this framework are related to
the case |Ω| = 1 (repeated games with incomplete information) and are due to Au-
mann, Maschler, and Stearns [3] (see also Aumann and Maschler [2]) and Mertens
and Zamir [11, 12]. As in the case of incomplete information on one side, we denote
by u(p, s) the value of the matrix game with action sets I and J and matrix payoff
(
∑

k∈K,l∈L pkslgk,l(i, j))i,j . Given f : ∆(K) × ∆(L) → R, we let cavpf denote the
smallest function that is above f and concave in p, and vexsf denotes the largest
function that is below f and convex in s.

The min-max value of a repeated game with incomplete information exists and is
equal to vexscavpu(p, s). The max-min value exists and is equal to cavpvexsu(p, s).

5.3. Partitioning the states and the average restricted game. Since player
1 controls transitions, the partition defined in section 4 extends to this case, as well as
the definition of the average restricted game Γ̃R(p, s, ω) in which none of the players

has any information. Denote by ũ(p, s, ω) the value of Γ̃R(p, s, ω). In addition, we

define the average restricted game Γ̃1
R(p, s, ω) (resp., Γ̃2

R(p, s, ω)) in which player 1
(resp., player 2) is informed of k (resp., l) while his opponent gets no information.
Our first goal is to extend Proposition 21.

Proposition 28. For every (ω, p, s) ∈ Ω0 ×∆(K)×∆(L), the min-max value of
Γ(p, s, ω) exists and is equal to vexscavpũ(p, s, ω). Similarly the max-min value exists
and is equal to cavpvexsũ(p, s, ω).

Proof. The proof follows the proof for repeated games with incomplete informa-
tion, using the tools developed in the previous sections. We shall only sketch the
arguments for the min-max value, and refer for details to Zamir [24].

First, we explain how player 2 can guarantee vexscavpũ(p, s, ω). When player 2
ignores his information, he faces a game with incomplete information on one side with
parameter set K and payoffs

∑
l∈L slgk,l. By Proposition 21, player 2 can guarantee

cavpũ(p, s, ω) in this game. Therefore by Lemma 10 (with the roles of the two players
exchanged) he can also guarantee vexscavpũ(p, s, ω).

To prove that player 1 can defend vexscavpũ(p, s, ω), we adapt Zamir [24, The-
orem 4.1]. Let τ be a given strategy of player 2. As in Step 2 of the proof of
Lemma 26, we let player 1 play first an ε-exhausting strategy σ̃ given τ . This strat-
egy may be chosen to be nonrevealing (see, e.g., Sorin [22, Lemma IV.4.1]). Player
1 switches at some stage N to a strategy that defends cavpũ(p, sN , ωN ) (up to ε) in
Γ(p, sN , ωN ) against the continuation strategy τN (see Step 3 of Lemma 26). Since
ũ(·, ·, ω) = ũ(·, ·, ωN ), cavpũ(p, sN , ωN ) = cavpũ(p, sN , ω). Therefore player 1 defends
Ep,s,ω,σ̃,τ [cavpũ(p, sN , ω)] ≥ vexscavpũ(p, s, ω).

5.4. The max-min value and the min-max value. Let B denote the set of
all functions φ : ∆(K) × ∆(L) × Ω → [0, 1] that are 1-Lipshitz with respect to p and
s. Denote by T4 and T5 the operators on B defined by

T4φ(p, s, ω) = cavp max

{
cavpvexsũ, max

ω′∈Cω,i/∈Iω′
E[φ | ω′, i]

}
(p, s, ω)(21)

and

T5φ(p, s, ω) = vexscavp max

{
cavpũ, max

ω′∈Cω,i/∈Iω′
E[φ | ω′, i]

}
(p, s, ω).(22)
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Our main result is the following.

Theorem 29.

1. The mappings T4 and T5 have unique fixed points, denoted respectively by v
and v.

2. The function v is the max-min value of the game.
3. The function v is the min-max value of the game.

Note that if player 2 has no information, there is no vex operator in (21) and
(22), and both T4 and T5 reduce to T1. If player 1 has no information, there is no cav
operator in (21) and (22), and T4 and T5 reduce respectively to T3 and T2 with the
roles of the players reversed.

Proof. The first assertion follows the same lines as the proof of Proposition 23.

We now prove the second assertion. For j = 0, 1, we define the sequence (φj
n)n≥0

by φj
0 = j and φj

n+1 = T4φ
j
n. We follow the inductive proof of Proposition 25, Step 1,

or the first part of Lemma 27.

The sequence (φ0
n) is increasing and converges uniformly to v. It is clear that

player 1 can guarantee φ0
0. Assuming player 1 can guarantee φ0

n, we prove that he
can guarantee φ0

n+1. By Lemma 10 it is sufficient to show that he can guarantee both
cavpvexsũ(p, s, ω) and maxω′∈Cω,i/∈Iω′ E[φ0

n | ω′, i], which is true by Proposition 28
and by Step 1 of Proposition 25.

To prove that player 2 can defend v, we combine several ideas from the preceding
sections. Let σ be given, and let T̃ be the set of nonrevealing strategies of player 2.
We let τσ be a nonrevealing strategy that ε-exhausts the information contained in σ,
and choose N as in Step 2 of Lemma 26. Denote by ν = 1 + min{n ≥ 1, in /∈ Iωn

}.
Player 2 plays according to τσ up to stage min{ν,N}.

• If ν ≤ N , from stage ν on he defends φ1
n(pν , s, ων).

• If ν > N , we first use the idea of Lemma 27, with the roles of the two players
exchanged. Specifically, we define a nonrevealing strategy τσN that exhausts
the probability of leaving the initial communicating set, given the strategy σN

induced by σ after stage N . Choose N ′ such that PpN ,s,ωN ,σN ,τσ
N

(ν > N ′) ≤ ε.
Player 2 plays τσN up to stage min{ν,N + N ′}.

– If ν ≤ N+N ′, player 2 switches to a strategy that defends φn(pν , s, ων)+
ε.

– If ν > N + N ′, following Steps 2 and 3 of Lemma 26, player 2 starts
to play in blocks of length N1. In the bth block he forgets past play
and follows a strategy that defends vexsũ(pN+N ′+bN1 , s, ωN+N ′+bN1) in

the restricted game Γ̃2
R(pN+N ′+bN1 , s, ωN+N ′+bN1) against the average

continuation strategy σ
pN+N′+bN1

N+N ′+bN1
of player 1.

We now turn to the third assertion. We first prove that player 2 can guarantee
v. By following Steps 2, 3, and 4 of Lemma 25, one proves that player 2 guar-
antees cavp max{cavpũ, maxω′∈Cω,i/∈Iω′ E[v | ω′, i]}(p, s, ω). Hence, by Lemma 10
(with the roles of the two players exchanged), he can guarantee vexscavp max{cavpũ,
maxω′∈Cω,i/∈Iω′ E[v | ω′, i]} = v.

We now prove that player 1 can defend v. We first follow Step 2 of Lemma
26. Given τ , we let στ be a strategy in Γ̃2

R(p, s, ω) that exhausts the information

contained in τ , and we choose N such that Ep,s,ω,στ ,τ [
∑∞

n=N ‖pn − pn+1‖2
1] ≤ ε.

Player 1 plays στ up to stage N . He then switches to a strategy that guarantees
cavp max

{
cavpũ(·, sN , ω),maxω′∈Cω,i/∈Iω′ E[v | ω′, i]

}
(p, sN ) in Γ̃1

R(p, sN , ωN ), as in
the proof of Proposition 25. The result follows.
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Abstract. This paper deals with optimal control problems for dynamical systems governed
by constrained functional-differential inclusions of neutral type. Such control systems contain time
delays not only in state variables but also in velocity variables, which make them essentially more
complicated than delay-differential (or differential-difference) inclusions. Our main goal is to derive
necessary optimality conditions for general optimal control problems governed by neutral functional-
differential inclusions with endpoint constraints. While some results are available for smooth control
systems governed by neutral functional-differential equations, we are not familiar with any results for
neutral functional-differential inclusions, even with smooth cost functionals in the absence of endpoint
constraints. Developing the method of discrete approximations (which is certainly of independent
interest) and employing advanced tools of generalized differentiation, we conduct a variational anal-
ysis of neutral functional-differential inclusions and obtain new necessary optimality conditions of
both Euler–Lagrange and Hamiltonian types.
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1. Introduction. This paper concerns the study of optimal control problems for
the so-called neutral functional-differential inclusions, which contain time delays in
both state and velocity variables. Such inclusions belong to the broad class of hered-
itary systems known also as systems with memory or aftereffect. They have been
investigated in the form of controlled functional-differential equations being impor-
tant for various practical applications, particularly to problems of automatic control,
economic dynamics, modeling of ecological, biological, and chemical processes, etc.;
see examples and discussions in [1, 4, 10, 12, 14, 15, 19] and their references. Note
that some classes of hyperbolic PDEs (e.g., the so-called telegraph equations) can be
reduced to neutral functional-differential equations, as shown in the above references.

To our knowledge, control problems for neutral functional-differential inclusions
have not been sufficiently studied in the literature. We are only familiar with results
concerning the existence of optimal solutions, local controllability, and relaxation
procedures mostly collected in [14].

In this paper we consider the following dynamic optimization (generalized optimal
control) problem (P):

minimize J [x] := ϕ(x(a), x(b)) +

∫ b

a

f(x(t), x(t− ∆), t) dt(1.1)
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over feasible arcs x : [a − ∆, b] → R
n, which are continuous on [a − ∆, a) and [a, b]

(with a possible jump at t = a) and are such that the combination x(·) − Ax(· − ∆)
is absolutely continuous on [a, b], satisfying the neutral functional-differential inclu-
sion

d

dt
[x(t) −Ax(t− ∆)] ∈ F (x(t), x(t− ∆), t) for a.e. t ∈ [a, b],(1.2)

x(t) = c(t), t ∈ [a− ∆, a),(1.3)

with the endpoint constraints

(x(a), x(b)) ∈ Ω ⊂ R
2n.(1.4)

We always assume that F : R
n × R

n × [a, b] →→ R
n is a set-valued mapping of closed

graph, Ω is a closed set, ∆ > 0 is a constant delay, and A is a constant n × n
matrix.

Note that the neutral-type operator on the left-hand side of (1.2) is given in the
Hale form [10], which seems to be essential for our consideration. Observe to this
end that trajectories x(t) of (1.2) are generally discontinuous on [a−∆, b] while their
linear combinations x(t)−Ax(t−∆) behave nicely on [a, b]. Note also that trajectories
of the neutral inclusion may be assumed to be discontinuous not only at t = a but
also at the points t = a + j∆ ∈ [a, b], j = 1, 2, . . . . Moreover, the results obtained in
this paper can be easily extended to problems with the cost function ϕ depending on
x(a+ j∆), the constraints (1.4) given at these intermediate points, and the integrand
f in (1.1) depending on the velocity ż(t) for z(t) := x(t) − Ax(t − ∆), t ∈ [a, b]. We
can also consider the cases of multiple delays ∆1 ≥ ∆2 ≥ · · · ≥ ∆m > 0 as well as
variable delays ∆(t), where ∆(·) is a Lipschitz continuous (hence almost everywhere
differentiable) function satisfying the assumption

|∆̇(t)| < α ∈ (0, 1) for a.e. t ∈ [a, b],

which ensures that the function t−∆(t) is invertible on [a, b]. For simplicity we focus
in what follows on problem (P) formulated in (1.1)–(1.4).

Our primary goal is to derive necessary optimality conditions for problem (P)
under general assumptions on the initial data. For nondelayed systems governed by
differential inclusions (∆ = 0, A = 0) necessary optimality conditions have been stud-
ied intensively during recent years; see [5, 11, 16, 21, 27, 28, 29, 31] and the references
therein. Some results are known for delay-differential (or differential-difference) in-
clusions corresponding to A = 0 in (1.2); see [6, 7, 17, 23, 24]. We are not familiar
with any necessary optimality conditions obtained for problem (P) governed by neu-
tral functional-differential inclusions with A �= 0 in (1.2) besides the case of smooth
control systems corresponding to

F (x, y, t) = {v ∈ R
n | v = g(x, y, u, t), u ∈ U}(1.5)

with continuously differentiable functions ϕ, f , g in (1.1) and (1.2) as well as those
describing endpoint constraints; see [3, 9, 13, 19] and their references.

Observe that neutral-type systems are essentially different from their counter-
parts with A = 0. In particular, it is well known that an analog of the Pontryagin
maximum principle does not generally hold for neutral systems, even in the classical
smooth framework of (1.5), with no convexity assumptions; see, e.g., [9, 15]. In a
sense, neutral-type systems combine properties of continuous-time and discrete-time
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control systems; indeed, they can be treated as discrete-time systems regarding ve-
locity variables. On the other hand, neutral systems have some similarities with the
so-called hybrid and differential-algebraic equations that are important in engineering
control applications.

In this paper we derive necessary optimality conditions for the neutral-type con-
trol problem (P) under general assumptions on its initial data involving nonsmooth
functions and nonconvex sets. These conditions are obtained in extended Euler–
Lagrange and Hamiltonian forms involving advanced generalized differential construc-
tions of variational analysis; see section 4. Note that the results obtained seem to be
new even in the case of nondelayed problems with A �= 0 corresponding to implicit
differential inclusions.

Our approach is based on the method of discrete approximations, in the man-
ner developed in [19, 21] for nondelayed differential inclusions and in [23, 24] for
delay-differential systems with A = 0. This method, which is certainly of indepen-
dent interest from both qualitative and numerical viewpoints, allows us to construct
a well-posed parametric family of optimal control problems for approximating sys-
tems governed by discrete-time analogs of neutral functional-differential inclusions. A
crucial issue is to establish stability of such approximations that ensures an appro-
priate strong convergence of optimal solutions. Convergence analysis of this method
and its application to necessary optimality conditions for neutral systems are essen-
tially more involved in comparison with the cases of differential and delay-differential
inclusions.

The approximating discrete-time control problems can be reduced to special finite-
dimensional problems of nonsmooth programming with an increasing number of ge-
ometric constraints that may have empty interiors. To handle such problems, we
use suitable generalized differential tools of variational analysis satisfying a compre-
hensive calculus that allows us to derive general necessary optimality conditions for
finite-difference analogs of neutral functional-differential inclusions. Then passing to
the limit from well-posed discrete approximations with the strong convergence of op-
timal solutions and employing generalized differential calculus, we obtain necessary
optimality conditions for the original problem (P).

The rest of the paper is organized as follows. In section 2 we show that some
combination built upon a given admissible trajectory of the neutral inclusion (1.2)
can be strongly approximated by the corresponding combination built upon admis-
sible trajectories of discrete-time systems. This result, important for its own sake,
plays a crucial role in the construction of well-posed discrete approximations to the
original problem (P) and in the subsequent justification of a strong convergence of
their optimal solutions to the given optimal trajectory for (P).

Such a convergence analysis is conducted in section 3 for a sequence of well-posed
discrete approximations to (P) involving an appropriate perturbation of the endpoint
constraints (1.4) that is consistent with the step of discretization. The required strong
convergence of optimal solutions is established under an intrinsic property of the
original problem (P) called relaxation stability. This property, imposing the equality
between the optimal values in (P) and its relaxation (convexification), goes far beyond
the convexity assumption on the velocity sets F (x, y, t).

Section 4 contains the basic constructions and required material on general-
ized differentiation needed for performing a variational analysis of discrete-time and
continuous-time optimal control problems in the subsequent sections. These construc-
tions and calculus rules are used in section 5 for deriving general necessary optimality
conditions for nonconvex discrete-time inclusions arising in discrete approximations
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of the original problem (P). The main results on the extended Euler–Lagrange and
Hamiltonian conditions for neutral functional-differential inclusions are derived in
section 6 via passing to the limit from discrete approximations.

Our notation is basically standard; cf. [21] and [26]. Recall that, given a set-
valued mapping (multifunction) F : X →→ Y between finite-dimensional spaces, the
Painlevé–Kuratowski upper/outer limit of F (x) as x → x̄ is defined by

Lim sup
x→x̄

F (x) := {y ∈ Y | ∃xk → x̄, ∃ yk → y with yk ∈ F (xk) for all k ∈ N},

where N stands for the collection of all natural numbers.

2. Discrete approximations of neutral inclusions. This section concerns
the study of discrete approximations of an arbitrary admissible trajectory to the neu-
tral functional-differential inclusion (1.2) with the initial condition (1.3). We show
that, under fairly general assumptions, any admissible trajectory to (1.2) and (1.3)
can be strongly approximated, in the sense indicated below, by the corresponding
trajectories to finite-difference inclusions obtained from (1.2) by the Euler scheme.
This result is constructive, providing efficient estimates for the approximation rate,
and hence it is certainly of independent interest for numerical analysis and applica-
tions.

Let x̄(·) be an admissible trajectory in (P), i.e., it is continuous on [a−∆, a) and
[a, b] (with a possible jump at t = a), the combination x(·) −Ax(· − ∆) is absolutely
continuous on [a, b], and relations (1.2) and (1.3) are satisfied. Note that the endpoint
constraints (1.4) may not hold for x̄(·); if they do hold, x̄(·) is feasible to (P). The
following standing assumptions are imposed throughout the paper.

(H1) There are an open set U ⊂ R
n and two positive numbers lF and mF such

that x̄(t) ∈ U for all t ∈ [a− ∆, b], the sets F (x, y, t) are closed, and one has

F (x, y, t) ⊂ mFB for all (x, y, t) ∈ U × U × [a, b],

F (x1, y1, t) ⊂ F (x2, y2, t) + �F (|x1 − x2| + |y1 − y2|)B

if (x1, y1), (x2, y2) ∈ U × U and t ∈ [a, b], where B stands for the closed unit ball in
R

n.
(H2) F (x, y, t) is Hausdorff continuous for a.e. t ∈ [a, b] uniformly in (x, y) ∈ U×U .
(H3) The function c(·) is continuous on [a− ∆, a].

Following [8], we consider the so-called averaged modulus of continuity for the
multifunction F (x, y, t) with (x, y) ∈ U × U and t ∈ [a, b] that is defined by

τ(F ;h) :=

∫ b

a

σ(F ; t, h) dt,

where σ(F ; t, h) := sup{ϑ(F ;x, y, t, h) | (x, y) ∈ U × U} with

ϑ(F ;x, y, t, h) := sup

{
haus(F (x, y, t1), F (x, y, t2)) | (t1, t2)∈

[
t− h

2
, t +

h

2

]
∩ [a, b]

}
,

and where haus(·, ·) stands for the Hausdorff distance between two compact sets. It
is proved in [8] that if F (x, y, t) is Hausdorff continuous for a.e. t ∈ [a, b] uniformly
in (x, y) ∈ U × U , then τ(F ;h) → 0 as h → 0. This fact is essentially used in what
follows.
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Let us construct a sequence of discrete approximations of the given neutral-
differential inclusion replacing the derivative in (1.2) by the Euler finite difference

d

dt
[x(t) −Ax(t− ∆)] ≈ x(t + h) −Ax(t + h− ∆) − x(t) + Ax(t− ∆)

h
.

For any N ∈ N := {1, 2, . . . } we consider the step of discretization hN := ∆
N and

define the discrete grid/partition tj := a + jhN as j = −N, . . . , k and tk+1 := b,
where k is a natural number determined from a + khN ≤ b < a + (k + 1)hN . One
clearly has t−N = a − ∆, t0 = a, and hN → 0 as N → ∞. Then the correspond-
ing neutral functional-difference inclusions associated with (1.2) and (1.3) are given
by ⎧⎪⎨⎪⎩

xN (tj+1) −AxN (tj+1 − ∆) ∈ xN (tj) −AxN (tj − ∆),

+hNF (xN (tj), xN (tj − ∆), tj) for j = 0, . . . , k,

xN (tj) = c(tj) for j = −N, . . . ,−1.

(2.1)

A collection of vectors {xN (tj) | j = −N, . . . , k + 1} satisfying (2.1) is a discrete
trajectory and the corresponding collection{

xN (tj+1) −AxN (tj+1 − ∆) − xN (tj) + AxN (tj − ∆)

hN
| j = 0, . . . , k

}
is a combined discrete velocity for (2.1). We consider extensions xN (t) of discrete tra-
jectories to the continuous-time interval [a− ∆, b] defined piecewise linearly on [a, b]
and piecewise constantly, continuously from the right on [a − ∆, a). We also define
piecewise constant extensions of combined discrete velocities on [a, b] by

vN (t) :=
xN (tj+1) −AxN (tj+1 − ∆) − xN (tj) + AxN (tj − ∆)

hN

for t ∈ [tj , tj+1), j = 0, . . . , k. It is easy to verify that

xN (t) −AxN (t− ∆) = xN (a) −AxN (a− ∆) +

∫ t

a

vN (s) ds for t ∈ [a, b] and

d

dt
[xN (t) −AxN (t− ∆)] = vN (t) for a.e. t ∈ [a, b].

Let W 1,2[a, b] be a standard Sobolev space of absolutely continuous functions
x : [a, b] → R

n with the norm

‖x(·)‖W 1,2 := max
t∈[a,b]

|x(t)| +
(∫ b

a

|ẋ(t)|2dt
)1/2

.

The next theorem, important in what follows, establishes a strong approximation
of any admissible trajectory for the given neutral functional-differential inclusion by
solutions corresponding to discrete approximations (2.1).

Theorem 2.1. Let x̄(·) be an admissible trajectory for (1.2) and (1.3) under
hypotheses (H1)–(H3). Then there is a sequence {zN (tj) | j = −N, . . . , k+1}, N ∈ N,
of solutions to discrete inclusions (2.1) such that zN (t0) = x̄(a) for all N ∈ N, the
extended discrete trajectories zN (t), a − ∆ ≤ t ≤ b, converge uniformly to x̄(·) on
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[a − ∆, b], and their extended combinations zN (t) − AzN (t − ∆) converge to x̄(t) −
Ax̄(t − ∆) in the W 1,2-norm on [a, b] as N → ∞. In particular, some subsequence
of { d

dt [zN (t) − AzN (t − ∆)]} converges pointwisely to d
dt [x̄(t) − Ax̄(t − ∆)] for a.e.

t ∈ [a, b].
Proof. Using the density of step functions in L1[a, b], we first select a sequence

{ωN (·)}, N ∈ N, such that each ωN (t) is constant on the interval [tj , tj+1) for j =
0, . . . , k and that ωN (·) converge to d

dt [x̄(·) − Ax̄(· − ∆)] as N → ∞ in the norm
topology of L1[a, b]. It follows from (H1) that

|ωN (t)| ≤
∣∣∣∣ωN (t) − d

dt
[x̄(t) −Ax̄(t− ∆)]

∣∣∣∣ +

∣∣∣∣ ddt [x̄(t) −Ax̄(t− ∆)]

∣∣∣∣ ≤ 1 + mF

for all t ∈ [a, b] and N ∈ N. In the estimates below we use the sequence

ξN :=

∫ b

a

∣∣∣∣ ddt [x̄(t) −Ax̄(t− ∆)] − ωN (t)

∣∣∣∣ dt → 0 as N → ∞.

Denote ωNj := ωN (tj) and define discrete functions {uN (tj) | j = −N, . . . , k + 1}
recurrently by⎧⎪⎨⎪⎩

uN (tj) := x̄(tj) for j = −N, . . . , 0,

uN (tj+1) := AuN (tj+1 − ∆) + uN (tj) −AuN (tj − ∆)

+hNωNj for j = 0, . . . , k.

Then the extended (in the above way) discrete functions satisfy⎧⎨⎩uN (t) = x̄(tj) for t ∈ [tj , tj+1), j = −N, . . . ,−1,

uN (t) −AuN (t− ∆) = x̄(a) −Ax̄(a− ∆) +

∫ t

a

ωN (s) ds for t ∈ [a, b].

Next we denote rN (t) := uN (t) − x̄(t), yN (t) := |rN (t) − ArN (t− ∆)| and prove
that |rN (t)| → 0 uniformly in [a, b] as N → ∞. Indeed, for any t ∈ [a, b] one has

yN (t) : = |uN (t) −AuN (t− ∆) − [x̄(t) −Ax̄(t− ∆)]|

≤
∫ t

a

∣∣∣∣ωN (s) − d

dt
[x̄(s) −Ax̄(s− ∆)]

∣∣∣∣ ds ≤ ξN ,

which implies the estimates

|rN (t)| ≤ yN (t) + |A| · |rN (t− ∆)|
≤ yN (t) + |A|yN (t− ∆) + |A|2|rN (t− 2∆)| ≤ · · ·
≤ yN (t) + |A|yN (t− ∆) + · · · + |A|myN (t−m∆)

+|A|m+1|rN (t− (m + 1)∆)|.

Observe that c(·) is uniformly continuous on [a−∆, a] due to assumption (H3). Picking
an arbitrary sequence βN ↓ 0 as N → ∞, we therefore have

|c(t′) − c(t′′)| ≤ βN whenever t′, t′′ ∈ [tj , tj+1], j = −N, . . . ,−1.

Choose an integer number m such that a−∆ ≤ b−(m+1)∆ < a. Then t−(m+1)∆ ∈
[tj , tj+1) for some j ∈ {−N, . . . ,−1}, which implies that

|rN (t− (m + 1)∆)| ≤ |c(tj) − c(t− (m + 1)∆)| ≤ βN .
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Since m ∈ N does not depend on N , this gives

|rN (t)| ≤ ξN (1 + |A| + · · · + |A|m) + |A|m+1βN → 0 as N → ∞.(2.2)

Now consider a sequence {ζN} defined by

ζN := hN

k∑
j=0

dist(ωNj ;F (uN (tj), uN (tj − ∆), tj))

and show that ζN ↓ 0 as N → ∞. By construction of ζN and the averaged modulus
of continuity τ(F ;h) we get the following estimates:

ζN =

k∑
j=0

∫ tj+1

tj

dist(ωNj ;F (uN (tj), uN (tj − ∆), tj)) dt

=

k∑
j=0

∫ tj+1

tj

dist(ωNj
;F (uN (tj), uN (tj − ∆), t)) dt

+

k∑
j=0

∫ tj+1

tj

[dist(ωNj
;F (uN (tj), uN (tj − ∆), tj))

−dist(ωNj
;F (uN (tj), uN (tj − ∆), t))] dt

≤
k∑

j=0

∫ tj+1

tj

dist(ωNj ;F (uN (tj), uN (tj − ∆), t)) dt +

k∑
j=0

∫ tj+1

tj

σ(F ; t, hN ) dt

≤
k∑

j=0

∫ tj+1

tj

dist(ωNj ;F (uN (tj), uN (tj − ∆), t)) dt + τ(F ;hN ).

Further, assumption (H1) implies that for any t ∈ [tj , tj+1) with j = 0, . . . , k one has

dist(ωNj ;F (uN (tj), uN (tj − ∆), t)) − dist(ωNj ;F (uN (t), uN (t− ∆), t))

≤ dist(F (uN (tj), uN (tj − ∆), t), F (uN (t), uN (t− ∆), t))

≤ �F (|uN (tj) − uN (t)| + |uN (tj − ∆) − uN (t− ∆)|).

Taking into account that

|uN (tj) −AuN (tj − ∆) − [uN (t) −AuN (t− ∆)]|

=

∣∣∣∣∣
∫ t

tj

ωN (s) ds

∣∣∣∣∣ ≤ (1 + mF )(tj+1 − tj) = (1 + mF )hN := aN ↓ 0,

we arrive at

|uN (t) − uN (tj)| ≤ aN + |A| · |uN (t− ∆) − uN (tj − ∆)|
≤ aN (1 + |A| + · · · + |A|m) + |A|m+1|uN (t− (m + 1)∆) − uN (tj − (m + 1)∆)|
≤ aN (1 + |A| + · · · + |A|m) + |A|m+1βN := bN ↓ 0 as N → ∞

and hence ensure that

dist(ωNj
;F (uN (tj), uN (tj − ∆), t)) − dist(ωNj

;F (uN (t), uN (t− ∆), t)) ≤ 2�F bN .
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It follows from (H1) and (2.2) that for any t ∈ [tj , tj+1) and j = 0, . . . , k one has

dist(ωNj ;F (uN (t), uN (t− ∆), t)) − dist(ωN (t);F (x̄(t), x̄(t− ∆), t))

≤ dist(F (uN (t), uN (t− ∆), t), F (x̄(t), x̄(t− ∆), t))

≤ �F (|uN (t) − x̄(t)| + |uN (t− ∆) − x̄(t− ∆)|)

≤ 2�F ξN (1 + |A| + · · · + |A|m) + 2�F |A|m+1βN .

Combining the above estimates and denoting

µN := 2bN + 2ξN (1 + |A| + · · · + |A|m) + 2|A|m+1βN ,

we arrive at

dist(ωNj ;F (uN (tj), uN (tj − ∆), t)) ≤ 2�F bN + dist(ωNj ;F (uN (t), uN (t− ∆), t))

≤ 2�F bN + 2�F ξN (1 + |A| + · · · + |A|m) + 2�F |A|m+1βN

+ dist(ωNj ;F (x̄(t), x̄(t− ∆), t)) ≤ �FµN +

∣∣∣∣ωNj −
d

dt
[x̄(t) −Ax̄(t− ∆)]

∣∣∣∣
and finally conclude that

ζN ≤
k∑

j=0

∫ tj+1

tj

(∣∣∣∣ωNj
− d

dt
[x̄(t) −Ax̄(t− ∆)]

∣∣∣∣ + �FµN

)
dt + τ(F ;hN )

(2.3)
= ξN + �FµN (b− a) + τ(F ;hN ) := γN ↓ 0 as N → ∞.

Note that the discrete functions {uN (tj) | j = −N, . . . , k + 1} may not be trajec-
tories for (2.1), since one does not generally have ωNi

∈ F (uN (tj), uN (tj −∆), tj) for
j = 0, . . . , k. Let us construct the desired trajectories {zN (tj) | j = −N, . . . , k + 1}
by the following proximal algorithm:

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

zN (tj) = c(tj) for j = −N, . . . ,−1, zN (t0) = x̄(a),

zN (tj+1) −AzN (tj+1 − ∆)

= zN (tj) −AzN (tj − ∆) + hNvNj
for j = 0, . . . , k,

vNj ∈ F (zN (tj), zN (tj − ∆), tj) with

|vNj − ωNj | = dist(ωNj ;F (zN (tj), zN (tj − ∆), tj)) for j = 0, . . . , k.

(2.4)

It follows from construction (2.4) that zN (tj) is a feasible trajectory to the discrete
inclusion (2.1) for each N ∈ N. Note that

|zN (t) − x̄(t)| = |zN (tj) − x̄(t)| = |c(tj) − c(t)| < βN
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for t ∈ [tj , tj+1), j = −N, . . . ,−1, which implies that the extensions of zN (·) converge
to x̄(t) uniformly on [a− ∆, a). Let us analyze the situation on [a, b].

First we claim that zN (tj) ∈ U for j = 0, . . . , k + 1, where U ⊂ R
n is a neigh-

borhood of x̄(·) given in (H1). Arguing by induction, we obviously have zN (t0) ∈ U
and assume that zN (tj) ∈ U for all j = 1, . . . ,m with some fixed m ∈ {1, . . . , k}.
Then

|zN (tm+1) − uN (tm+1)|
= |AzN (tm+1 − ∆) + zN (tm) −AzN (tm − ∆) + hNvNm

−(AuN (tm+1 − ∆) + uN (tm) −AuN (tm − ∆) + hNωNm)|
≤ |A| · |zN (tm+1 − ∆) − uN (tm+1 − ∆)| + |A| · |zN (tm − ∆) − uN (tm − ∆)|

+|zN (tm) − uN (tm)| + hN dist(ωNm
;F (zN (tm), zN (tm − ∆), tm)).

Taking into account that

|zN (tm) − uN (tm)| ≤ |zN (tm−1) − uN (tm−1)|
+|A||zN (tm−1−N ) − uN (tm−1−N )| + |A||zN (tm−N ) − uN (tm−N )|
+hN dist(ωNm−1

;F (zN (tm−1), zN (tm−1 − ∆), tm−1))

and that |zN (tj) − uN (tj)| = 0 for j ≤ 0, one has

|zN (tm+1) − uN (tm+1)|
(2.5)

≤ MhN

m∑
j=0

dist(ωNj
;F (uN (tj), uN (tj − ∆), tj)) ≤ MγN

with some constant M > 0. Now invoking (2.2) and increasing M if necessary, we
arrive at

|zN (tm+1) − x̄(tm+1)| ≤ ξN + MγN → 0 as N → ∞.

It remains to prove that the extended combinations zN (t)−AzN (t−∆) converge
to x̄(t) −Ax(t− ∆) in the W 1,2-norm on [a, b], which means that

max
t∈[a,b]

|zN (t) −AzN (t− ∆) − [x̄(t) −Ax̄(t− ∆)]|
(2.6)

+

∫ b

a

∣∣∣∣ ddt [zN (t) −AzN (t− ∆)] − d

dt
[x̄(t) −Ax̄(t− ∆)]

∣∣∣∣2 dt → 0

as N → ∞. To furnish this, we use (2.5) and get the estimate

k+1∑
j=0

|zN (tj) − uN (tj)| ≤
k+1∑
j=0

M

j−1∑
m=0

hN dist(ωNm ;F (uN (tm), uN (tm − ∆), tm))

≤ M(b− a)

k∑
j=0

dist(ωNj ;F (uN (tj), uN (tj − ∆), tj)),



120 BORIS S. MORDUKHOVICH AND LIANWEN WANG

which by (H1) implies that∫ b

a

∣∣∣∣ ddt [zN (t) −AzN (t− ∆)] − ωN (t)

∣∣∣∣ dt
=

k∑
j=0

∫ tj+1

tj

∣∣∣∣ ddt [zN (t) −AzN (t− ∆)] − ωN (t)

∣∣∣∣ dt
=

k∑
j=0

∫ tj+1

tj

|vNj − ωNj | dt

=

k∑
j=0

hN dist(ωNj
;F (zN (tj), zN (tj − ∆), tj))

=

k∑
j=0

hN dist(ωNj
;F (uN (tj), uN (tj − ∆), tj))

+

k∑
j=0

hN [dist(ωNj ;F (zN (tj), zN (tj − ∆), tj))

−dist(ωNj
;F (uN (tj), uN (tj − ∆), tj))]

≤
k∑

j=0

hN dist(ωNj
;F (uN (tj), uN (tj − ∆), tj))

+

k∑
j=0

�FhN [|zN (tj) − uN (tj)| + |zN (tj − ∆) − uN (tj − ∆)|]

≤ γN +

k∑
j=0

�FhN [|zN (tj) − uN (tj)| + |zN (tj − ∆) − uN (tj − ∆)|]

≤ γN + 2M(b− a)�F

k∑
j=0

hN dist(ωNj
;F (uN (tj), uN (tj − ∆), tj))

≤ γN + 2M�F (b− a)γN .

The latter ensures the estimate∫ b

a

∣∣∣∣ ddt [zN (t) −AzN (t− ∆)] − d

dt
[x̄(t) −Ax̄(t− ∆)]

∣∣∣∣ dt
≤

∫ b

a

∣∣∣∣ ddt [zN (t) −AzN (t− ∆)] − ωN (t)

∣∣∣∣ dt
+

∫ b

a

∣∣∣∣ωN (t) − d

dt
[x̄(t) −Ax̄(t− ∆)]

∣∣∣∣ dt
≤ γN (1 + 2M(b− a)�F ) + ξN .

Since zN (t) ∈ U , it follows from (H1) by (1.2) and (2.4) that | ddt [zN (t)−AzN (t−∆)]| ≤
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mF , | ddt [x̄(t) −Ax̄(t− ∆)]| ≤ mF , and hence∫ b

a

∣∣∣∣ ddt [zN (t) −AzN (t− ∆)] − d

dt
[x̄(t) −Ax̄(t− ∆)]

∣∣∣∣2 dt

=

∫ b

a

∣∣∣∣ ddt [zN (t) −AzN (t− ∆)] − d

dt
[x̄(t) −Ax̄(t− ∆)]

∣∣∣∣
×
∣∣∣∣ ddt [zN (t) −AzN (t− ∆)] +

d

dt
[x̄(t) −Ax̄(t− ∆)]

∣∣∣∣ dt
≤ 2mF [γN (1 + 2M(b− a)�F ) + ξN ] ↓ 0 as N → ∞.

Observing that

max
t∈[a,b]

|zN (t) −AzN (t− ∆) − [x̄(t) −Ax̄(t− ∆)]|

≤
∫ b

a

∣∣∣∣ ddt [zN (t) −AzN (t− ∆)] − d

dt
[x̄(t) −Ax̄(t− ∆)]

∣∣∣∣2 dt,

we arrive at (2.6) and complete the proof of the theorem.

3. Strong convergence of discrete optimal solutions. Our next goal is
to construct a sequence of well-posed discrete approximations of the whole dynamic
optimization problem (P) given in (1.1)–(1.4) such that optimal solutions to dis-
crete approximation problems strongly converge, in the sense described below, to a
given optimal solution x̄(·) to the original optimization problem governed by neutral
functional-differential inclusions. The following construction explicitly involves the
optimal solution x̄(·) to the problem (P) under consideration, for which we aim to
derive necessary optimality conditions in the subsequent sections.

Given x̄(t), a − ∆ ≤ t ≤ b, take its approximation zN (t) from Theorem 2.1 and
denote ηN := |zN (tk+1)− x̄(b)|. For any natural number N we consider the following
discrete-time dynamic optimization problem (PN ):

(3.1)

minimize JN [xN ] := ϕ(xN (t0), xN (tk+1)) + |xN (t0) − x̄(a)|2

+hN

k∑
j=0

f(xN (tj), xN (tj − ∆), tj)

+

k∑
j=0

∫ tj+1

tj

∣∣∣∣ ddt [x̄(t) −Ax̄(t− ∆)]

− xN (tj+1) −AxN (tj+1 − ∆) − xN (tj) + AxN (tj − ∆)

hN

∣∣∣∣2 dt

subject to the dynamic constraints governed by neutral functional-difference inclusions
(2.1), the endpoint constraints

(xN (t0), xN (tk+1)) ∈ ΩN := Ω + ηNB,(3.2)

which are ηN -perturbations of the original endpoint constraints (1.4), and the auxiliary
constraints

|xN (tj) − x̄(tj)| ≤ ε, j = 1, . . . , k + 1,(3.3)
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with some ε > 0. The latter auxiliary constraints are needed to guarantee the exis-
tence of optimal solutions in (PN ) and can be ignored in the derivation of necessary
optimality conditions; see below.

In what follows we select ε > 0 in (3.3) such that x̄(t) + εB ⊂ U for all t ∈
[a − ∆, b] and take sufficiently large N ensuring that ηN < ε. Note that problems
(PN ) have feasible solutions, since the trajectories zN from Theorem 2.1 satisfy all
the constraints (2.1), (3.2), and (3.3). Therefore, by the classical Weierstrass theorem
in finite dimensions, each (PN ) admits an optimal solution x̄N (·) under the following
assumption imposed in addition to (H1)–(H3), where U stands for a neighborhood of
the optimal trajectory x̄(·) to (P).

(H4) ϕ is continuous on U ×U , f(x, y, ·) is continuous for a.e. t ∈ [a, b] uniformly
in (x, y) ∈ U × U , f(·, ·, t) is continuous on U × U uniformly in t ∈ [a, b], and Ω is
locally closed around (x̄(a), x̄(b)).

We are going to justify the strong convergence of x̄N (·) → x̄(·) in the sense of
Theorem 2.1. To proceed, we need to involve an important intrinsic property of the
original problem (P) called relaxation stability. Following the line originated by Jack
Warga in optimal control theory (see the book [30] and its references), we consider the
relaxed problem (R) of minimizing the cost functional (1.1) on admissible trajectories
of the convexified functional-differential inclusion of the neutral type

d

dt
[x(t) −Ax(t− ∆)] ∈ coF (x(t), x(t− ∆), t) for a.e. t ∈ [a, b](3.4)

with the initial “tail” condition (1.3) and the endpoint constraints (1.4). Any admis-
sible trajectory for (3.4) satisfying (1.3) is called a relaxed trajectory for (1.2).

One clearly has inf (R) ≤ inf (P) for the optimal values of the cost functionals in
the relaxed and original problems. We say that the original problem (P) is stable with
respect to relaxation if

inf (P) = inf (R).

This property, which obviously holds under the convexity assumption on the sets
F (x, y, t), goes far beyond the convexity. General sufficient conditions for the relax-
ation stability of the neutral-type problem (P) follow from [14]. We also refer the
reader to [2, 21, 23, 30] for more detailed discussions on the validity of the relax-
ation stability property for various classes of differential, functional-differential, and
functional-integral control systems.

Now we are ready to establish the following strong convergence theorem for op-
timal solutions to discrete approximations, which makes a bridge between optimal
control problems governed by neutral functional-differential and functional-difference
inclusions.

Theorem 3.1. Let x̄(·) be an optimal solution to problem (P), which is assumed
to be stable with respect to relaxation. Suppose also that hypotheses (H1)–(H4) hold.
Then any sequence {x̄N (·)}, N ∈ N, of optimal solutions to (PN ) extended to the
continuous interval [a−∆, b] converges uniformly to x̄(·) on [a−∆, b], and the sequence
of their combinations x̄N (·)−Ax̄N (· −∆) converges to x̄(·)−Ax̄(· −∆) in the W 1,2-
norm on [a, b] as N → ∞.

Proof. We know from the above discussion that (PN ) has an optimal solution
x̄N (·) for all N sufficiently large; suppose that it happens for all N ∈ N without loss
of generality. Given x̄(·), we consider the sequence {zN (·)} strongly approximating
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x̄(·) by Theorem 2.1. Since each zN is feasible to (PN ), one has

JN [x̄N ] ≤ JN [zN ] for all N ∈ N.

For convenience we represent JN [zN ] as the sum of three terms:

JN [zN ] = ϕ(zN (t0), zN (tk+1)) + hN

k∑
j=0

f(zN (tj), zN (tj − ∆), tj)

+

k∑
j=0

∫ tj+1

tj

∣∣∣∣zN (tj+1) −AzN (tj+1 − ∆) − zN (tj) + AzN (tj − ∆)

hN

− d

dt
[x̄(t) −Ax̄(t− ∆)]

∣∣∣∣2 dt := I1N + I2N + I3N .

It follows from Theorem 2.1 and the assumption on ϕ in (H4) that

I1N → ϕ(x̄(a), x̄(b)) as N → ∞

and that, using the sign ≈ for expressions that are equivalent as N → ∞,

I2N = hN

k∑
j=0

f(zN (tj), zN (tj − ∆), tj)

=

k∑
j=0

∫ tj+1

tj

f(zN (tj), zN (tj − ∆), t) dt

+

k∑
j=0

∫ tj+1

tj

[f(zN (tj), zN (tj − ∆), tj) − f(zN (tj), zN (tj − ∆), t)] dt

=

k∑
j=0

∫ tj+1

tj

f(zN (tj), zN (tj − ∆), t) dt + τ(f ;hN )

≈
k∑

j=0

∫ tj+1

tj

f(zN (tj), zN (tj − ∆), t) dt

≈
k∑

j=0

∫ tj+1

tj

f(x̄(tj), x̄(tj − ∆), t) dt

→
∫ b

a

f(x̄(t), x̄(t− ∆), t) dt as N → ∞,

I3N =

k∑
j=0

∫ tj+1

tj

∣∣∣∣vN (t) − d

dt
[x̄(t) −Ax̄(t− ∆)]

∣∣∣∣2 dt

=

∫ b

a

∣∣∣∣vN (t) − d

dt
[x̄(t) −Ax̄(t− ∆)]

∣∣∣∣2 dt

=

∫ b

a

∣∣∣∣ ddt [zN (t) −AzN (t− ∆)] − d

dt
[x̄(t) −Ax̄(t− ∆)]

∣∣∣∣2 dt → 0 as N → ∞,

where vN (t) stands for the extensions of combined discrete velocities for zN (·); see
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section 2. This implies that JN [zN ] → J [x̄] as N → ∞, and therefore

lim sup
N→∞

JN [x̄N ] ≤ J [x̄].(3.5)

It is easy to observe that the strong convergence claimed in the theorem follows
from

ρN : = |x̄N (a) − x̄(a)|2

+

∫ b

a

∣∣∣∣ ddt [x̄N (t) −Ax̄N (t− ∆)] − d

dt
[x̄(t) −Ax̄(t− ∆)]

∣∣∣∣2 dt → 0 as N → ∞.

On the contrary, suppose that the latter does not hold. Then there are a constant
α > 0 and a subsequence {Nm} ⊂ N for which ρNm → α as m → ∞. Employing
the standard compactness arguments based on (2.1) and the boundedness assump-
tion in (H1), we find an absolutely continuous function z̃ : [a, b] → R

n and a function
x̃ : [a− ∆, b] continuous on [a− ∆, a) and [a, b] such that

d

dt
[x̄N (t) −Ax̄N (t− ∆)] → ˙̃z(t) weakly in L2[a, b],

that x̄N (t) → x̃(t) uniformly on [a − ∆, b] as N → ∞ (without loss of generality),
and that z̃(t) = x̃(t)−Ax̃(t−∆) for t ∈ [a, b]. By the classical Mazur theorem, there
is a sequence of convex combinations of d

dt [x̄N (t) − Ax̄N (t − ∆)] that converges to
d
dt [x̃(t) − Ax̃(t − ∆)] in the norm topology of L2[a, b] and hence pointwisely for a.e.
t ∈ [a, b] along some subsequence. Therefore

d

dt
[x̃(t) −Ax̃(t− ∆)] ∈ coF (x̃(t), x̃(t− ∆), t) for a.e. t ∈ [a, b].

Since x̃(·) obviously satisfies the tail condition (1.3) and the endpoint constraints
(1.4), it is a feasible solution to the relaxed problem (R). Note that

hN

k∑
j=0

f(x̄N (tj), x̄N (tj − ∆), tj) =

k∑
j=0

∫ tj+1

tj

f(x̄N (tj), x̄N (tj − ∆), tj)dt

→
∫ b

a

f(x̃(t), x̃(t− ∆), t)dt

as N → ∞ due to the assumptions made. Observe also that the integral func-
tional

I[v] :=

∫ b

a

∣∣∣∣v(t) − d

dt
[x̄(t) −Ax̄(t− ∆)]

∣∣∣∣2 dt
is lower semicontinuous in the weak topology of L2[a, b] by the convexity of the inte-
grand in v. Since one has

k∑
j=0

∫ tj+1

tj

∣∣∣∣ x̄N (tj+1) −Ax̄N (tj+1 − ∆) − [x̄N (tj) −Ax̄N (tj − ∆)]

hN

− d

dt
[x̄(t) −Ax̄(t− ∆)]

∣∣∣∣2 dt
=

∫ b

a

∣∣∣∣ ddt [x̄N (t) −Ax̄N (t− ∆)] − d

dt
[x̄(t) −Ax̄(t− ∆)]

∣∣∣∣2 dt,
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the latter implies that∫ b

a

∣∣∣∣ ddt [x̃(t) −Ax̃(t− ∆)] − d

dt
[x̄(t) −Ax̄(t− ∆)]

∣∣∣∣2 dt
≤ lim inf

N→∞

k∑
j=0

∫ tj+1

tj

∣∣∣∣ x̄N (tj+1) −Ax̄N (tj+1 − ∆) − [x̄N (tj) −Ax̄N (tj − ∆)]

hN

− d

dt
[x̄(t) −Ax̄(t− ∆)]

∣∣∣∣2 dt.
Using the above relationships and passing to the limit in the expression (3.1) for
JN [x̄N ], we get

J [x̃] + α ≤ lim
N→∞

JN [x̄N ].

By (3.5) one therefore has

J [x̃] ≤ J [x̄] − α < J [x̄] if α > 0.

This clearly contradicts the optimality of x̄(·) in the relaxed problem (R) due to the
assumption on relaxation stability. Thus α = 0, which completes the proof of the
theorem.

4. Tools of variational analysis. Convegence/stability results of the previ-
ous section allow us to make a bridge between the original infinite-dimensional opti-
mization problem (P) for neutral functional-differential inclusions and the sequence
of finite-dimensional dynamic optimization problems (PN ) for neutral functional-
difference inclusions. Our strategy is first to obtain necessary optimality conditions
for the latter finite-dimensional problems and then to derive necessary optimality con-
ditions for the original problem (P) by passing to the limit from the ones for (PN ) as
N → ∞.

Observe that problems (PN ) are essentially nonsmooth, even in the case of smooth
functions ϕ and f in the cost functional and the absence of endpoint constraints. The
main source of nonsmoothness comes from the (increasing number of) geometric con-
straints in (2.1), which reflect the discrete dynamics and may have empty interiors.
To conduct a variational analysis of such problems, we use appropriate tools of gen-
eralized differentiation introduced in [18] and then developed and applied in many
publications; see, in particular, the books [19, 26, 29] for detailed treatments and
further references.

Recall that the basic/limiting normal cone to the set Ω ⊂ R
n at the point x̄ ∈ Ω

is

N(x̄; Ω) := Lim sup
x

Ω→x̄

N̂(x; Ω),(4.1)

where x
Ω→ x̄ means that x → x̄ with x ∈ Ω, and where

N̂(x̄; Ω) :=

{
x∗ ∈ R

n | lim sup
x

Ω→x̄

〈x∗, x− x̄〉
|x− x̄| ≤ 0

}
(4.2)

is the cone of Fréchet (or regular) normals to Ω at x̄. For convex sets Ω both cones
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N(x̄; Ω) and N̂(x̄; Ω) reduce to the normal cone of convex analysis. Note that the
basic normal cone (4.1) is often nonconvex while satisfying a comprehensive calculus,
in contrast to (4.2).

Given an extended real-valued function ϕ : R
n → R := [−∞,∞] finite at x̄, the

subdifferential of ϕ at x̄ is defined geometrically as

∂ϕ(x̄) := {x∗ ∈ R
n | (x∗,−1) ∈ N((x̄, ϕ(x̄)); epiϕ)}(4.3)

via basic normals to the epigraph epiϕ := {(x, µ) ∈ R
n+1 | µ ≥ ϕ(x)}; equivalent

analytic representations of (4.3) can be found in [19, 26, 29].

Given a set-valued mapping F : R
n →→ R

m with the graph gphF := {(x, y) ∈
R

n × R
m | y ∈ F (x)}, the coderivative D∗F (x̄, ȳ) : R

m →→ R
n of F at (x̄, ȳ) ∈ gphF

is defined by

D∗F (x̄, ȳ)(y∗) := {x∗ ∈ R
n | (x∗,−y∗) ∈ N((x̄, ȳ); gphF )}.(4.4)

Note the useful relationships

∂ϕ(x̄) = D∗Eϕ(x̄, ϕ(x̄))(1) and D∗g(x̄)(y∗) = ∂〈y∗, g〉(x̄), y∗ ∈ R
m,

between the subdifferential and coderivative introduced, where Eϕ(x) := {µ ∈ R |
µ ≥ ϕ(x)} is the epigraphical multifunctions associated with ϕ : R

n → R and where
〈y∗, g〉(x) := 〈y∗, g(x)〉 is the scalarized function associated with a locally Lipschitzian
mapping g : R

n → R
m.

The subdifferential/coderivative constructions (4.3) and (4.4) enjoy a variety of
useful calculus rules that can be found in the books mentioned above and their ref-
erences. Let us formulate two results crucial in what follows. The first one gives a
complete coderivative characterization of the classical local Lipschitzian property of
multifunctions imposed in our standing assumption (H1); cf. [20, Theorem 5.11] and
[26, Theorem 9.40].

Theorem 4.1. Let F : R
n →→ R

m be a closed-graph multifunction locally bounded
around x̄. Then the following conditions are equivalent.

(i) F is locally Lipschitzian around x̄.
(ii) There exist a neighborhood U of x̄ and a number � > 0 such that

sup{|x∗| | x∗ ∈ D∗F (x, y)(y∗)} ≤ �|y∗| for all x ∈ U, y ∈ F (x), y∗ ∈ R
m.

The next result taken from [19, Corollary 7.5] provides necessary optimality con-
ditions for a general problem (MP) of nonsmooth mathematical programming with
many geometric constraints:⎧⎪⎪⎪⎨⎪⎪⎪⎩

minimize φ0(z) subject to

φj(z) ≤ 0, j = 1, . . . , r,

gj(z) = 0, j = 0, . . . ,m,

z ∈ Λj , j = 0, . . . , l,

where φj : R
d → R, gj : R

d → R
n, and Λj ⊂ R

d.

Theorem 4.2. Let z̄ be an optimal solution to (MP). Assume that all φi are
Lipschitz continuous, that gj are continuously differentiable, and that Λj are locally
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closed near z̄. Then there exist real numbers {µj | j = 0, . . . , r} as well as vectors
{ψj ∈ R

n | j = 0, . . . ,m} and {z∗j ∈ R
d | j = 0, . . . , l}, not all zero, such that

µj ≥ 0 for j = 0, . . . , r,(4.5)

µjφj(z̄) = 0 for j = 1, . . . , r,(4.6)

z∗j ∈ N(z̄; Λj) for j = 0, . . . , l,(4.7)

−
l∑

j=0

z∗j ∈ ∂

(
r∑

j=0

µjφj

)
(z̄) +

m∑
j=0

∇gj(z̄)
∗ψj .(4.8)

For applications in this paper in the case of nonautonomous continuous-time
systems we need the following modifications of the basic constructions (4.1), (4.3),
and (4.4) for sets, functions, and set-valued mappings depending on a parameter t
from a topological space T (in our case T = [a, b]).

Given Ω : T →→ R
n and x̄ ∈ Ω(t̄), we define the extended normal cone to Ω(t̄) at

x̄ by

Ñ(x̄; Ω(t̄)) := Limsup

(t,x)
gphΩ→ (t̄,x̄)

N̂(x; Ω(t)).(4.9)

For ϕ : R
n × T → R finite at (x̄, t̄) and for F : R

n × T →→ R
m with ȳ ∈ F (x̄, t̄),

the extended subdifferential of ϕ at (x̄, t̄) and the extended coderivative of F at (x̄, ȳ, t̄)
with respect to x are given, respectively, by

∂̃xϕ(x̄, t̄) := {x∗ ∈ R
n | (x∗,−1) ∈ Ñ((x̄, ϕ(x̄, t̄)); epiϕ(·, t̄))}(4.10)

and, whenever y∗ ∈ R
m, by

D̃∗
xF (x̄, ȳ, t̄)(y∗) := {x∗ ∈ R

n | (x∗,−y∗) ∈ Ñ((x̄, ȳ); gphF (·, t̄))}.(4.11)

Note that the sets (4.9)–(4.11) may be bigger in some situations than the corre-
sponding sets N(x̄; Ω(t̄)), ∂xϕ(x̄, t̄), and D∗

xF (x̄, ȳ, t̄)(y∗), where the latter two sets
stand for the subdifferential (4.3) of ϕ(·, t̄) at x̄ and the coderivative (4.4) of F (·, t̄)
at (x̄, ȳ, t̄), respectively. Efficient conditions ensuring equalities for these sets are
discussed in [21, 22, 24].

It is not hard to check that the extended constructions (4.9)–(4.11) are robust
with respect to their variables, which is important for performing limiting procedures
in what follows. In particular,

Ñ(x̄; Ω(t̄)) = Lim sup

(t,x)
gphΩ→ (t̄,x̄)

Ñ(x; Ω(t)).(4.12)

Note also that the constructions (4.9)–(4.11) enjoy a full generalized differential cal-
culus similar to (4.1), (4.3), and (4.4). We are not going to use this calculus in the
present paper.

5. Necessary optimality conditions for discrete approximations. This
section concerns necessary optimality conditions for discrete approximation problems
(PN ) governed by neutral functional-difference inclusions. We derive such conditions
in the extended Euler–Lagrange form by reducing (PN ) to nonsmooth mathematical
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programs with many geometric constraints and employing generalized differential cal-
culus for the basic constructions (4.1), (4.3), and (4.4).

Let us reduce the dynamic optimization problem (PN ) for each N ∈ N to the
mathematical programming problem (MP) considered in section 4 with the decision
vector

z := (xN
0 , xN

1 , . . . , xN
k+1, v

N
0 , vN1 , . . . , vNk ) ∈ R

n(2k+3)

and the following data:

φ0(z) : = ϕ(xN
0 , xN

k+1) + |xN
0 − x̄(a)|2 + hN

k∑
j=0

f(xN
j , xN

j−N , tj)

(5.1)

+

k∑
j=0

∫ tj+1

tj

∣∣∣∣vNj − d

dt
[x̄(t) −Ax̄(t− ∆)]

∣∣∣∣2 dt,

φj(z) : = |xN
j − x̄(tj)| − ε, j = 1, . . . , k + 1,

Λj : = {(xN
0 , . . . , vNk ) | vNj ∈ F (xN

j , xN
j−N , tj)}, j = 0, . . . , k,

Λk+1 : = {(xN
0 , . . . , vNk ) | (xN

0 , xN
k+1) ∈ ΩN},

gj(z) : = xN
j+1 −AxN

j+1−N − xN
j + AxN

j−N − hNvNj , j = 0, . . . , k,

where xN
j := c(tj) for j < 0. Let z̄N = (x̄N

0 , . . . , x̄N
k+1, v̄

N
0 , . . . , v̄Nk ) be an optimal

solution to (MP). Applying Theorem 4.2, we find real numbers µN
j and vectors z∗j ∈

R
n(2k+3) for j = 0, . . . , k + 1 as well as vectors ψN

j ∈ R
n for j = 0, . . . , k, not all zero,

such that conditions (4.5)–(4.8) are satisfied.

Taking z∗j = (x∗
0,j , . . . , x

∗
k+1,j , v

∗
0,j , . . . , v

∗
k,j) ∈ N(z̄N ; Λj) for j = 0, . . . , k, we

observe that all components of z∗j are zero except one, and the remaining one satis-
fies

(x∗
j,j , x

∗
j−N,j , v

∗
j,j) ∈ N((x̄N

j , x̄N
j−N , v̄Nj ); gphF (·, ·, tj)), j = 0, . . . , k.

Similarly, the condition z∗k+1 ∈ N(z̄N ; Λk+1) is equivalent to

(x∗
0,k+1, x

∗
k+1,k+1) ∈ N((x̄N

0 , x̄N
k+1); ΩN ),

with all the other components of z∗k+1 equal to zero. Applying Theorem 3.1 to the

convergence of discrete approximations, we have φj(z̄
N ) < 0 for j = 1, . . . , k +

1 whenever N is sufficiently large. Thus µN
j = 0 for these indexes due to the

complementary slackness conditions (4.6). Let λN := µN
0 ≥ 0. Observe further

that

k∑
j=0

(∇gj(z̄
N ))∗ψN

j

=
(
−ψ0 + A∗(ψN

N − ψN
N−1), ψ0 − ψ1 + A∗(ψN

N+1 − ψN
N ), . . . ,

ψk−N−1 − ψk−N + A∗(ψN
k − ψN

k−1), ψk−N − ψk−N+1 + A∗ψN
k , . . . ,

ψN
k−1 − ψN

k , ψN
k ,−hNψN

0 , . . . ,−hNψN
k

)
.
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From the subdifferential sum rule for φ0 in (5.1) one has

∂φ(z̄N ) ⊂ ∂ϕ(x̄N
0 , x̄N

k+1) + 2(x̄N
0 − x̄(a)) + hN

k∑
j=0

∂f(x̄N
j , x̄N

j−N , tj)

+

k∑
j=0

∫ tj+1

tj

2

(
v̄Nj − d

dt
[x̄(t) −Ax̄(t− ∆)]

)
dt,

with ∂f standing here and in what follows for the basic subdifferential of f with re-
spect to the first two variables. Thus the inclusion (4.8) in Theorem 4.2 is equivalent
to the relationships

−x∗
0,0 − x∗

0,N − x∗
0,k+1 = λNuN

0 + λNhNϑN
0 + λNhNκN

0 + 2λN (x̄N
0 − x̄(a))

−ψN
0 −A∗(ψN

N−1 − ψN
N ),

−x∗
j,j − x∗

j,j+N = λNhNκN
j + λNhNϑN

j + ψN
j−1 − ψN

j

−A∗(ψN
j+N−1 − ψN

j+N ), j = 1, . . . , k −N,

−x∗
k−N+1,k−N+1 = λNhNvNk−N+1 + ψN

k−N − ψN
k−N+1 + A∗ψN

k ,

−x∗
j,j = λNhNϑN

j + ψN
j−1 − ψN

j , j = k −N + 2, . . . , k,

−x∗
k+1,k+1 = λNuN

k+1 + ψN
k ,

−v∗j,j = λNθNj − hNψN
j , j = 0, . . . , k,

with the notation

(uN
0 , uN

k+1) ∈ ∂ϕ(x̄N
0 , x̄N

k+1), (ϑN
j , κN

j−N ) ∈ ∂f(x̄N
j , x̄N

j−N , tj),

θNj := −2

∫ tj+1

tj

(
d

dt
[x̄(t) −Ax̄(t− ∆)] − v̄Nj

)
dt.

Based on the above relationships, we arrive at the following necessary optimality
conditions for discrete-time problems (PN ), where fj(·, ·) := f(·, ·, tj) and Fj(·, ·) :=
F (·, ·, tj).

Theorem 5.1. Let z̄N be an optimal solution to problem (PN ). Assume that the
sets Ω and gphFj are closed and that the functions ϕ and fj are Lipschitz continuous
around the points (x̄N

0 , x̄N
k+1) and (x̄N

j , x̄N
j−N ), respectively, for all j = 0, . . . , k. Then

there exist λN ≥ 0, pNj (j = 0, . . . , k + N + 1), and qNj (j = −N, . . . , k + 1), not all
zero, such that

pNj = 0, j = k + 2, . . . , k + N + 1,(5.2)

qNj = 0, j = k −N + 1, . . . , k + 1,(5.3)

(pN0 + qN0 ,−pNk+1) ∈ λN∂ϕ(x̄N
0 , x̄N

k+1) + N((x̄N
0 , x̄N

k+1); ΩN ),(5.4) (
PN
j+1 − PN

j

hN
,
QN

j−N+1 −QN
j−N

hN
,−

λNθNj
hN

+ pNj+1 + qNj+1

)
(5.5)

∈ λN (∂fj(x̄
N
j , x̄N

j−N ), 0) + N((x̄N
j , x̄N

j−N , v̄Nj ); gphFj), j = 0, . . . , k,
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with the notation

PN
j : = pNj −A∗pNj+N , QN

j := qNj −A∗qNj+N ,

v̄Nj : =
(x̄N

j+1 − x̄N
j ) + A(xN

j−N − xN
j−N+1)

hN
.

Proof. Actually, most of the proof has been done above—we just need to change
notation in the relationships formulated right before the theorem. First let

p̃Nj : =

{
ψN
j−1 for j = 1, . . . , k + 1,

0 for j = k + 2, . . . , k + N + 1,

q̃Nj : =

⎧⎪⎨⎪⎩
x∗
j,j+N/hN for j = −N, . . . ,−1,

λNκN
j + x∗

j,j+N/hN for j = 0, . . . , k −N,

0 for j = k −N + 1, . . . , k + 1,

and then define qNj for j = −N, . . . , k + 1 by the recurrent formula

qNj := qNj+1 −A∗(qNj+N+1 + qNj+N ) − hN q̃Nj ,

where we put qNj := 0 for j > k + 1. Observe that(
(p̃Nj+1 − qNj+1) −A∗(p̃Nj+N+1 − qNj+N+1) − (p̃Nj − qNj ) + A∗(p̃Nj+N − qNj+N )

hN
,

(qNj−N+1 −A∗qNj+1) − (qNj−N −A∗qNj )

hN
,−

λNθNj
hN

+ p̃Nj+1

)
∈ λN (∂fj(x̄

N
j , x̄N

j−N ), 0) + N((x̄N
j , x̄N

j−N , v̄Nj ); gphFj), j = 0, . . . , k.

Finally letting

pN0 := λNuN
0 + x∗

0,k+1 − qN0 , pNj := p̃Nj − qNj for j = 1, . . . , k + N + 1,

we can easily check that all the relationships (5.2)–(5.5) hold.
Corollary 5.2. In addition to the assumptions of Theorem 5.1, suppose that

the mapping Fj is bounded and Lipschitz continuous around (x̄N
j , x̄N

j−N ) for each j =

0, . . . , k. Then conditions λN ≥ 0 and (5.2)–(5.5) hold with (λN , pNk+1) �= 0; i.e., one
can let

(λN )2 + |pNk+1|2 = 1.(5.6)

Proof. If λN = 0, then (5.5) together with (5.2) and (5.3) imply that(
pNk+1 − pNk

hN
,
−qNk−N

hN

)
∈ D∗Fk(x̄

N
k , x̄N

k−N , v̄Nk )(−pNk+1).

Assuming now that pNk+1 = 0, we get(
−pNk
hN

,
−qNk−N

hN

)
∈ D∗Fk(x̄

N
k , x̄N

k−N , v̄Nk )(0),

which yield pNk = qNk−N = 0 by Theorem 4.1. Repeating the above procedure, we
arrive at a contradiction with the nontriviality assertion in Theorem 5.1.
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6. Optimality conditions for functional-differential inclusions. In this
section we obtain the main results of the paper, providing necessary optimality con-
ditions for the original dynamic optimization problem (P) in both extended Euler–
Lagrange and Hamiltonian forms involving generalized differential constructions of
section 4. Our major theorem establishes the following conditions of the Euler–
Lagrange type derived by the limiting procedure from discrete approximations. Note
that here ∆ > 0 as was assumed in section 2.

Theorem 6.1. Let x̄(·) be an optimal solution to problem (P) under hypotheses
(H1)–(H4), where ϕ and f(·, ·, t) are assumed to be Lipschitz continuous instead of
the plain continuity. Suppose also that (P) is stable with respect to relaxation. Then
there exist a number λ ≥ 0 and piecewise continuous functions p : [a, b + ∆] → R

n

and q : [a − ∆, b] → R
n (whose points of discontinuity are confined to multiples of

the delay time ∆) such that p(t) − A∗p(t + ∆) and q(t − ∆) − A∗q(t) are absolutely
continuous on [a, b] and the following conditions hold:

λ + |p(b)| = 1,(6.1)

p(t) = 0 for t ∈ (b, b + ∆], q(t) = 0 for t ∈ (b− ∆, b],(6.2)

(p(a) + q(a),−p(b)) ∈ λ∂ϕ(x̄(a), x̄(b)) + N((x̄(a), x̄(b)); Ω),(6.3) (
d

dt
[p(t) −A∗p(t + ∆)],

d

dt
[q(t− ∆) −A∗q(t)]

)
∈ co

{
(u,w, p(t) + q(t)) ∈ λ(∂̃f(x̄(t), x̄(t− ∆), t), 0)

(6.4)

+ Ñ

((
x̄(t), x̄(t− ∆),

d

dt
[x̄(t) −Ax̄(t− ∆)]

)
;

gphF (·, ·, t)
)}

for a.e. t ∈ [a, b].

Proof. To prove this theorem by the method of discrete approximations, we
first construct a sequence of discrete-time problems (PN ) whose optimal solutions x̄N

strongly approximate x̄(·) in the sense of Theorem 2.1. By necessary optimality con-
ditions for x̄N from Corollary 5.2 we find λN ≥ 0, pNj , and qNj satisfying relationships
(5.2)–(5.6) for all N ∈ N.

Without loss of generality we suppose that λN → λ as N → ∞ for some λ ≥ 0. As
usual, the symbols x̄N (t), pN (t), qN (t−∆), PN (t), and QN (t) stand for the piecewise
linear extensions of the corresponding discrete functions from Theorem 5.1 with their
piecewise constant derivatives on the continuous-time interval [a, b].

Considering θj from Theorem 5.1, we define θN (t) := θNj /hN for t ∈ [tj , tj+1) as
j = 0, . . . , k and conclude by Theorem 2.1 that∫ b

a

|θN (t)| dt =

k∑
j=0

|θNj | ≤ 2

k∑
j=0

∫ tj+1

tj

∣∣∣∣ ddt [x̄(t) −Ax̄(t− ∆)] − v̄Nj

∣∣∣∣ dt
= 2

∫ b

a

∣∣∣∣ ddt [x̄(t) −Ax̄(t− ∆)] − d

dt
[x̄N (t) −Ax̄N (t− ∆)]

∣∣∣∣ dt := νN → 0

as N → ∞. We may assume without loss of generality that

v̄N (t) :=
d

dt
[x̄N (t) −Ax̄N (t− ∆)] → d

dt
[x̄(t) −Ax̄(t− ∆)] and θN (t) → 0
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for a.e. t ∈ [a, b] as N → ∞; such a pointwise convergence plays a significant role in
what follows.

Let us estimate (pN (t), qN (t− ∆)) for large N . Using (5.2) and (5.3), we derive
from (5.5) that(

pNj+1 − pNj
hN

− λNϑN
j ,

qNj−N+1 − qNj−N

hN
− λNκN

j−N ,−
λNθNj
hN

+ pNj+1

)
∈ N((x̄N

j , x̄N
j−N , v̄Nj ); gphFj) with some (ϑN

j , κN
j−N ) ∈ ∂fj(x̄

N
j , x̄N

j−N )

for j = k−N + 2, . . . , k +N + 1. This means, by definition of the coderivative (4.4),
that (

pNj+1 − pNj
hN

− λNϑN
j ,

qNj−N+1 − qNj−N

hN
− λNκN

j−N

)

∈ D∗Fj(x̄
N
j , x̄N

j−N , v̄Nj )

(
λNθNj
hN

− pNj+1

)
for such j. Thus it follows from Theorem 4.1 that∣∣∣∣∣

(
pNj+1 − pNj

hN
− λNϑN

j ,
qNj−N+1 − qNj−N

hN
− λNκN

j−N

)∣∣∣∣∣ ≤ �F

∣∣∣∣∣λNθNj
hN

− pNj+1

∣∣∣∣∣
for j = k − N + 2, . . . , k + N + 1. Since |(ϑN

j , κN
j−N )| ≤ �f due to the Lipschitz

continuity of f with modulus �f , we derive from the above that

|(pNj , qNj−N )|
≤ �F |θNj | + (�F + 1)hN�f + (�FhN + 1)|(pNj+1, q

N
j−N+1)|

≤ �F |θNj | + (�FhN + 1)�F |θNj+1| + (�F + 1)hN�f

+(�FhN + 1)(�F + 1)hN�f + (�FhN + 1)2|(pNj+2, q
N
j−N+2)| ≤ · · ·

≤ exp[�F (b− a)](1 + �f (�F + 1)/�F + �F νN ), j = k −N + 2, . . . , k + N + 1,

which implies the uniform boundedness of {(pNj , qNj−N ) | j = k−N +2, . . . , k+N +1}
and hence of (pN (t), qN (t− ∆)) on [b− ∆, b].

Next we consider j = k − 2N + 2, . . . , k + 1 and derive from (5.5) that∣∣∣∣∣
(
pNj+1 − pNj

hN
− λNϑN

j ,
qNj−N+1 − qNj−N

hN
− λNκN

j−N

)∣∣∣∣∣
≤ �F

∣∣∣∣∣λNθNj
hN

− pNj+1 − qNj+1

∣∣∣∣∣ +

∣∣∣∣∣
(
A∗pNj+N+1 −A∗pNj+N

hN
,
A∗qNj+1 −A∗qNj

hN

)∣∣∣∣∣ .
This implies, due to Theorem 4.1 and the uniform boundedness of pNj+N and qNj by
some constant α > 0 for such j, that∣∣∣∣∣

(
pNj+1 − pNj

hN
− λNϑN

j ,
qNj−N+1 − qNj−N

hN
− λNκN

j−N

)∣∣∣∣∣
≤ �F

∣∣∣∣∣λNθNj
hN

− pNj+1 − qNj+1

∣∣∣∣∣ +
α

hN
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for j = k − 2N + 2, . . . , k + 1. Therefore

|(pNj , qNj−N )|
≤ �F |θNj | + (�F + 1)hN�f + (�FhN + 1)|(pNj+1, q

N
j−N+1)| + (�FhN + 1)α

≤ �F |θNj | + (�FhN + 1)�F |θNj+1| + (�F + 1)hN�f + (�FhN + 1)(�F + 1)hN�f

+(�FhN + 1)(�F + 1)α + (�FhN + 1)2|(pNj+2, q
N
j−N+2)| ≤ · · ·

≤ exp[�F (b− a)](1 + (�f + α)(�F + 1)/�F + �F νN ), j = k − 2N + 2, . . . , k + 1.

This shows that pNj and qNj−N are uniformly bounded for j = k − 2N + 2, . . . , k + 1,

and hence the sequence {pN (t), qN (t− ∆)} is uniformly bounded on [b− 2∆, b− ∆].
Repeating the above procedure, we conclude that both sequences {pN (t), qN (t−∆)}
and {PN (t), QN (t− ∆)} are uniformly bounded on the whole interval [a, b].

Next we estimate (ṖN (t), Q̇N (t−∆)) on [a, b] using (5.5) and Theorem 4.1. This
yields, for tj ≤ t < tj+1 with j = 0, . . . , k, that

|(ṖN (t), Q̇N (t− ∆))|

=

∣∣∣∣∣
(
PN
j+1 − PN

j

hN
,
QN

j−N+1 −QN
j−N

hN

)∣∣∣∣∣
≤ �F

∣∣∣∣∣λNθNj
hN

− pNj+1 − qNj+1

∣∣∣∣∣ + �f ≤ �F |θNj | + �F |pNj+1| + �F |qNj+1| + �f .

Thus the sequence {ṖN (t), Q̇N (t − ∆)} is weakly compact in L1[a, b]. Taking the
whole sequence of N ∈ N without loss of generality, we find two absolutely continuous
functions P (·) and Q(· − ∆) on [a, b] such that

ṖN (t) → Ṗ (t), Q̇N (t− ∆) → Q̇(t− ∆) weakly in L1[a, b]

and PN (t) → P (t), QN (t − ∆) → Q(t − ∆) uniformly on [a, b] as N → ∞. Since
pN (t) and qN (t − ∆) are uniformly bounded on [a, b + ∆], they surely converge to
some functions p(t) and q(t − ∆) weakly in L1[a, b + ∆]. Taking into account the
above convergence of PN (t) and QN (t − ∆), we get that p(·) and q(·) satisfy (6.2),
that

P (t) = p(t) −A∗p(t + ∆), Q(t− ∆) = q(t− ∆) −A∗q(t), t ∈ [a, b],

and that p(t) and q(t) are piecewise continuous on [a, b+∆] and [a−∆, b], respectively,
with possible discontinuity (from the right) at the points b− i∆ at i = 0, 1, . . . . Con-
ditions (6.1) and (6.3) follow by passing to the limit from (5.6) and (5.4), respectively,
taking into account the robustness of the basic subdifferential (4.3) and the normal
cone (4.1).

It remains to justify the Euler–Lagrange inclusion (6.4). To furnish this, we
rewrite the discrete Euler–Lagrange inclusion (5.5) in the form

(ṖN (t), Q̇N (t− ∆))

∈
{

(u,w) |
(
u,w, pN (tj+1) + qN (tj+1) −

λNθNj
hN

)
(6.5)

∈ λN (∂f(x̄(tj), x̄(tj − ∆), tj), 0) + (N(x̄N
j , x̄N

j−N , v̄Nj ); gphFj)

}
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for t ∈ [tj , tj+1] with j = 0, . . . , k. By the classical Mazur theorem there is a se-

quence of convex combinations of the functions (ṖN (t), Q̇N (t − ∆)) that converges
to (Ṗ (t), Q̇(t − ∆)) for a.e. t ∈ [a, b]. Passing the limit in (6.5), taking into account
the pointwise convergence of θN (t) and v̄N (t) established above, as well as the con-
structions of the extended normal cone (4.9) and the extended subdifferential (4.10)
and their robustness property (4.12) with respect to all variables and parameters, we
arrive at (6.4) and complete the proof of the theorem.

Observe that for the Mayer problem (PM ), which is (1.1)–(1.4) with f = 0, the
generalized Euler–Lagrange inclusion (6.4) is equivalently expressed in terms of the
extended coderivative (4.11) with respect to the first two variables of F = F (x, y, t),
i.e., in the form(

d

dt
[p(t) −A∗p(t + ∆)],

d

dt
[q(t− ∆) −A∗q(t)]

)
(6.6)

∈ co D̃∗
x,yF

(
x̄(t), x̄(t− ∆),

d

dt
[x̄(t) −Ax̄(t− ∆)], t

)
(−p(t) − q(t))

for almost all t ∈ [a, b]. It turns out that the extended Euler–Lagrange inclusion
obtained above implies, under the relaxation stability of the original problems, two
other principal optimality conditions expressed in terms of the Hamiltonian function
built on the mapping F in (1.2). The first condition called the extended Hamilto-
nian inclusion is given below in terms of a partial convexification of the basic sub-
differential (4.3) for the Hamiltonian function. The second is an analog of the clas-
sical Weierstrass–Pontryagin maximum condition (maximum principle) for neutral
functional-differential inclusions. Recall that an analog of the maximum principle
does not generally hold even in the case of optimal control problems governed by
smooth functional-differential equations of neutral type.

The following relationships between the extended Euler–Lagrange and Hamil-
tonian inclusions are based on Rockafellar’s dualization theorem [25] (see also [29,
section 7.6]) that concerns subgradients of abstract Lagrangians and Hamiltonians
associated with set-valued mappings regardless of the dynamics in (1.2). For sim-
plicity we consider the case of the Mayer problem (PM ) for autonomous functional-
differential inclusions of neutral type. Then the Hamiltonian function for F in (1.2)
is defined by

H(x, y, p) := sup{〈p, v〉 | v ∈ F (x, y)}.(6.7)

Corollary 6.2. Let x̄(·) be an optimal solution to the Mayer problem (PM ) for
the autonomous neutral functional-differential inclusion (1.2) under the assumptions
of Theorem 6.1. Then there exist a number λ ≥ 0 and piecewise continuous functions
p : [a, b + ∆] → R

n and q : [a − ∆, b] → R
n such that p(t) − A∗p(t + ∆) and

q(t−∆)−A∗q(t) are absolutely continuous on [a, b] and, besides (6.1)–(6.4), one has
the extended Hamiltonian inclusion(

d

dt
[p(t) −A∗p(t + ∆)],

d

dt
[q(t− ∆) −A∗q(t)]

)
∈ co

{
(u,w) |

(
−u,−w,

d

dt
[x̄(t) −Ax̄(t− ∆)]

)
(6.8)

∈ ∂H (x̄(t), x̄(t− ∆), p(t) + q(t))

}
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and the maximum condition〈
p(t) + q(t),

d

dt
[x̄(t) −Ax̄(t− ∆)]

〉
= H(x̄(t), x̄(t− ∆), p(t) + q(t))(6.9)

for almost all t ∈ [a, b]. If, moreover, F is convex-valued around (x̄(t), x̄(t−∆)), then
(6.8) is equivalent to the Euler–Lagrange inclusion

(6.10)(
d

dt
[p(t) −A∗p(t + ∆)],

d

dt
[q(t− ∆) −A∗q(t)]

)
∈ coD∗F

(
x̄(t), x̄(t− ∆),

d

dt
[x̄(t) −Ax̄(t− ∆)]

)
(−p(t) − q(t)) for a.e. t∈ [a, b],

which in this case automatically implies the maximum condition (6.9).
Proof. Since (PM ) is stable with respect to relaxation, x̄(·) is an optimal solution

to the relaxed problem (RM ), whose only difference from (PM ) is that the neutral
functional-differential inclusion (1.2) is replaced by its convexification (3.4). By The-
orem 6.1 the optimal solution x̄(·) satisfies conditions (6.1)–(6.4) and the relaxed
counterpart of (6.6), which is the same as (6.10) in this case with F replaced by coF .
According to [25, Theorem 3.3] one has

co{(u, v) | (u,w, p) ∈ N((x, y, v); gph(coF )}
= co{(u,w) | (−u,−w, v) ∈ ∂HR(x, y, p)},

where HR stands for the Hamiltonian (6.7) of the relaxed system, i.e., with F replaced
by coF . It is easy to check that HR = H. Thus the extended Euler–Lagrange
inclusion for the relaxed system implies the extended Hamiltonian inclusion (6.8),
which surely yields the maximum condition (6.9). When F is convex-valued, (6.8)
and (6.10) are equivalent due to the mentioned result of [25]. This completes the
proof of the corollary.
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Abstract. This paper concerns systems of the form ẋ(t) = Ax(t), y(t) = Cx(t), where A
generates a C0-semigroup. Two conjectures which were posed in 1991 and 1994 are shown not to
hold. The first conjecture (by G. Weiss) states that if the range of C is one-dimensional, then C is
admissible if and only if a certain resolvent estimate holds. The second conjecture (by D. Russell
and G. Weiss) states that a system is exactly observable if and only if a test similar to the Hautus
test for finite-dimensional systems holds. The C0-semigroup in both counterexamples is analytic
and possesses a basis of eigenfunctions. Using the (A,C)-pair from the second counterexample, we
construct a generator Ae on a Hilbert space such that (sI − Ae) is uniformly left-invertible, but its
semigroup does not have this property.
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1. Introduction. Consider the abstract system

ẋ(t) = Ax(t), y(t) = Cx(t), x(0) = x0(1.1)

with x(t) ∈ H and y(t) ∈ Y , where H and Y are Hilbert spaces. For this abstract
differential equation one would like to obtain conditions in terms of A and C such
that it has a solution with certain properties. If one only considers the differential
equation ẋ(t) = Ax(t), then it is well known that it has a unique (weak) solution which
is strongly continuous and depends continuously on the initial state x(0) = x0 ∈ H
if and only if A satisfies the estimates of the Hille–Yosida theorem (see, e.g., [4,
Theorem 2.1.12]). Since ẋ(t) = Ax(t) is a part of (1.1) we have to assume that A
satisfies the estimates of the Hille–Yosida theorem, or equivalently, that A generates
a C0-semigroup. If in addition C is a bounded linear operator from H to Y , then it is
straightforward to see that y(·) in (1.1) is well defined and continuous. However, many
PDEs rewritten in the form (1.1) do not have a bounded operator C, although the
output is a well-defined square integrable function. We assume that C is a bounded
operator from D(A) (with the graph norm) to a Hilbert space Y . If the output is
locally square integrable, then C is called an admissible observation operator (see
Weiss [20] and the survey article by Jacob and Partington [7]). In other words, C
is an admissible observation operator if and only if for some t0 > 0 (and hence any
t0 > 0) there exists a constant L > 0 such that∫ t0

0

‖CT (t)x‖2 dt ≤ L‖x‖2, x ∈ D(A).
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Here (T (t))t≥0 is the C0-semigroup generated by A. If the C0-semigroup is exponen-
tially stable, then t0 can be replaced by ∞. Now an interesting question is if there are
simple conditions on C (and A) such that C is an admissible observation operator.

Dual to the concept of admissible observation operator is the concept of admis-
sible control operator. An operator B is said to be an admissible control operator
if ẋ(t) = Ax(t) + Bu(t) has a continuous (weak) solution for every locally square
integrable input u. It is well known that C is an admissible observation operator
for A if and only if C∗ is an admissible control operator for A∗; see [20] for a proof
of this statement. Here ∗ denotes the adjoint operator. Because of this duality any
result for admissible observation operators has an equivalent counterpart for admis-
sible control operators, and vice versa. Hence if we refer to a paper which only deals
with control operators, we trust that the reader can make the equivalent statement
for observation operators. Basically, it boils down to replacing B by C∗ and replacing
the infinitesimal generator by its dual one.

In Weiss [21] it is shown that if C is admissible, then there exists a constant
M > 0 such that

‖C(sI −A)−1‖ ≤ M√
Re(s)

(1.2)

for all s in some right-half plane. He conjectured in [21] (see also [22]) that this con-
dition is also sufficient. The sufficiency of condition (1.2) was proved for surjective
semigroups in Weiss [21], for normal, analytic semigroups in Weiss [21, 22], for the
right shift semigroup with scalar output in Partington and Weiss [15], for contraction
semigroups with scalar output by Jacob and Partington [6], and for analytic contrac-
tion semigroups by Le Merdy [12]. Recently, Zwart, Jacob, and Staffans [26] and
Jacob, Partington, and Pott [8] showed that in general estimate (1.2) is not sufficient.
Their observation operator is infinite-dimensional. Here we use techniques similar to
those in [26] to show that (1.2) is not sufficient for scalar outputs. Note that in [5]
a necessary and sufficient condition has been obtained. This condition involves all
powers of the resolvent, as in the Hille–Yosida theorem. Some sufficient conditions
for admissibility can be found in [24].

Apart from the well-posedness of the abstract differential equation (1.1) one would
like to characterize other properties in terms of the pair (A,C). One property that has
received a lot of attention is the property of exact observability. Assuming that the
observation operator C is admissible, the system (1.1) is said to be exactly observable
if there is a bounded mapping from the output trajectory to the initial condition, that
is, for some t0 > 0 (and hence any t0 > 0) there exists a constant l > 0 such that∫ t0

0

‖CT (t)x‖2 dt ≥ l‖x‖2, x ∈ D(A).

If the C0-semigroup is exponentially stable, then t0 can be replaced by ∞. Note
that admissibility gives that the mapping from initial condition to output trajectory
is bounded. If the state space H is finite-dimensional, and thus A and C are just
matrices, then it is well known that (1.1) is exactly observable if and only if

rank

[
C

sI −A

]
is full for all complex s. For infinite-dimensional systems, Russell and Weiss [17],
proposed the following test for exact observability of an exponentially stable system:

‖(sI −A)x0‖2 + |Re(s)|‖Cx0‖2 ≥ m|Re(s)|2‖x0‖2(1.3)
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for all complex s with negative real part, for all x0 ∈ D(A), and for some positive m
independent of s and x0. In [17] they proved that this condition is always necessary,
and that for A and C bounded this condition is sufficient as well. In the same paper
they showed that if A has a Riesz basis of eigenfunctions and an extra condition on
the eigenvalues is satisfied, then (1.3) is sufficient. In Zhou and Yamamoto [23] it was
shown that (1.3) is sufficient if A is skew adjoint and C is bounded. For Riesz spectral
systems with finite-dimensional output space Y inequality (1.3) is sufficient as well;
see Jacob and Zwart [9, 10]. Grabowski and Callier [5] proved that if m in (1.3) is
equal to one, then this estimate implies exact observability. In section 3 we show that
for general m estimate (1.3) is not sufficient. Note that in our counterexample the
output is one-dimensional and that A generates an analytic semigroup. In [11] we
give a refined version of this conjecture.

We conclude this paper with a section on left-invertibility of C0-semigroups. It is
known that uniform left-invertibility of the semigroup implies uniform left-invertibility
of the generator on the open left-half plane. We show that in general the inverse
implication does not hold.

2. General results. Let H be a separable Hilbert space with a conditional basis
{ϕn}n∈N. Since {ϕn}n∈N is a conditional basis, we have that for every x ∈ H there
exists a unique sequence of complex numbers αn such that

x = lim
k→∞

k∑
n=1

αnϕn.(2.1)

Hence, we can write

x =

∞∑
n=1

αnϕn.

Using (2.1) it is not hard to see that the following holds (see also Singer [18, pages
18–20]).

Lemma 2.1. If {ϕn}n∈N is a conditional basis, then the following mappings are
uniformly bounded:

Pnx =

n∑
k=1

αkϕk(2.2)

and

P̃nx = αnϕn,(2.3)

where x =
∑∞

n=1 αnϕn.
Furthermore, if infn∈N ‖ϕn‖ > 0, then

sup
n∈N

|αn| ≤ κ‖x‖(2.4)

for some κ > 0 independent of x.
The following two properties of a conditional basis are important for the con-

struction of our counterexamples.
Definition 2.2. Let {ϕn}n∈N be a conditional basis.
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1. {ϕn}n∈N is Besselian if there exists a constant c > 0 such that

n∑
k=1

|ak|2 ≤ c

∥∥∥∥∥
n∑

k=1

akϕk

∥∥∥∥∥
2

for all finite sequences of scalars a1, . . . , an.
2. {ϕn}n∈N is Hilbertian if there exists a constant c > 0 such that∥∥∥∥∥

n∑
k=1

akϕk

∥∥∥∥∥
2

≤ c

n∑
k=1

|ak|2

for all finite sequences of scalars a1, . . . , an.
Equivalently, {ϕn}n∈N is Besselian if and only if there exists a bounded linear

operator S such that vn := Sϕn is an orthonormal basis for H. More information on
conditional bases can be found in Singer [18].

For diagonal operators on a conditional basis of H there is the following nice
result, which can be found in Benamara and Nikolski [1, Lemma 3.2.5].

Lemma 2.3. Let {ϕn}n be a conditional basis of H. If Q is defined as

Qϕn = qnϕn

with {qn}n∈N ⊂ C, and the total variation of the sequence {qn} is finite, i.e.,

V ar(qn) :=

∞∑
n=1

|qn+1 − qn| < ∞,

then Q can be extended to a linear bounded operator on H, and

‖Q‖ ≤ K(V ar(qn) + lim sup |qn|),(2.5)

where K is the supremum of ‖Pn‖; see Lemma 2.1.
In order to calculate the total variation, the following observation is useful. If f is

a continuous function which is nondecreasing or nonincreasing on the interval (a, b),
and if the sequence {qn}n ⊂ (a, b) is nondecreasing or nonincreasing, then

V ar(f(qn)) ≤ |f(a) − f(b)|.

In [26] the following useful result can be found.
Lemma 2.4. Let {µn}n ⊂ (−∞,−1] be a monotonically decreasing sequence with

limn→∞ µn = −∞. Furthermore, let {ϕn}n∈N be a conditional basis for the Hilbert
space H.

For t ≥ 0, we define (T (t))t≥0 by

T (t)ϕn := eµntϕn, n ∈ N.(2.6)

The operator valued function (T (t))t≥0 defines an analytic, exponentially stable C0-
semigroup on H.
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3. Counterexample on admissibility. In this section we show that the conjec-
ture of George Weiss for admissibility of scalar observation operators (see [21, 22]) does
not hold. That means we construct an exponentially stable C0-semigroup (T (t))t≥0

on H with infinitesimal generator A and an operator C ∈ L(D(A),C) such that

‖C(sI −A)−1‖ ≤ M√
Re(s)

for all s in some right-half plane and some constant M > 0, but C is not an admissible
observation operator for (T (t))t≥0.

Let {en}n∈N be a conditional basis on H which has the following properties:
1. infn∈N ‖en‖ > 0.
2. {en}n∈N is not Besselian.

Such Hilbert spaces and bases do exist; see, for example, Singer [18, page 351, exam-
ple 11.2].

We define the sequence µn as

µn := −4n, n ∈ N,(3.1)

and the C0-semigroup (T (t))t≥0 as

T (t)en = eµnten.(3.2)

By Lemma 2.4 we know that (T (t))t≥0 is an exponentially stable analytic semigroup.
By A we denote the infinitesimal generator of (T (t))t≥0. It is easy to see that A
satisfies

Aen = µnen, n ∈ N.

For x ∈ D(A), x =
∑∞

n=1 xnen, we further define

Cx =

∞∑
n=1

√
−µnxn.(3.3)

First of all we show that C is a bounded linear operator from the domain of A into C.
Proposition 3.1. Let C be given as in (3.3) and let A be the infinitesimal

generator of the C0-semigroup (3.2). Then we have C ∈ L(D(A),C).
Proof. It is enough to show that there exists a constant c > 0 such that

|CA−1x| ≤ c, x ∈ H, ‖x‖ = 1.

Let x ∈ H with ‖x‖ = 1. Then there exist scalars xn, n ∈ N, such that

x =

∞∑
n=1

xnen.

Using that infn∈N ‖en‖ > 0, we get from Lemma 2.1 that supn∈N
|xn| ≤ κ < ∞. Note

that κ is independent of x ∈ H with ‖x‖ = 1. Now we have

|CA−1x| =

∣∣∣∣∣
∞∑

n=1

xn√−µn

∣∣∣∣∣ ≤ κ

∞∑
n=1

2−n = κ.
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Thus the proposition is proved.
Next we show that C satisfies the estimate (1.2).
Proposition 3.2. For C given by (3.3) and A as the infinitesimal generator of

the semigroup (3.2) the following holds. There exists a constant M > 0 such that

‖C(sI −A)−1‖ ≤ M√
Re(s)

, s ∈ C+.

Proof. Let s be an element of C+, and let x ∈ H have norm one. We have the
following estimate:

√
Re(s)|C(sI −A)−1x| =

√
Re(s)

∣∣∣∣∣
∞∑
k=1

2k

s + 4k
xk

∣∣∣∣∣
≤

√
Re(s)

∞∑
k=1

2k

|Re(s) + 4k| |xk|

≤ κ
√

Re(s)

∞∑
k=1

2k

Re(s) + 4k
,

where we have used Lemma 2.1. Note that κ is independent of x. In order to
estimate this last expression we introduce the monotonically decreasing sequence ak :=

1
Re(s)+k2 . Then for N ≥ 2K we have

N∑
k=1

ak ≥ a1 + a2 + (a3 + a4) + · · · + (a2K−1+1 + · · · + a2K )

≥ a2 + 2a4 + · · · + 2K−1a2K

=
1

2

K∑
k=1

2ka2k ,

and so

∞∑
k=1

2k

Re(s) + 4k
≤ 2

∞∑
k=1

1

Re(s) + k2
.

Using this in our estimate of
√

Re(s)|C(sI −A)−1x|, we obtain that

√
Re(s)|C(sI −A)−1x| ≤ 2κ

√
Re(s)

∞∑
k=1

1

Re(s) + k2

≤ 2κ
√

Re(s)

∫ ∞

0

1

Re(s) + t2
dt

≤ 2κ
√

Re(s)

(
1√

Re(s)
arctan

(
t√

Re(s)

)∣∣∣∣∣
∞

0

)
≤ 2κ

π

2
= κπ,

which proves our assertion.
Proposition 3.3. If C given by (3.3) is an admissible observation operator for

the C0-semigroup given by (3.2), then {en} is Besselian.



COUNTEREXAMPLES CONCERNING OBSERVATION OPERATORS 143

Proof. If C is an admissible observation operator for (T (t))t≥0, then there would
exist a constant L > 0 such that∫ ∞

0

|CT (t)x|2dt ≤ L‖x‖2, x ∈ D(A).

Now take a finite sequence of αk’s and consider

x :=

n∑
k=1

αkek.

Then the above estimate gives

∫ ∞

0

∣∣∣∣∣
n∑

k=1

√
−µke

µktαk

∣∣∣∣∣
2

dt ≤ L‖x‖2.

However, from Nikolski and Pavlov [14] (see also Jacob and Zwart [10]), we know that
there exists a constant L1 > 0, independent of x, such that

∫ ∞

0

∣∣∣∣∣
n∑

k=1

√
−µke

µktαk

∣∣∣∣∣
2

dt ≥ L1

n∑
k=1

|αk|2.

Thus we have that for any finite sequence

‖x‖2 ≥ L1

L

n∑
k=1

|αk|2,

which shows that {en} is Besselian.
Thus we have disproved the scalar admissibility conjecture of George Weiss.

4. Counterexample on exact observability. In this section we use the op-
erators A and C constructed in section 3 with different assumptions on the basis to
settle another question about operator semigroups.

We disprove the conjecture of Russell and Weiss [17] on exact observability. That
means we construct an exponentially stable C0-semigroup (T (t))t≥0 with infinitesimal
generator A and an operator C ∈ L(D(A),C) such that

‖(sI −A)x0‖2 + |Re(s)|‖Cx0‖2 ≥ m|Re(s)|2‖x0‖2, s ∈ C−, x0 ∈ D(A),

for some constant m > 0, but the pair (A,C) is not exactly observable.
Let {en}n∈N be a conditional basis on H which is Besselian, normalized—that

is, ‖en‖ = 1, but not Hilbertian. Such Hilbert spaces and bases do exist; see, for
example, Singer [18, page 351, example 11.2].

We define the sequence µn as

µn := −4n, n ∈ N,(4.1)

and the C0-semigroup as

T (t)en = eµnten.(4.2)



144 BIRGIT JACOB AND HANS ZWART

By Lemma 2.4 we know that this is an exponentially stable analytic C0-semigroup.
By A we denote the infinitesimal generator of (T (t))t≥0. It is easy to see that A
satisfies

Aen = µnen, n ∈ N.

Since {en}n∈N is Besselian, we know that there exists a bounded linear operator S
such that vn := Sen is an orthonormal basis for H. On this new basis we define

Ãvn = µnvn.

It is easy to see that Ã generates a C0-semigroup (T̃ (t))t≥0, and that

ST (t) = T̃ (t)S.(4.3)

Now define the operator C̃ as

C̃vn =
√
−µn.

It is easy to see that we can extend C̃ as a bounded operator from the domain
of Ã to C. We denote this extension again by C̃. We shall prove that C̃ is an
admissible observation operator for (T̃ (t))t≥0. Since (T̃ (t))t≥0 has an orthonormal

basis of eigenfunctions, we can use the result of Weiss [19], which tells us that C̃ is
admissible if and only if ∑

−µn∈R(h,ω)

|µn| ≤ βh,

where

R(h, ω) := {s ∈ C+ | Re(s) ≤ h, | Im(s) − ω| ≤ h}

and β is independent of h. Using the definition of µn this is easy to prove. Now we
define for x ∈ D(A),

Cx = C̃Sx.(4.4)

From this and (4.3) we see that for x ∈ D(A)

CT (t)x = C̃T̃ (t)Sx.

Since S is bounded and since C̃ is admissible for (T̃ (t))t≥0, we obtain that C is an
admissible output operator for (T (t))t≥0.

In several steps we shall prove that the pair (A,C) satisfies the estimate of Russell
and Weiss, but that it is not exactly observable. In our proof we follow closely the
proof of Theorem 4.4 of Russell and Weiss [17]. As in [17] we define N : C− → N as
the integer such that

|s− µN(s)| = min
k∈N

|s− µk|.(4.5)

This number is well defined if the real part of s is unequal to (µk + µk+1)/2 for all k.
We define the set for which this mapping is well defined as Cg.
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Lemma 4.1. There exists a constant c > 0 such that, for all s ∈ Cg, we have that∣∣∣∣ Re(s)

s− µk

∣∣∣∣ ≤ c, s ∈ Cg, k 
= N(s),

and ∣∣∣∣ Re(s)

Re(s) − µk

∣∣∣∣ ≤ c, s ∈ Cg, k 
= N(s).

Proof. In Weiss and Russell [17] it is shown that the first estimate holds. Since
{µk} is a real sequence, it is easy to see that N(s) = N(Re(s)). Taking s to be real
in the first inequality, and using this observation, proves the second inequality.

For s ∈ Cg, we define

V (s) := spann �=N(s){en}.(4.6)

Clearly, V (s) is again a Hilbert space and in Singer [18, page 26, Proposition 4.1]
it is shown that {en}n �=N(s) is a conditional basis of V (s). By PV (s) we denote the
projection from H onto V (s) given by

PV (s) := I − P̃N(s).

Using Lemma 2.1 we see that the projections PV (s) are uniformly bounded. For
s ∈ Cg, we introduce the notation

esn :=

{
en, n < N(s),
en+1, n ≥ N(s),

(4.7)

and

µs
n :=

{
µn, n < N(s),
µn+1, n ≥ N(s).

(4.8)

The constant K in Lemma 2.3 is given by K := supn∈N
‖Pn‖. Let K(s) be the

corresponding constant for V (s) with conditional basis {esn}, for s ∈ Cg. Then it
follows easily that K(s) ≤ K.

Let s ∈ Cg. We denote by As the part of A in V (s), that is,

Asx := Ax, x ∈ D(As),

and D(As) := D(A) ∩ V (s). Note that V (s) is a T (t)-invariant subspace. Thus it is
easy to see that Cs, defined by

Csx := Cx, x ∈ D(As),

is an admissible observation operator for (Ts(t))t≥0. Here (Ts(t))t≥0 is the C0-
semigroup generated by As. Now we shall prove two important estimates.

Lemma 4.2. Let As, Cs, and V (s) denote the objects defined above. The following
two estimates hold.

1. There exists a constant M > 0 such that

‖(sI −As)
−1‖V (s) ≤

M

|Re(s)| , s ∈ Cg.
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2. There exists a constant d > 0 such that

‖Cs(sI −As)
−1‖ ≤ d√

|Re(s)|
, s ∈ Cg.

Proof. Part 1. Let s = sr + isi ∈ Cg. Clearly,

(sI −As)
−1esn =

1

s− µs
n

esn, n ∈ N.

This is an operator of the form as discussed in Lemma 2.3, and thus we have to
show that 1/(s − µs

n) is of bounded variation. We begin with the following simple
observation: ∣∣∣∣ 1

s− µs
n+1

− 1

s− µs
n

∣∣∣∣ =

∣∣∣∣ µs
n+1 − µs

n

(s− µs
n+1)(s− µs

n)

∣∣∣∣
≤

∣∣∣∣ µs
n+1 − µs

n

(sr − µs
n+1)(sr − µs

n)

∣∣∣∣
=

∣∣∣∣ 1

sr − µs
n+1

− 1

sr − µs
n

∣∣∣∣ ,(4.9)

where we have used the fact that µs
n is real.

Next we define

h : R− \ {sr} → R, h(x) :=
1

sr − x
.

Then we have h(−∞) = 0, h(0) = 1
sr

, and h is monotonically increasing on (−∞, sr)
and on (sr, 0). Combining the above results with Lemma 2.3 we get the following
estimate for ‖(sI −As)

−1‖:

‖(sI −As)
−1‖

≤ K

(
Var

(
1

s− µs
n

)
+

∣∣∣∣ lim
n→∞

1

s− µs
n

∣∣∣∣) = K

∞∑
n=1

∣∣∣∣ 1

s− µs
n+1

− 1

s− µs
n

∣∣∣∣
≤ K

∞∑
n=1

∣∣∣∣ 1

sr − µs
n+1

− 1

sr − µs
n

∣∣∣∣
≤ K

[[
0 +

1

sr − µN(s)+1

]
+

[
1

sr − µN(s)+1
− 1

sr − µN(s)−1

]
+

[
1

sr
− 1

sr − µN(s)−1

]]
≤ (4c + 1)K

|Re(s)| ,

where we have used Lemmas 2.3 and 4.1 and (4.9). Since c and K are independent
of s we have proved the statement.

Part 2. In order to prove this statement we follow Lemma 4.6 of Russell and
Weiss [17]. Let s ∈ Cg. Using the resolvent identity, we have

Cs(sI −As)
−1 = Cs(−s̄I −As)

−1[I − (s̄ + s)(sI −As)
−1].
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Since Cs is an admissible observation operator for (Ts(t))t≥0 there exists a constant

d̃ > 0, independent of s, such that

‖Cs(−s̄I −As)
−1‖ ≤ d̃√

|Re(s)|

(see, e.g., Weiss [22]). Combining this with Part 1, the statement is proved.
Now we can prove the estimate of Russell and Weiss [17].
Lemma 4.3. For C defined by (4.4) and A as the infinitesimal generator of (4.2)

the following holds. There exists a constant m > 0 such that, for every s ∈ C− and
every x ∈ D(A), we have

1

|Re(s)|2 ‖(sI −A)x‖2 +
1

|Re(s)| ‖Cx‖2 ≥ m‖x‖2.(4.10)

Proof. The proof of this lemma is divided into two steps. First, we show that the
estimate holds for s ∈ C− \ Cg. Second, we prove the estimate for s ∈ Cg.

Part 1. If s is not in Cg, then there exists an k0 ∈ N such that Re(s) = (µk0+1 +
µk0

)/2. It is easy to see that

(sI −A)−1en =
1

s− µn
en.

We use Lemma 2.3 to estimate the norm of this operator. Using (4.9) we see that it
is sufficient to show that { 1

Re(s)−µn
} is of bounded variation. Similar to the proof of

Part 1 of Lemma 4.2, we obtain that

‖(sI −A)−1‖ ≤ K

∞∑
n=1

∣∣∣∣ 1

Re(s) − µn+1
− 1

Re(s) − µn

∣∣∣∣ .
Now we have that Re(s) = (µk0+1 + µk0)/2, and thus we obtain

‖(sI −A)−1‖

≤ K

[[
0 +

1

Re(s) − µk0+1

]
+

[
1

Re(s) − µk0+1
− 1

Re(s) − µk0

]
+

[
1

Re(s)
− 1

Re(s) − µk0

]]
≤ K

[
8

µk0 − µk0+1
+

1

|Re(s)|

]
.

Now the sequence {µn} = {−4n} satisfies

1

µn − µn+1
=

5/3

|µn + µn+1|
.

So we see that

‖(sI −A)−1‖ ≤ 40K

3|µk0 + µk0+1|
+

K

|Re(s)| =
23K

3|Re(s)| .

This is equivalent to

|Re(s)|−1‖(sI −A)x‖ ≥ 3

23K
‖x‖,
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and so (4.10) holds for s ∈ C− \ Cg.
Part 2. In order to prove this statement we follow Theorem 4.4 of Russell and

Weiss.
If (4.10) would not hold, then there would exist sequences {sn} and {zn} such

that sn ∈ Cg, z
n ∈ D(A), ‖zn‖ = 1, and

1

|Re(sn)|2 ‖(snI −A)zn‖2 +
1

|Re(sn)| |Czn|2 = ε2
n,(4.11)

where εn ≥ 0 and εn → 0.
Now define

qn :=
1

|Re(sn)| (snI −Asn)PV (sn)z
n

and the scalar αn such that

αneN(sn) = P̃N(sn)z
n = (I − PV (sn))z

n.

Thus we have that

1

|Re(sn)| (snI −A)zn =
sn − µN(sn)

|Re(sn)| αneN(sn) + qn.

Now we have that

‖qn‖ =

∥∥∥∥PV (sn)
1

|Re(sn)| (snI −A)zn
∥∥∥∥ ≤ K

1

|Re(sn)| ‖(snI −A)zn‖ ≤ Kεn(4.12)

by (4.11). For αn, we obtain∣∣∣∣sn − µN(sn)

Re(sn)
αn

∣∣∣∣ =

∥∥∥∥sn − µN(sn)

Re(sn)
αneN(sn)

∥∥∥∥ =

∥∥∥∥sn − µN(sn)

Re(sn)
P̃N(sn)z

n

∥∥∥∥
=

1

|Re(sn)| ‖P̃N(sn)(sn −A)zn‖

≤ 2K
1

|Re(sn)| ‖(sn −A)zn‖ ≤ 2Kεn.(4.13)

By definition of qn, we have that

PV (sn)z
n = |Re(sn)|(snI −Asn)−1qn.

Using (4.12) and Lemma 4.2, we get

‖PV (sn)z
n‖ ≤ MKεn,

whence PV (sn)z
n → 0. Since ‖zn‖ = 1, it follows that ‖(I − PV (sn))z

n‖ → 1, i.e.,

lim
n→∞

|αn| = 1.(4.14)

Together with (4.13) this implies that

lim
n→∞

∣∣∣∣sn − µN(sn)

Re(sn)

∣∣∣∣ = 0.
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It is now easy to see that

lim
n→∞

∣∣∣∣µN(sn)

Re(sn)

∣∣∣∣ = 1.(4.15)

Now we turn our attention to the second term of (4.11). We have

Czn = C(I − PV (sn))z
n + CPV (sn)z

n

= αnCeN(sn) + Csn(snI −Asn)−1(snI −Asn)PV (sn)z
n

= αn

√
−µN(sn) + |Re(sn)|Csn(snI −Asn)−1qn.

Thus we can estimate the norm of this number as

|Czn| ≥ |αn

√
−µN(sn)| − |Re(sn)||Cs(snI −Asn)−1qn|.

Hence using Lemma 4.2, Part 2, we obtain that

1√
|Re(sn)|

|Czn| ≥ |αn|
∣∣∣∣µN(sn)

Re(sn)

∣∣∣∣ 1
2

− d‖qn‖.(4.16)

By (4.12) and (4.14)–(4.16), we conclude that there exists a positive number κ such
that for n sufficiently large,

1

|Re(sn)| |Czn|2 ≥ κ.

On the other hand, (4.11) implies that for each n ∈ N,

1

|Re(sn)| |Czn|2 ≤ ε2
n,

which is a contradiction. Therefore, (4.10) must be true.
So we know that the system (A,C) as defined in the beginning of this section

satisfies the estimate of Russell and Weiss. Suppose now that the pair would be
exactly observable. Then there would exist a constant l > 0 such that∫ ∞

0

|CT (t)x|2dt ≥ l‖x‖2, x ∈ D(A).

Now take a finite sequence of αk’s and consider

x :=

n∑
k=1

αkek.

Then the above estimate gives

∫ ∞

0

∣∣∣∣∣
n∑

k=1

√
−µke

µktαk

∣∣∣∣∣
2

dt ≥ l‖x‖2.

However, from Nikolski and Pavlov [14] (see also Russell and Weiss [17]) we know
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that there exists a constant l1 > 0 such that

∫ ∞

0

∣∣∣∣∣
n∑

k=1

√
−µke

µktαk

∣∣∣∣∣
2

dt ≤ l1

n∑
k=1

|αk|2.

Thus we have that for any finite sequence,

‖x‖2 ≤ l1
l

n∑
k=1

|αk|2.

However, this implies that {en} is Hilbertian, providing the contradiction.
Thus we have disproved the conjecture of Russell and Weiss on exact observability.

5. On left-invertibility of C0-semigroups. We consider a bounded C0-
semigroup (Te(t))t≥0 with infinitesimal generator Ae on a separable Hilbert space
Z. A natural question is whether uniform left-invertibility of the C0-semigroup, that
is,

‖Te(t)x‖ ≥ c1‖x‖, x ∈ Z,(5.1)

for some c1 > 0, is equivalent to uniform left-invertibility of sI − Ae on the open
left-half plane, that is,

‖(sI −Ae)x‖ ≥ c2|Re(s)| ‖x‖, x ∈ D(Ae), s ∈ C−,(5.2)

for some constant c2 > 0.
In van Neerven [13] it is shown that (5.1) implies (5.2). Van Neerven considered

only the case of a semigroup of isometries, but the general case can be proved in a
similar way. If (Te(t))t≥0 can be extended to a group or if C− is contained in the
resolvent set of A, then (5.2) implies (5.1); see van Casteren [2, 3] or Zwart [25].

We now show that in general (5.2) does not imply (5.1). Consider the operators
A and C of section 3, and let (T (t))t≥0 denote the exponentially stable C0-semigroup

generated by A. We now define the semigroup (Te(t))t≥0 on H ⊕ L2(0,∞) by

Te(t)

(
x

f

)
:=

(
T (t)x

CT (t− ·)x|[0,t] + f(· − t)|[t,∞)

)
.

In Grabowski and Callier [5] it is shown that (Te(t))t≥0 is a uniformly bounded C0-

semigroup on H ⊕ L2(0,∞), and that the infinitesimal generator Ae of (Te(t))t≥0 is
given by

Ae

(
x

f

)
:=

(
Ax

−ḟ

)
,

(
x

f

)
∈ D(Ae),

D(Ae) :=

{(
x

f

)
| x ∈ D(A), f, ḟ ∈ L2(0,∞),

f is absolutely continuous and f(0) = Cx

}
.
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Next we calculate the norm of ‖(sI −Ae)(
x
f )‖. For s = sr + isi ∈ C− we have∥∥∥∥(sI −Ae)

(
x

f

)∥∥∥∥2

= ‖(sI −A)x‖2 + ‖sf + ḟ‖2
L2(0,∞)

= ‖(sI −A)x‖2 + |s|2‖f‖2
L2(0,∞) + ‖ḟ‖2

L2(0,∞)

+2sr Re(〈f, ḟ〉L2(0,∞)) + isi(〈f, ḟ〉L2(0,∞) − 〈ḟ , f〉L2(0,∞))

= ‖(sI −A)x‖2 + ‖isif + ḟ‖2
L2(0,∞) + s2

r‖f‖2
L2(0,∞) + 2sr Re(〈f, ḟ〉L2(0,∞))

= ‖(sI −A)x‖2 + ‖isif + ḟ‖2
L2(0,∞) + s2

r‖f‖2
L2(0,∞)

+sr

∫ ∞

0

d

dt
〈f(t), f(t)〉 dt

= ‖(sI −A)x‖2 + ‖isif + ḟ‖2
L2(0,∞) + s2

r‖f‖2
L2(0,∞) − sr‖Cx‖2,

because f(0) = Cx and f, ḟ ∈ L2(0,∞). Thus∥∥∥∥(sI −Ae)

(
x

f

)∥∥∥∥2

≥ ‖(sI −A)x‖2 + |Re(s)|2‖f‖2
L2(0,∞) + |Re(s)|‖Cx‖2

≥ c2|Re(s)|2
∥∥∥∥(x

f

)∥∥∥∥2

(using Lemma 4.3),

where c2 is independent of x and f . This shows that (5.2) holds. Assuming (5.1)
holds as well, we get∥∥∥∥Te(t)

(
x

f

)∥∥∥∥ ≥ c1

∥∥∥∥(x

f

)∥∥∥∥ , t ≥ 0, x ∈ H, f ∈ L2(0,∞),

for some constant c1 > 0. Thus

‖T (t)x‖2 + ‖CT (·)x‖2
L2(0,t) =

∥∥∥Te(t)
(x

0

)∥∥∥ ≥ c1‖x‖2, x ∈ H, t ≥ 0.(5.3)

Using that (T (t))t≥0 is exponentially stable, we get limt→∞ ‖T (t)x‖2 = 0, and so
letting t to infinity in (5.3) gives

‖CT (·)x‖L2(0,∞) ≥
√
c1‖x‖, x ∈ H,

which says that the pair (A,C) is exactly observable. However, this is in contradiction
with section 3, where we showed that the pair (A,C) is not exactly observable. Thus
(5.2) holds, but (5.1) is not valid.

We conclude this section with a positive result; it shows that (5.2) implies (5.1)
if the constant c2 satisfies c2 ≥ 1.

Proposition 5.1. Let (Te(t))t≥0 be a bounded C0-semigroup with infinitesimal
generator Ae on a separable Hilbert space Z. If (5.2) holds with c2 ≥ 1, then (5.1)
holds as well.

Proof. If c2 ≥ 1, then it is easy to see that (5.2) implies that

‖(sI −Ae)x‖ ≥ |Re s|‖x‖, s ∈ C−,
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for all x ∈ D(A). Choosing s < 0 and taking the square of the above equation gives

‖(sI −Ae)x‖2 ≥ s2‖x‖2.

Using the fact that Z is a Hilbert space gives that the above inequality is equivalent
to

s2‖x‖2 − 2sRe〈x,Aex〉 + ‖Aex‖2 ≥ s2‖x‖2,

which is equivalent to

−2sRe〈x,Aex〉 + ‖Aex‖2 ≥ 0.

Since this must hold for all negative s, we see that

Re〈x,Aex〉 ≥ 0.

We now consider the function f(t) := ‖Te(t)x‖2. Taking the derivative of f gives

ḟ(t) = 2 Re〈Te(t)x,AeTe(t)x〉 ≥ 0.

Hence f is nondecreasing, and thus

‖Te(t)x‖2 = f(t) ≥ f(0) = ‖x‖2.

Since x was arbitrary, we have shown the result.
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1991, pp. 367–378.

[22] G. Weiss, A powerful generalization of the Carleson measure theorem?, in Open Problems in
Mathematical Systems Theory and Control, V. Blondel, E. Sontag, M. Vidyasagar, and
J. Willems, eds., Springer-Verlag, London, 1999, pp. 267–272.

[23] Q. Zhou and M. Yamamoto, Hautus condition on the exact controllability of conservative
systems, Internat. J. Control, 67 (1997), pp. 371–379.

[24] H. Zwart, Sufficient Conditions for Admissibility, Memorandum 1547, Department of Ap-
plied Mathematics, University of Twente, 2000, available online from http://www.math.
utwente.nl/publications.

[25] H. Zwart, On the invertibility and bounded extension of C0-semigroups, Semigroup Forum, 63
(2001), pp. 153–160.

[26] H. Zwart, B. Jacob, and O. Staffans, Weak admissibility does not imply admissibility for
analytic semigroups, Systems Control Lett., 48 (2003), pp. 341–350.



INPUT CONSTRAINED ADAPTIVE TRACKING
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Abstract. We consider input constrained adaptive output feedback control for a class of nonlin-
ear systems which are prototype models for controlled exothermic chemical reactions. Our objective
is set-point control of the output, i.e., the temperature of the reaction. In the context of chemical
reactions, practical considerations lead us to work in the presence of input constraints. We adopt
an approach based on modified λ-tracking controllers, whereby prespecified asymptotic tracking ac-
curacy, quantified by λ > 0 set by the designer, is ensured. The adaptive control strategy does not
require any knowledge of the system’s parameters and does not invoke an internal model. Only a
feasibility assumption in terms of the reference temperature and the input constraints is assumed.

Key words. adaptive control, exothermic chemical reaction models, global stabilization, input
saturation, tracking

AMS subject classifications. 93C20, 93D40

DOI. 10.1137/S0363012901391081

1. Introduction. In this paper, we consider input constrained adaptive output
feedback control for a class of nonlinear systems which arise as prototype models for
controlled exothermic chemical reactions. The output of the system is the reaction
temperature, and primarily we control the rate of change of reaction temperature.
Secondary control is achieved via dilution, specifically by feedrate control of reactants.
Our objective is set-point control of the output, i.e., the temperature of the reaction.
In the context of chemical reactions, since the rate of conversion of product into
reactant should be economically profitable, this set-point temperature is often close to
a hyperbolic equilibrium of the open-loop system. Additional practical considerations
lead us also to work in the presence of input constraints. We adopt an approach based
on modified λ-tracking controllers [7]. We are motivated by results obtained by Viel,
Jadot, and Bastin [12] for similar prototype chemical reaction models. Our aims are
two-fold: to show that the λ-tracking approach can be developed for this relevant class
of nonlinear systems, and moreover to show that input constraints are allowed. Of
particular interest is the interplay between the input constraints, the specific nature
of the nonlinearities in chemical reaction models, and the set-point to be tracked.

In chemical engineering, the analysis and control of exothermic continuous stirred
tank reactors (ExCSTRs) originated in [2]. They have subsequently been used exten-
sively as models in several industries including continuous polymerization reactors,
distillation columns, biochemical fermentation, and biological processes. More re-
cently, for the prototype class of chemical reaction models used in this paper, various
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nonadaptive control theory approaches have been developed for the set-point control
of temperature. Specifically, in [12] a state feedback controller, with observer, was
proposed for globally stabilizing the temperature of ExCSTRs; in [9] (adaptive) dy-
namic output PI type controllers were derived, and similar stabilization results were
obtained in [1].

Whilst we are motivated by the issues raised and the results in [12, 9, 1], we adopt
a different approach based on adaptive λ-tracking. This means that asymptotically
a prespecified, arbitrarily small accuracy λ > 0 of the tracking error is ensured; see
[6, 7]. This λ-tracking technique is well suited to classes of systems with “strict
relative-degree” one, which include models for temperature control in the prototype
exothermic reactions. It is therefore reasonable to expect that λ-trackers would be
well-suited in this context of exothermic reactions. However, their direct application
is not so straightforward because of the input constraints and also the need to find
alternatives to the “minimum phase assumptions” typical in λ-tracking. In fact,
instead of “minimum phase assumptions” we need a certain feasibility assumption
which essentially captures the interplay between the input constraints, the specific
nonlinearity in the exothermic reaction model, and the set-point (temperature) to
be tracked. In the case of global set-point control, we also need to accommodate
more ad hoc, non–relative-degree one, control action via dilution rates. To some
extent, in modifying the λ-tracking technique, we are guided by the developments in
[12]. However, our results actually go further in that we tolerate disturbances to the
temperature measurement and also parameters of the system model are not invoked
in the controller. We also overcome some of the drawbacks in the previous approaches
in [12], and also [9] and [1], which need state feedback, or have complicated controller
structure, or else require the system to be minimum phase (i.e., have exponentially
stable zero dynamics).

We consider the following class of nonlinear systems:{
ẋ(t) = C r

(
x(t), T (t)

)
+ d [xin − x(t)], x(0) = x0 ∈ R

n
≥0,

Ṫ (t) = bT r
(
x(t), T (t)

)
− q T (t) + u(t), T (0) = T 0 ∈ R>0.

(1)

In (1), n ∈ N and the constants and variables represent the following for m ∈ N with
n > m:

x(t) ∈ R
n
≥0 concentrations of n chemical species,

T (t) ∈ R>0 temperature of the reactor,
u(t) ∈ R≥0 control, a combination of the temperatures of reactant

feed and coolant,
xin ∈ R

n
≥0 constant feed concentrations,

C = [c1, . . . , cm] ∈ R
n×m stoichiometric matrix,

b ∈ R
m
≥0 coefficients of the exothermicity,

d > 0 dilution rate,
q > 0 heat transfer rate between heat exchanger and reactor.

The function

r(·, ·) : R
n
≥0 × R>0 → R

m
≥0(2)

is locally Lipschitz with r(0, T ) = 0 for all T > 0 and models the reaction kinetics.
In the context of chemical reactions, practical considerations lead us to assume

that the control input u(·) is constrained so that there exist u and u with 0 < u < u
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so that

u ≤ u(t) ≤ u for all t ≥ 0 .(3)

Remark 1.

(i) Nonlinear systems of the form (1) have been used extensively in the last thirty
years as simplified models for ExCSTR models, both mathematically and in
industrial applications. Their relevance was established in [3].

(ii) The values of u and u will depend on the specific application. In our work,
and also in [12] and [9], they are fixed numbers which then feature strongly in
the assumptions needed so as to prove convergence for the control schemes.

To make sense of (1) as a model for exothermic reactions, we make the following
assumptions.

(A1) R
n
≥0 × R>0 is positively invariant under (1) for any bounded,

nonnegative, locally integrable u(·) : R≥0 → R≥0.

(A2) There exists γ ∈ R
n
>0 such that γT ci ≤ 0 for all columns c1, . . . , cm

of the stoichiometric matrix C.

(A3) For T ∗ > 0 there exist 0 ≤ u < u such that

u < q T ∗ − bT r(x, T ∗) < u for all x ∈ Ω(γ, xin) :=
{
x ∈ R

n
≥0

∣∣ γTx < γTxin
}
.

Remark 2.

(i) The system (1) and assumptions (A1)–(A3) capture the essential features
of ExCSTRs. They give rise to a class of nonlinear systems for which a
λ-tracking approach seems plausible, whilst the interplay between the non-
linearity, input constraints, and the feasibility assumption provides novelty
in controller design and convergence proofs.

(ii) The assumption (A1) is natural for exothermic reactions. Indeed, concen-
trations and temperature should not become zero once they are positive. In
fact, since r(·, ·) is nonnegative, if u(·) is nonnegative, then it is clear that
T (t) > 0 whenever T 0 > 0. It is easy to show that the remainder of (A1)
holds automatically when n = 2, i.e., in the case of a single reaction. For
multiple reactions, there are various conditions (see, e.g., [8, Proposition 6])
in terms of specific rates which imply that (A1) holds.
(A1) has been formulated for the closed positive orthant R

n
≥0 of the concen-

trations and the open half line for the temperature. The latter is natural
since the reactor should not operate with zero or negative temperature; the
former could also be assumed for the open positive orthant R

n
>0; the analysis

goes through without any changes.
(iii) (A2) holds if (1) satisfies the law of conservation of mass, which means that

there exists γ ∈ R
n
>0 with γTC = 0. This can be found implicitly in [4], and

it is also assumed in [12]. If C does not represent exactly the stoichiometric
relationships between all species, then conservation of mass need not be sat-
isfied. Nevertheless, the reaction model might still be relevant provided that
all essential reactions are obeyed. This approach was adopted in [3] and also
in [8]. In [8] a concept of a noncyclic process was developed and shown to
ensure dissipativity of mass and hence that (A2) is satisfied.

(iv) (A3) is simply a feasibility assumption arising because of the saturation of
the nonnegative input u(·) at u and u. Assumption (A3) coincides with (H3)
in [12].
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Note that, by continuity of r(·, ·), assumption (A3) implies, for some T , T , and
small enough ρ > 0, the assumption

(A3′) For T ∗ > 0 there exist 0 < T < T ∗ < T , ρ > 0, 0 < u < u, such that

0 < u + ρ < qT − bT r(x, T ) < u− ρ for all (x, T ) ∈ Ω(γ, xin) × [T , T ].

We will work with (A3′) rather than with the weaker (A3) for the following two
reasons: The explicit introduction of ρ makes the exposition in the proofs clearer, and
in some of the results we need to use explicit knowledge of [T , T ] so that (A3′) holds
for a given ρ.

The control objective is to regulate the temperature T (t) toward a prespecified
neighborhood of a given reference temperature T ∗. In specific applications, T ∗ would
correspond to a desirable, but possibly unstable, set-point temperature.

The actual error between T ∗ and T (t) is denoted by

ê(t) = T ∗ − T (t),

and, since the temperature measurement may be corrupted by disturbances, we denote
by e(t) the measured error, i.e.,

e(t) = T ∗ − T (t) + ξ(t).

We assume that the disturbance signal ξ(·) : R≥0 → R is a continuous bounded
function.

To achieve the control objective, we use a λ-tracking controller

e(t) = T ∗ − T (t) + ξ(t),

u(t) = sat[u,u]

(
β(t) e(t) + u∗),

β̇(t) = κ

{
(|e(t)| − λ)l if |e(t)| > λ,

0 if |e(t)| ≤ λ,
β(0) = β0,

(4)

and variations thereof. Here λ > 0 specifies the tolerance of the tracking error; l ≥
1, κ, β0 > 0 are design parameters, and u∗ ∈ (u, u) is a constant offset. Significantly,
the controller involves a saturation function

sat[u,u](η) :=

⎧⎨⎩
u if η < u,
η if η ∈ [u, u],
u if η > u.

Remark 3. Note the simplicity of the adaptive λ-tracker. It consists of a pro-
portional error feedback with saturation and a time-varying proportional gain β(·)
determined adaptively by the error measurement alone. However, the design param-
eters should be carefully chosen when the feedback controller is applied to a real
process. The upper bound u depends not only on the feasibility condition (A3′) but
also on the physical limitations of the actuator. When both conditions are compatible,
i.e., the actuator limit is higher than the bound in (A3′), one should choose u close
to the actuator upper bound to avoid unnecessary cut off by the saturation bound.
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To specify λ appropriately, one needs to know in advance an estimate of the upper
bound for the magnitude of the measurement accuracy and disturbance signal. The
power l in the gain adaptation influences the speed of the adaptation. If the difference
(|e(t)| − λ) is smaller than 1, then a bigger l ≥ 1 gives a slower increase in β(t); if
the difference is bigger than 1, then the bigger l is the faster β(t) increases. Similar
effects can be achieved by varying κ or the initial gain β0. The constant u∗ is an
input reference, an appropriate choice for which might be known from experiments
with constant feedback. Note also that in applications any information specific to the
chemical reaction of interest would be used to make additional modifications to the
λ-tracking controller so as to fine-tune the performance.

Although our emphasis is on the adaptive controller (4), we also consider the
nonadaptive version

u(t) = sat[u,u]

(
β(t) e(t) + u∗), β(·) : R≥0 → [β∗,∞) continuous.(5)

Although the gain β(t) ≥ β∗ in this nonadaptive controller might be conservatively
too large, this nonadaptive controller is useful because it is even simpler than the
already simple (4). We give explicit lower bounds for β∗ in terms of weak conditions
on the system data.

Throughout the paper we assume that the saturation bounds, the offset, the
temperature set-point, and λ satisfy

0 < u < u∗ < u, 0 < λ < T − T ∗, 0 < T < T ∗ < T.(6)

The paper is organized as follows. In section 2 we consider local (adaptive and
nonadaptive) λ-set-point control in the sense that the initial temperature T 0 belongs
to (0, T ). We prove additional properties of the closed-loop system in the special
case of a single reactant and a single product. In section 3 we consider the global
tracking problem in the sense that we assume only T 0 > 0. This problem is solved
by introducing a feedback control for the feedrate of reactants which has the effect of
reducing the concentration of the reactants if the temperature of the reaction is too
high. We make some conclusions in section 4. To help the presentation flow, we prove
most of the results in the appendix.

2. λ-set-point control for T 0 ∈ (0, T ). In this section we consider local λ-
set-point control in the sense that the initial temperature T 0 is constrained in the
interval (0, T ). We present two feedback strategies which force the temperature into
a λ-neighborhood of the given setpoint. The first is nonadaptive, whilst the second is
adaptive.

Proposition 4. Suppose (6), (A1), (A2), (A3′) hold, and the continuous distur-
bance satisfies

sup
t≥0

{|ξ(t)|} =: ‖ξ‖∞ < T − T ∗ .(7)

If the initial data of (1) satisfy (x0, T 0) ∈ Ω(γ, xin)× (0, T ), then the feedback (5) with

β∗ ≥ [u∗ − u]/[T − T ∗ − ‖ξ‖∞](8)

applied to (1) yields a unique solution

(x(·), T (·)) : R≥0 → Ω(γ, xin) × (0, T ), t �→ (x(t), T (t)).(9)
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If (8) is strengthened to

β∗ ≥ max

{
u∗ − u

T − T ∗ − ‖ξ‖∞
,
u− u∗

λ
,
u∗ − u

λ

}
,(10)

then there exists t′ ≥ 0 such that

T (t) ∈ [T ∗ − λ− ‖ξ‖∞, T ∗ + λ + ‖ξ‖∞] for all t ≥ t′.(11)

Proposition 4 is proved in the appendix.
Remark 5. In Proposition 4, it is ensured that the set Ω(γ, xin) × (0, T ) (where

Ω(γ, xin) denotes the generalized triangle as defined in (A3)) remains positively invari-
ant under the closed-loop system (1), (5); more importantly, after some finite time,
the temperature T (t) is within the (λ+ ‖ξ‖∞)-neighborhood of the reference temper-
ature. The width λ > 0 of the strip around the reference temperature is prespecified,
but the neighborhood is corrupted by ‖ξ‖∞. The condition in (7) requires that the
amplitude of the measurement disturbance must be sufficiently small when compared
to T − T ∗. Note also that the feedback gain β(·) must be large enough.

The following remark provides some intuition behind the dynamics of the closed-
loop system (1), (5).

Remark 6. Consider the closed-loop system (1), (5). For any initial condition
(x0, T 0) ∈ R

n
≥0 × R>0, there exists a unique continuously differentiable solution on a

maximally extended interval [0, ω), ω ∈ (0,∞]. This is a standard result of the theory
of ordinary differential equations following from (2).

In the following we show that Ω(γ, xin)×(0, T ), where Ω(γ, xin) denotes the gener-
alized triangle as defined in (A3), is invariant under (1), (5). Therefore, boundedness
of (x(·), T (·)) yields ω = ∞; i.e., finite escape time cannot occur.

(i) Suppose (A1), (A2) hold. We show that for any initial data (x0, T 0) ∈
Ω(γ, xin) × (0, T ), the x(t) component of the solution (1), (5) remains in
Ω(γ, xin) for all t ∈ [0, ω). In particular, x(·) is bounded on [0, ω).
To see this, we note from (A1) that we need only to show that γTx(t) < γTxin

for all t ∈ [0, ω). This follows from integration of

d

dt
γTx(t) = γTCr(x(t), T (t)) + d γT [xin − x(t)],

which yields, by invoking (A2) and γTx(0) < γTxin, for all t ∈ [0, ω),

γTx(t) ≤ e−dtγTx(0) + d

∫ t

0

e−d(t−τ)dτ γTxin = γTxin − e−dt[γTxin − γTx(0)] ≤ γTxin.

(ii) From Remark 2(i), if T 0 > 0, then T (t) > 0 for all t ∈ [0, ω). Now suppose
that (A1), (A2), (A3′), (7), and (8) hold. Now to see that T (t) < T for
all t ∈ [0, ω), first note that from (i) we have that x(t) ∈ Ω(γ, xin) for all
t ∈ [0, ω). Seeking a contradiction, suppose there exists t′ ∈ [0, ω) such that
T (t′) = T and T (t) < T for all t ∈ [0, t′).
Then by (8) we have that

β(t′)e(t′) ≤ β(t′)[T ∗ − T + ‖ξ‖∞] ≤ u− u∗,

and hence u(t′) = u. Using the feasibility condition (A3′) yields

Ṫ (t′) = bT r(x(t′), T ) − qT + u < −ρ,
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and this contradicts the assumption. It follows that if T 0 ∈ (0, T ), then
T (t) ∈ (0, T ) for all t ∈ [0, ω).

In the following theorem, we show that it is possible to determine a sufficiently
large β(·) in (5) adaptively.

Theorem 7. Suppose (6), (A1), (A2), (A3′) hold, and the continuous disturbance
satisfies

sup
t≥0

{|ξ(t)|} =: ‖ξ‖∞ < λ/2 .(12)

Then an application of the λ-tracker (4) to any system (1) yields, for any initial data

(x0, T 0) ∈ Ω(γ, xin) × (0, T ), β0 ≥ [u∗ − u]/[T − T ∗ − ‖ξ‖∞],(13)

a closed-loop system with unique solution(
x(·), T (·), β(·)

)
: R≥0 −→ Ω(γ, xin) × (0, T ) × R>0(14)

defined on the whole time axis R≥0 and, moreover,
(i) limt→∞ β(t) = β∞ ∈ R≥0, i.e., adaptation of the gain is convergent,
(ii) limt→∞ dist(|T ∗ − T (t)|, [0, λ + ‖ξ‖∞]) = 0, i.e., the temperature T (t) tends

to the [λ + ‖ξ‖∞]-strip
[
T ∗ − [λ + ‖ξ‖∞], T ∗ + [λ + ‖ξ‖∞]

]
as t → ∞.

Theorem 7 is proved in the appendix.
Note that the only information needed for the λ-tracker (4) to work is that the

initial gain parameter β(0) is sufficiently large as determined from knowledge of the
upper feasibility bound T and ‖ξ‖∞; see (13). This has advantages when compared to
the nonadaptive controller (5) in Proposition 4, which requires the stronger condition
(10). The nonadaptive result in Proposition 4 guarantees that the temperature T (t)
remains in the [λ + ‖ξ‖∞]-strip after some finite time, but this time is unknown,
whereas Theorem 7 ensures that T (t) approaches the [λ+‖ξ‖∞]-strip asymptotically.

To conclude this section, we consider the special case of (1) with only a single
reaction. Specifically, we assume a model for a single reaction of the form⎧⎪⎨⎪⎩

ẋ1(t) = −k
(
T (t)

)
x1(t) + d [xin

1 − x1(t)],

ẋ2(t) = k
(
T (t)

)
x1(t) − d x2(t),

Ṫ (t) = b k
(
T (t)

)
x1(t) − q T (t) + u(t).

(15)

Here b > 0 denotes the exothermicity of a reaction A −→ B, xin = (xin
1 , 0)T , where

xin
1 is the constant feed rate of reactant A, and the reaction kinetics are given by a

locally Lipschitz function k(·) : R≥0 → R≥0 with k(0) = 0. A typical example of k(·)
is the Arrhenius law k(T ) = k0e

− E
RT (extended to zero by continuity), where k0 is a

constant, E is the activation energy, and R is the Joule constant. The function k(·)
and the positive constants d, q, and b are typically unknown.

In this case γ = (1, 1)T and the feasibility assumption (A3′) becomes the following:

(A3′′) There exist ρ > 0 and 0 < T < T ∗ < T such that

0 < u + ρ < q T − b k(T )x1 < u− ρ for all (x1, T ) ∈ [0, xin
1 ] × [T , T ].

In [12] it is shown that the nonadaptive feedback law (5) with “sufficiently large”
and constant β(·) ≡ β∗ ensures that (x1(t), x2(t)) tends to an asymptotically stable
equilibrium of the closed-loop reactor dynamics. The corresponding result for λ-
tracking is stated as follows.
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Proposition 8. Suppose (6), (13), ξ(·) ≡ 0, and (A3′′) hold. Define

x∗
1 :=

d xin
1

k(T ∗) + d
and x∗

2 :=
k(T ∗)xin

1

k(T ∗) + d
.

Then the solution of the closed-loop system (4), (15), parametrized by λ, satisfies

lim
λ→0

lim sup
t→∞

(|x1(t) − x∗
1|) = 0 and lim

λ→0
lim sup

t→∞
(|x2(t) − x∗

2|) = 0;(16)

i.e., the narrower the λ-strip (i.e., smaller λ) is, then the closer (x1(t), x2(t)) is,
eventually, to (x∗

1, x
∗
2).

Note that (x∗
1, x

∗
2) is an equilibrium of (15) for T (·) ≡ T ∗ and so (x∗

1, x
∗
2) ∈

∂Ω
(
(1, 1), (xin

1 , 0)
)
.

The proof of Proposition 8 is given in the appendix.
In the remainder of this section, we illustrate previous results by some simulations.

In the simulations we use a prototype model for a single exothermic chemical reaction
as was also used in [12]. By using the same model, we can at least check that the
performance of the λ-tracker is not out of line with a controller which actually relies
on more system information. Specifically we consider (15) with reaction kinetics
modelled by the Arrhenius law k(T ) = k0e

−k1T . As in [12], we use the following
system parameters:

k0 = e25, d = 1.1, q = 1.25 [min−1], k1 = 8700 [K], xin
i = 1 [mol/l], b = 209.2 [Kl/mol].

(17)

These parameter values are consistent with a laboratory-scale reaction vessel of ap-
proximately 100 liters [5].

The objective is to regulate the temperature to a neighborhood of T ∗ = 337.1[K].
Our constraints for the input u(·) are similar to those in [12]. Specifically we suppose
that

u = 295, u = 505.(18)

It is easy to see that the feasibility assumption (A3′′) is satisfied in this case if

T = 240, T = 339.65 [K], ρ = 5.(19)

We assume in this simulation that the error is disturbance free, i.e., ξ ≡ 0, and aim
for a tracking error of within 1%. This leads us to choose the following parameters in
the λ-tracker (4):

λ = 2.85, u∗ = 330, T ∗ = 337.1 [K], l = 2.(20)

In the simulations we choose β0 = 12, which satisfies (13), and we consider three
different initial conditions T 0 = 270, T 0 = 320, and T 0 = 390. As in [12], we choose
x1(0) = 0.02 and x2(0) = 1.07 for the initial conditions of the single reactor (15).

For the two initial conditions T 0 = 270 and T 0 = 320, we see from Figure 1
that λ-tracking of T ∗ by T (t) is achieved in 1 minute. Note that in both cases the
transient behavior of the input hits the saturation values only for a short period at the
beginning of the simulation. Otherwise the input behaves smoothly. The simulation
results are similar to those in [12].

The λ-tracker (4) does not work for T 0 = 390, which is outside the interval
[0, T ]. As shown by the dotted line in Figure 1, a thermal runaway occurs and the
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Fig. 1. Closed-loop behavior of the adaptive λ-tracker (4) for local set-point control without
measurement disturbance with parameters (20) applied to the single reaction (15) with parameters
(17), input constraints (18), feasibility bounds (19), T 0 = 270 (dashed), T 0 = 320 (solid), T 0 = 390
(dotted). The latter exhibits a thermal runaway.

temperature is attracted to a stable but undesirably high temperature. As a result,
the reaction becomes overheated, the reactant burns out, and there is a rapid growth
of the product. Furthermore, the control input saturates at its lower limit throughout
the simulation and the gain increases unboundedly.

3. Global tracking. The main result of the previous section, i.e., Theorem 7,
has the shortcoming in that it is local in the sense that the initial temperature must
lie inside (0, T ). This shortcoming can, under adverse temporary disturbances to the
reaction, lead to a problem of thermal runaway in that the reaction dynamics are
attracted to an undesirable equilibrium. See the simulations in Figure 1. Due to
the given input saturations, it may even be impossible to reduce the temperature of
the reaction from such equilibria by any type of control of the temperature alone.
To overcome this problem, we borrow an idea from [12] and introduce an additional
input action which has a cooling effect if the temperature is too large. To see the
idea, consider the modification of the single reaction model (15) of the form⎧⎪⎨⎪⎩

ẋ1(t) = −k
(
T (t)

)
x1(t) + d [v(t) − x1(t)],

ẋ2(t) = k
(
T (t)

)
x1(t) − d x2(t),

Ṫ (t) = b k
(
T (t)

)
x1(t) − q T (t) + u(t),

(21)
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with constant feedrate xin
1 replaced by v(·), an additional open-loop control of the

feedrate of reactant. In [12] a choice of v as feedback control is

v(T ) =

{
xin

1 if T ∈ (0, T ),

0 if T ∈ [T ,∞) .
(22)

The additional feedback (22) has the following beneficial effect: if T (t) ≥ T , then
ẋ1(t) ≤ −d x1(t) and hence x1(·) decreases; if T (t) ≥ T is maintained, then x1(t) is
eventually small enough to yield a decrease in temperature.

It is not clear to us whether the resulting discontinuous closed-loop system has a
solution. It seems that the discontinuity should be harmless if the intervals in (22) are
replaced by (0, T ] and (T ,∞). However, since we also assume that the temperature
measurement is corrupted by measurement disturbance, this discontinuity will be
difficult to handle rigorously. To circumvent this technical difficulty, we replace the
discontinuity in (22) by a simple piecewise linear control for v(·) : R → [0, xin

1 ] given
by

v(βe) =

⎧⎪⎨⎪⎩
0 if βe ∈ (−∞, u− u∗],

(βe + u∗ − u)xin
1 /δ if βe ∈ (u− u∗, u− u∗ + δ),

xin
1 if βe ∈ [u− u∗ + δ,∞).

(23)

Here δ > 0 would be small.
The additional feedrate control action (23) can also be introduced for multiple

reactions as follows. We divide the state x(t) into two substates x1(t) and x2(t) so
that all reactants are collected in x1. Applying a permutation of coordinates to (1)
yields a system of the form

ẋ1(t) = C1 r
(
x(t), T (t)

)
+ d [xin

1 − x1(t)],

ẋ2(t) = C2 r
(
x(t), T (t)

)
+ d [xin

2 − x2(t)],

Ṫ (t) = bT r
(
x(t), T (t)

)
− q T (t) + u(t),

where C1 ∈ R
(n−m)×m, C2 ∈ R

m×m, xin
1 ∈ R

n−m
≥0 , and xin

2 ∈ R
m
≥0. Since x1 represents

the reactants of the chemical reactor, it follows that each entry of C1 is nonpositive,

i.e., C1 ∈ R
(n−m)×m
≤0 . In this multireaction global case, the assumption (2) on the

reaction kinetics must be strengthened to

(A4) ‖r(x, T )‖ ≤ r̂(x1)T for all (x, T ) = (xT
1 , x

T
2 )T , T ) ∈ Ω(γ, xin) × R>0

for some locally Lipschitz function r̂ : R
n−m
≥0 → R≥0 with limx1→0 r̂(x1) = 0.

Remark 9. Note that (A4) encompasses the class of functions considered in [12],
where bT r(x, T ) =

∑m
i=1 bi ki(T )ϕi(x), each bi > 0, each function T �→ ki(T ) is posi-

tive, bounded, and globally Lipschitz, and each function x �→ ϕi(x) is nonnegative and
continuous and vanishes if any component of x is zero for i = 1, . . . ,m, respectively.

The constant concentration of reactants in the feed flow xin
1 is replaced by an

(n − m)-dimensional feedback term v(β(·)e(·)) given by (23) and the overall model
becomes (compare [12, eq. (20)])⎧⎪⎨⎪⎩

ẋ1(t) = C1 r
(
x(t), T (t)

)
+ d [v(β(t)e(t)) − x1(t)],

ẋ2(t) = C2 r
(
x(t), T (t)

)
+ d [xin

2 − x2(t)],

Ṫ (t) = bT r
(
x(t), T (t)

)
− q T (t) + u(t).

(24)
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To proceed, we need to ensure that if the control u(·) and concentration of re-
actant ν(·) in the feed of (24) are nonnegative, then the solution takes values in the
positive orthant. To do this, we replace (A1) with the following:

(A1′) R
n
≥0 × R>0 is positively invariant under

ẋ1(t) = C1 r
(
x(t), T (t)

)
+ d [ν(t) − x1(t)],

ẋ2(t) = C2 r
(
x(t), T (t)

)
+ d [xin

2 − x2(t)],

Ṫ (t) = bT r
(
x(t), T (t)

)
− q T (t) + u(t)

for any bounded, nonnegative, locally integrable functions
u(·) : R≥0 → R≥0 and ν(·) : R → [0, xin

1 ].

As we pointed out in Remark 2(i), T (t) > 0 for all t ≥ 0 is immediate and is only
included in (A1′) for a less technical presentation. For the same reason, we have
stated (A1′) for ν(·), whereas it is only needed for t �→ v(β(t)e(t)).

Note that the comments we made for Assumption (A1) in Remark 2 apply here
also. If we are in the situation described in Remark 9, then (A1′) holds.

We are now in a position to state the main result of this paper.
Theorem 10 (adaptive tracking with measurement disturbance). Suppose (6),

(A1′), (A2), (A3′), (A4) hold and that the continuous disturbance satisfies

sup
t≥0

{|ξ(t)|} =: ‖ξ‖∞ < min {T ∗ − T , λ/2} .(25)

Then an application of the λ-tracker (4) combined with (23) to any system (24) yields,
for any initial data (x0, T 0, β0) ∈ Ω(γ, xin) × R

2
>0, a closed-loop system with unique

solution
(
x(·), T (·), β(·)

)
: R≥0 −→ Ω(γ, xin) × R

2
>0 defined on the whole time axis

R≥0. Moreover,
(i) limt→∞ β(t) = β∞ ∈ R≥0, i.e., the gain adaptation is convergent,
(ii) limt→∞ dist(|T ∗ − T (t)|, [0, λ + ‖ξ‖∞]) = 0; i.e., the temperature T (t) tends

to the [λ + ‖ξ‖∞]-strip [T ∗ − [λ + ‖ξ‖∞], T ∗ + [λ + ‖ξ‖∞]] as t → ∞.
The proof of Theorem 10 relies on the following high-gain lemma. This lemma is

of interest in its own right, as it also gives insight into essential structural properties
of the system class (24). It also shows that for sufficiently large gain, after some finite
time the error enters and remains in the λ-strip.

Lemma 11. Suppose (6), (A1′), (A2), (A3′), (A4), (25) hold. Then an application
to any system (24) of the nonadaptive feedback

u(t) = sat[u,u](β(t)e(t) + u∗), e(t) = T ∗ − T (t) + ξ(t),(26)

combined with (23), yields, for any continuous β(·) : R≥0 → R>0 satisfying, for some
t′ ≥ 0,

β(t) ≥ β′ := max

{
u− u∗

λ− 2‖ξ‖∞
,

u∗ − u

λ− 2‖ξ‖∞

}
for all t ≥ t′(27)

and any initial data (x0, T 0) ∈ Ω(γ, xin) × R>0, a closed-loop system with unique
solution (

x(·), T (·)
)

: R≥0 −→ Ω(γ, xin) × R>0

on the whole time axis R≥0. Moreover, there exists a time t1 ≥ t′ such that

e(t) ∈ (−λ, λ) for all t ≥ t1.(28)
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Theorem 10 and Lemma 11 are proved in the appendix.
A simple consequence of Lemma 11 is the following theorem, which shows that

tracking can be achieved by the nonadaptive feedback (5) if the constant gain param-
eter β∗ is sufficiently large (depending on the feasibility bounds). This feedback is
simpler than (19) in [12], and we give an explicit lower bound for the gain in terms
of weak conditions on the system.

Theorem 12 (nonadaptive tracking with measurement disturbance). Suppose
(6), (A1′), (A2), (A3′), (A4), (25) hold, and β∗ ≥ β′ as defined in (27). Then an
application of the nonadaptive output feedback

u(t) = sat[u,u]

(
β∗ e(t) + u∗), e(t) = T ∗ − T (t) + ξ(t),(29)

combined with (23) to any system (24) yields, for any initial data (x0, T 0) ∈ Ω(γ, xin)×
R>0, a closed-loop system with a unique solution(

x(·), T (·)
)

: R≥0 −→ Ω(γ, xin) × R>0

on the whole time axis R≥0, and moreover, there exists a time t1 ≥ t′ such that (28)
is satisfied.

Remark 13. If ξ(·) ≡ 0, then (25) holds trivially, and so the adaptive gain feedback
controller (4) can be applied without restriction, whereas the constant gain feedback
controller (29) needs β∗ ≥ β′. If ξ(·) 	≡ 0, then in applying either the nonadaptive
or the adaptive controller, we need to check conditions involving T and T . Although
this suggests that we might just as well use the simpler nonadaptive controller, in
practice the adaptive gain is less conservative and the adaptive controller produces
better results.

Figure 2 shows that the problem of thermal runaway above, exhibited for the local
λ-set-point controller with T 0 = 390, is overcome by incorporating into the λ-tracker
(4) the additional feedrate control via (23). Indeed, when T 0 = 390 the input v is
switched off, i.e., v(0) = 0, and consumption of reactant is increased. This causes the
temperature to drop, and λ-tracking is achieved. On the other hand, for T 0 = 270
and T 0 = 320, v(·) ≡ xin

1 and the response curves are the same as in Figure 1.
To illustrate the effectiveness of the controller in the presence of temperature

measurement disturbances, we consider a disturbance signal

ξ(t) =
1

12
q1(t),(30)

where q1(·) is the first component of the Lorenz equation

q̇1(t) = 10[q2(t) − q1(t)], q1(0) = 1,

q̇2(t) = 28q1(t) − q2(t) − q1(t)q3(t), q2(0) = 0,

q̇3(t) = q1(t)q2(t) − 8
3q3(t), q3(0) = 3.

This Lorenz equation is known [11] to exhibit chaotic but bounded behavior. In this
case |ξ(t)| ≤ 1.42 for all t ≥ 0. Hence, ξ(·) satisfies (25) for the data given in (18),
(19), and (20).

Looking at Figures 3 and 4, we see that the error T ∗ − T (t) is forced into the
[λ + ‖ξ‖∞]-strip [−4.27, 4.27] despite the chaotic behavior of the disturbance signal
(30). Since the constant gain in (5) is at all time equal to β′ = 6619, unlike the
adaptive gain in (4), which can be less than β′ = 6619, the error in Figure 4 tends
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Fig. 2. Closed-loop behavior of the adaptive λ-tracker (4) combined with cooling action (23) for
global setpoint control without disturbance with parameters (20) applied to the single reaction (21)
with parameters (17), input constraints (18), feasibility bounds (19), T 0 = 270 (dashed), T 0 = 320
(solid), T 0 = 390 (dotted). Here thermal runaway is overcome.

to a smaller strip than that of the error in Figure 4. Note that there is considerably
more control action for the fixed gain controller than for the adaptive gain controller,
even after the control objective has been met. This increased control action is bang-
bang in nature, leads to a repeated switching on and off of the control action, and is
therefore undesirable from a practical point of view. This observation provides some
justification for the use of the adaptive gain controller in preference to the fixed gain
controller. In this group of simulations, we have omitted the graphs corresponding
to the initial temperature T 0 = 270 since they are similar to those for T 0 = 320.
Moreover, we have replaced the graph of the product in Figure 3 (which is close
to that in Figure 4) by that of an error in a longer simulation time to show that
λ-tracking is indeed achieved.

4. Conclusion. In the present paper we have developed a λ-tracking approach
to the set-point control of the temperature for a class of nonlinear systems arising as
models in chemical reactor control. The novelty in this development is the need to
carefully consider the interplay between the reaction dynamics, input constraints, and
feasibility. The application of λ-trackers requires only limited information concerning
the system. In addition, the λ-trackers quite readily tolerate bounded temperature
measurement disturbances. In many respects they generalize the controllers developed
by [12]. It is worth noting that the minimum phase assumption usually needed for
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Fig. 3. Closed-loop behavior of the adaptive λ-tracker (4) combined with cooling action (23)
for global setpoint control with measurement disturbance with parameters (20) and disturbance sig-
nal given by (30), applied to the single reaction (21) with parameters (17), input constraints (18),
feasibility bounds (19), T 0 = 320 (solid), T 0 = 390 (dotted).

λ-tracking is not needed here. Instead, we exploit the natural property of chemical
reactions that the internal state, i.e., the concentrations, is bounded.

Appendix. Proofs. For the sake of presentation, we define, for arbitrary Λ > 0,
the distance function

dΛ(η) := max{|η| − Λ, 0} for all η ∈ R.

Note that for every solution (x, T ) of (1) or (21) on R≥0 and ê(t) = T ∗ − T (t),
differentiation of

VΛ(t) := dΛ(ê(t))2 for all t ≥ 0,(31)

along (1) or (21) satisfies

V̇Λ(t) =

⎧⎨⎩
2
√
VΛ(t)

[
− bT r

(
x(t), T (t)

)
+ q T (t) − u(t)

]
, ê(t) > 0,

0, ê(t) = 0,

−2
√

VΛ(t)
[
− bT r

(
x(t), T (t)

)
+ q T (t) − u(t)

]
, ê(t) < 0,

for all t ≥ 0.

(32)

Proof of Proposition 4. Existence and uniqueness of the solution (9) follow
from Remark 6.
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Fig. 4. Closed-loop behavior of the constant gain controller (5) combined with cooling action
(23) for global set-point control with measurement disturbance with parameters (20) and disturbance
signal given by (30), applied to the single reaction (21) with parameters (17), input constraints (18),
feasibility bounds (19), T 0 = 320 (solid), T 0 = 390 (dotted).

Set Λ := λ + ‖ξ‖∞ and consider, for all t ≥ 0, the evolution of the actual error
ê(t) = T ∗ − T (t) with respect to VΛ as in (31):

ê(t) ∈ [−Λ,Λ] =⇒ VΛ(t) = 0 ;

ê(t) > Λ =⇒ β(t) e(t) + u∗ = β(t) [ê(t) + ξ(t)] + u∗

(5)
> β∗ [Λ − ‖ξ‖∞] + u∗ = β∗λ + u∗

(10)

≥ ū
(5)
= u(t)

(A3′) & (32)
=⇒ V̇Λ(t) ≤ −2ρ

√
VΛ(t) ;

ê(t) < −Λ =⇒ β(t) e(t) + u∗ = β(t) [ê(t) + ξ(t)] + u∗

< β(t) [−Λ + ‖ξ‖∞] + u∗
(5)

≤ −β∗λ + u∗
(10)

≤ u
(5)
= u(t)

(A3′) & (32)
=⇒ V̇Λ(t) ≤ −2ρ

√
VΛ(t) .

Summarizing, we have, for all t ≥ 0, V̇Λ(t) ≤ −2ρ
√

VΛ(t), and so there exists t′ ≥ 0
such that ê(t) ∈ [−Λ,Λ] for all t ≥ t′, whence (11).

Proof of Theorem 7. Existence and uniqueness of the initial value problem
(1), (4), (13) on a maximally extended interval [0, ω), ω ∈ (0,∞], follows from the
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theory of ordinary differential equations. Monotonicity of t �→ β(t) and (13) yield
β(t) ≥ β∗ with β∗ satisfying (8). Therefore Proposition 4 applies and Ω(γ, xin)×(0, T )
is positively invariant. Now the gain adaptation (4) yields that β(·) cannot exhibit a
finite escape time on [0, ω) and hence ω = ∞.

For the remainder of the proof, consider the unique solution
(
x(·), T (·), β(·)

)
of (14).

We show assertion (i). Seeking a contradiction, suppose that β is unbounded.
Then

there exists t̂ ≥ 0 : for all t ≥ t̂ : β(t) ≥
max

{
u∗ − u, u− u∗}
λ− 2 ‖ξ‖∞

.(33)

Set Λ := λ − ‖ξ‖∞. By (12) Λ > ‖ξ‖∞. Now consider, for all t ≥ t̂, the evolution of
the actual error ê(t) = T ∗ − T (t) with VΛ as in (31):

ê(t) ∈ [−Λ,Λ] =⇒ VΛ(t) = 0 ;

ê(t) > Λ =⇒ β(t) e(t) + u∗ = β(t) [ê(t) + ξ(t)] + u∗

> β(t) [Λ − ‖ξ‖∞] + u∗ = β(t) [λ− 2‖ξ‖∞] + u∗

(33)

≥ β∗ [λ− 2‖ξ‖∞
]
+ u∗ ≥ ū

(5)
= u(t)

(A3′) & (32)
=⇒ V̇Λ(t) ≤ −2ρ

√
VΛ(t);

ê(t) < −Λ =⇒ β(t) e(t) + u∗ = β(t) [ê(t) + ξ(t)] + u∗

< β(t) [−Λ + ‖ξ‖∞] + u∗

(33)

≤ −β∗[λ− 2‖ξ‖∞
]
+ u∗ ≤ u

(5)
= u(t)

(A3′) & (32)
=⇒ V̇Λ(t) ≤ −2ρ

√
VΛ(t).

Summarizing, we have, for all t ≥ t̂, V̇Λ(t) ≤ −2ρ
√
VΛ(t), and so there exists t′ ≥ t̂

such that ê(t) ∈ [−Λ,Λ] for all t ≥ t′, whence β(t) = 0 for all t ≥ t′, which contradicts
the supposition of unboundedness of β. Therefore, β is bounded and assertion (i)
follows by monotonicity of β.

Finally, we show assertion (ii). It is easy to see that

κ

∫ t

0

dλ+‖ξ‖∞

(
ê(τ)

)l
dτ ≤ κ

∫ t

0

dλ
(
e(τ)

)l
dτ = β(t) − β0 for all t ≥ 0,

and hence assertion (i) yields dλ+‖ξ‖∞

(
ê(·)

)l ∈ L1([0,∞); R). Since continuity of
η �→ dλ(η), together with boundedness and uniform continuity of t �→ ê(t), yields
uniform continuity of the composition t �→ dλ(ê(t)), we may apply Barbǎlat’s lemma
(see, e.g., [10]) to conclude

lim
t→∞

dist
(
|ê(t)|, [0, λ + ‖ξ‖∞]

)
= 0.

This proves assertion (ii) and completes the proof of the theorem.

Proof of Proposition 8. By Theorem 7, there exist t0 ≥ 0 such that, for all
t ≥ t0, T (t) ∈ [T ∗ − 2λ, T ∗ + 2λ], and so, for all t ≥ t0,

(34) inf
{
k(T )

∣∣∣ T ∈ [T ∗ − 2λ, T ∗ + 2λ]
}

=: k1(λ) ≤ k(T (t))

≤ k2(λ) := sup
{
k(T )

∣∣∣ T ∈ [T ∗ − 2λ, T ∗ + 2λ]
}
,
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whence, by the continuity of k(·),

lim
λ→0

k1(λ) = lim
λ→0

k2(λ) = k(T ∗).(35)

Integrating the first equation in (15) yields

x1(t) = e
−

∫ t
t0

(k(T (τ))+d) dτ
x1(t0) +

∫ t

t0

e−
∫ t
s
(k(T (τ))+d) dτd xin

1 ds.

So, applying (34), we obtain

d xin
1

k2(λ) + d
≤ lim inf

t→∞
x1(t) ≤ lim sup

t→∞
x1(t) ≤ d xin

1

k1(λ) + d
.(36)

Therefore the first equation in (16) follows from (36) and (35). Integrating the second
equation in (15) yields

x2(t) = e−d (t−t0) x2(t0) +

∫ t

t0

e−d(t−s)k
(
T (s)

)
x1(s) ds.

Now applying (34) and (36), we obtain

k1(λ)xin
1

k2(λ) + d
≤ lim inf

t→∞
x2(t) ≤ lim sup

t→∞
x2(t) ≤ k2(λ)xin

1

k1(λ) + d
,(37)

and so the second equation in (16) follows from (37) and (35). This completes the
proof.

Proof of Lemma 11. We proceed in several steps.
Step 1. The right-hand side of the closed-loop system is locally Lipschitz, and so

the existence and uniqueness of the solution on a maximally extended interval [0, ω),
ω ∈ (0,∞], follow from the theory of ordinary differential equations.

Step 2. We show positive invariance of Ω(γ, xin)× (0,∞). Note that (A2) yields,

for xin = (xinT

1 , xinT

2 )T , d
dtγ

Tx(t) ≤ −dγTx(t) + dγTxin, and hence by integration

γTx(t) ≤ e−dtγTx(0) + γTxin[1 − e−dt] for all t ∈ [0, ω).

If x(0) ∈ Ω(γ, xin), then γTx(0) < γTxin, and so this inequality together with as-
sumption (A1′) proves x(t) ∈ Ω(γ, xin) for all t ∈ [0, ω). To see that T (t) is positive,
note that if we had T (t) = 0, then, by (1) and (6), Ṫ (t) ≥ u(t) ≥ u > 0.

Step 3. We show ω = ∞. Since x(·) and u(·) are bounded, (A4) ensures that
the right-hand side of Ṫ in (24) is affine linearly bounded in T and hence T (·) cannot
escape in finite time. Applying the boundedness of x(·) and the maximality of ω yields
the claim.

Step 4. We show that there exists t1 ≥ t′ such that T (t) ∈ (0, T ) for all t ≥ t1.
Recall that, by Step 2, T (t) > 0 for all t ∈ [0, ω).

(4a) We claim that T (s) ≤ T , for some s ∈ [0, ω), implies T (t) ∈ (0, T ) for all
t ∈ (s, ω). This follows from (24) and (A3′), which give, in the case of T (t) = T , that

Ṫ (t) = bT r
(
x(t), T

)
− q T + u < −ρ .

(4b) It remains to be shown that if T (t′) > T , then T (t) = T for some t > t′.
Seeking a contradiction, suppose

T (t) > T for all t ≥ t′ .(38)
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Then (38) together with (27) gives

β(t)e(t) + u∗ ≤ β(t) [T ∗ + ‖ξ‖∞ − T ] + u∗ ≤ u for all t ≥ t′,(39)

and hence, by (23), v(β(t)e(t)) = 0 for all t ≥ t′. Therefore, (24) and the fact that
all entries of C1 are nonpositive yield

d
dt ‖x1(t)‖2 = 2x1(t)

T
[
C1 r

(
x(t), T (t)

)
− d x1(t)

]
≤ −2 d ‖x1(t)‖2,

and it follows that

‖x1(t)‖ ≤ e−d(t−t′)‖x1(t
′)‖ for all t ≥ t′ .(40)

By (A3′), we may choose ε ∈ (0, q) sufficiently small so that

− [q − ε]T + u < − ρ/2 .(41)

By (A4) and (40), there exists t1 ≥ t′ such that

r̂(x1(t)) ≤ ε/‖b‖ for all t ≥ t1 .(42)

Finally, applying (39), (24), (A4), (42), (38), and (41) yields

Ṫ (t) ≤ b r
(
x(t), T (t)

)
− qT (t) + u ≤ ‖b‖ r̂(x1(t))T (t) − qT (t) + u

≤ − [q − ε]T (t) + u ≤ − [q − ε]T + u < − ρ/2 for all t ≥ t1 .

It then follows that there exists t2 ≥ t1 such that T (t2) = T , which contradicts (38).
This completes the proof of Step 4.

Step 5. Finally, we prove the existence of some t1 ≥ t′ such that (28) holds. Note
that it suffices to show that there exists t2 ≥ t1, t1 as in Step 4, such that the actual
error satisfies

ê(t) ∈ (−λ + ‖ξ‖∞, λ− ‖ξ‖∞) for all t ≥ t2 ,(43)

since then (25) yields (28).
Set Λ := λ − ‖ξ‖∞ and consider, for all t ≥ t1, the evolution of the actual error

ê(t) = T ∗ − T (t) with respect to VΛ as in (31). Then, for all t ≥ t1,

ê(t) ∈ [−Λ,Λ] =⇒ VΛ(t) = 0 ;

ê(t) > Λ =⇒ β(t) e(t) + u∗ = β(t) [ê(t) + ξ(t)] + u∗

> β(t) [Λ − ‖ξ‖∞] + u∗ = β(t) [λ− 2‖ξ‖∞] + u∗

(25,27)

≥ β′ [λ− 2‖ξ‖∞] + u∗
(5,27)

≥ ū = u(t)

(A3′) & (32)
=⇒ V̇Λ(t) ≤ −2ρ

√
VΛ(t);

ê(t) < −Λ =⇒ β(t) e(t) + u∗ = β(t) [ê(t) + ξ(t)] + u∗

< β(t) [−Λ + ‖ξ‖∞] + u∗ = β(t) [λ− 2‖ξ‖∞] + u∗

(25,27)

≤ −β′ [λ− 2‖ξ‖∞] + u∗
(5,27)

≤ u = u(t)

(A3′) & (32)
=⇒ V̇Λ(t) ≤ −2ρ

√
VΛ(t).
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Summarizing, we have, for all t ≥ t1, V̇Λ(t) ≤ −2ρ
√
VΛ(t), and so there exists t2 ≥ t̂

such that ê(t) ∈ [−Λ,Λ] for all t ≥ t2, whence (43). This completes the proof of the
lemma.

Proof of Theorem 10.
Steps 1–3. These steps are the same as in the proof of Lemma 11. The only

addition to the proofs is that β(·) does not have a finite escape time if T (·) does not
have a finite escape time.

Step 4. We prove (i). Note that t �→ β(t) is monotonically nondecreasing. Then
either (27) is not satisfied, in which case (i) is immediate, or (27) is satisfied. However,
the latter yields by Lemma 11 that (28) holds, and thus the “dead zone” in the
adaptation law (4) guarantees boundedness of β(·).

Step 5. We prove boundedness of T (·). Seeking a contradiction, suppose that
T (·) is unbounded. Then there exists a sequence of disjoint intervals Im = (am, bm),
m ∈ N , with

T (am) = T 0 + T ∗ + ‖ξ‖∞ + λ + m < T (t) < T (bm) = T 0 + T ∗ + ‖ξ‖∞ + λ + m + 1

for all t ∈ Im. It follows that

|e(t)| = |T (t) − T ∗ − ξ(t)| ≥ T (t) − T ∗ − ‖ξ‖∞ > λ + 1 ,

and hence dλ(e(t)) = |e(t)| − λ > 1 for all t ∈
⋃

m∈N
Im. Furthermore, we have, with

d := c[T 0 + T ∗ + ‖ξ‖∞ + λ + 1] + u and for all m ∈ N ,

1 = T (bm)− T (am) =

∫ bm

am

Ṫ (t)dt <

∫ bm

am

[cT (bm) + u]dt = [cm+ d] [bm − am] .

This leads to the contradiction

∞ =
∑
m∈N

1

cm + d
<

∑
m∈N

|bm − am| <
∑
m∈N

∫ bm

am

dλ(|e(t)|)ldt ≤ β∞
κ

< ∞ .

Step 6. Since all variables of the closed-loop system are bounded, the proof of
(ii) is identical to Step 6 in the proof of Theorem 7. This completes the proof of the
theorem.
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Abstract. In this paper we give a sufficient condition for the existence of regular optimal do-
mains for a class of shape optimization problems. This consists of finding a C2,α domain minimizing
locally a shape functional depending on the perimeter of the domain and on a general term, which in
most PDE applications represents the energy associated with the state equation, under the constraint
that the measure of the domain is given. The proof of this result is based on another existence result
for C2,α solutions for a class of free boundary problems that are critical domains for the shape func-
tionals considered previously. A key point is the introduction of a special domain transformation,
which has a separate term responsible for the domain translation and another which is basically only
responsible for “pure” deformation of the domain. As an application, a typical example involving
the Dirichlet problem in RN is considered.

Key words. shape optimization, optimal domain, existence result
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1. Introduction. In this paper we present a sufficient condition for the existence
of C2,α optimal domains which minimize locally a shape functional E(Ω) = e(Ω) +
1
σ2P (Ω) under the constraint that the measure m(Ω) of Ω is given, where Ω ⊂ RN

is a C2,α open set, e(Ω) is a shape functional satisfying some hypotheses given later,
P (Ω) is the perimeter of Ω, and σ ∈ R\{0}.

Let N ≥ 2, 0 < α < 1, O = {Ω ⊂ RN , C2,α open simply connected bounded set},
and let us consider the following problem:

Find Ωσ ∈ O | E(Ωσ) = min
loc

{E(Ω), Ω ∈ O, m(Ω) = m0}, m0 > 0 given.(1.1)

The existence of solutions of (1.1) is proven in two steps: first we prove that there
exist C2,α critical domains, which are solutions of free boundary problems associated
with (1.1), and second, based on this result, we prove that these critical domains are
optimal domains.

For a particular e(Ω) and in two- and three-dimensional cases this problem has
been studied in [3], [6], [7], [8], [9], and [11]. In [6] is given a sufficient existence
condition for C2 critical domains in dimension two with a particular e(Ω).

In this paper we prove an existence result for the existence of optimal domains of
E for |σ| << 1, under some “reasonable assumptions” on e(Ω). Compared with the
work presented in [6], in this paper there are two main contributions:

(i) the existence result is proven for both the minimization problem (1.1) and
the free boundary problem rather than only for the free boundary problem associated
with (1.1), and

(ii) the results are in dimension N ≥ 2.
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To solve (1.1), in addition to some conditions on e(Ω) required to solve the free
boundary problem (hypotheses (1.2), (1.5), (1.6)), we need an interesting new condi-
tion concerning H1 continuity of second shape derivative of e(Ω) (hypothesis (1.10)).

Usually, the necessary condition for the existence of Ωσ is obtained by differen-
tiating the functional E(Ω) with respect to the shape (we assume that the reader is
familiar with shape derivatives; see, for example, [12], [13]); if not, most information
is given here: for given Ω0 ∈ O, let Γ0 = ∂Ω0, Θ := C2,α(Γ0;R

N ), and θ ∈ Θ with

‖θ‖Θ small enough. Let us consider the domain Ωθ = {x+ θ
∗
(x), x ∈ Ω0} ∈ O, where

·∗ : Θ �→ C2,α(Ω0;R
N ) is a C2,α linear extension operator; see, for example, [4]. Then

the shape derivative of e at Ωθ is defined as the usual derivative at θ of the function
θ �→ e(Ωθ), considered as a function from Θ into R. Its value at θ evaluated at ξ ∈ Θ
is denoted by ∂θe(Ωθ)(ξ).

We make this general assumption for the functional e(Ω):

∀θ ∈ Θ small, ∃ b(θ)∈C0,α(Γθ) | ∀ξ∈Θ, ∂θe(θ)(ξ)=

∫
∂Ωθ

b(θ)(ξ̌ · νθ),(1.2)

where νθ is the outward normal unit vector to ∂Ωθ, ξ̌ = ξ ◦ (I + θ)−1, and · is the
inner product in RN .

We will look for Ωσ of the form Ωθ, θ ∈ Θ. Knowing that (see, for example, [5],
[9], [13])

∂θP (Ωθ)(ξ) =

∫
∂Ωθ

Hθ(ξ̌ · νθ), ∂θm(Ωθ)(ξ) =

∫
∂Ωθ

(ξ̌ · νθ),

where Hθ is the mean curvature of ∂Ωθ (defined as the sum of principal curvatures),
the necessary condition for the optimal domain Ωσ is the existence of a θσ such that{

b(θσ) + 1
σ2Hθσ + Λσ = 0 on ∂Ωσ,

m(Ωθσ ) = m0,
(1.3)

where Λσ ∈ R is a Lagrange multiplier due to the constraint m(Ω) = m0.
Let us explain first how we find a necessary condition for the existence of solutions

of (1.3) in terms of e(Ω). From (1.1) it follows that x ∈ RN �→ e(Ωσ,x), where
Ωσ,x = (I + x)(Ωσ), has a minimum at x = 0. Formally, it is expected that when σ
tends to 0, Ωσ should tend to a ball Bx0 of measure m0. This allows thinking that
the map x → e(Bx), where Bx = {y ∈ RN , |y − x| < r0}, m(Bx) = m0, should also
have a minimum at x0. To prove this let us make the following general assumptions:

(i) for any σ2 << 1 there exists a Ωσ solution of (1.1) in {Bx, x ∈ RN};
(ii) Ωσ ⊂ BR := {x ∈ RN , |x| < R} for some R > 0;
(iii) Ω �→ e(Ω) is semicontinuous for BV (BR) weak topology; and
(iv) inf{e(Ω), Ω ⊂ BR, Ω ∈ O} > −∞.

Then we may prove the following.
Lemma 1.1. Under assumptions (i)–(iv) there exists x0 ∈ RN such that x ∈

RN → e(Bx) ∈ R has a minimum at x0.
Proof. As m(Ωσ) = m0, from isoperimetric inequality it follows that P (Ωσ) =

P (B0) + εσ, where εσ ≥ 0 and B0 is the ball with its center at origin and measure
m0. From (i) we have E(Ωσ) ≤ E(Bx). It follows that

e(Ωσ) +
εσ
σ2

≤ e(Bx) ∀x ∈ RN .(1.4)
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From (iv) one obtains limσ→0 εσ = 0. Thus {Ωσ, σ
2 << 1} is bounded in BV (BR).

Then there exists a subsequence of {Ωσ, σ
2 << 1} denoted again by {Ωσ, σ

2 <<
1} such that limσ→0 Ωσ = Ω0 in BV (BR) weakly. As Ωσ converges in L1 we have
m(Ω0) = m0. From semicontinuity of the BV (BR) norm and limσ→0 εσ = 0 it follows
that P (Ω0) ≤ P (B0). Then from isoperimetric inequality (for Ω0 it becomes equality)
it follows that Ω0 = Bx0 ⊂ BR for any x0 ∈ RN . On the other hand from (iii) we
have e(Bx0

) ≤ lim infσ→0 e(Ωσ). Taking x = x0 in (1.4) and letting σ tend to 0 gives
limσ→0

εσ
σ2 = 0. Letting once again σ tend to zero in (1.4) yields e(Bx0

) ≤ e(Bx) for
all x ∈ RN . This proves the lemma.

Corollary 1.2. Assuming (i)–(iv) and C2 regularity for e(Bx) we have ∇e(Bx)|x0

= 0, where ∇ = (∂1, . . . , ∂N ), ∂i denotes the xi partial derivative. Moreover, if e(Bx)
has a minimum at x0, we have also ∇2e(Bx)|x0 ≥ 0, where ∇2 = [∂i∂j ]. Lemma 1.1
may be useful to find counterexamples for the existence of optimal domains of (1.1).
For example, if ∇2e(Bx)|x0

has any negative eigenvalue, then (1.1) cannot have solu-
tions for σ2 << 1 satisfying (i)–(iv).

Let ν0 denote the outward unitary normal vector to Γ0. We will make these
assumptions for the functional e(Ω):

θ �→ b(θ) ◦ (I + θ) is a C1 function near 0 from Θ into C0,α(Γ0),(1.5)

∇e(Bx)|x0 = (0, . . . , 0), ∇2e(Bx)|x0 , is positive.(1.6)

While (1.5) is a quite general assumption often satisfied, (1.6) has to be checked for
any particular e(Ω). In section 4 we give an example for which we show that the
hypothesis (1.6) is satisfied under some conditions that may be checked.

We think of the solutions Ωσ of (1.1) and (1.3) as perturbations of the domain
Ω0 = Bx0

. While the perimeter P (Ωθ) is invariant by translation, the term e(Ωθ) is
not. But e(Ωθ) has a minimum at θ = 0 in the set {θ ∈ RN} (from hypothesis (1.6)).
This suggests for us to consider domain transformations having an explicit translation
like

T :

{
R× C2,α(Γ0) −→ C2,α(Γ0;R

N ),
(σ, ϕ) �−→ I + u(σ, ϕ) := I + t(ϕ) + σϕν0,

(1.7)

where t(ϕ) =
∫
Γ0

ϕν0 dΓ0.

It is clear that for (σ, ϕ) small in R×C2,α(Γ0), Ωu(σ,ϕ) is a C2,α open set, denoted
by Ω(σ, ϕ). Let Γ(σ, ϕ) = ∂Ω(σ, ϕ) be its boundary and dΓ(σ, ϕ) its element area.
Moreover, let ν(σ, ϕ) denote the outward unitary normal vector to Γ(σ, ϕ), let H(σ, ϕ)
denote the curvature of Γ(σ, ϕ), and let H0 denote the curvature of Γ0.

Let us also set E(σ, ϕ) = E(Ω(σ, ϕ)), e(σ, ϕ) = e(Ω(σ, ϕ)), b(σ, ϕ) = b(Ω(σ, ϕ)),
P(σ, ϕ) = P (Ω(σ, ϕ)), and m(σ, ϕ) = m(Ω(σ, ϕ)).

Remark 1.3. A main part of the paper deals with the solution of (1.3). The
difficulty in solving it comes from the singularity in σ−2 of (1.3). Let us first point
out that from (1.3) it is expected that the leading term of Λσ should be −H0

σ2 (this

follows from the regularity of b(θ) and Hθ); thus Λσ = Λ
σ − H0

σ2 for any Λ ∈ R.
Then one may prove (we will see throughout this paper) that the first and second ϕ
derivatives of E(σ, ϕ) +

(
Λ
σ − H0

σ2

)
m(σ, ϕ) are no longer singular. This is the first

main advantage of having σ in (1.7) (see also Remark 2.8).
In the case when (1.1) has a solution in the set {Ω(σ, ϕ), ϕ ∈ C2,α(Γ0)}, a priori,

this is not a solution of (1.1). A key point is to show that for (σ, ϕ) ∈ R × C2,α(Γ0),
if t(ϕ) + σϕν0 is small in Θ, then for every ξ ∈ Θ small, there exists a small φ ∈
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C2,α(Γ0) such that Ωu(σ,ϕ)+ξ = Ω(σ, ϕ + φ) (Proposition 2.6). Thus if Ω(σ, ϕσ) for
any (σ, ϕσ) ∈ R×C2,α(Γ0) is the solution of (1.1) in the set {Ω(σ, ϕ), ϕ ∈ C2,α(Γ0)},
then Ω(σ, ϕσ) is the solution of (1.1) too.

The main results we prove are the following two theorems.
Theorem 1.4. Under the hypotheses (1.2), (1.5), and (1.6) there exist σ∗ > 0

and a unique C1 map σ ∈ (−σ∗, σ∗) �−→ (ϕσ,Λσ) ∈ C2,α(Γ0) × R such that for all
σ ∈ (−σ∗, σ∗)\{0} we have

b(σ, ϕσ) +
1

σ2
H(σ, ϕσ) +

(
Λσ

σ
− H0

σ2

)
= 0 on Γ(σ, ϕσ),(1.8)

m(σ, ϕσ) −m0 = 0.(1.9)

Thus
(
Ω(σ, ϕσ), Λσ

σ − H0

σ2

)
is the solution of (1.3).

Remark 1.5.

(i) We emphasize that (1.8) is equivalent to ∂ϕL(σ, ϕσ,Λσ) = 0 (Remark 3.1,
Lemma 3.2) where

L(σ, ϕ,Λ) = e(σ, ϕ) +
1

σ2
P(σ, ϕ) +

(
Λ

σ
− H0

σ2

)
m(σ, ϕ).

The form of L(σ, ϕ,Λ) is E(σ, ϕ) plus the last term, which is related to the constraint
that the measure is fixed. The coefficient Λ

σ − H0

σ2 is the Lagrange multiplier in (1.3).
Its coefficient near σ−2 is such that ∂ϕL is a C1 function (see the discussion before
Theorem 1.4 and Lemma 3.3).

(ii) Rather than the positiveness of ∇2e(Bx)|x0 , what is essential for the existence
of critical points is det(∇2e(Bx)|x0) 
= 0. Indeed, to prove Theorem 1.4 it is required
that only ∇2e(Bx)|x0

have nonzero eigenvalues.
Theorem 1.6. Let us assume that the hypotheses (1.2), (1.5), and (1.6) are

satisfied and the maps

θ �→ ∂2
θe(Ωθ), θ �→ ∂2

θP (Ωθ), θ �→ ∂2
θm(Ωθ)

are continuous from Θ to H1(Γ0;R
N ) ×H1(Γ0;R

N ).(1.10)

Then there exist σ∗ > 0 and a unique C1 map σ ∈ (−σ∗, σ∗) �−→ (ϕσ,Λσ) ∈
C2,α(Γ0) ×R such that for all σ ∈ (−σ∗, σ∗)\{0}, Ω(σ, ϕσ) is the solution of (1.1).

Remark 1.7. Although the condition (1.10) seems a “nonnatural hypothesis,”
because we have chosen C2,α as the framework and (1.10) involves H1 norms, it is
quite reasonable in a shape optimization context. Indeed, in [10] is given the precise
structure of shape derivatives. In particular, there is shown that the second shape
derivative applied to (ξ, η) depends only on the C1(Γ0) norm of ξ and η, which makes
it quite reasonable to expect a control of ∂2

θe(Ωθ)(ξ, η) through the H1(Γ0) norm of
ξ and η. The perimeter P (Ωθ) and the measure m(Ωθ) satisfy the condition (1.10),
thus the condition (1.10) directly concerns e(Ωθ).

In section 4 we will give an example satisfying all the hypotheses of Theorem 1.6.
A condition similar to (1.10) for a class of energy functionals associated with a general
second order elliptic operator is proven in [2].

2. Some shape derivatives results. In this section we deal with some results
that will be very useful throughout this paper. We start with the derivative of H(σ, ϕ)◦
T (σ, ϕ) and of 1

σ (H(σ, ϕ) ◦ T (σ, ϕ) − H0). In order to make full use of a particular
structure of the transformation (1.7) we will make the computations by hand. Later
on we show some results related to the domain transformations.
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Throughout this paper we set x0 = 0, Ω0 = Br0(x0), and Γ0 = ∂Ω0. For σ 
= 0
given and ϕ ∈ C2,α(Γ0), let y : RN �→ R be defined by

y(y) = |y − t(ϕ)| − σϕ

(
r0

y − t(ϕ)

|y − t(ϕ)|

)
− r0.

It is clear that for y ∈ Γ(σ, ϕ), y(y) = 0 and ν(σ, ϕ)(y) =
∇yy(y)
|∇yy(y)| . Thus we obtain

ν(σ, ϕ)(y) =
z − σr0∇ϕ(x)

|z − σr0∇ϕ(x)|
, where z = y − t(ϕ), x = r0

z

|z| , x ∈ Γ0,(2.1)

∇ = (∂1, . . . , ∂N ), ∂iϕ = ∂iϕ− (∇ϕ · ν0)ν
i
0, (the tangential gradient).

It is clear also that for σϕ small, ν(σ, ϕ) is a C1,α(Γ0) well-defined function.
Indeed, we have |z − σr0∇ϕ(x)| = [(r0 + σϕ)2 + r2

0σ
2|∇ϕ|2]1/2, which shows that

for σϕ small, for example, ‖σϕ‖C2,α(Γ0) ≤ r0
2 , the denominator in the expression of

ν(σ, ϕ)(y) is greater than r0
2 and of course implies C1,α regularity of ν(σ, ϕ).

Lemma 2.1. The curvature of Γ(σ, ϕ) is given by

H(σ, ϕ) ◦ T (σ, ϕ) = H0
r0

|(r0 + σϕ)ν0 − σr0∇ϕ|
− r0

|r0 + σϕ|

[
σr0 ∆ϕ

|(r0 + σϕ)ν0 − σr0∇ϕ|

− σ3r3
0 ∇ϕ · ∇2

ϕ · ∇ϕ

|(r0 + σϕ)ν0 − σr0∇ϕ|3

]
,(2.2)

where ∇2
ϕ is the matrix [∂i∂jϕ] and ∆ϕ = tr[∇2

ϕ] is the Laplace–Beltrami operator
on Γ0.

Proof. Because H(σ, ϕ) =
∑N

i=1∂iν
i(σ, ϕ), where

∂iν
i(σ, ϕ) = ∂yi

ν
∗i(σ, ϕ) − (ν(σ, ϕ) · ∇yν

∗
(σ, ϕ))νi(σ, ϕ),

we have to compute the terms ∂yiν
i(σ, ϕ). It is easy to verify the relations

∂yizi = δij − νi(σ, ϕ)νj(σ, ϕ), ∂yiφ(x) =
r0
|z|∂iφ(x), φ ∈ C1(Γ0),

where δij is the Kronecker’s symbol. For simplicity, let’s set φ = σr0ϕ. Then

H(σ, ϕ) ◦ T (σ, ϕ)=∂yiν
i(σ, ϕ)

=
∂yi

zi − ∂yi
∂iφ(x)

|z −∇φ(x)

− (zi − ∂iφ(x))(zj − ∂jφ(x)

|z −∇φ(x)|3
(δij − νi(σ, ϕ)νj(σ, ϕ) − r0

|z|∂i∂jφ(x))

=
N − 1

|z −∇φ(x)|
− r0

|z|
∆φ(x)

|z −∇φ(x)|
+

r0
|z|

∇φ(x) · ∇2
φ(x) · ∇φ(x)

|z −∇φ(x)|3
,

because x · ∇2
φ(x) = 0. From H0 = N−1

r0
, |z| = |r0 + σϕ|, and |z − ∇ϕ| = |(r0 +

σϕ)ν0 − σr0∇ϕ| we obtain immediately the expression for H(σ, ϕ) ◦ T (σ, ϕ).
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As a simple corollary of this lemma we have the following.
Corollary 2.2. The map (σ, ϕ) �→ H(σ, ϕ) ◦ T (σ, ϕ) from R × C2,α(Γ0) into

C0,α(Γ0) is of class C1 near (0, 0).
Proof. First, we point out that H(σ, ϕ)◦T (σ, ϕ) ∈ C0,α(Γ0). This is a simple con-

sequence of the fact that H(σ, ϕ) ◦ T (σ, ϕ) is a simple algebraic expression depending
on C0,α(Γ0) functions. We emphasize that its denominator is strictly greater than,
say, r0/2 for σϕ small. Then its differentiability with respect to (σ, ϕ) is clear for σϕ
small.

Corollary 2.3. The map (σ, ϕ) �→K(σ, ϕ):= H(σ,ϕ)◦T (σ,ϕ)−H0

σ from R×C2,α(Γ0)
into C0,α(Γ0) is of class C1 near (0, 0). Moreover, its derivative with respect to ϕ at
(0, 0) is given by

∂ϕK(0, 0)(φ) = −∆φ− H2
0

N − 1
φ.(2.3)

Proof. By direct computations and using (2.2) one may easily find that

K(σ, ϕ) = −H0
2r0ϕ + σϕ2 + σr2

0|∇ϕ|2

|(r0 + σϕ)ν0 − σr0∇ϕ|(r0 + |(r0 + σϕ)ν0 − σr0∇ϕ|)

− r2
0

|r0 + σϕ|

[
∆ϕ

|(r0 + σϕ)ν0 − σr0∇ϕ|
− σ2r2

0 ∇ϕ · ∇2
ϕ · ∇ϕ

|(r0 + σϕ)ν0 − σr0∇ϕ|3
,

]
,(2.4)

which shows that K(σ, ϕ) is of class C1 near (0, 0), for example, for ‖σϕ‖C2,α(Γ) <
r0/2. The expression of K(σ, ϕ) also gives immediately the value of ∂ϕK(0, 0)(ϕ).

As we mentioned in the introduction, we will prove first that the problem (1.1) has
a solution Ω(σ, ϕσ) in the set of domains {Ω(σ, ϕ), ϕ ∈ C2,α(Γ0)}. Then a key point is
to prove that Ω(σ, ϕ) is the solution of (1.1) in Θ. For this it is sufficient to show that
for any ξ ∈ Θ small, there exists a φ ∈ C2,α(Γ0) such that Ωu(σ,ϕσ)+ξ = Ω(σ, ϕσ +φ).
Let us prove first the following important lemma.

Lemma 2.4. Let σ 
= 0, σ ≤ P (Ω0)
2N . There exist Θ0, a small neighborhood of 0 in

Θ not depending on σ, and two C1 functions

θ ∈ Θ0 �→ ϕ = ϕ(θ) ∈ C2,α(Γ0) and θ ∈ Θ0 �→ g = g(θ) ∈ C2,α(Γ0; Γ0),

with g invertible, such that

(I + θ) ◦ g = I + t(ϕ) + σϕν0 on Γ0.(2.5)

Moreover, there exist C > 0 not depending on σ such that for θ ∈ Θ0, we have

‖g(θ)‖Θ ≤ C,(2.6)

‖g−1(θ) − I‖Θ ≤ C‖θ‖Θ.(2.7)

Proof. Let t ∈ RN , and for y ∈ Γ0 set x = r0
(I+θ)(y)−t
|(I+θ)(y)−t| ∈ Γ0 and g(θ, t) :

Γ0 �→ Γ0, g(θ, t)(x) = y. For (θ, t) ∈ Θ1 × U1, a small neighborhood of (0, 0) in
Θ×RN , the function g(θ, t) is a C2,α(Γ0; Γ0) well-defined invertible function. Indeed,
for (θ, t) = (0, 0) we have g(0, 0)(x) = x. Then the inversibility of g(θ, t) for (θ, t)
small follows from C1 regularity of (θ, t) �→ g(θ, t).

Now let us introduce the function ϕ(θ, t) : Γ0 �→ R by

σϕ(θ, t)(x) = |(I + θ) ◦ g(θ, t)(x) − t| − r0.(2.8)
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We look for t such that t = t(ϕ(θ, t)). For this, let us consider the equation

σt =

∫
Γ0

(|(I + θ) ◦ g(θ, t)(x) − t| − r0)ν0(x)dx.(2.9)

The function

f : (θ, t) ∈ Θ ×RN �→ σt−
∫

Γ0

(|(I + θ) ◦ g(θ, t)(x) − t| − r0)ν0(x)dx ∈ RN

= σt−
∫

Γ0

(I + θ) ◦ g(θ, t)(x) − t− xdx

is of class C1, f(0, 0) = 0, and for s ∈ RN , ∂tf(0, 0)(s) = (σ + P (Ω0)
N )s.

Let us prove the expression of ∂tf(0, 0)(s). For θ = 0, we have g(0,t)−t
|g(0,t)−t| = ν0.

This gives (|g(0, t) − t|ν0 + t)2 = r2
0 because |g(θ, t)| = r0. Then we may find that

|g(0, t) − t| = [(ν0 · t)2 − t2 + r2
0]

1/2 − (ν0 · t).

It follows that

g(0, t) = t + [(ν0 · t)2 − t2 + r2
0]

1/2ν0 − (ν0 · t)ν0, ∂tg(0, 0)(s) = s− (ν0 · s)ν0,

and we obtain

∂tf(0, 0)(s) = σs−
∫

Γ0

∂tg(0, 0)(s)(x) − sdx

= σs +

∫
Γ0

(ν0(x) · s)ν0(x)dx =

(
σ +

P (Ω0)

N

)
s.

From the implicit function theorem it follows that we have the existence of Θ2, a
neighborhood of 0 in Θ, and a map θ ∈ Θ2 �→ tθ ∈ RN such that tθ|θ=0 = 0 and tθ
satisfies (2.9). Taking σ small, say, |σ| < P (Ω0)

2N , allows us to choose Θ2 independent
of σ.

Now, putting t = tθ in (2.8), multiplying by ν0(x), and integrating on Γ0, from
(2.9) it follows that t(ϕ(θ, tθ)) = tθ. Finally, let Θ0 = Θ1 ∩ Θ2. For θ ∈ Θ0 let’s set
g(θ) = g(θ, tθ), ϕ(θ) = ϕ(θ, tθ). These functions satisfy the lemma. Indeed, for θ and
t = tθ, from the construction of g(θ, t), ϕ(θ, t), and (2.8) we have

(I + θ) ◦ g(θ, tθ) = |(I + θ) ◦ g(θ, tθ) − tθ|ν0 + tθ = (r0 + σϕ(θ, tθ))ν0 + tθ

= I + t(ϕ(θ, tθ)) + σϕ(θ, tθ)ν0.

The C1 regularity of the functions ϕ and g follows immediately from the formula
giving g(θ, tθ), ϕ(θ, tθ) and from the C1 regularity of θ �→ tθ.

The estimation (2.6) follows from the fact that g−1(θ) = r0
I+θ−tθ
|I+θ−tθ| and that

θ �→ tθ is a uniformly C1 function (with respect to σ) from Θ to itself.
For (2.7) we write

g−1(θ) − I=
1

|I + θ − tθ|

[
r0(θ − tθ) +

r2
0 − |r0ν0 + θ − tθ|2
r0 + |r0ν0 + θ − tθ|

I

]
=

1

|I + θ− tθ|

[
r0(θ− tθ)−

θ2 + t2θ + 2r0(ν0 · θ)− 2r0(ν0 · tθ)− 2(θ · tθ)
r0 + |r0ν0 + θ − tθ|

I

]
.
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This equality, together with the facts tθ|θ=0 = 0 and C1 continuity of θ → tθ, gives
|tθ| ≤ C‖θ‖Θ. It follows that ‖g−1(θ) − I‖Θ ≤ C‖θ‖Θ, which proves (2.7).

Corollary 2.5. For any ϕσ ∈ C2,α(Γ0), let’s set θ = u(σ, ϕσ). Then ϕ(θ) = ϕσ.
Proof. First we show that tθ = t(ϕσ). Indeed, as we have g(θ, t(ϕσ)) = I, it

follows that t(ϕσ) satisfies (2.9). From uniqueness of t satisfying (2.9), we obtain
tθ = t(ϕσ). Then from the formula defining ϕ(θ, t), by direct verification, we obtain
ϕ(θ) = ϕ(θ, tθ) = ϕσ.

Proposition 2.6. Let’s assume that for any σ small, there exists ϕσ ∈ C2,α(Γ0)
such that Ω(σ, ϕσ) is the solution of (1.1) in {Ω(σ, ϕ), ϕ ∈ C2,α(Γ0)}. If u(σ, ϕσ) ∈
Θ0, where Θ0 is given by Lemma 2.4, then Ω(σ, ϕσ) is the solution of (1.1) in Θ.

Proof. As σ is small, it follows that u(σ, ϕσ) ∈ Θ0. Then there exists a ball
B(0, ε) = {‖θ‖Θ < ε} such that u(σ, ϕσ)+B(0, ε) ⊂ Θ0. From Lemma 2.4, Ωu(σ,ϕσ)+ξ

= Ω(σ,ϕ(u(σ, ϕσ) + ξ)) for all ξ ∈ B(0, ε). Then the proposition follows from the C1

regularity of ϕ and ϕ(u(σ, ϕσ)) = ϕσ (Corollary 2.5).
Lemma 2.7. For θ ∈ Θ0, let ϕ and g be as in Lemma 2.4, (I +θ)◦g = I + t(ϕ)+

σϕν0. Then there exist two constants C1, C2 not depending on σ such that

‖θ‖Θ ≤ δ =⇒ ‖t(ϕ) + σϕν0‖Θ ≤ C1δ,(2.10)

‖t(ϕ) + σϕν0‖Θ ≤ δ =⇒ |t(ϕ)| + ‖σϕ‖C2,α(Γ0) ≤ C2δ.(2.11)

Proof. Let us first prove (2.10). From (2.8) we have t(ϕ)+σϕν0 = (I+θ)◦g(θ)−
I = θ ◦ g(θ) − g(θ) ◦ (g−1(θ) − I). From (2.6) and (2.7), we get

‖t(ϕ) + σϕν0‖Θ ≤ C‖g(θ)‖Θ‖θ‖Θ + ‖g(θ)‖Θ‖g−1(θ) − I‖Θ ≤ C‖θ‖Θ,

which proves (2.10).
Now, let’s prove (2.11). As each component of ν0 becomes 0 for any |x| = r0, it

follows that |t(ϕ)| ≤ δ. This implies ‖σϕν0‖Θ ≤ 2δ, and

‖σϕ‖C2,α(Γ0) = ‖σϕν0 · ν0‖C2,α(Γ0) ≤ ν0‖Θ‖σϕν0‖Θ ≤ 2‖ν0‖Θδ,

which proves (2.11) with C2 = 1 + 2‖ν0‖Θ.
Remark 2.8. Proposition 2.6 and Lemma 2.7 are very important, in particular

for proving Theorem 1.6. Indeed, let Ω(σ, ϕσ) be the solution of (1.3). To prove
that Ω(σ, ϕσ) is the solution of (1.1), from Lemma 2.4 it follows that it is enough to
consider perturbations of the form I + t(ϕ) + σϕν0. Moreover, from Proposition 2.6
and Lemma 2.7, it is enough to consider perturbation of Ω(σ, ϕσ) of the form I +
t(ϕ)+σϕν0 with ϕ satisfying |t(ϕ)|+‖σϕ‖C2,α(Γ0) ≤ δ. Thus, ϕ may be large but σϕ
must be of order δ. Thus, if

ϕ =
∑
i,j

ϕijuij =
∑
j=1,n

ϕ1ju1j +
∑
i �=1,j

ϕijuij =: ϕ1 + ϕc
1,

where uij are the eigenfunctions of ∆, from

‖ϕ‖2
H1(Γ0)

= ‖ϕ1‖2
H1(Γ0)

+ ‖ϕc
1‖2

H1(Γ0)
,

‖ϕ1‖2
H1(Γ0)

=

(
1 +

H2
0

N − 1

) ∑
j=1,N

ϕ2
1j =

N

|Γ0|

(
1 +

H2
0

N − 1

)
|t(ϕ)|2,(2.12)

it follows that

‖ϕ1‖2
H1(Γ0)

+ ‖σϕc
1‖2

H1(Γ0)
≤ Cδ.(2.13)
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From (2.5) and (2.12) it follows that ϕ1 is responsible for the domain translation t(ϕ).
The “pure” deformation of the domain is basically due to ϕc

1 because the contribution
of ϕ1 is of order σδ (for the H1(Γ0) norm).

Writing the domain perturbation as the sum of two terms involving ϕ1 and ϕc
1

with ϕc
1 multiplied by σ is very important. Indeed, if one considers E(Ωθ+ϕν0)−E(Ωθ)

(instead of E(Ωθ+t(ϕ)+σϕν0
) − E(Ωθ)), its main part is

1

σ2

∫
Γ0

|∇ϕ|2 − H2
0

N − 1
ϕ2 +

o(1)

σ2
‖φ‖H1(Γ0) + t(ϕ) · ∇2e(Bx0) · t(ϕ).

The integral term has no ϕ1 contribution, but it is positive (greater than C‖ϕc
1‖2

H1(Γ0)
).

The term with ϕ1 appears only near to the o(1) term and the e(Ω) derivative. In
general, it is difficult to control the residue o(1)‖ϕ‖2

H1(Γ0)
, and here the transformation

t(ϕ) + σϕν0 is of interest, because in this case one would have o(1)‖ϕ‖H1(Γ0) instead

of o(1)
σ2 ‖ϕ‖H1(Γ0). The ‖ϕ1‖H1(Γ0) part of the o(1) term may be controlled by the

e(Ω) derivative term (and here the hypothesis (1.6) intervenes crucially), while the
‖ϕc

1‖H1(Γ0) part of the o(1) term is controlled by the integral term.
Lemma 2.9. Let K0 = {ϕ, ∂θm(Ω0)(ϕν0) = 0}. There exists a C2 function

q : dom(q) ⊂ K0 �→ C2,α(Γ0) where dom(q) is an open neighborhood of 0 in K0

such that m(Ωq(ϕ)ν0
) = m0, q(ϕ) = ϕ + β(ϕ) with β a C2 function, and β(0) = 0.

Moreover,

∂ϕβ(0)(φ) = 0,(2.14)

∂θm(Ωq(ϕ)ν0
)(∂2

ϕβ(ϕ)(φ, φ)) + ∂2
θm(Ωq(ϕ)ν0

)(∂ϕβ(ϕ)(φ), ∂ϕβ(ϕ)(φ)) = 0,(2.15)

ϕ �→ ∂ϕβ is continuous from C2,α(Γ0) to H1(Γ0),

ϕ �→ ∂2
ϕβ is continuous from C2,α(Γ0) to H1(Γ0) ×H1(Γ0).

Proof. The existence of β and q as well as (2.14) and (2.15) are classical results
and may be proven easily by direct computations and applying the implicit function
theorem to (ϕ, t) ∈ K0 ×R �→ m(Ω(ϕ+t)ν0

)−m0 ∈ R at (0, 0) (although a proof of it
is presented in [9]).

Here, we will not present the complete proof. Instead, we will prove the regularity
for ∂ϕβ and ∂2

ϕβ. Indeed, differentiating one and two times with respect to ϕ, the
equation m(Ωq(ϕ)ν0

) −m0 = 0 gives

0 =

∫
∂Ωq(ϕ)ν0

(φ + ∂ϕβ(ϕ)(φ))(ν0 · νq(ϕ)ν0
)

=

∫
Γ0

(φ + ∂ϕβ(ϕ)(φ))(ν0 · νq(ϕ)ν0
)JacΓ(I + q(ϕ)ν0),

0 =

∫
Γ0

∂2
ϕβ(ϕ)(φ, φ)(ν0 · νq(ϕ)ν0

)JacΓ(I + q(ϕ)ν0)

+

∫
Γ0

(φ + ∂ϕβ(ϕ)(φ))∂ϕ[(ν0 · νq(ϕ)ν0
)JacΓ(I + q(ϕ)ν0)](φ).

It follows that

∂ϕβ(ϕ)(φ) =

∫
Γ0

φ(ν0 · νq(ϕ)ν0
)JacΓ(I + q(ϕ)ν0)dΓ0∫

Γ0
(ν0 · νq(ϕ)ν0

)JacΓ(I + q(ϕ)ν0)
,

∂2
ϕβ(ϕ)(φ, φ) =

∫
Γ0

(φ + ∂ϕβ(ϕ)(φ))∂ϕ[(ν0 · νq(ϕ)ν0
)JacΓ(I + q(ϕ)ν0)](φ)∫

Γ0
(ν0 · νq(ϕ)ν0

)JacΓ0
(I + q(ϕ)ν0)

.
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From the C1 continuity of ϕ �→ ∂ϕβ and of the maps θ �→ νθ ◦ (I + θ) and θ �→
JacΓ(I + θ), the regularity claimed for the maps ϕ �→ ∂ϕβ(ϕ) and ϕ �→ ∂2

ϕβ(ϕ)
follows.

3. Proof of the main results. Let F be the function

F : R× C2,α(Γ0) ×R �−→C0,α(Γ0) ×R,

(σ, ϕ,Λ) �−→
(
F1(σ, ϕ,Λ), F2(σ, ϕ,Λ)

)
,

where F1, F2 are defined by

F1(σ, ϕ,Λ)=ν0 ·
∫

Γ(σ,ϕ)

b(σ, ϕ)ν(σ, ϕ)dΓ(3.1)

+[σb(σ, ϕ) ◦ T (σ, ϕ)+K(σ, ϕ)−Λ](ν(σ, ϕ) ◦ T (σ, ϕ) · ν0)JΓ0
T (σ, ϕ),

F2(σ, ϕ,Λ)=[m(σ, ϕ)−m(0, 0)]/σ.(3.2)

Here JΓ0
T (σ, ϕ) = |t[DT (σ, ϕ)]−1 · ν0|JT (σ, ϕ) is the tangential Jacobian of T (σ, ϕ)

and JT (σ, ϕ) is the usual Jacobian of T (σ, ϕ).
Remark 3.1. Note that F1/σ differs from the left-hand side of (1.8) basically by

the term σ−1ν0 ·
∫
Γ
b(σ, ϕ)ν(σ, ϕ)dΓ. F1 is the C0,α(Γ) representation of ∂ϕL(σ, ϕ,Λ).

The function F1(σ, ϕ,Λ) is defined explicitly, while F2(σ, ϕ,Λ) initially is defined im-
plicitly. In (3.6) is given the explicit form of F2(σ, ϕ,Λ). It is clear that in particular
F (0, ϕ,Λ) is well defined. See Remark 3.4 for more discussion about F (0, ϕ,Λ).

Lemma 3.2. For (σ, ϕ) ∈ (R\{0}) × C2,α(Γ0) small such that u(σ, ϕ) ∈ Θ0,
F1(σ, ϕ,Λ) = 0 is equivalent to (1.8).

Proof. It is enough to prove that ∂ϕL(σ, ϕ,Λ) = 0 implies

∂θE(Ωu(σ,ϕ)) +

(
Λ

σ
− H0

σ2

)
∂θm(Ωu(σ,ϕ)) = 0.

(See the introduction for the difference between ∂θ and ∂ϕ.)
Let s ∈ R be small such that u(σ, ϕ) + sξ ∈ Θ0. From Lemma 2.4, Ωu(σ,ϕ)+sξ

= Ω(σ,ϕ(u(σ, ϕ) + sξ)). But

∂θE(Ωu(σ,ϕ))(ξ) = ∂sE(σ,ϕ(u(σ, ϕ) + sξ)) = ∂ϕE(σ, ϕ)(∂θϕ(u(σ, ϕ))(ξ)),

∂θm(Ωu(σ,ϕ))(ξ) = ∂sm(σ,ϕ(u(σ, ϕ) + sξ)) = ∂ϕm(σ, ϕ)(∂θϕ(u(σ, ϕ))(ξ)),

which leads to

∂θE(Ωu(σ,ϕ))(ξ) +

(
Λ

σ
− H0

σ2

)
∂θm(Ωu(σ,ϕ))(ξ) = ∂ϕL(σ, ϕ,Λ)(∂θϕ(u(σ, ϕ))(ξ)) = 0

and finishes the proof.
Lemma 3.3. The function F : R × C2,α(Γ0) × R → C0,α(Γ0) × R is of class

C1 near (0, 0, 0). Moreover, the derivative of F with respect to (ϕ,Λ) at (0, 0, 0) is
given by

∂ϕ,ΛF1(0, 0, 0)(ϕ, λ) = −∆ϕ− H2
0

N − 1
ϕ + λ + ν0 · ∇2e(Bx)|x0 · t(ϕ),(3.3)

∂ϕ,ΛF2(0, 0, 0)(ϕ, λ) =

∫
Γ0

ϕdΓ0.(3.4)



184 ARIAN NOVRUZI

Proof. Taking into account (3.1), the C1 regularity of F1 near (0, 0) follows from
the hypothesis (1.5), the regularity result of Corollary 2.3, and the classical regularity
results of the maps (σ, ϕ) �→ ν(σ, ϕ) ◦ T (σ, ϕ) and JΓ0

T (σ, ϕ); see, for example, [12].
Let F11(σ, ϕ) be the first term of F1(σ, ϕ,Λ). It is easy to verify that

F11(0, ϕ) =
∑

i=1,N

νi0

∫
Γ(0,ϕ)

b(0, ϕ)νi(0, ϕ)

=
N

P (Ω0)

∑
i=1,N

νi0

∫
Γ(0,ϕ)

b(0, ϕ)(ν(0, ϕ) · t(νi0))

=
N

P (Ω0)

∑
i=1,N

νi0∂ϕe(0, ϕ)(νi0).

As we also have e(0, ϕ) = e(Bx0+t(ϕ)), it follows that

∂ϕF11(0, 0)(ϕ) =
N

P (Ω0)

∑
i=1,N

νi0 ∂2
ϕe(0, 0)(νi0, ϕ)

=
N

P (Ω0)

∑
i=1,N

νi0 t(νi0) · ∇2e(Bx)|x0
· t(ϕ) = ν0 · ∇2e(Bx)|x0

· t(ϕ).

The expression of ∂ϕ,ΛF1(0, 0, 0) is completed then by Corollary 2.3.
The C1 regularity of F2 is a classical result. However, the proof is simple. Indeed,

we have

m(σ, ϕ) =

∫
Ω0

JT (σ, ϕ))dΩ0 =

∫
Ω0

det[δij + σ∂j(ϕ
∗
ν
∗i
0)]dΩ0.(3.5)

Thus we obtain

F2(σ, ϕ,Λ) =

∫
Ω0

∑
i=1,N

∂i(ϕ
∗
ν
∗i
0)dΩ0 +

∑
k=2,N

σk−1

∫
Ω0

QkdΩ0,(3.6)

where Qk is a homogeneous polynomial of order N depending on the first derivatives
of ϕ

∗
ν
∗i
0. Then it is clear that F2 is a C1 function and

∂ϕF2(0, 0, 0)(ϕ) =

∫
Ω0

∑
i=1,N

∂i(ϕ
∗
ν
∗i
0)dΩ0 =

∫
Γ0

ϕdΓ0,

which achieves the proof of the lemma.
Remark 3.4. In the next theorem we will apply the implicit function theorem

near (0, 0, 0) to the function F . Let us emphasize that F1(0, 0, 0) = 0 is ensured by the
first part of (1.6) and (2.4), while F2(0, 0, 0) = 0 is guaranteed by (3.6). Also, from
(2.4) and (3.6), it follows that

F (0, ϕ,Λ) =

(
−∆ϕ− H2

0

N−1ϕ− Λ + ν0 ·
∫
Γt(ϕ)

b(0, ϕ)ν0dΓ0∫
Γ0

ϕ

)
.

This implies F (0, ϕ,Λ) 
= (0, 0) iff (ϕ,Λ) 
= 0. Indeed, if F (0, ϕ,Λ) = (0, 0), then
ϕ = α · ν0, for any α ∈ RN . It follows that Λ = ν0 ·

∫
Γt(ϕ)

b(0, ϕ)ν0dΓ0. From the

second part of (1.6), ν0 ·
∫
Γt(ϕ)

b(0, ϕ)ν0dΓ0 
= 0 iff t(ϕ) 
= 0. As t(ϕ) = αP (Ω0)
N it

follows that α = 0 and (ϕ,Λ) = (0, 0).



C2,α EXISTENCE RESULT 185

Proof of Theorem 1.4. As we mentioned in the introduction, the main tool
of the proof is the implicit function theorem applied to the function F near (0, 0, 0).
The only thing we have to prove is that the application (φ, λ) ∈ C2,α(Γ0) × R �→
∂ϕ,ΛF (0, 0, 0)(φ, λ) ∈ C0,α(Γ0) × R defines an isomorphism. Then it would follow
that there exist σ∗ > 0 and a unique C1 map

Φ : (−σ∗, σ∗) �→ (C2,α(Γ0), R), Φ(σ) = (ϕσ,Λσ),

such that F (σ, ϕσ,Λσ) = 0. Lemma 3.2 shows that for σ 
= 0, (ϕσ,Λσ) satisfies
Theorem 1.4. Thus Ω(σ, ϕσ) is the solution of the free boundary problem (1.3).

Let (f, µ) ∈ C0,α(Γ0) ×R and look for the (ϕ, λ) ∈ C2,α(Γ0) ×R solution of

∂ϕ,ΛF (0, 0, 0)(ϕ, λ) = (f, µ).(3.7)

Let us prove first that this equation can have only one solution. Indeed, the eigen-

values of ∆ (if ∆ is considered as an operator in H2(Γ0)) are {λk = −k (N+k−2)
(N−1)2 H2

0,

k = 0, 1, . . . }. Let Uk = {uki, i = 1, . . . , ik} be the orthonormal family (with re-
spect to L2(Γ0) norm) of eigenfunctions associated to λk and U = ∪∞

k=0Uk. From [1],
for example, we know completely U : Uk is the trace on Γ0 of kth order harmonic
homogeneous polynomials in RN . For example, we have

U0 =

{
1

P (Ω0)

}
, U1 =

{
x1

r0

√
N

P (Ω0)
, . . . ,

xN

r0

√
N

P (Ω0)

}
, . . . .

As U is a base for L2(Γ0), f can be written in the form f =
∑

k,i fkiuki. Writing ϕ,
the solution of (3.7), in the form ϕ =

∑
k,i ϕkiuki and replacing it in (3.7) allows us

to identify its coefficients

ϕ00 = µ,∑
i=1,N

∂2
kie(Bx)|x0ϕ1i =

N

P (Ω0)
f1i, k = 1,

ϕki =
1

H2
0

(N − 1)2

k(N + k − 2)(N − 1)
fki, k ≥ 2, i = 1, . . . , ik,

λ =
f0

P (Ω0)
+

µ

P (Ω0)

H2
0

N − 1
.

This system defines uniquely all the coefficients ϕki and λ in terms of fki and µ, which
together with the second part of (1.6) (in fact, only nonzero eigenvalues of ∇2e(Bx)|x0

are required) proves the uniqueness of the solution of (3.7). We emphasize that the
hypothesis (1.6) is essential for the proof of the uniqueness.

Now let us prove the existence of the solution of (3.7). Let C0,α
0 (Γ0), respectively,

C2,α
0 (Γ0), be the space of C0,α(Γ0), respectively, C2,α(Γ0), functions having zero

integral over Γ0. It is well known that ∆ defines an isomorphism from C2,α
0 (Γ0) into

C0,α
0 (Γ0) and its inverse ∆−1 is compact from C0,α

0 (Γ0) into itself. If f0 = f − −
∫
Γ0
f

and ϕ0 is the solution in C2,α
0 (Γ0) of

−∆ϕ0 −
H2

0

N − 1
ϕ0 + ν0 · ∇2e(Bx)|x0

· t(ϕ0) = f0,(3.8)
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then

ϕ = ϕ0 +
µ

P (Ω0)
, λ = µ

H2
0

(N − 1)P (Ω0)
+ −
∫

Γ0

f

is the solution of (3.7). Thus, to prove that (3.7) has a solution is sufficient to prove
that (3.8) has a solution. Multiplying (3.8) by −∆−1 we obtain

ϕ0 + Aϕ0 = −∆−1f0,

where A : C0,α
0 (Γ0) �→ C0,α

0 (Γ0) is given by

Aϕ0 = ∆−1

(
H2

0

N − 1
ϕ0 − ν0 · ∇2e(Bx)|x0

· t(ϕ0)

)
.

But A is compact and A has no eigenvalue equal to −1 (from injectivity). Then
I + A is invertible, which proves the existence of a C0,α

0 (Γ0) solution for (3.8). From
the regularity results related to ∆ we have Im(A) ⊂ C2,α

0 (Γ0), which proves that
ϕ0 ∈ C2,α(Γ0) and that ∂ϕ,ΛF (0, 0, 0) defines an isomorphism from C2,α(Γ0)×R into
C0,α(Γ0) ×R and ends the proof.

Proof of Theorem 1.6. The conditions of Theorem 1.4 are fulfilled and so for
σ 
= we have (Ω(σ, ϕσ),Λσ), a solution of (1.3). If σ is small enough, then t(ϕσ) +
σϕσν0 ∈ Θ0, where Θ0 is given by Lemma 2.4. By virtue of this lemma, instead
of θ perturbations of Ωσ := Ω(σ, ϕσ), one can consider only perturbations of the
form t(ϕ) + σϕν0. From Lemma 2.7 it is sufficient to consider ϕ ∈ C2,α(Γ0) with
|t(ϕ)| + ‖σϕ‖C2,α(Γ0) ≤ δ for any δ > 0 small. In order to preserve the measure, one
has to consider the perturbations of the form I + t(ϕ) + (σϕ+ β(σϕ))ν0 =: I + u(ϕ)
with ϕ ∈ K0 := {∂θm(Ω0)(ϕν0) = 0}; see Lemma 2.9.

It is easy to prove that ϕ0
σ = ϕσ − −

∫
Γ0

ϕσ ∈ K0 and Ωσ = Ωu(ϕ0
σ). Then it is

enough to show that

E(Ωσ) = min{E(Ωu(ϕ0
σ+ϕ)),

ϕ ∈ C2,α(Γ0) ∩K0, |t(ϕ)| + ‖σϕ‖C2,α small enough}.(3.9)

Let us first estimate E(Ωu(ϕ0
σ+ϕ))−E(Ωu(ϕ0

σ)). Let G(Ω) denote e(Ω), P (Ω), or m(Ω).
Then, by virtue of (1.2), (1.5), and (1.10), we have

G(Ωu(ϕ0
σ+ϕ)) −G(Ωu(ϕ0

σ))

= ∂θG(Ωu(ϕ0
σ))(∂ϕu(ϕ0

σ)(ϕ))

+ ∂2
θG(Ωu(ϕ0

σ+sϕ))(∂ϕu(ϕ0
σ + sϕ)(ϕ), ∂ϕu(ϕ0

σ + sϕ)(ϕ))

+ ∂θG(Ωu(ϕ0
σ+sϕ))(∂

2
ϕu(ϕ0

σ + sϕ)(ϕ,ϕ))

= ∂θG(Ωσ)(∂ϕu(ϕ0
σ)(ϕ))

+ ∂2
θG(Ωσ)(∂ϕu(ϕ0

σ + sϕ)(ϕ), ∂ϕu(ϕ0
σ + sϕ)(ϕ)) + ∂θG(Ωσ)(∂2

ϕu(ϕ0
σ + sϕ)(ϕ,ϕ))

+ o(1)(‖∂ϕu(ϕ0
σ + sϕ)(ϕ)‖2

H1(Γ0)
+ ‖∂2

ϕu(ϕ0
σ + sϕ)(ϕ,ϕ)‖H1(Γ0)),

where lim o(1) = 0 when |t(ϕ)|+‖σϕ‖C2,α(Γ0) → 0 = 0, s ∈ (0, 1). From the continuity
of ∂ϕβ, ∂2

ϕβ given by Lemma 2.9, it follows that

∂ϕu(ϕ0
σ + sϕ)(ϕ) = ∂ϕu(ϕ0

σ)(ϕ) + oσϕ(1)‖σϕ‖H1(Γ0),

∂ϕu(ϕ0
σ)(ϕ) = t(ϕ) + σϕν0 + ∂ϕβ(σϕ0

σ)(σϕ)

= t(ϕ) + σϕν0 + oσ(1)‖σϕ‖H1(Γ0),

∂2
ϕu(ϕ0

σ + sϕ)(ϕ,ϕ) = ∂2
ϕu(ϕ0

σ)(ϕ,ϕ) + oσϕ(1)‖σϕ‖2
H1(Γ0)

,
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where lim oσ(1) = 0 when σ → 0 and lim oσϕ(1) = 0 when ‖σϕ‖C2,α(Γ0) → 0. Then

G(Ωu(ϕ0
σ+ϕ)) − G(Ωu(ϕ0

σ)) = ∂θG(Ωσ)(∂ϕu(ϕ0
σ)(ϕ))

+ ∂2
θG(Ωσ)(∂ϕu(ϕ0

σ)(ϕ), ∂ϕu(ϕ0
σ)(ϕ)) + ∂θG(Ωσ)(∂2

ϕu(ϕ0
σ)(ϕ,ϕ))

+ oσϕ(1)‖σϕ‖2
H1(Γ0)

+ o(1)(‖∂ϕu(ϕ0
σ + sϕ)(ϕ)‖2

H1(Γ0)
+ ‖∂2

ϕu(ϕ0
σ + sϕ)(ϕ,ϕ)‖H1(Γ0))

= ∂θG(Ωσ)(∂ϕu(ϕ0
σ)(ϕ))

+ ∂2
θG(Ωσ)(∂ϕu(ϕ0

σ)(ϕ), ∂ϕu(ϕ0
σ)(ϕ)) + ∂θG(Ωσ)(∂2

ϕu(ϕ0
σ)(ϕ,ϕ))

+ o(1)(|t(ϕ)|2 + ‖σϕ‖2
H1(Γ0)

).

Consequently, taking into account (1.8) and the fact that P (Ω) and m(Ω) do not
depend on t(ϕ), we may write

E(Ωu(ϕ0
σ+ϕ)) − E(Ωu(ϕ0

σ))

= ∂2
θ

[
e(Ωσ) +

1

σ2
P (Ωσ) +

(
Λσ

σ
− H0

σ2

)
m(Ωσ)

]
(∂ϕu(ϕ0

σ)(ϕ), ∂ϕu(ϕ0
σ)(ϕ))

+ o(1)(|t(ϕ)|2 + σ−2‖σϕ‖2
H1(Γ0)

)

= ∂2
θ

[
e(Ω0) +

1

σ2
P (Ω0) +

(
Λσ

σ
− H0

σ2

)
m(Ω0)

]
(∂ϕu(ϕ0

σ)(ϕ), ∂ϕu(ϕ0
σ)(ϕ))

+ (o(1) + oσ(1))(|t(ϕ)|2 + σ−2‖σϕ‖2
H1(Γ0)

)

= ∂2
θe(Ω0)(t(ϕ) + σϕν0, t(ϕ) + σϕν0) +

1

σ2
∂2
θ [P (Ω0)−H0m(Ω0)](σϕν0, σϕν0)

+ (o(1) + oσ(1))(|t(ϕ)|2 + σ−2‖σϕ‖2
H1(Γ0)

)

=

∫
Γ0

|∇ϕ|2 − H2
0

N − 1
ϕ2dΓ0 + ∂2

θe(Ω0)(t(ϕ) + σϕν0, t(ϕ) + σϕν0)

+ (o(1) + oσ(1))(|t(ϕ)|2 + σ−2‖σϕ‖2
H1(Γ0)

).(3.10)

Let us write ϕ =
∑

k,l ϕklukl. As ϕ ∈ K0, it follows that ϕ00 = 0. Moreover, from
the estimations

∂2
θe(Ω0)(t(ϕ), σϕν0) = oσ(1)(|t(ϕ)|2 + ‖ϕ‖2

H1(Γ0)
),

∂2
θe(Ω0)(σϕν0, σϕν0) = oσ(1)‖ϕ‖2

H1(Γ0)
,

k(N + k − 2)

(N − 1)2
− 1

N − 1
≥ 1

2

k(N + k − 2)

(N − 1)2
, k ≥ 2,∣∣t(ϕ) · ∇2e(Bx)|x0

· t(ϕ)
∣∣ ≥ min{λi, i = 1, . . . , N}|t(ϕ)|2

= min{λi, i = 1, . . . , N}
∑
l=1,N

⎛⎝ ∑
k=1,N

ϕ1k

√
N

P (Ω0)
tl(ν

k
0 )

⎞⎠2

= λ1P (Ω0)
N − 1

N
(N − 1)

∑
l

ϕ2
1l,
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where 0 < λ1 < λ2 < · · · < λN are eigenvalues of ∇2e(Bx)|x0
, one can obtain∫

Γ0

|∇ϕ|2 − H2
0

N − 1
ϕ2dΓ0 + t(ϕ) · ∇2e(Bx)|x0 · t(ϕ)

+ 2∂2
θe(Ω0)(t(ϕ), σϕν0) + ∂2

θe(Ω0)(σϕ, σϕν0)

=
∑
k≥2,l

ϕ2
klH2

0

(
k(N + k − 2)

(N − 1)2
− 1

N − 1

)
+ t(ϕ) · ∇2e(Bx)|x0 · t(ϕ)

+ (o(1) + oσ(1))(|t(ϕ)|2 + ‖ϕ‖2
H1(Γ0)

),

≥ 1

2H2
0

∑
k≥2,l

k(N + k − 2)

(N − 1)2
H2

0ϕ
2
kl + λ1

P (Ω0)

H2
0

N − 1

N

∑
l

(N − 1)H2
0ϕ

2
1l

+ (o(1) + oσ(1))(|t(ϕ)|2 + ‖ϕ‖2
H1(Γ0)

),

=
1

2H2
0

‖ϕc
1‖2

H1(Γ0)
+ λ1

P (Ω0)

H2
0

N − 1

N
‖ϕ1‖2

H1(Γ0)

+ (o(1) + oσ(1))(|t(ϕ)|2 + ‖ϕ‖2
H1(Γ0)

),

≥ C0‖ϕ‖2
H1(Γ0)

+ (o(1) + oσ(1))‖ϕ‖2
H1(Γ0)

,

where C0 = min{ 1
2H2

0
, λ1

P (Ω0)
H2

0

N−1
N }. From (3.10) and (2.12) it follows that

E(Ωu(ϕ0
σ+ϕ)) − E(Ωu(ϕ0

σ)) ≥ C0‖ϕ‖2
H1(Γ0)

+ (oσϕ(1) + oσ(1))‖ϕ‖2
H1(Γ0)

,

which proves (3.9) for σ, |t(ϕ)| + ‖σϕ‖C2,α(Γ0) small, and proves the theorem.

4. Applications. We will consider an application which involves the Laplacian
in RN . We show that the hypotheses (1.2), (1.5), and (1.10) are satisfied. We give a
sufficient condition on data for the hypothesis (1.6).

Let us consider f ∈ C1,α(RN ), N ≥ 2. For θ ∈ Θ let’s set e(Ωθ) = − 1
2

∫
Ωθ

|∇u(θ)|2,
where u(θ) ∈ C2,α(Ωθ) is the solution of{

−∆u(θ) = f in Ωθ,

u(θ) = 0 on Γθ.
(4.1)

The main result we prove in this section follows.
Theorem 4.1. Let f ∈ C1,α(RN ) be a radial function and x0 = 0.
(i) If [ N

rN0

∫ r0
0

sN−1f(s)ds− f(r0)]
∫ r0
0

sN−1f(s)ds 
= 0, then (1.3) has a unique

C2,α solution for σ small.
(ii) If [ N

rN0

∫ r0
0

sN−1f(s)ds− f(r0)]
∫ r0
0

sN−1f(s)ds > 0, then (1.1) has a unique

C2,α solution for σ small.
To prove the theorem we need some preliminary results, most of them quite

classical results in shape optimization theory. Let us point out that throughout this
chapter, ·∗ denotes an extension operator from Θ to C2,α(Ω0), or (explicitly) from
H1/2(Γ0) to H1(Ω0).

Proposition 4.2. The shape functional θ → u(θ) ◦ (I + θ
∗
) is differentiable

from Θ into C2,α(Ω0). Moreover, u(θ)(ξ), the first shape derivative of u(θ), satisfies
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u(θ)(ξ) ∈ C1,α(Ω0) and

u(θ)(ξ) ◦ (I + θ
∗

) + ξ · ∇u(θ) ◦ (I + θ
∗

) = ∂θ(u(θ) ◦ (I + θ
∗

))(ξ),(4.2)

∆u(θ)(ξ) = 0 in Ωθ,(4.3)

u(θ)(ξ) = −(ξ̌ · νθ)
∂u(θ)

∂νθ
on Γθ,(4.4) ∫

Ωθ

|∇u(θ)(ξ)|2 ≤ C‖ξ‖2
H1/2(Γ0)

,(4.5) ∫
Ωθ

|∇u(θ + ζ)(ξ) ◦ (I + ζ̌) −∇u(θ)(ξ)|2 = oζ(1)‖ξ‖2
H1/2(Γ0)

,(4.6)

where ζ̌ = ζ
∗
◦ (I + θ

∗
)−1 and lim‖ζ‖Θ→0 oζ(1) = 0.

Remark 4.3. The estimation (4.6) is crucial in proving that e(Ω) satisfies (1.10);
see Lemma 4.5.

Proof of Proposition 4.2. The differentiability of u(θ)◦ (I +θ
∗
) is a rather classical

result. The proof is based on the implicit function theorem and the uniqueness of
(4.1). A proof in a Sobolev spaces framework is shown in [12], [13].

Although the proof is quite standard, let us prove that the result is true even in
Hölder spaces. Let F (θ, v) be defined by

F : Θ × C2,α
0 (Ω0) �→ Cα(Ω0),

(θ, v) �→ −
∑

i,j,k=1,N

Mi,j(θ)
∂

∂xj

(
Mi,k(θ)

∂v

∂xk

)
+ f ◦ (I + θ

∗
),

where C2,α
0 (Ω0) = C2,α(Ω0) ∩ {u = 0 on Γ0} and [Mi,j(θ)] = t[∇(I + θ

∗
)]−1 (let

us point out that the function F (θ, v) is obtained by transporting (4.1) in Ω0 and

replacing u(θ) ◦ (I + θ
∗
) by v). The function F is linear in v and derivatives of v up to

second order, while θ �→ Mi,j(θ) is a C1 function from Θ to C1,α(Ω0;R
N ) in a small

neighborhood of 0 ∈ Θ (as a rational function in θ derivatives and with a denominator

greater than, let’s say, 1/2), as well as θ → f ◦ (I + θ
∗
). Thus F is a C1 function in

a small neighborhood of 0 ∈ Θ. Moreover, F (0, u(0)) = 0, ∂vF (0, u(0))(v) = −∆v,
which defines an isomorphism from C2,α

0 (Ω0) to Cα(Ω0). From the implicit function
theorem we have the existence of a C1 map θ �→ v(θ) from Θ to C2,α

0 (Ω0) such that

F (θ, v(θ)) = 0. It follows that v(θ) ◦ (I + θ
∗
)−1 is the solution of (4.1) and from the

uniqueness of its solutions we get v(θ) = u(θ) ◦ (I + θ
∗
) and thus the C1 regularity for

θ �→ u(θ) ◦ (I + θ
∗
).

From Sobolev space embeddings we have that θ → u(θ) ◦ (I + θ
∗
) is a C1 map

from Θ to H2(Ω0). From [12, Lemma 2.1] it follows that u(θ)(ξ) ∈ H1(Ωθ), satisfying
(4.2). The conditions of [12, Theorems 3.1 and 3.2] are satisfied, and (4.3) and (4.4)
follow. The estimation (4.5) is proven, for example, in [4].

To prove (4.6), let us introduce ũ(θ)(ξ) = 1
‖ξ‖

H1/2(Γ0)

u(θ)(ξ). The map θ �→ ũ(θ)(ξ)◦
(I + θ

∗
) from Θ to H1(Ω0) is of class C1. Indeed, as ũ(θ)(ξ) satisfies

∆ũ(θ)(ξ) = 0 in Ωθ,(4.7)

ũ(θ)(ξ) = − ξ̌ · νθ
‖ξ‖H1/2(Γ0)

∂u(θ)

∂νθ
on Γθ,(4.8)
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let us introduce the function

F̃ : Θ ×H1
0 (Ω0) �→ H−1(Ω0),

(θ, v) �→
∫

Ω0

∇(v + g(θ)) · [Mij(θ)] · t[Mij(θ)] · ∇ϕ Jac(I + θ
∗
),

where ϕ ∈ H1
0 (Ω0), g(θ) = − ξ

∗
·ν
∗
θ

‖ξ‖
H1/2(Γ0)

(ν
∗
θ · ∇u(θ)) ◦ (I + θ

∗
) and ·

∗
is a H1(Ω0)

extension of ·, thus, in particular, ‖ξ
∗
‖H1(Ω0) ≤ C‖ξ‖H1/2(Γ0) (note that the function

F̃ is obtained basically by transporting the weak form of (4.7) in Ω0).
We have F̃ (0, ũ(0)(ξ)−g(0)) = 0 and the function F̃ is of class C1 near (0, ũ(0)(ξ)−

g(0)). Indeed, it is linear in v. Moreover, from the first part of the proposition, θ �→
g(θ) is a C1 map from Θ to H1(Ω0) and ∂vF̃ (0, ũ(0)(ξ)−g(0))(v) =

∫
Ω0

∇v ·∇ϕ, which

defines an isomorphism from H1(Ω0) into H−1(Ω0). The conditions of the implicit
function theorem are satisfied. Then there exists a C1 map θ �→ v(θ) from a small open
neighborhood of 0 ∈ Θ into H1(Ω0) such that F̃ (θ, v(θ)) = 0. This neighborhood may
be chosen independent of ξ because ‖g(θ)‖H1(Ω0) ≤ C, ‖∂θ[g(θ)](η)‖H1(Ω0) < C‖η‖Θ

with C independent of ξ, and so F̃ (θ, v) is a uniformly C1 function (in ξ) from
Θ×H1(Ω0) to H−1(Ω0). Writing F̃ (θ, v(θ)) as an integral in Ωθ, from the uniqueness

result for (4.7), (4.8), it follows that v(θ) = ũ(θ)(ξ)◦ (I + θ
∗
)− g(θ), which proves that

θ �→ ũ(θ)(ξ) ◦ (I + θ
∗
) is a C1 function from Θ to H1(Ω0). It follows that for ‖θ‖Θ

small we have∫
Ω0

|∇(ũ(θ + ζ)(ξ) ◦ (I + θ
∗

+ ζ
∗

)) −∇(ũ(θ)(ξ) ◦ (I + θ
∗

))|2 = oζ(1), lim
‖ζ‖Θ→0

oζ(1) = 0.

On the other hand,

∇(ũ(θ + ζ)(ξ)) ◦ (I + ζ̌) = t[∇(I + ζ̌)]
−1∇(ũ(θ + ζ)(ξ) ◦ (I + ζ̌))

= t[∇(I + ζ̌)]
−1 · t[∇(I + θ

∗

)]
−1

∇(ũ(θ + ζ)(ξ) ◦ (I + θ
∗

+ ζ
∗

)),[
∇(I + ζ̌)

]−1
= IN + oζ(1), IN the identity matrix,

[∇(I + θ
∗

) ]−1 = IN + oθ(1), lim
‖θ‖Θ→0

oθ(1) = 0,

|[∇(I + θ
∗

)]−1| = 1 + oθ(1).

It follows that∫
Ωθ

|∇ũ(θ + ζ)(ξ) ◦ (I + ζ̌) −∇ũ(θ)(ξ)|2

=

∫
Ωθ

|t[∇(I + ζ̌)]−1∇ũ(θ + ζ)(ξ) ◦ (I + ζ̌) −∇ũ(θ)(ξ)|2

=

∫
Ωθ

|∇(ũ(θ + ζ)(ξ) ◦ (I + ζ̌)) −∇ũ(θ)(ξ)|2 + oζ(1)

=

∫
Ωθ

t[∇(I + θ
∗

)]
−1

|∇(ũ(θ + ζ)(ξ) ◦ (I + θ
∗

+ ζ
∗

)) −∇(ũ(θ)(ξ) ◦ (I + θ
∗

))|2 + oζ(1)

≤ C

∫
Ω0

|∇(ũ(θ + ζ)(ξ) ◦ (I + θ
∗

+ ζ
∗

)) −∇(ũ(θ)(ξ) ◦ (I + θ
∗

))|2 + oζ(1)

≤ (C + 1)oζ(1).

The estimation (4.6) is proved because u(θ)(ξ) = ‖ξ‖H1/2(Γ0)ũ(θ)(ξ).
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Proposition 4.4. The functions θ → e(Ωθ), θ → P (Ωθ), and θ → m(Ωθ) are
near 0 ∈ Θ two times differentiable. Their derivatives are given by

∂θe(Ωθ)(ξ) = −1

2

∫
Γθ

|∇u(θ)|2(ξ̌ · νθ),(4.9)

∂2
θe(Ωθ)(ξ, η) = −1

2

∫
Γθ

(ξ̌ · νθ)(η̌ · νθ)
[
Hθ|∇u(θ)|2 + ∂νθ

|∇u(θ)|2
]

−1

2

∫
Γθ

(
(ξ̌ · νθ)∂νθ

u(θ)(η) + (η̌ · νθ)∂νθ
u(θ)(ξ)

)
∂νθ

u(θ)

+
1

2

∫
Γθ

(
νθ · ∇ξ̌ · η̌ + νθ · ∇η̌ · ξ̌ + ξ̌ · ∇νθ · η̌

)
|∇u(θ)|2,(4.10)

∂θP (Ωθ)(ξ) =

∫
Γθ

Hθ(ξ̌ · νθ),(4.11)

∂2
θP (Ωθ)(ξ, η) =

∫
Γθ

(∇ · ξ̌)(∇ · η̌) − tr[(∇ξ̌) · (∇η̌)] + (νθ · (∇ξ̌)) · (νθ · (∇η̌)),(4.12)

∂θm(Ωθ)(ξ) =

∫
Γθ

(ξ̌ · νθ),(4.13)

∂2
θm(Ωθ)(ξ, η) =

∫
Γθ

(ξ̌ · νθ)(∇ · η̌) − ξ̌ · ∇η̌ · νθ,(4.14)

where ξ̌ = ξ ◦ (I + θ)−1, η̌ = η ◦ (I + θ)−1.
Proof. The differentiability and the derivative (4.9) follow from [12, Theorem

3.3], taking C(u(θ)) = |∇u(θ)|2. The derivative (4.10) follows from [12, Theorem 5.1],
which says that (under some regularity assumptions)

∂θ

(∫
Γθ

G(u(θ))

)
(ξ) =

∫
Γθ

∂θG(u(θ))(ξ) + (ξ̌ · νθ) [HθG(u(θ)) + ∂νθ
G(u(θ))] .

The expression (4.10) then follows by taking in the previous formula G(u(θ)) =

|∇u(θ)|2 (ξ̌ · νθ) (a proof for three dimensions is given in [9]).
The derivatives (4.11) and (4.12) are proven in [5, Theorem 10.4]. Finally, the

derivatives (4.13) and (4.14) follow by elementary calculus (a proof of them is pre-
sented in [9]).

Lemma 4.5. The functionals e(Ωθ), P (Ωθ), and m(Ωθ) satisfy the hypotheses
(1.2), (1.5), and (1.10).

Proof. The proposition is true for P (Ωθ) and m(Ωθ). The proof follows imme-
diately from Proposition 4.4 and (4.12), (4.14). Let us prove that e(Ωθ) satisfies
Lemma 4.5. Proposition 4.4 proves the hypothesis (1.2) and gives b(θ) = − 1

2 |∇u(θ)|2.
The hypothesis (1.5) is satisfied by virtue of Proposition 4.2. For the hypothesis (1.10),
from the form of ∂2

θe(Ωθ), it is enough to show only that θ �→
∫
Γθ

(ξ̌ ·νθ)∂νθ
u(θ)(η) is a

continuous map from Θ to R. As
∫
Γθ

(ξ̌ · νθ)∂νθ
u(θ)(η) = −

∫
Ωθ

∇u(θ)(ξ) · ∇u(θ)(η) it

suffices to show that
∫
Ωθ

|∇u(θ + ζ)(ξ ◦ (I + ζ̌)−∇u(θ)(ξ)|2 = oζ(1)‖ξ‖H1(Γ0), which
is proved in Proposition 4.2.

Proposition 4.6. Let N ≥ 2 and let us assume that f is a radial function. Then
∇e(Bx)|x0 = 0 and the second derivative matrix of e(Bx) at 0 is

∇2e(Bx)|x=0 =

(
m(Ω0)

rN0

[
N

rN0

∫ r0

0

sN−1f(s)ds− f(r0)

] ∫ r0

0

sN−1f(s)ds

)
Id,
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where Id is the identity matrix.
Proof. It is clear that the derivatives of e(Bx) are intimately related to the shape

derivatives of e(Ωθ). Indeed, we have

∂ie(Bx)|x0 = ∂θe(Ω0)(ξi), i = 1, . . . , N,(4.15)

∂2
ije(Bx)|x0 = ∂2

θe(Ω0)(ξi, ξj), i, j = 1, . . . , N,(4.16)

where {ξ1, ξ2, . . . , ξN} is the standard base of RN . The solution u(0)(ξi) of problems
(4.3) and (4.4) is given by u(0)(ξi) = −xi

r0
∂ν0u(0). Also, for θ = 0, the solution of

(4.1) is a radial function, denoted by u(0). We have

u(0)(·) = −
∫ |·|

0

t1−N

∫ t

0

sN−1f(t)dsdt + constant,

∂ru(0)(·) = −| · |1−N

∫ |·|

0

sN−1f(s)ds,

∂2
ru(0)(·) = (N − 1)| · |−N

∫ |·|

0

sN−1f(s)ds− f(| · |).

From (4.15) and (4.9) it follows that

∂ie(Bx)|x0
= −1

2

∫
Γ0

(ξi · ν0)|∇u(0)|2 = −1

2

∫
Γ0

|∇u(0)|2νi0 = 0.

From (4.16) and (4.10) it follows that

∂2
ije(Bx)|x0 = −1

2

∫
Γ0

(ξi · ν0)(ξj · ν0)
[
H0|∇u(0)|2 + ∂ν0 |∇u(0)|2

]
−1

2

∫
Γ0

[(ξi · ν0)∂ν0u(0)(ξj) + (ξj · ν0)∂ν0u(0)(ξi)] ∂ν0u(0)

+
1

2

∫
Γ0

[
ν0 · ∇ξi · ξj + ν0 · ∇ξj · ξi + ξi · ∇ν0 · ξj

]
|∇u(0)|2

= −1

2

∫
Γ0

νi0ν
j
0

[
H0|∂ru(0)|2 + ∂r|∂ru(0)|2

]
+

1

2

∫
Γ0

2νi0ν
j
0r

−1
0 |∂ru(0)|2 + ∂iν

j
0 |∂ru(0)|2.

But we have∫
Γ0

νi0ν
j
0 = δij

m(Ω0)

r0
,

∫
Γ0

∂iν
j
0 =

∫
Γ0

H0ν
i
0ν

j
0 = δijH0

m(Ω0)

r0
.

From the last equation of ∂2
ije(Bx) we obtain

∂2
ije(Bx)|x0 =−1

2
δij

m(Ω0)

r0

[
H0|∂ru(0)|2 +∂r|∂ru(0)|2 − 2r−1

0 |∂ru(0)|2 −H0|∂ru(0)|2
]

=−δij
m(Ω0)

r0

[
∂2
ru(0) − r−1

0 ∂ru(0)
]
∂ru(0)

= δij
m(Ω0)

r0

[
Nr−N

0

∫ r0

0

sN−1f(s)ds− f(r0)

]
r1−N
0

∫ r0

0

sN−1f(s)ds,

which proves the proposition.
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Proof of Theorem 4.1. Item (i), respectively, item (ii), follows from Theo-
rem 1.4, respectively, Theorem 1.6—the hypotheses are satisfied from Lemma 4.5
and Proposition 4.6.

Acknowledgments. I am deeply grateful to professor Michel Pierre for sev-
eral comments and suggestions, as well as to one of the anonymous referees for his
constructive report.
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Abstract. The paper is concerned with an n-person differential game in one space dimension.
We state conditions for which the system of Hamilton–Jacobi equations for the value functions is
strictly hyperbolic. In the positive case, we show that the weak solution of a corresponding system
of conservation laws determines an n-tuple of feedback strategies. These yield a Nash equilibrium
solution to the noncooperative differential game.

Key words. noncooperative differential games, Nash equilibrium, system of Hamilton–Jacobi
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1. Introduction. This paper is concerned with the global existence of a Nash
equilibrium solution for a noncooperative n-person differential game. The evolution
of the system is governed by a differential equation of the form

ẋ(t) =
n∑

i=1

fi(x, ui),(1.1)

say, with initial data

x(τ) = y.(1.2)

Here the real valued map t �→ ui(t) is the control implemented by the ith player.
Together with (1.1) we consider the cost functionals

Ji = Ji(τ, y, u1, . . . , un)
.
=

∫ T

τ

hi(x(t), ui(t)) dt + gi(x(T )),(1.3)

consisting of a running cost hi and a terminal cost gi. The goal of the ith player is to
minimize Ji. An n-tuple of feedback strategies

U∗
i = U∗

i (t, x), i = 1, . . . , n,

is called a Nash equilibrium solution if the following holds. For each i, if the ith
player chooses an alternative strategy Ui while every other player sticks to his previous
strategy U∗

j , j �= i, then the cost for the ith player does not decrease:

Ji(τ, y, U
∗
1 , . . . , U

∗
i−1, Ui, U

∗
i+1, . . . , U

∗
n) ≥ Ji(τ, y, U

∗
1 , . . . , U

∗
i−1, U

∗
i , U

∗
i+1, . . . , U

∗
n).

(1.4)
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Assume that a value function V = (V1, . . . , Vn) exists, so that Vi(t, x) is the
minimum cost for the ith player, when everyone plays optimally but no cooperation
is allowed. Under suitable regularity conditions (see [F1, p. 292]), the function V
provides a solution to the system of Hamiltonian equations

∂

∂t
Vi + Hi(x,∇V1, . . . ,∇Vn) = 0,(1.5)

with terminal data

Vi(T, x) = gi(x).(1.6)

The Hamiltonian functions Hi are defined as follows. Assume that, for any given
gradient vectors p1, . . . , pn, there exist optimal control values u∗

j (x, pj), j = 1, . . . , n,
such that

pj · fj(x, u∗
j (x, pj)) + hj(x, u

∗(x, pj)) = min
ω∈R

{pj · fj(x, ω) + hj(x, ω)}.(1.7)

Then

Hi(x, p1, . . . , pm) = pi ·
m∑
j=1

fj(x, u
∗
j (x, pj)) + hi(x, u

∗
i (x, pi))

(1.8)
= pi ·

∑
j �=i

fj(x, u
∗
j (x, pj)) + min

ω∈R

{pi · fi(x, ω) + hi(x, ω)}.

In the case of a two-person, zero-sum differential game, the value function is
obtained from the scalar Bellman–Isaacs equation [F1, I]. The analysis can thus
rely on comparison principles and on the well-developed theory of viscosity solutions
for Hamilton–Jacobi equations; see, for example, [BC]. On the other hand, in the
case of noncooperative n-person games, one has to study a highly nonlinear system of
Hamilton–Jacobi equations. Little is yet known in this direction, except for particular
examples as in [CR, O]. Instead, local existence results are known within the class of
open-loop strategies [F1, VZ]. They apply to the case where the players cannot use
any additional information on the state x(t) of the system, for t > 0.

In the one-dimensional case, differentiating (1.5) with respect to (w.r.t.) x, one
obtains a system of conservation laws for the gradient functions pi

.
= Vi,x, namely,

pi,t + Hi(x, p)x = 0.(1.9)

In recent years, considerable progress has been achieved in the understanding of weak
solutions to hyperbolic systems of conservation laws in one space dimension. In par-
ticular, entropy admissible solutions with small total variation are known to be unique
and depend continuously on the initial data [B3, BLY]. Moreover, they can be ob-
tained as the unique limits of vanishing viscosity approximations [BB].

The aim of the present paper is to investigate the relevance of these new results in
the field of conservation laws toward the existence and stability of Nash equilibrium
solutions, in the context of differential games. In particular, our main goals are

• to identify the situations where the hyperbolic theory is applicable, and
• in the favorable case, to derive the existence and properties of a Nash equi-

librium solution.
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The hyperbolicity of the system is clearly a crucial assumption, in order that the
Cauchy problem for the value functions be well posed. In section 3 we show that
hyperbolicity holds provided that the derivatives of the cost functions gi all have the
same sign. In practice, this means that all players wish to steer the system in the
same direction.

Granted that the system is strictly hyperbolic, the known results on systems of
conservation laws can be applied. The theorem of Glimm [G] or its more general
versions [BB, ILF, L] provide then the existence of a global solution to the Hamilton–
Jacobi equations for terminal data gi whose gradients have sufficiently small total
variation.

To obtain an existence result for solutions of differential games, one has to show
that, for each single player, the feedback strategy corresponding to the solution of
the Hamilton–Jacobi system is indeed an optimal one. We remark that, if the value
functions Vi were smooth, the optimality would be an immediate consequence of the
equations. The main technical difficulty stems from the nondifferentiability of these
value functions.

In the literature on control theory, sufficient conditions for optimality have been
obtained along two main directions. On one hand, there is the “regular synthesis”
approach developed by Boltianskii [Bo], Brunovskii [Br], and Sussmann and Piccoli
[PS]. In this case, one typically requires that the value function be piecewise C1

and satisfy the Hamilton–Jacobi equations outside a finite or countable number of
smooth manifolds Mi. On the other hand, one can use the Crandall–Lions theory
of viscosity solutions, and show that the value function is the unique solution of the
Hamilton–Jacobi equation in the viscosity sense [BC].

None of these approaches is applicable in the present situation because of lack
of regularity. Indeed, each player now has to solve an optimal control problem for
a system whose dynamics (determined by the feedbacks used by all other players)
is discontinuous. Our proof of optimality will strongly rely on the special structure
of BV solutions of hyperbolic systems of conservation laws. In particular, we show
that the solution has bounded directional variation along a cone Γ bounded away
from all characteristic directions. As a consequence, the value functions Vi always
admit a directional derivative in the directions of the cone Γ. For trajectories whose
speed remains inside Γ, the optimality can thus be tested directly from the equations.
An additional argument, using Clarke’s generalized gradients [C], will rule out the
optimality of trajectories whose speed falls outside the above cone of directions.

It is interesting to observe that the entropy admissibility conditions play no role
in our analysis. For example, a solution of the system of conservation laws consisting
of a single, nonentropic shock still determines a Nash equilibrium solution, provided
that the amplitude of the shock is small enough. There is, however, a way to dis-
tinguish entropy solutions from all others that is also in the context of differential
games. Indeed, entropy solutions are precisely the ones obtained as vanishing viscos-
ity limits [BB]. They can thus be derived from a stochastic differential game of the
form

dx =
n∑

i=1

fi(x, ui) dt + ε dw,

letting the white noise parameter ε → 0. Here dw formally denotes the differential
of a Brownian motion. For a discussion of stochastic differential games we refer
to [F2].
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In general, a weak solution of the hyperbolic system of conservation laws uniquely
determines a family of discontinuous feedback controls U∗

i = U∗
i (t, x). Inserting these

controls in (1.1) we obtain the ODE

ẋ =

n∑
i=1

fi(x, U
∗
i (t, x)).(1.10)

In spite of the right-hand side being discontinuous, we show that the solution of the
Cauchy problem is unique and depends continuously on the initial data. Indeed, every
trajectory of (1.10) crosses transversally all lines of discontinuity in the functions fi.
Because of the bound on the total variation, the uniqueness result in [B1] can thus
be applied.

Our analysis will be concerned with the spatially homogeneous case, where the
functions fi, hi do not depend on x. In the last section we shall see what results
remain valid in the nonhomogeneous case, and discuss other possible extensions.

2. The basic framework. Consider an n-person differential game on the real
line, having the special form

ẋ = f0 +
∑
i

ui, x(τ) = y.(2.1)

Here the controls ui can be any measurable, real valued functions, while f0 is a fixed
real number. The cost functionals take the form

Ji = Ji(τ, y, u1, . . . , un) =

∫ T

τ

hi(ui(t)) dt + gi(x(T )).(2.2)

To simplify the problem, for the time being we thus assume that the system has the
simple dynamics (2.1) and that the running costs hi do not depend on the space
variable x. In section 6 we shall discuss how to extend the results to more general
situations.

A key assumption, used throughout the paper, is that the cost functions hi are
smooth and strictly convex, with a positive second derivative

∂2

∂ω2
hi(ω) > 0(2.3)

at every point ω. Each player seeks a feedback strategy ui = U∗
i (t, x), which minimizes

his own cost. Call Vi = Vi(τ, y) the value function for the ith player, and consider the
spatial derivative pi = Vi,x. The Hamiltonian functions Hi are defined as

Hi(p1, . . . , pn) = pi ·

⎛⎝f0 +
∑
j

u∗
j (pj)

⎞⎠ + hi(u
∗
i (pi)),(2.4)

where the controls u∗
j = u∗

j (pj) provide the solutions to the following minimization
problems:

pju
∗
j + hj(u

∗
j ) = min

ω
{pj · ω + hj(ω)} .

= φj(pj).(2.5)

At a point of minimum the first derivative vanishes. For every pj we thus have

pj +
∂hj

∂uj

(
u∗(pj)

)
= 0.(2.6)
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The Hamiltonian functions in (2.4) can also be written as

Hi(p1, . . . , pn) = pi

⎛⎝f0 +
∑
j �=i

u∗
j (pj)

⎞⎠ + φi(pi).(2.7)

The corresponding Hamilton–Jacobi equation for Vi takes the form

Vi,t + Hi(V1,x, . . . , Vn,x) = 0.(2.8)

To determine the value functions Vi, the above system has to be solved backward in
time, with data given at the terminal time t = T :

Vi(T, x) = gi(x), i = 1, . . . , n.(2.9)

In turn, the gradients pi
.
= Vi,x of the value functions satisfy the system of conservation

laws

∂

∂t
pi +

∂

∂x
Hi(p1, . . . , pn) = 0(2.10)

with the terminal data

pi(T, x) = g′i(x).(2.11)

Computing the Jacobian matrix A(p) of this system, with entries Aij = ∂Hi/∂pj , we
find

Aii = f0 +
∑
j

u∗
j (pj) = ẋ,(2.12)

Aij = pi
∂u∗

j (pj)

∂pj
= pi

∂2φj

∂p2
j

, i �= j.(2.13)

Indeed, by (2.6) the functions φj
.
= pju

∗
j (pj) + hj(u

∗
j (pj)) defined at (2.5) satisfy

∂φj

∂pj
= u∗

j + pj
∂u∗

j

∂pj
+

∂hj

∂uj

∂u∗
j

∂pj
= u∗

j .(2.14)

It will be convenient to write second derivatives as h′′
j

.
= ∂2hj/∂u

2
j , φ

′′
j

.
= ∂2φj/∂p

2
j .

Differentiating w.r.t. pj the identity (2.6), we find

1 + h′′
j (u∗

j (pj)) ·
∂u∗

j

∂pj
(pj) = 0.(2.15)

Using (2.14) and (2.15) one obtains

φ′′
j (pj) =

∂u∗
j

∂pj
(pj) = − 1

h′′
j (u∗

j (pj))
.(2.16)

Of course, this relation is well known from the theory of Legendre transforms.
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3. Hyperbolicity conditions. In order that the Cauchy problem (2.10)–(2.11)
be well posed, the system of conservation laws should be hyperbolic. It is thus im-
portant to determine in which cases the Jacobian matrix A(p) has n distinct real
eigenvalues. According to (2.12)–(2.13), this matrix takes the form

A(p) =

⎛⎜⎜⎜⎜⎜⎜⎝

ẋ p1φ
′′
2 p1φ

′′
3 · · · p1φ

′′
n

p2φ
′′
1 ẋ p2φ

′′
3 · · · p2φ

′′
n

p3φ
′′
1 p3φ

′′
2 ẋ · · · p2φ

′′
n

...
...

...
. . .

...
pnφ

′′
1 pnφ

′′
2 pnφ

′′
3 · · · ẋ

⎞⎟⎟⎟⎟⎟⎟⎠ .(3.1)

We recall that, by (2.16) and (2.3), all second derivatives φ′′
j are strictly negative.

The next lemma provides sufficient conditions on p1, . . . , pn by which the system of
conservation laws (2.10) is hyperbolic.

Lemma 3.1. Assume that all pj have the same sign, i.e., either pj > 0 for all j,
or pj < 0 for all j. Moreover, assume that there are no distinct indices i �= j �= k
such that

piφ
′′
i = pjφ

′′
j = pkφ

′′
k .(3.2)

Then the matrix A(p) in (3.1) has n real distinct eigenvalues, and the system in (2.10)
is strictly hyperbolic. Furthermore, all of these eigenvalues are different from ẋ.

Proof. To fix the ideas, consider the case where pi > 0 for all i = 1, . . . , n. The
case where pi < 0 is entirely similar.

Let B
.
= A−ẋI, where I is the n×n identity matrix, and call λ(A) the eigenvalues

of a matrix A. Since

λ(B) = λ(A) − ẋ,(3.3)

it suffices to show that B has n distinct real eigenvalues, all different from zero.
First we show that B has no zero eigenvalue. This is clear because

det(B) =

∣∣∣∣∣∣∣∣∣∣
0 p1φ

′′
2 · · · p1φ

′′
n

p2φ
′′
1 0 · · · p2φ

′′
n

...
...

. . .
...

pnφ
′′
1 pnφ

′′
2 · · · 0

∣∣∣∣∣∣∣∣∣∣
=

n∏
i=1

piφ
′′
i ·

∣∣∣∣∣∣∣∣∣
0 1 · · · 1
1 0 · · · 1
...

...
. . .

...
1 1 · · · 0

∣∣∣∣∣∣∣∣∣
= (−1)n−1(n− 1)

n∏
i=1

piφ
′′
i �= 0.

As customary, the bars | · | around a matrix are used here to denote its determinant.
The eigenvalues of B are the zeros of the characteristic polynomial det(B − λI).

We observe that

det(B − λI) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

− λ

p1φ′′
1

1 · · · 1

1 − λ

p2φ′′
2

· · · 1

...
...

. . .
...

1 1 · · · − λ

pnφ′′
n

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
·

n∏
i=1

piφ
′′
i .
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By assumption, the numbers ci
.
= −piφ

′′
i are all strictly positive. Up to a permutation

of indices, which does not affect the determinant, we can assume that 0 < c1 ≤ c2 ≤
· · · ≤ cn. The polynomial det(B − λI) has the same zeros as q(λ)

.
= det B̃(λ),

where

B̃(λ)
.
=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

λ

c1
1 · · · 1

1
λ

c2
· · · 1

...
...

. . .
...

1 1 · · · λ

cn

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
.(3.4)

The leading term of the polynomial q(λ) is easily computed:

q(λ) =
n∏

i=1

λ

ci
+ O(1) · λn−1.

For some constant M > 0 sufficiently large, we clearly have sign(q(λ)) = +1 for
λ > M and sign(q(λ)) = (−1)n for all λ < −M . Moreover, when λ = 0 we have
sign(q(0)) = (−1)n−1.

Two cases need to be considered, depending on whether all ci are distinct, or
whether two of them coincide.

First case. Assume that all the ci’s are distinct, say 0 < c1 < c2 < · · · < cn. Let
us compute the determinant of B̃(λ) at the point λ = ci. In this case, the ith row of

B̃(λ) is identically 1, and we can subtract it from all the other rows, thus obtaining

q(λ) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ci
c1

1 · · · 1

1
ci
c2

· · · 1

...
...

...
...

1 1
. . . 1

...
...

...
...

1 1 · · · ci
cn

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
←: ith row

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ci
c1

− 1 0 · · · 0

0
ci
c2

− 1 · · · 0

...
...

...
...

1 1
. . . 1

...
...

...
...

0 0 · · · ci
cn

− 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=

∏
j �=i

(
ci
cj

− 1

)
.

Since

sign

(
ci
cj

− 1

)
=

{
1 if i > j,

−1 if i < j,

we conclude that

sign(q(λ)) = (−1)n−i when λ = ci.
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c 1 c2 c 3 c 4 c n
c

n−1

λ
0

+ ++ + __+_ _

c 1 c2 c 3 c 4 c nc
n−1

λ
0

+   + _   +   +   + _  _ _

n even

n odd 

Fig. 3.1. The sign of det(B̄)(λ) at various points. This shows the location of the real eigenvalues.

As shown in Figure 3.1, the function λ �→ q(λ) thus changes sign inside each of
the intervals:

]−∞, 0[ , ]c1, c2[ , . . . , ]ci−1, ci[ , . . . , ]cn−1, cn[ .

By continuity, there exist n distinct real zeros, with

λ1 < 0 < c1 < λ2 < c2 < · · · < ci−1 < λi < ci < · · · < λn < cn.

Notice that we must have |λ1| =
∑n

i=2 |λi| because the trace of B̃ is zero.

Second case. Assume that two (but not three consecutive) numbers ci coincide,
say, ci = ci+1. We claim that the polynomial q(λ) still has n distinct zeros, and the
(i + 1)th zero is λi+1 = ci = ci+1.

When λ = ci = ci+1, the matrix B̃(λ) has both the ith and the (i + 1)th rows
identically equal to 1. Hence the determinant is zero. This shows that λi+1 = ci = ci+1

is a zero of q(λ).

To prove that it is a single root, we need to check that the derivative q′(λ) does
not vanish at λ = ci. A direct computation yields

q′(λ) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1

c1
1 · · · 1

0
λ

c2
· · · 1

...
...

. . .
...

0 1 · · · λ

cn

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

λ

c1
0 · · · 1

1
1

c2
· · · 1

...
...

. . .
...

1 0 · · · λ

cn

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
+ · · · +

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

λ

c1
1 · · · 0

1
λ

c2
· · · 0

...
...

. . .
...

1 1 · · · 1

cn

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.
= detB1(λ) + detB2(λ) + · · · + detBn(λ).

When λ = ci = ci+1 we have detBj(λ) = 0 for all j �= i, i + 1, because the ith
and (i + 1)th rows of the matrix Bj are identical (all entries are 1 except the jth
entry which is 0). Moreover, detBi(λ) = detBi+1(λ) because Bi(λ) can be obtained
from Bi+1(λ) by first exchanging ith and (i+ 1)th rows and then exchanging ith and
(i + 1)th columns. Now we compute detBi(λ). The entries of the (i + 1)th row are
all 1 except the ith entry which is zero. We subtract this row from all the other rows
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and obtain

detBi(λ) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ci
c1

· · · 0 1 · · · 1

...
. . .

...
...

...
...

1 · · · 1

ci
1 · · · 1

1 · · · 0 1 · · · 1
...

...
...

...
. . .

...

1 · · · 0 1 · · · ci
cn

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

←: ith row,

←: (i + 1)th row,

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ci
c1

− 1 · · · 0 0 · · · 0

...
. . .

...
...

...
...

0 · · · 1

ci
0 · · · 0

1 · · · 0 1 · · · 1
...

...
...

...
. . .

...

0 · · · 0 0 · · · ci
cn

− 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

←: ith row,

←: (i + 1)th row,

=
1

ci

∏
j �=i,i−1

(
ci
cj

− 1

)
�= 0.

Observing that q′(ci) = 2 · detBi(ci) �= 0, we conclude that λ = ci is a single root.
It now remains to prove that we still have n distinct real zeros, i.e., that the

coincidence of the two numbers ci and ci+1 does not destroy any of the other sign
changes in the polynomial q(λ). In particular, there is still a zero inside each interval
]ci−1, ci[ and ]ci+1, ci+2[. From the previous computation we have that

sign(q′(ci)) = (−1)n−i−1,

sign(q(ci−1)) = (−1)n−i+1,

sign(q(ci+2)) = (−1)n−i−2.

Therefore, q′(ci) and q(ci−1) have the same sign, while q′(ci) and q(ci+2) have opposite
signs. Looking at Figure 3.2 it is clear that there is one root within the interval
]ci−1, ci[, another inside the interval ]ci+1, ci+2[ , while λ = ci = ci+1 is still another
root.

In the special case i = 1 (or i = n − 1), it can be checked in the same way that
c1 = c2 (or cn−1 = cn) is a single root, while another root lies in the interval ]c2, c3[
(or in the interval ]cn−2, cn−1[, respectively).

At last, we need to consider the case where more than one couple of numbers ci,
ci+1 coincide. We claim that, in all cases, the polynomial q(λ) still has n distinct
roots. Indeed, in the case where the two coinciding pairs ci = ci+1, cj = cj+1 are not
adjacent (i.e., j �= i + 2), the previous analysis applies. On the other hand, in the
case where, say, ci−2 = ci−1 < ci = ci+1, the analysis of the signs of q′(ci−1), q

′(ci),
q(ci+2), and q(ci−3) (see Figure 3.3) yields the desired results.

The proof of Lemma 3.1 is now completed.
Remark 1. If three or more of the numbers cj coincide, say, ci−1 = ci = ci+1,

then ci becomes a multiple zero of det(B−λI). In this case, the system of conservation
laws will still be hyperbolic, but no longer strictly hyperbolic.
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c i−1
c i+2c i+1

c i =
λ

c i−1
c i+2c i+1c i =

λ

A).

B).

λd(   )

Fig. 3.2. Checking that λ = ci = ci+1 is a single root.

c i+2c i+1
c i =i−3c c i−1

c
i−2=

λ

c i+2c i+1c i =c i−3 c i−2=c i−1
λ

B).

A).
λd(   )

Fig. 3.3. Two coinciding pairs next to each other.

Remark 2. In the case of 2 × 2 systems, the condition p1p2 ≥ 0 is necessary for
the hyperbolicity of the system. However, when n ≥ 3, the system (2.10) can be
strictly hyperbolic also at points where p1 < 0 < p2 < p3. For example, let n = 3,
φ′′
i = −1 for all i, p1 = −1, p2 = 5, and p3 = 20. Then the characteristic polynomial

q(λ) = det B̄(λ) is

q(λ) = λ3 − 75λ + 200.

One can easily check that

q(−10) = −50, q(0) = 200, q(5) = −50, q(10) = 450.

Therefore, there are three distinct real eigenvalues:

λ1 ∈ ]−10, 0[, λ2 ∈ ]0, 5[, λ3 ∈ ]5, 10[.

4. Review of hyperbolic systems and discontinuous ODE. In this section
we collect some results on hyperbolic conservation laws and discontinuous ODEs,
which will be used in what follows. Consider the Cauchy problem for a system of
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conservation laws

vt + F (v)x = 0, v(0, x) = v̄(x).(4.1)

In the case where the system is strictly hyperbolic, the global existence of weak
solutions with small BV initial data is well known.

Proposition 4.1. Assume that the flux function F : R
n �→ R

n is smooth and
that, at some point v∗, the Jacobian matrix A(v∗) = DF (v∗) has n real distinct
eigenvalues. Then there exists δ > 0 for which the following holds. If

‖v̄(·) − v∗‖L∞ < δ, Tot.Var.{v̄} < δ,(4.2)

then the Cauchy problem (4.1) admits a unique entropy weak solution v = v(t, x)
defined for all t ≥ 0, obtained as the limit of vanishing viscosity approximations.

In the case where each characteristic field is either linearly degenerate or genuinely
nonlinear, the existence of a global weak solution was proved by Glimm [G]. The
more general case was later covered in [L, ILF] using the Glimm scheme and in [AM]
using wave-front tracking. The convergence of vanishing viscosity approximations
was recently proved in [BB], together with the uniqueness and Lipschitz continuous
dependence of solutions on the initial data in the L1 distance. We remark that, for
each time t, the function v(t, ·) has small total variation. Its pointwise values can be
uniquely assigned by the convention

v(t, x) = lim
y→x+

v(t, y).(4.3)

For applications to game theory, we shall need some additional properties of these
weak solutions. By assumption, the matrix A(v∗) has distinct eigenvalues λ∗

1 < λ∗
2 <

· · · < λ∗
n. By continuity, there exists ε > 0 such that, for all v in the ε-neighborhood

Ω∗
ε
.
= {v; |v − v∗| ≤ ε},

the characteristic speeds range inside disjoint intervals

λj(v) ∈ [λ−
j , λ

+
j ].(4.4)

Moreover, if v−, v+ ∈ Ω∗
ε are two states connected by a j-shock, the speed λj(v

−, v+)
of the shock remains inside the interval [λ−

j , λ
+
j ].

Now consider an open cone of the form

Γ
.
= {(t, x); t > 0, a < x/t < b}.(4.5)

Following [B1] we define the directional variation of the function (t, x) �→ v(t, x) along
the cone Γ as

sup

{
N∑
i=1

|v(ti, xi) − v(ti−1, xi−1)|
}
,(4.6)

where the supremum is taken over all finite sequences (t0, x0), (t1, x1), . . . , (tN , xN )
such that

(ti − ti−1, xi − xi−1) ∈ Γ for every i = 1, . . . , N.(4.7)
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(t  , x  )i i

y
Γ

x

t1

a

b

Fig. 4.1. Directional variation along the cone Γ.

(See Figure 4.1.) We now show that the weak solution v = v(t, x) has bounded
directional variation along a suitable cone Γ.

Lemma 4.2. Let v = v(t, x) be an entropy weak solution of (4.1) taking values
inside the domain Ω∗

ε. Assume that λ+
k−1 < a < b < λ−

k for some k. Then v has
bounded directional variation along the cone Γ in (4.5).

Proof. Fix any finite sequence of points (ti, xi), i = 0, . . . , N , satisfying (4.7). It
is not restrictive to assume that t0 = 0. Call T

.
= tN and define y : [0, T ] �→ R as

the polygonal line with nodes at the points (ti, xi) (Figure 4.1). Clearly y is almost
everywhere differentiable, with ẏ(t) ∈ ]a, b[. From the theory of conservation laws,
it is well known that the entropy weak solution v can be obtained as the limit of a
sequence of front tracking approximate solutions vν . For each ν ≥ 1, one can derive
a uniform bound on the total variation of the map t �→ vν(t, y(t)). Indeed, call V y(t)
the total strength of all wave-fronts in vν(t, ·) approaching y(t) at time t, i.e.,

V y(t)
.
=

∑
α∈A(y)

|σα| .(4.8)

Here σα denotes the strength of the wave-front in vν(t, ·) located at xα. Observing
that λ+

k < ẏ < λ−
k+1, the above summation will include the following fronts:

• the fronts of a family kα ≤ k located at a point xα > y, and
• the fronts of a family kα > k located at a point xα < y.

We now call

Q(t) =
∑

α,β∈A
|σα||σβ |(4.9)

the interaction potential of vν(t, ·), i.e., the sum of products of all couples of approach-
ing waves in vν(t, ·). Assuming that the total variation of the solution remains small,
for some constant C0 the positive functional

Υ(t)
.
= V y(t) + C0Q(t)

is nonincreasing in time. Moreover, at each time τ where a wave-front of strength σα

crosses y(·), we have

Υ(τ+) − Υ(τ−) = −|σα|.
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Therefore, the total strength of all wave-fronts in vν which cross the polygonal line
y(·) is bounded by

V y(0) + C0Q(0) = O(1) · Tot.Var.{v̄}.

This proves that the total variation of the maps t �→ vν
(
t, y(t)

)
is uniformly bounded

for all ν ≥ 1. To get the desired estimate for the solution v, we now let ν → ∞. If we
have the pointwise convergence vν(ti, xi) → v(ti, xi) for every i = 0, . . . , N , we can
immediately conclude

N∑
i=1

|v(ti, xi) − v(ti−1, xi−1)| ≤ lim sup
ν→∞

|vν(ti, xi) − vν(ti−1, xi−1)|

= O(1) · Tot.Var.{v̄},

proving our claim. However, if v is discontinuous at some point (ti, xi), the pointwise
convergence may not hold. To achieve the result also in the general case we observe
that, for each time τ , we have the convergence vν(τ, x) → v(τ, x) for a.e. x ∈ R. Using
the right continuity of the functions v(ti, ·), we can find points x′

i sufficiently close
to xi such that

|v(ti, x′
i) − v(ti, xi)| < 1/N, (ti − ti−1, x

′
i − x′

i−1) ∈ Γ,

and such that vν(ti, x
′
i) → v(ti, x

′
i) for every i. This yields the estimate

N∑
i=1

|v(ti, xi) − v(ti−1, xi−1)|

≤
N∑
i=1

{|v(ti, x′
i) − v(ti−1, x

′
i−1)| + |v(ti, x′

i) − v(ti−1, xi)|

+|v(ti, x′
i−1) − v(ti−1, xi−1)|}

≤ 2 + lim sup
ν→∞

N∑
i=1

|vν(ti, xi) − vν(ti−1, xi−1)|

= 2 + O(1) · Tot.Var.{v̄},

proving the lemma.

Together with Γ we now consider a strictly smaller cone, say,

Γ′ .
= {(t, x); t > 0, a′ < x/t < b′},(4.10)

with a < a′ < b′ < b. A standard theorem in real analysis states that a BV function
of one real variable admits left and right limits at every point. We now prove an
analogous result for functions with bounded directional variation.

Lemma 4.3. Let v = v(t, x) be a function with bounded directional variation
along the cone Γ in (4.5), and consider the smaller cone Γ′ ⊂ Γ in (4.10), with
a < a′ < b′ < b. Then at every point P = (t, x) there exist the directional limits

v+(P )
.
= lim

Q→P, Q−P∈Γ′
v(Q), v−(P )

.
= lim

Q→P, P−Q∈Γ′
v(Q).(4.11)



NONCOOPERATIVE DIFFERENTIAL GAMES 207

Proof. If the first limit does not exist, we can find two sequences Q′
ν → P ,

Q′′
ν → P with Q′

ν − P ∈ Γ′, Q′′
ν − P ∈ Γ′ for every ν ≥ 1, along which the function v

converges to distinct limits:

v(Q′
ν) → v′, v(Q′′

ν) → v′′,

with v′ �= v′′. Since Γ′ is strictly smaller than Γ, by induction we can select two
subsequences

Q′
ν(1), Q

′
ν(2), . . . , Q′′

ν(1), Q
′′
ν(2), . . . ,

such that

Q′
ν(j) −Q′′

ν(j) ∈ Γ, Q′′
ν(j) −Q′

ν(j+1) ∈ Γ

for every j. In this case

lim
N→∞

N∑
i=1

|v(Q′
ν(j)) − v(Q′′

ν(j))| = ∞,

in contrast with the assumption of bounded directional variation. This proves the
existence of the first limit in (4.11). The second one is entirely similar.

Next, we recall some results on differential equations with discontinuous right-
hand sides. Let f = f(t, x) be a bounded function. By a Carathéodory solution of the
ODE

ẋ(t) = f(t, x(t)),(4.12)

we mean an absolutely continuous function t �→ x(t) which satisfies the equation
(4.12) at a.e. time t.

In the case where f is discontinuous, it is well known that the Cauchy problem
may have no Carathéodory solutions. One can then relax the concept of solution,
introducing multivalued regularizations of f . For example, consider the multifunction

F (t, x)
.
=

⋂
ε>0

co{f(s, y); |s− t| ≤ ε, |y − x| ≤ ε},(4.13)

where co denotes the convex closure of a set. Following [H], by a Krasovskii solution
of (4.12) we mean an absolutely continuous function t �→ x(t) which satisfies the
differential inclusion

ẋ(t) ∈ F (t, x(t))(4.14)

at a.e. time t. Another concept of solution, proposed by Filippov, relates to the
multifunction

F ∗(t, x)
.
=

⋂
ε>0

⋂
meas(N )=0

co{f(s, y); |s− t| ≤ ε, |y − x| ≤ ε, (s, y) /∈ N},(4.15)

obtained as in (4.13), neglecting the behavior of f on sets of measure zero. An abso-
lutely continuous function t �→ x(t) which satisfies almost everywhere the differential
inclusion

ẋ(t) ∈ F ∗(t, x(t))(4.16)
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is called a Filippov solution of (4.12). Notice that F ∗ ⊆ F . Moreover, the multifunc-
tion F ∗(t, x) is not affected if the function f is modified on sets of measure zero.

Under the only assumption that f is bounded, it is well known that the multi-
functions F , F ∗ are both upper semicontinuous, with compact convex values [AC].
Hence the Cauchy problem

ẋ(t) = f(t, x(t)), x(s) = y(4.17)

admits at least one solution, according to the definitions of Filippov and of Krasovskii.
In the case where the function f has directionally bounded variation, a much stronger
result can be proved.

Lemma 4.4. Assume that the function f has bounded directional variation along
the cone Γ in (4.5). Moreover, assume that

a < a′ ≤ f(t, x) ≤ b′ < b

for all t, x. Then the Cauchy problem (4.17) has a unique Carathéodory solution,
Lipschitz continuously depending on the initial data (s, y). Such a solution is also the
unique Krasovskii and Filippov solution of the Cauchy problem.

Proof. The existence, uniqueness, and continuous dependence of the Carathéo-
dory solution was proved in [B1]. For directionally continuous vector fields, the equiv-
alence between Carathéodory, Filippov, and Krasovskii solutions was shown in [B2,
p. 26].

We conclude this section by proving a simple result from nonsmooth analysis.

Lemma 4.5. Consider a Lipschitz continuous function V = V (t, x) and call
(φ, ψ)

.
= (Vt, Vx) its partial derivatives, defined at a.e. point (t, x). Let Γ be the cone

at (4.5). Assume that, at a given point (t̄, x̄), there exists the directional limit

(φ̄, ψ̄) = lim
(t,x)→(t̄,x̄)

(t−t̄,x−x̄)∈Γ

(φ(t, x), ψ(t, x)) .(4.18)

Moreover, consider a continuous function t �→ x(t) which is differentiable at t = t̄ and
assume

x(t̄) = x̄, ẋ(t̄) ∈ ]a, b[.

Then the composite function admits the one-sided derivative

lim
h→0+

V (t̄ + h, x(t̄ + h)) − V (t̄, x̄)

h
= φ̄ + ψ̄ · ẋ(t̄).(4.19)

Proof. From the theory of generalized gradients [C] it follows that, for h > 0
small,

V (t̄ + h, x(t̄ + h)) − V (t̄, x̄) ∈ h · co{φ(t, x); t̄ < t < t + h, (t− t̄, x− x̄) ∈ Γ}
+ h · co{ψ(t, x); t̄ < t < t + h, (t− t̄, x− x̄) ∈ Γ} · [x(t) − x̄].

Letting h → 0+ and using (4.18) one obtains (4.19).
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5. Optimal feedback strategies. The analysis in section 3 has identified con-
ditions which ensure that the system of conservation laws (2.10) is strictly hyperbolic
in a neighborhood of a point p = (p1, p2, . . . , pn). In this case, assuming that the
terminal condition (2.11) has small total variation, one can apply Glimm’s theorem
and obtain the global existence of a weak solution. We shall now prove that the com-
ponents of this solution determine a family of feedback strategies ui = U∗

i (t, x), which
provide a Nash equilibrium solution to the noncooperative differential game.

Theorem 5.1. Consider the differential game (2.1)–(2.2), where the cost func-
tions hi are smooth and satisfy the convexity assumption (2.3). In connection with
the functions φj at (2.5), let p∗

.
= (p∗1, . . . , p

∗
n) be a point where the assumptions of

Lemma 3.1 are satisfied. Then there exists δ > 0 such that the following holds. If

‖g′i − p∗i ‖L∞ < δ, Tot.Var.{g′i(·)} < δ,(5.1)

then for any T > 0 the terminal value problem (2.10)–(2.11) has a weak solution p :
[0, T ]×R �→ R

n. The (possibly discontinuous) feedback controls U∗
j (t, x)

.
= u∗

j (p(t, x))
defined at (2.5) provide a Nash equilibrium solution to the differential game. The
trajectories t �→ x(t) are Lipschitz continuous functions of the initial data (τ, y).

Proof. The proof will be given in several steps.
Step 1. By the assumptions, the system of conservation laws

∂

∂t
vi −

∂

∂x
Hi(v1, . . . , vn) = 0(5.2)

is strictly hyperbolic in a neighborhood of the point p∗. Given the initial data vi(0, x) =
g′i(x) with sufficiently small total variation, by Proposition 4.1 the Cauchy problem
admits a weak solution v = v(t, x), defined for all t ≥ 0. Reversing time, we thus ob-
tain a weak solution p(t, x)

.
= v(T − t, x) of the terminal value problem (2.10)–(2.11).

For each time t, the map x �→ p(t, x) has small total variation. Its pointwise values
can be uniquely assigned by the convention

p(t, x) = lim
y→x+

p(t, y).(5.3)

Step 2. By strict hyperbolicity and continuity, there exists ε > 0 such that, for
all p in the ε-neighborhood

Ω∗
ε
.
= {p; |p− p∗| ≤ ε} ⊂ R

n,(5.4)

the following holds. The characteristic speeds for (2.10) range inside disjoint intervals

λj(p) ∈ [λ−
j , λ

+
j ].(5.5)

Moreover, the speed ẋ at (2.1) remains bounded away from all characteristic speeds.
Namely, there exists an index k ∈ {1, . . . , n − 1} and numbers ε > 0 and a < b such
that

λ+
k < a− ε < b + ε < λ−

k+1(5.6)

and

f0 +
∑
j

u∗
j (pj) ∈ [a + ε, b− ε](5.7)
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whenever p ∈ Ω∗
ε.

Together with the cone Γ at (4.5) we now define

Γ+
ε

.
= {(t, x); t > 0, a− ε ≤ x/t ≤ b + ε},

Γ−
ε

.
= {(t, x); t > 0, a + ε ≤ x/t ≤ b− ε}.

Clearly, Γ−
ε ⊂ Γ ⊂ Γ+

ε . By Lemma 4.2, each pi = pi(t, x) has bounded variation
in the direction of the cone Γ. By the assumptions, the maps pj �→ u∗

j (pj) in (2.5)
are locally Lipschitz continuous. Hence, for i = 1, . . . , n, all the composed maps
(t, x) �→ u∗

i (pi(t, x)) also have bounded directional variation along the cone Γ. By
(5.7) we can thus apply Lemma 4.4, showing that the Cauchy problem for the ODE

ẋ(t) = f0 +
∑
j

u∗
j (pj(t, x))(5.8)

has a unique Carathéodory (equivalently, Filippov or Krasovskii) solution, depending
Lipschitz continuously on initial data (τ, y) in (1.2).

Step 3. We now construct the value functions Vi, corresponding to the feedback
strategies U∗

j (t, x)
.
= u∗

j (pj(t, x)). For j = 1, . . . , n, define the cost functions

h∗
j (t, x)

.
= hj(u

∗
j (pj(t, x))).

Given a point (τ, ξ), let t �→ x(t; τ, ξ) be the trajectory of (5.8) passing through (τ, ξ).
For each i = 1, . . . , n we define

Vi(τ, ξ)
.
=

∫ T

τ

h∗
i (t, x(t; τ, ξ)) dt + gi(x(T ; τ, ξ)).(5.9)

By the same arguments as in [B1] one can show that the functions Vi = Vi(t, x)
are Lipschitz continuous, and hence almost everywhere differentiable. At every point
where the differential exists, by construction one has

∂Vi

∂t
+ ẋ · ∂Vi

∂x
= −h∗

i (t, x).(5.10)

To derive further properties of the gradient of Vi, fix a time τ and any two points
ξ′ < ξ′′. We claim that

Vi(τ, ξ
′′) − Vi(τ, ξ

′) =

∫ ξ′′

ξ′
pi(τ, x) dx.(5.11)

Indeed, let x′(·) and x′′(·) be the two trajectories of (5.8) which start from the initial
points x′(τ) = ξ′ and x′′(τ) = ξ′′, respectively. Consider the region ∆ ⊂ R

2 defined
as

∆
.
= {(t, x); τ ≤ t ≤ T, x′(t) ≤ x ≤ x′′(t)}.

Applying the divergence theorem to the vector field v
.
= (pi, Hi) on the domain ∆

and using the conservation equation (2.10), we obtain∫ x′′(T )

x′(T )

pi(T, x) dx =

∫ ξ′′

ξ′
pi(τ, x) dx +

∫ T

τ

{[pi · ẋ′ + h∗
i (t, x

′(t))] − pi · ẋ′} dt

−
∫ T

τ

{[pi · ẋ′′ + h∗
i (t, x

′′(t))] − pi · ẋ′′} dt.
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Observing that pi(T, x) = gi,x(x) = Vi,x(T, x), we conclude

gi(x
′′(T )) − gi(x

′(T )) =

∫ ξ′′

ξ′
pi(τ, x) dx +

∫ T

τ

[h∗
i (t, x

′(t)) − h∗
i (t, x

′′(t))] dt.

The above two equalities yield (5.11). Since ξ′, ξ′′ are arbitrary, this in turn implies

Vi,x = pi(5.12)

at a.e. point (t, x). Together with (5.10), this yields

Vi,t = −pi ·

⎛⎝f0 +
∑
j

u∗
j (pj)

⎞⎠− h∗
i .(5.13)

Therefore, the value functions (V1, . . . , Vn) satisfy almost everywhere the system of
Hamilton–Jacobi equations

Vi,t + Vi,x ·

⎛⎝f0 +
∑
j

u∗
j (Vj,x)

⎞⎠ + hi(u
∗
i (Vi,x)) = 0.(5.14)

We recall that u∗
j = u∗

j (pj) are the optimal control values defined at (2.5).
Step 4. We now conclude the proof, showing that the feedback strategies U∗

j (t, x)
.
=

u∗
j (pj(t, x)) represent a Nash equilibrium solution. Fix an index i ∈ {1, . . . , n} and

consider the optimal control problem for the ith player:

min
z(·)

{∫ T

τ

hi(z(t)) dt + gi(T, x(T ))

}
,(5.15)

ẋ(t) = f0 +
∑
j �=i

U∗
j (t, x) + z(t), x(τ) = y.(5.16)

We claim that the minimum cost is precisely Vi(τ, y). Consider any absolutely contin-
uous trajectory x : [τ, T ] �→ R with x(τ) = y. It suffices to show that, for a.e. t ∈ [τ, T ],

d

dt
Vi(t, x(t)) ≥ −hi(z(t)),(5.17)

where the control function z(·) implemented by the ith player is

z(t)
.
= ẋ(t) − f0 −

∑
j �=i

U∗
j (t, x).

Indeed, if (5.17) holds, then∫ T

τ

hi(z(t)) dt + gi(T, x(T )) ≥
∫ T

τ

{
− d

dt
Vi(t, x(t))

}
dt + Vi(T, x(T )) = Vi(τ, y),

as claimed.
We now give a proof of (5.17), assuming that the total variation of the functions

g′j(·) is sufficiently small. In connection with the vector p∗ = (p∗1, . . . , p
∗
n) considered

in (5.1), define the constant controls

ω∗
j

.
= u∗

j (p
∗
j ).



212 ALBERTO BRESSAN AND WEN SHEN

Moreover, recalling (5.13), set

q∗i
.
= −p∗i ·

⎛⎝f0 +
∑
j

ω∗
j

⎞⎠− hi(ω
∗
i ).

Choose ε1 > 0 small enough so that, if |uj − ω∗
j | ≤ ε1 for all j, then

ẋ = f0 +
∑
j

uj ∈ [a + ε, b− ε].(5.18)

Observe that our definitions imply

q∗i + p∗i ·

⎛⎝f0 +
∑
j �=i

ω∗
j

⎞⎠ + min
ω

{p∗iω + hi(ω)} = 0.

By the strict convexity of the cost function hi at (2.5), there exists δ′ > 0 such that

q∗i + p∗i ·

⎛⎝f0 +
∑
j �=i

ω∗
j

⎞⎠ + p∗iω + hi(ω) > δ′

whenever |ω − ω∗
i | ≥ ε1. By continuity, there exists ε2 > 0 such that, if

|qj − q∗j | ≤ ε2, |pj − p∗j | ≤ ε2, j = 1, . . . , n,(5.19)

|ω − ω∗
i | ≥ ε1, |uj − ω∗

j | ≤ ε2, j �= i,(5.20)

then

qi + pi ·

⎛⎝f0 +
∑
j �=i

uj

⎞⎠ + piω + hi(ω) > 0.(5.21)

Choosing δ > 0 in (5.1) sufficiently small, we can assume that the partial derivatives
pj = Vj,x, qj = Vj,t satisfy almost everywhere all the bounds in (5.19). Moreover, for
j �= i, the functions uj = u∗

j (pj) satisfy the bounds in (5.20). Observe that a.e. time
t̄ ∈ [0, T ] is in the Lebesgue set of all three measurable functions

z(t),
d

dt
x(t),

d

dt
Vi(t, x(t))

(see [Fo, p. 92]). Choose any such Lebesgue point t̄ and call x̄ = x(t̄). To prove (5.17)
we consider two alternatives.

Case 1. |z(t̄)−ω∗
i | ≤ ε1. In this case (5.18) holds. Define the “one-sided” partial

derivatives of Vi at (t̄, x̄):

(φ̄i, ψ̄i) = lim
(t,x)→(t̄,x̄)

(t−t̄,x−x̄)∈Γ

(Vi,t(t, x), Vi,x(t, x)).(5.22)

Notice that these directional limits exist because of (5.12)–(5.13) and the directional
continuity of all functions pj . Since (5.14) holds almost everywhere, we have

φ̄i + ψ̄i

⎛⎝f0 +
∑
j �=i

u∗
j (ψ̄j)

⎞⎠ + min
ω

{ψ̄iω + hi(ω)} = 0.(5.23)
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By the assumptions, the function t �→ Vi(t, x(t)) is differentiable at t = t̄. Its derivative
can be computed by taking the one-sided limit in (4.19). Using Lemma 4.5 together
with (5.23) we obtain

d

dt
Vi(t, x(t))

∣∣∣∣
t=t̄

= φ̄i + ψ̄iẋ(t)

= −hi(z(t)) + {ψ̄iz(t) + hi(z(t))} − min
ω

{ψ̄i ω + hi(ω)}

≥ −hi(z(t)).

Hence (5.17) holds.
Case 2. |z(t̄) − ω∗

i | > ε1. In this case, by a nonsmooth version of the chain rule
[C], there exist numbers

φi ∈ co{Vi,t(t, x); t ∈ [0, T ], x ∈ R},
ψi ∈ co{Vi,x(t, x); t ∈ [0, T ], x ∈ R}

such that, at t = t̄,

d

dt
Vi(t, x(t))

∣∣∣∣
t=t̄

= φi + ψiẋ(t̄).(5.24)

The previous assumptions now imply

|φi − q∗j | ≤ ε2, |ψi − p∗i | ≤ ε2.

Hence, by (5.21),

d

dt
Vi(t, x(t))

∣∣∣∣
t=t̄

= φi + ψi

⎛⎝f0 +
∑
j �=i

u∗
j (pj)

⎞⎠ + ψiz(t̄) > −hi(z(t̄)),(5.25)

showing that (5.17) holds also in this case. This completes the proof of Theorem 5.1.
We remark that, if the other players adopt the feedback strategies uj = U∗

j (t, x), the
choice ui = U∗

i (t, x) is the unique optimal strategy for the ith player.

6. Concluding remarks. In this final section we point out some possible ex-
tensions of our previous results. Consider a differential game with the more general
form

ẋ = f0 +

n∑
i=1

fi(ũi)(6.1)

and cost functionals

Ji
.
=

∫ T

τ

h̃i(ũi(t)) dt + gi(x(T )).(6.2)

Assume that each fi is a homeomorphism from a (possibly unbounded) open interval
]ai, bi[ into R, with a smooth inverse f−1

i : R �→ ]ai, bi[. Then the reparametrization
of the control functions ui

.
= fi(ũi) puts the system (6.1)–(6.2) in the standard form

(2.1)–(2.2), with hi(ω)
.
= h̃i(f

−1
i (ω)). Of course, the key assumption (2.3) must now

be carefully checked.
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If the functions fi in (6.1) and the running costs hi in (6.2) also depend on x,
then the corresponding system of conservation laws (1.9) will also depend on the
space variable x. Assuming that the system is strictly hyperbolic, one can then use
the results in [DH], and obtain the local existence of weak solutions, on a time interval
[0, T ] suitably small. A similar analysis as in previous sections would now provide the
existence of a Nash equilibrium solution in feedback form, but only locally in time.

Another possible extension of our results is to the case where the data g′i(·) have
large total variation. Using the local existence theorem of Schochet [Sc], one can
still construct a weak solution to the system of conservation laws (2.10), at least on a
short time interval [0, T ]. For large BV solutions, however, checking that the feedbacks
U∗
i (t, x)

.
= u∗(pi(t, x)) at (2.5) yield a Nash equilibrium solution to the differential

game will require a more accurate analysis. Furthermore, it is not clear whether, for
large BV initial data, the solution to the system of conservation laws (5.2) can blow
up in finite time. For general hyperbolic systems this can indeed happen [J]. The
particular form of the flux functions Hi, however, may prevent such a blow up. To
understand the matter, a more detailed analysis is again required.

The basic assumption in Theorem 5.1 was the hyperbolicity of the Hamiltonian
system, in a neighborhood of the reference point p∗. When this condition is violated,
searching for a Nash equilibrium in feedback form leads to an elliptic Cauchy problem.
It is well known that this is ill posed [Lx]. Indeed, by elementary Fourier analysis one
checks that even the constant solutions are linearly unstable. It thus appears that,
in the elliptic regime, the model provided by noncooperative games must be revised.
A concept of a “partially cooperative” solution should be considered, in order to
recover the well posedness of the problem. This will be the content of a forthcoming
paper [BS].

REFERENCES

[AM] F. Ancona and A. Marson, Well-Posedness for General 2 × 2 Systems of Conservation
Laws, Mem. Amer. Math. Soc., 169 (801) (2004).

[AC] J. P. Aubin and A. Cellina, Differential Inclusions, Springer-Verlag, Berlin, 1984.
[BC] M. Bardi and I. Capuzzo Dolcetta, Optimal Control and Viscosity Solutions of Hamilton-

Jacobi-Bellman Equations, Birkhäuser, Boston, 1997.
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Abstract. The purpose of this paper is to attain some optimality conditions for the identification
of a diffusion matrix (material) under several restrictions. Assuming that the set of such diffusion
matrices is closed for the H-convergence, we give a method to obtain admissible directions which
applies to a not-necessarily convex control set. Our results permit obtaining the diffusion matrix
from the state functions.
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1. Introduction. The problem we consider in the present paper is related to
the choice of an optimal material under several conditions, or the identification of a
material from a finite number of observations. In a mathematical setting, we have the
model problem

min
A∈M(Ω)

J(y1, . . . , yk),(1.1)

where yi = yi(A), 1 ≤ i ≤ k, are the solutions of the equations{ −divA∇yi = fi in D′(Ω),

yi ∈ H1
0 (Ω), 1 ≤ i ≤ k.

(1.2)

Here Ω is a bounded open set of RN , J is a smooth objective functional in H1
0 (Ω)k,

f1, . . . , fk are k fixed elements of H−1(Ω), and M(Ω) is a given set of measurable
functions with values in the space of symmetric matrices of order N . The elements
of M(Ω) are uniformly elliptic and bounded. Clearly, other generalizations can be
considered: J depending on A, other boundary conditions, etc. A physical example
is the identification of a material. For this purpose, we apply a finite number k of
external conditions (in our case they are represented by fi) and in each case we realize
a measure of the corresponding state. For example, we give the value zi of the state
in a subset ω ⊂ Ω. Then the problem can be formulated as

min

k∑
i=1

∫
ω

|yi − zi|2 dx,

where yi are the solutions of (1.2).
Assuming J is sequential lower semicontinuous for the weak topology of H1

0 (Ω)k

and M(Ω) is closed for the H-convergence or the G-convergence, because we are
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working with symmetric matrices and thus the two concepts are equivalent (see, e.g.,
[22], [19], [18], [4], [25]), it is well known that (1.1) has, at least, a solution (see, e.g.,
[25], [17]). If M(Ω) does not satisfy this last condition and J is sequential continuous
for the weak topology of H1

0 (Ω)k, we can obtain a relaxed problem replacing M(Ω)
by its H-closure. Thus, it is natural to assume M(Ω) is H-closed. The calculus of
the H-closure of a set is a very difficult problem and there are a lot of works in this
field (see, e.g., [23], [14], [13], [8], [25], [3], [16] and the references in them). In this
paper we are interested in obtaining some necessary conditions which must satisfy the
optimal solution of (1.1). For k = 1, the problem has been studied in [13], [20], [8],
[25], [3]. For k > 1, there are few results to our knowledge (see [25], [6], [7], [3]).

The paper is organized as follows:
In section 3 we give a definition of admissible direction (see Definition 3.1). Then

we prove that if A is a solution of (1.1), y1, . . . , yk the corresponding state functions,
p1, . . . , pk the solutions of (3.2) (the adjoint states), and C the matrix defined by
(3.3), we have ∫

Ω

H : C dx ≤ 0(1.3)

for every admissible direction H. Related results can be found, for example, in [8],
[13], [25], [3]. However, in these papers, the admissible directions are of the form
H = B − A, with B in M(Ω), which needs some convexity assumptions. When
k ≤ N − 1 (in particular k = 1) and M(Ω) is obtained by homogenization, mixing a
finite number of matrices with fixed proportions, a result of Tartar (see [25]) shows
that although M(Ω) is not convex, for every ξ1, . . . , ξk ∈ RN , the set

{(Bξ1, . . . , Bξk) / B ∈ M(Ω)} ⊂ L∞(Ω)k(1.4)

is convex, and thus the directions H = B − A can still be considered. However, this
is not true for k ≥ N (or, in principle, for other choices of M(Ω) even if k ≤ N − 1).
This is the reason we have given a more general definition of admissible direction.

In section 4, assuming M(Ω) local (see Definition 4.1) and closed for the H-
convergence, we give an original method to find admissible directions following our
definition. As a consequence, we obtain the main result of the paper, Theorem 4.5,
where we prove that for every A,B ∈ M(Ω), l ∈ {1, . . . , N}, W ⊂ RN linear subspace
of dimension l, and every bounded measurable set T of W , with l-dimensional positive
measure, the matrix H defined by

H(x)ei = (B(x) −A(x))

(
ei +

1

|T |�

∫
T

∇W
z ŵi(x, z) d�(z)

)
(1.5)

is an admissible direction in A. Here e1, . . . , eN is the standard basis of RN , ∇W
z

denotes the gradient with respect to W , and ŵi is the solution of the partial differential
problem given by (4.4). This direction has the difficulty that ŵi (and then H) cannot
be explicitly obtained. However, we think that it can be interesting, for example, to
apply a descent method in order to solve numerically problem (1.1), where we can
obtain ŵi numerically. Related to this point, an interesting question, one that we
want to study in the future, is the optimal choice of W and T to obtain the steepest
descent direction. A criterion to determine this direction (see Remark 4.9) can be to
calculate the maximum of H : C on the set of matrices H obtained by (1.5).

Although, as we have said above, it is not possible in general to obtain ŵi explic-
itly, we show in Theorem 4.12 that this can be carried out for a particular choice of



218 J. CASADO-DÍAZ, J. COUCE-CALVO, AND J. D. MARTÍN-GÓMEZ

T (which probably is not optimal). This permits us to obtain a family of admissible
direction, depending on the subspace W chosen. Essentially, they are of the form
B − A plus a term which has a growth of order two in B − A for every B ∈ M(Ω).
When the dimension of W is equal to 1, the corresponding admissible direction comes
just from a lamination. In this case the expression of H is known and it can be found,
for example, in [25] (it can also be obtained from the results in [10]), but to our
knowledge its utility to obtain optimality conditions for problem (1.1) has not been
exploited. Most of the consequences we obtain in the present paper using Theorem
4.12 use only, in fact, l = 1. However, we show that in some cases (see Remark 4.17)
it is better to use a subspace of dimension greater than one. Using Theorem 4.12 we
prove in Corollary 4.18 that for every B ∈ M(Ω), the condition

C : (A−B) ≥ 0(1.6)

(which is the condition we find if the admissible directions are of the form B−A) is still
true on the set where C has a nonpositive eigenvalue or where Ker(A−B) �= {0}. In
particular (see Corollary 4.20) the condition (1.6) holds a.e. in Ω for every B ∈ M(Ω)
when k ≤ N −1. When M(Ω) comes from the mixture of a finite number of materials
with fixed proportions, this result can also be obtained from the convexity of the set
defined by (1.4), but we note that our set M(Ω) is more general.

In section 5 we study the case where M(Ω) is invariable by rotations, which is a
natural assumption in the applications. Then we show that condition (1.3) implies
that C and A are mutually diagonalizable a.e. in Ω. Moreover, assuming further
hypotheses (in particular if M(Ω) is H-closed and N ≥ 3), we prove in Proposition
5.4 that the eigenvalues of A and C are mutually ordered.

As application of the results stated above, it is possible to obtain, in some situ-
ations, the matrix A from C and then to reduce the set of optimality conditions to
a nonlinear partial differential system with variables yi, pi, 1 ≤ i ≤ k. The main
problem to carrying out this point is that in general, the H-closure of a given set is
unknown. In section 6, we apply our results to two examples: The first one is the
mixture of two homogeneous isotropic materials, which has also been studied in [3]
(see also [25] for k = 1). In this case M(Ω) is convex. In second problem we consider
a polycrystal in dimension 2, where M(Ω) is not convex.

2. Notation. For a linear subspace W ⊂ RN , we define L(W,W ) as the space of
the linear applications from W into W and by Ls(W,W ) the subspace of the symmetric
applications. When W = RN we write MN = L(RN ,RN ), Ms

N = Ls(RN ,RN ).

The orthogonal projection of RN into W is denoted by PW .

For a matrix A ∈ MN , we define AW ∈ L(W,W ) by AW = PWA|W .

The orthogonal subspace of W is denoted by W⊥.

For u : W → R, we denote ∇Wu : W → W the gradient of u with respect to W ,
i.e., ∇Wu is defined by

∇Wu ξ = Dξu ∀ ξ ∈ W,

where Dξu is the derivative of u in the direction ξ.

We denote by {e1, . . . , eN} the standard basis of RN .

The group of the orthogonal matrices in RN of determinant 1 is denoted by ON .

The scalar product of two matrices A,B ∈ MN is written A : B.

The tensorial product of two vectors ξ, η ∈ RN is denoted as ξ ⊗ η.
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For a bounded open set Ω ⊂ RN , we denote by M(Ω) a fixed subset of the space
L∞(Ω,Ms

N ) such that there exist α, β > 0 which satisfy

B(x)ξξ ≥ α|ξ|2, |B(x)ξ| ≤ β|ξ| ∀B ∈ M(Ω) a.e. x ∈ Ω.(2.1)

For a matrix A ∈ M(Ω), KA(M(Ω)) and K̄A(M(Ω)) are the cones of admissible
directions of M(Ω) in A; see Definition 3.1.

For T ⊂ RN and � ∈ (0, N ], we denote by |T |� the �-dimensional Hausdorff
measure of T . The integral of a function u : T → R, with respect to the �-dimensional
Hausdorff measure, is written ∫

T

u(z) d�z.

When � = N , we simplify the notation by writing |T | and∫
T

u(z) dz.

We use the subindex � to mean periodicity. For example, for a cube Y ⊂ RN ,
H1

� (Y ) is the space of functions of H1
loc(R

N ) which are Y -periodic.

3. Optimality conditions. In this section we introduce the definition of admis-
sible direction. Using it, we obtain the first optimality result for the control problem
(1.1).

Definition 3.1. For A ∈ M(Ω), let us define the cone of admissible directions
K̄A(M(Ω)) as the closure in the weak-∗ topology of L∞(Ω,Ms

N ) of the set KA(M(Ω)),
where KA(M(Ω)) is the set of H ∈ L∞(Ω,Ms

N ) such that there exist a constant c > 0
and Aε ∈ M(Ω), ε > 0, such that⎧⎨⎩ ‖Aε −A‖L∞(Ω,Ms

N ) ≤ cε,

lim
ε→0

Aε −A

ε
= H a.e. in Ω.

(3.1)

Theorem 3.2. We consider J : H1
0 (Ω)k → R, Fréchet derivable, f1, . . . , fk ∈

H−1(Ω)k. Let A ∈ M(Ω) be a solution of (1.1) and y1, . . . , yk the solutions of (1.2).
We define the adjoint states p1, . . . , pk as the solutions of{ −div(A∇pi) = ∂iJ(y1, . . . , yk) in D′(Ω),

pi ∈ H1
0 (Ω), 1 ≤ i ≤ k,

(3.2)

and the matrix C ∈ L1(Ω,Ms
N ) by

C =
1

2

k∑
i=1

(∇yi ⊗∇pi + ∇pi ⊗∇yi).(3.3)

Then we have ∫
Ω

H : C dx ≤ 0 ∀H ∈ K̄A(M(Ω)).(3.4)



220 J. CASADO-DÍAZ, J. COUCE-CALVO, AND J. D. MARTÍN-GÓMEZ

Proof. Let us first prove the result for H ∈ KA(M(Ω)). For ε > 0 small enough,
we define y∗i,ε, 1 ≤ i ≤ k, as the solution of{ −div((A + εH)∇y∗i,ε) = fi in D′(Ω),

y∗i,ε ∈ H1
0 (Ω).

(3.5)

Then it is easy to check that for 1 ≤ i ≤ k, we have

lim
ε→0

y∗i,ε − yi

ε
= ẏi in H1

0 (Ω),(3.6)

with ẏi the solutions of{ −div(A∇ẏi + H∇yi) = 0 in D′(Ω),

ẏi ∈ H1
0 (Ω).

(3.7)

Now, for ε > 0, we consider Aε ∈ M(Ω) in the conditions of (3.1). Then for
1 ≤ i ≤ k, we define yi,ε as the solutions of{ −div(Aε∇yi,ε) = fi in D′(Ω),

yi,ε ∈ H1
0 (Ω).

(3.8)

Taking y∗i,ε − yi,ε as test function in the difference of (3.5) and (3.8), and dividing by
ε, we get

1

ε

∫
Ω

(A + εH)∇(y∗i,ε − yi,ε)∇(y∗i,ε − yi,ε) dx

=

∫
Ω

Aε − (A + εH)

ε
∇(yi,ε − y∗i,ε)∇(y∗i,ε − yi,ε) dx(3.9)

+

∫
Ω

Aε − (A + εH)

ε
∇y∗i,ε∇(y∗i,ε − yi,ε) dx.

By the ellipticity of A+ εH (for ε small enough) and (3.1), we deduce from (3.9) the
existence of c > 0 such that

1

ε
‖y∗i,ε − yi,ε‖2

H1
0 (Ω) ≤ c‖y∗i,ε − yi,ε‖H1

0 (Ω)‖µε‖L2(Ω),

with

µε =
Aε − (A + εH)

ε
∇y∗i,ε.

From (3.1), (3.6), and the Lebesgue-dominated convergence theorem, we deduce that
µε converges strongly to zero in L2(Ω)N . Thus,

lim
ε→0

y∗i,ε − yi,ε

ε
= 0 in H1

0 (Ω),

which, by (3.6), implies

lim
ε→0

yi,ε − yi
ε

= ẏi in H1
0 (Ω).(3.10)
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On the other hand, since A is a solution of (1.1) and Aε ∈ M(Ω), we have

J(yε) − J(y)

ε
≥ 0 ∀ ε > 0,

with yε = (y1,ε, . . . , yk,ε) and y = (y1, . . . , yk). From (3.10) and the Fréchet deriv-
ability of J , we get

k∑
i=1

〈∂iJ(y), ẏi〉 = lim
ε→0

J(yε) − J(y)

ε
≥ 0.(3.11)

But taking ẏi as the test function in (3.2) and pi as the test function in (3.7), we have

k∑
i=1

〈∂iJ(y), ẏi〉 =

k∑
i=1

∫
Ω

A∇pi∇ẏi dx = −
k∑

i=1

∫
Ω

H∇yi∇pi dx.

This proves ∫
Ω

H : C dx =

k∑
i=1

∫
Ω

H∇yi∇pi dx ≤ 0 ∀H ∈ KA(M(Ω)).(3.12)

Now let H be in K̄A(M(Ω)). For δ > 0 we define

Gδ =

{
M ∈ L∞(Ω,Ms

N )/

∣∣∣∣∫
Ω

C : (M −H) dx

∣∣∣∣ < δ

}
.

Since Gδ is a neighborhood of H in the weak-∗ topology of L∞(Ω,Ms
N ), there exists

Hδ in Gδ ∩KA(M(Ω)) and then, from (3.12), we get∫
Ω

C : H dx =

∫
Ω

C : Hδ dx +

∫
Ω

C : (H −Hδ) dx < δ

for every δ > 0. This proves (3.4).
Remark 3.3. The above theorem is still true if the elements of M(Ω) are not

necessarily symmetric by changing A to At in the definition (3.2) of the functions pi
and taking

C =

k∑
i=1

∇pi ⊗∇yi.

Remark 3.4. If M(Ω) is convex, the condition (3.4) implies∫
Ω

A : C dx = max

{∫
Ω

B : C dx / B ∈ M(Ω)

}
.(3.13)

Remark 3.5. Theorem 3.2 still holds if we take KA(M(Ω)) as the cone of matrices
H ∈ L∞(Ω,Ms

N (Ω)) such that for every sequence Φ1
ε, . . . ,Φ

k
ε , which respectively

converges in L2(Ω)N to Φ1, . . . ,Φk, there exists Aε ∈ M(Ω) such that

Aε −A

ε
Φi

ε → HΦi in L2(Ω)N , i = 1, . . . , k.
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The advantage of this definition is the following: If M(Ω) is the set we obtain by
mixing r materials with proportions fixed, then for every ξ1, . . . , ξN−1 ∈ RN , the set

{(Bξ1, . . . , BξN−1)/B ∈ M(Ω)} ⊂ L∞(Ω)N−1

is convex (see [24], [25]). So, with this definition of KA(M(Ω)), the matrices of the
form B − A belong to KA(M(Ω)) if k ≤ N − 1. Thus, (3.13) still holds in this case.
Later we will deduce this result (see Corollary 4.20) for more general choices of M(Ω),
using simply Definition 3.1 of admissible directions.

4. Calculus of admissible directions. In the following, let us calculate ex-
plicitely some admissible directions by imposing additional hypotheses about M(Ω).

Definition 4.1. We say that M(Ω) is local if there exists a multivaluated appli-
cation F : x ∈ Ω → F (x) ⊂ Ms

N such that

M(Ω) = {B ∈ L∞(Ω,Ms
N )/B(x) ∈ F (x) a.e. x ∈ Ω},

where F is measurable in the sense that

{x ∈ Ω/F (x) ∩G �= ∅} is measurable ∀G ⊂ Ms
N open.

As it is proved in [21], the local property is satisfied in several typical examples
of M(Ω). A first consequence of assuming M(Ω) is local follows.

Proposition 4.2. We assume M(Ω) is local. We consider A∈M(Ω), H1, . . . ,
Hm∈KA(M(Ω)), ω1, . . . , ωm ⊂ Ω measurable such that |ωi ∩ ωj | = 0 if i �= j. Then
the matrix H =

∑m
i=1 Hi

χ
ωi

belongs to KA(M(Ω)).
Proof. By Definition 3.1, for every i ∈ {1, . . . ,m} there exists Ai

ε ∈ M(Ω) and
c > 0 (which can be taken independent of i) such that

‖Ai
ε −A‖L∞(Ω,Ms

N ) ≤ cε, lim
ε→0

Ai
ε −A

ε
= Hi a.e. in Ω.

Taking then

Aε =

m∑
i=1

Ai
ε
χ
ωi

+ A χ
Ω\∪m

i=1ωi
,

which belongs to M(Ω) because M(Ω) is local, we have

‖Aε −A‖L∞(Ω,Ms
N ) ≤ cε, lim

ε→0

Aε −A

ε
= H a.e. in Ω,

and then H belongs to KA(M(Ω)).
Remark 4.3. It is not difficult to show that the above result remains true if we

replace KA(M(Ω)) by K̄A(M(Ω)).
Using Proposition 4.2, we get the following.
Proposition 4.4. In the assumptions of Theorem 3.2, if M(Ω) is local, we have

H : C ≤ 0 a.e. in Ω ∀H ∈ K̄A(M(Ω)).(4.1)

Proof. By Proposition 4.2, for every H ∈ KA(M(Ω)) and every ω ⊂ Ω measurable,
the matrix H χ

ω belongs to KA(M(Ω)). So, using (3.4), we get∫
ω

H : C dx ≤ 0.(4.2)
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Since K̄A(M(Ω)) is the closure of KA(M(Ω)) in the weak-∗ topology of L∞(Ω,Ms
N ),

we deduce that (4.2) holds, in fact, for every H ∈ K̄A(M(Ω)) and every ω ⊂ Ω
measurable, which implies (4.1).

Let us now see how assuming M(Ω) is local permits us to obtain admissible
directions.

Theorem 4.5. We suppose that M(Ω) is local and closed for the H-convergence.
We consider a linear subspace W ⊂ RN of dimension � and a measurable bounded
subset T ⊂ W such that |T |� is positive. Then, for every A,B ∈ M(Ω), the matrix
H ∈ L∞(Ω,Ms

N ) defined by

H(x)ei = (B(x) −A(x))

(
ei +

1

|T |�

∫
T

∇W
z ŵi(x, z) d�(z)

)
(4.3)

for 1 ≤ i ≤ N and a.e. x ∈ Ω belongs to KA(M(Ω)). In (4.3), the function ŵi is
defined by ⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

ŵi(x, .) ∈ H1
loc(W ), ∇W

z ŵi(x, .) ∈ L2(W,W ),∫
W

(A(x) χ
W\T + B(x) χ

T )∇W
z ŵi(x, .)∇W

z v̂ d�(z)

=

∫
T

(A(x) −B(x))ei∇W
z v̂ d�(z),

∀ v̂ ∈ H1
loc(W ), ∇W

z v̂ ∈ L2(W,W ) a.e. x ∈ Ω.

(4.4)

Proof. We consider A, B, W , and T as in the statement of the theorem. For an
orthonormal basis {e′1, . . . , e′�} of W , we denote

Y =

{
�∑

i=1

λie
′
i /−

1

2
< λi <

1

2
, 1 ≤ i ≤ �

}
⊂ W.

For ε > 0 small enough, we denote Tε = ε
1
� T ⊂ Y , T̃ε =

⋃
k∈Z�(Tε +

∑�
i=1 kie

′
i), and

we define Ãε : Ω ×W → Ms
N by

Ãε(x, y) = A(x)(1 − χ
T̃ε

(y)) + B(x) χ
T̃ε

(y).

Since M(Ω) is local and closed for the H-convergence, the matrix Aε obtained by tak-
ing, for ε fixed, the H-limit when δ tends to zero of the matrices x → Ãε(x,

1
δP

W (x))

belongs to M(Ω). Since the matrices Ãε are a tensorial product of functions which
only depend on x and functions which only depend on y, it is well known (see, e.g.,
[5], [2]) that Aε is given by

Aε(x)ei =

∫
Y

Ãε(x, y)(∇W
y wi,ε + ei) d�(y),(4.5)

where wi,ε is the unique solution of⎧⎪⎪⎨⎪⎪⎩
wi,ε ∈ L2(Ω, H1

� (Y )/R),∫
Y

Ãε(x, y)(∇W
y wi,ε(x, y) + ei)∇W

y v(y) d�(y) = 0

∀ v ∈ H1
� (Y )/R a.e. x ∈ Ω.

(4.6)
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Let us study the asymptotic behavior of Aε. First, we remark that for every v ∈
H1

� (Y )/R and a.e. x ∈ Ω, we have∫
Y

Ãε(x, y)ei∇W
y v(y) d�(y) =

∫
Y

A(x)ei∇W
y v(y) d�(y)

+

∫
Tε

(B(x) −A(x))ei∇W
y v(y) d�(y),

but for a.e. x ∈ Ω, the first term on the right-hand side vanishes. So, wi,ε satisfies⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

∫
Y

Ãε(x, y)∇W
y wi,ε(x, y)∇W

y v(y) d�(y)

=

∫
Tε

(A(x) −B(x))ei∇W
y v(y) d�(y)

∀ v ∈ H1
� (Y )/R a.e. x ∈ Ω.

(4.7)

For 1 ≤ i ≤ N , we take wi,ε as the test function in (4.7). Then we get∫
Y

Ãε(x, y)∇W
y wi,ε(x, y)∇W

y wi,ε(x, y) d�(y) =

∫
Tε

(A(x) −B(x))ei∇W
y wi,ε(x, y) d�(y)

for a.e. x ∈ Ω. Using then (2.1) and the Cauchy–Schwarz inequality, we deduce there
exists c > 0 such that ∫

Y

|∇W
y wi,ε(x, y)|2 d�(y) ≤ c|Tε|� = cε(4.8)

for ε > 0 small enough and a.e. x ∈ Ω.
We define ŵi,ε : Ω × (ε−

1
� Y ) → R by

ŵi,ε(x, z) = ε−
1
� wi,ε(x, ε

1
� z).

From (4.8), we deduce that ∇W
z ŵi,ε

χ
ε−

1
� Y

is bounded in L∞(Ω, L2(W,W )). So

there exists a subsequence of ε, which we still denote by ε, which converges weak-∗ in
L∞(Ω, L2(W,W )). Since the curl of the limit is zero, it is the gradient of a function
ŵi ∈ L∞(Ω, H1

loc(W )). Once we prove that ŵi is the solution of (4.4), we conclude
that the whole of the sequence converges.

We consider v̂ ∈ D(W ) and ε > 0 small enough, such that ε
1
� supp(v̂) ⊂ Y , then

we define vε ∈ H1
� (Y ) by

vε(y) = ε
1
� v̂(ε−

1
� y) a.e. y ∈ Y.

Taking vε as the test function in (4.7), using the change of variables z = ε−
1
� y, and

integrating with respect to x in a measurable set ω, we get∫
ω

∫
ε−

1
l Y

(A(x) χ
W\T (z) + B(x) χ

T (z))∇W
z ŵi,ε(x, z)∇W

z v̂(z) d�(z) dx

=

∫
ω

∫
T

(A(x) −B(x))ei∇W
z v̂(z) d�(z) dx.

Passing to the limit in this equality and taking into account the arbitrariness of v̂
and ω, and the density of D(RN )/R in the factor space of functions with gradient in
L2(RN ) over R (see, e.g., [9]), we show that ŵi is the solution of (4.4) for 1 ≤ i ≤ N .
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Let us now prove

∇W
z ŵi,ε

χ
ε−

1
� Y

→ ∇W
z ŵi in L2(Ω, L2(W,W ))(4.9)

for 1 ≤ i ≤ N . For this purpose, it is enough to take wi,ε as the test function in (4.7),

to use the change of variables z = ε−
1
� y, to take ŵi as the test function in (4.4), and

to use that ∇W
z ŵi,ε

χ
ε−

1
� Y

converges to ∇W
z ŵi, weak-∗ in L∞(Ω, L2(W,W )). This

gives∫
Ω

∫
ε−

1
� Y

(A χ
W\T + B χ

T )∇W
z ŵi,ε∇W

z ŵi,ε d�(z) dx

= 1
ε

∫
Ω

∫
Y

Ãε∇W
y wi,ε∇W

y wi,ε d�(y) dx =
1

ε

∫
Ω

∫
Tε

(A−B)ei∇W
y wi,ε d�(y) dx

=

∫
Ω

∫
T

(A−B)ei∇W
z ŵi,ε d�(z) dx →

∫
Ω

∫
T

(A−B)ei∇W
z ŵi d�(z) dx

=

∫
Ω

∫
W

(A χ
W\T + B χ

T )∇W
z ŵi∇W

z ŵi d�(z) dx.

This implies (4.9).
Now, for i, j ∈ {1, . . . , N} and a.e. x ∈ Ω, we write

Aε(x)eiej =

∫
Y

Ãε(x, y)[∇W
y wi,ε + ei]ej d�(y)

(4.10)

=

∫
Y

Ãε(x, y)∇W
y wi,εej d�(y) + A(x)eiej + ε|T |l(B(x) −A(x))eiej .

Taking wi,ε as the test function in the problem satisfied by wj,ε and using the

change of variables z = ε−
1
� y, we have∫

Y

Ãε(x, y)∇W
y wi,εej d�(y) = −

∫
Y

Ãε(x, y)∇W
y wj,ε∇W

y wi,ε d�(y)

= −ε

∫
ε−

1
� Y

(A(x) χ
W\T (z) + B(x) χ

T (z))∇W
z ŵj,ε∇W

z ŵi,ε d�(z).

So, from (4.10), we get(
Aε −A

ε

)
eiej = |T |�(B(x) −A(x))eiej

−
∫
ε−

1
� Y

(A(x) χ
W\T (z) + B(x) χ

T (z))∇W
z ŵj,ε∇W

z ŵi,ε d�(z).

Since ∇W
z ŵj,ε, ∇W

z ŵi,ε are bounded in L∞(Ω, L2(W,W )), we deduce that Aε−A
ε is

bounded in L∞(Ω,Ms
N ). On the other hand, using (4.9), we have

lim
ε→0

∫
ε−

1
� Y

(A(x) χ
W\T (z) + B(x) χ

T (z))∇W
z ŵj,ε∇W

z ŵi,ε d�(z)

=

∫
W

(A(x) χ
W\T (z) + B(x) χ

T (z))∇W
z ŵj∇W

z ŵi d�(z)

= −
∫
T

(B(x) −A(x))∇W
z ŵiej d�(z),
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where we have used the problem satisfied by ŵj and where the limit is taken in L1(Ω).
So we have proved that the matrix

ei → |T |�(B(x) −A(x))

(
ei +

1

|T |�

∫
T

∇W
z ŵi(x, z) d�(z)

)
is in KA(M(Ω)). Since KA(M(Ω)) is a cone, we conclude the proof of the theo-
rem.

Remark 4.6. Theorem 4.5 applies, for example, to the case where M(Ω) is the set
of materials which can be obtained by homogenization, mixing m materials with the
prescribed volume. These sets usually appear in problems of optimal design. Some
applications are given in the last section of the paper; see also, e.g., [3], [8], [13], [25],
and references therein.

Remark 4.7. The method used in the proof of Theorem 4.5 to obtain admissible
directions, which consists of putting an inclusion of a tensor B in a background of
tensor A, is a variation of the classical Weierstrass test. Related ideas have been used,
for example, by K. A. Lurie (see [8] and references therein).

Remark 4.8. In Theorem 4.5 the expression of H when T is contained in a
subspace W of dimension l can be obtained from the corresponding result to W = RN

(and then the case W = RN can be consider as the most interesting one). It is enough
to consider the matrix Hε corresponding to W = RN and Tε ⊂ RN defined by

Tε = {x + εy : x ∈ B(0, 1) ∩W⊥, y ∈ T}

and then pass to the limit in ε. The proof of Theorem 4.5 given above has the
advantage that we do not need to realize this second limit.

Remark 4.9. The expression (4.3) of the admissible direction H has the difficulty
that the function ŵi is not explicit. However, as we said in the introduction, we think
that it can be used, for example, to obtain a steepest descent direction. Then the
function ŵi can be calculated numerically. For this purpose we recall that by (3.11)
in the proof of Theorem 3.2 we have

J(yε) ∼ J(y) + ε

k∑
i=1

〈∂iJ(y), ẏi〉 = J(y) − ε

∫
Ω

H : C dx

and then, since M(Ω) is local, an idea to obtain the steepest direction is to maximize
the product H : C in the closure of the matrices H given by (4.3). By Remark 4.8,
it is enough to consider W = RN . We remark that the set of such H is bounded and
it is not difficult to show that its closure is convex and thus is essentially a ball (for
some norm).

In Theorem 4.5, the set T does not depend on x ∈ Ω. Thanks to Proposition 4.2
we can, in fact, take T depending on x. A result in this sense, which we use later in
Theorem 4.12, is the following.

Lemma 4.10. Assume M(Ω) is local and closed for the H-convergence. We
consider a linear subspace W ⊂ RN of dimension �, a measurable bounded subset
T0 ⊂ W , and a matrix E ∈ L∞(Ω,L(W,W )) which is invertible a.e. in Ω and such
that E−1 also belongs to L∞(Ω,L(W,W )). Then, taking T (x) = E(x)T0, for a.e.
x ∈ Ω, the matrix H defined by (4.3) with T = T (x) is in K̄A(M(Ω)) for every
A,B ∈ M(Ω).

Proof. For E in the conditions of the lemma, it is well known that there exists

a sequence En =
∑m(n)

j=1 Ej,n
χ
ωj,n

with Ej,n ∈ L(W,W ), ωj,n ⊂ Ω measurable,
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∪m(n)
j=1 ωj,n = Ω, ωj,n ∩ ωl,n = ∅ if l �= j, and such that En converges strongly to

E in L∞(Ω,L(W,W )). If n ∈ N is large enough (denoting by ‖ · · · ‖ the norm in
L∞(Ω,L(W,W ))), we have ‖En −E‖ < ‖E−1‖−1, and then En is also invertible and
satisfies

‖E−1
n − E−1‖ ≤ ‖E−1‖‖E − En‖

‖E−1‖−1 − ‖E − En‖
.

So E−1
n also converges to E−1 in L∞(Ω,L(W,W )).
We now take Tn(x) = En(x)T0 and we denote by Hn ∈ L∞(Ω,Ms

N ) the matrix
defined by

Hn(x)ei = (B(x) −A(x))

(
ei +

1

|Tn|�

∫
Tn

∇W
z ŵi,n(x, z) d�(z)

)
,

where, for i ∈ {1, . . . , n}, ŵi,n is the solution of⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

ŵi,n(x, .) ∈ H1
loc(W ), ∇W

z ŵi,n(x, .) ∈ L2(W,W ),∫
W

(A χ
W\Tn

+ B χ
Tn

)∇W
z ŵi,n∇W

z v̂ d�(z)

=

∫
Tn

(A−B)ei∇W
z v̂ d�(z)

∀ v̂ ∈ H1
loc(W ), ∇W

z v̂ ∈ L2(W,W ) a.e. x ∈ Ω.

(4.11)

From Theorem 4.5 and Proposition 4.2, this function belongs to KA(M(Ω)). Using
the change of variables w̃i,n(z̃) = wi,n(Enz̃), we deduce that w̃i,n is the solution of⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

w̃i,n(x, .) ∈ H1
loc(W ), ∇W

z̃ w̃i,n(x, .) ∈ L2(W,W ),∫
W

(E−1
n )t(A χ

W\T0
+ B χ

T0)E
−1
n ∇W

z̃ w̃i,n∇W
z̃ ṽ d�(z)

=

∫
T0

(E−1
n )t(A−B)ei∇W

z̃ ṽ d�(z)

∀ ṽ ∈ H1
loc(W ), ∇W

z̃ ṽ ∈ L2(W,W ) a.e. x ∈ Ω.

From the uniform convergence of E−1
n to E−1, we easily deduce that ∇W

z̃ w̃i,n converges
a ∇W

z̃ w̃i in L∞(Ω, L2(W,W )), with w̃i the solution of⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

w̃i(x, .) ∈ H1
loc(W ), ∇W

z̃ w̃i(x, .) ∈ L2(W,W ),∫
W

(E−1)t(A χ
W\T0

+ B χ
T0)E

−1∇W
z̃ w̃i∇W

z̃ ṽ d�(z)

=

∫
T0

(E−1)t(A−B)ei∇W
z̃ ṽ d�(z)

∀ ṽ ∈ H1
loc(W ), ∇W

z̃ ṽ ∈ L2(W,W ) a.e. x ∈ Ω.

Returning to the old variables, we then deduce that ∇W
z ŵi,n converges to ∇W

z ŵi in
L∞(Ω, L2(W,W )), with ŵi the solution of (4.4). Thus, Hn converges strongly to H
in L∞(Ω,Ms

N ). So H belongs to K̄A(M(Ω)).
Let us now obtain the solutions ŵi of (4.4) for some particular choices of T and

then use Proposition 4.4 to obtain explicit optimality conditions.
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Lemma 4.11. If M(Ω) is local and closed for the H-convergence, then, for every
linear subspace W ⊂ RN of dimension � and every A,B ∈ M(Ω), the matrix

(B −A) − (B −A)(B + (�− 1)A)−1
W PW (B −A)

is in K̄A(M(Ω)).
Proof. Let W be a linear subspace of RN of dimension l. Since A and A−1 are in

L∞(Ω,Ms
N ), there exists R ∈ L∞(Ω,L(W,W )), with R−1 ∈ L∞(Ω,L(W,W )), such

that RAWRt = IW a.e. in Ω. We define T0 the unitary ball in W and for a.e. x ∈ Ω
we take T (x) = R(x)−1T0 and H(x) the matrix given by (4.3) with T = T (x). From
Lemma 4.10, H belongs to K̄A(M(Ω)).

The problem is to calculate the solution ŵi, 1 ≤ i ≤ N , of (4.4). For this purpose,
the idea is to use the change of variables z′ = Rz, which transforms (4.4) in a similar
problem, where A and T are respectively replaced by the identity and the unitary
ball in W . This problem can be solved by using in a suitable way the fundamental
solution of the laplacian. Doing this and returning to the old variables we deduce
that (up to a function which only depends on x) ŵi is given by

ŵi(x, z) =

⎧⎪⎨⎪⎩
µi(x)z in T,

µi(x)z

|Rz|� in W \ T,
1 ≤ i ≤ N,

where µi(x) = (B(x) + (�− 1)A(x))−1
W PW (A(x) −B(x))ei. Then by (4.3) we deduce

H(x)ei = (B(x) −A(x))(ei + µi(x)).

Taking into account the expression of µi, we finish the proof of the theorem.
Using Lemma 4.11 and condition (3.4), we deduce the following theorem.
Theorem 4.12. In the assumptions of Theorem 3.2, if M(Ω) is local and closed

for the H-convergence, then, for every linear subspace W ⊂ RN of dimension �, we
have

C : {(A−B) + (A−B)(B + (�− 1)A)−1
W PW (A−B)} ≥ 0 a.e. in Ω ∀B ∈ M(Ω).

(4.12)

Remark 4.13. The condition (4.12) can also be written

C : (A−B) + min
1≤�≤N

min
dim(W )=l

C : (A−B)(B + (�− 1)A)−1
W PW (A−B) ≥ 0.

(4.13)

Thus, the better choice for W is to consider just the subspace which gives the minimum
in this expression. This can also be related to the choice of the steepest descent
direction, mentioned in Remark 4.9. If we restrict ourselves to the set of matrices H
of the form

H = B −A− (A−B)(B + (�− 1)A)−1
W PW (A−B),

then to choose the matrix giving the maximum of H : C is equivalent to solving the
minimization problem which appears in (4.13).

Remark 4.14. The condition (4.12) must be compared with the usual one when
M(Ω) is convex, which is

C : (A−B) ≥ 0 ∀B ∈ M(Ω), a.e. in Ω.(4.14)
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In general we get a perturbation of this condition with a term of second growth in
(B − A). We will see in Corollary 4.18 how condition (4.12) implies (4.14), at least
in a subset of Ω.

Corollary 4.15. In the assumptions of Theorem 3.2, if M(Ω) is local and closed
for the H-convergence, then, for every B ∈ M(Ω), we have

C : (A−B) +
(A−B)C(A−B)ξξ

Bξξ
≥ 0 ∀ ξ ∈ RN \ {0} a.e. in Ω.(4.15)

Proof. It is enough, for ξ ∈ RN \ 0, to take W = {λξ / λ ∈ R} in Theorem 4.12
and to use that in this case:

(A−B)B−1
W PW (A−B) =

(A−B)ξ ⊗ (A−B)ξ

Bξξ
.

Remark 4.16. The condition (4.15) is equivalent to

C : (A−B) + min
Bξξ=1

B[B−1(A−B)C(A−B)]ξξ ≥ 0

or, equivalently (observe that B−1(A−B)C(A−B) is symmetric with respect to the
scalar product given by (ξ|η) = Bξη for every ξ, η ∈ RN ),

C : (A−B) + min{λ : λ eigenvalue of B−1(A−B)C(A−B)} ≥ 0.(4.16)

Remark 4.17. The inequality (4.15) has been obtained taking � = 1 in (4.12);
then it comes just from a lamination in the direction ξ. So Corollary 4.15 holds if we
assume only M(Ω) is local and stable under lamination (and not necessarily by H-
convergence). The sets of matrices stable under lamination have been characterized
by Francfort and Milton in [10] and [15]. In particular, it has been shown that, under
a suitable change of variables, the set M(Ω), assumed stable under lamination, is
convex. Corollary 4.15 can also be obtained from this result. In fact, deriving the
usual formula for the lamination of two matrices A and B in the direction ξ, it has
been proved in [25] that the matrix

B −A− (A−B)ξ ⊗ (A−B)ξ

Bξξ

is an admissible direction. However, this has not been applied in our knowledge to the
obtaining of optimality conditions for problem (1.1). Most of the results we obtain in
the following can be deduced using (4.15), and then one can conjecture that the choice
� = 1 is the best one in (4.12) (or even using all the matrices H given by Theorem
4.5) or, equivalently (see Remark 4.13), that the minimum in (4.13) is attained for
� = 1. An easy counterexample shows that this is not true in general; it is enough to
consider C = B = I and A = mI with m > 1. Then the minimum of the eigenvalues
of B−1(A−B)C(A−B) is (m− 1)2 while taking, for example, W = RN we have

C : (A−B)(B + (N − 1)A)−1
W PW (A−B)

= C : (A−B)(B + (N − 1)A)−1(A−B)

=
N(m− 1)2

1 + (N − 1)m
< (m− 1)2.
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Corollary 4.18. In the assumptions of Theorem 3.2, with M(Ω) local and
closed for the H-convergence, we define

Ω− = {x ∈ Ω : ∃λ ≤ 0 eigenvalue of C(x)}

and

ΩB = {x ∈ Ω : Ker(A(x) −B(x)) �= {0}} ∀B ∈ M(Ω).

Then we have

C : (A−B) ≥ 0 a.e. in Ω− ∪ ΩB ∀B ∈ M(Ω).(4.17)

Proof. Let B be in M(Ω). For a.e. x ∈ ΩB , we choose ξ(x) ∈ Ker(A(x) −
B(x)) \ {0}, and for a.e. x ∈ Ω− \ ΩB , we take e(x) as an eigenvector associated
with a nonpositive eigenvalue of C(x) and ξ(x) = (A(x)−B(x))−1e(x). Then, taking
ξ = ξ(x) in (4.15), we obtain (4.17).

By the above result, it is interesting to learn how many nonpositive eigenvalues
have the matrix C. In this sense, we give the following theorem.

Theorem 4.19. For ξ1, . . . , ξk, η1, . . . , ηk ∈ RN \ {0}, we define

φ+
i =

ξi
|ξi|

+
ηi
|ηi|

, φ−
i =

ξi
|ξi|

− ηi
|ηi|

,

m = dim(Span{ξi, ηi / 1 ≤ i ≤ k}) = dim(Span{φ+
i , φ

−
i / 1 ≤ i ≤ k}),

m+ = dim(Span{φ+
i / 1 ≤ i ≤ k}), m− = dim(Span{φ−

i / 1 ≤ i ≤ k}),

C̃i =
1

2
(ξi ⊗ ηi + ηi ⊗ ξi), 1 ≤ i ≤ k, C̃ =

k∑
i=1

C̃i.

Then we have the following:
(i) For 1 ≤ i ≤ k, the matrix C̃i has as eigenvalues 1

2 (ξiηi + |ξi||ηi|) ≥ 0,
1
2 (ξiηi − |ξi||ηi|) ≤ 0, with respective eigenvectors φ+

i , φ−
i . The other eigenvalues of

C̃i are zero.
(ii) If k+ and k− are, respectively, the number of positive and negative eigen-

values of C̃, we have

m−m− ≤ k+ ≤ m+, m−m+ ≤ k− ≤ m−.(4.18)

Proof. The proof of (i) is easy to verify. In order to prove (ii), we use the
Courant–Fischer characterization of the eigenvalues:

λi+1 = max
dimE≤i

min
φ∈E⊥

|φ|=1

C̃φφ,

where λ1 ≤ · · · ≤ λN are the eigenvalues of C̃.
Taking i = m− and E = Span{φ−

j / 1 ≤ j ≤ k}, statement (i) gives

λm−+1 ≥ min
φ∈E⊥

|φ|=1

C̃φφ ≥ 0.(4.19)

So k− ≤ m−.
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Now, if m−m− = 0, then clearly k+ ≥ m−m−. In another case, we consider E =
Span({φ−

j / 1 ≤ j ≤ k}∪{φ−
j , φ

+
j / 1 ≤ j ≤ k}⊥), which has dimension m−+N−m. If

φ ∈ E⊥, then, as above, statement (i) gives C̃jφφ ≥ 0, 1 ≤ j ≤ k, and then C̃φφ ≥ 0.

Moreover, C̃φφ = 0 iff C̃jφφ = 0, 1 ≤ j ≤ k, which, by statement (i), implies that
φ is orthogonal to φ−

j , φ+
j , 1 ≤ j ≤ k; i.e., φ is in E and so φ = 0. Thus, taking

i = m− + N −m in (4.19) and using the compactness of the unitary ball in RN , we
get

λm−+N−m+1 ≥ min
φ∈E⊥

|φ|=1

C̃φφ > 0,

and thus k+ ≥ m−m−.

The other inequalities in (4.18) follow analogously.

As a consequence we get the following.

Corollary 4.20. In the assumptions of Theorem 3.2, if M(Ω) is local and closed
for the H-convergence and k ≤ N − 1, then condition (4.14) holds.

Proof. We apply Theorem 4.19 to ξi = ∇yi(x), ηi = ∇pi(x), 1 ≤ i ≤ k, a.e. x ∈ Ω.
In this case C̃ = C(x). Since, clearly, the number m+ which appears in this result is
less than or equal to k ≤ N − 1, we deduce that the number of positive eigenvalues of
C is less than or equal to N−1, and then there exists at least a nonpositive eigenvalue
of C a.e. in Ω. Corollary 4.18 gives then (4.14).

5. Invariability by rotations. In the applications, it is a natural hypothesis
to assume that M(Ω) is invariable by rotations. We show in this section that this
assumption implies that the eigenvectors of A and C agree.

Definition 5.1. We say that M(Ω) is invariable by rotations if for every B ∈
M(Ω) and every Q ∈ L∞(Ω,MN ), with Q ∈ ON a.e. in Ω, the matrix QBQt belongs
to M(Ω).

We have the following result.

Proposition 5.2. In the assumptions of Theorem 3.2, if M(Ω) is invariable by
rotations, then A and C are mutually diagonalizable a.e. in Ω.

Proof. Let us first prove that given a skew-symmetric matrix R and a measurable
set ω ⊂ Ω, the function (RA + ARt) χ

ω belongs to KA(M(Ω)). To this purpose we
define G : MN → MN ×R by G(M) = (MM t,det(M)). Since Ker(G′(I)) coincides
with the space of skew-symmetric matrices, it is known (see, e.g., [1]) that for ε ∈ R
with |ε| small enough, there exists Pε ∈ MN such that G(Pε) = G(I) or, equivalently,
Pε ∈ ON , and (Pε − I)/ε converges to R. Defining then

Aε = PεAP t
ε
χ
ω + A χ

Ω\ω

and using that M(Ω) is invariable by rotations, we deduce that Aε belongs to M(Ω)
and (Aε − A)/ε converges to (RA + ARt) χ

ω in L∞(Ω,Ms
N ). Thus (RA + ARt) χ

ω

belongs to KA(M(Ω)).

Using now that the set of skew-symmetric matrices is a vectorial space, condition
(3.4), and the arbitrariness of ω, we deduce

2(RA) : C = (RA + ARt) : C = 0 a.e. in Ω.

For i, j ∈ {1, . . . , N}, i �= j, we take in the above equation R as the matrix
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defined by

Rlk =

⎧⎪⎨⎪⎩
1 if l = i, k = j,

−1 if l = j, k = i,

0 in another case.

Then we get

(AC)ij − (CA)ij = 0 a.e. in Ω,

i.e., A and C commute, and then they are mutually diagonalizable.
Remark 5.3. From Proposition 5.2, assuming that the matrix C is known and that

their eigenvalues are all different, we must look for the optimal solution A on the set of
matrices of M(Ω) which have the same eigenvectors as C a.e. So it can be interesting
to write condition (4.13) assuming that B is also mutually diagonalizable with C. If
we restrict ourselves to the spaces W which are generated by eigenvectors of C, we
get the following result: In the conditions of Proposition 5.2, if ci, ai, i ∈ {1, . . . , N},
are, respectively, the eigenvalues of C and A, then for every B ∈ M(Ω) mutually
diagonalizable with A and C, with eigenvalues b1, . . . , bN , we have

N∑
i=1

ci(ai − bi) + min
1≤�≤N

min
1≤i1<···<i�≤N

�∑
j=1

cij (aij − bij )
2

bij + (�− 1)aij
≥ 0.(5.1)

We also note that by Remark 4.16, for A, B, C as above, the condition (5.1) implies
in particular (4.15).

Assuming stronger hypotheses, we can improve Proposition 5.2. Proposition 5.4
below is related to a theorem due to Lewis [11], which applies to the optimization of
a function h : Ms

N → R convex and invariable by rotations (see also [12], where there
is a review of results corresponding to optimization problems on symmetric matrices).

Proposition 5.4. In the assumptions of Theorem 3.2, we assume M(Ω) invari-
able by rotations and at least one of the following hypotheses:

(i) M(Ω) is convex.
(ii) M(Ω) is H-closed and N ≥ 3.
(iii) M(Ω) is H-closed, N = 2 and k = 1.
Then there exists Q ∈ L∞(Ω,MN ), with Q ∈ ON a.e. in Ω, such that

QAQt = diag(a1, . . . , aN ),
(5.2)

QCQt = diag(c1, . . . , cN ),

and a1 ≤ · · · ≤ aN , c1 ≤ · · · ≤ cN .
Proof. From Proposition 5.2 there exists Q ∈ L∞(Ω,MN ), with Q ∈ ON a.e. in

Ω, such that (5.2) holds. Clearly, we can also assume c1 ≤ · · · ≤ cN a.e. in Ω. We
consider i, j ∈ {1, . . . , N}, i �= j, and we take L ∈ ON , defined by

Lei = ej , Lej = −ei, Lel = el ∀ l �= i, j.

Since M(Ω) is invariable by rotations, the matrix B = (LQ)t diag(a1, . . . , aN )LQ
belongs to M(Ω). Let us now see that if one of the hypotheses (i), (ii) or (iii) hold,
then

C : (A−B) ≥ 0 a.e. in Ω.(5.3)
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For this purpose, we define M̃(Ω) as the convex hull of

{SASt / S ∈ L∞(Ω,MN ), S ∈ ON a.e. in Ω},

if (i) holds and as the H-closure of this set in cases (ii) and (iii). Then M̃(Ω) is
contained in M(Ω) and A belongs to M̃(Ω), so A is also a solution of (1.1) with M(Ω)
replaced by M̃(Ω).

In case (i), M̃(Ω) is convex and local, so from (4.1) and B−A in KA(M(Ω)), we
deduce (5.3).

In cases (ii) and (iii), M̃(Ω) is local and H-closed. Moreover, if (ii) holds, then
Ker(B − A) �= 0 a.e. in Ω, while if we have (iii) then, from Theorem 4.19, C has at
least a nonpositive eigenvalue. So, in both situations, we deduce (5.3) from (4.17).

From (5.3) we get

0 ≤ C : (A−B) = ci(ai − aj) + cj(aj − ai) = (ci − cj)(ai − aj) a.e. in Ω.

This finishes the proof of Proposition 5.4.

Remark 5.5. As we have seen in the proof of Proposition 5.4, the order relation
between the eigenvalues of C and A is a consequence of (5.3) with B defined as above.
So if N = 2 and M(Ω) is H-closed, by Corollary 4.18, the thesis of Proposition 5.4
still holds on the set where C has a least a nonnegative eigenvalue. Where the two
eigenvalues are positive, assuming c1 < c2, the condition (4.15) implies

a1 < a2 or a1 > a2 and c2a2 ≤ c1a1.(5.4)

Related to this inequality, we also remark that if in the conditions of Proposition
5.4 (ii) there are two eigenvalues of C, ci, cj such that ci ≤ cj ≤ 0, then besides
ai ≤ aj , we have |cj |aj ≤ |ci|ai.

6. Applications. In this section let us show how the condition (3.4) and the
consequences we have obtained from it can be used, in some cases, to obtain A∇yi,
A∇pi, 1 ≤ i ≤ k, as explicit functions of ∇yi, ∇pi and then, from (1.2) and (3.2), to
reduce the optimality conditions given in Theorem 3.2 to a nonlinear system in ∇yi,
∇pi. The main difficulty in carrying out this idea is that obtaining the H-closure of a
subset of L∞(Ω,MN ) is a very difficult problem, which has only been solved in some
particular cases (see [23], [14], [13], [8], [16], [25]). To simplify the exposition, we have
chosen two simple problems where the H-closure is well known. The first consists of
the mixture of two homogeneous isotropic materials in dimension two (the problem
can also be studied analogously for higher dimensions). This problem has also been
studied in [3] and [7]. In this case the set M(Ω) is convex. In the second problem we
consider a nonconvex situation corresponding to a polycrystal in dimension two.

First problem. We start by recalling the following result which has been proved
in [23] and [14].

Theorem 6.1. We assume N = 2. For 0 < α ≤ β and θ ∈ L∞(Ω) with 0 ≤ θ ≤ 1
a.e. in Ω, the set Mθ(Ω) of the H-limits of the sequences αI χ

ωn
+β(1− χ

ωn
)I, such

that ωn ⊂ Ω are measurable sets and satisfy χ
ωn converges weakly-∗ in L∞(Ω) to θ,

is characterized as follows:

Mθ ⊂ L∞(Ω,Ms
2) is the set of matrices such that their eigenvalues λ1, λ2 satisfy
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the following inequalities a.e. in Ω:⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

λ− ≤ λ1, λ2 ≤ λ+,
2∑

i=1

1

λi − α
≤ 1

λ− − α
+

1

λ+ − α
,

2∑
i=1

1

β − λi
≤ 1

β − λ− +
1

β − λ+
,

(6.1)

where λ−, λ+ are given by

λ+ = αθ + β(1 − θ), λ− =

(
θ

α
+

1 − θ

β

)−1

.(6.2)

Let us see how the results obtained in the previous sections permit us to obtain
A from C, and then from ∇yi, ∇pi, 1 ≤ i ≤ k, for some choices of M(Ω) related to
Mθ(Ω).

In the following, we define

Ω̌ = {x ∈ Ω / (c1(x), c2(x)) �= (0, 0)},(6.3)

where c1, c2 are the eigenvalues of the matrix C.
Proposition 6.2. In the assumptions of Theorem 3.2, if M(Ω) is the set of

matrices defined in Theorem 6.1 for a fixed function θ and c1, c2, c1 ≤ c2, are the
eigenvalues of C, then there exists an associated basis {µ1, µ2} of eigenvectors of C
such that a.e. in Ω, we have

Aµi = aiµi, i = 1, 2,(6.4)

where a.e. in Ω̌, the functions a1, a2 are given by the following:

If c2 < 0 and

√
c2
c1

≥ α

α + (β − α)θ
⇒

⎧⎪⎪⎪⎨⎪⎪⎪⎩
a1 = α +

α(β − α)(1 − θ)

2α + (β − α)θ

(
1 +

√
c2
c1

)
,

a2 = α +
α(β − α)(1 − θ)

2α + (β − α)θ

(
1 +

√
c1
c2

)
.

If c1 > 0 and

√
c2
c1

≤ β

α + (β − α)θ
⇒

⎧⎪⎪⎪⎨⎪⎪⎪⎩
a1 = β − β(β − α)θ

α + β + (β − α)θ

(
1 +

√
c2
c1

)
,

a2 = β − β(β − α)θ

α + β + (β − α)θ

(
1 +

√
c1
c2

)
.

In another case a1 = λ−, a2 = λ+, where λ−, λ+ are defined by (6.2).
Proof. In this case, the set M(Ω) is local, convex, and invariable by rotations.

So we can apply Proposition 5.4 and (4.14), which imply that a.e. in Ω, A satisfies
(6.4) for a basis of eigenvectors of C, and a1c1 + a2c2 is the maximum of λ1c1 +λ2c2,
with λ1, λ2 in the set defined by (6.1). Solving this maximum problem we get the
expressions a1 and a2 given in Proposition 6.2.

The above result assumes that θ is known, but clearly this is not a realistic
situation. Next, we consider two examples where θ also varies. In the first one we
impose the condition

1

|Ω|

∫
Ω

θ dx = s,(6.5)
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with s ∈ (0, 1). This means we know the proportion of the materials defined by α and
β but not its local distribution. This usually holds when one material is better than
the other but it is also more expensive. In the second situation we consider the case
where we do not have any restriction on θ.

Proposition 6.3. In the assumptions of Theorem 3.2, if for s ∈ (0, 1) given,
M(Ω) is the set of matrices defined in Theorem 6.1, with θ ∈ L∞(Ω), 0 ≤ θ ≤ 1 a.e.
in Ω and such that (6.5) holds, then the matrix A satisfies the thesis of Proposition
6.2, where the corresponding function θ is such that defining F ∈ L∞(Ω̌) by

F (x) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

α(β2 − α2)(
√
−c1 −

√
−c2)

2

(2α + (β − α)θ)2
if c2 < 0 and

√
c2
c1

≥ α

α + (β − α)θ
,

−β(β2 − α2)(
√
c1 +

√
c2)

2

(α + β + (β − α)θ)2
if c1 > 0 and

√
c2
c1

≤ β

α + (β − α)θ
,

−(β − α)

(
αβ

(α + (β − α)θ)2
c1 + c2

)
in another case,

there exists r ∈ R which satisfies⎧⎨⎩
F (x) ≤ r a.e. in {θ = 0} ∩ Ω̌,
F (x) = r a.e. in {0 < θ < 1} ∩ Ω̌,
F (x) ≥ r a.e. in {θ = 1} ∩ Ω̌.

(6.6)

Proof. We remark that if θ is the corresponding function associated with A in
the definition of the elements of M(Ω) and we define Mθ(Ω) as in the statement of
Theorem 6.1, then A is also the solution of (1.1) with M(Ω) replaced by Mθ(Ω). So
Proposition 6.2 applies.

Let us now vary θ. For every θ∗ ∈ L∞(Ω) such that 0 ≤ θ∗ ≤ 1 a.e. in Ω,

1

|Ω|

∫
Ω

θ∗ dx = s,

and θ∗ = θ a.e. in Ω \ Ω̌, we define Aθ∗ ∈ M(Ω) as the function given by Proposition
6.2 applied to θ∗ a.e. in Ω̌ and Aθ∗ = A a.e. in Ω \ Ω̌. Deriving Aθ∗ with respect to
θ∗, we obtain an admissible direction. Then, using condition (3.4), we get∫

Ω

Fϑdx ≤ 0(6.7)

for every ϑ ∈ L∞(Ω) such that ϑ = 0 a.e. in Ω \ Ω̌, ϑ ≥ 0 a.e. in {θ = 0} ∩ Ω̌, ϑ ≤ 0
a.e. in {θ = 1} ∩ Ω̌, and ∫

Ω

ϑ dx = 0.

It is easy to check that this implies the existence of r ∈ R, which satisfies the statement
of the proposition.

Remark 6.4. The expression of F is strictly decreasing with respect to θ. Then,
from (6.6), it is possible to obtain θ as a function of c1, c2 and r.

Remark 6.5. In Proposition 6.3, if r ≥ 0, then θ = 0 a.e. in the set

{c1 > 0}
⋂{√

c2
c1

≤ β

α

}
∩ Ω̌.
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Analogously, if r ≤ 0, then θ = 1 a.e. in the set

{c2 < 0}
⋂{√

c2
c1

≥ α

β

}
∩ Ω̌.

We finish with the following result.

Proposition 6.6. In the assumptions of Theorem 3.2, let M(Ω) be the set
of matrices defined in Theorem 6.1, where θ is any function in L∞(Ω) such that
0 ≤ θ ≤ 1 a.e. in Ω, and denote by c1, c2, c1 ≤ c2, the eigenvalues of C. Then there
exists an associated basis {µ1, µ2} of eigenvectors of C such that a.e. in Ω we have
(6.4). Moreover, a.e. in Ω̌, the functions a1, a2 are given by the following:

If 0 ≤ c1 ≤ c2, then a1 = a2 = β.

If c1 ≤ c2 ≤ 0, then a1 = a2 = α.

If c1 < 0 < c2, then⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

α

β
≥ −c1

c2
⇒ a1 = a2 = β,

β

α
> −c1

c2
>

α

β
⇒ a1 =

√
−αβc2

c1
, a2 = α + β −

√
−αβc1

c2
,

−c1
c2

≥ β

α
⇒ a1 = a2 = α.

Proof. We proceed similarly to Proposition 6.3, but now, in the condition (6.7),
the function ϑ does not necessarily satisfy∫

Ω

ϑ dx = 0.

This implies that the function F given in Proposition 6.3 satisfies (6.6) with r = 0,
which easily gives the result.

Second problem. Given a diagonal matrix Λ = diag(α, β) with 0 < α < β, let
us now consider the optimization problem (1.1) when M(Ω) is the H-closure of the
matrices of the form R(x)ΛR(x)t, where R is measurable, and R(x) belongs to O2 for
a.e. x ∈ Ω (observe that to assume Λ diagonal is not a restriction). This set M(Ω)
is known (see, e.g., [25], [16]) and agrees with the set of functions B ∈ L∞(Ω,Ms

2)
such that for a.e. x ∈ Ω, the eigenvalues b1(x) and b2(x) of B(x) satisfy α ≤ b1(x),
b2(x) ≤ β, b1(x)b2(x) = αβ. For this choice of M(Ω), we have the following result.

Proposition 6.7. In the assumptions of Theorem 3.2, if c1 and c2, with c1 ≤ c2,
are the eigenvalues of C, then there exists an associated basis {µ1, µ2} of eigenvectors
of C such that a.e. in Ω, we have

Aµi = aiµi, i = 1, 2,(6.8)

where a.e. in the set Ω̌ defined by (6.3), the functions a1, a2 are given by

c2 < 0 and
c2
c1

>
α

β
⇒

⎧⎪⎪⎨⎪⎪⎩
a1 =

√
αβ

√
c2
c1

,

a2 =
√
αβ

√
c1
c2

.
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If c1 > 0 and c2
c1

≤ β
α , then there exist three possibilites:

{
a1 = α,
a2 = β,

or

{
a1 = β,
a2 = α,

or

⎧⎪⎪⎨⎪⎪⎩
a1 =

√
αβ

√
c2
c1

,

a2 =
√
αβ

√
c1
c2

.

In another case a1 = α, a2 = β.
Proof. Since the set M(Ω) is invariable by rotations, we can apply Proposition

5.2 to deduce that for a.e. x ∈ Ω, there exists a basis {µ1(x), µ2(x)} of R2 such that

C(x)µi(x) = ci(x)µi(x), A(x)µi(x) = ai(x)µi(x), i = 1, 2,

with c1(x) ≤ c2(x), a1(x), a2(x) ∈ R. From the definition of M(Ω), we also have that
for a.e. x ∈ Ω, there exists t∗(x) ∈ [1, β

α ] such that

a1(x) = αt∗(x), a2(x) =
β

t∗(x)
.

Moreover, from (5.1), we deduce that t∗ satisfies

(t∗(x) − t)

(
αc1(x) − βc2(x)

t∗(x)t

)
(6.9)

+(t∗(x) − t)2 min

{
αc1(x)

t
,

βc2(x)

(t∗(x))2t
,

1

t∗(x) + t

(
αc1(x) +

βc2(x)

t∗(x)t

)}
≥ 0

for every t ∈ [1, β
α ] and a.e. x ∈ Ω. In the set where t∗(x) = 1, we have t∗(x) − t < 0

for every t ∈ (1, β
α ]. So, dividing by 1 − t and taking t converging to 1 on the right,

we deduce

αc1 − βc2 ≤ 0 a.e. in {x ∈ Ω : t∗(x) = 1}.(6.10)

Analogously, we deduce

βc1 − αc2 ≥ 0 a.e. in

{
x ∈ Ω : t∗(x) =

β

α

}
,(6.11)

αc1 −
βc2

(t∗(x))2
= 0 a.e. in

{
x ∈ Ω : 1 < t∗(x) <

β

α

}
,(6.12)

where the statement (6.12) implies

c1c2 > 0, t∗ =

√
βc2
αc1

a.e. in

{
x ∈ Ω̌ : 1 < t∗(x) <

β

α

}
.(6.13)

Analyzing the different cases which appear depending on the sign of c1 or c2, we easily
conclude from (6.10), (6.11), and (6.13) the proof of Proposition 6.7.

Remark 6.8. We have deduced (6.10), (6.11), and (6.13) from inequality (6.9).
One could conjecture that this inequality gives, in fact, more information. However, a
simple calculus shows that the statements (6.10), (6.11), and (6.13) also imply (6.9).

Remark 6.9. Proposition 6.7 does not give the expressions of a1 and a2 in the set
where c1 > 0 and c2

c1
≤ β

α ; it gives three possibilities. The possibility a1 = α, a2 = β
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seems to be the most natural in order to stick continuously with the values of a1 and
a2 in the other zones. We also note that if M(Ω) was convex then, using that B −A
is an admissible direction for every B ∈ M(Ω), we should obtain in place of (6.9) that

αt∗ +
β

t∗
= max

{
αt +

β

t
: t ∈

[
1,

β

α

]}
,

which implies that t∗ = 1 (and then a1 = α, a2 = β) a.e. on the set where c1 > 0 and
c2
c1

≤ β
α as well as the expressions of a1 and a2 given in Proposition 6.7 in the other

cases. However, since M(Ω) is not convex, this reasoning is not good and thus the
only conclusion we obtain is that stated in Proposition 6.7.
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Abstract. We consider an optimal control problem where the state satisfies a bilateral elliptic
variational inequality and the control functions are the upper and lower obstacles. We seek a state
that is close to a desired profile and the H2 norms of the obstacles are not too large. Existence
results are given and an optimality system is derived. A particular case is studied that needs no
compactness assumption, via a monotonicity method.
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1. Introduction. We consider an optimal control problem where the state sat-
isfies a bilateral elliptic variational inequality and the control functions are the upper
and lower obstacles. We seek a state that is close to a desired profile and for which
the H2 norms of the obstacles are not too large.

This type of problem appears in shape optimization [11, 19]. It may concern, for
example, the optimal shape for a dam. The obstacle gives the form to be designed
such that the pressure of the fluid inside the dam is close to a desired value. This is
equivalent in some sense to controlling the free boundary (see [14], for example).

There are few papers about the control of the obstacle in variational inequalities.
In an early paper [10], Bucur, Buttazzo, and Trabeschi give an existence result for a
problem of the following type:

min

{
F (g), g ∈ Xψ(Ω),

∫
Ω

g(x)dx = c

}
,

where Xψ(Ω) = {g : Ω → R̄, g ≤ ψ} and F is increasing γ lower semicontinuous. The
monotonicity assumption on F allows the avoidance of the compactness assumption
used in the present paper. In [3] the problem is studied with completely different
methods (the γ-convergence is not used), using once again an implicit monotonicity
assumption. Then [1, 2, 9, 17, 18] generalized that result to include source terms,
semilinear and quasilinear elliptic operators, and parabolic operators, replacing the
monotonicity hypothesis by a compactness one. One can refer also to the book by
Chipot [13] and its references for background and estimates for bilateral variational in-
equalities. For recent work on control in lower order terms, see the works by Chen [12]
on semilinear elliptic bilateral variational inequalities and by Bergounioux [8] on semi-
linear elliptic variational inequalities. The new feature in this paper is the control of
the two obstacles in the bilateral case.

The motivation of our work is threefold. First, as mentioned above, many shape
optimization problems can be modeled as the problem we describe here below. Sec-
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BP 6759, 45067 Orléans, France (Maitine.Bergounioux@labomath.univ-orleans.fr).
‡Mathematics Department, University of Tennessee, Knoxville, TN 37996-1300 (lenhart@math.

utk.edu).

240



OPTIMAL CONTROL OF BILATERAL OBSTACLE PROBLEMS 241

ondly, as usual, in optimal control theory, we are looking for a first order necessary op-
timality system that allows us to compute the solution exactly (often not the case) or
numerically. The numerical strategy can be the direct resolution of the optimality sys-
tem by a shooting method or any other fixed point method, or the setting of adapted
algorithms whose convergence may be proved using Lagrange multipliers; see [5, 6, 7].
Therefore, we claim that the establishment of optimality conditions is the first step
before any numerical analysis.

Thirdly, from the theoretical point of view, the problem is involved in a wider
class of (open) problems, which can be (formally) described as follows:

min{J(u, χ), u = T (χ), χ ∈ Uad ⊂ U},

where T is an operator which associates u to χ, where u is a (or the only) solution to

∀v ∈ K(u, χ), 〈A(u, χ), u− v〉 ≥ 0,

where K is a multiapplication from X ×U to 2X , where X is a Banach space and U a
Hilbert space. Let us give an example: let Y be a Banach space and A a differential
operator (linear or not), parabolic or elliptic from Y to the dual space Y ′, and h an
application from R×R×R to R. The differential equation that relates the control χ
to the state function u (i.e., the state “equation”) is

〈Au, v − u, 〉Y,Y′ + h(u, χ, v) − h(u, χ, u) ≥ (χ, v − u) ∀v ∈ Y,

where
1. h(u, χ, v) = h(v) gives the classical variational inequalities;
2. h(u, χ, v) = h(χ, v) gives (for example) obstacle problems (where the obstacle

is the control): this is the problem we investigate here;
3. h(u, χ, v) = h(u, v) leads to quasi-variational inequalities whose study is very

delicate.
Let us specify the problem under consideration as follows.

Let Ω be an open bounded subset of R
n with a smooth boundary ∂Ω. We consider

the bilinear form a(., .) defined on H1
o (Ω) ×H1

o (Ω) by

a(u, v) =

n∑
i,j=1

∫
Ω

aij
∂u

∂xi

∂v

∂xj
dx +

n∑
i=1

∫
Ω

bi
∂u

∂xi
v dx +

∫
Ω

cu v dx,(1.1)

where aij , bi, c belong to L∞(Ω). Moreover, we assume that aij belongs to C0,1(Ω̄)
(the space of Lipschitz continuous functions in Ω) and that c is nonnegative. The
bilinear form a(., .) is continuous on H1

o (Ω) ×H1
o (Ω),

∃M > 0, ∀(u, v) ∈ H1
o (Ω) ×H1

o (Ω), a(u, v) ≤ M ‖u‖H1
o(Ω)‖v‖H1

o(Ω),(1.2)

and is coercive:

∃α > 0, ∀u ∈ H1
o (Ω), a(u, u) ≥ α‖u‖2

H1
o(Ω).(1.3)

We shall define ‖ · ‖V , the norm in the Banach space V , and more precisely ‖ · ‖2

the L2(Ω)-norm. In the same way, 〈·, ·〉 denotes the duality product between H−1(Ω)
and H1

o (Ω), and (·, ·)2 the L2(Ω)-inner product. We call A ∈ L(H1
o (Ω), H−1(Ω))

the linear (elliptic) operator associated with a such that 〈Au, v〉 = a(u, v). Given
ϕ,ψ ∈ H1

o (Ω), we set

K(ϕ,ψ) = {u ∈ H1
o (Ω) | ϕ ≤ u ≤ ψ a.e. in Ω},(1.4)
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which is a nonempty, closed, convex subset of H1
o (Ω). All inequalities as u ≤ ψ are

understood in the almost everywhere sense. We choose f ∈ L2(Ω) as a source term.
For any ϕ,ψ ∈ H1

o (Ω), it is well known (see [4], for example) that the variational
inequality

∀v ∈ K(ϕ,ψ), a(u, v − u) ≥ (f, v − u), u ∈ K(ϕ,ψ),(1.5)

has a unique solution u that belongs to H1
o (Ω). In addition, if ϕ,ψ ∈ H2(Ω), then

u belongs to H2(Ω) ∩ H1
o (Ω) (see [4], for example). From now on, we consider H2-

obstacle functions so that we may define the operator T from (H2(Ω) ∩ H1
o (Ω)) ×

(H2(Ω) ∩H1
o (Ω)) to H2(Ω) ∩H1

o (Ω) such that T (ϕ,ψ) = u is the unique solution to
the variational inequality (1.5). It is known that this operator is not differentiable
(and even not continuous if we define it on the whole space H1

o (Ω)).
Let Uad be the set of admissible controls defined as follows:

Uad = {(ϕ,ψ) ∈ (H2(Ω) ∩H1
o (Ω)) × (H2(Ω) ∩H1

o (Ω)) | ϕ ≤ ψ }.

Now, we consider the optimal control problem (P) defined as follows:

min

{
J(ϕ,ψ)

def
=

1

2

∫
Ω

(T (ϕ,ψ)−z)2dx+
ν

2

(∫
Ω

(
(∆ϕ)2 +(∆ψ)2

)
dx

)
, (ϕ,ψ)∈Uad

}
,

where z ∈ L2(Ω). In what follows we require continuity properties for T ; therefore
we need H2-a priori estimates. We could assume that Uad is H2-bounded, but this
choice leads to technical difficulties in deriving an optimality system. An equivalent
theoretical tool for getting such estimates is to involve the H2-norm in the objective
functional. That is why we have added the term

∫
Ω

(
(∆ϕ)2 + (∆ψ)2

)
dx. The positive

real number ν can be small but it is fixed: it ensures that the weight of the H2-norm
is not too large with respect to the least squared minimization to drive the state
u = T (ϕ,ψ) as close as possible to a desired profile z. Of course, this is a regularizing
term which gives compactness properties. It is not too unrealistic to look for smooth
obstacles: the gradient is bounded, and thus we avoid oscillations, and the curvature
is bounded as well.

Let us give an outline of the paper. The next section is devoted to the study of
the state-inequality and some properties of the operator T . Then we give an existence
result for a solution of (P). Section 3 is devoted to the optimality system. We consider
an approximate optimality system and convergence results to pass to the limit in this
system. In the last section, we present a particular case, where the H2-boundedness
assumption is weakened and replaced by an H1-boundedness assumption. We use
monotonicity tools to deal with the lack of compactness and obtain a “complete”
optimality system.

2. Properties of the state operator T . We consider the following technique
(see [4, 3]) to approximate the variational inequality by a semilinear equation. More
precisely, we define

β(r) =

⎧⎪⎨⎪⎩
0 if r ≥ 0,

−r2 if r ∈ [− 1
2 , 0],

r + 1
4 if r < − 1

2 .

(2.1)
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Note that min{0, r} ≤ β(r) ≤ 0 and β ∈ C1(R) with

β′(r) =

⎧⎪⎨⎪⎩
0 if r ≥ 0,

−2r if r ∈ [− 1
2 , 0],

1 if r < − 1
2 .

(2.2)

We introduce the following semilinear elliptic equation:

Au +
1

δ
(β(u− ϕ) − β(ψ − u)) = f in Ω, u = 0 on ∂Ω.(2.3)

As β(· − ϕ) − β(ψ − ·) is nondecreasing, it is known that the above equation has a
unique solution uδ ∈ H2(Ω) ∩H1

o (Ω), and we set uδ = T δ(ϕ,ψ).
Theorem 2.1. Let (ϕδ, ψδ) ∈ Uad be a sequence strongly convergent in H1

o (Ω)
to some (ϕ,ψ) as δ tends to 0. Then the sequence uδ = T δ(ϕδ, ψδ) converges to
u = T (ϕ,ψ) strongly in H1

o (Ω).
Proof. For every (ϕδ, ψδ) ∈ Uad, we set uδ = T δ(ϕδ, ψδ). Equation (2.3) is

equivalent to

∀v ∈ H1
o (Ω), a(uδ, v) +

1

δ

(
β(uδ − ϕδ) − β(ψδ − uδ), v

)
2

= (f, v)2.(2.4)

First, we choose v = uδ − ϕδ. Equation (2.4) gives

a(uδ, uδ−ϕδ)+
1

δ

∫
Ω

β(uδ−ϕδ)(uδ−ϕδ)dx=
1

δ

∫
Ω

β(ψδ−uδ)(uδ−ϕδ)dx+

∫
Ω

f(uδ−ϕδ)dx.

Note that if uδ(x)−ϕδ(x) ≥ 0, then β(uδ(x)−ϕδ(x)) = 0; otherwise β(uδ(x)−ϕδ(x)) ≤
0. In any case we have

β(uδ − ϕδ)(uδ − ϕδ) ≥ 0 a.e. in Ω.

Similarly, if ψδ(x) ≤ uδ(x), then with ϕδ(x) ≤ ψδ(x) we get

β(ψδ − uδ)(uδ − ϕδ) ≤ 0 a.e. in Ω,

since β(ψδ(x) − uδ(x)) = 0 if ψδ(x) > uδ(x). By the above, we obtain

a(uδ, uδ − ϕδ) ≤ (f, uδ − ϕδ)2,

a(uδ, uδ) ≤ a(uδ, ϕδ) + (f, uδ − ϕδ)2,

α‖uδ‖2
H1

o(Ω) ≤ M‖uδ‖H1
o(Ω)‖ϕδ‖H1

o(Ω) + ‖f‖2‖uδ‖2 + ‖f‖2‖ϕδ‖2,

α‖uδ‖2
H1

o(Ω) ≤ M‖uδ‖H1
o(Ω)‖ϕδ‖H1

o(Ω) + ‖f‖2‖uδ‖H1
o(Ω) + ‖f‖2‖ϕδ‖H1

o(Ω).

This gives the existence of a constant C1 depending only on f and a such that

‖uδ‖H1
o(Ω) ≤ C1‖ϕδ‖H1

o(Ω).(2.5)

Similarly, once again using ϕδ ≤ ψδ, we have the following estimate:

‖uδ‖H1
o(Ω) ≤ C2‖ψδ‖H1

o(Ω),(2.6)

where C2 ≥ 0 depends only on f and a.
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• Next, we estimate β(uδ−ϕδ)−β(ψδ−uδ). As 0 ≤ β′ ≤ 1, β(uδ−ϕδ)−β(ψδ−uδ) ∈
H1

o (Ω). Using (2.4) with v = β(uδ − ϕδ) − β(ψδ − uδ) gives

1

δ
‖β(uδ − ϕδ) − β(ψδ − uδ)‖2

2

= − a(uδ, β(uδ − ϕδ) − β(ψδ − uδ)) +
(
f, β(uδ − ϕδ) − β(ψδ − uδ)

)
2

≤ M‖uδ‖H1
o

(
‖β(uδ − ϕδ)‖H1

o
+ ‖β(ψδ − uδ)‖H1

o

)
+ ‖f‖2

(
‖β(uδ − ϕδ)‖2 + ‖β(ψδ − uδ)‖2

)
≤

(
M‖uδ‖H1

o
+ ‖f‖2

) (
‖β(uδ − ϕδ)‖H1

o
+ ‖β(ψδ − uδ)‖H1

o

)
.

As β(0) = 0 and 0 ≤ β′ ≤ 1, then ‖β(v)‖2 ≤ ‖v‖2. In addition,

∂β(v)

∂xi
= β′(v)

∂v

∂xi

yields that ‖∇β(v)‖2 ≤ ‖∇v‖2. Finally, ‖β(v)‖H1
o(Ω) ≤ ‖v‖H1

o(Ω), and we get

‖β(uδ − ϕδ) − β(ψδ − uδ)‖2
2 ≤ δ

(
M‖uδ‖H1

o
+ ‖f‖2

) (
‖uδ − ϕδ‖H1

o
+ ‖ ψδ − uδ‖H1

o

)
.

With estimates (2.5) and (2.6) we obtain

‖β(uδ −ϕδ)− β(ψδ − uδ)‖2
2 ≤ δ

(
C3‖ϕδ‖H1

o
+ ‖f‖2

) (
C4‖ϕδ‖H1

o
+ C5‖ψδ‖H1

o

)
.(2.7)

• Now, we consider a sequence (ϕδ, ψδ) ∈ Uad strongly convergent in H1
o (Ω) to some

(ϕ,ψ). As Uad is H1-closed, (ϕ,ψ) ∈ Uad. In addition, (ϕδ, ψδ) is bounded in H1
o (Ω)

uniformly with respect to δ. Therefore, estimates (2.5) and/or (2.6) imply the weak
convergence of uδ = T (ϕδ, ψδ) to some u ∈ H1

o (Ω).
Relation (2.7) proves that β(uδ−ϕδ)−β(ψδ−uδ) strongly converges to 0 in L2(Ω).

With the strong convergence of (ϕδ, ψδ, uδ) to (ϕ,ψ, u) in L2(Ω) and 0 ≤ β′ ≤ 1, we
get β(u− ϕ) − β(ψ − u) = 0 and

β(u− ϕ) = β(ψ − u) a.e. in Ω;

if u(x) < ϕ(x) ≤ ψ(x), then β(u−ϕ)(x) < 0 and β(ψ−u)(x) = 0: this is not possible.
Similarly, if ϕ(x) ≤ ψ(x) < u(x), then β(u − ϕ)(x) = 0 and β(ψ − u)(x) > 0. The
only remaining possibility is ϕ ≤ u ≤ ψ, that is, u ∈ K(ϕ,ψ).
• Let us prove that u = T (ϕ,ψ). As we already know that u ∈ K(ϕ,ψ), it is
sufficient to prove that

∀v ∈ K(ϕ,ψ), a(u, v − u) ≥ (f, v − u)2.

We choose v ∈ K(ϕ,ψ) and set vδ = inf (sup (v, ϕδ), ψδ). Then vδ ∈ K(ϕδ, ψδ) and
vδ strongly converges to v in H1

o (Ω). Equation (2.4) with v = vδ − uδ gives

a(uδ, vδ − uδ) =
1

δ

∫
Ω

(
β(ψδ − uδ) − β(uδ − ϕδ)

)
(vδ − uδ) dx +

∫
Ω

f(vδ − uδ) dx .


 If ϕδ ≤ uδ ≤ ψδ, then β(ψδ − uδ) = β(uδ − ϕδ) = 0.

 If uδ < ϕδ ≤ ψδ, then β(ψδ − uδ) = 0 and vδ − uδ > 0. As β(uδ − ϕδ) ≤ 0,

we get (β(ψδ − uδ) − β(uδ − ϕδ))(vδ − uδ) ≥ 0.

 If ϕδ ≤ ψδ < uδ, then β(uδ − ϕδ) = 0 and vδ − uδ < 0. As β(ψδ − uδ) ≤ 0,

so that (β(ψδ − uδ) − β(uδ − ϕδ))(vδ − uδ) ≥ 0.
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Finally,

a(uδ, vδ − uδ) ≥ (f, vδ − uδ)2,

a(uδ, uδ) ≤ a(uδ, vδ) − (f, vδ − uδ)2.

We may pass to the limit and use the lower semicontinuity of a:

a(u, u) ≤ lim inf
δ→0

a(uδ, uδ) ≤ lim
δ→0

a(uδ, vδ) − (f, vδ − uδ)2 = a(u, v) − (f, v − u)2.

This gives a(u, v − u) ≥ (f, v − u)2 for every v ∈ K(ϕ,ψ) and u = T (ϕ,ψ).
• It remains to prove the strong convergence of uδ to u in H1

o (Ω). We again use
wδ = inf (sup (u, ϕδ), ψδ) that strongly converges to u in H1

o (Ω). It is sufficient to
prove that wδ − uδ strongly converges to 0 in H1

o (Ω). We use (2.4) once again:

a(wδ − uδ, wδ − uδ) = a(wδ, wδ − uδ) − a(uδ, wδ − uδ)

= a(wδ, wδ − uδ) +
1

δ

∫
Ω

(
β(uδ − ϕδ) − β(ψδ − uδ)

)
(wδ − uδ) dx−

∫
Ω

f(wδ − uδ) dx .

A similar analysis as above shows that (β(uδ −ϕδ)−β(ψδ −uδ))(wδ −uδ) ≤ 0 a.e. in
Ω. Thus

a(wδ − uδ, wδ − uδ) ≤ a(wδ, wδ − uδ) −
(
f, wδ − uδ

)
2
,

α‖wδ − uδ‖2
H1

o(Ω) ≤ a(wδ, wδ − uδ) −
(
f, wδ − uδ

)
2
.

The right-hand side is convergent to 0 (with the strong convergence of wδ to u in
H1

o (Ω) and the weak convergence of wδ − uδ to 0 in H1
o (Ω)). Therefore wδ − uδ → 0

strongly in H1
o (Ω).

Remark 2.1. Note that the sequence (ϕδ, ψδ) belongs to H2(Ω)×H2(Ω), and it is
sufficient to assume that (ϕδ, ψδ) weakly converges to some (ϕ,ψ) in H2(Ω)×H2(Ω)
to get the conclusion of Theorem 2.1.

Corollary 2.1. For any (ϕ,ψ) ∈ Uad, the sequence uδ = T δ(ϕ,ψ) strongly
converges to u = T (ϕ,ψ) in H1

o (Ω).
Corollary 2.2. There exists a constant C depending only on f and a such that,

for any (ϕ,ψ) ∈ Uad,

‖T (ϕ,ψ)‖H1
o(Ω) ≤ C min

(
‖ϕ‖H1

o(Ω), ‖ψ‖H1
o(Ω)

)
.(2.8)

Proof. We choose ϕδ = ϕ, ψδ = ψ, and uδ = T δ(ϕ,ψ); as uδ strongly converges
to T (ϕ,ψ) in H1

o (Ω), we pass to the limit in (2.5) and (2.6).
Let us conclude this section with a continuity result for the operator T .
Theorem 2.2. T is continuous from Uad endowed with the H2(Ω) × H2(Ω)

sequential weak topology to H1
o (Ω) endowed with the sequential weak topology.

Proof. Assume that (ϕk, ψk) ∈ Uad is a sequence that weakly converges to (ϕ,ψ)
in H2(Ω) × H2(Ω). Then (ϕ,ψ) belongs to Uad, and (ϕk, ψk) strongly converges to
(ϕ,ψ) in H1

o (Ω) ×H1
o (Ω) as well. We set uk = T (ϕk, ψk).

Let v ∈ K(ϕ,ψ) and set (as previously) vk = inf (sup (v, ϕk), ψk) ∈ K(ϕk, ψk)
that strongly converges to v in H1

o (Ω). As uk = T (ϕk, ψk), we get a(uk, vk − uk) ≥
(f, vk − uk)2, that is,

a(uk, uk) ≥ a(uk, vk) − (f, vk − uk)2.
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Using Corollary 2.2, uk is bounded in H1
o (Ω) and weakly converges to some u (up to

a subsequence). Using the lower semicontinuity of a in the previous relation gives

a(u, u) ≥ a(u, v) − (f, v − u)2.

In addition, ϕk ≤ uk ≤ ψk implies ϕ ≤ u ≤ ψ. Therefore u = T (ϕ,ψ), and the whole
sequence converges.

Now, we turn back to the optimal control problem (P). We first give an existence
result for the solution.

Theorem 2.3. Problem (P) has (at least) an optimal solution (ϕ∗, ψ∗).
Proof. Let (ϕk, ψk) be a minimizing sequence. As J(ϕk, ψk) is bounded, ϕk and

ψk are H2-bounded and converge to some ϕ∗ and ψ∗, respectively, weakly in H2(Ω)
(and strongly in H1

o (Ω) (up to a subsequence)). The weak cluster point belongs
to Uad and with Theorem 2.2 we know that uk = T (ϕk, ψk) weakly converges to
u∗ = T (ϕ∗, ψ∗) in H1

o (Ω). Then,

J(ϕ∗, ψ∗) =
1

2

∫
Ω

(T (ϕ∗, ψ∗) − z)2dx +
ν

2

∫
Ω

(
(∆ϕ∗)2 + (∆ψ∗)2

)
dx

≤ lim inf
k→∞

J(ϕk, ψk) = inf(P).

Thus (ϕ∗, ψ∗) is an optimal solution to (P).

3. Optimality system.

3.1. An approximate problem. We first consider an approximate problem
and establish an optimality system for this problem. Let (ϕ∗, ψ∗) be an optimal
solution to (P) and u∗ = T (ϕ∗, ψ∗). For any δ > 0, we define

Jδ(ϕ,ψ)
def
=

1

2

[∫
Ω

(
T δ(ϕ,ψ)−z

)2
dx+ν

∫
Ω

(
(∆ϕ)2+(∆ψ)2

)
dx+‖ϕ−ϕ∗‖2

2 +‖ψ−ψ∗‖2
2

]
.

The last term in Jδ is an adapted penalization term that focuses on a chosen solution
(ϕ∗, ψ∗). Let us define an approximate optimal control problem as follows:

(Pδ) min {Jδ(ϕ,ψ), (ϕ,ψ) ∈ Uad }.

Theorem 3.1. Problem (Pδ) has (at least) an optimal solution (ϕδ, ψδ). More-
over, the sequence (ϕδ, ψδ) weakly converges to (ϕ∗, ψ∗) in H2(Ω), while uδ=T δ(ϕδ, ψδ)
strongly converges to u∗ = T (ϕ∗, ψ∗) in H1

o (Ω).
Proof. The functional Jδ is obviously lower semicontinuous and coercive. There-

fore, Problem (Pδ) has (at least) an optimal solution (ϕδ, ψδ). We call uδ = T δ(ϕδ, ψδ)
and note that, for any δ > 0,

Jδ(ϕ
δ, ψδ) ≤ Jδ(ϕ

∗, ψ∗)=
1

2

[∫
Ω

(
T δ(ϕ∗, ψ∗) − z

)2
dx +ν

∫
Ω

(
(∆ϕ∗)2+ (∆ψ∗)2

)
dx

]
;

(3.1)
using Corollary 2.1, T δ(ϕ∗, ψ∗)→ u∗ = T (ϕ∗, ψ∗) strongly in H1

o (Ω), and Jδ(ϕ
∗, ψ∗)→

J(ϕ∗, ψ∗). Therefore, there exist δo > 0 and a constant j∗ such that

∀δ ≤ δo, Jδ(ϕ
δ, ψδ) ≤ j∗ < +∞.

Therefore ϕδ and ψδ are H2-bounded uniformly with respect to δ ≤ δo. We apply
Theorem 2.1: up to subsequences, we get

ϕδ → ϕ̃ and ψδ → ψ̃ weakly in H2(Ω) and strongly in H1
o (Ω) and

uδ → ũ = T (ϕ̃, ψ̃) strongly in H1
o (Ω).
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As Uad is weakly closed, then (ϕ̃, ψ̃) ∈ Uad. Using the lower semicontinuity of Jδ and
(3.1), we obtain

J(ϕ̃, ψ̃) +
1

2
‖ϕ̃− ϕ∗‖2

2 +
1

2
‖ψ̃ − ψ∗‖2

2 ≤ lim inf
δ→0

Jδ(ϕ
δ, ψδ)

≤ lim sup
δ→0

Jδ(ϕ
δ, ψδ)

≤ lim
δ→0

Jδ(ϕ
∗, ψ∗) = J(ϕ∗, ψ∗)

≤ J(ϕ̃, ψ̃).

Here, we used that (ϕ̃, ψ̃) is an admissible pair for problem (P). This yields that
‖ϕ̃ − ϕ∗‖2

2 + ‖ψ̃ − ψ∗‖2
2 ≤ 0; thus ϕ̃ = ϕ∗, ψ̃ = ψ∗, and the whole sequence is

convergent. In addition,

lim
δ→0

Jδ(ϕ
δ, ψδ) = J(ϕ∗, ψ∗).

3.2. An approximate optimality system. We first establish a (necessary)
optimality system for (Pδ), using the following result on the Gâteaux-derivative of
the operator T δ.

Lemma 3.1. The mapping T δ is Gâteaux-differentiable at any (ϕ,ψ) ∈ Uad:

∀(ξ, η)∈H1
o (Ω)×H1

o (Ω),
T δ(ϕ + tξ, ψ + t η) − T δ(ϕ,ψ)

t

w
⇀ vδ in H1

o (Ω), as t → 0,

where vδ is the solution of the sensitivity equation

Avδ+
1

δ

(
β′(wδ − ϕ) + β′(ψ − wδ)

)
vδ =

1

δ

(
β′(wδ − ϕ) ξ + β′(ψ − wδ) η

)
in Ω,

vδ = 0 on ∂Ω,

where wδ = T δ(ϕ,ψ).
Proof. The proof is similar to [3, Lemma 5.1].
In what follows, we keep the notation of subsection 3.1. As usual we define the

(approximate) adjoint state of the problem as the solution pδ ∈ H1
o (Ω) of

A∗pδ +
1

δ

(
β′(uδ − ϕδ) + β′(ψδ − uδ)

)
pδ = uδ − z in Ω, pδ = 0 on ∂Ω,

where A∗ denotes the adjoint operator of A. As (ϕδ, ψδ) is a solution to (Pδ), we have

∀(ϕ,ψ) ∈ Uad,
d

dt
Jδ

(
ϕδ + t(ϕ− ϕδ), ψδ + t(ψ − ψδ)

)
|t=0

≥ 0.

This gives∫
Ω

(
χδ(uδ − z) + ν∆ϕδ∆(ϕ− ϕδ) + ν∆ψδ∆(ψ − ψδ)

)
dx

+

∫
Ω

(
(ϕδ − ϕ∗)(ϕ− ϕδ) + (ψδ − ψ∗)(ψ − ψδ)

)
dx ≥ 0,

where χδ ∈ H1
o (Ω) satisfies

Aχδ +
1

δ

(
β′(uδ − ϕδ) + β′(ψδ − uδ)

)
χδ

=
1

δ

(
β′(uδ − ϕδ)(ϕ− ϕδ) + β′(ψδ − uδ)(ψ − ψδ)

)
in Ω.
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Using the definition of pδ, we obtain

a∗(pδ, χδ) +

∫
Ω

β′(uδ − ϕδ) + β′(ψδ − uδ)

δ
pδχδdx

+ ν

∫
Ω

(
∆ϕδ∆(ϕ− ϕδ) + ∆ψδ∆(ψ − ψδ)

)
dx

+

∫
Ω

(
(ϕδ − ϕ∗)(ϕ− ϕδ) + (ψδ − ψ∗)(ψ − ψδ)

)
dx ≥ 0.

Here a∗ denotes the adjoint form of a (associated with the adjoint operator A∗). Then,

a(χδ, pδ) +

∫
Ω

β′(uδ − ϕδ) + β′(ψδ − uδ)

δ
χδpδdx

+ ν

∫
Ω

(
∆ϕδ∆(ϕ− ϕδ) + ∆ψδ∆(ψ − ψδ)

)
dx

+

∫
Ω

(
(ϕδ − ϕ∗)(ϕ− ϕδ) + (ψδ − ψ∗)(ψ − ψδ)

)
dx ≥ 0;

we obtain ∫
Ω

β′(uδ− ϕδ)

δ
pδ(ϕ− ϕδ) +

β′(ψδ − uδ)

δ
pδ(ψ − ψδ) dx

+ ν

∫
Ω

(
∆ϕδ∆(ϕ− ϕδ) + ∆ψδ∆(ψ − ψδ)

)
dx

+

∫
Ω

(
(ϕδ − ϕ∗)(ϕ− ϕδ) + (ψδ − ψ∗)(ψ − ψδ)

)
dx ≥ 0.

In what follows we set

µδ
1 =

β′(uδ− ϕδ)

δ
pδ, µδ

2 =
β′(ψδ − uδ)

δ
pδ, and µδ = µδ

1 + µδ
2 (∈ L2(Ω)).(3.2)

Finally, we obtain the following result.
Theorem 3.2. Assume that (ϕδ, ψδ) is an optimal solution to (Pδ) and uδ =

T δ(ϕδ, ψδ). Then there exist pδ ∈ H1
o (Ω) ∩H2(Ω) and µδ

1, µ
δ
2 ∈ L2(Ω) such that the

following optimality system is satisfied:

Auδ +
1

δ

(
β(uδ − ϕδ) − β(ψδ − uδ)

)
= f in Ω, uδ = 0 on ∂Ω,(3.3a)

A∗pδ + µδ
1 + µδ

2 = uδ − z in Ω, pδ = 0 on ∂Ω,(3.3b)

∀(ϕ,ψ) ∈ Uad,
(
µδ

1 + ϕδ − ϕ∗, ϕ− ϕδ
)
2

+
(
µδ

2 + ψδ − ψ∗, ψ − ψδ
)
2

+ ν
(
∆ϕδ,∆(ϕ− ϕδ)

)
2

+ ν
(
∆ψδ,∆(ψ − ψδ)

)
2
≥ 0.

(3.3c)

Let us give additional properties of µδ
1 and µδ

2, as follows.
Proposition 3.1. The supports of µδ

1 and µδ
2 are disjoint so that(

µδ
1, µ

δ
2

)
2

= 0 and ‖µδ‖2
2 = ‖µδ

1‖2
2 + ‖µδ

2‖2
2.

It follows that

µδ =

⎧⎪⎨⎪⎩
µδ

1 on { x ∈ Ω| uδ(x) < ϕδ(x) } def
= ω1

δ ,

µδ
2 on { x ∈ Ω| uδ(x) > ψδ(x) } def

= ω2
δ ,

0 elsewhere.

(3.4)

Moreover, µδ
i ∈ H1

o (Ω) for i = 1, 2.
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Proof. The first assertion is clear because of the definition of µδ
i . Note that ωi

δ

are open subsets of Ω since uδ, φδ, and ψδ are continuous (n ≤ 3).
Let us compute the derivative of µδ

1 in the distribution sense (the same proof

holds for µδ
2); we recall that µδ

1 = η(uδ−ϕδ)
δ pδ, where

η(r) =

⎧⎪⎨⎪⎩
0 if r ≥ 0,

−2r if r ∈ [− 1
2 , 0],

1 if r ≤ − 1
2 .

The function η is derivable as a distribution, and its derivative is

η′(r) =

{
0 if r ∈ ] −∞− 1

2 [∪ ]0,+∞[,

−2 if r ∈ [− 1
2 , 0],

because η is continuous and piecewise C1. So µδ
1 is differentiable in the distribution

sense and

∂µδ
1

∂xi
=

1

δ
η′(uδ − ϕδ)

∂(uδ − ϕδ)

∂xi
pδ +

1

δ
η(uδ − ϕδ)

∂pδ

∂xi
.

As η(uδ − ϕδ), η′(uδ − ϕδ) ∈ L∞(Ω), pδ ∈ H2(Ω) ∩ H1
o (Ω) ⊂ L∞(Ω) (since n ≤ 3),

and ∂(uδ−ϕδ)
∂xi

, ∂pδ

∂xi
∈ L2(Ω), then

∂µδ
1

∂xi
∈ L2(Ω). Therefore µδ

1 ∈ H1(Ω). As µδ
1 = 0 on

∂Ω (since pδ ∈ H1
o (Ω)), then µδ

1 ∈ H1
o (Ω).

3.3. Optimality system for (P). We would like to pass to the limit in the
previous system. We already know the weak convergence of (ϕδ, ψδ) in H2 and the
strong convergence of uδ in H1

o (Ω). We have to estimate pδ and µδ
i , i = 1, 2.

Theorem 3.3. When δ → 0, pδ weakly converges in H1
o (Ω) to some p∗ (taking a

subsequence). The sequence µδ is bounded in H−1(Ω) and weakly converges to some
µ∗ ∈ H−1(Ω).

Proof. We use (3.3b) to obtain

a∗(pδ, pδ) +

∫
Ω

β′(uδ− ϕδ) + β′(ψδ − uδ)

δ
(pδ)2 dx =

(
uδ − z, pδ

)
2
.(3.5)

As β′ ≥ 0, this implies

α‖pδ‖2
H1

o(Ω) ≤ ‖uδ − z‖2‖pδ‖2,

‖pδ‖H1
o(Ω) ≤

1

α
‖uδ − z‖2.(3.6)

This implies that pδ weakly converges to some p∗ in H1
o (Ω). Therefore A∗pδ is bounded

in H−1(Ω) uniformly with respect to δ and µδ = −A∗pδ + uδ − z as well. Thus, there
exists µ∗ ∈ H−1(Ω) such that µδ weakly converges to µ∗ in H−1(Ω). Therefore we
may pass to the limit in (3.3b); this gives

A∗p∗ + µ∗ = u∗ − z in Ω, p∗ = 0 on ∂Ω .(3.7)

Let χ ∈ H2(Ω) ∩ H1
o (Ω) and choose ϕ = ϕδ + χ, ψ = ψδ + χ. Obviously,

(ϕ,ψ) ∈ Uad, and we use relation (3.3c) to obtain(
µδ + ϕδ − ϕ∗ + ψδ − ψ∗, χ

)
2

+ ν
(
∆ϕδ + ∆ψδ,∆χ

)
2
≥ 0;
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that is (since we have chosen any χ ∈ H2(Ω) ∩H1
o (Ω)), ∀χ ∈ H2(Ω) ∩H1

o (Ω),(
µδ + ϕδ − ϕ∗ + ψδ − ψ∗, χ

)
2

+ ν
(
∆ϕδ + ∆ψδ,∆χ

)
2

= 0.(3.8)

Let us set hδ = (∆ϕδ + ∆ψδ) ∈ L2(Ω) so that relation (3.8) reads

∀χ ∈ H2(Ω) ∩H1
o (Ω),

(
µδ + ϕδ − ϕ∗ + ψδ − ψ∗, χ

)
2

+ ν
(
hδ,∆χ

)
2

= 0.

Using the previous relation with χ ∈ D(Ω) gives

−ν ∆hδ = µδ + ϕδ − ϕ∗ + ψδ − ψ∗(3.9)

in the sense of distributions, and relation (3.8) is equivalent to

∀χ ∈ H2(Ω) ∩H1
o (Ω),

(
−∆hδ, χ

)
2

+
(
hδ,∆χ

)
2

= 0.(3.10)

As µδ + ϕδ − ϕ∗ + ψδ − ψ∗ ∈ L2(Ω), we have

hδ ∈ V def
= { h ∈ L2(Ω) | ∆h ∈ L2(Ω) }.

Therefore, the traces hδ
|∂Ω and ∂hδ

∂n |∂Ω
can be defined in H−1/2(∂Ω) and H−3/2(∂Ω),

respectively (see Lions [15, p. 229], for example). Using a generalized Greens’ formula
gives (

hδ,∆χ
)
2

=
(
∆hδ, χ

)
2

+

∫
∂Ω

hδ ∂χ

∂n
dσ

for any χ ∈ H2(Ω) ∩H1
o (Ω). Then with (3.10) we obtain

∀χ ∈ H2(Ω) ∩H1
o (Ω),

∫
∂Ω

hδ ∂χ

∂n
dσ = 0,

that is, with the surjectivity of the trace application (see Lions and Magenes [16,
p. 47]),

∀ζ ∈ H
1
2 (∂Ω),

∫
∂Ω

hδζ dσ = 0.

This implies hδ
|∂Ω = 0. Therefore, hδ is the unique solution of

−ν∆hδ = µδ + ϕδ − ϕ∗ + ψδ − ψ∗ ∈ L2(Ω), hδ = 0 on ∂Ω,

and belongs to H2(Ω)∩H1
o (Ω). Moreover, we know that µδ is weakly convergent to µ∗

in H−1(Ω) and that (ϕδ, ψδ) is strongly convergent to (ϕ∗, ψ∗) in H1
o (Ω). Therefore

hδ is weakly convergent to h∗ weakly in H1
o (Ω) and −ν∆h∗ = µ∗. Uniqueness of the

limit implies that h∗ = ∆(ϕ∗ + ψ∗).
As 0 ≤ β′ ≤ 1, we get with (3.5)

a∗(pδ, pδ) ≤
(
uδ − z, pδ

)
2
.

Using the lower semicontinuity of a∗ gives

a∗(p∗, p∗) ≤ lim inf
δ→+∞

(
uδ − z, pδ

)
2

= (u∗ − z, p∗)2 .
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Thus, with (3.7) we get

〈A∗p∗, p∗〉 = (u∗ − z, p∗)2 − 〈µ∗, p∗〉 ≤ (u∗ − z, p∗)2 ,

where 〈·, ·〉 denotes the (H−1, H1
o ) duality pairing. Thus 〈µ∗, p∗〉 ≥ 0. Therefore, we

obtain the following optimality system.
Theorem 3.4. Let (ϕ∗, ψ∗) be an optimal solution to (P). Then ∆(ϕ∗ + ψ∗) ∈

H1
o (Ω) and there exist p∗ ∈ H1

o (Ω) and λ∗ ≥ 0 in H−1(Ω) such that the following
optimality system is satisfied:

u∗ = T (ϕ∗, ψ∗),(3.11a)

A∗p∗ = u∗ − z∗ − µ∗ in Ω, p∗ = 0 on ∂Ω,(3.11b)

〈p∗, µ∗〉 ≥ 0,(3.11c)

µ∗ = µ∗
1 + µ∗

2, with µ∗
1 = −λ∗ − ν∆2ϕ∗ and µ∗

2 = λ∗ − ν∆2ψ∗,(3.11d)

〈λ∗, ϕ∗ − u∗〉 = 0 and 〈λ∗, u∗ − ψ∗〉 = 0.(3.11e)

Proof. We have already proved (3.11a)–(3.11c). It remains to show (3.11d) and
(3.11e).

Setting ϕ = ϕδ−χ and ψ = ψδ in relation (3.3c) with χ ∈ H2(Ω)∩H1
o (Ω), χ ≥ 0,

we get

∀χ ≥ 0,
(
µδ

1 + ϕδ − ϕ∗, χ
)
2

+ ν
(
∆ϕδ,∆χ

)
2
≤ 0.

The application χ �→ (µδ
1 + ϕδ − ϕ∗, χ)2 + ν(∆ϕδ,∆χ)2 from H2(Ω) ∩ H1

o (Ω) to R

is clearly linear and continuous. Therefore, there exists a measure λδ
1 (in the dual of

H2(Ω) ∩H1
o (Ω)) such that(

µδ
1 + ϕδ − ϕ∗, χ

)
2

+ ν
(
∆ϕδ,∆χ

)
2

=
〈
λδ

1, χ
〉
.

As
〈
λδ

1, χ
〉
≤ 0, then λδ

1 is a nonpositive measure. If we choose χ ∈ D(Ω), we get(
µδ

1 + ϕδ − ϕ∗, χ
)
2

+ ν
(
∆2ϕδ, χ

)
2

=
〈
λδ

1, χ
〉

in D′(Ω), so that the measure is

λδ
1 = µδ

1 + ϕδ − ϕ∗ + ν∆2ϕδ.

Similarly, there exists a nonnegative measure: λδ
2 = µδ

2 + ψδ − ψ∗ + ν∆2ψδ.
In addition, we have seen that

µδ
1 + µδ

2 = µδ = −ν∆hδ − (ϕδ − ϕ∗ + ψδ − ψ∗),

where hδ = (∆ϕδ + ∆ψδ) ∈ H2(Ω) ∩H1
o (Ω). Thus

λδ
1 + λδ

2 = 0.

Finally we get the existence of a nonnegative measure λδ such that

µδ
1 = −(λδ + ϕδ − ϕ∗ + ν∆2ϕδ) and µδ

2 = λδ − (ψδ − ψ∗ + ν∆2ψδ).(3.12)

Now we claim that µδ
i , i = 1, 2, are bounded as measures by a constant independent

of δ. Indeed, we use the following result: let ω be an open subset of Ω and µ ∈ �L2(Ω)
(⊂ H−1(Ω)). Then µ|ω ∈ H−1(ω) and ‖µ|ω‖H−1(ω) ≤ ‖µ‖H−1(Ω).
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We have noticed with relation (3.4) that µδ
|ωδ

i

= µδ
i for i = 1, 2. Moreover, the support

of µδ
i is included in ωδ

i and µδ
i ∈ L2(Ω); thus

‖µδ
i ‖H−1(Ω) = sup

ϕ∈H1
o(Ω)

‖ϕ‖
H1

o
≤1

〈
µδ
i , ϕ

〉
H−1,H1

o
= sup

ϕ∈H1
o(Ω)

‖ϕ‖
H1

o
≤1

(
µδ
i , ϕ

)
L2(ωδ

i
)
= sup

ϕ∈H1
o(ωδ

i
)

‖ϕ‖
H1

o
≤1

〈
µδ
i , ϕ

〉
H−1,H1

o

= ‖µδ
i ‖H−1(ωδ

i
) = ‖µδ

|ωδ
i
‖H−1(ωδ

i
) ≤ ‖µδ‖H−1(Ω).

As µδ is bounded in H−1(Ω), then µδ
i is bounded in H−1(Ω) as well by a constant

independent of δ. Therefore µδ
i converges to µ∗

i (as a measure) and λδ converges to a
nonnegative measure λ∗, as well, with

µ∗
1 = −λ∗ − ν∆2ϕ∗ and µ∗

2 = λ∗ − ν∆2ψ∗ .

Let us show the complementarity relation (3.11e). Inserting (3.12) into relation (3.3c)
with ϕ = ψ = uδ gives

∀δ,
(
λδ, ϕδ − uδ

)
+
(
λδ, uδ − ψδ

)
≥ 0;

passing to the limit with respect to δ yields

〈λ∗, ϕ∗ − u∗〉 + 〈λ∗, u∗ − ψ∗〉 ≥ 0.

As λ∗ ≥ 0 (as a measure) and ϕ∗ − u∗ ≤ 0, u∗ − ψ∗ ≤ 0, we get

〈λ∗, ϕ∗ − u∗〉 + 〈λ∗, u∗ − ψ∗〉 = 0.

Note that we have the sum of two terms that are separately nonpositive. Therefore

〈λ∗, ϕ∗ − u∗〉 = 〈λ∗, u∗ − ψ∗〉 = 0.

This achieves the proof.

4. A particular case. In some particular cases we may obtain a more complete
optimality system using monotonicity methods instead of compactness methods. Let
us consider the special case where the obstacle H2-norm that occurs in the cost
functional is replaced by the H1-norm given by the way of the bilinear form a, with

a(u, v) = (∇u,∇v)2 and f ≡ 0.

More precisely, we define the following cost functional:

Ĵ(ϕ,ψ)
def
=

1

2

∫
Ω

(T (ϕ,ψ) − z)2 dx +
ν

2

(
‖∇ϕ‖2

2 + ‖∇ψ‖2
2

)
.

In this case, obstacle functions are not necessarily H2-regular, and the admissible
control set is defined as follows:

Ûad = { (ϕ,ψ) ∈ H1
o (Ω) ×H1

o (Ω) | ϕ ≤ ψ }.

We consider the corresponding optimal control problem:

(P̂) min { Ĵ(ϕ,ψ) , (ϕ,ψ) ∈ Ûad }.
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Theorem 4.1. Problem (P̂) has (at least) an optimal control solution (ϕ̂, ψ̂)

with ϕ̂ = ψ̂ = û = T (û, û) for some û ∈ H1
o (Ω).

Proof. Let (ϕk, ψk) ∈ Ûad be a minimizing sequence:

lim
k→+∞

Ĵ(ϕk, ψk) = inf(P̂).

Therefore, (ϕk, ψk) is bounded in H1
o (Ω) and weakly converges to some (ϕ̂, ψ̂) in

H1
o (Ω); moreover, (ϕ̂, ψ̂) ∈ Ûad. Relation (2.8) of Corollary 2.2 yields that uk =

T (ϕk, ψk) is bounded in H1
o (Ω) as well and weakly converges to some û in H1

o (Ω).
Note that û ∈ K(û, û) and ∀v ∈ K(û, û), a(û, v − û) = 0 = (f, v − û)2. Thus
û = T (û, û). As Ĵ is lower semicontinuous, we have

Ĵ(û, û) =
1

2

∫
Ω

(û− z)2 dx +
ν

2

(
‖∇û‖2

2 + ‖∇û‖2
2

)
≤ lim inf

k→+∞

1

2

∫
Ω

(uk − z)2 dx +
ν

2

(
‖∇uk‖2

2 + ‖∇uk‖2
2

)
.

Note that if u = T (ϕ,ψ), we have

∀v ∈ K(ϕ,ψ), (∇u,∇u)2 ≤ (∇u,∇v)2 .

This gives

∀v ∈ K(ϕ,ψ), ‖∇u‖2 ≤ ‖∇v‖2,

and with v = ϕ and v = ψ,

‖∇T (ϕ,ψ)‖2 ≤ ‖∇ϕ‖2 and ‖∇T (ϕ,ψ)‖2 ≤ ‖∇ψ‖2.(4.1)

These inequalities will replace the compactness assumption. Indeed,

Ĵ(û, û)≤ lim inf
k→+∞

1

2

∫
Ω

(uk − z)2 dx +
ν

2

(
‖∇ϕk‖2

2 + ‖∇ψk‖2
2

)
= lim inf

k→+∞
Ĵ(ϕk, ψk)

= inf(P̂).

Thus (û, û) is a solution.
In this very case, we may give the generic form for the optimal solution, as follows.
Theorem 4.2. Any solution (ϕ̃, ψ̃) to (P̂) satisfies

ϕ̃ = ψ̃ = T (ϕ̃, ψ̃).

Proof. We have just found a solution in this form. Let (ϕ̃, ψ̃) be another optimal
solution, and set ũ = T (ϕ̃, ψ̃). Then

Ĵ(ũ, ũ) =
1

2

∫
Ω

(ũ− z)2 dx +
ν

2

(
‖∇ũ‖2

2 + ‖∇ũ‖2
2

)
≤ 1

2

∫
Ω

(ũ− z)2 dx +
ν

2

(
‖∇ϕ̃‖2

2 + ‖∇ψ̃‖2
2

)
with (4.1)

= Ĵ(ϕ̃, ψ̃) = inf(P̂).
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Thus Ĵ(ũ, ũ) = Ĵ(ϕ̃, ψ̃) and

2 ‖∇ũ‖2
2 = ‖∇ϕ̃‖2

2 + ‖∇ψ̃‖2
2 .

With (4.1), we get

‖∇ϕ̃‖2
2 + ‖∇ψ̃‖2

2 = ‖∇ũ‖2
2 + ‖∇ũ‖2

2 ≤ ‖∇ũ‖2
2 + ‖∇ψ̃‖2

2.

Therefore ‖∇ϕ̃‖2
2 ≤ ‖∇ũ‖2

2, and with (4.1) we obtain ‖∇ϕ̃‖2 = ‖∇ũ‖2 (and ‖∇ψ̃‖2 =
‖∇ũ‖2 in a similar way). Moreover, (∇ũ,∇ϕ̃)2 ≤ ‖∇ũ‖2‖∇ϕ̃‖2 = ‖∇ũ‖2

2 = ‖∇ϕ̃‖2
2;

as ũ = T (ϕ̃, ψ̃), we already have ‖∇ũ‖2
2 ≤ (∇ũ,∇ϕ̃)2, so that

(∇ũ,∇ϕ̃)2 = ‖∇ũ‖2
2 = ‖∇ϕ̃‖2

2 .

Similarly (∇ũ,∇ψ̃)2 = ‖∇ũ‖2
2. Finally,

‖∇(ũ− ϕ̃)‖2
2 = ‖∇ũ‖2

2 + ‖∇ϕ̃‖2
2 − 2 (∇ũ,∇ϕ̃)2 = 0.

Thus ∇ũ = ∇ϕ̃ (and similarly ∇ũ = ∇ψ̃). As ũ, ϕ̃, and ψ̃ belong to H1
o (Ω), this

gives ũ = ϕ̃ = ψ̃.
Let us define Ĵ∗ on H1

o (Ω) as follows:

Ĵ∗(w) = Ĵ(w,w) =
1

2

∫
Ω

(w − z)2 dx + ν‖∇w‖2
2 .

We have proved that any optimal pair (u, u) satisfies

Ĵ∗(u) = inf(P̂).

We consider the following optimal control problem:

(P̂∗) min{ Ĵ∗(v), v ∈ H1
o (Ω) }.

It is clear that (P̂∗) has a unique solution û∗ since Ĵ∗ is continuous, coercive, and
strictly convex on H1

o (Ω). Problems (P̂) and (P̂∗) are equivalent in the following way.
Theorem 4.3. (P̂) has a unique optimal solution (û, û), and û∗ = û is also the

unique optimal solution to (P̂∗). Conversely, if û∗ is the solution to (P̂∗), (û∗, û∗) is
the optimal solution to (P̂).

Proof. Let us choose an optimal solution to (P̂): (ū, ū). Then

∀(ϕ,ψ) ∈ Uad, Ĵ∗(ū) = Ĵ(ū, ū) ≤ Ĵ(ϕ,ψ);

in particular, we choose ϕ = ψ. Then,

∀ϕ ∈ H1
o (Ω), Ĵ∗(ū) ≤ Ĵ(ϕ,ϕ) = Ĵ∗(ϕ).

Therefore ū is the optimal solution to (P̂∗). As the solution to (P̂∗) is unique, the
solution to (P̂) is unique as well.

Conversely, let û∗ be the solution to (P̂∗), and (û, û) the solution to (P̂). We get

Ĵ(û∗, û∗) = Ĵ∗(û∗) ≤ Ĵ∗(û) = Ĵ(û, û) = inf(P̂).

As the solution to (P̂) is unique, then û∗ = û.
It is easy now to derive optimality conditions, since (P̂∗) is an unconstrained

problem.
Corollary 4.1. The optimal solution to (P̂) is characterized by

u∗ = T (u∗, u∗) and −2ν∆u∗ + u∗ = z in Ω, u∗ = 0 on ∂Ω.
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Abstract. We present new characterizations of input-output-to-state stability. This is a notion
of detectability formulated in the ISS (input-to-state stability) framework. Equivalent properties
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1. Introduction. Detectability is a central notion in control theory. It plays
a major role both in static state-feedback design (LaSalle’s invariance principle and
Jurdjevic–Quinn control) as well as in stabilization by means of dynamic output feed-
back or observer design. Several possibilities are available when formulating such a
notion in the context of nonlinear control. According to the specific problem under
consideration, they capture some or most of the useful features of its linear counter-
part. One approach that has proved to be especially powerful for systems subject to
exogenous disturbances is to define zero-detectability in terms of estimates involving
(possibly nonlinear) gains with respect to input and output norms. This leads to the
so-called input-output-to-state stability (IOSS) property. Such a notion not only al-
lows one to extend LaSalle-type stability results to the case of nonautonomous systems
[2], but it also provides a machinery, fully compatible with the formalism of the input-
to-state stability (ISS) property [8, 9, 13, 14, 15, 17, 18, 19, 23, 24, 25, 30, 31], that
helps one understand relevant issues such as minimum-phase behavior or certainty
equivalence [20, 11].

Although general nonlinear systems may often exhibit an overwhelming variety of
behaviors, it turns out that many of the “reasonable” formulations of the detectabil-
ity property (meaning at least compatible with the linear notion of detectability) are
equivalent to each other. In this paper, we discuss characterizations of IOSS in terms
of the asymptotic behavior of system solutions. This leads to several useful decompo-
sitions of the IOSS property in terms of weaker notions. These separation principles
are in direct analogy to those previously provided for ISS [28] and input-to-output sta-
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bility [12]. These results all generalize from differential equations the fact that global
asymptotic stability can be characterized by the combination of (neutral) stability
and attractivity.

As an application of our results, we will also discuss several ways of reformulating
the notion of integral input-to-state stability (iISS) (cf. [5, 26]) in terms of asymptotic
gains. This is accomplished by treating the iISS property as the IOSS property
for suitable auxiliary systems. Similar results were also obtained for the so-called
derivative-ISS property (DISS) in the recent work [7].

As mentioned, the main results are (far from obvious) generalizations to systems
with outputs of the analogous separation principles which appeared in [28] dealing
with the ISS notion. Actually, the ISS case is a special case of IOSS when the output
map is identically zero. However, it takes much more effort to handle the general case
of nonzero output maps. It can be seen from later sections that IOSS amounts to
the requirement of convergence to 0 (or to balls whose radii are proportional to the
norms of the input signals) only for those trajectories which evolve in a certain set
constrained by the output signals. In the ISS case, by comparison, the output map is
identically zero, so the constraints become trivial, and the restricted set becomes the
whole state space.

2. Basic definitions. Consider systems in the following general form:

ẋ(t) = f(x(t), u(t)), y(t) = h(x(t)),(1)

where, for each t ≥ 0, x(t) ∈ R
n, u(t) ∈ U, a subset of R

m. We assume that the
maps f : R

n × R
m → R

n and h : R
n → R

p are locally Lipschitz continuous, with
f(0, 0) = 0 and h(0) = 0. The symbol |·| denotes the usual Euclidean norms. The
open ball in R

l centered at the origin with radius r will be denoted by Bl(r).
By an input we mean a measurable and locally essentially bounded function

u : I → U, where I is a subinterval of R which contains the origin. Whenever the
domain I of an input u is not specified, it will be understood that I = R≥0. Given
a system with input-value set U, we will also often consider the same system with
inputs restricted to some subset O ⊆ U. We use MO to denote the set of all such
inputs.

Given any input u and any ξ ∈ R
n, the unique maximal solution of the initial

value problem ẋ = f(x, u), x(0) = ξ (defined on some maximal open subinterval of
I) is denoted by x(·, ξ, u). When I = R≥0, this maximal subinterval has the form
[0, Tξ,u). The system is said to be forward complete if for every initial state ξ and for
every input u defined on R≥0, Tξ,u = +∞. The corresponding output is denoted by
y(·, ξ, u), that is, y(t, ξ, u) = h(x(t, ξ, u)) on the domain of definition of the solution.

The L∞-norm (possibly infinite) of a function v defined on I is denoted by ‖v‖,
i.e.,

‖v‖ = (ess) sup{|v(t)| , t ∈ I}.
In particular, for a maximal trajectory x(·, ξ, u) and the corresponding output function
y(·, ξ, u) of (1) defined on [0, Tξ,u), ‖u‖, ‖x‖, and ‖y‖ denote the L∞-norm of u(·),
x(·, ξ, u), and y(·, ξ, u), respectively, on [0, Tξ,u). We will make a slight abuse of
notation and use sup and lim sup to mean the essential supremum where appropriate.
For a function v defined on an interval I, if I1 ⊆ I, we use vI1

to denote the restriction
of v to I1, i.e., vI1

(t) = v(t) if t ∈ I1, and vI1
(t) = 0 otherwise. Notice the following

fact: for a measurable function v defined on some interval [0, T ) for some T ≤ ∞,

lim sup
t→T

|v(t)| = lim
t→T

‖v[t,T )‖.(2)
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We use standard terminology (cf. [10]): N is the class of continuous, increasing
functions from [0,∞) to [0,∞); K is the set of N functions γ that are strictly increasing
and satisfy γ(0) = 0; K∞ is the set of K functions that are unbounded; L is the set
of functions [0,+∞) → [0,+∞) which are continuous, decreasing, and converge to 0
as their argument tends to +∞; KL is the class of functions [0,∞)2 → [0,∞) which
are class K on the first argument and class L on the second one. A positive definite
function γ : [0,∞) → [0,∞) is one such that γ(0) = 0 and γ(s) > 0 for all s > 0.

The following notions were introduced in [22] (see also [4]) and [16, 29], respec-
tively.

Definition 2.1. The system (1) satisfies the unboundedness observability (UO)
property if, for each state ξ and control u such that Tξ,u < ∞, it holds that
lim supt→Tξ,u

|y(t, ξ, u)| = +∞, that is, for each state ξ and control u,

Tξ,u < ∞ ⇒ ‖y‖ = +∞.

Definition 2.2. The system (1) is input-output-to-state stable (IOSS) if there
exist some β ∈ KL, γu ∈ K, and γy ∈ K such that

|x(t, ξ, u)| ≤ β(|ξ| , t) + γu(‖u‖) + γy
(
‖y[0,t]‖

)
(3)

for all t ∈ [0, Tξ,u), all ξ ∈ R
n, and all u(·).

Clearly, the IOSS property implies the UO property. The following local version
of it will also be used in the proof of our main result.

Definition 2.3. The system (1) is locally IOSS if there exist δ > 0 and functions
β ∈ KL, γu, γy ∈ K so that for any ξ ∈ R

n, any u(·),

max{|ξ| , ‖u‖, ‖y‖} ≤ δ ⇒ |x(t, ξ, u)| ≤ β(|ξ|, t) + γu(‖u‖) + γy(‖y[0,t]‖)(4)

for all t ∈ [0, Tξ,u).
Below we discuss several other properties for systems as in (1) regarding estimates

of the state variables on the basis of external information provided by past input and
output signals.

2.1. A catalog of properties.
Definition 2.4. Consider system (1). We say that
• the input-output limit property (IO-LIM) holds if for some γu, γy ∈ K,

inf
t∈[0,Tξ,u)

|x(t, ξ, u)| ≤ max{γu(‖u‖), γy(‖y‖)} ∀ ξ ∈ R
n, ∀u(·);(5)

• the input-output asymptotic gain property (IO-AG) holds if solutions are
ultimately bounded by some nonlinear gain function of ‖u‖ and ‖y‖, that is,
for some γu, γy ∈ K,

lim sup
t→Tξ,u

|x(t, ξ, u)| ≤ max{γu(‖u‖), γy(‖y‖)} ∀ ξ ∈ R
n, ∀u(·);(6)

• the input-output-to-state boundedness property (IO-BND) holds if for some
σ0, σu, σy ∈ N , it holds that

|x(t, ξ, u)| ≤ max{σ0(|ξ|), σu(‖u‖), σy(‖y[0,t]‖)}(7)

for all ξ ∈ R
n, all u(·), and all t ∈ [0, Tξ,u);
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• the input-output global stability property (IO-GS) holds if the functions
σ0, σu, σy in (7) can be taken to be of class K.

Thinking of these detectability properties as “stability modulo inputs and out-
puts,” we can identify IOSS with asymptotic stability, IO-GS with (neutral) stability,
and IO-AG with attractivity. In this context it seems perfectly natural that IOSS
should be equivalent to the combination of IO-GS and IO-AG, and indeed that is one
of the decompositions which appears in our main result. Related results follow by
considering other “basic” stability-like notions, such as IO-LIM.

It is not hard to see that each of the IO-AG, the IO-GS, and the IO-BND prop-
erties implies the UO condition. This follows from the fact that, for any ξ, u, if
Tξ,u < ∞, then |x(t, ξ, u)| → ∞ as t → Tξ,u. That the IO-LIM property also implies
the UO condition follows from the next remark.

Remark 2.5. The IO-LIM property can be defined equivalently by replacing the
“inf” in (5) by “lim inf”, that is,

lim inf
t→Tξ,u

|x(t, ξ, u)| ≤ max{γu(‖u‖), γy(‖y‖)}.(8)

It is straightforward that (8) implies (5). To see that (5) implies (8), take any T ∈
[0, Tξ,u). Applying (5) to x(t, ξT , uT ) with ξT = x(T, ξ, u) and uT (t) = u(t + T ), one
gets

inf
t∈[T,Tξ,u)

|x(t, ξ, u)| ≤ max{γu(‖uT ‖), γy(‖yT ‖)} ≤ max{γu(‖u‖), γy(‖y‖)},(9)

where yT = h(x(·, ξT , uT )). Since T can be arbitrary, one obtains (8).
Another characterization of IO-LIM is as follows. This statement is proved (along

with some related characterizations of the IO-LIM property) in Appendix A.
Lemma 2.6. System (1) satisfies the IO-LIM property if and only if there exist

γu, γy ∈ K such that

inf
t∈[0,Tξ,u)

{
|x(t, ξ, u)|−max{γu(‖u[0,t]‖), γy(‖y[0,t]‖)}

}
≤ 0 ∀ ξ ∈ R

n, ∀u(·).(10)

The following implication will be needed.
Lemma 2.7. If (1) satisfies the IO-LIM property, then it satisfies the IO-BND

property.
Proof. Consider a system as in (1). For each subset O of the input space U, each

subset C of R
n, and each Y ⊂ R

p we denote

RO/Y(C) :=
{
x(t, ξ, u) : ξ ∈ C, u ∈ MO, t ∈ [0, Tξ,u)

and h(x(λ, ξ, u)) ∈ Y ∀λ ∈ [0, t]
}
.

Then RO/Y(C) is the reachable set with initial conditions in C, controls in O, and
subject to an output constraint.

Suppose a system as in (1) satisfies the IO-LIM property and, consequently, the
UO property as well. By Lemma 2.6 one sees that (10) holds for some γu, γy ∈ K.
Pick an arbitrary s > 0. We let

Ω = Bn(2s), C = cl(Ω), K = cl

(
Bn

(
3s

2

))
, Y = cl

(
Bp

(
γ−1
y

(s)

2

))
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and

Yo = Bp(γ
−1
y (s)), O = cl(Bm(γ−1

u (s))).

Finally we define σ0(s) := sup{|p| : p ∈ RO/Y(C)}.
Claim. σ0(s) < ∞.
Proof. For any ξ ∈ R

n and any u ∈ MO, by (10), there exists τ ∈ [0, Tξ,u) so
that

|x(τ, ξ, u)| ≤ 3

2
max

{
s, γy(‖y[0,τ ]‖)

}
.

Considering separately the cases ‖y[0,τ ]‖ ≤ γ−1
y (s) and ‖y[0,τ ]‖ > γ−1

y (s), we obtain
that either

|x(τ, ξ, u)| ≤ 3s

2

or there is some t ∈ [0, τ ] so that

|h(x(t, ξ, u))| > γ−1
y (s).

In other words, there exists τ ∈ [0, Tξ,u) such that either x(τ, ξ, u) ∈ K or for some
t ∈ [0, τ ], h(x(t, ξ, u)) /∈ Yo. We then apply Lemma B.1 to conclude that RO/Y(C) is
bounded, and thus σ0(s) < ∞.

Let σu(r) = σ0(γu(r)) and σy(r) = σ0(γy(r)). Now pick ξ ∈ R
n, an input u, and

t ∈ [0, Tξ,u). Let s = max{|ξ|, γu(‖u‖), γy(‖y[0,t]‖)}. If s = 0, then |x(t, 0, 0)| = 0. If
s > 0, by definition of σ0 we have

|x(t, ξ, u)| ≤ σ0(s) ≤ max{σ0(|ξ|), σu(‖u‖), σy(‖y[0,t]‖)}.(11)

This completes the proof of IO-LIM ⇒ IO-BND.
Remark 2.8. Note that in the above proof, if the function γu can be chosen to be

the zero function, that is, if (10) can be strengthened to

inf
t∈[0,Tξ,u)

[
|x(t, ξ, u)| − γy(‖y[0,t]‖)

]
≤ 0,

then the function σu in (11) can be chosen to be the zero function.
We next comment on some straightforward characterizations of the IO-AG prop-

erty.
Remark 2.9. It is immediate from the definition that the IO-AG property (6) is

equivalent to the UO property in combination with the following:

lim sup
t→∞

|x(t, ξ, u)| ≤ max {γu(‖u‖), γy (‖y‖)}(12)

for all ξ, u for which Tξ,u = ∞.
Combining this remark with (2), the following can be easily shown (using an

argument as in Remark 2.5).
Lemma 2.10. A system as in (1) satisfies the IO-AG property if and only if it is

UO and, for some γu, γy ∈ K, the following holds for all ξ and u for which Tξ,u = ∞:

lim sup
t→∞

|x(t, ξ, u)| ≤ max

{
γu

(
lim sup
t→∞

|u(t)|
)
, γy

(
lim sup
t→∞

|y(t)|
)}

.(13)
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2.2. IOSS and OSS properties. Consider a system

ẋ = f(x), y = h(x)(14)

without input. This can be considered as a system as in (1) with U consisting of
a single point. We use x(·, ξ) to denote the solution of (14) with the initial state ξ
defined on a maximal interval [0, Tξ), and we let y(t, ξ) = h(x(t, ξ)).

Definition 2.11. We say that the system (14) is
• locally stable modulo outputs (O-LS) if for any ε > 0 there exists δε > 0

such that for all ξ and all t ∈ [0, Tξ) it holds that

max{|ξ|, ‖y[0,t]‖} ≤ δε ⇒ |x(t, ξ)| ≤ ε;(15)

• output-to-state stable (OSS) (see [29]) if there exist some β ∈ KL and some
γ ∈ K such that, for any trajectory x(·) of the system, it holds that

|x(t, ξ)| ≤ β(|ξ| , t) + γ(‖y[0,t]‖) ∀ t ∈ [0, Tξ).(16)

For a system as in (1), we say that the system is zero-input OSS (zero-OSS) or
zero-input O-LS (zero-O-LS) if the zero input system ẋ = f(x, 0), y = h(x) is OSS or
O-LS, respectively. The following technical lemma will be needed in the proof of our
main result.

Lemma 2.12. The zero-OSS property implies the local IOSS property.
Proof. Suppose the system (1) is zero-OSS. Then, by Theorem 3 in [29] there

exists a smooth function V : R
n → R≥0 and class K∞ functions α1, α2, α, and ρ such

that α1(|ξ|) ≤ V (ξ) ≤ α2(|ξ|) and

∂V (ξ)

∂ξ
f(ξ, 0) ≤ −2α(|ξ|) + ρ(|h(ξ)|) ∀ ξ ∈ R

n.(17)

Let σ : R≥0 × R≥0 → R≥0 be defined as

σ(s, r) = sr + max
|ξ|≤s,|µ|≤r

{
∂V (ξ)

∂ξ
[f(ξ, µ) − f(ξ, 0)]

}
.(18)

Note that σ(s, 0) = 0 for all s ≥ 0. Since V is smooth and ∂V
∂ξ (0) = 0, we also have

σ(0, r) = 0 for all r ≥ 0. Furthermore, σ(·, r) ∈ K for each r ≥ 0 and σ(s, ·) ∈ K
for each s ≥ 0. By Corollary IV.5 in [5], there exist σ1, σ2 ∈ K∞ so that σ(s, r) ≤
σ1(s)σ2(r). Hence, combining (17) and (18), we get

∂V (ξ)

∂ξ
f(ξ, µ) =

∂V (ξ)

∂ξ
f(ξ, 0) +

∂V (ξ)

∂ξ
[f(ξ, µ) − f(ξ, 0)]

≤ −2α(|ξ|) + ρ(|h(ξ)|) + σ(|ξ|, |µ|)
≤ −2α(|ξ|) + ρ(|h(ξ)|) + σ1(|ξ|)σ2(|µ|).

Therefore

α−1(σ2(|µ|) + ρ(|h(ξ)|)) ≤ |ξ| ≤ σ−1
1 (1) ⇒ ∂V (ξ)

∂ξ
f(ξ, µ) ≤ −α(|ξ|),

from which it follows that for some K∞-functions χ1, χ2, and α̃ and some c > 0, it
holds that

max{χ1(|µ|), χ2(|h(ξ)|)} ≤ V (ξ) ≤ c ⇒ ∂V (ξ)

∂ξ
f(ξ, µ) ≤ −α̃(V (ξ)).
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Pick any initial state ξ and input u. Denote the trajectory x(t, ξ, u) by x(t), and the
output y(t, ξ, u) by y(t). Pick any T ∈ [0, Tξ,µ), and let

v∗ = max{χ1(‖u‖), χ2(‖y[0,T ]‖)}.

For almost all t ∈ [0, T ], we have

v∗ ≤ V (x(t)) ≤ c ⇒ d

dt
V (x(t)) ≤ −α̃(V (x(t))).

By Lemma 13 in [29], one sees that there exists some β0 ∈ KL which depends only
on α̃ so that

max
t∈[0,T ]

V (x(t)) ≤ c ⇒ V (x(t)) ≤ max{β0(V (x(0)), t), v∗} ∀ t ∈ [0, T ];

that is, if V (x(t)) ≤ c for all t ∈ [0, T ],

V (x(t)) ≤ max{β0(V (x(0)), t), χ1(‖u‖), χ2(‖y[0,T ]‖)} ∀ t ∈ [0, T ].(19)

Let β̂0(r) = β0(r, 0). Without loss of generality, we assume that β̂0(r) > r, and thus,

β̂0 ∈ K∞. Let

δ = min
{
χ−1

1

( c

2

)
, χ−1

2

( c

2

)
, α−1

2

(
β̂−1

0

( c

2

))}
.

Claim. If max{|x(0)| , ‖u‖, ‖y‖} ≤ δ, then V (x(t)) ≤ c for all t ∈ [0, Tξ,u).

Suppose the claim fails. This means

max{β̃0(α2(|x(0)|)), χ1(‖u‖), χ1(‖y‖)} ≤ c

2
,

but for some t ∈ [0, Tξ,u), V (x(t)) ≥ c. Let

t0 = inf
{
t ≥ 0 : V (x(t)) ≥ c

2

}
.

Then t0 < Tξ,u. By the continuity property of x(·), there is some 0 < ε < Tξ,u − t0
such that on [0, t0 + ε), V (x(t)) < c. By (19), we have

V (x(t)) ≤ max{β̂0(V (x(0))), χ1(‖u‖), χ2(‖y‖)} ≤ c

2

for all t ∈ [0, t0 + ε]. This contradicts the definition of t0.

Finally, applying (19) together with the proved claim, one sees that if

max{|x(0)| , ‖u‖, ‖y‖} < δ,

then

|x(t)| ≤ max{β(|x(0)| , t), γ1(‖u‖), γ2(‖y[0,t]‖)} ∀ t ∈ [0, Tξ,u),

where β(s, r) = α−1
1 (β0(α2(s), r)), γi(r) = α−1

1 (χi(r)) for i = 1, 2.
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3. Equivalent characterizations of IOSS. The following is our main result
in the context of IOSS.

Theorem 1. Consider a system as in (1) with U = R
m. The following properties

are equivalent:
1. (IOSS),
2. (IO-AG) & (IO-GS),
3. (IO-AG) & (zero-OSS),
4. (IO-AG) & (local IOSS),
5. (IO-AG) & (zero-O-LS),
6. (IO-LIM) & (IO-GS),
7. (IO-LIM) & (zero-OSS),
8. (IO-LIM) & (local IOSS),
9. (IO-LIM) & (zero-O-LS).

Among the properties listed in Theorem 1, it is easy to see that the IOSS property
implies every other one, and the zero-O-LS property is implied by any one of the local
IOSS, the zero-OSS, and the IO-GS properties. Thus, to prove Theorem 1, it is
enough to show the following implication:

(IO-LIM) & (zero-O-LS) ⇒ (IOSS).

We will proceed by the following technical lemmas.
Lemma 3.1. (IO-LIM) & (zero-O-LS) ⇒ (zero-OSS).
Lemma 3.2. (IO-LIM) & (local IOSS) ⇒ (IO-LIM) & (IO-GS).
Lemma 3.3. (IO-LIM) & (IO-GS) ⇒ (IO-AG) & (IO-GS).
Observe that Lemmas 3.1–3.3 together with Lemma 2.12 provide the following

chain:

(IO-LIM) & (zero-O-LS) ⇒ (IO-LIM) & (zero-OSS) ⇒ (IO-LIM) & (local IOSS)

⇒ (IO-LIM) & (IO-GS) ⇒ (IO-AG) & (IO-GS).

To complete the proof of Theorem 1, we will need the following result.
Proposition 3.4. (IO-AG) & (IO-GS) ⇒ (IOSS).
The proofs of the lemmas and the proposition will be given in section 6.
Remark 3.5. Theorem 1 is a satisfying theoretical result in that it unifies a

number of properties and provides a generalization of the separation principle for
asymptotically stable differential equations. Moreover, the theorem is a useful tool
for recognizing IOSS systems. The definition of IOSS rarely lends itself to direct
verification. More often, this property is shown using the Lyapunov characterization
provided in [16]. In cases where construction of an appropriate Lyapunov function
proves difficult, Theorem 1 provides a number of alternative conditions which may be
tested.

As an example, consider the following family of systems without inputs, with
state (x, z) ∈ R

n × R:

ẋ = f(x),

ż = |x| ,(20)

y = z.

Suppose that the system is forward complete. Provided that the function f is lo-
cally Lipschitz, this system satisfies the IO-LIM property, which can be shown as
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follows. For each initial condition ξ, consider two cases. If
∫∞
0

|x(s, ξ)| ds = ∞, then
limt→∞ y(t, ξ) = ∞, and so the IO-LIM bound (8) holds trivially for any γy ∈ K∞.
Otherwise, from the fact that

∫∞
0

|x(s, ξ)| ds < ∞, we have lim inf t→∞ |x(t, ξ)| = 0 ≤
‖y‖. Thus, the IO-LIM estimate (8) holds in both cases.

Hence system (20) is known to satisfy the IOSS property (OSS in this case),
provided that it satisfies one of the stability properties as in Theorem 1. For instance,
if the system ẋ = f(x) is locally stable, then the system (20) is (zero)-O-LS (since
the z component of the state is trivially bounded by the output), and so the system
enjoys the OSS property.

On the other hand, the Lyapunov approach would not be well suited to exploring
the IOSS property in this situation, since little is assumed about the dynamics.

4. On iISS. In this section, we indicate how the equivalences shown in Theo-
rem 1 can be used to derive asymptotic characterizations of the iISS property.

Definition 4.1 (see [26]). A system as in (1) is integral input-to-state stable
(iISS) if there exist functions β ∈ KL, σ ∈ K, and γ ∈ K such that, for all ξ ∈ R

n

and all u, the solution x(t, ξ, u) is defined for all t ≥ 0, and

|x(t, ξ, u)| ≤ β(|ξ| , t) + γ

(∫ t

0

σ(|u(s)|) ds
)

(21)

for all t ≥ 0.
To make use of our main result, we reformulate the iISS property in terms of the

IOSS property.
Lemma 4.2. System (1) is integral input-to-state stable with an estimate as

in (21) if and only if the augmented system

ẋ = f(x, u), ė = σ(|u|), y = e(22)

is IOSS.
Proof. Let the augmented system be IOSS; then, for e(0) = 0 we have

|x(t, ξ, u)| ≤ |x(t, ξ, u)| + |e(t)| ≤ β(|ξ|, t) + γ1(‖u‖) + γ2(‖y[0,t]‖)

= β(|ξ|, t) + γ1(‖u‖) + γ2

(∫ t

0

σ(|u(s)|) ds
)

(23)

for all t ∈ [0, Tξ,u). By causality, (23) can be rewritten as

|x(t, ξ, u)| ≤ β(|ξ|, t) + γ1(‖u[0,t]‖) + γ2

(∫ t

0

σ(|u(s)|) ds
)
.(24)

Since on any finite interval, the integral term in (24) is finite, it follows that Tξ,u = ∞.
In turn, this implies that (24) holds on [0,∞). This estimate implies iISS for (1), by
virtue of Theorem 1 in [6].

To see the converse, clearly, |e(t)| = |y(t)| ≤ ‖y[0,t]‖. Also observe that the iISS
property implies that the augmented system is forward complete. Thus, it is enough
to show that a suitable estimate holds on [0,∞) for the x component of the state. By
(21), we have

|x(t, ξ, u)| ≤ β(|ξ|, t) + γ

(∫ t

0

σ(|u(s)|) ds
)

= β(|ξ|, t) + γ(e(t) − e(0))

≤ β(|ξ|, t) + γ(|y(t)| + |y(0)|) ≤ β(|ξ|, t) + γ(2‖y[0,t]‖)(25)

for all t ≥ 0. This completes the proof.
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4.1. Lyapunov characterizations of iISS. This IOSS formulation of the iISS
property allows us to exploit known results on IOSS to develop new characterizations
of iISS. For instance, the following new Lyapunov characterization for iISS follows
directly from the Lyapunov characterization for IOSS presented in [16]. We prove the
next two results under the assumption that the gain σ in (21) is locally Lipschitz.
Remark 4.7 indicates how this can always be achieved through a simple modification.

Theorem 2. System (1) is iISS if and only if there exist functions α1, α2, α,
γ1,γ2, σ of class K∞ and a smooth function V : R

n+1 → R≥0, with

α1(|ξ| + |η|) ≤ V (ξ, η) ≤ α2(|ξ| + |η|) ∀ξ ∈ R
n, η ∈ R,(26)

such that the following dissipation inequality is satisfied:

∂V (ξ, η)

∂ξ
f(ξ, µ) +

∂V (ξ, η)

∂η
σ(|µ|) ≤ −α(|ξ| + |η|) + γ1(|η|) + γ2(|µ|)(27)

for all ξ ∈ R
n, η ∈ R, µ ∈ U.

Remark 4.3. It is easy to see that estimates (26) and (27) imply

α1(|ξ|) ≤ V (ξ, η) ≤ α2(|ξ| + |η|) ∀ξ ∈ R
n, η ∈ R,(28)

and for all ξ ∈ R
n, η ∈ R, µ ∈ U,

∂V (ξ, η)

∂ξ
f(ξ, µ) +

∂V (ξ, η)

∂η
σ(|µ|) ≤ −α(|ξ|) + γ1(|η|) + γ2(|µ|).(29)

On the other hand, suppose that for a given V , equations (28) and (29) hold for some
α1, α2, α, γ1, γ2, σ of class K∞; then one can again show that the following type of
estimate holds for the x-component of (22):

|x(t, ξ, u)| ≤ β(|ξ| , t) + ρ1(‖e‖[0,t]) + ρ2(‖u‖) ∀ t ≥ 0,

where ρ1, ρ2 ∈ K. Combining this with the fact that |e(t)| ≤ ‖e‖[0,t], one sees that the
augmented system (22) is IOSS. Hence, the corresponding system as in (1) is iISS.

Thus, a system as in (1) is iISS if and only if there exists some smooth function
V : R

n+1 → R≥0 for which (28) and (29) hold for some K∞-functions α1, α2, α, γ1, γ2

and σ.
In [5], an equivalent Lyapunov characterization for iISS was formulated as in the

following: for some α1, α2, γ ∈ K∞ and some continuous positive definite function α

α1(|ξ|) ≤ V (ξ) ≤ α2(|ξ|) ∀ξ ∈ R
n,(30)

∂V (ξ)

∂ξ
f(ξ, µ) ≤ −α(|ξ|) + γ(|µ|).(31)

The significance of the new Lyapunov characterization by (28)–(29) (or (26)–(27)) is
that in (27) or (29) one can require the function α be of class K∞. This may lead
to some interesting applications in feedback design. For instance, if V is an iISS-
Lyapunov function defined by (30)–(31), then, given a K∞-function, ρ ◦V may fail to
be an iISS-Lyapunov function. However, if V is an iISS-Lyapunov function satisfying
(28)–(29), then, for any ρ ∈ K∞, ρ ◦ V is again an iISS-Lyapunov function satisfying
the same type of estimates as in (28)–(29) (cf. [27, 2] regarding changing “supply
rates”).
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4.2. Asymptotic characterizations of iISS.
Definition 4.4. A system as in (1) satisfies the bounded energy weakly con-

verging state (BEWCS) property if for some σ of class K∞ the following holds:∫ +∞

0

σ(|u(s)|) ds < +∞ ⇒ lim inf
t→+∞

|x(t, ξ, u)| = 0.(32)

To be more precise, (32) means that for any ξ and any u for which∫ ∞

0

σ(|u(s)|) ds < ∞,

it holds that Tξ,u = ∞, and lim inft→+∞ |x(t, ξ, u)| = 0.
Definition 4.5. A system as in (1) satisfies the bounded energy frequently

bounded state (BEFBS) property if for some σ of class K∞ the following holds:∫ +∞

0

σ(|u(s)|) ds < +∞ ⇒ lim inf
t→+∞

|x(t, ξ, u)| < +∞.(33)

To be more precise, (33) means that for any ξ and any u for which
∫∞
0

σ(|u(s)|) ds <
∞, it holds that Tξ,u = ∞ and lim inft→+∞ |x(t, ξ, u)| < ∞.

Remark 4.6. Note that, given any input function u, any T < ∞, and any K∞-

function σ, one has
∫ T

0
σ(|u(s)|) < ∞. Hence, together with the causality of the

trajectories, the BEFBS property implies the forward completeness property. That
is, if a system is BEFBS, then the system is forward complete. Since the BEWCS
property implies the BEFBS property, the BEWCS property also implies the forward
completeness property.

We say that a system as in (1) is zero-GAS if the corresponding zero-input system
ẋ = f(x, 0) is globally asymptotically stable, and is zero-LS if the zero-input system
is locally (neutrally) stable.

Theorem 3. The following properties are equivalent for system (1) with U = R
m:

1. iISS,
2. BEWCS and zero-LS,
3. BEFBS and zero-GAS.

Proof. Implication 1 ⇒ 3 follows immediately from the definition of iISS. We
show next 3 ⇒ 2 and 2 ⇒ 1.

[3 ⇒ 2]. Assume that the system (1) is zero-GAS and satisfies (33) for some
σ ∈ K∞. By the Lyapunov characterization of zero-GAS in [5, Lemma IV.10], there
exists a smooth Lyapunov function U(ξ) such that for some α̃1, α̃2 ∈ K∞,

α̃1(|ξ|) ≤ U(ξ) ≤ α̃2(|ξ|) ∀ξ ∈ R
n,

and for some α̃, γ, σ0 ∈ K∞, it holds that

∂U(ξ)

∂ξ
f(ξ, µ) ≤ −α̃(|ξ|) + γ(|ξ|)σ0(|µ|) ∀ξ ∈ R

n, µ ∈ U.(34)

By Proposition II.5 in [5], there exists some smooth K-function χ such that for the
function V defined by V = χ ◦ U it holds that

∂V (ξ)

∂ξ
f(ξ, µ) ≤ −ρ(|ξ|) + σ1(|µ|) ∀ξ ∈ R

n, µ ∈ U,(35)



SEPARATION PRINCIPLES FOR IOSS 267

for some K∞ function σ1 and some positive definite function ρ. Let σ̃ = max{σ1, σ},
where σ is as in (33). Pick ξ ∈ R

n and u with
∫∞
0

σ̃(|u(s)|) ds < +∞. By the BEFBS
assumption,

m := lim inf
t→+∞

|x(t, ξ, u)| < +∞.

We want to show m = 0. For the sake of contradiction, assume m > 0. For any r > 0,
let

w(r) := max
|ξ|≤r

V (ξ).

Claim. w(3m) − w(2m) > 0.
Proof. Suppose w(3m) − w(2m) = 0. Then there exists some ξ0 with |ξ0| ≤ 2m

at which V takes the maximum value w(3m). Since ξ0 is an interior point of the open
ball centered at 0 with radius 3m, it follows that ∂

∂ξV (ξ0) = 0. This contradicts (35)
applied with µ = 0.

We let T be such that∫ +∞

T

σ̃(|u(s)|) ds < w(3m) − w(2m).

By the definition of m, there exists τ ≥ T such that |x(τ, ξ, u)| < 2m. By virtue of
(35), for all t ≥ τ

V (x(t, ξ, u)) − V (x(τ, ξ, u)) ≤
∫ t

τ

σ1(|u(s)|) ds

<

∫ +∞

T

σ̃(|u(s)|) ds < w(3m) − w(2m).

(36)

Hence V (x(t, ξ, u)) < w(3m) for all t ≥ τ . This implies that

U(x(t, ξ, u)) ≤ χ−1(w(3m)) ∀ t ≥ τ

(note that w(3m) is in the range of the K-function χ). Hence, x(t, ξ, u) stays bounded
on [τ,∞), and consequently, x(t, ξ, u) is bounded on [0,∞). Let M > 0 be such that
|x(t, ξ, u)| < M for all t. By (34), one sees that

d

dt
U(x(t)) ≤ −α̃(|x(t)|) + γ(M)σ1(|u(t)|),

where x(t) denotes the considered trajectory x(t, ξ, u). This is enough to conclude
that for some β ∈ KL and some α ∈ K∞ it holds that

α(|x(t, ξ, u)|) ≤ β(|ξ|, t) +

∫ t

0

σ̃(|u(s)|) ds,

and therefore, as shown in [26], |x(t, ξ, u)| → 0. This implies m = 0, which is clearly
a contradiction.

[2 ⇒ 1]. Suppose that (1) satisfies the BEWCS property with an estimate as in
(32). Consider the auxiliary system (22), where σ is the energy supply function as in
(32). Note that this system is forward complete (cf. Remark 4.6). By (32), one sees
that for any γy ∈ K∞ it holds that

lim inf
t→∞

|x(t, ξ, u)| ≤ γy(‖y‖).
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Therefore, for any choice of γu and γy ∈ K∞, the following asymptotic property is
true:

lim inf
t→+∞

|x(t, ξ, u)| ≤ max{γu(‖u‖), γy(‖y‖)}.(37)

Since |e(t)| = |y(t)| ≤ ‖y‖ for all t ≥ 0, system (22) satisfies the IO-LIM property.
Also, it follows from the zero-LS and the BEWCS properties that the system (1) is
zero-GAS. Hence, the corresponding augmented system (22) is zero-OSS. By applying
the main result in section 3, we find that (22) is IOSS, and therefore, by virtue of
Lemma 4.2, system (1) is iISS.

Remark 4.7. Notice that, in the construction of the augmented system (22), the
only requirement on the function σ is that it must be class K∞. In order to apply
the results for IOSS systems, though, the local Lipschitz condition of the dynamics
is needed. This issue can be dealt with as follows. First of all, one may always
choose a function σ̂ ∈ K∞ that majorizes σ so that σ̂−1 is locally Lipschitz. Then
the iISS, the BEWCS, or the BEFBS estimates as in (21), (32), or (33), respectively,
are not violated by replacing σ by σ̂. Consider the change of input variables by
u

.
= w

|w| σ̂
−1(|w|). Clearly σ̂(|u|) = |w|, and therefore, iISS, BEWCS, or BEFBS of

(1) with σ̂ as the input energy supply function is easily seen to be equivalent to iISS,
BEWCS, or BEFBS, respectively, for

ẋ = f(x,wσ−1(|w|)/|w|)(38)

with the new supply function (s) = |s|. The augmented system corresponding to (38)
will therefore be

ẋ = f(x,wσ−1(|w|)/|w|), ė = |w|, y = e.(39)

The proofs of the previously derived results, when applied to system (39) and (38),
provide proofs of the results in Theorem 3 for the original system (1). Therefore the
Lipschitz condition on σ can be dropped.

5. Uniform detectability. In this section we develop some machinery which
will be needed to prove Theorem 1. We will derive a separation principle for the
property we call uniform OSS. Here we consider systems with inputs (unlike in the
definition of OSS), but we think of those inputs not as additive disturbances but
as multiplicative time-varying uncertainties. We restrict the possible values of these
inputs by considering systems as in (1) with u ∈ MO for some O ⊂ U. Throughout
this section, we assume that O is compact.

Definition 5.1. For a system as in (1), the global detectability property holds
if the following hold:

• there exist σ̄1, σ̄2 ∈ K so that

|x(t, ξ, u)| ≤ max{σ̄1(|ξ|), σ̄2(‖y[0,t]‖)} ∀ ξ ∈ R
n, ∀u, ∀ t ∈ [0, Tξ,u);(40)

• there exists γ ∈ K∞ so that

lim sup
t→Tξ,u

|x(t, ξ, u)| ≤ γ(‖y‖)(41)

for all ξ ∈ R
n, all u ∈ MO.
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Note that the last condition (41) is just the IO-AG condition as in (6) with γu = 0.
It can be seen that if a system is globally detectable, then the system satisfies the UO
property.

Definition 5.2. We say that the uniform output-to-state stability property holds
for (1) with u ∈ MO if for some γ̃ ∈ K∞ and some β ∈ KL the system satisfies

|x(t, ξ, u)| ≤ max{β(|ξ|, t), γ̃(‖y[0,t]‖)}(42)

for all ξ ∈ R
n, all u ∈ MO, and all t ∈ [0, Tξ,u).

Clearly, the uniform output-to-state stability property implies the global de-
tectability property. The main result of this section says that the converse is true
as well when O is compact.

Theorem 4. Consider a system as in (1) with O compact. The system is globally
detectable if and only if it is uniformly output-to-state stable.

To prove Theorem 4, we will need the following result.
Lemma 5.3. Consider system (1) with u ∈ MO for some compact set O. Assume

that the system (1) satisfies the global detectability property. Then there exists some
γ1 ∈ K such that for all ε > 0 and all r > 0 there exists Tε,r so that for any ξ ∈ R

n

with |ξ| ≤ r and for any u ∈ MO, if Tε,r < Tξ,u, then

|x(t, ξ, u)| ≤ max
{
ε, γ1

(
‖y[0,t]‖

)}
for all t ∈ [Tε,r , Tξ,u).

Proof. Suppose a system satisfies the global detectability property for u ∈ MO
as in (40) and (41). Let ρ(r) := max{σ̄2(r), γ(r)}. It can be seen that, with z = x,
w = y, and ẑ(t) = max{|z(t)| − ρ(|w(t)|), 0}, the system is globally error-detectable
as defined in [3] (see also Appendix B of this paper). Hence, by Lemma B.6, the
system is uniformly globally error-detectable. Combining this with Remark B.5, we
have proved Lemma 5.3.

Modifying Tε,r if necessary, we may restate Lemma 5.3 as in the following.
Corollary 5.4. Consider system (1) with u ∈ MO for some compact set O.

Assume that the system (1) satisfies the global detectability property. Then there exists
a continuous map T : R>0 × R≥0 with the properties that for each r > 0, T (·, r) is
decreasing, and for each ε > 0, T (ε, ·) is increasing, so that for any ε > 0, |ξ| ≤ r,
and any u ∈ MO, the following holds:

T (ε, r) < Tξ,u ⇒
{
|x(t, ξ, u)| ≤ max

{
ε, γ1

(
‖y[0,t]‖

)}
∀ t ∈ [T (ε, r) , Tξ,u)

}
.

(43)
The following lemma on KL functions will also be needed. This fact is proved

in [21] and is stated as Lemma 4.1 in [1]. (That reference requires ϕ to take non-
negative values, but this can always be assumed without loss of generality, simply
replacing ϕ by max{ϕ, 0}.)

Proposition 5.5. If a function ϕ : R≥0 × R≥0 → R satisfies
• for all r > 0, ε > 0, there exists some T = T (ε, r) > 0 so that ϕ(s, t) < ε for

all s ≤ r and t ≥ T ;
• for all ε > 0, there exists δ > 0 so that ϕ(s, t) ≤ ε for all s ≤ δ and all t ≥ 0,

then there exists some β ∈ KL so that ϕ(s, t) ≤ β(s, t) for all s ≥ 0, t ≥ 0.
We are now ready to prove Theorem 4.
Proof of Theorem 4. Suppose that the system (1) with u ∈ MO is globally

detectable. Then estimate (40) holds for some σ̄1, σ̄2 ∈ K, and there exist some
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γ1 ∈ K and some T (·, ·) as in Corollary 5.4 such that (43) holds. Without loss of
generality, we assume that γ1 = σ̄2. For each s ≥ 0, t ≥ 0, set

ϕ(s, t) := sup
{
|x(t, ξ, u)| − γ1(‖y[0,t]‖) : |ξ| ≤ s, u ∈ MO, t < Tξ,u

}
(with the convention that sup ∅ = −∞).

It follows from definitions of T (·, ·) and ϕ that for any r > 0 and any ε > 0,
ϕ(s, t) < ε for all s ≤ r and t ≥ T (ε, r). By (40), ϕ(s, t) ≤ σ̄1(|ξ|) for all s ≥ 0 and
t ≥ 0. Hence, ϕ satisfies both conditions as in Proposition 5.5, and thus, there exists
some β ∈ KL so that ϕ(s, t) ≤ β(s, t) for all s ≥ 0, t ≥ 0. Combining this with the
definition of ϕ, we get

|x(t, ξ, u)| ≤ β(|ξ| , t) + γ1(‖y[0,t]‖)

for all ξ ∈ R
n, all u ∈ MO, and all t < Tξ,u.

6. Proofs of the technical lemmas. To prove Lemmas 3.1–3.3, we need the
following result.

Definition 6.1. A system as in (1) satisfies the input-output local stability
property (IO-LS) if there exist δ > 0 and K functions α0, αu, αy ∈ K so that for all
ξ, all u(·), and all t ∈ [0, Tξ,u) it holds that

max{|ξ| , ‖u‖, ‖y[0,t]‖} ≤ δ ⇒ |x(t, ξ, u)| ≤ max{α0(|ξ|), αu(‖u‖), αy(‖y[0,t]‖)}.(44)

Lemma 6.2. (IO-LS) & (IO-BND) ⇔ (IO-GS).
Proof. The implication (IO-GS) ⇒ (IO-LS) & (IO-BND) is obvious; therefore,

we only show the converse. Let δ, α0, αu, αy, σ0, σu, σy be given as in (44) and (7).
Pick a constant c > 0 and three class-K functions β� such that for each � ∈ {0, u, y},
σ�(s) ≤ β�(s)+ c for all s > 0. Pick class-K functions γ� so that for each � ∈ {0, u, y}
it holds that

γ�(s) ≥
{

max{α�(s), 3β�(s)} ∀ 0 ≤ s ≤ δ,

3[β�(s) + 3c] ∀s ≥ δ.
(45)

Consider any ξ and u(·). Then (IO-GS) holds with gains γ0, γu, and γy. Indeed, if
|ξ| ≤ δ, ‖u‖ ≤ δ, and ‖y[0,t]‖ ≤ δ, this follows by (IO-LS). If instead |ξ| > δ, the
definition of (IO-BND) implies

|x(t, ξ, u)| ≤ σ0(|ξ|) + σu(‖u‖) + σy(‖y[0,t]‖)
≤ β0(|ξ|) + βu(‖u‖) + βy(‖y[0,t]‖) + 3c

≤ [β0(|ξ|) + 3c] + [γu(‖u‖) + γy(‖y[0,t]‖)]/3
≤ (1/3)[γ0(|ξ|) + γu(‖u‖) + γy(‖y[0,t]‖)]
≤ max{γ0(|ξ|), γu(‖u‖), γy(‖y[0,t]‖)}.(46)

The case ‖u‖ > δ can be treated in a similar way. Finally, we are left to deal with
the case δ < ‖y[0,t]‖ < +∞. (The case ‖y‖ = +∞ is trivial.) By (UO), x(t, ξ, u) is
well defined, and therefore the argument as in (46) can be repeated.

Remark 6.3. Observe that in the proof of Lemma 6.2, if the functions αu and
σu as in (44) and (7) can be chosen zero, and if the ‖u‖ term is not presented in the
max{· · ·} ≤ δ phrase in (44), then the function γu in (46) can also be chosen zero.
That is, one has the following.
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If for some α0, αy ∈ K, σ0, σy ∈ N it holds that

max{|ξ| , ‖y[0,t]‖} ≤ δ ⇒ |x(t, ξ, u)| ≤ max{α0(|ξ|), αy(‖y[0,t]‖)},(47)

and

|x(t, ξ, u)| ≤ max{σ0(|ξ|), σy(‖y[0,t]‖)} ∀ ξ ∈ R
n, ∀u, ∀ t ∈ [0, Tξ,u),(48)

then for some σ̃0, σ̃y ∈ K it holds that

|x(t, ξ, u)| ≤ max{σ̃0(|ξ|), σ̃y(‖y[0,t]‖)} ∀ ξ ∈ R
n, ∀u, ∀ t ∈ [0, Tξ,u).(49)

6.1. Proof of Lemma 3.3. Let γu, γy, σ0, σu, σy ∈ K be as in (5) and (7). Pick
any ξ, u and any ε > 0. By (5), there is some T ∈ [0, Tξ,u) such that

|x(T, ξ, u)| ≤ max{γu(‖u‖), γy(‖y‖)} + ε.

Applying (7) to the initial state ξT := x(T, ξ, u) and the control uT (t) := u(t + T )
(whose corresponding output function is yT (t, ξT , uT ) = y(t + T, ξ, u)), we conclude
that

sup
t≥T

|x(t, ξ, u)| = sup
0≤t<TξT ,uT

|x(t, ξT , uT )| ≤ max{σ0(|ξT |), σu(‖uT ‖), σy(‖y‖)}

≤ max {σ0(γu(‖u‖) + ε), σ0(γy(‖y‖) + ε), σu(‖u‖), σy(‖y‖)} .

Letting ε → 0, we get

lim sup
t→Tξ,u

|x(t, ξ, u)| ≤ max{γ̂u(‖u‖), γ̂y(‖y‖)},(50)

where γ̂u(s) = max{σ0(γu(s)), σu(s)}, γ̂y(s) = max{σ0(γy(s)), σy(s)}.
Remark 6.4. We remark that if γu and σu as in (5) and (7) can be chosen to be

the zero function, then the gain function γ̂u in (50) can also be chosen to be the zero
function.

6.2. Proof of Lemma 3.1. Consider the zero-input system

ẋ = f(x, 0), y = h(x).(51)

Denote the trajectory corresponding to an initial state ξ by x(t, ξ). This trajectory
is defined on a maximal interval [0, Tξ). Applying Lemma 2.7 and Remark 2.8 to the
zero-input system, we know that there exists some σ0, σy ∈ N such that for every
trajectory of the system the following holds:

|x(t, ξ)| ≤ max{σ0(|ξ|), σy(‖y[0,t]‖)} ∀ t ∈ [0, Tξ).(52)

By Remark 6.3, one sees that, together with the zero-O-LS property (as defined in
(15)), (52) implies that the system is locally detectable, that is, for some σ̃0, σ̃y ∈ K,
(49) holds.

Applying Remark 6.4 to (51) with the IO-LIM estimate (5) with γu = 0 and (49),
one sees that the following holds for every trajectory x(t, ξ) of (51):

lim sup
t→Tξ

|x(t, ξ)| ≤ γ
(
‖y[0,Tξ)‖

)
.(53)

The combination of (52) and (53) means that the system (51) is globally detectable.
By Theorem 4, the system (51) is OSS.
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6.3. Proof of Lemma 3.2. Clearly (local-IOSS) ⇒ (IO-LS). Moreover, by
Lemma 2.7, (IO-LIM) ⇒ (IO-BND). Combining this with Lemma 6.2, we get

(local IOSS) & (IO-LIM) ⇒ (IO-LS) & (IO-BND) ⇔ (IO-GS),(54)

which completes the proof.

6.4. Proof of Proposition 3.4. In order to complete the proof, the following
result will be needed.

Lemma 6.5. Suppose that system (1) satisfies the IO-AG and IO-GS properties.
Then there exists some locally Lipschitz ϕ ∈ K∞ such that the system

ẋ(t) = f(x(t), d(t)ϕ(|x(t)|)), y(t) = h(x(t)),(55)

where d denotes the disturbance functions taking values in the closed unit ball of R
m,

is globally detectable.
Proof. Let σ0, σu, σy ∈ K be such that the IO-GS estimate (7) holds, and let

γu, γy ∈ K be such that the IO-AG estimate (6) holds for the system. Without loss
of generality, we may assume that σu = γu and σy = γy. Pick any locally Lipschitz
K∞-function ϕ such that σu(ϕ(s)) ≤ s/2 for all s ≥ 0. Below we show that with the
function ϕ, the corresponding system (55) is globally detectable. For any ξ ∈ R

n and
any d, we let xϕ(t, ξ, d) denote the corresponding solution for (55), yϕ = h(xϕ), and
let [0, τξ,d) denote the maximal interval of the solution. Observe that for any ξ, d it
holds that

xϕ(t, ξ, d) = x(t, ξ, ud) ∀ 0 ≤ t < τξ,d,

where ud(t) = d(t)ϕ(|xϕ(t, ξ, d)|). Consequently,

|xϕ(t, ξ, d)| ≤ max
{
σ0(|ξ|), σu

(
ϕ
(
‖xϕ(·, ξ, d)[0,t)‖

))
, σy(‖(yϕ)[0,t)‖)

}
≤ max

{
σ0(|ξ|),

‖xϕ(·, ξ, d)[0,t)‖
2

, σy(‖(yϕ)[0,t)‖)
}

∀ 0 ≤ t < τξ,d .

Thus, for any 0 ≤ t < τξ,d,

‖xϕ(·, ξ, d)[0,t)‖ ≤ max

{
σ0(|ξ|),

‖xϕ(·, ξ, d)[0,t)‖
2

, σy(‖(yϕ)[0,t)‖)
}
.

Consequently, for any 0 ≤ t < τξ,d,

‖xϕ(·, ξ, d)[0,t)‖ ≤ max
{
σ0(|ξ|), σy(‖(yϕ)[0,t)‖)

}
,

and in particular,

|xϕ(t, ξ, d)| ≤ max
{
σ0(|ξ|), σy

(
‖(yϕ)[0,t)‖

)}
(56)

for all 0 ≤ t < τξ,d . This shows that property (40) holds. Below we show that the
attractivity property as in (41) holds for the system (55). By (56), the system (55)
satisfies the UO property. Pick any ξ, d. Suppose τξ,d = ∞ and ‖y‖ < ∞. Then,
again, by (56),

lim sup
t→∞

|xϕ(t, ξ, d)| < ∞.(57)
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By the IO-AG property (6), with Lemma 2.10,

lim sup
t→∞

|xϕ(t, ξ, d)| ≤ max

{
γu

(
lim sup
t→∞

|ud(t)|
)
, γy

(
lim sup
t→∞

|yϕ(t)|
)}

≤ max

{
γu

(
ϕ

(
lim sup
t→∞

|xϕ(t, ξ, d)|
))

, γy

(
lim sup
t→∞

|yϕ(t)|
)}

≤ max

{
1

2
lim sup
t→∞

|xϕ(t, ξ, d)| , γy

(
lim sup
t→∞

|yϕ(t)|
)}

.

Combining this with (57), we get

lim sup
t→∞

|xϕ(t, ξ, d)| ≤ γy

(
lim sup
t→∞

|yϕ(t)|
)
.

Again, with the UO property, we see that the attractivity property (41) holds for the
system (55). Thus, the system is globally detectable.

Proof of Proposition 3.4. Suppose that a system as in (1) satisfies the IO-AG and
the IO-GS properties. By Lemma 6.5, there exists some locally Lipschitz ϕ ∈ K∞
such that the corresponding system (55) is globally detectable. By Theorem 4, the
system (55) is uniformly output-to-state stable. Applying Theorem 2.16 together with
Corollary 3.6 of [16], one sees that the system (1) is IOSS. (Following the work in [16],
if a system (1) admits a locally Lipschitz ϕ ∈ K∞ such that the corresponding system
(55) is uniformly OSS, then the system (1) is called robustly OSS.)

Appendix A. Characterizations of IO-LIM. Consider the following varia-
tions of the IO-LIM property.

Definition A.1. For system (1), we say that
• the asymptotic IO-LIM property holds if for some γu, γy ∈ K,

lim inf
t→Tξ,u

|x(t, ξ, u)| ≤ lim sup
t→Tξ,u

max{γu(|u(t)|), γy(|y(t)|)}(58)

for all ξ ∈ R
n, all u(·);

• the causal IO-LIM property holds if for some γu, γy ∈ K,

inf
t∈[0,Tξ,u)

{
|x(t, ξ, u)| − max{γu(‖u[0,t]‖), γy(‖y[0,t]‖)}

}
≤ 0(59)

for all ξ ∈ R
n, all u(·);

• the asymptotic causal IO-LIM property holds if

lim inf
t→Tξ,u

{
|x(t, ξ, u)| − max{γu(‖u[0,t]‖), γy(‖y[0,t]‖)}

}
≤ 0(60)

for all ξ ∈ R
n, all u(·).

Proposition A.2. For a system as in (1), the following properties are equivalent:
1. IO-LIM,
2. asymptotic IO-LIM,
3. causal IO-LIM,
4. asymptotic causal IO-LIM.

Proof. [1 ⇒ 2]: Suppose the IO-LIM property holds for system (1) with γu, γy ∈
K∞ as in (5). Fix ξ, u. Pick any T ∈ [0, Tξ,u). Let ξT = x(T, ξ, u) and uT (t) = u(t+T ).
Applying (5) to ξT with uT , we get

inf
t≥T

|x(t, ξ, u)| = inf
t≥0

|x(t, ξT , uT )| ≤ max
{
γu(‖u

[T,Tξ,u)
‖), γy(‖y[T,Tξ,u)

‖)
}
.
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This implies that

lim inf
t→Tξ,u

|x(t, ξ, u)| ≤ lim
T→Tξ,u

{
max

{
γu(‖u

[T,Tξ,u)
‖), γy(‖y[T,Tξ,u)

‖)
}}

.

With (2), we get (58).
[2 ⇒ 3]: Assume that (58) holds for some γu, γy ∈ K. Below we show that this will

imply (59) with the same γu, γy functions. Suppose that this fails for some trajectory
x(t, ξ, u). It then follows that

|x(t, ξ, u)| ≥ max{γu(‖u[0,t]‖), γy(‖y[0,t]‖)} ∀ t ∈ [0, Tξ,u).

Taking the lim inf on both sides of the inequality, one gets

lim inf
t→Tξ,u

|x(t, ξ, u)| ≥ lim inf
t→Tξ,u

max{γu(‖u[0,t]‖), γy(‖y[0,t]‖)}

= max{γu(‖u[0,Tξ,u)‖), γy(‖y[0,Tξ,u)‖)},

which contradicts (58).
[3 ⇒ 4]: The proof of this portion is trivial.
[4 ⇒ 1]: An estimate as in (60) in particular implies that

lim inf
t→Tξ,u

[
|x(t, ξ, u)| − max{γu(‖u‖), γy(‖y‖)}

]
≤ 0,

which is the same as (8). By Remark 2.5, IO-LIM holds.

Appendix B. The error detectability properties. In some of the proofs in
this paper, we have used some results from the recent work [3]. They are stated here,
in the interest of making this paper self-contained. The first statement is a special
case of Corollary 4.3 in [3].

Lemma B.1. For a given unboundedness observable system of the form (1), as-
sume

• a compact subset O of the input set U;
• subsets K, C, and Ω of the state space R

n such that K and C are compact,
Ω is open, and K ⊂ Ω ⊂ C;

• subsets Y and Y0 of the output space R
p such that Y is compact, Y0 is open,

and Y ⊂ Y0

such that, for all ξ ∈ C and all inputs u ∈ MO, there exists t ∈ [0, Tξ,u) for which

x(t, ξ, u) ∈ K or h(x(t, ξ, u)) /∈ Y0.(61)

Then RO/Y(C) is bounded.
Considered a system as in the following:

ẋ(t) = f(x(t), u(t)), z(t) = ϕ(x(t)), w(t) = k(x(t)),(62)

where ϕ(·), k(·) are continuous maps from R
n to R

k and R
l, respectively, for some

k and l, and where f satisfies the same assumptions as were made for system (1).
Following the work in [3], we call z the output signal and w the measurement signal.
The inputs are functions in MO for some O ⊂ U.

Definition B.2. The system (62) is said to satisfy the unboundedness observ-
ability property through w (UO through w) if, for each ξ and u such that Tξ,u < ∞,
it holds that

lim sup
t→Tξ,u

|w(t)| = ∞.
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The following definitions were proposed in [3].
Definition B.3. We say that system (62) is globally error-detectable if there

exists some γ ∈ K such that for the map ẑ(·) defined by

ẑ(t) = max{|z(t)| − γ(|w(t)|), 0}(63)

the following hold:
• (Local uniform output-stability modulo measurements): for some σ1, σ2 ∈ K

and some δ > 0, it holds that

|ẑ(0)| < δ =⇒ |ẑ(t)| ≤ σ1(|ẑ(0)|) + σ
(
‖w‖[0,t]

)
∀ 0 ≤ t < Tξ,u(64)

for all ξ and u ∈ MO.
• (Asymptotic-detectablity): inf0≤t<Tξ,u

|ẑ(t)| = 0 for all ξ and u ∈ MO.
Definition B.4. We say that system (1) is uniformly globally error-detectable

if there exists some γ ∈ K such that for the map ẑ(·) defined by (63) the following
hold:

• the local uniform output-stability modulo measurements property as in Defi-
nition B.3 holds, and

• (uniform asy-detectability): for any ε > 0 and any κ > 0, there exists Tε,κ

so that for any ξ ∈ R
n with |ξ| ≤ κ and for any u there exists some τ <

min {Tε,κ, Tξ,u} such that

|ẑ(τ)| ≤ ε.(65)

Remark B.5. The uniformly global error-detectability implies the following prop-
erty: there exists some γ1 ∈ K such that for all ε > 0 and all κ > 0 there exists Tε,κ

so that for any ξ ∈ R
n with |ξ| ≤ κ and for any u, if Tε,κ < Tξ,u, then

|z(t)| ≤ ε + γ1

(
‖w‖[0,t)

)
for all t ∈ [Tε,κ , Tξ,u).

A main result in [3] is the following.
Lemma B.6. Let O be compact. Assume that system (62) satisfies the UO

property through the measurement w. Then the system is globally error-detectable in
u ∈ MO if and only if it is uniformly globally error-detectable in u ∈ MO.
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[30] A. R. Teel, L. Moreau, and D. Nešić, A note on the robustness of input-to-state stability,

in Proceedings of the 40th IEEE Conference on Decision and Control, Orlando (2001),
pp. 875–880.

[31] J. Tsinias, Stochastic Input-to-State stability and applications to global feedback stabilization,
Internat. J. Control, 71 (1998), pp. 907–930.



REDUCTION OF CONTROLLED LAGRANGIAN AND
HAMILTONIAN SYSTEMS WITH SYMMETRY∗

DONG EUI CHANG† AND JERROLD E. MARSDEN‡

SIAM J. CONTROL OPTIM. c© 2004 Society for Industrial and Applied Mathematics
Vol. 43, No. 1, pp. 277–300

Abstract. We develop reduction theory for controlled Lagrangian and controlled Hamiltonian
systems with symmetry. Reduction theory for these systems is needed in a variety of examples, such
as a spacecraft with rotors, a heavy top with rotors, and underwater vehicle dynamics. One of our
main results shows the equivalence of the method of reduced controlled Lagrangian systems and that
of reduced controlled Hamiltonian systems in the case of simple mechanical systems with symmetry.

Key words. controlled Lagrangian systems, controlled Hamiltonian systems, reduction, equiv-
alence
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1. Introduction. We develop the theory of symmetry reduction for the class of
controlled Lagrangian (CL) and controlled Hamiltonian (CH) systems with symmetry
and show the equivalence of the method of reduced CL systems and that of reduced
CH systems for simple mechanical systems. The phrases “controlled Lagrangian” and
“controlled Hamiltonian” systems were coined in [20], and their technical definition
is recalled below. The concept of a CH system used here is the same as that of a
“port-controlled Hamiltonian system” in [32]. We prefer to use the term “controlled
Hamiltonian” in a way that is parallel to “controlled Lagrangian.” The notion of an
“implicit Hamiltonian system” is related to that of a CH system but is based on the
more general notion of Dirac structures rather than symplectic and Poisson structures,
and a type of reduction theory (different from what is given here) in that context was
developed in [6]. The notion of an “implicit Lagrangian system” is developed, also
using Dirac structures, in [35], and in future work we hope to explore the reduction
theory of controlled implicit Hamiltonian and Lagrangian systems and the relation
between them.

CL systems. We will begin by describing the Lagrangian side. To help design
stabilizing controllers for mechanical systems whose equations are written in Euler–
Lagrange form with control forces, the CL method was developed by a number of
authors, including [3], [4], [7], [10], [11], [12], [13], [14], [15], [19], [20], [22], [23], [33].
In the study of CL systems, it is important to take into account external forces and
control forces, including gyroscopic forces.

The main idea of the CL method is to proceed in the following steps:
1. Define a (feedback-transformation) equivalence relation among CL systems.
2. Given a CL system, find an equivalent CL system such that the energy of

the second CL system has a minimum at the equilibrium of interest and the
system is forced or controlled by a dissipative (plus gyroscopic) force.
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3. Using the energy as a Lyapunov function, obtain asymptotic stability of the
equilibrium in the second CL system.

4. Since the two systems are equivalent, the equivalence relation gives an asymp-
totically stabilizing controller for the first system.

CH systems. A similar approach has been taken on the Hamiltonian side, too,
where the main governing equations are in Hamiltonian form (see [5], [9], [32], [34]
and references therein).

Equivalence. There have been some recent studies concerning the equivalence of
both methods. First of all, [5] showed that the CH method is more general than
the CL method for simple mechanical systems and used a limited definition of CL
systems. Then [20] extended the theory of CL systems and showed the full equivalence
of the method of CL systems with the method of CH systems for simple mechanical
systems.

Symmetry. The main goal of the present paper is to include symmetry in the dis-
cussion. We do so in a systematic and general way. In previous works, symmetry was
considered in certain cases (see, for instance, [15], [23], and [26]), but a comprehensive
theory has been lacking.

In this paper, we define the notion of G-invariant CL and CH systems and develop
a reduction theory for them. In addition, we trace through the equivalence of the CL
and CH systems under the reduction process.

Reduction theory. Reduction theory for mechanical systems has been studied both
on the Lagrangian side and on the Hamiltonian side. It has proven to be a powerful
tool for studying the dynamics, stability, and control of many mechanical systems,
such as rigid body and spacecraft systems, underwater vehicles, heavy tops, and fluid
systems.

On the Lagrangian side, one reduces variational principles, an idea due to [29]
and [30]. A comprehensive account of this theory is given in [17]. On the other hand,
on the Hamiltonian side, one reduces symplectic and Poisson structures. See, for
instance, [1], [27], and [28] and references therein. We shall merge these ideas with
those of CL and CH systems to develop the notions and basic properties of reduced
CL and CH systems.

Equivalence and reduction. Once we have developed the reduction theory, we
will be in a position to define an equivalence relation among G-invariant CL (resp.,
CH) systems; in this context, we show that two reduced CL (resp., CH) systems
are equivalent if and only if their unreduced G-invariant CL (resp., CH) systems are
equivalent. This is given in Theorems 2.10 and 3.9.

We also show that this reduced equivalence relation is a feedback-transform equiv-
alence relation (see Theorems 2.11 and 3.10). Based on these results and the equiva-
lence of the methods of CL and CH systems for simple mechanical systems proven in
[20], we prove that the method of reduced CL systems and that of reduced CH systems
are equivalent for reduced simple mechanical systems (this is given in Theorem 4.3).

Example. In the final section, we review the example of a satellite controlled via
a spinning rotor and show that the Euler–Poincaré matching conditions derived in [8]
and [15] directly in the reduced context can be obtained in a natural way through the
reduction process. We study the stabilization of the heavy top with rotors, using the
reduced CL method as an illustration.

2. Reduction of CL systems with symmetry. We begin this section with
some general notation, then we introduce the notion of a CL system with symmetry,
and finally study the theory of reduction for such systems.
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We first summarize some general notation that will be used. We refer to [2], [17],
[25], and [28] for more details and background information.

Manifolds and bundles. LetQ be the configuration manifold, and let τQ : TQ→ Q
and πQ : T ∗Q → Q be the tangent bundle projection and the cotangent bundle

projection, respectively. The second order tangent bundle τ
(2)
Q : T (2)Q→ Q is defined

as follows. For q̄ ∈ Q, elements of T
(2)
q Q are equivalence classes of curves in Q,

the equivalence relation being defined as follows: two curves qi(t), i = 1, 2, with
q1(t̄) = q2(t̄) = q̄, are equivalent, by definition, if and only if in any local chart

we have q
(l)
1 (t̄) = q

(l)
2 (t̄) for l = 1, 2, where q(l)(t) denotes the derivative of order

l. The second order bundle has local coordinates given by (qi, q̇i, q̈i) and may be
thought of as a subbundle of the second tangent bundle TTQ via the embedding
(qi, q̇i, q̈i) �→ (qi, q̇i, q̇i, q̈i). As is explained in [28], the second order tangent bundle is
the basic space on which the Euler–Lagrange operator of mechanics is defined; in fact,
given a Lagrangian L, the associated Euler–Lagrange operator EL induces a bundle
map EL(L) : T (2)Q→ T ∗Q.

For a manifold M , F(M) denotes the set of smooth real-valued functions on M .
Symmetry groups. Let G be a Lie group acting (on the left) on Q freely and

properly so that πG(Q) : Q → Q/G becomes a principal bundle. The tangent (resp.,
cotangent) lift of the action of G on Q defines an action of G on TQ (resp., T ∗Q),
which is automatically free and proper as well, so that the maps τ/G : TQ → TQ/G
(resp., π/G : T ∗Q→ T ∗Q/G) also define principal bundles. When M is a manifold on
which G acts, we let [m]G denote an equivalence class of m ∈M in the quotient space
M/G. Even though we do not explicitly denote the manifold M in this notation, it
will be clear which manifold is meant from the context. The space TQ/G becomes
a vector bundle with base Q/G by inheriting the vector bundle structure of TQ as
follows:

[uq]G + λ[vq]G = [uq + λvq]G,

where λ ∈ R; uq, vq ∈ TqQ; and [uq]G, [vq]G are their equivalence classes in the
quotient space TQ/G. The fiber (TQ/G)x is isomorphic, as a vector space, to TqQ
for each x = [q]G ∈ Q/G, q ∈ Q (see Lemma 2.4.1 in [17]). In the same manner, the
space T ∗Q/G becomes a vector bundle with base Q/G.

Vertical lifts. Let V be a vector bundle over a manifold Q. The vertical lift of a
vector wq ∈ Vq along the vector vq ∈ Vq is the vector, vliftvq (wq) ∈ TvqV , defined by

vliftvq (wq) =
d

dt

∣∣∣∣
t=0

(vq + twq).

The vertical lift of a fiber-preserving map F : V → V is a section, vlift(F ) : V →
TV , defined by

vlift(F )(vq) = vliftvq (F (vq)).(2.1)

The vertical lift of a subbundle W of V is the subbundle of TV defined by

vlift(W ) = {vliftvq (wq) | vq ∈ Vq, wq ∈Wq, q ∈ Q}.(2.2)

CL systems. We next recall the definition of a CL system from [20].
Definition 2.1. A controlled Lagrangian (CL) system is a triple (L,F,W ),

where the function L : TQ → R is the Lagrangian, the fiber-preserving map F :
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TQ → T ∗Q is the (external) force map, and the subbundle W of T ∗Q is called the
control subbundle. When one chooses a feedback control law u : TQ → W , the triple
(L,F, u) will denote the closed-loop CL system.

Euler–Lagrange operator. The Euler–Lagrange operator EL assigns to a Lagran-
gian L : TQ→ R a bundle map EL(L) : T (2)Q→ T ∗Q, which may be written in local
coordinates (and using the index summation convention) as

EL(L)(q, q̇, q̈) =

(
d

dt

∂L

∂q̇i
(q, q̇) − ∂L

∂qi
(q, q̇)

)
dqi,

in which it is understood that one regards the first term on the right-hand side as a
function on the second order tangent bundle T (2)Q by formally applying the chain
rule and replacing dq/dt by q̇ everywhere. The equations of motion of a CL system
(L,F,W ) with a choice of feedback control u : TQ→W are written as

EL(L)(q, q̇, q̈) = F (q, q̇) + u(q, q̇),(2.3)

which may be derived from the Lagrange–d’Alembert principle.
CL systems with symmetry. We next define the notion of a G-invariant CL system

on TQ and the associated notion of a reduced CL system on TQ/G, where G is a Lie
group acting on Q.

Definition 2.2. Let G be a Lie group action on Q. A G-invariant controlled
Lagrangian (G-CL) system is a CL system, (L,F,W ), where L is a G-invariant La-
grangian, F is a G-equivariant force map, and W is a G-invariant subbundle of T ∗Q.

Reduction of CL systems with symmetry. Now we can define the notion of a
reduced CL system.

Definition 2.3. A reduced controlled Lagrangian (RCL) system is a triple
(l, f, U), where the function l : TQ/G → R is called the reduced Lagrangian, the
fiber-preserving map f : TQ/G → T ∗Q/G is called the reduced force map, and the
subbundle U of T ∗Q/G is called the reduced control subbundle. A feedback control
for an RCL system is a fiber-preserving map of TQ/G into U .

Suppose that we are given a G-CL system (L,F,W ). The G-invariance of L
induces the reduced Lagrangian l on TQ/G satisfying

l ◦ τ/G = L.(2.4)

The equivariance of F induces the reduced force map [F ]G : TQ/G → T ∗Q/G satis-
fying

[F ]G ◦ τ/G = π/G ◦ F.(2.5)

Similarly, a G-invariant control subbundle W induces a reduced control subbundle
W/G in a natural way; namely, we have W = π−1

/G(W/G).

These considerations lead to the following definition.
Definition 2.4. The RCL system of a G-CL system (L,F,W ) is the triple

(l, [F ]G,W/G), where l is the reduced Lagrangian satisfying (2.4) and [F ]G is the
reduced force satisfying (2.5).

One may ask whether there exists a G-CL system on TQ when one is given a RCL
system on TQ/G. The following proposition proves its existence and uniqueness.

Proposition 2.5. Given a RCL system (l, f, U), there is a unique G-CL system
(L,F,W ) whose RCL system is (l, f, U).
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Proof. Define L by (2.4). Define a force map F on TQ as follows: for vq, wq ∈ TqQ,

〈F (vq), wq〉 = 〈f ◦ τ/G(vq), τ/G(wq)〉.(2.6)

One can check the G-equivariance of F . One can also check that relation (2.6) defines
the unique fiber-preserving map F of TQ to T ∗Q. Let W := π−1

/G(U). By construction,

(L,F,W ) is the unique G-CL system whose RCL system is (l, f, U).
By Proposition 2.5, we can write an arbitrary RCL in the form of the RCL of a

G-CL without loss of generality. Additionally, the proof of Proposition 2.5 establishes
the following assertion: given a fiber-preserving map f : TQ/G → T ∗Q/G, there
exists the unique fiber-preserving map F : TQ→ T ∗Q satisfying

f ◦ τ/G = π/G ◦ F.

Reduced equations of motion. Given a G-CL system (L,F,W ), the G-invariance
of L implies the G-equivariance of the bundle map EL(L) : T (2)Q → T ∗Q, which
induces a quotient map

REL(l) := [EL(L)]G : T (2)Q/G→ T ∗Q/G,

which depends only on the reduced Lagrangian l on TQ/G induced from L. The
operator REL is called the reduced Euler–Lagrange operator. The equations of motion
of an RCL (l, [F ]G,W/G) with a choice of control [u]G : TQ/G→W/G are given by

REL(l)([q, q̇, q̈]G) = [F ]G([q, q̇]G) + [u]G([q, q̇]G).

To write computable equations of REL, one normally chooses a principal connection
on the principal bundle Q→ Q/G to identify the quotient bundles,

TQ/G with T (Q/G) ⊕ g̃,

T (2)Q/G with T (2)(Q/G) ×Q/G 2g̃,

and

T ∗Q/G with T ∗(Q/G) ⊕ g̃∗,

where g̃ := Q ×G g is the associated adjoint bundle, g̃∗ := Q ×G g∗ is the associated
coadjoint bundle, T (2)(Q/G) ×Q/G 2g̃ is the product bundle over Q/G, 2g̃ := g̃ ⊕ g̃,
and ⊕ is the Whitney sum (see Lemmas 2.4.2 and 3.2.2 in [17]). For example, a
principal connection A : TQ → g on the principal bundle π : Q → Q/G induces the
bundle isomorphism αA : TQ/G→ T (Q/G) ⊕ g̃ as follows:

αA([q, q̇]G) = Tπ(q, q̇) ⊕ [q,A(q, q̇)]G.(2.7)

With these identifications, REL induces the Lagrange–Poincaré operator LP as fol-
lows: for a reduced Lagrangian l,

LP(l) : T (2)(Q/G) ×Q/G 2g̃ → T ∗(Q/G) ⊕ g̃∗.(2.8)

Hence, the reduced Euler–Lagrange operator REL may be replaced by the Lagrange–
Poincaré operator LP in this paper as far as one chooses a connection on Q→ Q/G.
Further details may be found in [17].
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Let us give the local coordinate expression of the Lagrange–Poincaré operator LP
induced from a connection A on the principal bundle Q→ Q/G. This will be used in
section 5. We choose a local trivialization of the bundle Q→ Q/G to be X×G→ X,
where X is an open subset of R

r with r = dim(Q/G). Then, at any tangent vector
(x, g, ẋ, ġ) ∈ T(x,g)(X ×G), we have

A(x, g, ẋ, ġ) = Adg(Ae(x) · ẋ+ ξ),

where Ae is the g-valued 1-form on X defined by Ae(x)·ẋ = A(x, e, ẋ, 0) and ξ = g−1ġ.
The bundle isomorphism αA in this case becomes

αA([x, g, ẋ, ġ]G) = (x, ẋ) ⊕ (x,Ω),

where Ω = Ae(x) · ẋ+ ξ and we choose a local trivialization of the associated bundle
g̃ to be X × g → X. The Lagrange–Poincaré operator LP for a reduced Lagrangian
l on TQ/G = T (Q/G) ⊕ g̃ gives

LP(l) =

⎛⎜⎝
d

dt

∂l

∂ẋα
− ∂l

∂xα
+

∂l

∂Ωa
(Ba

βαẋ
β + Ca

dbΩ
dAb

α)

d

dt

∂l

∂Ωb
− ∂l

∂Ωa
(Ca

dbΩ
d − Ca

dbA
d
αẋ

α)

⎞⎟⎠ ,(2.9)

where Ba
βα is the curvature of the connection Ae = (Aa

α), Ca
bd are the structure

constants of the Lie algebra g, and Ω = (Ωa) and x = (xα) with a = 1, . . . ,dim g and
α = 1, . . . ,dim(Q/G). More details of the derivation of (2.9) may be found in sections
3.3 and 4.2 of [17]. In particular, if one chooses a local trivial connection, i.e., Ae = 0,
then the Lagrange–Poincaré equation in (2.9) is given by

LP(l) =

⎛⎜⎜⎝
d

dt

∂l

∂ẋα
− ∂l

∂xα

d

dt

∂l

∂ξb
− Ca

dbξ
d ∂l

∂ξa

⎞⎟⎟⎠ .(2.10)

We briefly mention the relation between trajectories of G-CL systems and tra-
jectories of RCL systems. Let (L,F,W ) be a G-CL system and (l, [F ]G,W/G) its
RCL system. Choose an arbitrary G-equivariant feedback control law u : TQ →
W for (L,F,W ). The control u induces a reduced map [u]G : TQ/G → W/G.
Then, if (q(t), q̇(t)) ∈ TQ is a trajectory of the closed-loop system (L,F, u), then
τ/G(q(t), q̇(t)) ∈ TQ/G is the trajectory of the closed-loop system (l, [F ]G, [u]G).

Simple CL systems. We define simple CL systems, which include most mechanical
systems in engineering applications.

Definition 2.6. A CL system (L,F,W ) on TQ is called simple if its Lagrangian
L : TQ→ R is of the form kinetic minus potential energy as follows:

L(q, q̇) =
1

2
mq(q̇, q̇) − V (q),(2.11)

where m is a (generalized) mass tensor, i.e., a nondegenerate symmetric (0, 2)-tensor.
A reduced CL system (l, [F ]G,W/G) is called simple if the reduced Lagrangian l is
induced by a G-invariant simple Lagrangian L on TQ. The acronym (R)SCL will
denote “(reduced) simple controlled Lagrangian.”



REDUCTION OF CL AND CH SYSTEMS WITH SYMMETRY 283

When a simple G-invariant Lagrangian L is given by (2.11), its RSCL l : TQ/G→
R is given by

l([q, q̇]G) =
1

2
[m]G([q, q̇]G, [q, q̇]G) − [V ]G([q]G),

where [m]G ∈ Γ(Q/G, T ∗Q/G⊗T ∗Q/G) is the reduced mass tensor induced from the
G-invariance of the mass tensor m ∈ Γ(Q,T ∗Q ⊗ T ∗Q) and [V ]G : Q/G → R is the
reduced potential energy.

SCL-equivalence. We now recall the fundamental definition of CL-equivalence
from [20] as follows.

Definition 2.7. Two SCL systems (L1, F1,W1) and (L2, F2,W2) are said to

be CL-equivalent, or simply, (L1, F1,W1)
L∼ (L2, F2,W2), if the following Euler–

Lagrange matching conditions hold:
ELM-1: W1 = m1m

−1
2 (W2),

ELM-2: Im[EL(L1) − F1 −m1m
−1
2 (EL(L2) − F2)] ⊂W1,

where mi is the mass tensor of Li and Im means the pointwise image of the map in
brackets.

The following proposition from [20] explains the significance of the CL-equivalence
property. It shows that in a very natural sense the two control systems can be made
to correspond by using an appropriate choice of control.

Proposition 2.8. Suppose that two SCL systems (Li, Fi,Wi), i = 1, 2, are CL-
equivalent. Then, for an arbitrary control law for one system, there exists a control law
for the other system such that the two closed-loop systems produce the same equations
of motion. The explicit relation between the two control laws ui, i = 1, 2, is given
by

u1 = EL(L1) − F1 −m1m
−1
2 (EL(L2) − F2) +m1m

−1
2 u2,(2.12)

where mi is the mass tensor of Li, i = 1, 2.
Proof. Recall that the Euler–Lagrange operator is given by

EL(L)(q, q̇, q̈)j = mij q̈
i +

∂mij

∂qk
q̇iq̇k − 1

2

∂mik

∂qj
q̇iq̇k +

∂V

∂qj
,

where the Lagrangian L is given by

L =
1

2
mij q̇

iq̇j − V (q).

One can solve (2.3) for q̈. Denote by q̈Li the expression of the acceleration q̈ obtained
from the closed-loop SCL system (Li, Fi, ui), i = 1, 2. Then,

m1(q̈L1 − q̈L2) = u1 −m1m
−1
2 u2 −

[
(EL(L1) − F1) −m1m

−1
2 (EL(L2) − F2)

]
.

The conditions ELM-1 and ELM-2 imply that (2.12) holds if and only if q̈L1 = q̈L2 if
and only if they produce the same equations of motion. Notice that the term

EL(L1) −m1m
−1
2 EL(L2)

in (2.12) can be regarded as a map defined on TQ because the acceleration q̈ cancels
out.
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RSCL-equivalence. We now define an equivalence relation among RSCL systems
on TQ/G.

Definition 2.9. Two RSCL systems (li, [Fi]G,Wi/G), i = 1, 2, are said to be
reduced-CL-equivalent (RCL-equivalent), or simply

(l1, [F1]G,W1/G)
L∼ (l2, [F2]G,W2/G),

if the following reduced Euler–Lagrange matching conditions hold:
RELM-1: W1/G = [m1]G[m2]

−1
G (W2/G),

RELM-2: Im [REL(l1) − [F1]G − [m1]G[m2]
−1
G (REL(l2) − [F2]G)] ⊂W1/G,

where [mi]G is the reduced mass tensor of li, i = 1, 2, and Im means the pointwise
image of the map in brackets.

Equivalence commutes with reduction. The following theorem explains the rela-
tionship between the CL-equivalence relation among G-SCL systems and the RCL-
equivalence relation among RSCL systems.

Theorem 2.10. Two G-SCL systems are CL-equivalent if and only if their as-
sociated RSCL systems are RCL-equivalent.

Proof. Let (L,F,W ) be a G-SCL system, and (l, [F ]G,W/G) its associated RSCL
system. Then, the theorem follows from the G-invariance of W and the following
relations:

REL(l) ◦ τ (2)
/G = π/G ◦ EL(L), [F ]G ◦ τ/G = π/G ◦ F,

where τ
(2)
/G : T (2)Q→ T (2)Q/G is the G-quotient map.

Hence, one can check the RCL-equivalence of two RSCL systems in two ways; one
is to directly check it, and the other is to check the CL-equivalence of their associated
unreduced G-SCL systems. In practice, it is more convenient to check it directly at
the reduced level; we shall see an example of this in section 5.

The following theorem explains the property of the RCL-equivalence relation.
Theorem 2.11. Suppose that two RSCL systems (li, [Fi]G,Wi/G), i = 1, 2, are

RCL-equivalent. Then, for an arbitrary control law for one system, there exists a
control law for the other system such that the two closed-loop systems produce the
same equations of motion. The explicit relation between the two control laws [ui]G,
i = 1, 2, is given by

[u1]G = REL(l1) − [F1]G − [m1]G[m2]
−1
G (REL(l2) − [F2]G)

+ [m1]G[m2]
−1
G [u2]G,(2.13)

where [mi]G is the reduced mass tensor of li, i = 1, 2.
Proof. Let [ui]G be a control for (li, [Fi]G,Wi/G), i = 1, 2. Let (Li, Fi,Wi) be

the unreduced G-CL system of (li, [Fi]G,Wi/G), i = 1, 2. By Theorem 2.10, the two
G-SCL systems are CL-equivalent. By Proposition 2.8, the two closed-loop G-SCL
systems (Li, Fi, ui), i = 1, 2, produce the same equations of motion when u1 and u2

satisfy (2.12). Hence, the two closed-loop RSCL systems (li, [Fi]G, [ui]G), i = 1, 2,
produce the same equations of motion when [u1]G and [u2]G satisfy (2.13), because
each term in (2.12) is G-equivariant. Also notice that, for any choice of [ui]G, one can
choose the other [uj ]G such that (2.13) holds.

One can prove Theorem 2.11 by comparing the expressions of “accelerations” of
both equations using (2.9), as in the proof of Proposition 2.8. For this purpose, one
needs to choose a connection on Q → Q/G because one has to split the variations
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to write down the equations of motion in coordinates, because the Euler–Lagrange
equations come from the variational principles (see (2.9) of this paper and Chapter 3
of [17] for more detail). In the current proof of Theorem 2.11, we were able to bypass
this route by Theorem 2.10.

3. Reduction of CH systems with symmetry. There is a Hamiltonian coun-
terpart to CL systems called CH systems. We study the reduction of CH systems with
symmetry in this section.

CH systems. We first recall the definition of CH systems from [20].
Definition 3.1. A CH system is a quadruple (H,B, F,W ), where the function

H : T ∗Q→ R is called the Hamiltonian, B ∈ Γ(∧2TT ∗Q) is called an almost Poisson
tensor (the main point being that it need not satisfy the Jacobi identity) on T ∗Q,
the fiber-preserving map F : T ∗Q → T ∗Q is called the (external) force map, and
the subbundle W of T ∗Q is called the control subbundle. When a feedback control
law u : T ∗Q → W is chosen, the quadruple (H,B, F, u) denotes the closed-loop CH
system.

We remark that we choose to use almost Poisson tensors rather than almost
symplectic forms, as it is more general and, moreover, is convenient in performing
Poisson reduction. The vector field X(H,B,F,u) of a CH system (H,B, F,W ) with a
control law u is given by

X(H,B,F,u) = B�dH + vlift(F ) + vlift(u),

where vlift(F ) and vlift(u) are the vertical lifts defined in (2.1).
Reduction of G-invariant CH systems. We define G-invariant CH systems on T ∗Q

and reduced CH systems on T ∗Q/Q as follows.
Definition 3.2. Let G be a Lie group action on Q. A G-invariant CH (G-CH)

system is a CH system (H,B, F,W ), where H, B, F , and W are all G-invariant.
Definition 3.3. A reduced CH (RCH) system is a quadruple (h, b, f, U), where

the function h : T ∗Q/G→ R is called the reduced Hamiltonian, b ∈ Γ(∧2 T (T ∗Q/G))
is called the reduced almost Poisson tensor, the fiber-preserving map f : T ∗Q/G →
T ∗Q/G is called the reduced force map, and the subbundle U of T ∗Q/G is called the
reduced control subbundle.

Suppose that we are given a G-CH system (H,B, F,W ) on T ∗Q. The G-invariant
Hamiltonian H : T ∗Q → R induces the reduced Hamiltonian h : T ∗Q/G → R as
follows:

H = h ◦ π/G.(3.1)

The G-invariance of the almost Poisson tensor B ∈ Γ(∧2TT ∗Q) induces a reduced
almost Poisson tensor [B]G ∈ Γ(∧2T (T ∗Q/G)) as follows: for f1, f2 ∈ F(T ∗Q/G),

[B]G[q,p]G
(df1,df2) = B(q,p)(π

∗
/Gdf1, π

∗
/Gdf2).(3.2)

This is well defined since

Bg(q,p)(d(f1 ◦ π/G),d(f2 ◦ π/G)) = B(q,p)(g
∗d(f1 ◦ π/G), g∗d(f2 ◦ π/G))

= B(q,p)(d(f1 ◦ π/G ◦ g),d(f2 ◦ π/G ◦ g))
= B(q,p)(d(f1 ◦ π/G),d(f2 ◦ π/G))

for any g ∈ G, where we used the G-invariance of B in the first equality. One can
easily check that [B]G is skew-symmetric. The G-invariance of F induces the reduced
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force [F ]G : T ∗Q/G→ T ∗Q/G satisfying

[F ]G ◦ π/G = π/G ◦ F.(3.3)

This discussion motivates the following definition.
Definition 3.4. The RCH system of a G-CH system (H,B, F,W ) is a quadruple

(h, [B]G, [F ]G,W/G), where h is the reduced Hamiltonian defined in (3.1), [B]G is the
reduced almost Poisson tensor defined in (3.2), and [F ]G is the reduced force defined
in (3.3).

Similarly to Proposition 2.5, the following proposition explains the relations be-
tween G-CH systems and RCH systems.

Proposition 3.5. Given a RCH system (h, b, f, U), there is a (not necessarily
unique) G-CH system (H,B, F,W ) whose RCH system is (h, b, f, U).

Proof. Define H by H = h ◦ π/G. Define a force map F on T ∗Q as follows: for
αq ∈ T ∗

qQ, vq ∈ TqQ

〈F (αq), vq〉 = 〈f ◦ π/G(αq), τ/G(vq)〉.

Choose a connection on the principal bundle T ∗Q → T ∗Q/G. (See Chapter 2, The-
orem 2.1 in [25] for the proof of the existence.) Then we can split TT ∗Q into the
vertical space V and the horizontal space H as TT ∗Q = V⊕H. This induces the
decomposition of T ∗T ∗Q as T ∗T ∗Q = H◦ ⊕V◦, where H◦ and V◦ are the annihilators
of H and V, respectively. Let hor : T (T ∗Q/G) → H be the horizontal lift. Then
its dual map hor∗ : V◦ → T ∗(T ∗Q/G) is an isomorphism. For simplicity, we use H◦

(resp., V◦) as the projection of T ∗T ∗Q onto H◦ (resp., V◦). Define an almost Poisson
tensor B on T ∗Q as follows: for α, β ∈ T ∗

p T
∗Q

B(α, β) := b(hor∗ V◦ α, hor∗ V◦ β).

One can check that this almost Poisson tensor is G-invariant. We now show that
π/G : T ∗Q → T ∗Q/G is the Poisson map; i.e., b = [B]G. Let h1, h2 be two functions
on T ∗Q/G. Then d(hi ◦ π/G) ∈ V ◦, i = 1, 2. Thus, hor∗ d(hi ◦ π/G) = dhi, i = 1, 2.
Hence,

[B]G(dh1, dh2) = B(d(h1 ◦ π/G), d(h2 ◦ π/G))

= b(dh1, dh2).

It follows that [B]G = b. Let W = π−1
/G(U). Then one can see that (H,B, F,W ) is

a G-CH system and that its RCH system coincides with (h, b, f, U). This completes
the proof.

Notice in Proposition 3.5 that there can be more than one B satisfying [B]G =
b, which is the source of the nonuniqueness of the G-CH systems (H,B, F,W ) in
Proposition 3.5. By Proposition 3.5, we can write an arbitrary RCH system in the
form of the RCH system of a G-CH system without loss of generality.

Reduced CH dynamics. Given a G-CH system (H,B, F,W ), let (h, [B]G, [F ]G,
W/G) be its RCH system. The (reduced) Hamiltonian vector field X(h,[B]G,[F ]G,[u]G)

of (h, [B]G, [F ]G,W/G) with a control [u]G ∈W/G is given by

X(h,[B]G,[F ]G,[u]G) = [B]�Gdh+ vlift([F ]G) + vlift([u]G),(3.4)

where vlift([F ]G) and vlift([u]G) are the vertical lifts defined in (2.1). Let X(H,B,F,u)

be the vector field of (H,B, F,W ) with control u ∈W . Then we have

X(h,[B]G,[F ]G,[u]G) ◦ π/G = Tπ/G ·X(H,B,F,u).(3.5)
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The CH-equivalence relation. We shall first recall the CH-equivalence relation
among CH systems on T ∗Q from [20].

Definition 3.6. Two CH systems (Hi, Bi, Fi,Wi), i = 1, 2, are said to be CH-

equivalent, or simply, (H1, B1, F1,W1)
H∼ (H2, B2, F2,W2), if the following Hamilto-

nian matching conditions hold:
HM-1: W1 = W2,
HM-2: Im[B�

1dH1 + vlift(F1) −B�
2dH2 − vlift(F2)] ⊂ vlift(W1),

where vlift(W1) is the vertical lift of W1 defined in (2.2).
The following proposition explains the significance of the CH-equivalence relation.
Proposition 3.7. Suppose that two CH systems (Hi, Bi, Fi,Wi), i = 1, 2, are

CH-equivalent. Then, for an arbitrary control law for one system, there exists a
control law for the other system such that the two closed-loop systems produce the
same equations of motion. The explicit relation between the two control laws ui,
i = 1, 2, is given by

vlift(u1) = −B�
1dH1 − vlift(F1) +B�

2dH2 + vlift(F2) + vlift(u2).

Proof. Just compare X(H1,B1,F1,u1) and X(H2,B2,F2,u2) with controls u1 : T ∗Q →
W1 and u2 : T ∗Q→W2.

RCH-equivalence. We now introduce an equivalence relation among RCH systems
on T ∗Q/G as follows.

Definition 3.8. Two RCH systems, (hi, [Bi]G, [Fi]G,Wi/G), i = 1, 2, are said
to be reduced-CH-equivalent (RCH-equivalent), or simply

(h1, [B1]G, [F1]G,W1/G)
H∼ (h2, [B2]G, [F2]G,W2/G),

if the following reduced Hamiltonian matching conditions hold:
RHM-1: W1/G = W2/G,

RHM-2: Im[[B1]
�
Gdh1 + vlift([F1]G) − [B2]

�
Gdh2 − vlift([F2]G)] ⊂ vlift(W1/G),

where vlift(W1/G) is the vertical lift of the subbundle W1/G defined in (2.2).
Reduction commutes with equivalence. The following theorem explains the rela-

tion between the RCH-equivalence relation among RCH systems on T ∗Q/G and the
CH-equivalence relation among G-CH systems on T ∗Q.

Theorem 3.9. Two G-CH systems are CH-equivalent if and only if their asso-
ciated RCH systems are RCH-equivalent.

Proof. Use Definitions 3.6 and 3.8 as well as the relation (3.5).
Theorem 3.10. Suppose that two RCH systems (hi, [Bi]G, [Fi]G,Wi/G), i = 1, 2,

are RCH-equivalent. Then, for an arbitrary control law for one system, there exists a
control law for the other system such that the two closed-loop RCH systems produce
the same equations of motion. The explicit relation between the two control laws [ui]G,
i = 1, 2, is given by

vlift([u1]G) = −[B1]
�
Gdh1 − vlift([F1]G) + [B2]

�
Gdh2 + vlift([F2]G) + vlift([u2]G).

Proof. The proof follows from a straightforward computation using (3.4).
Simple CH systems. Let us review the definition of simple CH systems from [20].
Definition 3.11. A CH system (H,B, F,W ) on T ∗Q is called simple if the

Hamiltonian H has the form kinetic plus potential energy,

H(q, p) =
1

2
〈p, m−1

q p〉 + V (q),
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and its almost Poisson tensor B is nondegenerate and is of the form

B(q, p) =

[
0 K(q)T

−K(q) J(q, p)

]
(3.6)

in cotangent coordinates (q, p) on T ∗Q, where K(q), J(q, p) are n × n matrices with
n = dimQ. We call H the simple Hamiltonian and B the simple almost Poisson
tensor. The acronym, SCH, denotes “simple controlled Hamiltonian.”

One can check that the statement that B has the form (3.6) is independent of the
choice of cotangent bundle coordinates on T ∗Q.

Let B be a simple almost Poisson tensor. Then the relation

vlift(ψB) = B ◦ Θ(3.7)

defines a unique ψB ∈ Γ(Aut(T ∗Q)), where Θ is the canonical 1-form1 on T ∗Q and
B is regarded as a bundle map B : T ∗T ∗Q → TT ∗Q. In other words, there exists a
unique ψB ∈ Γ(Aut(T ∗Q)) such that the following diagram commutes:

T ∗T ∗Q
B−−−−→ TT ∗Q�⏐⏐Θ

�⏐⏐vlift

T ∗Q
ψB−−−−→ T ∗Q

See [20] for the proof of the existence of ψB . When B is given in coordinates as in
(3.6), the map ψB is given in coordinates by

ψB(q, p) = (q,K(q)p).

Now, we make the following definition of the reduced simple CH system.
Definition 3.12. An RCH system (h, [B]G, [F ]G,W/G) is called a reduced sim-

ple CH system (or RSCH system) if it is the reduced CH system of a G-invariant
simple CH system.

Simple almost Poisson tensors and their reductions. Recall that in Definition 3.11
we defined simple almost Poisson tensors on T ∗Q using local coordinates. Here, we
characterize the reduced simple almost Poisson tensors using local coordinates, so we
may assume that Q = G × X, where G is a Lie group acting on the manifold X
trivially. Recall the following identifications by left translation of G:

T ∗G = G× g∗, TT ∗G = (G× g∗) × (g × g∗), T ∗T ∗G = (G× g∗) × (g∗ × g).

We use (ga, µa, xi, pi) as local coordinates for T ∗Q = G × g∗ × T ∗X, and (µa, xi, pi)
for T ∗Q/G = g∗ × T ∗X, where a = 1, . . . ,dimG and i = 1, . . . ,dimX. We will use
{ea} as a basis for g, and {e∗a} as its dual basis. Let B ∈ Γ(∧2TT ∗Q) be a G-invariant
simple almost Poisson tensor. Then it is of the following form:

B(g, µ, x, p) = Aab(x)(ea ⊗ e∗b − e∗b ⊗ ea) + Eia(x)(∂xi ⊗ e∗b − e∗b ⊗ ∂xi)

+ Cai(x)(ea ⊗ ∂pi − ∂pi ⊗ ea) +Dij(x)(∂xi ⊗ ∂pj − ∂pj ⊗ ∂xi)

+Rab(µ, x, p)e
∗
a ⊗ e∗b + Sai(µ, x, p)(e

∗
a ⊗ ∂pi − ∂pi ⊗ e∗a)

+ Uij(µ, x, p)∂pi ⊗ ∂pj .(3.8)

1The canonical 1-form Θ on T ∗Q is given by Θ = pidq
i in cotangent bundle coordinates (qi, pj) ∈

T ∗Q.
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In the matrix form, B is given by

B =

⎡⎢⎢⎣
O O A(x) C(x)
O O E(x) D(x)

−A(x)T −E(x)T R(µ, x, p) S(µ, x, p)
−C(x)T −D(x)T −S(µ, x, p)T U(µ, x, p)

⎤⎥⎥⎦ ,
where we used the basis for TzT

∗Q in the following order: ea, ∂xi , e
∗
a, ∂pi . The

nondegeneracy condition for B is given by

rank

[
A C
E D

]
= dimQ.

The reduced simple Poisson tensor [B]G is given by

[B]G(µ, x, p) = Eia(x)(∂xi
⊗ e∗b − e∗b ⊗ ∂xi

) +Dij(x)(∂xi ⊗ ∂pj − ∂pj ⊗ ∂xi)

+Rab(µ, x, p)e
∗
a ⊗ e∗b + Sai(µ, x, p)(e

∗
a ⊗ ∂pi − ∂pi ⊗ e∗a)

+ Uij(µ, x, p)∂pi ⊗ ∂pj .(3.9)

In a matrix form,

[B]G =

⎡⎣ R(µ, x, p) −E(x)T S(µ, x, p)
E(x) O D(x)

−S(µ, x, p)T −D(x)T U(µ, x, p)

⎤⎦ ,
where we used the basis for T[z](T

∗Q/G) in the following order: e∗a, ∂xi , ∂pi . The
nondegeneracy condition for B induces the following rank condition for [B]G:

rank[E D] = dimX.(3.10)

Remark. One could argue that it might be better if we could characterize all
the tensors b ∈ Γ(∧2 T (T ∗Q/G)) for which there exists a G-invariant simple almost
Poisson tensor B such that b = [B]G. Then we could define RSCH systems without
reference to G-invariant SCH systems. This point has to be studied more, and we
think that the use of connections is crucial; see [31] and [17].

4. Equivalence between reduced simple Lagrangian and Hamiltonian
systems. In this section we show the equivalence between the method of RSCL
systems on TQ/G and that of RSCH systems on T ∗Q/G.

The CL-CH equivalence theorem. In [19] and [20], the equivalence between the
method of SCL systems on TQ and that of SCH systems on T ∗Q was shown. It is
summarized in the following theorem.2

Theorem 4.1. The method of CL systems is equivalent to that of CH systems
for simple mechanical systems in the following sense:

1. For any two simple CL systems (Li, F
L
i ,W

L
i ), i = 1, 2, there exist two associ-

ated simple CH systems3 (Hi, Bi, F
H
i ,W

H
i ), i = 1, 2, such that

(L1, F
L
1 ,W

L
1 )

L∼ (L2, F
L
2 ,W

L
2 )

⇐⇒ (H1, B1, F
H
1 ,WH

1 )
H∼ (H2, B2, F

H
2 ,WH

2 ).(4.1)

2The statement of Theorem 4.1 is slightly different from that of Corollary 4.1 in [20] in that
there appears an additional term, ψB2

◦ ψ−1
B1

= mH2
(mH1

)−1, in statement 2. However, one can

still prove Theorem 4.1 of this paper using section 4 of [20]. For example, see [19] for the proof.
3Refer to section 4 of [20] to learn how to find the associated CH systems.
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2. For any two simple CH systems (Hi, Bi, F
H
i ,W

H
i ), i = 1, 2, there exist two

associated simple CL systems (Li, F
L
i ,W

L
i ), i = 1, 2, such that

(H1, B1, F
H
1 ,WH

1 )
H∼ (H2, B2, F

H
2 ,WH

2 )

⇐⇒ (L1, F
L
1 ,W

L
1 )

L∼ (L2, F
L
2 ,W

L
2 ) and ψB2

◦ ψ−1
B1

= mH2
(mH1)

−1,

with mHi
the mass tensor of Hi and ψBi defined in (3.7) for i = 1, 2.

In statement 1, one does not need the condition ψB2
◦ ψ−1

B1
= mH2

(mH1)
−1 along

with the CL equivalence condition for the two CL systems, because it automatically
holds for the associated CH systems.

This result implies the following: suppose that we want to find all SCL systems
which are equivalent to a given SCL system. One can directly search for them on the
Lagrangian side using the CL equivalence relation. Alternatively, one can first find
an SCH system which is associated with the given SCL system, secondly search for
all SCH systems which are CH-equivalent to this SCH system, and finally transform
those SCH systems to SCL systems. Those SCL systems are all SCL systems CL-
equivalent to the original SCL system. In the similar way, one can find all the SCH
systems which are CH-equivalent to a given SCH system, directly or with a CL-
equivalence relation. (Refer to [20] and [19] for more detail.) Hence, one can describe
a given simple mechanical system as an SCL system or as an SCH system and then
apply the CL method or the CH method, correspondingly. Both procedures are
equivalent.

We now restrict Theorem 4.1 to G-invariant systems.
Theorem 4.2. The method of G-invariant SCL systems and that of G-invariant

SCH systems are equivalent. In other words, Theorem 4.1 restricted to G-invariant
simple CL and CH systems holds.

Proof. For the proof, one just needs to keep track of the G-invariance in the proof
of Theorem 4.1 in [20] and the proof of Theorem 3.2.1 in [19].

The following theorem explains the equivalence between the method of RSCL
systems on TQ/G and that of RSCH systems on T ∗Q/G.

Theorem 4.3. The method of RSCL systems is equivalent to that of RSCH
systems in the following sense:

1. For two given RSCL systems (li, [F
L
i ]G,W

L
i /G), i = 1, 2, there exist two asso-

ciated RSCH systems (hi, [Bi]G, [F
H
i ]G,W

H
i /G), i = 1, 2, such that

(l1, [F
L
1 ]G,W

L
1 /G)

L∼ (l2, [F
L
2 ]G,W

L
2 /G)

⇐⇒ (h1, [B1]G, [F
H
1 ]G,W

H
1 /G)

H∼ (h2, [B2]G, [F
H
2 ]G,W

H
2 /G).(4.2)

2. For two given RSCH systems (hi, [Bi]G, [F
H
i ]G,W

H
i /G), i = 1, 2, there exist

two associated RSCL systems (li, [F
L
i ]G,W

L
i /G), i = 1, 2, such that

(h1, [B1]G, [F
H
1 ]G,W

H
1 /G)

H∼ (h2, [B2]G, [F
H
2 ]G,W

H
2 /G)

⇐⇒ (l1, [F
L
1 ]G,W

L
1 /G)

L∼ (l2, [F
L
2 ]G,W

L
2 /G) and [ψB2 ◦ ψ−1

B1
]G = [mH2 ]G[mH1 ]

−1
G ,

where [mHi ]G is the reduced mass tensor of hi.
Proof. Let us prove statement 1. For given two RSCL systems (li, [F

L
i ]G,W

L
i /G),

i = 1, 2, consider their unreduced G-SCL systems (Li, F
L
i ,W

L
i ), i = 1, 2, with Li =

li ◦ τ/G (see Proposition 2.5). Theorem 4.2 implies that there are two G-SCH systems
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spinning rotor

rigid carrier

Fig. 5.1. A satellite with a rotor along the third body axis.

(Hi, Bi, F
H
i ,W

H
i ), i = 1, 2, such that (4.1) holds. Let (hi, [Bi]G, [F

H
i ]G,W

H
i /G)

be the RSCH system of (Hi, Bi, F
H
i ,W

H
i ) for i = 1, 2. Then (4.2) follows from

Theorems 2.10 and 3.9 and (4.1). Now we prove statement 2. In this case, use
Proposition 3.5 instead of Proposition 2.5, and then proceed in a similar manner.

Hence, one can describe a given simple mechanical system as an SCL/SCH system,
apply the CL/CH reduction, and then apply the reduced CL/CH method, correspond-
ingly. Both procedures are equivalent.

Remark. Notice in (4.2) that ψB2
◦ ψ−1

B1
is G-equivariant even though each of

ψBi may not be. This equivariance is a consequence of the following commutative
diagram:

TT ∗Q
B1←−−−− T ∗Q∗Q

B2−−−−→ TT ∗Q�⏐⏐vlift

�⏐⏐Θ

�⏐⏐vlift

T ∗Q
ψB1←−−−− T ∗Q

ψB2−−−−→ T ∗Q

It follows that for α ∈ T ∗Q, B2B
−1
1 (vlift(α)) = vlift(ψB2

◦ ψ−1
B1

(α)). One can easily
check that vlift is G-equivariant, i.e., vlift(gα) = g vlift(α) for g ∈ G. Then the G-
equivariance of ψB2

◦ ψ−1
B1

follows from the G-equivariance of B1, B2, and vlift and
from the injectivity of vlift.

5. Examples. We review the example of a satellite with a rotor and the Euler–
Poincaré matching conditions presented in [15] in the framework of the current paper.
We then apply the RCL method to the stabilization of the heavy top with rotors.
This will show the application of CL systems only. For an excellent application of CH
systems to the problem of underwater vehicle stabilization by internal rotors, refer to
[34] and [15].

5.1. Satellite with a rotor and Euler–Poincaré matching.
Satellite with a rotor (see [15]). We consider the example of a satellite with a rotor

aligned along the third principal axis of the body (see Figure 5.1). The configuration
space is Q = G×X = SO(3)×S1, with the first factor being the satellite attitude and
the second factor being the rotor angle. The Lie group G = SO(3) acts on the first
factor of Q only. We take a trivial (flat) connection on Q such that TQ/G � g×TX.
Use ((Ω1,Ω2,Ω3), (φ, φ̇)) as coordinates for so(3) × TS1 � R

3 × TS1. This system is
described by the RSCL system (l1, [F1]G = 0,W1/G) given by

l1(Ω, φ̇) =
1

2

(
λ1Ω

2
1 + λ2Ω

2
2 + (I3 + J3)Ω

3
3 + 2J3Ω3φ̇+ J3φ̇

2
)
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and W1/G = span{dφ}, where λ1 > λ2 > λ3 := J3 + I3. Notice that l1 does not
depend on φ. Recall that the reduced Euler–Lagrange operator REL induces the
Lagrange–Poincaré operator LP in (2.8) with respect to the trivial connection on
Q→ X. By (2.10), this Lagrange–Poincaré operator LP(l1) is given by

LP(l1) =

⎡⎢⎢⎣
d

dt

∂l1
∂Ω

− ∂l1
∂Ω

× Ω

d

dt

∂l1

∂φ̇
− ∂l1
∂φ

⎤⎥⎥⎦ ,(5.1)

where we switched the first and second components of (2.10).
Consider another RSCL system (l2, 0,W2/G) with W2 = W1 and

l2(Ω, φ̇) =
1

2

(
λ1Ω

2
1 + λ2Ω

2
2 + (I3 + J3)Ω

3
3 + 2J3Ω3φ̇+ ρJ3φ̇

2
)

with ρ ∈ R. Here we allow only one free parameter ρ as in [15], but one can con-
sider a more general form of CL system. One can check that RELM-1 and RELM-2
in Definition 2.9 are satisfied. Since these two CL systems are equivalent, one has
only to design a controller for the second system, which will give an asymptotically
stabilizing controller for the first system by Theorem 2.11. See [8] for the discussion
on asymptotic stabilization of the rotation about the middle axis in the body-fixed
frame. There, it is shown how to choose ρ and the dissipative input for stability of the
equivalent system (l2, 0,W2/G). This leads to an asymptotically stabilizing controller
for the original system (l1, 0,W1/G).

Euler–Poincaré matching. Here we briefly sketch the proof that the set of Euler–
Poincaré matching conditions in [12] and [15] is a special case of the reduced Euler–
Lagrange matching conditions in this paper. This set of matching conditions can
handle such examples as a satellite with a rotor and underwater vehicles with internal
rotors. Let Q = G × X be the configuration space, where G is a Lie group acting
trivially on the manifold X. We choose the trivial (flat) connection on Q → X to
write down the Lagrange–Poincaré equation on TQ/G � g×TX with the Lie algebra
g of the Lie group G. We use η = (ηα) as coordinates for g, and (θ, θ̇) = (θa, θ̇a) as
coordinates for TX. By (2.10), the Lagrange–Poincaré operator LP with respect to
the trivial connection is given by

LP(l) =

⎛⎜⎜⎝
d

dt

∂l

∂ηα
− Cβ

γαη
γ ∂l

∂ηβ

d

dt

∂l

∂θ̇a
− ∂l

∂θa

⎞⎟⎟⎠(5.2)

for any reduced Lagrangian l = l(ηα, θ̇a, θ), where Cβ
γα are the structure constants of

the Lie algebra g. In (5.2) we wrote the vertical part of LP(l) first, while in (2.10)
the vertical part was written in the second component.

Let (l, 0, T ∗X) be the given RSCL system with the reduced Lagrangian

l(ηα, θ̇a) =
1

2
gαβη

αηβ + gαaη
αθ̇a +

1

2
gabθ̇

aθ̇b,

where gαβ , gαa, gab are constant functions on TQ/G. Notice that this Lagrangian is
cyclic in the variables θa and that the controls act only on the cyclic variables. Let
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g

CM

x
y

z

O

Fig. 5.2. Heavy top with two rotors, each consisting of two rigidly coupled disks. The center
of mass is at CM.

(lτ,σ,ρ, 0, T
∗X) be another RSCL system with the reduced Lagrangian of the following

form:

lτ,σ,ρ = l(ηα, θ̇a + τaαη
α) +

1

2
σabτ

a
ατ

b
βη

αηβ

+
1

2
(ρab − gab)(θ̇

a + gacgcαη
α + τaαη

α)(θ̇b + gbcgcβη
β + τ bβη

β),(5.3)

which is exactly the equation (11) in [15]. See also [14] for the motivation of this choice
of the form in (5.3). [15] proposes the following so-called Euler–Poincaré matching
conditions:

EP-1: τaα = −σabgbα,
EP-2: σab + ρab = gab.

Then one can show that the two assumptions of EP-1 and EP-2 imply the RCL-
equivalence of the two RSCL systems (l, 0, T ∗X) and (lτ,σ,ρ, 0, T

∗X). Hence, one
can equivalently work with the second system to design controllers. Refer to [15]
for the method of constructing a Lyapunov function using the energy and Casimir
functions.

5.2. Heavy top with rotors. It is well known that an upright spinning top
is unstable if the angular velocity is small. The motion of a heavy top and the
stability of the Lagrange top are well studied in [28] and [24]. We use the CL method
to asymptotically stabilize the upright spinning motion of a heavy top with small
vertical angular velocity, including zero velocity. See Figure 5.2 for the heavy top
system. One can notice that the system dynamics are not SO(3)-invariant because
the gravitational force breaks the SO(3) symmetry, and thus we cannot perform the
usual reduction of the system by the SO(3) group. However, there is a way of doing
the SO(3)-reduction of this system by considering this system as one depending on a
parameter in R

3.
In this section, we will first review the general theory of reduction of systems

depending on a parameter and then apply this reduction theory to the design of a
controller for the heavy top system. We will not develop the whole theory of CL
systems depending on a parameter and the reduction theory for those systems with
symmetry because it is a straightforward modification of the theory in section 2 of
this paper. Moreover, the complete theory of reduction for (uncontrolled) systems
depending on a parameter is in [17].
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Systems depending on a parameter. We here review the reduction theory for sys-
tems depending on an advected parameter, as presented in [17]. Consider a Lagrangian

L : T (G×X) × V ∗ → R,

where G is a Lie group, X is a manifold, and V ∗ is the dual space of the vector
space V . The value of L at the point (g, x, ġ, ẋ, a0) ∈ T (G×X)× V ∗ will be denoted
by L(g, x, ġ, ẋ, a0), as usual, and we will think of a0 as a parameter that remains
fixed along the evolution of the system. Assume that there is an action of G on V ,
so there is an induced action on V ∗ such that 〈ga0, gb0〉 = 〈a0, b0〉 for all a0 ∈ V ∗,
b0 ∈ V , g ∈ G. Assume that G acts trivially on X and that L is G-invariant,
i.e.,

L(hg, x, hġ, ẋ, ha0) = L(g, x, ġ, ẋ, a0)

for h ∈ G, (g, x, ġ, ẋ, a0) ∈ T (G × X) × V ∗. Define the reduced Lagrangian l :
g × TX × V ∗ → R by

l(ξ, x, ẋ, a) = L(e, x, ξ, ẋ, a)(5.4)

for ξ ∈ g, (x, ẋ) ∈ TX, a ∈ V ∗, where ξ = g−1ġ and a = g−1a0.
Fix a0 ∈ V ∗. Let La0 : T (G×X) → R be the restriction of L to T (G×X)×{a0}.

Then, the Euler–Lagrange operator EL(La0
) induces the reduced Euler–Lagrange

operator

REL(l) : 2g̃ ⊕ T (2)X × TV ∗ → g∗ × T ∗X

and the equation in (5.6) as follows:

REL(l) =

⎛⎜⎝
d

dt

∂l

∂ξ
− ad∗

ξ

∂l

∂ξ
− ∂l

∂a
� a

d

dt

∂l

∂ẋ
− ∂l

∂x

⎞⎟⎠(5.5)

and

ȧ = −ξa,(5.6)

where the map � : V × V ∗ → g∗ is defined by 〈b � a, η〉 = −〈ηa, b〉 for η ∈ g, a ∈ V ∗,
b ∈ V . One may find the derivation of (5.5) and (5.6) in section 7.4 of [17].

The equations of motion of the reduced Lagrangian l with a (g∗ × T ∗X)-valued
(reduced) force f , are given by

REL(l) = f and ȧ = −ξa,(5.7)

where f includes external forces and control forces.
Heavy top with two pairs of rotors. We first describe a heavy top with two pairs

of rotors. We mount two pairs of rotors within the top so that each pair’s rotation
axis is parallel to the first and the second principal axes of the top; see Figure 5.2.
Let I1, I2, I3 be the moments of inertia of the top in the body-fixed frame. Let J1, J2

be the moments of inertia of the rotors around their rotation axes. Let Ji1, Ji2, Ji3 be
the moments of inertia of the ith rotor with i = 1, 2 around the first, the second, and
the third principal axis, respectively. Let Ī1 = I1 + J11 + J21, Ī2 = I2 + J12 + J22,
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and Ī3 = I3 + J13 + J23. Let λ1 = Ī1 + J1 and λ2 = Ī2 + J2. Let M be the total mass
of the system, g the magnitude of the gravitational acceleration, and h the distance
from the origin O to the center of mass of the system.

Let G = SO(3), X = S1 × S1, V ∗ = R
3. We use the following notation for

coordinates:

R ∈ SO(3), θ = (θ1, θ2) ∈ S1 × S1, a ∈ R
3.

We will use Ω = (Ω1,Ω2,Ω3) ∈ R
3 as coordinates for the Lie algebra so(3) under the

Lie algebra isomorphism, ∨ : (so(3), [, ]) → (R3,×),⎛⎝ 0 −z y
z 0 −x
−y x 0

⎞⎠∨

= (x, y, z).

Let L : T (G×X) × V ∗ → R be the Lagrangian defined by

L(R, θ, Ṙ, θ̇, a) =
1

2

⎛⎜⎜⎜⎜⎝
Ω1

Ω2

Ω3

θ̇1
θ2

⎞⎟⎟⎟⎟⎠
T ⎛⎜⎜⎜⎜⎝

λ1 0 0 J1 0
0 λ2 0 0 J2

0 0 Ī3 0 0
J1 0 0 J1 0
0 J2 0 0 J2

⎞⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎜⎝

Ω1

Ω2

Ω3

θ̇1
θ2

⎞⎟⎟⎟⎟⎠−MghR−1a · χ,

where Ω = (Ω1,Ω2,Ω3) = (R−1Ṙ)∨ is the body-fixed angular momentum and χ is the
body-fixed unit vector on the line segment connecting the origin O with the body’s
center of mass, i.e., χ = (0, 0, 1) in the body-fixed frame.

Fix k := (0, 0, 1) ∈ R
3. Let Lk be the restriction of L to T (G × X) × {k} as

follows:

Lk(R, θ, Ṙ, θ̇) = L(R, θ, Ṙ, θ̇,k).

Then one can check that Lk is the Lagrangian of the heavy top system in Figure 5.2.
The actuation is exerted on each pair of rotors, so the control bundle U is given by
U = T ∗X.

By (5.4), the reduced Lagrangian l : so(3) × TX × R
3 → R is given by

l(Ω, θ, θ̇,Γ) =
1

2
(λ1Ω

2
1 + λ2Ω

2
2 + Ī3Ω

2
3 + 2J1Ω1θ̇1 + 2J2Ω2θ̇2)

+
1

2
(J1θ̇

2
1 + J2θ̇

2
2) −MghΓ · χ,

where Γ = (Γ1,Γ2,Γ3) = R−1k. Physically, the vector Γ represents the motion of the
unit vector with the opposite direction of gravity as seen from the body. Recall that
the reduced equations of motion are derived from (5.7) and (5.5).

Let us consider a new reduced Lagrangian l̃ defined by

l̃(Ω, θ, θ̇,Γ) =
1

2
(λ1Ω

2
1 + λ2Ω

2
2 + Ī3Ω

2
3 + 2J1Ω1θ̇1 + 2J2Ω2θ̇2)

+
1

2
(ρ1J1θ̇

2
1 + ρ2J2θ̇

2
2) −MghΓ · χ,(5.8)

where ρ1, ρ2 ∈ R are free parameters to be chosen later. See [15] and [21] for the
motivation of this choice of the form in (5.8).
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Even though we have not developed the general theory of CL systems depending
on a parameter and the associated reduction theory, one can check that Definition 2.9
and Theorem 2.11 hold for reduced CL systems depending on a parameter where one
should use the reduced Euler–Lagrange operator in (5.5) instead of (2.9) or (2.10).
Notice that the equation in (5.6) is common for all reduced CL systems depending on
a parameter. With these modifications in mind, one can check that

(l, 0, T ∗X)
L∼ (l̃, 0, T ∗X).

By Theorem 2.11, we can work with the RCL system (l̃, 0, T ∗X) to design a controller.
Let us define the angular momentum, Π = (Π1,Π2,Π2), and the control momen-

tum, J̃ = (J̃1, J̃2), as follows:

Π =
∂l̃

∂Ω
= (λ1Ω1 + J1θ̇1, λ2Ω2 + J2θ̇2, Ī3Ω3),(5.9)

J̃ =
∂l̃

∂θ̇
= (J1Ω1 + J1ρ1θ̇1, J2Ω2 + J2ρ2θ̇2).(5.10)

By (5.7) and (5.5), the equations of motion of the system (l̃, 0, T ∗X) with a choice of
control v = (v1, v2) are given as follows:

Π̇ = Π × Ω +MghΓ × χ,(5.11)

˙̃J = v,(5.12)

Γ̇ = Γ × Ω.(5.13)

These dynamics have two constants of motion,

Π · Γ and ‖Γ‖ = 1,

where Π · Γ is the vertical component of the space-fixed angular momentum, and
‖Γ‖ = ‖R−1k‖ = ‖k‖ = 1.

Since the reduced Lagrangian l̃ (or l) does not depend on the rotor angle θ, and
we are not interested in the angle of rotors but in the angular velocity of rotors,
we will remove X from the phase space for the sake of simplicity. Hence, we will
regard so(3) × R

2 × R
3 as a new phase space, where R

2 is the velocity component of
TX = R

2 × R
2.

Let Ω(0), θ̇(0), and Γ(0) with ||Γ(0)||2 = 1 be an initial condition with

Ω◦
3 := Π(0) · Γ(0)

Ī3
<

√
Mgh

Ī3
.(5.14)

We are interested in the equilibrium e = (Ωe, θ̇e,Γe),

Ωe = (0, 0,Ω◦
3), θ̇e = (0, 0), Γe = (0, 0, 1)(5.15)

or

Ωe = (0, 0,Ω◦
3), J̃e = (0, 0), Γe = (0, 0, 1),

which corresponds to the upright spinning top with the rotors at rest. Notice that
this equilibrium lies in the same level set of (Π · Γ, ||Γ||2) as the initial condition.
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We construct a Lyapunov function using the energy-Casimir method (see [8] for
more detail of this method). Set

EΦ̃ = K + U + Φ(Π · Γ, ||Γ||2) + Ψ(J̃1, J̃2),(5.16)

where the potential energy U is given by U(Γ) = MghΓ ·χ = MghΓ3, and the kinetic
energy K is given by

K =
1

2

(
λ1 −

J1

ρ1

)
Ω2

1 +
1

2

(
λ2 −

J2

ρ2

)
Ω2

2 +
1

2
Ī3Ω

2
3 +

J̃2
1

2J1ρ1
+

J̃2
2

2J2ρ2
,

in the new coordinates (Ω, J̃ ,Γ). Choose the function Ψ as follows:

Ψ(J̃1, J̃2) =
J̃2

1

2ε1J1
+

J̃2
2

2ε2J2
,(5.17)

where coefficients εi will be determined later. Choose the function Φ of the form

Φ(x, y) = −Ω◦
3(x− Ī3Ω

◦
3) +

1

2

(
Ī3(Ω

◦
3)

2 −Mgh
)
(y − 1)

+
1

2
a1(x− Ī3Ω

◦
3)

2 +
1

2
a2(y − 1)2,

where the constants a1 and a2 are chosen such that

a1 <
−1

Ī3

and

4a2 + a1(Ī3Ω
◦
3)

2 + Ī3(Ω
◦
3)

2 −Mgh <
Ī3(a1Ī3Ω

◦
3 − Ω◦

3)
2

1 + a1Ī3
.

One can check that the equilibrium e is a critical point of EΦ̃. We now find conditions
under which this critical point is a local maximum. First, choose ρi satisfying

Ī3(Ω
◦
3)

2 −Mgh

(Ω◦
3)

2
< λi −

Ji
ρi
< 0(5.18)

for i = 1, 2, and then we can choose ε1 and ε2 such that the second derivative of EΦ̃

becomes negative definite at e, which implies that EΦ̃ has a local maximum at e. For
later use, we impose an additional condition on ρi and εi as follows:

Ji(Ω
◦
3)

2 + (εi + ρi)
(
(Ω◦

3)
2(Ī3 − λi) −Mgh

)
�= 0.(5.19)

With (5.19), it is still possible to find ρi and εi to ensure negative definiteness of the
second derivative of EΦ̃ at e.

The following choice of v = (v1, v2),

vi = ci

(
θ̇i +

J̃i
εiJi

)
,(5.20)

with ci > 0 for i = 1, 2, implies

d

dt
EΦ̃ =

2∑
i=1

ci

(
θ̇i +

J̃i
εiJi

)2

≥ 0,(5.21)
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which proves the Lyapunov stability of the equilibrium e in the closed-loop system.
The complete control law u for the original system (l, 0, T ∗X) can be obtained from
Theorem 2.11.

Asymptotic stabilization will now be shown by using LaSalle’s theorem. Since
EΦ̃ has a local maximum at e, it is nondecreasing in time, and Π · Γ and ||Γ||2 are
conserved, there is a number c such that the set

S = {x ∈ so(3) × R
2 × R

3 | EΦ̃ ≥ c, Π · Γ = Πe · Γe, ||Γ||2 = 1}

is nonempty, compact, and positively invariant. Define

E = {x ∈ S | ĖΦ̃ = 0} = {x ∈ S | v = 0}.

Let M be the largest invariant subset of E . One can show M = {e} by (5.19) after
shrinking the set S if necessary. Thus, by LaSalle’s theorem, e is asymptotically
stable.

Here are the main points in the proof that M = {e}. Let (Ω(t), θ̇(t),Γ(t)) be
a trajectory in M. The condition v = 0 and (5.12) imply that J̃(t) is constant.
Hence, θi(t) and Ωi(t) are constant for i = 1, 2. By (5.9), Πi(t), i = 1, 2 are constant.
Then the third component of (5.11) becomes λ3Ω̇3(t) = constant. By the Lyapunov
stability of the equilibrium, it follows Ω̇3(t) ≡ 0. Hence, Ω3(t) is constant. The first
and second component of (5.11) imply that Γ1(t) and Γ2(t) are constant. Then the
third component of (5.13) implies that Γ3(t) is constant. So far we have shown that
the trajectory (Ω(t), θ̇(t),Γ(t)), or (Π(t), θ̇(t),Γ(t)), is constant for all t ≥ 0. Consider
the map f : R

8 → R
10 defined by

f(Ω, θ̇,Γ) =

⎛⎜⎜⎜⎜⎜⎜⎝

Π × Ω +MghΓ × χ
Γ × Ω

J1Ω1 + (ε1 + J1ρ1)θ̇1
J2Ω2 + (ε2 + J2ρ2)θ̇2

Π · Γ − Πe · Γe

‖Γ‖2 − 1

⎞⎟⎟⎟⎟⎟⎟⎠ =

⎛⎜⎜⎜⎜⎜⎜⎝
Π̇

Γ̇
ε1v1
ε2v2

Π · Γ − Πe · Γe

‖Γ‖2 − 1

⎞⎟⎟⎟⎟⎟⎟⎠ ,

where Π is expressed in terms of (Ω, θ̇) as in (5.9). Then one can see that all the
trajectories lying in M are contained in the set f−1(O). In particular, the equilibrium
(Ωe, θ̇e,Γe) in (5.15) is also contained in f−1(O). One can check that the rank of the
Jacobian matrix Df at the equilibrium is the full rank 8 by (5.19). Thus, f is locally
one-to-one around the equilibrium by Theorem 4.12 in [16]. Therefore, the only
possible trajectory totally lying in M is the equilibrium point itself. It follows from
LaSalle’s theorem that the equilibrium is asymptotically stable.

Remarks. 1. The above procedure shows that the choice of control gains depends
on the initial condition. This is unavoidable because we need to know the value of
the constant of motion Π · Γ, which the internal actuation cannot change; however,
our suggested controller is robust to small errors in the measurement of the initial
condition. Let ẽ be the equilibrium of the form (5.15), with Ω̃◦

3 instead of Ω◦
3. Suppose

the Ω◦
3 used in constructing the control law is very close to the value Ω̃◦

3. Let ẼΦ̃ be

the function of the form (5.16), with Ω◦
3 replaced by Ω̃◦

3. Then ẽ is a critical point
of ẼΦ̃. By continuity, the second derivative of ẼΦ̃ at ẽ will remain negative definite,
proving Lyapunov stability of ẽ.

2. The same form of controller works for the asymptotic stabilization of the
upright spinning top with Ω◦

3 >
√
Mgh/Ī3, which is the opposite of (5.14). All
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that needs to be done is to choose ρi and εi to make EΦ̃ have a local minimum at
the equilibrium and to choose negative ci such that EΦ̃ decreases in time. LaSalle’s
theorem argument guarantees asymptotic stability.

6. Conclusions. In this paper we have studied the reduction of controlled La-
grangian (CL) and controlled Hamiltonian (CH) systems with symmetry. We have
shown that the notion of equivalence of controlled systems is preserved by the re-
duction procedure. This leads to a natural derivation of the Bloch–Leonard–Marsden
Euler–Poincaré matching conditions and shows in a precise sense how they are related
to the unreduced Euler–Lagrange matching conditions. The theory also shows how
to do the equivalent matching on the Hamiltonian side. We studied the examples of
a rigid body with rotors (a spacecraft) as well as a heavy top with rotors to illustrate
the theory.

In the future we will study more examples and also see to what extent this the-
ory applies to controlled nonholonomic systems with or without symmetry, following
[18] and [36], and to degenerate and implicit controlled Lagrangian and Hamiltonian
systems, following [6] and [35].
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Abstract. Sufficient conditions involving Lie brackets of arbitrarily high order are obtained for
local controllability of families of vector fields. After providing a general framework for the generation
of high-order control variations, we propose a specific method for generating such variations. The
theory is applied to a number of nontrivial examples.
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1. Introduction. In this paper we present a technique for generating high-order
variations of families of vector fields. Our approach is motivated by the early work
of Sussmann on local controllability [10]. As in [10], we consider S a set of analytic
vector fields on Ω ⊂ R

n and an S-trajectory to be a continuous curve which is a
finite concatenation of integral curves of vector fields in S. A point q is S-reachable
from p if there exists an S-trajectory t �→ γ(t) such that γ(0) = p, q = γ(t) for some
t ≥ 0, and S-reachable from p in time ≤ T if t ≤ T . We say S is locally controllable
(hereafter abbreviated l.c.) if, for every T > 0, the set of points S-reachable from
p in time ≤ T contains p in its interior. In [10] Sussmann defines the set S1

p of Lie
brackets of order two of vector fields in S. His main result is that S is l.c. at p if
0 ∈ int(co(S(p) ∪ S1

p(p))), where co stands for convex hull. The main contribution
in this paper is the construction of sets of vector fields S2

p , S
3
p , . . . of higher-order Lie

brackets of vector fields in S. In Theorem 4.5 we summarize our results concerning
the generation of these high-order variations. This method of generating variations
leads to a controllability result, Theorem 3.7, which states that S is l.c. at p if

0 ∈ int(co(S(p) ∪ S1
p(p) ∪ · · · ∪ Sm

p (p)))

for some m ≥ 1. Of course, the problem of local controllability, especially for control
affine systems, has been studied in detail. We refer particularly to [1, 2, 3, 5, 6, 7, 11,
12].

The paper is organized as follows. In section 2 we review Sussmann’s results on
local controllability and consider an example. In section 3 we introduce our high-order
condition for local controllability, Theorem 3.7. In section 4 we introduce a concrete
class of higher-order variations which allow us to apply Theorem 3.7. In section 5 we
give some examples illustrating our results.

2. First-order conditions. Suppose that S is a set of vector fields on an open
set Ω ⊂ R

n and 0 ∈ co(S(p)) for some p ∈ Ω, where co(S(p)) is the convex hull in
R

n � TpΩ of the set of vectors S(p) = {X(p) | X ∈ S}. Then, as in [10], we let
L0(S, p) ⊂ R

n denote the unique linear subspace of maximal dimension such that

0 ∈ intL0(S,p)(co(S(p)) ∩ L0(S, p))
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and define

Z0
p = {X ∈ S | X(p) ∈ L0(S, p)}.

Let S̃1
p denote the set of second-order Lie brackets S̃1

p = {[X,Y ] | X,Y ∈ Z0
p}, where

[X,Y ](p) = dYpX(p) − dXpY (p). The following sufficient condition was established
by Sussmann.

Theorem 2.1 (see [10]). Suppose that S is a finite set of vector fields such that
0 ∈ int(co(S(p) ∪ S̃1

p(p))). Then S is l.c. at p.

Remark 2.2. A natural extension of this result would involve S̃2
p , the set of

all triple brackets of elements of Z0
p . Sussmann points out that the corresponding

second-order theorem, that S is l.c. at p if

0 ∈ int(co(S(p) ∪ S̃1
p(p) ∪ S̃2

p(p))),(2.1)

is false. One consequence of our results is that this theorem does hold if S̃2
p is the

restricted set of triple brackets of elements of Z0
p of the form [X, [X,Y ]]. For example,

if in R
3 we take the vector fields

W = (1, z, 0), X = (−1, 0, x2), Y = (0, 1, 0), Z = (0,−1, 0),

then (2.1) holds at p = (0, 0, 0), but clearly the family is not l.c. at this point as one
can never reach states with negative z coordinate.

3. Higher-order Lie brackets. In this section we develop our methodology for
the generation of control variations involving arbitrarily high-order brackets of vector
fields in S. Our method for doing so begins with some constructions involving what
we call complementary sets of vector fields. After these considerations have been
discussed in section 3.1, in section 3.2 we produce explicit S-trajectories, which give
us control variations involving certain high-order Lie brackets of vector fields in S. In
section 3.3 we apply these constructions to give a theorem on local controllability of
S.

If X is a vector field, we denote its flow by t �→ Xt(p). If X,Y are vector fields,
we let adXY denote the Lie bracket [X,Y ](p) = dYpX(p) − dXpY (p) (see [14]). We
shall consider iterated brackets of vector fields from a family of vector fields, and so
need the notion of degree of a bracket. For us, this will refer to the number of vector
fields involved in the bracket. Thus a plain vector field has degree 1, and [X,Y ] is a
bracket of degree 2. Of course, to be perfectly clear about this, one should use free
Lie algebras [8]. However, the loss of rigor in what we do here does not merit the
introduction of the additional terminology.

3.1. Complementary vector fields. A finite subset Xp ⊂ Z0
p is said to be

complementary at p if

0 ∈ intaff(Xp(p))(co(Xp(p))),

where aff denotes the affine hull. Equivalently, Xp is complementary if 0 can be written
as a linear combination of the X(p), X ∈ Xp, with strictly positive coefficients. Clearly
Z0
p is complementary at p. If Z0

p is convex, then there are many complementary sets.
We note that Z0

p is convex if S is. Furthermore it is known that S is l.c. if and only if
co(S) is l.c. While our results do not depend on S being convex, to simplify notation
we will assume that S is convex for the rest of this paper. We will also assume that
the family of vector fields has the property that S(p) ⊂ TpΩ is compact.
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Proposition 3.1. Suppose Z0
p is convex. Then for every X ∈ Z0

p there exists a
vector field Y ∈ Z0

p such that {X,Y } is complementary at p.
Proof. Let X ∈ Z0

p . From the definition of Z0
p there exist λi > 0 and Yi ∈ Z0

p

such that
∑k

i=0 λi = 1 and λ0X(p) + λ1Y1(p) + · · · + λkYk(p) = 0. Set λ∗ =
∑k

i=1 λi

and Y =
∑k

i=1(λi/λ∗)Yi. Because Z0
p is convex, Y ∈ Z0

p . This, together with the fact
that (λ0X + λ∗Y )(p) = 0, completes the proof.

Suppose that Xp = {X1, . . . , Xk} ⊂ Z0
p is complementary at p. Then Xp gives

rise to vector fields which vanish at p, namely those which can be expressed as Z =
λ1X

1 + · · ·+ λkX
k for appropriate λi > 0. We define Zp as the collection of all such

vector fields Z. Since we assume that S is convex, we know that Z ∈ S and thus

Zp = {Z | Z ∈ S, Z(p) = 0}.

Part of our approach will be to systematically consider rather general classes of
S-trajectories. To this end, let π be a permutation of {1, . . . , k}. We denote by X π

t (p)
the composition of integral curves of the vector fields in Xp with time rescaled, namely

X π
t (p) = X

π(k)
λπ(k)t

◦ · · · ◦Xπ(1)
λπ(1)t

(p),

where λi > 0 and
∑k

i=0 λiX
i(p) = 0. Note that X π

t (p) is reachable in time (
∑

i λi)t.
In spite of a rescaling of time, X π

t (p) is an S-trajectory in the sense that all points
of the form X π

t (p) for t sufficiently small are the image of a proper S-trajectory.
Let Pk denote the set of sequences of permutations of {1, 2, . . . , k}. If η ∈ Pk, then
η = (π�, π�−1, . . . , π1) for some � ∈ N, and we define a X 1

p -trajectory X η
t (p) to be

the S-trajectory which is the composition of the curves X πi
t (p). Then the Campbell–

Baker–Hausdorff formula [13] asserts that, for t sufficiently small, there exist vector
fields Xη,i and Xπ,i such that

X π
t (p) =

(
k∑

i=1

λπ(i)X
π(i) + Xπ,1t + Xπ,2t2 + o(t2)

)
t

(p),

X η
t (p) = X πs

t ◦ · · · ◦ X π1
t (p)

= (Xη,1 + Xη,2t + o(t))t(p),

(3.1)

where Xη,1 is a multiple of
∑k

i=1 λiX
i and hence vanishes at p. Note that the

Campbell–Baker–Hausdorff formula also provides explicit expressions for these terms
in the series. In any event, this leaves as dominant the second-order term Xη,2(p).
Sussmann [10] generates a richer class of S-trajectories, which allows him to prove
his theorem on local controllability (stated as Theorem 2.1 here). However, the lo-
cal controllability result can be proved using the smaller class of S-trajectories that
we consider here. We also point out that, as with X π

t (p) above, the point X η
t (p) is

reached by an S-trajectory after some time σt, σ > 0, has elapsed.
Remark 3.2. In (3.1) we have expressed X η

t (p) as an integral curve for a “time-
dependent” vector field X(t) = Xη,1 +Xη,2t+ o(t). To make this more precise we fix
τ > 0 and let ατ (t) denote the integral curve of the vector field X(τ) through p, that
is, ατ (t) = (X(τ))t(p), where d

dtατ (t) = X(τ)(ατ (t)) and ατ (0) = p. Then X η
t (p)

denotes the point ατ (t)|τ=t.
Remark 3.3. While our definition for S1

p differs slightly from Sussmann’s S̃1
p , we

do have co(S̃1
p) ⊂ co(S1

p). To show this we can utilize the limited set of permutations
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used by Sussmann in his proof of his sufficiency condition for local controllability
(Theorem 3 of [10]).

Before we define Sk
p , we motivate the notion of S-trajectories which approximate

integral curves to orders higher than one. Let X,Y ∈ S1
p . From the definition of S1

p

there exist S-trajectories X η
t (p) = (X1+tX+o(t))t(p) and Yη

t (p) = (Y 1+tY +o(t))t(p)
such that X1 and Y 1 are linear combinations of vector fields in S that vanish at p.
Now suppose that (λ1X + λ2Y + λ3Z)(p) = 0 for some Z ∈ S and λ1, λ2, λ3 > 0.
Proceeding as above, while rescaling time to ensure compatibility between the vector
fields in S and S1

p , we construct the S-trajectory

Xt(p) = X η√
λ1t

◦ Yη√
λ2t

◦ Zλ3t2(p).

From the Campbell–Baker–Hausdorff formula we obtain

Xt(p) =
(
X1 + X

√
λ1t + o(t)

)
√
λ1t

◦
(
Y 1 + Y

√
λ2t + o(t)

)
√
λ2t

◦ Zλ3t2(p)

=
(
t(
√
λ1X

1 +
√
λ2Y

1) + t2(λ1X + λ2Y + λ3Z + (1/2)
√
λ1λ2[Y

1, X1])

+ t3W + o(t3)
)

1
(p)

= (tXη,1 + t2Xη,2 + t3Xη,3)1(p)

for vector fields Xη,1, Xη,2, Xη,3 with the following properties:
1. Xη,1 is a linear combination of vector fields from S;
2. Xη,2 is a linear combination of degree 1 and 2 brackets of vector fields eval-

uated at p in S;
3. Xη,3 is a linear combination of degree 2 and 3 brackets of vector fields eval-

uated at p in S;
4. Xη,1 and Xη,2 vanish at p.

Since the coefficients of t and t2 vanish at p, we have produced an S-trajectory which
approximates, to the third order in t, the integral curve of Xη,3. We let S2

p(Xp) denote
the set of all such terms Xη,3, and S2

p the union of the sets S2
p(Xp) over all subsets

Xp complementary at p.

3.2. Higher-order variations. We now define Si
p for i > 1 inductively. Sup-

pose that we have defined sets of vector fields S1
p , . . . , S

m
p with the following property:

for any X ∈ Sj
p there exists an S-trajectory of the form X η

t (p) = (Xη(t))t(p) =
(tXη(t))1(p), with Xη(t) a time-varying vector field so that for t sufficiently small
tXη(t) can be represented by the convergent power series

tXη(t) = tXη,1 + t2Xη,2 + · · · + tσj−1Xη,σj−1 + tσjXη,σj + o(tσj ),

where the vector fields Xη,1, . . . , Xη,σj−1 vanish at p, X = Xη,σj , and σj is defined
inductively by σ1 = 2 and

σk+1 =
(σk + 1)lcm{σ1, . . . , σk}

σk
,(3.2)

where lcm denotes least common multiple. We note that one consequence of the
above definition is that σm+1 > σm > · · · > σ1. The reason for this definition
becomes apparent in the proof of Lemma 3.4. Let Lm(S, p) denote the unique linear
subspace of maximal dimension such that

0 ∈ intLm(S,p)

(
co(S(p) ∪ S1

p(p) ∪ · · · ∪ Sm
p (p)) ∩ Lm(S, p)

)
,
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and set

Zm
p = {X ∈ S ∪ S1

p ∪ · · · ∪ Sm
p | X(p) ∈ Lm(S, p)}.

A finite subset Xp ⊂ Zm
p is said to be complementary at p if

0 ∈ intaff(Xp(p))

(
co(Xp(p))

)
or, equivalently, if 0 can be written as a linear combination of the vectors X(p), X ∈
Xp, with strictly positive coefficients. Suppose that Xp = {X1, . . . , Xk} is a subset

of Zm
p complementary at p, so that

∑k
i=0 λiX

i(p) = 0 for some λi > 0. Let π be

a permutation of {1, 2, . . . , k}. Then Xi ∈ S or Xi ∈ Smi
p , where mi ∈ {1, . . . ,m}.

If Xi ∈ Smi
p , then, by our induction hypothesis, there exists an S-trajectory of the

form X ηi

t (p) = (Xηi(t))t(p), where the time-varying vector field Xηi(t) has the power
series expansion

tXηi(t) = tXηi,1 + · · · + tσmi
−1Xηi,σmi−1 + tσmiX + o(tσmi )(3.3)

and such that Xηi,1, . . . , Xηi,σmi−1 vanish at p. We rescale time by t �→ αit
γi , where

αi = λ
1/σmi
i , and γi = lcm{σ1, . . . , σm}/σmi

. If Xi ∈ S, we rescale time by t �→ αit
γi ,

where γi = lcm{σ1, . . . , σm}—in effect, we define σ0 = 1. We denote by X π
t (p) the

S-trajectory

X π
t (p) = X ηπ(k)

απ(k)t
γπ(k) ◦ · · · ◦ X

ηπ(1)

απ(1)t
γπ(1) (p).(3.4)

This rescaling is needed because, if X ∈ Sk
p , then, using a suitable control variation,

we can generate an S-trajectory which achieves motion in the X direction to order σk

in t. Finally, if η ∈ Pk, so that η = (πs−1, πks−1
, . . . , π1), we define X η

t (p) to be the
composition of the curves X πi

t (p) and say that X η
t (p) is an Xm+1

p -trajectory . Then

X η
t (p) = X πs

t ◦ · · · ◦ X π1
t (p) = (Xη(t))t(p).

For t sufficiently small the Campbell–Baker–Hausdorff formula yields

tXη(t) = tXη,1 + · · · + tσm+1−1Xη,σm+1−1 + tσm+1Xη,σm+1 + o(tσm+1)(3.5)

for vector fields Xη,i.
The following lemma makes clear why the inductive definitions of the σk’s are as

in (3.2). The idea essentially is that one needs to define time rescalings along vector
fields in an S-trajectory to ensure that the desired term is the first nonzero term in
the series expansion. This makes sense of our inductive definition of Sm

p (p).
Lemma 3.4. The vector fields Xη,1, . . . , Xη,σm+1−1 that appear in (3.5) vanish

at p.
Proof. Let X ∈ Si

p, Y ∈ Sj
p, where i, j ∈ {0, . . . ,m} and S0

p = S. By our induction
hypotheses there exist time-varying vector fields Xηi(t), Xηj (t), where

tXηi(t) = (tXηi,1 + · · · + tσi−1Xηi,σi−1 + tσiX + o(tσi)),

tXηj (t) = (tXηj ,1 + · · · + tσj−1Xηj ,σj−1 + tσjY + o(tσj )),

with Xηj ,k, Xηi,� vanishing at p as in (3.3) above. The corresponding S-trajectories
are X ηj

t (p) = (Xηj (t))t(p) = (tXηj (t))1(p) and X ηi

t (p) = (Xηi(t))t(p) = (tXηi(t))1(p).
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Rescaling time as above and concatenating these curves yields the S-trajectory

β(t) = X ηj

αjt
γj ◦ X ηi

αitγi

= (Xηj (αjt
γj ))αjt

γj ◦ (Xηi(αit
γi))αitγi (p)

= (αjt
γjXηj (αjt

γj ))1 ◦ (αit
γiXηi(αit

γi))1(p)

=

(
σj+1∑
k=1

(αjt
γj )kXηj ,k + o(tγj(σj+1))

)
1

◦
(

σi+1∑
�=1

(αit
γi)�Xηi,� + o(tγi(σi+1))

)
1

(p),

where X = Xηi,σi , Y = Xηj ,σj , and Xηi,� and Xηj ,k vanish at p for k < σj , � < σi.
For t sufficiently small, the Campbell–Baker–Hausdorff formula gives the coefficients
of t in the power series expansion for β(t). In particular, β(t) can be written as
a convergent power series whose terms are expressible as linear combinations of Lie
brackets of the vector fields Xηi,� and Xηj ,k and Lie brackets of these vector fields
of all orders. Our induction hypothesis implies that Xηi,� and Xηj ,k vanish at p if
k < σj and � < σi. Hence Lie brackets of these vector fields also vanish at p. Thus
the lowest-order term with respect to t in the power series expansion for β(t) which
does not necessarily vanish at p will be

(αjt
γj )σjXηj ,σj + (αit

γi)σiXηi,σi .

From the above definitions

(αjt
γj )σjXηj ,σj = ((λ

1/σj

j )σj )tγjσjXηj ,σj

and

(αit
γi)σiXηi,σi = ((λ

1/σi

i )σi)tγiσiXηi,σi .

Thus

(αjt
γj )σjXηj ,σj + (αit

γi)σiXηi,σi = tlcm{σ1,...,σm}(λjX
ηj ,σj + λiX

ηi,σi).

The next (higher) power of t which appears in the power series for β(t) is tr, which
has as coefficient the linear combination of vector fields

(αjt
γj )σj+1Xηj ,σj+1 + (αit

γi)σi+1Xηi,σi+1

= α
σj+1
j tγj(σj+1)Xηj ,σj+1 + ασi+1

i tγi(σi+1)Xηi,σi+1.

We now show that r ≥ σm+1. Since γj(σj+1) = (
σj+1
σj

)lcm{σ1, . . . , σm}; the sequence

{σj} is, by definition, monotone increasing; and σm+1 = (σm+1
σm

)lcm{σ1, . . . , σm}, we
see that γj(σj + 1) > σm+1 for j < m and γj(σj + 1) = σm+1 if j = m. Among the
Lie brackets of order 2 in the power series expansion of β(t) which do not vanish at
p, the terms with the lowest power of t will have the form

[αjt
γjXηj ,1, (αit

γi)σiXηi,σi ] = αjαi
σitγj+γiσi [Xηj ,1, Xηi,σi ].

Here we have t to the power γj + γiσi and

γj + γiσi =
lcm{σ1, . . . , σm}

σj
+ lcm{σ1, . . . , σm}

=
(σj + 1

σj

)
lcm{σ1, . . . , σm}

≥ σm+1,
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with equality holding if and only if j = m. Lie brackets of order greater than 2
which are coefficients of ts with s ≤ σm+1 clearly must vanish at p. Thus if � =
lcm{σ1, . . . , σm}, then the power series expansion for X π

t (p) defined by (3.4) is of the
form (tZ1 + · · · + t�−1Z�−1 + t�Z� + trZr + o(tr))1(p), where Z1, . . . , Z�−1 vanish at
p, Z� =

∑m
i=1 λiX

i; hence by our choice of the λi’s we have Z�(p) = 0, and r ≥ σm+1

with r = σm+1 if and only if one of the vector fields Xi ∈ Sm
p . Extending this

argument to X η
t (p) completes the proof.

This lemma implies that X η
t (p) is an S-trajectory which approximates, to order

tσm+1 , the integral curve of Xη,σm+1 with time rescaled to tσm+1 . We let Sm+1
p (Xp)

denote the set of all such terms Xη,σm+1 , indexed over all Xm+1
p -trajectories X η

t (p).
Definition 3.5. Sm+1

p is defined to be the union of the sets Sm+1
p (Xp) over all

subsets Xp complementary at p.
We note that vector fields in Sm

p will be linear combinations of brackets of degree
at most m + 1 of vector fields in S. The following is a consequence of the above
discussion.

Proposition 3.6. Suppose that X ∈ Sm
p . Then

1. for t sufficiently small, there exists an S-trajectory X η
t (p) of the form

X η
t (p) = (Xη,1 + · · · + tσm−1Xη,σm + tσmXη,σm+1 + o(tσm))t(p),(3.6)

where X = Xη,σm and the vector fields Xη,k vanish at p for k = 1, . . . , σm−1;
2. if X(p) = 0, then Xη,σm+1 in (3.6) belongs to Sm+1

p ;
3. the S-trajectory (3.6) has the form

X η
t (p) = p + tσmX(p) + o(tσm),

where X is a linear combination of brackets of vector fields in S of degrees
up to and including m + 1.

Proof. Assertion 1 follows from our definition of Sm
p . In particular, the fact that,

for t sufficiently small, there exists an S-trajectory X η
t (p) of the form

X η
t (p) = (Xη,1 + · · · + tσm−1Xη,σm + tσmXη,σm+1 + o(tσm))t(p),

where X = Xη,σm and the vector fields Xη,k vanish at p for k = 1, . . . , σm − 1,
follows from the definition of Sm

p and Lemma 3.4. For point 2, suppose that X
also vanishes at p. Then, by definition, Xp = {X} ⊂ Zm

p is a set of vector fields
complementary at p, and hence the Xm

p -trajectory X η
t (p) is also a Xm+1

p -trajectory,
and then Xη,σm+1 ∈ Sm+1

p by definition.
For assertion 3 we write (3.6) in exponential form:

X η
t (p) = exp(tXη,1 + · · · + tσm−1Xη,σm−1 + tσmX + o(tσm))(p)

= p + tσmX(p) + o(tσm),

since Xη,1(p) = · · · = Xη,σm−1(p) = 0.

3.3. A theorem on local controllability. The main result in this section is
the following high-order sufficient condition for local controllability.

Theorem 3.7. Suppose that S is a set of vector fields on Ω ⊂ R
n such that

0 ∈ int
(
co(S(p) ∪ S1

p(p) ∪ · · · ∪ Sm
p (p))

)
for some m ≥ 1. Then S is l.c. at p.
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Proof. By assumption there exist vector fields Xi
1, . . . , X

i
ki

∈ Si
p for 0 ≤ i ≤ m

such that 0 is contained in the absolute interior of the convex hull of {Xi
j(p) | 0 ≤

i ≤ m, 1 ≤ j ≤ ki}. Here we set S0
p = S. In light of Proposition 3.6(3) we can find

corresponding S-trajectories

X ηi,j

t (p) = p +
tσi

σi
Xi

j(p) + o(tσi).

Rescaling time by tσi = σisi,j for si,j > 0, we have X̃ ηi,j

t (p) = p + si,jX
i
j(p) + o(si,j).

The composition of such S-trajectories yields

α(s1,1, s1,2, . . . , sm,km
) = p +

m∑
i=0

ki∑
j=1

si,jX
i
j(p) + o(s1,1 + s1,2 + · · · + sm,km

).

This is the form of the S-trajectories used in the proof of Theorem 3 in [10]. We can
then apply Lemma 4 of [10] to conclude that S is l.c. at p.

Remark 3.8. The result may also be proved using techniques of Frankowska [4].
Remark 3.9. Suppose that X ∈ Sm

p and that Z1, . . . , Z� ∈ Zp. Then the di-
rections spanned by ±adZ1 ◦ adZ2 ◦ · · · ◦ adZ�X(p) can be considered as available
directions for the purposes of local controllability, provided that there exists Y ∈ Sm

p

so that X(p) + Y (p) = 0. This may be argued by slightly generalizing Theorem 2.4
in [2].

4. A concrete class of higher-order variations. While Theorem 3.7 is inter-
esting, it is not so easy to apply, as we have not been very concrete about describing
tangent vectors in Sm

p (p). In this section we provide a description of some such tan-
gent vectors. Our description arises from developing S-trajectories associated with
sequences of permutations. One of the consequences of our development is the iden-
tification of terms in the series expansion for the S-trajectories that are independent
of permutation. These are obstructions to local controllability in our setup. In the
parlance of Sussmann [12], these are fixed points of a group action in a free Lie algebra.

4.1. Variations associated with sequences of permutations. Suppose that
X,Y ∈ S. Then, for t sufficiently small,

Yt ◦Xt(p) =
(
A0(X,Y ) + A1(X,Y )t + A2(X,Y )t2 + A3(X,Y )t3 + · · ·

)
t
(p),

where, from the Campbell–Baker–Hausdorff formula,

A0(X,Y ) = X + Y,

A1(X,Y ) =
1

2
adXY,

A2(X,Y ) =
1

12
(ad2

Y X + ad2
XY ),

A3(X,Y ) = − 1

24
adY ad2

XY,

A4(X,Y ) = − 1

180
adY ad3

XY − 1

120
[adXY, ad2

XY ] +
1

180
ad2

Y ad2
XY

+
1

360
[adXY, ad2

Y X] − 1

720
ad4

XY − 1

720
ad4

Y X,

(4.1)
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and Ak(X,Y ) can, in principal, be expressed explicitly as functions of X,Y for all
k > 0. Let N denote the positive integers. If Xi, Y i ∈ S, s = (s1, . . . , sk) ∈ N

k, then
for π ∈ P 0

k , the group of permutations of {1, 2, . . . , k}, we form the S-trajectory

X π
t (p) = Y

π(1)

t
sπ(1) ◦X

π(1)

t
sπ(1) ◦ Y

π(2)

t
sπ(2) ◦X

π(2)

t
sπ(2) ◦ · · · ◦ Y

π(k)

t
sπ(k) ◦X

π(k)

t
sπ(k) (p)

= (Q0
π + Q1

πt + Q2
πt

2 + · · · )t(p),
(4.2)

where the vector fields Q�
π = Q�

π(X1, Y 1, . . . , Xk, Y k, s) are linear combinations of
the vector fields Aj(Xi, Y i) and their Lie brackets. For example, for s = (1, . . . , 1)
we have

Q0
π = A0(X1, Y 1) + · · · + A0(Xk, Y k),

Q1
π =

k∑
i=1

A1(Xi, Y i) +
1

2

∑
1≤i<j≤k

[A0(Xπ(i), Y π(i)), A0(Xπ(j), Y π(j))].

The order of the group P 0
k is k!, and we define P 1

k to be the elements of the k!-fold
direct product of P 0

k with itself, Πk!
i=1P

0
k , of the form π = (π1, . . . , πk!), where πi ∈ P 0

k

are distinct . We note that P 1
k is a set with Γ = k!! elements. If π = (π1, . . . , πk!) ∈ P 1

k ,
we define a corresponding S-trajectory

X π
t (p) = X π1

t ◦ · · · ◦ X πk!
t (p) = (Q0

π + Q1
πt + Q2

πt
2 + · · · )t(p),

where, as above, Q�
π = Q�

π(X1, Y 1, . . . , Xk, Y k, s) is a linear combination of the vector
fields Aj(Xi, Y i) and their Lie brackets. Similarly π ∈ P 2

k if π = (π1, . . . , πγ), where
πi ∈ P 1

k and

X π
t (p) = X π1

t ◦ · · · ◦ X πΓ
t (p) = (Q0

π + Q1
πt + Q2

πt
2 + · · · )t(p).

In this way we can inductively define subsets of permutations P �
k . It will be convenient

to use the notation Γ(k, �) to denote the cardinality of P �
k . Thus Γ(k, 0) = k! and

Γ(k, � + 1) = Γ(k, �)!. Note that if π = (π1, . . . , πΓ(k,�)) ∈ P �+1
k , where πi ∈ P �

k , then
X π

t (p) denotes the S-trajectory

X π
t (p) = X π1

t ◦ · · · ◦ X πΓ(k,�)

t (p)

= (Q0
π + Q1

πt + · · · )t(p).
(4.3)

For example, P 0
2 = {π1, π2} with

π1 =

(
1 2
1 2

)
, π2 =

(
1 2
2 1

)
.

Thus

P 1
2 = {(π1, π2), (π2, π1)},

P 2
2 = {((π1, π2), (π2, π1)), ((π2, π1), (π1, π2))}.

If π = (π1, π2) ∈ P 1
2 , then

X π
t (p) = Y 1

ts1 ◦X1
ts1 ◦ Y 2

ts2 ◦X2
ts2 ◦ Y 2

ts2 ◦X2
ts2 ◦ Y 1

ts1 ◦X1
ts1 ,

and if π = (π2, π1) ∈ P 1
2 , then

X π
t (p) = Y 2

ts2 ◦X2
ts2 ◦ Y 1

ts1 ◦X1
ts1 ◦ Y 1

ts1 ◦X1
ts2 ◦ Y 2

ts2 ◦X2
ts2 .

Similar expressions then hold for the elements of P 2
2 . In essence these are analogous

to the time reversal permutations considered by Sussmann [12].
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4.2. Permutation-invariant elements. Next we turn to a more detailed in-
vestigation of the terms in the power series expansion for the S-trajectories of the
preceding section. In particular, we show that such power series expansions possess
terms that are independent of the sequence of permutations. In essence, these are
terms in the series which cannot be modified by changing the sequence, and so may
be thought of as obstructions to local controllability.

The first result exposes the pattern in which invariant terms arise in the series ex-
pansion (4.3) under sequences of permutations of a given length. If s = (s1, . . . , sk) ∈
N

k, we set

m(s) = min{si | 1 ≤ i ≤ k}

and define mi(s) inductively by

m0(s) + 2 = min{si + sj | 1 ≤ i, j ≤ k, i �= j}

and

m�(s) = m0(s) + �m(s).

Lemma 4.1. Let π ∈ P �
k , and let X π

t (p) be the S-trajectory

X π
t (p) = (Q0

π + Q1
πt + · · · )t(p)

defined by (4.3). Then Q0
π, . . . , Q

m�(s)
π are independent of π, and Q0

π, . . . , Q
m(s)−2
π

vanish identically.
Proof. We begin by considering the case π ∈ P 0

k . To help with notation we set

Xj(t) =

∞∑
i=0

Ai(Xπ(j), Y π(j))t(i+1)sπ(j) ,

so that the S-trajectory X π
t (p) defined by (4.2) is the composition of integral curves

of the vector fields Xj followed for one unit of time. Thus X π
t (p) = (X1(t))1 ◦ · · · ◦

(Xk(t))1(p), and, using the Campbell–Baker–Hausdorff formula, we have

X π
t (p) =

⎛⎝ k∑
j=1

Xj(t) +
∑

1≤i<j≤k

1

2
[Xi(t), Yi(t)] + · · ·

⎞⎠
1

(p),(4.4)

where the additional terms are iterated brackets of the vector fields Xi(t) of degree

greater than 2. We note that
∑k

j=1 Xj(t) is independent of our choice of π ∈ P 0
k .

Writing the above vector field explicitly as a power series in t,

X π
t (p) = (Q0

πt + Q1
πt

2 + · · · )1(p),

we see that, from the definition of Xj(t), the lowest power of t with a nonzero co-
efficient will be tm(s), where m(s) = min{si | 1 ≤ i ≤ k} as above. In particular,

Q0
π, . . . , Q

m(s)−2
π are identically zero. Similarly the lowest power of t with a nonzero

coefficient in
∑

1≤i<j≤k
1
2 [Xi(t), Yj(t)] will be tm0(s)+2, so that Q

m0(s)+1
π is the coef-

ficient of the t which could vary with π ∈ P 0
k . From our definition of m0(s) we have

X π
t (p) = (Qm(s)−1

π tm(s)−1 + · · · + Qm0(s)+1
π tm0(s)+1 + · · · )t(p),
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where Q
m(s)−1
π , . . . , Q

m0(s)
π are invariant with respect to π ∈ P 0

k . This proves the
lemma in the case � = 0. Now suppose that the lemma holds for π ∈ P �

k . Let
π = (π1, . . . , πΓ(k,�)) ∈ P �+1

k , where πi ∈ P �
k , and set

X π
t (p) = X π1

t ◦ · · · ◦ X πΓ(k,�)

t (p).

By assumption,

X πi
t (p) = (Qm(s)−1

πi
tm(s)−1 + Qm(s)

πi
tm(s) + · · · )t(p),

where Q
m(s)−1
πi , . . . , Q

m�(s)
πi are independent of πi. Setting Qj = Qj

πi
for j = m(s) −

1, . . . ,m�(s), it follows that X πi
t (p) = (X̄i(t))t(p), where

X̄i(t) = Qm(s)−1tm(s)−1 + Qm(s)tm(s) + · · · + Qm�(s)tm�(s)

+Qm�(s)+1
πi

tm�(s)+1 + · · · .

As in (4.4), the Campbell–Baker–Hausdorff formula yields an expression for X π
t with

X̄i(t) replacing Xi(t). Arguing as in the case � = 0 above, we can conclude that

X π
t (p) =

(
Γ(k, �)Qm(s)−1tm(s)−1 + · · · + Γ(k, �)Qm�(s)tm�(s)

+ (Qm�(s)+1
π1

+ · · · + Qm�(s)+1
πΓ(k,�)

)tm�(s)+1 + · · ·

+ (Qm�(s)+m
π1

+ · · · + Qm�(s)+m
πΓ(k,�)

)tm�(s)+m

+ Qm�(s)+m+1
π tm�(s)+m+1 + · · ·

)
t
(p).

Since m�(s) + m = m�+1(s) and in the above equation the coefficients of ti with
i ≤ m�+1(s) are π-invariant, the induction is complete.

Let π ∈ P �
k . In light of Lemma 4.1 we set

Qi
inv = Qi

π, m�−1(s) < i ≤ m�(s),

where Qi
inv = Qi

inv(X
1, Y 1, . . . , Xk, Y k, s) depends on Xi, Y i and s is independent of

π. For � = 0 we set

Qi
inv = Qi

π, i ∈ {0, 1, . . . ,m0(s)}.

In the case s = (1, . . . , 1) it is straightforward to show that m�(s) = � and

Q0
inv = A0(X1, Y 1) + · · · + A0(Xk, Y k),

Q1
inv = k!(A1(X1, Y 1) + · · · + A1(Xk, Y k)),

Q2
inv = (k!)2(A2(X1, Y 1) + · · · + A2(Xk, Y k)) + B,

where B is a linear combination of degree 3 brackets of the vector fields A0(Xi, Y i).
For our application, the pairs {Xi, Y i} above will be complementary at p so that
A0(Xi, Y i) and hence B vanish at p.

The following proposition relates the definition of Qi
inv to the S-trajectory corre-

sponding to π ∈ P �
k , where i ≤ m�(s).

Proposition 4.2. For each � ≥ 0 and π ∈ P �
k there corresponds an S-trajectory

of the form

X π
t (p) =

(
α0Q

0
inv + · · · + αm�(s)Q

m�(s)
inv tm�(s) + Qm�(s)+1

π tm�(s)+1 + · · ·
)
t
(p),

where αi > 0, i ∈ {0, 1, . . . ,m�(s)}.
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Proof. The proof of Lemma 4.1 contains this result with a slight change of notation
using the subscript “inv” to keep track of the vector fields invariant with respect to
the appropriate collection of permutations.

Remark 4.3. In the case of a single-input affine system ẋ = f(x)+ug(x), consider
the sets {X1 = f+g, Y 1 = f−g} and {X2 = f−g, Y 2 = f+g}, and take s1 = s2 = 1
to compute

Q0
inv = 4f,

Q2
inv =

8

3
ad2

gf,

Q4
inv =

8

15
ad4

gf +
56

45
adgad3

fg −
496

45
[adfg, ad2

fg],

Q6
inv =

1136

315
[[f, g], ad4

fg] −
119912

945
[ad2

fg, ad3
fg] +

32

105
ad3

gad3
fg

− 1024

315
[adfg, ad3

gad2
fg] +

3376

315
[adfg, [adfg, ad2

gf ]] − 144

35
[ad2

fg, ad3
gf ]

+
16

315
ad6

gf +
176

945
[ad2

gf, [g, ad2
fg]] −

176

945
[g, ad5

fg].

These are linear combinations of bad vector fields as per [12]. We show in Corollary 4.8
that, for two pairs of complementary vector fields, Q�

inv = 0 for � odd. We also remark
that the eccentric character of the coefficients in the expressions for the permutation-
invariant brackets is a consequence of our use of the Campbell–Baker–Hausdorff
formula.

Remark 4.4. In a given example, one may have many more permutation-invariant
vector fields than the Qi

inv, which are invariant on essentially the free Lie algebra level.

4.3. Applications to local controllability. In this section we summarize the
above developments as they apply to conditions for local controllability. The following
result relates the permutation-dependent constructions to the more general construc-
tions of section 3.2.

Theorem 4.5. Suppose that {Xi, Y i} ⊂ S for i = 1, . . . , k, s ∈ N
k, and

Q0
inv(p) = Q1

inv(p) = · · · = Q
m�(s)
inv (p) = 0. Then

1. Q
m�(s)+1
π ∈ S

m�(s)+1
p for all π ∈ P �

k and

2. Q
m�(s)+1
inv ∈ S

m�(s)+1
p .

The next three corollaries specialize the theorem to interesting cases. The first
deals with the case when all time rescalings are equal to 1. In practice, this will often
be the case, but in Remark 4.10 we provide a situation where it is beneficial to allow
the more general class of rescalings.

Corollary 4.6. Suppose that {Xi, Y i} ⊂ S for i = 1, . . . , k and s = (1, . . . , 1).
Then

1. if Q0
inv(p) = Q1

inv(p) = · · · = Q�
inv(p) = 0, then Q�+1

π ∈ S�+1
p for all π ∈ P �

k

and
2. if {Xi, Y i} are complementary at p for i = 1, . . . , k, then

(a) ±adXiY i ∈ S1
p ,

(b) 2ad2
XiY i − ad2

Y iXi ∈ S2
p and ad2

XiY i ∈ S2
p , and

(c) ±adY iad2
XiY i ∈ S3

p if
∑k

i=1(ad2
XiY i + ad2

Y iXi)(p) = 0.
Our next result specializes Theorem 4.5 to two pairs of vector fields.
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Corollary 4.7. Suppose that {X1, Y 1}, {X2, Y 2} ⊂ S, s = (1, 1), and Q0
inv(p) =

Q1
inv(p) = · · · = Q�

inv(p) = 0. Then
1. Q�+1

inv ∈ S�+1
p and

2. −Q�+1
inv ∈ S�+1

p and Q�+2
inv ∈ S�+2

p if � is even.
Finally, we consider the case of a single pair of vector fields. In practice, this

simple result is often the most useful, as we shall see in section 5.
Corollary 4.8. Suppose {X,Y } ⊂ S. The following statements hold:
1. if s = (1, 1), then for the pairs {X1, Y 1} = {X,Y } and {X2, Y 2} = {Y,X}

we have Q�
inv = 0 for � odd;

2. if s = (1), then Q�
inv = A�(X,Y ). In particular, Ak(X,Y )(p) = 0, k ∈

{0, 1, . . . , �}, implies A�+1(X,Y ) ∈ S�+1
p .

Remark 4.9. We can replace one or more of the pairs {Xi, Y i} in Theorem 4.5
with {Y i, Xi} to generate additional vector fields in S�+1

p .

Remark 4.10. In Theorem 4.5 the vanishing of the vector fields Qi
inv at p can be

replaced by conditions for neutralization resembling those in the existing literature
(e.g., [12, 2]). That is, we may ask not that Q0

inv(p) = · · · = Q�
inv(p) = 0, but

that Q0
inv(p) = · · · = Q�−1

inv (p) = 0 and 0 ∈ co{Q0
inv(p), Q

1
inv(p), . . . , Q

�
inv(p)}. More

generally, suppose that for i, j ∈ N we denote

Qi
inv = Qi

inv(X
1, Y 1, . . . , Xk, Y k, s), Q̃j

inv = Q̃j
inv(X̃

1, Ỹ 1, . . . , X̃ k̃, Ỹ k̃, s̃),

and that for a specific �,m ∈ N we have Q�
inv(p) + Q̃m

inv(p) = 0. Then we consider the
augmented collection of pairs of vector fields

{X1, Y 1}, . . . , {Xk, Y k}, {X̃1, Ỹ 1}, . . . , {X̃ k̃, Ỹ k̃},

and choose ŝ = (ms1, . . . ,msk, �s̃1, . . . , �s̃k̃). The resulting set of invariant vector

fields Q̂i
inv will have Q̂m�−1

inv , a positive multiple of Q�
inv + Q̃m

inv, and for j < ml − 1

the vector fields Q̂j
inv will be linear combinations of Q0

inv, . . . , Q
�−1
inv , Q̃0

inv, . . . , Q̃
m−1
inv ,

and their Lie brackets. The notion of rescaling time to generate new higher-order
S-trajectories is inherent in the definition of the sets Sk

p . In other words, if one
generates “complementary” variations, they can be scaled to the same order, and
then our methodology can be applied to the new variations. Examples 5.3 and 5.4
illustrate this point.

Remark 4.11. Stefani’s example [9],

ẋ = u,

ẏ = x,

ż = x3y

in R
3, fits the framework of Corollary 4.7. As noted in Sussmann’s paper [12], the Lie

brackets in f = (0, x, x3y) and g = (1, 0, 0) of degree 3, 4, and 5 vanish at p = (0, 0, 0).
Consider {X1 = f+g, Y 1 = f−g}, {X2 = f/2+2g, Y 2 = f/2−2g} ⊂ S and s = (1, 1).
Corollary 4.6(2a) implies that ±[f, g] ∈ S1

p , while f ± g ∈ S = co{f + g, f − g}. Thus
we can find control variations in the directions (±1, 0, 0), (0,±1, 0). To generate the
control variations in the directions (0, 0 ± 1) we use Corollary 4.6(1). Note that
P 0

2 = {π1, π2}, where π1(1) = 1, π1(2) = 2 and π2(1) = 2, π2(2) = 1, so that

X π1
t (p) = X1

t ◦ Y 1
t ◦X2

t ◦ Y 2
t (p) = (Q0

inv + Q1
π1
t + Q2

π1
t2 + · · · )t(p).
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However, Q0
inv = 3f , which vanishes at p, and Corollary 4.6(1) imply that Q1

π1
∈ S1

p .
However, Q1

π1
= 0; hence Q2

π1
∈ S2

p as a consequence of Proposition 3.6(2). Similarly
Q2

π1
, Q3

π1
, Q4

π1
vanish at p, as they consist of linear combinations of Lie brackets in f

and g of degree 3, 4, and 5; hence Q5
π1

∈ S5
p . Likewise Q5

π2
∈ S5

p . Since Q5
π1

(p) =
(0, 0, 21/18) and Q5

π2
(p) = (0, 0,−21/18), Theorem 3.7 implies local controllability.

Proof (proof of Theorem 4.5). Choose πj ∈ P �
k . Then Proposition 4.2 asserts that

there exists an S-trajectory

X π
t (p) =

(
αj

0Q
0
inv + · · · + αj

m�(s)Q
m�(s)
inv tm�(s) + Qm�(s)+1

πj
tm�(s)+1 + · · ·

)
t
(p).

Since Qi
inv(p) vanishes for 0 ≤ i ≤ m�(s), it follows that Q

m�(s)+1
πj ∈ Sa

p for some a ∈ N.

Here Q
m�+1(s)
πj is the coefficient Qπj

of the lowest power of t with the property that Qπj

could vary with πj ∈ P �
k . To determine a we note that, in light of Proposition 3.6(3),

X ∈ Sa
p implies X is a linear combination of brackets of vector fields in S of degrees

up to and including a+1. To determine the bracket of highest degree in Q
m�(s)+1
πj we

can, without loss of generality, assume that min{s1, . . . , sk} = 1 and take s1 = 1. (If
this is not the case, we can replace si with si−(min{s1, . . . , sk}−1) without changing
the vector fields Qj

π.) Then

Y 1
t ◦X1

t (p) =
(
A0(X1, Y 1) + A1(X1, Y 1)t + A2(X1, Y 1)t2

+A3(X1, Y 1)t3 + · · ·
)
t
(p),

which has the consequence that Q
m�(s)+1
πj is a linear combination of brackets of vector

fields in S of degrees up to and including m�(s) + 2. Thus a = m�(s) + 1. Finally, if
P �+1
k = {π1, . . . , πΓ(k,�)}, then we form the S-trajectory

X π
t (p) =

⎛⎝α0Q
0
inv + · · · + αm�(s)Q

m�(s)
inv tm�(s) +

Γ(k,�)∑
j=1

Qm�(s)+1
πj

tm�(s)+1 + · · ·

⎞⎠
t

(p),

where αi > 0. Since

Q
m�(s)+1
inv =

Γ(k,�)∑
j=1

Qm�(s)+1
πj

,

it follows that Q
m�(s)+1
inv ∈ S�+1

p .
Before proving the corollaries to Theorem 4.5, we establish some technical lemmas.
Lemma 4.12. Suppose that P,Q are vector fields on Ω ⊂ R

n. Then, for t
sufficiently small, the integral curve Qt ◦ Pt(p) = (

∑∞
�=0 M

�(P,Q))t(p) for vector
fields M �(P,Q) with the following properties:

1. M �(P,Q) = (−1)�M �(Q,P );
2. if Pt =

∑∞
i=0 A

i
1t

i and Qt =
∑∞

i=0 A
i
2t

i, then M �(P,Q) has a power series
expansion in t whose coefficients are Lie brackets of the vector fields Ai

j of
degree � + 1.

Proof. The existence of the vector fields M �(Q,P ) follows from the Campbell–
Baker–Hausdorff formula, and we have M0(P,Q) = P+Q = M0(Q,P ) and M1(P,Q) =
1
2adPQ = − 1

2adQP = −M1(Q,P ). Thus P + Q is a linear combination of the vector
fields Ai

j , which we call Lie brackets of degree 1, while M1(P,Q) is a linear com-

bination of the vector fields of the form [Ai
1, A

j
2], which are Lie brackets of degree
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2. Thus 1 and 2 hold for � = 0, 1. We now establish 4.12. Set Mk = Mk(P,Q)
and M̄k = Mk(Q,P ). Suppose that M j = (−1)jM̄ j for j < �. For j = � the
Campbell–Baker–Hausdorff formula [13] asserts that

(� + 1)M � =
1

2
[P −Q,M �−1] +

∑
p≥1
2p≤�

K2pVp(P,Q)

with

Vp(P,Q) =
∑

k1,...,k2p>0
k1+···+k2p=�

[Mk1−1, [Mk2−1, . . . , [Mk2p−1, P + Q] . . . ]].

Hence

(� + 1)M̄ � =
1

2
[Q− P, M̄ �−1] +

∑
p≥1
2p≤�

K2pV̄p(P,Q)

with

V̄p(P,Q) =
∑

k1,...,k2p>0
k1+···+k2p=�

[M̄k1−1, [M̄k2−1, . . . , [M̄k2p−1, P + Q] · · · ]].

By our induction hypothesis we know that M j = (−1)jM̄ j for j < �; thus 1
2 [Q −

P, M̄ �−1] = (−1)� 1
2 [P −Q,M �−1] and

V̄p(P,Q) =
∑

k1,...,k2p>0
k1+···+k2p=�

[(−1)k1−1Mk1−1, [· · · , [(−1)k2p−1Mk2p−1, P + Q] . . . ]]

=
∑

k1,...,k2p>0
k1+···+k2p=�

(−1)k1+···+k2p−2p[Mk1−1, [· · · , [Mk2p−1, P + Q] . . . ]]

= (−1)�Vp(P,Q)

since (−1)k1+···+k2p−2p = (−1)�(−1)2p = (−1)�. This implies that M �(P,Q) =
(−1)�M �(Q,P ).

To establish point 2 we note that it holds for � = 0, 1. Suppose that assertion 2
holds for j < �. Thus M �−1(P,Q) has a power series expansion in t whose coefficients
are Lie brackets of the vector fields Ai

j of degree �. Now P − Q has a power series

expansion in t whose coefficients are Lie brackets of the vector fields Ai
j of degree

1; hence, in the above formula for M �(P,Q), the term [P − Q,M �−1] is a combina-
tion of Lie brackets of the vector fields Ai

j of degree � + 1. The remaining terms in

M �(P,Q) involve the vector fields Vp(P,Q). By our induction hypothesis the vector
fields Mki−1 in Vp(P,Q) involve Lie brackets of the vector fields Ai

j of degree ki.

Since P + Q involve Lie brackets of the vector fields Ai
j of degree 1, it follows that

[Mk1−1, [Mk2−1, . . . , [Mk2p−1, P + Q] . . . ]] has a power series expansion in t whose
coefficients are Lie brackets of the vector fields Ai

j of degree k1 + · · ·+k2p +1 = �+1.
This completes the induction.

Lemma 4.13. Suppose that {X1, Y 1}, {X2, Y 2} ⊂ S and s = (1, 1). Then Q�
inv is

a linear combination of Lie brackets of odd degree of the vector fields Ai
j = Ai(Xj , Y j)

for all � ≥ 0.
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In particular, Q�
inv(X

1, Y 1, X2, Y 2, s) = (−1)�Q�
inv(Y

1, X1, Y 2, X2, s).
Proof. We begin by examining the S-trajectories which correspond to permuta-

tion in P 0
2 . By definition, P 0

2 = {π1, π2}, where π1(1) = 1, π1(2) = 2 and π2(1) =
2, π2(2) = 1. Then

X π1
t (p) = X1

t ◦ Y 1
t ◦X2

t ◦ Y 2
t (p) =

( ∞∑
i=0

Ai
1t

i

)
t

◦
( ∞∑

i=0

Ai
2t

i

)
t

(p),

where Ai
1 = Ai(X1, Y 1) and Ai

2 = Ai(X2, Y 2). Set P =
∑∞

i=0 A
i
1t

i, Q =
∑∞

i=0 A
i
2t

i

so P and Q are power series in t whose coefficients are Lie brackets of the vector
fields Ai

j of degree 1 (odd). Thus X π1
t (p) = Pt ◦ Qt(p) and, in light of Lemma 4.12,

there exist vector fields M i(P,Q) such that X π1
t (p) = (

∑∞
i=0 M

i(P,Q))t(p). Since
X π2

t (p) = Qt ◦ Pt(p), we have

X π2
t (p) =

( ∞∑
i=0

M i(Q,P )

)
t

(p) =

( ∞∑
i=0

(−1)iM i(P,Q)

)
t

(p),

where M �(P,Q) is a power series in t whose coefficients are Lie brackets of the vector
fields Ai

j of degree � + 1. We let Modd(P,Q) =
∑∞

i=0 M
2i(P,Q) and M even(P,Q) =∑∞

i=0 M
2i+1(P,Q) so that Modd(P,Q) (M even(P,Q)) is a power series in t whose

coefficients are Lie brackets of the vector fields Ai
j of odd (even) degree. Furthermore

Modd(P,Q) = Modd(Q,P ), while M even(P,Q) = −M even(Q,P ). We now explore
the same issues for P 1

2 = {π̂1, π̂2}, where π̂1 = (π1, π2) and π̂2 = (π2, π1) for the
permutations π1, π2 ∈ P 0

2 defined above. Setting P̂ =
∑∞

i=0 M
i(P,Q) and Q̂ =∑∞

i=0 M
i(Q,P ), we have, as above,

X π̂1
t (p) = X π1

t ◦ X π2
t (p) = P̂t ◦ Q̂t(p).

From Lemma 4.12 there now exist vector fields M̂ �(P̂ , Q̂) such that M̂ �(Q̂, P̂ ) =
(−1)�M̂ �(P̂ , Q̂); hence

X π̂1
t (p) =

( ∞∑
�=0

M̂ �(P̂ , Q̂)

)
t

(p), X π̂2
t (p) =

( ∞∑
�=0

(−1)�M̂ �(P̂ , Q̂)

)
t

(p).(4.5)

We now establish that the vector fields M̂ �(P̂ , Q̂) are power series in t whose coef-
ficients are Lie brackets of the vector fields Ai

j of odd degree. We showed above that we

have P̂ =
∑∞

i=0 M
i(P,Q) = Modd(P,Q)+M even(P,Q), while Q̂ =

∑∞
i=0 M

i(Q,P ) =
Modd(P,Q) − M even(P,Q). From the Campbell–Baker–Hausdorff formula we know
that M̂0 = P̂ + Q̂ = 2Modd(P,Q), a power series in t whose coefficients are Lie
brackets of the vector fields Ai

j of odd degree. Also

M̂1 =
1

2
[P̂ , Q̂] = [M even(P,Q),Modd(P,Q)].

Since M even(P,Q) is composed of Lie brackets of Ai
j of even degree and Modd(P,Q)

is composed of Lie brackets of Ai
j of odd degree, it follows that M̂1 is composed of

Lie brackets of Ai
j of odd degree. Now suppose that this holds for M̂2, M̂3, . . . , M̂ �−1.

From the Campbell–Baker–Hausdorff formula,

(� + 1)M̂ � =
1

2
[2M even(P,Q),M �−1] +

∑
p≥1
2p≤�

K2pVp(P,Q)
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with

Vp(P,Q) =
∑

k1,...,k2p>0
k1+···+k2p=�

[M̂k1−1, [M̂k2−1, . . . , [M̂k2p−1, 2Modd(P,Q)] · · · ]].

By our induction hypothesis and the fact that M even(P,Q) is composed of Lie brackets
of Ai

j of even degree, we see that [2M even(P,Q),M �−1] is composed of Lie brackets

of Ai
j of odd degree. Looking at the terms in Vp(P,Q), we note that

[M̂k1−1, . . . , [M̂k2p−1, 2Modd(P,Q)] · · · ]

has an even number of terms Mki−1, and Modd(P,Q) is composed of Lie brackets of
Ai

j of odd degree; it follows that M̂ � is composed of Lie brackets of Ai
j of odd degree.

We can now repeat the initial argument to show that if P 2
2 = {π1, π2}, then there

exist vector fields M even(P,Q) composed of Lie brackets of Ai
j of even degree and

Modd(P,Q) composed of Lie brackets of Ai
j of odd degree such that

X π1
t (p) =

( ∞∑
i=0

M i(P,Q)

)
t

(p) = (Modd(P,Q) + M even(P,Q))t(p)

and

X π2
t (p) =

( ∞∑
i=0

M i(Q,P )

)
t

(p) =

( ∞∑
i=0

(−1)iM i(P,Q)

)
t

(p)

= (Modd(P,Q) −M even(P,Q))t(p).

We simply repeat the above steps for P 3
2 , P

4
2 , . . . to conclude that the vector fields

M̂ �(P̂ , Q̂) are power series in t whose coefficients are Lie brackets of the vector fields
Ai

j of odd degree.

We now are in a position to verify that Q�
inv is a linear combination of Lie brack-

ets of the vector fields Ai
j of odd degree. We begin by choosing any π ∈ P k

2 . Then

we know from above that the corresponding S-trajectory X π
t (p) = (Modd(P,Q) +

M even(P,Q))t(p), where M even(P,Q) is composed of Lie brackets of Ai
j of even de-

gree and Modd(P,Q) is composed of Lie brackets of Ai
j of odd degree. In the

case where k is odd we showed that M even(P,Q) = 0. Suppose k = 1. Then
X π

t (p) = (Modd(P,Q))t(p), where Modd(P,Q) is a power series in t whose coeffi-
cients are Lie brackets of the vector fields Ai

j of odd degree. Thus there exist vector

fields Qodd
0,1 , Qodd

1,1 , . . . , which are linear combinations of Lie brackets of the vector fields

Ai
j of odd degree, such that

X π
t (p) = (Qodd

0,1 + Qodd
1,1 t + Qodd

2,1 t2 + · · · )t(p).

However, from Proposition 4.2 we have

X π
t (p)F = (α0Q

0
inv + α1Q

1
invt + Q2

πt
2 + · · · )t(p).

This means that α0Q
0
inv = Qodd

0,1 , α1, Q
1
inv = Qodd

1,1 , and Q2
π are linear combinations of

Lie brackets of the vector fields Ai
j of odd degree. Next we consider the case where

π ∈ P 2
2 = {π1, π2}. Then

X π1
t (p) = (Modd(P,Q) + M even(P,Q))t(p),
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where Modd(P,Q) (resp., M even(P,Q)) is a power series in t whose coefficients are
Lie brackets of the vector fields Ai

j of odd (resp., even) degree. Thus there exist

vector fields Qodd
0,1 , Qodd

1,1 , . . . , and Qeven
0,1 , Qeven

1,1 , . . . , which are linear combinations of

Lie brackets of the vector fields Ai
j of odd and even degrees, respectively, such that

X π1
t (p) = ((Qodd

0,1 + Qeven
0,1 ) + (Qodd

1,1 + Qeven
1,1 )t + (Qodd

2,1 + Qeven
2,1 )t2 + · · · )t(p).

However, from Proposition 4.2 we have

X π1
t (p) = (α0Q

0
inv + α1Q

1
invt + α2Q

2
invt

2 + Q3
π1
t3 + · · · )t(p).

Similarly, using the expansion for X π2
t (p) in (4.5),

X π2
t (p) = (α0Q

0
inv + α1Q

1
invt + α2Q

2
invt

2 + Q3
π2
t3 + · · · )t(p)

= ((Qodd
0,1 −Qeven

0,1 ) + (Qodd
1,1 −Qeven

1,1 )t + (Qodd
2,1 −Qeven

2,1 )t2 + · · · )t(p).

Since Q�
inv is invariant with respect to our choice of permutation in P �+1

2 , we can
conclude that Qeven

0,1 = Qeven
1,1 = Qeven

2,1 = 0. This in turn implies that Q0
inv, Q

1
inv, and

Q2
inv are linear combinations of Lie brackets of the vector fields Ai

j of odd degree. It

is straightforward to show by induction that this is the case for all Q�
inv.

Finally we show that

Q�
inv(X

1, Y 1, X2, Y 2) = (−1)�Q�
inv(Y

1, X1, Y 2, X2).

Using Lemma 4.12 with P = X,Q = Y , we conclude that Ai(X,Y ) = (−1)iAi(Y,X).
The vector fields Ai

j enter into our S-trajectory in the power series
∑∞

i=0 A
i(Xj , Y j)ti.

Since Q�
inv is the coefficient of t� in a power series expansion of a similar S-trajectory,

we can conclude that Q�
inv is a linear combination of iterated Lie brackets

B = [Ai1
j1
, [Ai2

j2
, . . . , [Ai2k

j2k
, A

i2k+1

j2k+1
] . . . ]]

of an odd number of Ai
j ’s, where jm ∈ {1, 2} and i1 + · · · + i2k+1 = � − 2k. In light

of Lemma 4.12 with Q = Y, P = X, we know that if im is even, then Aim
j (Y j , Xj) =

Aim
j (Xj , Y j), and if im is odd, then Aim

j (Y j , Xj) = −Aim
j (Xj , Y j) for j ∈ {1, 2}.

If � is even, then there must be an even number of integers in {i1, . . . , i2k+1} which
are odd, and hence B does not change sign when Xi and Y i are interchanged. This
completes the proof.

Proof of Corollary 4.6. Suppose that s = (1, . . . , 1). Then 4.6 follows from The-
orem 4.5 and the observation that in the case s = (1, . . . , 1) we have mi(s) = i.
Suppose that the subsets {Xi, Y i} ⊂ S are complementary at p for i = 1, . . . , k.
From Remark 3.3 (or from the definition of A1(Xi, Y i)) we know that adXiY i ∈
S1
p . Also {Xi, Y i} complementary at p implies {Y i, Xi} complementary at p; hence

−adXiY i ∈ S1
p . This gives part 2(a) of the corollary. To establish 2(b) we can use

Lemma 4.13 with the choices X1 = Xi, Y 1 = Y i, X2 = Y i, Y 2 = Xi to conclude
Q1

inv(X
1, Y 1, X2, Y 2, s) = −Q1

inv(X
2, Y 2, X1, Y 1, s). Since Q1

inv is invariant with re-
spect to permutations of {1, 2}, we conclude that Q1

inv(X
1, Y 1, X2, Y 2, s) = 0. As a

result of Theorem 4.5, we have Q2
π ∈ S2

p for all π ∈ P 1
2 . One can easily check from

the definition that Q2
inv = (ad2

XiY i + ad2
Y iXi)/6, while Q2

π = 2ad2
XiY i − ad2

Y iXi

for all π ∈ P 1
2 . Finally, if we reverse Xi and Y i, we get 2ad2

Y iXi − ad2
XiY i, and

co{2ad2
Y iXi − ad2

XiY i, 2ad2
XiY i − ad2

Y iXi} contains a positive multiple of ad2
XiY i;
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hence ad2
XiY i ∈ S2

p . To complete the proof we must show that 2(c) holds. Here
we simply augment our set of complementary vector fields by adding in k additional
pairs, namely those of the form (Y i, Xi). Arguing as in the proof of 2(b) above,

we find that Q1
inv = 0, Q2

inv =
∑k

i=1(ad2
XiY i + ad2

Y iXi); hence Q2
inv(p) = 0 and

Q3
inv =

∑k
i=1 adY iad2

XiY i. Thus Theorem 4.5 implies
∑k

i=1 adY iad2
XiY i ∈ S3

p . Now

we note that reversing Xi and Y i in adY iad2
XiY i gives the negative of this vector

field. In this way we can isolate each term in the above sum and conclude that
±adY iad2

XiY i ∈ S3
p .

Proof of Corollary 4.7. Suppose that {X1, Y 1}, {X2, Y 2} ⊂ S, s = (1, 1), and
Q0

inv(p) = Q1
inv(p) = · · · = Q�

inv(p) = 0. We begin by establishing assertion 4.7. We
have Q�+1

π ∈ S�+1
p by Corollary 4.6 for any π ∈ P �

2 . Since Q�+1
inv is a linear combination

of the vector fields Q�+1
π using positive coefficients, it follows that Q�+1

inv ∈ S�+1
p .

Alternatively, from Proposition 4.2, there is an S-trajectory of the form

Xt(p) =
(
α0Q

0
inv + · · · + α�Q

�
invt

� + α�+1Q
�+1
inv t�+1 + Q�+2

inv t�+2 + · · ·
)
t
(p),

where αi > 0. Since Q0
inv(p) = Q1

inv(p) = · · · = Q�
inv(p) = 0, we have Q�+1

inv ∈ S�+1
p .

To establish 4.7 we note that

Q�+1
inv (X1, Y 1, X2, Y 2, s) = (−1)�+1Q�+1

inv (Y 1, X1, Y 2, X2, s)

= −Q�+1
inv (X1, Y 1, X2, Y 2, s)

as a consequence of Lemma 4.13 and the assumption that � + 1 is odd. Similarly

Q�+2
inv (X1, Y 1, X2, Y 2, s) = Q�+2

inv (Y 1, X1, Y 2, X2, s).

Thus we can proceed as above using {Y 1, X1}, {Y 2, X2} ⊂ S, s = (1, 1) instead of
{X1, Y 1}, {X2, Y 2} ⊂ S, to form an S-trajectory

X̂t(p) =
(
α0Q

0
inv + · · · + α�Q

�
invt

� − α�+1Q
�+1
inv t�+1 + Q�+2

inv t�+2 + · · ·
)
t
(p),

and conclude that

−Q�+1
inv = −Q�+1

inv (X1, Y 1, X2, Y 2, s) = Q�+1
inv (Y 1, X1, Y 2, X2, s) ∈ S�+1

p .

Finally, we form the S-trajectory

X̂t ◦ X2t ◦ X̂t(p) =
(
4α0Q

0
inv + · · · + 4α�Q

�
invt

� + 4Q�+2
inv t�+2 + · · ·

)
t
(p)

and note that Q0
inv(p) = Q1

inv(p) = · · · = Q�
inv(p) = 0 implies Q�+2

inv ∈ S�+2
p .

Proof of Corollary 4.8. The proof relies on Lemma 4.13 together with the fact
that reversing the roles of {X1, Y 1} and {X2, Y 2} is, in this case, the same as in-
terchanging Xi and Y i. Thus permutation-invariance means that Q�

inv vanishes for �
odd, establishing 4.8. If s = (1), then P �

1 consists of the single permutation 1 �→ 1, so
Q�

inv = A�(X,Y ). Then 4.8 follows from Corollary 4.6.

5. Examples. In the examples, the sets S of vector fields are not convex. As
noted in section 3.1, we can replace S by its convex hull without affecting local
controllability. Certain of these examples may be treated using existing techniques in
the literature. Therefore, such examples should be regarded as being illustrative of
our theory, rather than as presenting new ideas. However, we might mention that we
do not know of a theory that will cover Example 5.5.



320 RONALD HIRSCHORN AND ANDREW D. LEWIS

Example 5.1. As in [10], we consider the system S = {X,Y, Z} in the plane where,
in local coordinates (x, y),

X = (1, 0), Y = (−1, x2), Z = (0,−1).

Then

[X,Y ] = (0, 2x), [X, [X,Y ]] = (0, 2),

[Y, [X,Y ]] = (0,−2), [Z, Y ] = [Z,X] = (0, 0).

For p = (0, 0) we have L0(S, p) = R × {0}, and hence Z0
p = {X,Y } and S1

p =
{[X,Y ], [Y,X]}. This implies that S(p) = {(1, 0), (−1, 0), (0,−1)}, S1

p(p) = {(0, 0)},
and it follows that L1(S, p) = L0(S, p) and Z1

p = {X,Y, [X,Y ], [Y,X]}. Since X(p) +
Y (p) = (0, 0) the subset {X,Y } ⊂ S is complementary at p. From Corollary 4.6(2b)
we have ad2

XY = (0, 2) ∈ S2
p . Thus

co({(1, 0), (−1, 0), (0,−1), (0, 2)}) ⊂ co(S(p) ∪ S1
p(p) ∪ S2

p(p))

and 0 ∈ int(co(S(p) ∪ S1
p(p) ∪ S2

p(p))). Local controllability at p then follows from
Theorem 3.7.

Example 5.2. Consider the affine system

ẋ = u1,

ẏ = u2,

ż = x2 − y4,

(5.1)

with |ua| ≤ 1 for a = 1, 2 and p = (x(0), y(0), z(0)) = (0, 0, 0). Here the system model
is of the form

ẋ(t) = f0(x(t)) + u1(t)f1(x(t)) + u2(t)f2(x(t)),

where f0, f1, f2 are smooth vector fields on R
3 which, in local coordinates, are defined

by f0 = (0, 0, x2 − y4), f1 = (1, 0, 0), and f2 = (0, 1, 0). The nonzero Lie brackets are

adf1
f0 = (0, 0, 2x),

adf2
f0 = (0, 0,−4y3),

ad3
f2
f0 = (0, 0,−24y),

ad2
f1
f0 = (0, 0, 2),

ad2
f2
f0 = (0, 0,−12y2),

ad4
f2
f0 = (0, 0,−24),

while ad3
f1
f0 = adk

f0
adj

f1
f0 = (0, 0, 0) for j, k ≥ 1 and ad5

f2
f0 = adk

f0
adj

f2
f0 =

(0, 0, 0) for j, k ≥ 1. The tangent space to R
3 at p is spanned by f1(p), f2(p), and

[f1, [f1, f0]](p); hence the first-order sufficient condition Theorem 2.1 cannot be em-
ployed. The generalization of Hermes’ condition, Theorem 7.3 of [12], does not apply
because the “bad” bracket ad2

f1
f0 is not expressible in terms of “good” and “bad”

brackets of the required orders. On the other hand, the drift vector field f0 vanishes
at p, so that {X1, Y 1} = {f0 + f1, f0 − f1} is complementary at p, as is {X2, Y 2} =
{f0+f2, f0−f2}. In light of (4.1), we have A0(X1, Y 1)(p) = A1(X1, Y 1)(p) = (0, 0, 0),
while A2(X1, Y 1)(p) is a positive multiple of (0, 0, 1). Corollary 4.8 lets us con-
clude that (0, 0, 1) ∈ S2

p(p). Similarly Ai(X2, Y 2)(p) = (0, 0, 0) for i = 0, 1, 2, 3, and
A4(X2, Y 2)(p) is a positive multiple of (0, 0,−1), so that (0, 0,−1) ∈ S4

p(p), as a con-
sequence of Corollary 4.8. Finally, we note that f0(p)± f1(p) = (±1, 0, 0) ∈ S(p) and
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f0(p) ± f2(p) = (0,±1, 0) ∈ S(p); hence 0 ∈ int(co(S(p) ∪ S1
p(p) ∪ · · · ∪ S4

p(p))). Thus
system (5.1) is l.c. as a consequence of Theorem 3.7.

The next example illustrates the weakening of the hypotheses of Theorem 4.5
described in Remark 4.10.

Example 5.3. Consider the system S = {W,X, Y } in R
3 where, in local coordi-

nates (x, y, z),

W = (0, 0,−1), X = (1, z, 0), Y = (−1, 0, x2).

Then

[X,Y ] = (0,−x2, 2x), [X, [X,Y ]] = (0,−4x, 2),

[Y, [Y,X]] = (0,−2x, 2), [Y, [X, [X,Y ]]] = (0, 4, 4x).

We take p = (0, 0, 0). Since (X + Y )(p) = 0, we have {X,Y } complementary at p. In
light of (4.1) and Corollary 4.8, Qi

inv is a positive multiple of Ai(X,Y ), and we have
the S-trajectory

Xt ◦ Yt(p) =
(
A0(X,Y ) + A1(X,Y )t + A2(X,Y )t2 + A3(X,Y )t3 + · · ·

)
t
(p)

=

(
(X + Y ) +

1

2
adXY t +

1

12
(ad2

Y X + ad2
XY )t2

− 1

24
adY ad2

XY t3 + · · ·
)
t

(p).

Here A0(X,Y )(p) = (X + Y )(p) = 0 and A1(X,Y )(p) = 1
2adXY (p) = 0. Thus

A2(X,Y ) = 1
12 (ad2

Y X + ad2
XY ) ∈ S2

p by Corollary 4.8. We note that

W ∈ S, A2 =
1

12
(ad2

Y X + ad2
XY ) ∈ S2

p ,

(
1

3
W + A2

)
(p) = (0, 0, 0),

where Ai = Ai(X,Y ). As in Remark 4.10, we consider the pairs { 1
6W, 1

6W}, {X,Y } ⊂
co(S) and take s = (3, 1). Here k = 2, and thus P 0

2 = {π1, π2}, where π1(1) =
1, π1(2) = 2, π2(1) = 2, π2(2) = 1. The S-trajectories (4.2) corresponding to π1, π2

are

X π1
t (p) =

(
1

6
W

)
t3
◦
(

1

6
W

)
t3
◦Xt ◦ Yt(p)

=

(
1

3
W

)
t3
◦ (A0 + A1t + A2t2 + · · · )t(p)

=

(
A0 + A1t +

(
A2 +

1

3
W

)
t2 +

(
A3 − 1

6
[A0,W ]

)
t3 + · · ·

)
t

(p)

= (Q0
π1

+ Q1
π1
t + Q2

π1
t2 + · · · )t(p)

and

X π2
t (p) =

(
A0 + A1t +

(
A2 +

1

3
W

)
t2 +

(
A3 +

1

6
[A0,W ]

)
t3 + · · ·

)
t

(p)

= (Q0
π2

+ Q1
π2
t + Q2

π2
t2 + · · · )t(p).

Here m(s) = 1,m0(s) = 2,m1(s) = 3,m2(s) = 4 and Lemma 4.1 implies that
Q0

π, Q
1
π, Q

2
π are constant functions of π ∈ P 0

2 , which is shown explicitly above. From
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our definition it follows that Q0
inv = A0, Q1

inv = A1, and Q2
inv = A2 + 1

3W . Similarly
if π = (π1, π2) ∈ P 1

2 , we have

X π
t (p) = X π1

t ◦ X π2
t (p)

=

(
2A0 + 2A1t + 2

(
A2 +

1

3
W

)
t2 + 2A3t3 + · · ·

)
t

(p);

hence Q3
inv = 2A3 = − 1

12adY ad2
XY . Since Q0

inv, Q1
inv, and Q2

inv each vanish at p,
Theorem 4.5 implies that

Q3
inv = − 1

12
adY ad2

XY =

(
0,−1

3
,−1

3
x

)
∈ S3

p .

Interchanging X and Y and repeating the previous steps, we can conclude that
− 1

12adXad2
Y X = (0, 1

3 ,
1
3x) ∈ S3

p . In summary, S(p) contains the vectors

W (p) = (0, 0,−1), X(p) = (1, 0, 0), Y (p) = (−1, 0, 0);

S2
p(p) contains the vector 1

12 (ad2
Y X + ad2

XY )(p) = (0, 0, 1
3 ); and S3

p(p) contains the
vectors

− 1

12
adY ad2

XY (p) =

(
0,−1

3
, 0

)
, − 1

12
adXad2

Y X(p) =

(
0,

1

3
, 0

)
.

Thus

co

({
(±1, 0, 0),

(
0,±1

3
, 0

)
,

(
0, 0,

1

3

)
, (0, 0,−1)

})
⊂ co(S(p) ∪ S1

p(p)

∪ S2
p(p) ∪ S3

p(p))

and 0 ∈ int(co(S(p) ∪ S1
p(p) ∪ S2

p(p) ∪ S3
p(p))). Local controllability at p follows from

Theorem 3.7. This example illustrates the use of time rescaling to generate new
higher-order S-trajectories (see Remark 4.10).

Example 5.4. Here is a control affine system which has a “bad” bracket that can
be neutralized as in [2]:

ẋ = yz + u1,

ẏ = − xz + u2,

ż = − u2,

with |ui| ≤ 1, i = 1, 2, and p = (0, 0, 0). Here f = (yz,−xz, 0), g1 = (1, 0, 0),
g2 = (0, 1,−1), and the brackets are

[f, g1] = (0, z, 0), [f, g2] = (y − z,−x, 0),

[g1, [f, g1]] = (0, 0, 0), [g2, [f, g2]] = (2, 0, 0), [g1, [f, g2]] = (0,−1, 0).

Motivated by Remark 4.10, we will show that the bad bracket [g2, [f, g2]] can be
neutralized. To this end we set

S = {f + ag1 + bg2 | − 1 ≤ a, b ≤ 1},
W = f + g1, X = f + g2, Y = f − g2,
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and consider the pairs { 1
3W, 1

3W}, {X,Y } ⊂ co(S) and s = (3, 1). With P 0
2 = {π1, π2}

and Ai = Ai(X,Y ) as defined in Example 5.3, the S-trajectory (4.2) corresponding
to π1 is

X π1
t (p) =

(1

3
W

)
t3
◦
(1

3
W

)
t3
◦Xt ◦ Yt(p)

=
(2

3
W

)
t3
◦ (A0 + A1t + A2t2 + · · · )t(p)

=
(
A0 + A1t +

(
A2 +

2

3
W

)
t2 +

(
A3 − 1

3
[A0,W ]

)
t3

+
(
A4 − 1

3
[A1,W ] +

1

18
[A0, [A0,W ]]

)
t4 + · · ·

)
t
(p)

= (Q0
π1

+ Q1
π1
t + Q2

π1
t2 + · · · )t(p).

Here A2 = 1
3ad2

g2
f does not vanish at p but is neutralized in the above S-trajectory,

as A2 + 2
3W does vanish at p. It is straightforward to check that Q0

π1
, . . . , Q3

π1
vanish

at p, while

Q4
π1

(p) = −1

3
[A1,W ](p) = −1

3
[g1, [f, g2]](p) =

(
0,

1

3
, 0

)
.

From our definition of Sm
p (or from Proposition 3.6(2) it follows that (0, 1

3 , 0) ∈ S4
p(p).

Now we can repeat the above construction with X and Y interchanged to conclude
that (0,− 1

3 , 0) ∈ S4
p(p). Since f ± g1, f ± g2 ∈ S, we have

co

({
±(1, 0, 0),±(0, 1,−1),±

(
0,

1

3
, 0

)})
⊂ co(S(p) ∪ S1

p(p) ∪ S2
p(p)

∪S3
p(p) ∪ S4

p(p))

and 0 ∈ int(co(S(p)∪· · ·∪S4
p(p))). Local controllability at p follows from Theorem 3.7.

Example 5.5. We consider the system on R
3 defined by

ẋ = u1,

ẏ = u2,

ż = x2(1 + 1
2u2),

and with (u1, u2) ∈ U = [−α, α]2. We take as our reference point p = (0, 0, 0). For
α < 2 the system is obviously not STLC (small-time locally controllable) from p
(ż > 0 in this case). Let us show that this system is controllable if the controls are
allowed to be sufficiently large. Some relevant Lie brackets for this system are

[f, g1] = (0, 0,−2x), [f, g2] = (0, 0, 0), [g1, g2] = (0, 0, x),

[f, [f, g1]] = [f, [f, g2]] = (0, 0, 0), [g1, [f, g1]] = (0, 0,−2),

[g2, [f, g2]] = [g2, [f, g1]] = [g2, [g1, g2]] = (0, 0, 0), [g1, [g1, g2]] = (0, 0, 1).

We define two complementary sets {X1, X2} = {f+αg1, f−αg1} and {Y 1, Y 2} = {f−
αg2, f + αg2}. By Corollary 4.6(2b) we have ad2

X1X2(p) = −2α2[g1, [f, g1]](p) ∈ S2
p .

Also consider π = ( 1 2
2 1 ) ∈ P 0

2 . By Proposition 4.2 we have

X π
t (p) = (Q0

inv + tQ1
π + t2Q2

π + · · · )t(p),
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where a direct calculation using the Campbell–Baker–Hausdorff formula yields

Q0
inv = 4f,

Q1
π = 2α[f, g2] − 2α[f, g1] − α2[g1, g2],

Q2
π = α[f, [f, g2]] + α[f, [f, g1]] +

1

2
α2[g1, [f, g2]] +

1

2
α2[g2, [f, g1]]

− 5

6
α2[g2, [f, g2]] +

1

2
α3[g2, [g1, g2]] −

5

6
α2[g1, [f, g1]] −

1

2
α3[g1, [g1, g2]].

Since Q0
inv(p) = 0, by Corollary 4.6(1), we have Q1

π ∈ S1
p . Furthermore, since Q1

π(p) =
0, by Proposition 3.6(2) we have Q2

π ∈ S2
p . One can then see that, provided that α

is sufficiently large (to be exact, if α > 10
3 ), then we have 0 ∈ int(co(S(p) ∪ S2

p)).
Small-time local controllability of this example for the sufficiently large control set
now follows from Theorem 3.7. The lower bound of 10

3 on the size of the control set
to ensure small-time local controllability is undoubtedly not sharp.

Acknowledgments. We would like to thank the anonymous reviewers whose
comments significantly improved the paper. One reviewer, in particular, read the
paper very carefully, and noticed a couple of significant errors which have now been
corrected.
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Abstract. A representation of the limit occupational measures set of a control system in terms
of the vector function defining the system’s dynamics is established. Applications in averaging of
singularly perturbed control systems are demonstrated.
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1. Introduction and preliminaries. Under certain conditions, the set of oc-
cupational measures generated by admissible controls and corresponding solutions of
a control system converges (as the length of the time interval tends to infinity) to a
limit set. If this limit set is independent of the initial conditions within some subset of
the state space, it is called a limit occupational measures set (LOMS) of the system.

Criteria for the existence of the LOMS were discussed in [24], [25], where it was
used as a tool for analysis of singularly perturbed control systems (SPCS).

In this paper, we give a natural representation for the LOMS which enhances
its applications in SPCS. Our main results are stated in Theorem 2.1. We establish
that, under the assumptions made, the convex hull of a union of occupational measures
sets converges to a convex and compact set of probability measures defined in (2.6)
(Theorem 2.1(i)) and that the LOMS of the control system is equal to this set if
it exists (Theorem 2.1(ii)). We also give necessary and sufficient conditions for the
existence of the LOMS (Theorem 2.1(iii)).

The paper consists of six sections. Theorem 2.1 is stated in section 2 and proved
in sections 4–6. Applications in SPCS are discussed in section 3.

Singularly perturbed problems of control and optimization have been studied
intensively in both deterministic and stochastic settings (see [1], [2], [3], [4], [5], [6],
[7], [8], [11], [12], [14], [16], [17], [18], [19], [20], [21], [22], [23], [24], [25], [26], [27], [28],
[29], [30], [31], [32], [33], [34], [36], [37], [38], [39], [40], [41], [42], [45], [46], [48] and
the references therein).

Originally, the most common approaches to SPCS, especially in the deterministic
case, were related to an approximation of the SPCS by the systems obtained via
equating the singular perturbations parameter to zero (with further application of
the boundary layer method (see [37], [44]) for an asymptotical description of the fast
dynamics). This type of approach was successfully applied to a number of important
classes of problems (see [30], [31], [38] and also [17], [36], [39], [45] for some recent
results obtained in this direction).
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Various averaging type approaches allowing a consideration of more general classes
of SPCS, in which the equating of the small parameter to zero may not lead to a right
approximation, were developed in [2], [3], [4], [5], [6], [7], [11], [20], [21], [22], [23], [24],
[25], [26], [27], [41], [46].

In [24] and [25], in particular (see also [3], [5], [46] for related results), the slow
trajectories were approximated by the solutions of the averaged system in which the
controls are measure-valued and take their values in the LOMS of the associated
system (that is, the system that would describe the fast dynamics if the slow state
variables were “frozen”). The paper continues this line of research by establishing
that the LOMS allows a representation in terms of the vector function defining the
right-hand side of the associated system.

Let us introduce some notation and definitions which are used throughout the
paper. Given a compact metric space W , B(W ) will stand for the σ-algebra of its
Borel subsets and P(W ) will denote the set of probability measures defined on B(W ).
The set P(W ) will be treated as a compact metric space with a metric ρ, which is
consistent with its weak convergence topology (see, e.g., [13]). A sequence γk ∈ P(W )
converges to γ ∈ P(W ) in this metric if and only if

lim
k→∞

∫
W

q(w)γk(dw) =

∫
W

q(w)γ(dw)(1.1)

for any continuous q(w) : W → R
1. There are many ways of defining such a metric

ρ. In this paper, we will use the following definition: ∀γ′, γ′′ ∈ P(W ),

ρ(γ′, γ′′)
def

=

∞∑
l=1

1

2l

∣∣∣∣∫
W

ql(w)γ′(dw) −
∫
W

ql(w)γ′′(dw)

∣∣∣∣ ,(1.2)

where ql(·), l = 1, 2, . . . , is a sequence of Lipschitz continuous functions which is
dense in the unit ball of C(W ) (the space of continuous functions on W ). Using the
metric ρ, one can define the Hausdorff metric ρH on the set of subsets of P(W ) as
follows: ∀Γi ⊂ P(W ), i = 1, 2,

ρH(Γ1,Γ2)
def

= max

{
sup
γ∈Γ1

ρ(γ,Γ2), sup
γ∈Γ2

ρ(γ,Γ1)

}
,(1.3)

where ρ(γ,Γi)
def

= infγ′∈Γi ρ(γ, γ
′). It can be verified (see, e.g., Lemma Π2.4, p. 205

in [22]) that, with the definition of the metric ρ as in (1.2),

ρH(coΓ1, coΓ2) ≤ ρH(Γ1,Γ2),(1.4)

where co stands for the convex hull of the corresponding set.

In what follows, we will deal with the convergence in the Hausdorff metric of sets
in P(W ) defined as unions of occupational measures. Given a measurable function
w(t) : [0, S] → W , the occupational measure pw(·) ∈ P(W ) generated by this function
is defined by taking

pw(·)(Q)
def

=
1

S
meas

{
t
∣∣ w(t) ∈ Q

}
∀Q ∈ B(W ),

where meas {·} stands for the Lebesgue measure on [0, S].
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2. Main theorem. Consider a control system

ẏ(τ) = f(u(τ), y(τ)), τ ∈ [0, S],(2.1)

where the function f(u, y) : U × R
m → R

m is continuous in (u, y) and satisfies
Lipschitz conditions in y, U is a compact metric space, and the controls are Lebesgue
measurable functions u(τ) : [0, S] → U .

Let Y be a compact subset of R
m and Y δ def

= Y +δB, where δ is a positive number
and B is the closed unit ball in R

m, and let us introduce the following definition and
assumptions.

Definition. A pair (u(τ), y(τ)) is called admissible (δ-admissible) for system
(2.1) on the interval [0, S] if u(τ) is a control, y(τ) is the corresponding solution of
(2.1), and y(τ) ∈ Y (y(τ) ∈ Y δ) ∀τ ∈ [0, S].

Assumption I. For any initial condition y(0) ∈ Y , there exists a control u(τ) such
that the corresponding solution of (2.1) does not leave Y on [0, S] for any S > 0.

Assumption II. For any Lipschitz continuous function g(u, y) : U × R
m → R

1,∣∣∣∣∣ 1S sup
(u(·),y(·))

∫ S

0

g(u(τ), y(τ))dτ − 1

S
sup

(uδ(·),yδ(·))

∫ S

0

g(uδ(τ), yδ(τ))dτ

∣∣∣∣∣ def

= µg(δ, S) → 0

(2.2)
as δ → 0 and S → ∞, where the sups in the above expression are, respectively, over all
admissible pairs and over all δ-admissible pairs which satisfy the condition yδ(0) ∈ Y .

Assumption I is equivalent to the assumption that the viability kernel of Y is
equal to Y . It is satisfied, for example, if, for any y ∈ Y , there exists u ∈ U such that
f(u, y) = 0. More general sufficient (and necessary) conditions for this assumption to
be satisfied can be found in [9], [10].

Note that if Assumption I is replaced by a stronger assumption that Y is a
forward invariant set—that is, all solutions of (2.1) obtained with the measurable
controls u(τ) : [0, S] → U ∀S > 0 do not leave Y —then Assumption II is satisfied
automatically. In this case, all δ-admissible pairs satisfying the condition yδ(0) ∈ Y
are admissible and (2.2) is valid with µg(δ, S) ≡ 0.

Let (u(τ), y(τ)) : [0, S] → U × Y be an admissible pair and let p(u(·),y(·)) ∈
P(U ×Y ) be the occupational measure generated by this pair. Denote by Γ(S, y) and
Γ(S, Y ) the sets of occupational measures defined by the equations

Γ(S, y)
def

=
⋃

(u(τ), y(τ))

{
p(u(·),y(·))

}
, Γ(S, Y )

def

=
⋃
y∈Y

{
Γ(S, y)

}
,(2.3)

where the first union is over all admissible pairs of (2.1) satisfying the initial conditions
y(0) = y and the second is over all initial conditions

y(0) = y ∈ Y.(2.4)

Definition. A convex and compact set Γ ⊂ P(U × Y ) is called the LOMS of
system (2.1) on Y if there exists a function ν(S), limS→∞ ν(S) = 0, such that

ρH(Γ(S, y),Γ) ≤ ν(S) ∀y ∈ Y.(2.5)

In Theorem 2.1 below, we relate the LOMS of system (2.1) on Y to the set
W ⊂ P(U × Y ) defined by the equation

W
def

=

{
γ | γ ∈ P(U × Y );

∫
U×Y

(φ′(y))T f(u, y)γ(du, dy) = 0 ∀φ(·) ∈ C1

}
,(2.6)
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where C1 is the space of continuously differentiable functions φ(y) : R
m → R

1 and
φ′(y) is the vector column of partial derivatives (the gradient) of φ(y). Note that,
as can be easily verified, the set W is convex and compact in the weak convergence
topology of P(U × Y ).

Theorem 2.1. Let Assumptions I and II be satisfied. Then the following hold:
(i) The estimate

ρH(coΓ(S, Y ),W ) ≤ ν̄(S)(2.7)

is valid for some ν̄(S), limS→∞ ν̄(S) = 0.
(ii) If the LOMS Γ of system (2.1) on Y exists, it is equal to the set W :

Γ = W.(2.8)

(iii) The LOMS Γ of system (2.1) on Y exists if and only if

ρH(Γ(S, y′),Γ(S, y′′)) ≤ ν̂(S) ∀y′, y′′ ∈ Y,(2.9)

for some ν̂(S), limS→∞ ν̂(S) = 0.
Proof. Statements (i) and (ii) of the theorem are proved in sections 5–6. State-

ment (iii) is proved in section 4.

3. On applications in SPCS. Let us consider an SPCS defined on the interval
[0, T ] (T > 0) by the equations

εẏ(t) = f(u(t), y(t), z(t)), y(0) = y0,(3.1)

ż(t) = g(u(t), y(t), z(t)), z(0) = z0,(3.2)

where ε > 0 is a small parameter; f : U × R
m × R

n → R
m, g : U × R

m × R
n →

R
n are continuous vector functions satisfying Lipschitz conditions in z and y; U is

a compact metric space, and the controls are measurable functions satisfying the
inclusion u(t) ∈ U .

Along with (3.1)–(3.2), let us consider the associated system

ẏ(τ) = f(u(τ), y(τ), z), τ ∈ [0, S],(3.3)

in which (in contrast to (3.1)) z is a vector of fixed parameters: z = const. The
controls in (3.3) are measurable functions satisfying the inclusion u(τ) ∈ U .

Assume that, ∀z from a sufficiently large area Z ⊂ R
n, the solutions of the

associated system (3.3) with the initial conditions in a compact set Y ⊂ R
m do not

leave this set ∀τ ≥ 0 (that is, Y is forward invariant with respect to the solutions of
(3.3)). Assume also that the solutions of the SPCS (3.1)–(3.2) do not leave Y × Z ′

for t ∈ [0, T ], where Z ′ is a compact set belonging to the interior of Z.
Let u(τ) ∈ U be a control and y(τ) ∈ Y be the solution of the associated

system (3.3), obtained with this control and the initial condition y(0) = y. De-
note by γ(u(·),y(·)) ∈ P(U × Y ) the occupational measure generated by the pair
(u(·), y(·)) : [0, S] → U × Y and denote by Γ(z, S, y) ⊂ P(U × Y ) the union of
all such occupational measures.

Assume that the LOMS Γ(z) of the associated system exists, that is,

lim
S→∞

ρH(Γ(z, S, y),Γ(z)) = 0,
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with the convergence being uniform with respect to (y, z) ∈ Y × Z. Note that, by
Theorem 2.1(ii), Γ(z) = W (z) (the latter is defined in (2.6), with the dependence on z
being due to the fact that the vector function f(·) includes the dependence on z).

Define g̃(γ, z) : P(U × Y ) → R
n by the equation

g̃(γ, z)
def

=

∫
U×Y

g(u, y, z)γ(du, dy)

and consider the averaged system

ż(t) = g̃(γ(t), z(t)), z(0) = z0,(3.4)

in which the controls are Lebesgue measurable functions γ(·) : [0, T ] → P(U × Y )
satisfying the inclusion

γ(t) ∈ W (z(t)).(3.5)

The following result is a corollary of Theorem 2.1(ii) and Theorem 4.2 in [24].
Corollary 3.1. Let the assumptions made above be satisfied. Also let the

multivalued map Vg(·) : Z → 2R
n

,

Vg(z)
def

=
⋃

γ∈W (z)

{g̃(γ, z)},

be Lipschitz continuous. Then the following hold:
(i) Corresponding to any solution (zsp(t), ysp(t)) of (3.1)–(3.2) there exists a

solution zav(t) of (3.4) such that

max
t∈[0,T ]

||zsp(t) − zav(t)|| ≤ µ(ε), lim
ε→0

µ(ε) = 0.(3.6)

(ii) Corresponding to any solution zav(t) of (3.4) there exists a solution (zsp(t),
ysp(t)) of (3.1)–(3.2) which satisfies (3.6).

Proof. The proof follows from Theorem 4.2 in [24] with the replacement of Γ(z)
by W (z) (see also Theorem 2.6 in [25] and related results in [3]).

Sufficient conditions for the assumptions used in Corollary 3.1 to be valid have
been discussed in [24], [25], where it was noticed, in particular, that these assump-
tions (including the existence of the LOMS and the Lipschitz continuity of Vg(z)) are
satisfied if there exist positive definite matrices C and D such that, for any u ∈ U ,
any y1, y2 ∈ Rm, and any z ∈ Z,

(f(u, y1, z) − f(u, y2, z))TC(y1 − y2) ≤ −(y1 − y2)TD(y1 − y2).

The existence of such C and D can be guaranteed, for example, if f(u, y, z) = A(z)y+
B(z)u, where A(z) and B(z) are matrices functions of the corresponding dimensions
and the eigenvalues of A(z) have negative real parts ∀z ∈ Z.

Let G(·) : R
n → R

1 be a continuous function. From Corollary 3.1 it follows that
the optimal value of the problem

inf
(zsp(·),ysp(·))

G(zsp(T ))
def

= G�
ε ,(3.7)

where inf is over the solutions of (3.1)–(3.2), converges (as ε tends to zero) to the
optimal value of the problem

inf
zav(·)

G(zav(T ))
def

= G�,(3.8)
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where inf is over the solutions of (3.4). That is,

lim
ε→0

G�
ε = G�.(3.9)

Also, it can be shown that a near optimal solution of (3.7) can be constructed on
the basis of the optimal (or near optimal) solution of (3.8) (see details in [23], [24],
[25], [27]).

Note that statement (i) of Corollary 3.1 remains valid even in the event the
assumption about the existence of the LOMS is not satisfied, with (3.9) being replaced
in this case by a weaker statement that

lim inf
ε→0

G�
ε ≥ G�.

The validity of this can be established via a straightforward extension of the averaging
techniques used in [23], [24], [25], [27] in combination with Theorem 2.1(i).

In conclusion, let us observe that a numerical analysis of the solutions of (3.4)
satisfying the inclusion (3.5) can be based on the fact that the set W (z) allows the
representation in the form of a countable system of equations:

W (z) =

{
γ | γ ∈ P(U × Y );

∫
U×Y

(φ′
i(y))

T f(u, y, z)γ(du, dy) = 0 , i = 1, 2, . . .

}
.

(3.10)
Here, {φi(·)} is a sequence of continuously differentiable functions such that any
function φ(·) ∈ C1 and its gradient φ′(·) can be simultaneously approximated on Y
by linear combinations of functions from {φi} and their corresponding gradients. (An
example of such a sequence is the sequence of the monomials yi11 . . . yimm , i1, . . . , im =
0, 1, . . . , where yj (j = 1, . . . ,m) stands for the jth component of y; see, e.g., [33].)
To numerically approximate the solutions of the averaged system (3.4)–(3.5) one may
need to truncate the system of equations in (3.10) and subsequently approximate
the resulting set by the set of measures supported on a grid. The details of such a
procedure will be studied in a different paper.

4. Sets of time averages and proof of Theorem 2.1(iii). Let δ0 > 0 be
fixed and ql(u, y) : U × Y δ0 → R

1, l = 1, 2, . . . , be a sequence of Lipschitz continuous
functions which is dense in the space of continuous functions on U × Y δ0 . Let

h(u, y) = (q1(u, y), . . . , qj(u, y)), j = 1, 2, . . . ,(4.1)

and let Vh(S, y) be the set of time averages defined by the equation

Vh(S, y)
def

=
⋃

(u(·), y(·))

{
1

S

∫ S

0

h
(
u(τ), y(τ)

)
dτ

}
,(4.2)

where the union is over all admissible pairs of (2.1) satisfying the initial conditions
(2.4).

The proof of Theorem 2.1(iii) is based on the following proposition.
Proposition 4.1. Let Assumption I be satisfied. Then the following hold:
(i) The LOMS Γ of system (2.1) on Y exists if and only if, for every vector

function h(u, y) defined in (4.1), there exist a convex and compact set Vh and
a function νh(S), limS→∞ νh(S) = 0, such that

dH(Vh(S, y), Vh) ≤ νh(S) ∀y ∈ Y,(4.3)
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where dH(·, ·) is the Hausdorff metric defined on the bounded subsets of the
corresponding finite dimensional space by the Euclidean norm.

(ii) For a given h(u, y) as in (4.1), a convex and compact set Vh satisfying (4.3)
exists if and only if

dH(Vh(S, y′), Vh(S, y′′)) ≤ ν̂h(S) ∀y′, y′′ ∈ Y(4.4)

for some ν̂h(S) tending to zero as S tends to infinity.
Proof. The proof of Proposition 4.1(i) is similar to that of Theorem 3.1 in [24]

(see also Corollary 3.7 in [25] and the more general result in [7]). The proof of
the “if” statement in Proposition 4.1(ii) follows exactly the same steps as that of
Proposition 3.2 in [26] (see also [21], [22], and [7]), where this statement was proved
for the case when Y is forward invariant with respect to the system (2.1). The proof
of the “only if” statement is obvious.

Proof of Theorem 2.1(iii). If (2.9) is valid, then the estimate (4.4) is true for
every h(u, y) defined in (4.1). Hence, by Proposition 4.1(ii), for every such h(u, y),
there exists a convex and compact set Vh satisfying (4.3). This, by Proposition 4.1(i),
implies the existence of the LOMS. Thus, the “if” statement in Theorem 2.1(iii) is
proved. The proof of the “only if” statement is obvious.

To conclude this section, let us show that Assumption II can be equivalently
reformulated in terms of convergence to zero of the Hausdorff metric between the sets
of time averages defined below. For 0 < δ ≤ δ0, let

V δ
h (S, y)

def

=
⋃

(uδ(·), yδ(·))

{
1

S

∫ S

0

h
(
uδ(τ), yδ(τ)

)
dτ

}
,(4.5)

where, in contrast to (4.2), the union is over all δ-admissible pairs of (2.1) satisfying
the initial conditions (2.4). Denote

Vh(S, Y )
def

=
⋃
y∈Y

{Vh(S, y)} , V δ
h (S, Y )

def

=
⋃
y∈Y

{
V δ
h (S, y)

}
.

The following lemma is used in the proof of Theorem 2.1(i) (see section 5 below).
Lemma 4.2. Assumption II is equivalent to that, for any h(·) as in (4.1),

dH(coVh(S, Y ), coV δ
h (S, Y ))

def

= ν̄h(δ, S) → 0(4.6)

as δ → 0 and S → ∞.
Proof. Let ΨV (·) stand for the support function of a set V ⊂ Rj . That is,

for any η ∈ Rj , ΨV (η)
def

= supv∈V ηT v. If Assumption II is satisfied, then, taking
g(u, y) = ηTh(u, y) in (2.2), one can obtain that the function µg(δ, S) defined by the
equation

|ΨcoVh(S,Y )(η) − ΨcoV δ
h (S,Y )(η)| = |ΨVh(S,Y )(η) − ΨV δ

h (S,Y )(η)|
def

= µg(δ, S)(4.7)

tends to zero as δ → 0 and S → ∞. Using a standard argument based on the
separability of convex sets, one can verify that (4.7) implies (4.6). Thus, the validity
of (4.6) is implied by the validity of Assumption II.

Now let (4.6) be satisfied for any h(·) constructed as in (4.1). Then µg(δ, S) in
(4.7) tends to zero as δ tends to zero and S tends to infinity. By taking all but one
component of η to be equal to zero in (4.7), one can verify that (2.2) is valid for
any g(u, y) = ql(u, y), l = 1, 2, . . . . Since the sequence ql(u, y), l = 1, 2, . . . , is dense
in C(U × Y δ), it implies that (2.2) is valid for any continuous (and, in particular,
Lipschitz continuous) g(·). This completes the proof of the lemma.
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5. Proofs of Theorem 2.1(i) and Theorem 2.1(ii).
Proof of Theorem 2.1(i). To prove the required statement, one needs to establish

the validity of the following two inequalities:

sup
γ∈W

ρ(γ, coΓ(S, Y )) ≤ ν̄(S),(5.1)

sup
γ∈coΓ(S,Y )

ρ(γ,W ) ≤ ν̄(S).(5.2)

Let us first prove the validity of (5.2). It is straightforward to verify that from
the convexity of W it follows that

sup
γ∈coΓ(S,Y )

ρ(γ,W ) = sup
γ∈Γ(S,Y )

ρ(γ,W ).

Hence, to prove (5.2) it is enough to show that the function ν̄(S) defined by the
equation

ν̄(S)
def

= sup
γ∈Γ(S,Y )

ρ(γ,W )(5.3)

tends to zero as S tends to infinity. Assume this is not the case. Then there exist a
positive number δ, a sequence Sk → ∞, and sequences yk ∈ Y and γk ∈ Γ(Sk, yk)
such that ρ(γk,W ) ≥ δ, k = 1, 2, . . . . Without loss of generality one may assume

that there exists limk→∞ γk def

= γ ∈ P(U ×Y ) (since P(U ×Y ) is compact). From the
continuity of the metric it follows that

ρ(γ,W ) ≥ δ.(5.4)

By the definition of the convergence in P(U × Y ) (see (1.1)),

lim
k→∞

∫
U×Y

(φ′(y))T f(u, y)γk(du, dy) =

∫
U×Y

(φ′(y))T f(u, y)γ(du, dy)(5.5)

for any φ ∈ C1. Also, from the fact that γk ∈ Γ(Sk, yk), it follows that there exists
an admissible pair (uk(τ), yk(τ)) (for system (2.1) on the interval [0, Sk]) such that∫

U×Y

(φ′(y))T f(u, y)γk(du, dy) =
1

Sk

∫ Sk

0

(φ′(yk(τ)))T f(uk(τ), yk(τ))dτ.

The second integral is apparently equal to

φ(yk(Sk)) − φ(yk(0))

Sk

and tends to zero as Sk tends to infinity (since yk(τ) ∈ Y ∀ τ ∈ [0, Sk] and Y is a
compact set). This and (5.5) imply that∫

U×Y

(φ′(y))T f(u, y)γ(du, dy) = 0 ∀φ ∈ C1 ⇒ γ ∈ W.

The latter contradicts (5.4) and, hence, ν̄(s) defined in (5.3) tends to zero as S tends
to infinity. This proves (5.2).
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Let us now prove the validity of inequality (5.1). Let r̂ be a positive number such

that Y is contained in the interior of r̂B
def

= B̂ (as above, B is the closed unit ball
in R

m) and let ψ(y) : R
m → [0, 1] be a continuously differentiable function such that

ψ(y) = 1 ∀y ∈ Y, ψ(y) = 0 ∀y ∈ R
m/B̂.(5.6)

Define the function F (u, y) : U × R
m → R

m by the equation

F (u, y)
def

= ψ(y)f(u, y).(5.7)

Note that, by (5.6),

F (u, y) = f(u, y) ∀(u, y) ∈ U × Y, F (u, y) = 0 ∀(u, y) ∈ U × R
m/B̂.(5.8)

Let C̄(U×R
m) be the space of bounded continuous functions on U×R

m taking values
in R

1, and let Ĉ1 be the space of continuously differentiable functions on R
m taking

values in R
1 and vanishing at infinity. Note that, since Y is a compact set, one can

replace C1 by Ĉ1 ⊂ C1 in (2.6) without adding new elements to the set W . Define a
linear operator A : Ĉ1 → C̄(U × R

m) by the equation

(Aφ)(u, y)
def

= (φ′(y))TF (u, y) ∀φ ∈ Ĉ1.

This operator satisfies the conditions of Theorem 4.1 in [43], namely, the following:
(i) Ĉ1, the domain of A, is an algebra and is dense in the space Ĉ of continuous

functions on R
m which vanish at infinity (this is an immediate consequence

of the Stone–Weierstrass theorem; see, e.g., Theorem IV.6.16 in [15]).

(ii) For each φ ∈ Ĉ1 and u ∈ U , (Aφ)(u, ·) def

= (φ′(·))TF (u, ·) ∈ Ĉ.
(iii) For each φ ∈ Ĉ1,

lim
||y||→∞

max
u∈U

(Aφ)(u, y) = lim
||y||→∞

max
u∈U

(φ′(y))TF (u, y) = 0.

(iv) For each u ∈ U , the operator Auφ
def

= (Aφ)(u, ·) satisfies the positive maximum
principle, i.e., if φ(y∗) = supy φ(y) > 0, then

(Auφ)(y∗) = (φ′(y∗))TF (u, y∗) ≤ 0.

Note that (ii) and (iii) are satisfied because of (5.8) and that (iv) follows from the
fact that φ′(y∗) = 0.

Let us consider now an arbitrary γ ∈ W and extend its definition to the Borel

subsets of U ×R
m by taking γ(Q)

def

= γ(Q∩ (U × Y )) ∀Q ∈ B(U ×R
m). By (5.8) and

(2.6), ∫
U×Rm

(Aφ)(u, y)γ(du, dy) =

∫
U×Rm

(φ′(y))TF (u, y)γ(du, dy)

=

∫
U×Y

(φ′(y))TF (u, y)γ(du, dy) =

∫
U×Y

(φ′(y))T f(u, y)γ(du, dy) = 0

∀φ ∈ Ĉ1. From Theorem 4.1 in [43] it follows that there exist a probability space
(Ω,F , P ), a filtration {Fτ} of σ-subalgebras of F , and a P(U) × R

m-valued random
process (λ(τ), y(τ)) = (λ(τ, ω), y(τ, ω)) which satisfies the following conditions:
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(a) (λ(·), y(·)) is {Fτ}-progressive and stationary with

E[λ(τ)(D1)χD2
(y(τ))] = γ(D1 ×D2) ∀τ ≥ 0,(5.9)

where D1 and D2 are arbitrary Borel subsets of U and R
m, respectively, and χD2(·)

is the indicator function of D2.
(b) For every φ ∈ Ĉ1, φ(y(τ))−

∫ τ

0

∫
U

(φ′(y(s)))TF (u, y(s))λ(s)(du)ds is an {Fτ}-
martingale.

A further characterization of the pair (λ(τ, ω), y(τ, ω)) is given by the following
lemma.

Lemma 5.1. There exists a subset ∆ of Ω such that P (∆) = 0 and such that,
∀ω ∈ Ω/∆, the pair (λ(τ, ω), y(τ, ω)) satisfies the equation

ẏ(τ, ω) = F̄ (λ(τ, ω), y(τ, ω))(5.10)

for almost all τ ∈ [0, S] (∀S > 0), where

F̄ (λ, y)
def

=

∫
U

F (u, y)λ(du).(5.11)

Proof. Proof of the lemma is given in section 6 below.
Let τi, i = 1, 2, . . . , stand for a sequence of all rational numbers belonging to the

interval [0, S]. By (5.9),

P{ω | y(τi, ω) ∈ Y } = E[χY (y(τi))] = E[λ(τi)(U)χY (y(τi))] = γ(U × Y ) = 1.

That is, for every i there exists a subset ∆i of Ω such that P (∆i) = 0 and such that

y(τi, ω) ∈ Y ∀ω ∈ Ω/∆i ⇒ y(τi, ω) ∈ Y, i = 1, 2, . . . , ∀ω ∈ Ω/(∪i∆i).(5.12)

From the fact that y(τ, ω) satisfies (5.10) it follows that y(·, ω) is continuous (in fact,
absolutely continuous) for ω ∈ Ω/∆. Thus, the inclusions (5.12) and the fact that Y
is compact imply that

y(τ, ω) ∈ Y ∀τ ∈ [0, S], ∀ω ∈ Ω/∆̄,(5.13)

where ∆̄
def

= ∆ ∪ (∪i∆i), with

P (∆̄) = 0.(5.14)

Note that, by (5.8) and (5.11), equation (5.10) is equivalent to

ẏ(τ, ω) = f̄(λ(τ, ω), y(τ, ω))(5.15)

for ω ∈ Ω/∆̄, where

f̄(λ, y)
def

=

∫
U

f(u, y)λ(du).(5.16)

Consider the control system

ẏ(τ) = f̄(λ(τ), y(τ)),(5.17)

where λ(τ) is a relaxed control, that is, a Lebesgue measurable function λ(τ) : [0, S] →
P(U) (see [47]). A pair (λ(τ), y(τ)) will be called admissible (for system (5.17) on
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the interval [0, S]) if λ(τ) is a relaxed control, y(τ) is the corresponding solution of
(5.17), and y(τ) ∈ Y ∀τ ∈ [0, S]. Let h(u, y) be as in (4.1) and

h̄(λ, y)
def

=

∫
U

h(u, y)λ(du).(5.18)

Consider the set of the time averages

V̄h(S, y)
def

=
⋃

(λ(·), y(·))

{
1

S

∫ S

0

h̄
(
λ(τ), y(τ)

)
dτ

}
,(5.19)

where the union is over all admissible pairs of (5.17) satisfying the initial conditions
(2.4).

By the relaxation theorem (see, e.g., Theorem 10.4.4, p. 402 in [10]),

V̄h(S, y) ⊂ clV δ
h (S, y) ∀δ > 0,(5.20)

where cl stands for the closure of the set and V δ
h (S, y) is defined in (4.5). Since y(τ, ω)

satisfies (5.13) and (5.15), from (5.20) and (4.6) it follows that, ∀ω ∈ Ω/∆̄,

1

S

∫ S

0

h̄
(
λ(τ, ω), y(τ, ω)

)
dτ ∈ V̄h(S, y(0, ω))

⊂ clV δ
h (S, Y ) ⊂ c̄oVh(S, Y ) + ν̄h(δ, S)Bj ,

where c̄o is the closed convex hull of the corresponding set and Bj is the closed unit
ball in R

j (j is the dimension of the vector function h(·)). Using now (5.14), one
obtains from here that

1

S

∫ S

0

E[h̄
(
λ(τ, ω), y(τ, ω)

)
]dτ ∈ c̄oVh(S, Y ) + ν̄h(δ, S)Bj .(5.21)

From (5.9), however, it follows that

E[h̄
(
λ(τ, ω), y(τ, ω)

)
] =

∫
U×Y

h(u, y)γ(du, dy).(5.22)

Consequently, by (5.21),∫
U×Y

h(u, y)γ(du, dy) ∈ c̄oVh(S, Y ) + ν̄h(δ, S)Bj

⇒
∫
U×Y

h(u, y)γ(du, dy) ∈ c̄oVh(S, Y ) + ν̄h(S)Bj ,

where

ν̄h(S)
def

= lim sup
δ→0

ν̄h(δ, S).

Note that from the fact that ν̄h(δ, S) → 0 as δ → 0 and S → ∞ it follows that
ν̄h(S) → 0 as S → ∞. Since γ is an arbitrary element of W , one can conclude that⋃

γ∈W

{∫
U×Y

h(u, y)γ(du, dy)

}
⊂ c̄oVh(S, Y ) + ν̄h(S)Bj .(5.23)
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The set Vh(S, Y ) allows the representation

Vh(S, Y ) =
⋃

γ∈Γ(S,Y )

{∫
U×Y

h(u, y)γ(du, dy)

}
.

Hence,

c̄oVh(S, Y ) = c̄o
⋃

γ∈Γ(S,Y )

{∫
U×Y

h(u, y)γ(du, dy)

}

=
⋃

γ∈c̄oΓ(S,Y )

{∫
U×Y

h(u, y)γ(du, dy)

}
.

That is, (5.23) can be rewritten in the form⋃
γ∈W

{∫
U×Y

h(u, y)γ(du, dy)

}
⊂

⋃
γ∈c̄oΓ(S,Y )

{∫
U×Y

h(u, y)γ(du, dy)

}
+ ν̄h(S)Bj .

Since it is true for any h(u, y) as in (4.1), the validity of (5.1), with some ν̄(S) tending
to zero as S tends to infinity, follows from Lemma 3.5 in [25]. This completes the
proof of Theorem 2.1(i).

Proof of Theorem 2.1(ii). If the LOMS Γ exists, then, by (1.4),

ρH(coΓ(S, Y ),Γ) = ρH(coΓ(S, Y ), coΓ) ≤ ρH(Γ(S, Y ),Γ) ≤ ν(S),

where ν(S) is from (2.5). This and (2.7) imply equation (2.8) (because both Γ and W
are compact).

6. Proof of Lemma 5.1. The proof is divided into three steps. First, it is
established that the random processes

Ji(τ)
def

= yi(τ)−
∫ τ

0

F̄i(λ(s), y(s))ds , Ki(τ)
def

= y2
i (τ)−2

∫ τ

0

yi(s)F̄i(λ(s), y(s))ds,

(6.1)
i = 1, . . . ,m, are {Fτ}-martingales, where yi(·), F̄i(·), are the ith components of y(·)
and F̄ (·), respectively. That is, for τ > σ ≥ 0,

E[ Ji(τ) | Fσ ] = Ji(σ), E[ Ki(τ)|Fσ ] = Ki(σ).(6.2)

Second, it is shown that the processes J2
i (τ), i = 1, . . . ,m, are {Fτ}-martingales.

That is, for τ > σ ≥ 0,

E[ J2
i (τ) | Fσ ] = J2

i (σ), i = 1, . . . ,m.(6.3)

Finally, the statement of the lemma is proved on the basis of (6.3).
Let us verify the validity of (6.2). Let N > 0 and ψN (θ) : [0,∞) → [0,∞) be a

continuously differentiable function such that

ψN (θ) = 1 ∀θ ∈ [0, N2] , ψN (θ) = 0 ∀θ ∈ [N2 + 1 ,∞),

and ψN (θ) ∈ [0, 1] ∀θ ∈ (N2, N2 + 1). Define φi,N (·) ∈ Ĉ1 by the equation φi,N (y)
def

=
yiψN (||y||2), where ||y|| is the Euclidean norm of y. Note that |φi,N (y)| ≤ |yi| and
that φi,N (y) = yi for ||y|| ≤ N .
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By condition (b), the process

Ji,N (τ)
def

= φi,N (y(τ)) −
∫ τ

0

φ′
i,N (y(s))T F̄i(λ(s), y(s))ds

is an {Fτ}-martingale. Hence,

E[ Ji,N (τ) | Fσ ] = Ji,N (σ), τ > σ.(6.4)

It can be seen, however, that for N large enough,

E[ |Ji,N (τ) − Ji(τ)| ] = E[ |φi,N (y(τ)) − yi(τ)| ] ≤ 2E[ |yi(τ)|χQN
(y(τ)) ]

≤ 2
√
E[ |yi(τ)|2]

√
E[ χQN

(y(τ)) ] ≤ 2
√
E[ |yi(τ)|2]

√
γ(U ×QN ) = 0,

where χQN
(·) is the indicator function of the set QN

def

= {y | ||y|| > N} and (5.8),
(5.11) as well as (5.9) and the fact that γ(U × Y ) = 1 have been used. Thus, for
sufficiently large N , Ji,N (τ) = Ji(τ) a.s. and, hence, (6.4) implies the validity of the
first equation in (6.2). The validity of the second equation in (6.2) is verified in a

similar way (by using the test functions φi,N (y)
def

= y2
i ψN (||y||2)).

Let us now prove (6.3). Using the second equation in (6.2), one can write

E[J2
i (τ) | Fσ] − J2

i (σ) = E[J2
i (τ) −Ki(τ) | Fσ] − (J2

i (σ) −Ki(σ))

= E

[
−2

∫ τ

0

(yi(τ) − yi(s))F̄i(λ(s), y(s))ds +

(∫ τ

0

F̄i(λ(s), y(s))ds

)2

| Fσ

]

−
(
−2

∫ σ

0

(yi(σ) − yi(s))F̄i(λ(s), y(s))ds +

(∫ σ

0

F̄i(λ(s), y(s))ds

)2
)

= E

[
−2(yi(τ) − yi(σ))

∫ σ

0

F̄i(λ(s), y(s))ds− 2

∫ τ

σ

(yi(τ) − yi(s))F̄i(λ(s), y(s))ds | Fσ

]

+ E

[
2

∫ τ

σ

F̄i(λ(s), y(s))ds

∫ σ

0

F̄i(λ(s), y(s))ds +

(∫ τ

σ

F̄i(λ(s), y(s))ds

)2

| Fσ

]
.

Note that, by the first equation in (6.2),

E

[
(yi(τ) − yi(σ))

∫ σ

0

F̄i(λ(s), y(s))ds | Fσ

]

− E

[∫ τ

σ

F̄i(λ(s), y(s))ds

∫ σ

0

F̄i(λ(s), y(s))ds | Fσ

]
= 0.

Hence, to complete the proof of (6.3), it is now sufficient to show that

E

[∫ τ

σ

(yi(τ) − yi(s))F̄i(λ(s), y(s))ds|Fσ

]
=

1

2
E

[(∫ τ

σ

F̄i(λ(s), y(s))ds

)2

|Fσ

]
.

(6.5)
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Using again the fact that Ji(·) is a martingale, one can obtain that

E

[∫ τ

σ

(yi(τ) − yi(s))F̄i(λ(s), y(s))ds | Fσ

]
=

∫ τ

σ

E[ (yi(τ) − yi(s))F̄i(λ(s), y(s)) | Fσ]ds

=

∫ τ

σ

E[E[ (yi(τ) − yi(s)) | Fs]F̄i(λ(s), y(s)) | Fσ]ds

=

∫ τ

σ

E

[(∫ τ

s

F̄i(λ(s′), y(s′))ds′
)
F̄i(λ(s), y(s)) | Fσ

]
ds

= E

[∫ τ

σ

(∫ τ

s

F̄i(λ(s′), y(s′))ds′
)
F̄i(λ(s), y(s))ds | Fσ

]
.

Since

E

[∫ τ

σ

(∫ τ

s

F̄i(λ(s′), y(s′))ds′
)
F̄i(λ(s), y(s))ds | Fσ

]

= E

[∫ τ

σ

(∫ s

σ

F̄i(λ(s′), y(s′))ds′
)
F̄i(λ(s), y(s))ds | Fσ

]
and the sum of the left- and the right-hand sides in the above equation is equal
to E[ (

∫ τ

σ
F̄i(λ(s), y(s))ds)2 | Fσ], it follows that (6.5) is valid and, thus, (6.3) is

established.
From (6.3) and the first equation in (6.2), it follows that, for τ > σ ≥ 0,

E[ (Ji(τ) − Ji(σ))2 | Fσ] = 0 ⇒ E[ (Ji(τ) − Ji(σ))2] = 0,(6.6)

i = 1, . . . ,m. By Kolmogorov’s continuity theorem (see, e.g., Theorem 1.10, p. 23

in [35]), there exists a continuous version of the R
m-valued process J(·) def

= {Ji(·)},
i = 1, . . . ,m. For this version, (6.6) implies that

J(τ) = J(0) ∀τ ∈ [0, S], ∀S > 0.

In accordance with our notation (see (6.1)), the latter is equivalent to

y(τ) = y(0) +

∫ τ

0

F̄ (λ(s), y(s))ds,

which, in turn, is equivalent to (5.10). This completes the proof of the lemma.

Acknowledgment. The author wants to express his gratitude to J.-B. Lasserre
for useful discussions enhancing the progress in writing this paper and also to V. Borkar
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Birkhäuser Boston, Boston, 1994.

[43] R.H. Stockbridge, Time-average control of a martingale problem. Existence of a stationary
solution, Ann. Probab., 18 (1990), pp. 190–205.

[44] A.B. Vasil’eva and V.F. Butuzov, Asymptotic Expansions of Solutions of Singularly Per-
turbed Equations, Nauka, Moscow, 1973 (in Russian).

[45] V. Veliov, A generalization of Tichonov theorem for singularly perturbed differential inclu-
sions, J. Dynam. Control Systems, 3 (1997), pp. 1–28.

[46] A. Vigodner, Limits of singularly perturbed control problems with statistical limits of fast
motions, SIAM J. Control Optim., 35 (1997), pp. 1–28.

[47] J. Warga, Optimal Control of Differential and Functional Equations, Academic Press, New
York, 1972.

[48] G.G. Yin and Q. Zhang, Continuous-Time Markov Chains and Applications. A Singular
Perturbation Approach, Springer-Verlag, New York, 1997.



BOUNDARY FEEDBACK STABILIZATION OF THE UNDAMPED
EULER–BERNOULLI BEAM WITH BOTH ENDS FREE∗

FAMING GUO† AND FALUN HUANG‡

SIAM J. CONTROL OPTIM. c© 2004 Society for Industrial and Applied Mathematics
Vol. 43, No. 1, pp. 341–356

Abstract. In this paper, we are concerned with a boundary feedback system of a class of
nonuniform undamped Euler–Bernoulli beam with both ends free. We give some sufficient conditions
and some necessary conditions for the system to have exponential stability. Our method is based on
the operator semigroup technique, the multiplier technique, and the contradiction argument of the
frequency domain method.
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1. Introduction. The exponential stability of the boundary feedback system
of an Euler–Bernoulli beam with one or two ends fixed has been studied extensively
during the past two decades, but little attention has been paid to the case of the
beam with both ends free. However, a long and thin object flying in the sky can
be considered as a elastic beam with both ends free, and the boundary feedback
stabilization of this beam is of great interest, both in control theory and in engineering
practice. In this paper we shall consider this kind of problem. More precisely, we
consider a undamped nonuniform Euler–Bernoulli beam of length L with both ends
free, and its transverse vibration can be described by the following boundary feedback
system:

(1.1)⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ρ(x)
∂2

∂t2
ω(x, t) +

∂2

∂x2

(
EI(x)

∂2

∂x2
ω(x, t)

)
= 0, (x, t) ∈ (0, L) ×R+,

EI(x)
∂2

∂x2
ω(x, t)

∣∣∣∣
x=L

= − ∂

∂x

(
EI(x)

∂2

∂x2
ω(x, t)

)∣∣∣∣
x=L

= 0, t ∈ R+,

EI(x)
∂2

∂x2
ω(x, t)

∣∣∣∣
x=0

= k1
∂

∂x
ω(0, t) + k2

∂2

∂t∂x
ω(0, t), t ∈ R+,

− ∂

∂x

(
EI(x)

∂2

∂x2
ω

)∣∣∣∣
x=0

= k3ω(0, t) + k4
∂

∂t
ω(0, t), t ∈ R+,

ω(x, 0) = ω0(x),
∂

∂t
ω(x, 0) = ω1(x), x ∈ (0, L),
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where ω(x, t) denotes the transverse displacement of the beam at position x and time
t, ρ(x) its mass density at position x, EI(x) its flexural rigidity, and kj ≥ 0 (j =

1, 2, 3, 4) the feedback coefficients. The bending moment at x = 0, EI ∂2

∂x2ω|x=0, is
controlled by the linear feedback of rotation angle and angular velocity, and the shear

force at x = 0, − ∂
∂x

(
EI ∂2

∂x2ω
)
|x=0, is controlled by the linear feedback of displacement

and velocity. We refer to [3], [5], [6], and [30] for the precise description of the problem
and for more technical details.

In this paper we are interested in the following feedback stabilization problem:
Under what conditions on kj (j = 1, 2, 3, 4), does the energy E(t) (see (2.2) for its
definition) of the system (1.1) exponentially decay?

In 1980 a class of Euler–Bernoulli beams with structural damping was proposed for
large flexible structures by Chen and Russell [6] and Russell [14], and the exponential
stability of an Euler–Bernoulli beam with structural damping has been discussed at
length, beginning with [6] by Chen and Russell and continuing with the more general
results [13], [14] by Huang. We refer to Chen et al. [4] and Kim [15] for the beam
with viscous damping, and to Chen, Liu, and Liu [7] and Liu and Liu [23], [24] for
the beam with Kelvin–Voigt damping. For the boundary feedback stabilization of an
undamped Euler–Bernoulli beam that is clamped at one end and free at the other
end, Littman and Markus [22] proved the strong stabilization together with the lack
of exponential stabilization under velocity feedback (also see Rao [27]); Conrad and
Morgül [9] used the energy multiplier method to show the exponential stabilization
under linear boundary feedback control (−αωt(1, t)+ωxxxt(1, t)). More recently, Guo
[11] obtained the exponential stabilization of the nonuniform Euler–Bernoulli beam
under linear boundary feedback control by the Riesz basis approach. See references
therein for further articles.

In the literature, various techniques have been developed to address the stabiliza-
tion/controllability problem for distributed parameter systems. The spectral method
is a useful method for the one space dimensional problem (see Guo [11]). For the
high dimensional system with constant coefficients, the Hilbert uniqueness method
(HUM), introduced by Lions in [21], is a powerful tool. For the counterpart with vari-
able coefficients, Yao [31] has introduced the Riemann geometry method. We refer
to Bardos, Lebeau, and Rauch [2], Fursikov and Imanuvilov [10], and Zhang [32] for
other related methods.

However, the known methods are not easily adapted to our stabilization problem.
Indeed, in system (1.1), the beam equation uses variable coefficients, both ends of the
beam are free, and the boundary conditions are more complex than those in the liter-
ature. These restrictions certainly introduce some technical difficulties. Therefore, we
need to develop a new method to solve our problem. Our approach is based on the op-
erator semigroup technique, the multiplier technique with the contradiction argument
of a frequency domain method. Recall that multiplier techniques were developed in
the work of Lions [21], Lagnese [18], Komornik [16], [17], Lasieka [19], Lasieka and
Triggiani [20], and Zuazua [33], [34] for various PDEs and control problems. On the
other hand, the frequency domain method is based on the boundedness on the imag-
inary axis of the resolvent of a C0-semigroup generator to establish the exponential
stability of the C0-semigroup on a Hilbert space (see Huang [12] and Prüss [26]).

This paper is organized as follows. In section 2, we will state our main results.
In section 3, we show the well-posedness of the system and derive some spectral
properties of the underlying semigroup. Finally, in sections 4 and 5, we will prove our
main results.
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2. Statement of the main results. Throughout this paper, we need the fol-
lowing natural hypothesis:

ρ(·) ∈ C1[0, L], EI(·) ∈ C2[0, L]; ρ(x) > 0, EI(x) > 0, x ∈ [0, L].(2.1)

Denote the energy of system (1.1) by

(2.2)

E(t) =
1

2

[∫ L

0

(
EI

∣∣∣∣ ∂2

∂x2
ω

∣∣∣∣2 + ρ

∣∣∣∣ ∂∂tω
∣∣∣∣2
)
dx + k1

∣∣∣∣ ∂∂xω(0, t)

∣∣∣∣2 + k3|ω(0, t)|2
]
,

where k1| ∂
∂xω(0, t)|2 + k3|ω(0, t)|2 represents the energy of the rigid motion of the

elastic system. Simple calculations yield that

d

dt
E(t) =

∫ L

0

[
EI

∂2

∂x2
ω

∂3

∂t∂x2
ω + ρ

∂

∂t
ω
∂2

∂t2
ω

]
dx(2.3)

+ k1
∂

∂x
ω(0, t)

∂2

∂t∂x
ω(0, t) + k3ω(0, t)

∂

∂t
ω(0, t)

and ∫ L

0

ρ
∂

∂t
ω
∂2

∂t2
ωdx = −

∫ L

0

∂

∂t
ω

∂2

∂x2

(
EI

∂2

∂x2
ω

)
dx

= − ∂

∂t
ω(0, t)

(
k3ω(0, t) + k4

∂

∂t
ω(0, t)

)

+

∫ L

0

∂2

∂t∂x
ω

∂

∂x

(
EI

∂2

∂x2
ω

)
dx

= − ∂

∂t
ω(0, t)

(
k3ω(0, t) + k4

∂

∂t
ω(0, t)

)

− ∂2

∂t∂x
ω(0, t)

(
k1

∂

∂x
ω(0, t) + k2

∂2

∂t∂x
ω(0, t)

)

−
∫ L

0

∂3

∂t∂x2
ω

(
EI

∂2

∂x2
ω

)
dx.(2.4)

From (2.3) and (2.4) we obtain

d

dt
E(t) = −k4

∣∣∣∣ ∂∂tω(0.t)

∣∣∣∣2 − k2

∣∣∣∣ ∂2

∂t∂x
ω(0, t)

∣∣∣∣2 ,(2.5)

which means that k2 ≥ 0 and k4 ≥ 0 are necessary for the energy E(t) to be not
increasing.

It is easy to see that k1 �= 0 and k3 �= 0 are necessary for the energy E(t) to
uniformly exponentially decay. In fact, if k1 = 0, then the beam can be rotated
rigidly, and ω(x, t) = x, x ∈ [0, L] is an eigenvector belonging to eigenvector λ = 0.
Likewise, if k3 = 0, then the beam can be translated rigidly, and ω(x, t) ≡ 1, x ∈ [0, L]
is an eigenvector belonging to eigenvalue λ = 0.
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For simplicity, we will denote ∂
∂xu and ∂

∂tu by u′ and u̇, respectively. Let H =

L2
ρ(0, L) with the norm ‖u‖ = (

∫ L

0
ρ(x)|u(x)|2dx)

1
2 and Hk = Hk(0, L), k ≥ 1, where

Hk(0, L) is the Sobolev space of order k, and let HE = H2(0, L) with the equivalent
norm

‖u‖HE
=

(
k1|u′(0)|2 + k3|u(0)|2 +

∫ L

0

EI|u′′|2dx
) 1

2

(k1, k3 > 0).

Define H = HE ⊕H with the norm

‖(u, v)‖H = (‖u‖2
HE

+ ‖v‖2
H)

1
2 .

To formulate (1.1) as an abstract Cauchy problem on H, we define a linear oper-
ator A as follows:

D(A) =

{
(u, v) ∈ H4 ⊕H2| EI

d2

dx2
u ∈ H2, EI

d2

dx2
u

∣∣∣∣
x=L

= − d

dx

(
EI

d2

dx2
u

)∣∣∣∣
x=L

= 0,

EI
d2

dx2
u

∣∣∣∣
x=0

= k1u
′(0) + k2v

′(0),− d

dx

(
EI

d2

dx2
u

)∣∣∣∣
x=0

= k3u(0) + k4v(0)

}
(2.6)

and

A
(
u
v

)
=

(
0 I
−A 0

)(
u
v

)
, (u, v) ∈ D(A),(2.7)

where

A = ρ−1 d2

dx2

(
EI

d2

dx2
·
)

and D(A) = {u ∈ H2| there exists v ∈ H2 such that (u, v) ∈ D(A)}. Then the system
(1.1) can be formulated as the following Cauchy problem on H:(

u̇
v̇

)
= A

(
u
v

)
,

(
u(0)
v(0)

)
=

(
w0

w1

)
.

Now we can state our main results as follows.
Theorem 2.1. Let (2.1) hold and kj > 0, j = 1, 2, 3, 4. Then the C0-semigroup

etA is uniformly exponentially stable; i.e., there exist constants M,ω > 0 such that

‖etA‖ ≤ Me−ωt, t ≥ 0.

Theorem 2.2. Assume that k1, k3 > 0 and that the C0-semigroup etA decays
uniformly exponentially. Then k2 > 0 and k4 > 0.

3. Preliminaries. In this section, we will prove that (A, D(A)) generates a C0-
contraction semigroup on H, which shows the well-posedness of system (1.1), and give
some spectral properties of the generator A.
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Theorem 3.1. Let k1, k2, k3, k4 > 0. Then A is the infinitesimal generator of a
C0-contraction semigroup etA on H.

Proof. It is easy to see that A is densely defined in H. Furthermore, for any
(u, v) ∈ D(A), we have

Re

〈
A
(
u
v

)
,

(
u
v

)〉
H

= Re

〈(
v
−Au

)
,

(
u
v

)〉
H

= Re[〈v, u〉HE
− 〈Au, v〉H ],(3.1)

where

(v, u)HE
= k1v

′(0)u′(0) + k3v(0)u(0) +

∫ L

0

EIv′′(x)u′′(x)dx(3.2)

and

(Au, v)H =

∫ L

0

d2

dx2
(EIu′′)vdx

= k3u(0)v(0) + k4|v(0)|2 + k1u
′(0)v′(0) + k2|v′(0)|2 +

∫ L

0

EIu′′v′′dx.(3.3)

Substituting (3.2) and (3.3) into (3.1), we obtain

Re

〈
A
(
u
v

)
,

(
u
v

)〉
H

= −k4|v(0)|2 − k2|v′(0)|2,

which implies that A is dissipative in H.
Finally, we show that λ = 0 ∈ ρ(A) (the resolvent set of A). For any (f, g) ∈ H,

we are going to solve the following equation:

A
(
u
v

)
=

(
f
g

)
, (u, v) ∈ D(A).(3.4)

This implies {
v = f,
Au = −g,

(3.5)

and hence

d2

dx2
(EIu′′) = −ρg.(3.6)

Integrating from x to L and using the boundary conditions at x = L, we have

d

dx
(EIu′′) =

∫ L

x

ρ(z)g(z)dz,(3.7)

and consequently,

EIu′′ = −
∫ L

x

∫ L

y

ρ(z)g(z)dzdy,(3.8)
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or equivalently,

u′′(x) = − 1

EI(x)

∫ L

x

∫ L

y

ρ(z)g(z)dzdy, x ∈ [0, L].(3.9)

Therefore, we have

u(x) = u(0) + xu′(0) −
∫ x

0

∫ y

0

1

EI(y1)

∫ L

y1

∫ L

y2

ρ(z)g(z)dzdy2dy1dy, x ∈ [0, L].

(3.10)

Let x = 0 in (3.7); we can obtain

−(k3u(0) + k4v(0)) =

∫ L

0

ρ(z)g(z)dz,

which, using (3.5), yields

u(0) = − 1

k3

(
k4f(0) +

∫ L

0

ρ(z)g(z)dz

)
.(3.11)

Similarly, let x = 0 in (3.8); we have

u′(0) = − 1

k1

(
k2f

′(0) +

∫ L

0

∫ L

y

ρ(z)g(z)dzdy

)
.(3.12)

From (3.10), (3.11), and (3.12) we can assert that

u(x) = − 1

k3

[
k4f(0) +

∫ L

0

ρ(z)g(z)dz − x

k1

(
k2f

′(0) +

∫ L

0

∫ L

y

ρ(z)g(z)dzdy

)]

−
∫ x

0

∫ y

0

1

EI(y2)

∫ L

y2

∫ L

y3

ρ(z)g(z)dzdy3dy2dy1, x ∈ [0, L].(3.13)

Since hypothesis (2.1) is satisfied, we can easily deduce that u ∈ H2 and that (u, v) ∈
D(A) is the unique solution of (3.4) (v = f). Hence, λ = 0 ∈ ρ(A). Finally, from the
above discussion and the Lumer–Phillips theorem [25, Theorem 1.4.3], it follows that
A generates a C0-contraction semigroup. The proof has been completed.

Proposition 3.2. Assume that kj > 0, j = 1, 2, 3, 4. Then iR ⊂ ρ(A).
Proof. From the proof of Theorem 3.1 we have λ = 0 ∈ ρ(A) and we can prove

{λ ∈ σ(A) : Imλ �= 0} ⊂ σp(A)

in a similar way as in [7, Lemma 4.1]. Therefore it suffices to show iω �∈ σp(A).
Indeed, if it is not true, then there exists ω ∈ R, ω �= 0, such that iω ∈ σp(A). Hence,
there exists (u, v) ∈ D(A), (u, v) �= 0, such that

(iω −A)

(
u
v

)
= 0,
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which implies

iωu = v(3.14)

and

Au + iωv = 0.(3.15)

From (3.14) and (3.15) it follows that

d2

dx2

(
EI

d2

dx2
u

)
− ω2ρu = 0,(3.16)

and consequently,

0 =

∫ L

0

d2

dx2

(
EI

d2

dx2
u

)
udx− ω2

∫ L

0

ρ|u|2dx

= k3|u(0)|2 + iωk4|u(0)|2 −
∫ L

0

d

dx

(
EI

d2

dx2
u

)
d

dx
udx− ω2

∫ L

0

ρ|u|2dx

= k3|u(0)|2 + iωk4|u(0)|2 + k1

∣∣∣∣ ddxu(0)

∣∣∣∣2 + iωk2

∣∣∣∣ ddxu(0)

∣∣∣∣2

+

∫ L

0

EI

∣∣∣∣ d2

dx2
u

∣∣∣∣2 dx− ω2

∫ L

0

ρ|u|2dx.

Using ω �= 0, we conclude that⎧⎪⎪⎪⎨⎪⎪⎪⎩
k3|u(0)|2 + k1

∣∣∣∣ ddxu(0)

∣∣∣∣2 +

∫ L

0

EI

∣∣∣∣ d2

dx2
u

∣∣∣∣2 dx− ω2

∫ L

0

ρ|u|2dx = 0,

k4|u(0)|2 + k2

∣∣∣∣ ddxu(0)

∣∣∣∣2 = 0.

(3.17)

Since hypothesis (2.1) is satisfied, we have u ∈ H4[0, L] and hence u ∈ C3[0, L].
Moreover, it follows from (3.17) that⎧⎪⎨⎪⎩

u(0) = u′(0) = 0,∫ L

0

EI|u′′|2dx = ω2

∫ L

0

ρ|u|2dx,
(3.18)

which implies that

v(0) = v′(0) = 0.

Therefore, using the boundary conditions at x = 0, we get

EI(0)u′′(0) = k1u(0) + k2v(0) = 0

and

(EIu′′)′|x=0 = EI ′(0)u′′(0) + EI(0)u′′′(0) = k3u
′(0) + k4v

′(0) = 0,
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which, together with EI(0) > 0, implies that

u′′(0) = u′′′(0) = 0.(3.19)

From (3.18) and (3.19), it follows that u is a solution of the following equation:⎧⎪⎪⎨⎪⎪⎩
d2

dx2

(
EI

d2

dx2
u

)
− ω2ρu = 0,

u(0) = u′(0) = u′′(0) = u′′′(0) = 0.

(3.20)

The uniqueness theorem of ODEs shows that u ≡ 0 and v = iωρu ≡ 0. This is in
contradiction with (u, v) �= 0, and the proof is completed.

4. Proof of Theorem 2.1. Clearly, if w = w(x, t) is the solution of the system
(1.1), then(

w,
∂

∂t
w

)
= etA(w0, w1) and

∥∥∥∥(w, ∂∂tw
)∥∥∥∥2

H
= 2E(t), t > 0.

Hence, the uniformly exponential decay of the energy E(t) is equivalent to the uniform
exponential stability of C0-semigroup etA. It follows from Proposition 3.2 and the
frequency domain results (see [12], [26]) that we need only to prove

sup
λ∈iR

‖(λ−A)−1‖ < +∞.(4.1)

If (4.1) is not true, using iR ⊂ ρ(A), then we can deduce that there exist λn = iωn ∈
iR, (un, vn) ∈ D(A) such that

‖(un, vn)‖H = 1, |ωn| → ∞(n → ∞)(4.2)

and

(iωn −A)(un, vn) = (fn, gn) → 0 in H.(4.3)

From (4.3), it follows that

iωnun − vn = fn → 0 in HE ,(4.4)

d2

dx2

(
EI

d2

dx2
un

)
+ iωnρvn = ρgn → 0 in H.(4.5)

By (4.4), we have

‖fn‖2
HE

= k1|f ′
n(0)|2 + k3|fn(0)|2 +

∫ L

0

EI|f ′′
n |2dx → 0,

which yields that

f ′
n(0) → 0, fn(0) → 0.(4.6)

Again by (4.4), we have that (fn, un)H = iωn‖un‖2
H − (vn, un)H → 0, and conse-

quently,

‖un‖2
H =

1

iωn
[(fn, un)H + (vn, un)H ] → 0.(4.7)



EULER–BERNOULLI BEAM 349

Moreover, we have

(gn, un)H =

∫ L

0

d2

dx2

(
EI

d2

dx2
un

)
undx + iωn

∫ L

0

ρvnundx

= k3|un(0)|2 + k4vn(0)un(0) −
∫ L

0

d

dx

(
EI

d2

dx2
un

)
u′
ndx + iωn(vn, un)H

= k3|un(0)|2 + k4vn(0)un(0) + k1|u′
n(0)|2

+ k2v
′
n(0)u′

n(0) +

∫ L

0

EI|u′′
n|2dx + iωn(vn, un)H

= ‖un‖2
HE

+ k4(iωnun(0) − fn(0))un(0)

+ k2(iωnu
′
n(0) − f ′

n(0))u′
n(0) + iωn(vn, un)H

= ‖un‖2
HE

+ k4iωn|un(0)|2 + k2iωn|u′
n(0)|2

− k4fn(0)un(0) − k2f
′
n(0)u′

n(0) + iωn(vn, un)H

→ 0.(4.8)

Therefore, from (4.6), (4.8), Re(vn, un)H → 0, and |ωn| → 0, we can deduce that

un(0) → 0, u′
n(0) → 0.(4.9)

From (4.4), it follows that

(fn, un)HE
= (iωnun − vn, un)HE

= iωn‖un‖2
HE

− (un, vn)HE
→ 0,

and consequently,

Re(un, vn)HE
→ 0, ‖un‖2

HE
+ Im

(
un,

vn
ωn

)
HE

→ 0.(4.10)

Since (
ρ−1

[
d2

dx2

(
EI

d2

dx2
un

)
+ iωnvn

]
, vn

)
H

(4.11)

= (un, vn)HE
+ k4|vn(0)|2 + k2|v′n(0)|2 + iωn‖vn‖2

H → 0,

we can easily deduce that

Re(un, vn)HE
+ k4|vn(0)|2 + k2|v′n(0)|2 → 0.

Combining this together with (4.10), we get

vn(0) → 0, v′n(0) → 0.(4.12)

Without loss of generality, let ‖vn‖2 → γ ∈ [0, 1]; we obtain that ‖un‖2
HE

→ 1 − γ.
From (4.11) it follows that

Im

(
un,

vn
ωn

)
HE

+ ‖vn‖2
H → 0;(4.13)

combining this with (4.10) implies γ = 1
2 .
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Furthermore, if (
ξn(x, t)
ηn(x, t)

)
= etA

(
un(x)
vn(x)

)
,

then ∥∥∥∥(ξn(., t)
ηn(., t)

)
− etωni

(
un

vn

)∥∥∥∥
H

=

∥∥∥∥et(A−iωn)

(
un

vn

)
−
(
un

vn

)∥∥∥∥
H

=

∥∥∥∥∫ t

0

eτ(A−iωn)(A− iωnI)

(
un

vn

)
dτ

∥∥∥∥
H

≤
∫ t

0

‖eτ(A−iωn)‖
∥∥∥∥(A− iωnI)

(
un

vn

)∥∥∥∥
H
dτ

≤ t

∥∥∥∥(A− iωn)

(
un

vn

)∥∥∥∥
H
.

Therefore, we deduce that

sup
t∈[0,T ]

∥∥∥∥(ξn(., t)
ηn(., t)

)
− eiωnt

(
un

vn

)∥∥∥∥
H

→ 0(4.14)

for any T > 0. Note that |eiωntun(0)| = |un(0)| → 0 and |eiωntu′
n(0)| = |u′

n(0)| → 0;
together with the definition of ‖(., .)‖H and (4.9), we can assert that

ξn(0, t) → 0,
∂

∂x
ξn(0, t) → 0(4.15)

uniformly for t in compact intervals of R+.
On the other hand, we have∥∥∥∥( iωnξn − ηn

ρ−1 ∂2

∂x2 (EI ∂2

∂x2 ξn) + iωnηn

)∥∥∥∥
H

=

∥∥∥∥(iωn −A)

(
ξn
ηn

)∥∥∥∥
H

=

∥∥∥∥(iωn −A)etA
(
un

vn

)∥∥∥∥
H

=

∥∥∥∥etA(iωn −A)

(
un

vn

)∥∥∥∥
H

≤
∥∥∥∥(iωn −A)

(
un

vn

)∥∥∥∥
H

→ 0(4.16)

uniformly for t ∈ [0,∞). Therefore,

(iωnξn − ηn, ξn)HE
= iωn‖ξn‖HE

− (ξn, ηn) → 0

uniformly for t ∈ [0,∞). This yields

Re(ξn, ηn)HE
→ 0 uniformly for t ∈ [0,∞).

Similar to (4.11), we can get(
ρ−1 ∂2

∂x2

(
EI

∂2

∂x2
ξn

)
+ iωnηn, ηn

)
H

= (ξn, ηn)HE
+ k4|ηn(0, t)|2 + k2|η′n(0, t)|2 + iωn‖ηn‖2

H → 0
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uniformly for t in compact intervals of R+, and consequently,

ηn(0, t) → 0, η′n(0, t) → 0(4.17)

uniformly for t in compact intervals of R+. Since (ξn, ηn) ∈ D(A), using (4.15) and
(4.16), we obtain

EI(0)
∂2

∂x2
ξn(0, t) = k1ξ

′
n(0, t) + k2η

′
n(0, t) → 0

and

− ∂

∂x

(
EI

∂2

∂x2
ξn

)∣∣∣∣
x=0

=
d

dx
EI(0)

∂2

∂x2
ξn(0, t) + EI(0)

∂3

∂x3
ξn(0, t)

= k3ξn(0, t) + k4ηn(0, t) → 0

uniformly for t in compact intervals of R+. Hence

∂2

∂x2
ξn(0, t) → 0,

∂3

∂x3
ξn(0, t) → 0(4.18)

uniformly for t in compact intervals of R+. Moreover,

EI(L)
∂2

∂x2
ξn(L, t) = 0,

− ∂

∂x

(
EI

∂2

∂x2
ξn(x, t)

)∣∣∣∣
x=L

=

(
∂

∂x
EI

∂2

∂x2
ξn(x, t) + EI

∂3

∂x3
ξn(x, t)

)∣∣∣∣
x=L

= 0,

which implies that

∂2

∂x2
ξn(L, t) = 0,

∂3

∂x3
ξn(L, t) = 0, t > 0.(4.19)

Furthermore, it follows from (4.16) that

iωnξn − ηn = hn → 0

in HE uniformly for t, and hence, it holds in H. Therefore,

ξn(., t) =
1

iωn
(hn + ηn) → 0(4.20)

in H uniformly for t.
Now let Mξ = 2(x−L)e−θx ∂

∂xξ, where θ is such a positive constant that θρ−ρ′ ≥ 0
and 3θEI +(EI)′ ≥ 0. It is easy to see that hypothesis (2.1) guarantees the existence
of θ. For T > 0, we have

0 = Re

∫ T

0

∫ L

0

[
ρ
∂2

∂t2
ξn +

∂2

∂x2

(
EI

∂2

∂x2
ξn

)]
Mξndxdt

= Re

⎧⎨⎩
[∫ L

0

ρ
∂

∂t
ξnMξndx

]L

0

−
∫ T

0

∫ L

0

ρ
∂

∂t
ξnM

∂

∂t
ξndxdt

+

∫ T

0

[
∂

∂x

(
EI

∂2

∂x2
ξn

)
Mξn

]L
0

dt−
∫ T

0

[(
EI

∂2

∂x2
ξn

)
∂

∂x
Mξn

]L
0

dt

+

∫ T

0

∫ L

0

EI
∂2

∂x2
ξn

∂2

∂x2
Mξndxdt

⎫⎬⎭ .(4.21)
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Since

∂

∂t
ξn = ηn

and

Re

(
ρ
∂

∂t
ξnM

∂

∂t
ξn

)
= Re

(
ρ
∂

∂t
ξn2(x− L)e−θx ∂2

∂x∂t
ξn

)
= e−θx(x− L)ρ

∂

∂x
|ηn|2,

we can deduce∫ T

0

∫ L

0

ρ
∂

∂t
ξnM

∂

∂t
ξndxdt

=

∫ T

0

∫ L

0

(x− L)ρeθx
∂

∂x
|ηn|2dxdt

=

∫ T

0

[(x− L)ρe−θx|ηn|2]L0 dt−
∫ T

0

∫ L

0

e−θx[ρ + (L− x)(θρ− ρ′)]|ηn|2dxdt

=

∫ T

0

Lρ(0)|ηn(0, t)|2dt−
∫ T

0

∫ L

0

e−θx[ρ + (L− x)(θρ− ρ′)]|ηn|2dxdt.(4.22)

From the definition of M , we have

∂2

∂x2
Mξn =

∂2

∂x2

[
2(x− L)e−θx ∂

∂x
ξn

]
=

∂

∂x

[
2e−θx ∂

∂x
ξn − 2θ(x− L)e−θx ∂

∂x
ξn + 2(x− L)e−θx ∂2

∂x2
ξn

]
= −2θe−θx ∂

∂x
ξn + 2e−θx ∂2

∂x2
ξn − 2θe−θx ∂

∂x
ξn + 2θ2(x− L)e−θx ∂

∂x
ξn

− 2θ(x− L)e−θx ∂2

∂x2
ξn + 2e−θx ∂2

∂x2
ξn

− 2θ(x− L)e−θx ∂2

∂x2
ξn + 2(x− L)e−θx ∂3

∂x3
ξn

= −[4θ + 2θ2(L− x)]e−θx ∂

∂x
ξn + 4e−θx[1 + θ(L− x)]

∂2

∂x2
ξn

+ 2(x− L)e−θx ∂3

∂x3
ξn.

Therefore,∫ T

0

∫ L

0

EI
∂2

∂x2
ξn

∂2

∂x2
Mξndxdt = −

∫ T

0

∫ L

0

EI
∂2

∂x2
ξn 2θ[2 + θ(L− x)]e−θx ∂

∂x
ξndxdt

+

∫ T

0

∫ L

0

4e−θx[1 + θ(L− x)]EI

∣∣∣∣ ∂2

∂x2
ξn

∣∣∣∣2 dxdt
+

∫ T

0

∫ L

0

(x− L)e−θxEI
∂

∂x

∣∣∣∣ ∂2

∂x2
ξn

∣∣∣∣2 dxdt,
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or equivalently,

(4.23)∫ T

0

∫ L

0

(x− L)e−θxEI
∂

∂x

∣∣∣∣ ∂2

∂x2
ξn

∣∣∣∣2 dxdt
=

∫ T

0

[
(x− L)e−θxEI

∣∣∣∣ ∂2

∂x2
ξn

∣∣∣∣2
]L

0

dt−
∫ T

0

∫ L

0

d

dx
[(x− L)e−θxEI]

∣∣∣∣ ∂2

∂x2
ξn

∣∣∣∣2 dxdt
= EI(0)L

∫ T

0

∣∣∣∣ ∂2

∂x2
ξn(0, t)

∣∣∣∣2 dt
−

∫ T

0

∫ L

0

e−θx[(1 + θ(L− x))EI − (L− x)(EI)′]

∣∣∣∣ ∂2

∂x2
ξn

∣∣∣∣2 dxdt.
We also have∫ T

0

∫ L

0

EI
∂2

∂x2
ξn

∂2

∂x2
Mξndxdt

= EI(0)L

∫ T

0

∣∣∣∣ ∂2

∂x2
ξn(0, t)

∣∣∣∣2 dt− ∫ T

0

∫ L

0

(
EI

∂2

∂x2
ξn

)
2θ(2 + θ(L− x))e−θx ∂

∂x
ξndxdt

+

∫ T

0

∫ L

0

e−θx[3EI + 3θ(L− x)EI + (L− x)(EI)′]

∣∣∣∣ ∂2

∂x2
ξn

∣∣∣∣2 dxdt.
From (4.21), (4.22), and (4.23), it follows that

e−θL

∫ T

0

∫ L

0

(
EI

∣∣∣∣ ∂2

∂x2
ξn

∣∣∣∣2 + ρ|ηn|2
)
dxdt

≤
∫ T

0

∫ L

0

e−θx[3EI + 3θ(L− x)EI + (L− x)(EI)′]

∣∣∣∣ ∂2

∂x2
ξn

∣∣∣∣2 dxdt
+

∫ T

0

∫ L

0

e−θx[ρ + (L− x)(θρ− ρ′)]|ηn|2dxdt

= Re

⎧⎨⎩−
[∫ L

0

ρ
∂

∂t
ξnMξndx

]T

0

−
∫ T

0

[
∂

∂x

(
EI

∂2

∂x2
ξn

)
Mξn

]L
0

dt

+

∫ T

0

[
EI

∂2

∂x2
ξn

∂

∂x
Mξn

]L
0

dt

+

∫ T

0

Lρ(0)|ηn(0, t)|2dt− EI(0)L

∫ T

0

∣∣∣∣ ∂2

∂x2
ξn(0, t)

∣∣∣∣2 dt
+

∫ T

0

∫ L

0

EI
∂2

∂x2
ξn2θ(2 + θ(L− x))e−θx ∂

∂x
ξndxdt

⎫⎬⎭ .(4.24)
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Finally, we are going to show that the right-hand side of (4.22) converges to zero
as n → ∞. Indeed, from (4.15), (4.17), and (4.18), we obtain∫ T

0

Lρ(0)|ηn(0, t)|2dt → 0, EI(0)L

∫ T

0

∣∣∣∣ ∂2

∂x2
ξn(0, t)

∣∣∣∣2 dt → 0(4.25)

and

−
∫ T

0

[
∂

∂x

(
EI

∂2

∂x2
ξn

)
Mξn

]L
0

dt +

∫ T

0

[
EI

∂2

∂x2
ξn

∂

∂x
Mξn

]L
0

dt

=

∫ T

0

∂

∂x

(
EI

∂2

∂x2
ξn

)∣∣∣∣
x=0

(
−2L

∂

∂x
ξn(0, t)

)
dt

−
∫ T

0

EI(0)
∂2

∂x2
ξn(0, t)

[
2(1 + Lθ)

∂

∂x
ξn(0, t) − 2L

∂2

∂x2
ξn(0, t)

]
dt

→ 0.(4.26)

Since ‖ξn(., t)‖HE
< 1 and ‖ξn(., t)‖H → 0 uniformly for t ∈ [0, T ], we can easily

deduce that∥∥∥∥ ∂

∂x
ξn(0, t)

∥∥∥∥
H

≤ C

∥∥∥∥ ∂2

∂x2
ξn(., t)

∥∥∥∥
1
2

H

‖ξn‖
1
2

H → 0 uniformly for t ∈ [0, T ]

by the Hardy–Littlewood inequality. Consequently,

2θ

∫ T

0

∫ L

0

EI
∂2

∂x2
ξn[2 + θ(L− x)]e−θx ∂

∂x
ξndxdt → 0(4.27)

and ∫ L

0

ρ
∂

∂t
ξnMξndx|T0 =

∫ L

0

ρηn2(x− L)e−θx ∂

∂x
ξndx|T0 → 0.(4.28)

Using (4.25)–(4.28), we can assert that the right-hand side of (4.24) converges to zero
as n → ∞. Hence ∫ T

0

∫ L

0

(
EI

∣∣∣∣ ∂2

∂x2
ξn

∣∣∣∣2 + ρ|ηn|2
)
dxdt → 0.(4.29)

However, using ‖un‖2
HE

+ ‖vn‖2
H = 1, it follows from (4.14), (4.15), and (4.17) that

lim
n→∞

∫ T

0

∫ L

0

(
EI

∣∣∣∣ ∂2

∂x2
ξn

∣∣∣∣2 + ρ|ηn|2
)
dxdt

= lim
n→∞

∫ T

0

∫ L

0

(
EI

∣∣∣∣ ∂2

∂x2
eiωntun

∣∣∣∣2 + ρ|eiωntvn|2
)
dxdt

= lim
n→∞

∫ T

0

∫ L

0

(
EI

∣∣∣∣ ∂2

∂x2
un

∣∣∣∣2 + ρ|vn|2
)
dxdt = T,

which is in contradiction with (4.29), and the proof is completed.
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5. Proof of Theorem 2.2. First it is impossible that k2 = k4 = 0. Indeed, it
follows from k2 = k4 = 0 and (2.5) that

E(t) =
1

2

∥∥∥∥etA (
ω0

ω1

)∥∥∥∥2

H
≡ E(0)

=
1

2

[∫ L

0

(
EI

∣∣∣∣ d2

dx2
ω0

∣∣∣∣2 + ρ|ω1|2
)
dx + k1|ω′

0(0)|2 + k3|ω0(0)|2
]
, t ≥ 0,

for any (ω0, ω1) ∈ D(A). Thus the energy E(t) of the system (1.1) does not uniformly
exponentially decay.

Next, let k2 = 0 and k4 > 0. We can define

H0
E = {u ∈ HE | u(0) = 0}, H0 = H0

E ⊕H, A0 = A|H0 .

That is,

D(A0) = {(u, v) ∈ D(A) ∩H0| A(u, v) ∈ H0}

and

A0(u, v) = A(u, v), (u, v) ∈ D(A0).

By the same argument as in the proof of Theorem 3.1, we can conclude that A0 is
dissipative and 0 ∈ ρ(A0). Hence, A0 is m-dissipative and generates a C0-contraction

semigroup etA
0

. Since etA
0

(ω0, ω1) ∈ D(A0), the same proof of (2.5) yields

d

dt

(
1

2

∥∥∥∥etA0

(
ω0

ω1

)∥∥∥∥2

H0

)
=

d

dt
E(t) = 0,

which implies that C0-semigroup etA
0

is an isometric semigroup. Therefore the energy
of the system (1.1) does not exponentially decay. Finally, let k2 > 0 and k4 = 0; we
only need to define H0

E = {u ∈ HE |u′(0) = 0} and the similar proof follows. This
concludes the proof of the theorem.
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Abstract. The primal-dual active set method has proved to be an efficient numerical tool
in the context of diverse applications. So far it has been investigated mainly for linear problems.
This paper is devoted to the study of global convergence of the primal-dual active set method for
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1. Introduction. This paper is devoted to the study of algorithms for solving
problems of the type

min 1
2 |T (u) − z|2 + α

2 |u|2
over u subject to ϕ ≤ u ≤ ψ,

(1.1)

where T is a nonlinear operator between Hilbert spaces and α, z, ϕ, and ψ are given. A
typical motivation for considering (1.1) is given by optimal control problems, where
T is the control-to-output mapping. Depending on the type of dynamics and the
way in which the control enters into the equation, T may be affine or nonlinear.
The inequalities in (1.1) then describe bilateral constraints on the class of admissible
controls. Without the presence of the constraints, (1.1) has received a considerable
amount of attention over the last 20 years, and numerical methods for solving (1.1)
have achieved a high level of sophistication. The presence of the infinite dimensional
constraints, however, complicates the problem significantly, and analytical as well as
numerical issues are not yet completely resolved.

It should be mentioned that discretizing (1.1) results in a finite dimensional prob-
lem, for which numerical algorithms are readily available. However, this approach can-
not avoid the infinite dimensional problem, since grid refinement must be addressed.
Moreover, in the process of discretization, important properties such as smoothing
and compactness of T and existence of integrable Lagrange multiplier associated with
inequality constraints are hidden. Such properties, however, have a significant effect
on the behavior of any fine-tuned algorithm. We refer, e.g., to [IK2] for a discussion
on the regularizing properties of T depending on whether control or state constraints
or problems of obstacle or control-of-obstacle type are described by T . Smoothing
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properties of T which hold for many optimal control problems will play an essential
role in our analysis of (1.1).

We turn to a brief description of the primal-dual active set strategy and the con-
tributions of this paper. The primal-dual active set strategy is an iterative algorithm
that on the basis of the current primal variable uk and the current Lagrange multiplier
λk associated to the constraints in (1.1) predicts new active sets A+

k+1 = A+
k+1(u

k, λk)

and A−
k+1 = A−

k+1(u
k, λk) and requires solving the equality constrained problems{

min 1
2 |T (u) − z|2 + α

2 |u|2
over u with u = ψ on A+

k+1, u = ϕ on A−
k+1.

(1.2)

Here A+ and A− refer to the sets that are active at the upper, respectively, lower,
bound. In case T is linear, the solution to (1.2) is characterized by a linear equation
on the complement of A+

k+1 ∪A−
k+1. In our work the strategy for choosing A+

k+1 and

A−
k+1 is based on convex analysis techniques [IK1, BIK]. Due to the simple nature

of the box constraints in (1.1), this strategy is related to strategies already used in
[B, HI]. We shall further comment on this below.

To put the algorithm described above into a more general context, it will be
convenient to recall that the first order optimality condition for (1.1) is given by{

αu + T ′(u)∗(T (u) − z) + λ = 0,
λ = max(0, λ + α (u− ψ)) + min(0, λ + α (u− ϕ)).

(1.3)

We shall argue in section 6 that this is equivalent to

α(u− ψ) + max(0, α ψ + T ′(u)∗(T (u) − z))

+ min(0,−T ′(u)∗(T (u) − z) − αϕ) = 0.
(1.4)

Note that (1.4) involves the term p(u) := −T ′(u)∗(T (u) − z), which is commonly
referred to as the adjoint state in optimal control. Solving (1.1) by means of optimal-
ity conditions amounts to solving (1.4), which involves two types of nonlinearities of
very different nature: the simple but nondifferentiable max and min operations and
the nonlinear mapping T , which is typically smooth (the precise conditions will be
formulated below) and possibly highly nonlinear. This difference between the nonlin-
earities max/min and u �→ p(u) motivates us to separately consider their linearization
in Newton-type iterative approaches. Linearizing p(u) at the current iterate uk and
leaving the nondifferentiable functions unchanged results in

α(u− ψ) + max(0, α ψ − p(uk) − p′(uk)(u− uk))

+ min(0, p(uk) + p′(uk)(u− uk) − αϕ) = 0,
(1.5)

where

p′(uk)δ u = −T ′(uk)∗T ′(uk)δ u− (T (uk) − z, T
′′
(uk)(δ u, ·)).(1.6)

This can be considered as a projected Newton iteration, as we shall show at the end
of this section, and it is also closely related to the sequential quadratic programming
(SQP) approach to (1.1), which has frequently been considered in the literature; see,
e.g., [TV] and the references given there. In the SQP approach to (1.1) both u and y =
T (u) are considered as independent variables, and at each iteration level a quadratic
approximation to the cost in (1.1) is minimized subject to the constraints ϕ ≤ u ≤ ψ.
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Alternatively, one can take generalized derivatives of the nondifferentiable functions
in (1.4), leaving the nonlinearity p(u) unchanged. The resulting auxiliary problems
are smooth and can be solved with an appropriate standard method. This partial
(semismooth) Newton method is the focus of this paper. In fact, we shall start our
analysis with the primal-dual active set strategy and only later argue its equivalence
to the partial (semismooth) Newton method. Finally, of course, both nonlinearities
max/min and p(u) can be “linearized” simultaneously, resulting in a semismooth
Newton method. The semismooth Newton method for general-purpose nonlinear finite
dimensional optimization problems has been well studied; see, for instance, [LPR]
and the references given there. Much less is known about such methods in infinite
dimensions, specifically in the context of optimal control; see, however, [HIK, U]. We
shall address the semismooth Newton approach to (1.4) in section 7.

We have studied the primal-dual active set strategy in several previous papers
[IK1, BIK, HIK]. The significant difference in the present contribution compared
with earlier work is the treatment of bilateral constraints and of nonlinear rather
than only linear operators. As in earlier work the global convergence proofs are based
on a properly chosen merit functional. The merit functional utilized in [BIK] is not
appropriate for analyzing bilateral constraints. Therefore we were forced to find a
new merit-functional that has the additional advantage over the one in [BIK] that the
details of the convergence proof are more transparent.

Let us briefly describe the contents of this paper. In section 2 we give a precise
problem statement and description of the primal-dual active set algorithm. Section 3
is devoted to a general framework for establishing convergence of the algorithm from
arbitrary initial data. The applicability of the framework for linear and nonlinear
problems is described in sections 4 and 5, respectively. In section 6 we give sufficient
conditions for local superlinear convergence of the algorithm. In the context of lo-
cal convergence we address in section 7 superlinear convergence of the semismooth
Newton method, when both types of nonlinearities max/min and p(u) in (1.4) are
linearized. While the focus of this paper is an analytical one, we nevertheless present
in section 8 a numerical example illustrating some effects of treating the nonlinearities
in (1.4) separately rather than directly applying a generalized chain rule.

Let us comment on related contributions. In [H] the primal-dual active set algo-
rithm is extended to bilateral constraints with convergence proofs based on the merit
functional from [BIK]. This necessitates further assumptions and modifications of
the algorithm, which can be avoided with the new merit functional. The primal-dual
active set algorithm is closely related to the Bertsekas projected Newton method,
which was developed for finite dimensional problems in [B] and extended to optimal
control problems in [KS]. The main difference between the two algorithms is that
Bertsekas’ algorithm is a feasible algorithm, while ours is not. We comment further
on this in Remark 7.4, where we also indicate how the local convergence proofs of
this paper can be utilized for the Bertsekas method. The dual algorithm developed
in [HI] for optimal control of ordinary differential equations is closely related to the
primal-dual active set method. The concepts for the local convergence proofs based
on generalized equations in [HI] and semismooth Newton methods in our work are
significantly different. There are no global convergence results in [HI]. In [HH] the
dual algorithm was modified by the introduction of backtracking steps, resulting in
guaranteed convergence for finite dimensional problems. For a detailed comparison of
the two methods, see [BK]. As mentioned, semismooth Newton methods were recently
extended to nonlinear problems. One of the peculiarities in the application of such
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methods to (1.1) is the lack of generalized differentiability (in a sense to be specified
in section 7) of the max/min operations between Lp spaces. In [U] this difficulty is
compensated by an additional smoothing step introduced to the semismooth Newton
method. In our work the lack of generalized differentiability is incorporated in the
form in which the optimality condition is expressed (see (1.3), (1.4)) as well as a
regularity condition for the mapping u → T (u).

We close this introduction by establishing the announced relationship between
the SQP method applied to (1.1) and (1.5). Let y represent an independent variable,
denote by µ the Lagrange multiplier associated to the constraint y − T (u) = 0, and
introduce the Lagrangian

L(y, u, µ) = 1
2 |y − z|2 + α

2 |u|2 + (µ, T (u) − y).

Given (yk, uk, µk) the new correction is obtained as the solution to⎧⎨⎩ min L′(yk, uk, µk)(δ y, δ u) + 1
2L

′′
(yk, uk, µk)((δ y, δ u), (δ y, δ u))

subject to
T (uk) + T ′(uk)δ u = yk + δ y, ϕ ≤ uk + δ u ≤ ψ,

(1.7)

over (δ y, δ u), where primes denote differentiation with respect to (y, u). Denoting by
δ µ and λ̄ the Lagrange multipliers to the two constraints in (1.7), and setting

(yk+1, uk+1, µk+1) = (yk, uk, µk) + (δ y, δ u, δ µ)

the optimality condition for (1.7) is given by

yk+1 = T (uk) + T ′(uk)δ u,

µk+1 = yk+1 − z,

α uk+1 + T ′(uk)∗µk+1 + (µk, T
′′
(uk)(δ u, ·)) + λ̄ = 0,

λ̄ = max(0, λ̄ + (uk+1 − ψ)) + min(0, λ̄ + (uk+1 − ϕ)).

From the first three equations we get

αuk+1 + T ′(uk)∗(T (uk) + T ′(uk)δ u− z) + (yk − z, T
′′
(uk)(δ u, ·)) + λ̄ = 0.

This, together with the last equation in the optimality condition, implies that

α(uk+1 − ψ) + max(0, α ψ − ωk) + min(0, ωk − αϕ),(1.8)

where

ωk = −T ′(uk)∗(T (uk) + T ′(uk)δ u− z) − (yk − z, T
′′
(uk)(δ u, ·)).(1.9)

Comparing to (1.5)–(1.6), we observe that the only difference between the SQP
method and the Newton method applied to the smooth operator T in (1.4) occurs in
the second summand of the second derivative. In the SQP method yk is computed
from the linearized equation yk = T (uk−1) + T ′(uk−1)δ u), whereas T (uk) in (1.6)
requires the computation of the nonlinear operator T at uk. Concerning the term
(T (uk) − z, T

′′
(uk)(δ u, ·)) in (1.6) it is worthwhile to observe that

(T (uk) − z, T
′′
(uk)(δ u, v))

= −(T ′(uk)∗(T (uk) − z), T−1(T (uk))
′′
(T ′(uk)δ u, T ′(uk)v))

= (p(uk), T−1(T (uk))
′′
(T ′(uk)δ u, T ′(uk)v)).
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In applications to optimal control of differential equations T (u), respectively, T ′(u)v,
require the solution of a nonlinear, respectively linearized, differential equation.

2. Problem statement and algorithm. Let Y and U be Hilbert spaces with
U = L2(Σ), where Σ a bounded measurable set in R

n, and let T : U → Y be a, possi-
bly nonlinear, continuously differentiable, injective, mapping with Fréchet derivative
denoted by T ′. Further let ϕ,ψ ∈ U with ϕ < ψ a.e. in Σ. For α > 0 and z ∈ Y
consider

min
ϕ≤u≤ψ

J(u) = 1
2 |T (u) − z|2Y + α

2 |u|2U .(2.1)

We refer to (2.1) as the bilaterally constrained problem. When the constraint ϕ ≤
u is not present, formally obtained by setting ϕ = −∞, we have the unilaterally
constrained problem. The necessary optimality condition for (2.1) is given by

(αu + T ′(u)∗(T (u) − z), ũ− u)U ≥ 0 for all ϕ ≤ ũ ≤ ψ.

A direct computation shows that this is equivalent to the existence of λ ∈ U such that{
αu + T ′(u)∗(T (u) − z) + λ = 0,
λ = 0 on I, λ ≥ 0 on A+, λ ≤ 0 on A−,

where I = {x : ϕ(x) < u(x) < ψ(x)}, A+ = {x : u(x) = ψ(x)}, and A− = {x : u(x) =
ϕ(x)}, in the a.e. sense. The second condition can be equivalently expressed as

λ = max(0, λ + α(u− ψ)) + min(0, λ + α(u− ϕ)),

where c > 0 is arbitrarily fixed. For our work the choice c = α is convenient and
results in the first order optimality system,{

αu + T ′(u)∗(T (u) − z) + λ = 0,
λ = max(0, λ + α(u− ψ)) + min(0, λ + α(u− ϕ)),

(2.2)

where (u, λ) ∈ U × U , and max as well as min are interpreted as pointwise a.e.
operations.

We next specify the primal-dual active set algorithm. The iteration index is
denoted by k and an initial choice (u0, λ0) is assumed to be available.

Primal-dual active set algorithm.
(i) Given (uk, λk), determine

A+
k+1 = {x : (λk + α(uk − ψ))(x) > 0},

Ik+1 = {x : (λk + α(uk − ψ))(x) ≤ 0 ≤ λk + α(uk − ϕ)(x)},
A−

k+1 = {x : (λk + α(uk − ϕ))(x) < 0}.

(ii) Determine (uk+1, λk+1) from

uk+1 = ψ on A+
k+1, uk+1 = ϕ on A−

k+1, λk+1 = 0 on Ik+1,

and

αuk+1 + T ′(uk+1)∗(T (uk+1) − z) + λk+1 = 0.(2.3)
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Note that the equations for (uk+1, λk+1) in step (ii) of the algorithm constitute
the necessary optimality condition for the auxiliary problem{

min 1
2 |T (u) − z|2Y + α

2 |u|2U over u ∈ U
subject to u = ψ on A+

k+1, u = ϕ on A−
k+1.

(2.4)

For the global convergence analysis which will be given in the following sections we
require the primal-adjoint structure of the optimality system that arises if the action
of T is given as the solution of an equation. This situation typically arises in optimal
control and parameter estimation problems. Thus we consider the case where y =
T (u) is given as the solution of an equation of the form

H(y) = u.

Assume that for every u ∈ U this equation has a unique solution y = T (u) ∈ X, where
X is dense subset of Y , and that u → T (u) is continuous from u to X. Assume further
that H : X → U is C1 and that H ′(y) has a bounded inverse H ′(y)−1 ∈ L(U, Y ).
Then,

T ′(u) = (H ′(y))−1 and T ′(u)∗ = (H ′(y)∗)−1 ∈ L(Y,U) for u ∈ U,

where y = T (u) and the adjoint of H ′(y) is taken as an operator with domain in Y
to U . Consequently (2.2) can equivalently be expressed as⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

H(y) = u,

H ′(y)∗p = −(y − z),

α u− p + λ = 0,

λ = max(0, λ + (u− ψ)) + min(0, λ + (u− ϕ)),

(2.5)

where p = −T ′(u)∗(T (u)− z) is the adjoint state. Analogously, for uk+1 ∈ U , setting
yk+1 = T (uk+1), pk+1 = −T ′(uk+1)∗(T (uk+1)−z), (2.3) can equivalently be expressed
as ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

H(yk+1) =

⎧⎨⎩
ψ on A+

k+1,
1
α pk+1 on Ik+1,
ϕ on A−

k+1,

H ′(yk+1)∗pk+1 = −(yk+1 − z),

α uk+1 − pk+1 + λk+1 = 0.

(2.6)

Example 2.1. Let Ω ⊂ R
n be a bounded domain in R

n with Lipschitz continuous
boundary Γ and Ω̃ ⊂ Ω, Γ̃ ⊂ Γ measurable subsets. Let EΓ̃ : L2(Γ̃) → L2(Γ) be

the extension-by-zero operator and R
Ω̃

: L2(Ω) → L2(Ω̃) the canonical restriction

operator. Define L : L2(Γ) → L2(Ω) as the solution operator to the inhomogeneous
Neumann boundary value Lu = y, i.e., y is the solution to

(∇y,∇v)Ω + (y, v)Ω = (u, v)Γ for all v ∈ H1(Ω),(2.7)



OPTIMAL CONTROL PROBLEMS WITH BILATERAL CONSTRAINTS 363

and then T = R
Ω̃
L E

Γ̃
: L2(Γ̃) → L2(Ω̃). Then T ∗ : L2(Ω̃) → L2(Γ̃) is given by

T ∗ = R
Γ̃
L∗ E

Ω̃

with R
Γ̃

the restriction operator to Γ̃ and E
Ω̃

the extension operator from Ω̃ to Ω by

zero. Further, the adjoint L∗ : L2(Ω) → L2(Γ) of L is given by L∗z = τΓp, where τΓ
is the Dirichlet trace operator from H1(Ω) to L2(Γ) and p is the solution to

(∇p,∇w)Ω + (p, w)Ω = (z, w)Ω for all w ∈ H1(Ω).(2.8)

3. Global convergence. In this section we give conditions that guarantee con-
vergence of the primal-dual active set strategy for linear and certain nonlinear opera-
tors T from arbitrary initial data. The convergence proof is based on an appropriately
defined functional that decays when evaluated along the iterates of the algorithm. An
a priori estimate for the adjoint variable p in (2.6) will play an essential role. In this
section we shall assume this estimate to hold. In the following sections the estimate
will be investigated separately for the linear and nonlinear cases.

To specify the condition alluded to above let us consider two consecutive iterates
of the algorithm. For every k = 1, 2, . . . , the sets A+

k , A
−
k , and Ik give a mutually

disjoint decomposition of Σ. According to (i) and (ii) in the form (2.6) we find

H(yk+1) −H(yk) = uk+1 − uk =

⎧⎨⎩
Rk

A+ on A+
k+1,

1
α (pk+1 − pk) + Rk

I on Ik+1,
Rk

A− on A−
k+1

(3.1)

and

H ′(yk+1)∗pk+1 −H ′(yk)∗pk + yk+1 − yk = 0,(3.2)

where the residual Rk is given by

Rk
A+ =

⎧⎨⎩
0 on A+

k ∩A+
k+1,

ψ − 1
α pk = ψ − uk < 0 on Ik ∩A+

k+1,
ψ − ϕ < 1

α λk on A−
k ∩A+

k+1,
(3.3)

Rk
I =

⎧⎨⎩
1
α λk = 1

α pk − ψ ≤ 0 on A+
k ∩ Ik+1,

0 on Ik ∩ Ik+1,
1
α λk = 1

α pk − ϕ ≥ 0 on A−
k ∩ Ik+1,

(3.4)

Rk
A− =

⎧⎨⎩
ϕ− ψ > 1

α λk on A+
k ∩A−

k+1,
ϕ− 1

α pk = ϕ− uk > 0 on Ik ∩A−
k+1,

0 on A−
k ∩A−

k+1.
(3.5)

Let Rk denote the function defined on Ω whose restrictions to A+
k+1, Ik+1, A−

k+1

coincide with Rk
A+ , Rk

I , and Rk
A− .

We shall utilize the following a priori estimate:⎧⎨⎩
There exists ρ < α such that

|pk+1 − pk|U < ρ |Rk|U for every k = 1, 2, . . . .
(3.6)
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The convergence proof will be based on the following merit functional M : U×U → R
given by

M(u, λ) = α2

∫
Σ

(|(u− ψ)+|2U + |(ϕ− u)+|2U ) dx +

∫
A+(u)

|λ−|2U dx +

∫
A−(u)

|λ+|2U dx,

where A+(u) = {x : u ≥ ψ} and A−(u) = {x : u ≤ ϕ}. For pairs (u, λ) ∈ U × U
satisfying

λ(u− ψ)(ϕ− u)(x) = 0 for a.a. x ∈ Σ,(3.7)

at most one of the integrands of M can be strictly positive at x ∈ Σ.
Theorem 3.1. Assume that (3.6) holds for the iterates of the primal-dual active

set strategy. Then M(uk+1, λk+1) ≤ α−2ρ2M(uk, λk) for every k = 1, . . . . More-
over there exist (u∗, y∗, p∗, λ∗) ∈ U × Y × U × U with (y∗, p∗) ∈ range (T (u∗))×
range (T ′(u∗)∗) such that limk→∞(uk, pk, λk) = (u∗, p∗, λ∗) and (u∗, y∗, p∗, λ∗) satis-
fies (2.5).

Proof. From (2.6) we have

λk+1 = pk+1 − αψ on A+
k+1,

uk+1 = 1
α pk+1 on Ik+1,

λk+1 = pk+1 − αϕ on A−
k+1.

Using step (ii) of the algorithm in the form of (2.6) implies that

λk+1 = pk+1 − pk + pk − αψ = pk+1 − pk +

⎧⎨⎩
λk > 0 on A+

k ∩A+
k+1,

α(uk − ψ) > 0 on Ik ∩A+
k+1,

αuk + λk − αψ ≥ 0 on A−
k ∩A+

k+1,

and therefore

|λk+1,−(x)| ≤ |pk+1(x) − pk(x)| for x ∈ A+
k+1.(3.8)

Analogously one derives

|λk+1,+(x)| ≤ |pk+1(x) − pk(x)| for x ∈ A−
k+1.(3.9)

Moreover

uk+1 − ψ =
1

α
(pk+1 − pk + pk) − ψ

=
1

α
(pk+1 − pk) +

⎧⎨⎩
1
αλ

k ≤ 0 on A+
k ∩ Ik+1,

uk − ψ ≤ 0 on Ik ∩ Ik+1,
1
αλ

k + u− ψ ≤ 0 on A−
k ∩ Ik+1,

which implies that

|(uk+1 − ψ)+(x)| ≤ 1
α |pk+1(x) − pk(x)| for x ∈ Ik+1.(3.10)

Analogously one derives that

|(ϕ− uk+1)+(x)| ≤ 1
α |pk+1(x) − pk(x)| for x ∈ Ik+1.(3.11)
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Due to (ii) of the algorithm we have that

(uk+1 − ψ)+ = (ϕ− uk+1)+ = 0 on A+
k+1 ∪A−

k+1,

which together with (3.10)–(3.11) implies that

|(uk+1 − ψ)+(x)| + |(ϕ− uk+1)+(x)| ≤ 1
α |pk+1(x) − pk(x)| for x ∈ Σ.(3.12)

From (3.8), (3.9) and since ϕ < ψ a.e. on Σ we find

|λk+1,−(x)| ≤ |pk+1(x) − pk(x)| for x ∈ A+(uk+1)(3.13)

and

|λk+1,+(x)| ≤ |pk+1(x) − pk(x)| for x ∈ A−(uk+1).(3.14)

Combining (3.11)–(3.14) implies that

M(uk+1, λk+1) ≤
∫

Σ

|pk+1(x) − pk(x)|2dx.(3.15)

Since (3.6) is supposed to hold we have

M(uk+1, λk+1) ≤ ρ2|Rk|2U .

Moreover, from (3.3)–(3.5) we deduce that

|Rk|2U ≤ α−2M(uk, λk),(3.16)

and consequently

M(uk+1, λk+1) ≤ α−2ρ2M(uk, λk) for k = 1, 2, . . . .(3.17)

From (3.6), (3.16), and (3.17) it follows that |pk+1 − pk|U ≤ ( ρ
α )kρ|R0|U . Thus there

exists p∗ ∈ U such that limk→∞ pk = p∗.
Note that for k ≥ 1

A+
k+1 = {x : pk(x) > αψ(x)}, Ik+1 = {x : αϕ(x) ≤ pk(x) ≤ αψ(x)},

A−
k+1 = {x : pk(x) < αϕ(x)},

and hence

λk+1 = max(0, pk − αψ) + min(0, pk − αϕ) + (pk+1 − pk)χ
A

+
k+1

∪A
−
k+1

.

Since limk→∞(pk+1−pk) = 0 and limk→∞ pk exists, it follows that there exists λ∗ ∈ U
such that limk→∞ λk = λ∗, and

λ∗ = max(0, p∗ − αψ) + min(0, p∗ − αϕ).(3.18)

From the last equation in (2.6) it follows that there exists u∗ such that limk→∞ uk = u∗

and αu∗ − p∗ + λ∗ = 0. Combined with (3.18) the triple (u∗, p∗, λ∗) satisfies the
complementarity condition given by the second equation in (2.2). Passing to the limit
with respect to k in (2.3) we obtain that the first equation in (2.1) is satisfied by
(u∗, λ∗). Setting y∗ = T (u∗) we find that (u∗, y∗, p∗, λ∗) satisfies (2.5).
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4. The linear case. In this section we give sufficient conditions for (3.6) to hold
if T ∈ L(U, Y ) is an injective operator with dense range in Y . If we define H = T−1,
then H is closed and (3.1)–(3.2) can be expressed as{

H(yk+1 − yk) = Rk + 1
α (pk+1 − pk)χIk+1

,
H∗(pk+1 − pk) + yk+1 − yk = 0.

(4.1)

Theorem 4.1. If T is linear and ‖T‖2
L(U,Y ) < α, then (3.6) holds.

Proof. Since yk+1 − yk ∈ range (H) we can apply H to the second equation in
(4.1) and obtain

HH∗(pk+1 − pk) +
1

α
(pk+1 − pk)χIk+1

= −Rk.(4.2)

Taking the inner product with respect to pk+1 − pk implies

|H∗(pk+1 − pk)|2Y ≤ |Rk| |pk+1 − pk|U .

Since |pk+1 − pk|U ≤ |T ∗H∗(pk+1 − pk)|U ≤ ‖T‖L(U,Y )|H∗(pk+1 − pk)|Y , the claim
follows.

Remark 4.1. In [BIK] the condition ‖T‖2
L(U,Y ) ≤ α

2 was obtained for global con-
vergence by a different technique for the unilateral case. Note that in applications to
optimal control problems, T represents the solution operator to a differential equa-
tion. For elliptic or parabolic equations T is smoothing and it is reasonable to assume
that ‖T‖ is relatively small. (For T = (−∆)−1 with Dirichlet boundary conditions on
the unit square in R2, we have ‖T‖2 = 1

4π4 .)
The smallness condition of Theorem 4.1 is not required if appropriate structural

properties can be utilized. For example, in finite dimensions, if T is an M matrix, then
global convergence was obtained in [HIK]. Sufficient conditions for global convergence
if T is a P-matrix are also given in [HIK]. Global convergence of infinite dimensional
obstacle problems was analyzed in [IK2] exploiting the maximum principle.

5. A class of nonlinear problems. This section is devoted to an analysis of
specific nonlinear problems for which (3.6) can be satisfied. Let Σ = Ω ⊂ R

n, n = 2
or 3, with smooth boundary ∂ Ω. Further let φ : R → R be a monotone mapping with
locally Lipschitzian derivative, satisfying φ(0) = 0, and such that the substitution
operator determined by φ maps H1(Ω) into L2(Ω). In the notation of section 2 we
choose U = Y = L2(Ω) and define T as the solution operator to{

H(y) = −∆y + φ(y) = u in Ω,
y = 0 on ∂Ω,

(5.1)

where ∆ denotes the Laplacian. The adjoint equation is given by{
H ′(y)∗p = −∆p + φ′(y)p = −(y − z) in Ω,
p = 0 on ∂Ω.

(5.2)

Let (u0, λ0) be an arbitrary initialization and let Ũ = {uk : k = 1, . . . } denote the
set of iterates generated by the algorithm. Since these iterates are solutions to the
auxiliary problem (2.4) it follows that for every ᾱ > 0 the set Ũ is bounded in L2(Ω)
uniformly with respect to α ≥ ᾱ.

By monotone operator theory and regularity theory of elliptic partial differential
equations it follows that the set of primal states {yk = y(uk) : k = 1, . . . } and adjoint
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states {pk = p(y(uk)) : k = 1, . . . } are bounded subsets of L∞(Ω). Let C denote this
bound and let LC denote the Lipschitz constant of φ on the ball BC(0) with center
0 and radius C in R. Let H1

0 (Ω) = {u ∈ H1(Ω) : u = 0 on ∂Ω} be the Hilbert space
endowed with norm |∇u|L2 and let κ stand for the embedding constant from H1

0 (Ω)
into L2(Ω).

Proposition 5.1. Assume that 0 < (1+C LC)κ4

α−(1+C LC)κ4 < 1. Then (3.6) holds for

the mapping T determined by the solution operator to (5.1).
Proof. For the case under consideration, (3.1) and (3.2) can be expressed as

−∆(yk+1 − yk) + φ(yk+1) − φ(yk) =
1

α
(pk+1 − pk)χIk+1 + Rk,(5.3)

−∆(pk+1 − pk) + φ′(yk+1)(pk+1 − pk) + (φ′(yk+1) − φ′(yk))pk + yk+1 − yk = 0.

(5.4)

Taking the inner product of (5.3) with yk+1 − yk we have, using monotonicity of φ,

|yk+1 − yk|1 ≤ κ2

α
|(pk+1 − pk)|1 + |Rk|−1,(5.5)

where | · |1 and | · |−1 denote the norms in H1
0 (Ω) and H−1(Ω), respectively. Note that

φ′(yk+1) ≥ 0. Hence from (5.4) we find

|pk+1 − pk|21 ≤ C LC |yk+1 − yk|L2 |pk+1 − pk|L2 + |(yk+1 − yk, pk+1 − pk)|

≤ (1 + C LC) κ2|yk+1 − yk|1|pk+1 − pk|1.

Thus,

|pk+1 − pk|1 ≤ (1 + C LC)κ2 |yk+1 − yk|1

and hence from (5.5)

|yk+1 − yk|1 ≤ α

α− (1 + C LC)κ4
|Rk|−1.

It thus follows that

|pk+1 − pk|L2 ≤ α (1 + C LC)κ4

α− (1 + C LC)κ4
|Rk|L2 .

This implies (3.6) with

ρ =
(1 + C LC)κ4

α− (1 + C LC)κ4
.

6. Local superlinear convergence. In this section we derive sufficient condi-
tions for superlinear convergence. Our analysis is based on expressing the primal-dual
algorithm as a partial semismooth Newton algorithm for solving the optimality system
(2.2). We refer to the procedure as partial semismooth Newton approach, since only
the nonlinearity due to the max operation is linearized whereas the mapping u → T (u)
is not. Observe that the second equation in (2.2) can equivalently be expressed as

λ = max(0, λ + c(u− ψ)) + min(0, λ + c(u− ϕ)) for every c > 0.(6.1)
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Choosing α = c, the necessary optimality condition can equivalently be formulated as

F(u) = α(u− ψ) + max(0, α ψ − p(u)) + min(0, p(u) − αϕ) = 0,(6.2)

where

p(u) = −T ′(u)∗(T (u) − z).

Aside from the initialization, the iterative step of the algorithm can be equivalently
expressed as

α(uk+1 − ψ) −Gk
max(p(u

k+1) − p(uk)) + Gk
min(p(uk+1) − p(uk))

+ max(0, α ψ − p(uk)) + min(0, p(uk) − αϕ) = 0,
(6.3)

where

Gk
maxφ =

{
0 on A+

k+1 = {x : pk − αψ > 0},
φ on Iψk+1 = {x : pk − αψ ≤ 0},

Gk
minφ =

{
φ on A−

k+1 = {x : pk − αϕ < 0},
0 on Iϕk+1 = {x : pk − αϕ ≥ 0},

and pk = p(uk).
Henceforth let u∗ denote a solution to (2.1), set y∗ = T (u∗), and let λ∗ be such

that (u∗, λ∗) satisfy (2.1). Further, let {uk}∞k=1 denote the sequence of iterates which,
together with u∗ are assumed to be contained in N , introduced in section 2. Note
that (u∗, λ∗) satisfy

αu∗ − p(u∗) + λ∗ = 0,
α(u∗ − ψ) + max(0, α ψ − p(u∗)) + min(0, p(u∗) − αϕ) = 0.

(6.4)

Combined with (6.3) we obtain

α(uk+1 − u∗) −Gk
max(p(u

k+1) − p(u∗)) + Gk
min(p(uk+1) − p(u∗))

= max(0, α ψ − p(u∗)) − max(0, α ψ − p(uk)) + Gk
max(p(u

∗) − p(uk))
+ min(0, p(u∗) − αϕ) − min(0, p(uk) − αϕ) −Gk

min(p(u∗) − p(uk)) =: R(uk).

(6.5)

Thus, given uk, the new iterate uk+1 satisfies

α(u− u∗) −GI(p(u) − p(u∗)) = R,(6.6)

where R = R(uk), and GI is the characteristic function of the set {x : αϕ(x) ≤
p(uk)(x) ≤ αψ(x)}. Equivalently, (6.6) can be expressed as{

H(y) −H(y∗) = 1
α GI(p− p(u∗)) + 1

α R,
H ′(y)∗p−H ′(y∗)∗p(u∗) + y − y∗ = 0,

(6.7)

with R = R(uk), I = I(p(uk)), where y and u are related by y = T (u).
In the statement of the following conditions, which will be used to establish local

superlinear convergence, N(u∗) denotes a neighborhood of u∗ in L2(Σ).{
There exists q > 2, a neighborhood N(u∗) and L > 0 such that
|p(u) − p(u∗)|Lq(Σ) ≤ L|u− u∗|L2(Σ) for all u ∈ N(u∗),

(6.8)
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where p(u) = −T ′(u)∗(T (u) − z).⎧⎨⎩
There exists a constant C independent of I and R such that
for every solution u to (6.6) with u ∈ N(u∗)
|u− u∗|L2(Σ) ≤ C|R|L2(Σ).

(6.9)

Condition (6.9) will be applied with u = uk and R = R(uk), so that existence of u
satisfying (6.6), respectively (y, p) satisfying (6.7), is a priori established. Throughout
the remainder of the paper we require that ϕ,ψ ∈ Lq(Σ).

Lemma 6.1. Assume that (6.8) is satisfied. Then

|max(0, α ψ − p(u∗ + h)) − max(0, α ψ − p(u∗))

+ Gψ(p(u∗+h))
max (p(u∗ + h) − p(u∗))|L2(Σ) = o(|h|L2(Σ)).

Proof. The mapping u → max(0, u) is Newton differentiable for every q > 2, i.e.,

|max(0, u + v) − max(0, u) −G(u + v)v|L2(Σ) = o(|v|Lq(Σ)),(6.10)

where

G(u + v)(x) =

{
1 if (u + v)(x) ≥ 0,
0 if (u + v)(x) < 0;

see [HIK, U]. Applying (6.10) with u = αψ − p(u∗) and u + v = αψ − p(u∗ + h)
implies

|max(0, α ψ − p(u∗ + h)) − max(0, α ψ − p(u∗))

+ Gψ(p(u∗+h))
max (p(u∗ + h) − p(u∗))|L2(Σ) = o(|p(u∗ + h) − p(u∗)|Lq(Σ)).

The claim follows with (6.8).
Theorem 6.2. Assume that the iterates uk converge to a solution u∗ of (2.1)

and that (6.8) is satisfied. If in addition (6.9) holds, then uk converges superlinearly.
Proof. In case (6.9) is satisfied, we have for all sufficiently large k

|uk+1 − u∗|U ≤ C|R(uk)|U .

Using Lemma 6.1 with h = uk−u∗, and an analogous estimate for the min operation,
it follows from 6.5 that

|uk+1 − u∗|U ≤ o(|uk − u∗|U ).

Proposition 6.3. If T is linear, then (6.9) is satisfied.
Proof. Let I be an arbitrary subset of Σ and let R ∈ L2(Σ). Denote by A the

complement of I in Σ. For φ ∈ L2(Σ) let φI = φχI and φA = φχA. From (6.6) we
have

|(u− u∗)A|U ≤ 1
α |RA|U ,(6.11)

where u is any solution to (6.6). Moreover,

α(u− u∗)I − (p(u) − p(u∗))I = RI

and hence

α(u− u∗)I + (T ∗T (u− u∗))χI = RI .
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Taking the inner product with (u− u∗)I we find

α|(u− u∗)I |2U + |T (u− u∗)I |2Y ≤ 1
2 |T (u− u∗)I |2Y + 1

2 |T (u− u∗)A|Y
+ α

2 |(u− u∗)I |2U + 1
α |RI |2U ,

and therefore

|(u− u∗)I |2U + |T (u− u∗)I |2Y ≤ 1
α2 ‖T‖2|RA|2U + 1

α |RI |2U .

Combined with (6.11) this gives the desired result.
In the following propositions we turn to providing conditions that imply (6.9) in

case T is nonlinear. The abbreviations y∗ = y(u∗) and p∗ = p(u∗) will be used.
Proposition 6.4. Assume that p : U → U is Lipschitz continuous with Lipschitz

constant γ. If α > γ, then (6.9) is satisfied.
Proof. From (6.6),

(α− γ) |u− u∗|U ≤ |R|U ,

and (6.9) follows.
Proposition 6.5. Assume that there exists a neighborhood N (u∗) and constants

c > 0 and δ > 0 such that

((H ′(y) −H ′(y∗))∗p∗, y − y∗)U + |y − y∗|2Y ≥ δ |y − y∗|2Y(6.12)

and

|p− p∗|U ≤ c |y − y∗|Y(6.13)

for u ∈ N (u∗), where y = T (u) and p = −T ′(u)∗(T (u) − z). If further

(H(y) −H(y∗) −H ′(y)(y − y∗), p− p∗)U ≤ ε |y − y∗|2Y ,(6.14)

where ε → 0 as |u− u∗| → 0, then (6.9) is satisfied.
Proof. From (6.7),

H ′(y)(y − y∗) + H(y) −H(y∗) −H ′(y)(y − y∗) = 1
αG

I(p− p∗) + 1
αR,

H ′(y)∗(p− p∗) + (H ′(y) −H ′(y∗))∗p∗ + y − y∗ = 0.

Multiplying the first equation by −(p − p∗) and the second equation by y − y∗ and
then summing them, we have

((H ′(y) −H ′(y∗))∗p∗, y − y∗)U + |y − y∗|2Y + 1
α |(p− p∗)I |2U

≤ (H(y) −H(y∗) −H ′(y)(y − y∗), p− p∗)U − 1
α (R, p− p∗).

The assumptions of the proposition imply the existence of a constant C and a neigh-
borhood N(u∗) such that

|p− p∗|U ≤ C |R|U

for all u ∈ N(u∗). The conclusion now follows from (6.2) and (6.4).
If H is twice continuously Fréchet differentiable in a neighborhood of y∗ and

H ′′(y∗)p∗ is small, then (6.12) in Proposition 6.4 is satisfied. This smallness condition
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can be implied by smallness of y∗ − z, for example. The solution u∗ itself and hence
y∗ depend on α, and the question arises whether by appropriate choice of α it can be
guaranteed that y∗ − z is sufficiently small. This problem is addressed by assuming
that there exists a feasible control ū such that T (ū)− z is sufficiently small. Then, it
can be shown that under appropriate conditions, the smallness condition for y∗ − z
holds for all sufficiently small α.

Remark 6.1. We demonstrate the applicability of Proposition 6.5. For this pur-
pose we return to the class of problems described at the beginning of section 5 and
assume in addition that φ ∈ C2. Let B denote a bounded subset of L2(Ω). Then
y = y(u) and p = p(u) with u ∈ B are bounded sets in H2(Ω) ∩H1

0 (Ω) ∩L∞(Ω). We
have

−∆(y − y∗) + φ(y) − φ(y∗) = u− u∗,

−∆(p− p∗) + φ′(y)(p− p∗) + (φ′(y) − φ′(y∗))p∗ + y − y∗ = 0.

Since φ is monotone, it follows from the first equation with the arguments of Propo-
sition 5.1 that

|y − y∗|1 ≤ κ2 |u− u∗|L2 ,

and from the second equation we deduce that

|p− p∗|1 ≤ (κ + M |p∗|L∞) |y − y∗|L2

for a constant M independent of u ∈ B. Thus, (6.13) holds. Moreover, since |(φ′(y)−
φ′(y∗))p∗ + y − y∗|L2 → 0 as |u − u∗|L2 → 0, it follows that |p − p∗|H2 → 0 for
|u− u∗| → 0 as well. To argue (6.14) observe that

(H(y) −H(y∗) −H ′(y)(y − y∗), p− p∗)

=
∫ 1

0
(φ′′(y + t(y − y∗))(y − y∗)2, p− p∗) dt ≤ M̄ |p− p∗|L∞ ||y − y∗|2L2 ,

for a constant M̄ independent of u ∈ B. Moreover |p− p∗|L∞ → 0 as |u− u∗|L2 → 0
and hence (6.14) holds. Finally note that

|(φ′(y) − φ′(y∗))p∗|L2 ≤ M̂ |y∗ − z|L2 |y − y∗|L2 ,

where M̂ is independent of α > 0 and thus (6.12) follows.

7. Semismooth Newton method. So far we have analyzed global convergence
as well as local superlinear convergence of the partial semismooth Newton method
for solving (2.1). In this section we consider the semismooth Newton method for
(2.1). The starting point is the optimality condition in the form (6.2). Given u0, the
semismooth Newton iteration is determined by

α(uk+1 − ψ) −Gk
max p′(uk)(uk+1 − uk) + Gk

min p′(uk)(uk+1 − uk)
+ max(0, α ψ − p(uk)) + min(0, p(uk) − αϕ) = 0,

(7.1)

where Gk
max and Gk

min are as given for (6.3). Combined with (6.4) the error equation
is found to be⎧⎨⎩

α(uk+1 − u∗) −Gk
maxp

′(uk)(u
k+1 − u∗) + Gk

minp
′(uk)(u

k+1 − u∗)
= −max(0, α ψ − p(uk)) + max(0, α ψ − p(u∗)) −G′

maxp
′(uk)(u

k − u∗)

−min(0, p(uk) − αϕ) + min(0, p(u∗) − αϕ) + G′
minp

′(uk − u∗) = R̃.

(7.2)
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Thus, given uk the next iterate uk+1 is the solution to

α(u− u∗) −GIkp′(uk)(u− u∗) = R̃,(7.3)

where R̃ = R̃(uk) and GIk is the characteristic function of the set Ik = {x : αϕ(x) ≤
p(uk)(x) ≤ αψ(x)}. Equation (7.3) is the analogue to (6.6), which characterized the
error equation for the partial semismooth Newton method. From (7.3) it follows that

the convergence rate of uk to u∗ is determined by R̃ and invertibility of the family of
operators

M(u, I) = α I −GIp′(u)

as elements of L(L2(Σ)), where u ∈ L2(Σ) and I is a measurable subset of Ω. With
respect to the latter we shall utilize the following assumption:⎧⎨⎩

There exists a neighborhood N̄(u∗) of u∗ and a constant C > 0
such that
‖M−1(u, I)‖L(L2(Σ)) ≤ C for all u ∈ U(u∗) and I ⊂ Ω.

(7.4)

If we assume p to be C1 and the conditions of either Proposition 6.4 or 6.5 are
satisfied, then (7.4) holds. This follows from minor modifications of the proofs of

these results. Turning to the estimate of R̃ we observe that it involves the generalized
derivatives of the composite mappings u → max(0, α ψ−p(u)) and u → min(0, p(u)−
αϕ). We recall the notion of Newton differentiability from [HIK] and prove a chain
rule.

Let X,Z be Banach spaces, D ⊂ X an open subset, and ω ⊂ R
n bounded.

Definition 7.1. F : D ⊂ X → Z is called Newton differentiable at x∗ if there
exists a neighborhood N(x∗) ⊂ D and a family of mappings G : N(x∗) → L(X,Z)
such that {‖G(x)‖ : x ∈ N(x∗)} is bounded and

lim
|h|X→0

1

|h|X
|F (x∗ + h) − F (x∗) −G(x∗ + h)h|Z = 0.(A)

Lemma 7.2 (chain rule). Let g : D ⊂ Lp(ω) → Lq(ω), 1 ≤ p < q < ∞, be
continuously Fréchet differentiable at y∗ ∈ D and let φ : Lq(ω) → Lp(ω) be Newton
differentiable at g(y∗) with a generalized gradient G. Then F = φ(g) is Newton
differentiable at y∗ with a generalized gradient given by G(g)g′ ∈ L(Lp(ω), Lp(ω)).

Proof. Let U be a convex neighborhood of y∗ in Lp(Ω) such that g′ is continuous
in U and g(U) is contained in the neighborhood N(g(y∗)) according to the definition
of Newton differentiability of φ at g(y∗). Further let U and C > 0 be such that

‖G(g(y))‖L(Lq,Lp) ≤ C for all y ∈ U

and

‖g′(y)‖L(Lp,Lq) ≤ C for all y ∈ U.

Let h ∈ Lp(Ω) be such that y∗ + h ∈ U . We shall utilize that

g(y∗ + h) = g(y∗) +

∫ 1

0

g′(y∗ + sh)h ds(7.5)
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and g(y∗ + h) ∈ N(g(y∗)). Newton differentiability of φ at g(y∗) implies that

lim
|h|Lp→0

1

|h|Lp

∣∣∣∣φ(g(y∗ + h)) − φ(g(y∗)) −G(g(y∗ + h))

∫ 1

0

g′(y + sh)h ds

∣∣∣∣
Lp

= 0.

(7.6)

Here we use (7.5) and the fact that∣∣∣∣∫ 1

0

g′(y + sh)h ds

∣∣∣∣
Lq

≤
∫ 1

0

‖g′(y + sh)‖L(Lp,Lq)ds|h|Lp ≤ C|h|Lp .

Let ε > 0 be arbitrary. Due to continuity of g′ at y∗, there exists a convex neighbor-
hood Uε ⊂ U of y∗ such that ‖g′(y)− g′(y∗)‖L(Lp,Lq) < ε for all y ∈ Uε. Consequently

1
|h|Lp

∣∣∣∣G(g(y∗ + h))
(∫ 1

0

g′(y∗ + sh)h ds− g′(y∗ + h)h
)∣∣∣∣

Lp

≤ C
|h|Lp

∫ 1

0

‖g′(y∗ + sh) − g′(y∗ + h)‖L(Lp,Lq)ds|h|Lp

≤ C ε for all y ∈ Uε.

Combining this estimate with (7.6) we find

lim
|h|Lp→0

1

|h|Lp

|φ(g(y∗ + h)) − φ(g(y∗)) −G(g(y∗ + h))g′(y∗ + h)|Lp ≤ C ε.

Theorem 7.3. If (7.4) holds and u → p(u) = −(T (u)′)∗(T (u)−z) is continuously
Fréchet differentiable from neighborhood N(u∗) ⊂ L2(Σ) of u∗ to Lq(Σ) for some
q > 2, then the semismooth Newton iteration (7.1) converges superlinearly provided
|u0 − u∗|U is sufficiently small.

Proof. The mappings u → max(0, u) and u → min(0, u) are Newton differentiable
at every u from Lq(Σ) to L2(Σ) for each q > 2. The claim follows from (7.3), (7.4),

and Lemma 7.2 with p = 2 applied to R̃.
Remark 7.1. For the results of sections 6 and 7, the requirement ϕ < ψ can be

relaxed to ϕ ≤ ψ a.e. in Σ. However, we require ϕ,ψ ∈ Lq(Σ).
Remark 7.2. While the analysis of semismoothness in function space is rather

recent, it has a long tradition in finite dimensional spaces. We refer to the pioneering
work [M] for semismooth functionals and its extensions, e.g., in [QS, SQ] to Rn-valued
functions and nonsmooth versions of Newton’s method.

Remark 7.3. The results of sections 6 and 7 depend in an essential manner
on the regularity properties of the composite functions u → max(0, α ψ − p(u)) and
u → min(0, p(u) − αϕ). Recall that u → max(0, u) is not Newton differentiable with
the indicator function of {x : u(x) > 0} as generalized derivative from L2(Σ) to itself
[HIK], and therefore the smoothing properties that were assumed to hold for u → p(u)
as mapping from L2(Σ) to Lq(Σ), for some q > 2, are essential. They are satisfied
by many optimal control problems related to elliptic and parabolic partial differen-
tial equations. The results of section 7 are closely related to the general theory on
semismooth Newton methods developed in [U]. In [U] composite functions Ψ = ψ(F )
are considered, where F is a differentiable mapping between vector-valued functions
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spaces and ψ is a semismooth mapping from Rn to Rk. The generalized derivative
of Ψ is given as the composition of the generalized derivative of ψ and F ′. The map-
ping u → max(0, u) is not generalized differentiable in the sense of [U] from L2(Σ)
to itself. Expressed in the present context, the results in [U] are based on general-
ized differentiability of u → max(0, α ψ − p(u)) + min(0, p(u) − αϕ) from Lq(Σ) to
L2(Σ), with 2 < q, solvability (under appropriate conditions) of the Newton equation
in L2(Σ), and an additional smoothing step in the Newton iteration resulting in an
update that is again in Lq(Σ). Convergence rates are subsequently obtained in Lq(Σ).
In our work, on the contrary, we utilize smoothing properties of p, which guarantee
that the composite mapping u → max(0, α ψ − p(u)) + min(0, p(u) − αϕ) is Newton
differentiable.

Remark 7.4. There is a close relationship between the algorithms analyzed in
this paper and Bertsekas’ projected Newton method for simple constraints; see [B,
p. 76 ff]. In the Bertsekas algorithm the new iterate is projected onto the admissible
set Uad = {u : ϕ ≤ u ≤ ψ}, before the new system matrix and right-hand side are
computed. A more complete comparison is given in [BK]. Since to our knowledge the
Bertsekas algorithm was not analyzed in a general context in the infinite dimensional
setting, the following observation is of interest. Let P denote the projection in L2(Σ)
onto Uad, and assume that for the iterates of the partial (or full) semismooth Newton
method we have |uk+1 − u∗| ≤ δk|uk − u∗| with limk→∞ δk = 0. Then the feasible
iterates ũk = P (u∗) which are obtained from modifying the algorithm by including
a projection step after the Newton update converge superlinearly as well. In fact we
have

|ũk+1 − u∗|L2(Σ) = |P (uk+1) − P (u∗)|L2(Σ) ≤ |uk+1 − u∗|L2(Σ) ≤ δk|ũk − u∗|L2(Σ),

as desired.

8. Numerical tests. We give a brief account of some numerical tests that we
carried out to solve optimal control problems with unilateral constraints for nonlinear
problems of the form ⎧⎪⎪⎨⎪⎪⎩

min 1
2 |y(u) − z|2L2(Ω) + α

2 |u|2L2(Ω)

−µ∆ y + g(y) = u in Ω,
y = 0 on ∂Ω,
u ≤ ψ in Ω.

(8.1)

The domain Ω was chosen as the unit square, and the discretization of (8.1) was
obtained on the basis of finite differences with a five-point star approximation of the
Laplacian and a uniform grid with mesh size h = 1

n . When applying the primal-dual
active set strategy specified at the beginning of section 2, then (2.3) can be expressed
as in (2.6) with H(y) = −µ∆ y + g(y). The auxiliary equality constrained problems
(2.4) were solved by an SQP method with stopping criterion 10−12 for the discrete
L2-norm of the increments. The primal-dual algorithm was initialized by solving (8.1)
without the constrained u ≤ ψ by the SQP method with stopping criterion 10−3.

In the numerical examples that we tested we observed that the primal-dual active
set algorithm terminated after finitely many iterations by producing identical active
sets in two consecutive iterations. We refer to the corresponding iterate as the solution
u∗
h of the discretized problem. This is justified by the fact that such a solution satisfies

the discretized form of the optimality system (2.6).
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Table 1

k 1 2 3 4

qk 0.3776 0.4082 0.1587 0.0334

qlam k 0.1656 0.2462 0.0954 0.0207

The first question that we addressed is whether superlinear convergence can be
observed in numerical practice. The problem data are specified by

z = ex1 sin x2 − 1, ψ = x1x2 − 1, µ = 0.1, α = 10−3,
g(y) = sin 3y, and n = 40.

In Table 1 we give the results for

qk =
|uk+1 − u∗

h|L2

|uk − u∗
h|L2

, qlamk =
|λk+1 − λ∗

h|L2

|λk − λ∗
h|L2

,

where u0 is the solution from the initialization phase, uk, k ≥ 1, the solution of the kth
iteration of the primal-dual active set strategy, and u∗

h the solution of the discretized
problem as introduced above. Further, λk and λ∗

h denote the corresponding Lagrange
multipliers and | · | stands for the discrete L2-norm.

We tested with several other nonlinearities, including g(y) = y3, g(y) = y5, g(y) =
ey and different mesh sizes, and again observed that the algorithm self-terminates due
to the coincidence of two consecutive active sets.

In the second class of tests we compared three algorithms. For the sake of the
following discussion let us refer to the algorithm that we described at the beginning
of this section as the PD-SQP algorithm. This refers to the fact that in an outer loop
we utilize the primal-dual active set strategy, and the resulting nonlinear equality
constrained problem, see (2.4), is solved by an SQP method. For the second algorithm,
referred to as SQP-PD, the order of the two loops is reversed. This is to say, an
SQP approach is applied to (8.1) and the resulting inequality constrained linear-
quadratic subproblems are solved by the primal-dual active set strategy. This strategy
is described in [TV], for example. Here the primal-dual active set strategy allows us
to solve the subproblems exactly since again for sufficiently large values of µ and α
the algorithm terminates when the active sets coincide in two consecutive iterations.
The outer loop is terminated with a stopping criterion measuring the increment in
the SQP iteration and is set to 10−12 in the examples. The third algorithm arises
by applying a semismooth Newton algorithm to the optimality system (2.5) with
H(y) = −µ∆ y+g(y). This algorithm, the SSN algorithm, coincides with SQP-PD as
well as PD-SQP if in the latter two only one iteration in the inner loops is carried out.
The SSN algorithm treats both nonlinearities g(y) as well as λ = max(0, λ+ (u−ψ))
simultaneously. Differently from SQP-PD and PD-SQP, it is not inherent to this
algorithm that the nonlinearity λ = max(0, λ + (u− ψ)) is realized exactly, although
depending on the stopping criterion in numerical practice this can occur.

For our comparison the stopping criterion was set to 10−12 as for the other algo-
rithms. The comparison itself was made on the basis of the overall number of required
solves of linear optimality systems. For test examples with moderate values of µ and
α, PD-SQP requires more solves than SQP-PD or SSN. This situation changes for
problems with smaller values of α and µ. In view of Theorem 4.1 and Proposition 5.1
it is then less likely that sufficient conditions for global convergence of the primal-dual
active set strategy (in SQP-PD as well as in PD-SQP) are satisfied. For such problems
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PD-SQP proved to be superior to SQP-PD, with the latter possibly nonterminating
in the inner (PD) loop by the criterion of equality of two consecutive active sets. We
therefore added the criterion of a maximum of 10 inner iterations to the SQP-PD
algorithm. For the problem data given by

z = ex1 sin x2 − 1, ψ = x1 · x2 − 1, µ = 10−4, α = 10−4, g(y) = y5, n = 40,(8.2)

the number of problem solves required by the PD-SQP/SSN/SQP-PD methods is
34/36/66, and with µ, α changed to µ = 10−3, α = 10−5 the number of solves is given
by 39/51/99. A similar comparison with z, ψ as in (8.1) and µ = 10−3, α = 10−4,
g(y) = y3 resulted in 27/18/81 required problem solves.
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Abstract. There is an error in the proof of the main result of our paper [SIAM J. Control
Optim., 41 (2002), pp. 932–953]. An additional assumption is needed for the main result to hold. In
this erratum, we supply a corrected version of the main result.

DOI. 10.1137/S0363012903435114

In our paper [1], we considered the problem of transforming the real analytic
system

ẋ = f(x) = Fx + · · · ,(0.1)

y = h(x) = Hx + · · ·(0.2)

by a local, analytic change of coordinates

z = θ(x)

and an analytic output injection

β(y)

into the system

ż = Az + β(y).

As shown by Kazantzis and Kravaris [2], this question is of interest because the latter
system admits an observer

˙̂z = Aẑ + β(y)

with linear error dynamics

˙̃z = Az̃,

where z̃ = z − ẑ. Such a θ(x) and β(y) must satisfy the PDE

∂θ

∂x
(x)f(x) = Aθ(x) + β(h(x)).(0.3)

Using the Lyapunov auxiliary theorem, Kazantzis and Kravaris showed, given an
analytic β, that this PDE admits a unique solution if all the eigenvalues of F lie in
the same half plane, either the left or the right, and the eigenvalues of A are not
resonant with those of F .
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In our paper, we claimed (Theorem 2) the existence of solutions to this PDE
under considerably weaker hypothesis on the spectrum of F , but there is an error in
our proof. An additional assumption is required: that the eigenvalues of the linear
part of the system are of type (C, ν) with respect to (w.r.t.) themselves. The correct
statement of the main result is as follows.

Main Theorem. Assume that f : Rn → Rn, h : Rn → Rp, and β : Rp → Rn

are analytic vector fields with f(0) = 0, h(0) = 0, β(0) = 0, and F = ∂f
∂x (0), H =

∂h
∂x (0), B = ∂β

∂y (0). Suppose
1. there exists an invertible n× n matrix T so that TF = AT −BH,
2. there exists a C > 0, ν > 0 such that all the eigenvalues of A are of type (C, ν)

w.r.t. σ(F ),
3. there exists a C > 0, ν > 0 such that all the eigenvalues of F are of type

(C, ν) w.r.t. σ(F ).
Then there exists a unique analytic solution z = θ(x) to the PDE (0.3) locally around
x = 0. Moreover ∂θ

∂x (0) = T , so θ is a local diffeomorphism.
Proof. Because the eigenvalues of F are of type (C, ν) w.r.t. themselves, it follows

from Siegel’s theorem [3] that there exists an analytic local change of coordinates which
linearizes the dynamics of the system (0.1). Therefore without loss of generality we
may assume that the system is of the form

ẋ = Fx,(0.4)

y = h(x).(0.5)

Then the PDE (0.3) becomes

∂θ

∂x
(x)Fx = Aθ(x) + β(h(x)),(0.6)

which has a unique local solution by Theorem 1 of [1].
Remarks. With the additional assumption, our result is no longer a generalization

of that of Kazantzis and Kravaris [2]. The set of complex vectors λ = (λ1, . . . , λn) ∈
CIn which are not of type (C, ν) w.r.t. themselves for any C is a set of measure zero
if ν is large enough [3]. Therefore the additional assumption is satisfied by almost all
systems.
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MAX-PLUS EIGENVECTOR METHODS FOR
NONLINEAR H∞ PROBLEMS: ERROR ANALYSIS∗
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Vol. 43, No. 2, pp. 379–412

Abstract. The H∞ problem for a nonlinear system is considered. The corresponding dy-
namic programming equation is a fully nonlinear, first-order, steady-state partial differential equation
(PDE), possessing a term which is quadratic in the gradient. The solutions are typically nonsmooth,
and further, there is nonuniqueness among the class of viscosity solutions. In the case where one tests
a feedback control to see if it yields an H∞ controller, or where either the controller or disturbance
sufficiently dominates, the PDE is a Hamilton–Jacobi–Bellman equation. The computation of the so-
lution of a nonlinear, steady-state, first-order PDE is typically quite difficult. In a companion paper,
we developed an entirely new class of methods for obtaining the “correct” solution of such PDEs.
These methods are based on the linearity of the associated semigroup over the max-plus (or, in some
cases, min-plus) algebra. In particular, solution of the PDE is reduced to solution of a max-plus (or
min-plus) eigenvector problem for known unique eigenvalue 0 (the max-plus multiplicative identity).
It was demonstrated that the eigenvector is unique and that the power method converges to it. In
the companion paper, the basic method was laid out without discussion of errors and convergence. In
this paper, we both approach the error analysis for such an algorithm, and demonstrate convergence.
The errors are due to both the truncation of the basis expansion and computation of the matrix
whose eigenvector one computes.
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1. Introduction. We consider the H∞ problem for a nonlinear system. The
corresponding dynamic programming equation (DPE) is a fully nonlinear, first-order,
steady-state partial differential equation (PDE), possessing a term which is quadratic
in the gradient (for background, see [1], [2], [18], [19], [37] among many notable oth-
ers). The solutions are typically nonsmooth, and further, there are multiple viscosity
solutions—that is, one does not even have uniqueness among the class of viscosity
solutions (cf. [32], [33]). The computation of the solution of a nonlinear, steady-state,
first-order PDE is typically quite difficult, and possibly even more so in the presence
of the nonuniqueness mentioned above. Some previous works in the general area of
numerical methods for these problems are [3], [7], [8], [15], [17], [22], and the references
therein. In the companion paper [25] to this article, the mathematical background
and basic algorithm for a class of numerical methods for such PDEs was discussed.
This class of methods employs the max-plus linearity of the associated semigroup. It
is a completely new class of methods. The approach is appropriate for two classes of
PDEs associated with nonlinear (infinite time-horizon) H∞ problems. The first is the
(design) case where one tests a feedback control to see if it yields an H∞ controller;
the corresponding PDE is a Hamilton–Jacobi–Bellman (HJB) equation. In the case
where the “optimal” feedback control is being determined as well, the problem takes
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the form of a differential game, and the PDE is, in general, an Isaacs equation. How-
ever, if the controller sufficiently dominates the disturbance, the PDE is still an HJB
equation, and this is the second case. There is a slight difference in that the second
case makes use of the min-plus algebra rather than the max-plus algebra. In this
paper, we will consider only the first case, so as to simplify the discussion. However,
one can certainly generalize the discussion to the second case.

The recent history of this new class of methods stems from a study of the
robust/H∞ filter ([31], [13], [11], [14], [28]; see also [5], [21], [6]), which has an asso-
ciated time-dependent, fully nonlinear, first-order PDE. In [12], the linearity of the
associated semigroup over the max-plus algebra was noted and provided a key ingre-
dient in the development of a numerical algorithm for this filter. This linearity had
previously been noted in [24]. A second key ingredient (first noted to our knowledge
in [12]) was the development of an appropriate basis for the solution space over the
max-plus algebra, i.e., with the max-plus algebra replacing the standard underlying
field. (See also [20], [23] for related work.) This reduced the problem of propagation
of the solution of the PDE forward in time to max-plus matrix-vector multiplication—
with dimension being that of the number of basis functions being used. A key point
here is that only a finite number of basis functions are used, and so one needs to
determine a bound on the induced errors.

Returning to the (design case) H∞ problem, the associated steady-state PDE is
solved to determine whether this is indeed an H∞ controller with that disturbance
attenuation level. (If there is a nonnegative, locally bounded solution which is zero
at the origin, then it is such an H∞ controller; see, for instance, [1], [36].) The
Hamiltonian is concave in the gradient variable. An example of such a PDE is

0 = H(x,∇W ) = −
[

1

2γ2
(∇W )Ta(x)∇W + (f(x))T∇W + l(x)

]
,

where the notation will be described further below. There are typically multiple so-
lutions of such PDEs—even when one normalizes by requiring W (0) = 0. In the
linear-quadratic case, two of these solutions correspond to the stable and antistable
manifolds associated with the Hamiltonian. The “correct” solution (i.e., the one cor-
responding to the available storage or value) was characterized in [36] as the smallest,
nonnegative viscosity solution which is zero at the origin. In [33], [32], for the class of
problems considered here, a specific quadratic growth bound was given which isolated
this correct solution as the unique, nonnegative solution satisfying 0 ≤ W (x) ≤ C|x|2
for a specific C depending on the problem data.

The max-plus–based methods make use of the fact that the solutions are actually
fixed points of the associated semigroup, that is,

W = Sτ [W ],(1.1)

where Sτ is the semigroup with time-step τ > 0. (See (2.7) for a definition of the
semigroup.) In this case, one does not actually use the infinitesimal version of the
semigroup (the PDE).

The max-plus algebra is a commutative semifield over R∪{−∞} with the addition
and multiplication operations given by

a⊕ b = max{a, b},
a⊗ b = a + b,

(1.2)
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where the operations are defined for −∞ in the obvious way. Note that −∞ is the
additive identity, and 0 is the multiplicative identity. Note that it is not a field since
the additive inverses are missing. Roughly speaking, it can be extended to mimic the
inclusion of additive inverses [4], but we do not need that here. Note that since 0 is
the multiplicative identity, we can rewrite (1.1) as

0 ⊗W = Sτ [W ].(1.3)

In the companion paper [25] (see also the references therein), we showed that
Sτ is linear over the max-plus algebra. With this in mind, one then thinks of W as
an infinite-dimensional eigenvector (or eigenfunction) for Sτ corresponding to eigen-
value 0. If one approximates W by some finite-dimensional vector of coefficients in
a max-plus basis expansion, then (1.3) can be recast as a finite-dimensional max-
plus eigenvector equation (approximating the true solution). Thus, the nonlinear
PDE problem is reduced to the solution of a (max-plus) linear eigenvector problem.
In [25], an algorithm was generated under the assumption that the actual solution
was spanned by a finite number of the basis functions. It also assumed exact com-
putation of the finite-dimensional matrix which had the solution as the eigenvector.
(Uniqueness of the eigenvalue and eigenvector were proven there.) In order to keep the
paper at a reasonable size, further results regarding details of the numerical methods,
convergence proofs, and error bounds were delayed to the current paper (although
one may note that [26], [27] contain some of the main points).

Since, in reality, the value function would not have a finite max-plus expansion in
any but the most unusual cases, we must consider the errors introduced by truncation
of the expansion. In [16], the question was addressed in a broad sense. In [27], it was
shown that as the number of basis functions increased, the approximation obtained
by the algorithm converged to the true value function (assuming perfect computation
of the matrix whose eigenvector one wants). We will now obtain some error estimates
for the size of the errors introduced by this basis truncation. We also consider errors
introduced by the approximation of the elements of the matrix corresponding to the
H∞ problem. Finally, these lead us to consider the relative rates at which the spacing
between the basis functions and the improvement in the time-propagation errors in
the matrix element computations must converge.

First, we need to review some results from [25] and other earlier papers which
will be needed here. This is done in section 2. In section 3, we obtain a bound on
the size of the errors in the computation of the finite-dimensional matrix, beyond
which one cannot guarantee that the method will produce an approximate solution.
Then, in section 4, we consider the errors in the solution introduced by truncation
of the basis functions. In section 5, we consider the errors in the solution introduced
by approximation of the elements of the finite-dimensional matrix. In section 6, we
combine these to determine the relative rates at which the spacing between the basis
functions and the matrix element errors must go to zero together.

Portions of this paper have appeared previously in [29], [30], [27], and [26], and
the last two specifically discuss aspects of the convergence and error analysis.

2. Review of the max-plus based algorithm. In this section, the H∞ prob-
lem class under consideration and accompanying assumptions are given. This is fol-
lowed by a review of previous results regarding the max-plus–based algorithm which
are necessary for the error analysis to follow.

We will consider the infinite time-horizon H∞ problem in the fixed-feedback case
where the control is built into the choice of dynamics. Recall that the case of active
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control computation (i.e., the game case) is discussed briefly in [25], [29], and [30].
Consider the system

Ẋ = f(X) + σ(X)w, X(0) = x,(2.1)

where X is the state taking values in Rm, f represents the nominal dynamics, the
disturbance w lies in W .

= {w : [0,∞) → Rκ : w ∈ L2[0, T ] for all T < ∞}, and σ is
an m× κ matrix-valued multiplier on the disturbance.

We will make the following assumptions. These assumptions are not necessary
but are sufficient for the results to follow. No attempt has been made at this point
to formulate tight assumptions. In particular, in order to provide some clear sketches
of proofs, we will assume that all the functions f , σ, and l (given below) are smooth,
although that is not required for the results. We will assume that there exist Kf , c ∈
(0,∞) such that

(x− y)T (f(x) − f(y)) ≤ −c|x− y|2 ∀x, y ∈ Rm,
f(0) = 0,
|fx(x)| ≤ Kf ∀x ∈ Rm.

(A1)

Note that this automatically implies the closed-loop stability criterion of H∞ control.
We assume that there exist M,Kσ < ∞ such that

|σ(x)| ≤ M ∀x ∈ Rm,
|σ−1(x)| ≤ M ∀x ∈ Rm,
|σx(x)| ≤ Kσ ∀x ∈ Rm.

(A2)

Here, we, of course, use σ−1 to indicate the Moore–Penrose pseudoinverse, and it is
implicit in the bound on σ−1(x) that σ is uniformly nondegenerate. Let l(x) be the
running cost (to which the L2-norm disturbance penalty will be added). We assume
that there exist β, α < ∞ such that

lxx(x) ≤ β ∀x ∈ Rm,
0 ≤ l(x) ≤ α|x|2 ∀x ∈ Rm,

(A3)

where notation such as lxx ≤ β will be used as a shorthand to indicate that the matrix
lxx − βI is negative semidefinite. (There is a reason for allowing β to be greater than
2α, which one might notice; see [32].)

The system is said to satisfy an H∞ attenuation bound (of γ) if there exists
γ ∈ (0,∞) and a locally bounded available storage function (again, also referred to
as the value function in what follows), W (x), such that

W (x) = sup
w∈W

sup
T<∞

∫ T

0

l(X(t)) − γ2

2
|w(t)|2 dt.(2.2)

The corresponding DPE is

0 = − supw∈Rκ

{
[f(x) + σ(x)w]T∇W + l(x) − γ2

2 |w|2
}

= −
[

1
2γ2 (∇W )Tσ(x)σT (x)∇W + fT (x)∇W + l(x)

]
.

(2.3)

Since W itself does not appear in (2.3), one can always scale by an additive constant.
It will be assumed throughout that we are looking for a solution satisfying W (0) = 0.
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We will also suppose that the above constants satisfy

γ2

2M2
>

α

c2
.(A4)

We note that there are examples where (A4) fails and the available storage is ∞.
Then one has the following result. (See [32, Thms. 2.5 and 2.6] and [33, Thm. 2.5],
where the proofs also appear.)

Theorem 2.1. There exists a unique continuous viscosity solution of (2.3) in
the class

0 ≤ W (x) ≤ c
(γ − δ)2

2M2
|x|2(2.4)

for sufficiently small δ > 0. Further, this unique continuous viscosity solution is given
by

W (x) = lim
T→∞

V (T, x) = sup
T<∞

V (T, x),(2.5)

where V is the value of the finite time horizon problem with dynamics (2.1) and payoff
and value

J(T, x, w) =

∫ T

0

l(X(t)) − γ2

2
|w(t)|2 dt,

V (T, x) = sup
w∈W

J(T, x, w).
(2.6)

Define the semigroup

Sτ [W (·)](x) = sup
w∈W

{∫ τ

0

l(X(t)) − γ2

2
|w(t)|2 dt + W (X(τ))

}
,(2.7)

where X satisfies (2.1). The next result demonstrates that we may solve the problem
by obtaining the fixed point of the semigroup. See [25, Thm. 3.2] and the accompa-
nying proof (or alternatively [30, Thm. 3.2 and proof]).

Theorem 2.2. For any τ ∈ [0,∞), W given by (2.5) satisfies Sτ [W ] = W , and
further, it is the unique solution in the class (2.4).

The following key result is proved in [25, p. 1153] as well as in earlier references
such as [30, Thm. 3.3] and [12, pp. 689–690]. However, to the best of the author’s
knowledge, the first statement of the result is due to Maslov [24].

Theorem 2.3. The solution operator, Sτ , is linear in the max-plus algebra.
As noted in the introduction, the above linearity is a key to the development of

the algorithms. A second key is the use of the space of semiconvex functions and a
max-plus basis for the space. A function φ is semiconvex if for every R < ∞, there
exists CR such that φ̂(x)

.
= φ(x) + (CR/2)|x|2 is convex on the ball BR

.
= {x ∈ Rm :

|x| < R}. The infimum over such CR will be known as the semiconvexity constant for
φ over BR. We denote the space of semiconvex functions by S. (The scalar CR may
sometimes be replaced by a symmetric, positive definite matrix where the condition
becomes φ(x) + (1/2)xTCRx being convex; the case will be clear from the context.)

Let 0 < R < R̂, and suppose that φ is semiconvex over BR̂(0) with constant CR̂.
Then φ is Lipschitz over BR(0), with some constant LR. See, for instance, [10] for a
proof. Therefore any φ ∈ S must be semiconvex and Lipschitz with some constants
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CR and LR over any ball BR(0). Consequently, we define the notation SR
C,L to be

the set of φ : BR(0) → R such that φ is semiconvex and Lipschitz over BR(0) with
constants C and L, respectively. For simplicity of notation, we will henceforth use
the notation Bρ for the closed ball Bρ(0) for any ρ ∈ (0,∞). It is essential that the
value, W , be semiconvex, and that is given by the next result. The proof appears on
pages 1154–1155 in [25].

Theorem 2.4. W lies in S; for any R < ∞, there exist CR, LR < ∞ such that
W ∈ SR

CR,LR
.

We now turn to the max-plus basis over SR
CR,LR

. The following theorem is a
minor variant of the semiconvex duality result given in [12]. It is derived from convex
duality [34], [35] in a straightforward manner. There is a change from [12] in that a
scalar constant there is replaced by a symmetric matrix C such that C − CRI > 0,
where I is the (usual algebra) identity matrix. This replacement allows more freedom
in the actual numerical implementation.

Theorem 2.5. Let φ ∈ S. In particular, let CR, LR ∈ (0,∞) be the semiconvexity
and Lipschitz constants, respectively, for φ over BR. Let C be a symmetric, positive
definite matrix such that C−CRI > 0. Let DR ≥ R+ |C−1|LR, where |C−1| indicates
the matrix norm of C−1. (In particular, one may take DR = R +LR/CR.) Then for
all x ∈ BR,

φ(x) = max
x̃∈BDR

[
−1

2
(x− x̃)TC(x− x̃) + ax̃

]
= max

x̃∈Rm

[
−1

2
(x− x̃)TC(x− x̃) + ax̃

]
,

(2.8)

where

ax̃ = − max
x∈BR

[
−1

2
(x− x̃)TC(x− x̃) − φ(x)

]
.(2.9)

Corollary 2.6. Let CR, LR, DR be as in Theorem 2.5. Let φ ∈ SR
C′,L′ , where

in this case, C ′ may be a symmetric, positive definite matrix such that C − C ′ > 0,
and R + |C−1|L′ ≤ DR. Then, (2.8), (2.9) hold.

Remark 2.7. R+ |C−1|LR may be replaced by |C−1|LR, where LR is a Lipschitz
constant for φ̃(x)

.
= φ(x) + 1

2x
TCx over BR. Note that LR ≤ LR + |C|R.

Let φ ∈ SR
CR,LR

. Let {xi} be a countable, dense set over BDR
, and let symmetric

C−CRI > 0, where (again) CR > 0 is a semiconvexity constant for φ over BR. Define

ψi(x)
.
= −1

2
(x− xi)

TC(x− xi) ∀x ∈ BR

for each i. It may occasionally be handy to extend the domain beyond BR by letting
ψi(x) = −∞ for x /∈ BR. Then, using Theorem 2.5, one finds (see [12, pp. 695–698])

φ(x) =

∞⊕
i=1

[ai ⊗ ψi(x)] ∀x ∈ BR, where ai
.
= − max

x∈Rm
[ψi(x) − φ(x)].(2.10)

This is a countable max-plus basis expansion for φ. More generally, the set {ψi} forms
a max-plus basis for the space SR

CR,LR
. We now have the following.

Theorem 2.8. Given R < ∞, there exist semiconvexity and Lipschitz constants
constant CR, LR < ∞ such that W ∈ SR

CR,LR
. Let C − CRI > 0 and {xi} be dense
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over BDR
, and define the basis {ψi} as above. Then

W (x) =

∞⊕
i=1

[ai ⊗ ψi(x)] ∀x ∈ BR,(2.11)

where

ai
.
= − max

x∈BR

[ψi(x) −W (x)].(2.12)

For the remainder of the section, fix any τ ∈ (0,∞). We also assume throughout
this section that one may choose C such that C − CRI > 0 and such that

Sτ [ψi] ∈ SR
C′,L′ ∀i,(A5)

where C − C ′ > 0 and R + |C−1|L′ ≤ DR. This assures that each Sτ [ψi] has a max-
plus basis expansion in terms of the basis {ψj}. We will not discuss this assumption
in detail here but simply note that we have verified that this assumption holds for
the problems where we have used this max-plus method. We also note that this
assumption will need to be replaced by a slightly stricter assumption (A5′) in section 4
for the results there and beyond.

We now proceed to review the basics of the algorithm. In [25], the above theory
was developed, and then, rather than proving convergence results for the algorithms,
drastic assumptions were made so that the basic concept could be presented, while still
keeping the paper to a reasonable length. In [25], [29], [30], it was simply assumed that
there was a finite set of basis functions, {ψi}ni=1, such that W had a finite max-plus
basis expansion over BR in those functions, that is,

W (x) =

n⊕
i=1

ai ⊗ ψi(x),(2.13)

and we let aT
.
= (a1 a2 · · · an), and Bj,i = −maxx∈BR

[ψj(x) − Sτ (ψi(x))]. Let B
be the n × n matrix of elements Bj,i. Note that B actually depends on τ , but we
suppress the dependence in the notation. We made the further drastic assumption
that for each j ∈ {1, 2, . . . , n}, Sτ [ψj ] also had a finite basis expansion in the same
set of basis functions, {ψi}ni=1, so that

Sτ [ψj(x)] =

n⊕
i=1

Bj,i ⊗ ψi(x)(2.14)

for all x ∈ BR. Specifically, under (2.13), (2.14) one has the following theorem (see,
for instance, [25, Thm. 5.1] or [30, Thm. 5.1]).

Theorem 2.9. Suppose expansion (2.13) requires ai > −∞ for all i. Sτ [W ] = W
if and only if a = B ⊗ a, where B ⊗ a represents max-plus matrix multiplication.

Continuing with the review, suppose that one has computed B exactly. One must
then compute the max-plus eigenvector. We should note that B has a unique max-plus
eigenvalue, although possibly many eigenvectors corresponding to that eigenvalue [4].
By the above results, this eigenvalue must be zero. As discussed in [25], [29], [27],
one can compute the max-plus eigenvector via the power method; this has the added
benefit that the convergence analysis to follow is performed in an analogous way. In
the power method, one computes an eigenvector a by

a = lim
N→∞

BN ⊗�0,
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where the power is to be understood in the max-plus sense and �0 is the zero vector.
Throughout the paper, we let the {xj} be such that x1 = 0, that is, ψ1(x) = − 1

2x
TCx.

Since this is simply an approach to arrangement of the basis functions, we do not
annotate it as an assumption. The fact that the power method works is encapsulated
in the following series of three results which hold under (2.13), (2.14) and are proved
in [25, pp. 1158–1160].

Lemma 2.10. B1,1 = 0. Also, there exists δ > 0 such that for all j �= 1,
Bj,j ≤ −δ.

Theorem 2.11. Let N ∈ {1, 2, . . . , n}, {ki}i=N+1
i=1 such that 1 ≤ ki ≤ n for all i

and kN+1 = k1. Suppose we are not in the case ki = 1 for all i. Then

N∑
i=1

Bki,ki+1
≤ −δ.

Recall that B has a unique max-plus eigenvalue, although possibly many max-
plus eigenvectors corresponding to that eigenvalue [4], and that by the above results,
this eigenvalue must be zero (ignoring errors due to approximation).

Theorem 2.12. limN→∞ BN⊗0 exists, converges in a finite number of steps and
satisfies e = B⊗ e. Further, this is the unique max-plus eigenvector up to a max-plus
multiplicative constant.

Thus, under the drastic assumptions above, one finds that the power method
converges to the unique solution of the eigenvector problem (in a finite number of
steps), and that this eigenvector is the finite set of coefficients in the max-plus basis
expansion of the value function, W . The next sections will deal with the facts that
we actually need to truncate infinite basis expansions, and that the computations
of the elements of B are only approximate. Convergence results and error analysis
will be performed. This not only will indicate that one can achieve arbitrarily good
approximations to W via the above max-plus approach, but also will indicate the
rate at which the distance between basis function centers should drop as the time-
propagation errors in B drop so as to guarantee convergence. This is somewhat
analogous to results for finite difference schemes which indicate the required relative
rates at which the time and space step must go to zero for such problems.

For purposes of readability, we briefly outline the steps in the max-plus algorithm
for (approximate) computation of W over a ball, BR.

1. Choose a set of max-plus basis functions of the form ψi(x) = − 1
2 (x−xi)

TC(x−
xi) where the xi lie in BDR

. (In practice however, a rectangular grid has been
used.) Choose a “time-step,” τ .

2. Compute (approximately) elements of the matrix B given by

Bj,i = − max
x∈BR

[ψj(x) − Sτ (ψi(x))].

A reasonably efficient means of computing B is important, and a Runge–
Kutta–based approach is indicated in section 5.1.

3. Compute the max-plus eigenvector of B corresponding to max-plus eigenvalue
λ = 0 (i.e., the solution of e = B ⊗ e). This is obtained from the max-plus
power method ak+1 = B ⊗ ak. This converges exactly in a finite number of
steps.

4. Construct the solution approximation from Ŵ (x)
.
=
⊕n

i=1 ai ⊗ ψi(x) on
BR(0).
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3. Allowable errors in computation of B. In this section, we obtain a bound
on the maximum allowable errors in the computation of B. If the errors are below
this bound, then we can guarantee convergence of the power method to the unique
eigenvector. In particular, the guaranteed convergence of the power method relies on
Lemma 2.10 and Theorem 2.11 since these imply a certain structure to a directed
graph associated with B (see [25], [29]). If there was a sequence {ki}i=N+1

i=1 such that
1 ≤ ki ≤ n for all i and kN+1 = k1 such that one does not have ki = 1 for all i and
such that

N∑
i=1

Bki,ki+1 ≥ 0

then there would be no guarantee of convergence of the power method (nor the ensuing
uniqueness result for that matter). In order to determine more exactly, the allowable
errors in the computation of the elements of B, we first need to obtain a more exact
expression for the δ that appears in Lemma 2.10 and Theorem 2.11, and this will
appear in Theorems 3.4 and 3.6. That will be followed by results indicating the
allowable error bounds. To begin, one needs the following lemma.

Lemma 3.1. Let X satisfy (2.1) with initial state X(0) = x ∈ Rm. Let K, τ ∈
(0,∞), and let w ∈ L2[0, τ ]. Suppose δ > 0 sufficiently small so that

δ ≤ KM2/[c(1 − e−cτ )],(3.1)

where c,M are given in assumptions (A1), (A2). Then

K|X(τ) − x|2 + δ‖w‖2
L2[0,τ ] ≥

δc

8M2
|x|2
(
1 − e−cτ

)4
.

Remark 3.2. It may be of interest to note that the assumption on the size of
δ does not seem necessary. At one point in the proof to follow, this assumption is
used in order to eliminate a case which would lead to a more complex expression on
the right-hand side in the result in the lemma statement. If some later technique
benefited from not having such an assumption, the lemma proof could be revisited
in order to eliminate it. However, at this point, that would seem to be a needless
technicality.

Remark 3.3. It is perhaps also worth indicating the intuition behind the in-
equality obtained in Lemma 3.1. Essentially, it states that, due to the nature of the
dynamics of the system, the only way that |X(τ) − x|2 can be kept small is through
input disturbance energy ‖w‖2, and so their weighted sum is bounded from below.
The dependence on |x| on the right-hand side is indicative of the fact that |f(x)| goes
to zero at the origin.

Proof. Note that by (2.1) and assumptions (A1) and (A2),

d

dt
|X|2 ≤ −2c|X|2 + 2M |X||w|(3.2)

≤ −c|X|2 + M2

c |w|2.(3.3)

Consequently, for any t ∈ [0, τ ],

|X(t)|2 ≤ e−ct|x|2 + M2

c

∫ t

0

|w(r)|2 dr
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and so

‖w‖2
L2(0,t)

≥ c
M2

[
|X(t)|2 − |x|2

]
∀ t ∈ [0, τ ].(3.4)

We may suppose

|X(t)| ≤
√

1 + (1 − e−cτ )4/2|x| ∀ t ∈ [0, τ ].(3.5)

Otherwise by (3.4) and the reverse of (3.5), there exists t ∈ [0, τ ] such that

K|X(τ) − x|2 + δ‖w‖2
L2[0,τ ] ≥ δ‖w‖2

L2[0,t]
≥ δc

2M2 (1 − e−cτ )4|x|2,(3.6)

in which case one already has the desired result. Define K
.
=
√

1 + (1 − e−cτ )4/2.
Recalling (3.2), and applying (3.5), one has

d

dt
|X(t)|2 ≤ −2c|X(t)|2 + 2MK|x||w(t)|.

Solving this ODI for |X(t)|2, and using the Hölder inequality, yields the bound

|X(τ)|2 ≤ |x|2e−2cτ +
MK|x|‖w‖√

c

(
1 − e−4cτ

)1/2
.(3.7)

This implies

|X(τ)| ≤ |x|e−cτ +
1

c1/4

√
MK|x|‖w‖

(
1 − e−4cτ

)1/4
.(3.8)

We consider two cases separately. First, we consider the case where |X(τ)| ≤ |x|.
Then, by (3.8)

|X(τ) − x| ≥ |x| − |X(τ)| ≥ |x|(1 − e−cτ ) − 1

c1/4

√
MK|x|‖w‖

(
1 − e−4cτ

)1/4
.(3.9)

Now note that for general a, b, c ∈ [0,∞), a + c ≥ b implies

a2 ≥ b2

2
− c2.(3.10)

By (3.9) and (3.10) (and noting the nonnegativity of the norm),

|X(τ) − x|2 ≥ max

{
1

2
|x|2(1 − e−cτ )2 − MK√

c
|x|‖w‖

(
1 − e−4cτ

)1/2
, 0

}
,

which implies

K|X(τ) − x|2 + δ‖w‖2 ≥ max

{
K

2
|x|2(1 − e−cτ )2 − KMK√

c
|x|‖w‖

(
1 − e−4cτ

)1/2
+ δ‖w‖2, δ‖w‖2

}
.(3.11)

The right-hand side of (3.11) is a maximum of two convex quadratic functions of
‖w‖. The second is monotonically increasing, while the first is positive at ‖w‖ = 0 and
initially decreasing. This implies that there are two possibilities for the location of the



MAX-PLUS EIGENVECTOR METHODS: ERROR ANALYSIS 389

minimum of the maximum of the two functions. If the minimum of the first function
is to the left of the point where the two functions intersect, then the minimum occurs
at the minimum of the first function; alternatively it occurs where the two functions
intersect. The minimum of the first function occurs at ‖w‖min (where we are abusing
notation here, using the min subscript on the norm to indicate the value of ‖w‖ at
which the minimum occurs), and this is given by

‖w‖min =
KMK|x|(1 − e−4cτ )1/2

2
√
cδ

.(3.12)

The point of intersection of the two functions occurs at

‖w‖int =

√
c|x|(1 − e−cτ )2

2MK(1 − e−4cτ )1/2
.(3.13)

The two points coincide when

δ =
KM2K

2
(1 − e−4cτ )

c(1 − e−cτ )2
=

KM2[1 + (1 − e−cτ )4/2](1 − e−4cτ )

c(1 − e−cτ )2
,

and ‖w‖int occurs to the left of ‖w‖min for δ less than this. It is easy to see that
assumption (3.1) implies that δ is less than the value at which the points coincide,
and consequently, the minimum of the right-hand side of (3.11) occurs at ‖w‖int.

Using the value of the right-hand side of (3.11) corresponding to ‖w‖int, we find
that for any disturbance, w,

K|X(τ) − x|2 + δ‖w‖2 ≥ δc|x|2

4M2K
2

(1 − e−cτ )4

(1 − e−4cτ )

which, using definition of K, equals

δc|x|2
4M2

(1 − e−cτ )4

(1 − e−4cτ )[1 + (1 − e−cτ )4/2]
≥ δc|x|2

8M2
(1 − e−cτ )4.(3.14)

Now we turn to the second case,

|X(τ)| > |x|.(3.15)

In this case, (3.15) and (3.8) yield

|x|e−cτ +
1

c1/4

√
MK|x|‖w‖

(
1 − e−4cτ

)1/4
> |x|.(3.16)

Upon rearrangement, (3.16) yields

‖w‖ >

√
c|x|

MK

(1 − e−cτ )2

(1 − e−4cτ )1/2
.

Consequently, using the definition of K and some simple manipulations,

K|X(τ) − x|2 + δ‖w‖2 ≥ δc|x|2(1 − e−cτ )4

M2(1 − e−4cτ )[1 + (1 − e−cτ )4/2]

≥ δc|x|2
2M2

(1 − e−cτ )4.(3.17)
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Combining (3.14) and (3.17) completes the proof.
Now we turn to how Lemma 3.1 can be used to obtain a more detailed replacement

for the δ that appears in Theorems 2.10 and 2.11. Fix τ > 0. Let

γ̂2
0 ∈
(

2M2α

c2
, γ2

)
,(3.18)

and in particular, let γ̂2
0/2 = γ2/2 − δ, where δ is sufficiently small so that

2δ < γ2 − 2M2α

c2
.(3.19)

Then all results of section 2 for W hold with γ2 replaced by γ̂2
0 , and we denote the

corresponding value by W γ̂0 . In particular, by Theorem 2.8, for any R < ∞ there
exists semiconvexity constant C0

R < ∞ for W γ̂0 over BR, and a Lipschitz constant,
L0
R. Note that the required constants satisfy C0

R < CR (see the proof of Theorem 2.8
as given in [25]). If L0

R > LR sufficiently so that R + |C−1|L0
R > DR, we modify

our basis to be dense over BD0
R
, where D0

R ≥ R + |C−1|L0
R (and redefine DR

.
= D0

R

in that case). Then, as before, the set {ψi} forms a max-plus basis for the space of
semiconvex functions over BR with semiconvexity constant, C0

R, i.e., SR
C0

R,L0
R
.

For any j, let

xj ∈ argmax
|x|≤R

{ψj(x) −W γ̂0(x)}.(3.20)

Then for any x ∈ BR,

ψj(x) − ψj(xj) ≤ W γ̂0(x) −W γ̂0(xj) −K0|x− xj |2,(3.21)

where K0 > 0 is the minimum eigenvalue of C − C0
RI > 0. Note that K0 depends

on γ̂0.
Theorem 3.4. Let γ̂0 satisfy (3.18). Let K = K0 satisfy (3.21) (where we may

take K0 > 0 to be the minimum eigenvalue of C − C0
RI > 0 if desired). Let δ > 0

satisfy δ ≤ γ2

2 − γ̂2
0

2 and (3.1). Then, for any j �= 1,

Bj,j ≤
−δc|xj |2

8M2

(
1 − e−cτ

)4
.

(Recall that by the choice of ψ1 as the basis function centered at the origin,
B1,1 = 0; see Lemma 2.10.)

Proof. Let K0, τ, δ satisfy the assumptions. Then

Sτ [ψj ](xj) − ψj(xj) = sup
w∈L2

{∫ τ

0

l(X(t)) − γ2

2
|w(t)|2 dt + ψj(X(τ)) − ψj(xj)

}
,

(3.22)

where X satisfies (2.1) with X(0) = xj . Let ε > 0, and wε be ε-optimal. Then this
implies

Sτ [ψj ](xj)−ψj(xj)≤
∫ τ

0

l(Xε(t)) − γ2

2
|wε(t)|2 dt + ψj(X

ε(τ)) − ψj(xj) + ε,
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and by (3.21) and the definition of γ̂0

≤
∫ τ

0

l(Xε(t))− γ̂2
0

2
|wε(t)|2−δ|wε(t)|2 dt+W γ̂0(Xε(τ))−W γ̂0(xj)

−K0|Xε(τ) − xj |2 + ε

and by Theorem 2.2 (for W γ̂0),

≤−δ‖wε‖2 −K0|Xε(τ) − xj |2 + ε.

Combining this with Lemma 3.1 yields

Sτ [ψj ](xj) − ψj(xj) ≤
−δc|xj |2

8M2

(
1 − e−cτ

)4
+ ε.

Since this is true for all ε > 0, one has

Sτ [ψj ](xj) − ψj(xj) ≤
−δc|xj |2

8M2

(
1 − e−cτ

)4
.(3.23)

But

Bj,j = min
|x|≤R

{Sτ [ψj ](x) − ψj(x)} ,(3.24)

which by (3.23)

≤ −δc|xj |2
8M2

(
1 − e−cτ

)4
.

Remark 3.5. It is interesting to note that one may modify (3.24) as Bj,j =
minx∈Rm {Sτ [ψj ](x) − ψj(x)} since one has ψj(x) = −∞ for x /∈ BR. One might also
note that by the nondegeneracy of σ (assumption (A2)), if any function φ > −∞ on
BR, then Sτ [φ] > −∞ on BR.

Theorem 3.6. Let γ̂0 satisfy (3.18). Let K0 be as in (3.21), and let δ > 0 be
given by

δ = min

{
K0M

2

c
,
γ2

2
− γ̂2

0

2

}
(3.25)

(which is somewhat tighter than the requirement in the previous theorem). Let N ∈ N ,
{ki}i=N+1

i=1 such that 1 ≤ ki ≤ n for all i and kN+1 = k1. Suppose we are not in the
case ki = 1 for all i. Then

N∑
i=1

Bki,ki+1 ≤ −max
ki

|xki |2
δc

8M2

(
1 − e−cNτ

)4
.

Proof. By Theorem 3.4, this is true for N = 1. We prove the case N = 2. The
proof of the general case will then be obvious. First, note the monotonicity of the
semigroup in the sense that if g1(x) ≤ g2(x) for all x, then

Sτ [g1](x) ≤ Sτ [g2](x) ∀x ∈ Rm.(3.26)
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Suppose either i �= 1 or j �= 1. By definition, ψj(x) + Bj,i ≤ Sτ [ψi](x) for all
x ∈ Rm. Using (3.26) and the max-plus linearity of the semigroup yields

Sτ [ψj ](x) + Bj,i ≤ S2τ [ψi](x) ∀x,

which implies in particular that

Sτ [ψj ](xi) + Bj,i ≤ S2τ [ψi](xi).(3.27)

Now, employing the same proof as that of Theorem 3.4, but with τ replaced by
2τ (noting that condition (3.1) is satisfied with 2τ replacing τ by our assumption
(3.25)), one has as in (3.23)

S2τ [ψi](xi) − ψi(xi) ≤
−δc|xi|2

8M2

(
1 − e−2cτ

)4
.(3.28)

Combining (3.27) and (3.28) yields[
Sτ [ψj ](xi) − ψi(xi)

]
+ Bj,i ≤

−δc|xi|2
8M2

(
1 − e−2cτ

)4
.

Using the definition of Bi,j , this implies

Bi,j + Bj,i ≤
−δc|xi|2

8M2

(
1 − e−2cτ

)4
.(3.29)

By symmetry, one also has

Bi,j + Bj,i ≤
−δc|xj |2

8M2

(
1 − e−2cτ

)4
.(3.30)

Combining (3.29) and (3.30) yields

Bi,j + Bj,i ≤ −max
{
|xi|2, |xj |2

} δc

8M2

(
1 − e−2cτ

)4
.

The convergence of the power method (described in the previous section) relied
on a certain structure of B (B1,1 = 0 and strictly negative loop sums as described in
the assumptions of Theorem 2.11). Combining this with the above result on the size
of loop sums, one can obtain a condition which guarantees convergence of the power
method to a unique eigenvector corresponding to eigenvalue zero. This is given in the
next theorem.

Theorem 3.7. Let B be given by Bj,i = −maxx∈BR

(
ψj(x) − Sτ [ψi](x)

)
for all

i, j ≤ n, and let B̃ be an approximation of B with B̃1,1 = 0 and such that there exists
ε > 0 such that

|B̃i,j −Bi,j | ≤max
{
|xi|2, |xj |2

}( δc

8M2

)(
1 − e−cτ

)4
n2

− ε ∀ i, j such that (i, j) �= (1, 1),

(3.31)

where

δ = min

{
K0M

2

c
,
γ2

2
− γ̂2

0

2

}
.(3.32)
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Then the power method applied to B̃ converges in a finite number of steps to the
unique eigenvector ẽ corresponding to eigenvalue zero, that is,

ẽ = B̃ ⊗ ẽ.

Proof. Let N ∈ N , and consider a sequence of nodes {ki}N+1
i=1 with k1 = kN+1.

We must show that if we are not in the case ki = 1 for all i, then

N∑
i=1

B̃ki,ki+1 < 0.

Suppose N > n2. Then any sequence {ki}N+1
i=1 with k1 = kN+1 must be composed of

subloops of length no greater than n2. Therefore, it is sufficient to prove the result
for N ≤ n2. Note that by the assumptions and Theorem 3.6,

N∑
i=1

B̃ki,ki+1 ≤
N∑
i=1

Bki,ki+1
+

N∑
i=1

|B̃ki,ki+1 −Bki,ki+1 |

≤−max
ki

|xki
|2 δc

8M2

(
1− e−cNτ

)4
+max

ki

|xki
|2 δc

8M2

(
1− e−cNτ

)4
(N/n2)−ε

≤−ε.

Then by the same proofs as for Theorem 2.12, the result follows.
Theorem 3.7 will be useful later when we analyze the size of errors introduced by

our computational approximation to the elements of B.
If the conditions of Theorem 3.7 are met, then one can ask what the size of the

errors in the corresponding eigenvector are. Specifically, if eigenvector ẽ is computed
using approximation B̃, what is a bound on the size of the difference between e (the
eigenvector of B) and ẽ? The following theorem gives a rough, but easily obtained,
bound.

Theorem 3.8. Let B be given by Bi,j = −maxx∈BR

(
ψj(x) − Sτ [ψi](x)

)
for all

i, j ≤ n, and let B̃ be an approximation of B with B̃1,1 = 0 and such that there exists
ε > 0 such that

|B̃i,j −Bi,j | ≤ max
{
|xi|2, |xj |2

}( δc

8M2

)(
1 − e−cτ

)4
nµ

− ε ∀ i, j,(3.33)

where µ ∈ {2, 3, 4, . . . } and δ is given by (3.32). Then the power method will yield the

unique eigenvectors e and ẽ of B and B̃, respectively, in finite numbers of steps, and

‖e− ẽ‖ .
= max

i
|ei − ẽi| ≤

(
DR

)2( δc

8M2

)(
1 − e−cτ

)4
nµ−2

− ε.

Proof. By Theorem 3.7, one may use the power method to compute ẽ, and so one
has that for any j ≤ n2,

ẽj =
[
B̃n2 ⊗ 0

]
j

= max
m≤n2

[
B̃m ⊗ 0

]
j

= max
m≤n2

max
{kl}m

l=1, k1=j

m∑
l=1

B̃kl,kl+1
,

where the exponents on B̃ represent max-plus exponentiation and the bound m ≤ n2

follows from the fact that under the assumption, the sums around any loop other than
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that of the trivial loop, B̃1,1 = 0, are strictly negative. Therefore,

ẽj ≤ max
m≤n2

max
{kl}m

l=1, k1=j

[ m∑
l=1

∣∣B̃kl,kl+1
−Bkl,kl+1

∣∣+ m∑
l=1

Bkl,kl+1

]
,

which by the assumption (3.33) and the fact that e is the eigenvector of B,

≤
(
DR

)2( δc

8M2

)(
1 − e−cτ

)4
nµ−2

− ε + ej .

By a symmetrical argument, one obtains

|ẽj − ej | ≤
(
DR

)2( δc

8M2

)(
1 − e−cτ

)4
nµ−2

− ε.

We remark that by taking ε sufficiently small, and noting that 1 − e−cτ ≤ cτ for
nonnegative τ , Theorem 3.8 implies (under its assumptions)

‖e− ẽ‖ = max
i

|ei − ẽi| ≤
(
DR

)2( δc5

8M2

)
τ4

nµ−2
.(3.34)

Also note that aside from the case i = j = 1 (recall B1,1 = 0), one has

min
i �=1

{
|xi|2

}
≤ max

{
|xi|2, |xj |2

}
∀ i, j.

Using this, and choosing ε > 0 appropriately, one has the following theorem (where we
note the condition on the errors in B is uniform but potentially significantly stricter).
The proof is nearly identical to that for Theorem 3.8

Theorem 3.9. Let B be as in Theorem 3.8, and let B̃ be an approximation of B
with B̃1,1 = 0 and such that

|B̃i,j −Bi,j | ≤ min
i �=1

{
|xi|2

}( δc

9M2

)(
1 − e−cτ

)4
nµ

∀ i, j,(3.35)

where µ ∈ {2, 3, 4, . . . } and δ is given by (3.32). Then the power method will yield the

unique eigenvectors e and ẽ of B and B̃, respectively, in finite numbers of steps, and

‖e− ẽ‖ ≤ min
i �=1

{
|xi|2

}( δc

9M2

)(
1 − e−cτ

)4
nµ−2

.

A simpler variant on this result may be worth using. Note that for τ ∈ [0, 1/c], one
has 1−e−cτ ≥ (c/2)τ . Then by a proof again nearly identical to that of Theorem 3.8,
one has the following.

Theorem 3.10. Suppose τ ≤ 1/c. Let B be as in Theorem 3.8, and let B̃ be an

approximation of B with B̃1,1 = 0 and such that

|B̃i,j −Bi,j | ≤ min
i �=1

{
|xi|2

}( δc5

9(16)M2

)
τ4

nµ
∀ i, j,(3.36)

where µ ∈ {2, 3, 4, . . . } and δ is given by (3.32). Then the power method will yield the

unique eigenvectors e and ẽ of B and B̃, respectively, in finite numbers of steps, and

‖e− ẽ‖ ≤ min
i �=1

{
|xi|2

}( δc5

9(16)M2

)
τ4

nµ−2
.

This variant is included since the simpler right-hand sides might simplify analysis.
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4. Convergence and truncation errors. In this section we consider the ap-
proximation due to using only a finite number of functions in the max-plus basis
expansion. It will be shown that as the number of functions increases (in a reasonable
way), the approximate solution obtained by the eigenvector computation of section 2
converges from below to the value function, W . Error bounds will also be obtained.

4.1. Convergence. This subsection contains a quick proof that the errors due
to truncation of the basis go to zero as the number of basis functions increases (in
a reasonable way). No specific error bounds are obtained; those require the more
tedious analysis of the next subsection.

Note that in this subsection a slightly different notation for the indexing and
numbers of basis functions in the sets of basis functions is used. This will make the
proof simpler. This alternate notation appears only in this subsection. Specifically,
let us have the sets of basis functions indexed by n; that is, the sets are indexed by n.

Let the cardinality of the nth set be I(n). For each n, let X (n) .
= {x(n)

i }I(n)

i=1 and
X (n) ⊂ X (n+1). For instance, in the one-dimensional case, one might have X (1) =
{0}, X (2) = {−1/2, 0, 1/2}, X (3) = {−3/4,−1/2,−1/4, 0, 1/4, 1/2, 3/4}, and so on.

Further, we will let the basis functions be given by ψ
(n)
i

.
= − 1

2 (x−x
(n)
i )TC(x−x

(n)
i ),

and consider the sets of basis functions Ψ(n) .
= {ψ(n)

i : i ∈ I(n)}. Then define the
approximations to the semigroup operator Sτ by

S(n)
τ [φ](x)

.
=

In⊕
i=1

a
(n)
i ⊗ ψ

(n)
i (x),(4.1)

where

a
(n)
i

.
= −max

x

[
ψ

(n)
i (x) − Sτ [φ](x)

]
.(4.2)

In other words, S
(n)
τ is the result of the application of the Sτ followed by the truncation

due to a finite number of basis functions. More specifically, if one defines T (n)[φ](x) =⊕In

i=1 a
(n)
i ⊗ ψ

(n)
i (x) with the a

(n)
i given by (4.2), then S

(n)
τ [φ] = T (n) ◦ Sτ [φ]. Also,

let Y(n) = {φ : BR(0) → R | ∃{a(n)
i } such that φ(x) =

⊕In

i=1 a
(n)
i ⊗ ψ

(n)
i (x) for all

x ∈ BR(0)}. Then note that for φ ∈ Y(n), one has

S(n)
τ [φ](x) =

In⊕
i=1

⎡⎣ In⊕
j=1

B
(n)
i,j ⊗ a

(n)
j

⎤⎦⊗ ψ
(n)
i (x),(4.3)

where B
(n)
i,j corresponds to S

(n)
τ [φ].

Lastly, we use the notation Sτ
N to indicate repeated application of Sτ N times.

(Of course, by the semigroup property, Sτ
N = SNτ .) Correspondingly, we use the

notation S
(n)
τ

N
to indicate the application of S

(n)
τ N times.

Define φ0(x) ≡ 0 and

φ
(n)
0 (x)

.
=

In⊕
i=1

a0(n)
i ⊗ ψ

(n)
i (x), a0(n)

i
.
= −max

x

[
ψ

(n)
i (x) − φ0(x)

]
.(4.4)

It is well known (see [29], [32] among many others) that

lim
N→∞

Sτ
N [φ0] = W.(4.5)
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Also, note that since X (n) ⊂ X (n+1), one has

S(n)
τ

N
[φ

(n)
0 ](x) ≤ Sτ

(n+1)N [φ
(n+1)
0 ](x) ≤ Sτ

N [φ0](x)(4.6)

for all x ∈ BR.

Note that by (4.4), and the definition of φ0, the corresponding coefficients, a0(n)
i ,

satisfy a0(n)
i = 0 for all i. Combining this with Theorem 2.12 and (4.3), one finds

that for each n, there exists N(n) such that

S(n)
τ

N
[φ

(n)
0 ] = S(n)

τ

N(n)
[φ

(n)
0 ] ∀N ≥ N(n).(4.7)

Defining

W (n)∞ .
= S(n)

τ

N(n)
[φ

(n)
0 ],(4.8)

we further find that the limit is the fixed point. That is,

S(n)
τ [W (n)∞] = W (n)∞.(4.9)

Then, by (4.5), (4.6), and (4.8), we find that

W (n)∞ is monotonically increasing in n(4.10)

and

W (n)∞ ≤ W.(4.11)

Therefore, there exists W∞∞ ≤ W such that

W (n)∞ ↑ W∞∞,(4.12)

and in fact, one can demonstrate equicontinuity of the W (n)∞ on BR given the as-
sumptions (and consequently uniform convergence).

Under assumption (A5), one can show (see, for instance, Lemma 4.3, although
this is more specific than what is needed, or Theorem 3.3 in [27]) that given ε > 0,
there exists nε < ∞ such that

W (n)∞(x) = S(n)
τ [W (n)∞](x) ≥ Sτ [W

(n)∞](x) − ε

for all x ∈ BR for any n ≥ nε. On the other hand, one always has

S(n)
τ [φ] ≤ Sτ [φ].

Combining these last two inequalities, one obtains

W (n)∞ = S(n)
τ [W (n)∞] ≤ Sτ [W

(n)∞] ≤ S(n)
τ [W (n)∞] + ε = W (n)∞ + ε.(4.13)

Combining this with (4.12), one finds the following theorem.
Theorem 4.1.

W∞∞ = Sτ [W
∞∞],(4.14)

or in other words, W∞∞ is a fixed point of Sτ .
Then, with some more work (see [27], Theorem 3.2), one obtains a convergence

theorem.
Theorem 4.2.

W∞∞(x) = W (x) ∀x ∈ BR.
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4.2. Truncation error estimate. Theorem 4.2 demonstrates convergence of
the algorithm to the value function as the basis function density increases. Here we
outline one approach to obtaining specific error estimates. The estimates may be
rather conservative due to the form of the truncation error bound used; this issue will
become more clear below. The main results are in Theorem 4.5 and Remark 4.6. Note
that these are only the errors due to truncation to a finite number of basis functions;
as noted above, analysis of the errors due to approximation of the entries in the B
matrix is discussed further below.

Recall that we choose the basis functions throughout such that x
(n)
1 = 0, or in

other words, ψ
(n)
1 (x) = −1

2 xTCx for all n. (Note that we return here to the notation
where the (n) superscript corresponds to the number of basis functions—as opposed
to the more complex notation with cardinality I(n) which was used in the previous
subsection only.) Also, we will use the notation

W
(n)
N,τ (x)

.
= Sτ

(n)N [φ
(n)
0 ](x)

and we reiterate that the N superscript indicates repeated application of the opera-

tor N times. Also, φ
(n)
0 is the finite basis expansion of φ0 (with n basis functions).

To specifically set C, we will replace assumption (A5) of section 2 with the follow-
ing. We assume throughout the remainder of the paper that one may choose matrix
C > 0 and δ′ ∈ (0, 1) such that with C ′ .

= (1 − δ′)C

Sτ [ψi] ∈ SR
C′,L′ ∀i,(A5′)

where R + |C−1|L′ ≤ DR. Again, we do not discuss this assumption in detail, but
simply note that we have verified that this assumption holds for the problems we
have run. Also note that one could be more general, allowing C ′ to be a more general
positive definite symmetric matrix such that C−C ′ > 0, but we will not include that
here. Finally, it should be noted that δ′ would depend on τ ; as τ ↓ 0, one would need
to take δ′ ↓ 0. Since δ′ will appear in the denominator of the error bound of the next
lemma (as well as implicitly in the denominator of the fraction on the right-hand side
of the error bound in Theorem 4.5), this implies that one does not want to take τ ↓ 0
as the means for reducing the errors. This will be discussed further in the next section.

The following lemma is a general result about the errors due to truncation when
using the above max-plus basis expansion.

Lemma 4.3. Let δ′, C ′, L′ be as in assumption (A5′), and let φ ∈ SR,C′ with

φ(0) = 0, φ differentiable at zero with ∇xφ(0) = 0, and − 1
2x

TC ′x ≤ φ(x) ≤ 1
2M̂|x|2

for all x for some M̂ < ∞. Let {ψi}ni=1 consist of basis functions with matrix C,
centers {xi} ⊆ BDR

such that C−C ′I > 0, and let ∆
.
= maxx∈BDR

(0) mini |x−xi|. Let

φ∆(x) = max
i

[ai + ψi(x)] ∀x ∈ BR,

where

ai = − max
x∈BR

[ψi(x) − φ(x)] ∀ i.

Then

0 ≤ φ(x) − φ∆(x) ≤

⎧⎨⎩ |C|
[
2β̂ + 1 + |C|/(δ′CR)

]
|x|∆ if |x| ≥ ∆,

1
2

[
M̂ + |C|

]
|x|∆ otherwise,

where β̂ is specified in the proof.
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Proof. Note that (see [12])

φ(x) = max
x̃∈BDR

[a(x̃) + ψx̃(x)] ∀x ∈ BR(0),

where

a(x̃) = − max
x∈BR

[ψx̃(x) − φ(x)] ∀ x̃ ∈ BDR

and

ψx̃(x)
.
= − 1

2 (x− x̃)TC(x− x̃) ∀x ∈ BR(0), x̃ ∈ BDR
.

It is obvious that 0 ≤ φ(x) − φ∆(x), and so we prove the other bound.
Consider any x ∈ BR. Then

φ(x) = a(x̃) + ψx̃(x)(4.15)

if and only if

C(x− x̃) ∈ −D−
x φ(x),

where

D−
x φ(x) =

{
p ∈ Rm : lim inf

|y−x|→0

φ(y) − φ(x) − (y − x) · p
|y − x| ≥ 0

}
.

We denote such an x̃ corresponding to x (in (4.15)) as x̃. By the Lipschitz nature of
φ, one can easily establish that

|x̃− x| ≤ |C−1|L′.(4.16)

However, it will be desirable to have a bound where the right-hand side depends
linearly on |x|. (Actually, this may only be necessary for small x, while (4.16) may
be a smaller bound for large x, but we will obtain it for general x.) Noting that
φ ≥ −1

2x
TC ′x ≥ − 1

2x
TCx, one has

1
2 (x− x̃)TC(x− x̃) ≤ a(x̃) + 1

2x
TCx.

Also, since a(x̃) + ψx̃(·) touches φ from below at x, one must have

1
2 (x− x̃)TC(x− x̃) − 1

2 (x− x̃)TC(x− x̃) ≤ a(x̃) + 1
2x

TCx− 1
2 (x− x̃)TC(x− x̃)

≤ φ(x) + 1
2x

TCx ≤ 1
2M̂|x|2 + 1

2x
TCx

for all x ∈ BR, where the last inequality is by assumption. Define

F (x)
.
= 1

2 (x− x̃)TC(x− x̃) − 1
2 (x− x̃)TC(x− x̃) − 1

2M̂|x|2,

and we see that we require F (x) ≤ 1
2x

TCx for all x ∈ BR. Taking the derivative, we
find the maximum of F at x̂ given by

x̂ = (C + M̂I)−1Cx̃(4.17)
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and so

x̂− x̃ = −M̂(C + M̂I)−1x̃.(4.18)

(In the interests of readability, we ignore the detail of the case where x̂ /∈ BR(0) here.)
Therefore, F (x̂) ≤ 1

2x
TCx implies

(x− x̃)TC(x− x̃) ≤ x̃
TM̂(C + M̂I)−1C(C + M̂I)−1M̂x̃

+ x̃
T
C(C + M̂I)−1M̂(C + M̂I)−1Cx̃ + xTCx

= M̂x̃
T
[
M̂(C + M̂I)−1C(C + M̂I)−1

+M̂(C + M̂I)−1M̂I(C + M̂I)−1

−M̂2(C + M̂I)−2 + C(C + M̂I)−2C
]
x̃ + xTCx

= M̂x̃
T
[
M̂C(C + M̂I)−2 + C(C + M̂I)−2C

]
x̃ + xTCx

= x̃
TM̂C(C + M̂I)−1x̃ + xTCx.(4.19)

Noting that C is positive definite symmetric, and writing it as C =
√
C
√
C

T
where√

C = S
√

Λ with S unitary and Λ the matrix of eigenvalues, one may rewrite the first
term in the right-hand side of (4.19) as

x̃
TM̂C(C + M̂I)−1x̃ = x̃

TM̂ 1
2

[
C(C + M̂I)−1 + (C + M̂I)−1C

]
x̃ = x̃

T√
CQ

√
C

T
x̃,

where

Q
.
= 1

2M̂
[√

C
T
(C + M̂I)−1

√
C

−T
+
√
C

−1
(C + M̂I)−1

√
C
]
.

Making the change of variables y =
√
C

T
x, (4.19) becomes

|y − ỹ|2 ≤ ỹ
T
Qỹ + |y|2.

Noting that
√
C

T
(C + M̂I)−1

√
C

−T
is a similarity transform of (C + M̂I)−1,

one sees that the eigenvalues of Q are the eigenvalues of M̂(C + M̂I)−1. Now, since

(C + M̂I) is positive definite,

(C + M̂I) = S ΛS
−1

with Λ the diagonal matrix of eigenvalues and S the unitary matrix of eigenvectors.

Therefore, M̂(C + M̂I)−1 = S(M̂Λ
−1

)S
−1

, and note that β
.
= maxi{M̂λ

−1

i } < 1
where the λi are the diagonal elements of Λ. Consequently,

|y − ỹ|2 ≤ β|ỹ|2 + |y|2,(4.20)

where β ∈ (0, 1). This implies

|ỹ − y|2 ≤ β|ỹ − y + y|2 + |y|2

= β
[
|ỹ − y|2 + |y|2 + 2(ỹ − y) · y

]
+ |y|2

≤ β|ỹ − y|2 + (β + 1)|y|2 + β
[ (1 − β)/2

β
|ỹ − y|2 +

β

(1 − β)/2
|y|2
]
,
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which after some rearrangement, yields

|ỹ − y|2 ≤ 2(1 + β2)

(1 − β)2
|y|2(4.21)

which implies

(x− x̃)TC(x− x̃) ≤
[
2(1 + β2)

(1 − β)2

]
xTCx.

Consequently, there exists β̂ < ∞ (i.e., β̂ = [|
√
C|/C0

R][
√

2(1 + β2)/(1 − β)]) such
that

|x− x̃| ≤ β̂|x|.(4.22)

Given x̃, let i ∈ argmini |xi − x̃|, and note that

|xi − x̃| ≤ ∆.(4.23)

It is easy to see that

|ψx̃(x) − ψi(x)| ≤ 1
2 |(x− x̃)TC(x− x̃) − (x− x̃)TC(x− xi)|
+ 1

2 |(x− x̃)TC(x− xi) − (x− xi)
TC(x− xi)|

≤ 1
2 |C|

[
|x̃− xi||x− x̃| + |x̃− xi||x− xi|

]
≤ 1

2 |C|
[
|x̃− xi||x− x̃| + |x̃− xi|(|x− x̃| + |x̃− xi|)

]
,

which by (4.23)

≤ |C|
[
|x− x̃|∆ + 1

2∆2
]
.(4.24)

Combining (4.22) and (4.24), one finds

|ψx̃(x) − ψi(x)| ≤ |C|
[
β̂|x|∆ + 1

2∆2
]
.(4.25)

Now note that

φ(x) − φ∆(x) ≤ a(x̃) + ψx̃(x) − [ai + ψi(x)],

which by (4.25)

≤ |C|
[
β̂|x|∆ + 1

2∆2
]

+ a(x̃) − ai.(4.26)

We now deal with the last two terms in this bound. Let

xi
.
= argmax

x∈BR

[ψi(x) − φ(x)].

(Note that we will also skip the technical details of the additional case where xi lies
on the boundary of BR.) Then,

−C(xi − xi) ∈ D−φ(xi)
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and

−C(x− x̃) ∈ D−φ(x).

By the semiconvexity, one has the general result that p ∈ D−φ(x), q ∈ D−φ(y) implies

(p− q) · (x− y) ≥ −(x− y)TC ′(x− y).

Consequently,

−(xi − xi + x̃− x)TC(xi − x) ≥ −(xi − x)TC ′(xi − x).

Recalling that C ′ = (1 − δ′)C, we see that this implies

−(xi − x)TC(xi − x) + (1 − δ′)(xi − x)TC(xi − x) ≥ −|C| |xi − x| |xi − x̃|
≥ −|C| |xi − x|∆,

or

δ′(xi − x)TC(xi − x) ≤ |C| |xi − x|∆.

Noting that C − CRI > 0, this implies

|xi − x| ≤ |C|
δ′CR

∆.(4.27)

Now,

ã− ai ≤ ψi(xi) − ψx̃(xi)

= ψi(x) − ψx̃(x) + [ψi(xi) − ψx̃(xi)] − [ψi(x) − ψx̃(x)],

which, after cancellation,

= ψi(x) − ψx̃(x) − (x− xi)C(xi − x̃)

≤ |ψi(x) − ψx̃(x)| + |C|∆|x− xi|,

which by (4.25) and (4.27)

≤ |C|
[
β̂|x| +

(
1
2 + |C|/(δ′CR)

)
∆
]
∆.(4.28)

Combining (4.26) and (4.28) yields

φ(x) − φ∆(x) ≤ |C|
[
2β̂|x| +

(
1 + |C|/(δ′CR)

)
∆
]
∆.(4.29)

Suppose |x| ≥ ∆. Then, (4.29) implies

φ(x) − φ∆(x) ≤ |C|
[
2β̂ + 1 + |C|/(δ′CR)

]
|x|∆,(4.30)

which is the first case in right-hand side of the assertion.
Last, suppose |x| < ∆. By assumption, there exists M̂ < ∞ such that φ(x) ≤

1
2M̂|x|2. Therefore,

φ(x) − φ∆(x) ≤ 1
2 (M̂ + |C|)|x|2 ≤ 1

2 (M̂ + |C|)|x|∆,

which completes the proof.
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The above lemma is a general result about the errors due to truncation with the
above max-plus basis expansion. In order to apply this to the problem at hand, one

must consider the effect of repeated application of the truncated operator S
(n)
τ . Note

that S
(n)
τ may be written as the composition of Sτ and a truncation operator, T (n),

where we have

T (n)[φ] = φ∆

in the notation of the previous lemma, where, in particular, φ∆ was given by

φ∆(x) = max
i

[ai + ψi(x)] ∀x ∈ BR,

where

ai = − max
x∈BR(0)

[ψi(x) − φ(x)] ∀ i.

In other words, one has the equivalence of notation

S(n)
τ [φ] = {T (n) ◦ Sτ}[φ] = {Sτ [φ]}∆,(4.31)

which we shall use freely throughout.
We now proceed to consider how truncation errors accumulate. In order to sim-

plify the analysis, we simply let

MC′
.
= max

{
|C|
[
2β̂ + 1 + |C|/(δ′CR)

]
, 1

2

[
M̂ + |C|

]}
.

Fix ∆. We suppose that we have n sufficiently large (with properly distributed basis
function centers) so that

max
x∈BDR

min
i

|x− xi| ≤ ∆.

Let φ0 satisfy the conditions on φ in Lemma 4.3. (One can simply take φ0 ≡ 0.)
Then, by Lemma 4.3,

φ0(x) −MC′ |x|∆ ≤ φ
(n)
0 (x) ≤ φ0(x) ∀x ∈ BR(0).(4.32)

Now, for any x ∈ BR(0), let w1,ε
x be ε/2-optimal for Sτ [φ0](x), and let X1,ε

x be
the corresponding trajectory. Then,

0 ≤ Sτ [φ0](x) − Sτ [φ
(n)
0 ](x)

≤ φ0(X
1,ε
x (τ)) − φ

(n)
0 (X1,ε

x (τ)) +
ε

2
,

which by (4.32)

≤ MC′ |X1,ε
x (τ)|∆ +

ε

2
.(4.33)

Proceeding along, one then finds

0 ≤ Sτ [φ0](x) − S(n)
τ [φ

(n)
0 ](x)

= Sτ [φ0](x) − Sτ [φ
(n)
0 ](x) + Sτ [φ

(n)
0 ](x) − S(n)

τ [φ
(n)
0 ](x),
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which by Lemma 4.3, the fact that Sτ [φ
(n)
0 ] ∈ SR

C′,L (by assumption (A5′)), and (4.33)

≤ MC′ |X1,ε
x (τ)|∆ + MC′ |x|∆ +

ε

2
.(4.34)

Let us proceed one more step with this approach. For any x ∈ BR(0), let w2,ε
x be

ε/4-optimal for Sτ [Sτ [φ0]](x) (that is ε/4-optimal for problem Sτ with terminal cost
Sτ [φ0]), and let X2,ε

x be the corresponding trajectory. Then, as before,

0 ≤ S2τ [φ0](x) − Sτ [S
(n)
τ φ

(n)
0 ](x)

= Sτ [Sτ [φ0]](x) − Sτ [S
(n)
τ [φ

(n)
0 ]](x)

≤ Sτ [φ0](X
2,ε
x (τ)) − S(n)

τ [φ
(n)
0 ](X2,ε

x (τ)) +
ε

4
.(4.35)

Now let

wε
2(t)

.
=

{
w2,ε

x (t) if t ∈ [0, τ ],

w1,ε

X2,ε
x (τ)

(t− τ) if t ∈ (τ, 2τ ],

and let X
2,ε

x be the corresponding trajectory. Then combining (4.34) and (4.35), one
has

0 ≤ S2τ [φ0](x) − Sτ [S
(n)
τ φ

(n)
0 ](x)

≤ MC′ |X2,ε

x (2τ)|∆ + MC′ |X2,ε

x (τ)|∆ +
ε

2
+

ε

4
.(4.36)

Applying Lemma 4.3 again, but now using (4.36), one has

0 ≤ S2τ [φ0](x) − S(n)
τ [S(n)

τ [φ
(n)
0 ]](x)

= Sτ [Sτ [φ0]](x) − Sτ [S
(n)
τ [φ

(n)
0 ]](x) + Sτ [S

(n)
τ [φ

(n)
0 ]](x) − S(n)

τ [S(n)
τ [φ

(n)
0 ]](x)

≤ MC′ |X2,ε

x (2τ)|∆ + MC′ |X2,ε

x (τ)|∆ + MC′ |x|∆ +
ε

2
+

ε

4

= MC′∆

2∑
i=0

|X2,ε

x (iτ)| +
2∑

i=1

ε

2i
.

(4.37)

It is then clear that, by induction, one obtains the following lemma.
Lemma 4.4.

0 ≤ SNτ [φ0](x) − S(n)
τ

N
[φ0](x) ≤ MC′∆

N∑
i=0

|XN,ε

x (iτ)| +
N∑
i=1

ε

2i
,(4.38)

where the construction of ε-optimal X
N,ε

x (·) by induction follows in the obvious way
as above.

Theorem 4.5. Let {ψi}ni=1, C
′, and ∆ be as in Lemma 4.3. Then, there exists

m,λ ∈ (0,∞) such that

0 ≤ W (x) −W (n)∞(x) ≤ MC′

(
em

1 − e−λτ

)
|x|∆ ∀x ∈ BR(0).
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Remark 4.6. By Theorem 2.12, there exists N = N(n) < ∞ such that

W (n)∞(x) = W (n)N (x) ∀x ∈ BR(0),

and so Theorem 4.5 also implies

0 ≤ W (x) −W (n)N (x) ≤ MC′

(
em

1 − e−λτ

)
|x|∆ ∀x ∈ BR(0)

for N ≥ N(n).
Proof. Let ε ∈ (0, 1). Fix φ0 and x. For each N < ∞, construct wε

N (·) as above

along with the corresponding X
N,ε

x . Let wε
∞(t) = wε

N (t) if t ∈ [0, Nτ ], and similarly,

X
∞,ε

x (t) = X
N,ε

x (t) if t ∈ [0, Nτ ]. Then, by [32] (see also [33]), there exists K̃ < ∞
(independent of ε ∈ (0, 1)) such that

‖wε
∞‖L2(0,Nτ) ≤ K̃(1 + |x|2)

for all N < ∞. Consequently, using assumptions (A1) and (A2), there exist m,λ ∈
(0,∞) such that

|X∞,ε

x (t)| ≤ |x|em−λt ∀ t ∈ [0,∞).(4.39)

Then, by Lemma 4.4 and (4.39),

0 ≤ SNτ [φ0](x) − S(n)
τ

N
[φ0](x) ≤ MC′∆|x|em

N∑
i=0

e−λiτ +

N∑
i=1

ε

2i

≤ MC′∆|x| em

1 − e−λτ
+ ε.

Since this is true for all N ∈ N , and S
(n)
τ

N
[φ0](x) = S

(n)
τ

N+1
[φ0](x) = W (n)∞(x)

for all N ≥ N(n), one obtains the result by taking the limit as N → ∞ and then as
ε ↓ 0.

Last, we note that for τ sufficiently small, where

τ ≤ 1/λ(4.40)

is sufficient (so that λτ/2 ≤ (1 − e−λτ )), one has

0 ≤ W (x) −W (n)∞(x) ≤ MC′∆
( em

1 − e−λτ

)
|x| ≤ K1|x|(∆/τ)(4.41)

with

K1
.
= 2MC′em/λ.(4.42)

5. Errors in the approximation of B. In the previous section, we considered
the errors due to truncation while assuming that B and, consequently, the eigen-
vector e were computed exactly. Of course, as discussed in section 3, there is an
allowable upper limit for errors in the elements of B, below which one can guarantee
the convergence of the power method. The errors in B also translate into errors in
the eigenvector and consequently the approximate solution as discussed in sections 3
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and 6. In this section, we consider a power series (in t) for V (t, x)
.
= St[ψi](x),

where we recall Bj,i = −maxx∈BR(0)[−ψj(x) − Sτ [ψi](x)]. With the power series for

V (t, x) = St[ψi](x) truncated at some level, tn
′−1 (for each i), we obtain a relation-

ship between n′, τ , and basis function density which guarantees that the errors in B
do not exceed the allowable bounds obtained in section 3. In addition to the errors
incurred by truncation of the power series, there may be errors in the computation
of the terms in the series themselves. In subsection 5.1, one particular method for
computing the power series terms to sufficient accuracy is given.

As noted above, one approach to the computation of B is a Taylor series (in t)
approximation to St[ψi](x). More specifically, letting V (t, x) = St[ψi](x), so that V
satisfies

Vt = f · ∇V + l +
1

2γ2
∇V TσσT∇V,(5.1)

V (0, x) = ψi(x),

one may approximate V as

V (t, x) = V0(x) + V1(x)t +
1

2
V2(x)t2 + · · · .(5.2)

Here V0(x) = ψi(x) and V1 is the right-hand side of (5.1) with ψi replacing V . Specif-
ically,

V1(x) = fψix + l +
1

2γ2
ψixaψix,

where a = σσT and we drop the gradient/vector notation for simplification here and
below. The higher order terms are computed by differentiating (5.1) at t = 0. Of
course this process requires some smoothness for V . The following is well known, and
so we only sketch a proof.

Theorem 5.1. Given R′ < ∞ and n′ ∈ N , there exists τ ′ > 0 such that
V ∈ Cn′

((0, τ ′) ×BR′(0)).
Proof. The result for C2 can be found, for instance, in [9] as well as many earlier

works (see the references in [9] as well as [15]). In order to obtain continuity of
higher derivatives, one simply differentiates (5.2) and applies the same technique. For
example, the partial Vxl

(t, x) satisfies

Ut =
[
fxl

Vx + lxl
+ Vxaxl

Vx

]
+
[
f + 2Vxa

]
Ux,

U(0, x) = ψixl
(x).

Note that τ ′ may depend on n′.
Fix some R′, n′ < ∞. Let τ ′ be given by Theorem 5.1. We assume τ <

min{τ ′, 1, 1/c} (where the motivation for the bounds of 1 and 1/c appear in (5.8)

and (5.11) below) and R̃ < R′. Then we may approximate V over (0, τ) ×BR̃(0) by

Ṽ (t, x) = V0(x) + V1(x)t + V2(x)
t2

2
+ · · · + Vn′−1(x)

tn
′−1

(n′ − 1)!
.(5.3)

Letting

MR′,n′
.
= max

(t,x)∈[0,τ ]×B
R̃

(0)
|Vt(n′)(t, x)|,
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one has

|V (t, x) − Ṽ (t, x)| ≤ MR′,n′
τn

′

(n′)!
∀ (t, x) ∈ [0, τ ] ×BR̃(0).(5.4)

Now define the corresponding approximation to B by

B̃j,i = − max
x∈B

R̃
(0)

{
ψj(x) − Ṽ (τ, x)

}
.(5.5)

By (5.4) and (5.5), one has

|Bj,i − B̃j,i| ≤ MR′,n′
τn

′

(n′)!
.(5.6)

Comparing (5.6) with Theorem 3.10, one finds that a sufficient condition for the

convergence of the power method (using B̃ computed from approximation Ṽ ) is that
τ ≤ 1/c and that for some µ ∈ {2, 3, 4, . . . } (µ = 2 is the weakest condition)

MR′,n′
τn

′

(n′)!
≤
[
min
i �=1

|xi|2
]( δc5

9(16)M2

)
τ4

nµ
.

Note that the τ ≤ 1/c condition can be removed by using Theorems 3.8 and 3.9
instead of Theorem 3.10.

Since computation of B̃j,i requires the maximization operation, below we will

introduce an approximation for B̃j,i, to be denoted by B̂j,i (where the maximum may
only be computed approximately rather than exactly). Suppose further that

|B̃j,i − B̂j,i| ≤ MR′,n′
τn

′

(n′)!
.(5.7)

Then, by (5.7), (5.6) with Theorem 3.10, one finds that a sufficient condition for

the convergence of the power method (using B̂) is that τ ≤ 1/c and that for some
µ ∈ {2, 3, 4, . . . } (µ = 2 is the weakest condition)

2MR′,n′
τn

′

(n′)!
≤
[
min
i �=1

|xi|2
]( δc5

9(16)M2

)
τ4

nµ
,(5.8)

and so a sufficient condition is

τn
′−4 ≤

[
min
i �=1

|xi|2
]( δc5(n′)!

9(32)M2MR′,n′

)
1

nµ
.(5.9)

Suppose a rectangular grid of evenly spaced basis function centers with ND center-
points per dimension, and recall that ψ1 is centered at the origin which implies ND is
odd. (Perhaps it should be noted that this is conservative in that we are considering
a rectangular grid encompassing BDR

rather than just those basis functions centered
in the sphere itself.) This implies mini �=1 |xi|2 = 4D2

R/(ND − 1)2, and (5.9) becomes

τn
′−4 ≤

(
D2

Rδc
5(n′)!

9(8)M2MR′,n′

)(
1

ND

)mµ(
1

ND − 1

)2

,
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which implies a sufficient condition is

τn
′−4 ≤

(
D2

Rδc
5(n′)!

9(8)M2MR′,n′

)(
1

ND

)mµ+2
.
= M̃R′,n′

(
1

ND

)mµ+2

,(5.10)

where we recall that m is the dimension of the state space.
Therefore, if one fixes τ < min{1, 1/c}, then it is sufficient that

n′ ≥ 4 +
log M̃R′,n′ + (mµ + 2) log (1/ND)

log τ
.(5.11)

Alternatively, one may, without loss of generality, require M̃R′,n′ ≥ 1 in which case
(noting that log τ < 0 since τ < 1) (5.11) yields the sufficient condition

n′ ≥ 4 +
(mµ + 2) log (1/ND)

log τ
,(5.12)

in which case the lower bound on n′ scales like log (1/ND). We remark that this
sufficient condition may be quite conservative.

5.1. A method for computing B. As noted above, one would not typically
have a closed-form expression for the Bj,i or even the B̃j,i terms, and we denote the

approximation of B̃ by B̂. In this subsection, we indicate some specifics of a numerical
method for the approximation. This is not essential to the paper, but we felt that
it was useful to sketch an approximation technique so as to concretely indicate one
approach to this subproblem.

The approach taken was to define

X̃j,i(t)
.
= argmax{ψj(x) − Ṽ (t, x)},

where Ṽ is given by (5.3) (i.e., the truncated power series expansion of St[ψi](x)),

and then to propagate X̃j,i as the solution of an ODE forward from t = 0 to τ via

a Runge–Kutta method. One difficulty is that X̃j,i(t) diverges as t ↓ 0. In order to
remedy this, and also remedy unbounded derivatives as t ↓ 0, we replace ψj(x) by
ψτ
j,i(t, x), where

ψτ
j,i(t, x)

.
= −1

2
(x− ξ(t))T [(C + δ(1 − t/τ))I](x− ξ(t)),(5.13)

where

ξ(t)
.
= xi + (t/τ)(xj − xi),(5.14)

and δ > 0. Then one may define

X̃τ
j,i(t)

.
= argmax

x
{ψτ

j,i(t, x) − Ṽ (t, x)},(5.15)

and note that

X̃τ
j,i(τ) = X̃j,i(τ) = argmax{ψj(x) − Ṽ (t, x)}.

Since X̃τ
j,i(t) is the argmax at each time t ∈ [0, τ ], this implies

[ψτ
j,i]x(t, X̃τ

j,i(t)) − Ṽx(t, X̃τ
j,i(t)) = 0
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for all t ∈ [0, τ ]. Differentiating with respect to time, implies[
[ψτ

j,i]xx(t, X̃τ
j,i(t)) − Ṽxx(t, X̃τ

j,i(t))
]

˙̃
X

τ

j,i(t) +
[
[ψτ

j,i]tx(t, X̃τ
j,i(t)) − Ṽtx(t, X̃τ

j,i(t))
]

= 0,

or,

˙̃
X

τ

j,i(t) =
[
[ψτ

j,i]xx(t, X̃τ
j,i(t)) − Ṽxx(t, X̃τ

j,i(t))
]−1[

[ψτ
j,i]tx(t, X̃τ

j,i(t)) − Ṽtx(t, X̃τ
j,i(t))

]
.

(5.16)

The initial state for (5.16) is

X̃τ
j,i(0) = argmax

x
{ψτ

j,i(0, x) − Ṽ (0, x)}

= argmax
x

{− 1
2 (x− xi)

T (C + δI)(x− xi) − ψi(x)} = xi.

Note that [
[ψτ

j,i]xx(0, x) − Ṽxx(0, x)
]

= −[C + δI] + C = −δI,(5.17)

which is negative definite, and[
[ψτ

j,i]xx(τ, x) − Ṽxx(τ, x)
]

= −C − Ṽxx(τ, x)(5.18)

would be negative definite on BR by assumption (A5′) if approximation Ṽ (τ, ·) were
replaced by Sτ [ψi]. Also,

X̃τ
j,i(0) = xi ∈ BDR

, and X̃τ
j,i(τ) ∈ BR(5.19)

if approximation Ṽ (τ, ·) is replaced by Sτ [ψi]. This suggests the following assumption

(which is only used for this approach to computing B). Suppose there exists δ̂ > 0
such that [

[ψτ
j,i]xx(t, x) − Ṽxx(t, x)

]
+ δ̂I < 0 ∀ |x| ≤ ĝ(t), ∀t ∈ [0, τ ],

|X̃τ
j,i(t)| ≤ ĝ(t) ∀ t ∈ [0, τ ],

(5.20)

where g : [0, τ ] → R is any function such that ĝ(0) = DR, ĝ(τ) = R and ĝ is
monotonically decreasing. Note that, by (5.17)–(5.19), the conditions are satisfied at

both endpoints (t = 0 and t = τ) when Ṽ (τ, ·) is replaced by Sτ [ψi]. Consequently,
this may not be significantly more restrictive than the general assumptions, and for
the purposes of sketching this particular approach to computing B, let us assume
(5.20). Note that this guarantees the existence of the inverse in (5.16) and further

that X̃τ
j,i(τ) is the unique maximizer in BR.

Analytical expressions for the right-hand side of (5.16) can be obtained from (5.3)
and (5.13). (These can be used to generate sufficient conditions that guarantee (5.20),
but these are likely much too conservative.) Thus, one merely needs to propagate the
n-dimensional ODE (5.16) forward to time τ . A Runge–Kutta method may be used

for this and the resulting approximate solution is denoted by X̂τ
j,i. The approximation

of the elements of B̂ are then given by

B̂j,i = −
{
ψτ
j,i(X̂

τ (τ)) − Ṽ (τ, X̂τ (τ))
}

= −
{
ψj(X̂

τ (τ)) − Ṽ (τ, X̂τ (τ))
}
.(5.21)
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Note that

the number of steps in the Runge–Kutta algorithm must be
controlled so that (5.7) is satisfied.(5.22)

6. Error summary. The error analyses of the previous three sections will now
be combined. In particular, the errors due to truncation and the errors in computation
of B will be combined to produce overall error bounds (6.8), (6.9). A condition
required for the algorithm to work (assuming one uses the power series of section 5
for computation of B) is also obtained.

Theorems 3.7 to 3.10 provided sufficient conditions for the power method step to
converge to the max-plus eigenvector. Employing the simplest condition (but also the
strictest), that of Theorem 3.10, convergence of the power method with approximation

B̂ to B is guaranteed if

|B̂i,j −Bi,j | ≤ min
i �=1

{
|xi|2

}( δc5

9(16)M2

)
τ4

nµ
∀ i, j,(6.1)

where µ ∈ {2, 3, 4, . . . } and δ is given by (3.32). Note that we are assuming τ ≤
min{1, 1/c, τ ′} as in section 5 (as well as all assumptions including (A5′) and technical
conditions (3.1), (3.19) which appear in section 3). Then, Theorem 3.10 implies a
resulting error bound for the max-plus eigenvector given by

‖e− ê‖ .
= max

i
|ei − êi| ≤ min

i �=1

{
|xi|2

}( δc5

9(16)M2

)
τ4

nµ−2
,(6.2)

where ê corresponds to B̂. We remark that slightly different error estimates (under
slightly different conditions) are also given in Theorems 3.8 and 3.9.

Suppose we adopt the notation Ŵ (x)
.
=
⊕n

i=1 êi⊗ψi(x) and W f (x)
.
=
⊕n

i=1 ei⊗
ψi(x) so that W f corresponds to the finite expansion with zero error in the compu-
tation/approximation of B. Then, by (6.2),

‖Ŵ −W f‖ .
= max

|x|≤R
|Ŵ (x) −W f (x)| ≤ min

i �=1

{
|xi|2

}( δc5

9(16)M2

)
τ4

nµ−2

= min
i �=1

{
|xi|2

}( δc5τ4

9(16)M2

)(
1

ND

)m(µ−2)

,(6.3)

where again, ND is the number of centers of basis functions per dimension of the
state space with a rectangular, evenly spaced grid of centers. It should be recalled
that the basis functions are such that ψ1 is centered at the origin (x1 = 0), and so ND

is odd. (Perhaps one should note that we are being sloppy here by using the number
of basis functions corresponding to covering the entire rectangle which encloses the
sphere BDR

, although only those with centers covering the sphere itself are required
for the bound. Consequently, the above bound is conservative.) Also, with the evenly
spaced basis function centers, (6.3) can be written as

‖Ŵ −W f‖ ≤
(
D2

Rδc
5τ4

9(4)M2

)(
1

ND

)m(µ−2)(
1

ND − 1

)2

.(6.4)

Using the approach of section 5, (6.1) is satisfied if

τn
′−4 ≤ M̃R′,n′

(
1

ND

)mµ+2

,(6.5)
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where M̃R′,n′ is given by (5.10) and n′ is the number of terms (including zeroth order)
in the Taylor series, and if (5.22) is satisfied.

This does not account for the truncation errors induced by using only a finite
number of basis functions. Let W be the true value function (see section 2). Then,
by (4.41),

|W (x) −W f (x)| ≤ K1
|x|
τ

(
2DR

ND − 1

)
∀x ∈ BR,(6.6)

where K1 is given by (4.42), 2DR/(ND − 1) = ∆, and τ satisfies (4.40); τ now must
satisfy

τ ≤ min{1, 1/c, 1/λ, τ ′}.(6.7)

The error bound (6.6) is not without drawbacks. In particular, τ appears in the
denominator. However, it does not seem possible with the techniques of this paper to
remove that term. This is the reason for concentrating in section 5 on fixed τ with
increasing n′ as the means for reducing errors.

Combining (6.4) and (6.6), the total error bound (assuming convergence of the
power method—for which (6.5) and (5.22) form a sufficient condition—and τ ≤
min{1, 1/c, 1/λ, τ ′}) is given by

|W (x) − Ŵ (x)| ≤
(
D2

Rδc
5τ4

9(4)M2

)(
1

ND

)m(µ−2)(
1

ND − 1

)2

+ K1
|x|
τ

(
2DR

ND − 1

)
,

which for ND ≥ 3

≤
(
D2

Rδc
5τ4

18M2

)(
1

ND

)m(µ−2)+2

+ K1
|x|
τ

(
2DR

ND

)
.(6.8)

Since the best error rate in the last term in 1/ND, we take µ = 2, and find in that
case

|W (x) − Ŵ (x)| ≤
[
D2

Rδc
5τ4

18M2
+ 2K1DR

|x|
τ

](
1

ND

)
.(6.9)

That is, the total error goes down linearly in (1/ND). Note that this rate is con-
strained by the fact that the solutions are only viscosity solutions—which may have
discontinuous first derivatives. It is conjectured that with smooth solutions, the rate
would instead be (1/ND)2.

This assumes that conditions (6.5) and (5.22) are met as well as (6.7). Also, as
in section 5, one may prefer to write (6.5) as

n′ ≥ 4 +
log M̃R′,n′ + (mµ + 2) log (1/ND)

log τ
,

or assuming without loss of generality that M̃R′,n′ ≥ 1, one has the less tight but
clearer bound of

n′ ≥ 4 +
(mµ + 2) log (1/ND)

log τ
,
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in which case the lower bound on n′ scales like log (1/ND). From this, one sees for
instance that doubling ND would typically imply the addition of

⌈( (2m + 2) log (1/2)

log τ

)
=
⌈( (2m + 2) log 2

log (1/τ)

)
to n′, where �(z) indicates the smallest integer greater than or equal to z. Again, this
assumes the use of the Taylor series/Runge–Kutta approach of section 5 toward the
approximation of B. Alternate approaches may yield different conditions.

Remark 6.1. All error bounds are actually conceived as the errors which may
be achieved with given computer effort. A key underlying assumption of this paper
is that all the elements of B are computed. This requires substantial effort since the
number of terms in B is the square of the number of basis functions. In practice, it has
been observed that elements of B, Bi,j , corresponding to basis function pairs where
|xi −xj | is large generally, do not contribute at all to the resulting eigenvector (recall
that this is the max-plus algebra). By not computing these terms, one could greatly
reduce the computations. This is a question for further study which lies beyond the
bounds of the current paper.
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Abstract. Feedback control with limited data rates is an emerging area which incorporates
ideas from both control and information theory. A fundamental question it poses is how low the
closed-loop data rate can be made before a given dynamical system is impossible to stabilize by any
coding and control law. Analogously to source coding, this defines the smallest error-free data rate
sufficient to achieve “reliable” control, and explicit expressions for it have been derived for linear time-
invariant systems without disturbances. In this paper, the more general case of finite-dimensional
linear systems with process and observation noise is considered, the object being mean square state
stability. By inductive arguments employing the entropy power inequality of information theory, and
a new quantizer error bound, an explicit expression for the infimum stabilizing data rate is derived,
under very mild conditions on the initial state and noise probability distributions.

Key words. stochastic control, communication theory, source coding, entropy
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1. Introduction. Communications and control have traditionally been areas
with little common ground. For the most part communications theory is concerned
with the reliable transmission of information from one point to another, and is rel-
atively indifferent to its specific purpose or whether it is eventually fed back to the
source. Control theory, in contrast, is concerned mainly with using information in a
feedback loop to achieve some performance objective, and usually assumes that limi-
tations in the communications links are not significant enough to affect performance
drastically.

The reasons usually given for this mutual indifference are, first, that a communica-
tions system is generally used for a broad range of purposes and can rarely be designed
to match a particular objective and, secondly, that to explicitly model communication
limitations would complicate controller synthesis. However, in recent years emerging
applications such as microelectromechanical systems, mobile telephone power control,
and networked industrial control systems have begun to cross the boundary between
these disciplines. In these applications, the aim is to control a dynamical system
consisting of many separate components connected by a digital communication net-
work. Although the total available capacity in bits per second may be large, each
component is effectively allocated only a small portion. This can introduce significant
quantization errors and delays, due to the low resolution and finite transmission time
of each discrete-valued, digital symbol. Quantization resolution can be improved at
the expense of delay and vice-versa, but nonetheless there remains an upper bound
on the amount of information, in some sense, that may be exchanged per unit time.
Clearly, by designing coders and decoders that are matched to the dynamical system
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and controllers, a more economical use of communication resources ought to be pos-
sible. Conversely, closed-loop performance should improve by matching the feedback
laws to the specific coding and decoding schemes used.

The first step towards gaining a comprehensive understanding of these issues is
to analyze the simplest possible network topology, consisting of one controller and
dynamical system connected by a feedback loop with a given data rate in bits per
unit time. In view of the limited communication resource, a natural question is:
what is the smallest data rate above which there exists a coding and control law
that stabilizes the system? This is analogous to Shannon’s source coding theory,
which seeks to determine the smallest data rate above which a given random process
can be reliably communicated, i.e., with arbitrarily small error, by some coder and
decoder [25, 7]. However, despite this analogy, Shannon’s theory has generally not
been fruitful in real-time control systems since its reliance on arbitrarily long block
coders entails arbitrarily long delays. While this can be overcome by recursive coders
such as delta and differential pulse code modulators, stationarity or ergodicity are still
assumed [17]. Although this may be justified in communications, it does not always
suit the unstable dynamics encountered in control.

In recent years, somewhat more progress on this topic has been made in the con-
trol literature. Beginning with the seminal paper [8] and continuing with [29, 2, 6,
10, 3, 23, 11, 16, 18], various schemes have been proposed and proven to asymptot-
ically or practically stabilize linear time-invariant (LTI) systems at sufficiently high
data rates. The first rigorous results on minimum data rates were in [29, 2], where
it was shown that a discretized scalar plant with parameter a was stabilizable iff the
data rate was not less than log2 |a| bits per sampling interval. Similar tight bounds
were subsequently obtained for noiseless autoregressive moving average [20] and linear
state-space systems [27, 22, 14], using different formulations and techniques. With re-
gard to stochastic plants, separation principles, causal rate-distortion theorems [28, 5],
and the notion of feedback capacity [24] have been introduced.

This paper focuses on finite-dimensional, stochastic linear plants, under very mild
assumptions on the noise and initial state probability distributions. In particular, the
objective is to construct a coding and control scheme which achieves mean square state
stability while consuming as little data rate as possible. The problem is formulated
precisely in the next section, and the main result, which specifies the infimum stabi-
lizing data rate, is stated. Somewhat counter-intuitively, the infimum rate depends
only on the unstable dynamics of the plant and not on the noise statistics.

The remainder of the paper essentially constitutes the proof. As the presence of
noise makes it difficult to extend the asymptotic quantization approach of [20, 22], a
completely different method is developed here. In section 4, the well-known entropy
power inequality of information theory [7, 9] is used to derive a strict lower bound on
the data rate of any stabilizing, causal coding and control scheme, regardless of struc-
ture. It is shown that as the feedback data rate approaches this bound from above,
the mean square state norms become arbitrarily large. In section 5, a specific, finite-
dimensional scheme is then proposed. By applying a new, finite-level quantizer error
inequality, it is proven to achieve mean square stability at any data rate exceeding
the critical bound.

2. Formulation. First, certain conventions are defined. Vectors are written
in bold-face type, matrices in bold-face upper-case, random variables in upper-case,
and their realizations in corresponding lower-case letters. All random variables are
assumed to exist on a common probability space with measure P. The probability
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density of random vector X in Euclidean space with respect to (w.r.t.) Lebesgue mea-
sure λ on the space is denoted by pX, the probability density conditioned on the σ-field
generated by an event A = a by pX|a, expectation by E, and expectation conditioned

on A = a by Ea. The (differential) entropy of X is written H{X} ∆
= −E{ln pX(X)};

the conditional entropy of X, given A = a, as Ha{X} ∆
= −Ea{ln pX|A(X)}; and

the average conditional entropy of X, given A = a, B = b, and averaged over B,

as Ha{X|B} ∆
= −Ea{HA,B{X}}. Sequences {aj}kj=0 are denoted ãk (defined as the

empty sequence when k < 0), and ‖ · ‖ represents either the Euclidean norm on a real
vector space or the matrix norm induced by it. The d×d identity matrix is written Id,
the m× n null matrix 0m×n, real numbers R, positive reals R+, complex numbers C,
integers Z, positive integers Z+, and nonnegative integers W.

Consider the partially observed, discrete-time, stochastic linear system

xk+1 = Axk + Buk + vk, yk = Cxk + wk ∀k ∈ W,(2.1)

with state xk and process noise vk ∈ R
n, control signal uk ∈ R

m, and measurement yk

and measurement noise wk ∈ R
p. It is assumed that the following hold:

A1. (A,B) is reachable and (C,A), observable;
A2. x0, vk, and wk are realizations of random variables X0, Vk, and Wk, respec-

tively, where X0,Vk,Wj are mutually independent ∀k, j ∈ W;
A3. ∃ε > 0 s.t. X0,Vk,Wk have uniformly bounded (2 + ε)th absolute moments

over k ∈ W;
A4. the probability distribution of each random variable Vk is absolutely contin-

uous with respect to Lebesgue measure λ on R
n;

A5. infk∈W H{Vu
k} > −∞, where Vu

k ∈ R
f×n is the process noise seen by the

f ≥ 1 unstable eigenvectors of A; i.e., the process noise injects a minimum
amount of uncertainty into the unstable dynamics.

Suppose that the sensor producing the measurements is connected to the con-
troller via a digital channel, onto which one symbol sk from a finite alphabet Sk,
of possibly time-varying size µk ≥ 1, is transmitted during the (k + 1)th sampling
interval. It is assumed that each transmitted symbol is received without error, as in
Shannon source coding, after a delay of d intervals. The (asymptotic average) data
rate of the channel may then be defined as

R
∆
= lim inf

t→∞

1

t

t−1∑
k=0

log2 µk.(2.2)

This is a more general definition than in [21, 22], in which the alphabet size µk is
constant. In particular, it permits the alphabet Sk to vary periodically. For technical
reasons, it is also assumed that µk/k → 0 as k → ∞.

As the symbols in the channel are discrete-valued but the plant measurements
are continuous-valued, analog-to-digital conversion, or coding, is required. In practice,
constraints such as complexity and finite memory may be important but, in the spirit
of source coding, such limitations will be largely ignored here in order to concentrate
on the communication aspect of the problem. Each transmitted symbol may thus
depend on all past and present measurements and past symbols,

sk = γk(ỹk, s̃k−1) ∀k ∈ W,(2.3)

where γk : R
p×(k+1) × S̃k−1 → Sk is the coder mapping at time k. Note in par-

ticular that sk does not necessarily correspond to a quantized version of the latest
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measurement alone. At time k the controller has the symbols s0, . . . , sk−d available
to it and can then generate a control signal of the general form

uk = δk(s̃k−d) ∀k ∈ W,(2.4)

where δk : S̃k−d → R
m is the controller mapping at time k. As s̃k is the empty

sequence {} when k < 0, the first d control signals u0, . . . ,ud−1 are just preset inputs.
Similarly, in the coder equation (2.3) at time k = 0, s0 is a function only of y0.

Now, define the coder-controller as the triple of alphabet, coder, and controller
mapping sequences (S̃∞, γ̃∞, δ̃∞). The objective here is to construct a coder-controller
which stabilizes the plant in the mean square sense,

sup
k∈W

E‖Xk‖2 < ∞,(2.5)

while using as small a data rate as possible. The main result of this paper is now
stated as follows.

Theorem 2.1. Given assumptions A1–A5, any coder-controller which stabilizes
the plant (2.1) in the mean square sense (2.5) must have a data rate R (see (2.2))
strictly satisfying

R >
∑

|ηj |≥1

log2 |ηj | =: H,(2.6)

where η1, . . . , ηn are the open-loop eigenvalues. As R approaches this bound from
above, the supremum mean square state norm (2.5) approaches ∞.

This inequality is also tight. In other words, for any number R′ > H, a mean-
square-stabilizing coder-controller at data rate R ≤ R′ can be constructed, which fur-
thermore is finite-dimensional with periodic alphabet.

This result assumes nothing about the coding and control laws except causality,
and imposes only mild requirements on the noise distributions. It thus draws a fun-
damental line of demarcation between what is and is not achievable with stochastic
linear systems when communication rates are limited. In this sense, H plays a role
similar to source entropy in errorless Shannon source coding, and can be taken as
a measure of the rate at which information is generated by an unstable, stochastic
linear plant. Hence (2.6) states that, to achieve stability, the channel must transport
data as fast as it is produced.

A more physical insight can be gained by rewriting the inequality above as 2R >∏
|ηj |≥1 |ηj |. The right-hand side (RHS) is simply the factor by which a volume in the

unstable subspace increases at each time step due to the plant dynamics, while the
left-hand side (LHS) is the asymptotic average number of disjoint regions into which
the coder can partition the volume. In other words, the system is stabilizable iff the
dynamical increase in “uncertainty volume” due to unstable dynamics is outweighed
by the partitioning induced by the coder.

Note also that the data rate bound above is completely independent of the noise
distributions and link delay, a consequence of the weak notion of stability used here.
Increasing the noise variances (or delay) would obviously increase the mean square
state norms, but as long as (2.6) is satisfied it remains possible to keep the state
uniformly bounded in a mean square sense. The reason for this is that the noise
increases state uncertainty volumes in an additive rather than multiplicative fashion
but is averaged out exponentially, in effect, by the coder. However, as the data rate
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approaches the critical limit, this exponential averaging becomes increasingly weak,
leading to an unbounded increase in uncertainty volumes and hence mean square
states.

Finally, it is remarked that in the problem formulation above there is no explicit
communication constraint between the controller and actuator. This is reasonable if
they are colocated, but even otherwise the formulation above is applicable, since from
a plant output-to-input perspective the location of the controller is purely nominal.
The symbols that would be transmitted by it over an additional digital link to the
actuator would have to be converted once again into inputs, making intermediate
calculations redundant. In other words the “bottle-neck” link determines the effective
data rate, as expected, and Theorem 2.1 still applies. This is stated below more
precisely.

Proposition 2.2. Suppose that two cascaded digital links connect the sensor to
the actuator, with associated mappings

s1
k = γ1

k(ỹk, s̃
1
k−1) ∈ S1

k , (link-1 coder)(2.7)

s2
k = γ2

k(s̃1
k−d1

) ∈ S2
k , (link-2 coder)(2.8)

uk = δ2
k(s̃

2
k−d2

) ∈ R
m. (actuator)(2.9)

Let R1 be the data rate (2.2) of the first link and R2 that of the second. Then this
coding and control scheme can be expressed as a single-link coder-controller of the
form (2.3)–(2.4), with delay d = d1 + d2 and data rate R = min{R1, R2}.

Conversely, any single-link coder-controller with periodic alphabet, data rate R,
and delay d can always be expressed as a two-link coding and control scheme of the
form above, with periodic alphabet sizes, link data rates both equal to R, and arbitrary
delays d1, d2 ∈ W s.t. d1 + d2 = d.

Proof. See Appendix A for the proof.
The remainder of this paper is devoted to proving Theorem 2.1, in three stages.

In the next section, the system dynamics are transformed into a simpler form. In
section 4, the strict necessity of (2.6) is established via an inductive argument using
the entropy power inequality of information theory [9]. Finally, the sufficiency of
(2.6) is demonstrated in section 5 by constructing a coder-controller and using a new
quantizer error result to recursively bound the mean square state norms.

3. Real Jordan form. Before proceeding, it is convenient to transform the
system so as to decouple its dynamical modes. The obvious approach of putting the
matrix A into Jordan canonical form generally requires a transformation matrix with
complex elements. As this would complicate the analysis somewhat, the real Jordan
canonical form [15] is used here.

Let λ1, . . . , λb be the distinct eigenvalues of A ∈ R
n×n, ordered by nonincreasing

magnitude with conjugates excluded, and let the algebraic multiplicity of each λi

be mi. The real Jordan canonical form J then has the block diagonal structure

J ≡ diag(J1, . . . ,Jb) ∈ R
n×n,(3.1)

where the block Ji ∈ R
ni×ni with

ni
∆
=

{
mi if λi ∈ R,
2mi otherwise.

(3.2)

More detail regarding the structure of each block can be found in, e.g., [15, pp.
150–153] or [26]. For the purposes of this paper, the most important fact is that
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each block Ji is similar to the block diagonal matrix of all standard Jordan blocks
corresponding to λi, λ

∗
i . Hence Ji has either exactly one distinct eigenvalue λi or a

pair of complex conjugate eigenvalues λi, λ
∗
i , each with multiplicity mi.

The real Jordan canonical form is related to the matrix A via a real similarity
matrix T ∈ R

n×n s.t. T−1JT = A. Defining the transformed state

x́k
∆
= Txk ∀k ∈ W,(3.3)

the system equations (2.1) can then be written

x́k+1 = Jx́k + TBuk + Tvk ∈ R
n, yk

∆
= CT−1x́k + wk ∈ R

p ∀k ∈ W.(3.4)

By partitioning the transformed state vector into the vectors x́
(1)
k , . . . , x́

(b)
k correspond-

ing to each subsystem, the dynamical equation above can be rewritten more explicitly
as

x́
(i)
k+1 = Jix́

(i)
k + (TBuk)

(i) + (Tvk)
(i) ∈ R

di ∀k ∈ W, i ∈ [1, . . . , b],(3.5)

where (·)(i) denotes that portion of the vector argument that feeds into the ith sub-
system.

The original system has thus been decomposed into b real subsystems, with dy-
namics characterized by either a single eigenvalue or a pair of complex conjugate
eigenvalues, possibly repeated. As T is invertible, it follows that the problems of
stabilizing (3.4) and (2.1) are equivalent.

4. Proof of necessity. The first step towards proving Theorem 2.1 is to estab-
lish the necessity of (2.6) for mean square stability. In order to do so, a recursive lower

bound for E‖X́k‖2 shall be sought, which is independent of the coder-controller and
easier to analyze in terms of dynamics and data rate. More precisely, this bound will
be sought for the state vector corresponding to subsystems with eigenvalue |λi| ≥ 1.

If a strict inequality in (2.6) was not desired, a lower bound could quickly be
obtained by observing that since the noise terms are independent, the mean square
state norm cannot increase if they are all suppressed. In other words, the mean
square state norm is bounded below by the mean square state norm of the plant with
a random initial state but no noise. This is precisely the situation explored in [22]
and, by a slight modification of the quantization argument used there, the nonstrict
version of (2.6) is easily seen to be necessary for mean square stability.

However, this reduction to a noiseless system does not reveal that stability is in
fact impossible at a data rate equal to the critical bound H. More importantly, it
states nothing about behavior near H, in particular the fact that, as the data rate
approaches H, the supremum mean square state norm (2.5) becomes arbitrarily large,
drastically degrading performance, regardless of the coder-controllers used. This is
made apparent by the entropy-based analysis below.

Denote the index set of unstable subsystems and their total dimension, respec-
tively, by

U ∆
= {i : |λi| ≥ 1}, f

∆
=
∑
i∈U

ni,(4.1)

and stack the unstable subsystem states x́
(i)
k , i ∈ U , to construct

xu
k :=

[
x́

(1)T
k · · · x́(|U|)T

k

]T
≡ Rx́k ∈ R

f ∀k ∈ W,

where R
∆
=
[
If 0f×(n−f)

]
∈ R

f×n.(4.2)
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Now, suppose that the coder-controller (S̃∞, γ̃∞, δ̃∞) stabilizes (2.1), and hence (3.4),
in mean square state norm. As ‖xu

k‖ ≤ ‖x́k‖, it follows that {Xu
k}k∈W is also bounded

in mean square norm. Following the usual definition of entropy power (see, e.g., [9]),
let the conditional entropy power of a random variable X ∈ R

f , given an event A = a,
be

Na{X} ∆
= (2πe)−1e2Ha{X}/f .(4.3)

In connection with the uncertainty volume interpretation of Theorem 2.1, (Na{X})f/2
can be regarded as the volume of the effective support set of pX|a. Furthermore,

Na{X} ≤ e1/f−1Ea‖X‖2,(4.4)

with equality iff X is symmetric Gaussian with zero mean when conditioned on
A = a (see Appendix B). This is essentially a statement of the well-known entropy-
maximizing property of Gaussian distributions.

By analogy with the notation for average conditional entropy, denote the average
conditional entropy power of X, given A = a, averaged over A, by

N{X|A} ∆
= E {NA{X}} .(4.5)

Setting X = Xu
k and A = S̃k−d−1, the random variable associated with the sequence

s̃k−d−1, it then follows that

nk := N{Xu
k|S̃k−d−1} = E

{
NS̃k−d−1

{Xu
k}
}
,

≤ e1/f−1E
{
ES̃k−d−1

‖Xu
k‖2
}

= e1/f−1E‖Xu
k‖2 ∀k ∈ W,(4.6)

so that {nk}k∈W must also be bounded. Note here that nk can be interpreted as the
average unstable subspace uncertainty volume, given the symbol sequence s̃k−d−1.

Another important property of conditional entropy power is its superadditivity
for summed independent random variables, i.e.,

Na{X + Y} ≥ Na{X} + Na{Y},(4.7)

where X,Y ∈ R
f are mutually independent when conditioned on an event A = a (see,

e.g., [7, 9]). By means of a recursive argument that employs this so-called entropy
power inequality, it shall be shown that any stabilizing data rate must satisfy (2.6)
strictly. First, observe from (4.2) that

RJ = JuR, where Ju ∆
= diag(J1, . . . ,J|U|) ∈ R

f×f .(4.8)

Left-multiplying (3.4) by R and using (2.4), the dynamical equation for xu
k is then

xu
k+1 = Juxu

k + RTvk + RTBδk(s̃k−d),(4.9)

⇒ NS̃k−d
{Xu

k+1} = NS̃k−d
{JuXu

k + RTVk + RTBδk(S̃k−d)}
= NS̃k−d

{JuXu
k + RTVk}(4.10)

≥ NS̃k−d
{JuXu

k} + NS̃k−d
{RTVk} = NS̃k−d

{JuXu
k} + N{RTVk}(4.11)

= |detJu|2/fNS̃k−d
{Xu

k} + N{RTVk} ∀k ∈ W.(4.12)
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The equality in (4.10) is due to the property that Ha{X + g(A)} = Ha{X} for any
function g (translation invariance). The inequality (4.11) uses the mutual indepen-
dence of Vk and Xk, S̃k−d, the latter both being determined by X0,Vj ,Wj , j ≤ k−1,
to apply the entropy power inequality (4.7), and finally (4.12) expresses the effect of
an invertible linear transformation on differential entropy; see Corollary 9.6.4 in [7].

Now, denote the conditional entropy power of X, given A = a, S = s and averaged

only over S, by Na{X|S} ∆
= Ea{NA,S{X}}. The next step utilizes the result below.

Lemma 4.1. Let X ∈ R
f and S ∈ S, a finite alphabet, be random variables

conditioned on an event A = a. Then

Na{X|S} ≥ |S|−2/fNa{X}.(4.13)

Proof. See Appendix C for the proof.

As (Na{X|S})f/2 can be viewed as the average uncertainty volume of X, given
S conditioned on A = a, this inequality states that knowledge of a correlated random
variable S ∈ S with |S| distinct values reduces the average uncertainty volume of X
by at most a factor of |S|. In a sense, this is an extension of deterministic volume
partitioning to a stochastic setting.

Setting X = Xu
k, A = S̃k−d−1, S = Sk−d, and averaging (4.12),

nk+1 ≡ E
{

NS̃k−d
{Xu

k+1}
}

≥ |detJu|2/fE
{

ES̃k−d−1

{
NS̃k−d

{Xu
k}
}}

+ E {N{RTVk}}

= |detJu|2/fE
{

NS̃k−d−1
{Xu

k|Sk−d}
}

+ N{RTVk}

≥
∣∣∣∣ detJu

|Sk−d|

∣∣∣∣2/f E
{

NS̃k−d−1
{Xu

k}
}

+ N{RTVk}

≡
∣∣∣∣detJu

µk−d

∣∣∣∣2/f nk + N{RTVk} ∀k ∈ W.(4.14)

By assumption A5 in section 2, ∃θ ∈ R s.t. H{RTVj} ≥ θ ∀j ∈ W. Hence

N{RTVj} ≥ (2π)−1e2θ/f−1 =: β > 0 ∀j ∈ W,(4.15)

by definition (4.3). Substituting this into (4.14) and for convenience setting µi = 1
when i < 0,

nk+1 ≥
∣∣∣∣detJu

µk−d

∣∣∣∣2/f nk + β ≥ β

k∑
j=0

k∏
i=j+1

∣∣∣∣detJu

µi−d

∣∣∣∣2/f

≡ β

k∑
j=0

hk

hj
, where hk :=

k∏
i=0

∣∣∣∣detJu

µi−d

∣∣∣∣2/f

⇒ ∞ > α
∆
=

1

β
sup
k∈Z+

nk ≥
k∑

j=0

hk

hj
⇔ α− 1

hk
≥

k−1∑
j=0

1

hj
∀k ∈ Z+.(4.16)

As hk > 0, α > 1. By upward induction on k it can be verified that
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hk ≤ α(1 − 1/α)kh0 ∀k ∈ Z+

⇒ 0 > log2(1 − 1/α) ≥ 1

k
log2

(
hk

α

)
⇒ log2

(
1 − 1

α

)
=

2(k + 1)

fk
log2 |detJu| − 2

fk

k∑
i=0

log2 µi−d −
log2 α

k
∀k ∈ Z+

≥ 2

f
log2 |detJu| − lim inf

k→∞

[
2

fk

k∑
i=0

log2 µi−d −
2 log2 |detJu|

fk
+

log2 α

k

]
≡ (2/f) (log2 |detJu| −R) ≡ (2/f)(H −R).(4.17)

This proves the strict necessity of (2.6). Furthermore, after rearranging the inequali-
ties above and using (4.6),

sup
k∈Z+

E‖Xu
k‖2 ≥ e1−1/f sup

k∈Z+

nk = e1−1/fβα ≥ e1−1/fβ

1 − 2−2(R−H)/f
.(4.18)

As β in (4.15) depends only on process noise statistics, this is a universal lower bound
on the supremum mean square state of all coder-controllers with data rate R. Hence
as R ↘ H, the supremum mean square state becomes arbitrarily large.

Note that the argument above can be adapted to deal with stability in the sense of
uniform boundedness with bounded disturbances. The idea is to replace the average
conditional entropy power nk with the maximum state uncertainty volume, given past
symbols, and then use the deterministic analogue of the entropy power inequality, the
Brunn–Minkowski inequality (see, e.g., [7]). This states that, given two λ-measurable

regions X,Y ⊂ R
f , the volume of the set sum X +Y

∆
= {x+ y|x ∈ X, y ∈ Y } satisfies

λ(X +Y )1/f ≥ λ(X)1/f +λ(Y )1/f . It then follows that (2.6) is also strictly necessary
for uniformly bounded stabilizability.

5. Achievability of data rate bound. The final step in proving Theorem 2.1
is to establish that (2.6) is attainable, i.e., that the system (2.1) can in principle be
stabilized at any data rate arbitrarily close to but greater than the critical bound H.
The general, entropy-based argument of the preceding section does not offer many
clues as to how to prove this, so in this section a completely different approach is
taken. Based on a semiheuristic line of reasoning, a finite-dimensional coder-controller
with periodically varying coding alphabet is constructed in section 5.2. By means of
a new quantizer bound, it is then demonstrated in section 5.3 that it achieves means
square stability at data rates arbitrarily close to H.

The chief complications in the design and analysis of this scheme arise from the
unbounded support of the noise terms. With uniformly bounded noise, any coding
and control law which achieves asymptotic contraction without disturbances, in the
sense that ∃γ ∈ (0, 1) s.t. ∀ sufficiently large k, ‖xk‖ < γr, ∀r > 0, ‖x0‖ ≤ r, can
easily be modified to achieve uniformly bounded stability. The idea is to recast such
a law as an equivalent open-loop scheme which generates symbols according to the
initial state alone. Assuming no noise, ∃ a sufficiently large τ ∈ Z+ s.t. any state with
norm ≤ r will after τ steps have norm ≤ γr. The effect of bounded disturbances then
boosts the radius of this worst-case region by an additive constant c · τ , so the open-
loop scheme can then be reapplied with rnew = γr+ cτ . As the recursion r �→ γr+ cτ
is stable, a uniform bound on the state at times 0, τ, 2τ, . . . is guaranteed and trivially
leads to a bound over all integer times.
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The situation is quite different when dealing with unbounded stochastic distur-
bances, because of the impossibility of a coder-controller which uniformly contracts
mean square norms in an analogous sense. Briefly, the reason for this is that even
though a distribution may have finite second absolute moment, the tail integral∫
‖x‖≥t

‖x‖2dPX(x) can approach 0 arbitrarily slowly with large t. In section 5.3

this difficulty is overcome by dealing with a functional Mε (see (5.9)) instead of the
mean square state norm. Before proceeding to the construction and analysis of the
stabilizing coder-controller, several structural issues are first discussed below.

5.1. Structural issues. In order to make the analysis tractable, a certain
amount of structure will need to be imposed on the general coder-controller equa-
tions (2.3)–(2.4). It is known (see, e.g., [28]) that for a linear Gauss–Markov system
under a mean quadratic cost there exist optimal coding and control schemes with the
following form:

1. Prior to coding, a Kalman filter is applied to recursively calculate the linear
minimum variance prediction x̄k+d|k of x́k+d, given the measurement and
control sequences ỹk, ũk+d−1. Note that the control signals are not observed
directly by the coder, but inferred from knowledge of the symbol sequence
s̃k−1 and the controller mappings.

2. Based on the past symbol sequence s̃k−1, the latest prediction x̄k+d is recur-
sively (and possibly nonuniformly) quantized to yield a coded estimate

x̂k+d ≡ Qk(x̄k+d|k, s̃k−1) ≡ �k(sk)

with µk possible values. The index sk of the selected quantizer point �k(sk)
is transmitted.

3. Upon receiving sk at time k + d, the controller uses it and the previous
symbols to regenerate x̂k+d and applies a certainty-equivalent linear control
law uk+d ≡ Lx̂k+d.

Although no Gaussian assumptions are made in this paper, it is convenient to use
a modified version of this tristage structure as a basis for constructing a stabilizing
scheme.

Considering the first stage, recall that the linear minimum variance predictions
satisfy the separation principle

E‖X́k‖2 = E‖X́k − X̄k|k−d‖2 + E‖X̄k|k−d‖2 ∀k ∈ W,

even with non-Gaussian noise. The first term on the RHS is uniformly bounded, by
the observability and (2 + ε)th moment assumptions A1 and A3 in section 2, and
independent of the control law (see, e.g., [1]). Hence the mean square stability of
the partially observed system (3.4) is equivalent to that of the fully observed filter
process. Furthermore, this process satisfies a recursive equation of the same form as
(3.4), i.e.,

x̄k+1+d|k+1 = Jx̄k+d|k + TBuk + zk+1 ∀k ∈ W,(5.1)

where, by assumption A3, the (2+ε)th absolute moments of the innovation Zk+1 can
be shown to be uniformly bounded over k ∈ W.

The second stage above is not quite so straightforward, since the optimal quantizer
Qk(·, ·) is generally time-varying and stores all past symbols. As the objective here
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is not optimality but stability, it is natural to investigate whether simpler quantizer
structures will suffice. One possibility is a static, memoryless coder,

x̂k+d ≡ Q(x̄k+d|k) ≡ �(sk) ∈ R
n,(5.2)

where Q is a fixed quantizer with points �(0), �(1), . . . , �(µ − 1). Another option
is a finite-state, predictive quantizer (see, e.g., [12]), in which the latest coded state
estimate is stored and the prediction error is recursively coded according to a finite-
valued internal variable ιk ∈ I,

Q
(
x̄k+d|k − (J + TBL)x̂k−1+d|k−1, ιk

)
≡ �(sk),(5.3)

x̂k+d ≡ (J + TBL)x̂k−1+d + �(sk),(5.4)

ιk+1 ≡ g(ιk, sk),

where L is a certainty-equivalent control gain such that J + TBL is stable. The
symbol sk, corresponding to the index of the selected quantizer point, is then used
to update the finite state, (ιk, sk) �→ ιk+1. Examples are differential pulse code and
delta modulation in speech processing.

For noise distributions with compact support, it can be shown that either type of
coder can achieve stability. It may seem as if this should also hold in the case of infinite
support, since if stability has been achieved, then the states and prediction errors
remain with high probability in some bounded region, which could then be quantized
without memory. However, this somewhat circular argument fails drastically if the
plant is strictly unstable and either the initial state or a process noise term has infinite
support in all directions.

Proposition 5.1. Suppose that the plant (2.1) has at least one open-loop eigen-
value with magnitude strictly greater than 1, and that, for any nonzero h ∈ R

n, either

P{hTX0 > θ} > 0 ∀θ ∈ R or ∃t ∈ W s.t. P{hTVt > θ} > 0 ∀θ ∈ R.(5.5)

Then for any static memoryless coder (5.2) or finite-state predictive quantizer (5.3)–
(5.4), the rth absolute state moments are unbounded with time, ∀r > 0, regardless of
the number of quantization points.

Proof. See Appendix D for the proof.
This distinguishes the stochastic, communication-limited stabilization problem

from the deterministic, bounded disturbance version, for which either memoryless or
finite-state quantization suffices. The reason for the difference is basically that the
finite range of the quantizer causes controller saturation. If the initial state or process
noise has infinite support, there is consequently a finite chance that at some time k,
the propagated state Axk is beyond reach of the control signal. The unstable plant
dynamics then amplify this shortfall, causing the same phenomenon to occur with
increasing probability at subsequent times, and inevitably leading to instability.

An obvious solution is to use an adaptive quantizer with possibly unbounded
range, thereby allowing the control signal to “catch up” with the state. One simple
approach is to use a predictive scheme with a scaling factor lk > 0 which is recursively
adjusted according to the symbols transmitted:

Q

(
x̄k+d|k − (J + TBL)x̂k−1+d|k−1

lk

)
≡ �(sk),

x̂k+d ≡ (J + TBL)x̂k−1+d + lk�(sk),

lk+1 ≡ g(lk, sk) ∈ R+.
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This approach, similar to [6, 19], is adopted in section 5.2.

Another characteristic of the coder-controller constructed here is that its symbol
alphabet varies periodically with time, a point of departure from the time-invariant,
constant data rate schemes in [3] and elsewhere. If the symbol alphabet were fixed,
then the data rate in bits/interval could only take the discrete values log2 µ, µ =
1, 2, . . . , making it impossible in general to attain data rates arbitrarily close to H.
In [3] this is not an issue, since the underlying plant is in continuous time and the
corresponding data rate bound, in bits/second, can be approached by increasing the
sampling period. In the scenario considered in this paper, it is assumed that the
sampling interval is not adjustable. However, by using a symbol alphabet which
varies periodically, average data rates as close as desired to H can be achieved with
sufficiently large cycle lengths, similar to the way that irrationals are approximated
by rationals.

A periodic alphabet is also suggested by a consideration of the plant dynamics.
By the block structure of the real Jordan form J, the filter process (5.1) consists of
b subsystems with decoupled dynamical matrices Ji ∈ R

ni×ni , i = 1, . . . , b. The speed
at which the ith subsystem grows in any direction is determined by the eigenvalue λi

and, intuitively, a larger |λi| necessitates using a higher data rate. A natural approach
is to cycle through the subsystems and encode each at a rate determined by the
corresponding level of instability.

Notwithstanding the discussion above, the implementation of time-varying alpha-
bets can be difficult. In the coder-controller presented below, the alphabet size is in
fact kept constant for the initial part of each cycle, and no data is transmitted for the
remainder. The subsystems are then allocated different effective data rates by means
of a time-sharing protocol. More explicitly, time is divided into cycles of sufficiently
large duration τ ∈ Z+ and, within each cycle, the components of the unstable sub-

system states x̄
(i)
k ∈ R

ni are allocated transmission slots of fixed length τi, roughly
proportional to log2 |λi|. During each slot a fixed alphabet of size µk ≡ µ ≥ 2 is used
to quantize the corresponding subsystem state component with a total of µτi levels.
Towards the end of each cycle, there is then a quiet slot during which no information
is transmitted, i.e., µk = 1.

5.2. Stabilizing coder-controller. The coder-controller to be applied is de-
fined below and analyzed in subsection 5.3. First, however, the static quantizer which
is its basis is constructed, and a key lemma which stochastically bounds the quantizer
errors is presented.

5.2.1. Quantizer. Recall that the floating point representation of a number
x ≥ 1 can be generated recursively by means of the following algorithm:

1. At iteration i, let x ∈ Ji, where J0 = [1,∞).
2. At iteration i+ 1, if Ji was the semi-infinite interval [10i,∞), then partition

it into nine contiguous, disjoint subintervals of length 10i and one semi-infinite inter-
val [10i+1,∞). If Ji was bounded, however, then partition it into ten equally long
subintervals. In both cases set Ji+1 to the subinterval containing x.

3. Repeat step 2 until i = some predefined ν ≥ 1.
4. Approximate x by the lower limit of Jν .

At termination, each interval [10i−1, 10i), i = 1, . . . , ν, has been partitioned into
9 × 10ν−i subintervals of equal length, and each x in it approximated as a floating
point number with ν − i significant figures. Including the semi-infinite “overload”
subinterval [10ν ,∞), there are 10ν subintervals in total, and so this algorithm can be
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viewed as a nonuniform quantization of x ≥ 1 with 10ν points.
The scalar quantizer which underpins the coder-controller constructed here is

basically an extension of this floating point scheme to x ∈ R, with a base which may
be nondecimal. First, select � > 1 and let

ri
∆
= �i−1, i ∈ Z+.(5.6)

Then select a base µ ≥ 2 and for any integer ν ≥ 2 generate µν disjoint, exhaustive
intervals symmetrically about the origin by

(i) partitioning [−r1, r1] = [−1, 1] into (µ2−2)µν−2 intervals of length 2/[(µ2−
2)µν−2],

(ii) partitioning (ri−1, ri] and [−ri,−ri−1) each into (µ − 1)µν−i intervals of
length (�i−1 − �i−2)/[(µ− 1)µν−i] ∀i ∈ [2, 3, . . . , ν],

(iii) leaving (rν ,∞) and (−∞,−rν) as the right- and left-most intervals.
In general, there are precisely (µ2 − 2)µν−2 + 2 +

∑
2≤i≤ν 2(µ − 1)µν−i = µν

intervals. Label them I(0), I(1), . . . , I(µν − 1), from left- to right-most, and ∀x ∈ R

let

κν(ω)
∆
=

⎧⎨⎩
half-length of I(ω) if 1 ≤ ω ≤ µν − 2,
0.5(1 − 1/µ)−1(rν+1 − rν) if ω = µν − 1,
−0.5(1 − 1/µ)−1(rν+1 − rν) if ω = 0,

(5.7)

qν(x) := �ν(ω) :=

⎧⎨⎩
midpoint of I(ω) if 1 ≤ ω ≤ µν − 2,
rν + κν(ω) if ω = µν − 1,
−rν − κν(ω) if ω = 0,

⎫⎬⎭ if x ∈ I(ω).(5.8)

The precise form of the equations above is immaterial, some of the constants
being selected solely to simplify subsequent analysis. Observe that, like the floating
point quantizer, the intervals of qν+1 can be generated recursively by partitioning
each interval of qν into µ subintervals. Furthermore, as ν → ∞, the range [−rν , rν ]
covered by finite I’s becomes unbounded, and at the same time any number x is
eventually captured in an interval with length → 0. Both these competing properties
are necessary for the quantization error of a random variable with infinite support to
approach zero pointwise as ν increases.

However, to show the attainability of (2.6), convergence in a stronger sense will
be required; in particular, the mean square quantization error should diminish like
the inverse square of the number of levels, µ−2ν . Guaranteeing this for fat-tailed
distributions is the real motivation for the exponential form of (5.6). If the distribution
being quantized had exponentially decaying tails, then it can be shown that (5.6) leads
to a waste of quantizer levels on regions of very low probability and, consequently,
a shortage of levels in high-probability regions. However, as the tails may decay
according to a power law, a sufficiently large � ensures that both the low- and high-
probability mean square error contributions die off like µ−2ν .

In fact, a slightly stronger result can be proven. Before stating it formally, for
any random variable L ∈ R+ and random vector X define the functional

Mε{X|L} := E{L2} + E{‖X‖2+εL−ε}.(5.9)

This cannot be smaller than the mean square norm of X, since

E‖X‖2 = E
{
‖X‖2 [χ(‖X‖ ≤ L) + χ(‖X‖ > L)]

}
≤ E{L2} + E

{
‖X‖2(‖X‖/L)εχ(‖X‖ > L)

}
≤ E{L2} + E

{
‖X‖2+εL−ε

}
≡ Mε{X|L},(5.10)
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where χ is the usual indicator function. The mean square quantizer errors generated
by qν can then be bounded as follows.

Lemma 5.2. Let X ∈ R, L > 0 be random variables with E|X|2+ε < ∞ for some
ε > 0. If the quantizer parameter � of (5.6) and the base µ ∈ [2, 3, . . .) are selected so
that � > µ2/ε, then the quantizer errors X − Lqν(X/L) satisfy

Mε

{
X − Lqν

(
X

L

)∣∣∣∣Lκν(Ω)

}
≤ ζ

µ2ν
Mε{X|L} ∀ν ∈ [2, 3, . . .),(5.11)

where qν , κν are defined in (5.8)–(5.7), Ω ∈ [0, 1, . . . µν−1] is the index of the quantizer
level qν(X/L), and ζ > 0 is determined only by ε, µ, and �.

Proof. See Appendix E for the proof.

By (5.10), the LHS exceeds the mean square quantizer error E|X − Lqν(X/L)|2,
so this result upper-bounds the latter and guarantees that it decreases as fast as the
square of the number of quantizer levels. The condition � > µ2/ε is crucial here, as it
relates the speed at which the quantizer range increases with ν to the fatness of the
distribution tails, and thereby ensures that the contribution of the overload regions
decays faster than µ−2ν for any fixed integer µ ≥ 2.

However, the real utility of this lemma lies in the appearance of Mε on both sides,
together with the independence of the constant ζ of the distribution of X. These two
facts permit (5.11) to be used recursively when proving coder-controller stability in
subsection 5.3. In contrast, a similar inequality relating the mean square norms of
the error and X, via a density-independent factor decaying like the number of levels
squared, is impossible.1 What can be done instead is to upper-bound the mean square
error by some higher moment of X as in Lemma 6.6 of [13], an approach which does
not permit recursive application.

5.2.2. Time-sharing protocol and coder. The quantizer above will now be
used to construct a coder-controller. The measurements are first passed through a
Kalman filter to generate a fully observed process of the form (5.1). In order to
simplify the analysis, and reduce subscript clutter, a nonpredictive filter with output
x̄k := x̄k|k is used. As discussed in section 5.1, its mean square stability is equivalent
to that of the original system (2.1), and its innovations zk, k ∈ Z+, are uniformly
bounded in the (2 + ε)th absolute moment.

Divide times k ∈ W into cycles [jτ, . . . , (j + 1)τ − 1], j ∈ W, of uniform integer
duration τ ∈ Z+. Let R′ be any given number greater than H from (2.6), and
select any integer µ ≥ 2R

′
. With U denoting the index set of unstable subsystems

(4.1), subdivide each cycle into f transmission slots of duration τi, for each scalar

component of x̄
(i)
jτ ∈ R

ni , followed by a quiet slot of duration τ −
∑

i∈U niτi, where

τi
∆
= �τ logµ(ξ|λi|)� + 1 ∀i ∈ U ,(5.12)

with �·� denoting rounding down. If the parameter ξ is chosen to satisfy

0 < f log2 ξ < R′ −
∑
i∈U

ni log2 |λi| ≡ R′ −
∑

|ηl|≥1

log2 |ηl|,(5.13)

1The reason for this is essentially that even if pX has a finite second moment, |x|2pX(x) may
decay so slowly with large x that the overload regions dominate the mean square error, making it
decrease more slowly than the inverse square number of levels.
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then the choice of transmission slot durations (5.12) is feasible, since∑
i∈U

niτi ≤
∑
i∈U

ni

(
τ

log2(ξ|λi|)
log2 µ

+ 1

)
≤ τ

∑
i∈U ni log2 |λi| + f log2 ξ

R′ + f.(5.14)

As the coefficient of τ is less than unity by (5.13), the sum of transmission slot
durations is less than any sufficiently large cycle length τ .

Let the symbol alphabet Sk = Zµ during transmission slots, and = {0} during
the quiet slot. Then by reasoning similar to the above, the asymptotic average data
rate R of this periodic alphabet, equal to the average data rate over one cycle, satisfies

R =
1

τ

∑
i∈U

niτi log2 µ ≤ log2 µ

τ

∑
i∈U

ni

(
τ

log2(ξ|λi|)
log2 µ

+ 1

)
=
∑
i∈U

ni log2 |λi| + f log2 ξ +
f log2 µ

τ
< R′

for all sufficiently large τ . As R′ is any number exceeding H, this confirms that the
data rate of this protocol can be made arbitrarily close to H, leaving aside for now
the question of stability.

Just before the start of a cycle at time k = jτ , let lj ∈ R+ be the adaptive
quantizer scaling factor discussed in section 5.1, and x̂jτ ∈ R

n be an estimate of x̄jτ

internal to the coder. The coder state is then defined as ψj
∆
= (x̂jτ , lj). Indexing the

scalar components of vectors ∈ R
ni by an additional superscript h ∈ [1, . . . , ni], at

the start of the transmission slot for x̄
(i,h)
jτ let it be scaled and quantized via

�τi(ω
(i,h)
j ) ≡ qτi([x̄

(i,h)
jτ − x̂

(i,h)
jτ ]/lj) ∀h ∈ [1, . . . , ni],(5.15)

where �ν and qν are defined in (5.8). The index ω
(i,h)
j ∈ [0, . . . , µτ −1] of the selected

quantizer level is then expanded as τi base-µ digits and transmitted. After this has
been done for all unstable state components, the coder state is updated via

x̂(j+1)τ = Jτ [x̂jτ + lj�(ωj)] +

(j+1)τ−1∑
k=jτ

J(j+1)τ−1−kTBLx̂k,(5.16)

where x̂k+1 = (J + TBL)x̂k ∀k ∈ [jτ, . . . , jτ + τ − 2], x̂0 = 0,(5.17)

lj+1 = max
i∈U,h∈[1,...,ni]

{
σ, lj |λi|τκτi

(
ω

(i,h)
j

)}
∀j ∈ W, l0 = σ.(5.18)

In the above, �(ωj) ∈ R
n is the vector with (i, h)th component �τi(ω

(i,h)
j ) for i ∈ U

and 0 for i /∈ U , L ∈ R
p×n is the certainty-equivalent controller gain matrix, and σ2+ε

is a uniform upper bound on the (2 + ε)th absolute moment of

Gj :=

τ∑
i=1

Jτ−iZjτ+i ∀j ∈ W.(5.19)

5.2.3. Controller. Similar to the coder, define a controller internal state ψcon
j

∆
=

(x̂con
jτ , lconj ) ∈ R

n × R+, initialized when j = 0 to (0, σ). At any time k ∈ [jτ, . . . ,
jτ + τ − 1] in the cycle, a certainty-equivalent control signal

uk = Lx̂con
k(5.20)
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is applied, where x̂con
k is given by (5.17) (with superscripts “con”), and L is the given

gain matrix s.t. J + TBL is strictly stable.
By the time-sharing protocol, the last transmission slot during this cycle ends

at time jτ + c(τ) − 1, where c(τ)
∆
=
∑

i∈U niτi. Recalling that the channel has a
delay d, at time k = jτ + c(τ)−1+d the controller then has available all the symbols

sjτ , . . . , sjτ+c−1, comprising the base-µ expansions of the quantizer level indices ω
(i,h)
j ,

h ∈ [1, . . . , ni], i ∈ U . By reasoning similar to (5.14), c(τ) + d ≤ τ sufficiently large,
so that these indices are guaranteed to be received before the beginning of the next
cycle at time (j + 1)τ . The controller then updates its internal state via the same
recursive equations (5.16)–(5.18) as the coder.

5.3. Analysis. A uniform bound on the mean square norms of the filter process
(5.1) using the coder-controller above will now be derived, for a data rate arbitrarily

close to the lower bound (2.6). First, it is shown that the coder error Fk
∆
= X̄k − X̂k

is uniformly bounded in mean square norm over times k = jτ , j ∈ W, by using the
functional Mε defined in (5.9) and Lemma 5.2. The mean square stability of Fk over
all integer times is then deduced, which in turn will be shown to imply that of X̄k,
k ∈ W.

Observe that since the initial controller and coder internal states ψcon
0 , ψ0 are

equal and, furthermore, the same update equations (5.16)–(5.18) are used for each, it
follows that x̂con

k = x̂k and lconj = lj ∀j, k ∈ W. The superscript “con” is thus dropped
in the analysis. Substituting (5.20) into the filter recursion (5.1) and iterating over a
cycle,

x̄(j+1)τ = Jτ x̄jτ +

(j+1)τ−1∑
k=jτ

J(j+1)τ−1−k (TBLx̂k + zk+1)

= Jτ x̄jτ + gj +

(j+1)τ−1∑
k=jτ

J(j+1)τ−1−kTBLx̂k,

where gj
∆
=
∑τ

k=1 Jτ−kzjτ+k (see (5.19)). Subtracting this from (5.16), and then
exploiting the block diagonal structure J ≡ diag(J1, . . .Jb) of the real Jordan form,
where Ji ∈ R

ni×ni ,

f(j+1)τ = Jτ [fjτ − lj�(ωj)] + gj ,

⇔ f
(i)
(j+1)τ = Jτ

i

[
f
(i)
jτ − lj�(ωj)

(i)
]

+ g
(i)
j ∈ R

ni ∀i ∈ [1, . . . , b], j ∈ W.(5.21)

By (5.15) and the definition of �(ωj), �(ωj)
(i) ∆

= 0 ∀i /∈ U , in which case the RHS

above simply becomes the recursion f
(i)
(j+1)τ = Jτ

i f
(i)
jτ + g

(i)
j . Recall that each block Ji

has exactly either one real eigenvalue λi or two complex conjugate eigenvalues λi, λ
∗
i .

As |λi| < 1 ∀i /∈ U , and furthermore the noise term has a uniform moment bound

E‖G(i)
j ‖2 ≤ σ2, it immediately follows that E‖F(i)

jτ ‖2 must be uniformly bounded for
all strictly stable subsystems.

Hence, only the unstable subsystems i ∈ U need be considered. For each such i,
�(ωj)

(i) ∈ R
ni is defined to be the quantizer point vector with hth component

qτi(f
(i,h)
jτ /lj). Applying square norms and the triangle inequality to (5.21), ∀i ∈ U ,

j ∈ W,
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‖f (i)
(j+1)τ‖

2 ≤ 22
[
‖Jτ

i ‖2‖f (i)
jτ − lj�(ωj)

(i)‖2 + ‖g(i)
j ‖2

]
= 4

[
‖g(i)

j ‖2 + ‖Jτ
i ‖2

ni∑
h=1

∣∣∣f (i,h)
jτ − ljqτi

(
f

(i,h)
jτ /lj

)∣∣∣2] ,(5.22)

using (5.15) and the definition of �(ωj). As each Ji is similar to the block diagonal
matrix of all Jordan blocks associated with λi, a trivial adaptation of a result in [15,
p. 138] states that ∃ζ0 > 0 s.t.

‖Jτ
i ‖ ≤ ζ0τ

ni−1|λi|τ ∀i ∈ [1, . . . , b], τ ∈ Z+.(5.23)

Let the stacked vector of unstable subsystem errors be fu
k

∆
= [f

(1)T
k , . . . , f

(|U|)T
k ]T, and

define gu
j in a similar way. By summing (5.22) over i ∈ U , applying the growth rate

bound above, and twice using the trivial inequality (
∑

1≤l≤r |yl|)α ≤ rα
∑

1≤l≤r |yl|α
∀r ∈ Z+, α > 0, it then follows that ∃φ ≥ 1 s.t.

‖fu
(j+1)τ‖2+ε =

(∑
i∈U

‖f (i)
(j+1)τ‖

2

)1+ε/2

≤ φ

(
‖gu

j ‖2+ε +
∑
i∈U

|τni−1λτ
i |2+ε

ni∑
h=1

∣∣∣f (i,h)
jτ − ljqτi

(
f

(i,h)
jτ /lj

)∣∣∣2+ε
)
.

Dividing by lεj+1 and taking expectations,

E
{
‖Fu

(j+1)τ‖2+εL−ε
j+1

}
≤ φ

(
E

{
‖Gu

j ‖2+ε

Lε
j+1

}
+
∑
i∈U

∣∣τni−1λτ
i

∣∣2+ε
ni∑
h=1

E

{
|F (i,h)

jτ − Ljqτi(F
(i,h)
jτ /Lj)|2+ε

Lε
j+1

})

≤ φ

(
E

{
‖Gu

j ‖2+ε

σε

}
+
∑
i∈U

∣∣τni−1λτ
i

∣∣2+ε
ni∑
h=1

E

{
|F (i,h)

jτ − Ljqτi(F
(i,h)
jτ /Lj)|2+ε

[Lj |λi|τκτi(Ω
(i,h)
j )]ε

})

= φ

(
E

{
‖Gu

j ‖2+ε

σε

}
+
∑
i∈U

τ (ni−1)(2+ε)|λi|2τ
ni∑
h=1

E

{
|F (i,h)

jτ − Ljqτi(F
(i,h)
jτ /Lj)|2+ε

[Ljκτi(Ω
(i,h)
j )]ε

})
,

(5.24)

where the second inequality is a consequence of the definition of lj+1 (see (5.18)).
Now, let

ϑj := Mε{Fu
(j+1)τ |Lj} ≡ E{L2

j} + E{‖Fu
(j+1)τ‖2+εL−ε

j } ∀j ∈ W.(5.25)

By (5.10), the RHS is never less than E‖Fu
(j+1)τ‖2, so to establish the mean square

boundedness of the errors it is sufficient to show that supj∈W
ϑj < ∞. Observe that

E{L2
j+1} ≡ E

{
max

i∈U,h∈[1,...,ni]

{
σ2, L2

j |λi|2τκτi

(
Ω

(i,h)
j

)2
}}

≤ σ2 +
∑
i∈U

|λi|2τ
ni∑
h=1

E
∣∣∣Ljκτi

(
Ω

(i,h)
j

)∣∣∣2 .
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Adding this to (5.24), noting that E‖Gu
j ‖2+ε ≤ σ2+ε, τ ≥ 1, and using definition

(5.25),

ϑj+1

≤ φ

(
σ2 +

∑
i∈U

τ (ni−1)(2+ε)|λi|2τ
ni∑
h=1

Mε

{
F

(i,h)
jτ − Ljqτi

(
F

(i,h)
jτ

Lj

)∣∣∣∣∣Ljκτi

(
Ω

(i,h)
j

)})
.

(5.26)

Applying Lemma 5.2 to each term in the inner sum, with X = F
(i,h)
jτ , L = Lj , ν = τi,

and Ω = Ω
(i,h)
j ∀j ∈ W,

ϑj+1 ≤ φ

(
σ2 +

∑
i∈U

τ (ni−1)(2+ε)|λi|2τ
ni∑
h=1

ζ

µ2τi
Mε

{
F

(i,h)
jτ |Lj

})

≤ φ

(
σ2 +

∑
i∈U

τ (ni−1)(2+ε)|λi|2τ
ni∑
h=1

ζ

µ2τi
Mε

{
Fu

jτ |Lj

})

≡ φσ2 + φζ

(∑
i∈U

niτ
(ni−1)(2+ε) |λi|2τ

µ2τi

)
ϑj ,(5.27)

where the second inequality is obtained from the definition of Mε in (5.9) and the
trivial fact that the magnitude of a vector is never less than the magnitude of any of
its components.

The inequality above is a first order, sublinear recursion for ϑj with a forcing term.
By (5.12) and the fact that x − �x� < 1 ∀x ∈ R, it follows that τi > τ logµ(ξ|λi|)
∀i ∈ U , τ ∈ Z+. This is equivalent to ξτ |λi|τ < µτi , which when substituted into the
above yields

ϑj+1 ≤ φσ2 + φζ

(∑
i∈U

niτ
(ni−1)(2+ε) 1

ξ2τ

)
ϑj ∀j ∈ W.

As ξ > 1 by the left inequality of (5.13), τ (ni−1)(2+ε)ξ−2τ → 0 as τ → ∞ ∀i. Hence,
by choosing a sufficiently large, finite cycle length τ , the coefficient of ϑj above can be
made strictly less than 1. As the τ -dependent noise term σ2 is finite for any fixed τ ,
the recursion above is then stable and yields uniformly bounded ϑj . By definition
(5.25) and the inequality (5.10), E‖Fu

jτ‖2 is then also uniformly bounded over j ∈ W.
Recalling the discussion after (5.21), the overall error vector Fjτ must be as well.

The rest of the proof is straightforward. Subtracting (5.17) from (5.1), iterating
forward r steps from time jτ , and taking norms, at any time k ≡ jτ + r with r ∈
[0, . . . , τ − 1],

‖fk‖ ≤ ‖Jr‖‖fjτ‖ +

r−1∑
l=0

‖Jr−lTBL‖‖Zjτ+l+1‖.

As Fjτ and Zjτ+l+1 are uniformly bounded in mean square norm and r can only take
a finite number of values, the RHS and hence LHS are also uniformly mean square
bounded over k ∈ W. Rewriting (5.1) as

x̄k+1 = (J+TBL)x̄k+TBL(x̂k−xk)+zk+1 = (J+TBL)x̄k−TBLfk+zk+1 ∀k ∈ W,



STABILIZABILITY WITH FINITE DATA RATES 431

the strict stability of J + TBL then ensures the uniform boundedness of the mean
square filter outputs E‖X̄k+1‖2 over k ∈ W. This completes the proof that the
coder-controller constructed in subsection 5.2 stabilizes the system (2.1) at data rates
arbitrarily close to, but exceeding, the critical bound (2.6).

In the foregoing analysis, the assumption that the coder and controller internal
states have the same initial value is crucial. Even if true, real digital channels invari-
ably introduce data errors, causing the coder and controller states to eventually differ.
It is thus important to emphasize that the scheme presented here is not intended in
the present form to be a practical solution to communication-limited stabilization
problems, but is primarily a theoretical construct for demonstrating stabilizability in
the limited sense of (2.5). Nonetheless it does possess some attributes, such as finite
dimensionality, which make implementation easy and may serve as a foundation for
a more practical scheme. In this respect, an important and as yet open extension of
this research is the internal stability of finite-dimensional, data-rate-limited control
loops, i.e., ensuring that the plant and coder-controller internal states remain mean
square stable with a random overall initial condition, channel errors, and process and
measurement noise. It is easy to see that redundancy must be incorporated in the
transmitted symbols to counteract channel noise, but it is not evident if an analogue of
the well-known source-channel separation theorem of information theory [25] applies.

6. Conclusion. In this paper, the problem of stabilizing a general stochastic
linear system in mean square state norm under a feedback data rate constraint was
investigated. By employing information-theoretic techniques and a new quantizer er-
ror bound, an expression was derived for the smallest data rate above which such a
system is stabilizable by a coding and control law, without imposing any structural or
computational constraints and with very mild conditions on the system noise. This
infimum rate is determined only by the unstable eigenvalues of the dynamical matrix,
and it was demonstrated that, as the data rate approaches it from above, the mean
square states become unbounded for any coder-controller. To establish the attainabil-
ity of this bound, a finite-dimensional scheme was constructed and shown to achieve
stability at data rates arbitrarily close to the bound. Extensions of these results to
nonlinear systems, linear systems with Markov parameters, and decentralized control
are being investigated.

Appendix A. Proof of Proposition 2.2. Suppose that R1 ≤ R2. By direct
substitution of (2.8) into (2.9), each input uk depends (in a time-varying way) on the
link-1 symbol sequence s̃1

k−d1−d2
,

uk ≡ φk(s̃
1
k−d1−d2

) ∀k ∈ W.

This mapping, (2.7), and the alphabet sequence S̃1
∞ then constitute a coder-controller

with data rate R1 (see (2.2)) and link delay d = d1 + d2.
Now suppose that R2 < R1. By (2.7), the link-1 symbol sequence s̃1

k−d1
is also

a time-varying function of the measurement sequence ỹk−d1 . Hence (2.8) can be
rewritten in the form

s2
k ≡ θk(ỹk−d1).

Defining the d1-step-ahead link-2 symbol ck
∆
= s2

k+d1
, ∀k ∈ W, the expression above

and the actuator mapping (2.9) become

ck = θk(ỹk) ∈ S2
k+d1

, uk = δ2
k(c̃k−d1−d2).
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This is a single-link coder-controller with delay d = d1+d2. As the asymptotic average
data rate is independent of constant time shifts of the alphabet, its value remains R2.

The proof of the second part is straightforward. Let the coder (2.7) for link-1,
with delay d1, be given by (2.3), and set the coder and actuator for link-2, with delay
d2 = d− d1, to be

s2
k = s1

k−d1
≡ sk−d1

, uk = δk(s̃
2
k−d2

) ≡ δk(s̃k−d1−d2).

Evidently, with regard to the plant this is equivalent to the single-link coder-controller
(2.3)–(2.4). Furthermore, the link-2 alphabet is obviously periodic if that of link-1 is,
with the same average data rate.

Appendix B. Proof of inequality (4.4). The argument is essentially that of
Lemma 5 in [9]. Denote the mean square norm of X, given A = a, by σ2, and let φ be
the symmetric, f -dimensional Gaussian distribution with zero mean and variance σ2.
By the nonnegativity of the Kullback–Leibler information distance D,

0 ≤ D(pX|a‖φ)
∆
=

∫
Rf

pX|a(x) ln
pX|a(x)

φ(x)
dλ(x)

=

∫
Rf

pX|a(x) ln pX|a(x)dλ(x) −
∫

Rf

pX|a(x) lnφ(x)dλ(x)

= −Ha{X} −
∫

Rf

pX|a(x)

(
−f

2
ln(2πσ2) − ‖x‖2

2σ2

)
dλ(x)

= −Ha{X} + 0.5f ln(2πσ2) + 0.5

⇒ Na{X} ≡ (2πe)−1e2Ha{X}/f ≤ e1/f−1σ2.

Appendix C. Proof of Lemma 4.1. By standard properties of joint and
average differential entropy [7, 9],

Ha{X|S} = Ha{X, S} − HaS ≥ Ha{X} − HaS ≥ Ha{X} − ln |S|.

Differential entropy is undefined for discrete-valued random variables, but the joint
entropy above may be taken to denote −Ea ln

(
pX|S,A(X)P{S|A}

)
, while Ha{S} rep-

resents the base-e discrete entropy of S, given A = a. The first inequality arises from
the fact that the entropy of joint random variables can never be smaller than the
individual entropies, while the second inequality is a consequence of the fact that the
base-e entropy of a random variable in a finite alphabet S is at most ln |S|. Using
Jensen’s inequality for convex functions [7] and the lower bound above,

2πeNa{X|S} = Ea{e2HS,A{X}/f} ≥ eEa{2HS,A{X}/f}

≡ e2Ha{X|S}/f ≥ e2(Ha{X}−ln |S|)/f = |S|−2/f2πeNaX.

Appendix D. Proof of Proposition 5.1. Consider the finite-state predictive
quantizer (5.4). As there are a finite number |I| of possible internal variables ιk,
Q(·) is bounded. By the strict stability of J + TBL, it then follows from (5.4) that
x̂k is bounded over k, and hence ∃ρ > 0 s.t. ‖uk‖ = ‖Lx̂k‖ ≤ ρ.

Now, convert (2.1) into standard Jordan form via a complex similarity matrix S.
There is then at least one scalar component xk ∈ C of the transformed state vector
that satisfies the scalar, decoupled recursion

xk+1 = ηxk + vk + uk =

k∑
j=−1

ηk−j(vj + uj) ∈ C,
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where |η| > 1 and vk, uk are the corresponding scalar components of Svk,Suk, re-

spectively. For convenience, u−1
∆
= 0 and v−1

∆
= Sx0. Evidently V−1, V0, . . . are still

independent, and |uk| ≤ ρ. Defining

βk := ρ

k∑
j=0

|η|k−j ≥

∣∣∣∣∣∣
k∑

j=0

ηk−juj

∣∣∣∣∣∣ ,
gk :=

k∑
j=−1

ηk−jvj , v̄k
∆
=

∑
−1≤j≤k,j 
=t

η−jvj ∀k ∈ W,

where the time t ≥ −1 is specified in (5.5), it follows that

P{‖SXk+1‖ ≥ βk} ≥ P{|Xk+1| ≥ βk} = P

⎧⎨⎩
∣∣∣∣∣∣Gk −

k∑
j=0

ηk−jUj

∣∣∣∣∣∣ ≥ βk

⎫⎬⎭
≥ P{|Gk| − βk ≥ βk} = P{|Gk| ≥ 2βk}

= P

⎧⎨⎩
∣∣∣∣∣∣

k∑
j=−1

ηk−jVj

∣∣∣∣∣∣ ≥ 2ρ

k∑
j=0

|η|k−j

⎫⎬⎭ = P

⎧⎨⎩
∣∣∣∣∣∣

k∑
j=−1

η−jVj

∣∣∣∣∣∣ ≥ 2ρ

k∑
j=0

|η|−j

⎫⎬⎭
≥ P

⎧⎨⎩
∣∣∣∣∣∣

k∑
j=−1

η−jVj

∣∣∣∣∣∣ ≥ θ

⎫⎬⎭ ≡ P{|η−tVt + V̄k| ≥ θ} ≥ P
{
�(η−tVt) + �(V̄k) ≥ θ

}
≥ P

{
�(η−tVt) ≥ αθ, �(V̄k) ≥ (1 − α)θ

}
= P

{
�(η−tVt) ≥ αθ

}
P
{
�(V̄k) ≥ (1 − α)θ

}
∀α ∈ R, k ≥ t,

(D.1)

where θ
∆
= 2ρ

∑
j∈W

|η|−j = 2ρ/(1 − |η|−1) and the last step follows from the mutual
independence of Vj , j ≥ −1.

Furthermore, as E|Vj |2 is uniformly bounded, it follows from Holder’s inequality
that

E|�(V̄k)|2 ≤ E

∣∣∣∣∣∣
∑

j≥−1,j 
=t

η−jVj

∣∣∣∣∣∣
2

≤
∑
j≥−1

|η|−jE

⎧⎨⎩∑
j≥−1

|η|−j |Vj |2
⎫⎬⎭ < ∞ ∀k ∈ W.

By Theorem 22.6 in [4], �(V̄k) then converges with probability 1, and thus in distri-
bution, to a random variable V̄ . Hence ∃α∗ ∈ R, ε > 0, k∗ ∈ W s.t. ∀k ≥ k∗,

P
{
�(V̄k) ≥ (1 − α∗)θ

}
≥ P

{
V̄ ≥ (1 − α∗)θ

}
− ε > 0.

In addition, since �(η−tVt) is just a scalar linear function of Vt, (5.5) implies that
P{�(η−tVt) > ϑ} > 0 ∀ϑ ∈ R. Applying this and the inequality above to (D.1),

P{‖Xk+1‖ ≥ βk} ≥ P
{
�(η−tVt) ≥ α∗θ

} [
P
{
V̄ ≥ (1 − α∗)θ

}
− ε
]
≡ ν > 0 ∀k ≥ k∗.

It then follows that, ∀r > 0,

E‖Xk+1‖r ≥ E {‖Xk+1‖rχ(‖Xk+1‖ ≥ βk)} ≥ βr
kP{‖Xk+1‖ ≥ βk} ≥ βr

kν → ∞,

since βk → ∞. The same reasoning applies to static memoryless coding (5.2).
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Appendix E. Proof of Lemma 5.2. Let φ = lκν(ω), where ω ∈ Zµν is the
index of the selected quantizer point qν(x/l) ≡ �ν(ω) and κν , �ν are defined by (5.8),
(5.7), respectively. If 1 ≤ ω ≤ µν − 2, then the interval I(ω) which contains x/l is

bounded with length 2κν(ω) ≡ 2φ/l and midpoint qν(x/l)
∆
= �ν(ω). In this case,

|x− lqν(x/l)| < φ, and ∀ω ∈ [1, . . . µν − 2],

Eω,l

{
|X − Lqν(X/L)|2+εΦ−ε

}
≤ Eω,l{Φ2+εΦ−ε} = φ2.(E.1)

If ω = µν − 1, then x/l lies inside the semi-infinite interval I(µν − 1), defined as
(�ν(ω) − φ/l,∞). Hence

Eω,l

{
|X − Lqν(X/L)|2+εΦ−ε

}
= Eω,l

{
|X − L�ν(Ω)|2+εΦ−εχ(|X − L�ν(Ω)| ≤ Φ)

}
+ Eω,l

{
[X − L�ν(Ω)]

2+ε
Φ−εχ(X − L�ν(Ω) > Φ)

}
≤ Eω,l{Φ2+εΦ−ε} + Eω,l

{
X2+εΦ−εχ(X − L�ν(Ω) > Φ)

}
= φ2 + Eω,l

{
|X|2+ε [Lκν(ω)]

−ε
χ (X − L�ν(ω) > Lκν(ω))

}
≤ φ2 + κν(ω)−εEω,l{|X|2+εL−ε}
= φ2 +

[
0.5(1 − 1/µ)−1(1 − �−1)�ν

]−ε
Eω,l{|X|2+εL−ε}

≤ φ2 +
[
0.5(1 − 4−1/ε)�ν

]−ε
Eω,l{|X|2+εL−ε},(E.2)

since 1 − �−1 > 1 − µ−2/ε > 1 − 4−1/ε for µ ≥ 2. By the symmetry of the quantizer
about the origin, the same bound applies if ω = 0, corresponding to the other semi-
infinite interval I(0). Averaging this, (E.1) and (E.2) over Ω, L,

E

{
|X − Lqν(X/L)|2+ε

Φε

}
≤ E{Φ2} +

[
0.5(1 − 4−1/ε)

]−ε

�−ενE

{
|X|2+ε

Lε

}
=: βν .(E.3)

By the definitions of φ ≡ lκν(ω) from (5.7), and qν from (5.8),

El{Φ2}

=

[
l

(µ2 − 2)µν−2

]2
Pl

{
|X|
L

≤ r1

}
+

ν∑
i=2

[
(ri − ri−1)l

2(µ− 1)µν−i

]2
Pl

{
ri−1 <

|X|
L

≤ ri

}

+

[
(rν+1 − rν)l

2(1 − 2/µ)

]2
Pl

{
|X|
L

> rν

}
=

[
l

(µ2 − 2)µν−2

]2
Pl

{
|X|
L

≤ r1

}
+

[
�−1 − �−2

2(µ− 1)µν

]2 [ ν∑
i=2

(�µ)2il2Pl

{
ri−1 <

|X|
L

≤ ri

}
+ (�µ)2(ν+1)l2Pl

{
|X|
L

> rν

}]

≤
[

µ2l

(µ2 − 2)µν

]2
+

[
�−1 − �−2

2(µ− 1)µν

]2 ν+1∑
i=2

(�µ)2il2Pl

{
|X|
L

≥ ri−1

}

≤
[

2l

µν

]2
+

[
1

2(µ− 1)�µν

]2 ν+1∑
i=2

(�µ)2il2Pl

{
|X|
L

≥ ri−1

}
,

(E.4)
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since µ2/(µ2 − 2) ≤ 2 for µ ≥ 2 and � > 1. By a Chebyshev inequality type of
argument,

l2Pl{|X| > ri−1L} ≤ l2El

{
[|X|/(ri−1L)]

2+ε
χ(|X| > ri−1L)

}
= r−2−ε

i−1 El

{
|X|2+εL−εχ(|X| > ri−1L)

}
≤ r−2−ε

i−1 El{|X|2+εL−ε} = �−(i−2)(2+ε)El{|X|2+εL−ε} ∀i ≥ 2.

Substituting this into (E.4), averaging over L, and letting b
∆
= E{|X|2+εL−ε},

EΦ2 ≤ 4EL2

µ2ν
+

[
1

2(µ− 1)�µν

]2 ν+1∑
i=2

(�µ)2ib

�(i−2)(2+ε)
=

4EL2

µ2ν
+

[
�1+ε

2(µ− 1)µν

]2 ν+1∑
i=2

(
µ2

�ε

)i

b.

As � > µ2/ε, the geometric sum on the RHS is bounded with limit µ4�−2ε/(1−µ2�−ε).
Hence

EΦ2 ≤ 4EL2

µ2ν
+

[
�1+ε

2(µ− 1)µν

]2
µ4�−2ε

1 − µ2�−ε
b ≡ 4ELm + ζ0b

µ2ν
.

Adding this to (E.3),

Mε{X − Lqν(X/L)|Φ} ≤ EΦ2 + βν ≤ 2
4EL2 + ζ0b

µ2ν
+

[0.5(1 − 4−1/ε)]−εb

�εν

≤ 2
4EL2 + ζ0b

µ2ν
+

[0.5(1 − 4−1/ε)]−εb

µ2ν

≤ max
{

8, 2ζ0 + [0.5(1 − 4−1/ε)]−ε
} EL2 + b

µ2ν
.

Note that virtually the same argument holds for the mean mth power quantization

error, m > 0, by defining Mε,m{X|L} ∆
= ELm +E{|X|m+εL−ε} and setting � > µm/ε.
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Abstract. The active control of sound is analyzed in the framework of the mathematical theory
of optimal control. After setting the problem in the frequency domain, we deal with the state
equation, which is a Helmholtz partial differential equation. We show the existence of a unique
solution and analyze a finite element approximation when the source term is a Dirac delta measure.
Two optimization problems are successively considered. The first one concerns the choice of phases
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1. Introduction. Noise reduction is an important problem in acoustical and
environmental engineering. While passive methods are good for middle and high fre-
quencies, they are not efficient for low ones. However, the latter can be significantly
reduced by active control techniques. This is an old concept that has generated in-
creasing interest in recent years due to the development of fast digital signal processors
(DSP). It is based on the principle of destructive interference of waves: an opposite
pressure is generated by a secondary source to cancel an undesired noise. In order
to achieve a significant reduction, this source must produce, with great precision, an
equal amplitude but inverted replica of the noise to be canceled. Applications of these
techniques can be used, for instance, to reduce noise in aircrafts or cars.

Reference books on this subject are [3] and [11]. The general principles of active
control of noise were described in an early patent by Leug in 1936. A microphone
detects the undesired noise and provides an input signal to an electronic control
system. The transfer from the microphone to the loudspeaker is adjusted so that the
sound wave generated will destructively interfere with the noise to be canceled.

In this paper we state the problem of active control of noise in the framework
of the optimal control theory of distributed systems and present its mathematical
and numerical analysis. For the sake of simplicity we consider that the noise to be
canceled has one single frequency, although it is also possible to control broad-band
or even nonperiodic noises. Two problems are successively considered. In a first step,
complex amplitudes are taken as control variables with the objective of minimizing the
pressure at some particular points in the domain. In a second step, the loudspeakers’
location is optimized with respect to the same objective function. A third step that is
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not included here would consist of determining the microphones’ location in view of
minimizing the global noise, i.e., the norm of the pressure in the whole domain under
consideration rather than at some finite number of points.

The outline of the paper is as follows. In section 2 we introduce the physical
problem and pose it in the framework of the optimal control theory. In section 3 we
analyze the state equation. Although our main concern is when the inner source terms
are Dirac delta measures, to tackle this problem we analyze first the same equation
with data in L2. We prove the existence and uniqueness of the solution and analyze
its regularity, including some local W 2,∞ a priori estimates which are used in the
following section. In section 4 we introduce a finite element method to approximate
the state equation. Once more we study first the case with L2 data and then with
Dirac delta measures. In both cases we prove L2 and pointwise error estimates. In
section 5 we state an optimal control problem to determine the optimal amplitudes
of the actuators and show that it is well-posed. Then we approximate it by using
the finite element approximation of the state equation introduced in the previous
section. Next, we prove an error estimate for the approximate optimal control. In
section 6 we report some numerical results which confirm our theoretical assertions.
In section 7 we study how to determine the optimal location of the actuators, again
in the framework of the optimal control theory. We prove the existence of an optimal
control in this case and settle the optimality conditions. Finally, we report the results
of some numerical experiments.

2. Mathematical model. The optimal control problem. Let Ω ⊂ R
n

(n = 2 or 3) be a bounded, convex, two-dimensional polygonal or three-dimensional
polyhedral domain enclosing a nondissipative acoustic fluid (i.e., inviscid, compress-
ible, and barotropic). The propagation of acoustic waves in this domain is modeled
by the well-known equation

1

c2
∂2P (x, t)

∂t2
− ∆P (x, t) = F (x, t) in Ω,

where P is the pressure fluctuation, c the sound speed, and F an inner source term. In
our case, F will correspond to the secondary source of noise produced by loudspeakers,
which will be the control variable. Moreover, there is a primary noise source acting
on a part ΓN of the boundary of the domain, ∂Ω, which is modeled by

∂P (x, t)

∂n
= G(x, t) on ΓN ,

where n is an outward unit normal vector to ∂Ω. This means that normal displace-
ments are imposed on ΓN =

⋃J
j=1 Γj

N
, where Γ1

N
, . . . ,ΓJ

N
denote the plane faces of ΓN .

In practice, it corresponds to the effect of an external vibration source transmitted
to the enclosure Ω by the vibrations of some of the walls. Finally, we assume that
the rest of the boundary ΓZ := ∂Ω \ Γ̄

N
=

⋃K
k=1 Γk

Z
is formed by damping plane walls

Γ1
Z
, . . . ,ΓK

Z
characterized by a frequency-dependent wall impedance Z(ω). We assume

that |Γ
Z | > 0 and |ΓN | > 0, too.

In this paper we consider that G is a harmonic source with angular frequency
ω ∈ R, ω �= 0. Hence, the secondary source F must be chosen also harmonic with the
same frequency, i.e.,

G(x, t) = Re[g(x) e−iωt], F (x, t) = Re[f(x) e−iωt],
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where g(x) and f(x) are complex functions which correspond to the respective com-
plex amplitudes. Actually, their modulus are the physical amplitudes while their
arguments are the phase angles. Since the model is linear, the stationary solution of
the wave equation is also harmonic with the same frequency:

P (x, t) = Re[p(x) e−iωt].

In such a case, we are led to the following Helmholtz problem, whose solution is
the complex pressure amplitude:⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

−∆p−
(ω
c

)2

p = f in Ω,

∂p

∂n
=

iωρ

Z(ω)
p on ΓZ

,

∂p

∂n
= g on Γ

N ,

(2.1)

where ρ is the density of the fluid and Z(ω) ∈ C is the wall impedance given by

Z(ω) := β(ω) +
α(ω)

ω
i.

The boundary condition on Γ
Z allows modeling the behavior of absorbing viscoelastic

materials covering the enclosure walls which are typically used as passive systems
to reduce low-frequency noise. The frequency-dependent coefficients α(ω) and β(ω)
are related to the viscous and elastic responses of the isolating material, respectively.
Both are strictly positive functions of the angular frequency ω. However, in what
follows, we will assume only that β(ω) �= 0.

In our case, the secondary source f will be a linear combination of N Dirac delta
measures supported at some given points, y1, . . . , yN ∈ Ω with complex amplitudes
u1, . . . , uN to be determined:

f =

N∑
i=1

uiδyi with ui ∈ C, i = 1, . . . , N.(2.2)

This amounts to considering loudspeakers as acoustic monopoles (see, for instance,
[11]).

In order to state the noise active control as an optimal control problem, we make
the following choices:

• the state of the system is given by the pressure p(x) in the domain Ω;
• the control variable u is the vector of complex amplitudes of the loudspeakers

(actuators),

u := (u1, . . . , uN ) ∈ C
N ,

which define the source term f in (2.1) by means of (2.2);
• the set of admissible controls is a convex closed set Uad ⊆ C

N ;
• the model of the system relating the control variable to the state is the

Helmholtz problem (2.1);
• the observation z is the set of pressure values at M microphones (sensors)

located at given points w1, . . . , wM ∈ Ω,

z(u) := (p(w1), . . . , p(wM )) ∈ C
M ,
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where, for u ∈ C
N , p denotes the solution of problem (2.1) with f given by (2.2);

in the next section it will be shown that evaluating pressure at points wi ∈ Ω makes
sense as long as they do not coincide with the locations of the actuators;

• the cost function to be minimized depends on the observation and eventually
on the cost of the control itself, namely,

J(u) :=
1

2
‖z(u)‖2 +

ν

2
‖u‖2,(2.3)

where ν ≥ 0 is a weighting factor, and ‖ · ‖ denotes the Euclidean norm in C
N or C

M .
Thus we are led to the following optimal control problem:

Find uop ∈ Uad such that

J(uop) = inf
u∈Uad

J(u).(2.4)

Any solution uop of this minimization problem will be called an optimal control.

3. State equation. In this section we prove the existence and uniqueness of
solution of the state equation and analyze its regularity, which will be used to study
the optimal control problem. Our goal is the Helmholtz equation with singular data
because, in our case, f is a linear combination of Dirac delta measures. However, we
tackle this problem by first analyzing the same equation with data in L2(Ω).

3.1. Data in L2(Ω). We consider the Helmholtz problem (2.1) with f ∈ L2(Ω)
and g ∈ L2(ΓN). Multiplying the first equation by a test function q ∈ H1(Ω), taking
into account the boundary conditions, and using a Green’s formula, we obtain the
following weak formulation of (2.1):

Find p ∈ H1(Ω) such that∫
Ω

∇p · ∇q̄ dx− iωρ

Z(ω)

∫
Γ
Z

pq̄ dΓ −
(ω
c

)2
∫

Ω

pq̄ dx

(3.1)

=

∫
Ω

f q̄ dx +

∫
Γ
N

gq̄ dΓ ∀q ∈ H1(Ω).

We denote by aω the sesquilinear continuous form in H1(Ω) appearing in the
left-hand side of this problem:

aω(p, q) :=

∫
Ω

∇p · ∇q̄ dx− iωρ

Z(ω)

∫
Γ
Z

pq̄ dΓ −
(ω
c

)2
∫

Ω

pq̄ dx, p, q ∈ H1(Ω).

It is clear that aω is not positive definite and therefore the Lax–Milgram lemma can
not be applied to show the existence and uniqueness of the solution. Instead, we
show below that aω satisfies a G̊arding’s inequality. Then, according to Fredholm’s
alternative, uniqueness implies the existence of solution.

To prove uniqueness we consider the homogeneous problem

p̃ ∈ H1(Ω) : aω(p̃, q) = 0 ∀q ∈ H1(Ω).(3.2)

Due to the damping viscous term β �= 0 of the wall impedance Z, from the viewpoint
of physics, no solution p̃ �= 0 of problem (3.2) should be expected when ω ∈ R, ω �= 0.
Indeed, we have the following result.

Lemma 3.1. If |Γ
Z
| > 0, ω ∈ R, ω �= 0, and β �= 0, then p̃ = 0 is the unique

solution of problem (3.2).
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Proof. Let p̃ be a solution of (3.2). By choosing q = p̃ in (3.2) we obtain

A− iωρ

β + α
ω i

B −
(ω
c

)2

C = A− αρ

β2 + α2

ω2

B −
(ω
c

)2

C − i
ωρβ

β2 + α2

ω2

B = 0,

where A :=
∫
Ω
|∇p̃|2 dx, B :=

∫
Γ
Z
|p̃|2 dΓ, and C =

∫
Ω
|p̃|2 dx are real numbers. Then

the imaginary part must vanish too. Hence, for β �= 0 and ω �= 0, we have B = 0
and, consequently, p̃ = 0 on ΓZ

. Then, by taking test functions q ∈ C∞(Ω̄) in (3.2),
we obtain that p̃ satisfies ⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

−∆p̃ =
(ω
c

)2

p̃ in Ω,

∂p̃

∂n
= 0 on ∂Ω,

p̃ = 0 on Γ
Z
.

According to these equations, if p̃ �= 0, then it would be an eigenfunction of the Laplace
operator satisfying simultaneously Neumann and Dirichlet homogeneous conditions on
Γ

Z
, which is not possible because of the unique prolongation theorem. Thus p̃ = 0,

and we conclude the proof.
On the other hand, the following lemma shows that the sesquilinear form aω

satisfies a G̊arding’s inequality.
Lemma 3.2. There exist strictly positive constants γ and Cω, the latter depending

on ω ∈ R, such that

|aω(q, q) + Cω‖q‖2
L2(Ω)| ≥ γ‖q‖2

H1(Ω) ∀q ∈ H1(Ω).(3.3)

Proof. For all q ∈ H1(Ω) and ω ∈ R, we have

Re[aω(q, q)] = ‖q‖2
H1(Ω) −

αρ

β2 + α2

ω2

‖q‖2
L2(Γ

Z
) −

(
1 +

ω2

c2

)
‖q‖2

L2(Ω).

Thus, if α ≤ 0, then (3.3) holds with γ = 1 and Cω = 1 +ω2/c2. Otherwise, from the
trace theorem (see, for instance, [2]), ∃C > 0 such that

‖q‖L2(Γ
Z
) ≤ C‖q‖1/2

L2(Ω)‖q‖
1/2
H1(Ω) ∀q ∈ H1(Ω).

Hence, ∀ε > 0 we have that

‖q‖2
L2(Γ

Z
) ≤ ε‖q‖2

H1(Ω) +
C2

4ε
‖q‖2

L2(Ω) ∀q ∈ H1(Ω).

Then, the choice ε = (β2 + α2/ω2)/(2αρ) > 0 leads to

Re[aω(q, q) + Cω‖q‖2
L2(Ω)] ≥ γ‖q‖2

H1(Ω)

with γ := 1/2 and Cω := 1 + ω2/c2 + C2/(8ε2). Therefore, since | · | ≥ Re(·), we end
the proof.

Now we are able to conclude the following existence, uniqueness, and regularity
of solution results for the Helmholtz problem given above. From now on C denotes a
strictly positive constant not necessarily the same at each occurrence.
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Theorem 3.3. Let ω ∈ R, ω �= 0, β �= 0, f ∈ L2(Ω), and g ∈ L2(ΓN
). Then

problem (3.1) has a unique solution p ∈ H1(Ω). Moreover, if g|Γj
N

∈ H1/2(Γj
N
),

j = 1, . . . , J , then p ∈ H2(Ω) and the following estimate holds:

‖p‖H2(Ω) ≤ C

⎡⎣‖f‖L2(Ω) +

J∑
j=1

‖g‖H1/2(Γj
N )

⎤⎦ .(3.4)

Proof. Uniqueness has been proved in Lemma 3.1. Because of Lemma 3.2 we know
that the problem satisfies Fredholm’s alternative (see, for instance, Theorem 6.5.15 of
[10]). Then existence is a consequence of uniqueness. Moreover, because of the open
mapping theorem,

‖p‖H1(Ω) ≤ C[‖f‖L2(Ω) + ‖g‖L2(Γ
N

)].(3.5)

Next, by testing (3.1) with functions q ∈ C∞(Ω̄) we obtain that p satisfies⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

−∆p + p =

(
1 +

ω2

c2

)
p + f in Ω,

∂p

∂n
=

iωρ

Z(ω)
p on Γ

Z ,

∂p

∂n
= g on Γ

N .

Since the domain Ω is a convex two-dimensional polygon or three-dimensional poly-
hedron, the standard a priori estimate for this Neumann problem (see [5] and [9])
yields

‖p‖H2(Ω) ≤ C

⎡⎣‖p‖L2(Ω) + ‖f‖L2(Ω) +

K∑
k=1

‖p‖H1/2(Γk
Z

) +

J∑
j=1

‖g‖H1/2(Γj
N )

⎤⎦ ,

where C is a constant independent of f , g, and p. Then (3.4) is a direct consequence
of this inequality and (3.5).

Remark 3.4. The convexity assumption on Ω is used only to obtain the estimate
(3.4) and the analogous one for the Green’s function (3.11) below. Similar results are
valid for smooth nonconvex domains, too.

3.2. Dirac delta measures. Let us now consider the Helmholtz problem (2.1)
with homogeneous Neumann boundary data and inner source f = δy being the Dirac
delta measure supported at an inner point y ∈ Ω. Its solution is the Green’s function
Gy ∈ L2(Ω) of problem (2.1):⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

−∆Gy −
(ω
c

)2

Gy = δy in Ω,

∂Gy

∂n
=

iωρ

Z(ω)
Gy on Γ

Z
,

∂Gy

∂n
= 0 on ΓN

,

(3.6)

where the first equation must be understood in the sense of distributions.
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It is simple to show that this problem has a unique solution. Indeed, let Φy be
the fundamental solution of the Helmholtz equation in the whole space, namely, the
solution of

−∆Φy −
(ω
c

)2

Φy = δy in R
n.

This fundamental solution is explicitly known (see, for instance, [6]):

Φy(x) :=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1

4
Y0

(ω
c
|x− y|

)
if n = 2,

cos
(ω
c
|x− y|

)
4π|x− y| if n = 3,

(3.7)

where Y0 denotes the zero-order second-kind Bessel function. It clearly satisfies Φy ∈
C∞(R \ {y}) and Φy|Ω ∈ L2(Ω). Then Gy is a solution of (3.6) if and only if Gy =
Φy|Ω + py, with py satisfying⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

−∆py −
(ω
c

)2

py = 0 in Ω,

∂py

∂n
=

iωρ

Z(ω)
py +

iωρ

Z(ω)
Φy − ∂Φy

∂n
on Γ

Z ,

∂py

∂n
= −∂Φy

∂n
on Γ

N .

(3.8)

The variational formulation of this problem consists of finding py ∈ H1(Ω) such
that

aω(py, q) =

∫
Γ
Z

[
iωρ

Z(ω)
Φy − ∂Φy

∂n

]
q̄ dΓ −

∫
Γ
N

∂Φy

∂n
q̄ dΓ ∀q ∈ H1(Ω),(3.9)

with aω as defined above. Then the arguments in the proof of Theorem 3.3 allow us
to conclude that this problem has a unique solution and, hence, problem (3.6) does
too. Moreover, these arguments also show that py ∈ H2(Ω) and, furthermore,

‖py‖H2(Ω) ≤ C

⎡⎣ K∑
k=1

∥∥∥∥ iωρ

Z(ω)
Φy − ∂Φy

∂n

∥∥∥∥
H1/2(Γk

Z
)

+

J∑
j=1

∥∥∥∥∂Φy

∂n

∥∥∥∥
H1/2(Γj

N )

⎤⎦ .(3.10)

Consequently py is a continuous function and, hence, Gy = Φy + py is continuous in
Ω\{y}. This shows that evaluating the pressure at a point w ∈ Ω where a microphone
is located makes sense as long as w �= y. Therefore, the control problem (2.4) is well-
posed whenever the sets of sensors’ and actuators’ locations do not intersect.

Furthermore, if d > 0 is such that Bd(y) := {x ∈ R
n : |x − y| < d} ⊂⊂ Ω,

then ‖Φy‖H2(Ω\B̄d(y)) is bounded by a constant which depends on d. Thus, from the
estimate (3.10) we have that

‖Gy‖H2(Ω\B̄d(y)) ≤ ‖Φy‖H2(Ω\B̄d(y)) + ‖py‖H2(Ω) ≤ C,(3.11)

with C depending on d, too.
To end this subsection we present an alternative characterization of the solution

of problem (3.6) obtained by transposition techniques. This will be used to prove
convergence in L2(Ω) of the numerical scheme introduced in the following section.
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To this goal, note that given q ∈ L2(Ω), the adjoint problem to (3.6) reads⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
−∆r −

(ω
c

)2

r = q in Ω,

∂r

∂n
= − iωρ

Z̄(ω)
r on ΓZ

,

∂r

∂n
= 0 on Γ

N
.

(3.12)

In spite of the conjugate in the coefficient of the middle equation, Theorem 3.3 applies
to this problem since it has been proved with the only assumptions that ω �= 0 and
β �= 0. Hence (3.12) has a unique solution which satisfies r ∈ H2(Ω) and

‖r‖H2(Ω) ≤ C‖q‖L2(Ω).(3.13)

In what follows we prove that the solution Gy of (3.6) is the unique function in
L2(Ω) which satisfies ∫

Ω

Gy q̄ dx = 〈δy, r〉 ∀q ∈ L2(Ω).(3.14)

Indeed, standard computations (see, for instance, Chapter 2.2.4 of [7]) show that

〈δy, r〉 =

∫
Ω

Φy

(
−∆r̄ − ω2

c2
r̄

)
dx +

∫
∂Ω

(
Φy ∂r̄

∂n
− ∂Φy

∂n
r̄

)
dΓ.

On the other hand, integration by parts in (3.9) with r as a test function yields∫
Ω

py
(
−∆r̄ − ω2

c2
r̄

)
dx− iωρ

Z(ω)

∫
Γ
Z

(py + Φy)r̄ dΓ +

∫
∂Ω

(
py

∂r̄

∂n
+

∂Φy

∂n
r̄

)
dΓ = 0.

Then, by adding these two equations, we obtain

〈δy, r〉 =

∫
Ω

Gy

(
−∆r̄ − ω2

c2
r̄

)
dx− iωρ

Z(ω)

∫
Γ
Z

Gy r̄ dΓ +

∫
∂Ω

Gy ∂r̄

∂n
=

∫
Ω

Gy q̄ dx,

where we have used the three equations of (3.12) for the last equality. Thus we
conclude (3.14).

3.3. Local W 2,∞ a priori estimates. The following lemma yields L∞ local a
priori estimates for the second derivatives of the solutions of problems (3.1) and (3.6).
These bounds will be used in the following section to obtain pointwise error estimates
for the finite element method proposed therein to solve these problems.

Lemma 3.5. Let D0 and D1 be disjoint open subsets of Ω satisfying Di ⊂⊂ Ω,
i = 0, 1. Let d > 0 be such that dist(Di, ∂Ω) ≥ d, i = 0, 1, and dist(D0, D1) ≥ d.
Then the following hold:

1. For each y ∈ D0, the solution of problem (3.6) satisfies Gy|D1 ∈ W 2,∞(D1)
and there exists a constant C > 0 depending on d such that

‖Gy‖W 2,∞(D1) ≤ C ∀y ∈ D0.
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2. Let f ∈ L2(Ω) be such that supp(f) ⊂ D0. Let g ∈ L2(Γ
N
) be such that

g|Γj
N

∈ H1/2(Γj
N
), j = 1, . . . , J . Let p be the solution of problem (3.1). Then there

exists a constant C > 0 depending on d such that

‖p‖W 2,∞(D1) ≤ C

⎡⎣‖f‖L2(Ω) +

J∑
j=1

‖g‖H1/2(Γj
N )

⎤⎦ .

Proof. Consider the following subsets of Ω: D2 := {x ∈ R
n : dist(x,D1) <

d
4} and

D3 := {x ∈ R
n : dist(x,D1)<

d
2}. Then dist(D3, ∂Ω)≥ d

2 and dist(D0, D3)≥ d
2 . Let

χ be a C∞ cut-off real function supported in D3 such that χ|D2
= 1 and ‖χ‖W 2,∞(Rn)

is bounded by a constant depending on d.

Given y ∈ D0, we write the solution of problem (3.6) in the form Gy = Φy|Ω +py,
with Φy given by (3.7) and py being the solution of (3.8). Explicit differentiation of
(3.7) shows that, for all y ∈ D0, since dist(y,D3) ≥ d

2 , ‖Φy‖W 2,∞(D3) is bounded by a
constant depending on d but not on y. So, to prove the first part of the theorem we
only need to estimate ‖py‖W 2,∞(D1).

Given z ∈ D1, let Gz be the solution of problem (3.6) with y substituted by z.
Then we have

py(z) = 〈δz, χpy〉 =

〈
−∆Gz − ω2

c2
Gz, χpy

〉
=

〈
Gz,−∆(χpy) − ω2

c2
χpy

〉
,

and

−∆(χpy) − ω2

c2
χpy = χ

(
−∆py − ω2

c2
py

)
− 2∇χ · ∇py − (∆χ)py

= −[2∇χ · ∇py + (∆χ)py].

Hence, supp(−∆(χpy) − ω2

c2 χp
y) ⊂ supp(∇χ) ⊂ D3 \ D̄2, and thus

py(z) = −
∫
D3\D̄2

Gz(x)[2∇χ(x) · ∇p̄y(x) + ∆χ(x) p̄y(x)] dx.

Because of the symmetry of the operator involved, the Green’s function is sym-
metric, i.e., Gz(x) = Gx(z) ∀x, z ∈ Ω : x �= z. Then by differentiating the expression
above we obtain ∀α ∈ N

n

Dα
z p

y(z) = −
∫
D3\D̄2

Dα
xG

z(x)[2∇χ(x) · ∇p̄y(x) + ∆χ(x) p̄y(x)] dx.

Consequently, by (3.11) and (3.10), we have ∀α ∈ N
n such that |α| :=

∑n
l=1 αl ≤ 2

|Dα
z p

y(z)| ≤ ‖Gz‖H2(D3\D̄2)‖χ‖W 2,∞(D3\D̄2)‖p
y‖H1(D3\D̄2)

≤ C

⎡⎣ K∑
k=1

∥∥∥∥ iωρ

Z(ω)
Φy − ∂Φy

∂n

∥∥∥∥
H1/2(Γk

Z
)

+

J∑
j=1

∥∥∥∥∂Φy

∂n

∥∥∥∥
H1/2(Γj

N )

⎤⎦ ≤ C,

with C depending on d but not on the particular point z ∈ D1. Thus we conclude
the proof of the first part of the lemma.
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For the second part, let f ∈ L2(Ω) with supp(f) ⊂ D0. We proceed exactly as
above and use that

−∆(χp) − ω2

c2
(χp) = χ

(
−∆p− ω2

c2
p

)
− 2∇χ · ∇p− ∆χp = −(2∇χ · ∇p + ∆χp),

because of −∆p − ω2

c2 p = f and supp(f) ∩ suppχ = ∅. Then we obtain from (3.11)
and Theorem 3.3

|Dα
z p(z)| ≤

∣∣∣∣∣
∫
D3\D̄2

Dα
xG

z(x)[2∇χ(x) · ∇p̄y(x) + ∆χ(x) p̄y(x)] dx

∣∣∣∣∣
≤ ‖Gz‖H2(D3\D̄2)‖χ‖W 2,∞(D3\D̄2)‖p‖H1(D3\D̄2)

≤ C

⎡⎣‖f‖L2(Ω) +

J∑
j=1

‖g‖H1/2(Γj
N )

⎤⎦ ∀α ∈ N
n : |α| ≤ 2,

with C again depending on d but not on the particular point z ∈ D1. Thus we
conclude the proof.

4. Numerical approximation of the state equation. For the construction
of the finite element spaces we consider a quasi-uniform family of shape-regular tri-
angulations {Th}h>0 of Ω. More precisely, for each element T ∈ Th (T being a
two-dimensional triangle or a three-dimensional tetrahedron) we associate two pa-
rameters: hT and ρT . The first one denotes the diameter of T and the second one
the diameter of the largest ball contained in T . We denote h := maxT∈Th

hT and
make the following hypothesis of regularity of the triangulation: there exist positive
constants σ1 and σ2 such that

hT

ρT
≤ σ1,

h

hT
≤ σ2 ∀T ∈ Th, ∀h > 0.

We associate with each triangulation Th a finite element space Vh which consists
of functions globally continuous in Ω and linear on each element T ∈ Th. Then, the
discrete problem associated with problem (3.1) is the following:

Find ph ∈ Vh such that

aω(ph, qh) = 〈f, qh〉 +

∫
Γ
N

gq̄h dΓ ∀qh ∈ Vh.(4.1)

Notice that this problem is well defined for f ∈ L2(Ω) as well as for f given
by (2.2), because the functions in Vh are continuous.

4.1. Data in L2(Ω). Again, to tackle the numerical approximation when the
source term is a Dirac delta measure, we consider first the problem with data in L2(Ω).

Since aω is continuous and satisfies the G̊arding’s inequality (3.3), and since the
continuous problem (3.1) has a unique solution, the following existence and approxi-
mation result is readily obtained from [12].

Theorem 4.1. Given f ∈ L2(Ω) and g ∈ L2(ΓN), let p be the solution of problem
(3.1). Then there exists h0 > 0 such that, ∀h ∈ (0, h0], problem (4.1) has a unique
solution ph. Moreover, if g|Γj

N
∈ H1/2(Γj

N
), j = 1, . . . , J , then the following estimate

holds:

‖p− ph‖L2(Ω) ≤ Ch2

⎡⎣‖f‖L2(Ω) +

J∑
j=1

‖g‖H1/2(Γj
N )

⎤⎦ .
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Since the observation z(u) consists of point values of the solution of problem
(3.1), a pointwise error estimate will be used in the following section to obtain an
error bound for the approximate control. To this aim, we have the following result,
which is a consequence of the interior maximum norm estimates proved in [13].

Theorem 4.2. Given f ∈ L2(Ω) such that supp(f) ⊂⊂ Ω and g ∈ L2(ΓN) such
that g|Γj

N
∈ H1/2(Γj

N
), j = 1, . . . , J , let p be the solution of problem (3.1). Given

w ∈ Ω \ supp(f), let d > 0 be such that dist(w, ∂Ω) ≥ d, dist(w, supp(f)) ≥ d, and
dist(supp(f), ∂Ω) ≥ d. Let h0 > 0 be such that, ∀h ∈ (0, h0], problem (4.1) has a
unique solution ph. Then, there exist strictly positive constants h1 < h0 and C, both
depending on d, such that the following pointwise error estimate holds ∀h ∈ (0, h1]:

|p(w) − ph(w)| ≤ Ch2 ln

(
1

h

)⎡⎣‖f‖L2(Ω) +

J∑
j=1

‖g‖H1/2(Γj
N )

⎤⎦ .

Proof. Let D := Bd/8(w), D1 := Bd/4(w), and D2 := Bd/2(w). Then D2 ⊂⊂ Ω

and D2 ∩ supp(f) = ∅, with dist(D2, ∂Ω) ≥ d
2 and dist(D2, supp(f)) ≥ d

2 .
Now, for h < h0, since p and ph are solutions of (3.1) and (4.1), respectively,

∀qh ∈ Vh with supp(qh) ⊂ D1 there holds∫
Ω

∇(p− ph) · ∇q̄h dx−
(ω
c

)2
∫

Ω

(p− ph)q̄h dx = 0.

Then, according to Theorem 5.1 in [13], there exist C > 0 and h1 > 0 such that,
∀h ∈ (0, h1] and ∀qh ∈ Vh, the following inequality holds:

‖p− ph‖L∞(D) ≤ C ln

(
1

h

)
[‖p− qh‖L∞(D1) + ‖p− ph‖L2(D1)].

Because of Lemma 3.5 (part 2) and the standard error estimate for the Lagrange
interpolation (see, for instance, [2]), if h < d/4, then

inf
qh∈Vh

‖p− qh‖L∞(D1) ≤ Ch2‖p‖W 2,∞(D2) ≤ C

⎡⎣‖f‖L2(Ω) +

J∑
j=1

‖g‖H1/2(Γj
N )

⎤⎦ .

Thus, the theorem follows from the last two inequalities and Theorem 4.1.

4.2. Dirac delta measures. We consider now problem (4.1) with g = 0 and f
being a Dirac delta measure:

Gy
h ∈ Vh : aω(Gy

h, qh) = 〈δy, qh〉 ∀qh ∈ Vh.(4.2)

This is a discretization of problem (3.6). Let us recall that it is well defined because
the functions in Vh are continuous. Then, by proceeding as in the previous subsection,
it can be shown that ∃h0 such that ∀h ∈ (0, h0], this problem has a unique solution.
Here and thereafter, h0 denotes a maximum mesh size that is not necessarily the same
at each occurrence.

To show convergence in L2(Ω), we are going to use the scheme proposed for elliptic
problems in [14] (see also [4]). This scheme allows splitting the approximation error
into two parts: the first one due to the error in the approximation of the Dirac delta
measure by L2(Ω) functions and the second one due to the approximation error of
the Helmholtz equation with data in L2(Ω).
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Consider the following auxiliary variational problem:

G̃ ∈ H1(Ω) : aω(G̃, q) = 〈δh, q〉 ∀q ∈ H1(Ω),

where δh ∈ L2(Ω) is an approximation of δy satisfying the following properties:
1. 〈δh, qh〉 =

∫
Ω
δhq̄h dx = q̄h(y) ∀qh ∈ Vh;

2. ‖δh‖L2(Ω) ≤ Ch−n/2;

3. ‖δy − δh‖H−2(Ω) ≤ Ch2−n/2;
4. δh = 0 outside the elements in which y lies.

A construction of such δh is given in [14].
We use the triangular inequality to separate the error in two terms:

‖Gy −Gy
h‖L2(Ω) ≤ ‖Gy − G̃‖L2(Ω) + ‖G̃−Gy

h‖L2(Ω).

From property 1 above we conclude that δy and δh are identical functionals on Vh.

Consequently Gy
h can be seen as a finite element approximation of G̃, too. Therefore,

from Theorem 4.1 and property 2 of δh, we obtain the following approximation result
for h sufficiently small:

‖G̃−Gy
h‖L2(Ω) ≤ Ch2‖δh‖L2(Ω) ≤ Ch2−n/2.

To estimate the remaining term, note that by property 4 above δh has its support
included in a certain set D ⊂⊂ Ω, for h sufficiently small. Then we can apply to G̃
the arguments of the transposition technique that allow us to prove (3.14). By so
doing, we obtain that ∀q ∈ L2(Ω), if r ∈ H2(Ω) is the solution of (3.12), then∫

Ω

(Gy − G̃)q̄ = 〈δy − δh, r〉.

Hence, by taking q = Gy − G̃ and using the a priori estimate (3.13), we have

‖Gy − G̃‖2
L2(Ω) ≤ ‖δy − δh‖H−2(Ω)‖r‖H2(Ω) ≤ C‖δy − δh‖H−2(Ω)‖Gy − G̃‖L2(Ω).

Consequently, from property 3 of δh we have

‖Gy − G̃‖L2(Ω) ≤ C‖δy − δh‖H−2(Ω) ≤ Ch2−n/2.

Thus we have proved the following result.
Theorem 4.3. For y ∈ Ω, let Gy ∈ L2(Ω) be the solution of problem (3.6).

There exists h0 > 0 such that, ∀h ∈ (0, h0], problem (4.2) has a unique solution
Gy

h. Moreover, there exists a strictly positive constant C such that the following error
bound holds:

‖Gy −Gy
h‖L2(Ω) ≤ Ch2−n/2.

Next, we prove an error estimate for |Gy(w) − Gy
h(w)|, for w �= y. This will be

used in the following section to obtain an error bound for the approximate control. A
similar result with the explicit dependence of the constant of the estimate on |w − y|
has been proved in Theorem 6.1(i) of [13], but for a coercive second-order linear
operator with homogeneous Neumann boundary conditions on a smooth domain. The
additional hypotheses of this theorem were used only to obtain an explicit estimate
for the corresponding Green’s function (see (4.9) of [13]). However, to the best of
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the authors’ knowledge, such an estimate is not available for our Helmholtz problem
with mixed Neumann–Robin boundary conditions on a convex polyhedron. Instead,
we will use the local maximum norm a priori estimate proved in Lemma 3.5 (part 1)
to obtain a similar result, although without making explicit the dependence of the
constant of the estimate on |w − y|.

Theorem 4.4. Let y ∈ Ω and Gy ∈ L2(Ω) be the solution of problem (3.6).
Let h0 > 0 be such that, ∀h ∈ (0, h0], problem (4.2) has a unique solution Gy

h. Given
w ∈ Ω, w �= y, let d > 0 be such that |w−y| ≥ d, dist(w, ∂Ω) ≥ d, and dist(y, ∂Ω) ≥ d.
Then there exist strictly positive constants h1 < h0 and C, both depending on d, such
that, ∀h ∈ (0, h1],

|Gy(w) −Gy
h(w)| ≤ Ch2 ln

(
1

h

)
.

Proof. The proof is essentially identical to that of Theorem 6.1(i) of [13]. Thus,
we include here only its main steps and emphasize those which differ in our case.

Let D1 := Bd/4(w), D2 := Bd/2(w), and D′ := Bd/4(y). Then dist(D1, D
′) ≥ d

2 .
Applying Theorem 5.1 in [13] we know that there exist constants C > 0 and h1 > 0,
both depending on d, such that, ∀h ∈ (0, h1] and ∀qh ∈ Vh,

|Gy(w) −Gy
h(w)| ≤ C ln

(
1

h

)
[‖Gy − qh‖L∞(D1) + ‖Gy −Gy

h‖L1(D1)].

The first term in the right-hand side can be bounded by using Lemma 3.5 (part 1)
and the standard error estimate for the Lagrange interpolation (see, for instance, [2]);
namely, if h < d/4, then

inf
qh∈Vh

‖Gy − qh‖L∞(D1) ≤ Ch2‖Gy‖W 2,∞(D2) ≤ Ch2.

For the second term, we apply the same duality argument as in the proof of
Theorem 6.1(i) of [13]. By doing so, we can repeat all the steps of this proof with the
exception of the following one: Given q ∈ C∞

0 (D1), let

r ∈ W 1,∞(Ω) : aω(s, r) =

∫
Ω

sq̄ dx ∀s ∈ W 1,1(Ω);

it has to be proved that ‖r‖W 2,∞(D′) ≤ C‖q‖L∞(D1). In our case, we do it by repeating
the arguments in the proof of Lemma 3.5 (part 2).

The rest of the proof runs essentially as that of Theorem 6.1(i) of [13].

5. Optimal amplitudes of actuators. Numerical methods. From now on
we assume that the primary source g is such that g|Γj

N
∈ H1/2(Γj

N
), j = 1, . . . , J ,

and the secondary source is given by (2.2) in terms of the control variable u =

(u1, . . . , uN ) ∈ C
N : f :=

∑N
i=1 uiδyi , with yi ∈ Ω, i = 1, . . . , N .

Let p be the solution of problem (2.1) with such f . Due to the linearity of the
Helmholtz equation, p can be written in terms of the control variable as follows:

p = p0 +

N∑
i=1

uiG
yi ,(5.1)

where p0 is the pressure field arising from the primary source g without any control;
more precisely, p0 is the solution of problem (2.1) for u = 0 (i.e., f = 0). In its
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turn, Gyi is the solution of problem (3.6) with y = yi, i = 1, . . . , N . This corresponds
to the pressure field when the system is only excited by the ith loudspeaker with
unit amplitude, excluding the effect of the primary source. Note that according to
Theorem 3.3 and (3.11), it makes sense to evaluate p at points w ∈ Ω, w �= yi,
i = 1, . . . , N .

Let w1, . . . , wM ∈ Ω be such that {y1, . . . , yN} and {w1, . . . , wM} are disjoint.
Proving the existence of an optimal control is an easy task because the control space
is finite-dimensional. It relies upon the fact that the mapping giving the observation
from the control, namely,

C
N −→ C

M ,

u �−→ z(u) = (p(wi), . . . , p(wM )),

is affine (and thus continuous). The mapping z(u) is the so-called transfer function,
which establishes the relation between controls and observations.

Therefore, the cost function (2.3) is quadratic. The first term of the cost function
is convex since the observation z(u) is affine and the second one is strictly convex
when ν > 0. Therefore, it is clear that the function J is strictly convex under either
of the two following assumptions:

• ν > 0,
• ν ≥ 0 and z(u) is one-to-one,

in which case there exists a unique optimal control.
We notice that z(u) is one-to-one if and only if the observations corresponding

to each single actuator are linearly independent. Obviously this can happen only if
the number of microphones is greater than or equal to the number of loudspeakers:
M ≥ N .

To write the control problem in matrix form, we introduce the vectors

z0 := (p0(w1), . . . , p0(wM )) ∈ C
M ,

zi := (Gyi(w1), . . . , G
yi(wM )) ∈ C

M , i = 1, . . . , N.

Note that according to Theorem 3.3 and (3.11), respectively, there hold

‖z0‖ ≤ C

J∑
j=1

‖g‖H1/2(Γj
N ) and ‖zi‖ ≤ C, i = 1, . . . , N.(5.2)

The observation z can be written in terms of the control variable u ∈ C
N and

the observations z0,z1, . . . ,zN in the following way:

z(u) = z0 +

N∑
i=1

uizi.

Then the cost function becomes

J(u) =
1

2

∥∥∥∥∥z0 +

N∑
i=1

uizi

∥∥∥∥∥
2

+
ν

2
‖u‖2

=
1

2

⎡⎣z̄t
0z0 + 2 Re

(
N∑
i=1

ūiz̄
t
iz0

)
+

N∑
i,j=1

uj ūi(z̄
t
izj + νδij)

⎤⎦ .
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Let us define the matrix Z ∈ C
N×N and the vector d ∈ C

N by

(Z)ij := z̄t
izj , i, j = 1, . . . , N,

(d)i := z̄t
iz0, i = 1, . . . , N.

Then the optimal control problem (2.4) is equivalent to the following quadratic pro-
gramming problem:

Find uop ∈ Uad such that

J(uop) = inf
u∈Uad

1

2
[ūt(Z + νI)u + 2 Re(ūtd) + ‖z0‖2].

Although the cost function is defined in a finite-dimensional space, it involves the
solution of a partial differential equation which has to be approximated by means of
some discretization process as, for instance, the finite element method described in
section 4. This leads to approximate observations and thereby to an approximate cost
function.

Similar definitions hold for the approximate observations. Given u ∈ C
N , let

zh(u) := (ph(wi), . . . , ph(wM )) ∈ C
M ,

where ph is the solution of the discrete problem (4.1) with f defined by (2.2) as above.
Let zih ∈ C

M be defined by

z0h := (p0h(w1), . . . , p0h(wM )) ∈ C
M ,

zih := (Gyi

h (w1), . . . , G
yi

h (wM )) ∈ C
M , i = 1, . . . , N,

where p0h is the solution of problem (4.1) for u = 0 (i.e., f = 0), and Gyi

h is the
solution of the discrete problem (4.2) for y = yi, i = 1, . . . , N . Then zh(u) ∈ C

M is
given by

zh(u) := z0h +

N∑
i=1

uizih.

Let Zh ∈ C
N×N and dh ∈ C

N be defined by

(Zh)ij := z̄t
ihzjh, i, j = 1, . . . , N,

(dh)i := z̄t
ihz0h, i = 1, . . . , N.

Then the approximate cost function can be written as

Jh(u) :=
1

2
‖zh(u)‖2 +

ν

2
‖u‖2 =

1

2
[ūt(Zh + νI)u + 2 Re(ūtdh) + ‖z0h‖2].

These definitions lead us to the following discrete optimal control problem:
Find uop

h ∈ Uad such that

Jh(uop
h ) = inf

u∈Uad

1

2
[ūt(Zh + νI)u + 2 Re(ūtdh) + ‖z0h‖2].(5.3)

The argument uop
h , where the minimum is attained, is expected to be an approx-

imation of the optimal control uop. Our next goal is to obtain an estimate for this
approximation. To this aim, we denote

δd := d − dh and δZ := Z − Zh.
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Lemma 5.1. There exist strictly positive constants C and h0 such that, ∀h ∈
(0, h0], the following inequalities hold:

‖δd‖ ≤ Ch2 ln

(
1

h

) J∑
j=1

‖g‖H1/2(Γj
N ), ‖δZ‖ ≤ Ch2 ln

(
1

h

)
.

Moreover, if Z is positive definite, then so is Zh for h small enough.

Proof. First we settle an error estimate for the observations z0,z1, . . . ,zN . We
denote the corresponding errors by

δzi := zih − zi, i = 0, . . . , N.

From Theorem 4.2, for h small enough we have

‖δz0‖ =

[
M∑
k=1

|p0(wk) − p0h(wk)|2
]1/2

≤ Ch2 ln

(
1

h

) J∑
j=1

‖g‖H1/2(Γj
N ),

whereas from Theorem 4.4,

‖δzi‖ =

[
M∑
k=1

|Gyi(wk) −Gyi

h (wk)|2
]1/2

≤ Ch2 ln

(
1

h

)
.

Therefore, if h is small enough,

‖δd‖ =

[
N∑
i=1

|z̄t
0zi − (z̄0 + ¯δz0)

t(zi + δzi)|2
]1/2

≤
[

N∑
i=1

(‖z0‖‖δzi‖ + ‖δz0‖‖zi‖ + ‖δz0‖‖δzi‖)2
]1/2

≤ Ch2 ln

(
1

h

) J∑
j=1

‖g‖H1/2(Γj
N ),

the last inequality because of (5.2).

The error bound for ‖δZ‖ is proved essentially in the same way. Furthermore,
since Zh converges to Z, if Z is positive definite, then for h small enough Zh is
positive definite too.

As an immediate consequence of the above lemma we have the existence and
uniqueness of solution of the discrete optimal control problem, for h sufficiently small.

Corollary 5.2. Let us assume that ν > 0 or ν ≥ 0 and z(u) is one-to-one.
Then, there exists h0 > 0 such that, ∀h ∈ (0, h0], problem (5.3) has a unique solution.

To obtain a bound for ‖uop − uop
h ‖, we prove first the following a priori error

estimate for the solution of a variational inequality subject to data perturbations.

Lemma 5.3. Let Uad be a convex subset of C
N , b ∈ C

N , and A ∈ C
N×N a

positive definite Hermitian matrix. Let α > 0 be such that

v̄tAv ≥ α‖v‖2 ∀v ∈ C
N .
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Let δb ∈ C
N and δA ∈ C

N×N be such that ‖δA‖ < α. Let u ∈ Uad and (u+δu) ∈ Uad

be the solutions of the following variational inequalities:

Re[(v̄ − ū)t(Au + b)] ≥ 0 ∀v ∈ Uad,(5.4)

Re{[v̄ − (ū + δ̄u)]t[(A + δA)(u + δu) + (b + δb)]} ≥ 0 ∀v ∈ Uad.(5.5)

Then

‖δu‖ ≤ 1

α− ‖δA‖ (‖δA‖‖u‖ + ‖δb‖).(5.6)

Furthermore, if Uad � 0 and ‖δA‖ < θα with 0 < θ < 1, then

‖δu‖ ≤ 1

(1 − θ)α

(
‖b‖
α

‖δA‖ + ‖δb‖
)
.(5.7)

Proof. By taking v = u + δu in (5.4) and v = u in (5.5) we obtain

Re[δ̄u
t
(Au + b)] ≥ 0,

Re{−δ̄u
t
[(A + δA)(u + δu) + (b + δb)]} ≥ 0.

By adding these inequalities we obtain

Re(δ̄u
t
Aδu) ≤ Re{−δ̄u

t
[δA(u + δu) + δb]}.

Then, since A is Hermitian and positive definite, we have

α‖δu‖2 ≤ δ̄u
t
Aδu = Re(δ̄u

t
Aδu) ≤ ‖δu‖(‖δA‖‖δu‖ + ‖δA‖‖u‖ + ‖δb‖),

and, therefore,

(α− ‖δA‖)‖δu‖ ≤ ‖δA‖‖u‖ + ‖δb‖.

Hence, for ‖δA‖ < α, we obtain (5.6). Moreover, if ‖δA‖ < θα with 0 < θ < 1, then

‖δu‖ ≤ 1

(1 − θ)α
(‖δA‖‖u‖ + ‖δb‖).(5.8)

On the other hand, if Uad � 0, then we can take v = 0 in (5.4) and we obtain
Re[−ūt(Au + b)] ≥ 0. Then

α‖δu‖2 ≤ ūtAu = Re(ūtAu) ≤ Re(−ūtb) ≤ ‖δu‖‖δb‖.

Hence, ‖δu‖ ≤ ‖δb‖/α, and (5.7) follows from this inequality and (5.8). Thus we
conclude the proof.

From the above lemma and the error estimates of Lemma 5.1 it is easy to prove
the following result.

Theorem 5.4. Let us assume that ν > 0 or ν ≥ 0 and z(u) is one-to-one. If
Uad � 0, then there exist C > 0 and h0 > 0 such that, ∀h ∈ (0, h0],

‖uop − uop
h ‖ ≤ Ch2 ln

(
1

h

) J∑
j=1

‖g‖H1/2(Γj
N ).
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Proof. Let δu := uop
h − uop. The exact and the approximate optimal controls

satisfy the variational inequalities

Re{(v̄ − ūop)t[(Z + νI)uop + d]} ≥ 0 ∀v ∈ Uad,

Re{(v − uop
h )t[(Z + νI + δZ)(uop + δu) + (d + δd)]} ≥ 0 ∀v ∈ Uad.

Since Z + νI is a Hermitian positive definite matrix, let α > 0 be such that

v̄t(Z + νI)v ≥ α‖v‖2 ∀v ∈ Uad.

According to Lemma 5.1, for h sufficiently small ‖δZ‖ < α/2. Then we can apply
Lemma 5.3 to the variational inequalities above and obtain

‖uop − uop
h ‖ ≤ 2

α

(
‖d‖
α

‖δZ‖ + ‖δd‖
)
.

Thus, we conclude the proof from this inequality, (5.2), and Lemma 5.1.
Remark 5.5. The assumption made on the admissible set, Uad � 0, to prove the

error estimate of this theorem is not restrictive at all in practice. It just means that
a vanishing control is also admissible.

6. Numerical results. In this section we present some numerical results for a
three-dimensional test. In order to assess the effect of the control we use the following
measure of attenuation:

Attenuation (dB) = −10 log10

[
J(uop)

J(0)

]
.

The data of the test are the following:
• the domain is Ω = [0, 1] m × [0, 1] m × [0, 1] m;
• the physical parameters are ω = 680 s−1, c = 340 m s−1, and ρ = 1 kg m−3;
• the amplitude of the primary source of noise is g(x, y, 0) = eiy kg m−2 s−2 on

the wall z = 0;
• there is one loudspeaker located at y1 = ( 4

6 ,
4
6 ,

4
6 ) m;

• there are two microphones at w1 = ( 1
6 ,

2
6 ,

1
6 ) m and w2 = ( 5

6 ,
1
6 ,

3
6 ) m;

• on the wall z=1, the acoustic impedance is Z=(102+340 i)×103 kg m−2 s−1;
• the rest of the walls are perfectly rigid;
• the admissible set of controls is Uad = C and the weighting factor is ν = 0.

The optimal control has been computed for several meshes which have been ob-
tained by uniformly refining the coarse mesh shown in Figure 6.1.

Then a more accurate value of the optimal control has been determined by extrap-
olating the controls computed on these meshes. This more accurate value has been
used to compute the relative errors of the real and imaginary parts of the computed
controls. These errors are shown in Figure 6.2, where it can be clearly observed that
the order of convergence is essentially O(h2) as predicted by the theoretical results.

For h = 1/24, the computed attenuation is 0.75 dB. The modulus of the complex
pressure field on the plane containing the actuator and the two sensors is shown in
Figures 6.3 and 6.4. The first one corresponds to the system without control, whereas
the second one shows the pressure with the optimal control.

Finally Figure 6.5 shows the local attenuation field computed on the same plane:
Att(w) = −10 log10[|ph(w)|2/|p0h(w)|2].
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Fig. 6.1. Coarsest mesh (h = 1/6 m).
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Fig. 6.2. Relative error (%) as a function of 1/h in log-log scale.

In this case, it can be observed that there exist zones where the noise is reinforced,
that is, where primary and secondary sources interfere in a constructive way. This
happens, for instance, in the location of the first sensor. Indeed, the noise level
without control is low around this sensor and too high around the other one (see
Figure 6.3). Thus, to obtain a minimum of the cost functional, the optimal amplitude
of the actuator is such that it produces a noise reinforcement in the first sensor.
Anyway, the comparison of Figures 6.3 and 6.4 shows that the global attenuation has
been significant in the whole domain, except for the vicinity of the actuator.
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Fig. 6.3. Modulus of the pressure field without control (h = 1/24 m).
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Fig. 6.4. Modulus of the pressure field with control (h = 1/24 m).
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Fig. 6.5. Attenuation field (h = 1/24 m).

7. Optimal location of actuators. In the previous sections, the positions of
the sensors (microphones) were given and the positions of the actuators (loudspeakers)
were given, too. Then we have used the complex amplitudes of the actuators as the
unique control variable and have determined their optimal values with the objective of
minimizing the pressure level at those points where the sensors were located. Now we
assume that the positions of the actuators can also be chosen in certain subsets of the
domain and we will try to determine those that minimize the same objective function
as above, when the complex amplitudes are optimal with respect to these positions.
This is the most important problem when a system of active control of sound has
to be implemented to reduce noise in an enclosure. It can also be formulated as an
optimal control problem.

In this case the control variables are the complex amplitudes (modulus and phases)
and the positions of the actuators,

u = (u1, . . . , uN ) ∈ C
N and y = (y1, . . . , yN ) ∈ ΩN ,

respectively, which define the secondary source by means of (2.2).
We consider the set of admissible controls Uad×Yad ⊂ C

N ×ΩN , where Uad ⊂ C
N

and Yad ⊂⊂ (Ω \ {w1, . . . , wM})N are closed convex subsets.
The observation z(u,y) is again the set of pressure values at the microphones’

locations w1, . . . , wM ∈ Ω. The transfer function is now

Uad × Yad −→ C
M ,

(u,y) �−→ z(u,y) = (p(wi), . . . , p(wM )),

where, for each admissible set of values of the control variables, u ∈ Uad and y ∈ Yad,
p denotes again the solution of the state equation (2.1) with f given by (2.2). Notice
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that the sensors’ locations are excluded from the domain of admissible locations for
the actuators, to ensure the continuity of the transfer function.

The cost function is given again by

J(u,y) :=
1

2
‖z(u,y)‖2 +

ν

2
‖u‖2,

and then the optimal control problem is as follows:

Find (uop,yop) ∈ Uad × Yad such that

J(uop,yop) = inf
(u,y)∈Uad×Yad

J(u,y).(7.1)

The difficulty now is that the dependency of the state with respect to the addi-
tional control variables (the positions of actuators) is no longer affine. Thus the cost
function may have many local minima, and therefore gradient-like methods are not
suitable to solve the problem. In practice, the number of feasible locations is typically
finite, and hence the optimization problem becomes an integer programming problem.
In these cases one can use, for instance, genetic or simulated annealing algorithms.
Once the optimal locations have been determined, it will be possible to improve them
in some given neighborhoods by performing a local minimization using the gradient of
the cost function with respect to the location of the actuators. As we will see below,
the first order optimality conditions allow computing the gradient of the cost function
through an adjoint state.

7.1. Existence of an optimal control. Optimality conditions. We recall
that the pressure field defining the observations can be written in terms of the control
variables by means of (5.1): p = p0 +

∑N
i=1 uiG

yi . Then the transfer function is affine
with respect to u, although it is nonlinear with respect to y.

Therefore, the optimal control problem (7.1) has a solution as a direct consequence
of the following facts:

• the function J(u,y) is continuous in Uad × Yad;
• the set Yad is compact;
• Uad is a closed set; and
• J(u,y) → ∞ when ‖u‖ → ∞ ∀y ∈ Yad.

In what follows we deduce the optimality condition for a local minimum of the
cost function J(u,y) given by (7.1). We notice that in the present case J is convex
with respect to the amplitudes u but not with respect to the actuators’ positions y.
Therefore, this optimality condition will be necessary but not sufficient.

The cost function can be written explicitly in terms of the control variables as
follows:

J(u,y) =
1

2

M∑
k=1

|p(wk)|2 +
ν

2
‖u‖2 =

1

2

M∑
k=1

∣∣∣∣∣p0(wk) +

N∑
i=1

uiG
yi(wk)

∣∣∣∣∣
2

+
ν

2

N∑
i=1

|ui|2.

This function is differentiable in C
N × (Ω \ {w1, . . . , wM})N . Hence, it is well known

that if it attains a local minimum in the convex subset Uad × Yad at (uop,yop), then
the following inequality holds:

DJ(uop,yop)(u − uop,y − yop) ≥ 0 ∀(u,y) ∈ Uad × Yad.
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Since J depends on the complex variables u1, . . . , uN , some care must be taken
to compute its differential. Indeed, by using that

D

(
1

2
‖v‖2

)
(δv) = Re(v̄tδv) = Re(δ̄v

t
v) ∀v, δv ∈ C

M or C
N ,

straightforward computations lead to

DuJ(u,y)(δu) = Re

{
N∑
i=1

M∑
k=1

[
p(wk)

∂p̄(wk)

∂ui

¯δui

]
+ ν

N∑
i=1

ui
¯δui

}
(7.2)

and

DyJ(u,y)(δy) = Re

[
N∑
i=1

M∑
k=1

p(wk)∇yi
p̄(wk) · δyi

]
(7.3)

∀(u,y) ∈ Uad × Yad, ∀δu ∈ C
N , and ∀δy ∈ (Rn)N . As a consequence of all this we

obtain the optimality condition of the following theorem.

Theorem 7.1. If (uop,yop) ∈ Uad × Yad is a solution of the control problem
(7.1), then it satisfies

Re

{
N∑
i=1

M∑
k=1

[
p(wk)

∂p̄(wk)

∂ui
(ūi − ūop

i ) + p(wk)∇yi
p̄(wk) · (yi − yop

i )

]

+ ν

N∑
i=1

uop
i (ūi − ūop

i )

}
≥ 0 ∀(u,y) ∈ Uad × Yad.

Standard duality arguments can be used to compute the gradient of the cost
function. To this aim, given (u,y) ∈ Uad × Yad, we recall the state equation,⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

−∆p−
(ω
c

)2

p =

N∑
i=1

uiδyi in Ω,

∂p

∂n
=

iωρ

Z(ω)
p on Γ

Z ,

∂p

∂n
= g on Γ

N ,

(7.4)

and introduce the adjoint state equation,⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

−∆r −
(ω
c

)2

r =

M∑
k=1

p(wk)δwk
in Ω,

∂r

∂n
= − iωρ

Z̄(ω)
r on Γ

Z
,

∂r

∂n
= 0 on Γ

N
,

(7.5)

with p being the solution of the state equation (7.4). Then we have the following
result.
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Theorem 7.2. Let (u,y) ∈ Uad × Yad and (δu, δy) ∈ C
N × (Rn)N . Let p be

the solution of the state equation (7.4) and let r be the solution of the adjoint state
equation (7.5). Then

DuJ(u,y)(δu) = Re

{
N∑
i=1

[r(yi) + νui] ¯δui

}

and

DyJ(u,y)(δu) = Re

[
N∑
i=1

ūi∇r(yi) · δyi

]
.

Proof. Let Gwk be the solution of problem (3.6) with y = wk, k = 1, . . . ,M .
Then

r =

M∑
k=1

p(wk)Ḡ
wk .

On the other hand, from (5.1), for wk �= yi, i = 1, . . . , N , k = 1, . . . ,M ,

∂p̄(wk)

∂ui
=

∂

∂ui

[
p̄0(wk) +

N∑
i=1

uiḠ
yi(wk)

]
= Ḡyi(wk) = Ḡwk(yi)

and

∇yi p̄(wk) = ūi∇yiḠ
yi(wk) = ūi∇Ḡwk(yi),

where we have used the symmetry of Gy(w) with respect to y and w in Ω.
Consequently, from (7.2) and (7.3) we have

DuJ(u,y)(δu) = Re

{
N∑
i=1

M∑
k=1

[p(wk)Ḡ
wk(yi) ¯δui] + ν

N∑
i=1

ui
¯δui

}

= Re

{
N∑
i=1

[r(yi) + νui] ¯δui

}

and

DyJ(u,y)(δy) = Re

[
N∑
i=1

M∑
k=1

p(wk)ūi∇Ḡwk(yi) · δyi

]
= Re

[
N∑
i=1

ūi∇r(yi) · δyi

]
.

Thus we conclude the proof.
As a consequence of this theorem, we can write the optimality condition of prob-

lem (7.1) in terms of the solution p of the state equation and the solution r of the
adjoint state equation. Thus we obtain the following Euler inequality:

Re

(
N∑
i=1

{[r(yop
i ) + νuop

i ](ūi − ūop
i ) + ūop

i ∇r(yop
i ) · (yi − yop

i )}
)

≥ 0

∀(u,y) ∈ Uad × Yad.
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Fig. 7.1. J and uop as functions of the loudspeaker position (ω = 18700 s−1).

7.2. Numerical experiments. In this section we present two numerical tests.
The goal of the first one is to show that many local minima can actually arise. It is
a one-dimensional problem, and then the Helmholtz equation becomes⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

−d2p

dx2
−

(ω
c

)2

p = f, x ∈ (a, b),

dp

dx
=

iωρ

Z(ω)
p at x = a,

dp

dx
= g at x = b.

This one-dimensional equation can be easily solved when the secondary source is a
linear combination of Dirac delta measures:

f =

N∑
i=1

uiδyi , ui ∈ C, yi ∈ (a, b), i = 1, . . . , N.

Thus, we can determine the corresponding optimal amplitudes and then the optimal
value of the cost function.

First, we consider the following data:
• the domain is the segment [0, 1] m;
• the physical parameters are ρ = 1 kg m−3, c = 340 m s−1, and ω = 18700 s−1;
• the amplitude of the primary source is g = 1 kg m−2 s−2 at x = 1 m;
• the wall impedance at x = 0 is Z = 34 × 107 + 34 × 103 i kg m−2 s−1;
• there is one actuator located at any point in the segment Yad = [0.4, 0.6] m;
• there are 4 sensors at the points w1 = 0.15 m, w2 = 0.25 m, w3 = 0.65 m, and

w4 = 0.85 m;
• the admissible set of amplitudes is Uad = C and the weighting factor is ν = 0.

For each position of the actuator in Yad, we compute the optimal amplitude and
represent the corresponding value of the cost function. Figure 7.1 shows this function.
We observe several local minima. Furthermore, in this case, the values of J at all these
minima are the same and correspond to maximum values of the optimal amplitude.
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Fig. 7.2. J and uop as functions of the loudspeaker position (ω = 7820 s−1).
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Fig. 7.3. J and uop as functions of the loudspeaker position (ω = 1700 s−1).

Second, we analyze the system as the angular frequency decreases. Figures 7.2
and 7.3 show similar graphs for ω = 7820 s−1 and ω = 1700 s−1, respectively.

We observe in Figure 7.2 that the local minima of the cost functional do not
necessarily coincide with local maxima of the optimal amplitude.

We also notice that the number of local minima diminishes with the angular
frequency. For instance, in the case of Figure 7.3, J has only one minimum in the
interval Yad = [0.4, 0.6] m.

Figure 7.4 shows the corresponding graph for the same frequency ω = 1700 s−1,
when the admissible set of locations for the actuator is the whole domain of the
problem: Yad = [0, 1] m. In this case it can be seen that, as expected, complete
attenuation is attained as the actuator gets close to the primary source at x = 1.

The second test corresponds to a three-dimensional enclosure. We use the simu-
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Fig. 7.4. J and uop as functions of the loudspeaker position (ω = 1700 s−1, Yad = [0, 1] m).

Table 7.1

Possible locations of the actuators.

Coordinates (m) Coordinates (m) Coordinates (m) Coordinates (m)

(0.1,0.1,0.1) (0.5,0.4,0.1) (0.5,0.1,0.3) (0.8,0.8,0.3)

(0.9,0.9,0.1) (0.5,0.6,0.1) (0.5,0.9,0.3) (0.6,0.4,0.4)

(0.1,0.9,0.1) (0.1,0.5,0.3) (0.5,0.5,0.3) (0.4,0.6,0.4)

(0.9,0.1,0.1) (0.9,0.5,0.3) (0.2,0.2,0.3) (0.6,0.6,0.4)

lated annealing algorithm (see, for instance, [1]) to determine the optimal location of
loudspeakers among a given finite number of feasible ones.

The data of the test are the following:
• domain Ω = [0, 1] m × [0, 1] m × [0, 1] m;
• physical parameters ρ = 1 kg m−3, c = 340 m s−1, and ω = 1360 s−1;
• wall impedance at z = 1 m, Z = (102 + 340 i) × 103 kg m−2 s−1;
• primary source at wall z = 0 with amplitude g(x, y, 0) = eiy kg m−2 s−2;
• the rest of the walls are perfectly rigid;
• we have to locate 8 actuators and consider 16 possible locations which are

shown in Table 7.1;
• there are 10 sensors and their positions are shown in Table 7.2;
• admissible set of amplitudes Uad = C

8 and weighting factor ν = 0.
We have used a mesh like that of Figure 6.1 for h = 1/24 m.
The attenuation is computed again by

Attenuation (dB) = −10 log10

(
J(uop,yop)

J(0,y)

)
.

Notice that J(0,y) is the value of the cost function with no control, and hence it
does not depend on y. In Table 7.3 we show the attenuation obtained for different
executions of the simulated annealing algorithm. We also include the value obtained
with the exhaustive search, i.e., by computing the cost function for all of the possible(
16
8

)
= 12870 configurations.
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Table 7.2

Positions of the sensors.

Coordinates (m) Coordinates (m)

(0.2,0.2,0.6) (0.5,0.1,0.8)

(0.2,0.8,0.6) (0.1,0.5,0.8)

(0.8,0.2,0.6) (0.5,0.9,0.8)

(0.8,0.8,0.6) (0.7,0.5,0.6)

(0.9,0.5,0.8) (0.3,0.5,0.8)

Table 7.3

Simulated annealing: number of iterations and optimal attenuation.

No. of Iterations Attenuation (dB)

569 73.7

599 73.7

710 73.7

785 73.7

800 68.6

1201 73.7

1498 73.7

12870 (exhaustive) 73.7

Remark 7.3. Some experiments show that the use of a basis consisting of rigid
cavity vibration modes can be more efficient in terms of computer effort (CPU time
and memory) than the purely finite element technique introduced in this paper. This
is due to the fact that the number of vibration modes needed to obtain accurate re-
sults for low frequencies (which is the typical case in active control of sound) is not
large. Then the time to calculate these first modes by solving the corresponding eigen-
value problem by finite element methods, together with that to solve the Helmholtz
problems in this small vibration modes basis, can be significantly less than the time
needed to solve the same number of Helmholtz problem in the large finite element
basis. This approach will be reported elsewhere.
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Abstract. We prove an analogue of the classical Bogolyubov theorem, with a nonconvex con-
straint. In the case we consider, the constraint is the solution set of a Cauchy problem for a differential
inclusion with a nonconvex right-hand side satisfying a Lipschitz condition. Our approach is based
on a relaxation argument, as in the Filippov–Wazewski theorem.
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1. Introduction and main result. In relaxation theory for variational prob-
lems, the classical Bogolyubov theorem [3] has been extended in several directions
by many authors including Young [16], MacShane [10], Warga [15], Ioffe [7], Ioffe
and Tikhomirov [8, 9], and Ekeland and Temam [5]. More recently an analogue of
Bogolyubov’s theorem with a convex constraint has been obtained by Suslov [12].
The aim of the present paper is to present a Bogolyubov-type theorem in a case in
which the constraint is not necessarily convex. In our approach we use a relaxation
argument in the spirit of the classical Filippov–Wazewski theorem (see [1, Chap. 2]).

Throughout the paper, I is the unit interval [0, 1] with Lebesgue measure µ and
σ-algebra Σ of the µ-measurable subsets of I, E is a separable Banach space with
norm || · ||, and K(E) is the space of all nonempty compact subsets of E endowed with
the Hausdorff metric h. Further, Σ ⊗ B(E) is the σ-algebra of I × E generated by
the sets A× B, with A ∈ Σ and B ∈ B(E), where B(E) is the σ-algebra of the Borel
subsets of E. We set B(a, r) = {x ∈ E | ‖x− a‖ ≤ r} and denote by R the set of the
extended real numbers.

Let M be a metric space. A multifunction F : M → K(E) is said to be upper
semicontinuous (resp., lower semicontinuous) if for each closed C ⊂ E the set {x ∈
M | F (x) ∩ C �= ∅} (resp., {x ∈ M | F (x) ⊂ C}) is closed in E. F is said to be
continuous when it is both lower and upper semicontinuous. In our setting, the above
definitions are equivalent to the corresponding definitions of upper semicontinuity,
lower semicontinuity, and continuity in the sense of Hausdorff. A multifunction F :
C → K(E) with closed values is said to be measurable if for each closed set C ⊂ E

the set {t ∈ I | F (t) ∩ C �= ∅} ∈ Σ.
Given F : I × E → K(E), consider the Cauchy problem

ẋ ∈ F (t, x), x(0) = x0,(CF )
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and the convexified Cauchy problem

ẋ ∈ coF (t, x), x(0) = x0,(CcoF )

where x0 ∈ E and coF (t, x) denotes the closed convex hull of F (t, x).
By a solution of the Cauchy problem (CF ) (resp., (CcoF )) we mean an absolutely

continuous function x : I → E given by x(t) = x0 +
∫ t

0
u(s)ds, where u : I → E is

Bochner integrable, satisfying the differential inclusion (CF ) (resp., (CcoF )) almost
everywhere (a.e.) in I. We denote by MF (resp., McoF ) the solution set of the
Cauchy problem (CF ) (resp., (CcoF )). MF and McoF are equipped with the induced
metric of C(I,E), the Banach space of the continuous functions from I to E.

Let F : I × E → K(E) and g : I × E × E → R be given. We say that F satisfies
condition (HF ) if⎧⎪⎨⎪⎩

(i) t → F (t, x) is measurable for every x ∈ E,

(ii) h(F (t, x), F (t, y)) ≤ k(t)‖x− y‖ for every x, y ∈ E, t ∈ I a.e.,

(iii) h(F (t, 0), 0) ≤ m(t) for t ∈ I a.e.,

(HF )

where m, k ∈ L1(I,R) and m(t), k(t) > 0.
We say that g satisfies condition (Hg) if⎧⎪⎨⎪⎩

(i) t → g(t, x, u) is measurable for every x, u ∈ E,

(ii) (x, u) → g(t, x, u) is continuous for t ∈ I a.e.,

(iii) |g(t, x, u)| ≤ a(t) + b(t)||x|| + c||u|| for every x, y ∈ E, t ∈ I a.e.,

(Hg)

where a, b ∈ L1(I,R), and a(t), b(t), c > 0.
In what follows we will use the following Banach space version, proved in [13], of

the classical relaxation theorem of Filippov and Wazewski.

Relaxation theorem. Let F satisfy (HF ). Then MF is nonempty, McoF is
compact, and

MF = McoF ,(1.1)

where MF denotes the closure of MF in C(I,E).
For any f : E → R, we denote by f∗∗ : E → R the bipolar of f (see [5, Chap. 1]). It

is known that if f has an affine continuous minorant, then f∗∗ coincides with the upper
envelope of all affine continuous minorants of f . Hence f∗∗ is lower semicontinuous
and convex.

Given F : I ×E → K(E) and g : I ×E×E → R, we define gF : I ×E×E → R by

gF (t, x, u) =

{
g(t, x, u) if u ∈ F (t, x),

+∞ if u /∈ F (t, x).
(1.2)

Further, we denote by u → g∗∗F (t, x, u) the bipolar of the function u → gF (t, x, u).
The following theorem is an analogue of Bogolyubov’s theorem [3] with a non-

convex constraint.
Theorem 1.1. Let F, g satisfy (HF ) and (Hg). Then, for every x ∈ McoF , there

exists a sequence {xn} ⊂ MF such that
(i) xn converges to x in C(I,E),
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(ii) limn→∞ supt∈I |
∫ t

0
(g∗∗F (s, x(s), ẋ(s)) − g(s, xn(s), ẋn(s)))ds| = 0.

Observe that when F is merely continuous, both statements of Theorem 1.1 can
fail, as is shown by the following example, which is patterned after Plis [11].

Example 1.2. Let F : R
2 → K(R2) and g : R

2 × R
2 → R be given by

F (x) = {(−1, |x1| + 2
√
|x2|), (1, |x1| + 2

√
|x2|)} , g(x, u) = ‖x‖ + ‖u‖,

where x = (x1, x2), u = (u1, u2), and ‖.‖ is the Euclidean norm. Clearly F satisfies
(HF )i and (HF )iii but not (HF )ii, while g satisfies (Hg).

As F (0) = {p+, p−}, where p+ = (1, 0), p− = (−1, 0), one has gF (0, u) = 1 if
u ∈ {p+, p−}, while gF (0, u) = +∞ if u /∈ {p+, p−}. Further, g∗∗F (0, 0) = 1. In fact,
g∗∗F (0, 0) ≥ 1, for 1 is a minorant of u → gF (0, u). On the other hand, u → g∗∗F (0, u)
is convex, and hence

g∗∗F (0, 0) = g∗∗F

(
0,

p+ + p−

2

)
≤ g∗∗F (0, p+) + g∗∗F (0, p−)

2
≤ gF (0, p+) + gF (0, p−)

2
= 1,

whence g∗∗F (0, 0) = 1.
Observe now that the function x0 = (0, 0) is a solution of the convexified Cauchy

problem ẋ ∈ co F (x), x(0) = 0, i.e., x0 ∈ McoF . For an arbitrary x ∈ MF , x(t) =
(x1(t), x2(t)) , t ∈ I, one has |ẋ1(t)| = 1 and ẋ2(t) = |x1(t)|+2

√
|x2(t)| for t ∈ I a.e.,

x1(0) = x2(0) = 0. Since |x1(t)| �= 0, t ∈ I a.e., it follows that x2(t) ≥ t2, and thus
||x(t)|| ≥ t2. Moreover, ‖ẋ(t)‖ ≥ 1, t ∈ I a.e., and hence∣∣∣∣∫ t

0

(g(x(s), ẋ(s)) − g∗∗F (0, 0))ds

∣∣∣∣ =

∫ t

0

(‖x(s)‖+‖ẋ(s)‖−1)ds ≥
∫ t

0

‖x(s)‖ds ≥ t3

3
, t ∈ I.

Therefore, for the solution x0 ∈ McoF neither statement of Theorem 1.1 is satisfied.
It is known [14] that the equality (1.1) remains valid if (HF )ii is replaced by

h(coF (t, x), coF (t, y)) ≤ k(t)||x− y|| for every x, y ∈ E, t ∈ I a.e.,(1.3)

where k ∈ L1(I,R), k(t) > 0.
The following example shows that property (ii) in Theorem 1.1 can fail if H(F )ii

is replaced by (1.3).
Example 1.3. Let F : R → K(R) and g : R × R → R be given by

F (x) =

{
{−1, 1} if x �= 0,

{−1,−1/2, 1/2, 1} if x = 0,
g(x, u) = |x| + |u|.

Here F satisfies (HF )i, (HF )iii, and (1.3), while g satisfies (Hg), yet (ii) does not hold.
In fact, x0 = 0 is a solution of the convexified Cauchy problem ẋ ∈ co F (x), x(0) =

0, i.e., x0 ∈ McoF . Moreover for every x ∈ MF one has |ẋ(t)| = 1, t ∈ I a.e., which
implies g(x(t), ẋ(t)) ≥ 1, t ∈ I a.e. Since in addition g∗∗F (0, 0) = 1/2, it follows that∣∣∣∣∫ t

0

(g(x(s), ẋ(s)) − g∗∗F (0, 0))ds

∣∣∣∣ ≥ t

2
, t ∈ I,

showing that (ii) cannot be satisfied.
Remark 1.4. Observe that the above Bogolyubov-type Theorem 1.1 is also an

extension of the theorem of Filippov and Wazewski.
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2. Lemmas. For f : I ×E×E → R we denote by epi f(t, x) the epigraph of the
function u → f(t, x, u), i.e.,

epi f(t, x) = {(u, λ) ∈ E × R | f(t, x, u) ≤ λ}.

In what follows we consider the Banach space Y = E×R equipped with the norm
||(x, λ)|| = max(||x||, |λ|) and denote by hY the Hausdorff metric of K(Y).

For F, g satisfying (HF ), (Hg) define G : I × E → K(Y) by

G(t, x) = {(u, g(t, x, u)) ∈ E × R | u ∈ F (t, x)}.(2.1)

Lemma 2.1. Let F, g satisfy (HF ), (Hg). Then, for each x ∈ E and t ∈ I a.e. we
have

(i) (u, λ) ∈ coG(t, x) implies u ∈ coF (t, x),
(ii) u ∈ coF (t, x) implies (u, λ) ∈ coG(t, x) for some λ ∈ R.
Proof. (i) Let (u, λ) ∈ coG(t, x), and let {

∑pn

i=1 α
i
n(ui

n, λ
i
n)}, where

∑pn

i=1 α
i
n =

1, αi
n > 0, be a sequence of convex combinations of points (ui

n, λ
i
n) ∈ G(t, x), converg-

ing to (u, λ). As ui
n ∈ F (t, x), one has

∑pn

i=1 α
i
nu

i
n ∈ coF (t, x), and thus u ∈ coF (t, x).

(ii) Let u ∈ coF (t, x), and let {
∑pn

i=1 α
i
nu

i
n} be a sequence of convex combinations

of points ui
n ∈ F (t, x), converging to u. Clearly,

∑pn

i=1 α
i
n(ui

n, g(t, x, u
i
n)) ∈ coG(t, x).

In view of (Hg)iii, the sequence {
∑pn

i=1 α
i
ng(t, x, u

i
n)} is bounded, and thus, passing

to a subsequence, one can assume that it converges to some λ ∈ R. Hence (u, λ) ∈
coG(t, x), completing the proof.

Property (ii) of the next lemma could be derived from known results on normal
integrands (see Castaing and Valadier [4, Chap. 7]), yet a direct proof is provided to
make the exposition self-contained.

Lemma 2.2. Let F, g satisfy (HF ), (Hg). Then, for each x ∈ E and t ∈ I a.e. we
have

(i) g∗∗F (t, x, u) =

{
min{λ ∈ R | (u, λ) ∈ coG(t, x)} if u ∈ coF (t, x),

+∞ if u /∈ coF (t, x).

In particular, (u, g∗∗F (t, x, u)) ∈ coG(t, x) for every u ∈ coF (t, x). Moreover,
(ii) for every ε > 0 there is a closed set Iε ⊂ I, with µ(I\Iε) < ε, such that

g∗∗F (t, x, u) restricted to Iε × E × E is lower semicontinuous.
Proof. (i) Let x ∈ E and t ∈ I a.e. be arbitrary. By (Hg)iii the function u →

gF (t, x, u) has an affine continuous minorant and hence by [5, Chap. 1],

epi g∗∗F (t, x) = co epi gF (t, x).(2.2)

Let u ∈ E and suppose g∗∗F (t, x, u) < +∞. As (u, g∗∗F (t, x, u)) ∈ epi g∗∗F (t, x),
then, by (2.2), there exists a sequence of convex combinations

∑pn

i=1 α
i
n(ui

n, λ
i
n) of

points (ui
n, λ

i
n) ∈ epi gF (t, x), converging to (u, g∗∗F (t, x, u)). Clearly ui

n ∈ F (t, x), for
gF (t, x, ui

n) ≤ λi
n < +∞, and thus u ∈ coF (t, x). Consequently, g∗∗F (t, x, u) = +∞ for

every u /∈ coF (t, x).
Let u ∈ coF (t, x), and set

µ = min{λ ∈ R | (u, λ) ∈ coG(t, x)}.(2.3)

By virtue of Lemma 2.1(ii) and the compactness of coG(t, x), the definition of µ
is meaningful. We have g∗∗F (t, x, u) = µ. To show this, take any λ ∈ R so that
(u, λ) ∈ coG(t, x), and consider a sequence of convex combinations

∑pn

i=1 α
i
n(ui

n, λ
i
n) of

points (ui
n, λ

i
n) ∈ G(t, x), where λi

n = g(t, x, ui
n), converging to (u, λ). As ui

n ∈ F (t, x),
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one has λi
n = gF (t, x, ui

n) ≥ g∗∗F (t, x, ui
n). Thus,

∑pn

i=1 α
i
nλ

i
n ≥

∑pn

i=1 α
i
ng

∗∗
F (t, x, ui

n),
which implies λ ≥ g∗∗F (t, x, u), by the convexity of g∗∗F (t, x, u) with respect to u. As
(u, λ) ∈ coG(t, x) and λ is arbitrary, it follows that µ ≥ g∗∗F (t, x, u).

On the other hand, (u, g∗∗F (t, x, u)) ∈ epi g∗∗F (t, x) and hence, by (2.2), there exists
a sequence of convex combinations

∑pn

i=1 α
i
n(ui

n, λ
i
n) of points (ui

n, λ
i
n) ∈ epi gF (t, x),

converging to (u, g∗∗F (t, x, u)). Clearly, +∞ > λi
n ≥ gF (t, x, ui

n) = g(t, x, ui
n)

and ui
n ∈ F (t, x), whence

∑pn

i=1 α
i
nλ

i
n ≥

∑pn

i=1 α
i
ng(t, x, u

i
n). Thus, setting γ =

lim infn→∞
∑pn

i=1 α
i
ng(t, x, u

i
n), one obtains g∗∗F (t, x, u) ≥ γ. Furthermore, (ui

n, g(t, x, u
i
n))

∈ G(t, x), which implies that (
∑pn

i=1 α
i
nu

i
n,
∑pn

i=1 α
i
ng(t, x, u

i
n)) ∈ coG(t, x), and hence

(u, γ) ∈ coG(t, x). Then, by (2.3), γ ≥ µ and, a fortiori, g∗∗F (t, x, u) ≥ µ. Therefore
g∗∗F (t, x, u) = µ, and (i) is proved.

(ii). Let ε > 0. F, g satisfy (HF ) and (Hg), and thus, by [6], there is a closed set
Iε ⊂ I, with µ(I \ Iε) < ε, such that the restrictions of F (t, x) and g(t, x, u) to Iε ×E

and Iε × E × E are both continuous. Without loss of generality, the restrictions to Iε
of the functions k(t),m(t), a(t), b(t) can also be supposed to be continuous. For every
closed V ⊂ I × R the set Z = {(t, x) ∈ Iε × E | G(t, x) ∩ V �= ∅} is closed. To show
this, consider any sequence of points (tn, xn) ∈ Z converging to (t, x) ∈ Iε × E, and
take, for each n ∈ N, a point (un, g(tn, xn, un)) ∈ G(tn, xn)∩V. As un ∈ F (tn, xn) and
F (tn, xn) converges to F (t, x), a compact set, there exists a subsequence, say {un},
which converges to some u ∈ F (t, x). Thus (u, g(t, x, u)) ∈ G(t, x) ∩ V, and thus the
set Z is closed, which proves that G(t, x), and so also coG(t, x), restricted to Iε × E,
are upper semicontinuous.

The function g∗∗F (t, x, u) restricted to Iε×E×E is lower semicontinuous. It suffices
to show that, for every (t, x, u) ∈ Iε×E×E and any sequence {(tn, xn, un)} ⊂ Iε×E×E

converging to (t, x, u), one has

g∗∗F (t, x, u) ≤ λ, where λ = lim inf
n→∞

g∗∗F (tn, xn, un).(2.4)

Suppose λ < +∞ (the case λ = +∞ is trivial). By virtue of (Hg)iii, there exists
M ∈ R such that for all n ∈ N large enough one has g(tn, xn, un) ≥ M, which
implies g∗∗F (tn, xn, un) ≥ M, and so λ > −∞. As λ is finite, passing to a subsequence
(without changing notation) one can assume that each g∗∗F (tn, xn, un) is finite, whence
by (i), un ∈ coF (tn, xn), and thus (un, g

∗∗
F (t, xn, un)) ∈ coG(tn, xn) for all n ∈ N.

Since the map coG(t, x) restricted to Iε × E is upper semicontinuous, it follows that
(u, λ) ∈ coG(t, x). Then, by the definition of g∗∗F (t, x, u), (2.4) holds; that is, the
function g∗∗F (t, x, u) restricted to Iε×E×E is lower semicontinuous, proving (ii). This
completes the proof.

Remark 2.3. By Lemma 2.2(ii) it follows that, for each x ∈ McoF and any mea-
surable selector u(t) ∈ coF (t, x(t)), the function t → g∗∗F (t, x(t), u(t)) is measurable
on I.

Lemma 2.4. Let F satisfy (HF ), and let g satisfy (Hg)i, (Hg)iii, and

|g(t, x, u) − g(t, y, v)| ≤ l(||x− y|| + ||u− v||) for every x, y, u, v ∈ E, t ∈ I a.e.,
(2.5)

where l > 0. Then the multifunction G : I×E → K(Y) given by (2.1) has the following
properties:

(i) the map t → G(t, x) is measurable for every x ∈ E,
(ii) hY(G(t, x), G(t, y)) ≤ L(t)||x− y|| for every x, y,∈ E, t ∈ I a.e.,
(iii) hY(G(t, 0), 0) ≤ M(t), t ∈ I a.e.,
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where L,M ∈ L1(I,R) and L(t),M(t) > 0.
Proof. As in the proof of Lemma 2.2, for each ε > 0 there is a closed set Iε ⊂ I,

with µ(I \ Iε) < ε, such that the map G(t, x) restricted to Iε × E is continuous.
Hence the map t → G(t, x) is measurable for every x ∈ E, proving (i). To show
(ii), take x, y ∈ E, t ∈ I a.e. By virtue of (HF )ii, for each u ∈ F (t, x) there exists
v ∈ F (t, y) such that ||u−v|| ≤ k(t)||x−y||. Moreover, by (2.1), (u, g(t, x, u)) ∈ G(t, x)
and (v, g(t, y, v)) ∈ G(t, y), and thus, in view of (2.5), |g(t, x, u) − g(t, y, v)| ≤ l(1 +
k(t))||x− y||. Consequently,

G(t, x) ⊂ G(t, y) + L(t)||x− y||B,

where B is the closed unit ball in Y and L(t) = max{k(t), l(1 + k(t))}. By changing
the role of x and y, (ii) follows. In view of (HF )iii, ||u|| ≤ m(t) for every u ∈
F (t, 0). Further, (Hg)iii implies |g(t, 0, u)| ≤ a(t) + cm(t). Hence, setting M(t) =
max{m(t), a(t) + cm(t)}, (iii) is also satisfied, completing the proof.

3. Proof of Theorem 1.1. We will first construct a convenient Lipschitzean
ε-approximation ϕ of g. For t ∈ I set U(t) = {x(t) | x ∈ McoF }. Since McoF is
compact in C(I,E), using the Ascoli–Arzelà theorem, one can show that the function
t → U(t) is continuous from I to K(E), and the set A = ∪t∈IU(t) is compact in E.
By virtue of [6], for every ε > 0 there exists a closed set Iε ⊂ I, with µ(I \ Iε) < ε,
such that the restriction of F (t, x) to Iε × E is continuous. A is compact, and thus
the maps F (t, coA) and coF (t, coA), restricted to Iε, are both compact valued and
continuous; moreover, coF (t, coA) is measurable on I.

Let x ∈ McoF be arbitrary. Take R > 0 so that A ⊂ B(0, R). In view of (HF )ii
and (HF )iii, for u ∈ coF (t, x(t)) and t ∈ I a.e. one has F (t, x(t)) ⊂ B(0,m(t)+Rk(t)).
From the latter and (Hg)iii it follows that

|g(t, x(t), u)| ≤ M(t) for every u ∈ coF (t, x(t)), t ∈ I a.e.,(3.1)

where the function M(t) = a(t) + Rb(t) + c(m(t) + Rk(t)) is in L1(I,R).
Moreover, −M(t) ≤ g∗∗F (t, x(t), u) for all u ∈ E, t ∈ I a.e., since −M(t) is a mi-

norant of u → gF (t, x(t), u). On the other hand, as u → g∗∗F (t, x(t), u) is convex, lower
semicontinuous, and g∗∗F (t, x(t), u) ≤ gF (t, x(t), u) = g(t, x(t), u) ≤ M(t) for all u ∈
F (t, x(t)), t ∈ I a.e., it follows that g∗∗F (t, x(t), u) ≤ M(t) for all u ∈ coF (t, x(t)), t ∈
I a.e. Therefore

|g∗∗F (t, x(t), u)| ≤ M(t) for all u ∈ coF (t, x(t)), t ∈ I a.e.(3.2)

Let ε > 0. By virtue of [6], (3.1), and (3.2), there exists a closed set Iε ⊂ I such
that the map t → coF (t, coA) restricted to Iε is continuous, g restricted to Iε×E×E

is continuous, and furthermore

∫
I\Iε

|g(t, x(t), ẋ(t))|dt ≤ ε

5
,

∫
I\Iε

|g∗∗F (t, x(t), ẋ(t))|dt ≤ ε

5
for all x ∈ McoF .

(3.3)

By Tietze’s extension theorem the function g restricted to Iε × E × E admits a
continuous extension, say g, to all of I×E×E. Set B = ∪t∈IεcoF (t, coA) and observe
that B is compact. Let gε : I × coA × coB → R be a locally Lipschitzean function
satisfying

|gε(t, x, u) − g(t, x, u)| ≤ ε

5
for all (t, x, u) ∈ I × coA× coB.
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Since gε is defined on a compact convex set, gε is actually Lipschitzean. Hence, by the
MacShane lemma [5, p. 276], gε admits a bounded Lipschitzean extension gε (with
the same Lipschitz constant) to the whole space I × E × E.

Define ϕ : I × E × E → R by

ϕ(t, x, u) =

{
gε(t, x, u) if t ∈ Iε,

0 if t ∈ I\Iε.
(3.4)

It is easily seen that ϕ satisfies (Hg)i, (Hg)iii and (2.5) (with different a(t), b(t), c, l);
moreover,

|ϕ(t, x, u) − g(t, x, u)| ≤ ε

5
for all (t, x, u) ∈ Iε × coA× coB.(3.5)

Consider now the function ϕF given by (1.2), with ϕ in place of g. Then,

ϕF (t, x, u) − ε

5
≤ gF (t, x, u) ≤ ϕF (t, x, u) +

ε

5
for all (t, x, u) ∈ Iε × coA× coB.

(3.6)

In fact, let (t, x) ∈ Iε × coA. If u ∈ F (t, x), then u ∈ coB, and thus (3.6) follows
from (3.5) as gF (t, x, u) = g(t, x, u) and ϕF (t, x, u) = ϕ(t, x, u). If u /∈ F (t, x), then
ϕF (t, x, u) = gF (t, x, u) = +∞, and hence (3.6) holds trivially. From (3.6) one has

ϕ∗∗
F (t, x, u) − ε

5
≤ g∗∗F (t, x, u) ≤ ϕ∗∗

F (t, x, u) +
ε

5
for all (t, x, u) ∈ Iε × coA× E.

Observe that if u ∈ coF (t, x), then ϕ∗∗
F (t, x, u) and g∗∗F (t, x, u) are both finite by

Lemma 2.2(i), and hence

|ϕ∗∗
F (t, x, u) − g∗∗F (t, x, u)| ≤ ε

5
for all t ∈ Iε, x ∈ coA, u ∈ coF (t, x).(3.7)

Furthermore,

ϕ∗∗
F (t, x, u) = 0 for t ∈ I \ Iε, x ∈ E, u ∈ coF (t, x).(3.8)

In fact, ϕ∗∗
F (t, x, u) ≥ 0 for all u ∈ E, as 0 is a minorant of u → ϕF (t, x, u). On the

other hand, since u → ϕ∗∗
F (t, x, u) is convex, lower semicontinuous, and ϕ∗∗

F (t, x, u) ≤
ϕF (t, x, u) = ϕ(t, x, u) = 0 for all u ∈ F (t, x), it follows that ϕ∗∗

F (t, x, u) ≤ 0, and thus
(3.8) holds.

In view of (3.5), (3.4), (3.3) and (3.7), (3.8), (3.3), for each x ∈ McoF one has∫
I

|ϕ(t, x(t), ẋ(t)) − g(t, x(t), ẋ(t))|dt(3.9)

≤
∫
Iε

|ϕ(t, x(t), ẋ(t)) − g(t, x(t), ẋ(t))|dt +

∫
I�Iε

|g(t, x(t), ẋ(t))|dt ≤ 2ε

5

and ∫
I

|ϕ∗∗
F (t, x(t), ẋ(t)) − g∗∗F (t, x(t), ẋ(t))|dt(3.10)

≤
∫
Iε

|ϕ∗∗
F (t, x(t), ẋ(t)) − g∗∗F (t, x(t), ẋ(t))|dt +

∫
I�Iε

|g∗∗F (t, x(t), ẋ(t))|dt ≤ 2ε

5
.
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Consider now the Cauchy problem{
ẋ(t) ∈ F (t, x(t)), x(0) = x0,

λ̇(t) = ϕ(t, x(t), ẋ(t)), λ(0) = 0.

Let G : I × E → K(Y) be the multifunction given by (2.1), with ϕ in place of g,
and set z = (x, λ) ∈ Y. Then the previous Cauchy problem and the corresponding
convexified problem can be written in the form

ż(t) ∈ G(t, x(t)), z(0) = (x0, 0),

ż(t) ∈ coG(t, x(t)), z(0) = (x0, 0).

Denote by MG, McoG the solution sets of the above Cauchy problems. In view of
Lemma 2.4, the map G(t, x) satisfies (i)–(iii) and thus, by the relaxation theorem,
McoG is nonempty and compact and

MG = McoG.(3.11)

Let x ∈ McoF be arbitrary, and set v(t) =
∫ t

0
ϕ∗∗
F (s, x(s), ẋ(s))ds, t ∈ I. Since

ẋ(t) ∈ coF (t, x(t)), t ∈ I a.e., Lemma 2.2(i) implies that (ẋ(t), v̇(t)) ∈ coG(t, x(t)),
t ∈ I a.e., and hence (x, v) ∈ McoG. By (3.11) there exists (y, w) ∈ MG such
that ‖(x, v) − (y, w)‖ < ε/5. Thus y ∈ MF , by Lemma 2.1(i); moreover, w(t) =∫ t

0
ϕ(s, y(s), ẏ(s))ds and

sup
t∈I

||x(t) − y(t)|| ≤ ε

5
, sup

t∈I

∣∣∣∣∫ t

0

(ϕ∗∗
F (s, x(s), ẋ(s)) − ϕ(s, y(s), ẏ(s)))ds

∣∣∣∣ ≤ ε

5
.

(3.12)

Since, for each t ∈ I,∣∣∣∣∫ t

0

(g∗∗F (s, x(s), ẋ(s))−g(s, y(s), ẏ(s)))ds

∣∣∣∣ ≤∫
I

|g∗∗F (s, x(s), ẋ(s))−ϕ∗∗
F (s, x(s), ẋ(s))|ds

+ sup
t∈I

∣∣∣∣∫ t

0

(ϕ∗∗
F (s, x(s), ẋ(s)) − ϕ(s, y(s), ẏ(s)))ds

∣∣∣∣ +

∫
I

|ϕ(s, y(s), ẏ(s)) − g(s, y(s), ẏ(s))|ds,

then, by virtue of (3.10), (3.12), and (3.9), as t ∈ I is arbitrary, it follows that

sup
t∈I

∣∣∣∣∫ t

0

(g∗∗F (s, x(s), ẋ(s)) − g(s, y(s), ẏ(s)))ds

∣∣∣∣ ≤ ε.

Thus, setting ε = 1/n, ϕn = ϕ, and y = xn, one obtains a sequence {xn} ⊂ MF for
which (i) and (ii) are satisfied. This completes the proof.

4. An application. We present an application of the previous result. In what
follows, E is a separable reflexive Banach space. Consider the minimization problem

minimize

∫
I

g(t, x(t), ẋ(t))dt for x ∈ MF ,(P)

and associate with (P) the relaxed minimization problem

minimize

∫
I

g∗∗F (t, x(t), ẋ(t))dt for x ∈ McoF .(P∗∗)
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Theorem 4.1. Let F, g satisfy (HF ), (Hg). Then,

min (P∗∗) = inf (P).(4.1)

Furthermore, for each solution x of problem (P∗∗), there exists a minimizing sequence
{xn} of problem (P) such that

(i) xn converges to x in C(I, E),

(ii) limn→∞ supt∈I |
∫ t

0
(g∗∗F (s, x(s), ẋ(s)) − g(s, xn(s), ẋn(s)))ds| = 0.

Conversely, if {xn} is a minimizing sequence of problem (P), then there exists a
subsequence {xnk

} and a solution x of problem (P∗∗) so that (i) and (ii) are satisfied.
Proof. Set A = {x(t) | t ∈ I, x ∈ McoF }. As was shown in the proof of Theo-

rem 1.1, the set A is compact in E. Define ϕ : I × E × E → R by

ϕ(t, x, u) =

{
g∗∗F (t, x, u), t ∈ I, x ∈ A, u ∈ E,

+∞ elsewhere.
(4.2)

By Lemma 2.2(ii), there exists a sequence of closed sets In ⊂ In+1 ⊂ I with
µ(I \ In) < 1/n, n ∈ N, such that the function g∗∗F (t, x, u) restricted to In × E × E is
lower semicontinuous. As ϕ(t, x, u) equals g∗∗F (t, x, u) on the closed set In × A × E,
while ϕ(t, x, u) = +∞ on In×(E�A)×E, the function ϕ(t, x, u) restricted to In×E×E

is lower semicontinuous. Moreover, J = I \∪∞
n=1In is a Borel set, whence the function

ϕ̃ : I × E × E → R given by

ϕ̃(t, x, u) =

{
ϕ(t, x, u), t ∈ J, x ∈ E, u ∈ E,

0 elsewhere

is Borel and thus Σ ⊗ B(E × E) measurable. Therefore, ϕ(t, x, u) = ϕ̃(t, x, u) for all
x, u ∈ E and t ∈ I a.e., for µ(I\J) = 0. Thus, without loss of generality, we can assume
that ϕ(t, x, u) is Σ ⊗ B(E × E) measurable. Moreover, the function u → ϕ(t, x, u) is
convex. Thanks to (HF )ii, (HF )iii, (Hg)iii, the inequality (2.3) in [2] is satisfied, and
so ϕ(t, x, u) meets all assumptions of Theorem 2.1 in [2].

Consider now the integral functional Jϕ : C(I,E) × L1(I,E) → R defined by

Jϕ(x, u) =

∫
I

ϕ(t, x(t), u(t))dt,

where the space L1(I,E) is endowed with the weak topology σ(L1, L∞). By Theo-
rem 2.1 in [2], the functional (x, u) → Jϕ(x, u) is sequentially lower semicontinuous on
C(I,E)×L1(I,E). As RcoF = {(x, ẋ) | x ∈ McoF } is a metrizable compact subset of
C(I,E)×L1(I,E), the functional Jϕ(x, u) has a minimum on RcoF ; i.e., there exists
(x, ẋ) ∈ RcoF such that∫

I

ϕ(t, x(t), ẋ(t))dt = min{Jϕ(y, ẏ) | (y, ẏ) ∈ RcoF }.

Then, by (4.2), ∫
I

g∗∗F (t, x(t), ẋ(t))dt = min (P∗∗),

and hence problem (P∗∗) has a solution.
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As x ∈ McoF , then, by Theorem 1.1, there exists a sequence {xn} ⊂ MF satis-
fying (i), (ii). By (ii),

lim
n→∞

∫
I

g(t, xn(t), ẋn(t))dt =

∫
I

g∗∗F (t, x(t), ẋ(t))dt,

and thus inf (P) ≤ min (P∗∗). Furthermore, for each x ∈ MF , one has g(t, x(t), ẋ(t)) =
gF (t, x(t), ẋ(t)) ≥ g∗∗F (t, x(t), ẋ(t)) for t ∈ I a.e., which implies inf (P) ≥ min (P∗∗).
Therefore (4.1) holds, and {xn} is actually a minimizing sequence of problem (P).

Let {xn} ⊂ MF be a minimizing sequence of problem (P). Then (xn, vn) ∈ MG,

n ∈ N, where vn(t) =
∫ t

0
g(s, xn(s), ẋn(s))ds and G is given by (2.1). As McoG is

compact in C(I,Y), there exists a subsequence {(xnk
, vnk

)} which converges to some
(x, v) ∈ McoG, where x ∈ McoF by Lemma 2.1(i). Since {xnk

} is a minimizing se-
quence of problem (P), min (P∗∗) = inf (P) and, by Lemma 2.2(i), g∗∗F (t, x(t), ẋ(t)) ≤
v̇(t), t ∈ I a.e., then one has

lim
k→∞

∫
I

g(t, xnk
(t), ẋnk

(t))dt = min (P∗∗) ≤
∫
I

g∗∗F (t, x(t), ẋ(t))dt ≤
∫
I

v̇(t)dt.

However, vnk
converges to v in C(I,R), and thus the first and the last terms in the

above expression are equal. Consequently,

min (P∗∗) =

∫
I

g∗∗F (t, x(t), ẋ(t))dt.

Moreover, g∗∗F (t, x(t), ẋ(t)) = v̇(t), t ∈ I a.e., and thus
∫ t

0
g(s, xnk

(s), ẋnk
(s))ds con-

verges to
∫ t

0
g∗∗F (s, x(s), ẋ(s))ds in C(I,R). Therefore x is a solution of problem (P∗∗)

and (ii) is satisfied (with xnk
in place of xn). As (i) also holds, the proof is complete.

Remark 4.2. A similar result was obtained in [14, Appendix] under the assump-
tion that the function (x, u) → g(t, x, u) is Lipschitzean.
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Abstract. In view of solving theoretically constrained minimization problems, we investigate
the properties of the gradient flows with respect to Hessian Riemannian metrics induced by Legendre
functions. The first result characterizes Hessian Riemannian structures on convex sets as metrics that
have a specific integration property with respect to variational inequalities, giving a new motivation
for the introduction of Bregman-type distances. Then, the general evolution problem is introduced,
and global convergence is established under quasi-convexity conditions, with interesting refinements
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trajectories are identified, and sufficient conditions for dual convergence are examined for a convex
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the case of a linear objective function, several optimality characterizations of the orbits are given:
optimal path of viscosity methods, continuous-time model of Bregman-type proximal algorithms,
geodesics for some adequate metrics, and projections of q̇-trajectories of some Lagrange equations
and completely integrable Hamiltonian systems.
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1. Introduction. The aim of this paper is to study the existence, global con-
vergence, and geometric properties of gradient flows with respect to a specific class
of Hessian Riemannian metrics on convex sets. Our work is indeed deeply related to
the constrained minimization problem

(P) min{f(x) | x ∈ C, Ax = b},

where C is the closure of a nonempty, open, and convex subset C of R
n; A is an m×n

real matrix with m ≤ n; b ∈ R
m and f ∈ C1(Rn). A strategy for solving (P ) consists

of endowing C with a Riemannian metric g, restricting it to the relative interior of the
feasible set F := C ∩{x | Ax = b}, and then considering the trajectories generated by
the steepest descent vector field. We focus on those metrics that are induced by the
Hessian H = ∇2h of a Legendre-type convex function h defined on C (cf. Definition

3.3), that is, gij = ∂2h
∂xi∂xj

. This leads to the initial value problem

(H-SD) ẋ(t) + ∇
H
f|F (x(t)) = 0, x(0) ∈ F ,
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where (H-SD) stands for H-steepest descent.
The use of Riemannian methods in optimization has increased recently. For inte-

rior point methods in linear programming, see Karmarkar [31], Bayer and Lagarias [7],
and Nesterov and Todd [37]; for continuous-time models of proximal-type algorithms
and related topics, see Iusem, Svaiter, and Da Cruz Neto [29], Bolte and Teboulle
[8], and Attouch and Teboulle [3]. For a systematic dynamical system approach to
constrained optimization based on double bracket flows, see Brockett [10, 11], Helmke
and Moore [24], and the references therein. See Smith [41] and Udriste [43] for general
optimization techniques on Riemannian manifolds. On the other hand, the structure
of (H-SD) is also at the heart of some important problems in applied mathematics. For
connections with population dynamics and game theory, see Akin [1] and Hofbauer
and Sygmund [27]. We will see that (H-SD) can be reformulated as the differential
inclusion d

dt∇h(x(t))+∇f(x(t)) ∈ ImAT , x(t) ∈ F , which is formally similar to some
evolution problems in infinite dimensional spaces arising in thermodynamical systems;
see Kenmochi and Pawlow [32] and references therein.

A classical approach in the asymptotic analysis of dynamical systems consists of
exhibiting attractors of the orbits by using Lyapunov functionals. Our choice of Hes-
sian Riemannian metrics is based on this idea. In fact, we consider first the important
case where f is convex, a condition that permits us to reformulate (P) as a variational
inequality problem: find a ∈ F such that (∇

H
f|F (x), x−a)Hx ≥ 0 for all x in F . In or-

der to identify a suitable Lyapunov functional, this variational problem is met through
the following integration problem: find the metrics (·, ·)H for which the vector fields
V a : F → R

n, a ∈ F , defined by V a(x) = x− a, are (·, ·)H-gradient vector fields. Our
first result (cf. Theorem 3.1) establishes that such metrics are given by the Hessian
of strictly convex functions, and in that case the vector fields V a appear as gradients
with respect to the second variable of some distance-like functions that are called D-
functions. Indeed, if (·, ·)H is induced by the Hessian H = ∇2h of h : F �→ R, we have
for all a, x in F , ∇

H
Dh(a, .)(x) = x−a, where Dh(a, x) = h(a)−h(x)−dh(x)(a−x).

See Duistermaat [19] for a related characterization of Hessian metrics.
Motivated by the previous result and with the aim of solving (P), we are then

naturally led to consider Hessian Riemannian metrics that cannot be smoothly ex-
tended out of F . Such a requirement is fulfilled by the Hessian of a Legendre (convex)
function h, whose definition is recalled in section 3. We give then a differential inclu-
sion reformulation of (H-SD), which permits us to show that in the case of a linear
objective function f , the flow of −∇

H
f|F stands at the crossroad of many optimiza-

tion methods. In fact, following [29], we prove that viscosity methods and Bregman
proximal algorithms produce their paths or iterates in the orbit of (H-SD). The D-
function of h plays an essential role for this. In section 4.4 we give a systematic
method for constructing Legendre functions based on barrier functions for convex in-
equality problems, which is illustrated with some examples; relations to other works
are discussed.

Section 4 deals with global existence and convergence properties. After having
given a nontrivial well-posedness result (cf. Theorem 4.1), we prove in section 4.2
that f(x(t)) → infF f as t → +∞ whenever f is convex. A natural problem that
arises is the trajectory convergence to a critical point. Since one expects the limit to
be a (local) solution to (P), which may belong to the boundary of C, the notion of
critical point must be understood in the sense of the optimality condition for a local
minimizer a of f over F :

(O) ∇f(a) + NF (a) 	 0, a ∈ F ,
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where NF (a) is the normal cone to F at a, and ∇f is the Euclidean gradient of f . This
involves an asymptotic singular behavior that is rather unusual in the classical theory
of dynamical systems, where the critical points are typically supposed to be in the
manifold. In section 4.3 we assume that the Legendre-type function h is a Bregman
function with zone C (see [5] and [34] for comprehensive surveys) and prove that, under
a quasi convexity assumption on f , the trajectory converges to some point a satisfying
(O). When f is convex, the preceding result amounts to the convergence of x(t)
toward a global minimizer of f over F . We also give a variational characterization of
the limit and establish an abstract result on the rate of convergence under uniqueness
of the solution. We consider in section 4.5 the case of linear programming, for which
asymptotic convergence as well as a variational characterization are proved without
the Bregman-type condition. Within this framework, we also give some estimates
on the convergence rate that are valid for the specific Legendre functions commonly
used in practice. In section 4.6, we consider the interesting case of positivity and
equality constraints, introducing a dual trajectory λ(t) that, under some appropriate
conditions, converges to a solution to the dual problem of (P) whenever f is convex,
even if primal convergence is not ensured.

Finally, for a linear objective function, and inspired by the seminal work [7], we
define in section 5 a change of coordinates called Legendre transform coordinates,
which permits us to show that the orbits of (H-SD) may be seen as straight lines
in a positive cone. This leads to additional geometric interpretations of the flow of
−∇

H
f|F . On the one hand, the orbits are geodesics with respect to an appropriate

metric and, on the other hand, they may be seen as q̇-trajectories of some Lagrangian,
with consequences in terms of completely integrable Hamiltonians.

Notation. Ker A = {x ∈ R
n | Ax = 0}. The orthogonal complement of A0

is denoted by A⊥
0 , and 〈·, ·〉 is the standard Euclidean scalar product of R

n. Let us
denote by S

n
++ the cone of real symmetric definite positive matrices. Let Ω ⊂ R

n be an
open set. If f : Ω → R is differentiable, then ∇f stands for the Euclidean gradient of
f . If h : Ω �→ R is twice differentiable, then its Euclidean Hessian at x ∈ Ω is denoted
by ∇2h(x) and is defined as the endomorphism of R

n whose matrix in canonical

coordinates is given by
[
∂2h(x)
∂xi∂xj

]
i,j∈{1,...,n}

. Thus, for all x ∈ Ω, d2h(x) = 〈∇2h(x) ·, ·〉.

2. Preliminaries.

2.1. The minimization problem and optimality conditions. Given a pos-
itive integer m < n, a full rank matrix A ∈ R

m×n, and b ∈ Im A, let us define

A = {x ∈ R
n | Ax = b}.(2.1)

Set A0 = A−A = Ker A. Of course, A⊥
0 = Im AT , where AT is the transpose of A.

Let C be a nonempty, open, and convex subset of R
n, and f : R

n → R a C1 function.
Consider the constrained minimization problem

(P) inf{f(x) | x ∈ C, Ax = b}.
The set of optimal solutions of (P ′) is denoted by S(P ′). We call f the objective
function of (P ′). The feasible set of (P ′) is given by F = {x ∈ R

n | x ∈ C, Ax =
b} = C ∩ A, and F stands for the relative interior of F , that is,

F = ri F = {x ∈ R
n | x ∈ C, Ax = b} = C ∩ A.(2.2)

Throughout this article, we assume that

F 
= ∅.(2.3)
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It is well known that a necessary condition for a to be locally minimal for f over F
is (O) : −∇f(a) ∈ NF (a), where NF (x) = {ν ∈ R

n | ∀y ∈ F , 〈y − x, ν〉 ≤ 0} is the

normal cone to F at x ∈ F (NF (x) = ∅ when x /∈ F); see, for instance, [40, Theorem
6.12]. By [39, Corollary 23.8.1], NF (x) = NC∩A(x) = NC(x) +NA(x) = NC(x) +A⊥

0

for all x ∈ F . Therefore, the necessary optimality condition for a ∈ F is

−∇f(a) ∈ NC(a) + A⊥
0 .(2.4)

If f is convex, then this condition is also sufficient for a ∈ F to be in S(P).

2.2. Riemannian gradient flows on the relative interior of the feasible
set. Let M be a smooth manifold. The tangent space to M at x ∈ M is denoted by
TxM . If f : M �→ R is a C1 function, then df(x) denotes its differential or tangent
map df(x) : TxM → R at x ∈ M . A Ck metric on M , k ≥ 0, is a family of scalar
products (·, ·)x on each TxM , x ∈ M , such that (·, ·)x depends in a Ck way on x.
The couple M, (·, ·)x is called a Ck Riemannian manifold. This structure permits us
to identify TxM with its dual, i.e., the cotangent space TxM

∗, and thus to define
a notion of gradient vector. Indeed, given f in M , the gradient of f is denoted by
∇

(·,·) f and is uniquely determined by the following conditions:
(g1) tangency condition: for all x ∈ M , ∇

(·,·) f(x) ∈ TxM
∗ � TxM ;

(g2) duality condition: for all x ∈ M , v ∈ TxM , df(x)(v) = (∇
(·,·) f(x), v)x.

We refer the reader to [18, 35] for further details.
Let us return to the minimization problem (P). Since C is open, we can take

M = C with the usual identification TxC � R
n for every x ∈ C. Given a continuous

mapping H : C → S
n
++, the metric defined by

∀x ∈ C, ∀u, v ∈ R
n, (u, v)Hx = 〈H(x)u, v〉(2.5)

endows C with a C0 Riemannian structure. The corresponding Riemannian gradient
vector field of the objective function f restricted to C, which we denote by ∇

H
f|C , is

given by

∇
H
f|C (x) = H(x)−1∇f(x).(2.6)

Next, take N = F = C ∩ A, which is a smooth submanifold of C with TxF � A0

for each x ∈ F . Definition (2.5) induces a metric on F for which the gradient of the
restriction f|F is denoted by ∇

H
f|F . Conditions (g1) and (g2) imply that for all x ∈ F

∇
H
f|F (x) = PxH(x)−1∇f(x),(2.7)

where, given x ∈ C, Px : R
n → A0 is the (·, ·)Hx -orthogonal projection onto the linear

subspace A0. Since A has full rank, it is easy to see that

Px = I −H(x)−1AT (AH(x)−1AT )−1A,(2.8)

and we conclude that for all x ∈ F

∇
H
f|F (x) = H(x)−1[I −AT (AH(x)−1AT )−1AH(x)−1]∇f(x).(2.9)

Given x ∈ F , the vector −∇
H
f|F (x) can be interpreted as that direction in A0

such that f decreases the most steeply at x with respect to the metric (·, ·)Hx . The
steepest descent method for the (local) minimization of f on the Riemannian manifold
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F , (·, ·)Hx consists of finding the solution trajectory x(t) of the vector field −∇
H
f|F

with initial condition x0 ∈ F : {
ẋ + ∇

H
f|F (x) = 0,

x(0) = x0 ∈ F .
(2.10)

3. Legendre gradient flows in constrained optimization.

3.1. Lyapunov functionals, variational inequalities, and Hessian met-
rics. This section is intended to motivate the particular class of Riemannian metrics
that is studied in this paper in view of the asymptotic convergence of the solution to
(2.10).

Let us consider the minimization problem (P) and assume that C is endowed with
some Riemannian metric (·, ·)Hx as defined in (2.5). Recall that V : F �→ R is a Lya-
punov functional for the vector field −∇Hf|F if, for all x ∈ F , (−∇

H
f|F (x),∇

H
V (x))Hx

≤ 0. If x(t) is a solution to (2.10), this implies that t �→ V (x(t)) is nonincreasing.
Although f|F is indeed a Lyapunov functional for −∇Hf|F , this does not ensure the
convergence of x(t). (See, for instance, the counterexample of Palis and De Melo [38]
in the Euclidean case.)

Suppose that the objective function f is convex. For simplicity, we also assume
that A = 0 so that F = C. In the framework of convex minimization, the set of
minimizers of f over C, denoted by Argmin C f , is characterized in variational terms
as follows:

a ∈ Argmin C f ⇔ ∀x ∈ C, 〈∇f(x), x− a〉 ≥ 0.(3.1)

Setting qa(x) = 1
2 |x − a|2 for all a ∈ Argmin C , one observes that ∇qa(x) = x − a

and thus, by (3.1), qa is a Lyapunov functional for −∇f . This key property allows
one to establish the asymptotic convergence as t → +∞ of the corresponding steepest
descent trajectories; see [12] for more details in a very general nonsmooth setting. To
use the same kind of arguments in a non-Euclidean context, observe that, by (2.6)
together with the continuity of ∇f , the following variational Riemannian characteri-
zation holds:

a ∈ Argmin C f ⇔ ∀x ∈ C, (∇Hf(x), x− a)Hx ≥ 0.(3.2)

We are thus naturally led to the problem of finding the Riemannian metrics on C
for which the mappings C 	 x �→ x − y ∈ R

n, y ∈ C, are gradient vector fields. The
next result gives a characterization of such metrics: they are induced by the Hessian
of strictly convex functions.

Theorem 3.1. Assume that H ∈ C1(C; Sn
++) or, in other words, that (·, ·)Hx is a

C1 metric. The family of vector fields {V y : C 	 x �→ x− y ∈ R
n}, y ∈ C is a family

of (·, ·)H-gradient vector fields iff there exists a strictly convex function h ∈ C3(C)
such that for all x ∈ C, H(x) = ∇2h(x). Additionally, defining Dh : C × C �→ R by

Dh(y, x) = h(y) − h(x) − 〈∇h(x), y − x〉,(3.3)

we obtain ∇HDh(y, ·)(x) = x− y.
Proof. The set of metrics complying with the “gradient” requirement is denoted

by M, that is, (·, ·)Hx ∈ M ⇔ H ∈ C1(C; Sn
++) and for all y ∈ C there exists

ϕy ∈ C1(C; R), ∇
H
ϕy(x) = x− y. Let (x1, . . . , xn) denote the canonical coordinates
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of R
n, and write

∑
i,j Hij(x)dxidxj for (·, ·)Hx . By (2.6), the mappings x �→ x − y,

y ∈ C, define a family of (·, ·)Hx gradients iff ky : x �→ H(x)(x − y), y ∈ C, is
a family of Euclidean gradients. Setting αy(x) = 〈ky(x), ·〉, x, y ∈ C, the prob-
lem amounts to finding necessary (and sufficient) conditions under which the 1-forms
αy are all exact. Let y ∈ C. Since C is convex, the Poincaré lemma [35, Theo-
rem V.4.1] states that αy is exact iff it is closed. In canonical coordinates we have
αy(x) =

∑
i (
∑

k Hik(x)(xk − yk)) dxi, x ∈ C, and therefore αy is exact iff for all
i, j ∈ {1, . . . , n} we have ∂

∂xj

∑
k Hik(x)(xk − yk) = ∂

∂xi

∑
k Hjk(x)(xk − yk), which

is equivalent to
∑

k
∂

∂xj
Hik(x)(xk − yk) +Hij(x) =

∑
k

∂
∂xi

Hjk(x)(xk − yk) +Hji(x).

Since Hij(x) = Hji(x), this gives the following condition:
∑

k
∂

∂xj
Hik(x)(xk − yk) =∑

k
∂

∂xi
Hjk(x)(xk − yk), for all i, j ∈ {1, . . . , n}. If we set Vx = ( ∂

∂xj
Hi1(x), . . . ,

∂
∂xj

Hin(x))T and Wx = ( ∂
∂xi

Hj1(x), . . . , ∂
∂xi

Hjn(x))T , the latter can be rewritten

〈Vx −Wx, x− y〉 = 0, which must hold for all (x, y) ∈ C × C. Fix x ∈ C. Let εx > 0
be such that the open ball of center x with radius εx is contained in C. For every ν
such that |ν| = 1, take y = x+ εx/2ν to obtain that 〈Vx −Wx, ν〉 = 0. Consequently,
Vx = Wx for all x ∈ C. Therefore, (·, ·)Hx ∈ M iff

∀x ∈ C, ∀i, j, k ∈ {1, . . . , n}, ∂

∂xi
Hjk(x) =

∂

∂xj
Hik(x).(3.4)

Lemma 3.2. If H : C �→ S
n
++ is a differentiable mapping satisfying (3.4), then

there exists h ∈ C3(C) such that, for all x ∈ C, H(x) = ∇2h(x). In particular, h is
strictly convex.

Proof of Lemma 3.2. For all i ∈ {1, . . . , n}, set βi =
∑

k Hikdxk. By (3.4),
βi is closed and therefore exact. Let φi : C �→ R be such that dφi = βi on C,
and set ω =

∑
k φkdxk. We have that ∂

∂xj
φi(x) = Hij(x) = Hji(x) = ∂

∂xi
φj(x)

for all x ∈ C. This proves that ω is closed, and therefore there exists h ∈ C2(C,R)
such that dh = ω. To conclude, we just have to notice that ∂

∂xi
h(x) = φi, and thus

∂2h
∂xj∂xi

(x) = Hji(x) for all x ∈ C.

To finish the proof of Theorem 3.1, we note that taking ϕy = Dh(y, ·) with Dh

being defined by (3.3), we obtain ∇ϕy(x) = ∇2h(x)(x−y), and therefore ∇Hϕy(x) =
x− y in virtue of (2.6).

Remark 3.1. (a) In the theory of Bregman proximal methods for convex opti-
mization, the distance-like function Dh defined by (3.3) is called the D-function of h.
Theorem 3.1 is a new and surprising motivation for the introduction of Dh in rela-
tion with variational inequality problems. (b) For a geometrical approach to Hessian
Riemannian structures, the reader is referred to the recent work of Duistermaat [19].

Theorem 3.1 suggests that we endow C with a Riemannian structure associated
with the Hessian H = ∇2h of a strictly convex function h : C �→ R. As we will
see under some additional conditions, the D-function of h is essential to establishing
the asymptotic convergence of the trajectory. On the other hand, if it is possible to
replace h by a sufficiently smooth strictly convex function h′ : C ′ �→ R with C ′ ⊃⊃ C
and h′

|C = h, then the gradient flows for h and h′ are the same on C, but the steepest

descent trajectories associated with the latter may leave the feasible set of (P) and
in general they will not converge to a solution of (P). We shall see that to avoid this
drawback it is sufficient to require that |∇h(xj)| → +∞ for all sequences (xj) in C
converging to a boundary point of C. This may be interpreted as a sort of barrier
technique, a classical strategy for enforcing feasibility in optimization theory.
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3.2. Legendre-type functions and the (H-SD) dynamical system. In
what follows, we adopt the standard notation of convex analysis theory; see [39].
Given a closed convex subset S of R

n, we say that an extended-real-valued function
g : S �→ R∪{+∞} belongs to the class Γ0(S) when g is lower semicontinuous, proper
(g 
≡ +∞), and convex. For such a function g ∈ Γ0(S), its effective domain is defined
by dom g = {x ∈ S | g(x) < +∞}. When g ∈ Γ0(R

n), its Legendre–Fenchel conjugate
is given by g∗(y) = sup{〈x, y〉−g(x) | x ∈ R

n}, and its subdifferential is the set-valued
mapping ∂g : R

n → P(Rn) given by ∂g(x) = {y ∈ R
n | ∀z ∈ R

n, f(x) + 〈y, z − x〉 ≤
f(z)}. We set dom ∂g = {x ∈ R

n | ∂g(x) 
= ∅}.
Definition 3.3 (see [39, Chapter 26]). A function h ∈ Γ0(R

n) is called:
(i) essentially smooth if h is differentiable on intdomh, with, moreover, |∇h(xj)| →

+∞ for every sequence (xj) ⊂ int dom h converging to a boundary point of
dom h as j → +∞;

(ii) of Legendre type if h is essentially smooth and strictly convex on int dom h.
We remark that by [39, Theorem 26.1], h ∈ Γ0(R

n) is essentially smooth iff
∂h(x) = {∇h(x)} if x ∈ int dom h, and ∂h(x) = ∅ otherwise; in particular, dom ∂h =
int dom h.

Motivated by the results of section 3.1, we define a Riemannian structure on C
by introducing a function h ∈ Γ0(R

n) such that

(H0)

⎧⎨⎩
(i) h is of Legendre type with int dom h = C.
(ii) h|C ∈ C2(C; R) and ∀x ∈ C,∇2h(x) ∈ S

n
++.

(iii) The mapping C 	 x �→ ∇2h(x) is locally Lipschitz continuous.

Here and subsequently, we take H = ∇2h with h satisfying (H0). The Hessian map-
ping C 	 x �→ H(x) endows C with the (locally Lipschitz continuous) Riemannian
metric

∀x ∈ C, ∀u, v ∈ R
n, (u, v)Hx = 〈H(x)u, v〉 = 〈∇2h(x)u, v〉,(3.5)

and we say that (·, ·)Hx is the Legendre metric on C induced by the Legendre-type
function h, which also defines a metric on F = C ∩ A by restriction. In addition to
f ∈ C1(Rn), we suppose that the objective function satisfies

∇f is locally Lipschitz continuous on R
n.(3.6)

The corresponding steepest descent method in the manifold F , (·, ·)Hx , which we refer
to as (H-SD) for short, is then the following continuous dynamical system:

(H-SD)

{
ẋ(t) + ∇

H
f|F (x(t)) = 0, t ∈ (Tm, TM ),

x(0) = x0 ∈ F ,

with H = ∇2h and where −∞ ≤ Tm < 0 < TM ≤ +∞ defines the interval correspond-
ing to the unique maximal solution of (H-SD). Given an initial condition x0 ∈ F , we
shall say that (H-SD) is well posed when its maximal solution satisfies TM = +∞.
In section 4.1 we will give some sufficient conditions ensuring the well-posedness of
(H-SD).

3.3. Differential inclusion formulation of (H-SD) and some consequences.
It is easily seen that the solution x(t) of (H-SD) satisfies⎧⎪⎨⎪⎩

d

dt
∇h(x(t)) + ∇f(x(t)) ∈ A⊥

0 on (Tm, TM ),

x(t) ∈ F on (Tm, TM ),
x(0) = x0 ∈ F .

(3.7)
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This differential inclusion problem makes sense even when x ∈ W 1,1
loc (Tm, TM ; Rn),

the inclusions being satisfied almost everywhere on (Tm, TM ). Actually, the following
result establishes that (H-SD) and (3.7) describe the same trajectory.

Proposition 3.4. Let x ∈ W 1,1
loc (Tm, TM ; Rn). Then, x is a solution of (3.7) iff

x is the solution of (H-SD). In particular, (3.7) admits a unique solution of class C1.
Proof. Assume that x is a solution of (3.7), and let I ′ be the subset of (Tm, TM )

on which t �→ (x(t),∇h(x(t)) is derivable. We may assume that x(t) ∈ F and
d
dt∇h(x(t)) + ∇f(x(t)) ∈ A⊥

0 for all t ∈ I ′. Since x is absolutely continuous,
ẋ(t)+H(x(t))−1∇f((x(t)) ∈ H(x(t))−1A⊥

0 and ẋ(t) ∈ A0 for all t ∈ I ′. However, the
orthogonal complement of A0 with respect to the inner product 〈H(x)·, ·〉 is exactly
H(x)−1A⊥

0 when x ∈ F . It follows that ẋ + PxH(x)−1∇f(x) = 0 on I ′. This implies
that x is the C1 solution of (H-SD).

Suppose that f is convex. On account of Proposition 3.4, (H-SD) can be inter-
preted as a continuous-time model for a well-known class of iterative minimization
algorithms. In fact, an implicit discretization of (3.7) yields the following iterative
scheme: ∇h(xk+1) −∇h(xk) + µk∇f(xk+1) ∈ Im AT , Axk+1 = b, where µk > 0 is a
step-size parameter and x0 ∈ F . This is the optimality condition for

xk+1 ∈ Argmin
{
f(x) + 1/µkDh(x, xk) | Ax = b

}
,(3.8)

where Dh is given by

Dh(x, y) = h(x) − h(y) − 〈∇h(y), x− y〉, x ∈ dom h, y ∈ dom ∂h = C.(3.9)

The above algorithm is accordingly called the Bregman proximal minimization method;
for an insight into its importance in optimization see, for instance, [5, 14, 15, 28, 34].

Next, assume that f(x) = 〈c, x〉 for some c ∈ R
n. As already noticed in [6, 23, 36]

for the log-metric and in [29] for a fairly general h, in this case the (H-SD) gradient
trajectory can be viewed as a central optimal path. Indeed, integrating (3.7) over [0, t],
we obtain ∇h(x(t)) −∇h(x0) + tc ∈ A⊥

0 . Since x(t) ∈ A, it follows that

x(t) ∈ Argmin
{
〈c, x〉 + 1/tDh(x, x0) | Ax = b

}
,(3.10)

which corresponds to the so-called viscosity method relative to g(x) = Dh(x, x0); see
[2, 4, 29] and Corollary 4.8. We note now that, for a linear objective function, (3.8)
and (3.10) are essentially the same: the sequence generated by the former belongs to
the optimal path defined by the latter. Indeed, setting t0 = 0 and tk+1 = tk + µk for
all k ≥ 0 (µ0 = 0) and integrating (3.7) over [tk, tk+1], we obtain that x(tk+1) satisfies
the optimality condition for (3.8). The following result summarizes the previous
discussion.

Proposition 3.5. Assume that f is linear and that the corresponding (H-SD)
dynamical system is well posed. Then, the viscosity optimal path x̃(ε) relative to
g(x) = Dh(x, x0) and the sequence (xk) generated by (3.8) exist and are unique, with

in addition x̃(ε) = x(1/ε) for all ε > 0, and xk = x(
∑k−1

l=0 µl) for all k ≥ 1, where
x(t) is the solution of (H-SD).

Remark 3.2. In order to ensure asymptotic convergence for proximal-type algo-
rithms, it is usually required that the step-size parameters satisfy

∑
µk = +∞ . By

Proposition 3.5, this is necessary for the convergence of (3.8) in the sense that when
(H-SD) is well posed, if xk converges to some x∗ ∈ S(P ), then either x0 = x∗ or∑

µk = +∞.

4. Global existence, asymptotic analysis, and examples.
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4.1. Well-posedness of (H-SD). In this section we establish the well-posedness
of (H-SD) (i.e., TM = +∞) under three different conditions. In order to avoid any
confusion, we say that a set E ⊂ R

n is bounded when it is so for the usual Euclidean
norm |y| =

√
〈y, y〉. First, we propose the following condition:

(WP1) The lower level set {y ∈ F | f(y) ≤ f(x0)} is bounded.

Notice that (WP1) is weaker than the classical assumption requiring f to have bounded
lower level sets in the H metric sense. Next, let Dh be the D-function of h that is
defined by (3.9) and consider the following condition:
(WP2){

(i) dom h = C and ∀a ∈ C, ∀γ ∈ R, {y ∈ F |Dh(a, y) ≤ γ} is bounded.
(ii) S(P ) 
= ∅ and f is quasi-convex (i.e., the lower level sets of f are convex).

When F is unbounded (WP1) and (WP2) involve some a priori properties on f . This
is actually not necessary for the well-posedness of (H-SD). Consider

(WP3) ∃ K ≥ 0, L ∈ R such that ∀x ∈ C, ||H(x)−1|| ≤ K|x| + L.

This property is satisfied by relevant Legendre-type functions; take, for instance,
(4.13).

Theorem 4.1. Assume that (3.6) and (H0) hold and additionally that either
(WP1), (WP2), or (WP3) is satisfied. If infF f > −∞, then the dynamical system
(H-SD) is well posed. Consequently, the mapping t �→ f(x(t)) is nonincreasing and
convergent as t → +∞.

Proof. When no confusion may occur, we drop the dependence on the time
variable t. By definition,

TM = sup{T > 0 |∃! solution x of (H-SD) on [0, T ) s.t. x([0, T )) ⊂ F}.

We have that TM > 0. The definition (2.8) of Px implies that, for all y ∈ A0,
(H(x)−1∇f(x) + ẋ, y + ẋ)Hx = 0 on [0, TM ) and therefore

〈∇f(x) + H(x)ẋ, y + ẋ〉 = 0 on [0, TM ).(4.1)

Letting y = 0 in (4.1) yields

d

dt
f(x) + 〈H(x)ẋ, ẋ〉 = 0.(4.2)

By (H0)(ii), f(x(t)) is convergent as t → TM . Moreover,

〈H(x(·))ẋ(·), ẋ(·)〉 ∈ L1(0, TM ; R).(4.3)

Suppose that TM < +∞. To obtain a contradiction, we begin by proving that x is
bounded. If (WP1) holds, then x is bounded because f(x(t)) is nonincreasing so that
x(t) ∈ {y ∈ F |f(y) ≤ f(x0)} for all t ∈ [0, TM ). Assume now that f and h comply
with (WP2), and let a ∈ F . For each t ∈ [0, TM ) take y = x(t) − a in (4.1) to obtain
〈∇f(x)+ d

dt∇h(x), x−a+ẋ〉 = 0. By (4.2), this gives 〈 d
dt∇h(x), x−a〉+〈∇f(x), x−a〉 =

0, which we rewrite as

d

dt
Dh(a, x(t)) + 〈∇f(x(t)), x(t) − a〉 = 0 ∀ t ∈ [0, TM ).(4.4)
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Now let a ∈ F be a minimizer of f on F . From the quasi-convexity property of f , it fol-
lows that, for all t ∈ [0, TM ), 〈∇f(x(t)), x(t)−a〉 ≥ 0. Therefore, Dh(a, x(t)) is nonin-
creasing, and (WP2)(ii) implies that x is bounded. Suppose that (WP3) holds and fix

t ∈ [0, TM ); we have |x(t)−x0| ≤
∫ t

0
|ẋ(s)|ds ≤

∫ t

0
||
√
H(x(s))−1|||

√
H(x(s))ẋ(s)|ds ≤

(
∫ t

0
||H(x(s))−1||ds)1/2(

∫ t

0
〈H(x(s))ẋ(s), ẋ(s)〉ds)1/2. The latter follows from the Cau-

chy–Schwarz inequality, together with the fact that ‖H(x)‖2 is the biggest eigenvalue

of H(x). Thus |x(t) − x0| ≤ 1/2[
∫ t

0
||H(x(s))−1||ds +

∫ t

0
〈H(x(s))ẋ(s), ẋ(r)〉ds]. Com-

bining (WP3) and (4.3), Gronwall’s lemma yields the boundedness of x.
Let ω(x0) be the set of limit points of x, and set K = x([0, TM )) ∪ ω(x0). Since

x is bounded, ω(x0) 
= ∅ and K is compact. If K ⊂ C, then the compactness of K
implies that x can be extended beyond TM , which contradicts the maximality of TM .
Let us prove K ⊂ C. We argue again by contradiction. Assume that x(tj) → x∗, with
tj < TM , tj → TM as j → +∞, and x∗ ∈ bdC = C\C. Since h is of Legendre type, we
have |∇h(x(tj))| → +∞, and we may assume that ∇h(x(tj))/|∇h(x(tj))| → ν ∈ R

n

with |ν| = 1.
Lemma 4.2. If (xj) ⊂ C is such that xj → x∗ ∈ bd C and ∇h(xj)/|∇h(xj))| →

ν ∈ R
n, h being a function of Legendre type with C = int dom h, then ν ∈ NC(x∗).

Proof of Lemma 4.2. By convexity of h, 〈∇h(xj) − ∇h(y), xj − y〉 ≥ 0 for all
y ∈ C. Dividing by |∇h(xj)| and letting j → +∞, we get 〈ν, y−x∗〉 ≤ 0 for all y ∈ C,
which holds also for y ∈ C. Hence, ν ∈ NC(x∗).

Therefore, ν ∈ NC(x∗). Let ν0 = ΠA0
ν be the Euclidean orthogonal projection

of ν onto A0, and take y = ν0 in (4.1). Using (4.2), integration gives

〈∇h(x(tj)), ν0〉 =

〈
∇h(x0) −

∫ tj

0

∇f(x(s))ds, ν0

〉
.(4.5)

By (H0) and the boundedness property of x, the right-hand side of (4.5) is bounded
under the assumption TM < +∞. Hence, to draw a contradiction from (4.5) it suffices
to prove 〈∇h(x(tj)), ν0〉 → +∞. Since 〈∇h(x(tj))/|∇h(x(tj))|, ν0〉 → |ν0|2, the proof
of the result is complete if we check that ν0 
= 0. This is a direct consequence of the
following claim.

Lemma 4.3. Let C be a nonempty open convex subset of R
n, and A an affine

subspace of R
n such that C ∩ A 
= ∅. If x∗ ∈ (bd C) ∩ A, then NC(x∗) ∩ A⊥

0 = {0}
with A0 = A−A.

Proof of Lemma 4.3. Let us argue by contradiction and suppose that we can pick
some v 
= 0 in A⊥

0 ∩ NC(x∗). For y0 ∈ C ∩ A we have 〈v, x∗ − y0〉 = 0. For r ≥ 0,
z ∈ R

n, let B(z, r) denote the ball with center z and radius r. There exists ε > 0 such
that B(y0, ε) ⊂ C. Take w in B(0, ε) such that 〈v, w〉 < 0; then y0 + w ∈ C, and yet
〈v, x∗ − (y0 + w)〉 = 〈v, w〉 < 0. This contradicts the fact that v is in NC(x∗).

This completes the proof of the theorem.

4.2. Value convergence for a convex objective function. As a first result
concerning the asymptotic behavior of (H-SD), we have the following.

Proposition 4.4. If (H-SD) is well-posed and f is convex, then for all a ∈
F , for all t > 0, f(x(t)) ≤ f(a) + 1

tDh(a, x0), where Dh is defined by (3.9); hence
limt→+∞ f(x(t)) = infF f.

Proof. We begin by noticing that f(x(t)) converges as t → +∞ (see Theo-
rem 4.1). Fix a ∈ F . By (4.4), we have that the solution x(t) of (H-SD) sat-
isfies d

dtDh(a, x(t)) + 〈∇f(x(t)), x(t) − a〉 = 0, ∀t ≥ 0. The convex inequalityf(x) +

〈∇f(x), x−a〉 ≤ f(a) yields Dh(a, x(t))+
∫ t

0
[f(x(s))−f(a)]ds ≤ Dh(a, x0). Using that
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Dh ≥ 0 and since f(x(t)) is non-increasing, we get the estimate. Letting t → +∞, it
follows that limt→+∞ f(x(t)) ≤ f(a). Since a ∈ F was arbitrary chosen, the proof is
complete.

4.3. Bregman metrics and trajectory convergence. In this section we es-
tablish the convergence of x(t) under some additional properties on the D-function of
h. Let us begin with a definition.

Definition 4.5. A function h ∈ Γ0(R
n) is called a Bregman function with zone

C when the following conditions are satisfied:
(i) dom h = C, h is continuous and strictly convex on C and h|C ∈ C1(C; R).

(ii) for all a ∈ C, for all γ ∈ R, {y ∈ C|Dh(a, y) ≤ γ} is bounded, where Dh is
defined by (3.9).

(iii) for all y ∈ C, for all yj → y with yj ∈ C, Dh(y, yj) → 0.
Observe that this notion slightly weakens the usual definition of Bregman function

that was proposed by Censor and Lent in [13]; see also [9]. Actually, a Bregman
function in the sense of Definition 4.5 belongs to the class of B-functions introduced by
Kiwiel (see [33, Definition 2.4]). Recall the following important asymptotic separation
property.

Lemma 4.6 (see [33, Lemma 2.16]). If h is a Bregman function with zone C,
then for all y ∈ C, for all (yj) ⊂ C such that Dh(y, yj) → 0, we have yj → y.

Theorem 4.7. Suppose that (H0) holds, with h being a Bregman function with
zone C. If f is quasi-convex satisfying (3.6) and S(P ) 
= ∅, then (H-SD) is well-
posed, and its solution x(t) converges as t → +∞ to some x∗ ∈ F with −∇f(x∗) ∈
NC(x∗) + A⊥

0 . If in addition f is convex then x(t) converges to a solution of (P).
Proof. Notice first that (WP2) is satisfied. By Theorem 4.1, (H-SD) is well-

posed, x(t) is bounded, and for each a ∈ S(P ), Dh(a, x(t)) is nonincreasing and hence
convergent. Set f∞ = limt→+∞ f(x(t)) and define L = {y ∈ F | f(y) ≤ f∞}. The set
L is nonempty and closed. Since f is supposed to be quasi-convex, L is convex, and
similar arguments as in the proof of Theorem 4.1 under (WP2) show that Dh(a, x(t))
is convergent for all a ∈ L. Let x∗ ∈ L denote a cluster point of x(t), and take
tj → +∞ such that x(tj) → x∗. Then, by Definition 4.5(iii), limt Dh(x∗, x(t)) =
limj Dh(x∗, x(tj)) = 0. Therefore, x(t) → x∗, thanks to Lemma 4.6. Let us prove that
x∗ satisfies the optimality condition −∇f(x∗) ∈ NC(x∗) + A⊥

0 . Fix z ∈ A0, and for

each t ≥ 0 take y = −ẋ(t) + z in (4.1) to obtain 〈 d
dt∇h(x(t)) +∇f(x(t)), z〉 = 0. This

gives

1

t

∫ t

0

〈∇f(x(s)), z〉ds = 〈s(t), z〉,(4.6)

where s(t) = [∇h(x0) − ∇h(x(t))]/t. If x∗ ∈ F , then ∇h(x(t)) → ∇h(x∗), and

hence 〈∇f(x∗), z〉 = limt→+∞
1
t

∫ t

0
〈∇f(x(s)), z〉ds = limt→+∞〈s(t), z〉 = 0. Thus

ΠA0∇f(x∗) = 0. However, NF (x∗) = A⊥
0 when x∗ ∈ F , which proves our claim

in this case. Assume now that x∗ /∈ F , which implies that x∗ ∈ ∂C ∩A. By (4.6), we
have that 〈s(t), z〉 converges to 〈∇f(x∗), z〉 as t → +∞ for all z ∈ A0, and therefore
ΠA0s(t) → ΠA0∇f(x∗) as t → +∞. On the other hand, by Lemma 4.2, we have
that there exists ν ∈ −NC(x∗) with |ν| = 1 such that ∇h(x(tj))/|∇h(x(tj))| → ν for
some tj → +∞. Since NC(x∗) is positively homogeneous, we deduce that there exists
a ν̄ ∈ −NC(x∗) such that ΠA0

∇f(x∗) = ΠA0
ν̄. Thus, −∇f(x∗) ∈ −ΠA0

ν̄ + A⊥
0 ⊆

NC(x∗) + A⊥
0 , which proves the theorem.

Following [29], we remark that when f is linear, the limit point can be character-
ized as a sort of “Dh-projection” of the initial condition onto the optimal set S(P ).
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In fact, we have the following result.
Corollary 4.8. Under the assumptions of Theorem 4.7, if f is linear, then the

solution x(t) of (H-SD) converges as t → +∞ to the unique optimal solution x∗ of

min
x∈S(P )

Dh(x, x0).(4.7)

Proof. Let x∗ ∈ S(P ) be such that x(t) → x∗ as t → +∞. Let x̄ ∈ S(P ). Since
x(t) ∈ F , the optimality of x̄ yields f(x(t)) ≥ f(x̄), and it follows from (3.10) that
Dh(x(t), x0) ≤ Dh(x̄, x0). Letting t → +∞ in the last inequality, we deduce that
x∗ solves (4.7). Noticing that Dh(·, x0) is strictly convex due to Definition 4.5(i), we
conclude the result.

We finish this section with an abstract result concerning the rate of convergence
under uniqueness of the optimal solution. We will apply this result in the next section.
Suppose that f is convex and satisfies (2.3) and (3.6), with in addition S(P ) = {a}.
Given a Bregman function h complying with (H0), consider the following growth
condition:

(GC) f(x) − f(a) ≥ αDh(a, x)β ∀x ∈ Ua ∩ C,

where Ua is a neighborhood of a and with α > 0, β ≥ 1. The next abstract result
gives an estimation of the convergence rate with respect to the D-function of h.

Proposition 4.9. Assume that f and h satisfy the above conditions, and let
x : [0,+∞) → F be the solution of (H-SD). Then we have the following estimations:

• if β = 1, then there exists K > 0 such that Dh(a, x(t)) ≤ Ke−αt for all t > 0;

• if β > 1, then there exists K ′ > 0 such that Dh(a, x(t)) ≤ K ′/t
1

β−1 for all t >
0.

Proof. The assumptions of Theorem 4.7 are satisfied; this yields the well-posedness
of (H-SD) and the convergence of x(t) to a as t → +∞. Additionally, from (4.4) it
follows that for all t ≥ 0, d

dtDh(a, x(t))+ 〈∇f(x(t)), x(t)−a〉 = 0. By the convexity of

f , we have d
dtDh(a, x(t))+f(x(t))−f(a) ≤ 0. Since x(t) → a, there exists t0 such that

for all t ≥ t0, x(t) ∈ Ua ∩F . Therefore by combining (GC) and the last inequality, it
follows that

d

dt
Dh(a, x(t)) + αDh(a, x(t))β ≤ 0 ∀t ≥ t0.(4.8)

In order to integrate this differential inequality, let us first observe that we have the
following equivalence: Dh(a, x(t)) > 0 for all t ≥ 0 iff x0 
= a. Indeed, if a ∈ F \ F ,
then the equivalence follows from x(t) ∈ F together with Lemma 4.6; if a ∈ F , then
the optimality condition that is satisfied by a is ΠA0

∇f(a) = 0, and the equivalence is
a consequence of the uniqueness of the solution x(t) of (H-SD). Hence, we can assume
that x0 
= a and divide (4.8) by Dh(a, x(t))β for all t ≥ t0. A simple integration
procedure then yields the result.

4.4. Examples: Interior point flows in convex programming. This sec-
tion gives a systematic method for constructing explicit Legendre metrics on a quite
general class of convex sets. By so doing, we will also show that many systems stud-
ied earlier by various authors [6, 31, 20, 23, 36] appear as particular cases of (H-SD)
systems.

Let p ≥ 1 be an integer, and set I = {1, . . . , p}. Let us assume that to each i ∈ I
there corresponds a C3 concave function gi : R

n → R such that

∃x0 ∈ R
n, s.t. ∀i ∈ I, gi(x

0) > 0.(4.9)
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Suppose that the open convex set C is given by

C = {x ∈ R
n | gi(x) > 0, i ∈ I}.(4.10)

By (4.9) we have that C 
= ∅ and C = {x ∈ R
n | gi(x) ≥ 0, i ∈ I}. Let us introduce a

class of convex functions of Legendre type θ ∈ Γ0(R) satisfying

(H1)

⎧⎪⎪⎨⎪⎪⎩
(i) (0,∞) ⊂ dom θ ⊂ [0,∞);
(ii) θ ∈ C3(0,∞) and lims→0+ θ′(s) = −∞;
(iii) for all s > 0, θ′′(s) > 0;
(iv) either θ is nonincreasing or for all i ∈ I, gi is an affine function.

Proposition 4.10. Under (4.9) and (H1), the function h ∈ Γ0(R
n) defined by

h(x) =
∑
i∈I

θ(gi(x))(4.11)

is essentially smooth, with int dom h = C and h ∈ C3(C), where C is given by (4.10).
If we assume in addition the nondegeneracy condition

∀x ∈ C, span{∇gi(x) | i ∈ I} = R
n,(4.12)

then H = ∇2h is positive definite on C, and consequently h satisfies (H0).
Proof. Define hi ∈ Γ0(R

n) by hi(x) = θ(gi(x)). We have that for all i ∈ I,
C ⊂ dom hi. Hence int dom h =

⋂
i∈I int dom hi ⊇ C 
= ∅, and by [39, Theorem 23.8]

we conclude that ∂h(x) =
∑

i∈I ∂hi(x) for all x ∈ R
n. But ∂hi(x) = θ′(gi(x))∇gi(x)

if gi(x) > 0, and ∂hi(x) = ∅ if gi(x) ≤ 0; see [26, Theorem IX.3.6.1]. Therefore
∂h(x) =

∑
i∈I θ

′(gi(x))∇gi(x) if x ∈ C, and ∂h(x) = ∅ otherwise. Since ∂h is a single-
valued mapping, it follows from [39, Theorem 26.1] that h is essentially smooth and
intdomh = dom∂h = C. Clearly, h is of class C3 on C. Assume now that (4.12) holds.
For x ∈ C, we have ∇2h(x) =

∑
i∈I θ

′′(gi(x))∇gi(x)∇gi(x)T +
∑

i∈I θ
′(gi(x))∇2gi(x).

By (H1)(iv), it follows that for any v ∈ R
n,
∑

i∈I θ
′(gi(x))〈∇2gi(x)v, v〉 ≥ 0. Let

v ∈ R
n be such that 〈∇2h(x)v, v〉 = 0, which yields

∑
i∈I θ

′′(gi(x))〈v,∇gi(x)〉2 = 0.

According to (H1)(iii), the latter implies that v ∈ span{∇gi(x)|i ∈ I}⊥ = {0}. Hence
∇2h(x) ∈ S

n
++, and the proof is complete.

If h is defined by (4.11) with θ ∈ Γ0(R) satisfying (H1), we say that θ is the
Legendre kernel of h. Such kernels can be divided into two classes. The first class
corresponds to those kernels θ for which dom θ = (0,∞) so that θ(0) = +∞, and
these kernels are associated with interior barrier methods in optimization such as, for
instance, the log-barrier θ1(s) = − ln(s), s > 0, and the inverse barrier θ2(s) = 1/s,
s > 0. The kernels θ belonging to the second class satisfy θ(0) < +∞ and are
connected with the notion of a Bregman function in proximal algorithm theory. Here
are some examples: the Boltzmann–Shannon entropy θ3(s) = s ln(s) − s, s ≥ 0 (with
0 ln 0 = 0); θ4(s) = − 1

γ s
γ with γ ∈ (0, 1), s ≥ 0 (Kiwiel [33]); θ5(s) = (γs−sγ)/(1−γ)

with γ ∈ (0, 1), s ≥ 0 (Teboulle [42]); the “x log x” entropy θ6(s) = s ln s, s ≥ 0. In
relation with Theorem 4.7 given in the previous section, note that the Legendre kernels
θi, i = 3, . . . , 6, are all Bregman functions with zone R+. Moreover, it is easily seen
that each corresponding Legendre function h defined by (4.11) is indeed a Bregman
function with zone C.

In order to illustrate the type of dynamical systems given by (H-SD), consider
the case of positivity constraints where p = n and gi(x) = xi, i ∈ I. Thus C = R

n
++
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and C = R
n
+. Let us assume that there exists x0 ∈ R

n
++ such that Ax0 = b. Recall

that the corresponding minimization problem is (P), min{f(x) | x ≥ 0, Ax = b}, and
take first the kernel θ3 from above. The associated Legendre function (4.11) is given
by

h(x) =
n∑

i=1

xi lnxi − xi, x ∈ R
n
+,(4.13)

and the differential equation in (H-SD) is given by

ẋ + [I −XAT (AXAT )−1A]X∇f(x) = 0,(4.14)

where X = diag(x1, . . . , xn). If f(x) = 〈c, x〉, for some c ∈ R
n and in absence of

linear equality constraints, then (4.14) is ẋ + Xc = 0. The change of coordinates
y = ∇h(x) = (lnx1, . . . , lnxn) gives ẏ + c = 0. Hence, x(t) = (x0

1e
−c1t, . . . , x0

ne
−cnt),

t ∈ R, where x0 = (x0
1, . . . , x

0
n) ∈ R

n
++. If c ∈ R

n
+, then infx∈R

n
+
〈c, x〉 = 0 and

x(t) converges to a minimizer of f = 〈c, ·〉 on R
n
+; if ci0 < 0 for some i0, then

infx∈R
n
+
〈c, x〉 = −∞ and xi0(t) → +∞ as t → +∞. Next, take A = (1, . . . , 1) ∈ R

1×n

and b = 1 so that the feasible set of (P) is given by F = ∆n−1 = {x ∈ R
n |

x ≥ 0,
∑n

i=1 xi = 1}, that is, the (n − 1)-dimensional simplex. In this case, (4.14)
corresponds to ẋ + [X − xxT ]∇f(x) = 0, or componentwise

ẋi + xi

⎛⎝ ∂f

∂xi
−

n∑
j=1

xj
∂f

∂xj

⎞⎠ = 0, i = 1, . . . , n.(4.15)

For suitable choices of f , this is a Lotka–Volterra-type equation that naturally arises
in population dynamics theory and, in that context, the structure (·, ·)H with h as in
(4.13) is usually referred to as the Shahshahani metric; see [1, 27] and the references
therein.

Karmarkar studied (4.15) in [31] for a quadratic objective function as a continuous
model of the interior point algorithm introduced by him in [30]. Equation (4.14) is
studied by Faybusovich in [20, 21, 22] when (P) is a linear program, establishing con-
nections with completely integrable Hamiltonian systems and exponential convergence
rate, and by Herzel, Recchini, and Zirilli in [25], who prove quadratic convergence for
an explicit discretization.

Take now the log barrier kernel θ1 and h(x) = −
∑n

i=1 lnxi. Since ∇2h(x) = X−2

with X defined as above, the associated differential equation is

ẋ + [I −X2AT (AX2AT )−1A]X2∇f(x) = 0.(4.16)

This equation was considered by Bayer and Lagarias in [6] for a linear program. In the
particular case f(x) = 〈c, x〉 and without linear equality constraints, (4.16) amounts
to ẋ + X2c = 0, or ẏ + c = 0 for y = ∇h(x) = −X−1e, with e = (1, . . . , 1) ∈ R

n,
which gives x(t) =

(
1/(1/x0

1 + c1t), . . . , 1/(1/x
0
n + cnt)

)
, Tm ≤ t ≤ TM , with Tm =

max{−1/x0
i ci | ci > 0} and TM = min{−1/x0

i ci | ci < 0} (see [6, p. 515]). A similar
system was considered in [23, 36] as a continuous log-barrier method for nonlinear
inequality constraints and with A0 = R

n.
New systems may be derived by choosing other kernels. For instance, taking

h(x) = −1/γ
∑n

i=1 x
γ
i with γ ∈ (0, 1), A = (1, . . . , 1) ∈ R

1×n, and b = 1, we obtain

ẋi +
x2−γ
i

1 − γ

⎛⎝ ∂f

∂xi
−

n∑
j=1

x2−γ
j∑n

k=1 x
2−γ
k

∂f

∂xj

⎞⎠ = 0, i = 1, . . . , n.(4.17)
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4.5. Convergence results for linear programming. Let us consider the spe-
cific case of a linear program

(LP) min
x∈Rn

{〈c, x〉 | Bx ≥ d, Ax = b},

where A and b are as in section 2.1, c ∈ R
n, B is a p × n full rank real matrix with

p ≥ n, and d ∈ R
p. We assume that the optimal set satisfies

S(LP ) is nonempty and bounded(4.18)

and that there exists a Slater point x0 ∈ R
n, Bx0 > d, and Ax0 = b. Take the

Legendre function

h(x) =

n∑
i=1

θ(gi(x)), gi(x) = 〈Bi, x〉 − di,(4.19)

where Bi ∈ R
n is the ith row of B and the Legendre kernel θ satisfies (H1). By (4.18),

(WP1) holds, and therefore (H-SD) is well posed due to Theorem 4.1. Moreover,
x(t) is bounded and all its cluster points belong to S(LP ) by Proposition 4.4. The
variational property (3.10) ensures the convergence of x(t) and gives a variational
characterization of the limit as well. Indeed, we have the following result.

Proposition 4.11. Let h be given by (4.19) with θ satisfying (H1). Under (4.18),
(H-SD) is well posed and x(t) converges as t → +∞ to the unique solution x∗ of

min
x∈S(LP )

∑
i/∈I0

Dθ(gi(x), gi(x
0)),(4.20)

where I0 = {i ∈ I | gi(x) = 0 for all x ∈ S(LP )}.
Proof. Assume that S(LP ) is not a singleton; otherwise there is nothing to prove.

The relative interior ri S(LP ) is nonempty, and moreover ri S(LP ) = {x ∈ R
n |

gi(x) = 0 for i ∈ I0, gi(x) > 0 for i 
∈ I0, Ax = b}. By compactness of S(LP ) and
strict convexity of θ ◦ gi, there exists a unique solution x∗ of (4.20). Indeed, it is easy
to see that x∗ ∈ ri (LP ). Let x̄ ∈ S(LP ) and tj → +∞ be such that x(tj) → x̄.
It suffices to prove that x̄ = x∗. When θ(0) < +∞, the latter follows by the same
arguments as in Corollary 4.8. When θ(0) = +∞, the proof of [4, Theorem 3.1] can
be adapted to our setting (see also [29, Theorem 2]). Set x∗(t) = x(t)− x̄+ x∗. Since
Ax∗(t) = b and Dh(x, x0) =

∑m
i=1 Dθ(gi(x), gi(x

0)), equation (3.10) gives

〈c, x(t)〉+ 1

t

m∑
i=1

Dθ(gi(x(t)), gi(x
0)) ≤ 〈c, x∗(t)〉+ 1

t

m∑
i=1

Dθ(gi(x
∗(t)), gi(x

0)).(4.21)

However, 〈c, x(t)〉 = 〈c, x∗(t)〉 and for all i ∈ I0, gi(x
∗(t)) = gi(x(t)) > 0. Since

x∗ ∈ ri S(LP ), for all i /∈ I0 and j large enough, gi(x
∗(tj)) > 0. Thus, the right-

hand side of (4.21) is finite at tj , and it follows that
∑

i/∈I0
Dθ(gi(x̄), gi(x

0)) ≤∑
i/∈I0

Dθ(gi(x
∗), gi(x

0)). Hence, x̄ = x∗.

Rate of convergence. We turn now to the case where there is no equality
constraint so that the linear program is

min
x∈Rn

{〈c, x〉 | Bx ≥ d}.(4.22)
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We assume that (4.22) admits a unique solution a, and we study the rate of conver-
gence when θ is a Bregman function with zone R+. To apply Proposition 4.9, we need
the following result.

Lemma 4.12. Set C = {x ∈ R
n|Bx > d}. If (4.22) admits a unique solution

a ∈ R
n, then there exists k0 > 0, s.t. for all y ∈ C, 〈c, y − a〉 ≥ k0N (y − a), where

N (x) =
∑

i∈I |〈Bi, x〉| is a norm on R
n.

Proof. Set I0 = {i ∈ I | 〈Bi, a〉 = di}. The optimality conditions for a imply
the existence of a multiplier vector λ ∈ R

p
+ such that λi[di − 〈Bi, a〉] = 0, for all

i ∈ I, and c =
∑

i∈I λiBi. Let y ∈ C. We deduce that 〈c, y − a〉 = N(y − a), where
N(x) =

∑
i∈I0

λi|〈Bi, x〉|. By uniqueness of the optimal solution, it is easy to see that
span{Bi | i ∈ I0} = R

n; hence N is a norm on R
n. Since N (x) =

∑
i∈I |〈Bi, x〉| is

also a norm on R
n (recall that B is a full rank matrix), we deduce that there exists

k0 such that N(x) ≥ k0N (x).
The following lemma is a sharper version of Proposition 4.9 in the linear context.
Lemma 4.13. Under the assumptions of Proposition 4.11, assume in addition

that θ is a Bregman function with zone R− and that there exist α > 0, β ≥ 1, and
ε > 0 such that

∀s ∈ (0, ε), αDθ(0, s)
β ≤ s.(4.23)

Then there exist positive constants K,L,M such that for all t > 0 the trajectory of

(H-SD) satisfies Dh(a, x(t)) ≤ Ke−Lt if β = 1, and Dh(a, x(t)) ≤ M/t
1

β−1 if β > 1.
Proof. By Lemma 4.12, there exists k0 such that for all t > 0,

〈c, x(t) − a〉 ≥
∑
i∈I

k0|〈Bi, x(t)〉 − 〈Bi, a〉|.(4.24)

Now, if we prove that there exists λ > 0 such that

|〈Bi, x(t)〉 − 〈Bi, a〉| ≥ λDθ(〈Bi, a〉 − di, 〈Bi, x(t)〉 − di)(4.25)

for all i ∈ I and for t large enough, then from (4.24) it follows that f(·) = 〈c, ·〉 satisfies
the assumptions of Proposition 4.9, and the conclusion follows easily. Since x(t) → a,
to prove (4.25) it suffices to show that for all r0 ≥ 0 there exist η, µ > 0 such that for
all s, |s−r0| < η, µDθ(r0, s)

β ≤ |r0−s|. The case where r0 = 0 is a direct consequence

of (4.23). Let r0 > 0. An easy computation yields d2

ds2Dθ(r0, s)|s=r0 = θ′′(r0), and by
Taylor’s expansion formula,

Dθ(r0, s) =
θ′′(r0)

2
(s− r0)

2 + o(s− r0)
2(4.26)

with θ′′(r0) > 0 due to (H1)(iii). Let η be such that for all s, |s − r0| < η, s > 0,
Dθ(r0, s) ≤ θ′′(r0)(s− r0)

2, and Dθ(r0, s) ≤ 1; since β ≥ 1, Dθ(r0, s)
β ≤ Dθ(r0, s) ≤

θ′′(r0)|s− r0|.
To obtain Euclidean estimates, the functions s �→ Dθ(r0, s), r0 ∈ R+, have to be

locally compared to s �→ |r0 − s|. By (4.26) and the fact that θ′′ > 0, for each r0 > 0
there exist K, η > 0 such that |r0 − s| ≤ K

√
Dθ(r0, s), for all s, |r0 − s| < η. This

shows that, in practice, the Euclidean estimate depends only on a property of the
type (4.23). Examples:

• The Boltzmann–Shannon entropies θ3(s) = s ln(s)− s and θ6(s) = s ln s satisfy
Dθi(0, s) = s, s > 0; hence for some K,L > 0, |x(t) − a| ≤ Ke−Lt, for all t ≥ 0.

• With either θ4(s) = −sγ/γ or θ5(s) = (γs − sγ)/(1 − γ), γ ∈ (0, 1), we have

Dθi(0, s) = (1 + 1/γ)sγ , s > 0; hence |x(t) − a| ≤ K/t
γ

2−2γ , for all t > 0.
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4.6. Dual convergence. In this section we focus on the case C = R
n
++, so that

the minimization problem is

(P) min{f(x) | x ≥ 0, Ax = b}.

We assume

f is convex and S(P ) 
= ∅,(4.27)

together with the Slater condition

∃x0 ∈ R
n, x0 > 0, Ax0 = b.(4.28)

In convex optimization theory, it is usual to associate with (P) the dual problem given
by

(D) min{p(λ) | λ ≥ 0},

where p(λ) = sup{〈λ, x〉 − f(x) | Ax = b}. For many applications, dual solutions
are as important as primal ones. In the particular case of a linear program where
f(x) = 〈c, x〉 for some c ∈ R

n, writing λ = c + AT y with y ∈ R
m, the linear dual

problem may equivalently be expressed as min{〈b, y〉 | AT y + c ≥ 0}. Thus, λ is
interpreted as a vector of slack variables for the dual inequality constraints. In the
general case, S(D) is nonempty and bounded under (4.27) and (4.28), and moreover
S(D) = {λ ∈ R

n | λ ≥ 0, λ ∈ ∇f(x∗) + ImAT , 〈λ, x∗〉 = 0}, where x∗ is any solution
of (P); see, for instance, [26, Theorems VII.2.3.2 and VII.4.5.1].

Let us introduce a Legendre kernel θ satisfying (H1) and define

h(x) =
n∑

i=1

θ(xi).(4.29)

Suppose that (H-SD) is well posed. Integrating the differential inclusion (3.7), we
obtain

λ(t) ∈ c(t) + ImAT ,(4.30)

where c(t) = 1
t

∫ t

0
∇f(x(τ))dτ and λ(t) is the dual trajectory defined by

λ(t) =
1

t
[∇h(x0) −∇h(x(t))].(4.31)

Assume that x(t) is bounded. From (4.27), it follows that ∇f is constant on S(P),
and then it is easy to see that ∇f(x(t)) → ∇f(x∗) as t → +∞ for any x∗ ∈
S(P). Consequently, c(t) → ∇f(x∗). By (4.31) together with [39, Theorem 26.5],
we have x(t) = ∇h∗(∇h(x0) − tλ(t)), where the Fenchel conjugate h∗ is given by
h∗(λ) =

∑n
i=1 θ

∗(λi). Take any solution x̃ of Ax̃ = b. Since Ax(t) = b, we have
x̃ −∇h∗(∇h(x0) − tλ(t)) ∈ Ker A. On account of (4.30), λ(t) is the unique optimal
solution of

λ(t) ∈ Argmin

{
〈x̃, λ〉 +

1

t

n∑
i=1

θ∗(θ′(x0
i ) − tλi) | λ ∈ c(t) + ImAT

}
.(4.32)

By (H1)(iii), θ′ is increasing in R++. Set η = lims→+∞ θ′(s) ∈ (−∞,+∞]. Since
θ∗ is a Legendre-type function, int dom θ∗ = dom ∂θ∗ = Im ∂θ = (−∞, η). From
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(θ∗)′ = (θ′)−1, it follows that limu→−∞(θ∗)′(u) = 0 and limu→η−(θ∗)′(u) = +∞.
Consequently, (4.32) can be interpreted as a penalty approximation scheme of the
dual problem (D), where the dual positivity constraints are penalized by a separable
strictly convex function. Similar schemes have been treated in [4, 16, 17, 28]. Consider
the additional condition

Either θ(0) < ∞, or S(P ) is bounded, or f is linear.(4.33)

As a direct consequence of [28, Propositions 10 and 11], we obtain that under (4.27),
(4.28), (4.33) and (H1), {λ(t) | t → +∞} is bounded and its cluster points belong
to S(D). The convergence of λ(t) is more difficult to establish. In fact, under some
additional conditions on θ∗ (see [16, Conditions (H0)–(H1)] or [28, Conditions (A7)
and (A8)]) it is possible to show that λ(t) converges to a particular element of the dual
optimal set (the “θ∗-center” in the sense of [16, Definition 5.1] or the Dh(·, x0)-center
as defined in [28, p. 616]), which is characterized as the unique solution of a nested
hierarchy of optimization problems on the dual optimal set. We will not develop this
point here. Let us only mention that for all the examples of section 4.4, θ∗i satisfies
such additional conditions and consequently we have the following result.

Proposition 4.14. Under (4.27), (4.28), and (4.33), for each of the explicit
Legendre kernels given in section 4.4, λ(t) given by (4.31) converges to a particular
dual solution.

5. Legendre transform coordinates.

5.1. Legendre functions on affine subspaces. The first objective of this
section is to slightly generalize the notion of a Legendre-type function to the case
of functions whose domains are contained in an affine subspace of R

n. We begin by
noticing that the Legendre-type property does not depend on canonical coordinates.

Lemma 5.1. Let g ∈ Γ0(R
r), r ≥ 1, and T : R

r → R
r an affine invertible

mapping. Then g is of a Legendre type iff g ◦ T is of Legendre type.
Proof. The proof is elementary and is left to the reader.
From now on, A is the affine subspace defined by (2.1), whose dimension is r =

n−m.
Definition 5.2. A function g ∈ Γ0(A) is said to be of Legendre type if there

exists an affine invertible mapping T : A → R
r such that g ◦ T−1 is a Legendre-type

function in Γ0(R
r).

By Lemma 5.1, the previous definition is consistent.
Proposition 5.3. Let h ∈ Γ0(R

n) be a function of Legendre type with C =
int dom h. If F = C ∩ A 
= ∅, then the restriction h|A of h to A is of Legendre type,
and moreover intAdom h|A = F (where intAB stands for the interior of B in A as a
topological subspace of R

n).
Proof. From the inclusions F ⊂ dom h|A ⊂ F = C ∩ A and since ri F = F , we

conclude that intAdomh|A = F 
= ∅. Let T : R
r → A be an invertible transformation

with Tz = Lz + x0 for all z ∈ R
r, where x0 ∈ A and L : R

r → A0 is a nonsingular
linear mapping. Define k = h|A ◦ T . Clearly, k ∈ Γ0(R

r). Let us prove that k is
essentially smooth. We have dom k = T−1dom h|A and therefore int dom k = T−1F .
Since h is differentiable on C, we conclude that k is differentiable on int dom k. Now,
let (zj) ∈ int dom k be a sequence that converges to a boundary point z ∈ bd dom k.
Then, Tzj ∈ intAdom h|A and Tzj → Tz ∈ bdAdom h|A ⊂ bd dom h. Since h
is essentially smooth, |∇h(Tzj)| → +∞. Thus, to prove that |∇k(zj)| → +∞, it
suffices to show that there exists λ > 0 such that |∇k(zj)| ≥ λ|∇h(Tzj)| for all j
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large enough. Note that ∇k(zj) = ∇[h|A ◦ T ](zj) = L∗∇h|A(Tzj) = L∗ΠA0
∇h(Tzj),

where L∗ : A0 → R
r is defined by 〈z, L∗x〉 = 〈Lz, x〉 for all (z, x) ∈ R

r × A0. Of

course, L∗ is linear with Ker L∗ = {0}. Therefore ∇k(zj)
|∇h(Tzj)| = L∗ΠA0

∇h(Tzj)
|∇h(Tzj)| . Let

ω denote the nonempty and compact set of cluster points of the normalized sequence
∇h(Tzj)/|∇h(Tzj)|, j ∈ N. By Lemma 4.2, we have that ω ⊂ {ν ∈ NC(Tz) | |ν| = 1},
and consequently Lemma 4.3 yields ΠA0

ω ∩ {0} = ∅. By the compactness of ω, we
obtain lim infj→+∞ |ΠA0∇h(Tzj)|/|∇h(Tzj)| > 0, which proves our claim. Finally,
the strict convexity of k on dom ∂k = int dom k = T−1F is a direct consequence of
the strict convexity of h in F .

5.2. Legendre transform coordinates. The prominent fact of Legendre func-
tions theory is that h ∈ Γ0(R

n) is of Legendre type iff its Fenchel conjugate h∗ is of
Legendre type [39, Theorem 26.5], and ∇h : int dom h → int dom h∗ is onto with
(∇h)−1 = ∇h∗. In the case of Legendre functions on affine subspaces, we have the
following generalization.

Proposition 5.4. If g ∈ Γ0(A) is of Legendre type in the sense of Definition
5.2, then ∇g(intAdom g) is a nonempty, open, and convex subset of A0. In addition,
∇g is a one-to-one continuous mapping from intAdom g onto its image.

Proof. Let Tx = Lx + z0, with L : A0 → R
r being a linear invertible map-

ping and z0 ∈ R
p. Set k = g ◦ T−1 ∈ Γ0(R

r), which is of Legendre type. We have
dom k = Tdom g. Define L∗ : R

r → A0 by 〈L∗z, x〉 = 〈z, Lx〉 for all (z, x) ∈ R
r ×A0.

We have that ∇g(x) = ∇[k ◦ T ](x) = L∗∇k(Tx) for all x ∈ intAdom g. There-
fore ∇g(intAdom g) = L∗∇k(T intAdom g) = L∗∇k(intRrdom k) = L∗intRrdom k∗.
Since intRrdom k∗ is a nonempty, open, and convex subset of R

r and L∗ is an in-
vertible linear mapping, then L∗intRrdom k∗ is an open and nonempty subset of
A0. Moreover, by [39, Theorem 6.6], we have L∗intRrdom k∗ = ri L∗dom k∗. Con-
sequently, ∇g(intAdom g) = ri L∗dom k∗ = intA0L

∗dom k∗ 
= ∅. Finally, since
∇k : intRrdom k → intRrdom k∗ is one-to-one and continuous, the same result holds
for ∇g = L∗ ◦ ∇k ◦ T on intAdom g.

In what follows, we assume that h satisfies the basic condition (H0) and F =
C ∩ A 
= ∅. The Legendre transform coordinates mapping on F associated with h is
defined by

φh : F → F∗ = φh(F),
x �→ φh(x) = ∇(h|A) = ΠA0∇h(x).

(5.1)

This definition retrieves the Legendre transform coordinates introduced by Bayer and
Lagarias in [6] for the particular case of the log-barrier on a polyhedral set.

Theorem 5.5. Under the above definitions and assumptions, F∗ is a convex,
(relatively) open, and nonempty subset of A0; φh is a C1 diffeomorphism from F to F∗;
and for all x ∈ F , dφh(x) = ΠA0H(x) and dφh(x)−1 =

√
H(x)−1Π√

H(x)A0

√
H(x)−1,

where H(x) = ∇2h(x).
Proof. By Propositions 5.3 and 5.4, F∗ is a convex, open, and nonempty subset

of A0 and φh is a continuous bijection. By (H0)(ii), φh is of class C1 on F , and we
have, for all x ∈ F , dφh(x) = ΠA0∇2h(x) = ΠA0H(x). Let v ∈ A0 be such that
dφh(x)v = 0. It follows that H(x)v ∈ A⊥

0 and, in particular, 〈H(x)v, v〉 = 0. Hence,
v = 0, thanks to (H0)(iii). The implicit function theorem implies then that φh is a C1

diffeomorphism. Finally, the formula concerning dφh(x)−1 is a direct consequence of
the next lemma, which is analogous to [7, p. 545], and whose proof is omitted.

Lemma 5.6. Define the linear operators Li : R
n → R

n by L1 = ΠA0
H(x) and
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L2 =
√
H(x)−1Π√

H(x)A0

√
H(x)−1. Then L2L1v = v for all v ∈ A0.

Similarly to the classical Legendre-type functions theory, the inverse of φh can be
expressed in terms of Fenchel conjugates. For that purpose, we notice that inverting
φh is a minimization problem. Indeed, given y ∈ A0, the problem of finding x ∈ F
such that y = ΠA0

∇h(x) is equivalent to x = Argmin{h(z) − 〈y, z〉|z ∈ A}, or
equivalently

x = Argmin{(h + δA)(z) − 〈y, z〉},(5.2)

where δA is the indicator of A, i.e., δA(z) = 0 if z ∈ A and +∞ otherwise. Let us recall
the definition of epigraphical sum of two functions g1, g2 ∈ Γ0(R

n), which is given by
(g1�g2) (y) = inf{g1(u) + g2(v)|u + v = y} for all y ∈ R

n. We have g1�g2 ∈ Γ0(R
n),

and if g1 and g2 satisfy ri dom g1 ∩ ri dom g2 
= ∅, then (g1 + g2)
∗ = g∗1�g∗2 (see [39]).

Proposition 5.7. We have that φ−1
h : F∗ → F is given by φ−1

h (y) = ∇[h∗�(δA⊥
0
+

〈·, x̃〉)](y) for any x̃ ∈ A, and moreover F∗ = ΠA0
int dom h∗.

Proof. The optimality condition for (5.2) yields y ∈ ∂(h + δA)(x). Thus, x ∈
∂(h + δA)∗(y). From F 
= ∅, we conclude that the function g ∈ Γ0(R

n) defined by
g = (h + δA)∗ satisfies g = h∗�δ∗A = h∗�(δA⊥

0
+ 〈·, x̃〉) with x̃ ∈ A. Moreover, by

[39, Corollary 26.3.2], g is essentially smooth and we deduce that indeed x = ∇g(y).
Since g is essentially smooth, dom∂g = intdomg. By the definition of an epigraphical
sum, g(y) = inf{h∗(u) + δA⊥

0
(v) + 〈v, x̃〉|u + v = y}, and consequently we have that

y ∈ domg iff y ∈ domh∗ +A⊥
0 . Hence, intdomg = intdomh∗ +A⊥

0 (see, for instance,
[39, Corollary 6.6.2]). Recalling that F∗ is a relatively open subset of A0, we deduce
that F∗ = ΠA0

dom ∂g = ΠA0
int dom h∗.

5.3. Linear problems in Legendre transform coordinates.

5.3.1. Polyhedral sets in Legendre transform coordinates. One of the
first applications of Legendre transform coordinates is to transform linear constraints
into positive cones.

Proposition 5.8. Assume that C = {x ∈ R
n|Bx > d}, where B is a p × n full

rank matrix, with p ≥ n. Suppose also that h is of the form (4.19) with θ satisfying
(H1), and let η = lims→+∞ θ′(s) ∈ (−∞,+∞]. If η < +∞, then dom h∗ = {y ∈ R

n |
y + BTλ = 0, λi ≥ −η}, and dom h∗ = R

n when η = +∞.
Proof. By [40, Theorem 11.5], dom h∗ = {y ∈ R

n | 〈y, d〉 ≤ h∞(d)∀d ∈ R
n},

where h∞ is the recession function, also known as horizon function, of h. The recession
function is defined by h∞(d) = limt→+∞

1
t [h(x̄+td)−h(x̄)], d ∈ R

n, where x̄ ∈ domh;
this limit does not depend of x̄ and eventually h∞(d) = +∞ (see also [39]). In this
case, it is easy to verify that h∞(d) =

∑p
i=1 θ

∞(〈Bi, d〉). Clearly, θ∞(−1) = +∞ and
θ∞(1) = lims→+∞ θ′(s) = η. In particular, if η = +∞, then domh∗ = R

n. If η < +∞,
then y ∈ dom h∗ iff for all d ∈ R

n such that Bd ≥ 0, 〈y, d〉 ≤ h∞(d) =
∑p

i=1 η〈Bi, d〉,
that is 〈y−ηBT e, d〉 ≤ 0 with e = (1, . . . , 1). Thus, by the Farkas lemma, y ∈ dom h∗

iff there exists µ ≥ 0, y − ηBT e + BTµ = 0.
As a direct consequence of Propositions 5.7 and 5.8, we have the following.
Corollary 5.9. Under the assumptions of Proposition 5.8, if η = 0, then F∗ is

a positive convex cone, and if η = +∞, then F∗ = A0.

5.3.2. (H-SD)-trajectories as geodesic curves. In what follows, we assume
that f(x) = 〈c, x〉 for some c ∈ R

n. As another striking application of Legendre
transform coordinates, we prove that the trajectories of (H-SD) may be seen as straight
lines in F∗ = φh(F) and also as geodesic curves in F with respect to some appropriate
metric, extending to the general case a result of [7] for the log-metric.
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Proposition 5.10. For every y ∈ F∗ we have [(φh)∗∇H
f|F ] (y) = ΠA0

c, where
(φh)∗∇H

f|F is the push forward vector field of ∇
H
f|F by φh.

Proof. Let y ∈ F∗. By definition, [(φh)∗∇H
f|F ](y) = dφh(φ−1

h (y))∇
H
f|F (φ−1

h (y)).

Setting x = φ−1
h (y), by Theorem 5.5 we get [(φh)∗∇H

f|F ] (y) = dφh(x)∇
H
f|F (x) =

ΠA0H(x)H(x)−1[I − AT (AH(x)−1AT )−1AH(x)−1]c = ΠA0c − ΠA0A
T z, where z =

[(AH(x)−1AT )−1AH(x)−1]c. Since Im AT = A⊥
0 , the conclusion follows.

It follows directly from Proposition 5.10 that Φh(x(t)) = Φh(x0) + tΠA0c with
x(t) being a solution to (H-SD). Endow F∗ with the Euclidean metric, which allows
us to define on F the metric

(·, ·)H2

= (φh)
∗ 〈·, ·〉,(5.3)

that is, (u, v)H
2

x = 〈dφh(x)u, dφh(x)v〉 = 〈ΠA0H(x)u,ΠA0
H(x)v〉 for all (x, u, v) ∈

F × R
n × R

n. For each initial condition x0 ∈ F , and for every c ∈ R
n, we set

v = dφh(x0)−1ΠA0
c =

√
H(x0)−1Π√

H(x0)A0

√
H(x0)−1ΠA0

c.(5.4)

Theorem 5.11. Let (x0, c) ∈ F ×R
n, set f(x) = 〈c, x〉, for all x ∈ C, and define

v as in (5.4). If F is endowed with the metric (·, ·)H2

given by (5.3), then the solution
x(t) of (H-SD) is the unique geodesic passing through x0 with velocity v.

Proof. Since F , (·, ·)H2

is isometric to the Euclidean manifold F∗, 〈·, ·〉, the
geodesic joining two points of F exists and is unique. Let us denote by γ : J ⊂ R �→ F
the geodesic passing through x0 with velocity v. By definition of (·, ·)H2

, φh(γ) is a
geodesic in F∗, whence φh(γ(t)) = φh(x0) + tdφh(x0)v, t ∈ J . In view of (5.4), this
can be rewritten as φh(γ(t)) = φh(x0) + tΠA0c. By Proposition 5.10, γ = φ−1

h (φh(γ))
solves (H-SD).

5.3.3. Lagrange equations. Following the ideas of [7], we describe the orbits
of (H-SD) as orthogonal projections on A of q̇-trajectories of a specific Lagrangian
system. Recall that, given a real-valued mapping L(q, q̇), called the Lagrangian, where
q = (q1, . . . , qn) and q̇ = (q̇1, . . . , q̇n), the associated Lagrange equations of motion are
the following:

d

dt

∂L
∂q̇i

=
∂L
∂qi

,
d

dt
qi = q̇i, ∀i = 1, . . . , n.(5.5)

Their solutions are C1-piecewise paths γ : t �−→ (q(t), q̇(t)), defined for t ∈ J ⊂ R,

that satisfy (5.5) and appear as extremals of the functional L̂(γ) =
∫
J
L(q(t), q̇(t))dt.

Notice that, in general, the solutions are not unique, in the sense that they do not only
depend on the initial condition γ(0). Let us introduce the Lagrangian L : R

n×C → R

defined by

L(q, q̇) = 〈ΠA0c, q〉 − h(ΠAq̇),(5.6)

where ΠA is the orthogonal projection onto A, i.e., ΠAx = x̃ + ΠA0(x − x̃) for any
x̃ ∈ A.

Theorem 5.12. For any solution γ(t) = (q(t), q̇(t)) of the Lagrangian dynamical
system (5.5) with Lagrangian given by (5.6), the projection x(t) = ΠAq̇(t) is the
solution of (H-SD) with initial condition x0 = ΠAq̇(0).

Proof. It is easy to verify that ∇(h◦ΠA)(x) = ΠA0∇h(ΠAx) for any x ∈ R
n. Given

a solution γ(t) = (q(t), q̇(t)) of (5.6) defined on J , we set p(t) = (p1(t), . . . , pn(t)) =
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∂L
∂q̇1

(γ(t)), . . . , ∂L
∂q̇n

(γ(t))
)
. We have p(t) = ∇(h ◦ ΠA)(q̇(t)) = ΠA0

∇h(ΠAq̇(t)) =

φh(ΠAq̇(t)). Equations of motion become d
dtp(t) = ΠA0c, that is, d

dtφh(ΠAq̇(t)) =
ΠA0c. Since φh : F → F∗ is a diffeomorphism, the latter means, according to
Proposition 5.10, that ΠAq̇(t) is a trajectory for the vector field ∇Hf|F . Notice that,
C being convex, as soon as q̇(0) ∈ C, ΠAq̇(0) ∈ C ∩A = F , and what precedes forces
ΠAq̇(t) to stay in F for any t ∈ J.

5.3.4. Completely integrable Hamiltonian systems. In the following, all
mappings are supposed to be at least of class C2. Let us first recall the notion of a
Hamiltonian system. Given an integer r ≥ 1 and a real-valued mapping H(q, p) on
R

2r with coordinates (q, p) = (q1, . . . , qr, p1, . . . , pr), the Hamiltonian vector field XH
associated with H is defined by XH =

∑r
i=1

∂H
∂pi

∂
∂qi

− ∂H
∂qi

∂
∂pi

. The trajectories of the
dynamical system induced by XH are the solutions to⎧⎨⎩ ṗi(t) = − ∂

∂qi
H(q(t), p(t)), i = 1, . . . , r,

q̇i(t) = ∂
∂pi

H(q(t), p(t)), i = 1, . . . , r.
(5.7)

Following a standard procedure, Lagrangian functions L(q, q̇) are associated with
Hamiltonian systems by means of the so-called Legendre transform

Φ :

{
R

2r −→ R
2r,

(q, q̇) �−→ (q, ∂L
∂q̇ (q, q̇)).

In fact, when Φ is a diffeomorphism, the Hamiltonian function H associated with the
Lagrangian L is defined on Φ(R2r) by H(p, q) =

∑r
i=1 piq̇i−L(q, q̇) = 〈p, ψ−1(q, p)〉−

L(q, ψ−1(q, p)), where (q, ψ−1(q, p)) := Φ−1(q, p). With these definitions, Φ sends
the trajectories of the corresponding Lagrangian system on the trajectories of the
Hamiltonian system (5.7).

In general, the Lagrangian (5.6) does not lead to an invertible Φ on R
2n. However,

we are interested only in the projections ΠAq̇ of the trajectories, which, according to
Theorem 5.12, take their values in F . Moreover, notice that for any differentiable
path t �→ q⊥(t) lying in A⊥

0 , t �→ (q(t), q̇(t)) is a solution of (5.5) iff t �→ (q(t) +
q⊥(t), q̇(t)+ q̇⊥(t)) is. This legitimates the idea of restricting L to A0×ΠA0F . Hence
and from now on, L denotes the function

L :

{
A0 × ΠA0F −→ R,

(q, q̇) �−→ L(q, q̇).
(5.8)

Taking (q1, . . . , qr), with r = n−m, a linear system of coordinates induced by an Eu-
clidean orthonormal basis for A0, we easily see that this “new” Lagrangian has trajec-
tories (q(t), q̇(t)) lying in A0×ΠA0F , whose projections ΠAq̇(t) are exactly the (H-SD)
trajectories. Moreover, an easy computation yields ∂L

∂q̇ (q, q̇) = ΠA0∇h(ΠA0 q̇) =

[φh ◦ ΠA](q̇), which is a diffeomorphism by Proposition 5.5. The Legendre transform
is then given by

Φ :

{
A0 × ΠA0F −→ A0 ×F∗,

(q, q̇) �−→ (q, [φh ◦ ΠA](q̇)),

and therefore, L is converted into the Hamiltonian system associated with

H :

{
A0 ×F∗ −→ R,

(q, p) �−→ 〈p, [φh ◦ ΠA]−1(p)〉 − L(q, [φh ◦ ΠA]−1(p)).
(5.9)
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Let us now introduce the concept of a completely integrable Hamiltonian system.
The Poisson bracket of two real-valued functions f1, f2 on R

2r is given by {f1, f2} =∑r
i=1

∂f1

∂pi

∂f2

∂qi
− ∂f1

∂qi

∂f2

∂pi
. Notice that, from the definitions, we have {f1, f2} = Xf1

(f2)

and X{f1,f2} = [Xf1 , Xf2 ], where [·, ·] is the standard bracket product of vector fields
[35]. Now, the system (5.7) is called completely integrable if there exist r functions
f1, . . . , fr with f1 = H, satisfying{

{fi, fj} = 0 ∀i, j = 1, . . . , r,
df1(x), . . . , dfr(x) are linearly independent at any x ∈ R

2r.

As a motivation for completely integrable systems, we will just point out the follow-
ing: the functions fi are called integrals of motions because XH(fi) = {h, fi} =
0, which means that any trajectory of XH lies on the level sets of each fi (the
same holds for all Xfj ). Also, the trajectory passing through (q0, p0) lies in the

set
⋂

i=1,...,r f
−1
i ({fi(qo, p0)}). Additionally, [Xfi , Xfj ] = 0 implies that we can find,

at least locally, coordinates (x1, . . . , xr) on this set such that XH = ∂
∂x1

, Xf2
=

∂
∂x2

, . . . , Xfr = ∂
∂xr

; that is, in these coordinates, the trajectories of Xfi are straight
lines.

Theorem 5.13. Suppose ΠA0
c 
= 0. The Lagrangian system on A0 × ΠA0F

associated with (5.6), (5.8) gives rise, by the Legendre transform, to a completely
integrable Hamiltonian system on A0 ×F∗ with Hamiltonian given by (5.9).

Proof. There remains only to prove the complete integrability of the system.
To this end, we adapt the proof of [6, Theorem II.12.2] to our abstract framework.
Take the integrals of motion to be f1 = H, fi(q, p) = 〈vi, p〉, i = 2, . . . , r, where
r = n − m and {ΠA0c, v2, . . . , vr} is chosen to be an orthonormal basis of A0. For
any i, j ∈ {2, . . . , r}, {fi, fj} is zero since fi and fj depend only on p. Let φ−1

h,l(q, p)

(resp., (ΠA0
c)l) stand for the lth component of φ−1

h (q, p) (resp., the lth component of
ΠA0c), and take some k ∈ {1, . . . , r}. Since

∂H
∂qk

(q, p) =
∂(
∑r

l=1 plφ
−1
h,l)

∂qk
(q, p) − ∂(L ◦ Φ−1)

∂qk
(q, p)

=

r∑
l=1

pl
∂φ−1

h,l

∂qk
(p, q) − ∂L

∂qk
(q, φ−1

h (q, p)) −
r∑

l=1

∂L
∂q̇l

(q, φ−1
h (q, p))

∂φh,l

∂qk
(q, p)

= −(ΠA0
c)k,

we deduce that for all i ∈ {2, . . . , r}, {H, fi} =
∑r

k=1 −
∂fi
∂pk

∂H
∂qk

= 〈ΠA0
c, vi〉 = 0. The

second condition for complete integrability is satisfied too, as the r × 2r matrix

([
∂fi
∂q1

, . . . ,
∂fi
∂qr

,
∂fi
∂p1

, . . . ,
∂fi
∂pr

])
i=1,...,r

=

⎛⎜⎜⎝
ΠA0c

T �

0
vT2
. . .
vTr

⎞⎟⎟⎠
is full rank.
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Abstract. We consider a portfolio optimization problem which is formulated as a stochastic
control problem. Risky asset prices obey a logarithmic Brownian motion, and interest rates vary
according to an ergodic Markov diffusion process. The goal is to choose optimal investment and
consumption policies to maximize the infinite horizon expected discounted hyperbolic absolute risk
aversion (HARA) utility of consumption. A dynamic programming principle is used to derive the
dynamic programming equation (DPE). The subsolution–supersolution method is used to obtain
existence of solutions of the DPE. The solutions are then used to derive the optimal investment and
consumption policies.

Key words. portfolio optimization, dynamic programming equations, subsolutions, super-
solutions
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1. Introduction. In the classical Merton portfolio optimization problem, an
investor dynamically allocates wealth between a risky and a riskless asset and chooses
a consumption rate, with the goal of maximizing total expected discounted utility
of consumption. For a hyperbolic absolute risk aversion (HARA) utility function
the Merton problem has a simple explicit solution. See, for example, Fleming and
Soner [16, Example 5.2]. In the Merton model, the interest rate r of the riskless asset
is a constant and the risky asset price fluctuates randomly according to a logarithmic
Brownian motion. However, in our real world, even for money in the bank, the interest
rate may fluctuate from time to time. Therefore, in the present paper we assume that
the “riskless” interest rate rt is an ergodic Markov diffusion process on the real line
−∞ < r < ∞. A typical example is the Vasicek model, in which rt is of Ornstein–
Uhlenbeck type. In addition, the change of interest rate could be correlated with price
fluctuation of the risky asset. A recent example is that the U.S. Federal Reserve has
lowered the interest rate several times since 2000, due to the poor performance of the
U.S. stock market. We also take this into account in this paper; see section 2. For
the case where the change of interest rate is independent of the price change of the
risky asset, similar problems were considered in [27, 28].

Another motivation for our work comes from models for optimal investment,
production, and consumption, of a kind considered by Fleming and Stein [18]. This
interpretation of our model will be explained at the end of section 2. See also Fleming
and Pang [12].

We use the dynamic programming method. The stochastic control problem we
consider has state variables xt, rt, where xt is wealth. The controls are the fraction ut

of wealth in the risky asset and ct = Ct

xt
, where Ct is the consumption rate. The state
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dynamics are the SDEs (2.1)–(2.4). For a HARA utility, the value function V (x, r) is
a homogeneous function of x: V (x, r) = 1

γx
γW (r), where γ is the HARA parameter.

For γ > 0, a source of technical difficulty is that W (r) increases rapidly to infinity
as |r| → ∞. In fact, Z(r) = logW (r) should grow quadratically as |r| → ∞. The
dynamic programming equation (DPE) (2.14) for V (x, r) is equivalent to a nonlinear
ODE (2.22) for Z(r). We call (2.22) the reduced DPE.

We use a method of subsolution and supersolution to show that the reduced DPE
(2.22) has a solution Z̃(r) with appropriate behavior as |r| → ∞. The subsolution–
supersolution method is developed in section 3. It is applied in section 4 with γ > 0
to find a classical solution Z̃(r) to (2.22) which is bounded below and which grows at
most quadratically as |r| → ∞. A verification result (Theorem 4.13) then shows that
Z̃(r) =Z(r) and that the corresponding control policies u∗(r), c∗(r) in formulas (4.60)
are optimal. These results require that 0 < γ < γ̄ for suitable γ̄ ≤ 1. In section 5 we
consider γ < 0. In this case W̃ (r) = exp(Z̃(r)) decays to 0 as |r| → ∞ like |r|2(γ−1).
The verification result is Theorem 5.7 in this case.

The results in this paper are adapted from the second author’s Ph.D. thesis [27].
In Chapter 2 of [27], a related optimal investment problem on a finite time horizon
0 ≤ t ≤ T was also considered. The goal is then to choose an investment control
ut to maximize the expected HARA utility of final wealth E[γ−1xγ

T ]. This model
is of a type previously considered by Bielecki and Pliska [2], Zariphopoulou [32],
and Fleming and Sheu [14]. The analysis for that finite horizon stochastic control
problem is considerably simpler than for the optimal investment-consumption model
considered in the present paper.

Fleming and Hernandez-Hernandez [10] considered an investment-consumption
model in which the interest rate is constant but the volatility of the risky asset price
is stochastic. The approach in [10] has some features in common with the present
paper. However, the methods and technical issues to be resolved in the two papers
are different.

Our methods should apply to a wider class of stochastic control problems in which
the DPE reduces to an ODE of the form −LZ = h(r, Z) as in (4.3). The function
h(r, Z) in (4.2) is the sum of a term γQ(r) − β and a decreasing function of Z. The
function Q(r) grows quadratically as |r| → ∞. This feature significantly complicated
the analyses in sections 4 and 5, in the cases γ > 0 and γ < 0.

2. The DPE. We use a logarithmic Brownian motion to describe the price Pt

of the risky asset:

dPt

Pt
= bdt + σ1dw1,t,

where b, σ1 are positive constants and w1,t is a standard one-dimensional Brownian
motion. Let xt be the wealth at time t. The investment control ut at time t is the
fraction of wealth invested in the risky asset. So (1− ut) is the fraction of the wealth
invested in the riskless asset. Denote by Ct the consumption rate at time t. For
technical reasons, we take ct ≡ Ct

xt
as a control instead of Ct. Suppose the initial

wealth is x > 0. Then the SDE for the process xt is

dxt = xt[rt + (b− rt)ut − ct]dt + σ1utxtdw1,t,(2.1)

x0 = x,(2.2)

where rt is the interest rate of the riskless asset at time t. Instead of a constant interest
rate in the classical Merton’s model, we consider a randomly fluctuating interest rate



504 WENDELL H. FLEMING AND TAO PANG

model,

drt = f(rt)dt + σ2dw̃t,(2.3)

r0 = r,(2.4)

where σ2 is a constant and w̃t is a standard one-dimensional Brownian motion. In
some cases, the fluctuation of the interest rate is correlated with the price change of the
risky asset. To describe this, we let wt = (w1,t, w2,t)

′ be a standard two-dimensional
Brownian motion. Define w̃t such that

dw̃t = ρdw1,t +
√

1 − ρ2dw2,t,(2.5)

where ρ ∈ [−1, 1] is a constant. Since w1,t and w2,t are independent, we have

E[dw1,t · dw̃t] = ρdt.(2.6)

So ρ is the correlation coefficient.
In this paper, we will consider the generalized Vasicek model,

f(r) ∈ C2(R),(2.7)

|frr(r)| ≤ K(1 + |r|α),(2.8)

−c2 ≤ fr(r) ≤ −c1,(2.9)

where K,α, c1, and c2 are positive constants.
We consider a HARA utility function U(·):

U(C) =
1

γ
Cγ , −∞ < γ < 1, γ �= 0.(2.10)

Our goal is then to maximize the objective function

J(x, r, u., c.) ≡ Ex,r

∫ ∞

0

e−βtU(ctxt)dt,(2.11)

where (u., c.) belong to a class Π of admissible controls. Then our value function is

V (x, r) = sup
u.,c.

Ex,r

∫ ∞

0

e−βtU(ctxt)dt.(2.12)

We require that the control (ut, ct; t ≥ 0) is an R2-valued process. In addition, we
require that it is Ft-progressively measurable for some (w1,t, w̃t)-adapted increasing
family of σ-algebras (Ft, t ≥ 0). See Fleming and Soner [16, Chapter 4] for details.
In certain cases, (ut, ct) may be obtained from locally Lipschitz continuous control
policies (û, ĉ),

ut = û(t, xt, rt), ct = ĉ(t, xt, rt),

where xt is obtained by substituting these policies in (2.1).
We also assume that ct ≥ 0, and there is no constraint for the value of ut. In

other words, we take the u-value space U = (−∞,∞) in this paper. The negative
value of ut corresponds to disinvestment such as short selling.
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In addition, we require that

P

(∫ T

0

u2
tdt < ∞

)
= 1 ∀T > 0.(2.13)

Given this, we can use Ito’s differential rule to verify that

xt = x exp

{∫ t

0

[
rs + (b− rs)us − cs −

1

2
σ2

1u
2
s

]
ds +

∫ t

0

σ1usdw1,s

}
is a solution of (2.1)–(2.2). We can see that xt > 0 as long as x > 0.

Remark 2.1. The admissible control space Π will be specified later in Defini-
tion 4.11 (γ > 0 case) and Definition 5.6 (γ < 0 case). For fixed β > 0, there exists
a constant γ̄ ≤ 1 such that 0 < γ < γ̄ will ensure that V (x, r) < ∞. For a constant
interest r, a condition about β and γ is given in [16, p. 176].

Remark 2.2. The log utility case, which corresponds to a HARA utility with
γ = 0, is studied in Pang [27, section 1.4]. It is much easier to deal with.

By the definition of V (x, r), using the dynamic programming principle, we can
obtain that the corresponding DPE is

βV = sup
u

[
(b− r)uxVx +

1

2
σ2

1u
2x2Vxx + ρσ1σ2uxVxr

]
+ rxVx

+ f(r)Vr +
1

2
σ2

2Vrr + sup
c≥0

[
−cxVx +

1

γ
(cx)γ

]
.(2.14)

For details, refer to [16, section 4.5].
Since we consider a HARA utility function that is homogeneous in x with an

order of γ, it is not hard to get the following lemma.
Lemma 2.3. V (x, r) is homogeneous in x with an order of γ.
Proof. According to (2.1)–(2.2), for any k > 0, we have

dkxt = kxt[rt + (b− rt)ut − ct]dt + σ1utkxtdw1,t,

kx0 = kx.

Therefore,

J(kx, r, u., c.) = Ex,r

∫ ∞

0

e−βt 1

γ
(ctkxt)

γdt = kγJ(x, r, u., c.).

Thus we have

V (x, r) = sup
u.,c.

J(x, r, u., c.) = sup
u.,c.

xγJ(1, r, u., c.) = xγV (1, r).

That is, V (x, r) is homogeneous in x.
From Lemma 2.3, we can assume that

V (x, r) =
1

γ
xγW (r).(2.15)

Then, the differential equation for W (r) can be written as

β

γ
W = sup

u

[
(b− r)uW +

1

2
(γ − 1)σ2

1u
2W + ρσ1σ2uWr

]
+ rW

+
1

γ
f(r)Wr +

1

2γ
σ2

2Wrr + sup
c≥0

[
−cW +

1

γ
cγ
]
.
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By the definition of V (x, r), it is not hard to see that the suitable W (r) should be
positive.

Actually, if W (r) > 0 and smooth enough, we can define

u∗(r) ≡ (b− r)W (r) + ρσ1σ2Wr(r)

(1 − γ)σ2
1W (r)

,(2.16)

c∗(r) ≡ W (r)
1

γ−1 .(2.17)

Then we have

u∗(r) ∈ arg max
u

[
(b− r)uW +

1

2
(γ − 1)σ2

1u
2W + ρσ1σ2uWr

]
,

c∗(r) ∈ arg max
c

[
−cW +

1

γ
cγ
]
.

Actually, (u∗, c∗) will be verified to be the optimal control policy later in section 4
and section 5 for γ > 0 and γ < 0, respectively.

Now we can rewrite the differential equation of W (r) as

1

2
σ2

2Wrr +

[
γρσ2(b− r)

σ1(1 − γ)
+ f(r)

]
Wr +

γρ2σ2
2W

2
r

2(1 − γ)W
(2.18)

+ [γQ(r) − β]W + (1 − γ)W
γ

γ−1 = 0,

where

Q(r) =
(b− r)2

2(1 − γ)σ2
1

+ r.(2.19)

We can see that Q(r) is quadratic with respect to r. Let

Z(r) ≡ logW (r).(2.20)

Then the ODE for Z(r) is

σ2
2

2
Zrr +

σ2
2

2

[
1 +

γρ2

1 − γ

]
Z2
r +

[
γρσ2(b− r)

σ1(1 − γ)
+ f(r)

]
Zr

+ γQ(r) − β + (1 − γ)e
Z

γ−1 = 0.

Define

H(r, z, p) ≡ −σ2
2

2

[
1 +

γρ2

1 − γ

]
p2 −

[
γρσ2(b− r)

σ1(1 − γ)
+ f(r)

]
p(2.21)

− γQ(r) + β − (1 − γ)e
z

γ−1 ;

then the equation for Z(r) can be rewritten as

σ2
2

2
Zrr = H(r, Z, Zr).(2.22)

We call (2.22) the reduced DPE. Our goal is to find a suitable solution Ṽ (x, r)
of the DPE (2.14) and verify that Ṽ (x, r) is equal to the value function defined by
(2.12). To obtain Ṽ (x, r), it is sufficient to find a suitable solution Z(r) of (2.22).
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Then, Ṽ (x, r) = 1
γx

γeZ(r) will be the desired solution of (2.14). Although (2.22)
is a nonlinear equation, we can get some existence results by using a subsolution–
supersolution method.

Investment, production, and consumption model. In addition to Merton-
type, small-investor portfolio optimization problems with randomly fluctuating in-
terest rates, another motivation for our work comes from considering models of the
following kind. An economic unit has productive capital and also liabilities in the
form of debt. Let Kt denote the worth of capital at time t and Lt the debt. Kt

changes through investment, at rate It. Debt changes through interest payments,
investment, consumption Ct, and income from production Yt:

dKt = Itdt,(2.23)

dLt = (rtLt + It + Ct − Yt)dt.(2.24)

It is assumed that productivity of capital fluctuates randomly about a mean rate b.
This is expressed by writing (formally)

Ytdt = Kt(bdt + σ1dw1,t),(2.25)

where w1,t is a Brownian motion as above. The constraints imposed are Kt ≥ 0, Ct ≥
0, xt > 0, where xt = Kt − Lt is the net worth of the economic unit. By subtracting
(2.24) from (2.23) we find that xt satisfies the SDE (2.1) with

ut = x−1
t Kt, ct = x−1

t Ct.(2.26)

If no bounds are imposed on the investment rate It, then ut can be taken as the
investment control and ct the consumption control. The constraint Kt ≥ 0 is equiva-
lent to the “no short selling” constraint ut ≥ 0. We will ignore this constraint in the
sections to follow. To include this constraint, it requires rather easy modifications.
For example, in (2.14), the first sup would be taken over u ≥ 0 rather than over all u.

In [18], a similar international finance and debt model was considered. In that
interpretation the economic unit is a nation. Yt represents the national gross domestic
product and Lt is the foreign debt. However, instead of a “mean reverting” model
(2.3) for the interest rate rt, it is assumed in [18] that (formally)

rtdt = rdt + σ2dw2,t,

where w2,t is a Brownian motion. As in the Merton problem, there is an explicit
solution in the model considered in [18]. However, if the interest rate rt satisfies the
SDE (2.3), then the optimal investment and consumption policies u∗(r), c∗(r) depend
on the solution W (r) to a reduced DPE as in (2.16) and (2.17). This differential
equation, or the equivalent differential equation for Z(r) = logW (r), can be solved
numerically.

3. Method of subsolution and supersolution. In this section, we will give
an existence result for some type of ODEs, which includes (2.22). The method of sub-
solution and supersolution will be used. This idea is partially from [29], [3], and [31].

Consider a second order differential equation

Zrr = H̄(r, Z, Zr).(3.1)

First let us define subsolutions and supersolutions of (3.1).
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Definition 3.1. A function Ẑ is said to be a subsolution of (3.1) on the whole
real line if

Ẑrr ≥ H̄(r, Ẑ, Ẑr).

Z̄ is a supersolution if

Z̄rr ≤ H̄(r, Z̄, Z̄r).

In addition, (Ẑ, Z̄) is said to be an ordered pair of subsolution/supersolution of (3.1)
if they also satisfy

Ẑ(r) ≤ Z̄(r) ∀r ∈ R.

We also want to define supersolutions and subsolutions of the corresponding
boundary value problem on a finite interval [r1, r2],{

Zrr = H̄(r, Z, Zr),
Z(r1) = Z1, Z(r2) = Z2.

(3.2)

Definition 3.2. A function Ẑ is said to be a subsolution of (3.2) if

Ẑrr ≥ H̄(r, Ẑ, Ẑr), Ẑ(r1) ≤ Z1, Ẑ(r2) ≤ Z2.

Z̄ is a supersolution of (3.2) if

Z̄rr ≤ H̄(r, Z̄, Z̄r), Z̄(r1) ≥ Z1, Z̄(r2) ≥ Z2.

In addition, Ẑ and Z̄ are said to be an ordered pair of subsolution/supersolution if
they also satisfy

Ẑ(r) ≤ Z̄(r) ∀r ∈ [r1, r2].

First we will show that a similar existence result holds for (3.2). Then we will
extend the result to the whole real line and get an existence result of (3.1). Equation
(2.22) will be a special case. The following lemma is needed.

Lemma 3.3. Let F (r, z, p) be continuous and bounded on J × R2, where J =
[r1, r2]. Then the boundary value problem{

Zrr = F (r, Z, Zr),
Z(r1) = Z1, Z(r2) = Z2

has at least one solution.
Proof. This is a direct result of Walter [31, p. 262, Existence Theorem XX].
Some a priori estimates are needed to get the existence results for the boundary

value problem (3.2).
Lemma 3.4. Suppose Z(r) is a classical C2 solution of (3.2) on J = [r1, r2], and

it satisfies

Ẑ(r) ≤ Z(r) ≤ Z̄(r) on J,

where Ẑ(r) and Z̄(r) are subsolution and supersolution of (3.2), respectively. Define

M ≡ max

{
sup
J

|Z̄(r)|, sup
J

|Ẑ(r)|
}
.(3.3)
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Suppose that

|H̄(r, z, p)| ≤ C1(p
2 + C2)(3.4)

for r ∈ J and |z| ≤ 3M , where M is given by (3.3) and C1 > 0, C2 ≥ 0 are two
constants. Then there exists a constant Λ, which depends only on M,C1, and C2,
such that

|Zr| ≤ Λ on J.

Proof. Take µ̄ ≡ max
{
2C1,

√
C2

}
. Then, by the above definition, we can get that

if |p| ≥ µ̄, we have

|H̄(r, z, p)| ≤ C1(p
2 + C2) ≤ C1(p

2 + p2) ≤ µ̄p2.(3.5)

Take constants k, δ such that

k ≥ µ̄2e2µ̄M , kδ = e2µ̄M − 1.

Fix an r0 ∈ [r1, r2]. For r ∈ [r0, r0 + δ], define

w(r) ≡ 1

µ̄
log[1 + k(r − r0)] + Z(r0).

Then we can verify that

w(r0) = Z(r0), w(r0 + δ) = 2M + Z(r0) ≥ M ≥ Z(r0 + δ),

|w(r)| ≤ 2M + |Z(r0)| ≤ 3M, |wr(r)| ≥ µ̄.

Given this, noting (3.4), we can show that

wrr − H̄(r, w,wr) ≤ −µ̄w2
r + |H̄(r, w,wr)| ≤ −µ̄w2

r + µ̄w2
r = 0.

Now, by virtue of Gilbarg and Trudinger [20, Theorem 10.1, p. 263], we can get

w(r) ≥ Z(r) ∀r ∈ [r0, r0 + δ].

Similarly, for w̌(r) ≡ −w(r), using the same method, we can get

−w(r) = w̌(r) ≤ Z(r) ∀r ∈ [r0, r0 + δ].

Therefore, for any r ∈ (r0, r0 + δ), we have

|Z(r) − Z(r0)|
|r − r0|

≤ |w(r) − w(r0)|
|r − r0|

.

Let r → r+
0 ; we can get

|Zr(r0)| ≤
∣∣∣∣kµ̄

∣∣∣∣ ≡ Λ.

Since r0 ∈ J is arbitrary, we are done.
Lemma 3.5. Suppose H̄(r, z, p) is strictly increasing with respect to z, and it

satisfies (3.4). If Ẑ and Z̄ are an ordered pair of subsolution/supersolution of (3.2)
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on J = [r1, r2], then the boundary value problem (3.2) has at least one solution on J
such that

Ẑ(r) ≤ Z(r) ≤ Z̄(r) ∀r ∈ J.

Proof. Define

Ω ≡ {(r, z, p) : r ∈ J, z ∈ [Ẑ, Z̄], |p| < Λ0},(3.6)

where Λ0 ≡ max{Λ,maxJ Ẑr,maxJ Z̄r} and Λ is a constant as in Lemma 3.4.
Since H̄(r, z, p) is strictly increasing with respect to z, and it satisfies (3.4), it is

not hard to extend H̄ to the domain J × R2, such that it is a continuous, bounded
function and it is strictly increasing with respect to z. Denote the extension to be H̃.
In addition, we can suppose that H̃ satisfies (3.4). For example, we can take

H̃1(r, z, p) =

⎧⎨⎩
H̄(r, z, p) if r ∈ J, Ẑ ≤ z ≤ Z̄,

H̄(r, Ẑ, p) + ez − eẐ if r ∈ J, z < Ẑ,

H̄(r, Z̄, p) + e−Z̄ − e−z if r ∈ J, z ≥ Z̄,

and

H̃(r, z, p) =

⎧⎨⎩
H̃1(r, z, p) if |p| ≤ Λ0,

H̃1(r, z,−Λ0) if p < −Λ0,

H̃1(r, z,Λ0) if p > Λ0.

It is not hard to verify that H̃(r, z, p) is a bounded continuous function on J × R2.
In addition, H̃(r, z, p) is strictly increasing with respect to z, and it satisfies (3.4).

Take constants Z1, Z2 such that

Ẑ(ri) ≤ Zi ≤ Z̄(ri), i = 1, 2.

Now according to Lemma 3.3, we know that the boundary value problem{
Zrr = H̃(r, Z, Zr),
Z(r1) = Z1, Z(r2) = Z2

has a solution, say, Z(r). Now we need to show that Ẑ ≤ Z ≤ Z̄ and |Zr| ≤ Λ0.
Assume that Z ≤ Z̄ does not always hold on J . Then Z̄ − Z is negative in an open
set I0 and is nonnegative at its endpoints. Suppose Z̄ − Z reaches its minimum at
r0 ∈ I0; then we have

Z̄r(r0) = Zr(r0), Z̄(r0) < Z(r0).

Noting that H̃ is strictly increasing with respect to z, we can get

(Z̄rr − Zrr)(r0) ≤ H̃(r0, Z̄(r0), Z̄r(r0)) − H̃(r0, Z(r0), Zr(r0)) < 0.

So (Z̄ − Z) cannot reach its minimum in I0. This is a contradiction. Therefore, we
must have Z ≤ Z̄ on J . A similar argument gives Ẑ ≤ Z. Further, since H̃ satisfies
(3.4), following the same procedure in the proof of Lemma 3.4, we can show that
|Zr| ≤ Λ ≤ Λ0 on J . Therefore, we can get that H̃(r, Z, Zr) = H̄(r, Z, Zr). Therefore,
Z is a solution of (3.2).
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The following uniqueness result is needed later.
Lemma 3.6 (uniqueness). Suppose H̄(r, z, p) is strictly increasing with respect to

z, and it satisfies (3.4). If two C2 functions Z(r) and Z̃(r) are solutions of (3.1) on
J = [r1, r2], such that

Ẑ(r) ≤ Z(r), Z̃(r) ≤ Z̄(r),(3.7)

then

Z(r) ≡ Z̃(r) on J.(3.8)

Proof. Let ψ(r) ≡ Z(r) − Z̃(r). Then we have that ψ(r1) = ψ(r2) = 0. Assume
that ψ reaches it minimum at r0 ∈ (r1, r2), such that ψ(r0) < 0, that is, Z(r0) < Z̃(r0),
and Zr(r0) = Z̃r(r0). Then, by virtue of (3.1) and the definition of ψ, noting that
H̄(r, z, p) is strictly increasing with z, we can get

ψrr(r0) < 0.

This contradicts the assumption that ψ reaches its minimum at r0 ∈ (r1, r2). There-
fore, we must have Z(r) ≥ Z̃(r) on J . The same argument for ψ = Z̃ −Z will lead to
Z(r) ≤ Z̃(r) on J .

Let (Ẑ(r), Z̄(r)) be an ordered pair of subsolution/supersolution of (3.1) on the
whole real line, that is, ∀r ∈ R,

Ẑrr ≥ H̄(r, Ẑ, Ẑr),(3.9)

Z̄rr ≤ H̄(r, Z̄, Z̄r),(3.10)

Ẑ(r) ≤ Z̄(r).(3.11)

According to the definitions, it is immediate that Ẑ and Z̄ are an ordered pair of
subsolution/supersolution of the following problem on any Im ≡ [−m,m]:{

Zrr = H̄(r, Z, Zr),
Z(−m) = Z̄(−m), Z(m) = Z̄(m).

(3.12)

Now by virtue of Lemma 3.5, the above problem has at least one solution Z̃0
m(r), such

that

Ẑ(r) ≤ Z̃0
m(r) ≤ Z̄(r) on Im.

Define its extension on R by

Z̃m(r) =

{
Z̃0
m(r) if r ∈ Im,

Z̄(r) otherwise.

Then Z̃m is continuous. Further, we have the following lemma.
Lemma 3.7. For any m, we have

Ẑ(r) ≤ Z̃m+1(r) ≤ Z̃m(r) ≤ Z̄(r).(3.13)

Proof. By definition, for any m, we must have

Ẑ ≤ Z̃m ≤ Z̄.
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So we only need to show that

Z̃m+1(r) ≤ Z̃m(r) ∀r.(3.14)

By the definitions of {Zm,m = 1, 2, 3, . . .}, it is sufficient to show that the above
inequality holds on Im. Actually, it is not hard to verify that Z̃m+1 is a subsolution
of (3.12)–(3.13) on Im. Then by virtue of Lemma 3.5, there exists a solution Z̃∗(r) of
(3.12)–(3.13), such that

Z̃m+1(r) ≤ Z̃∗(r) ≤ Z̄(r) ∀r ∈ Im.

Noting the result of Lemma 3.6, we must have

Z̃∗(r) ≡ Z̃m(r) ∀r ∈ Im,

which implies that (3.14) holds on Im. This completes our proof.
Finally, we have the following existence result.
Theorem 3.8. Suppose H̄(r, z, p) is strictly increasing with respect to z, and it

satisfies (3.4). Let (Ẑ, Z̄) be an ordered pair of subsolution/supersolution of (3.1) on
R. Then (3.1) has a solution Z(r) such that

Ẑ(r) ≤ Z(r) ≤ Z̄(r).(3.15)

Proof. Consider the sequence {Z̃m} as in Lemma 3.7. It is easy to show that Z̃m

converges in pointwise sense to a function Z as m → ∞.
Since any bounded interval J is contained in Im for some m, a C2 function Z is

a solution of (3.1) if it satisfies (3.1) in Im for any m. Let m be fixed, and let k > m
be arbitrary. Then for r ∈ Im, Z̃k(r) satisfies

∂2Z̃k

∂r2
= H̄

(
r, Z̃k,

∂Z̃k

∂r

)
, Z̃k(−m) ≤ Z̄(−m), Z̃k(m) ≤ Z̄(m).

Since Ẑ ≤ Z̃k ≤ Z̄ ∀r ∈ Im, we know that {Z̃k} is uniformly bounded on Im. In

addition, noting Lemma 3.4, we can get that {∂Z̃k

∂r } is uniformly bounded on Im.

Finally, by virtue of (3.1), (3.4), and (3.15), it is not hard to show that {∂2Z̃k

∂r2 } and

{[∂
2Z̃k

∂r2 ]α;Im} are uniformly bounded on Im.

Given the above results, using the Arzela–Ascoli theorem, we can show that {Z̃m}
contains a subsequence that converges in C2(Im) to a function Z̃ ∈ C2,α(Im). Since
{Z̃k} converges to Z in pointwise sense, Z̃ must coincide with Z. Moreover, the whole
sequence {Z̃k} converges in C2(Im) to Z as k → ∞. Let k → ∞, and we can get that
Z is a solution of (3.1) on Im. By the arbitrariness of Im, Z is a solution of (3.1) on
R.

Now we need only find an ordered pair of subsolution/supersolution to get the
existence of the classical solution Z̃(r) = Z(r). Then we can obtain the classical

solution Ṽ (x, r) = 1
γx

γeZ̃(r). This will be done for the γ > 0 case in section 4 and for
the γ < 0 case in section 5. The solution will be verified to be the value function in
both cases. These verification results imply that the solution Z(r) to (3.1) satisfying
the bounds (3.16) is unique.

It is not hard to show that the function H(r, z, p) defined by (2.21) is strictly
increasing with respect to z, and it satisfies (3.4). Therefore, we have the following
lemma.
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Lemma 3.9. Let (Ẑ, Z̄) be an ordered pair of subsolution/supersolution of (2.22)
on R. Then (2.22) has a solution Z(r) such that

Ẑ(r) ≤ Z(r) ≤ Z̄(r).(3.16)

4. γ > 0 case. In this section, we will find an ordered pair of subsolution/
supersolution when γ > 0 under some conditions, which will be specified in Lemma 4.1
and Lemma 4.2. Then we can get the existence of the solution of the reduced DPE
(2.22) by using Lemma 3.9. Further, we need to verify that this solution is actually
our value function. This result is given in Theorem 4.4. The admissible control space
is defined by Definition 4.11.

Define

LZ =
σ2

2

2
Zrr +

σ2
2

2

[
1 +

γρ2

1 − γ

]
Z2
r +

[
γρσ2(b− r)

σ1(1 − γ)
+ f(r)

]
Zr,(4.1)

h(r, Z) = [γQ(r) − β] + (1 − γ)e
Z

γ−1 .(4.2)

Then (2.22) for Z can be written as

−LZ = h(r, Z).(4.3)

It is easy to verify that Z is a subsolution (supersolution) of (2.22) if and only if

−LZ ≤ (≥)h(r, Z).

Lemma 4.1. Suppose

β > γb− σ2
1

2
γ(1 − γ).(4.4)

Define K1 as

K1 ≡ log K̃1,(4.5)

where K̃1 is a positive constant defined by

K̃
1

γ−1

1 =
1

1 − γ

[
β − bγ +

σ2
1

2
γ(1 − γ)

]
.(4.6)

Then, any constant K2 ≤ K1 is a subsolution of (2.22).
Proof. Since K2 is a constant, we have

−LK2 = 0.

On the other hand, since Q(r) is quadratic, by the definition of K1, it is not hard
to verify that

h(r,K2) > 0

for any constant K2 ≤ K1. Thus, we have

−LK2 < h(r,K2).

Therefore, K2 is a subsolution of (2.22).
The constant K1 has the following interpretation. The constant investment con-

trol ut = 1 ∀t (no wealth in the riskless asset) is suboptimal. The solution to the opti-
mal consumption problem with this special choice for ut has value function γ−1K1x

γ .
Condition (4.4) is equivalent to K1 > 0.
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A formal asymptotic analysis suggests (but does not prove) that Z(r) in (2.20)
grows quadratically as |r| → ∞. With this in mind, we next seek a quadratic super-
solution Z̄(r) of the form (4.13), where the constants a1 and a2 are to be suitably
chosen. The bounds (4.8) on the risk sensitivity parameter γ and the lower bound
(4.14) on the discount factor β give sufficient conditions that such a supersolution Z̄(r)
exists. Later in the section, further restrictions on a1, a2, and β will be imposed to en-
sure that the solution Ṽ (x, r) to the DPE obtained by the subsolution–supersolution
method is indeed the value function V (x, r). See Theorem 4.13.

Lemma 4.2. Define

γ1 ≡ σ2
1c

2
1

σ2
1c

2
1 + σ2

2 − 2c1ρσ1σ2
.(4.7)

Assume that

0 < γ < min{1, γ1}.(4.8)

In addition, define

µ1 ≡ −2σ2
2

[
1 +

γρ2

1 − γ

]
,(4.9)

µ2 ≡ 2c1 +
2γρσ2

σ1(1 − γ)
,(4.10)

µ3 ≡ − γ

2σ2
1(1 − γ)

.(4.11)

Let a+, a− be the real roots of µ1a
2 + µ2a + µ3 = 0. Then we have

0 < a− < a+.(4.12)

Moreover, for any a1 ∈ I1 ≡ (a−, a+), there exist constants a2 > K1 and C1(a1),
where K1 is given by (4.5) and C1(·) are given by (4.20), such that

Z̄(r) ≡ a1r
2 + a2(4.13)

is a supersolution of (2.22), provided that

β > −C1(a1).(4.14)

Proof. Since |ρ| ≤ 1, by (4.7) we can get γ1 > 0. Moreover, under condition (4.8),
it is not hard to verify that (4.12) holds.

On the other hand, for Z̄(r) defined by (4.13), it is easy to verify that

Z̄r = 2a1r, Z̄rr = 2a1.
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Then we have

−LZ̄ = −2a2
1σ

2
2

[
1 +

γρ2

1 − γ

]
r2 − 2a1f(r)r − 2a1γρσ2

σ1(1 − γ)
(b− r)r − a1σ

2
2 .

By virtue of (2.9), there exists a ξ ∈ [0, r] such that

−2a1rf(r) = −2a1r[f(0) + fr(ξ)r]

= −2a1fr(ξ)r
2 − 2a1f(0)r

≥ 2c1a1r
2 − 2a1f(0)r.

Therefore, we have

−LZ̄ ≥
[
2a1

(
c1 +

γρσ2

σ1(1 − γ)

)
− 2a2

1σ
2
2

(
1 +

γρ2

1 − γ

)]
r2(4.15)

−2a1

[
f(0) +

γρσ2b

σ1(1 − γ)

]
r − a1σ

2
2 .

To ensure that Z̄(r) is a supersolution of (2.22), we need only show that

−LZ̄ ≥ h(r, Z̄).(4.16)

Define

λ1(a1) ≡ µ1a
2
1 + µ2a1 + µ3,(4.17)

λ2(a1) ≡ −
[
2f(0) +

2γρσ2

σ1(1 − γ)

]
a1 +

bγ

σ2
1(1 − γ)

− γ,(4.18)

λ3(a1) ≡ −a1σ
2
2 − γb2

2σ2
1(1 − γ)

,(4.19)

C1(a1) ≡
4λ1(a1)λ3(a1) − λ2

2(a1)

4λ1(a1)
,(4.20)

where µ1, µ2, µ3 are given by (4.9)–(4.11). Then, by virtue of (4.15), to show (4.16),
it is sufficient to show that

λ1(a1)r
2 + λ2(a1)r + λ3(a1) ≥ −β + (1 − γ)e

a1r2+a2
γ−1 .(4.21)

A basic calculation implies that λ1(a1) > 0, provided that a1 ∈ I1. Then it is not
hard to verify that the left-hand side of (4.21) is bounded below by C1(a1). From the
definition, we know that C1(a1) depends only on a1, c1, b, ρ, σ1, σ2, γ, and f(0). Since
0 < γ < min{γ1, 1} and a1 > 0, we have

e
a1r2

γ−1 ≤ 1.

Thus, if (4.14) holds, we can take a2 > K1 large enough such that

(1 − γ)e
a2

γ−1 e
a1r2

γ−1 ≤ (1 − γ)e
a2

γ−1 ≤ β − C1(a1),

which implies (4.21).
Remark 4.3. From (4.7), we can get that γ1 ≤ 1 if and only if σ2 ≥ 2c1ρσ1.
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We have the following existence results for (2.22).
Theorem 4.4. Suppose (4.4), (4.8), and (4.14) hold. Then (2.22) possesses a

classical solution Z̃(r) such that

K1 ≤ Z̃(r) ≤ Z̄(r),(4.22)

where K1 and Z̄ are given by (4.5) and (4.13), respectively. Define

Ṽ (x, r) ≡ 1

γ
xγeZ̃(r).(4.23)

Then Ṽ (x, r) is a classical solution of (2.14).
Proof. It is not hard to verify that

(
K1, Z̄(r)

)
is an ordered pair of subsolu-

tion/supersolution. Then by Lemma 3.9, there exists a classical solution Z̃(r) of
(2.22) such that (4.22) holds. By virtue of (4.23), it is not hard to verify that Ṽ (x, r)
is a classical solution of (2.14).

Now we need to verify that Ṽ (x, r) is equal to our value function. This will be done
in Theorem 4.13. We will also specify the admissible control space in Definition 4.11.
Before we go to the verification theorem, we need some lemmas. In those lemmas, we
always suppose that (rt, t ≥ 0) is a solution of (2.3)–(2.4).

Lemma 4.5. Suppose v(r) ∈ C2(R) is bounded. In addition, suppose vr and vrr

are all bounded. Then φ(r, T ) ≡ Ere

∫ T

0
v(rt)dt is in C2,1(R, [0,∞)) and it is a classical

solution of {
φT = 1

2σ
2
2φrr + f(r)φr + v(r)φ,

φ(r, 0) = 1.
(4.24)

The proof is rather standard; see Pang [27, Lemma 1.12] for details.
Lemma 4.6. Suppose v̌(r) ∈ C2(R). In addition, suppose v̌, v̌r, v̌rr are all

bounded. Then η(r, T ) ≡ Ere
v̌(rT ) is in C2,1(R, [0,∞)) and it is a classical solu-

tion of {
ηT = 1

2σ
2
2ηrr + f(r)ηr,

η(r, 0) = ev̌(r).
(4.25)

This is a direct corollary of Theorem 5.6.1 of Friedman [19].
Lemma 4.7. Let

Q̌(r) ≡ ν1r
2 + ν2r + ν3,(4.26)

where ν1, ν2, and ν3 are constants and ν1 satisfies

ν1 <
c21

2σ2
2

.(4.27)

Define ǎ−, ǎ+ as the real roots of the equation 2σ2
2 ǎ

2 − 2c1ǎ + ν1 = 0. Then we have

0 < ǎ− < ǎ+.(4.28)

Moreover, suppose (rt, t ≥ 0) is a solution of (2.3)–(2.4) and suppose that

ǎ− ≤ ǎ1 ≤ ǎ+.(4.29)
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Then we have

e−βtEe

∫ t

0
Q̌(rs)ds ≤ Λ ∀t ∈ [0, T ],(4.30)

where Λ is a constant, provided that

β > −C2(ǎ1),(4.31)

where C2(ǎ1) is given by (4.36).
Proof. Define a sequence of functions {Q̌M (r),M = 1, 2, 3, . . .} such that

Q̌M ∈ C∞; 0 ≤ Q̌M ≤ M ;

∣∣∣∣∂Q̌M (r)

∂r

∣∣∣∣ ≤ M̌ ;

∣∣∣∣∂2Q̌M (r)

∂r2

∣∣∣∣ ≤ M̌ ;

Q̌M1(r) ≤ Q̌M2(r) ≤ Q̌(r), M1 < M2; lim
M→∞

Q̌M (r) = Q̌(r),

where M̌,M1,M2 are constants. Define

ψ(r, t) ≡ e−βtEe

∫ t

0
Q̌M (rs)ds.

Then according to Lemma 4.5, ψ ∈ C2,1(R, [0,∞)) and it is a solution of the problem{
∂ψ
∂t =

σ2
2

2
∂2ψ
∂r2 + f(r)∂ψ∂r + [Q̌M (r) − β]ψ,

ψ(r, 0) = 1.
(4.32)

It is easy to verify that, under condition (4.27), ǎ− and ǎ+ are real, positive numbers.
So we can take an ǎ1 such that (4.29) holds.

Define

λ̌1(ǎ1) = −2σ2
2 ǎ

2
1 + 2c1ǎ1 − ν1,(4.33)

λ̌2(ǎ1) = −2ǎ1 − ν2,(4.34)

λ̌3(ǎ1) = −σ2
2 ǎ1 − ν3,(4.35)

C2(ǎ1) =
4λ̌1(ǎ1)λ̌3(ǎ1) − λ̌2(ǎ1)

4λ̌1(ǎ1)
.(4.36)

Following the same procedure in the proof of Lemma 4.2, it is not hard to verify
that, under conditions (4.29) and (4.31), ψ̄(r) ≡ eǎ1r

2

satisfies⎧⎨⎩
∂ψ̄
∂T ≥ σ2

2

2
∂2ψ̄
∂r2 + f(r)∂ψ̄∂r + [Q̌M (r) − β]ψ̄,

ψ̄(r, 0) ≥ 1.

Define ξ(r, T ) ≡ ψ(r, T ) − ψ̄(r). Then it satisfies{
∂ξ
∂T ≤ σ2

2

2
∂2ξ
∂r2 + f(r)∂ξ∂r + [Q̌M (r) − β]ξ,

ξ(r, 0) ≤ 0.

Since Q̌M is bounded, there exists a constant B > 0 such that Q̌M (r)−β < B. Define

ξ̃(r, T ) ≡ e−BT ξ(r, T ), Q̃M (r) ≡ Q̌M (r) − β −B.
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Then Q̃M (r) < 0 and ξ̃ satisfies{
∂ξ̃
∂T ≤ σ2

2

2
∂2ξ̃
∂r2 + f(r)∂ξ̃∂r + Q̃M (r)ξ̃,

ξ̃(r, 0) ≤ 0.

Since Q̌M (r) is bounded, by definitions of ψ, ψ̄, ξ, and ξ̃, we can get

lim
|r|→∞

ξ̃(r, T ) = −∞.

If ξ̃(r, T ) reaches its maximum on R×[0, T1] at a point (r0, T0), such that ξ̃(r0, T0) > 0,
then we must have T0 > 0 and

ξ̃r(r0, T0) = 0, ξ̃rr(r0, T0) ≤ 0, ξ̃T (r0, T0) ≥ 0.

This contradicts

∂ξ̃

∂T
≤ σ2

2

2

∂2ξ̃

∂r2
+ f(r)

∂ξ̃

∂r
+ Q̃M (r)ξ̃.

Therefore, we must have

ξ̃(r, T ) ≤ 0 ∀r, T.

By definitions of ξ̃ and ξ, we can get

ψ(r, T ) ≤ ψ̄(r) ∀r, T.

Define Λ ≡ ψ̄(r). Then Λ is a constant that does not depend on M, M̌ , or T . Thus,
by the monotone convergence theorem, we can get (4.30).

Lemma 4.8. Define

γ2 ≡ σ2
1c

2
1

2σ2
1c

2
1 + 4σ2

2

,(4.37)

and suppose that

0 < γ < γ2.(4.38)

Define

I2 ≡
(

c1
2σ2

2

− 1

2σ2
2

√
c21 −

4σ2
2γ

σ2
1(1 − 2γ)

,
c1

2σ2
2

+
1

2σ2
2

√
c21 −

4σ2
2γ

σ2
1(1 − 2γ)

)
,(4.39)

and assume that

ǎ2 ∈ I2.(4.40)

Define

ν1 =
2γ

σ2
1(1 − 2γ)

, ν2 = − 4bγ

σ2
1(1 − 2γ)

+ 4γ, ν3 =
2b2γ

σ2
1(1 − 2γ)

.(4.41)
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Then for any

β > −1

2
C2(ǎ2),(4.42)

where C2(ǎ2) is given by (4.36) with ν1, ν2, ν3 defined above, there is a constant Λ,
which is independent of T , such that

e−2βTEre

∫ T

0
4γQ1(rt)dt ≤ Λ,(4.43)

where

Q1(r) ≡
(b− r)2

2σ2
1(1 − 2γ)

+ r.(4.44)

Proof. This is a direct corollary of Lemma 4.7.
Lemma 4.9. Define

I3 ≡
(

0,
c1

Kσ2
2

)
,(4.45)

where K > 8 is a constant. Assume that

a3 ∈ I3.(4.46)

Define

C3(a3) ≡
Kf(0)2a3

2Kσ2
2a3 − 2c1

−Kσ2
2a3.(4.47)

Then for any

β > −1

2
C3(a3),(4.48)

there is a constant Λ, which is independent of T , such that

e−2βTEre
Ka3r

2
T ≤ Λ.

The proof is almost the same as the proof of Lemma 4.7, and so we omit it here.
Refer to Pang [27, Lemma 1.15] for details.

Lemma 4.10. Suppose (4.8) holds. Define

k1 ≡ Kρσ2

σ1
− 2c1ρ

2, k2 ≡ K2(2c1ρσ1σ2 − σ2
2)

σ2
1

, ν̄1 ≡ (2 −K)c1
k1

,

γ3 ≡ ν̄1

1 + ν̄1
,(4.49)

ν̄2 ≡ −2(K − 2)c1k1 + k2

2k1
+

√
(2(K − 2)c1k1 − k2)2 + 4(4K − 4)c21k

2
1

2k2
1

,

γ4 ≡ ν̄2

1 + ν̄2
,(4.50)

where K is the constant in Lemma 4.9. Then if

k1 < 0, 0 < γ < γ3,(4.51)

or
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k1 > 0, 0 < γ < γ4,(4.52)

we have

I1 ∩ I3 �= ∅.(4.53)

Proof. It can be verified by virtue of some basic calculations. For details, see the
proof of Lemma 1.16 in Pang [27].

Definition 4.11. The admissible control space Π is

Π ≡
{

(ut, ct) : P

(∫ T

0

u2
tdt < ∞

)
= 1 ∀T > 0, ct ≥ 0

}
.(4.54)

We have the following lemma.
Lemma 4.12. For (ut, ct) ∈ Π, define

Yt ≡ e
2γσ1

∫ t

0
usdw1,s−2γ2σ2

1

∫ t

0
u2
sds,(4.55)

and define τR to be the exit time of (xt, rt) from the ball {x2 + r2 ≤ R2}. Then we
have

EYT∧τR ≤ 1 ∀T > 0.(4.56)

Proof. Since (ut, ct) ∈ Π, we can get that P (Yt < ∞) = 1. Then, by virtue of
Ito’s rule, we can get

YT∧τR = 1 + 2γσ1

∫ T∧τR

0

usYsdw1,s.

Denote τn ≡ inf{t ≤ T :
∫ t

0
u2
sY

2
s ds ≥ n2}. Then it is easy to verify that YT∧τR∧τn is

a martingale for any n > 0, and it satisfies EYT∧τR∧τn = 1. Since Yt is nonnegative,
by virtue of Fatou’s lemma, we can get (4.56).

Theorem 4.13. Suppose that (4.4), (4.8), (4.38) hold and either (4.51) or (4.52)
holds. In addition, assume

a1 ∈ I1 ∩ I3, a2 ∈ I2,(4.57)

and

β > max

{
−C1(a1),−

1

2
C2(a2),−

1

2
C3(a1)

}
,(4.58)

where C1(·), C2(·), and C3(·) are given by (4.20), (4.36), and (4.47), respectively.
Define V (x, r) as in (2.12) and define Ṽ (x, r), Z̃(r) as in Theorem 4.4. Then we

have

Ṽ (x, r) ≡ V (x, r).(4.59)

In addition, J(x, r, u., c.) reaches its maximum at

u∗(r) =
(b− r)

σ2
1(1 − γ)

+
ρσ2Z̃r(r)

σ1(1 − γ)
, c∗(r) = e

Z̃(r)
γ−1 .(4.60)
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Proof. For any admissible control (ut, ct) ∈ Π, denote Gut,ct as the generator of
the process (xt, rt) under control (ut, ct). Then, by virtue of Ito’s rule, we can get

d
[
e−βtṼ (xt, rt)

]
= e−βt

[
dṼ (xt, rt) − βṼ (xt, rt)dt

]
= e−βt

[
Gut,ct Ṽ (xt, rt) − βṼ (xt, rt)

]
dt + dm1,t + dm2,t,

where m1,t and m2,t are local martingales under P .

Integrate it on [0, T ]. Since Ṽ is a classical solution of (2.14), we have

e−βT Ṽ (xT , rT ) − Ṽ (x, r) ≤ −
∫ T

0

e−βt 1

γ
(ctxt)

γdt + m1,T + m2,T .

Let τR define the exit time of (xt, rt) from the ball {x2 + r2 < R2}. Then, for every
finite T , we have

Ṽ (x, r) ≥ E

∫ T∧τR

0

e−βt 1

γ
(ctxt)

γdt + E
[
e−βT∧τR Ṽ (xT∧τR , rT∧τR)

]
.(4.61)

Noting Ṽ > 0, by virtue of Fatou’s lemma as R → ∞, we can take lim inf to get

Ṽ (x, r) ≥ E

∫ T

0

e−βt 1

γ
(ctxt)

γdt.

Now, let T → ∞; then we have

Ṽ (x, r) ≥ E

∫ ∞

0

e−βt 1

γ
(ctxt)

γdt,

which holds for any admissible control (ut, ct) ∈ Π. By the definition of V (x, r), we
must have, for any r,

Ṽ (x, r) ≥ V (x, r).(4.62)

On the other hand, for control (u∗, c∗) defined by (4.60), it is not hard to verify
that (u∗

t , c
∗
t ) ∈ Π. Then, instead of (4.61), we can get

Ṽ (x, r) = E

∫ T∧τR

0

e−βt 1

γ
(c∗txt)

γdt + E
[
e−βT∧τR Ṽ (xT∧τR , rT∧τR)

]
.(4.63)

Using the monotone convergence theorem, for any fixed T > 0, we can show that

lim
R→∞

E

∫ T∧τR

0

e−βt 1

γ
(ctxt)

γdt = E

∫ T

0

e−βt 1

γ
(ctxt)

γdt.(4.64)

Define W̃ (r) ≡ eZ̃(r). Then by virtue of (4.23), we can rewrite Ṽ (x, r) as

Ṽ (x, r) ≡ 1

γ
xγW̃ (r).(4.65)

Define

l̃(r, u) = r + (b− r)u− 1

2
σ2

1u
2.
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Then for any admissible control (ut, ct) ∈ Π, using Ito’s formula, we can get

xt = x exp

{∫ t

0

[l̃(rs, us) − cs]ds +

∫ t

0

σ1usdw1,s

}
.

Given the above equality, by virtue of the Cauchy–Schwarz inequality, we can get

E
[
e−βT∧τR Ṽ (xT∧τR , rT∧τR)

]
=

1

γ
E
[
e−βT∧τRxγ

T∧τR
W̃ (rT∧τR)

]
≤ 1

γ
xγ

(
Ee

∫ T∧τR

0
2[γl(rs,us)−γcs−β]ds

W̃ 2(rT∧τR)

) 1
2

·
(
Ee

∫ T∧τR

0
[2γσ1utdw1,t−2γ2σ2

1u
2
tdt]

) 1
2

,

where

l(r, u) ≡ r + (b− r)u +

(
γ − 1

2

)
σ2

1u
2.(4.66)

Using the result of Lemma 4.12, we have

Ee

∫ T∧τR

0
[2γσ1utdw1,t−2γ2σ2

1u
2
tdt] ≤ 1.(4.67)

Thus, we can get

Ṽ (x, r) = E

∫ T∧τR

0

e−βt 1

γ
(ctxt)

γdt(4.68)

+
1

γ
xγ

(
Ee

∫ T∧τR

0
2[γl(rs,us)−γcs−β]ds

W̃ 2(rT∧τR)

) 1
2

.

From (4.37), we can get that γ2 < 1
2 . Since 0 < γ < γ2 < 1

2 , by virtue of (4.44)
and (4.66), we can get

l(r, u) ≤ Q1(r).

Therefore, for 0 < γ < γ2, γQ1(r) − β is lower bounded. Choose B such that

γQ1(r) − β − B ≥ 0. Noting that c∗ > 0, W̃ (r) ≤ ea1r
2+a2 and using the Cauchy–

Schwarz inequality, we have[
e

∫ T∧τR

0
2[γl(rs,u

∗
s)−γc∗s−β]ds

W̃ 2(rT∧τR)

]
≤

[
e

∫ T∧τR

0
2[γQ1(rs)−β]ds

W̃ 2(rT∧τR)

]
= e2B(T∧τR)

[
e

∫ T∧τR

0
2[γQ1(rs)−β−B]ds

sup
0≤t≤T

W̃ 2(rt)

]
≤ e2B(T∧τR)

[
e

∫ T

0
2[γQ1(rs)−β−B]ds

sup
0≤t≤T

W̃ 2(rt)

]
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= e2B(T∧τR−T )

[
e

∫ T

0
2[γQ1(rs)−β]ds

sup
0≤t≤T

W̃ 2(rt)

]
≤ e2|B|T

[
e

∫ T

0
2[γQ1(rs)−β]ds

sup
0≤t≤T

W̃ 2(rt)

]
≤ 1

2
e2(|B|−β)T

[
e

∫ T

0
4γQ1(rs)ds + sup

0≤t≤T
W̃ 4(rt)

]
≤ 1

2
e2(|B|−β)T

[
e

∫ T

0
4γQ1(rs)ds + A2 sup

0≤t≤T
e4a1r

2
t

]
≡ ηT ,

where A ≡ e2a2 . Next, we are going to show that

ErηT < ∞,(4.69)

which ensures that we can use Fatou’s lemma in (4.68) to get rid of the stopping time.
First, by virtue of Lemma 4.8, we have

Ere

∫ T

0
4γQ1(rs)ds < ∞(4.70)

provided that 0 < γ < γ2. Define ψ(rt) ≡ e4a1r
2
t . Then we also need to show that

Er

[
sup

0≤t≤T
ψ(rt)

]
< ∞.(4.71)

By virtue of Ito’s lemma, we have

dψ(rt) = 8a1rtψ(rt)[f(rt)dt + σ2dw2,t] +
σ2

2

2
[8a1ψ(rt) + 64a2

1r
2
tψ(rt)]dt

≤ [8a1(4a1σ
2
2 − c1)r

2
t + 8a1f(0)rt + 4a1σ

2
2 ]ψ(rt)dt + dmt,

where

mt ≡ 8a1σ2

∫ t

0

rsψ(rs)dw2,s.(4.72)

By the definition of a1, we know that 4a1σ
2
2 − c1 < 0. Therefore, 8a1(4a1σ

2
2 − c1)r

2
t +

8a1f(0)rt + 4a1σ
2
2 is upper bounded. Suppose N > 0 is an upper bound; then we

have

ψ(rt) ≤ ψ(r) +

∫ t

0

Nψ(rs)ds + mt.(4.73)

By the definition of mt, we have

Erm
2
t = 64a2

1σ
2
2E

∫ t

0

r2
sψ

2(rs)ds.

For any s ∈ [0, t], by virtue of Lemma 4.9, we have

Er

[
r2
sψ

2(rs)
]

= Er

[
r2
se

8a1r
2
s

]
≤ Λ1[Ere

(8+ε)a1r
2
s ] < ∞,(4.74)
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where Λ1 > 0 is a constant and ε can be any positive number. Therefore, we must
have Erm

2
t < ∞. So mt is a martingale. Using fundamental martingale inequalities,

we can show that

Er

[
sup

0≤t≤T
m2

t

]
≤ 4Erm

2
T ≤ Λ2 < ∞,(4.75)

where Λ1 is a positive constant. Given this and (4.73), using the Chebyshev inequality,
we can show that

Er

[
sup

0≤t≤T
ψ(rt)

]
≤ ψ(r) + Λ2 +

∫ T

0

NEr

[
sup

0≤s≤t
ψ(rs)

]
dt.(4.76)

Then, by virtue of Gronwall’s inequality, it is easy to get (4.71). Combined with
(4.70), this implies (4.69). Now, when we let R → ∞ and take lim sup in (4.68), we
can use the monotone convergence theorem and Fatou’s lemma to get

Ṽ (x, r) ≤ E

∫ T

0

e−βt 1

γ
(c∗txt)

γdt(4.77)

+
1

γ
xγ

(
E

[
e

∫ T

0
2[γQ1(rs)−γc∗s−β]ds

W̃ 2(rT )

]) 1
2

.

Denote δ = β − max{−C1(a1), C2(ã), C3(a1)}. Then, from (4.58), we can get that
δ > 0. Take β̌ = β − δ

2 . Then, by virtue of c∗ ≥ 0, using the Cauchy–Schwarz
inequality, we can get

Er

[
e

∫ T

0
2[γQ1(rs)−γc∗s−β]ds

W̃ 2(rT )

]
< e−2βT

[
Ere

∫ T

0
4γQ1(rs)ds

] 1
2

·
[
ErW̃

4(rT )
] 1

2

≤ e−δT e4a2

[
e−2β̌TEre

∫ T

0
4γQ1(rs)ds

] 1
2 [

e−2β̌TEre
4a1r

2
T

] 1
2

.

Given the above inequality, by virtue of Lemmas 4.8 and 4.9, we can show that, for
any fixed T > 0,

lim
T→∞

Er

[
e

∫ T

0
2[γQ(rs)−γc∗s−β]ds

W̃ 2(rT )

]
= 0.

Now in (4.77), let T → ∞; then we have

Ṽ (x, r) ≤ E

∫ ∞

0

e−βt 1

γ
(c∗txt)

γdt ≤ V (x, r).(4.78)

Combined with (4.62), this implies

Ṽ (x, r) = E

∫ ∞

0

e−βt 1

γ
(c∗txt)

γdt = V (x, r).

Thus, (u∗, c∗) is optimal and Ṽ (x, r) ≡ V (x, r).
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5. γ < 0 case. In this section, we will investigate the γ < 0 case. The existence
results will be given in Theorem 5.4 and the verification results will be given in
Theorem 5.7. The admissible control space will be specified in Definition 5.6.

Using the same notations as in the last section, we can write the equation of Z(r)
as

−LZ = h(r, Z).(5.1)

For the γ < 0 case, we have the following results. A formal asymptotic analysis
suggests that, for γ < 0, Z(r) in (2.20) behaves like 2(γ − 1) log r as |r| → ∞. This
leads to the choice of Ẑ(r) in (5.3) and the choice of Z̄(r) in (5.7). Condition (5.6) is
sufficient for the existence of a supersolution of the form (5.7).

Lemma 5.1. Suppose γ < 0. Define

a1 ≡ −2γ

3σ2
1(1 − γ)2

, a2 ≡ b− σ2
1(1 − γ).(5.2)

Then there exists a constant ā3 > 0 such that for any a3 ≥ ā3

Ẑ(r) ≡ log
[
(a1(r − a2)

2 + a3)
γ−1

]
(5.3)

is a subsolution of (5.1).
It can be verified by virtue of direct calculations. See Pang [27, Lemma 1.18] for

details.
Lemma 5.2. Suppose γ < 0. Define

b1 ≡ −γ

2σ2
1(1 − γ)2

, b2 ≡ b− σ2
1(1 − γ),(5.4)

b3 ≡ b1
2σ2

2 [ 32 − γ + γρ2] − 2ρσ3
1σ2γ(1 − γ) + |f(b2)|

2c2 + |f(b2)|
.(5.5)

If

β ≥ bγ + (1 − γ)

[
2c2|f(b2)| −

σ2
1γ

2

]
(5.6)

−
2γσ2

2 [ 32 − γ + γρ2] − 2ρσ3
1σ2γ

2(1 − γ) + γ|f(b2)|
2σ2

1(1 − γ)[2c2 + |f(b2)|]
,

then

Z̄(r) ≡ log
[
(b1(r − b2)

2 + b2)
γ−1

]
(5.7)

is a supersolution of (5.1).
The proof involves a lot of calculations. The techniques used in the proof are

very similar to those used in the proof of Lemma 4.2. See Pang [27, Lemma 1.19] for
details.

Remark 5.3. From (5.2), (5.3), (5.6), and (5.7) we can see that

a1 > b1, a2 = b2.(5.8)

In addition, we can take a3 large enough such that

a3 > b3.(5.9)
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Then

Z̄(r) > Ẑ(r) ∀r.(5.10)

Given the above results, we can get the following theorem.
Theorem 5.4. Suppose γ < 0 and (5.6) holds. Then (5.1) possesses a classical

solution Z̃(r) such that

Ẑ(r) ≤ Z̃(r) ≤ Z̄(r),(5.11)

where Ẑ(r) and Z̄(r) are given by (5.3) and (5.7), respectively. Define

Ṽ (x, r) ≡ 1

γ
xγeZ̃(r).(5.12)

Then Ṽ (x, r) is a classical solution of (2.14), and it satisfies

1

γ
xγeẐ(r) ≤ Ṽ (x, r) ≤ 1

γ
xγeZ̄(r).(5.13)

The proof is almost the same as the proof of Theorem 4.4, and we omit it here.
Lemma 5.5. Suppose γ < 0. Let Z̃(r) be a solution of (5.1) which satisfies (5.11).

Then we have

lim
|r|→∞

Z̃r(r) = 0.(5.14)

Proof. By the definitions of Z̄ and Ẑ, we can get

(γ − 1) log(a1(r − a2)
2 + a3) ≤ Z̃(r) ≤ (γ − 1) log(b1(r − b2)

2 + b3).(5.15)

The above inequality implies

lim inf
|r|→∞

|Z̃r(r)| = 0.(5.16)

Otherwise, Z̃(r) will have at least a linear growth as |r| → ∞, which contradicts
(5.15).

If (5.14) does not hold, Z̃r(r) must have a sequence of either positive local maxima
or negative local minima at points {rm,m = 1, 2, 3, . . .}, which tend to either +∞ or
−∞ with the following property: there exists δ > 0, such that

|Z̃r(rm)| ≥ δ.(5.17)

Suppose that Z̃r(r) has a positive local maximum at rm. Since Z̃(r) ∈ C2(R), by
virtue of (5.1), we have that Z̃(r) ∈ C3(R). Therefore, Z̃rr(rm) = 0, Z̃rrr(rm) ≤ 0.
Define

σ̌2
2 ≡ σ2

2

(
1 +

γρ

1 − γ

)
, f̌(r) ≡ f(r) +

γρσ2(b− r)

σ1(1 − γ)
, č1 ≡ c1 +

γρσ2

σ1(1 − γ)
.

Noting (2.9), we can get that

f̌r(r) ≤ −č1.(5.18)
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By virtue of (5.1), we can get

0 =
σ2

2

2
Z̃rrr + σ̌2

2Z̃rZ̃rr + f̌ Z̃rr + f̌rZ̃r + γQr − e−
Z̃

1−γ Z̃r,

where Q(r) is defined by (2.19) and Qr stands for its derivative. Since Z̃rr(rm) =
0, Z̃rrr(rm) ≤ 0, noting that Z̃ ≤ Z̄, we have

0 ≤ (f̌r(rm) − b1(rm − b2)
2 − b3)Z̃r(rm) + γ

(
1 +

rm − b

σ2
2(1 − γ)

)
.(5.19)

If |rm| is big enough, by virtue of (5.18), we will have

−f̌r(rm) + b1(rm − b2)
2 + b3 ≥ č1 + b1(rm − b2)

2 + b3 > 0.

Therefore, by virtue of (5.19), we can get

Z̃r(rm) ≤

∣∣∣γ (1 + rm−b
σ2
2(1−γ)

)∣∣∣
č1 + b1(rm − b2)2 + b3

.

But the right-hand side of the above inequality goes to 0 as |rm| goes to +∞, so we
must have

lim
|rm|→∞

Z̃r(rm) = 0.(5.20)

This contradicts our assumption (5.17). Similarly, if Z̃r has a negative local minimum
at {rm,m = 1, 2, 3, . . .}, and we can also get (5.20). Therefore, (5.17) holds.

Define the admissible control space Π as follows.
Definition 5.6 (admissible control space). A control (ut, ct) ∈ R2 is in the

admissible control space Π, if the following hold:

0 ≤ ct ≤ A1(rt −A2)
2 + A3 ∀t ≥ 0,(5.21)

E

∫ T

0

u2
tdt < ∞ ∀T ≥ 0,(5.22)

E

∫ T

0

e−2βtu2
tx

2γ
t dt < ∞ ∀T ≥ 0,(5.23)

where A1 > 0, A3 > 0, and A2 are some constants.
We have the following verification theorem.
Theorem 5.7. Suppose γ < 0 and (5.6) holds. In addition, assume that

4γ(1 + 3γ)

σ2
1(1 − γ)2

≤ c21
2σ2

2

.(5.24)

Define V (x, r) as in (2.12) and define Ṽ (x, r) and Z̃(r) as in Theorem 5.4. Then we
have

Ṽ (x, r) ≡ V (x, r).(5.25)

In addition, J(x, r, u., c.) reaches its maximum at

u∗(r) =
(b− r)

σ2
1(1 − γ)

+
ρσ2Z̃r(r)

σ1(1 − γ)
, c∗(r) = e

Z̃(r)
γ−1 .(5.26)
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Proof. For any admissible control (ut, ct) ∈ Π, denote Gut,ct as the generator of
the process (xt, rt) under control (ut, ct). Then, by Ito’s rule, we can get

d
[
e−βtṼ (xt, rt)

]
= e−βt

[
Gut,ct Ṽ (xt, rt) − βṼ (xt, rt)

]
dt + dm1,t + dm2,t,(5.27)

where

m1,t ≡
∫ t

0

e−βsσ1usx
γ
sW̃ (rs)dw1,s, m2,t ≡

1

γ

∫ t

0

e−βsσ2xsγW̃r(rs)dw̃s,

and W̃ (r) is defined by W̃ (r) ≡ eZ̃(r). It is not hard to verify that W̃ (r) is a classical
solution of (2.18).

From the definition of W̃ (r), we know that eẐ(r) ≤ W̃ (r) ≤ eZ̄(r). Thus, by virtue
of the definitions of Ẑ(r) and Z̄(r), we can get that W̃ (r) is bounded. In addition,
from Lemma 5.5, we know that Z̃r(r) is bounded. Since W̃r(r) = W̃ (r)Zr(r), W̃r(r) is
also bounded. Therefore, it is not hard to show that m1,t,m2,t are both martingales.

Now integrate (5.27) on [0, T ]. Since W̃ (r) is a classical solution of (2.18), it is
not hard to verify that Ṽ (x, r) is a classical solution of (2.14). Then we have

e−βT Ṽ (xT , rT ) − Ṽ (x, r) ≤ −
∫ T

0

e−βt 1

γ
(ctxt)

γdt + m1,T + m2,T .

Take expectation for both sides, and we can get

Ṽ (x, r) ≥ E

∫ T

0

e−βt 1

γ
(ctxt)

γdt + E
[
e−βT Ṽ (xT , rT )

]
(5.28)

= E

∫ T

0

e−βt 1

γ
(ctxt)

γdt +
1

γ
E
[
e−βTxγ

T W̃ (rT )
]
.

If J(x, r, u., c.) = −∞, then we must have

Ṽ (x, r) ≥ J(x, r, u., c.).(5.29)

Otherwise, if J(x, r, u., c.) > −∞, i.e.,∫ ∞

0

E
[
e−βtcγt x

γ
t

]
dt < ∞,(5.30)

we must have

lim inf
T→∞

E
[
e−βT cγTx

γ
T

]
= 0.(5.31)

In addition, it not hard to find a constant Λ such that

Λ[b1(r − b2)
2 + b3] ≥

[
A1(r −A2)

2 + A3

]
.

Therefore, since γ < 0, by virtue of (5.21), we can get

cγt ≥
[
A1(rt −A2)

2 + A3

]γ
≥ Λγ

[
b1(rt − b2)

2 + b3
]γ

≥ b3Λ
γb−1

3

[
b1(rt − b2)

2 + b3
]γ

≥ b3Λ
γ
[
b1(rt − b2)

2 + b3
]γ−1

≥ b3Λ
γW̃ (rt).



AN APPLICATION OF STOCHASTIC CONTROL THEORY 529

Combined with (5.31), this implies

lim inf
T→∞

E
[
e−βTxγ

T W̃ (rT )
]

= 0.(5.32)

Then, let T → ∞ in (5.28) and take lim inf, and we can get

Ṽ (x, r) ≥ J(x, r, u., c.).(5.33)

On the other hand, for u∗
t , c

∗
t defined by (5.26), since Z̃r(r) is bounded, it is not

hard to verify that

0 ≤ c∗t ≤ a1(rt − a2)
2 + a3 ∀t ≥ 0,(5.34)

E

∫ T

0

(u∗
t )

2dt < ∞ ∀T ≥ 0.(5.35)

So (5.21), (5.22) hold if we take A1 ≥ a1, A2 = a2, and A3 ≥ a3. Thus, to ensure
that (u∗, c∗) ∈ Π, we need to show that (5.23) holds for u∗

t , c
∗
t . By Ito’s rule, define

l̃(r, u) ≡ r + (b− r)u− 1
2σ

2
1u

2. Then using Ito’s rule, we can get

xt = x exp

{∫ t

0

[l̃(rs, u
∗
s) − c∗s]ds +

∫ t

0

σ1u
∗
sdw1,s

}
.

It is not hard to verify that e

∫ t

0
[4γσ1u

∗
sdw1,s−8γ2σ2

1(u∗
s)2ds]

is a positive supermartingale
which satisfies

Ee

∫ t

0
[4γσ1u

∗
sdw1,s−8γ2σ2

1(u∗
s)2ds] ≤ 1.

Given the above equality and by virtue of the Cauchy–Schwarz inequality, we can get

E
[
e−2βt(u∗

t )
2x2γ

t

]
≤ x2γe−2βt

(
E

[
(u∗

t )
4e

∫ t

0
4γ[l(rs,u

∗
s)−c∗s ]ds

]) 1
2

·
(
Ee

∫ t

0
[4γσ1u

∗
sdw1,s−8γ2σ2

1(u∗
s)2ds]

) 1
2

≤ x2γe−2βt

(
E

[
(u∗

t )
4e

∫ t

0
4γ[l(rs,u

∗
s)−c∗s ]ds

]) 1
2

≤ x2γe−2βt
(
E[(u∗

t )
8]
) 1

4 ·
(
Ee

∫ t

0
8γ[l(rs,u

∗
s)−c∗s ]ds

) 1
4

,

where

l(r, u) ≡ r + (b− r)u +

(
2γ − 1

2

)
σ2

1u
2.(5.36)

Since Z̃r is bounded, using the Cauchy–Schwarz inequality, we can get

l(rs, u
∗
s) ≥ Λ1 + rs +

(b− rs)
2

2σ2
1(1 − γ)2

(
1 +

5

2
γ

)
.(5.37)

In addition, by virtue of (5.34), (5.2), we can get

8γ[l(rs, u
∗
s) − c∗s] ≤ 8γ

[
Λ1 + Λ2rs +

(1 + 3γ)r2
s

2σ2
1(1 − γ)2

]
.(5.38)
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By Lemma 4.7, we can get that if (5.24) holds, then

Ee

∫ t

0
8γ[l(rs,u

∗
s)−c∗s ]ds ≤ Λ(T ) < ∞ ∀t ∈ [0, T ].(5.39)

In addition, since Z̃r(r) is bounded, we can get

E
[
(u∗

t )
8
]
≤ Λ(T ) < ∞ ∀t ∈ [0, T ].(5.40)

Therefore, we now have

E
[
e−2βt(u∗

t )
2x2γ

t

]
≤ Λ(T ) ∀t ∈ [0, T ],(5.41)

which implies (5.23). Thus, we have shown that (u∗
t , c

∗
t ) ∈ Π. Given this, instead of

(5.28), we can now get

Ṽ (x, r) = E

∫ T

0

e−βt 1

γ
(c∗txt)

γdt + E
[
e−βT Ṽ (xT , rT )

]
.(5.42)

Since Ṽ (xT , rT ) ≤ 0, we can get

Ṽ (x, r) ≤ E

∫ T

0

e−βt 1

γ
(c∗txt)

γdt.

Let T go to +∞; then we have

Ṽ (x, r) ≤ E

∫ ∞

0

e−βt 1

γ
(c∗txt)

γdt,

i.e.,

Ṽ (x, r) ≤ J(x, r, u∗
. , c

∗
. ).(5.43)

This completes the proof.
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Abstract. We consider the time optimal control problem for a semilinear parabolic control
system, where the target is the closed ball with center 0 and radius R ≥ 0 in a Hilbert space
X. In particular, we allow the origin of X to be the target. Using an appropriate Kružkov-type
transformation, we give an existence and uniqueness result for the associated Hamilton–Jacobi–
Bellman equation, even when the reachable set is not the whole space.
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1. Introduction. This paper is concerned with the time optimal control prob-
lem for the system

y′(t) = Ay(t) + f(y(t)) + u(t), t > 0, y(0) = x,(1)

where the operator A generates a C0-semigroup on a Hilbert space X, f is a Lipschitz
continuous function, and u(·) is a control taking values in Br, the closed ball of center
0 and radius r > 0 in X. Here, the problem we consider is to reach a given target set,
starting from the initial point x in minimum time T (x), by trajectories of the state
equation (1). We restrict our attention to the case where the target set is BR, the
closed ball of center 0 and radius R ≥ 0 in X. Since the literature on this problem
is huge, we refer the reader to some of the most recent monographs on this subject,
such as [2], [15], and [13].

The goal of this paper is to study the Hamilton–Jacobi–Bellman equation associ-
ated with our time optimal control problem. Such equations have been analyzed by
many authors using various approaches and—at times—different frameworks within
the same approach, as in [8], [9], [10], [11], [12], [14], [16], [17] and [5], where variants
of the viscosity solution method are proposed. The aforementioned results, however,
cannot be applied to the problem we are interested in due to the presence of boundary
conditions.

The viscosity solution technique was adapted to the specific case of Hamilton–
Jacobi–Bellman equations related to the minimum time problem in [3], for a nonlinear
case, as well as in [4], for a linear problem, obtaining existence and uniqueness results.
We point out that, in both [3] and [4], the reachable set R = {x ∈ X : T (x) < ∞}
is the whole space X, and the authors apply the Kružkov transformation W (x) =
1−e−T (x) in order to arrive at a new Hamiltonian, more suitable for getting uniqueness
under appropriate boundary conditions.
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The main purpose of this paper is to characterize W as the unique solution of the
associated Hamilton–Jacobi–Bellman equation, in case the reachable set is not nec-
essarily the whole space. A major difficulty to overcome is related to the behavior of
W at the boundary of the reachable set. More precisely, our technique for uniqueness
requires W to be uniformly continuous, as well as sequentially weakly continuous, on
∂R.

The key idea of our approach is to modify the Kružkov transformation as follows:

W (x) =

{
1 − e−kT (x) for x ∈ R,
1 for x �∈ R,

where k > 0 is a constant to be chosen so that W be differentiable on X \ R. This is
indeed possible since, as we will show, T (x) has a logarithmic behavior near ∂R; see
Proposition 3.3.

Some technical tools of our method are built on the results of [1], where regularity
properties of the minimum time function are obtained for system (1) with a target of
the form BR, R > 0. In order to recover the smoothness of W on ∂R that is needed
to handle the Hamilton–Jacobi–Bellman equation, we had to produce a finer version
of the Lipschitz regularity result of [1]. It is worth noting that such a regularity result
holds for a point target (R = 0) as well.

The outline of this paper is the following. In section 2 we recall known results
on semiconcave functions and generalized gradients. Section 3 is focussed on the
regularity properties of the minimum time function, while section 4 contains our
existence and uniqueness result for the Hamilton–Jacobi–Bellman equation.

2. Preliminaries. Throughout this paper we denote by X a Hilbert space with
scalar product 〈·, ·〉 and norm | · |. We denote by ‖ · ‖ the standard norm of a linear
operator between Banach spaces. For any R ≥ 0 and x ∈ X, BR(x) stands for the
closed ball of radius R centered at x, that is,

BR(x) = {y ∈ X : |y − x| ≤ R} .

We abbreviate BR = BR(0).
Let us recall the definition of semiconcave functions, a basic notion for our ap-

proach. Indeed, if the target is a closed ball BR with R > 0, then both the minimum
time function and its Kružkov transformation are semiconcave on the reachable set.

Definition 2.1. Given α ∈ (0, 1] and Ω an open subset of X, a function g : Ω →
R is said to be semiconcave with exponent α (or with modulus Crα) if, for any point
x0 ∈ Ω, there exist ρ > 0 and C ≥ 0 such that

g(x) + g(y) − 2g

(
x + y

2

)
≤ C|x− y|1+α

for all x, y ∈ Bρ(x0).
Semiconcave functions share many properties with concave functions; see, e.g.,

[1]. We now recall two such properties that will be used later on in the paper.
Recall first the notion of superdifferential of g in x ∈ Ω, D+g(x). Namely,

D+g(x) =

{
p ∈ X : lim sup

y→x

g(y) − g(x) − 〈p, y − x〉
|y − x| ≤ 0

}
.

Similarly, the subdifferential of g in x ∈ Ω is defined as

D−g(x) =

{
p ∈ X : lim inf

y→x

g(y) − g(x) − 〈p, y − x〉
|y − x| ≥ 0

}
.
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Proposition 2.2. For a semiconcave function g with exponent α, the superdif-
ferential D+g(x) is nonempty for any x ∈ Ω. Moreover, for any x0 ∈ Ω there exist
γ > 0 and C > 0 such that

g(y) − g(x) − 〈p, y − x〉 ≤ C|y − x|1+α ∀x, y ∈ Bγ(x0), p ∈ D+g(x).(2)

Another property of the minimum time function that plays a prominent role in
our approach is a stronger variant of the local Lipschitz continuity. It is a Lipschitz
property, labelled below as (Pθ), with respect to a weaker norm on X, x �→ |(−A)−θx|,
where θ ∈ (0, 1], (−A)−θ is the inverse of the fractional power of −A and A is the
generator of an analytic semigroup of type −ω with ω > 0. Recall that the semigroup
S(t) is of type −ω if it satisfies the property

‖S(t)‖ ≤ e−ωt ∀t ≥ 0.(3)

Proposition 2.3. Let θ ∈ (0, 1] and let g : Ω → R. Suppose that

(Pθ) for any x0 ∈ Ω there exist δ,K > 0 such that

|g(x) − g(z)| ≤ K|(−A)−θ(x− z)| ∀x, z ∈ Bδ(x0).

Then

D+g(x), D−g(x) ⊂ D((−A)θ) ∀x ∈ Ω

and

|(−A)θp| ≤ K ∀x ∈ Bδ(x0), ∀p ∈ D+g(x), ∀p ∈ D−g(x).

Proof. A proof for the case of θ = 1 is given in [4]. To assist the reader, we outline
here the proof of the general case. Given y ∈ B1 and λ > 0 small enough, we have

−〈p, y〉 ≤ g(x + λy) − g(x) − 〈p, λy〉
λ

+
|g(x + λy) − g(x)|

λ

for all x in a neighborhood of x0. By letting λ → 0, we obtain

−〈p, y〉 ≤ K|(−A)−θy| ∀p ∈ D+g(x).

Since this holds for any y ∈ B1, we get that p ∈ D((−A)θ) and |(−A)θp| ≤ K. For
p ∈ D−g(x) we start with the inequality

−〈p, y〉 ≥ g(x + λy) − g(x) − 〈p, λy〉
λ

− |g(x + λy) − g(x)|
λ

and proceed as above.
Property (Pθ) and the semiconcavity of g yield a useful result for the graph of

D+g.
Proposition 2.4. Suppose that a function g : Ω → R is semiconcave with some

exponent α > 0 and satisfies property (Pθ) for some θ ∈ (0, 1]. Let {xn}, {pn} be
given sequences in X such that pn ∈ D+g(xn) and xn → x strongly. Then, at least
on a subsequence, (−A)θpn → q weakly for some q ∈ X, pn → (−A)−θq weakly, and
(−A)−θq ∈ D+g(x).
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Proof. By Proposition 2.3 we get that {(−A)θpn} is a bounded sequence in X.
Hence, it admits a subsequence (still labelled {(−A)θpn}) that weakly converges to
some q ∈ X. Since operator (−A)−θ is bounded, we have pn → (−A)−θq weakly.
Next, by (2) we obtain

g(y) − g(xn) − 〈pn, y − xn〉 ≤ C|y − xn|1+α

for any y in a neighborhood of x and for any n sufficiently large. Letting n → ∞ and
then y → x, we conclude that (−A)−θq ∈ D+g(x), as claimed.

We end this section recalling some facts about proximal gradients, a notion that
plays a basic role in the study of the Bellman equation in case the target is the origin
of X. We refer the reader to [7, p. 27] for details. For our purposes here, it is suitable
to take the characterization given in [7, Theorem 2.5] as the definition of the proximal
subdifferential of g at x, namely,

∂P g(x) = {ζ ∈ H : ∃σ, ρ > 0; g(y) − g(x) + σ|y − x|2 ≥ 〈ζ, y − x〉 ∀y ∈ Bρ(x)}.

Clearly ∂P g(x) ⊆ D−g(x). Further, the following proposition, proved in [7, pp. 37–
38], will be useful in what follows.

Proposition 2.5. Assume that g : X → R is lower semicontinuous.
(a) If g has a local minimum at x, then 0 ∈ ∂P g(x).
(b) If h : X → R is of class C2 in a neighborhood of x, then

ζ ∈ ∂P (g + h)(x) ⇒ ζ −Dh(x) ∈ ∂P g(x),

where Dh(x) is the Fréchet derivative of h in x.
The proximal superdifferential of g at x is defined as

∂P g(x) = {ζ ∈ H : ∃σ, ρ > 0; g(y) − g(x) − σ|y − x|2 ≤ 〈ζ, y − x〉 ∀y ∈ Bρ(x)}.

Since ∂P g(x) = −∂P (−g)(x), a similar result as in Proposition 2.5 holds with upper
instead of lower and maximum instead of minimum.

3. The minimum time function. First, let us list the basic assumptions we
shall refer to in what follows.

(H1) X is a Hilbert space with scalar product 〈·, ·〉 and norm | · |, and A : D(A) ⊂
X → X is the infinitesimal generator of an analytic semigroup S(t), t ≥ 0,
on X. Further, A is self-adjoint and satisfies

〈Ax, x〉 ≤ −ω|x|2 ∀x ∈ D(A),

for some constant ω > 0.
(H2) f : X → X is a Lipschitz continuous function satisfying, for some constant

L > 0,

|f(x) − f(y)| ≤ L|x− y| ∀x, y ∈ X,

f(0) = 0.

(H3) Two constants r > 0 and R ≥ 0 are given such that (L− ω)R < r.
(H4) The function f above is Gâteaux differentiable on X and there exist θ1 ∈

(0, 1/2), α ∈ (0, 1], and C ′ such that

|f(x + y) − f(x) − δf(x)y| ≤ C ′|(−A)θ1y|1+α
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for all x, y ∈ D((−A)θ1). Moreover, the map x �→ δf(x) is strongly continuous
on X; that is, for any sequence {xn} in X,

lim
n→∞

xn = x∞ ⇒ lim
n→∞

δf(xn)x = δf(x∞)x ∀x ∈ X.

(H5) S(·) is a compact semigroup; i.e., for any t > 0, S(t) is a compact operator.
Let U be the set of all control strategies (or, briefly, controls), i.e., measurable

functions u : [0,∞) → Br. For x ∈ X and u ∈ U , consider the mild solution of
(1) which satisfies the initial condition y(0) = x, i.e., a function y ∈ C([0,∞);X)
satisfying

y(t) = S(t)x +

∫ t

0

S(t− s)[f(y(s)) + u(s)]ds.(4)

We call such a solution the trajectory of system (1) starting from x with control u and
denote it by y(·, x, u). For any x ∈ X, and any control u we define

τ(x, u) = min{t ≥ 0 : y(t, x, u) ∈ BR} ∈ [0,∞],

called the transition time from x to BR. Define now the reachable set R as the set of
all points x such that τ(x, u) < ∞ for some u. A control u at which τ(x, ·) attains
its minimum is called optimal for x, and the corresponding solution y(·, x, u) of (1) is
called the optimal trajectory. Finally, define the minimum time function as

T : R → [0,∞), T (x) = inf
u∈U

τ(x, u).

It is well known that assumption (H1) implies that semigroup S(·) satisfies (3).
Moreover, the fractional powers of −A, denoted by (−A)θ, are well defined for any
θ ∈ [0, 1] and satisfy

|(−A)θS(t)x| ≤ Mθ

tθ
|x| ∀x ∈ X, t > 0,

|x| ≤ M ′
θ|(−A)θx| ∀x ∈ D((−A)θ)

for some constants Mθ,M
′
θ > 0. These facts are used to prove that the minimum time

function satisfies property (Pθ).
Assumption (H4) is used to prove that, in case the target is BR with R > 0, the

minimum time function is semiconcave with exponent α; see [1, Theorem 4.3].
In the next propositions we gather some basic properties of the trajectories of (1),

the reachable set, and the associated minimum time function.
Proposition 3.1. Assume (H1), (H2), and (H3). Then the following properties

hold:
(i) In case L − ω > 0, for every x ∈ X satisfying R < |x| < r/(L − ω) a control

strategy u∗ exists such that the corresponding trajectory of (1) reaches the target BR

with R ≥ 0 and satisfies

|y(t, x, u∗)| ≤ e(L−ω)t

(
|x| − r

L− ω

)
+

r

L− ω
(5)

for any

0 ≤ t ≤ τ(x, u∗) ≤ 1

L− ω
log

r
L−ω −R
r

L−ω − |x| .
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(ii) In case L − ω ≤ 0, for any x ∈ X a control strategy u∗ exists such that the
corresponding trajectory of (1) reaches BR with R ≥ 0 and satisfies

|y(t, x, u∗)| ≤ |x| − rt(6)

for any 0 ≤ t ≤ τ(x, u∗) ≤ (|x| −R)r−1.
Remark 3.1. The above proposition is a considerable extension of [1, Lemma 3.6

(i)], where the authors proved (5) for t ≤ ω−1 log(1 + r−1ω|x|). Indeed, under the
last restriction one does not get controllability to the target BR with R > 0 for
all points satisfying |x| < r/(L − ω). Nor does one get null controllability at all.
Finally, the results provided by Proposition 3.1 hold in any Banach space and for any
C0-semigroup satisfying ‖S(t)‖ ≤ e−ωt for some ω ∈ R.

Proof of Proposition 3.1. (i) First, let us consider the case R > 0. Observe that
the function

FR(y) =

{
− r

Ry if |y| ≤ R,

−r y
|y| if |y| ≥ R

is Lipschitz continuous in X. Then, for every x ∈ D(A), the equation

y′(t) = Ay(t) + f(y(t)) + FR(y(t)), t > 0,(7)

has a unique classical solution on each interval [0, T ] satisfying y(0) = x (see, e.g., [6,
p. 60]). Multiplying (7) by y(t) and taking into account that

〈y′(t), y(t)〉 =
1

2

d

dt
|y(t)|2 ∀t > 0,

we easily get

|y(t)| d
dt

|y(t)| ≤ (L− ω)|y(t)|2 − r |y(t)|

for t ∈ [0, t̃], where t̃ is the minimum of t for which y(t) ∈ BR. Then,

|y(t)| ≤ |x| − rt + (L− ω)

∫ t

0

|y(t)| ds ∀t ∈ [0, t̃],

which, if L − ω ≤ 0, immediately gives (6). In case L − ω > 0, (5) follows from
the above inequality and Gronwall’s lemma. Notice that the existence of time t̃ is a
consequence of (5) and (6).

Therefore, (5) and (6) have been proven for every x ∈ D(A). By a density
argument, they also hold for any x ∈ X. Thus, the desired control is

u∗(t) =
−ry(t)

|y(t)| .(8)

In the case of R = 0, we observe that, if R1 < R2, then the corresponding times t̃1
and t̃2 satisfy t̃1 > t̃2, while the corresponding solutions of (7), y1(·) and y2(·), satisfy

y1(t) = y2(t) ∀t ∈ [0, t̃2].

In other words, the trajectory of (7) does not depend on R > 0 until it reaches BR.
Taking a sequence Rn decreasing to 0, we get a sequence t̃n increasing to some t that
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satisfies the inequalities requested in (i) or (ii). The proof ends by considering the
control given by (8) on [0, t].

Remark 3.2. The above proof shows that for any x ∈ BR there exists a control
strategy u∗ keeping the corresponding trajectory y(t, x, u∗) inside BR for every t ≥ 0.
Indeed, for R = 0 it suffices to take u∗ ≡ 0, while, for R > 0, one can take the
feedback control u∗ given in (8) until y reaches the origin, and then 0.

In the next proposition d(x) denotes the distance of x from the target, that is,

d(x) = max{|x| −R, 0}, x ∈ X .

Proposition 3.2. Assume (H1), (H2), and (H3).
(i) In case L− ω > 0, for any ρ ∈ (0, r/(L− ω) −R) we have

T (x) ≤ d(x)

r − (R + ρ)(L− ω)

for all points x satisfying d(x) ≤ ρ.
(ii) In case L− ω ≤ 0 we have

T (x) ≤ d(x)

r

for every x ∈ X.
The proof goes as in [1, Proposition 3.8] and is based on Proposition 3.1 above.
Remark 3.3. The Lipschitz continuity of T around the target, which plays a basic

role in our analysis, is essentially a consequence of the fact that we have full control
for the state equation (1). The same property can be obtained, using the same idea,
in case the state equation is

y′(t) = Ay(t) + f(y(t)) + Du(t),(9)

where D is a bounded linear operator from a Banach space Uonto X. In fact, assuming
that controls take values in Br, the closed ball of center 0 and radius r in U , let us
note that, by the open mapping theorem, there exists a ball Bp in X, contained in
the image of Br under D. Then, reasoning as above and using Filippov’s selection
theorem, we obtain the Lipschitz property around the target for the minimum time
function for (9) with target BR, R ≥ 0.

Let us now show that the surjectivity of D is a necessary condition in order for T
to be Lipschitz around the point target 0. Indeed, assume that there exist ρ > 0 and
γ > 0 such that T (x) ≤ γ|x| for every x ∈ Bρ. This implies that, if |x| ≤ t/γ, then x
can be transferred to 0 in time t by some control strategy ū. Hence,

S(t)x = −
∫ t

0

S(t− s)[f(y(s, x, ū)) + Dū(s)]ds.

Taking the scalar product of the both sides with a fixed element x∗ in X (or in the
dual of X, should X be a reflexive Banach space), we get

〈x, S∗(t)x∗〉 ≤ L

∫ t

0

|S∗(t− s)x∗||y(s, x, u)|ds + r

∫ t

0

|D∗S∗(s)x∗|ds.(10)

Notice that, arguing by Gronwall’s inequality as in [1, Lemma 3.6], we have

|y(t, x, ū)| ≤ e(L−ω)t

(
|x| + r‖D‖

L− ω

)
− r‖D‖

L− ω
∀t ≥ 0.
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Using this inequality in (10), we obtain

〈x, S∗(t)x∗〉 ≤ Lt

γ
|x∗|

∫ t

0

eω(s−t)+(L−ω)tds

+L|x∗| r‖D‖
L− ω

∫ t

0

eω(s−t)[e(L−ω)t − 1]ds + r

∫ t

0

|D∗S∗(s)x∗|ds.

Finally, take the supremum for x ∈ Bt/γ , divide by t, and let t ↓ 0 to obtain

C|x∗| ≤ |D∗x∗| ∀x∗ ∈ X

for some constant C > 0. This implies the surjectivity of D, as claimed.
It is well known that, in finite dimensional control theory, the Lipschitz continuity

of T around the target is equivalent to the so-called Petrov condition. It is easy to
see that, when dimX < ∞, the Petrov condition for (9) reduces to the surjectivity
of D.

The next result shows that the Lipschitz property around the target yields the
local Lipschitz continuity of T on the whole reachable set, as well as a precise estimate
of the behavior of T near the boundary, ∂R, of the reachable set. To this end, the
following well-known dynamic programming principle is a main tool: for any x ∈ R
and for any control u,

T (x) ≤ t + T (y(t, x, u)) ∀t ∈ [0, τ(x, u)].(11)

Furthermore, equality holds in (11) if and only if u is optimal for x.
Proposition 3.3. Assume (H1), (H2), and (H3).
(i) Suppose L− ω > 0, let ρ ∈ (0, r/(L− ω) −R), and define

γ =
1

r − (R + ρ)(L− ω)
.

If x ∈ R and z is such that

|z − x| ≤ ρ e−(L−ω)T (x),

then z ∈ R and

T (z) ≤ T (x) + γ e(L−ω)T (x)|x− z|.

Moreover, the reachable set R is open, and the minimum time function is
locally Lipschitz continuous on R.

(ii) If L−ω ≤ 0, then the minimum time function is globally Lipschitz continuous
on X. More precisely, for any x, z ∈ X we have

|T (z) − T (x)| ≤ 1

r
|x− z|.

(iii) For every x ∈ R and z /∈ R we have

T (x) ≥ − 1

L− ω
log

|x− z|
ρ

.

Consequently,

lim
x→z

T (x) = ∞ ∀z ∈ ∂R.



540 PIERMARCO CANNARSA AND OVIDIU CÂRJĂ

Proof. (i) Recall first that, for any x, z ∈ X and any control strategy u, we have

|y(t, x, u) − y(t, z, u)| ≤ e(L−ω)t|x− z| ∀t ≥ 0.(12)

This follows easily by the Gronwall inequality. Without loss of generality, we can
assume the existence of an optimal control u for x. In the general case, the conclusion
follows by an approximation argument. Since y(T (x), x, u) ∈ BR, by using (12) we
get

d(y(T (x), z, u)) ≤ e(L−ω)T (x)|x− z| ≤ ρ,

so y(T (x), z, u) ∈ R, which, in turn, implies that z ∈ R and

T (y(T (x), z, u)) ≤ γe(L−ω)T (x)|x− z|.

Here, we have used Proposition 3.2. Now, apply the dynamic programming principle
to obtain the first part of the claim in (i). To conclude the proof of (i), for each
x0 ∈ R, take

δ =
ρ

2
e−(L−ω)(T (x0)+γρ)

and observe that, from the first part, we have

|T (x1) − T (x2)| ≤ γe(L−ω)(T (x0)+γρ)|x1 − x2|

for every x1, x2 ∈ Bδ(x0).
Similar arguments can be used to prove (ii). For the proof of (iii), let us recall,

first, that we are assuming L− ω > 0. Suppose (L− ω)T (x) < − log |x− z|/ρ. Then
we would have |x− z| < ρe−(L−ω)T (x). This, along with (i), implies the contradiction
z ∈ R.

In the next proposition we show that, if S(·) is compact, then the minimum
time function is sequentially weakly continuous. For this, we will use a well-known
compactness result.

Lemma 3.4. Let 0 < a < t, let {xn} be a sequence, weakly convergent to x,
and {un} be a sequence weakly convergent to u in L2(0, t;X). Then, y(·, xn, un) →
y(·, x, u) in C([a, t];X).

Proof. The proof is standard and relies on the compactness of the operator ϕ �→
P (ϕ) from Lp(0, t;X), p > 1, to C([0, t];X), where

P (ϕ)(s) =

∫ s

0

S(s− τ)ϕ(τ) dτ

(see [15, p. 104]).
Proposition 3.5. Assume (H1), (H2), (H3), and (H5).
(i) If x ∈ R and xn → x weakly, then, for n large enough, we have xn ∈ R and

T (xn) → T (x).
(ii) For any x /∈ R and any sequence {xn}, contained in R and weakly convergent

to x,

lim
n→∞

T (xn) = ∞.
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Proof. In this proof we shall assume L − ω > 0, the reasoning being simpler for
L− ω ≤ 0.

In order to prove the first statement of (i), let t̄ > 0 be such that y(t̄, x, 0) ∈ R
(this is possible because R is open). Then, by Lemma 3.4, y(t̄, xn, 0) ∈ R for n
sufficiently large. This clearly implies that xn ∈ R.

Now, take a subsequence {xnk
} such that

T (xnk
) → T ∗ = lim sup

n→∞
T (xn),

and fix ε > 0. Again by Lemma 3.4, we have that y(ε, xnk
, 0) → y(ε, x, 0). Thus,

T (y(ε, xnk
, 0)) converges to T (y(ε, x, 0)) as k → ∞. By the dynamic programming

principle (11), we get

T (xnk
) ≤ ε + T (y(ε, xnk

, 0)) .

Therefore, T ∗ ≤ ε+T (y(ε, x, 0)). Let ε → 0 to obtain lim supn→∞ T (xn) ≤ T (x). We
have thus proven that T (·) is sequentially weakly upper semicontinuous at x.

Next, let us show that T (·) is sequentially weakly lower semicontinuous at x. To
this end, take a subsequence {xnk

} such that

T (xnk
) → T# = lim inf

n→∞
T (xn).

First, suppose T# > 0 and, having fixed 0 < ε < T#, let unk
be the time optimal

control for xnk
. By Lemma 3.4, we may assume with no loss of generality (by extract-

ing a subsequence if necessary) that there exists some control strategy u such that
y(ε, xnk

, unk
) → y(ε, x, u) strongly. Taking into account the dynamic programming

principle, we have

T (xnk
) = ε + T (y(ε, xnk

, unk
)),

which implies that T (y(ε, xnk
, unk

)) ≤ M for some M > 0. Let ρ ∈ (0, r/(L−ω)−R),
and let k0 be such that

|y(ε, x, u) − y(ε, xnk
, unk

)| ≤ ρ e−(L−ω)M

for every k > k0. By Proposition 3.3 we obtain that y(ε, x, u) ∈ R and

T (y(ε, x, u)) ≤ T (y(ε, xnk
, unk

)) + γ e(L−ω)M |y(ε, xnk
, unk

) − y(ε, x, u)|

for every k > k0. Therefore,

T (xnk
) = ε+T (y(ε, xnk

, unk
)) ≥ ε+T (y(ε, x, u))−γ e(L−ω)M |y(ε, xnk

, unk
)−y(ε, x, u)|.

Let k → ∞ and then ε → 0 to obtain lim infn→∞ T (xn) ≥ T (x). Now, let us
suppose T# = 0 and prove that T (x) = 0. To this end, fix ε > 0 and note that
T (xnk

) < ε for k sufficiently large. Then, for xnk
define a control strategy, vk, on

[0, ε] as follows: on [0, T (xnk
)], vk equals the time optimal control steering xnk

to BR,
and on [T (xnk

), ε], vk is any control strategy that forces the trajectory to remain in
BR. This is possible in view of Remark 3.2. Taking into account that (at least on
a subsequence) y(ε, xnk

, vk) → y(ε, x, u) for some control strategy u, we deduce that
y(ε, x, u) ∈ BR, and hence T (x) ≤ ε. Since this fact holds for any ε > 0, we get
T (x) = 0, as claimed.
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To prove (ii), consider x /∈ R, take a sequence {xn} in R weakly convergent to x,
and assume, by contradiction, that

lim inf
n→∞

T (xn) < ∞.

Arguing as in the above proof of the lower semicontinuity of T , we get that
y(ε, x, u) ∈ R. This clearly implies that x ∈ R, a contradiction. Thus, lim infn→∞
T (xn) = ∞.

We end this section by recalling some results of [1] concerning the semiconcavity
of the minimum time function and property (Pθ).

Proposition 3.6. Assume (H1), (H2), and (H3). Then the minimum time
function satisfies property (Pθ) for any θ ∈ [0, 1). If, in addition, (H4) holds and
the target is BR with R > 0, then the minimum time function is semiconcave with
exponent α.

We note that, in [1], only the case of R > 0 is considered. However, taking into
account Proposition 3.3, one can use the same arguments to recover property (Pθ) in
the case of R = 0.

4. The Bellman equation. Let us introduce a variant of the Kružkov trans-
formation that we shall use in this section, namely the function W : X → R defined
by

W (x) =

{
1 − e−2(L−ω)T (x) if x ∈ R,
1 if x /∈ R.

(13)

Since the value function is known to be semiconcave only in the case of R > 0, we
shall give two results for the Hamilton–Jacobi–Bellman equation. The former assumes
semiconcavity and therefore applies only if R > 0; the latter applies to the general
case R ≥ 0.

Theorem 4.1. Assume (H1)–(H5), and consider the target BR with R > 0.
Then the Kružkov transformation W defined by (13) is the unique function from X
to R which satisfies the following properties:

(a) W is sequentially weakly continuous.
(b) ∅ �= D+W (x) ⊂ D((−A)θ)) for any x ∈ X \BR and for any θ ∈ (0, 1).
(c) There exist ρ > 0 and M > 0 such that if |z − x| ≤ ρ

√
1 −W (x), then

W (z) −W (x) ≤ M
√

1 −W (x)|z − x|.

(d) W (x) = 0 for any x ∈ BR, and W (x) ∈ [0, 1] for any x ∈ X.
(e) W satisfies the Hamilton–Jacobi–Bellman equation in the following sense: for

any x ∈ X \BR with x ∈ ∩θ∈(0,1)D((−A)θ) and for any γ ∈ (0, 1),
(i) there exists p ∈ D+W (x) such that

r |p| + 〈(−A)1−γp, (−A)γx〉 − 〈p, f(x)〉 + 2(L− ω)W (x) ≥ 2(L− ω);

(ii) for any p ∈ D+W (x) we have

r |p| + 〈(−A)1−γp, (−A)γx〉 − 〈p, f(x)〉 + 2(L− ω)W (x) ≤ 2(L− ω).

Proof. Let us show, first, that the function W defined by (13) satisfies properties
(a)–(e). To begin with, we note that property (a) follows from Proposition 3.5, while
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(d) is obvious. In order to prove (c), we use the elementary inequality 1− et ≤ −t to
obtain

W (z) −W (x) ≤ 2(L− ω)e−2(L−ω)T (x)(T (z) − T (x)) .

This, in view of Proposition 3.3, gives

W (z) −W (x) ≤ 2(L− ω)γ e−(L−ω)T (x)|z − x|,

and hence the conclusion. Let us now prove (b). For any x ∈ R, we have ∅ �=
D+W (x) because, when restricted to R, W is semiconcave together with T on R (see
Proposition 3.6). Furthermore, D+W (x) ⊂ D((−A)θ) for any θ ∈ (0, 1) because of
Proposition 2.3. To complete the proof of (b), we observe that

0 ≤ W (x) −W (z) ≤ 1

ρ2
|z − x|2 ∀x /∈ R, z ∈ R.(14)

This follows by Proposition 3.3(iii) and easily implies that

D+W (x) = {0} ∀x /∈ R.(15)

Next, let us prove (e). Let x ∈ X \ BR be such that x ∈ ∩θ∈(0,1)D((−A)θ), and
take γ ∈ (0, 1). Let us observe first that, owing to (15), both (i) and (ii) are verified
in case x /∈ R. Now, take x ∈ R. To prove (i), let u(·) be an optimal control strategy
for x and apply the Lebourg’s mean value theorem to deduce that, for any t small
enough, there exists a point xt in the segment joining y(t) = y(t, x, u) to x, and an
element pt ∈ D+W (xt) such that

W (x) −W (y(t)) = 〈pt, x− y(t)〉.

By the dynamic programming principle and the definition of W we obtain

ekt − 1

t
(1 −W (x)) =

〈
pt,

x− y(t)

t

〉
.

Hereafter, we set k = 2(L − ω) for simplicity. By Propositions 2.4 and 3.6, there
exists a sequence {tn} such that tn → 0 and (−A)1−γpn → (−A)1−γp weakly, for
some p ∈ D+W (x). In particular, pn → p weakly. (We have written, for simplicity,
pn instead of ptn .) Reasoning as in [1, p. 943], we first get

lim
n→∞

〈
pn,

S(t)x− x

t

〉
= − lim

n→∞

1

tn

∫ tn

0

〈(−A)1−γpn, (−A)γS(s)x〉 ds

= −〈(−A)1−γp, (−A)γx〉

and then

lim inf
n→∞

〈
pn,

x− y(tn)

tn

〉
≤ 〈(−A)1−γp, (−A)γx〉 − 〈p, f(x)〉 + r|p|.

This ends the proof of (i).
To prove (ii), take p ∈ D+W (x), v ∈ Br and denote by y(·) the trajectory of (1)

associated with the constant control u(t) = v. We have

W (y(t)) −W (x) = (1 −W (x))(1 − e−k(T (y(t))−T (x))) ≥ (1 −W (x))(1 − ekt);
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thus

W (y(t)) −W (x)

t
≥ (1 −W (x))

1 − ekt

t
.

In order to evaluate the left-hand side of the above inequality we use (2), taking into
account that W is semiconcave on R. We have

W (y(t)) −W (x)

t
≤

〈
p,

y(t) − x

t

〉
+ C

1

t
|y(t) − x|1+α(16)

for t sufficiently small. Reasoning as above, we get

lim
t↓ 0

〈
p,

y(t) − x

t

〉
≤ −〈(−A)1−γp, (−A)γx〉 + 〈p, f(x)〉 + 〈p, u〉.

Now,

lim
t↓ 0

1

t
|y(t) − x|1+α = 0

since x ∈ D((−A)θ) with θ > 1/(1 + α). Thus, the last three inequalities imply

kW (x) + 〈(−A)1−γp, (−A)γx〉 − 〈p, f(x)〉 + 〈−p, u〉 ≤ k

for each u ∈ Br, yielding the conclusion. We have thus proven that the Kružkov
transformation (13) satisfies all the properties (a)–(e).

To prove uniqueness, we will use the viscosity approach and borrow an idea from
[4]. Let us show that two functions W1 and W2 satisfying (a)–(e) must coincide. Since
we can exchange the role of W1 and W2, it is enough to prove that W1 ≤ W2. For
any 0 < ε < 1, consider the function

Φε(x, y) = W1(x) −W2(y) −
1

2ε
|x− y|2 − ε

2
(|x|2 + |y|2) ∀x, y ∈ X.

The function Φε is weakly upper semicontinuous and tends to −∞ as |(x, y)| → ∞.
Therefore, it attains its maximum at some point (xε, yε). With no loss of generality,
we can restrict the analysis to the case when max Φε is positive and ε is small enough,
since otherwise we get the conclusion immediately. We proceed by a sequence of steps,
beginning with an estimate on |xε − yε|.

Step 1. Let us prove that

1

ε
|xε − yε|2 ≤ C

√
ε.(17)

(Hereafter, we denote by C any positive constant independent of ε.) An easy compu-
tation, based on the inequality 2Φε(xε, yε) ≥ Φε(xε, xε) + Φε(yε, yε), shows that

1

ε
|xε − yε|2 ≤ W1(xε) −W1(yε) + W2(xε) −W2(yε),(18)

whence

1

ε
|xε − yε|2 ≤ 2.

In order to prove (17), suppose W1(xε)−W1(yε) ≤ W2(xε)−W2(yε). In case W2(xε)−
W2(yε) ≤ W1(xε)−W1(yε), we work with W1 instead of W2 as follows. We distinguish
two cases, as follows:
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Case 1:
√

2ε ≤ ρ
√

1 −W2(yε). In this case we have |xε − yε| ≤ ρ
√

1 −W2(yε),
which, by (c), gives

W2(xε) −W2(yε) ≤ M |xε − yε| ≤ M
√

2ε.

Hence, by (18), we obtain

1

ε
|xε − yε|2 ≤ 2M

√
2ε.

Case 2:
√

2ε ≥ ρ
√

1 −W2(yε). Since W2(xε) −W2(yε) ≤ 1 −W2(yε), we easily
obtain

1

ε
|xε − yε|2 ≤ 4ε

ρ2
,

and (17) follows.
Step 2. Suppose yε ∈ BR. Then, for any x ∈ X,

W1(x) −W2(x) ≤ Φε(xε, yε) + ε |x|2 ≤ W1(xε) + ε |x|2 .

By Step 1, we have that |xε − yε| ≤ ρ for ε small, so, by (c), we get

W1(xε) −W1(yε) ≤ M |xε − yε| ≤ M
√

2ε.

Since W1(yε) = 0, we finally obtain

W1(x) −W2(x) ≤ M
√

2ε + ε|x|2.

Step 3. Suppose now that yε /∈ BR, and observe that xε /∈ BR since max Φε > 0.
Define

φ(x) = W2(yε) +
1

2ε
|x− yε|2 +

ε

2
(|x|2 + |yε|2).

Then W1 − φ attains its maximum at xε. This implies that

Dφ(xε) ∈ D+W1(xε).(19)

Analogously, for

ψ(y) = W2(xε) −
1

2ε
|xε − y|2 − ε

2
(|xε|2 + |y|2)

we get

Dψ(yε) ∈ D−W2(yε).(20)

Since, by (b), D+W2(yε) �= ∅, we deduce that

D+W2(yε) = D−W2(yε) = Dψ(yε).

Furthermore, since Dφ(xε) = ε−1(xε − yε) + ε xε and Dψ(yε) = ε−1(xε − yε) − ε yε,
and since, again by (b), Dφ(xε), Dψ(yε) ⊂ D((−A)θ) for any θ ∈ (0, 1), we obtain
xε, yε ∈ D((−A)θ) for any θ ∈ (0, 1). Now, apply (e) with some γ ∈ (0, 1) to obtain

r |Dψ(yε)| + 〈(−A)1−γDψ(yε), (−A)γyε〉 − 〈Dψ(yε), f(yε)〉 + kW2(yε) ≥ k
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and

r |Dφ(xε)| + 〈(−A)1−γDφ(xε), (−A)γxε〉 − 〈Dφ(xε), f(xε)〉 + kW1(xε) ≤ k.

Taking the difference of the last two estimates and recalling assumption (H2), we
conclude that

W1(xε) −W2(yε) ≤
r

k
|Dφ(xε) −Dψ(yε)| + Cε(|xε|2 + |yε|2) +

L

kε
|xε − yε|2

≤ εC(|xε| + |yε| + |xε|2 + |yε|2) + C
√
ε.

Step 4. We make estimates on |xε|, |yε|. Given δ > 0, let xδ ∈ X be such that

W1(xδ) −W2(xδ) > sup
x∈X

(W1(x) −W2(x)) − δ.

Then

W1(xε) −W2(yε) −
1

2ε
|xε − yε|2 ≤ W1(xε) −W2(xε) + W2(xε) −W2(yε)

≤ W1(xδ) −W2(xδ) + δ + W2(xε) −W2(yε).

Therefore,

ε

2
(|xε|2 + |yε|2)≤ −Φε(xε, yε) + W1(xδ) −W2(xδ) + δ + W2(xε) −W2(yε)

≤ −Φε(xδ, xδ) + W1(xδ) −W2(xδ) + δ + W2(xε) −W2(yε)

= ε|xδ|2 + δ + W2(xε) −W2(yε).

If W2(yε) = 1, then W2(xε) −W2(yε) ≤ 0, so that

ε

2
(|xε|2 + |yε|2) ≤ ε|xδ|2 + δ.

If, on the contrary, W2(yε) < 1, then we proceed as in Step 1 by considering two
cases. In case

√
2ε ≤ ρ

√
1 −W2(yε), we get

ε

2
(|xε|2 + |yε|2) ≤ ε|xδ|2 + δ + M

√
2ε,

whereas, in case
√

2ε ≥ ρ
√

1 −W2(yε), we obtain

ε

2
(|xε|2 + |yε|2) ≤ ε|xδ|2 + Cε.

Since δ > 0 is arbitrary, in both cases we have

lim
ε→0

ε(|xε|2 + |yε|2) = 0.

Step 5. Conclusion: for any x ∈ X we have

W1(x) −W2(x) ≤ Φε(xε, yε) + ε |x|2 ≤ W1(xε) −W2(yε) + ε|x|2

≤ Cε(|xε| + |yε| + |xε|2 + |yε|2) + C
√
ε + ε|x|2.

Letting ε → 0, we obtain W1(x) − W2(x) ≤ 0 for any x ∈ X, which proves the
theorem.

Remark 4.1. Theorem 4.1 remains true if (e) is weakened requiring that (i) and
(ii) hold for γ ∈ (1/(1 + α), 1), and also if (i) is replaced by
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(i′) for any p ∈ D−W (x) we have

r |p| + 〈(−A)1−γp, (−A)γx〉 − 〈p, f(x)〉 + 2(L− ω)W (x) ≥ 2(L− ω).

This remark prepares our second result on the Hamilton–Jacobi–Bellman equation,
which can be applied even when the target is the origin of X.

Theorem 4.2. Assume (H1), (H2), (H3), and (H5). Suppose that the target is
BR with R ≥ 0. Then W defined by (13) is the unique function from X to R which
satisfies the following properties:

(a) W is sequentially weakly continuous.
(b) ∂PW (x), ∂PW (x) ⊂ D((−A)θ)) for any x ∈ X \BR and for any θ ∈ [0, 1).
(c) There exist ρ > 0 and M > 0 such that if |z − x| ≤ ρ

√
1 −W (x), then

W (z) −W (x) ≤ M
√

1 −W (x)|z − x|.

(d) W (x) = 0 for any x ∈ BR, and W (x) ∈ [0, 1] for any x ∈ X.
(e) W satisfies the Hamilton–Jacobi–Bellman equation in the following sense: for

any x ∈ X \BR with x ∈ ∩θ∈(0,1)D((−A)θ) and for any γ ∈ (0, 1),
(i) for any p ∈ ∂PW (x) we have

r |p| + 〈(−A)1−γp, (−A)γx〉 − 〈p, f(x)〉 + 2(L− ω)W (x) ≥ 2(L− ω);

(ii) for any p ∈ ∂PW (x) we have

r |p| + 〈(−A)1−γp, (−A)γx〉 − 〈p, f(x)〉 + 2(L− ω)W (x) ≤ 2(L− ω).

Proof. To prove that W satisfies properties (a), (c), and (d), we argue as in
Theorem 4.1. For x ∈ R, (b) is satisfied because of Proposition 2.3, since ∂P g(x) ⊆
D−g(x) and ∂P g(x) ⊆ D+g(x). In case x /∈ R, it follows by (14) that

∂PW (x) = ∂PW (x) = {0},(21)

and hence (b) is satisfied. Let us prove (e). In virtue of (21), W satisfies both (i)
and (ii) in case x /∈ R. To prove (ii) in case x ∈ R, we argue as in Theorem 4.1. The
only difference is in the use of inequality (16): in Theorem 4.1 it is a consequence of
semiconcavity, while here we have the inequality (16) with α = 1 as a consequence
of the definition of ∂PW (x). A similar argument goes for the proof of (i). For the
uniqueness part, the only modification in the proof of Theorem 4.1 is to set

Dφ(xε) ∈ ∂PW1(xε)

instead of (19), and

Dψ(yε) ∈ ∂PW2(yε)

instead of (20). This is possible because of Proposition 2.5.
Remark 4.2. Theorem 4.2 holds true if in (e) we set that (i) and (ii) hold for any

γ ∈ (1/2, 1) and for any x ∈ D((−A)γ).
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Abstract. We investigate the problem of exact boundary controllability of semilinear one-
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1. Introduction.

1.1. Statement of the main result. Let L > 0 be fixed and f : R → R be a
function of class C2. Let us consider the boundary control system⎧⎨⎩

∂y

∂t
=

∂2y

∂x2
+ f(y),

y(t, 0) = 0, y(t, L) = u(t),

(1.1)

where the state is y(t, .) : [0, L] → R and the control is u(t) ∈ R.
Concerning the global controllability problem, one of the main results [5] asserts

that if f is globally Lipschitzian, then this control system is approximately globally
controllable (see also [11] for exact controllability). When f is superlinear, the situ-
ation is still widely open, in particular because of possible blowing up. Indeed, it is
well known that if yf(y) > 0 as y �= 0, then blow-up phenomena may occur for the
Cauchy problem ⎧⎪⎪⎨⎪⎪⎩

∂y

∂t
=

∂2y

∂x2
+ f(y),

y(t, 0) = 0, y(t, L) = 0,

y(0, x) = y0(x).

(1.2)

For example, if f(y) = y3, then for numerous initial data there exists T > 0 such that
the unique solution to the previous Cauchy problem is well defined on [0, T ) × [0, L]
and satisfies

lim
t→T

‖y(t, .)‖L∞(0,L) = +∞

(see, for instance, [1, 8, 2, 12, 14, 15, 18] and references therein).
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One may ask if, acting on the boundary of [0, L], one could avoid the blow-up
phenomenon. Actually the answer to this question is negative in general (see [7]; see
also [6] for a weaker nonlinearity): for some nonlinear functions f satisfying

|f(y)| ∼ |y| logp(1 + |y|) as |y| → +∞,

with p > 2, and for any time T > 0, there exist initial data which lead to blow-up
before time T , whatever the control function u is. Notice, however, that if

|f(y)| = o
(
|y| log3/2(1 + |y|)

)
as |y| → +∞,

then the blow-up (which could occur in the absence of control) can be avoided by
means of boundary control (see [7]).

Nevertheless, in the first case where the blow-up phenomenon cannot be compen-
sated by means of boundary control, the situation is not completely desperate. In
fact, as we shall see in this paper, we can move from any given steady-state to any
other belonging to the same connected component of the set of steady-states. More
precisely, let us define the notion of steady-state.

Definition 1.1. A function y ∈ C2([0, L]) is a steady-state of the control system
(1.1) if

d2y

dx2
+ f(y) = 0, y(0) = 0.

We denote by S the set of steady-states endowed with the C2 topology.
Let us also introduce the Banach space

YT =

{
y(t, x), (t, x) ∈ (0, T ) × (0, L) / y ∈ L2(0, T,W 2,2(0, L))

and
∂y

∂t
∈ L2((0, T ) × (0, L))

}(1.3)

endowed with the norm

‖y‖YT
= ‖y‖L2(0,T,W 2,2(0,L)) +

∥∥∥∥∂y∂t
∥∥∥∥
L2((0,T )×(0,L))

.

Notice that YT is continuously imbedded in L∞((0, T ) × (0, L)).
The main result of the paper is the following.
Theorem 1.2. Let y0 and y1 be two steady-states belonging to a same connected

component of S. There exist a time T > 0 and a control function u ∈ L2(0, T ) such
that the solution y(t, x) in YT of⎧⎪⎪⎨⎪⎪⎩

∂y

∂t
=

∂2y

∂x2
+ f(y),

y(t, 0) = 0, y(t, L) = u(t),

y(0, x) = y0(x)

(1.4)

satisfies y(T, .) = y1(.).
Remark 1.3. In fact, we prove the following result: for all neighborhood V of

y1 in H1-topology, there exists a positive real number ε0 such that for all ε ∈ (0, ε0)
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there exists a control function u ∈ H1(0, 1/ε) such that the solution y(t, x) in YT of
the Cauchy–Dirichlet problem (1.4) satisfies y(1/ε, .) ∈ V .

In the proof of this result, which represents the main part of the paper, we give an
explicit construction of the control u in a feedback-type form and also of a Lyapunov
functional. We stress that the procedure is effective and consists actually of solving
a stabilization problem in finite dimension. Indeed, in order to construct u we need
to compute only a finite number of quantities related to a Hilbertian expansion of
the solution. The procedure has been implemented numerically, and simulations are
presented in the last section of the paper.

Remark 1.4. For any T > 0 and u ∈ L2(0, T ), there is at most one solution of
(1.4) in the Banach space YT .

Remark 1.5. This is a (partial) global exact controllability result. The time
needed in our proof is large, but on the other hand there are indeed cases where the
time T of controllability cannot be taken arbitrarily small. For instance, in the case
where f(y) = −y3, any solution of (1.4) starting from 0 satisfies the inequality∫ L

0

(L− x)4y(T, x)2dx ≤ 8LT,

and hence, if y0 = 0, a minimal time is needed to reach a given y1 �= 0. This result is
due to Bamberger [10] (see also [9, Lemma 2.1]).

Remark 1.6. In section 3 we prove that if y0 and y1 belong to distinct connected
components of S, then it is actually impossible to move either from y0 to y1 or from y1

to y0, whatever the time and the control are. In the same section we also investigate
the connectedness of the set S of steady-states.

Remark 1.7. The result of Theorem 1.2 may be achieved directly by using repeat-
edly a local exact controllability theorem (see [9, Theorem 4.4] or [11, Theorem 3.3]).
Here we present a new controllability strategy based on a feedback stabilization pro-
cedure, which is more effective. It is clear also that this approach may be applied to
other problems without requiring controllability of the linearized system around an
equilibrium (see [3]).

1.2. The idea of the proof. The method we shall use to prove Theorem 1.2
stems from classical Lyapunov stability theory together with quasi-static deformation
theory. For the sake of simplicity we explain it in finite dimension. Let us consider in
R

n a general control system of the form

ẏ(t) = g(y(t), u(t)),(1.5)

where g : R
n×R

m → R
n is of class C1, u(t) ∈ U , and U denotes the set of measurable

essentially bounded admissible controls. Let y0, y1 ∈ R
n be two equilibrium points of

system (1.5); that is,

g(yi, ui) = 0, i = 0, 1,

for some u0, u1 ∈ R
m. We assume that (y0, u0) and (y1, u1) belong to the same

connected component of the zero set of g in R
n ×R

m. Our aim is to steer the system
from y0 to y1 in some (large) time T > 0. The method splits into four steps.

First step. Construct a C1-path (ȳ(τ), ū(τ)), with τ ∈ [0, 1], connecting (y0, u0)
to (y1, u1) and such that

∀τ ∈ [0, 1], g(ȳ(τ), ū(τ)) = 0.
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Of course, this path is not in general a solution of system (1.5), but if ε > 0 is
small enough, then the C1-path (yε, uε)

[0, 1/ε] → R
n × R

m,
t 	→ (yε(t), uε(t)) = (ȳ(εt), ū(εt))

is “almost” a solution of system (1.5). Indeed,

‖ẏε − g(yε, uε)‖ = O(ε).

Second step. This quasi-static trajectory is not in general stable, and thus has
to be stabilized. To this aim, introduce the following change of variable:

z(t) = y(t) − yε(t),

v(t) = u(t) − uε(t),

where t ∈ [0, 1/ε]. In the new variables z, v, the control system writes, at least if
‖z(t)‖ + ‖v(t)‖ is small enough,

ż(t) = A(εt)z(t) + B(εt)v(t) + O(‖z(t)‖2 + ‖v(t)‖2 + ε),

where t ∈ [0, 1/ε], and where

A(τ) =
∂g

∂y
(ȳ(τ), ū(τ)) and B(τ) =

∂g

∂u
(ȳ(τ), ū(τ)),

with τ = εt ∈ [0, 1]. Therefore we have to stabilize near the origin a slowly-varying in
time linear control system; we refer to [13] for this classical theory.

Third step. Under mild controllability assumptions, namely,

∀τ ∈ [0, 1], rank
(
B(τ), A(τ)B(τ), . . . , A(τ)n−1B(τ)

)
= n

(Kalman condition), it is actually possible to stabilize the system by pole shifting and
to construct a quadratic Lyapunov function. Notice that this does not work in general
if the system is not slowly-varying. So if ε is small enough, then using this Lyapunov
function we infer that y(1/ε) belongs to some prescribed neighborhood of the target
y1. At this stage, a stabilization result is achieved.

Fourth step. If the system (1.5) is locally controllable near the point y1, we
conclude that it is possible to steer the system in finite time from the point y(1/ε) to
the desired target y1. Usually such a local controllability result is achieved by using
an implicit function argument, after proving that the linearized system is controllable.

Remark 1.8. The use of quasi-static deformation for the controllability of a
nonlinear partial differential control system has already been used in [3]. But note
that in [3] the quasi-static trajectory (yε, uε) was stable, so it was not necessary to
perform steps 2 and 3.

2. Proof of the main results. In order to prove Theorem 1.2 we shall follow
exactly the steps described previously.

2.1. Construction of a path of steady-states. The following lemma is obvi-
ous.

Lemma 2.1. Let φ0, φ1 ∈ S. Then φ0 and φ1 belong to the same connected
component of S if and only if, for any real number α between φ′

0(0) and φ′
1(0), the

maximal solution of

d2y

dx2
+ f(y) = 0, y(0) = 0, y′(0) = α,
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denoted by yα(.), is defined on [0, L].
Now let y0 and y1 be in the same connected component of S. Let us construct in

S a C1-path (ȳ(τ, .), ū(τ)), 0 ≤ τ ≤ 1, joining y0 to y1. For each i = 0, 1, set

αi = y′i(0).

Then with our previous notation, yi(.) = yαi(.), i = 0, 1. Now set

ȳ(τ, x) = y(1−τ)α0+τα1(x) and ū(τ) = ȳ(τ, L),

where τ ∈ [0, 1] and x ∈ [0, L]. By construction we have

ȳ(0, .) = y0(.), ȳ(1, .) = y1(.) and ū(0) = ū(1) = 0,

and thus (ȳ(τ, .), ū(τ)) is a C1-path in S connecting y0 to y1.

2.2. Reduction of the problem. Let ε > 0. We set, for any t ∈ [0, 1/ε] and
any x ∈ [0, L],

z(t, x) = y(t, x) − ȳ(εt, x),

v(t) = u(t) − ū(εt).
(2.1)

Then from the definition of (ȳ, ū) we infer that z satisfies the initial boundary problem⎧⎪⎪⎪⎨⎪⎪⎪⎩
zt = zxx + f ′(ȳ)z + z2

∫ 1

0

(1 − s)f ′′(ȳ + sz)ds− εȳτ ,

z(t, 0) = 0, z(t, L) = v(t),

z(0, x) = 0.

(2.2)

Now, in order to deal with a Dirichlet-type problem instead, we set

w(t, x) = z(t, x) − x

L
v(t),(2.3)

and we suppose that the control v is derivable. This leads to the equation⎧⎪⎪⎪⎨⎪⎪⎪⎩
wt = wxx + f ′(ȳ)w +

x

L
f ′(ȳ)v − x

L
v′ + r(ε, t, x),

w(t, 0) = w(t, L) = 0,

w(0, x) = − x

L
v(0),

(2.4)

where

r(ε, t, x) = −εȳτ +
(
w +

x

L
v
)2

∫ 1

0

(1 − s)f ′′
(
ȳ + s

(
w +

x

L
v
))

ds,(2.5)

and the next step is to prove that there exist ε small enough and a pair (v, w) so-
lution of (2.4) such that w(1/ε, .) belongs to some arbitrary neighborhood of 0 in
H1

0 -topology. To achieve this we shall construct an appropriate control function and
a Lyapunov functional which stabilizes system (2.4) to 0.

In fact, as we shall see, the control will be chosen in H1(0, 1/ε) and such that
v(0) = 0.
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2.3. Construction of a Lyapunov functional. This is the most technical part
of the work. In order to motivate what follows, let us first notice that if the residual
term r and the control v were equal to zero, then (2.4) would reduce to

wt = wxx + f ′(ȳ)w,

w(t, 0) = w(t, L) = 0.

This suggests that we introduce the one-parameter family of linear operators

A(τ) = ∆ + f ′(ȳ(τ, .))Id, τ ∈ [0, 1],(2.6)

defined on H2(0, L) ∩H1
0 (0, L). Let (ej(τ, .))j≥1 be a Hilbertian basis of L2(0, L) of

eigenfunctions of A(τ), such that for each j ≥ 1 and each τ ∈ [0, 1],

ej(τ, .) ∈ H1
0 (0, L) ∩ C2([0, L]),

and let (λj(τ))j≥1 denote the corresponding eigenvalues. A standard application of
the minimax principle (see, for instance, [16]) shows that these eigenfunctions and
eigenvalues are C1 functions of τ . Moreover, for each τ ∈ [0, 1],

−∞ < · · · < λn(τ) < · · · < λ1(τ) and λn(τ) −→
n→+∞

−∞.

From the continuity of the eigenvalues on [0, 1], we can define n as the maximal
number of eigenvalues taking at least a nonnegative value as τ ∈ [0, 1]; i.e., there
exists η > 0 such that

∀t ∈ [0, 1/ε], ∀k > n, λk(εt) < −η < 0.(2.7)

Remark 2.2. Note that the integer n can be arbitrarily large. For example, if
f(y) = y3 and if y′1(0) → +∞, then n → +∞.

We also set, for any τ ∈ [0, 1] and x ∈ [0, L],

a(τ, x) =
x

L
f ′(ȳ(τ, x)) and b(x) = − x

L
.

In this notation, system (2.4) leads to

wt(t, .) = A(εt)w(t, .) + a(εt, .)v(t) + b(.)v′(t) + r(ε, t, .).(2.8)

Any solution w(t, .) ∈ H2(0, L) ∩H1
0 (0, L) of (2.8) can be expanded as a series in the

eigenfunctions ej(εt, .), convergent in H1
0 (0, L):

w(t, .) =

∞∑
j=1

wj(t)ej(εt, .).

In fact, the wj ’s depend on ε and should be called, for example, wε
j . For simplicity

we omit the index ε, and we shall also omit the index ε for other functions.
In what follows we are going to move, by means of an appropriate feedback control,

the n first eigenvalues of the operator A, without moving the others, in order to make
all eigenvalues negative. This pole shifting process is the first part of the stabilization
procedure (see [17, p. 711]).
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For any τ ∈ [0, 1], let π1(τ) denote the orthogonal projection onto the subspace
of L2(0, L) spanned by e1(τ, .), . . . , en(τ, .), and let

w1(t) = π1(εt)w(t, .) =

n∑
j=1

wj(t)ej(εt, .).(2.9)

It is clear that for any τ , the operators π1(τ) and A(τ) commute, and moreover, for
any y ∈ L2(0, L), we have

π′
1(τ)y =

n∑
j=1

〈y, ej(τ, .)〉L2(0,L)

∂ej
∂τ

(τ, .) +

n∑
j=1

〈
y,

∂ej
∂τ

(τ, .)

〉
L2(0,L)

ej(τ, .).

Hence, derivating (2.9) with respect to t, we get

n∑
j=1

w′
j(t)ej(εt, .) = π1(εt)wt(t, .) + ε

n∑
j=1

〈
w(t, .),

∂ej
∂τ

(εt, .)

〉
L2(0,L)

ej(εt, .).

On the other hand

A(εt)w1(t) =

n∑
j=1

λj(εt)wj(t)ej(εt, .),

and thus (2.8) yields

n∑
j=1

w′
j(t)ej(εt, .) =

n∑
j=1

λj(εt)wj(t)ej(εt, .) + π1(εt)a(εt, .)v(t)

+ π1(εt)b(.)v
′(t) + r1(ε, t, .),

(2.10)

where

r1(ε, t, .) = π1(εt)r(ε, t, .) + ε

n∑
j=1

〈
w,

∂ej
∂τ

(εt, .)

〉
L2(0,L)

ej(εt, .).(2.11)

Let us set an upper bound to the residual term r1. First, it is not difficult to check
that there exists a constant C such that, if |v(t)| and ‖w(t, .)‖L∞(0,L) are less than 1,
then the inequality

‖r(ε, t, .)‖L∞(0,L) ≤ C(ε + v(t)2 + ‖w(t, .)‖2
L∞(0,L))

holds, where r is defined by (2.5). Therefore we get easily

‖r1(ε, t, .)‖L∞(0,L) ≤ C1(ε + v(t)2 + ‖w(t, .)‖2
L∞(0,L)).

Moreover, since H1(0, L) is continuously imbedded in C0([0, L]), we can assert that
there exists a constant C2 such that, if |v(t)| and ‖w(t, .)‖L∞(0,L) are less than 1, then

‖r1(ε, t, .)‖L∞(0,L) ≤ C2(ε + v(t)2 + ‖w(t, .)‖2
H1

0 (0,L)).(2.12)

Now projecting (2.10) on each ei, i = 1, . . . , n, one comes to

w′
i(t) = λi(εt)wi(t) + ai(εt)v(t) + bi(εt)v

′(t) + r1
i (ε, t), i = 1, . . . , n,(2.13)
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where

r1
i (ε, t) = 〈r1(ε, t, .), ei(εt, .)〉L2(0,L),

ai(εt) = 〈a(εt, .), ei(εt, .)〉L2(0,L) =
1

L

∫ L

0

xf ′(ȳ(εt, x))ei(εt, x)dx,

bi(εt) = 〈b(.), ei(εt, .)〉L2(0,L) = − 1

L

∫ L

0

xei(εt, x)dx.

(2.14)

The n equations (2.13) form a differential system controlled by v, v′. Set

α(t) = v′(t),(2.15)

and consider now v(t) as a state and α(t) as a control. Then the former finite dimen-
sional system may be rewritten as⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

v′ = α,

w′
1 = λ1w1 + a1v + b1α + r1

1,

...

w′
n = λnwn + anv + bnα + r1

n.

(2.16)

If we introduce the matrix notation

X1(t) =

⎛⎜⎜⎜⎝
v(t)
w1(t)

...
wn(t)

⎞⎟⎟⎟⎠ , R1(ε, t) =

⎛⎜⎜⎜⎝
0

r1
1(ε, t)

...
r1
n(ε, t)

⎞⎟⎟⎟⎠ ,

A1(τ) =

⎛⎜⎜⎜⎝
0 0 · · · 0

a1(τ) λ1(τ) · · · 0
...

...
. . .

...
an(τ) 0 · · · λn(τ)

⎞⎟⎟⎟⎠ , B1(τ) =

⎛⎜⎜⎜⎝
1

b1(τ)
...

bn(τ)

⎞⎟⎟⎟⎠ ,

then equations (2.16) yield the finite dimensional linear control system

X ′
1(t) = A1(εt)X1(t) + B1(εt)α(t) + R1(ε, t).(2.17)

Let us now prove the following lemma.
Lemma 2.3. For each τ ∈ [0, 1], the pair (A1(τ), B1(τ)) satisfies the Kalman

condition, i.e.,

rank
(
B1(τ), A1(τ)B1(τ), . . . , A1(τ)n−1B1(τ)

)
= n.(2.18)

Proof. Let τ ∈ [0, 1] be fixed. We compute directly

det
(
B1, A1B1, . . . , A

n−1
1 B1

)
=

n∏
j=1

(aj + λjbj) VdM(λ1, . . . , λn),(2.19)
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where VdM(λ1, . . . , λn) is a Van der Monde determinant and thus is never equal to
zero, since the λi(τ), i = 1, . . . , n, are distinct for any τ ∈ [0, 1]. On the other hand,
using the fact that each ej(τ, .) is an eigenfunction of A(τ) and belongs to H1

0 (0, L),
we compute

aj(τ) + λj(τ)bj(τ) =
1

L

∫ L

0

x (f ′(ȳ(τ, x))ej(τ, x) − λj(τ)ej(τ, x)) dx

= − 1

L

∫ L

0

x
∂2ej
∂x2

(τ, x)dx

= −∂ej
∂x

(τ, L).

But this quantity is never equal to zero since ej(τ, L) = 0 and ej(τ, .) is a nontrivial so-
lution of a linear second-order scalar differential equation. Therefore the determinant
(2.19) is never equal to zero and we are done.

It is a standard fact that the Kalman condition (2.18) implies a pole shifting
result, and we get the following corollary (see [13]).

Corollary 2.4. For each τ ∈ [0, 1], there exist scalars k0(τ), . . . , kn(τ) such
that, if we denote

K1(τ) = (k0(τ), . . . , kn(τ)) ,

then the matrix A1(τ) + B1(τ)K1(τ) admits −1 as an eigenvalue with order n + 1.
Moreover, there exists a C1 application τ 	→ P (τ) on [0, 1], where P (τ) is an

(n + 1) × (n + 1) symmetric positive definite matrix, such that the identity

P (τ) (A1(τ) + B1(τ)K1(τ)) + t(A1(τ) + B1(τ)K1(τ))P (τ) = −I(2.20)

holds for any τ ∈ [0, 1].
We are now able to construct a control Lyapunov functional in order to stabilize

system (2.8). Leave c > 0 to be chosen later. For any t ∈ [0, 1/ε], v ∈ R, and
w ∈ H2(0, L) ∩H1

0 (0, L), we set

V (t, v, w) = c tX1(t)P (εt)X1(t) −
1

2
〈w,A(εt)w〉L2(0,L),(2.21)

where X1(t) denotes the matrix vector in R
n+1,

X1(t) =

⎛⎜⎜⎜⎝
v

w1(t)
...

wn(t)

⎞⎟⎟⎟⎠ ,

and

wi(t) = 〈w, ei(εt, .)〉L2(0,L).

In particular, we have

V (t, v, w) = c tX1(t)P (εt)X1(t) −
1

2

∞∑
j=1

λj(εt)wj(t)
2.(2.22)
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In what follows we will repeatedly use the equivalence of norms in finite dimension.
The following notation will thus be useful.

Notation. Let Λ be a set and let ∆ = {(ε, t) / 0 < ε ≤ 1, 0 ≤ t ≤ 1/ε}. Let F1,
F2 be two real functions defined on ∆ × Λ. The notation F1 � F2 means that F2 ≥ 0
and that there exists a positive constant C such that

F1(ε, t, λ) ≤ CF2(ε, t, λ) ∀(ε, t) ∈ ∆, ∀λ ∈ Λ.

We say that F1 ∼ F2 if both F1 � F2 and F2 � F1. Moreover, if F3 is a real function
defined on ∆ × Λ and if θ ∈ [0,+∞), the notation F1 � F2 for F3 ≤ θ means that
F2 ≥ 0 and that there exists a positive constant C such that

∀(ε, t) ∈ ∆, ∀λ ∈ Λ, (F3(ε, t, λ) ≤ θ) ⇒ (F1(ε, t, λ) ≤ CF2(ε, t, λ)) .

For simplicity, when the set Λ is clear from the context it will not be given explicitly.
Let ‖ ‖2 denote the euclidean norm in R

n+1. Since P (τ) is symmetric positive
definite, we can write (with Λ = R × (H2(0, L) ∩H1

0 (0, L)))

tX1(t)P (εt)X1(t) ∼ ‖X1(t)‖2
2 = v2 +

n∑
j=1

wj(t)
2.

From (2.7) we know that, except the n first ones, the eigenvalues of A are all negative,
less than −η < 0. By continuity the n first eigenvalues are bounded as τ ∈ [0, 1] and
thus we can assert that, if c is large enough in the definition of V, then

V (t, v, w) ∼ ‖X1(t)‖2
2 −

∞∑
j=n+1

λj(εt)wj(t)
2,(2.23)

where t ∈ [0, 1/ε]. In particular, V (t, ., .) is positive definite. Let us further prove the
following lemma.

Lemma 2.5. The equivalence

V (t, v, w) ∼ v2 + ‖w‖2
H1

0 (0,L)(2.24)

holds with Λ = {(v, w) / v ∈ R, w ∈ H2(0, L) ∩ H1
0 (0, L)}, where ‖w‖H1

0 (0,L) =
‖wx‖L2(0,L). Moreover,

V (t, v, w) � ‖X1(t)‖2
2 + ‖Aw‖2

L2(0,L).(2.25)

Proof. Any w ∈ H2(0, L)∩H1
0 (0, L) can be expanded as a series in the eigenfunc-

tions of A(εt), convergent in H1
0 (0, L),

w(.) =
∑
i

wi(t)ei(εt, .).

Hence

‖w‖2
H1

0 (0,L) =
∑
i,j

wi(t)wj(t)

∫ L

0

eix(εt, x)ejx(εt, x)dx.
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Integrating by parts and using the definition of ej , we compute∫ L

0

eix(εt, x)ejx(εt, x)dx =

∫ L

0

f ′(ȳ(εt, x))ei(εt, x)ej(εt, x)dx− λjδij ,

and thus

‖w‖2
H1

0 (0,L) =

∫ L

0

f ′(ȳ(εt, x))w(x)2dx−
∞∑
j=1

λj(εt)wj(t)
2.

Therefore, since f ′(ȳ) is bounded on [0, 1/ε] × [0, L] uniformly in ε ∈ (0, 1],

‖w‖2
H1

0 (0,L) � ‖w‖2
L2(0,L) −

∞∑
j=n+1

λj(εt)wj(t)
2 � V (t, v, w).

Conversely, we have

−
∞∑

j=n+1

λj(εt)wj(t)
2 = ‖w‖2

H1
0 (0,L) −

∫ L

0

f ′(ȳ(εt, x))w(x)2dx +

n∑
j=1

λj(εt)wj(t)
2

� ‖w‖2
H1

0 (0,L) + ‖w‖2
L2(0,L)

� ‖w‖2
H1

0 (0,L),

and using (2.23) we conclude easily that (2.24) holds.
On the other hand, notice that

‖w‖2
H1

0 (0,L) �
∞∑

j=n+1

|λj |w2
j +

n∑
j=1

w2
j .

Therefore, using (2.7),

‖w‖2
H1

0 (0,L) �
n∑

j=1

w2
j +

∞∑
j=1

λ2
jw

2
j =

n∑
j=1

w2
j + ‖Aw‖2

L2(0,L),

and hence the estimate (2.25) follows.
Let now (v(t), w(t, .)) denote a solution of (2.8) in which we choose the control in

the feedback form suggested from Corollary 2.4, namely,

α(t) = K1(εt)X1(t),

such that v(0) = 0 and w(0, .) = 0, i.e., (v(t), w(t, .)) satisfies

wt = Aw + av + bK1(εt)X1(t) + r, v′(t) = K1(εt)X1(t),(2.26)

v(0) = 0, w(0, x) = 0.(2.27)

We set

V1(t) = V (t, v(t), w(t, .)) = c tX1(t)P (εt)X1(t) −
1

2
〈w(t, .), A(εt)w(t, .)〉L2(0,L).
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Let us compute V ′
1(t) and state a differential inequality satisfied by V1. We have

V ′
1(t) = c

(
tX ′

1(t)P (εt)X1(t) + tX1(t)P (εt)X ′
1(t)

)
+ εc tX1(t)P

′(εt)X1(t)

−1

2
〈wt(t, .), A(εt)w(t, .)〉L2(0,L) −

1

2
〈w(t, .), A(εt)wt(t, .)〉L2(0,L)(2.28)

−1

2
ε〈w(t, .), A′(εt)w(t, .)〉L2(0,L).

Note the following facts:
• From (2.17) and (2.20), we infer

tX ′
1PX1 + tX1PX ′

1 = −‖X1‖2
2 + tR1PX1 + tX1PR1.

• The operator A is self-adjoint in L2, hence

〈w,Awt〉L2(0,L) = 〈Aw,wt〉L2(0,L).

• Equation (2.26) leads to

〈Aw,wt〉L2(0,L) = 〈Aw,Aw + av + bK1X1 + r〉L2(0,L)

= ‖Aw‖L2(0,L) + 〈Aw, a〉L2(0,L)v

+ 〈Aw, b〉L2(0,L)K1X1 + 〈Aw, r〉L2(0,L).

• From the definition of A(τ), we have

A′(τ) = f ′′(ȳ(τ, .))ȳτ (τ, .)Id,

and thus

〈w(t, .), A′(εt)w(t, .)〉L2(0,L) = 〈w(t, .), f ′′(ȳ(εt, .))ȳτ (εt, .)w(t, .)〉L2(0,L).

Therefore, turning back to (2.28),

V ′
1 = − c ‖X1‖2

2 − ‖Aw‖2
L2(0,L) − 〈Aw, a〉L2(0,L)v − 〈Aw, b〉L2(0,L)K1X1

− 〈Aw, r〉L2(0,L) + εc tX1P
′X1 + c

(
tR1PX1 + tX1PR1

)
− 1

2
ε〈w, f ′′(ȳ)ȳτw〉L2(0,L).

(2.29)

Let us set an upper bound for the terms of the second line of (2.29), as follows:
• From Corollary 2.4, the application τ 	→ P ′(τ) is bounded on [0, 1], hence∣∣εctX1P

′X1

∣∣ � ε‖X1‖2
2 � εV1.

• Inequality (2.12) yields, for |v(t)| + ‖w(t, .)‖L∞(0,L) ≤ 1,

‖R1(ε, t)‖L∞(0,L) � ε + v(t)2 + ‖w(t, .)‖2
H1

0 (0,L),

and thus, still for |v(t)| + ‖w(t, .)‖L∞(0,L) ≤ 1,

tR1PX1 + tX1PR1 � ‖X1‖2

(
ε + v2 + ‖w‖2

H1
0 (0,L)

)
�

√
V1 (ε + V1) = ε

√
V1 + V

3/2
1 .
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• Since f is of class C2, we can assert

ε

∣∣∣∣12 〈w, f ′′(ȳ)ȳτw〉L2(0,L)

∣∣∣∣ � ε‖w‖2
L2(0,L) � ε‖w‖2

H1
0 (0,L) � εV1.

• The term 〈Aw, r〉L2(0,L) is the most difficult to handle. Using (2.5), write

〈Aw, r〉L2(0,L) =

〈
Aw,−εȳτ +

(
w +

x

L
v
)2
∫ 1

0

(1 − s)f ′′
(̄
y + s(w +

x

L
v)
)
ds

〉
L2(0,L)

=

〈
Aw,

(
w +

x

L
v
)2

∫ 1

0

(1 − s)f ′′
(
ȳ + s(w +

x

L
v)
)
ds

〉
L2(0,L)

− ε〈Aw, ȳτ 〉L2(0,L).

We clearly have

|ε〈Aw, ȳτ 〉L2(0,L)| � ε‖Aw‖L2(0,L).

Let us now deal with the integral term. First of all, using the continuous
imbedding of H1

0 in C0, we estimate∥∥∥∥(w(t, x) +
x

L
v(t)

)2
∥∥∥∥
L∞(0,L)

� ‖w(t, .)‖2
L∞(0,L) + v(t)2

� ‖w(t, .)‖2
H1

0 (0,L) + ‖X1(t)‖2
2

� V1(t)

since V1 ∼ ‖w‖2
H1

0 (0,L)
+ ‖X1‖2

2. For |v(t)| + ‖w(t, .)‖L∞(0,L) ≤ 1, one has

〈
Aw,

(
w +

x

L
v
)2
∫ 1

0

(1 − s)f ′′
(
ȳ + s

(
w +

x

L
v
))

ds

〉
L2(0,L)

� ‖Aw‖L2(0,L)V1,

and we arrive at the estimate∣∣〈Aw, r〉L2(0,L)

∣∣ � ε‖Aw‖L2(0,L) + ‖Aw‖L2(0,L)V1

for |v(t)| + ‖w(t, .)‖L∞(0,L) ≤ 1.
Let us also estimate the terms of the principal part of (2.29). We clearly have

∣∣〈Aw, a〉L2(0,L)v
∣∣ ≤ 1

4
‖Aw‖2

L2(0,L) + ‖a‖2
L2(0,L)‖X1‖2

2

and ∣∣〈Aw, b〉L2(0,L)K1X1

∣∣ ≤ 1

4
‖Aw‖2

L2(0,L) + M‖X1‖2
2,

where

M = ‖b‖L2(0,L) max

{
n∑

i=0

ki(τ)2/τ ∈ [0, 1]

}
.
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Hence, concerning the principal part of (2.29), we first get

− c‖X1‖2
2 − ‖Aw‖2

L2(0,L) − 〈Aw, a〉L2(0,L)v − 〈Aw, b〉L2(0,L)K1X1

≤ −c1‖X1‖2
2 −

1

2
‖Aw‖2

L2(0,L),

where c1 = c− ‖a‖2
L2(0,L) −M . We choose c so that c1 > 0.

The previous estimates and (2.29) now yield, for |v(t)| + ‖w(t, .)‖L∞(0,L) ≤ 1,

V ′
1 + ‖X1‖2

2 + ‖Aw‖2
L2(0,L) � ε

√
V1 + V

3/2
1 + ε‖Aw‖L2(0,L) + V1‖Aw‖L2(0,L).

(2.30)

Note that, for every θ ∈ (0,+∞),

ε
√

V1 ≤ θ

2
V1 +

1

2θ
ε2,

ε‖Aw‖L2(0,L) ≤
θ

2
‖Aw‖2

L2(0,L) +
1

2θ
ε2,

V1‖Aw‖L2(0,L) ≤
θ

2
‖Aw‖2

L2(0,L) +
1

2θ
V 2

1 .

Hence, taking θ > 0 small enough, we get, using (2.25) and (2.30), the existence of
σ > 0 and ρ ∈ (0, σ] such that, for every ε ∈ (0, 1] and for every t ∈ [0, 1/ε] such that
V1(t) ≤ ρ,

V ′
1(t) ≤ σε2.

Hence, since V1(0) = 0, we get, if ε ∈ (0, ρ/σ], that

V1(t) ≤ σε ∀t ∈ [0, 1/ε]

and, in particular,

V1

(
1

ε

)
≤ σε.

Coming back to definitions (2.1) and (2.3), we have proved∥∥∥∥y(1

ε
, .

)
− y1(.)

∥∥∥∥
H1(0,L)

≤ γε,(2.31)

where y1(.) = ȳ(1, .) is the final target and γ is a positive constant which does not
depend on ε ∈ (0, ρ/σ]. This concludes the third step, and thus the proof of the
stabilization part of Theorem 1.2 (see Remark 1.3).

2.4. End of the proof. The last step consists of solving a local exact con-
trollability result: from the previous section, y( 1

ε , .) belongs to an arbitrarily small
neighborhood of y1(.) in H1-topology if ε is small enough, and our aim is now to
construct a trajectory q(t, x) solution of the control system steering y( 1

ε , .) to y1(.) in
some time T > 0 (for instance, T = 1), i.e.,⎧⎪⎪⎪⎨⎪⎪⎪⎩

qt = qxx + f(q),

q(t, 0) = 0, q(t, L) = u(t),

q(0, x) = y

(
1

ε
, x

)
, q(T, x) = y1(x).
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Existence of such a solution q is given by [11, Theorem 3.3]. Actually, in [11] the
function f is assumed to be globally Lipschitzian, but the local result we need here
follows readily from the proofs and the estimates contained in this paper. Indeed, let
T > 0 and let f̃ be a globally Lipschitzian mapping such that

f̃(s) = f(s) ∀s ∈ [−‖y1‖L∞ − 1, ‖y1‖L∞ + 1].(2.32)

From the proof of [11, Theorem 3.3], we get the existence of µ > 0 such that there
exists z ∈ YT satisfying⎧⎪⎪⎪⎨⎪⎪⎪⎩

zt = zxx + f̃(z + y1) − f̃(y1),

z(t, 0) = 0,

z(0, x) = y

(
1

ε
, x

)
− y1(x), z(T, x) = 0

and the estimate

‖z‖YT
≤ µ

∥∥∥∥y(1

ε
, ·
)
− y1(·)

∥∥∥∥
H1(0,L)

,(2.33)

which leads, with q = z + ỹ1, to⎧⎪⎪⎪⎨⎪⎪⎪⎩
qt = qxx + f̃(q),

q(t, 0) = 0,

q(0, x) = y

(
1

ε
, x

)
, q(T, x) = y1(x)

and

‖q − ỹ1‖YT
≤ µ

∥∥∥∥y(1

ε
, ·
)
− y1(·)

∥∥∥∥
H1(0,L)

,(2.34)

where ỹ1(t, x) := y1(x). From (2.33) and (2.34), we get

‖q − ỹ1‖L∞((0,T )×(0,L)) ≤ 1(2.35)

for ‖y (1/ε, ·) − y1(·)‖H1(0,L) small enough. From (2.32) and (2.35), we infer that

f̃(q) = f(q), which ends the proof.

3. Controllability versus connectedness. Let us first give some sufficient
conditions ensuring the connectedness of S.

Proposition 3.1. In each of the following cases, the set of steady-states S is
connected:

• The function F , defined as

F (y) =

∫ y

0

f(s)ds,

satisfies the asymptotic condition

F (y) −→
|y|→+∞

+∞.
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• For any α > 0, the indefinite integral∫
dy√

α− F (y)

diverges in −∞ and in +∞ (if it makes sense).
• The function f is odd, i.e., for any y ∈ R,

f(−y) = −f(y).

Remark 3.2. Notice that, contrary to the two first cases of the proposition, in
the third case blow-up phenomena may occur. Nevertheless, the set of steady-states
is connected.

On the other hand, we have the following result.
Proposition 3.3. If y0 and y1 belong to distinct connected components of S,

then it is not possible to move either from y0 to y1, or from y1 to y0, whatever the
control u ∈ L2(0, T ) and the time T are.

Remark 3.4. If y0 and y1 are both periodic, then they are in the same connected
component.

In order to prove these two propositions, let us first note some general facts about
the maximal solutions of the scalar differential equation

y′′(x) + f(y(x)) = 0, y(0) = 0.(3.1)

Lemma 3.5.

• Any solution of (3.1) satisfies on its maximal interval of definition the con-
servation law

y′(x)2 + 2F (y(x)) = y′(0)2.(3.2)

• Any solution of (3.1) such that y′ vanishes at least at two distinct points is
actually periodic.

• The phase portrait in the plane (y, y′) of the associated differential system

y′ = z, z′ = −f(y),

is symmetric with respect to the y axis, and moreover, all singular points of
the system are located on this axis.

The proof of these facts is obvious. Now the key lemma for proving Proposi-
tions 3.1 and 3.3 is the following.

Lemma 3.6. Let y0 and y1 be two steady-states, extended on their maximal
interval of definition as solutions of (3.1), belonging to distinct connected components
of S, such that y′0(0) < y′1(0). Then there exists an l ∈ (0, L] and ȳ ∈ C2([0, l))
solution of (3.1) such that either

ȳ(x) −→
x→l

+∞(3.3)

or

ȳ(x) −→
x→l

−∞.(3.4)

In the first case we have, moreover (see Figure 3.1), the following:
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Fig. 3.1. Existence of an explosive solution.

1. y0(x) < ȳ(x) for any x ∈ [0, l).
2. y′0(0) < ȳ′(0) < y′1(0), |y′1(0)| < |ȳ′(0)|, and ȳ′(0) < 0.
3. #{x ∈ [0, l) / ȳ(x) = y1(x)} = 1.
4. y0 is not periodic, and y1(x) does not tend to −∞ as x tends to b, where (a, b)

denotes the maximal interval of definition of y1.
In the second case we have the symmetric situation (see Figure 3.1), as follows:

1. y1(x) > ȳ(x) for any x ∈ [0, l).
2. y′0(0) < ȳ′(0) < y′1(0), |y′0(0)| < |ȳ′(0)|, and ȳ′(0) > 0.
3. #{x ∈ [0, l) / ȳ(x) = y0(x)} = 1.
4. y1 is not periodic, and y0(x) does not tend to +∞ as x tends to b, where (a, b)

denotes the maximal interval of the definition of y0.
Proof of Lemma 3.6. Clearly one of the two cases (3.3) and (3.4) occurs, with,

moreover, y′0(0) < ȳ′(0) < y′1(0). Assume we are in the first case, and let us first
prove the second of the four properties claimed in that case. To proceed, we have to
distinguish between the following three possibilities:

• y1 is monotonic on [0, l]. In this case the conservation law (3.2) immediately
implies that |y′1(0)| < |ȳ′(0)|.

• y1 is not monotonic on [0, l] and is not periodic on its maximal interval (a, b).
That is, y′1 vanishes exactly once on (a, b). The only nonobvious case occurs
when y′1(0) > 0. But then, since the phase portrait is symmetric with respect
to the y axis, either y1(x) tends to −∞ as x tends to a and b or y1(x) tends
to a finite limit which corresponds to a singular point on the phase portrait
(see Figure 3.2). In both cases it is clear on the phase portrait that ȳ(x) may
tend to +∞ as x tends to l only if |y′1(0)| < |ȳ′(0)|.

• y1 is periodic (i.e., y′1 vanishes at least two times). Again in this case the
phase portrait immediately implies the desired inequality.

Before proving that ȳ′(0) < 0, let us prove the third point. The only nonobvious case
occurs when y1 is periodic and ȳ is not monotonic on [0, l). Notice that ȳ′ vanishes
only once (if not, ȳ would be periodic), and thus it decreases on an interval [0, x0]
and increases on [x0, l). Now, on the one hand, the function y1 cannot intersect ȳ on
the interval [0, x0], for this would contradict the conservation law (3.2). On the other
hand, if y1 would intersect ȳ more than once on the interval [x0, l), then there would
be at least three intersections, and again this leads to a contradiction with (3.2). This
proves the third point.

Now the inequality ȳ(0) < 0 is an obvious consequence of (3.2).
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Fig. 3.2. Behavior of (y1(x), y′1(x)) in the phase plane.
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Fig. 3.3. An example where y0 and y1 are not in the same connected component of S.

Let us now prove that y0 < ȳ on [0, l). The same reasoning as above shows that
ȳ intersects y0 at most once (notice that y′0 cannot vanish more than once). But such
an intersection would contradict the fact that ȳ(x) tends to +∞ as x tends to l.

Finally, the last point of the lemma is proved by observing the phase
portrait.

Proof of Proposition 3.3. Proposition 3.3 follows from Lemma 3.6. Indeed, let
us assume, for example, that we are in the first case of the lemma. Then for any
T > 0 and u ∈ L2([0, T ]), the solution y of the control system (1.4) satisfies, as long
as defined, the inequality

y(t, x) ≤ ȳ(x)

(see [4] for this application of the classical maximum principle to similar control
problems). In particular, y(T, .) �= y1(.).

Finally let us prove Proposition 3.1. The only difficult case is to prove that if f
is odd, then the set S is connected. In this case the conservation law (3.2) implies
that the phase portrait is symmetric with respect to the y axis and the y′ axis. As
a consequence, any solution of (3.1) such that y′ vanishes at least once is necessarily
periodic.

Now from Lemma 3.6 we know that if y0 and y1 are not in the same connected
component, then there exists an explosive solution ȳ of (3.1) such that ȳ′ vanishes at
least once. Hence, ȳ must be periodic, and we get a contradiction.
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Example 3.7. An example where the situation of Proposition 3.3 and Lemma 3.6
occurs is given by

f(y) = y − y2 − y3.

The graph of y0, y1, an explosive y, and the phase portrait are drawn on Figure 3.3.

4. Numerical simulations. In this section we present numerical simulations
using Matlab for the nonlinear function f(y) = y3. Let L = 1; the set S of steady-
states consists of all solutions of class C2 on [0, 1] such that

y′′(x) + y(x)3 = 0, y(0) = 0.(4.1)

It follows from Proposition 3.1 that this set is connected. Let y0 be identically zero,
and let y1 denote the solution of (4.1) vanishing at 0, 1/2, and 1, and having no other
zero on [0, 1] (see Figure 4.1).

For all τ ∈ [0, 1], we define the function ȳ(τ, .) on [0, 1] as the solution of (4.1)
such that

∂ȳ

∂x
(τ, 0) = τy′1(0)

and we set ū(τ) = ȳ(τ, 1). We then introduce on H2(0, 1)∩H1
0 (0, 1) the one-parameter

family of linear operators

A(τ) = ∆ + 3ȳ(τ, .)2Id, τ ∈ [0, 1].

For τ = 0, we have A(0) = ∆, and the eigenvalues and eigenvectors write

λi(0) = −i2π2, ei(0, x) =
√

2 sin kπx.

Then, solving by homotopy as τ ∈ [0, 1] boundary value problems, we compute nu-
merically, using a standard finite difference code implemented in Matlab, the first
eigenvalues and associated eigenvectors. In the present example, numerical experi-
ments show that only the two first eigenvalues may take positive values as τ ∈ [0, 1].
In other words, with the notations of section 2.3, one has n = 2. Then we achieve a
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Fig. 4.1. Definition of the steady-states y0 and y1.
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Fig. 4.2. Simulations results for y(t, .), where t ∈ [0, 1/ε].

pole placement on the finite dimensional system (2.16) by applying an LQR algorithm
(see [13]). Notice that the finite dimensional system corresponding to these two first
modes is very unstable: numerically, one has λ1(1) � 89.743 and λ2(1) � 82.518.

Results are drawn on Figure 4.2 for ε = 0.05 and ε = 0.001. Notice that if ε is
too large, then the solution blows up.
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Abstract. We study degenerate-elliptic quasi-variational inequalities with Dirichlet boundary
condition, which are related to the value function of the exit time problem for stochastic impulse
control by means of the dynamic programming principle. The boundary condition in the viscosity
solutions sense does not identify a unique solution, because in this nonlocal problem the boundary
layer gives rise to a loss of information also at the interior points. The eventual discontinuities of
solutions at the boundary of the domain play an essential role and cannot be removed. Therefore
we superimpose a selection criterion which, enforcing the information coming from the boundary
datum, picks up the value function among all possible viscosity solutions. As a result, we attain the
continuity of the value function up to the boundary. In addition, we produce a monotone iterative
scheme approximating the value function.
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1. Introduction. This paper concerns a stochastic impulse control problem in
an open bounded domain Ω ⊂ R

n. The state of the controlled system is given by the
solution (Xx

t )t of the following equation:⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
dXx

t = b(Xx
t , αt) dt + σ(Xx

t , αt) dWt, t ∈ ]θi, θi+1[,

Xx
θi = Xx

θ−
i

+ ξi,

Xx
0 = x ∈ Ω,

(1.1)

where (Wt)t is a d-dimensional Brownian motion (with, possibly, d ≤ n), (αt)t is any
adapted process with values in a compact set A ⊂ R

p, (θi)i is an increasing sequence of
stopping times (both with respect to the filtration generated by the Brownian motion
Wt), (ξi)i is a sequence in R

n

+, and b, σ are continuous functions on Ω × A taking
values respectively in R

n and in the space of n × d real matrices.
The control is the triplet A = ((αt)t , (θi, ξi)i), where the item θi = ∞ for some

i ∈ N is allowed. For any fixed x and A, the cost function is

J (x,A) := E

[∫ τx

0

f(Xx
t , αt)e

−λtdt +
∑
i≤τx

(c(ξi) + k)e−λθi + 1{τx<∞}ϕ(Xx
τx)e−λτx

]
,

where f and c are real continuous functions, λ and k are positive numbers, and τx
stands for the first exit time from Ω of the trajectory (Xx

t )t. We are interested in
value function U of type

U(x) := inf
A

J (x,A).
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It is easily seen that the minimization problem is equivalent to

U(x) = inf
A

E

[∫ τx

0

f(Xx
t , αt)e

−λtdt +
∑
i∈N

(c(ξi) + k)e−λθi + 1{τx<∞}ϕ(Xx
τx)e−λτx

]
.(1.2)

Stochastic impulse control problems arise, for instance, in the modeling of portfolio
management with transaction costs and have been studied, among others, by [17]:
it is assumed that rankσ = n so that the market is complete. The investigation of
incomplete markets has to be addressed to control problems with rankσ < n, which
is the topic of this present work.

The dynamic programming principle relates the optimization problem (1.1)–(1.2)
to a Hamilton–Jacobi–Bellman equation, which now stands in the quasi-variational
inequality

max
{
H(x, u,Du,D2u), u−Mu

}
= 0 on Ω,(1.3)

coupled with the Dirichlet boundary condition

u = ϕ on ∂Ω.(1.4)

Here, H is the (possibly degenerate) elliptic operator

H(x, u, p,X) := sup
α∈A

{
−1

2
tr [a(x, α)X] − b(x, α)·p + λu− f(x, α)

}
for any x ∈ Ω, u ∈ R, p ∈ R

n, and X ∈ Sn (the space of n × n symmetric matrices),
where we have used the abbreviated notation a(x, α) = σ(x, α)σT (x, α) for any x ∈ Ω
and α ∈ A. Besides, M is a nonlocal operator of the form

Mu(x) := inf
{
u(x+ξ) + c(ξ) + k : ξ ∈ R

n

+, x + ξ ∈ Ω
}
.

We refer to [6] for a detailed analysis of the relations between impulse control problems
(1.1)–(1.2) and quasi-variational inequalities (1.3)–(1.4). If the matrix a is positively
defined, the value function has been characterized as the unique strong solution to
the quasi-variational inequality with Dirichlet boundary condition in [18]. In the
general case when a may degenerate, it is necessary to turn to the theory of vis-
cosity solutions. If one manages to establish that the value function is continuous
on Ω and continuously extendable to Ω, one can characterize it as the unique con-
tinuous (viscosity) solution by combining the dynamic programming principle and
uniqueness arguments. Such a program has been successfully performed in [1], deal-
ing with deterministic impulse control in all R

n. However, in the case of exit time
problems, it is well known that the value function is not continuous, in general. Con-
cerning deterministic control, this topic has been discussed in [4, 7, 19, 20]. With
respect to standard stochastic control, this problem has been solved quite gener-
ally by achieving a strong comparison result, i.e., a comparison among discontinuous
sub/supersolutions satisfying the boundary condition in the relaxed sense, in [5, 15].
Both these results may handle cases when U is not equal to ϕ on the boundary points
where σ degenerates along the normal direction, and they bring as a by-product that
the value function is continuous; moreover, they rely heavily on the fact that the con-
tinuous extension of U to Ω still solves the Dirichlet problem with relaxed boundary
condition. Concerning stochastic impulse control, comparison results can be found in
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[13, 14], both postulating the behavior of sub/supersolutions at the boundary. In [13]
it is assumed that the sub/supersolutions are “strong,” namely that they verify the
boundary condition in the following sense:

max{u−Mu, u−ϕ} ≤ 0 on ∂Ω,(1.5)

max{u−Mu, u−ϕ} ≥ 0 on ∂Ω,(1.6)

respectively. Next, by following the line of [15], [14] improves the previous comparison
result, after assuming the nontangential semicontinuity of viscosity sub/supersolut-
ions. These two comparison results allow characterization of the value function U
as the “unique” viscosity solution to (1.3), in a restricted class of solutions which
are known a priori to satisfy some technical regularity assumption at the boundary.
Furthermore they apply only to the case when the value function is continuous in Ω.

Here, following the line of [5], we prefer to impose some “nondegeneracy”-type
conditions on the boundary ∂Ω, which can be read as “partial controllability” assump-
tions. As a first result we obtain comparison among any viscosity sub/supersolutions
in the cases studied before in [13, 14]. Moreover we may deal with the general case, in
which the value function is not continuous and its extension to Ω does not solve (1.3).
To be clear, we denote by Γin ⊂ ∂Ω the region of the boundary which can be reached
only through a jump and not by using a standard continuous controlled trajectory (a
precise definition is given later). Example 3.4 shows that, if the optimal trajectory
jumps to Γin , the continuous extension of U to Ω does not solve (1.3)–(1.4); nor is
this the case if the boundary condition is understood in the relaxed sense

min
{
max

{
H
(
x, u,Du,D2u

)
, u−Mu

}
, u−ϕ

}
≤ 0 on ∂Ω,(1.7)

max
{
H
(
x, u,Du,D2u

)
, u−Mu, u−ϕ

}
≥ 0 on ∂Ω.(1.8)

This matter breaks the analogy with previously mentioned control problems: the
main difference is that not only are discontinuities at the boundary a by-product
of the degeneracy of a, but they can be generated by the impulse control. In the
case of standard stochastic control, the points of Γin behave as interior points, and
imposing that the equation is satisfied at those points is sufficient to balance the
loss of boundary data. On the contrary, in the case of impulse control, the points
of Γin can be reached by jumping: as a result, the value function exactly takes the
boundary value ϕ, but it is discontinuous. Such discontinuity is an integral part of
the control problem and cannot be removed. The boundary condition (1.7)–(1.8) does
not capture the information coming from the region Γin , so that the viscosity solution
may even be discontinuous inside Ω and, in general, is not unique. These difficulties
are overcome by giving a suitable notion of a boundary condition, which takes into
account the jumps of the value function due to impulse control. The information
about the boundary cost has to be strengthened by imposing that

u(x) ≤ M̃ϕ(x) on Ω,

lim sup
Ω�y→x

u(y) ≤ M̃ϕ(x) on ∂Ω,
(1.9)

where

M̃ϕ(x) := inf
{
ϕ(x+ξ) + c(ξ) + k : ξ ∈ R

n

+, x+ξ ∈ Γin

}
.(1.10)
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This selection criterion picks up the value function among all the viscosity solutions
and appears to be the natural way to read the boundary condition as more than a
technical assumption. It is worth mentioning that the value function is neither the
more regular solution nor the limit of an iterative procedure: indeed the standard
iterative scheme possibly converges to the “wrong” solution.

This paper is organized as follows. In section 2, we introduce the assumptions
that shall be in force in what follows and present some preliminary results concerning
the behavior of any sub/supersolutions near the boundary. Section 3 concerns the
case when Γin = ∅. We establish a comparison result which yields the continuity of
the value function on Ω and we show by means of a counterexample that it is not
true anymore if Γin �= ∅. Section 4 concerns the case when Γin �= ∅: as shown in
Example 4.1, comparison does not hold in general. Thus, we introduce a selection
criterion and we obtain a comparison result between selected subsolutions and any
supersolutions. As a by-product, we establish the continuity of the value function in
Ω \ Γin and we describe the eventual discontinuity in Γin . Finally, in section 5 we
produce a monotone iterative scheme which approximates the value function.

2. Assumptions and preliminary results. We make the following standard
assumptions:

H.1. The functions σ, b, and f are continuous on Ω × A. For any α ∈ A, σ(·, α)
and b(·, α) are Lipschitz continuous on Ω; in addition,

sup
α∈A

‖σij(·, α)‖C0,1(Ω) , sup
α∈A

‖bi(·, α)‖C0,1(Ω) < ∞

as 1 ≤ i ≤ n, 1 ≤ j ≤ d.
H.2. λ > 0.
H.3. The function c is continuous, nonnegative, and subadditive, namely, c(ξ1 +

ξ2) ≤ c(ξ1) + c(ξ2). In addition c(0) = 0 and k > 0.
H.4. ϕ ∈ C

(
∂Ω

)
.

H.5. Ω is a bounded domain of R
n with a W 3,∞-boundary ∂Ω.

Remark 2.1. The assumption H.2 can be easily relaxed by assuming that λ is a
continuous function of x, α on Ω ×A, with λ > 0.

The regularity assumption H.5 is not enough to handle the nonlocal term Mu.
In order to avoid pathological shapes for Ω, we use the same hypothesis as in [13, 14],
namely, the following:

H.6. There exists a mapping P : Ω × R
n

+ → R
n

+ satisfying

x + P (x, ξ) ∈ Ω for all (x, ξ) ∈ Ω × R
n

+,

P (x, ξ) = ξ if x + ξ ∈ Ω,

P (·, ξ) ∈ C
(
Ω
)

for any ξ ∈ R
n

+.

Assumption H.6 is not trivial. As shown in [14, Proposition 3.2], it guarantees
that M preserves semicontinuity, and so it justifies the following definition in the
framework of viscosity solutions to discontinuous equations started by [12].

Definition 2.1. A function u which is locally bounded and upper semicontinuous
on Ω is a viscosity subsolution to (1.3)–(1.4) if it satisfies in the viscosity sense the
inequalities

max
{
H
(
x, u,Du,D2u

)
, u−Mu

}
≤ 0 on Ω(2.1)

and (1.7) on ∂Ω.
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A function u which is locally bounded and lower semicontinuous on Ω is a viscosity
supersolution to (1.3)–(1.4) if it satisfies in the viscosity sense the inequalities

max
{
H
(
x, u,Du,D2u

)
, u−Mu

}
≥ 0 on Ω(2.2)

and (1.8) on ∂Ω.
Any locally bounded function u is a viscosity solution to (1.3)–(1.4) if its upper and

lower semicontinuous envelopes are, respectively, a subsolution and a supersolution.
Remark 2.2. It is easily seen that any subsolution to (1.3)–(1.4) is a subsolution

to the differential equation

(1.3.o) H
(
x, u,Du,D2u

)
= 0 on Ω,

which takes the boundary value (1.4) in the relaxed sense

min
{
H

(
x, u,Du,D2u

)
, u−ϕ

}
≤ 0 on ∂Ω.

Afterward, we use the same nondegeneracy-type assumptions as in [5]. To this
end, we denote by d the distance to the boundary, which is a W 3,∞ function in a
neighborhood of ∂Ω, by assumption H.5. For all x ∈ ∂Ω, we set

Ain(x) =
{
α ∈ A : σT(x, α)Dd(x) = 0,

1

2
tr
[
a(x, α)D2d(x)

]
+ b(x, α)·Dd(x) ≥ 0

}
,

and we denote by Γin the set of all x ∈ ∂Ω such that Ain(x) = A, by Γout the set
of all x ∈ ∂Ω such that Ain(x) = ∅, and by Γ = ∂Ω \ (Γin ∪ Γout). We assume the
following:

H.7. Γin and Γout are the union of connected components of ∂Ω.
H.8. For every x ∈ Γ, one of the following assumptions holds:

H.8.i. There exist η = η(x) > 0 and V = V(x) an Ω-neighborhood of x and
three subsets A1(x),A2(x),A3(x) of A such that A = A1(x) ∪ A2(x) ∪
A3(x) and
(a) for any α ∈ A1(x),

∣∣σT(x, α)Dd(x)
∣∣ ≥ η;

(b) for any α ∈ A2(x) ∪ A3(x), the function φα(y) = σT(y, α)Dd(y)
is of class W 2,∞ on V and identically zero on V ∪ Γ; moreover,
sup{‖φα‖W 2,∞(V) : α ∈ A2(x) ∪ A3(x)} < ∞;

(c) for any α ∈ A2(x), 1
2 tr

[
a(x, α)D2d(x)

]
+ b(x, α) ·Dd(x) ≤ −η;

(d) for any α ∈ A3(x) and y ∈ V, there exists α′ = α′(y) ∈ A3(x) such
that a(y, α′) = a(y, α) and 1

2 tr
[
a(y, α′)D2d(x)

]
+ b(y, α′) ·Dd(x) ≥

η.
H.8.ii. There exists V = V(x) an Ω-neighborhood of x and, for any y ∈ V,

α(y) ∈ A depending continuously on y such that the function φ(y) =
σT(y, α′(y)) is of class W 1,∞ on V and identically zero on V∪Γ; moreover,
σT(x, α(x)) = 0 and b(x, α(x))·Dd(x) > 0.

When dealing with impulse control problems, Γin plays a particular role, being the
set of the points that can be reached only after a jump. In order to prevent tangential
trajectories from causing some disturbing effects, we shall assume the following:

H.9. For every x ∈ Γin, there exist η = η(x) > 0 and V = V(x) a ∂Ω-neighborhood
of x such that for all y ∈ V and α ∈ A

1

2
tr
[
a(y, α)D2d(y)

]
+ b(y, α)·Dd(y) ≥ η.
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We now investigate the behavior of discontinuous sub/supersolutions near at the
boundary, with the object of “cleaning” them by replacing their actual values on ∂Ω by
their limits from inside Ω. Such a cleaning procedure avoids artificial discontinuities
coming from the underdetermination of the boundary values due to the relaxation of
the boundary condition. Furthermore, the solutions to quasi-variational inequalities
may also present some discontinuities at the boundary which are not artificial, and
these cannot be removed, unless some balancing condition is added. In view of this
fact, subsolutions and supersolutions have to be treated in a completely different way.

2.1. Boundary behavior of subsolutions. With respect to subsolutions, the
cleaning at the boundary does not change the nonlocal operator M .

Lemma 2.3. Let u be an upper semicontinuous function on Ω and set

ũ(x) =

⎧⎪⎨⎪⎩
lim sup
Ω�y→x

u(y) if x ∈ ∂Ω,

u(x) if x ∈ Ω.

(2.3)

Under assumptions H.3 and H.6, then Mũ = Mu on Ω.
Proof. Since ũ ≤ u on Ω by construction, Mũ ≤ Mu; hence, it suffices to show

that

inf
{
ũ(x+ξ)+c(ξ) : ξ ∈ R

n

+, x+ξ ∈ ∂Ω
}
≥ inf

{
u(x+ξ)+c(ξ) : ξ ∈ R

n

+, x+ξ ∈ Ω
}

for all x ∈ Ω. We now claim that the desired inequality follows by the following
geometrical property of ∂Ω: for any x ∈ Ω and ξ ∈ R

n

+ with x + ξ ∈ ∂Ω, there is a
sequence rn → 0 such that

Ω ∩B(x+ξ, rn) ∩
(
x + R

n

+

)
�= ∅,(2.4)

where B(z, r) stands for the open ball in R
n centered at z with radius r.

Indeed, let ξj be a sequence in R
n

+ such that x + ξj ∈ ∂Ω and ũ(x+ξj)+c(ξj) →
inf

{
ũ(x+ξ)+c(ξ) : ξ ∈ R

n

+, x + ξ ∈ ∂Ω
}

as j → ∞. If property (2.4) holds true, for
any j there is a sequence ξj,n ∈ R

n

+ such that x + ξj,n ∈ Ω and ξj,n → ξj as n → ∞;
in particular for all j, n it holds that

u(x+ξj,n)+c(ξj,n) ≥ inf
{
u(x+ξ)+c(ξ) : ξ ∈ R

n

+, x + ξ ∈ Ω
}
.

Eventually the thesis follows by extracting the limit with respect to both n and j.
Thus we need to check (2.4). The proof is trivial if ξ ∈ Int(Rn

+). Otherwise, we
assume for simplicity that the first component of ξ is zero. Since Ω is open, there is
a sequence xn ∈ Ω that converges to x and such that the first component of xn − x is
strictly positive for all n. We set ξn = xn − x + P (xn, ξ) and rn = 2|ξn − ξ|. Notice
also that the first component of ξn is strictly positive, so that rn > 0. Besides, by
force of assumption H.6, rn → 0 and x+ξn ∈ Ω∩B(x+ξ, rn)∩(x+Int(Rn

+)). Finally,
because B(x+ξ, rn) ∩ (x + Int(Rn

+)) is open, we get that (2.4) holds true.
A relevant consequence of Lemma 2.3 is the following result, which will play a

central role in the proofs of Theorems 3.1 and 4.6.
Proposition 2.4. Let assumptions H.1–H.7 hold and u be a subsolution to (1.3)–

(1.4). Then the function ũ defined by (2.3) is a subsolution to (1.3)–(1.4).
Proof. By construction, ũ is upper semicontinuous on Ω. At all x ∈ Ω, the

inequality H
(
x, ũ,Dũ,D2ũ

)
≤ 0 holds in the viscosity sense because ũ ≡ u near x.

Besides, since ũ(x) = u(x) ≤ Mu(x), Lemma 2.3 implies that ũ(x) ≤ Mũ(x).
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If x ∈ ∂Ω, two cases may happen: the first one is u(x) ≤ ϕ(x). In that case,
ũ(x) ≤ u(x) ≤ ϕ(x), and then the proof is completed.

The second one is u(x) > ϕ(x). Now, remembering Remark 2.2, [5, Proposition
4.1] yields that x ∈ Γin. Next, by assumption H.7 there exists r > 0 such that
∂Ω ∩ Br(x) ⊂ Γin . It suffices to check that max{H

(
x, ũ,Dψ,D2ψ

)
, ũ − Mũ} ≤ 0

for all smooth test functions ψ such that x is a strict global maximum of ũ − ψ on
Ω ∩ Br(x). To this aim, we introduce the function y 
→ ũ(y) − ψ(y) − ε/d(y). By
classical arguments, for all ε > 0 this function achieves its maximum at xε ∈ Ω∩Br(x),
and one can prove that xε → x, u(xε) → ũ(x), ε/d(xε) → 0. In particular, xε is a local
maximum point for u−ψ− ε/d on Ω∩Br(x); therefore max{H(xε, u,Dψ,D2ψ), u−
Mu} ≤ 0. So the same arguments of [5, Lemma 4.1] yield H(x, ũ,Dψ,D2ψ) ≤ 0.
Moreover, recalling Lemma 2.3, we get ũ(x) = limε→0 u(xε) ≤ limε→0 Mũ(xε) ≤
Mũ(x) by the upper semicontinuity of Mũ (see [14, Proposition 3.2]).

Remark 2.5. It is easily seen that ũ(x) ≤ Mũ(x) at all x ∈ Ω.
It is clear that the property stated by Lemma 2.3 does not hold for supersolutions.
Example 2.6. Take Ω = (0, 1), σ ≡ 0, b ≡ −1, c any increasing function of class

C1, f(x) > −c′(1−x) + λ [c(1−x) + k], and

ϕ(x) =

{
co if x = 0,
0 if x = 1,

where co is any constant greater than or equal to c(1) + k. Then the function

u(x) =

{
c(1−x) + k if x ∈ [0, 1),

0 if x = 1

is a viscosity solution, which is discontinuous at the point x = 1. Since Mu(x) =
u(1) + c(1−x) + k at all x ∈ Ω, the discontinuity at the boundary point x = 1 plays
an essential role and cannot be removed. Actually ũ(x) = c(1−x) + k on [0, 1] is not
a supersolution because it does not satisfy (2.2) at any x ∈ (0, 1).

2.2. Boundary behavior of supersolutions. We begin by noticing that, un-
der assumption H.9, a discontinuity at Γin may occur only if the optimal trajectory
stands in jumping.

Lemma 2.7. We suppose that H.1–H.7 and H.9 hold. If v is a supersolution and
xo ∈ Γin is such that v(xo) < lim infΩ�y→xo v(y), then v(xo) ≥ min {Mv(xo), ϕ(xo)}.

Proof. We assume by contradiction that v(xo) < min {Mv(xo), ϕ(xo)}. By semi-
continuity arguments, we may suppose that v(xε) < min {Mv(xε), ϕ(xε)} for all se-
quences xε such that xε → xo and v(xε) → v(xo). Notice that we may assume
without loss of generality that xε ∈ Γin for any ε small enough. Next, we take xε as
a minimum point for the function

x 
→ v(x) +
|x− xo|2

ε2
− 1

ε3
d(x).

Because v satisfies (1.8), then

H

(
xε, v(xε),−

2

ε2
(xε−xo) +

1

ε3
Dd(xε),−

2

ε2
I +

1

ε3
D2d(xε)

)
≥ 0.
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After computations we get

sup
α∈A

{
tr a(xε, α) + 2b(xε, α)·(xε−xo) + ε2 [λv(xε) − f(xε, α)]

}
≥ 1

ε
inf
α∈A

{
1

2
tr
[
a(xε, α)D2d(xε)

]
+ b(xε, α)·Dd(xε)

}
.

Passing to the limit as ε goes to zero gives a contradiction, because the left-hand
side is bounded by virtue of H.1, while the right-hand side blows up because of
H.9.

In order to state a property of supersolutions that corresponds to Lemma 2.3 for
subsolutions, we need to introduce the obstacle M̃ϕ(x) defined by (1.10).

Lemma 2.8. Let v be a supersolution to (1.3)–(1.4) and set

ṽ(x) =

⎧⎪⎨⎪⎩
lim inf
Ω�y→x

v(y) if x ∈ Γin,

v(x) if x ∈ Ω \ Γin.

(2.5)

Under assumptions H.1–H.7, H.9, then min {Mṽ, M̃ϕ} ≤ Mv on Ω.
Proof. We assume by contradiction that, at a certain x ∈ Ω, the desired inequality

does not hold; equivalently, there exists ξo ∈ R
n

+, with x+ξo ∈ Γin, such that

Mv(x) = v(x+ξo)+c(ξo)+k,(2.6)

v(x + ξo) < lim inf
Ω�y→x+ξo

v(y),(2.7)

v(x+ξo) + c(ξo) + k < M̃ϕ(x).(2.8)

Since v is a supersolution, (2.7) and (2.8) imply that v(x+ ξo) ≥ Mv(x+ ξo), via
Lemma 2.7. However, this is impossible because, in force of the subadditivity of c and
of (2.6), we have that Mv(x+ξo) ≥ Mv(x) − c(ξo) > v(x+ξo).

Eventually, we can remove the discontinuities at Γin of any supersolution to (1.3)–
(1.4) and obtain a supersolution to the modified quasi-variational inequality

max
{
H

(
x, u,Du,D2u

)
, u−Mu, u− M̃ϕ

}
= 0 on Ω,(2.9)

which satisfies the boundary condition (1.4) in the relaxed sense.
Proposition 2.9. Let assumptions H.1–H.7, H.9 hold and let v be a supersolution

to (1.3)–(1.4). Then the function ṽ defined by (2.5) is a supersolution to (2.9)–(1.4).
Proof. By construction ṽ is lower semicontinuous on Ω and ṽ ≥ v. Let x ∈ Ω with

ṽ(x) < ϕ(x) if x ∈ ∂Ω (otherwise there is nothing to prove): if v(x) ≥ Mv(x), then
max {ṽ(x) −Mṽ(x), ṽ(x) − M̃ϕ(x)} ≥ 0 by Lemma 2.8 and we are done. Otherwise,
H

(
x, v,Dv,D2v

)
≥ 0, and we need to check that H(x, ṽ,Dṽ,D2ṽ) ≥ 0 in the viscosity

sense. H(x, ṽ,Dṽ,D2ṽ) ≥ 0 in the viscosity sense follows by the same argument of
[5, Lemma 4.1] by force of the semicontinuity of Mv established by [14, Proposition
3.2].

We emphasize that, if u is any subsolution to (1.3)–(1.4), it is not true that ũ is
a subsolution to (2.9).

Example 2.10. Take Ω, σ, b, and c as in Example 2.6, f(x) = −c′(1−x) +
λ [c(1−x) + 2k], and

ϕ(x) =

{
c(1) + 2k if x = 0,

0 if x = 1.
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In this case u(x) = c(1−x) + 2k is a viscosity solution, continuous on [0, 1], but it is
not a subsolution to (2.9) because u(x) > M̃ϕ(x) at all x ∈ [0, 1].

3. The case when Γin is empty. This section concerns the case when, anytime
that the diffusion degenerates along the normal direction to the boundary, there exists
at least one continuous trajectory of (1.1) exiting from Ω with probability 1. So, any
point of ∂Ω can be reached by means of a standard control, and the behavior at
the boundary of the value function of the impulse control problem is similar to the
standard one.

In view of attaining the continuity of the value function up to the boundary, we
establish a strong comparison result for the related quasi-variational inequality.

Theorem 3.1 (comparison principle). Assume that H.1–H.8 hold and that Γin =
∅. If u and v are a bounded upper semicontinuous subsolution and lower semicontin-
uous supersolution to (1.3)–(1.4), then u ≤ v in Ω. Moreover ũ ≤ v in Ω, where ũ is
the subsolution defined in (2.3).

A relevant consequence of this comparison result is the characterization of the
value function of the impulse control problem.

Theorem 3.2. Assume that H.1–H.8 hold and that Γin = ∅. Then the value
function U of the impulse control problem (1.1)–(1.2) is characterized in Ω as the
unique viscosity solution to (1.3)–(1.4). Moreover, it is continuous on Ω and can be
continuously extended into Ω, by setting U(x) = lim supΩ�y→x U(y) on ∂Ω.

Before entering into the details of the proofs, we want to emphasize that the
assumption Γin = ∅ cannot be dropped. To this end we sum up some properties of
viscosity solutions that come out immediately by Theorem 3.1.

Corollary 3.3. Assume that H.1–H.8 hold, that Γin = ∅, and that u is a
viscosity solution in the sense of Definition 2.1. Then u is continuous on Ω and

u(x) ≥ lim sup
Ω�y→x

u(y) on ∂Ω.

Moreover the function ũ defined as in (2.3) is the unique viscosity solution of (1.3)–
(1.4) continuous on Ω.

Next we show that the conclusions of Corollary 3.3 (and so the ones of Theorems
3.1 and 3.2) do not hold if there is some point of the boundary that can be reached
only by jumping.

Example 3.4. Take Ω, σ, b, c, f , and ϕ as in Example 2.6. Now Γout = {0},
Γin = {1}, and for all c ∈ [c(1) + k,co], the function

uc(x) =

⎧⎨⎩
c if x = 0,

c(1−x) + k if x ∈ (0, 1),
0 if x = 1

is a viscosity solution whose continuous extension to Ω is not a solution anymore.
The phenomenon appearing on Γout is the well-known boundary layer which char-

acterizes viscosity solutions to the Dirichlet problem. In particular, choosing c =
c(1) + k gives a solution which is continuous to Γout. In contrast, the discontinuity
coming up on Γin is intrinsic in the problem and cannot be removed, as observed in
Example 2.6. When replacing the exact value of uc with the limit from inside at Γin, a
bit of crucial information about the boundary datum is lost because Mũc(x) > M̃ϕ(x)
near Γin. Therefore, even though ũc satisfies (1.8) on Γin, it fails to be a solution
because (2.2) is no longer satisfied near Γin.
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It is worth mentioning that the value function of the related impulse control prob-
lem is

U(x) =

{
c(1 − x) + k if x ∈ [0, 1),

0 if x = 1.

Thus, it is continuous in Ω \ Γin, but its continuous extension to Ω does not solve
(1.3).

Let us come to the proof of the strong comparison principle.
Proof of Theorem 3.1. The proof relies on establishing a comparison between the

subsolution ũ and the supersolution v. In order to deal with the nonlocal term M ,
we do not directly compare ũ with v. Following an idea by [2], we define for any
parameter µ ∈ (0, 1)

û = (1−µ) (ũ− b) , v̂ = v − b, ϕ̂ = ϕ− b,

where b = min
{
0,minϕ,min f/λ

}
. The functions û and v̂ satisfy, respectively,

max
{
H(x, û,Dû,D2û)+λb, û−Mû+µk

}
≤ 0, x ∈ Ω,(3.1)

min
{
max

{
H(x, û,Dû,D2û)+λb, û−Mû+µk

}
, û−ϕ̂

}
≤ 0, x ∈ ∂Ω,(3.2)

max
{
H(x, v̂,Dv̂,D2v̂)+λb, v̂−Mv̂

}
≥ 0, x ∈ Ω,(3.3)

max
{
H(x, v̂,Dv̂,D2v̂)+λb, v̂−Mv̂, v̂−ϕ̂

}
≥ 0, x ∈ ∂Ω.(3.4)

The proof consists of showing that

β = max
Ω

(û− v̂) ≤ 0,

and it is achieved by making use of the standard technique of doubling variables and
approaching the maximum point by means of two sequences xn, yn. The motivation
for replacing ũ, v by û, v̂ is made clear by the following lemma.

Lemma 3.5. Let xn, yn be two sequences in Ω such that xn, yn → xo ∈ Ω and
û(xn) − v̂(yn) → β. Then v̂(yn) < Mv̂(yn) for all large n.

Proof. We suppose by contradiction that there is a subsequence (that we still
denote by n) such that v̂(yn) ≥ Mv̂(yn), and we take ξn ∈ R

n

+ such that yn+ξn ∈ Ω,
Mv̂(yn) = v̂(yn + ξn) + c(ξn) + k. Recalling Remark 2.5, we have

û(xn) − v̂(yn) ≤ û(xn+ηn) + c(ηn) + (1−µ)k − v̂(yn+ξn) − c(ξn) − k

for all ηn ∈ R
n

+ such that xn+ηn ∈ Ω. Besides, by classical compactness arguments we
may assume without loss of generality that ξn converges to ξo ∈ R

n

+, with xo + ξo ∈
Ω. Thus, choosing ηn = P (xn, ξo) and extracting the limit as n → 0 gives the
contradiction β ≤ û(xo+ξo) − v̂(xo+ξo) − µk ≤ β − µk.

The inequality stated by Lemma 3.5 suggests that, when approaching a maximum
point, û and v̂ are close to being sub/supersolutions to the plain Dirichlet problem.
Next, we suppose by contradiction that β > 0 and take a point xo ∈ Ω such that
û(xo) − v̂(xo) = β. We reach a contradiction arguing separately from case to case.

Case xo ∈ Ω. We proceed as in the standard proof (see, for instance, [9]) by
taking (xε, yε) as a global maximum point for

Ω
2 � (x, y) 
→ û(x) − v̂(y) − |x− y|4

ε4
− |x− xo|4.
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For all ε > 0, H(xε, û, Dû,D2û)+λb ≤ 0 by Remark 2.2, while H(yε, v̂, Dv̂,D2v̂)+λb
≥ 0 by Lemma 3.5. Eventually the thesis follows by classical arguments.

Case xo ∈ Γout. Recalling Remark 2.2, [5, Proposition 4.1] yields that û ≤ ϕ̂ on
Γout ∪ Γ = ∂Ω. Hence, the assumption β > 0 implies that v̂(xo) < ϕ̂(xo). Let us set

ψε(y) =
|y − xo|4

ε4
+

1

ε2
d(y) − 1

2ε3
d(y)

2
.

It is easily seen that there exists a sequence yε of local minimum points for v̂+ψε such
that yε → xo and v̂(yε) → v̂(xo) as ε → 0. In particular, we may suppose without loss
of generality that v̂(yε) < ϕ̂(yε) whenever yε ∈ ∂Ω; in addition, Lemma 3.5 gives that
v̂(yε) < Mv̂(yε) for small ε. Eventually (3.3)–(3.4) give that H(x, v̂,−Dψε,−D2ψε)+
λb ≥ 0 and, arguing as in the proof of [3, Proposition 1.1], one gets the contradiction
Ain(xo) �= ∅.

Case xo ∈ Γ. As noticed while looking into the case xo ∈ Γout, we already
know that û(xo) ≤ ϕ̂(xo), and we have to check that the item v̂(xo) < ϕ̂(xo) gives a
contradiction. To begin, by replacing v̂ with v̂ + | · −xo|4, we may suppose that xo is
a strict maximum point. Next, we perturb û and v̂ by means of a change of variable,

ûδ(x) = ω−1
δ (û(x)) , v̂δ(x) = ω−1

δ

(
v̂(x) + |x− xo|4

)
,

where ωδ is chosen close to identity, namely, ωδ
′(s) = 1 − δeωδ(s) and ωδ(0) = 0.

Moreover we set βδ = max
{
ûδ(x) − v̂δ(x) : x ∈ Ω

}
and xδ a maximum point. An

easy computation gives that xδ → xo, βδ → β, and û(xδ) − v̂(xδ) → û(xo) − v̂(xo),
up to an extracted sequence. From now on, the proof proceeds as in [5, section 5.2],
by force of Lemma 3.5.

Remark 3.6. If ∂Ω = Γout, Theorem 3.1 can be compared with [13, Theorem
3.1]: the main difference is that our proof does not need the sub/supersolutions to
be “strong” in the sense of (1.5)–(1.6). Indeed, the comparison principle stated by
Theorem 3.1 allows to enlarge the uniqueness class of [13, Theorem 4.1], including
any viscosity solutions.

Next, if ∂Ω = Γ, Theorem 3.1 can be compared with the result in [14]. Since
we do not need to know a priori the behavior of the sub/supersolutions near the
boundary, our nondegeneracy assumption H.8 is different from assumptions C.3 and
C.4 of [14, Theorem 4.2]. On the other hand, following the proof of [14, Theorem
4.2], namely combining the iterative approximation scheme by Hanouzet and Joly
[11] with the comparison principle stated by Theorem 3.1, gives the existence of a
(unique) continuous viscosity solution.

Eventually we attain the characterization of the value function as the unique con-
tinuous viscosity solution to the quasi-variational inequality, as an easy consequence
of Theorem 3.1.

Proof of Theorem 3.2. By virtue of the dynamic programming principle (see, for
instance, [8, section III.1]), the value function satisfies

U(x) = inf
A

E

[∫ T∧τx

0

f(Xx
t , αt) e

−λtdt +
∑

θi≤T∧τx

(c(ξi) + k) e−λθi

+1{T<τx}U (Xx
T ) e−λT + 1{T≥τx}ϕ

(
Xx

τx

)
e−λτx

]
for all x ∈ Ω and all stopping times T . Hence, standard arguments (see, for instance,
[10, section V.3] and [4, section I]) give that U solves (1.3)–(1.4) in the viscosity
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sense. Besides, Corollary 3.3 guarantees that any solution is continuous and that its
extension, obtained by setting U(x) = lim supΩ�y→x U(y) on ∂Ω, is continuous in Ω
and still solves (1.3)–(1.4). Eventually, via Theorem 3.1, U is the unique continuous
solution on Ω.

4. The case when Γin is nonempty. Example 3.4 shows that, in general, if
Γin is nonempty, we do not expect to have continuous solutions up to the boundary;
in addition, we have to face the new difficulty that the continuous extension of the
value function to Ω does not satisfy (1.3). On the other hand, such situations are
relevant for the applications to control theory, because a discontinuous value function
at a boundary point reveals that the optimal trajectory stands in jumping to the
boundary.

In this section, we first show that, in this case, it is possible to construct a number
of viscosity solutions, which, in addition, are discontinuous inside Ω. This is due to
the fact that the notion of relaxed boundary condition (1.7)–(1.8) does not capture
all the information coming from (1.4) when the value function is discontinuous at Γin.
Therefore, we enforce it by imposing the extra condition (1.9). Next, we characterize
the value function as the unique viscosity solution fulfilling the strengthened notion
of boundary condition, by means of a comparison result.

4.1. A suitable notion of boundary condition. With respect to the plain
Dirichlet problem, the prescription of a boundary value is only a constraint at the
boundary, which can be relaxed in the viscosity sense by substituting (1.4) with (1.7)–
(1.8). When dealing with quasi-variational inequalities, the prescription of a boundary
value is also a constraint inside Ω, because it is implicitly required that

u(x) ≤ inf
{
ϕ(x+ξ) + c(ξ) + k : ξ ∈ R

n

+, x + ξ ∈ ∂Ω
}

in Ω.(4.1)

If the diffusion is nondegenerate, the boundary condition (1.4) is fulfilled; therefore
(4.1) is implied by requiring that u ≤ Mu on Ω. However, if the diffusion degenerates
at the boundary, a boundary layer arises and the constraint (4.1) can be violated.
It is the case, for instance, if the optimal trajectory stands in jumping at a point
x ∈ ∂Ω: now U(x) = ϕ(x) and U(y) = MU(y) = U(x) + c(x− y) + k around x. The
“standard” viscosity boundary condition only requires that the upper semicontinuous
envelope of U satisfy the quasi-variational inequality at x and neglects that, when
replacing U by its upper semicontinuous envelope, the obstacle MU is artificially
increased all over Ω. Therefore this notion of boundary condition does not capture
the constraint (4.1). As a consequence, it is not sufficient to pick up a unique solution,
as shown by the following example.

Example 4.1. Take Ω = (0, 3), σ ≡ 0,

b(x) =

⎧⎨⎩
−(x− 1)2 if x ∈ [0, 1],

0 if x ∈ [1, 2],
−(x− 2)2 if x ∈ [2, 3],

c a strictly increasing function, f(x) ≥ λ[c(3−x) + 2k], and

ϕ(x) =

{
c(3) + 2k if x = 0,

0 if x = 3.

In that case Γout = {0}, Γin = {3}, and jumping immediately to Γin is a better strategy
than following any continuous trajectory. The value function is given by

U(x) =

{
c(3−x) + k if x ∈ [0, 3),

0 if x = 3.
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Notice that the U is continuous on Ω \ Γin and lower semicontinuous on Ω, and that
it fulfills the condition U ≤ M̃ϕ on Ω. Moreover, its continuous extension on Ω is
not a solution anymore, by the same arguments of Example 4.1.

On the other hand, for all z ∈ (1, 2) the function

uz(x) =

⎧⎨⎩
c(3−x) + 2k if x ∈ [0, z),
c(3−x) + k if x ∈ [z, 3),

0 if x = 3

is a viscosity solution, which is discontinuous at the interior point z. When taking the
upper semicontinuous envelope of uz, the information about the boundary datum on
Γin is lost: removing the discontinuity at Γin artificially increases the nonlocal term
Mu∗

z, so that Mu∗
z(x) > M̃ϕ(x).

This example reveals that some selection criterion is needed for uniqueness. Re-
placing a subsolution with its upper semicontinuous envelope makes the term Mu
increase and possibly exceed Mφ, so that some relevant information about the bound-
ary datum is lost. Hence we need to give a more appropriate notion of the relaxed
boundary condition.

Definition 4.1. A function u which is locally bounded and upper semicontinuous
on Ω is a selected viscosity subsolution to (1.3)–(1.4) if it is a viscosity subsolution in
the sense of Definition 2.1 (i.e., it fulfills (2.2), (1.8)) and, in addition, satisfies (1.9).

A locally bounded function u is a selected viscosity solution to (1.3)–(1.4) if it is
a viscosity solution in the sense of Definition 2.1 and, in addition, its upper semicon-
tinuous envelope satisfies (1.9).

Remark 4.2. Let u be an upper semicontinuous function. Because in general
lim supΩ�y→x u(y) ≤ u(x), the condition (1.9) is weaker than u ≤ M̃ϕ on Ω. On

the other hand, since we do not ask a priori that the function Ω � x 
→ M̃ϕ(x) be
upper semicontinuous, condition (1.9) is not implied by asking that u(x) ≤ M̃ϕ on
Ω. Actually, the condition (1.9) is equivalent to asking that ũ ≤ M̃ϕ on Ω, where ũ
has been defined in (2.3).

We explicitly notice that any function is a selected viscosity solution if and only
if its upper semicontinuous envelope is a selected viscosity subsolution and its lower
semicontinuous envelope is a supersolution according to Definition 2.1. In view of
Proposition 2.9, a selection criterion for supersolutions is not needed.

Up to modifying the values in the Γin part of the boundary, there is a one-to-
one correspondence between the selected solutions to (1.3) and the solutions to (2.9)
which do not jump downward at Γin.

Lemma 4.3. If u is a selected solution to (1.3)–(1.4), then

w(x) =

⎧⎪⎨⎪⎩
u(x) if x ∈ Ω \ Γin,

lim inf
Ω�y→x

u(y) if x ∈ Γin

solves (2.9)–(1.4). Conversely, let w be a solution to (2.9)–(1.4) with the regularity
property

w∗(x) = lim inf
Ω�y→x

w(y) for all x ∈ Γin
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(where w∗ stands for the lower semicontinuous envelope of w) and set

u(x) =

⎧⎪⎪⎨⎪⎪⎩
w(x) if x ∈ Ω \ Γin,

min

{
lim inf
Ω�y→x

w(y), ϕ(x)

}
if x ∈ Γin.

Then u is a selected solution to (1.3)–(1.4).
Proof. The first part of the statement is an immediate consequence of Proposition

2.9. With respect to the second part, we begin by noticing that w∗ is a subsolution
to (1.3)–(1.4). Moreover the same arguments of Proposition 2.4 yield that u∗(x) is a
subsolution to (1.3)–(1.4). Therefore, since u∗ satisfies (1.9) by construction, it is a
selected subsolution.

In order to check that the lower semicontinuous envelope of u is a supersolu-
tion to (1.3)–(1.4) in the sense of Definition 2.1, take x ∈ Ω with u∗(x) < ϕ(x) if
x ∈ ∂Ω (otherwise there is nothing to prove). By construction, u∗(x) = w∗(x) and
Mu∗(x) = min{Mw∗(x), M̃ϕ(x)}. If w∗(x) ≥ min{Mw∗(x), M̃ϕ(x)}, then u∗(x) =
w∗(x) ≥ min{Mw∗(x), M̃ϕ(x)} = Mu∗(x). Otherwise, H(x,w,∗ Dw∗, D

2w∗) ≥ 0 and
the same arguments of the proof of Proposition 2.9 yield that H(x, u∗, Du∗, D

2u∗)
≥ 0.

As our goal relies on eliminating solutions which are not related to the impulse
control problem, we have to verify that the value function is a selected viscosity
solution.

Proposition 4.4. The value function of the impulse control problem (1.1)–(1.2)
is a selected viscosity solution to (1.3)–(1.4).

Proof. Proceeding as in the proof of Theorem 3.2, one gets that the value function
U solves (1.3)–(1.4) according to Definition 2.1. On the other hand, at all x ∈ Ω and
for all ξ ∈ R

n

+ such that x+ ξ ∈ Ω, one may chose the control θo = 0, θ1 = ∞, ξo = ξ.
Therefore (1.2) gives that U(x) ≤ ϕ(x + ξ) + c(ξ) + k, and taking the infimum over
all ξ gives U(x) ≤ M̃ϕ(x) at all x ∈ Ω.

4.2. Comparison principle. We are now ready to characterize the value func-
tion as the unique selected viscosity solution.

Theorem 4.5. Under assumptions H.1–H.9, the value function U of the impulse
control problem (1.1)–(1.2) is characterized in Ω as the unique selected viscosity solu-
tion to (1.3)–(1.4). Moreover, it is continuous on Ω and can be continuously extended
into Ω \ Γin by setting

U(x) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
lim sup
Ω�y→x

U(y) if x ∈ Γout ∪ Γ,

min

{
lim inf
Ω�y→x

U(y), ϕ(x)

}
if x ∈ Γin.

(4.2)

This characterization is achieved by means of the following comparison result.
Theorem 4.6 (comparison principle). Under assumptions H.1–H.9, if u is a

bounded upper semicontinuous selected subsolution and v is a bounded lower semicon-
tinuous supersolution to (1.3)–(1.4), then u ≤ v in Ω. Moreover, ũ ≤ ṽ in Ω, where ũ
and ṽ have been defined in (2.3) and (2.5), respectively.

Before entering into the details of the proof of the comparison principle, we show
how it brings us to Theorem 4.5. To this end, we first list the properties of viscosity
solutions that arise from Theorem 4.6.
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Corollary 4.7. Assume that H.1–H.9 hold and let u be a selected viscosity
solution to (1.3)–(1.4). Then u is continuous on Ω and

u(x) ≥ lim sup
Ω�y→x

u(y) on Γout ∪ Γ,

u(x) ≤ lim inf
Ω�y→x

u(y) on Γin.

Moreover, the function

u(x) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

u(x) if x ∈ Ω,

lim sup
Ω�y→x

u(y) if x ∈ Γout ∪ Γ,

min

{
lim inf
Ω�y→x

u(y), ϕ(x)

}
if x ∈ Γin

is continuous on Ω \ Γin, still is a selected viscosity solution, and is the minimal
bounded solution to (1.3)–(1.4) (according to Definition 2.1).

Notice that, in view of Example 4.1, the continuous extension of a solution to Ω
generally is not a solution.

Proof. The first part of the statement is a trivial consequence of Theorem 4.6,
and we prove only that u is the minimal solution. By taking advantage of Lemma
4.3, one may easily obtain that u is a selected solution by checking that

w(x) =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

u(x) if x ∈ Ω,

lim sup
Ω�y→x

u(y) if x ∈ Γout ∪ Γ,

lim inf
Ω�y→x

u(y) if x ∈ Γin

solves (2.9)–(1.4).
Next we prove that u is the minimal solution. First of all, we observe that any

viscosity solution which lacks property (1.9) is bigger (at least at some point) than
any selected viscosity solution. Therefore, it suffices to show that u ≤ v on Ω for any
bounded selected viscosity solution v. However, the comparison principle stated by
Theorem 4.6 implies that u = u = v on Ω and v(x) ≥ u(x) for all x ∈ Γout∪Γ. Hence,
it remains to show that u ≤ v on Γin.

To this end we suppose by contradiction that v(x) < u(x) at some x ∈ Γin;
then Lemma 2.7 yields that v(x) ≥ min{Mv(x), ϕ(x)} and, because v(x) < ϕ(x),
v(x) ≥ Mv(x), indeed. Set ξo ∈ R

n

+ such that Mv(x) = v(x+ξo) + c(ξo) + k: in
particular, ξo �= 0 and Mu(x) ≥ u(x) > v(x) ≥ v(x+ ξo) + c(ξo) + k. Therefore
v(x+ ξo) < u(x+ ξo) and x+ ξo ∈ Γin. Iterating these arguments brings the existence

of two sequences ξn ∈ R
n

+, ξn �= 0, and yn = x +
∑n+1

j=0 ξj ∈ Ω for which

v(x) ≥ v(yn) +

n+1∑
j=0

c(ξj) + (n+1)k.
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However, this is absurd because it implies that

inf
Ω

v ≤ lim
n→∞

v(yn) ≤ v(x) − lim
n→∞

⎡⎣n+1∑
j=0

c(ξj) + (n+1)k

⎤⎦ = −∞.

Corollary 4.7 immediately implies the result stated by Theorem 4.5. We conclude
this section by proving the comparison result.

Proof of Theorem 4.6. We follow the same scheme of the proof of Theorem 3.1,
by replacing ũ and ṽ with

û = (1−µ) (ũ− b) , v̂ = ṽ − b.

We recall that û satisfies (3.1)–(3.2) and, in addition,

û ≤ M̃ϕ̂− µk on Ω.(4.3)

Besides, v̂ satisfies

max
{
H(x, v̂,Dv̂,D2v̂)+λb, v̂−Mv̂, v̂−M̃ϕ̂

}
≥ 0, x ∈ Ω,(4.4)

max
{
H(x, v̂,Dv̂,D2v̂)+λb, v̂−Mv̂, v̂−M̃ϕ̂, v̂−ϕ̂

}
≥ 0, x ∈ ∂Ω.(4.5)

The proof consists of checking that

β = max
Ω

(û− v̂) ≤ 0,

and it is achieved arguing by contradiction. The role of Lemma 3.5 is now played by
the following result.

Lemma 4.8. Let xn, yn be two sequences in Ω such that

xn, yn → xo ∈ Ω,

û(xn) − v̂(yn) → β > 0.

Then v̂(yn) < min {Mv̂(yn), M̃ ϕ̂(yn)} for all large n.
Proof. We suppose by contradiction that there is a subsequence (that we still

denote by n) such that v̂(yn) ≥ min {Mv̂(yn), M̃ ϕ̂(yn)}. Without loss of generality,
we may assume that one of the following items is fulfilled:

(a) for all n, there exists ξn ∈ R
n

+ such that yn + ξn ∈ Ω \ Γin and

min
{
Mv̂(yn), M̃ ϕ̂(yn)

}
= v̂(yn+ξn) + c(ξn) + k;

(b) for all n, there exists ξn ∈ R
n

+ such that yn + ξn ∈ Γin and

min
{
Mv̂(yn), M̃ ϕ̂(yn)

}
= ϕ̂(yn+ξn) + c(ξn) + k.

In the first case, the thesis is obtained as in Lemma 3.5. Otherwise, because Γin is
closed by hypothesis H.7, we may assume without loss of generality that ξn converges
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to ξo ∈ R
n

+ with xo+ξo ∈ Γin. Therefore, by making use of the property (4.3) at the
point xo, we obtain

û(xn)− v̂(yn) ≤ û(xn)− û(xo) + ϕ̂(xo+ξo) + c(ξo) + (1−µ)k− ϕ̂(yn+ξn)− c(ξn)− k.

Eventually, by taking advantage of the semicontinuity of û and of the continuity of
ϕ̂, c, passing to the limit as n → ∞ gives the contradiction β ≤ −µk < 0.

Next, we take a point xo ∈ Ω such that û(xo) − v̂(xo) = β > 0, and we reach a
contradiction arguing separately from case to case. In view of Lemma 4.8, the cases
xo ∈ Ω ∪ Γout ∪ Γ may be dealt with as in the proof of Theorem 3.1. Therefore, it
remains to study the case xo ∈ Γin.

Case xo ∈ Γin. Take (xε, yε) as a global maximum point for

Ω
2 � (x, y) 
→ û(x) − v̂(y) − |x− y|4

ε4
− |y − xo|4 −

ε

d(y)
,

and notice that xε, yε → xo and û(xε) − v̂(yε) → β as ε goes to zero; in par-
ticular, xε ∈ Ω ∪ Γin and yε ∈ Ω. Next, via Remark 2.2, [5, Proposition 4.2]
yields that H(xε, û, Dû,D2û) + λb ≤ 0. In addition (4.4) and Lemma 4.8 imply
that H(yε, v̂, Dv̂,D2v̂) + λb ≥ 0. Therefore the thesis follows by standard argu-
ments.

5. Existence of solution: A constructive procedure. We conclude this
paper by producing a selected viscosity solution by making use of the iterative ap-
proximation scheme introduced by Hanouzet and Joly in [11]. This procedure has
been used before in [14, Theorem 4.2], where a solution to (1.3)–(1.4), continuous on
Ω, has been produced as the uniform limit of the sequence:

• uo is the solution to the plain Dirichlet problem (1.3.o)–(1.4),
• for all n ≥ 1, un is the solution to the variational inequality

(1.3.n) max
{
H
(
x, un, Dun, D

2un

)
, un −Mun−1

}
= 0 on Ω,

satisfying the boundary condition (1.4).
If Γin �= ∅, in general the sequence un does not converge to the value function of the
control problem.

Example 5.1. Take Ω, σ, b, ϕ as in Example 4.1, c of class C1 with c′ > 0, and
f(x) = b(x)c′(3−x) + λ [c(3−x) + 2k]. It is easy to check that uo(x) = c(3−x) + 2k
is the unique solution in C(Ω) to the Dirichlet problem (1.3.o)–(1.4). In addition,
Muo = uo + k on Ω, so that uo also solves (1.3.1)–(1.4) and, by iteration, un = uo

for all n ∈ N. Actually uo is a solution to (1.3)–(1.4) continuous on Ω, but M̃ϕ =
uo(x) − k. Hence uo does not satisfy (1.9) and differs from the value function of the
related control problem (whose explicit form has been given in Example 4.1).

Notice that, if we do not superimpose the condition (1.9), any information about
the boundary cost on Γin = {3} is forgotten just in the zeroth step of the iterative
scheme: indeed, uo solves the Dirichlet problem with any boundary cost ϕ̂ such that
ϕ̂(3) ≤ 2k.

Therefore, in order to achieve convergence to the value function, it is necessary
to add the information coming from the Γin-part of the boundary into the iterative
scheme. This allows us to exploit the stability of a modified version of the monotone
iterative scheme by Hanouzet and Joly.

Theorem 5.2. Assume that H.1–H.9 hold and that M̃ϕ ∈ C(Ω). Then there
exists a selected viscosity solution u ∈ C

(
Ω \ Γin

)
to (1.3)–(1.4). Such a solution has
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the form

u(x) =

⎧⎨⎩ w(x), x ∈ Ω \ Γin,

min{w(x), ϕ(x)}, x ∈ Γin,

where w ∈ C(Ω) is the uniform limit of the sequence:
• uo is the solution to the plain Dirichlet problem (1.3.o)–(1.4),
• for all n ≥ 1, un is the solution to the variational inequality

(2.9.n) max
{
H
(
x, un, Dun, D

2un

)
, un −Mun−1, un − M̃ϕ

}
= 0 on Ω,

satisfying the boundary condition (1.4).
The proof of Theorem 5.2 requires the study of variational inequalities of type

max
{
H
(
x, v,Dv,D2v

)
, v − ψ1, v − ψ2

}
= 0 on Ω.(5.1)

We begin by noticing that (5.1)–(1.4) may be interpreted as a Hamilton–Jacobi–
Bellman equation after redefining the set of the controls as Â = A×{0, 1, 2} and the
coefficients of the dynamics and the running cost as

σ̂(x, α, i) =

{
σ(x, α) if i = 0,

0 if i = 1, 2,

b̂(x, α, i) =

{
b(x, α) if i = 0,

0 if i = 1, 2,

f̂(x, α, i) =

{
f(x, α) if i = 0,
ψi(x) if i = 1, 2.

In particular, the strong comparison principle [5, Theorem 2.1] applies, under as-
sumptions H.1–H.5, H.7, H.8, whenever ψi ∈ C(Ω), as i = 1, 2. Therefore, the proof
of the next well-posedness result follows from a standard application of the technique
of half-relaxed limits by Barles and Perthame [4].

Proposition 5.3. Let ψ1, ψ2 ∈ C(Ω). Under assumptions H.1–H.5, H.7, H.8,
there exists a unique continuous viscosity solution to the variational inequality (5.1)–
(1.4).

Finally we establish the convergence of the modified Hanouzet and Joly scheme
(2.9.n)n.

Proof of Theorem 5.2. Because of Lemma 4.3, it suffices to show that w solves
(2.9)–(1.4). We begin by noticing that, by virtue of the Perron method [9, Theorem
4.1] and of the strong comparison principle [5, Theorem 2.1], the Dirichlet problem
(1.3.o)–(1.4) has a unique solution uo in C(Ω).

Next, [14, Proposition 3.2] yields that Muo ∈ C(Ω), while M̃ϕ ∈ C(Ω) by hy-
pothesis. Hence, Proposition 5.3 guarantees the existence of a solution u1 ∈ C(Ω) to
(2.9.1)–(1.4). In addition, u1 is a subsolution to (1.3.o)–(1.4), so that [5, Theorem
2.1] gives that u1 ≤ uo.

Again, [14, Proposition 3.2] yields that Mu1 ∈ C(Ω), and Proposition 5.3 guaran-
tees the existence of a solution u2 ∈ C(Ω) to (1.3.2)–(1.4). Since u1 ≤ uo, Mu1 ≤ Muo,

max
{
H
(
x, u2, Du2, D

2u2

)
, u2 −Muo, u2 − M̃ϕ

}
≤ max

{
H
(
x, u2, Du2, D

2u2

)
, u2 −Mu1, u2 − M̃ϕ

}
≤ 0.
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Thus u2 is a subsolution to (2.9.1)–(1.4), and [5, Theorem 2.1] gives that u2 ≤ u1.
By iterating these arguments, we obtain a decreasing sequence un ∈ C(Ω).

On the other hand, up to replacing ϕ by ϕ−b and f by f +λb, with b = min
{
0,

minϕ, min f/λ
}
, we may suppose without loss of generality that ϕ, f ≥ 0, so that 0

is a subsolution to all problems (2.9.n)–(1.4), and [5, Theorem 2.1] guarantees that
un ≥ 0 on Ω for all n.

Afterward, the same arguments of the proof of [14, Theorem 4.2] give that

un+1 − un+2 ≤ (1 − µ)n‖uo‖C(Ω) on Ω,

where µ < 1 such that µ‖uo‖C(Ω) ≤ k. Therefore the sequence un converges to a

function w ∈ C(Ω), uniformly on Ω. Eventually, the stability result [16, Proposition
I.3] implies that w is a solution to (2.9)–(1.4).

6. Conclusions. The counterexamples 4.1 and 5.1 show that reading the bound-
ary condition (1.4) in the “standard” viscosity sense (1.7)–(1.8) is underdetermining
when dealing with nonlocal problems such as (1.3).

In these cases, the loss of information caused by the boundary layer propagates
into the interior of Ω. Thus the additional request H(x, u,Du,D2u) = 0 at the
boundary points where loss of boundary data may occur is not sufficient to offset
such loss of information. Actually, it is needed to introduce the selection criterion
(1.9) in order to spread the information coming from the boundary condition into all
Ω.

Eventually, the triplet of conditions (1.7)–(1.8)–(1.9) seems to be the suitable way
to relax the boundary condition, with respect to a nonlocal problem such as (1.3).
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Abstract. In this paper we study the controllability problem for a system that models the
vibrations of a controlled tree-shaped network of vibrating elastic strings. The control acts through
one of the exterior nodes of the network. With the help of the d’Alembert representation formula
for the solutions of the one-dimensional wave equation, we find certain linear relations between the
traces of the solutions at the nodes of the network. These relations allow us to prove a weighted
observability inequality with weights that may be explicitly computed in terms of the eigenvalues
of the associated elliptic problem. We characterize the class of trees for which all those weights
are different from zero, which leads to the spectral controllability of the system. Additionally, we
consider the same one-node control problem for several networks that are controlled simultaneously.

Key words. controllability, observability, string network, wave equation
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Introduction. In this paper we study the one-node controllability property of
the vibrations of a planar network (i.e., several strings connected at their ends) of
elastic homogeneous strings. That is, we analyze the possibility of driving to rest the
motion of the network produced by an initial deformation of its strings, by means of
a control applied through one of the nodes.

The network considered in this paper coincides at rest with a planar, finite, con-
nected graph without closed paths, whose edges are straight segments. The defor-
mations of the strings of the network are assumed to be transverse to the plane
determined by the at-rest graph. The deformation of every string is expressed by
means of a scalar function, defined on the edge of the graph that corresponds to the
string and satisfying the one-dimensional (1-d) wave equation. At the interior nodes
of the network, i.e., those where the strings are coupled, it is assumed that the dis-
placements of all the strings coincide and that the sum of their tensions is equal to
zero. These conditions express the continuity of the network and the balance of forces
at the junction points. A control acts on one of the exterior nodes that regulates
its displacement. The remaining exterior nodes are supposed to be clamped; that is,
their displacements are equal to zero.

By now, there is an extensive literature devoted to the nodal controllability and
stabilizability of networks (see, e.g., [7, 8] and the references therein). The main tool
used to solve these problem has been the Hilbert uniqueness method, introduced by
Lions [10], combined with multiplier and characteristic methods.

The question of the nodal controllability of networks of strings was first raised
by Rolewicz in [12], where a network controlled at all its nodes was studied. Later
on, Schmidt introduced in [13] the model of a network controlled at exterior (simple)
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nodes as considered in this paper, and proved the exact controllability of networks
supported by tree-shaped graphs if all but one of the exterior nodes are controlled.

More general hyperbolic systems on graphs, including Timoshenko-beam models,
have been considered by Lagnese, Leugering, and Schmidt in a series of papers which
are collected in [8], where again exact controllability and stabilizability from exterior
nodes were studied. These authors also noticed that the controllability property, even
in an approximate sense, may fail for systems with rationally dependent physical
characteristics supported on graphs containing cycles, or when two or more exterior
nodes are left uncontrolled. This fact led to the question of characterizing those
networks which are controllable under the action of a small number of controls. This
problem was then studied by Leugering and Zuazua in [9] for a three-string star-
shaped network controlled from a single exterior node. They found that the network
is controllable if and only if the ratio of the lengths of the uncontrolled strings is an
irrational number.

This paper extends the results in [9] for general tree-shaped networks controlled
from the root. Our main results are related to the possibility of proving weighted
observability inequalities for the solutions of the system modelling the network. Under
certain conditions imposed over the lengths of the strings of the networks, which are
verified in a generic sense, those observability results allow one to obtain information
on the controllability properties of the tree-shaped networks from one exterior node.
Thus, we provide a complete answer to the one-node controllability problem for tree-
shaped networks.

1. Notation and statement of the problem.

1.1. Notation for the elements of the graph. In this section, we introduce
precise notation for the elements of the rest configuration graph. This is needed to
write the equations of the motion of the network in a way that takes into account the
topological structure of the graph.

Let A be a planar, connected graph without closed paths. According to the usual
terminology in graph theory, those graphs will be called trees. By the multiplicity of
a vertex of A we mean the number of edges that branch out from that vertex. If the
multiplicity is equal to one, the vertex is called exterior; otherwise, it is said to be
interior. We assume that the graph A does not contain vertices of multiplicity two,
since they are irrelevant for our model.

In what follows, we describe a procedure for indexing the edges and vertices of the
graph. In Figure 1.1 an example is given of a tree with indices defined according to
this rule. First, we choose an exterior vertex and denote it by R. It is called the root
of A. The remaining edges and vertices will be denoted by eᾱ and Oᾱ, respectively,
where ᾱ = (α1, . . . , αk) is a multi-index (possibly empty) of variable length k defined
by recurrence for every edge in the following way.

For the edge containing the root R we choose the empty index. Thus, that edge
is denoted by e and its vertex different from R is denoted by O.

Assume now that the interior vertex Oᾱ, contained in the edge eᾱ, has multiplicity
equal to mᾱ + 1. This means that there are mᾱ edges, different from eᾱ, that branch
out from Oᾱ. We denote these edges by eᾱ◦β , β = 1, . . . ,mᾱ, and the other vertex
of the edge eᾱ◦β by Oᾱ◦β . Here, ᾱ ◦ β represents the index (α1, . . . , αk, β), obtained
by adding a new component β to the index ᾱ = (α1, . . . , αk). In general, if ᾱ =
(α1, . . . , αk) and β̄ = (β1, . . . , βm), then ᾱ ◦ β̄ will denote the multi-index of length
k + m defined by ᾱ ◦ β̄ = (α1, . . . , αk, β1, . . . , βm).
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Fig. 1.1. A tree with indices for its vertices and edges.

Now let M be the set of the interior vertices of A, and S the set of exterior
vertices, except R, and define

IM = {ᾱ; Oᾱ ∈ M} , IS = {ᾱ; Oᾱ ∈ S} ,

which are the sets of the indices of the interior and exterior vertices (except R),
respectively. Note that with these notations, we admit the empty multi-index, which
corresponds to the vertex O and belongs to one of the sets IM or IS . Finally,
I = IS

⋃
IM is the set of the indices of all the vertices, except that of the root R.

Further, for ᾱ ∈ IM, the sets

Aᾱ =
{
eᾱ◦β̄ ; ᾱ ◦ β̄ ∈ I

}
are called subtrees of A. Note that Aᾱ is formed by the edges having indices with a
common initial part ᾱ. This means that Aᾱ is also a tree branching out from the
vertex of eᾱ different from Oᾱ. Then, if one chooses that vertex as the root Rᾱ of
Aᾱ and denotes by eᾱ

β̄
the edge with index β̄ in Aᾱ according to the numbering rule

defined above for trees, it holds that

eᾱ◦β̄ = eᾱβ̄ , Oᾱ◦β̄ = Oᾱ
β̄ .

In order to prove properties of trees, we shall often proceed by induction with
respect to the largest length of the indices ᾱ used to number the edges according to
the procedure described above. To do this we should prove that (1) the property
is true for the simplest case of a one-edged tree (i.e., the corresponding network is
formed by a single string) and also that (2) if the property is true for all the subtrees
A1, . . . ,Am branching out from O, then it is also true for the whole tree A. In what
follows, such a process will be called simply induction.

Furthermore, the length of the edge eᾱ will be denoted by �ᾱ. Then, eᾱ may be
parameterized by its arc length by means of the functions πᾱ, defined in [0, �ᾱ] such
that πᾱ(�ᾱ) = Oᾱ and πᾱ(0) is the other vertex of this edge.

Finally, we denote by LA and Lᾱ, ᾱ ∈ I, the sum of the lengths of all the edges
of the tree A (i.e., the total length of A) and of its subtrees Aᾱ, respectively.
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1.2. The equations of the motion of the network. With the notation in-
troduced above we can write the equations that describe the motion of the network.

Let uᾱ(t, x) : R × [0, �ᾱ] → R be the transverse displacement of the string with
index ᾱ with respect to the rest position. These functions allow us to identify the
network with its rest graph. In this sense, the vertices of A are called nodes and the
edges, strings.

For every ᾱ ∈ I, the function uᾱ(t, x) is assumed to satisfy the 1-d wave equation

uᾱ
tt(t, x) = uᾱ

xx(t, x) in R × [0, �ᾱ],(1.1)

where the subscripts t, x denote the derivatives with respect to those variables.
The coupling conditions between the strings are given by

uᾱ◦β(t, 0) = uᾱ(t, �ᾱ) in R, β = 1, . . . ,mᾱ,(1.2)

mᾱ∑
β=1

uᾱ◦β
x (t, 0) = uᾱ

x(t, �ᾱ) in R,(1.3)

for ᾱ ∈ IM. The conditions (1.2), (1.3) express the network continuity and the
balance of forces at the interior nodes, respectively. At the root R the deformation
of the string e is determined by a “control” v:

u(t, 0) = v(t) in R,(1.4)

while the remaining exterior nodes are fixed:

uᾱ(t, �ᾱ) = 0 in R if ᾱ ∈ IS .(1.5)

Besides, the initial displacement and velocity of the strings (i.e., the initial state of
the system) are given:

uᾱ(0, x) = uᾱ
0 (x), uᾱ

t (0, x) = uᾱ
1 (x) in [0, �ᾱ], ᾱ ∈ I.(1.6)

Now we provide a functional setting for problem (1.1)–(1.6). Assume the set of
indices I has been ordered in some way. Then denote by ū the vector function with
components uᾱ, ᾱ ∈ I, and define the Hilbert spaces

V =

{
ū ∈

∏
ᾱ∈I

H1(0, �ᾱ) : uᾱ◦β(0) = uᾱ(�ᾱ) for ᾱ ∈ IM, β = 1, . . . ,mᾱ;

uᾱ(�ᾱ) = 0 for ᾱ ∈ IS and u(0) = 0

}
,

H =
∏
ᾱ∈I

L2(0, �ᾱ),

endowed with the natural product structures of those of H1 and L2, respectively.
When v ∈ L2(0, T ) and ū0 = (uᾱ

0 )ᾱ∈I ∈ H, ū1 = (uᾱ
1 )ᾱ∈I ∈ V ′ (the dual space

of V ), (1.1)–(1.6) has a unique weak solution, defined by transposition, that verifies

ū ∈ C([0, T ] : H) ∩ C1([0, T ] : V ′).
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If the function v is equal to zero in the interval [0, T ] and ū0 = (uᾱ
0 )ᾱ∈I ∈ V ,

ū1 = (uᾱ
1 )ᾱ∈I ∈ H, then the system (1.1)–(1.6) has a unique solution that satisfies

ū ∈ C([0, T ] : V ) ∩ C1([0, T ] : H)

(see [8, Chapter III] for details).
In this latter case, the solution ū of (1.1)–(1.6) is expressed in terms of the initial

data ū0, ū1 by the formula

ū(t) =
∑
k∈Z+

(
u0,k cosλkt +

u1,k

λk
sinλkt

)
θ̄k.(1.7)

In (1.7), λk :=
√
µk, where {µk}k∈Z+

is the increasing (and positive) sequence of
the eigenvalues of the elliptic operator defined by the system (1.1)–(1.5) and {θ̄k}k∈Z+

is the corresponding sequence of eigenfunctions, chosen to be an orthonormal basis of
H, while {u0,k}k∈Z+ , {u1,k}k∈Z+ are the sequences of Fourier coefficients of ū0 and
ū1 with respect to that basis.

1.3. Statement of the problem. Our main goal is to study the controllability
problem for the system (1.1)–(1.6). That is, given T > 0 and ū0 ∈ H, ū1 ∈ V ′, to
choose the control function v ∈ L2(0, T ) such that the solution of (1.1)–(1.6) with
initial data ū0, ū1 verifies

ū(T, x) = ūt(T, x) = 0̄,

i.e., it reaches rest at time T . When this is possible, we say that the initial state
(ū0, ū1) is controllable in time T .

Let WT ⊂ H×V ′ be the set of controllable initial states in time T . If WT = H×V ′,
the system is said to be exactly controllable in time T , and if WT is dense in H × V ′,
it is said to be approximately controllable.

A simple application of the Hilbert uniqueness method (HUM) of Lions (see [10])
allows us to show that if there exist positive numbers cn, n ∈ Z+, such that∫ T

0

|u(t, x)|2dt ≥
∑
n∈Z+

c2n
(
µn|u0

n|2 + |u1
n|2

)
(1.8)

for every solution ū of (1.1)–(1.6) with v = 0 and initial data ū0 =
∑

n∈Z+
u0
nθ̄n ∈ V ,

ū1 =
∑

n∈Z+
u1
nθ̄n ∈ H, then the space

W =

⎧⎨⎩(ū0, ū1) ∈ V ×H ′ : ‖(ū0, ū1)‖2 =
∑
n∈Z+

1

c2n

(
|u0

n|2 +
1

µn
|u1

n|2
)

< ∞

⎫⎬⎭(1.9)

verifies W ⊂ WT ; i.e., all the initial states from W are controllable in time T .
In particular, if (1.8) holds, WT contains, for every T ′ ≥ T , the space Z×Z, where

Z is the set of all finite linear combinations of the eigenfunctions {θ̄k}k∈Z+ . In that
case it is said that the system is spectrally controllable in time T . The space Z × Z
being dense in H × V ′, the spectral controllability obviously implies the approximate
controllability and is apparently stronger. We shall show, however, that these two
properties coincide for the networks considered here. This will imply that a network
is approximately controllable in some time T if and only if all the initial states (φ, ψ),
where φ and ψ are eigenfunctions, are controllable in time T .
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The main result of this paper is contained in Theorem 5.1 of section 5, where we
prove an inequality like (1.8) for any T ≥ 2LA (i.e., when the control time is at least
twice the sum of all the lengths of the strings of the network) and with coefficients cn,
which may be explicitly computed in terms of the eigenvalues µn. In general, a tree
is said to be nondegenerate if an inequality like (1.8) is true with coefficients which
are all different from zero. In the subsection 5.2 we give a characterization, in terms
of the eigenfunctions of the associated elliptic problem, of nondegenerate trees.

Moreover, it turns out that, if some of the coefficients vanish (i.e., if the tree
degenerates), then there exist eigenfunctions vanishing identically at the controlled
string. It is very well known that this fact implies that the space of controllable initial
data is not dense in H × V ′. Therefore, if some inequality (1.8) takes place in this
case, then necessarily some of the coefficients vanish (otherwise the system would be
approximately controllable). Thus, Theorem 5.1 will provide an inequality (1.8) with
nonzero coefficients whenever such an inequality exists.

If we were able to establish uniform lower estimates of the form

|cn| ≥ Cλ−α
n ,

it would imply that W ⊃ Wα×Wα− 1
2 , where Wα is the domain of the α-power of the

elliptic problem defined by (1.1)–(1.5), and we would obtain an explicitly characterized
space of controllable initial states. This has been done in [4] for star-shaped networks
under suitable assumptions on the lengths of the strings. However, even in that simple
case, the results are based on deep facts from number theory concerning the uniform
approximation by rational numbers, and thus it is unlikely that one could obtain
similar results in the case of general trees.

The results of this paper were essentially announced in [6]. We should also remark
that the similar problem of simultaneous controllability of networks (see section 7
below) has been considered by several authors for the case of one-string networks in,
e.g., [1], [2], and [3]. The proofs given in those papers are based on generalizations of
the Ingham inequality for sums of complex exponentials. In [5] we used the method
presented here, which considerably simplified the solution of the problem.

1.4. Additional notation. For technical purposes, we consider also solutions
ū of (1.1) such that ūᾱ ∈ C2(R × [0, �ᾱ]), which verify (1.2), (1.3), and (1.5), but
not necessarily (1.4). That is, ū is a smooth solution that satisfies the boundary
conditions at all the nodes, except possibly at the root R. We shall briefly refer to
such solutions as solutions of (N).

To simplify the notation we introduce for a solution ū of (N) the functions

Gᾱ(t) := uᾱ
t (t, 0), Fᾱ(t) := uᾱ

x(t, 0),(1.10)

Ĝᾱ(t) := uᾱ
t (t, �ᾱ), F̂ᾱ(t) := uᾱ

x(t, �ᾱ),(1.11)

for ᾱ ∈ I. These functions are the velocity and the tension at the extremes of the
edge eᾱ.

According to the coupling conditions (1.2)–(1.3), it holds that

Gᾱ◦β(t) = Ĝᾱ(t),

mᾱ∑
β=1

Fᾱ◦β(t) = F̂ᾱ(t),(1.12)

for all t ∈ R, ᾱ ∈ IM, and β = 1, . . . ,mᾱ.
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If w̄(t) is a function on the tree A, we define the energy of w̄ in the edge eᾱ by

Eᾱ
w̄(t) :=

∫ �ᾱ

0

(
|wᾱ

t (t, x)|2 + |wᾱ
x (t, x)|2

)
dx,

and by

Ew̄(t) :=
∑
ᾱ∈I

Eᾱ
w̄(t)

the energy of w̄ in the whole tree. We will also use the notation Eᾱ
ω̄ for the total

energy of ω̄ in the subtree Aᾱ.
For the solutions of (N) a simple expression for the energy is obtained. It takes

the following form.
Proposition 1.1. If ū is a solution of (N), then for any t ∈ R

d

dt
Eū(t) = −G(t)F (t).(1.13)

Proof. If we multiply (1.1) by uᾱ
t , it follows, after integration by parts in [0, �ᾱ],

that

d

dt
Eᾱ(t) = Ĝᾱ(t)F̂ᾱ(t) −Gᾱ(t)Fᾱ(t), ᾱ ∈ IM,

d

dt
Eᾱ(t) = −Gᾱ(t)Fᾱ(t), ᾱ ∈ IS .

Formula (1.13) is then obtained from the definition of Eū, taking into account the
coupling conditions at the interior vertices.

Remark 1. From the previous proposition it follows that, for the solutions of
(1.1)–(1.6) with v = 0, the energy is conserved. In this case, as a consequence of
the expansion (1.7), the energy of the solution ū with initial data ū0 =

∑
n∈Z+

u0
nθ̄n,

ū1 =
∑

n∈Z+
u1
nθ̄n may be expressed by the formula

Eū =
1

2

∑
k∈Z+

(
λ2
ku

2
0,k + u2

1,k

)
.(1.14)

2. The operators P and Q. In this section we define two linear operators P
and Q that allow us to express the relation

PG + QF = 0(2.1)

between the traces of the velocity and the tension of the solutions of (N) at the root
of the tree. These operators will play an essential role in the proof of the main results,
and so we study them in detail. In particular, we need information on how they act
on the traces Fᾱ and Gᾱ of the other components of the solution at the interior nodes.

First, P and Q are constructed for a string. Then, using a recursive argument,
they are obtained for general trees.

2.1. The case of a single string. Assume that u(t, x) satisfies the wave equa-
tion in R × [0, �]. Then u(t, x) can be expressed by the d’Alembert formula

u(t, x) =
1

2
(u(t + x, 0) + u(t− x, 0)) +

1

2

∫ t+x

t−x

ux(τ, 0)dτ,(2.2)
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from which, after differentiation, we get the equalities

ux(t, x) = 1
2 (ut(t + x, 0) − ut(t− x, 0)) + 1

2 (ux(t + x, 0) + ux(t− x, 0)) ,

ut(t, x) = 1
2 (ut(t + x, 0) + ut(t− x, 0)) + 1

2 (ux(t + x, 0) − ux(t− x, 0)) .
(2.3)

Now let the functions F, G, F̂ , Ĝ be defined as in (1.10), (1.11), that is,

G(t) = ut(t, 0), F (t) = ux(t, 0), Ĝ(t) = ut(t, �), F̂ = ux(t, �).

With this notation, formulas (2.3) for x = � can be written as

F̂ = �+F + �−G,(2.4)

Ĝ = �−F + �+G,(2.5)

where �+, �− are the linear operators acting on a time-dependent function f according
to

�±f(t) =
f(t + �) ± f(t− �)

2
.(2.6)

If u is a solution of (N) for a one-string network, then u satisfies for x = � the

homogeneous Dirichlet boundary condition Ĝ = 0, and the equality (2.5) becomes

�−F + �+G = 0,

which provides a relation of type (2.1) with P = �+, Q = �−.
The following proposition is a classical result on the observability of 1-d waves

from the boundary. It is easily proved using the d’Alembert representation formula.
Proposition 2.1. If u(t, x) satisfies the wave equation utt = uxx in R × [0, �],

then

Eu(t) ≤ 1

4

∫ t+�

t−�

(
|ux(τ, 0)|2 + |ut(τ, 0)|2

)
dτ.

Proof. In view of (2.3), it holds that

Eu(t) =
1

8

∫ �

0

{
|ut(t + x, 0) − ut(t− x, 0) + ux(t + x, 0) + ux(t− x, 0)|2

+ |ut(t + x, 0) + ut(t− x, 0) + ux(t + x, 0) − ux(t− x, 0)|2
}
dx

≤ 1

4

∫ �

0

{
|ut(t + x, 0)|2 + |ut(t− x, 0)|2 + |ux(t + x, 0)|2 + |ux(t− x, 0)|2

}
dx

=
1

4

∫ t

t−�

{
|ut(τ, 0)|2 + |ux(τ, 0)|2

}
dx +

1

4

∫ t+�

t

{
|ut(τ, 0)|2 + |ux(τ, 0)|2

}
dx

=
1

4

∫ t+�

t−�

(
|ux(τ, 0)|2 + |ut(τ, 0)|2

)
dt.

We remark in the next proposition a simple fact that is widely used in what
follows.
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Proposition 2.2. Let w(t, x) be a function defined in R × [0, �]. Then

E�±w(t) ≤ �+Ew(t).

(Here, the operators �± act on the variable t; i.e., �±w(t, x) = 1
2 (w(t + �, x) ± w(t −

�, x)).)
Proof. For every t ∈ R

E�±w =
1

8

∫ �

0

{
|wx(t + �, x) ± wx(t− �, x)|2 + |wt(t + �, x) ± wt(t− �, x)|2

}
dx

≤ 1

4

∫ �

0

{
|wx(t + �, x)|2 + |wx(t− �, x)|2 + |wt(t + �, x)|2 + |wt(t− �, x)|2

}
dx

=
1

2
(Ew(t + �) + Ew(t− �)) = �+Ew(t).

2.2. Operators of type S. As stated above, we are interested not only in the
existence of the operators P and Q satisfying (2.1), but also in their structure. That
is why we consider a class of linear operators that are linear combinations of certain
shift operators. This allows us to describe some properties of the operators P and Q
that we shall use later.

For the real number h we denote by τh the shift operator defined by τhf(t) :=
f(t + h). As we shall be concerned only with algebraic properties of those operators,
we may assume τh to act on the vector spaces of mappings f = f(t) : R → W, where
W is a vector space.

Let Λ = {�1, . . . , �n} be a set of positive numbers, not necessarily different. In
what follows, whenever a set is denoted by Λ we tacitly assume that it may contain
repeated elements. If Λ̃ = {�̃1, . . . , �̃n′} is another such set, we use the notation Λ� Λ̃
for the set {�1, . . . , �n, �̃1, . . . , �̃n′}, which once again may contain repeated elements.
We set

S(Λ) := span {τh : h ∈ HΛ}

(the set of all linear combinations of shift operators τh with h ∈ HΛ), where

HΛ =

{
h =

n∑
i=1

εi�i, εi = ±1

}
.

Observe that the set HΛ contains at most 2n elements, so S(Λ) is of finite dimension.
For an operator B ∈ S(Λ) we shall write s(B) := s(Λ) :=

∑n
i=1 �i. We say that B

is of type S if B ∈ S(Λ) for some set Λ.
The operators �+ and �−, defined in the previous section by (2.6), can be expressed

as

�± =
τ� ± τ−�

2
,

and thus they belong to S({�}).
We gather in the following two propositions some elementary properties of the

operators of type S, which will be used in the proof of our main results.
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Proposition 2.3. (i) B ∈ S(Λ) if and only if it may be written as a linear
combination of operators of the form �±1 �

±
2 · · · �±n , where ± means that we choose one

of the operators �+i or �−i .
(ii) If B1 ∈ S(Λ1) and B2 ∈ S(Λ2), then B1B2 = B2B1 ∈ S(Λ1�Λ2) and s(B1B2) =

s(B1) + s(B2).
Proposition 2.4. If B is an operator of type S with s(B) = s, then there exist

positive constants C1, C2, depending only on the coefficients of B, such that

(i)

∫ b

a

|Bf(t)|2dt ≤ C1

∫ b+s

a−s

|f(t)|2dt

for all the functions f for which the integrals are defined.1

(ii) If the function w(t, x) is defined in R × [0, �] and there exists a constant M
such that Ew(t) ≤ M for t ∈ [a, b], then EBw(t) ≤ C2M for t ∈ [a + s, b− s].

Proof. (i) For n = 1, Λ = {�} we have that B = c1�
+ + c2�

− and s(B) = �. Then∫ b

a

|Bf(t)|2dt =

∫ b

a

∣∣c1�+f(t) + c2�
−f(t)

∣∣2 dt
=

∫ b

a

∣∣∣∣c1 + c2
2

f(t + �) +
c1 − c2

2
f(t− �)

∣∣∣∣2 dt
≤
(
c1 + c2

2

)2 ∫ b

a

|f(t + �)|2 dt +

(
c1 − c2

2

)2 ∫ b

a

|f(t− �)|2 dt

≤
(
c1 + c2

2

)2 ∫ b+�

a+�

|f(t)|2 dt +

(
c1 − c2

2

)2 ∫ b−�

a−�

|f(t)|2 dt

≤ (c21 + c22)

∫ b+�

a−�

|f(t)|2dt.

When n ≥ 2, it suffices to iterate this inequality, taking into account Proposition
2.3(i). Note that C1 may be chosen as the maximum of the squares of the coefficients
of B in the representation of B given by Proposition 2.3(i), and thus C1 depends only
on B.

(ii) This point is an immediate consequence of Proposition 2.2.
The next proposition plays a crucial role in this paper.
Proposition 2.5. Let Λ = {�1, . . . , �m} with �1 ≤ · · · ≤ �m, and denote TΛ =

2s(Λ) = 2
∑m

i=1 �i. Assume that B =
∑

h∈HΛ
chτh ∈ S(Λ) and that the coefficient

c�1+···+�m is different from zero. Then, for any T > 0 there exists a constant CT > 0
such that ∫ T

0

|u(t)|2dt ≤ CT

∫ TΛ

0

|u(t)|2dt

for any continuous function u satisfying Bu ≡ 0.
Proof. We shall prove that, for any natural number n and any function u satisfying

Bu ≡ 0, it holds that ∫ TΛ+2n�1

0

|u(t)|2dt ≤ γn

∫ TΛ

0

|u(t)|2dt,(2.7)

1In other words, the operator B is bounded from L2[a− s, b+ s] to L2[a, b].
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where γ is a positive constant depending only on B. Clearly, the assertion of the
proposition immediately follows from inequality (2.7).

If Bu ≡ 0, i.e., 0 =
∑

h∈HΛ
chτhu(t) =

∑
h∈HΛ

chu(t + h), then, replacing the
variable t by t− (�1 + · · · + �m) and taking into account that c�1+···+�m �= 0, we get

u(t) =
∑

h′∈H∗
Λ

δh′u(t− h′),(2.8)

where H∗
Λ = {h′ = h− (�1 + · · · + �m) : h ∈ HΛ, h �= (�1 + · · · + �m)} and δh′ =

− ch′+(�1+···+�m)

c�1+···+�m
.

From (2.8) and the Cauchy–Schwarz inequality it follows that

|u(t)|2 ≤ δ
∑

h′∈H∗
Λ

|u(t− h′)|2,(2.9)

where δ =
∑

h′∈H∗
Λ
δ2
h′ .

Note that for every h′ ∈ H∗
Λ we have 2�1 ≤ h′ ≤ 2(�2 + · · · + �m), and therefore,

TΛ + 2(n + 1)�1 − h′ ≤ TΛ + 2n�1 and TΛ + 2n�1 − h′ ≥ 2(n + 1)�1 ≥ 0.

This fact implies that∫ TΛ+2(n+1)�1−h′

TΛ+2n�1−h′
|u(t)|2dt ≤

∫ TΛ+2n�1

0

|u(t)|2dt.(2.10)

On the other hand, from (2.9) it follows that∫ TΛ+2(n+1)�1

TΛ+2n�1

|u(t)|2dt ≤ δ
∑

h′∈H∗
Λ

∫ TΛ+2(n+1)�1

TΛ+2n�1

|u(t− h′)|2dt

= δ
∑

h′∈H∗
Λ

∫ TΛ+2(n+1)�1−h′

TΛ+2n�1−h′
|u(t)|2dt.

Now, taking into account (2.10), the previous inequality becomes∫ TΛ+2(n+1)�1

TΛ+2n�1

|u(t)|2dt ≤ (2m − 1)δ

∫ TΛ+2n�1

0

|u(t)|2dt.

From this latter inequality we obtain∫ TΛ+2(n+1)�1

0

|u(t)|2dt =

∫ TΛ+2n�1

0

|u(t)|2dt +

∫ TΛ+2(n+1)�1

TΛ+2n�1

|u(t)|2dt

≤
∫ TΛ+2n�1

0

|u(t)|2dt + (2m − 1)δ

∫ TΛ+2n�1

0

|u(t)|2dt

≤ (1 + (2m − 1)δ)

∫ TΛ+2n�1

0

|u(t)|2dt,

which proves inequality (2.7) with γ = 1 + (2m − 1)δ.
Remark 2. If B is an operator of type S, there exists a unique function b(λ) such

that Beiλt = b(λ)eiλt. The function b(λ) is obtained by replacing in the expression
of B given by Proposition 2.3(i) the operators �+i and �−i by the functions cosλt and
i sinλt, respectively.
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2.3. Construction of P and Q in the general case. The construction of
P and Q will be done by induction. We note that such operators have already been
constructed for a network consisting of a single string.

We shall denote by Λi the set of all the lengths of the strings of the subtree
Ai, and by ΛA that of all the lengths of the tree A. Suppose that for the subtrees
Ai, i = 1, . . . ,m, we have already constructed the operators Pi,Qi that belong to
S(Λi) and verify

PiGi + QiFi = 0,(2.11)

where Gi and Fi are the velocity and the tension at the root of the subtree Ai, i.e.,
at the vertex O of A.

We define the operators

P = �+
m∑
i=1

Pi

∏
j �=i

Qj + �−
m∏
j=1

Qj ,(2.12)

Q = �−
m∑
i=1

Pi

∏
j �=i

Qj + �+
m∏
j=1

Qj(2.13)

(here the products denote the composition of operators).
Proposition 2.6. The operators P and Q defined by (2.12)–(2.13) belong to

S(ΛA). If ū is a solution of (N), then PG + QF = 0.
Proof. To prove that P,Q ∈S(ΛA), it suffices to observe that, according to Propo-

sition 2.3, all the terms of the sums in (2.12) and (2.13) belong to S({�} � Λ1 � · · · �
Λm) = S(ΛA). Using (2.4)–(2.5), the coupling conditions (1.12) between the strings
may be expressed as

m∑
i=1

Fi = �−G + �+F, Gi = �+G + �−F, i = 1, . . . ,m.(2.14)

From (2.12)–(2.13) we have

PG + QF =

m∑
i=1

⎛⎝Pi

∏
j �=i

Qj

⎞⎠ �+G +

m∏
j=1

Qj�
−G +

m∑
i=1

⎛⎝Pi

∏
j �=i

Qj

⎞⎠ �−F +

m∏
j=1

Qj�
+F

=
m∑
i=1

⎛⎝Pi

∏
j �=i

Qj

⎞⎠ (�+G + �−F ) +

m∏
j=1

Qj(�
−G + �+F ).

Then, using formulas (2.14),

PG + QF =
m∑
i=1

⎛⎝Pi

∏
j �=i

Qj

⎞⎠Gi +

m∑
i=1

⎛⎝ m∏
j=1

Qj

⎞⎠Fi =

m∑
i=1

⎛⎝∏
j �=i

Qj

⎞⎠ (PiGi + QiFi) = 0,

where the last equality follows from the hypotheses (2.11). Thus, P and Q, defined
by (2.12)–(2.13), satisfy (2.1).
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Remark 3. From the definition, an S(Λ)-operator B may be written in the form

B =
∑

h∈HΛ

chτh.(2.15)

In general, this representation is not unique, since some elements of HΛ may coincide.
However, the coefficient cs(B) = c�1+···+�m , corresponding to the largest value of h, is
determined in a unique way, as �1 + · · · + �m cannot be equal to another element of
HΛ. Besides, it is easy to see that cs(B) is a multiplicative function; i.e., if B1 and B2

are S-operators with s(B1) = s1 and s(B2) = s2, then cs1+s2(B1B2) = cs1(B1)cs2(B2).
In the next proposition we study this coefficient for the operators P and Q.

Proposition 2.7. Let cLA(B) denote the coefficient corresponding to h = s(ΛA) =
LA ∈ HΛA in the expansion (2.15) of an S(ΛA)-operator B. Then cLA(P) = cLA(Q) >
0.

Proof. We proceed by induction. For a string, P = �+ = τh+τ−h

2 and Q = �+ =
τh−τ−h

2 . This implies c�(P) = c�(Q) = 1
2 .

Now assume the assertion is true for the subtrees A1, . . . ,Am. This means that

cLi
(P) = cLi(Q) > 0, i = 1, . . . ,m,(2.16)

where, as above, Li is the sum of the lengths of all the strings of the subtree Ai.
Then, from formula (2.12) and the assumption (2.16),

cLA(P) = cLA

⎛⎝�+
m∑
i=1

Pi

∏
j �=i

Qj + �−
m∏
j=1

Qj

⎞⎠
= cLA

⎛⎝�+
m∑
i=1

Pi

∏
j �=i

Qj

⎞⎠+ cLA

⎛⎝�−
m∏
j=1

Qj

⎞⎠
= c�(�

+)

m∑
i=1

cLi
(Pi)

∏
j �=i

cLj
(Qj) + c�(�

−)

m∏
j=1

cLj
(Qj)

=
1

2
(m + 1)

m∏
j=1

cLj (Qj) > 0.

In the same way it may be proved that

cLA(Q) =
1

2
(m + 1)

m∏
j=1

cLj
(Qj),

which completes the proof.

2.4. The action of P and Q on the tensions and velocities at the interior
nodes. For the index ᾱ = (α1, . . . , αk) ∈ I we denote

Λ̃ᾱ := {�, �α1 , �α1,α2 , . . . , �α1,α2,...,αk−1
}.

Observe that Λ̃ᾱ is the set of the lengths of the strings forming the unique simple
path that connects the root R with the subtree Aᾱ. For completeness we take for the
empty index Λ̃ = ∅. The following proposition gives information on how the operators
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P and Q act on traces of the components of a solution at the interior nodes of the
network.

Proposition 2.8. For any ᾱ ∈ I there exist operators Lᾱ ∈ S(ΛA � Λ̃ᾱ) such
that, for any solution of (N),

QFᾱ = LᾱG, PFᾱ = − LᾱF.

Proof. We proceed by induction. Note that from the relation PG + QF = 0 it
follows that when ᾱ is the empty multi-index, the property is true with L = − P ∈
S(ΛA) = S(ΛA � Λ̃). In particular, for a single string the assertion of the proposition
holds.

Suppose now that the operators Lᾱ have already been constructed for the subtrees
Ai, i = 1, . . . ,m, of A. This means that we have for i = 1, . . . ,m the operators
Li
ᾱ ∈ S(Λi � Λ̃i

ᾱ) such that

PiFi◦ᾱ = − Li
ᾱFi, QiFi◦ᾱ = Li

ᾱGi,

where Λ̃i
ᾱ is the set defined as Λ̃ᾱ for the subtree Ai and Pi, Qi are the operators P,

Q corresponding to that subtree.
Then, using relation (2.13),

QFi◦ᾱ= �−

⎛⎝ m∑
j=1

Pj

∏
k �=j

Qk

⎞⎠Fi◦ᾱ + �+

⎛⎝ m∏
k=1

Qk

⎞⎠Fi◦ᾱ

= �−

⎛⎜⎝ m∑
j=1
j �=i

Pj

∏
k �=j
k �=i

Qk

⎞⎟⎠QiFi◦ᾱ + �−

⎛⎝Pi

∏
k �=i

Qk

⎞⎠Fi◦ᾱ + �+

⎛⎝ m∏
k=1

Qk

⎞⎠Fi◦ᾱ

= Li
ᾱ

⎛⎜⎝�−

⎛⎜⎝ m∑
i=1
j �=i

Pj

∏
k �=j
k �=i

Qk

⎞⎟⎠Gi − �−

⎛⎝∏
k �=i

Qk

⎞⎠Fi + �+

⎛⎝ m∏
k=1

Qk

⎞⎠Gi

⎞⎟⎠

= Li
ᾱ

⎛⎜⎝�−
∑
j �=i

⎛⎜⎝∏
k �=j
k �=i

Qk

⎞⎟⎠ (PjGi + QjF̂ ) − �−

⎛⎝∏
k �=i

Qk

⎞⎠ F̂ + �+

⎛⎝∏
k �=i

Qk

⎞⎠Gi

⎞⎟⎠

= Li
ᾱ

⎛⎝∏
k �=i

Qk

⎞⎠ (�+Ĝ− �−F̂ ) = Li
ᾱ

⎛⎝∏
k �=i

Qk

⎞⎠(
�+(�−F + �+G) − �−(�+F + �−G)

)

= Li
ᾱ

⎛⎝∏
k �=i

Qk

⎞⎠(
(�+)2 − (�−)2

)
G.

In a similar way, it may be obtained that

PFi◦ᾱ = − Li
ᾱ

∏
k �=i

Qk

(
(�+)2 − (�−)2

)
F.

Thus, we arrive at the recursive formula

Li◦ᾱ = Li
ᾱ

∏
k �=i

Qk

(
(�+)2 − (�−)2

)
,
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from which, in particular, according to Proposition 2.3, it holds that the operators
Li◦ᾱ belong to S(Λi � Λ̃i

ᾱ � {�, �}) = S(Λi � {�} � Λ̃i
ᾱ � {�}) = S(ΛA � Λ̃i◦ᾱ). This

proves the proposition.
The action of P and Q on the velocities Gᾱ may be described in a similar way,

as follows.
Proposition 2.9. For any ᾱ ∈ I there exist operators Kᾱ, K̂ᾱ ∈ S(ΛA � Λ̃ᾱ)

such that, for any solution of (N),

QGᾱ = KᾱG, PGᾱ = K̂ᾱF.

Proof. From the relation PG + QF = 0, it follows that, for the empty multi-
index, K = Q and K̂ = −Q. For the remaining indices the operators Kᾱ and K̂ᾱ are
constructed by recurrence. Assume that for the index ᾱ the operators Kᾱ and K̂ᾱ,
verifying the conditions of the proposition, have been already constructed.

Then, for the indices ᾱ ◦ i with i = 1, . . . ,mᾱ we have that

QGᾱ◦i = QĜᾱ = �+ᾱQGᾱ + �−ᾱQFᾱ =
(
�+ᾱKᾱ + �−ᾱLᾱ

)
G,

where Lᾱ is the operator constructed in the previous proposition.
In an analogous way it may be obtained that

PGᾱ◦i = (�+ᾱ K̂ᾱ − �−ᾱLᾱ)F.

Then the needed operators may be constructed by the rules

Kᾱ◦i = �+ᾱKᾱ + �−ᾱLᾱ,(2.17)

K̂ᾱ◦i = �+ᾱ K̂ᾱ − �−ᾱLᾱ.(2.18)

As in the proof of the Proposition 2.8, from the relations (2.17)–(2.18) it holds, in

particular, that the operators Kᾱ◦i and K̂ᾱ◦i belong to S(ΛA � Λ̃ᾱ◦i).

2.5. Action of P and Q on the solution. If ū is a solution of (N) and B is
an operator of type S, then, due to the linearity of B and (N), Bū is also a solution
of (N). Moreover, if GBū

ᾱ and FBū
ᾱ , ᾱ ∈ I, denote the velocity and strength traces of

the strings at the vertices of the network for the solution Bū, then

GBū
ᾱ = BGᾱ, FBū

ᾱ = BFᾱ.

That is true, in particular, when B is one of the operators P or Q. The following
lemma contains a fundamental technical step in our construction.

Lemma 2.10. There exists a constant C, independent of ū, such that

EPū(t) ≤ C

∫ T∗+2LA

T∗−2LA

|F (t)|2dt, EQū(t) ≤ C

∫ T∗+2LA

T∗−2LA

|G(t)|2dt(2.19)

for every T ∗ ∈ R and t ∈ [T ∗ − LA, T
∗ + LA].

Proof. (i) Fix T ∗ ∈ R. We shall prove first that

EPū(T ∗) ≤ C

∫ T∗+2LA

T∗−2LA

|F (t)|2dt, EQū(T ∗) ≤ C

∫ T∗+2LA

T∗−2LA

|G(t)|2dt.(2.20)
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As a consequence of Propositions 2.8 and 2.9 we have

QFᾱ = LᾱG, QGᾱ = KᾱG,

PFᾱ = −LᾱF, PGᾱ = K̂ᾱF

for ᾱ ∈ I. Then, from Propositions 2.1 and 2.4(i) it follows that

Eᾱ
Qū(T ∗) ≤ C

∫ T∗+�ᾱ

T∗−�ᾱ

(
|LᾱG(t)|2 + |KᾱG(t)|2

)
dt ≤ C

∫ T∗+2LA

T∗−2LA

|G(t)|2dt,

Eᾱ
Pū(T ∗) ≤ C

∫ T∗+�ᾱ

T∗−�ᾱ

(
|LᾱF (t)|2 + |K̂ᾱF (t)|2

)
dt ≤ C

∫ T∗+2LA

T∗−2LA

|F (t)|2dt,

where, as above, Eᾱ is the energy of the solution in the string eᾱ. It suffices to note
that E =

∑
ᾱ∈I Eᾱ to obtain the inequalities (2.20).

(ii) Now we prove that these inequalities remain true for all t ∈ [T ∗−LA, L
∗+TA].

Indeed, if t ∈ [T ∗ − LA, T
∗ + LA], from Proposition 1.1 we have

EPū(t) = EPū(T ∗) −
∫ t

T∗
FPū(τ)GPū(τ)dt

≤ EPū(T ∗) +

∣∣∣∣∫ t

T∗
(|FPū(τ)|2 + |GPū(τ)|2)dt

∣∣∣∣
≤ EPū(T ∗) +

∫ T∗+LA

T∗−LA

(|PF (τ)|2 + |PG(τ)|2)dt

≤ EPū(T ∗) +

∫ T∗+LA

T∗−LA

(|PF (τ)|2 + |QF (τ)|2)dt ≤ C

∫ T∗+2LA

T∗−2LA

|F (τ)|2dt.

(In the last step we have used Proposition 2.4(i) and the result of (i).) For the operator
Q the proof is similar.

Remark 4. When ū is a solution of (1.1)–(1.5) (i.e., G ≡ 0), Lemma 2.10 gives
EQū(t) = 0. This implies that Qū(t) = 0. This relation may be viewed as a general-
ization of the time periodicity property of the solutions of the 1-d wave equation with
homogeneous Dirichlet boundary conditions, which with our notation may be written
as �−u(t) = 0. As we have shown in Proposition 2.5, this generalized periodicity
implies that all the essential L2 information on ū is contained in an interval of length
2LA.

3. The main observability theorem. In this section we prove our main ob-
servability result for the solutions of the homogeneous system (1.1)–(1.5).

For every nonempty multi-index ᾱ = (α1, . . . , αk) ∈ I we define the operator Dᾱ

by

Dᾱ :=

⎛⎝ m∏
i=1, i �=α1

Qi

⎞⎠⎛⎝ mα1∏
i=1, i �=α2

Qα1,i

⎞⎠ · · ·

⎛⎝mα1,...,αk−1∏
i=1, i �=αk−1

Qα1,...,αk−1,i

⎞⎠ ,(3.1)

and for the empty index D is the identity operator. We recall that Qβ̄ is the operator
constructed in the previous section for the subtree Aβ̄ and that the products in (3.1)
denote the composition of operators.
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Note that for every ᾱ ∈ I the operator Dᾱ is of type S with s(Dᾱ) < LA.
Now the following result holds.
Lemma 3.1. There exists a positive constant C such that for every ᾱ ∈ IS and

every solution ū of (N)

E Dᾱū(t) ≤ C

∫ t+2LA

t−2LA

(
|F (τ)|2 + |G(τ)|2

)
dτ

for any t ∈ R.
Proof. We proceed by induction. For the case of a single string the assertion is

an immediate consequence of Proposition 2.1.
Now let ᾱ = (α1, . . . , αk) ∈ IS and assume that the assertion of the theorem is

true for the subtree Aα1 . That implies that

Eα1

Dα1
ᾱ ū

(t) ≤ C

∫ t+2Lα1

t−2Lα1

(
|Fα1(τ)|2 + |Gα1(τ)|2

)
dτ(3.2)

for any solution ū of (N), where

Dα1
ᾱ :=

⎛⎝ mα1∏
i=1, i �=α2

Qα1,i

⎞⎠ · · ·

⎛⎝mα1,...,αk−1∏
i=1, i �=αk−1

Qα1,...,αk−1,i

⎞⎠(3.3)

is the operator Dᾱ for the subtree Aα1
with ᾱ = (α2, . . . , αk).

First, we estimate the energy Eα1

Dᾱū of Dᾱū on the subtree Aα1 . To do this, we
set

ω̄ :=

⎛⎝ m∏
j=1, j �=α1

Qj

⎞⎠ ū, ω̄i :=

⎛⎜⎝ m∏
j=1, j �=α1

j �=i

Qj

⎞⎟⎠ ū, i = 1, . . . ,m.(3.4)

Note that these functions are also solutions of (N). They verify ω̄ = Qiω̄i and

Dᾱū = Dα1
ᾱ ω̄.(3.5)

Additionally, from (3.2),

Eα1

Dα1
ᾱ ω̄

(t) ≤ C

∫ t+2Lα1

t−2Lα1

(
|F ω̄

α1
(τ)|2 + |Gω̄

α1
(τ)|2

)
dτ.(3.6)

However, from the coupling formulas (1.12) we obtain that

m∑
i=1

F ω̄
i = F̂ ω̄, Gω̄

i = Ĝω̄,(3.7)

so that

F ω̄
α1

= F̂ ω̄ −
m∑

i=1, i �=α1

QiF
ω̄i
i = F̂ ω̄ +

m∑
i=1, i �=α1

PiĜ
ω̄i , Gω̄

α1
= Ĝω̄,(3.8)
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holds. Then, using the equalities (3.8), (3.6) gives

Eα1

Dα1
ᾱ ω̄

(t) ≤ C

∫ t+2Lα1

t−2Lα1

⎛⎜⎝
∣∣∣∣∣∣F̂ ω̄(τ) +

m∑
i=1, i �=α1

PiĜ
ω̄i(τ)

∣∣∣∣∣∣
2

+ |Ĝω̄(τ)|2

⎞⎟⎠ dτ,

and this implies

Eα1

Dα1
ᾱ ω̄

(t) ≤ C

∫ t+2Lα1

t−2Lα1

⎛⎝|F̂ ω̄(τ)|2 +

m∑
i=1, i �=α1

|PiĜ
ω̄i(τ)|2 + |Ĝω̄(τ)|2

⎞⎠ dτ.(3.9)

Now, from the definition of ω̄ and the formulas (2.4), (2.5) we have

F̂ ω̄ =

⎛⎝ m∏
j=1, j �=α1

Qj

⎞⎠ F̂ =

⎛⎝ m∏
j=1, j �=α1

Qj

⎞⎠ �+F +

⎛⎝ m∏
j=1, j �=α1

Qj

⎞⎠ �−G

and consequently

∫ t+2Lα1

t−2Lα1

|F̂ ω̄|2dτ ≤ 2

∫ t+2Lα1

t−2Lα1

⎛⎜⎝
∣∣∣∣∣∣
⎛⎝ m∏

j=1, j �=α1

Qj

⎞⎠ �+F

∣∣∣∣∣∣
2

+

∣∣∣∣∣∣
⎛⎝ m∏

j=1, j �=α1

Qj

⎞⎠ �−G

∣∣∣∣∣∣
2
⎞⎟⎠ dτ.

Observe that the operators (
∏m

j=1, j �=α1
Qj)�

+ and (
∏m

j=1, j �=α1
Qj)�

− are of type
S with s < LA − Lα1

, so that the latter inequality combined with Proposition 2.4
provides ∫ t+2Lα1

t−2Lα1

|F̂ ω̄(τ)|2dτ ≤ C

∫ t+2LA

t−2LA

(|F (τ)|2 + |G(τ)|2)dτ.

In a similar way it may be proved that∫ t+2Lα1

t−2Lα1

|PiĜ
ω̄i(τ)|2dτ ≤ C

∫ t+2LA

t−2LA

(|F (τ)|2 + |G(τ)|2)dτ

and ∫ t+2Lα1

t−2Lα1

|Ĝω̄(τ)|2dτ ≤ C

∫ t+2LA

t−2LA

(|F (τ)|2 + |G(τ)|2)dτ.

Therefore, these three inequalities together with (3.5) and (3.9) give

Eα1

Dᾱū(t) ≤ C

∫ t+2LA

t−2LA

(|F (τ)|2 + |G(τ)|2)dτ.(3.10)

Now we proceed to estimate the energies Ei
Dᾱū of Dᾱū on the remaining subtrees

Ai (i.e., for i �= α1). According to Lemma 2.10, applied to ω̄i in the subtree Ai, it
holds that for every t′ in [t− Li, t + Li]

Ei
ω̄(t′) = Ei

Qiω̄i
(t

′
) ≤ C

∫ t+2Li

t−2Li

|Gω̄i
i (τ)|2dτ(3.11)
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for i = 1, . . . ,m. Taking into account that

Gω̄i
i =

⎛⎜⎝ m∏
j=1, j �=α1

j �=i

Qj

⎞⎟⎠ Ĝ =

⎛⎜⎝ m∏
j=1, j �=α1

j �=i

Qj

⎞⎟⎠ �+F +

⎛⎜⎝ m∏
j=1, j �=α1

j �=i

Qj

⎞⎟⎠ �−G,(3.12)

we get from (3.11) and Proposition 2.4(i)

Ei
ω̄(t′) ≤ C

∫ t+LA+Li−Lα1

t−LA−Li+Lα1

(|F (τ)|2 + |G(τ)|2)dτ ≤ C

∫ t+2LA

t−2LA

(|F (τ)|2 + |G(τ)|2)dτ.

(3.13)

(Here we have used the fact that the operators applied to F and G in the right-hand
term of (3.12) are of type S with s = LA − Lα1 − Li.)

Now, if we apply Proposition 2.4(ii) with B = Dα1
ᾱ to (3.13) (recall that s(Dα1

ᾱ ) <
Lα1

), we obtain, after choosing t′ = t,

Ei
Dᾱ

ū(t) = Ei
Dα1

ᾱ ω̄
(t′) ≤ C

∫ t+2LA

t−2LA

(|F (τ)|2 + |G(τ)|2)dτ.(3.14)

Finally, from Proposition 2.1 we obtain that the component u of ū verifies, for
every t′ ∈ [t− LA, t + LA],

Eu(t′) ≤ C

∫ t+�+LA

t−�−LA

(|F (τ)|2 + |G(τ)|2)dτ.

Thus, using Proposition 2.4(ii), it holds that

EDᾱū(t′) ≤ C

∫ t+�+LA

t−�−LA

(|F (τ)|2 + |G(τ)|2)dτ

for every t′ ∈ [t − LA + s(Dᾱ), t + LA − s(Dᾱ)], and, since s(Dᾱ) < LA, this is true
in particular for t′ = t. Therefore,

EDᾱū(t) ≤ C

∫ t+2LA

t−2LA

(|F (τ)|2 + |G(τ)|2)dτ.(3.15)

Now it suffices to combine (3.10), (3.14), (3.15) and the fact that EDᾱū = EDᾱū +∑m
i=1 Ei

Dᾱū to conclude the proof.
With the help of Lemma 3.1 we obtain the following important property of the

solutions of the system (1.1)–(1.6).
Theorem 3.2. There exists a constant C such that

EDᾱū(0) = EDᾱū(t) ≤ C

∫ 2LA

0

|F (τ)|2dτ

for every solution ū of (1.1)–(1.5) and any ᾱ ∈ IS .
Proof. If ū is a solution of (1.1)–(1.6), so is Dᾱū. In particular, the energy of Dᾱū

is conserved. Then, taking into account that G ≡ 0 for the solutions of (1.1)–(1.5),
from Lemma 3.1 it holds that

EDᾱū(0) = EDᾱū(2TA) ≤ C

∫ 4LA

0

|F (τ)|2dτ.(3.16)
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On the other hand, in this case QF ≡ 0, and then, using Proposition 2.5 (which
may be applied to Q on the basis of Proposition 2.7), we have∫ 4LA

0

|F (τ)|2dτ ≤ C

∫ 2LA

0

|F (τ)|2dτ.

With this, the assertion of the theorem follows from (3.16).

4. Relation between P and Q and the eigenvalues.

4.1. The eigenvalue problem. We consider the eigenvalue problem for the
Laplace operator on the network associated with the hyperbolic problem (1.1)–(1.5):

−θᾱxx(x) = µ θᾱ(x) in [0, �ᾱ], ᾱ ∈ I,(4.1)

θᾱ◦β(0) = θᾱ(�ᾱ), ᾱ ∈ IM, β = 1, . . . ,mᾱ,(4.2)

mᾱ∑
β=1

θᾱ◦βx (0) = θᾱx (�ᾱ), ᾱ ∈ IM,(4.3)

θᾱ(�ᾱ) = 0, ᾱ ∈ IS ,(4.4)

θ(0) = 0 at the root R.(4.5)

It is well known (see, e.g., [8]) that the spectrum of this problem is formed by a
positive, increasing sequence {µk}k∈Z+

of eigenvalues. We call it spectrum of A and
denote it by σA.

Clearly, we may consider the problem (4.1)–(4.5) for each subtree Aᾱ of A. The
corresponding spectrum is called the spectrum of Aᾱ and is denoted by σᾱ.

For technical reasons, as we did for the system (1.1)–(1.5), we will also consider
smooth solutions of (4.1), which verify the boundary conditions (4.2)–(4.4) but not
necessarily (4.5). For brevity, they are simply called solutions of (NE) corresponding
to µ.

Proposition 4.1. If µ is a common eigenvalue of two subtrees Aᾱ◦i, Aᾱ◦j
(i �= j) with the same root Oᾱ, then µ is also an eigenvalue of A. Moreover, there
exists a nonzero eigenfunction θ̄ associated with µ such that θ(0) = θx(0) = 0.

Proof. Let θ̄ᾱ◦i, θ̄ᾱ◦j be nonzero eigenfunctions corresponding to the eigenvalue
µ for the subtrees Aᾱ◦i and Aᾱ◦j , respectively. These functions are defined in the
corresponding subtrees, but it will be sufficient to paste them conveniently to build
up an eigenfunction of A.

We may assume that the numbers θᾱ◦ix (0), θᾱ◦jx (0) are both different from zero.
Indeed, if one of them, say θᾱ◦ix (0), vanishes, then the relations θᾱ◦i(0) = θᾱ◦ix (0) = 0
ensure that the function θ̄, obtained by extending by zero the function θ̄ᾱ◦i to the
whole tree A, is an eigenfunction of A.

Now define the function θ̄ by

θᾱ′ =

⎧⎪⎨⎪⎩
θᾱ◦jx (0) θᾱ◦i

β̄,x
if ᾱ′ = ᾱ ◦ i ◦ β̄,

−θᾱ◦ix (0) θᾱ◦j
β̄,x

if ᾱ′ = ᾱ ◦ j ◦ β̄,

0 otherwise;
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OᾱAᾱ◦i Aᾱ◦j

Fig. 4.1. The subtree Aᾱ◦i ∨ Aᾱ◦j .

i.e., θ̄ coincides in the subtree Aᾱ◦i with θᾱ◦jx (0)θ̄ᾱ◦i, in Aᾱ◦j with −θᾱ◦ix (0)θ̄ᾱ◦j ,
and vanishes outside those subtrees. It is easy to see that θ̄ satisfies the boundary
conditions (4.2)–(4.3) at Oᾱ:

mᾱ∑
k=1

θᾱ◦kx (0) = θᾱ◦jx (0)θᾱ◦ix (0) − θᾱ◦ix (0)θᾱ◦jx (0) = 0 = θᾱx (�ᾱ).

At the other nodes the coupling conditions are obviously satisfied, and therefore θ̄ is
an eigenfunction of A.

Finally, observe that in both cases the eigenfunction θ̄ constructed here is such
that θ(0) = θx(0) = 0 (and thus, θ ≡ 0; i.e., θ̄ vanishes at the whole string containing
the root).

Remark 5. Note that the eigenfunction obtained in the proof of the previous
proposition vanishes everywhere outside the subtrees Aᾱ◦i, Aᾱ◦j . If we denote by
Aᾱ◦i ∨ Aᾱ◦j the tree formed by Aᾱ◦i and Aᾱ◦j in which the node Oᾱ is considered
as an interior point of a string of length �ᾱ◦i + �ᾱ◦j (see Figure 4.1), we obtain that
these subtrees have a common eigenvalue if and only if there exists an eigenfunction
of Aᾱ◦i ∨ Aᾱ◦j that vanishes at the point Oᾱ.

As has been shown above, the operators P and Q are of type S with s(P) =
s(Q) = LA. According to Remark 2, there exist functions p and q such that

Peiλt = p(λ)eiλt, Qeiλt = q(λ)eiλt.(4.6)

Proposition 4.2. Let λ ∈ R \ {0} and f, g ∈ C such that

q(λ)f + iλp(λ)g = 0.(4.7)

If the tree A satisfies the property

|qᾱ◦i(λ)| + |qᾱ◦j(λ)| �= 0 for any ᾱ ∈ IM, i, j = 1, . . . ,mᾱ, i �= j,(4.8)
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then there exists a unique solution θ̄ of (NE) corresponding to the value µ = λ2 such
that

θ(0) = g and θx(0) = f.(4.9)

Proof. First we construct the component θ of θ̄ (the one corresponding to the
string e). We set

θ(x) = g cosλx +
f

λ
sinλx,(4.10)

which clearly satisfies (4.9).
If the network consists of a single string of length �, then p(λ) = cosλ�, q(λ) =

i sinλ�, and condition (4.7) becomes if sinλ� + igλ cosλ� = 0. This implies that
θ(�) = g cosλ� + f

λ sinλ� = 0, which means that θ is a solution of (NE), and so the
assertion is true in this case.

In the general case the remaining components of θ̄ are constructed by induction.
Assume that the proposition is true for the subtrees A1, . . . ,Am.

If we were able to choose numbers f1, . . . , fm verifying

m∑
k=1

fk = θx(�) and qk(λ)fk + iλpk(λ)θ(�) = 0 for k = 1, . . . ,m,(4.11)

then, according to the induction assumption, we could find solutions θ̄1, . . . , θ̄m, de-
fined on the subtrees A1, . . . ,Am, respectively, such that

θk(0) = θ(�), θkx(0) = fk for k = 1, . . . ,m.

This would imply that

m∑
k=1

θkx(0) = θ(�) and θk(0) = θ(�) for k = 1, . . . ,m.

Therefore, the function θ̄ defined on the tree by θk◦ᾱ = θkᾱ would be the solution
of (NE), whose existence is asserted in the proposition. Consequently, it remains to
prove the possibility of the decomposition (4.11).

We remark that from the definition of p and q and formulas (2.12), (2.13) it
follows that

p = cosλ�
m∑

k=1

pk
∏
j �=k

qj + i sinλ�

m∏
j=1

qj ,(4.12)

q = i sinλ�

m∑
k=1

pk
∏
j �=k

qj + cosλ�

m∏
j=1

qj .(4.13)

Note that condition (4.8) implies that among the numbers qk(λ), k = 1, . . . ,m,
at most one may be equal to zero. Thus, we consider two cases: (a) all the numbers
qk(λ), k = 1, . . . ,m, are different from zero and (b) exactly one of those numbers, say,
q1(λ), is equal to zero.



612 RENÉ DÁGER

Case (a). If we take

fk =
−iλpk(λ)θ(�)

qk(λ)
,

then

m∑
k=1

fk = −iλθ(�)

m∑
k=1

pk
qk

= −iλ

(
g cosλ� +

f

λ
sinλ�

) ∑m
k=1 pk

∏
j �=k qj∏m

j=1 qj
.

This equality, taking into account (4.12) and (4.13), gives

m∑
k=1

fk = −iλg

(
p∏m

j=1 qj
− i sinλ�

)
− f

(
q∏m

j=1 qj
− cosλ�

)

= −λg sinλ� + f cosλ�− iλpg + qf∏m
j=1 qj

= −λg sinλ� + f cosλ� = θx(�).

Thus, the numbers f1, . . . , fm satisfy (4.11).
Case (b). The relations (4.12), (4.13) together with q1(λ) = 0 give

p(λ) = cosλ�p1(λ)
∏
j �=1

qj(λ), q(λ) = i sinλ�p1(λ)
∏
j �=1

qj(λ),

and from (4.7) we obtain

0 = q(λ)f + iλp(λ)g = iλ
(
gcosλ�+

g

λ
sinλ�

)
p1(λ)

∏
j �=1

qj(λ) = iλθ(�)p1(λ)
∏
j �=1

qj(λ).

However,
∏

j �=1 qj(λ) �= 0 and then, necessarily, θ(�)p1(λ) = 0. This means that if
we choose f1 = θx(�) and f2, . . . , fm verifying

m∑
k=2

fk = 0 and qk(λ)fk + iλpk(λ)θ(�) = 0 for k = 2, . . . ,m,

as in the previous case, then the condition (4.11) is satisfied.
So far, we have proved the existence of a solution. It turns out that for the solu-

tions satisfying (4.2) we can give an explicit formula. Indeed, if we apply Propositions
2.8 and 2.9 to the solution θ̄(t, x) = eiλtθ̄(x) of (N), we obtain

iλp(λ)θᾱ(0) = k̂(λ)θx(0) = k̂(λ)f, p(λ)θᾱx (0) = −l(λ)θx(0) = −l(λ)f,(4.14)

q(λ)θᾱ(0) = k(λ)θ(0) = k(λ)g, q(λ)θᾱx (0) = iλl(λ)θ(0) = iλl(λ)g,(4.15)

where k, k̂, l, and r are the functions associated with the operators K, K̂, L, and R,
respectively, according to Remark 2.

On the other hand, the condition (4.8) implies that at least one of the numbers
p(λ) or q(λ) is different from zero (see Proposition 4.4 below). Therefore, one of the
equalities (4.14), (4.15) provides us with an explicit formula for the values of θᾱ(0)
and θᾱx (0) for any ᾱ ∈ IM and thus for the solution θ̄. In particular, if f = g = 0, the
corresponding solution vanishes identically on A, which clearly implies the uniqueness
of the solution for arbitrary values of f and g.
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Remark 6. The converse assertion is also true, even if the condition (4.8) is not
fulfilled. Indeed, if θ̄ is a solution of (NE), then θ̄(t, x) = eiλtθ̄(x) is a solution of (N)
and θt(t, 0) = iλeiλtθ(0), θx(t, 0) = eiλtθx(0). Then, from the relations (2.1) and (4.6)
it follows that

0 = Pθt(t, 0) + Qθx(t, 0) = (ipλθ(0) + qθx(0))eiλt

for every t ∈ R. Thus, (4.7) holds.
Now we are ready to prove the following basic property.
Proposition 4.3. Let 0 �= λ ∈ R. Then λ2 is an eigenvalue of A if and only if

q(λ) = 0.
Proof. First we prove that q(λ) = 0 implies that λ2 is an eigenvalue, i.e., that

there exists a nonzero solution of (4.1)–(4.5) for that value of λ. If the tree verifies
(4.8), then this fact follows immediately from Proposition 4.2, choosing g = 0, f �= 0.
Note that the condition 0 �= f = θx(0) guarantees that θ̄ is not identically equal to
zero. In particular, the assertion is true for a string, as it always verifies (4.8).

In the general case when the condition (4.8) may fail, we follow an induction
argument: we suppose that the assertion has been proved for all the subtrees Aᾱ with
nonempty ᾱ.

If qᾱ◦i(λ) = qᾱ◦j(λ) = 0 for some ᾱ ∈ IM, i �= j, then, according to the induction
hypothesis, λ2 is an eigenvalue of both Aᾱ◦i and Aᾱ◦j . Then from Proposition 4.1 it
follows that λ2 is also an eigenvalue of A.

Let us see now the converse assertion. Let θ̄ be a nonzero eigenfunction corre-
sponding to the eigenvalue λ2. Then the function ū(t, x) = eiλtθ̄(x) is a solution of
(N). Choose ᾱ ∈ I such that one of the numbers θᾱ(0) or θᾱx (0) is different from zero
(that is possible since, otherwise, it would be θ̄ ≡ 0). For this solution of (N) we have
for every ᾱ ∈ I

Fᾱ(t) = eiλtθᾱx (0), Gᾱ(t) = iλeiλtθᾱ(0),

and in particular, G ≡ 0. Then, from the Propositions 2.8 and 2.9 it follows that

0 = LᾱG = QFᾱ = Qeiλtθᾱx (0) = q(λ)θᾱx (0),

0 = KᾱG = QGᾱ = Qeiλtθᾱ(0) = iλq(λ)θᾱ(0),

and therefore, necessarily, q(λ) = 0.

4.2. Further properties of p and q. Now we give some additional properties
of the functions p and q, which are used in the next section.

Proposition 4.4. For every tree A the following properties hold:
(i) one of the functions p, q is even and the other is odd;
(ii) there exists λ0 ∈ R such that p(λ0) = q(λ0) = 0 if and only if there exist two

subtrees Aᾱ◦i, Aᾱ◦j, i �= j, with common root Oᾱ such that qᾱ◦i(λ0) = qᾱ◦j(λ0) = 0.
Proof. We proceed by induction. For a single string

p(λ) = cosλ�, q(λ) = i sinλ�.

In this case (i) is trivial. Assertion (ii) follows from the fact that |p|2 + |q|2 = 1.
Suppose now that (i), (ii) are true for the subtrees A1, . . . ,Am. Let h be a

function, which is either even or odd. Denote

ρ(h) =

{
1 if h is even,

−1 if h is odd.

The function ρ is multiplicative: ρ(h1h2) = ρ(h1)ρ(h2).
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According to the definitions of p and q and the formulas (2.12), (2.13) we have
that

q(λ) = i sinλ�

m∑
i=1

pi(λ)
∏
j �=i

qj(λ) + cosλ�

m∏
i=1

qi(λ),(4.16)

p(λ) = cosλ�
m∑
i=1

pi(λ)
∏
j �=i

qj(λ) + i sinλ�

m∏
i=1

qi(λ).(4.17)

The hypotheses with respect to the subtrees imply that ρ(pi) = −ρ(qi), i =
1, . . . ,m. Then,

ρ

⎛⎝i sinλ� pi(λ)
∏
j �=i

qj

⎞⎠ =

m∏
i=1

ρ(qi), ρ

⎛⎝cosλ�

m∏
i=1

qi

⎞⎠ =

m∏
i=1

ρ(qi),

and consequently, ρ(q) =
∏m

i=1 ρ(qi). In an analogous way it is proved that ρ(p) =
−
∏m

i=1 ρ(qi), and then ρ(p) = −ρ(q). This proves the property (i).
We now prove (ii). If p(λ0) = q(λ0) = 0, then from (4.16), (4.17) it follows that

0 = q(λ0) = i sinλ0�

m∑
i=1

pi(λ0)
∏
j �=i

qj(λ0) + cosλ0�

m∏
i=1

qi(λ0),

0 = p(λ0) = cosλ0�

m∑
i=1

pi(λ0)
∏
j �=i

qj(λ0) + i sinλ0�

m∏
i=1

qi(λ0).

This implies that

m∑
i=1

pi(λ0)
∏
j �=i

qj(λ0) = 0,(4.18)

m∏
i=1

qi(λ0) = 0.(4.19)

These equalities are verified if and only if for some i0

qi0(λ0) = 0, pi0(λ0)
∏
j �=i0

qj(λ0) = 0,

and this is equivalent to the fact that one of the following assertions is true:
(a) there exists i1 �= i0 such that qi1(λ0) = 0;
(b) pi0(λ0) = 0.

In the first case assertion (ii) follows immediately. In (b), according to the induc-
tion assumption, there exist subtrees of Ai0 , and consequently also of A, that verify
condition (ii).

With the aid of the previous proposition it is possible to calculate how the operator
Q acts on the functions sinλt and cosλt.
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Corollary 4.5. The following equalities are verified:

Q sinλt =

{
q(λ) sinλt if q is even,
− iq(λ) cosλt if q is odd,

Q cosλt =

{
q(λ) cosλt if q is even,
iq(λ) sinλt if q is odd.

Remark 7. As a consequence of the previous formulas, when q is an even function,
then it is real valued, while when it is odd, then iq is real valued.

5. Observability results. In this section we express the inequalities from The-
orem 3.2 in terms of the initial data of the solution ū. This allows us to obtain
weighted observability inequalities, with explicit weights on the Fourier coefficient of
the initial data of the solution. Further, we study under what conditions those weights
are different from zero.

5.1. Weighted observability inequalities. As stated above, a solution ū of
(1.1)–(1.5) is expressed in terms of the initial data ū0, ū1 by the formula

ū(t) =
∑
k∈Z+

(
u0,k cosλkt +

u1,k

λk
sinλkt

)
θ̄k,(5.1)

where {u0,k}, {u1,k} are the sequences of Fourier coefficients of ū0, ū1 with respect
to the orthonormal basis of eigenfunctions {θ̄k}k∈Z+ and λk =

√
µk.

Furthermore, the energy of the solution ū is given by

Eū =
1

2

∑
k∈Z+

(
λ2
ku

2
0,k + u2

1,k

)
.(5.2)

The operators Dᾱ defined in section 3 are of type S. Then, according to Remark 2,
there exist functions dᾱ such that

Dᾱe
iλt = dᾱ(λ)eiλt.

In particular, when ᾱ is the empty index, we have d(λ) ≡ 1.
These functions, in view of (3.1), are expressed as

dᾱ :=

⎛⎝ m∏
i=1, i �=α1

qi

⎞⎠⎛⎝ mα1∏
i=1, i �=α2

qα1,i

⎞⎠ · · ·

⎛⎝mα1,...,αk−1∏
i=1, i �=αk−1

qα1,...,αk−1,i

⎞⎠ ,(5.3)

and then Proposition 4.4 ensures that, for every ᾱ ∈ I, dᾱ is an even or odd function.
Moreover, from Corollary 4.5 we have the equalities

Dᾱ sinλt =

{
dᾱ(λ) sinλt for dᾱ even,
− idᾱ(λ) cosλt for dᾱ odd,

Dᾱ cosλt =

{
dᾱ(λ) cosλt for dᾱ even,
idᾱ(λ) sinλt for dᾱ odd.

(5.4)
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Now fix ᾱ ∈ IM and denote ω̄ = Dᾱū. The function ω̄ is also a solution of
(1.1)–(1.5) and, from (5.1),

ω̄(t) = Dᾱū(t) =
∑
k∈Z+

(
u0,k Dᾱ cosλkt +

u1,k

λk
Dᾱ sinλkt

)
θ̄k.

Then, from (5.4) it follows that

ω̄(t) =
∑
k∈Z+

dᾱ(λk)

(
u0,k cosλkt +

u1,k

λk
sinλkt

)
θ̄k if dᾱ is even,

ω̄(t) =
∑
k∈Z+

idᾱ(λk)

(
u0,k sinλkt−

u1,k

λk
cosλkt

)
θ̄k if dᾱ is odd.

Thus, in both cases, the energy of ω̄ computed by the formula (5.2) is given by

Eω̄ =
1

2

∑
k∈Z+

|dᾱ(λk)|2
(
λ2
ku

2
0,k + u2

1,k

)
.(5.5)

With this, the inequality of Theorem 3.2 may be written in terms of the initial
data of the solution ū as∑

k∈Z+

|dᾱ(λk)|2
(
λ2
ku

2
0,k + u2

1,k

)
≤ C

∫ 2TA

0

|F (t)|2dt = C

∫ 2TA

0

|ux(t, 0)|2dt.(5.6)

Consequently, if we define

ck = max
ᾱ∈IS

|dᾱ(λk)|,(5.7)

we obtain the following result.
Theorem 5.1. There exists a positive constant C such that

∑
k∈Z+

c2k
(
λ2
ku

2
0,k + u2

1,k

)
≤ C

∫ 2TA

0

|ux(t, 0)|2dt,(5.8)

for every solution ū with initial data (ū0, ū1) ∈ V ×H.
Remark 8. It is easy to prove, using, e.g., formula (5.1) for the solutions, that if

inequality (5.8) holds, then for every α, T ∈ R,

∑
k∈Z+

c2k
(
λ2
ku

2
0,k(T ) + u2

1,k(T )
)
≤ C

∫ α+2TA

α

|ux(t, 0)|2dt,(5.9)

where u0,k(T ) and u1,k(T ) are the Fourier coefficients of ū|t=T and ūt|t=T , respectively,
in the basis {θ̄k}k∈Z+ .

5.2. Nondegenerate trees. In general, some of the coefficients ck in the in-
equality (5.8) may vanish. That is why we consider a special class of trees for which
all those numbers are different from zero.
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Definition 5.2. A tree A is said to be nondegenerate if the numbers ck, defined
for that tree by (5.7), are different from zero for every k ∈ Z+. Otherwise, the tree is
said to be degenerate.

The following proposition provides us with a more transparent characterization
of nondegenerate trees.

Proposition 5.3. The tree A is nondegenerate if and only if the spectra σᾱ◦i,
σᾱ◦j of any two subtrees Aᾱ◦i, Aᾱ◦j of A with common Oᾱ root are disjoint.

Proof. Note that the following general fact is true: an inequality like (5.8) with
different-from-zero coefficients ck (not necessarily given by (5.7)) is impossible for a
tree having two subtrees with common root that share an eigenvalue µ. Indeed, in
such a case, with the help of Proposition 4.1 we can construct a nonzero solution ū of
(1.1)–(1.5) such that ux(t, 0) ≡ 0. With this, a (5.8)-like inequality would give∑

k∈Z+

c2k
(
λ2
ku

2
0,k + u2

1,k

)
≤ 0,

which is false, since ū is not identically equal to zero.
For the converse assertion we argue by contradiction. We will prove that if ck = 0

for some k ∈ Z+ and any two subtrees of A with common root have disjoint spectra,
then dᾱ(λk) = 0 for any ᾱ ∈ I. In particular, d(λk) = 0, which would contradict the
fact that d(λk) = 1.

Note first that the property is immediate for exterior nodes, since ck ≥ |dᾱ(λk)|
for ᾱ ∈ IS .

For the interior nodes we follow a recursive argument: if ᾱ ∈ IM and dᾱ◦β(λk) = 0
for all β = 1, . . . ,mᾱ, then dᾱ(λk) = 0.

Indeed, we have that, for every β = 1, . . . ,mᾱ,

dᾱ◦β = dᾱ
∏
i �=β

qᾱ◦i.(5.10)

Assume that dᾱ �= 0. Then (5.10) implies that
∏

i �=1 qᾱ◦i = 0, and thus there exists
i∗ �= 1 such that

qᾱ◦i∗ = 0.(5.11)

But then, from the equalities dᾱ◦i∗ = 0 and (5.10) it follows that there exists j∗ �= i∗

satisfying

qᾱ◦j∗ = 0.(5.12)

However, the equalities (5.11) and (5.12) ensure, according to Proposition 4.3, that
µk = λ2

k is a common eigenvalue of the subtrees Aᾱ◦i∗ and Aᾱ◦j∗ . But that is
impossible for the tree A. Thus, dᾱ(µk) = 0. This completes the proof of the proposi-
tion.

Remark 9. According to the previous proposition, if the spectra of some two
subtrees of A have a nonvoid intersection, inequality (5.8) degenerates. However, as
indicated in the proof, this fact is not due to the technique used to obtain the inequal-
ity, since for degenerate trees no (5.8)-like inequality holds with all the coefficients
ck being different from zero. Thus, Theorem 5.1 is sharp in the following sense: it
provides inequality (5.8) whenever such an inequality exists.
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Corollary 5.4 (unique continuation property). If the tree A is nondegenerate
and ū is a solution of (1.1)–(1.5) such that ux(t, 0) = 0 for t ∈ [0, 2LA], then ū ≡ 0.

Remark 10. Combining Propositions 4.4(ii) and 5.3, we obtain an alternative
characterization of the nondegenerate trees: A is nondegenerate if and only if |p(λ)|2+
|q(λ)|2 �= 0 for every λ ∈ R.

Proposition 5.5. If the tree A is nondegenerate, then all its eigenvalues are
simple.

Proof. If λ2
k is an eigenvalue of a nondegenerate tree, then, according to Propo-

sition 4.3 and Remark 10, q(λk) = 0 and p(λk) �= 0. Consequently, if θ̄k is an
eigenfunction of A corresponding to λ2

k, formula (4.14) gives

θᾱ(0) =
k̂(λk)

iλkp(λk)
θx(0), θᾱx (0) =

−l(λk)

p(λk)
θx(0),

Thus, θ̄k is determined, up to the constant factor θx(0), in a unique way.
Remark 11. Let {µ̃k}n∈Z+

be the strictly increasing sequence of the eigenvalues
µk of a tree without taking into account their multiplicity. It may be shown that µ̃k

verifies µN
k ≤ µ̃k ≤ µD

k , for k ∈ Z+, where {µD
k }k∈Z+

and {µN
k }k∈Z+ are the ordered

sequences formed by the distinct eigenvalues of the strings with Dirichlet or Neumann
homogeneous boundary conditions, respectively (see [11]). This fact allows us to prove
that the complete radius of the sequence λk =

√
µk is equal to LA and therefore that

a (5.8)-like inequality is impossible for T < 2LA.
Besides, it may be also proved that, if the network contains more than one string

and (5.8) holds, then necessarily lim inf ck = 0. This fact implies that the whole space
H × V ′ is not controllable; i.e., there exist initial states in H × V ′, which cannot be
driven to rest under the action of L2-controls.

5.3. On the size of the set of nondegenerate trees. Now we give some
information on the size of the set of degenerate trees.

We shall say that two trees are topologically equivalent if their edges can be
numbered with the same set of multi-indices. This means that they may differ only in
the lengths of their edges. In particular, two equivalent trees have the same number of
edges and vertices. The classes of topologically equivalent trees are called topological
configurations.

Fix a topological configuration Σ with d edges. We assume that in the set of
indices I for the elements of the trees belonging to Σ a criterion of ordering has been
defined, and we use the notation 〈A〉 for the corresponding ordered set of the lengths
of the edges of A ∈ Σ.

Then Σ may be identified with (R+)d by means of the mapping π : Σ → R
d

defined by

π(A) = 〈A〉 ∈ R
d.

Let µΣ be the measure induced in Σ by the Lebesgue measure of R
d through

the mapping π. That is, if B ⊂ Σ, then µΣ(B) = md(π(B)), where md is the usual
Lebesgue measure in R

d.
We now have the following result.
Proposition 5.6. Given a topological configuration Σ, almost every tree (in the

sense of the measure µΣ) with that topological configuration is nondegenerate.
Proof. Let Di,j

ᾱ ⊂ Σ denote the set of those trees A such that the subtrees Aᾱ◦i
and Aᾱ◦j are nondegenerate and have a common eigenvalue. Then the set Σdeg ⊂ Σ
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of degenerate trees may be decomposed as

Σdeg =
⋃

ᾱ∈IM

mᾱ⋃
i,j=1 i �=j

Di,j
ᾱ .(5.13)

We will prove that µΣ(Di,j
ᾱ ) = 0 for every ᾱ ∈ IM, i, j = 1, . . . ,mᾱ, i �= j. This

fact, in view of (5.13), will imply µΣ(Σdeg) = 0. In what follows we consider that ᾱ,
i, and j are fixed.

The idea of the proof is simple. We fix a tree B having the structure of Aᾱ◦i∨Aᾱ◦j
(defined as in Remark 5) and extend it to a tree A ∈ Di,j

ᾱ . According to Remark 5,
that is equivalent to choosing the node Oᾱ of A ∈ Σ in a point of a string of B
(precisely, of that string where it should be located to agree with the structure of Σ)
where some eigenfunction of B vanishes. Once Oᾱ has been chosen, the lengths of the
remaining strings of A may be taken arbitrarily.

Observe that we may assume that no (nonidentically zero) eigenfunction of B
vanishes identically on the string that contains Oᾱ, since, otherwise, one of the sub-
trees of Aᾱ◦i or Aᾱ◦j of the tree A obtained with this procedure would be degenerate

and thus A /∈ Di,j
ᾱ . This assumption implies that all the eigenfunctions of B are

simple, and then the node Oᾱ should be chosen in a set of points, which is at most
denumerable.

Thus, we have obtained, after some reordering if needed, that the set π(Di,j
ᾱ ) is

contained in a set of the form{
(h1, h2, . . . , hd) ∈ (R+)d : h1 + h2 = h, h1 ∈ N(h, h3, . . . , hd)

}
,(5.14)

where N(h, h3, . . . , hd) is a denumerable set depending on h and h3, . . . , hd.
It is easy to see, using, e.g., Fubini’s theorem, that a set defined by (5.14) has

d-dimensional Lebesgue measure equal to zero. Thus, the same is true of π(Di,j
ᾱ ), and

then µΣ(Di,j
ᾱ ) = 0. This completes the proof.

Corollary 5.7. The set Σ \Σdeg of nondegenerate trees is dense in Σ provided
with the metrics induced in Σ by the usual metrics of R

d through π.
Remark 12. The set Σdeg, even though is small in the sense of µΣ, is dense in

Σ. Indeed, it suffices to see that, if two edges of a tree with rationally dependent
lengths have a common vertex and their other vertices are exterior, then the tree is
degenerate.

6. Consequences concerning controllability. Gathering the facts of the pre-
vious sections, we obtain the following characterization of the controllability properties
of trees.

Theorem 6.1. Let A be a tree and T > 0; then
(a) If T ≥ 2LA, the properties

– A is spectrally controllable in time T,
– A is approximately controllable in time T,
– A is nondegenerate,
– any two subtrees of A with common root have disjoint spectra

are equivalent, and when they are true, all the initial data in the space W, defined by
(1.9), are controllable. Moreover, these properties hold for almost every tree topologi-
cally equivalent to A.

(b) If T < 2LA, the properties of spectral and approximate controllability are false,
regardless of whether A is degenerate or not.
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7. Simultaneous observability and controllability of networks. The re-
sults of the previous sections allow us to consider the one-node control problem for
several (a finite number of) tree-shaped networks when the same control function is
used to control all of them, i.e., when they are controlled simultaneously.

Let A1, . . . ,AR be the trees associated with the controlled networks. For the
elements of the network whose graph is Ar, we will use the same notation as in
the preceeding sections but adding the superscript r to them. Thus, the solution of
(1.1)–(1.6) for the tree Ar (in what follows we shall briefly refer to this problem as
(1.1)r–(1.6)r) is denoted by ūr, and the spaces V and H constructed for that tree are
denoted by V r and Hr.

We define the space

W =

R∏
r=1

V r ×Hr,

endowed with the product Hilbert structure. The elements of W are called simulta-
neous states.

We shall say that the simultaneous state w̄ ∈ W is controllable in time T if
it is possible to find a control function v ∈ L2(0, T ) such that the solutions ūr of
(1.1)r–(1.6)r with initial states (ūr

0, ū
r
1) (the components of w̄) and vr = v verify

ūr(T, x) = ūr
t (T, x) = 0̄

for every i = 1, . . . , R.
Once again using HUM, the problem of characterizing the controllable simultane-

ous states is reduced to the study of observability inequalities for the corresponding
homogeneous systems. Indeed, assume that there exist nonzero numbers ckn, n ∈ Z+,
k = 1, . . . , R, such that for every k the inequality

∫ T

0

∣∣∣∣∣
R∑

r=1

ur
x(0, t)

∣∣∣∣∣
2

dt ≥
∑

n∈Z+

(ckn)2
(
µk
n|uk

0,n|2 + |uk
1,n|2

)
(7.1)

holds for all the initial simultaneous states w̄ ∈ W, where {ur
0,n} and {ur

1,n} are
the sequences of Fourier coefficients of the components ūr

0 and ūr
1, respectively, of

the initial state in the bases {θ̄rn} of Hr, and ūr is the solution of (1.1)r–(1.6)r with
vr = 0. Define the sets

Wr =

⎧⎨⎩(ūr
0, ū

r
1) ∈ V r × (Hr)′ : ‖(ūr

0, ū
r
1)‖2

r =
∑
n∈Z+

1

(crn)2

(
|ur

0,n|2 +
1

µr
n

|ur
1,n|2

)
< ∞

⎫⎬⎭ .

(7.2)

Then all the initial simultaneous states w̄ ∈ W =
∏r

i=1 Wr are controllable in time
T .

In particular, if the inequalities (7.1) hold, then the initial simultaneous states
w̄ ∈

∏r
1=1 Z

r × Zr are controllable. (Recall that Zr is the set of all finite linear
combinations of the eigenfunctions θ̄rn.) In this case, the networks are said to be
simultaneously spectrally controllable.

Moreover, the set of controllable simultaneous states in time T is dense in W
(when that holds, the networks are said to be simultaneously approximately control-
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lable in time T ) if and only if the following unique continuation property holds:

R∑
r=1

ur
x(0, t) = 0 in L2(0, T ) implies (ūr

0, ū
r
1) = 0̄ for every r = 1, . . . , R.(7.3)

It is clear that if a simultaneous state is controllable, then each of its components
is also controllable for the corresponding network. This implies that if we expect at
least the approximate controllability to hold, then we need to assume that all the
trees supporting the networks are nondegenerate.

On the other hand, if two of the trees, say A1 and A2, have a common eigenvalue,
then, using the pasting procedure described in the proof of Proposition 4.1, we can
construct nonzero solutions of (1.1)r–(1.6)r, r = 1, 2, such that

u1
x(t, 0) + u2

x(t, 0) = 0, t ∈ R.

Therefore, choosing zero initial states for all the remaining trees Ar, r = 3, . . . , R, we
obtain a simultaneous initial state in W for which inequalities (7.1) are impossible
and, moreover, for which the unique continuation property (7.3) fails.

Thus, the conditions that the trees Ar, r = 1, . . . , R, be nondegenerate and their
spectra be pairwise disjoint are necessary for simultaneous approximate controllabil-
ity, and then for spectral controllability. As we shall see, these conditions are also
sufficient.

Set T ∗ =
∑r

i=1 L
i. For every k = 1, . . . , R we define the operator

Q̂k :=

R∏
r=1, r �=k

Qr,

where Qr is the operator Q for the tree Ar. Note that Q̂k is an S-operator with
s(Q̂k) = T ∗ − Lk.

Let q̂k be the function associated with Q̂k according to Remark 2. Then

q̂k =

R∏
r=1, r �=k

qr,(7.4)

where qr is the function corresponding to Qr.
Proposition 7.1. If for a given k there exist numbers cn, n ∈ Z+, such that

every solution of (1.1)k–(1.6)k with vk = 0 and initial state

(ūk
0 , ū

k
1) =

⎛⎝ ∑
n∈Z+

uk
0,nθ̄

k
n,

∑
n∈Z+

uk
1,nθ̄

k
n

⎞⎠ ∈ V k ×Hk

satisfies ∫ 2Lk

0

|uk
x(0, t)|2dt ≥

∑
n∈Z+

c2n
(
µk
n|uk

0,n|2 + |uk
1,n|2

)
,(7.5)

then ∫ 2T∗

0

∣∣∣∣∣
R∑

r=1

ur
x(0, t)

∣∣∣∣∣
2

dt ≥
∑

n∈Z+

c2n|q̂k(λk
n)|2

(
µk
n|uk

0,n|2 + |uk
1,n|2

)
(7.6)

for every (ūr
0, ū

r
1) ∈ V r ×Hr, r = 1, . . . , R.
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Proof. As Q̂k is an S-operator with s(Q̂k) = T ∗ − Lk, using Proposition 2.4(i),
we get ∫ 2T∗

0

∣∣∣∣∣
R∑

r=1

ui
x(0, t)

∣∣∣∣∣
2

dt ≥
∫ T∗+Lk

T∗−Lk

∣∣∣∣∣Q̂k

R∑
r=1

ui
x(0, t)

∣∣∣∣∣
2

dt.(7.7)

However, as Qrur
x(0, t) = 0, then Q̂kū

k if r �= k. Thus, inequality (7.7) becomes

∫ 2T∗

0

∣∣∣∣∣
R∑

r=1

ui
x(0, t)

∣∣∣∣∣
2

dt ≥
∫ T∗+Lk

T∗−Lk

|Q̂ku
k
x(0, t)|2dt.(7.8)

Now we consider the function ω̄ = Q̂kū. As ω̄ is clearly a solution of (1.1)k–(1.5)k,
then, according to (7.5) and Remark 5.9 we have∫ T∗+Lk

T∗−Lk

|ωx(0, t)|2dt ≥
∑
n∈Z+

c2n
(
µk
nω

2
0,n + ω2

1,n

)
.(7.9)

On the other hand, it is simple to prove that the Fourier coefficients of the initial
data of ū and ω̄ are related by

µk
nω

2
0,n + ω2

1,n = q2
k(λ

k
n)
(
µk
nu

2
0,n + u2

1,n

)
.(7.10)

Finally, combining (7.8)–(7.10) and the fact that ωx(0, t) = Q̂ku
k
x(0, t), the in-

equality (7.6) is obtained.
Now, if the trees A1, . . . ,AR are nondegenerate, then we have for every r =

1, . . . , R inequalities (7.5) with nonzero coefficients cn (depending on r), which are
explicitly computed by formulas (5.7). Therefore, according to the previous proposi-
tion, we shall also have inequalities (7.1) with explicitly computed coefficients crn =
|q̂r(λr

n)|cn, which are all different from zero whenever the spectra of any two of the
trees Ar are disjoint, since q̂r(λ

r
n) �= 0 for all r = 1, . . . , R and n ∈ Z+. Indeed, if

q̂r(λ
r
n) = 0 for some r and n, then equality (7.4) would imply that qi(λr

n) = 0 for
some i �= r, and thus, from Proposition (4.3), µr

n would be a common eigenvalue of
the trees Ar and Ai.

Consequently, we are able to construct, under those assumptions, a space W =∏R
r=1 Wr, where Wr are defined by (7.2), of controllable simultaneous states in time

2T ∗. In particular, we obtain the following.
Corollary 7.2. The trees A1, . . . ,AR are simultaneously spectrally controllable

in some time T (and then in time 2T ∗) if and only if they are spectrally controllable
and their spectra are pairwise disjoint.
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1. Introduction. In this paper, we investigate the notion of Nash equilibrium
payoff for nonzero-sum stochastic two-players differential games. Our main result is
an existence theorem for such equilibrium payoffs. We also give a characterization of
these payoffs.

Let us denote by Xt,x,u,v
s the solution of the following equation:

dXs = f(s,Xs, us, vs)ds + σ(s,Xs, us, vs)dBs, t ≤ s,

with initial condition

Xt = x.

Here B. is a d-dimensional standard Brownian motion, and u. and v. are stochastic
processes taking values in some compact subsets U and V of some finite dimensional
spaces. Precise assumptions on f : [0, T ]×R

n ×U ×V → R
n and on σ : [0, T ]×R

n ×
U × V → R

n×d are given in the next section.
The payoff of the players is a terminal payoff, given by J1(t, x, u, v) = E[g1(X

t,x,u,v
T )]

for Player I and by J2(t, x, u, v) = E[g2(X
t,x,u,v
T )] for Player II. Loosely speak-

ing, Player I aims to maximize J1(t, x, u, v) while the goal of Player II is to maxi-
mize J2(t, x, u, v). As usual in differential game theory, the players play not time-
measurable controls but strategies. In order to avoid for the moment the technical
details, we postpone the definition of the strategies to the next section. Here we only
need to assume that for any strategy α of Player I and any strategy β of Player II one
can define a payoff J1(t, x, α, β) for Player I and a payoff J2(t, x, α, β) for Player II.

A particularly important notion for investigating nonzero-sum games is given by
Nash equilibria. In our framework, a Nash equilibrium is a pair (ᾱ, β̄) of strategies
such that, for any other pair (α, β) of strategies, we have

J1(t, x, ᾱ, β̄) ≥ J1(t, x, α, β̄) and J2(t, x, ᾱ, β̄) ≥ J2(t, x, ᾱ, β).(1.1)

The couple (J1(t, x, ᾱ, β̄), J2(t, x, ᾱ, β̄)) is called a Nash equilibrium payoff. In gen-
eral, we do not expect Nash equilibria to exist but only Nash equilibrium payoffs
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(e1, e2) which can be approximated by the payoffs of strategies (ᾱε, β̄ε) for which the
inequalities (1.1) hold true only up to some ε > 0 for any (α, β). (Note also that, in
general, Nash equilibrium payoffs are not unique.)

The main result of this paper (Theorem 2.9) states that Nash equilibrium pay-
offs exist for any initial position. Moreover, we characterize these Nash equilibrium
payoffs. To explain this characterization, we have to introduce the zero-sum games
associated with the payoffs J1 and J2. Under the Isaacs condition (see (2.2)), Fleming
and Souganidis [2] (see also [7]) have proved that the zero-sum game, where Player I
wants to maximize J1 and Player II wants to minimize J1, has a value, which will be
denoted here by W1:

W1(t, x) = inf
β

sup
α

J1(t, x, α, β) = sup
α

inf
β

J1(t, x, α, β).

In the same way, the zero-sum game, in which Player I aims at minimizing the payoff
J2 and Player II aims at maximizing it, has also a value, denoted W2:

W2(t, x) = sup
β

inf
α

J2(t, x, α, β) = inf
α

sup
β

J2(t, x, α, β).

Our characterization result Theorem 2.10 loosely states (up to technical details) that
a pair (e1, e2) ∈ R

2 is a Nash equilibrium payoff for the initial position (t, x) if and
only if there is some pair (u., v.) : [t, T ] → U × V of adapted controls such that

(i) for j = 1, 2, E[gj(X
t,x,u,v
T )|Ft,s] ≥ Wj(s,X

t,x,u,v
s ) a.s. for any s ∈ [t, T ], where

Ft,s is the σ-algebra generated by {Bu −Bt, u ∈ [t, s]};
(ii) for j = 1, 2, ej = Jj(t, x, u, v).
(In practice, the existence of such (u., v.) is out of reach, and we prove only the

existence, for any ε > 0, of some adapted controls (uε
. , v

ε
. ) for which (i) holds true up

to ε with a probability larger than 1 − ε and (ii) holds true up to ε. However, this is
enough for characterizing the Nash equilibrium payoffs.)

The controls u. and v. can be interpreted as follows. The players agree at the
beginning of the game to play, respectively, u. and v.. Condition (ii) then guarantees
that their payoff is (e1, e2) if they indeed play u. and v. up to the terminal time T . If
on the contrary one of the players (say, Player II) deviates at some time t′ ∈ (t, T ), i.e.,
does not play v. on [t′, T ], then Player I punishes Player II by playing some strategy
that minimizes the expected payoff of Player II. Condition (i) guarantees that such
a strategy exists and that the resulting payoff of Player II is not larger than e2. So
Player II gains nothing by deviating.

In the deterministic case, the results presented in this paper have already been es-
tablished by Kononenko in [6] and by Kleimenov in [5] in the framework of positional
strategies, and by Tolwinski, Haurie, and Leitmann in [9] in the framework of Fried-
man strategies. Let us point out that the generalization to the stochastic case is far
from being straightforward for at least two reasons: first, because of measurability is-
sues, already encountered by Fleming and Souganidis when generalizing the existence
of a value (and the dynamic programming) from deterministic zero-sum differential
games to zero-sum stochastic differential games, and second, because the method
used by Kononenko and Kleimenov—which makes an extensive use of the extremal
aiming and of the existence of quasi-optimal positional strategies for some associated
zero-sum differential games—does not apply to stochastic differential games.

Let us finally recall another approach for the existence problem of Nash equi-
librium payoffs—the dynamic programming approach. The idea is to find the Nash
equilibrium payoff (e1, e2) as a function of the initial position (t, x): (e1, e2) =
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(e1(t, x), e2(t, x)). This function can be constructed as a solution of some system of
parabolic PDE (as in [1], for instance) or by using backward or backward-forward
stochastic differential equations (as in [3], [4]). Both methods rely heavily on a
nondegeneracy assumption on σ. In fact, it can be proved (see [8]) that a payoff
(e1(t, x), e2(t, x)) given by such a method is a Nash equilibrium payoff in our sense.

The paper is organized as follows. We first state the assumptions, notation, and
main results of the paper. Then we prove the characterization theorem, from which
we derive the existence result. We complete the paper with some remarks on the
notions of strategies.

2. Statements of the main results. Let T > 0 be a fixed finite time horizon.
For t ∈ [0, T ], we consider the following doubly controlled stochastic system:

dXs = f(s,Xs, us, vs)ds + σ(s,Xs, us, vs)dBs, s ∈ [t, T ],
Xt = x,

(2.1)

where B is a d-dimensional standard Brownian motion on the canonical Wiener space
(Ω,F , P ), i.e., Ω is the set of continuous functions from [0, T ] to R

d issued from 0,
F is the completed Borell σ-algebra over Ω, P is the Wiener measure, and B is the
canonical process: Bs(ω) = ω(s), s ∈ [0, T ]. The processes u and v are assumed to
take their values in some compact metric spaces U and V , respectively. We suppose
that the functions f : [0, T ]×R

n ×U × V → R
n and σ : [0, T ]×R

n ×U × V → R
n×d

are measurable and satisfy the assumption (H):
(H) f and σ are bounded and Lipschitz continuous with respect to (t, x), uniformly

in (u, v) ∈ U × V.
We should also assume that the Isaacs condition, i.e., that for all (t, x) ∈ [0, T ]×

R
n, p ∈ R

n, and all A ∈ Sn (where Sn is the set of symmetric n× n matrices), holds:

infu supv{〈f(t, x, u, v), p〉 + 1
2Tr(Aσ(t, x, u, v)σ∗(t, x, u, v))}

= supv infu{〈f(t, x, u, v), p〉 + 1
2Tr(Aσ(t, x, u, v)σ∗(t, x, u, v))}.(2.2)

We define the sets of admissible controls as follows.
Definition 2.1. An admissible control process u for Player I (resp., II) on [t, T ]

is a process taking values in U (resp., V ), progressively measurable with respect to the
filtration (Ft,s, s ≥ t), where

Ft,s = σ{Br −Bt, r ∈ [t, s]}, s ∈ [t, T ],

augmented by all null-sets of P .
The set of admissible controls for Player I (resp., II) on [t, T ] is denoted by U(t)

(resp., V(t)).
We identify two processes u and ū in U(t) and write u ≡ ū, if P{u = ū a.e. in [t, s]}

= 1.
Under assumption (H), for all (t, x) ∈ [0, T ] × R

n and (u, v) ∈ U(t) × V(t), there
exists a unique solution to (2.1) that we denote by Xt,x,u,v

. .
Now we have to define strategies. Let us first recall the definition of nonanticipa-

tive strategies.
Definition 2.2. A nonanticipative strategy for Player I on [t, T ] is a mapping

α : V(t) → U(t) such that, for any s ∈ [t, T ] and for any v1, v2 ∈ V(t), if v1 ≡ v2 on
[t, s], then α(v1) ≡ α(v2) on [t, s].

Nonanticipative strategies for Player II are defined symmetrically.
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For several reasons explained below, nonanticipative strategies are not the proper
ones for nonzero-sum differential games. We merely use the notion of admissible
strategies, whose definition needs some preliminary remarks, as follows.

For all t, t ∈ [0, T ] with t ≤ t, let Ωt,t be the set of continuous functions from [t, t]

to R
d, issued from 0 and Pt,t the Wiener measure on Ωt,t (in particular Ω0,T = Ω and

P0,T = P ). If, for fixed 0 ≤ t ≤ t ≤ T , and ω ∈ Ωt,T , we define π(ω) = (ω1, ω2) by

ω1 = ω|[t,t],
ω2 = (ω − ω(t))|[t,T ],

we can identify Ωt,T with Ωt,t × Ωt,T , and we have Pt,T = Pt,t ⊗ Pt,T .

Furthermore, to every random variable Y on Ωt,T and all ω1 ∈ Ωt,t, we can
associate a random variable (Y (ω1))(·) on Ωt,T , by setting (Y (ω1))(ω2) = Y (ω).

We also remark that, for all (Ft̄,s, s ≥ t̄)-progressively measurable processes
(Ys, s ≥ t̄) and almost every ω1 ∈ Ωt,t, the process (Y (ω1)s, s ≥ t) is (Ft,s, s ≥ t)-
progressively measurable. This allows us to apply a nonanticipative strategy α defined
on [t, T ] to controls living on the larger time interval [t, T ]: for v ∈ V(t), we define
α(v|[t,T ]) by

α(v|[t,T ])(ω)s = (α(v(ω1)))(ω2)s, s ∈ [t, T ](2.3)

(with a symmetric notation for strategies β for Player II).

Definition 2.3. An admissible strategy for Player I on [t, T ] is a mapping α :
V(t) → U(t) such that the following hold:

(i) α is a strongly nonanticipative strategy. Namely, for any (Ft,s)s∈[t,T ]-stopping
time S and any v, ṽ ∈ V(t), if v ≡ ṽ on [[t, S]], then α(v) ≡ α(ṽ) on [[t, S]] (with the
notation [[t, S]] = {(s, ω) ∈ [0, T ] × Ω, t ≤ s ≤ S(ω)}).

(ii) α is a nonanticipative strategy with delay. Namely, there is some partition
t = t0 < t1 < · · · < tm = T such that for all v, ṽ ∈ V(t), we have α(v) = α(ṽ) on
[t, t1] and for any i < n, if v ≡ ṽ on [t, ti], then α(v) ≡ α(ṽ) on [t, ti+1].

(iii) α is an r-strategy. Namely, for every 0 ≤ t̄ < t and v ∈ V(t̄) the process
α(v|[t,T ]) is (Ft̄,s, s ≥ t)-progressively measurable.

The set of all admissible strategies for Player I on [t, T ] is denoted by A(t). The set
of admissible strategies β : U(t) → V(t) for Player II, which are defined symmetrically,
is denoted by B(t).

The r-strategies were introduced in [2], motivated by technical problems related
to measurability issues. Not surprisingly, we have encountered the same kind of
difficulties, hence the requirement for the admissible strategies to be r-strategies.

To the best of our knowledge, the notion of strongly nonanticipative strategies has
never been introduced before. However, it is, in our opinion, much more natural for
stochastic differential games than that of standard nonanticipative strategies. Indeed
strongly nonanticipative strategies formalize the fact that a player is allowed to take
into account only the control of his opponent he observes in the present state of the
world. In other words, if we want to make rigorous the requirement “If for some ω,
there exists a time s ≥ 0 such that v1(ω) = v2(ω) before s, then α(v1(ω)) = α(v2(ω))
before s,” it becomes clear that s depends on ω and thus that the nonanticipativity
has to involve random times.

The main reason for introducing nonanticipative strategies with delay is the fol-
lowing lemma.
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Lemma 2.4. Let α ∈ A(t) be an admissible strategy and β : U(t) → V(t) be
nonanticipative. There is a unique control-pair (u, v) ∈ U(t) × V(t) such that

α(v) = u and β(u) = v.(2.4)

Of course, a symmetric result holds if α is nonanticipative and β is admissible,
or if both α and β are admissible. Let us point out that one cannot omit one of the
strategies to be with delay.

Proof of Lemma 2.4. Let t = t0 < t1 < · · · < tm = T be a partition associated
with the admissible strategy α. We construct the controls (u., v.) by induction on the
interval [tk, tk+1).

For k = 0, we know that, for any v′ ∈ V(t), the restriction of u = α(v′) to the
interval [t, t1) is independent of v′ since α admissible. Let us set v = β(u) on [t, t1),
which depends only on the values of u on [t, t1) since β is nonanticipative. Let us
point out that this procedure uniquely defines (u, v) on [t, t1).

Let us now assume that u and v are uniquely defined on [t, tk). Then the re-
striction of u = α(v′) to the interval [tk, tk+1] does not depend on the values of v′ on
[tk, tk+1) provided that v′ = v on [t, tk), because α is admissible. This defines u on
[t, tk+1). Then v is uniquely defined on [t, tk+1) by v = β(u) since β is nonanticipative.

This completes the proof by induction.
We give several remarks and comments on strategies later, in the appendix. Here

is an example of admissible strategy. This example is borrowed from [2].
Example 2.5. Let t0 = t < t1 < · · · < tm = T be a fixed partition of [t, T ], and,

for 1 ≤ j ≤ m, let (Oij)i∈N be a Borel partition of R
n and uij ∈ U , for i ∈ N, be

fixed. For any control v ∈ V(t), we define α(v) by induction on [t, tj) by setting

α(v)(s) = u10 on [t, t1),

and, if α(v) is built on [t, tj), we set

α(v)(s) =
∑
i

uij1{Xt,x,α(v),v
tj

∈Oij} on [tj , tj+1).

Then α is an admissible strategy.
The main result of [2] is that zero-sum stochastic games have a value when the

players play nonanticipative strategies. A careful examination of the proof of [2] shows
the following result.

Theorem 2.6. Let g : R
n → R be bounded and Lipschitz continuous and set

∀(u, v) ∈ U(t) × V(t), J(t, x, u, v) = E[g(Xt,x,u,v
T )].

Let f and σ satisfy the assumption (H) and the Isaacs condition (2.2). Then

inf
β∈B(t)

sup
u∈U(t)

J(t, x, u, β(u)) = sup
α∈A(t)

inf
v∈V(t)

J(t, x, α(v), v).

We briefly explain this result, which is a straightforward consequence of several
results of [2], in the following proof.

Proof of Theorem 2.6. Let us set

W � = sup
α∈A(t)

inf
v∈V(t)

J(t, x, α(v), v) and W � = inf
β∈B(t)

sup
u∈U(t)

J(t, x, u, β(u)).
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For any ε > 0, let us choose some admissible strategies α and β such that

W � ≤ inf
v∈V(t)

J(t, x, α(v), v) + ε and W � ≥ sup
u∈U(t)

J(t, x, u, β(u)) − ε.

Using Lemma 2.4, there is some control-pair (u, v) ∈ U(t) × V(t) such that α(v) =
u and β(u) = v. Hence

W � ≤ J(t, x, α(v), v) + ε = J(t, x, u, v) + ε = J(t, x, u, β(u)) + ε ≤ W � + 2ε.

Therefore we have proved that W � ≤ W �.
For proving the reverse inequality, let us set

V � = inf
β : U(t) → V(t)
nonanticipative

sup
u∈U(t)

J(t, x, u, β(u)).

Combining formula (2.4), Proposition 2.5, and Theorem 2.6 of [2] yields the existence
of some nonanticipative strategy α such that

V � ≤ inf
v∈V(t)

J(t, x, α(v), v) + ε.

A careful examination of the proof of (2.4) also shows that the strategy α can be
chosen from A(t). Indeed it is actually of the form of Example 2.5. This proves that
V � ≤ W �. Using symmetric argument, one can prove that V � ≥ W �, where

V � = sup
α : V(t) → U(t)
nonanticipative

inf
v∈V(t)

J(t, x, α(v), v).

Hence we have already proved that

V � ≤ W � ≤ W � ≤ V �.

Since, under the Isaacs condition (2.2), the game has a value, i.e., V � = V � (Theorem
2.6 of [2]), equality W � = W � holds.

Now let g1 : R
n → R and g2 : R

n → R be two Lipschitz continuous functions
bounded by some C > 0. For (t, x) ∈ [0, T ] × R

n, (u, v) ∈ U(t) × V(t), set

J1(t, x, u, v) = E[g1(X
t,x,u,v
T )] and J2(t, x, u, v) = E[g2(X

t,x,u,v
T )].

In what follows, for all couples of a nonanticipative and an admissible strategy (α, β),
we will also use the following notation:

Jj(t, x, α, β) = Jj(t, x, u, v) (for j = 1 or j = 2),

where (u, v) are associated to (α, β) by (2.4).
Recall that Player I wants to maximize J1(t, x, α, β), while Player II wants to

maximize J2(t, x, α, β).
Definition 2.7. We say that a couple (e1, e2) ∈ R

2 is a Nash equilibrium payoff
at the point (t, x) if, for any ε > 0, there exist (αε, βε) ∈ A(t) × B(t) such that

∀ (α, β) ∈ A(t) × B(t) it holds that

J1(t, x, αε, βε) ≥ J1(t, x, α, βε) − ε and J2(t, x, αε, βε) ≥ J2(t, x, αε, β) − ε
(2.5)

and

for j = 1, 2, |Jj(t, x, αε, βε) − ej | ≤ ε.(2.6)
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Remarks.
1. Condition (2.5) means that if one of the players deviates from his strategy

(αε or βε), then he cannot expect to get much more (less than ε) than what
he would have had by keeping his strategy.

2. The definition still makes sense if one uses the notion of nonanticipative strate-
gies with delay instead of admissible strategies.

In what follows, we shall often use an equivalent formulation of Condition (2.5)
given by the following lemma.

Lemma 2.8. Let ε > 0 and (αε, βε) ∈ A(t) × B(t). Condition (2.5) holds if and
only if

for any (u, v) ∈ U(t) × V(t),
J1(t, x, αε, βε) ≥ J1(t, x, u, βε(u)) − ε and J2(t, x, αε, βε) ≥ J2(t, x, αε(v), v) − ε.

(2.7)

Proof of Lemma 2.8. Suppose that (2.7) holds and let α ∈ A(t). By Lemma 2.4,
there exists (u, v) ∈ U(t) × V(t) such that α(v) = u and βε(u) = v. By (2.7) applied
to this couple (u, v), we get

J1(t, x, αε, βε) ≥ J1(t, x, u, βε(u)) − ε = J1(t, x, α, βε) − ε.

Repeating the same argument for some β ∈ B(t), we get Condition (2.5).
Conversely, for any fixed u ∈ U(t), we can define a strategy α ∈ A(t) by setting

α(v) = u for all v ∈ V(t). In particular, for v = βε(u), we have again u = α(v) and
v = βε(u). It is then easy to deduce (2.7) from (2.5).

From now on, we denote by W1 and W2 the value functions of the zero-sum
games where Player I (resp., Player II) aims at maximizing g1 (resp., g2). According
to Theorem 2.6, this means that

W1(t, x) = inf
β∈B(t)

sup
u∈U(t)

J1(t, x, u, β(u)) = sup
α∈A(t)

inf
v∈V(t)

J1(t, x, α(v), v)

and

W2(t, x) = sup
β∈B(t)

inf
u∈U(t)

J2(t, x, u, β(u)) = inf
α∈A(t)

sup
v∈V(t)

J2(t, x, α(v), v).

Now, once all notation and assumptions are stated, we are able to announce the
two results of this paper, as follows.

Theorem 2.9 (existence). Under the Isaacs condition (2.2), for any initial po-
sition (t, x) ∈ [0, T ] × R

n, there is some Nash equilibrium payoff at (t, x).
Theorem 2.10 (characterization). Assume the Isaacs condition holds. Then a

couple (e1, e2) ∈ R
2 is a Nash equilibrium payoff at a point (t, x) if and only if for

any ε > 0 there exists (uε, vε) ∈ U(t) × V(t) such that
(i) for any s ∈ [t, T ] and j = 1, 2,

P {E[gj(X
ε
T )|Ft,s] ≥ Wj(s,X

ε
s) − ε} ≥ 1 − ε,

where Xε
. = Xt,x,uε,vε

. ,
(ii) and

for j = 1, 2, |E[gj(X
ε
T )] − ej | ≤ ε.
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Remarks.

1. For proving that the conditions in Theorem 2.10 are necessary, we do not
need the notion of admissible strategies; in fact, we need only that the strate-
gies defining the Nash equilibrium payoff are nonanticipative with delay and
satisfy some condition (C) introduced in the appendix. The fact that the
strategy is a strongly nonanticipative r-strategy is not needed. However, al-
though the notion of Nash equilibrium payoff still could be defined by using
the bigger class of nonanticipative strategies with delay, we do not know
whether the characterization result remains true if one removes the require-
ment that the strategies satisfy condition (C). In other words, we do not know
if this characterization holds if one allows the players to use the knowledge
of the full control of his or her opponent (in any state of the world).

2. The generalization to the case of more than two players is not difficult. (The
idea is that each player can act as if he would be confronted by only one
opponent which activates the set of all the other controls.) But to write it
down properly, it needs to reintroduce the whole definition and notation and
several preliminary results. We will not do it here.

The sketch of the proof of the two previous results is the following: We first
show the equivalence in Theorem 2.10, and, using this equivalence, we finally prove
Theorem 2.9.

3. Proof of the characterization: Sufficient condition. The object of this
section is the proof of the sufficient condition of Theorem 2.10.

We first point out a technical lemma, which will also be used in the proof of the
other results.

Lemma 3.1. Fix (t, x) ∈ [0, T ] × R
n and u ∈ U(t).

(a) For all θ ∈ [t, T ] and ε > 0, there exists a strongly nonanticipative r-strategy
α : V(t) → U(t) such that, for any v ∈ V(t),

α(v) ≡ u on [t, θ],

E[g2(X
t,x,α(v),v
T )|Ft,θ] ≤ W2(θ,X

t,x,α(v),v
θ ) + ε, P a.s.

(3.1)

(b) Let B be a compact subset of R
n. For all θ ∈ [t, T ] and ε > 0, there exists an

admissible strategy α ∈ A(t) such that, for any v ∈ V(t),

α(v) ≡ u on [t, θ],

E[g2(X
t,x,α(v),v
T )|Ft,θ] ≤ W2(θ,X

t,x,α(v),v
θ ) + ε, P a.s. on {Xt,x,α(v),v

θ ∈ B}.
(3.2)

Remark. It can be proved similarly that, for all θ ∈ [t, T ] and ε > 0, there exists
a strongly nonanticipative r-strategy α : V(t) → U(t) such that, for any v ∈ V(t),

α(v) ≡ u on [t, θ],

E[g1(X
t,x,α(v),v
T )|Ft,θ] ≥ W1(θ,X

t,x,α(v),v
θ ) − ε, P a.s.
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Proof of Lemma 3.1.
(a) From the definition of the value function W2, for any y ∈ R

n, there is some
admissible strategy αy ∈ A(θ) such that

sup
v∈V(θ)

E[g2(X
θ,y,αy(v),v
T )] ≤ W2(θ, y) + ε/2.

Since z → W2(θ, z) and z → supv∈V(θ) E[g2(X
θ,z,αy(v),v
T )] are continuous, one can find

a Borelian partition (Oi, i = 1, 2, . . .) of R
n such that, for any i, there is some yi ∈ Oi

with

∀z ∈ Oi, sup
v∈V(θ)

E[g2(X
θ,z,αyi

(v),v

T )] ≤ W2(θ, z) + ε.(3.3)

Now we define the following strategy α:

∀v ∈ V(t), α(v)s =

{
us for s ∈ [t, θ],

αyi(v|[θ,T ])s for s ∈ (θ, T ] on {Xt,x,u,v
θ ∈ Oi},

(3.4)

where the notation αyi(v|[θ,T ])s is defined by (2.3). By a tiresome but straightforward
proof, we get that α is a nonanticipative r-strategy. The fact that it is strongly
nonanticipative is proved in Lemma 6.1. It is clear that α(v) ≡ u on [t, θ].

Further, we obviously have (see also Lemma 1.11 in [2]), if we set X = Xt,x,α(v),v,

E[g2(XT )|Ft,θ](ω1, ·) = Eθ,T [g2(X
θ,Xθ(ω1),α(v(ω1)),v(ω1)
T )]

=
∑

i∈N
1{Xθ(ω1)∈Oi}Eθ,T [g2(X

θ,Xθ(ω1),αyi
(v(ω1)),v(ω1)

T )],
Pt,θ(dω1) a.s.

(3.5)

Now (3.1) follows from (3.3).
(b) Let (Oi)i∈{0,...,m} be a finite Borelian partition of R

n and yi ∈ Oi, i ∈
{0, . . . , k}, be such that O0 = Bc and, for i ∈ {1, . . . ,m}, (3.3) holds. (Indeed,
since B is compact, a finite partition of B is sufficient to get (3.3).) Note that there
is no condition on y0 ∈ Bc.

Now let α be built like in (3.4). We already know that α(v) ≡ u on [t, θ] and that
α is a strongly nonanticipative r-strategy. Let us prove that α is nonanticipative with
delay. It is easy to see that α has delays corresponding to a partition that, from θ on,
is a partition for all strategies αyi , i ∈ {0, . . . ,m}. Since the number of strategies αyi

involved in the construction of α is finite, this partition is also finite. It follows from
the construction and from Proposition 6.3 that α ∈ A(t).

Using again (3.3) and (3.5) and the choice of O1, . . . , Om, one has that

1{Xθ∈B}E[g2(XT )|Ft,θ] ≤ 1{Xθ∈B}(W2(θ,Xθ) + ε)

for any v ∈ V(t), and relation (3.2) follows evidently.
Now let us assume that (e1, e2) satisfies conditions (i) and (ii) of Theorem 2.10.

For any ε > 0, there is some control pair (uε, vε) ∈ U(t) × V(t) such that
(i) for any s ∈ [t, T ] and j = 1, 2,

P {E[gj(X
ε
T )|Ft,s] ≥ Wj(s,X

ε
s) − ε} ≥ 1 − ε,(3.6)

where Xε
. = Xt,x,uε,vε

. , and
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(ii)

for j = 1, 2, |E[gj(X
ε
T )] − ej | ≤ ε.(3.7)

We have to prove that (e1, e2) is a Nash equilibrium payoff for the initial position
(t, x).

To do this, we are going to define, for any ε > 0, some strategies (αε, βε) ∈
A(t) × B(t) satisfying (2.5) and (2.6). We explain only the construction of αε, the
construction of βε being symmetric.

To simplify the notation, we assume throughout the proof that gj ≥ 0 for j = 1, 2.
Let us point out that we can make this assumption without loss of generality since
this just adds some constant to the functions gj . In particular, this assumption entails
that Wj ≥ 0. Recall that there exists also some C > 0 such that |gj | ≤ C.

Since the dynamic is bounded, it is easy to prove that, for all (u, v), (u′, v′) ∈
U(t) × V(t), for all (Ft,s, s ≥ t)-stopping times S with P [S ≤ T ] = 1 and such that

Xt,x,u,v
S = Xt,x,u′,v′

S , P a.s., and for all τ ≥ 0,

E

[
sup

0≤s≤τ
|Xt,x,u,v

(S+s)∧T −Xt,x,u′,v′

(S+s)∧T |
2

]
≤ C0τ,

where the constant C0 > 0 depends only on the dynamic. Thus, since W2(s, ·) is
Lipschitz, uniformly in s, we can choose τ > 0 such that, for all (u, v), (u′, v′) ∈
U(t) × V(t), for all (Ft,s, s ≥ t)-stopping times S with P [S ≤ T ] = 1, and such that

Xt,x,u,v
S = Xt,x,u′,v′

S , P a.s.,

E

[
sup

0≤s≤τ
|W2((S + s) ∧ T,Xt,x,u,v

(S+s)∧T ) −W2((S + s) ∧ T,Xt,x,u′,v′

(S+s)∧T )|2
]
≤ (ε/4)2.

(3.8)
Let us fix some partition t0 = t < t1 < · · · < tm = T which satisfies supi |ti+1−ti| ≤ τ .

We also fix some M large enough such that

sup
u∈U(t)

sup
v∈V(t)

P

(
sup

t≤s≤T
|Xt,x,u,v

s | > M

)
≤ ε/(4C).(3.9)

Let us set

ε0 =
ε

4(2 + mC)
(3.10)

and let (ū, v̄) = (uε0 , vε0) satisfy (3.6) and (3.7) for ε = ε0.
By Lemma 3.1(b) applied to the closed ball B in R

n with center 0 and radius
M , to the control ū and to θ = t1, . . . , tm, we get m admissible strategies α1 ∈
A(t), . . . , αm ∈ A(t) such that, for any v ∈ V(t), for any l ∈ {1, . . . ,m}, αj(v) ≡ ū on
[t, tj ] and

1{Xαj
tj

∈B}E[g2(X
αj

T )|Ft,tj ] ≤ 1{Xαj
tj

∈B}W2(tj , X
αj

tj ) + ε/4,(3.11)

where we have set Xαj
. = Xt,x,αj(v),v

. .
For all v ∈ V(t), we introduce the stopping times

Sv = inf{s ≥ t, vs �= v̄s} and tv = inf{ti > Sv, i ≥ 1},
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with the convention tv = T if vs = v̄s on [t, T ].
We are now ready to define the admissible strategy αε by setting

∀v ∈ V(t), αε(v) =

{
ū on [[t, tv]],
αj(v) on (tj , T ] × {tv = tj}.

(3.12)

It is easy to check that αε is an admissible strategy.
Let v ∈ V(t) be fixed and let us set X. = Xt,x,αε(v),v

. . Let us notice that αε(v) ≡ ū
on [[t, tv]] and that

X =

{
Xt,x,ū,v on [[t, tv]] P a.s.,∑

j X
t,x,αj(v),v1tv=tj on [[tv, T ]] P a.s.

Then using (3.11) we get

1{Xtv∈B}E[g2(XT )|Ft,tv ] ≤ 1{Xtv∈B}W2(t
v, Xtv ) + ε/4.(3.13)

We now claim that

∀v ∈ V(t), J2(t, x, αε(v), v) ≤ e2 + ε and αε(v̄) = ū.(3.14)

Indeed, it follows from (3.13) that for any v ∈ V(t), if we set X. = Xt,x,αε(v),v
. , we

have

J2(t, x, αε(v), v) ≤ E[g2(XT )1{|Xtv |>M}] + E[W2(t
v, Xtv )1{|Xtv |≤M}] + ε/4

≤ E[W2(t
v, Xtv )] + ε/2,

(3.15)

where the last inequality comes from the choice of M in (3.9).
Now set X = Xt,x,ū,v̄. Recall that, by the definition of Sv and the fact that

αε(v) = ū on [[t, tv]], we have Xs = Xs on {s ≤ Sv}.
Further, we have Sv ≤ tv ≤ Sv + τ ; thus, by (3.8), we get

‖W2(t
v, Xtv ) −W2(t

v, Xtv )‖2 ≤ ε/4.

Accordingly,

E[W2(t
v, Xtv )] ≤ E[W2(t

v, Xtv )] + ε/4.(3.16)

Let us now denote by Ωs (for s ∈ [t, T ]) the set

Ωs =
{
E[g2(XT )|Ft,s] ≥ W2(s,Xs) − ε0

}
.

We recall that P (Ωs) ≥ 1 − ε0 thanks to (3.6). Thus

E[W2(t
v, Xtv )] =

∑m
i=1 E[W2(ti, Xti)1tv=ti1Ωti

] +
∑m

i=1 E[W2(ti, Xti)1tv=ti1Ωc
ti

]

≤
∑m

i=1 E[(E[g2(XT )|Ft,ti ] + ε0)1tv=ti1Ωti
]

+
∑m

i=1 CP (Ωc
ti ∩ {tv = ti})

≤ E[g2(XT )] + ε0 +
∑m

i=1 CP (Ωc
ti)

≤ (e2 + 2ε0) + mCε0,
(3.17)
where we have used in the last inequality on the one hand the fact that g2 ≥ 0 and
(3.7) and, on the other hand, the fact that P (Ωc

ti) ≤ ε0 for any i.
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Putting (3.15), (3.16), and (3.17) together yields

J2(t, x, αε(v), v) ≤ (e2 + 2ε0) + mCε0 + ε/4 + ε/2 ≤ e2 + ε

from the choice of ε0. The last assertion of (3.14) being obvious, (3.14) is proved.
In the same way one can build an admissible strategy βε ∈ B(t) such that

∀u ∈ U(t), J1(t, x, u, βε(u)) ≤ e1 + ε and βε(ū) = v̄.

Combining (3.14), the previous assertion, and Lemma 2.8 implies that (αε, βε)
satisfies the two inequalities of the definition of a Nash equilibrium payoff.

4. Proof of the characterization: Necessary condition. Suppose that there
is a Nash equilibrium payoff (e1, e2) ∈ R

2 at a point (t, x). For some fixed ε > 0,
let (αε, βε) ∈ A(t) × B(t) be such that for any (α, β) ∈ A(t) × B(t), the following
inequalities hold:

J1(t, x, αε, βε) ≥ J1(t, x, α, βε) − ε2/2 and J2(t, x, αε, βε) ≥ J2(t, x, αε, β) − ε2/2
(4.1)
and

for j = 1, 2, |Jj(t, x, αε, βε) − ej | ≤ ε2/2.

Thanks to Lemma 2.4, there exists a unique couple of controls (uε, vε) ∈ U(t) × V(t)
such that

αε(v
ε) = uε and βε(u

ε) = vε.

Let us set Xε
. = Xt,x,uε,vε

. .
We argue by contradiction and assume that there is some time θ ∈ [t, T ) and

some j = 1, 2 (say, j = 1 to fix the idea) such that

P {E[g1(X
ε
T )|Ft,θ] < W1(θ,X

ε
θ) − ε} > ε.

We set

A = {E[g1(X
ε
T )|Ft,θ] < W1(θ,X

ε
θ) − ε} .(4.2)

By Lemma 3.1 (and the remark following the lemma) applied to θ and to the
control uε, there exists a nonanticipative strategy α̃ : V(t) → U(t) such that, for any
v ∈ V(t), α̃(v) = uε on [t, θ] and P a.s.,

E[g1(X
t,x,α̃(v),v
T )|Ft,θ] ≥ W1(θ,X

t,x,α̃(v),v
θ ) − ε/2.(4.3)

Let (u, v) be the unique couple associated with (α̃, βε). Let us notice that u ≡ uε

on [t, θ]. We define a control ū in the following way:

ū = uε on ([t, θ) × Ω) ∪ ([θ, T ] ×Ac), ū = u on [θ, T ] ×A.

Since βε is strongly nonanticipative, Corollary 6.4 states that

βε(ū) ≡ vε on [t, θ) and βε(ū)s =

{
vs on A
vεs on Ac for s ∈ [θ, T ].



636 R. BUCKDAHN, P. CARDALIAGUET, AND C. RAINER

Hence, we have

Xt,x,ū,βε(ū) ≡ Xε on [t, θ] and Xt,x,ū,βε(ū)
s =

{
X

t,x,α̃(v),v
s on A

Xε
s on Ac for s ∈ [θ, T ].

Accordingly, by (4.3), we have

J1(t, x, ū, βε(ū)) = E [g1(X
ε
T )1Ac ] + E

[
E[g1(X

t,x,α̃(v),v
T )|Ft,θ]1A

]
≥ E [g1(X

ε
T )1Ac ] + E [W1(θ,X

ε
θ)1A] − ε

2P [A].

(4.4)

It follows from the definition (4.2) of A that

J1(t, x, ū, βε(ū)) > E [g1(X
ε
T )] +

ε

2
P (A) ≥ J1(t, x, αε, βε) + ε2/2.

This is in contradiction with (4.1) and the proof is complete.

5. Proof of the existence. For proving Theorem 2.9, it is enough to show that,
for any ε > 0, there are some controls uε and vε satisfying the conditions (i) and (ii)
of Theorem 2.10. In fact, we give a slightly stronger result, as follows.

Proposition 5.1. Suppose the assumptions of Theorem 2.9 hold. Then, for any
ε > 0, there is a control-pair (uε, vε) ∈ U(t)×V(t) such that, for any t ≤ s1 ≤ s2 ≤ T
and j = 1, 2,

P
{
E[Wj(s2, X

ε
s2)|Ft,s1 ] ≥ Wj(s1, X

ε
s1) − ε

}
≥ 1 − ε,

where Xε
. = Xt,x,uε,vε

. .
Proof of Theorem 2.9. Combining the above proposition applied to s1 = s and

s2 = T with Theorem 2.10 gives the result for any (e1, e2) which is an accumulation
point of the payoff (J1(t, x, u

ε, vε), J2(t, x, u
ε, vε)) as ε → 0+.

The proof of Proposition 5.1 is split into several lemmas.
Lemma 5.2. For any ε > 0, there is a couple (uε, vε) ∈ U(t)×V(t) such that, for

any t ≤ s ≤ T and j = 1, 2,

E[Wj(s,X
ε
s)] ≥ Wj(t, x) − ε,

where Xε
. = Xt,x,uε,vε

. .
Proof. Let us choose αε ∈ A(t) and βε ∈ B(t) such that αε is ε/2-optimal for

W1(t, x) while βε is ε/2-optimal for W2(t, x). Namely,

W1(t, x) ≤ inf
v∈V(t)

J1(t, x, αε(v), v)+ε/2 and W2(t, x) ≤ inf
u∈U(t)

J2(t, x, u, βε(u))+ε/2.

(5.1)
Let (uε, vε) be the unique pair of controls such that

αε(v
ε) = uε and βε(u

ε) = vε.

We intend to prove that the couple (uε, vε) satisfies the conclusion of the lemma. For
this, we argue by contradiction and assume that there is some θ ∈ (t, T ] and some
j = 1, 2 (to fix the ideas, we suppose j = 2) such that

E[W2(θ,X
ε
θ)] < W2(t, x) − ε.(5.2)



NONZERO-SUM STOCHASTIC DIFFERENTIAL GAMES 637

By Lemma 3.1 applied to θ and to the control uε, there exists a nonanticipative
strategy α : U(t) → V(t) such that, for any v ∈ V(t), α(v) ≡ uε on [t, θ] and

E[g2(X
t,x,α(v),v
T )|Ft,θ] ≤ W2(θ,X

t,x,α(v),v
θ ) + ε/2, P a.s.(5.3)

By Lemma 2.4, there exists a unique couple of controls (u, v) ∈ U(t)×V(t) such that,
P a.s.,

α(v) = u and βε(u) = v.

Since α is nonanticipative and βε is admissible, and since α(vε) ≡ uε and βε(u
ε) ≡ vε

on [t, θ], it is easy to check that

u ≡ uε and v ≡ vε on [t, θ].

Thus Xt,x,u,v
θ = X

t,x,α(v),v
θ = Xε

θ. It follows then from (5.2) and (5.3) that

J2(t, x, u, βε(u)) = J2(t, x, α(v), v) = E[E(g2(X
t,x,α(v),v
T )|Ft,θ)]

≤ E[W2(θ,X
t,x,α(v),v
θ )] + ε/2

< W2(t, x) − ε/2,

which is in contradiction with (5.1).
Lemma 5.3. Let us fix ε > 0 and t0 = t < t1 < · · · < tm = T . Then there is

some (uε, vε) ∈ U(t)×V(t) such that, for any i = 0, . . . , (m− 1), for j = 1, 2, P a.s.,

E[Wj(ti+1, X
ε
ti+1

)|Ft,ti ] ≥ Wj(ti, X
ε
ti) − ε,

where Xε
. = Xt,x,uε,vε

. .
Proof. We construct (uε, vε) by induction on the interval [ti, ti+1). Let us first

notice that the result for i = 0 is given by Lemma 5.2.
Let us now assume that (uε, vε) is constructed on [t0, ti) and let us define it on

[ti, ti+1). From Lemma 5.2, for any y ∈ R
n, there is some (uy, vy) ∈ U(ti) × V(ti)

such that for any s ∈ [ti, T ] and for j = 1, 2,

E[Wj(s,X
ti,y,u

y,vy

s )] ≥ Wj(ti, y) − ε/2.

Using the continuity of Wj(ti, ·) and of E[Wj(s,X
ti,·,uy,vy

s )], we can find a Borel
partition (Ol i = 1, 2, . . .) of R

n such that, for any l, there is some yl ∈ Ol with, for
j = 1, 2,

∀z ∈ Ol, E[Wj(s,X
ti,z,u

yl ,vyl

s )] ≥ Wj(ti, z) − ε.

Then we define, for any z ∈ R
n, the control pair (ũ(z), ṽ(z)) by

∀s ≥ t, ũ(z)s =
∑
l

1Ol
(z)uyl

s and ṽ(z)s =
∑
l

1Ol
(z)vyl

s ,

and we set

(uε, vε) = (ũ(Xt,x,uε,vε

ti ), ṽ(Xt,x,uε,vε

ti )) on [ti, ti+1).

We have, for all s ≥ ti, P a.s.,

E[Wj(s,X
ε
s)|Ft,ti ] ≥ Wj(ti, X

ε
ti) − ε,
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where, as usual, Xε
. = Xt,x,uε,vε

. . Using the above inequality for s = ti+1 completes
the proof by induction.

We are now ready to prove Proposition 5.1. Let us choose a partition t0 = t <
t1 < · · · < tm = T and let us set

τ = sup
i

|ti+1 − ti|.

Since Wj(·, y) are uniformly Hölder continuous and Wj(s, ·) are uniformly Lipschitz
continuous and since the dynamic is bounded, we can choose τ sufficiently small in
such a way that, for all k ∈ {0, . . . ,m− 1} and all s ∈ [tk, tk+1),

‖Wj(tk+1, X
t,x,u,v
tk+1

) −Wj(s,X
t,x,u,v
s )‖2 ≤ γ,(5.4)

where γ = ε
3
2 /4.

Let (u, v) ∈ U(t) × V(t) be defined by Lemma 5.3 for ε = ε/(2m): for any
i = 0, . . . , (m− 1), for j = 1, 2, P a.s.,

E[Wj(ti+1, Xti+1)|Ft,ti ] ≥ Wj(ti, Xti) − ε/(2m),(5.5)

where X. = Xt,x,u,v
. . Let us now fix t ≤ s1 < s2 ≤ T . Let also ti and tk be such that

ti−1 ≤ s1 < ti and tk < s2 ≤ tk+1. Then we have, thanks to (5.5), for j = 1, 2, P a.s.,

E[Wj(tk+1, Xtk+1
)|Ft,ti ] ≥ Wj(ti, Xti) − ε/2.

Taking the conditional expectation with respect to Ft,s1 gives, since ti ≥ s1, P a.s.,

E[Wj(tk+1, Xtk+1
)|Ft,s1 ] ≥ E[Wj(ti, Xti)|Ft,s1 ] − ε/2.(5.6)

Let us set

Z1 = E[Wj(tk+1, Xtk+1
)|Ft,s1 ] − E[Wj(ti, Xti)|Ft,s1 ] + ε/2

and

Z2 = E[Wj(s2, Xs2)|Ft,s1 ] −Wj(s1, Xs1) + ε/2.

From (5.4) and (5.6), we have Z1 ≥ 0, P a.s., and ‖Z2 − Z1‖2 ≤ 2γ. Therefore,

P [Z2 < −ε/2] ≤ P [|Z2 − Z1| > ε/2] ≤ 4γ2/(ε/2)2 = ε,

i.e.,

P {E[Wj(s2, Xs2)|Ft,s1 ] ≥ Wj(s1, Xs1) − ε} ≥ 1 − ε.

Therefore the proof of Proposition 5.1 is complete.

6. Appendix: On strategies. In the appendix we bring together several tech-
nical facts on strongly nonanticipative strategies. Some of them (Lemma 6.1 and
Corollary 6.4) are used in the proofs of Theorems 2.9 and 2.10, and some others have
seemed to us of general interest for a better understanding of the different notions of
strategies.

In the following lemma we prove that the strategy built in the proof of Lemma
3.1 is strongly nonanticipative. Let us first recall the construction of the strategy α.
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Let θ ∈ (t, T ) be a fixed time, (Oi)i∈N be a Borel partition of R
n, and, for any i ∈ N,

αi ∈ A(θ) be an admissible strategy. We also fix some control u ∈ U(t). The strategy
α is defined by setting

∀v ∈ V(t), α(v)s =

{
us for s ∈ [t, θ],

αi(v|[θ,T ])s for s ∈ (θ, T ], on {Xt,x,u,v
θ ∈ Oi}.

Lemma 6.1. The strategy α is strongly nonanticipative.
Proof. Let S be an (Ft,s)s∈[t,T ]-stopping time and let v1, v2 ∈ V(t) be such that

v1 ≡ v2 on [[t, S]]. We have to prove that α(v1) ≡ α(v2) on [[t, S]].
Let us notice that the result is obvious on {S ≤ θ}, because we have α(v1) =

α(v2) = u on [t, θ]. Let us now set B = {S > θ} and Bi = B ∩ {Xt,x,u,v
θ ∈ Oi}. We

can assume that B is not neglectable, since otherwise there is nothing to prove. Let
us now prove that α(v1) ≡ α(v2) on [[θ, S]] ∩ ([t, T ] ×B).

For this, let us first recall the identifications Ωt,T = Ωt,θ × Ωθ,T and Pt,T =
Pt,θ ⊗ Pθ,T . We know that, for almost all ω1 ∈ Ωt,θ, the controls v1(ω1) and v2(ω1)
belong to V(θ). Let us finally introduce, for any 0 ≤ r ≤ s ≤ T , F0

r,s = σ{Bτ −
Br, τ ∈ [r, s]} (let us underline that Fr,s is nothing but F0

r,s augmented by all
null-sets of P ). Using the identification F0

t,T = F0
t,θ ⊗ F0

θ,T and the fact that the
section N(ω1) = {ω2 ∈ Ωθ,T , (ω1, ω2) ∈ N} of a Pt,T -neglectable set N ∈ Ft,T is
Pθ,T -neglectable for almost all ω1 ∈ Ωt,θ, it can also be proved that, for almost all
ω1 ∈ Ωt,θ, S(ω1) is an (Fθ,s)s∈[θ,T ]-stopping time. From the definition of the strategy
α, we have, for any i ∈ N and for almost all ω1 ∈ Bi, α(v1)(ω1, ·) = αi(v1(ω1)[θ,T ])
and α(v2)(ω1, ·) = αi(v2(ω1)[θ,T ]) on [θ, T ]. Since αi is strongly nonanticipative and
since v1(ω1)[θ,T ] ≡ v2(ω1)[θ,T ] on [[θ, S(ω1)]] for almost all ω1 ∈ Bi, we have, for almost
all ω1 ∈ Bi,

αi(v1(ω1)[θ,T ]) ≡ αi(v2(ω1)[θ,T ]) on [[θ, S(ω1)]].

Therefore, α(v1)(ω1, ·) ≡ α(v2)(ω1, ·) on [[θ, S(ω1)]] for almost all ω1 ∈ B. This
completes the proof of the lemma.

Let us now introduce the following notion, which appears naturally in the proof
of Theorem 2.10.

Definition 6.2 (condition (C)). Let α : V(t) → U(t) be a nonanticipative strat-
egy. We say that α satisfies condition (C) if for any (deterministic) θ ∈ [t, T ), for
any control v, v̄ ∈ V(t) with v ≡ v̄ on [t, θ] and for any A ∈ Ft,θ, we have

α(v1A + v̄1Ac) ≡ α(v)1A + α(v̄)1Ac ,

where v1A + v̄1Ac denotes for simplicity the control equal to v ≡ v̄ on [t, θ] × Ω, to v
on [θ, T ] ×A, and to v̄ on [θ, T ] ×Ac.

Remark. Although condition (C) is weaker than the assumption of being strongly
nonanticipative for a strategy (cf. Corollary 6.4), the main results of this paper, The-
orems 2.9 and 2.10, remain unchanged if condition (i) in the definition of admissible
strategies is replaced by condition (C). However, as we shall see, condition (C) does
not seem to be the right definition for modelizing the fact that a player can take into
account only the observation of the control played by his opponent.

An equivalent formulation of condition (C) follows.
Proposition 6.3. Let α : V(t) → U(t) be a nonanticipative strategy. The

following assertions are equivalent:
1. α satisfies condition (C).
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2. For all stopping times S taking a finite number of values in [t, T ], if v ≡ ṽ on
[[t, S]], then α(v) ≡ α(ṽ) on [[t, S]].

This result implies that condition (C) is weaker than the notion of strongly nonan-
ticipative strategies.

Corollary 6.4. A strongly nonanticipative strategy α satisfies condition (C).

Indeed, a strongly nonanticipative strategy α obviously satisfies the second con-
dition of the proposition.

Proof of Proposition 6.3. Let us first assume that α satisfies the second condition.
For proving that α satisfies condition (C), let us fix θ ∈ [t, T ), A ∈ Ft,θ, and v, v̄ in
V(t) such that v ≡ v̄ on [t, θ]. We set v1 = v1A + v̄1Ac . We want to prove that
α(v1) = α(v)1A + α(v̄)1Ac on [θ, T ].

For this let us introduce the stopping time S defined by

S = θ on Ac and S = T on A.

Then v1 ≡ v on [[t, S]]. Since α satisfies 2, α(v1) ≡ α(v) on [[t, S]]. This implies that
α(v1) ≡ α(v) on [θ, T ] × A. We can prove in the same way (using the stopping time
S′ = θ on A and S′ = T on Ac) that α(v1) ≡ α(v̄) on [θ, T ] × Ac. Therefore, α
satisfies condition (C).

Let us now assume that α satisfies condition (C). Let S be a stopping time taking
values in t0 = t < t1 < · · · < tm = T , and let v, v̄ be such that v ≡ v̄ on [[t, S]]. We
have to prove that α(v) ≡ α(v̄) on [[t, S]]. For this, let us set, for any j ∈ {0, . . . ,m},

Aj = {S ≤ tj} and vj =

{
v in ([t, tj) × Ω) ∪ ([tj , T ] ×Aj),
v̄ in [tj , T ] ×Ac

j .

We are going to prove by induction that

α(vj) ≡ α(v̄) in [tj , T ] ×Ac
j and α(v) ≡ α(v̄) in [[t, S ∧ tj ]].(6.1)

For j = m, this shows the desired result: α(v) = α(v̄) on [[t, S]].

For j = 0, we have A0 = {S = t} ∈ Ft,t = {∅,Ω} P a.s., and thus either v0 = v
a.s. (if A0 = Ω) or v0 = v̄ a.s. (if A0 = ∅). In both cases, equalities in (6.1) are clear.

Let us assume that (6.1) holds for some j. Let us first prove that α(v̄) = α(v) in
[[t, S ∧ tj+1]]. For that purpose, let us notice that vj ≡ v on [t, tj+1), because v ≡ v̄ on
[tj , tj+1)×Ac

j , since Ac
j = {S ≥ tj+1} and v ≡ v̄ on [[t, S]]. Since α is nonanticipative,

we have therefore that α(vj) ≡ α(v) on [t, tj+1). Using assumption (6.1), which states
that α(vj) ≡ α(v̄) in [tj , T ] × Ac

j , we deduce that α(v̄) = α(v) in [tj , tj+1] × Ac
j . Let

us now notice that

[[t, S ∧ tj+1]] = [[t, S ∧ tj ]] ∪ ([tj , tj+1] ×Ac
j).

From assumption (6.1) we know that α(v̄) = α(v) in [[t, S∧tj ]] and we have just proved
that α(v̄) = α(v) in [tj , tj+1] × Ac

j . Therefore, we have established that α(v̄) = α(v)
in [[t, S ∧ tj+1]].

It remains to show that α(vj+1) ≡ α(v̄) in [tj+1, T ] × Ac
j+1. Let us first notice

that vj+1 = vj1Ac
j+1

+v1Aj+1
. Then, since vj ≡ v on [t, tj+1] and since Aj+1 ∈ Ft,tj+1

,

we have, from assumption (C),

α(vj+1) = α(vj1Ac
j+1

+ v1Aj+1
) ≡ α(vj)1Ac

j+1
+ α(v)1Aj+1

on [t, T ].(6.2)
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In particular, α(vj+1) ≡ α(vj) on [t, T ] × Ac
j+1. Moreover, from (6.1), α(vj) ≡ α(v̄)

on [tj+1, T ] ×Ac
j+1, because Ac

j+1 ⊂ Ac
j . Thus

α(vj+1) ≡ α(vj) ≡ α(v̄) on [tj+1, T ] ×Ac
j+1.

By induction the proof is now complete.
We complete this appendix by showing that condition (C) is not equivalent to

the notion of strongly nonanticipative strategies. More precisely, we build a strategy
that is nonanticipative with delay, is an r-strategy, and satisfies condition (C) but is
not strongly nonanticipative.

Let us suppose that each of the spaces in which the controls take their values has
only two elements: U = {u1, u2} and V = {v1, v2}. Let t ∈ [0, T ]. We define the
strategy α : V(t) → U(t) in the following way.

Let t = t0 < t1 < t2 = T be a partition of [t, T ]. For any v ∈ V(t), we set
α(v)s = u1 for s ∈ [t, T ] if v satisfies the following property:

∃ε > 0 such that v ≡ v1 on [t, t + ε].(6.3)

Otherwise we set α(v)s = u1 for s ∈ [t, t1] and α(v)s = u2 for s ∈ (t1, T ].
It is easy to check that α is a nonanticipative strategy with delay. Let us now

prove that α is an r-strategy. If t > 0, for t ∈ [0, t) and v ∈ V(t), define the process
(ũs = α(v|[t,T ])s, s ∈ [t, T ]) (using the notation of section 2). This process satisfies
ũ ≡ u1 on [t, t1] and then is constant on (t1, T ] equal to u1 or u2, with

{ũs = u1, s ∈ (t1, T ]} =
⋂

ε>0 rational

{v ≡ v1 in [t, t + ε]} ∈ Ft,t+ ⊂ Ft,t1
.

Thus ũ is adapted to the filtration (Ft,s)s≥t. Since, moreover, its paths are left
continuous, it follows that ũ is (Ft,s)s≥t-progressively measurable.

Let us now prove that α satisfies the condition (C). Let us point out that Ft,t =
{∅,Ω} P a.s. Thus (C) is trivially satisfied for θ = t. Further, by the construction of
α, if for v, v ∈ V(t), we have v ≡ v on some time interval [t, θ], θ > t, then α(v) = α(v)
on [t, T ]. In particular, α satisfies (C).

We finally show that α is not strongly anticipative. Let S be an (Ft,s)s∈[t,T ]-
stopping time such that P [S > t1] > 0 and, for all ε > 0, P [S ≤ t + ε] > 0, say,
S = inf{s ≥ t, Bs −Bt = 1} ∧ T . We define v and v ∈ V(t) by

v ≡ v1 on [t, T ],
v ≡ v1 on [[t, S]] and v ≡ v2 on ]]S, T ]].

It holds that v ≡ v on [[t, S]]. But the strategy α applied to the two controls gives

α(v) ≡ u1 and α(v) ≡ u2 on (t1, T ].

Remark 6.5. Note also that in assertion 2 of Proposition 6.3, we have found an
example of a property that holds for every stopping time taking a finite number of
values but that cannot be generalized to all stopping times.
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Abstract. The stability problem of the Wonham filter with respect to initial conditions is ad-
dressed. The case of ergodic signals is revisited in view of a gap in the classic work of H. Kunita
(1971). We give new bounds for the exponential stability rates, which do not depend on the ob-
servations. In the nonergodic case, the stability is implied by identifiability conditions, formulated
explicitly in terms of the transition intensities matrix and the observation structure.
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1. Introduction. The optimal filtering estimate of a signal from the record of
noisy observations is usually generated by a nonlinear recursive equation subject to
the signal a priori distribution. If the latter is unknown and the filtering equation is
initialized by an arbitrary initial distribution, the obtained estimate is suboptimal in
general. From an applications point of view, it is important to know whether such an
estimate becomes close to the optimal one at least after enough time elapses. This
property of filters to forget the initial conditions is far from being obvious and in fact
generally remains an open and challenging problem.

In this paper, we consider the filtering setting for signals with a finite state space.
Specifically, let X = (Xt)t≥0 be a continuous time homogeneous Markov chain ob-
served via

Yt =

∫ t

0

h(Xs)ds + σWt(1.1)

with the Wiener process W = (Wt)t≥0, independent of X, some bounded function h,
and σ �= 0.

We assume that Xt takes values in the finite alphabet S = {a1, . . . , an} and
admits several ergodic classes. Namely,

S =
{
a1
1, . . . , a

1
n1︸ ︷︷ ︸

S1

, . . . , am1 , . . . , amnm︸ ︷︷ ︸
Sm

}
,

where the subalphabets S1, . . . ,Sm are noncommunicating in the sense that for any
i �= j and t ≥ s

P
(
Xt ∈ Sj |Xs ∈ Si

)
= 0.(1.2)
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So, unless m = 1, Xt is a compound Markov chain with the transition intensities
matrix

Λ =

⎛⎜⎜⎝
Λ1 0 0
0 Λ2 0
. . . . . . . . .
0 0 Λm

⎞⎟⎟⎠(1.3)

of m ergodic classes and is not ergodic itself.
The filtering problem consists in computation of the conditional distribution,

πν
t (1) = P (Xν

t = a1|Y ν
[0,t]), . . . , π

ν
t (n) = P (Xν

t = an|Y ν
[0,t]),

where Y ν
[0,t] is the filtration, generated by {Y ν

s , 0 ≤ s ≤ t} satisfying the usual condi-

tions (henceforth, the superscript ν is used to emphasize that the distribution of X0

is ν).
The vector-valued random process πν

t with entries πν
t (1), . . . , πν

t (n) is generated
by the Wonham filter [45] (see also [29, Chap. 9])

πν
0 = ν,

dπν
t = Λ∗πν

t dt + σ−2
(
diag(πν

t ) − πν
t (πν

t )∗
)
h(dY ν

t − h∗πν
t dt),

(1.4)

where diag(x) is the scalar matrix with the diagonal x ∈ R
n, h is the column vector

with entries h(a1), . . . , h(an), and ∗ is the transposition symbol. If ν is unknown and
some other distribution β (on S) is used to initialize the filter, the “wrong” conditional

distribution πβν
t is obtained:

πβν
0 = β,

dπβν
t = Λ∗πβν

t dt + σ−2
(
diag(πβν

t ) − πβν
t (πβν

t )∗
)
h(dY ν

t − h∗πβν
t dt).

(1.5)

According to the intuitive notion of stability, given at the beginning of this section,
the filter defined in (1.5) is said to be asymptotically stable if

lim
t→∞

E‖πν
t − πβν

t ‖ = 0,(1.6)

where ‖ · ‖ is the total variation norm.
If the state space of the Markov chain X consists of one ergodic class (m = 1),

our setting is in the framework studied by Ocone and Pardoux [35]. In this case, there
exists the unique invariant distribution µ, so that

lim
t→∞

‖Stγ − µ‖ = 0,(1.7)

where St is the semigroup corresponding to X and γ is an arbitrary probability
distribution on S. Moreover,

lim
t→∞

∫
S

|Stf(x) − µ(f)|dµ(x) = 0(1.8)

holds for any bounded f : S �→ R. So, it may seem that it remains only to assume

ν � β(1.9)
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and allude to [35]. However, the proof of (1.6) given in [35] uses as its central argument
the uniqueness theorem for the stationary measure of the filtering process πν

t which
appeared in the work of H. Kunita [22]. Unfortunately, the proof of this theorem
(Theorem 3.3 in [22]) contains a serious gap, as elaborated in the next section.

A different approach to the stability analysis of the filters for ergodic signals
was initiated by Delyon and Zeitouni [19]. The authors studied the top Lyapunov
exponent of the filtering equation

γσ(β′, β′′) = lim t→∞
1

t
log
∥∥πβ′ν

t − πβ′′ν
t

∥∥, β′ and β′′ distributions on S,

and showed that γσ(β′, β′′) < 0 too when Λ and h satisfy certain conditions. Moreover,
the filter is found to be stable in the low signal-to-noise regime: lim σ→∞γσ(β′, β′′) ≤
	
[
λmax

(
Λ
)
] with λmax(Λ) being the eigenvalue of Λ with the largest nonzero real part.

These results were further extended by Atar and Zeitouni [3], where it is shown
that uniformly in σ > 0 and h

γσ(β′, β′′) ≤ −2 min
p�=q

√
λpqλqp, a.s.,(1.10)

and the high signal-to-noise asymptotics are obtained:

lim σ→0σ
2γσ ≤ −1

2

d∑
i=1

µi min
j �=i

[
h(ai) − h(aj)

]2
,

lim σ→0σ
2γσ ≥ −1

2

d∑
i=1

µi

d∑
j=1

[
h(ai) − h(aj)

]2
,

where µ is the ergodic measure of X.
The method in [3] (and its full development in [2]) does not rely on [22] and is

based on the analysis of the Zakai equation, corresponding to (1.4) (see (5.2) below).
The analysis is carried out by means of the Hilbert projective metric and the Birkhoff
inequality, etc.; see section 5 for more details. This approach proved out its efficiency
in several filtering scenarios (see [1], [9], [11]).

Other results and methods related to the filtering stability can be found in [4], [10],
[12], [13], [14], [16], [17], [18], [15], [24], [25], [26], [27], [36], [37]. The linear Kalman–
Bucy case, being the most understood, is extensively treated by several authors: [5],
[32], [33], [19], [35], [28], [30] (sections 14.6 and 16.2).

In the present paper, we consider both ergodic and nonergodic signals. Apply-
ing the technique from Atar and Zeitouni [2], we show that in the ergodic case the
asymptotic stability holds true without any additional assumptions. In other words,
the conclusion of H. Kunita [22] is valid in the specific case under consideration.

In view of the counterexample given in section 3, it is clear that in general γσ
may vanish at σ = 0. So, it is interesting to find out which ergodic properties of the
signal are inherited by the filter regardless of the specific observation structure. In
this connection we prove the inequality

lim t→∞
1

t
log ‖πβν

t − πν
t ‖ ≤ −

n∑
r=1

µr min
i �=r

λri.

Since µ is the positive measure on S, unlike (1.10), this bound remains negative if at
least one row of Λ has all nonzero entries.
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Also we give the nonasymptotic bound (compare with (1.10))

‖πν
t − πβν

t ‖ ≤ C exp
(
− 2tmin

p�=q

√
λpqλqp

)
with some positive constant C depending on ν and β only.

For the discrete time case, related results can be found in Del Moral and Guionnet
[18] and Le Gland and Mevel [24]. For example, in [24] the positiveness assumption
for all transition probabilities is relaxed under certain constraints on the observation
process noise density.

In the case of nonergodic signal, m > 1, we show that the filtering stability holds
true if the ergodic classes can be identified via observations and the filter matched to
each class is stable. We formulate explicit sufficient identifiability conditions in terms
of Λ and h.

The paper is organized as follows. In section 2, we introduce the necessary no-
tations and clarify the role of condition ν � β in the filtering stability (Proposition
2.1). This section also gives a link to the gap in Kunita’s proof [22], while in section
3 the filtering setting is described for which the stability fails and the gap becomes
evident.

The main results are formulated in section 4 and proved in sections 5 and 6.

2. Preliminaries and connection to the gap in [22].

2.1. Notations. Throughout, ν � β is assumed.
In order to explain our approach, let us consider a general setting when (X,Y ) is

a Markov process with paths from the Skorokhod space D = D[0,∞)(R
2) of right con-

tinuous functions having limits to the left functions. Moreover, the signal component
X is a Markov process itself.

We introduce a measurable space (D,D), where D = σ{(xs, ys), s ≥ 0} is the
Borel σ-algebra on D. Let D = (Dt)t≥0 be the filtration of Dt = σ{(xs, ys), s ≤ t}
and let Dy = (Dy

t )t≥0 be the filtration of Dy
t = σ{ys, s ≤ t}.

As before, we write (Xν
t , Y

ν
t ) and (Xβ

t , Y
β
t ), when the distribution of X0 is ν or

β, respectively, meaning that both pairs are defined on the same probability space,
have the same transition semigroup, but different initial distributions.

For a bounded measurable function f , we introduce πν
t (f) := E(f(Xν

t )|Y ν
[0,t])

and πβ
t (f) := E(f(Xβ

t )|Y β
[0,t]). Since πν

t (f) and πβ
t (f) are Y ν

[0,t]- and Y β
[0,t]-measurable

random variables, respectively, it is convenient to identify πν
t (f) and πβ

t (f) with some

Dy
t -measurable functionals of trajectories Y ν

[0,t] = {Y ν
s , s ≤ t} and Y β

[0,t] = {Y β
s , s ≤ t}.

For this purpose, let Qν and Qβ denote the distributions of (Xν , Y ν) and (Xβ , Y β)

on (D,D), respectively, and Qν
t and Qβ

t be their restrictions on [0, t], so that Qν
0 , Q

β
0

are the distributions of (Xν
0 , Y

ν
0 ), (Xβ

0 , Y
β
0 ). We also assume that

dQν
0

dQβ
0

(x, y) =
dν

dβ
(x0).(2.1)

Since (Xν
t , Y

ν
t ) and (Xβ

t , Y
β
t ) have the same transition law, we have Qν � Qβ with

dQν

dQβ
(x, y) =

dν

dβ
(x0).

Without loss of generality, we assume that the filtrations D and Dy satisfy the
general conditions with respect to (Qν + Qβ)/2.
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For fixed t, let Hβ
t (y) be a Dy

t -measurable functional so that Hβ
t (Y β) = πβ

t (f) a.s.

Moreover, due to Qν � Qβ , a version of Hβ
t (y) can be chosen such that the random

variable Hβ
t (Y ν) is well defined. Then we identify πβν

t (f) with Hβ
t (Y ν).

We do not assume that β � ν (and thus Qβ �� Qν), so this construction fails for

πνβ
t (f). Nevertheless, a version of Hν

t (y) can be chosen such that Hν
t (Y ν) = πν

t (f)

a.s. and used for the definition of πνβ
t (f). Indeed, let Q

β
and Q

ν
be the distributions

of Y ν and Y β , respectively, i.e., the marginal distributions of Qβ and Qν , obviously,

Q
ν � Q

β
as well as Q

ν

t � Q
β

t ; the restrictions of Q
ν

and Q
β

on the interval [0, t].

Moreover,
dQ

ν

t

dQ
β

t

(Y β) = E( dν
dβ (Xβ

0 )
∣∣Y β

[0,t]). Now define

πνβ
t (f) := Hν

t (Y β)I

(
dQ

ν

t

dQ
β

t

(Y β) > 0

)
.

We introduce the decreasing filtration X β
[t,∞) = σ{Xβ

s , s ≥ t}, the tail σ-algebra

T (Xβ) =
⋂
t≥0

X β
[t,∞),(2.2)

and σ-algebras X β
t = σ{Xβ

t }, Y β
[0,∞) =

∨
t≥0 Y β

[0,t].
Set

πβ0

t (f) = E
(
f(Xβ

t )|Y β
[0,t] ∨ X β

0

)
.(2.3)

2.2. Filter stability. For bounded and measurable f , the estimate πν
t (f) is

asymptotically stable with respect to β if

lim
t→∞

E
∣∣πν

t (f) − πβν
t (f)

∣∣ = 0.(2.4)

Note that, when the signal process takes values in a finite alphabet and (2.4) holds
for any bounded f , then (2.4) and (1.6) are equivalent.

We establish below that (2.4) holds if for large values of t the additional measure-

ment Xβ
0 is useless for estimation of f(Xβ

t ) via Y β
[0,t] or, analogously, if the additional

measurement Xβ
t is useless for estimation of dν

dβ (Xβ
0 ) via Y β

[0,∞).

Proposition 2.1. Assume ν � β. Then, any of the conditions
1.

lim
t→∞

E
∣∣πβ

t (f) − πβ0

t (f)
∣∣ = 0,(2.5)

2.

E
(dν
dβ

(Xβ
0 )
∣∣Y β

[0,∞)

)
= lim

t→∞
E
(dν
dβ

(Xβ
0 )
∣∣Y β

[0,∞) ∨ X β
[t,∞)

)
(2.6)

provides (2.4).
Proof. Let us first show that, under ν � β, for any bounded f

E
∣∣πβν

t (f) − πν
t (f)

∣∣
= E

∣∣∣E(dν
dβ

(Xβ
0 )
∣∣Y β

[0,t]

)
E
(
f(Xβ

t )|Y β
[0,t]

)
− E

(dν
dβ

(Xβ
0 )f(Xβ

t )
∣∣Y β

[0,t]

)∣∣∣.(2.7)
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Write

E
∣∣πβν

t (f) − πν
t (f)

∣∣ = E
dν

dβ
(Xβ

0 )
∣∣πβ

t (f) − πνβ
t (f)

∣∣
= EE

(dν
dβ

(Xβ
0 )
∣∣Y β

[0,t]

)∣∣πβ
t (f) − πνβ

t (f)
∣∣ = E

∣∣∣E(dν
dβ

(Xβ
0 )
∣∣Y β

[0,t]

)(
πβ
t (f) − πνβ

t (f)
)∣∣∣

= E
∣∣∣E(dν

dβ
(Xβ

0 )
∣∣Y β

[0,t]

)
E
(
f(Xβ

t )
∣∣Y β

[0,t]

)
− E

(dν
dβ

(Xβ
0 )πνβ

t (f)
∣∣Y β

[0,t]

)∣∣∣.
So, it remains to show

E
(dν
dβ

(Xβ
0 )πνβ

t (f)
∣∣Y β

[0,t]

)
= E

(dν
dβ

(Xβ
0 )f(Xβ

t )
∣∣Y β

[0,t]

)
.(2.8)

With Dy
t -measurable and bounded function Ψt(y) we get

E
{

Ψt(Y
β)E

(dν
dβ

(Xβ
0 )πνβ

t (f)
∣∣Y β

[0,t]

)}
= E

(
Ψt(Y

β)
dν

dβ
(Xβ

0 )πνβ
t (f)

)
= E

(
Ψt(Y

ν)πν
t (f)

)
= E

(
Ψt(Y

ν)f(Xν
t )
)

= E
(
Ψt(Y

β)
dν

dβ
(Xβ

0 )f(Xβ
t )
)

and notice that (2.8) is valid by the arbitrariness of Ψt.

The proof of (2.5)⇒(2.4). Using (2.7) and

E
(dν
dβ

(Xβ
0 )f(Xβ

t )
∣∣Y β

[0,t]

)
= E

(dν
dβ

(Xβ
0 )πβ0

t (f)
∣∣Y β

[0,t]

)
,

we derive

E
∣∣πβν

t (f) − πν
t (f)

∣∣ = E
∣∣∣E(dν

dβ
(Xβ

0 )
∣∣Y β

[0,t]

)
πβ
t (f) − E

(dν
dβ

(Xβ
0 )πβ0(f)

∣∣Y β
[0,t]

)∣∣∣
= E

∣∣∣E(dν
dβ

(Xβ
0 )
(
πβ
t (f) − πβ0(f)

)∣∣Y β
[0,t]

)∣∣∣ ≤ E
dν

dβ
(Xβ

0 )
∣∣πβ

t (f) − πβ0

t (f)
∣∣,

where the Jensen inequality has been used. Let for definiteness |f | ≤ K with some

constant K. Then πβ
t (f), πβ0

t (f) can also be chosen such that |πβ
t (f)| and |πβ0

t (f)|
are bounded by K. Hence, for any C > 0, we have

E
∣∣πβν

t (f) − πν
t (f)

∣∣ ≤ CE
∣∣πβ

t (f) − πβ0

t (f)
∣∣+ 2KP

(dν
dβ

(Xβ
0 ) > C

)
.

Therefore, lim t→∞E
∣∣πβν

t (f) − πν
t (f)

∣∣ ≤ 2KP
(
dν
dβ (Xβ

0 ) > C
)

and by the Chebyshev

inequality P
(
dν
dβ (Xβ

0 ) > C
)
≤ C−1 → 0, C → ∞.

The proof of (2.6)⇒(2.4). By (2.7)

E
∣∣πβν

t (f) − πν
t (f)

∣∣
= E

∣∣∣∣∣E(f(Xβ
t )E

[dν
dβ

(Xβ
0 )
∣∣Y β

[0,t]

]∣∣∣Y β
[0,t]

)
− E

(
f(Xβ

t )
dν

dβ
(Xβ

0 )|Y β
[0,t]

)∣∣∣∣∣.
Notice also

E
(
f(Xβ

t )
dν

dβ
(Xβ

0 )|Y β
[0,t]

)
= E

(
f(Xβ

t )E
[dν
dβ

(Xβ
0 )
∣∣Y β

[0,∞) ∨ X β
[t,∞)

]∣∣Y β
[0,t]

)
.
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Since |f | ≤ K, by the Jensen inequality we have

(2.9) E
∣∣πβν

t (f) − πν
t (f)

∣∣
≤ KE

∣∣∣E(dν
dβ

(Xβ
0 )
∣∣Y β

[0,t]

)
− E

(dν
dβ

(Xβ
0 )
∣∣Y β

[0,∞) ∨ X β
[t,∞)

)∣∣∣.
Both random processes E( dν

dβ (Xβ
0 )
∣∣Y β

[0,t]) and E( dν
dβ (Xβ

0 )
∣∣Y β

[0,∞) ∨ X β
[t,∞)) are uni-

formly integrable forward and backward martingales with respect to the filtrations
(Y β

[0,t])t≥0 and (Y β
[0,∞) ∨ X β

[t,∞))t≥0. Therefore, they admit limits a.s. in t → ∞:

E( dν
dβ (Xβ

0 )
∣∣Y β

[0,∞)) and lim
t→∞

E( dν
dβ (Xβ

0 )
∣∣Y β

[0,∞) ∨ X β
[t,∞)), respectively. By (2.6)

lim
t→∞

∣∣∣E(dν
dβ

(Xβ
0 )
∣∣Y β

[0,t]

)
− E

(dν
dβ

(Xβ
0 )
∣∣Y β

[0,∞) ∨ X β
[t,∞)

)∣∣∣ = 0.

We show also that

lim
t→∞

E
∣∣∣E(dν

dβ
(Xβ

0 )
∣∣Y β

[0,t]

)
− E

(dν
dβ

(Xβ
0 )
∣∣Y β

[0,∞) ∨ X β
[t,∞)

)∣∣∣ = 0.(2.10)

Denote by αt any of E
(

dν
dβ (Xβ

0 )
∣∣Y β

[0,t]

)
and E

(
dν
dβ (Xβ

0 )
∣∣Y β

[0,∞) ∨ X β
[t,∞)

)
and

α∞ = lim
t→∞

αt.

It is clear that (2.10) holds true if limt→∞ E|αt − α∞| = 0. Since limt→∞ αt = α∞,
αt ≥ 0, and Eαt ≡ Eα∞ = 1, by the Scheffe theorem we get the desired property.

Thus the right-hand side of (2.9) converges to zero and the result follows.

2.3. Connection to the gap in [22]. In [22], H. Kunita studies1 ergodic prop-
erties of the filtering process πν

t . He considers πν
t as a Markov process with values in

the space of probability measures and claims (in Theorem 3.3) that there exists the
unique invariant measure being “limit point” of marginal distributions of πν

t , t ↗ ∞.
As was later shown in [35], this result is the key to the stability analysis under (1.8).

Below we demonstrate that the main argument, used in the proof of Theorem 3.3
of [22], cannot be taken for granted. We discuss this issue in the context of Propo-
sition 2.1. Suppose the Markov process X is ergodic in the sense of (1.7) and (1.8).
It is well known that its tail σ-algebra T (Xβ) (see (2.2) for definition) is empty a.s.
It is very tempting in this case to change the order of intersection and supremum as
follows: ⋂

t≥0

Y β
[0,∞) ∨ X β

[t,∞) = Y β
[0,∞) ∨ T (Xβ) a.s.(2.11)

Then, the right-hand side of (2.6) is transformed to

lim
t→∞

E
(dν
dβ

(Xβ
0 )
∣∣Y β

[0,∞) ∨ X β
[t,∞)

)
= E

⎛⎝dν

dβ
(Xβ

0 )
∣∣ ⋂
t≥0

{
Y β

[0,∞) ∨ X β
[t,∞)

}⎞⎠
= E

(dν
dβ

(Xβ
0 )
∣∣Y β

[0,∞) ∨ T (Xβ)
)

= E
(dν
dβ

(Xβ
0 )
∣∣Y β

[0,∞)

)
1The notations of this paper are used here.
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and (2.6) would be correct, regardless (!) of any other ingredients of the problem
(e.g., with σ = 0 in (1.1)).

In [22], the relation of (2.11) type plays the key role in verification of the unique-
ness for the invariant measure corresponding to πν

t , t ≥ 0. However, the validity of
(2.11) is far from being obvious. According to Williams [44], it “...tripped up even
Kolmogorov and Wiener” (see Sinai [39, p. 837] for some details). The reader can find
a discussion concerning (2.11) in von Weizsäcker [43]; unfortunately, the counterex-
ample there is incorrect. A proper counterexample to (2.11) is given in Exercise 4.12
in Williams [44], which, however, seems somewhat artificial in the filtering context.
It turns out that the example, considered by Delyon and Zeitouni in [19] (see [21] by
Kaijser for its earlier discrete time version), is nothing but another case when (2.11)
fails.

For the reader’s convenience, we give below a detailed analysis of this example.
It is important to note that the counterexamples mentioned above do not fit

exactly into the setup considered by Kunita. They merely indicate that (2.11) is not
evident and so the claim of Theorem 3.3 in [22] remains a conjecture.

Generally, the stability of nonlinear filters for ergodic Markov processes remains
an open problem, and some results [23], [40], [41], [6], [8], [7], [35] based on [22] have
to be revised.

3. Counterexample. Below we give a detailed discussion of one counterexample
to (2.11). Consider Markov process X with values in S = {1, 2, 3, 4}, with the initial
distribution ν and the transition intensities matrix

Λ =

⎛⎜⎜⎝
−1 1 0 0
0 −1 1 0
0 0 −1 1
1 0 0 −1

⎞⎟⎟⎠ .(3.1)

All states of Λ communicate, and so X is an ergodic Markov process (see, e.g., [34])
with the unique invariant measure µ =

(
1/4 1/4 1/4 1/4

)
. Let h(x) = I(x =

1) + I(x = 3), that is,

Yt =

∫ t

0

[
I(Xs = 2) + I(Xs = 3)

]
ds + σWt.

By Theorem 4.1 below, the filter is stable in this case for any σ > 0.

3.1. Noiseless observation. Consider the case σ = 0.
It will be convenient to redefine the observation process as follows:

Yt = [I(Xt = 1) + I(Xt = 3)].

We assume ν � β and notice that (2.1) holds true. We omit the superscripts ν and
β when the initial condition does not play a significant role. Since X is an ergodic
Markov process, satisfying (1.8), T (X) = (Ω,∅) a.s.

Proposition 3.1. ⋂
t≥0

(
Y[0,∞) ∨ X[t,∞)

)
� Y[0,∞) a.s.(3.2)

Proof. It suffices to show that X0 is a
⋂

t≥0(Y[0,∞) ∨X[t,∞))-measurable random
variable and at the same time X0 /∈ Y[0,∞).
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Table 3.1

Typical trajectory of πt for Y0 = 1.

t [0, τ1) [τ1, τ2) [τ2, τ3) [τ3, τ4) [τ4, τ5) . . .
Yt 1 0 1 0 1 . . .
πt(1)

ν1
ν1+ν3

0 ν3
ν1+ν3

0 ν1
ν1+ν3

. . .

πt(2) 0 ν1
ν1+ν3

0 ν3
ν1+ν3

0 . . .

The structure of matrix Λ admits only cyclic transitions in the following order:

· · · → {3} → {4} → {1} → {2} → {3} → · · · .

So, since Y and X jump simultaneously, X0 can be recovered exactly from the tra-
jectory Ys, s ≤ t, and Xt for any t > 0, i.e., X0 is Xt ∨ Y[0,t]-measurable. Owing to
Xt ∨ Y[0,t] ⊂ X[t,∞) ∨ Y[0,∞), X0 is measurable with respect to⋂

t≥0

(
Y[0,∞) ∨ X[t,∞)

)
.

Denote by (τi)i≥1 the time moments where Y jumps. It is not hard to check that
(τi)i≥0 is independent of (X0, Y0) and, moreover,

Y[0,t] =
∨
i≥0

σ{τi ≤ t} ∨ σ{Y0}.

Thus for any t ≥ 0

P
(
X0 = 1|Y[0,t]

)
= P

(
X0 = 1|

∨
i≥0

σ{τi ≤ t} ∨ σ{Y0}
)

= P
(
X0 = 1|Y0

)
=

ν1

ν1 + ν3
Y0.

(3.3)

Since (3.3) is valid for any t ≥ 0, we conclude that

P
(
X0 = 1|Y[0,∞)

)
=

ν1

ν1 + ν3
Y0.

Obviously I(X0 = 1) �= ν1

ν1+ν3
Y0 and thus X0 is not Y[0,∞)-measurable.

3.2. Invariant measures of πt and the filter instability. Since It(2) +
It(4) = 1 − Yt and It(1) + It(3) = Yt, only It(1) and It(2) have to be filtered while
πt(3) = Yt−πt(1) and πt(4) = (1−Yt)−πt(2). The derivation of the filtering equations
is sketched in the appendix.

Proposition 3.2. The optimal filtering estimate satisfies

dπt(1) =
(
1 − πt−(2)

)
(1 − Yt−)dYt + πt−(1)Yt−dYt,

dπt(2) = −πt−(2)(1 − Yt−)dYt − πt−(1)Yt−dYt

subject to π0(1) = ν1

ν1+ν3
Y0, π0(2) = ν2

ν2+ν4
(1 − Y0).

Let us examine the behavior of the filter from Proposition 3.2. A pair of typical
trajectories are given in Table 3.1 (for Y0 = 1) and Table 3.2 (for Y0 = 0).

It is not hard to see that Y is itself a Markov chain with values in {0, 1} and
the transition intensities matrix

(−1 1
1 −1

)
, and thus its invariant measure is µ′ =
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Table 3.2

Typical trajectory of πt for Y0 = 0.

t [0, τ1) [τ1, τ2) [τ2, τ3) [τ3, τ4) [τ4, τ5) . . .
Yt 0 1 0 1 0 . . .
πt(1) 0 ν2

ν2+ν4
0 ν4

ν2+ν4
0 . . .

πt(2)
ν2

ν2+ν4
0 ν4

ν2+ν4
0 ν2

ν2+ν4
. . .

(
1/2 1/2

)
. Hence, the invariant measure Φ of the filtering process (πt(1), πt(2)) is

concentrated on eight vectors

φ1 =

( ν1

ν1+ν3

0

)
, φ2 =

(
0
ν1

ν1+ν3

)
, φ3 =

( ν3

ν1+ν3

0

)
, φ4 =

(
0
ν3

ν1+ν3

)
,

φ5 =

( ν2

ν2+ν4

0

)
, φ6 =

(
0
ν2

ν2+ν4

)
, φ7 =

( ν4

ν2+ν4

0

)
, φ8 =

(
0
ν4

ν2+ν4

)
with

Φ(φi) = (ν1 + ν3)/4, i = 1, 2, 3, 4,

Φ(φi) = (ν2 + ν4)/4, i = 5, 6, 7, 8,

and, consequently, Φ is not unique. Moreover, the optimal filter is not stable in
the sense of (1.6). In fact, for different initial conditions, the filtering distribution
πt, t > 0, can “sit” on different vectors!

4. Main results.

4.1. Ergodic case. Markov chain X is ergodic if and only if all entries of its
transition intensities matrix Λ communicate, i.e., for any pair of indices i and j, a
string of indices {
1, . . . , 
m} can be found so that λi�1λ�1�2 . . . λ�mj �= 0 (see, e.g.,
[34]). In this case, the distribution of Xt converges to the positive invariant distri-
bution µ being the unique solution of Λ∗µ = 0 in the class of vectors with positive
entries the sum of which is equal to one.

Theorem 4.1. If all states of Λ communicate, then there exists a positive con-
stant c such for any ν and β

lim t→∞
1

t
log ‖πβν

t − πν
t ‖ < −c a.s.

Remark 1. Clearly, Theorem 4.1 provides (1.6). Also it allows us to conclude

that lim
t→∞

‖πβν
t − πν

t ‖ = 0 a.s. for β concentrated in a single state of S. Then, in

particular, we have

lim
t→∞

‖πµ0

t − πµ
t ‖ = 0

which is the main argument in the proof of existence of the unique invariant measure
for the process (πt)t≥0. This fact corroborates Kunita’s result from [22] in the finite
state space setup of Theorem 4.1.

Actually, Theorem 4.1 verifies the logarithmic rate in t → ∞ which is in general
a function of Λ, h and σ. However, stronger assumptions on Λ guarantee exponential
or logarithmic rates, regardless of h and σ (σ is only required to be nonzero).
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Theorem 4.2. Assume all states of Λ communicate. Then

lim t→∞
1

t
log ‖πβν

t − πν
t ‖ ≤ −

n∑
r=1

µr min
i �=r

λri.(4.1)

Remark 2. The bound (4.1) is negative if at least one row of Λ has all nonzero
entries.

Theorem 4.3. Assume all entries of Λ are nonzero.
1. If ν � β, then

E‖πβν
t − πν

t ‖ ≤ n

n∑
j=1

dν

dβ
(aj) exp

(
− 2tmin

p�=q

√
λpqλqp

)
, t > 0.(4.2)

2. If ν ∼ β, then

‖πβν
t − πν

t ‖ ≤ n2 max
j

dν

dβ
(aj) max

j

dβ

dν
(aj) exp

(
− 2tmin

p�=q

√
λpqλqp

)
, t > 0.(4.3)

4.2. Nonergodic case. Let m ≥ 2 and Λ be given in (1.3). If X0 ∈ Sj , then X
is a Markov process with values in Sj with transition intensities matrix Λj . We denote
this process by Xj . In addition to h, introduce column vectors hj , j = 1, . . . ,m, with

entries h(aj1), . . . , h(ajnj
), respectively.

Theorem 4.4. Assume the following.
A-1. For any j, all states of Λj communicate.
A-2. For each j, k with j �= k, either

h∗
jµ

j �= h∗
kµ

k

or

h∗
j diag(µj)Λq

jhj �= h∗
k diag(µk)Λq

khk, for some 0 ≤ q ≤ nj + nk − 1.

Then the asymptotic stability (1.6) holds true.
The condition A-1 is inherited from Theorem 4.1 to ensure the stability within

each ergodic class, while under A-2, Y[0,∞) completely identifies the class in which X
actually resides.

5. Proofs for the ergodic case. Recall that under m = 1, X is a homogeneous
ergodic Markov chain with values in the finite alphabet S = {a1, . . . , an} with the
transition intensities matrix Λ. The unique invariant measure µ = (µ1, . . . , µn) is the
positive distribution on S. Let ν be the distribution of X0 and β a probability measure
on S. The observation process Y is defined in (1.1). Recall that the entries of πν

t and

πβν
t are the true and “wrong” conditional probabilities, respectively, as defined in the

introduction.

5.1. The proof of Theorem 4.1. We use the method proposed by Atar and
Zeitouni in [2], which is elaborated for the considered filtering setup for the reader’s
convenience.

Recall the following facts from the theory of nonnegative matrices. For a pair
(p, q) of nonnegative measures on S (i.e., vectors with nonnegative entries), the Hilbert
projective metric H(p, q) is defined as the following (see, e.g., [38]):

H(p, q) =

⎧⎪⎨⎪⎩ log

max
j:qj>0

(pj/qj)

min
i:qi>0

(pi/qi)
, p ∼ q,

∞, p �∼ q.

(5.1)
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The Hilbert metric is known to satisfy the following properties:
1. H(c1p, c2q) = H(p, q) for any positive constants c1 and c2.
2. For matrix A with nonnegative entries (Aij),

H
(
Ap,Aq

)
≤ τ(A)H

(
p, q
)

(see, e.g., [38]),

where τ(A) =
1−

√
ψ(A)

1+
√

ψ(A)
is the Birkhoff contraction coefficient with

ψ(A) = min
i,j,k,�

AikAj�

Ai�Ajk
.

3. ‖p− q‖ ≤ 2
log 3H(p, q) (Lemma 1 in [2]).

Returning to the filtering problem, let us first consider the special case when
ν = µ, and thus the signal Xµ is the stationary Markov chain. It is well known that
πµ
t = ηµt /〈1, η

µ
t 〉, where 1 denotes the vector with unit entries, 〈·, ·〉 is the usual inner

product, and ηµt solves the Zakai equation

dηµt = Λ∗ηµt dt + σ−2 diag(h)ηµt dY
µ
t(5.2)

subject to ηµ0 = µ. Similarly, πβµ
t = ηβµt /〈1, ηβµt 〉, where ηβµt is the solution of (5.2)

subject to ηβµ0 = β.
The Zakai equation possesses the unique strong solution which is linear with

respect to the initial condition. Hence, ηµt = J[0,t]µ and ηβµt = J[0,t]β, t > 0, where
J[0,t] is the random Cauchy matrix corresponding to (5.2).

The matrix J[0,t] can be factored (here �t� is the integer part of t):

J[0,t] = J[�t	,t]

⎛⎝ �t	∏
n=2

J[n−1,n]

⎞⎠ J[0,1].

The properties of the Hilbert metric, listed above, provide∥∥πµ
t − πβµ

t

∥∥ ≤ 2

log 3
H
(
πµ
t , π

βµ
t

)
=

2

log 3
H
(
J[0,t]µ, J[0,t]β

)
≤ 2

log 3
τ
(
J[�t	,t]

) �t	∏
n=2

τ
(
J[n−1,n]

)
H
(
J[0,1]µ, J[0,1]β

)
.

Assume for a moment that H
(
J[0,1]µ, J[0,1]β

)
< ∞ a.s. Then

(5.3) lim t→∞
1

t
log
∥∥πµ

t − πβµ
t

∥∥ ≤ lim t→∞
1

�t�

�t	∑
n=2

log τ
(
J[n−1,n]

)
≤ lim t→∞

1

�t�

�t	∑
n=2

{
− 1 ∨ log τ

(
J[n−1,n]

)}
= E

[
− 1 ∨ log τ

(
J[0,1])

]
≤ 0.

The equality is implied by the law of large numbers, which is valid since −1 ≤{
− 1 ∨ log τ

(
J[n−1,n]

)}
≤ 0 and log τ

(
J[n−1,n]

)
is generated by

{Xµ
s −Xµ

n−1, Ws −Wn−1}, n− 1 ≤ s < n,

where the processes Xµ and W are independent and Xµ is an ergodic Markov chain.
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Let Jν
[n−1,n] be the matrices defined similarly to J[n−1,n] with Y µ replaced by Y ν .

Recall that µ is the positive measure on S, so that ν � µ and, in turn, Q
ν � Q

µ

(here Q
µ

is the distribution of Y µ).
Since (5.3) holds Q

µ
-a.s., it also holds Q

ν
-a.s., i.e., with J[n−1,n] replaced by

Jν
[n−1,n] which gives the following theorem.

Theorem 5.1. (version of Theorem 1(a) in Atar and Zeitouni [2]). Assume that
all states of Λ communicate, i.e., X is an ergodic Markov chain. Assume J[0,1]β and
J[0,1]ν have positive entries a.s. Then,

lim t→∞
1

t
log
∥∥πν

t − πβν
t

∥∥ ≤ E
[
− 1 ∨ log τ

(
J[0,1]

)]
a.s.(5.4)

Now the statement of Theorem 4.1 follows from the lemma below.
Lemma 5.2. The right-hand side of (5.4) is strictly negative.
Proof. It suffices to show that all entries of J[0,1] are positive a.s. For fixed i, j,

we have

J[0,t](i, j) = δij +

∫ t

0

J[0,s](i, j)
[
λiids + σ−2h(ai)dY

µ
s

]
+

∫ t

0

∑
r �=i

λriJ[0,s](r, j)ds.

With the help of the Itô formula and with

φt(i) = exp
{
λiit + σ−2h(ai)Y

µ
t − (1/2)σ−2h2(ai)t

}
we derive

J[0,t](j, j) = φt(j)
(
1 +

∫ t

0

φ−1
s (j)

∑
r �=j

λrjJ[0,s](r, j)ds
)
,

J[0,t](i, j) = φt(i)

∫ t

0

φ−1
s (i)

∑
r �=i

λriJ[0,s](r, j)ds, i �= j.

(5.5)

Also notice that the entries of J[0,t] are unnormalized conditional probabilities and so
nonnegative a.s. Since all states of Λ communicate, for a pair of indices (i, j) there is
a string of indexes j = i�, . . . , i1 = i such that λi�i�−1

, . . . , λi2i1 > 0. So from (5.5), it
follows that a.s.

J[0,t](i�, i�) ≥ φt(i�) > 0,

J[0,t](i�−1, i�) ≥ φt(i�−1)

∫ t

0

φ−1
s (i�−1)λi�i�−1

J[0,s](i�, i�)ds > 0,

J[0,t](i�−2, i�) ≥ φt(i�−2)

∫ t

0

φ−1
s (i�−2)λi�−1i�−2

J[0,s](i�−1, i�)ds > 0

for any t > 0, and so on until we get J[0,t](i1, i�) > 0, t > 0.

5.2. The proof of Theorem 4.2. Denote ρji(t) = P
(
Xβ

0 = aj |Y β
[0,t], X

β
t = ai

)
.

If β is a positive distribution, then by Lemma 9.5 in [29, Chap. 9] we have

ρji(0) =

{
1, j = i,

0, j �= i,

dρji(t)

dt
=
∑
r �=i

λriπ
β
t (r)

πβ
t (i)

(
ρjr(t) − ρji(t)

)
, i = 1, . . . , n.

(5.6)
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Remark 3. By the arguments used in the proof of Lemma 5.2, it can be readily
shown that πβ

t (i) > 0 a.s., i = 1, . . . , n, for any t > 0. Then (5.6) remain valid for
t > t0 for any t0 > 0 initialized by

ρji(t0) = P
(
Xβ

0 = aj |Y β
[0,t0]

, Xβ
t0 = ai

)
.

Set i
(t) = argmaxi∈S
ρji(t) and i
(t) = argmini∈S

ρji(t) (if the maximum or
the minimum is attained at several indices, the lowest one is taken by convention).
Set

ρ
(t) := ρji�(t)(t) and ρ
(t) := ρji�(t)(t).(5.7)

Lemma 5.3. The processes ρ
(t) and ρ
(t) have absolutely continuous paths
with

dρ
(t) =

n∑
i=1

I(i
(t) = i)ρ̇ji(t)dt,

dρ
(t) =

n∑
i=1

I(i
(t) = i)ρ̇ji(t)dt.

(5.8)

The proof of this lemma uses two results formulated in Propositions 5.4 and 5.5
below.

Proposition 5.4 (Theorem A.6.3 in Dupuis and Ellis [20]). Let g = g(t) be an
absolutely continuous function mapping of [0, 1] into R. Then for each real number a
the set {t : g(t) = a, ġ(t) �= 0} has Lebesgue measure 0.

Proposition 5.5. Let X(t, ω) be a random process with absolutely continuous
paths with respect to dt in the sense that there exists a measurable random process
x(t, ω) such that

∫ t

0
|x(s, ω)|ds < ∞ a.s., t > 0, and

X(t, ω) = X(0, ω) +

∫ t

0

x(s, ω)ds.(5.9)

Then

|X(t, ω)| = |X(0, ω)| +
∫ t

0

sign(X(s, ω))x(s, ω)ds,

where sign(0) = 0.

Proof. Set Vt(ω) =
∫ t

0
|x(s, ω)|ds and notice that for any t′ ≤ t′′ it holds that∣∣|X(t′′, ω)| − |X(t′, ω)|

∣∣ ≤ |X(t′′, ω) −X(t′, ω)| ≤ (Vt′′(ω) − Vt′(ω)).

Hence, for fixed ω, the function |X(t, ω)| possesses bounded total variation for any
finite time interval. Denote by Ut(ω) this total variation corresponding to [0, t]. Ob-
viously, dUt(ω) � dVt(ω) � dt. Recall that Ut(ω) = U ′

t(ω) + U ′′
t (ω), where U ′

t(ω),
U ′′
t (ω) are increasing continuous in t functions such that for any t > 0 and measur-

able set A from R+,
∫
A∩[0,t]

dU ′′
s (ω) = 0 and

∫
(R+\A)∩[0,t]

dU ′
s(ω) = 0, and at the same

time |X(t, ω)| = U ′′
t (ω) − U ′

t(ω). Since dU ′
t � dUt(ω), dU ′′

t � dUt(ω), it follows that
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d|X(t, ω)| � dUt(ω) � dVt(ω) � dt and so that

|X(t, ω)| = |X(0, ω)| +
∫ t

0

g(s, ω)ds(5.10)

though we may not claim that g(t, ω) is measurable in (t, ω).
Now, we show that sign(X(s, ω))x(s, ω) is a measurable version of g(s, ω). By

(5.9), we have X2(t, ω) = X2(0, ω)+2
∫ t

0
X(s, ω)x(s, ω)ds. At the same time, by (5.10)

it holds that |X(t, ω)|2 = |X(0, ω)|2 + 2
∫ t

0
|X(s, ω)|g(s, ω)ds. Hence, the following

identity is valid: For any t ≥ 0∫ t

0

|X(s, ω)|g(s, ω)ds ≡
∫ t

0

X(s, ω)x(s, ω)ds.

Therefore, |X(s, ω)|g(s, ω) = X(s, ω)x(s, ω) for almost all s with respect to Lebesgue
measure. Consequently, we have I(|X(s, ω)| �= 0)g(s, ω) = sign(X(s, ω))x(s, ω) for
almost all s with respect to Lebesgue measure. It remains to show that

I(X(s, ω) = 0)g(s, ω) = 0

for almost all s with respect to Lebesgue measure. Taking into account (5.10), it
suffices to prove that

∫∞
0

I(X(s, ω) = 0)d|X(s, ω)| = 0 a.s. On the other hand,

whereas d|X(t, ω)| � dVt(ω), it suffices to show that
∫∞
0

I(X(s, ω) = 0)dVs(ω) = 0
a.s. The latter holds by Proposition 5.4.

Now we give the proof for Lemma 5.3.
Proof. Let us introduce ρ
,i(t) = ρj1∨ρj2∨· · ·∨ρji and ρ
,i(t) = ρj1∧ρj2∧· · ·∧ρji

and notice that ρ
,n(t) = ρ
(t), ρ
,n(t) = ρ
(t).
The use of obvious identities

ρ
,2(t) + ρ
,2(t) = ρj1(t) + ρj2(t),

ρ
,2(t) − ρ
,2(t) = |ρj1(t) − ρj2(t)|

and the fact, provided by Proposition 5.5, that d|ρj1(t) − ρj2(t)| = p(t, ω)dt with
measurable derivative p(ω, t), allow us to claim that ρ
,2(t) and ρ
,2(t) are absolutely
continuous with respect to dt with measurable derivatives.

Further, taking into account ρ
,i(t) = ρ
,i−1(t)∨ρji and ρ
,i(t) = ρ
,i−1(t)∧ρji(t)
and consequent identities

ρ
,i(t) + ρ
,i−1(t) ∧ ρji(t) = ρ
,i−1(t) + ρji(t),

ρ
,i(t) − ρ
,i−1(t) ∧ ρji(t) = |ρ
,i−1(t) − ρji(t)|,
ρ
,i−1(t) ∨ ρji(t) + ρ
,i(t) = ρ
,i−1(t) + ρji(t),

ρ
,i−1(t) ∨ ρji(t) − ρ
,i(t) = |ρ
,i−1(t) − ρji(t)|,

absolute continuity for ρ
(t) and ρ
(t) is verified by the induction method.

Thus, dρ
(t) = u(t)dt with some density u(t) such that
∫ t

0
|u(s)|ds < ∞ a.s.,

t > 0. On the other hand, since
∑n

i=1 I(i

(t) = i) = 1, we have

ρ
(t) = ρ
(0) +

∫ t

0

n∑
i=1

I(i
(s) = i)u(s)ds.
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So, it suffices to show that for any t > 0 and any i = 1, 2, . . . , n∫ t

0

I(i
(s) = i)|u(s) − ρ̇ji(s)|ds = 0 a.s.

The latter holds true by Proposition 5.4, since∫ t

0

I(i
(s) = i)|u(s) − ρ̇ji(s)|ds

=

∫ t

0

I(ρ
(s) − ρji(s) = 0)|u(s) − ρ̇ji(s)|ds

=

∫ t

0

I
(
ρ
(s) − ρji(s) = 0, u(s) − ρ̇ji(s) �= 0

)
|u(s) − ρ̇ji(s)|ds = 0.

Lemma 5.6. Under the assumptions of Theorem 4.2,

lim t→∞
1

t
log max

1≤j,k,�≤n

∣∣ρjk(t) − ρj�(t)
∣∣ ≤ −

n∑
r=1

µr min
i �=r

λri.(5.11)

Proof. By (5.6) and (5.8), we have2

dρ
(t)

dt
=

∑
r �=i�(t)

λri�(t)π
β
t (r)

πβ
t (i
(t))

(
ρjr(t) − ρ
(t)

)
,

dρ
(t)

dt
=

∑
r �=i�(t)

λri�(t)π
β
t (r)

πβ
t (i
(t))

(
ρjr(t) − ρ
(t)

)
.

(5.12)

In what follows, we will omit the time variable in i
(t) and i
(t) for brevity.

Set �t = ρ
(t) − ρ
(t). By (5.12) we have

d�t

dt
= −

∑
r �=i�

λri�π
β
t (r)

πβ
t (i
)

(
ρ
(t) − ρjr(t)

)
−
∑
r �=i�

λri�π
β
t (r)

πβ
t (i
)

(
ρjr(t) − ρ
(t)

)

= −�t

(
λi�i�π

β
t (i
)

πβ
t (i
)

+
λi�i�π

β
t (i
)

πβ
t (i
)

)
(5.13)

−�t

⎛⎜⎜⎝ ∑
r �=i�(t)
r �=i�(t)

[
λri�π

β
t (r)

πβ
t (i
)

(
ρ
(t) − ρjr(t)

�t

)
+

λri�π
β
t (r)

πβ
t (i
)

(
ρjr(t) − ρ
(t)

�t

)]⎞⎟⎟⎠ .

Letting 0/0 = 1/2, set αr(t) =
ρ�(t)−ρjr(t)

�t
. Then, we get 1 − αr(t) =

ρjr(t)−ρ�(t)
�t

2In (5.12)–(5.14) we use for brevity a form of differential equalities (inequalities) which are valid
for any ω and almost all t with respect to Lebesgue measure.
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and 0 ≤ αr(t) ≤ 1 and (5.13) implies

d�t

dt
= −�t

(
λi�i�π

β
t (i
)

πβ
t (i
)

+
λi�i�π

β
t (i
)

πβ
t (i
)

)

−�t

⎛⎜⎜⎝ ∑
r �=i�(t)
r �=i�(t)

[
αr(t)

λri�π
β
t (r)

πβ
t (i
)

+
(
1 − αr(t)

)λri�π
β
t (r)

πβ
t (i
)

]⎞⎟⎟⎠
≤−�t

(
λi�i�π

β
t (i
) + λi�i�π

β
t (i
)

)

−�t

⎛⎜⎜⎝ ∑
r �=i�(t)
r �=i�(t)

[
αr(t)λri� +

(
1 − αr(t)

)
λri�

]
πβ
t (r)

⎞⎟⎟⎠

≤−�t

⎛⎜⎜⎝λi�i�π
β
t (i
) + λi�i�π

β
t (i
) +

∑
r �=i�(t)
r �=i�(t)

[
λri� ∧ λri�

]
πβ
t (r)

⎞⎟⎟⎠ .

(5.14)

Recall that all offdiagonal entries of Λ are nonnegative and
∑n

r=1 λir = 0 for any i.
Then,

∣∣λi�i� | ∧ |λi�i�

∣∣ ≥ λi�i� ,
∣∣λi�i� | ∧ |λi�i�

∣∣ ≥ λi�i� , and (5.14) provides

d�t

dt
≤ −�t

n∑
r=1

(
|λri� | ∧ |λri� |

)
πβ
t (r) ≤ −�t

n∑
r=1

min
1≤i≤n

|λri|πβ
t (r)

= −�t

n∑
r=1

πβ
t (r) min

i �=r
λri.

Since the derivative d�t

dt is defined for each ω and almost everywhere (a.e.) in t with

respect to dt, the above inequality d�t

dt ≤ −�t

∑n
r=1 π

β
t (r) mini �=r λri is also valid a.e.

So, it allows us to define a.e. the function

H(t) = −�t

n∑
r=1

πβ
t (r) min

i �=r
λri −

d�t

dt
.

Moreover, for definiteness, we may redefine H(t) everywhere so as H(t) ≥ 0. Then
we have

d�t = −
[
�t

n∑
r=1

πβ
t (r) min

i �=r
λri + H(t)

]
dt.

Notice also that
∫ t

0
|H(s)|ds < ∞ a.s. for any t > 0 and recall that �0 = 1. Then, we

get

�t = exp

(
−
∫ t

0

n∑
r=1

πβ
s (r) min

i �=r
λrids

)
−
∫ t

0

exp

(
−
∫ t

s

n∑
r=1

πβ
u(r) min

i �=r
λridu

)
H(s)ds

and in turn

1

t
log�t ≤ −

n∑
r=1

(
min
i �=r

λri

)1

t

∫ t

0

πβ
s (r)ds.
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So, it is left to verify that

lim
t→∞

1

t

∫ t

0

πβ
s (r)ds = µr a.s.(5.15)

Similarly to (1.4), πβ
t satisfies

πβ
0 =β,

dπβ
t =Λ∗πβ

t dt + σ−2
(
diag(πβ

t ) − πβ
t (πβ

t )∗
)
h(dY β

t − h∗πβ
t dt).

Recall that σ−1
(
Y β
t −

∫ t

0
h∗πβ

s ds
)

is the innovation Wiener process (see, e.g., Theorem

9.1 in Chapter 10 in [30]). Hence Mt =
∫ t

0

(
diag(πβ

s )−πβ
s (πβ

s )∗
)
h(dY β

s −h∗πβ
s ds) is a

vector-valued continuous martingale. Its entries Mt(i), i = 1, . . . , n, have predictable
quadratic variation processes 〈M(i)〉t with the following property: For some positive
constant c, d〈M(i)〉t ≤ cdt. Then by Theorem 10, Chapter 3 in [31], limt→∞

1
tMt(i) =

0 a.s. This fact and the boundedness of πβ
t provide Λ∗ limt→∞

1
t

∫ t

0
πβ
s ds = 0. The

vector Zt = 1
t

∫ t

0
πβ
s ds has nonnegative entries, whose sum equals 1. Therefore the

limit vector Z∞, obeying the same property, is the unique solution of the linear
algebraic equation Λ∗Z∞ = 0, i.e., Z∞ = µ.

To prove Theorem 4.2, without loss generality, due to Remark 3, we may assume
that ν ∼ β. Then, we show that for any t ≥ 0 and i = 1, . . . , n∣∣πν

t (i) − πβν
t (i)

∣∣ ≤ nmax
j

dν

dβ
(aj) max

j

dβ

dν
(aj) max

1≤i,j,k≤d

∣∣ρji(t) − ρjk(t)
∣∣.(5.16)

Recall that Qν and Qβ are distributions of (Xν , Y ν) and (Xβ , Y β), respectively,
which are equivalent, by virtue of ν ∼ β, with

dQβ

dQν
(Xν , Y ν) ≡ dβ

dν
(Xν

0 ) and
dQν

dQβ
(Xβ , Y β) ≡ dν

dβ
(Xβ

0 ).

Now, we show that for any i = 1, . . . , d and t > 0, Qν- and Qβ-a.s.

πβν
t (i) =

∑n
j=1

(
dβ
dν (aj)P

(
Xν

0 = aj), X
ν
t = ai|Y ν

[0,t]

)
E
(

dβ
dν (Xν

0 )|Y ν
[0,t]

) .(5.17)

To this end, with any bounded Dy
t -measurable function ψt(y), write

Eψt(Y
ν)πβν

t (i)E
(dβ
dν

(Xν
0 )|Y ν

[0,t]

)
= Eψt(Y

ν)πβν
t (i)

dβ

dν
(Xν

0 )

= Eψt(Y
ν)πβν

t (i)
dQβ

dQν
(Xν , Y ν) = Eψt(Y

β)πβ
t (i)

= Eψt(Y
β)I(Xβ

t = ai) = Eψt(Y
ν)I(Xν

t = ai)
dQβ

dQν
(Xν , Y ν)

= Eψt(Y
ν)I(Xν

t = ai)
dβ

dν
(Xν

0 ) = Eψt(Y
ν)E

(
I(Xν

t = ai)
dβ

dν
(Xν

0 )
∣∣Y ν

[0,t]

)
.

Hence, by the arbitrariness of ψt(y),

πβν
t (i)E

(dβ
dν

(Xν
0 )|Y ν

[0,t]

)
= E

(
I(Xν

t = ai)
dβ

dν
(Xν

0 )|Y ν
[0,t]

)
.
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Further, Qν ∼ Qβ provides E
(
dβ
dν (Xν

0 )|Y ν
[0,t]

)
> 0, Qν- and Qβ-a.s., so that

πβν
t (i) =

E
(
I(Xν

t = ai)
dβ
dν (Xν

0 )|Y ν
[0,t]

)
E
(

dβ
dν (Xν

0 )|Y ν
[0,t]

)
and it remains to notice that

E

(
I(Xν

t = ai)
dβ

dν
(Xν

0 )|Y ν
[0,t]

)
=

n∑
j=1

dβ

dν
(aj)P

(
Xν

t = ai, X
ν
0 = aj |Y ν

[0,t]

)
.

Taking into consideration (5.17), we find

∣∣πν
t (i) − πβν

t (i)
∣∣ =

∣∣∣∣∣πν
t (i) −

∑n
j=1

(
dβ
dν (aj)P

(
Xν

0 = aj , X
ν
t = ai|Y ν

[0,t]

))
E
(

dβ
dν (Xν

0 )|Y ν
[0,t]

) ∣∣∣∣∣
=

∣∣∣∑n
j=1

dβ
dν (aj)

(
πν
t (i)P

(
Xν

0 = aj |Y ν
[0,t]

)
− P

(
Xν

0 = aj , X
ν
t = ai|Y ν

[0,t]

))∣∣∣
E
(

dβ
dν (Xν

0 )|Y ν
[0,t]

) .

Then, since by the Jensen inequality 1
/
E
(
dβ
dν (Xν

0 )|Y ν
[0,t]

)
≤ E

(
dν
dβ (Xν

0 )|Y ν
[0,t]

)
, we get

the chain of estimates∣∣πν
t (i) − πβν

t (i)
∣∣ ≤ max

aj∈S

dβ

dν
(aj) max

aj∈S

dν

dβ
(aj)

×
∣∣∣∣∣

n∑
j=1

πν
t (i)

(
P
(
Xν

0 = aj |Y ν
[0,t]

)
− P

(
Xν

0 = aj
∣∣Xν

t = ai,Y
ν

[0,t]

))∣∣∣∣∣
≤ max

aj∈S

dβ

dν
(aj) max

aj∈S

dν

dβ
(aj)

×
n∑

j=1

πν
t (i)

∣∣∣P (Xν
0 = aj |Y ν

[0,t]

)
− P

(
Xν

0 = aj |Xν
t = ai,Y

ν
[0,t]

)∣∣∣(5.18)

≤ max
aj∈S

dβ

dν
(aj) max

j∈S

dν

dβ
(aj)

×
n∑

j=1

∣∣∣P (Xν
0 = aj |Y ν

[0,t]

)
− P

(
Xν

0 = aj |Xν
t = ai,Y

ν
[0,t]

)∣∣∣
= max

aj∈S

dβ

dν
(aj) max

aj∈S

dν

dβ
(aj)

n∑
j=1

∣∣∣P (Xν
0 = aj |Y ν

[0,t]

)
− ρji(t)

∣∣∣.
The obvious formula P

(
Xν

0 = aj |Y ν
[0,t]

)
=
∑n

k=1 π
ν
t (k)ρjk(t), and (5.18) provide

∣∣πν
t (i) − πβν

t (i)
∣∣ ≤ max

aj∈S

dβ

dν
(aj) max

aj∈S

dν

dβ
(aj)

n∑
j=1

∣∣∣ n∑
k=1

πν
t (k)ρjk(t) − ρji(t)

∣∣∣
≤ max

aj∈S

dβ

dν
(aj) max

aj∈S

dν

dβ
(aj)

n∑
j=1

n∑
k=1

πν
t (k)

∣∣ρjk(t) − ρji(t)
∣∣(5.19)

and (5.16). Thus, by Lemma 5.6, the desired statement (4.1) holds true.
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5.3. The proof of Theorem 4.3. We start with the following lemma.

Lemma 5.7. Under the assumptions of Theorem 4.3, for any t > 0

max
1≤j,k,�≤n

∣∣ρjk(t) − ρj�(t)
∣∣ ≤ exp

(
− 2tmin

p�=q

√
λpqλqp

)
.(5.20)

Proof. Here we follow the notations from Lemma 5.6. From (5.14), it follows that

d�t

dt
≤ −�t

(
λi�i�π

β
t (i
)

πβ
t (i
)

+
λi�i�π

β
t (i
)

πβ
t (i
)

)
(5.21)

subject to �0 = 1. Set τ = inf{t : i
(t) = i
(t)}. Since �t is a nonincreasing function,
�t ≡ 0 for t ≥ τ , and (5.20) holds trivially. For t < τ , as previously we find

�t ≤ exp

{
−
∫ t

0

(
λi�i�π

β
s (i
)

πβ
s (i
)

+
λi�i�π

β
s (i
)

πβ
s (i
)

)
ds

}

≤ exp

{
−
∫ t

0

min
x≥0

(
λi�i�x + λi�i�

1

x

)
ds

}

= exp

{
−
∫ t

0

2
√
λi�i�λi�i�ds

}
≤ exp

(
− 2tmin

p�=q

√
λpqλqp

)
,

and (5.20) follows.
To prove the first statement of the theorem, taking into account ν � β we

replicate a fragment from the proof of Proposition 2.1.
Using the notations introduced in section 2.1, write πν

t (i) := πν
t (f) and πβν

t (i) :=

πβν
t (f) for f(x) = I(x = ai). Then,

E
∣∣πβν

t (i) − πν
t (i)

∣∣ ≤ E
∣∣∣E(dν

dβ
(Xβ

0 )
∣∣Y β

[0,t]

)
− E

(dν
dβ

(Xβ
0 )
∣∣Y β

[0,∞) ∨ X β
[t,∞)

)∣∣∣(5.22)

and, since (Xβ , Y β) is a Markov process,

E
(dν
dβ

(Xβ
0 )
∣∣Y β

[0,∞) ∨ X β
[t,∞)

)
= E

(dν
dβ

(Xβ
0 )
∣∣Y β

[0,t] ∨ X β
t

)
.

Then,

E
(dν
dβ

(Xβ
0 )
∣∣Y β

[0,t]

)
− E

(dν
dβ

(Xβ
0 )
∣∣Y β

[0,∞) ∨ X β
[t,∞)

)
=

n∑
j=1

dν

dβ
(aj)

(
P
(
Xβ

0 = aj |Y β
[0,t]

)
− P

(
Xβ

0 = aj |Y β
[0,t] ∨ X β

t

))
=

n∑
j=1

n∑
�=1

I(Xβ
t = a�)

dν

dβ
(aj)

(
P
(
Xβ

0 = aj |Y β
[0,t]

)
− ρj�(t)

)
(5.23)

=

n∑
j=1

n∑
�=1

n∑
k=1

πβ
t (k)I(Xβ

t = a�)
dν

dβ
(aj)

(
ρjk(t) − ρj�(t)

)
≤ max

1≤j,k,�≤n

∣∣ρjk(t) − ρj�(t)
∣∣ n∑
j=1

dν

dβ
(aj).

The first statement of Theorem 4.3 follows from (5.22), (5.23), and Lemma 5.7.
The second statement follows from (5.16) and Lemma 5.7.



STABILITY OF THE WONHAM FILTER 663

6. Proofs for the nonergodic case. Recall that in the nonergodic setting
under consideration

S =
{
a1
1, . . . , a

1
n1︸ ︷︷ ︸

S1

, . . . , am1 , . . . , amnm︸ ︷︷ ︸
Sm

}
, m ≥ 2,

with subalphabets S1, . . . ,Sm noncommunicating in the sense of (1.2).

6.1. Auxiliary lemmas. In this subsection, X̃j
t is an independent copy of Xj

t

with the initial distribution µj , defined on some auxiliary probability space (Ω̃, F̃ , P̃ ),

and Ẽ is the expectation with respect to P̃ . Recall that µj is the invariant measure,
so that X̃j

t is a stationary process.

Lemma 6.1. Fix r > 0 and define Zn =
∑n

i=1

(
Y β
ir −Y β

(i−1)r

)2
. Then with n → ∞

1

n
Zn → r +

m∑
j=1

I(Xβ
0 ∈ Sj)Ẽ

(∫ r

0

h(X̃j
s ) ds

)2

.

Proof. Define

F (i) = E

[(∫ r

0

h(Xβ
s ) ds

)2 ∣∣∣Xβ
0 = ai

]

and Gn = σ{Y[0,nr]} ∨ σ{X[0,nr]}. Then E[(Y β
(n+1)r − Y β

nr)
2|Gn] = r + F (Xβ

nr) so

that the sequence Mn = Zn − nr −
∑n−1

i=0 F (Xβ
ir) is a martingale with respect to the

filtration (Gn)n≥1. It is easy to verify that there exists K < ∞ such that for all n we
have E(Mn+1 − Mn)2 ≤ K. It follows that (1/n)Mn → 0 a.s. as n → ∞ (see, e.g.,
Chapter VII, Section 5, Theorem 4 in [42]).

Now consider (1/n)
∑n−1

i=0 F (Xβ
ir). If X0 ∈ Sj , then Xt ∈ Sj for all t ≥ 0 and the

process is ergodic in Sj with stationary distribution µj . Applying the ergodic theorem
for each class Sj we obtain

1

n

n−1∑
i=0

F (Xβ
ir) →

m∑
j=1

Ẽ(F (X̃0))I(X0 ∈ Sj) =

m∑
j=1

Ẽ

(∫ r

0

h(X̃j
s ) ds

)2

I(Xβ
0 ∈ Sj)

as n → ∞ a.s. Finally

lim
n→∞

1

n
Zn = lim

n→∞

1

n
Mn + r + lim

n→∞

1

n

n−1∑
i=0

F (Xβ
ir)

= r +

m∑
j=1

Ẽ

(∫ r

0

h(X̃j
s ) ds

)2

I(Xβ
0 ∈ Sj)

and we are done.

With X̃j
t defined as in Lemma 6.1 and r ≥ 0 let dj(r) = Ẽ(

∫ r

0
h(X̃j

s ) ds)
2.

Lemma 6.2. For any k �= j the following are equivalent:

i. dk(r) = dj(r) for all r ≥ 0;
ii. h∗

k diag(µk)Λ
q
khk = h∗

j diag(µj)Λ
q
jhj for all 0 ≤ q ≤ ni + nj − 1.
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Proof. Notice first that

dj(r) = 2Ẽ

∫ r

0

∫ s

0

h(X̃j
u)h(X̃j

s ) du ds = 2

∫ r

0

∫ s

0

Ẽh(X̃j
u)h(X̃j

s ) du ds

= 2

∫ r

0

∫ s

0

Ẽh(X̃j
0)h(X̃j

s−u) du ds = 2

∫ r

0

∫ s

0

Ẽh(X̃j
0)h(X̃j

v) dv ds.

Now, introduce the vector Ĩjt with entries I(X̃j
t = aj1), . . . , I(X̃

j
t = ajnj

) and notice
also that

Ẽh(X̃j
0)h(X̃j

v) = Ẽh∗
j Ĩ

j
0(Ĩjv)

∗hj = Ẽh∗
j Ĩ

j
0(Ĩj0)∗eΛjvhj

= h∗
j Ẽ diag(Ĩj0)eΛjvhj = h∗

j diag(µj)eΛjvhj .

Therefore dj(r) = 2
∫ r

0

∫ s

0
h∗
j diag(µj)eΛjvhjdvds, so dj(0) = dj

′(0) = 0 and

dj
′′(r) = 2h∗

j diag(µj)eΛjrhj .

Differentiating with respect to r a further q times and then putting r = 0 we get

d
(2+q)
j (0) = 2h∗

j diag(µj)Λq
jhj .

It follows immediately that if dk(r) = dj(r) for all r ≥ 0, then

h∗
k diag(µk)Λq

khk = h∗
j diag(µj)Λq

jhj

for all q ≥ 0 and so in particular for all 0 ≤ q ≤ nk + nj − 1.
Suppose conversely that h∗

j diag(µj)Λq
jhj = h∗

k diag(µk)Λq
khk for all 0 ≤ q ≤

nk +nj −1. The Cayley–Hamilton theorem applied to the (nk +nj)× (nk +nj) block

diagonal matrix (Λk

0
0
Λj

) gives constants c0, c1, . . . , cnk+nj−1 so that

Λ
nk+nj

k =

nk+nj−1∑
q=0

cqΛ
q
k and Λ

ni+nj

j =

nk+nj−1∑
q=0

cqΛ
q
j .

Therefore we have h∗
k diag(µk)Λq

khk = h∗
j diag(µj)Λq

jhj for all q > nj +nk − 1 as well.

Using the fact that eΛjr =
∑∞

q=0

rqΛq
j

q! , we see that dk
′′(r) = dj

′′(r) for all r ≥ 0, and

hence dk(r) = dj(r) for all r ≥ 0.
Lemma 6.3. Assume A-2. For any β

lim
t→∞

E
∣∣∣P (Xβ

0 ∈ Sj |Y β
[0,t]

)
− I(Xβ

0 ∈ Sj)
∣∣∣ = 0, j ≥ 1.

Proof. We use the notation Z
(r)
n to express the dependence on r of the function

Zn in Lemma 6.1. We have 1
nY

β
n →

∑m
j=1 h

∗
jµ

jI(Xβ
0 ∈ Sj) and

1

n
Z(r)
n → r +

m∑
j=1

dj(r)I(X
β
0 ∈ Sj)

as n → ∞ a.s. Using assumption A-2 and Lemma 6.2 we can find an integer 
 and
numbers ri > 0, i = 1, . . . , 
, and construct a random variable of the form Vn =

(Y β
n , Z

(r1)
n − nr1, . . . , Z

(r�)
n − nr�) so that 1

nVn →
∑m

j=1 vjI(X
β
0 ∈ Sj) as n → ∞,

P -a.s., where the v1, . . . , vm are distinct vectors in R
�+1. Therefore {Xβ

0 ∈ Sj} is

Y β
[0,∞)-measurable a.s. and the result follows immediately.
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6.2. The proof of Theorem 4.4. By Proposition 2.1, it suffices to show that

lim
t→∞

E
∥∥πβ

t − πβ0

t

∥∥ = 0.

We introduce a new filter, intermediate between πβ
t and πβ0

t . Define the random

variable U by U = j on the set {Xβ
0 ∈ Sj}, and then define

πβ,U
t (i) = P (Xβ

t = ai|Y β
[0,t], U).

Then

∥∥πβ
t − πβ,U

t

∥∥ =

n∑
i=1

∣∣∣P (Xβ
t = ai|Y β

[0,t]) − P (Xβ
t = ai|Y β

[0,t], U)
∣∣∣

=

n∑
i=1

∣∣∣∣∣∣
m∑
j=1

P (Xβ
t = ai|Y β

[0,t], U = j)
(
P (U = j|Y β

[0,t]) − I(U = j)
)∣∣∣∣∣∣

≤
m∑
j=1

∣∣∣P (U = j|Y β
[0,t]) − I(U = j)

∣∣∣
and

∥∥πβ,U
t − πβ0

t

∥∥ =

n∑
i=1

∣∣∣P (Xβ
t = ai|Y β

[0,t], U) − P (Xβ
t = ai|Y β

[0,t], X
β
0 )
∣∣∣

=
n∑

i=1

m∑
j=1

I(U = j)
∣∣∣P (Xβ

t = ai|Y β
[0,t], U = j) − P (Xβ

t = ai|Y β
[0,t], U = j,Xβ

0 )
∣∣∣

=

m∑
j=1

I(U = j)
∥∥πβj

t − π
βj
0

t

∥∥,
where βj denotes the conditional distribution of β restricted to the subalphabet Sj .
By Lemma 6.3,

m∑
j=1

∣∣∣P (U = j|Y β
[0,t]) − I(U = j)

∣∣∣ P−−−→
t→∞

0

while
∑m

j=1 I(U = j)
∥∥πβj

t − π
βj
0

t

∥∥ L1−−−→
t→∞

0 by applying Theorem 4.1 to each Sj .

Appendix. Proof of Proposition 3.2.

Proof (sketch). We use the following construction for X. Let X0 be a random
variable with values in S = {1, 2, 3, 4} and P (X0 = j) = νj , j = 1, . . . , 4. Introduce
independent of X0 the matrix-valued process

Nt =

⎛⎜⎜⎝
−N12(t) N12(t) 0 0

0 −N23(t) N23(t) 0
0 0 −N34(t) N34(t)

N41(t) 0 0 −N41(t)

⎞⎟⎟⎠ ,(A.1)
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where Nij(t) are independent copies of the Poisson process with the unit rate. Let us
consider the Itô equation

It = I0 +

∫ t

0

dN ∗
s Is−(A.2)

with I0 the vector with entries I0(j) = I(X0 = j), j = 1, . . . , 4. Since the jumps of
Poisson processes Nij(t)’s are disjoint, for any t > 0 the vector It has only one nonzero
entry. Moreover, whereas the increments of Nt are independent for nonoverlapping
intervals, It is a Markov process. It is readily checked that, with the row vector
g =

(
1 2 3 4

)
, Xt = gIt is a Markov process with values in S and the transition

intensities matrix Λ and It(j) = I(Xt = j), j = 1, . . . , 4.
We will follow Theorem 4.10.1 from [31]. The random process Y has piecewise

constant paths with jumps of two magnitudes, +1 and −1. Due to (A.2), its saltus
measure p(dt, dy) is completely described by

p(dt, {1}) =
{
It−(4)dN41(t) + It−(2)dN23(t)

}
,

p(dt, {−1}) =
{
It−(1)dN12(t) + It−(3)dN34(t)

}
.

So, the compensator q(dt, dy) of p(dt, dy) with respect to the filtration (Y[0,t])t≥0 is
defined as

q(dt, {1}) =
(
πt−(4) + πt−(2)

)
dt = (1 − Yt−)dt,

q(dt, {−1}) =
(
πt−(1) + πt−(3)

)
dt = Yt−dt.

(A.3)

Notice also that

p(dt, {1}) = (1 − Yt−)dYt and p(dt, {−1}) = −Yt−dYt.(A.4)

Equation (A.2) also gives “drift+martingale” presentation for I1(t), I2(t):

dIt(1) =
(
− It(1) + It(4)

)
dt + dM1(t),

dIt(2) =
(
It(1) − It(2)

)
dt + dM2(t)

(A.5)

with martingales

M1(t) =

∫ t

0

(
− Is−(1)d(N12(s) − s) + Is−(4)d(N41(s) − s)

)
,

M2(t) =

∫ t

0

(
Is−(1)d(N12 − s) − Is−(2)d(N23(s) − s)

)
.

Then, by Theorem 4.10.1 in [31], adapted to the case considered, we have

dπ1(t) =
(
− πt(1) + πt(4)

)
dt +

∫
H1(ω, t, y)

[
p(dt, dy) − q(dt, dy)

]
,

dπ2(t) =
(
πt(1) − πt(2)

)
dt +

∫
H2(ω, t, y)

[
p(dt, dy) − q(dt, dy)

]
,

(A.6)

where Hi(ω, t, y), i = 1, 2, are P(Y )⊗B(R)-measurable functions (here B(R) is the
Borel σ-algebra on R and P(Y ) is the predictable σ-algebra on Ω×R+ with respect
to the filtration (Y[0,t])t≥0). Moreover

Hi(ω, t, y) = M
(
�Mi + I−(i)|P(Y) ⊗ B(R)

)
(ω, t, y) − πt−(i),
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where �Mi and I−(i) are the processes Mi(t) − Mi(t−) and It−(i), respectively,
and M

(
· |P(Y ) ⊗ B(R)

)
is the conditional expectation with respect to the measure

M(dω, dt, dy) = P (dω)p(dt, dy) given P(Y ) ⊗ B(R).
By (A.5), �Mi(t) + It−(i) = It(i) and the structure of compensator q provides

(here �It(i) = It(i) − It−(i))

M
(
I(i)|P(Y ) ⊗ B(R)

)
− πt−(i) = M

(
�I(i)|P(Y ) ⊗ B(R)

)
.

The desired conditional expectation is determined uniquely from the following iden-
tity: For any bounded, compactly supported in t and P(Y) ⊗ B(R)-measurable
function φ(ω, t, y)

E

∫ ∞

0

∫
φ(ω, t, y)�It(i)p(dt, dy)

= E

∫ ∞

0

∫
φ(ω, t, y)M

(
�I(i)|P(Y ) ⊗ B(R)

)
(ω, t, y)q(dt, dy).

By (A.2)

�It(1) = −It−(1)�N12(t) + It−(4)�N41(t),

�It(2) = It−(1)�N12(t) − It−(2)�N23(t),

and so

�It(1)p(dt, {1}) = It−(4)dN41(t),

�It(1)p(dt, {−1}) = −It−(1)dN12(t),

�It(2)p(dt, {1}) = −It−(2)dN23(t),

�It(2)p(dt, {−1}) = It−(1)dN12(t).

Owing to the obvious relations

I4(t) ≡ I4(t)(1 − Yt), I2(t) ≡ I2(t)(1 − Yt),

I1(t) ≡ I1(t)Yt, I3(t) ≡ I3(t)Yt

we have

πt−(2)dt = πt−(2)(1 − Yt−)dt, πt−(2)dt = πt−(2)(1 − Yt−)dt,

πt−(1)dt = πt−(1)Yt−dt, πt−(3)dt = πt−(3)Yt−dt.
(A.7)

Taking into account (A.3), we find

H1(ω, t, y) =

{
πt−(4), y = 1,
−πt−(1), y = −1,

H2(ω, t, y) =

{
−πt−(2), y = 1,
πt−(1), y = −1.

In accordance with (A.3), (A.4), the formulae for H1, H2, and (A.7), we transform
(A.6) to

dπ1(t) =
(
− πt(1) + πt(4)

)
dt + πt−(4)(1 − Yt−)(dYt − dt) + πt−(1)Yt−(dYt + dt)

= πt−(4)(1 − Yt−)dYt + πt−(1)Yt−dYt

=
(
1 − πt−(2)

)
(1 − Yt−)dYt + πt−(1)Yt−dYt,

dπ2(t) =
(
πt(1) − πt(2)

)
dt− πt−(2)(1 − Yt−)(dYt − dt) − πt−(1)Yt−(dYt + dt)

= −πt−(2)(1 − Yt−)dYt − πt−(1)Yt−dYt.
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Probab. Statist., 33 (1997), pp. 697–725.

[3] R. Atar and O. Zeitouni, Lyapunov exponents for finite state nonlinear filtering, SIAM J.
Control Optim., 35 (1997), pp. 36–55.

[4] R. Atar, F. Viens, and O. Zeitouni, Robustness of Zakai’s equation via Feynman-Kac repre-
sentations, in Stochastic Analysis, Control, Optimization, and Applications, W. M. McE-
neaney, G. Yin, and Q. Zhang, eds., Birkhäuser Boston, Boston, 1998, pp. 339–352.
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[36] D. Ocone, Asymptotic stability of Beneš filters, Stochastic Anal. Appl., 17 (1999), pp. 1053–

1074.
[37] D. Ocone, Entropy inequalities and entropy dynamics in nonlinear filtering of diffusion pro-

cesses, in Stochastic Analysis, Control, Optimization and Applications, Systems Control
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Abstract. We consider a novel method for designing the sliding mode that minimizes the
quadratic performance while keeping a pole-clustering constraint. Our approach is based on the
manipulations of linear matrix inequalities (LMIs) imposed by the design objectives. For this purpose,
we newly propose LMI conditions for the quadratic performance optimization and the pole-clustering
problem, respectively, in a full order state. Then they are combined in the LMI framework that is
typically devised for the sliding mode design in the convex form. An effort is made to reduce
the generic conservatism by allowing different Lyapunov matrices. In addition, a class of polytope
uncertain systems is addressed to illustrate the advantages of the proposed method.
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1. Introduction. Sliding mode control has been one of the major concerns in
control theory thanks to the robustness against matched uncertainties (or distur-
bances) through the sliding mode behavior. Once the system reaches the sliding
manifold, the system dynamics becomes invariant to the matched disturbances. This
typical characteristic has drawn much attention to many practical problems which
are hard to solve by using only the linear control methods. For example, the robot
manipulators with friction or stabilized head mirror systems can be effectively dealt
with by the sliding mode control. Refer to DeCarlo, Zak, and Matthews [2] and the
references therein for more details.

In the literature, much effort has been made to design sliding modes that satisfy
the desired performance criteria. The well-known criteria include quadratic perfor-
mance optimization [1], guaranteed H2 cost minimization [14], the eigen-structure
assignment including pole clustering [3, 4, 6], the robustness to parametric uncertain-
ties [5, 7, 13], etc. It is noted that most of the design methods developed so far have
considered only the single design objective. In fact, there have been few researches
that address multiple design objectives in the sliding mode. Recently, in [15], the slid-
ing mode design with multiple constraints has been introduced based on the linear
matrix inequality (LMI) approach by employing the linear full state feedback design.
On the other hand, remarkable progress has been made in linear control theory for
solving optimal problems with multiple constraints based on LMIs (e.g., see [10] and
[18]). The basic idea of the multiobjective approach based on LMIs is to seek a
common Lyapunov matrix that satisfies different parametric constraints imposed by
the design performances simultaneously. Assuming the common variables may cause
the conservatism, however, it does provide the flexibility of the control design with
multiple objectives, and the ease of synthesis in the parameter space based on LMIs
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[8]. Also, there have been notable results in the literature in reducing the design
conservatism (e.g., see [11] and [16]).

The paper is devoted to establishing an LMI framework for the sliding mode de-
sign which effectively solves the constrained optimization problems by adopting the
common Lyapunov matrix idea of the linear control theory. To this end, attention is
paid especially to quadratic performance optimization with the pole-clustering con-
straint in the sliding mode. First, we newly present the parametric constraints in
LMIs for describing quadratic performance optimization and the pole-clustering con-
dition, respectively. Then they are combined in an LMI-based optimization problem
of special structure. It will be shown that the proposed approach for the sliding mode
design should be different from the standard full state feedback problem by Chilali
and Gahinet [10] in linear control theory. Furthermore, the proposed approach is fur-
ther extended to reduce the generic conservatism by adopting the bounding technique
in Shimomura and Fujii [16].

The basic idea of the paper starts from the derivation of LMI conditions in the
full order state (not in the reduced order) by adopting and generalizing the parame-
terization technique in Kim, Park, and Oh [7] to allow all the feasible linear sliding
modes to be represented explicitly. Any feasible sliding modes can be obtained im-
mediately by combining the partitions of the Lyapunov matrix in an explicit manner.
From this point of view, the proposed approach generalizes the previous results using
the full order Lyapunov (or Riccati-type) approaches (see [5, 6]), which motivated the
study. Note that the approach in the full order state has the advantage of simplicity
in description and easy application of the linear full state feedback theories to the
sliding mode design with least modification (which will be further discussed with a
class of polytopic uncertain systems later on).

In section 2, the problem of interest is formulated with a brief explanation for the
LMI scheme with multiple constraints. In section 3, we deal with quadratic perfor-
mance optimization and the pole-clustering problem separately based on parametric
constraints. Then in section 4, we formulate the LMI approach by accumulating
parametric constraints in a single problem of convex form. Also, to reduce the design
conservatism, a numerically tractable algorithm is presented. In section 5, we address
the extension of the proposed scheme to a class of polytopic uncertain systems in
order to show the potential advantage of the basic idea of the paper.

The notations used in the paper are fairly standard, among them, the inequality
signs for matrices denote sign-definiteness for real symmetric matrices.

2. Problem formulation and preliminary. Consider the system

ẋ = Ax + B(u + Dw),(2.1)

where x ∈ �n and u ∈ �m are the state vector and the control input, respectively, and
w ∈ �l is the disturbance of which each element is bounded as |wj(t)| ≤ wj ∀j ∈ [0, l]
for the known wj . The stabilizability of the pair (A,B) is assumed. And, for simplicity
of description, suppose that the system is of the regular form [1, 2]{

ẋ1 = A11x1 + A12x2,
ẋ2 = A21x1 + A22x2 + B2(u + Dw),

(2.2)

where x1 ∈ �n−m, x2 ∈ �m, and B2 is nonsingular. Without loss of generality,
consider the sliding function

s(t) = Sx1 + x2(2.3)
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for some S ∈ �m×(n−m). Suppose that a control law is employed to satisfy the
reachability condition such that ṡ(t)T s(t) < 0 ∀t > 0, which would result in the
sliding mode (i.e., s(t) = 0 ∀t ≥ ts for some ts > 0). Then the system behavior would
be governed by the reduced order system and the constrained state as follows:{

ẋ1 = (A11 −A12S)x1,
x2 = −Sx1.

(2.4)

Note that in the sliding mode, the system dynamics will be determined by the choice
of sliding function coefficient S. Among many criteria for selecting the matrix S,
one may consider the quadratic performance optimization to make a tradeoff between
the system states behaviors. In the paper, we are interested in solving the following
problem.

Problem formulation. Given the real scalars c and ρ > 0 and a matrix 0 < Q ∈
�n×n, find the sliding function coefficient S that minimizes the quadratic performance

J(S) �
∫ ∞

ts

xTQx dt(2.5)

subject to the dynamics (2.4) and the pole-clustering constraint

λ (A11 −A12S) ⊂ Z(c, ρ),(2.6)

where λ(·) is the set of eigenvalues of the argument matrix, and Z(c, ρ) denotes the
circular region, in the complex domain,

Z(c, ρ) � {z ∈ C | |z + c| < ρ, Re(z) < 0} .(2.7)

For the set Z(c, ρ) to be nonempty, it is necessary that c > −ρ.
Note that the problem above consists of two design objectives (i.e., the quadratic

performance optimization and the pole-clustering problem). To tackle the above prob-
lem, suppose that the quadratic performance is bounded as J < γ if there exist some
Lyapunov matrices P1 satisfying an affine matrix inequality F1(P1, S) < 0. Also, sup-
pose that the pole-clustering constraint is satisfied if there exist some multipliers P2

satisfying F2(P2, S) < 0. Often, each of the parametric constraints (i.e., F1 < 0 and
F2 < 0) can be converted to be convex, but not jointly. In this case, let us consider
this problem: find a matrix S that satisfies the constraints Fi(Pi, S) < 0 (i = 1, 2)
simultaneously. Since the constraints are not jointly convex, the problem is difficult
to solve. One way to recover the convexity is to further assume that P1 = P2 re-
gardless of the conservatism, which is one of the main approaches in the LMI-based
constrained optimization (or multiobjective) theory. See [10] and [18] for more details.

In the next section, two objectives are dealt with distinctly based on the parame-
terization technique for the sliding mode in the LMI form. Then in section 4, they are
combined in an LMI optimization approach specifically adapted to the sliding mode
design and different from the standard full state feedback method [10].

3. LMI approaches to sliding mode design.

3.1. Quadratic performance optimization. In this subsection, we handle the
quadratic performance optimization problem in the parameter space by manipulating
the Lyapunov equation.

Given a matrix Q > 0, let us define the set

Ω(Q) �
{
P | (A−BK)TP + P (A−BK) + Q = 0, P > 0, K ∈ �m×n

}
,(3.1)
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which is the nonempty set of positive definite matrices as long as the pair (A,B) is
stabilizable (e.g., see [17]). Then we present the following result.

Theorem 3.1. Suppose that a matrix Q > 0 is arbitrarily chosen. Then the
following statements hold:

(i) Any stabilizing sliding function coefficient exists in the form

S = P−1
22 PT

12(3.2)

for a P ∈ Ω(Q), where Pij’s are defined as

P =

[
P11 P12

PT
12 P22

]
∈
[
�(n−m)×(n−m) �(n−m)×m

�m×(n−m) �m×m

]
.

(ii) For any P ∈ Ω(Q), the matrix S given by (3.2) is a stabilizing sliding function
coefficient.

Proof. Statement (i). Let S be the stabilizing sliding function coefficient which
guarantees the stability of the matrix As := A11 − A12S. Define a positive definite

matrix as Qr =
[
In−m, −ST

]
Q
[
In−m, −ST

]T
. Then there should exist a Pr > 0

satisfying

(A11 −A12S)
T
Pr + Pr (A11 −A12S) + Qr = 0(3.3)

due to the stability of As. Now, for an arbitrary matrix 0 < P22 ∈ �m×m, define the
matrices

P12 � STP22, P11 � Pr + PT
12P

−1
22 P12, K � [K1, K2] ,(3.4)

where

K1 = B−1
2

{
A21 + P−1

22 PT
12A11 + P−1

22 AT
12Pr

}
, K2 = B−1

2

{
A22 + P−1

22 PT
12A12

}
.

Observe that P := [P11

PT
12

P12

P22
] is positive definite since P22 > 0 and P11−P12P

−1
22 PT

12 (=

Pr) > 0. With the matrices P and K above, it may be shown, through some manip-
ulations, that[

In−m −ST

0 Im

]{
(A−BK)TP + P (A−BK) + Q

} [ In−m −ST

0 Im

]T
= 0,(3.5)

which implies that P ∈ Ω(Q).
Statement (ii). For a P ∈ Ω(Q), define Tr �

[
In−m, −P12P

−1
22

]
. Then pre- and

postmultiplying the Lyapunov equation in (3.1) by Tr and TT
r , respectively, yields(

A11 −A12P
−1
22 PT

12

)T
Pr + Pr

(
A11 −A12P

−1
22 PT

12

)
+ TrQTT

r = 0,(3.6)

where Pr = P11−PT
12P

−1
22 P12, which is positive definite since P > 0. Then, by choosing

S = P−1
22 PT

12, the asymptotic stability of the matrix A11 − A12S is guaranteed. This
completes the proof.

Theorem 3.1 shows that all of the linear sliding modes can be represented by
combining portions of the full order Lyapunov matrix (i.e., P12 and P22). Using
the result, the sliding mode can be obtained easily simply by solving the Lyapunov
equation. Here, we point out that the specific choice of Q does not constrain the



674 KYUNG-SOO KIM AND YOUNGJIN PARK

range of the feasible sliding function coefficients. The matrix Q will be used to define
the quadratic performance in the following.

Using Theorem 3.1, we can tackle the linear quadratic sliding (LQS) mode opti-
mization problem in the following.

Theorem 3.2. Given the stabilizing sliding function coefficient S, the quadratic
cost function (2.5) satisfies

J(S) = x1(ts)
TPrx1(ts)(3.7)

for the P ∈ Ω(Q) satisfying (3.2), where Pr = P11 − P12P
−1
22 PT

12.
Proof. For the sliding function coefficient S, there exists a P ∈ Ω(Q) satisfying

S = P−1
22 PT

12 for some K (from result (i) of Theorem 3.1). Then it follows that

s(t) = x2 + Sx1

= P−1
22 [PT

12 P22 ]x

=
(
P−1

22 B−T
2

)
BTPx,(3.8)

which implies BTPx = 0 on s(t) = 0 (∀t ≥ ts) since BT
2 P22 is nonsingular. Note that

BT = [0m×(n−m), BT
2 ] from (2.1) and (2.2).

Let us consider the derivative of a quadratic function V = xTPx for t ≥ ts.
Rewriting the system equation as

ẋ = (A−BK)x + B(u + Dw + Kx)

for the matrix K associated with the matrix P , it follows that

V̇ = xT
{
(A−BK)TP + P (A−BK)

}
x + 2xTPB (u + Dw + Kx)

= −xTQx + 2xTPB (u + Dw + Kx)

= −xTQx,(3.9)

since BTPx = 0 on s(t) = 0. Integrating both sides in (3.9), we have∫ ∞

ts

xTQx dt = x(ts)
TPx(ts)

= x1(ts)
T
(
P11 − P12P

−1
22 PT

12

)
x1(ts),(3.10)

since x2(ts) = −P−1
22 PT

12x1(ts). This completes the proof.
Theorems 3.1 and 3.2 provide an important result—that the quadratic perfor-

mance index is redefined in the parameter space so that the optimization can be
equivalently expressed as

min
S

J(S) = min
P∈Ω(Q)

x1(ts)
TPrx1(ts).(3.11)

One of the advantages of the above results is that a convex approach is allowed
based on the LMI method [8] that utilizes the change of variables such as Y := P−1

and L := KP−1. For converting the LQS design problem into LMIs, the cost index
(expressed by Pr) should be of concern when using the matrix inversion property

Y = P−1 =

[
Y11 Y12

Y T
12 Y22

]
,(3.12)
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where Yij ’s are as follows:

Y11 = (P11 − P12P
−1
22 PT

12)
−1,

Y12 = −(P11 − P12P
−1
22 PT

12)
−1P12P

−1
22 ,

Y22 = P−1
22 + P−1

22 PT
12Y11P12P

−1
22 .

Observe that Pr is described by the inverse of Y11. Now, we summarize the LQS
design method in the following.

LQS problem. Given Q > 0, minimize γ w.r.t. Y > 0 and L satisfying[
AY + Y AT −BL− LTBT Y CQ

CT
QY −Iq

]
< 0,(3.13)

[
γIn−m In−m

In−m Y11

]
> 0,(3.14)

where Q = CQC
T
Q and q = rank(Q). Then, for the optimal value of Y , the sliding

function coefficient (3.2) is determined by

S = −Y T
12Y

−1
11 .(3.15)

Remark 3.3. The inequality (3.14) removes the optimal solution’s dependency on
the initial state, which results in

∫∞
ts

xTQxdt < γ‖x1(ts)‖2. Since the initial state is

hardly known in reality, we adopt (3.14) instead of the inequality[
γ x1(ts)

T

x1(ts) Y11

]
> 0 .

The quadratic performance optimization was first introduced and solved by Utkin
and Yang [1] based on the manipulation of an algebraic Riccati equation of reduced
order, which has been considered a standard approach in the literature (e.g., see [12]).
On the other hand, the approach of the paper is derived in the full order state while
preserving the generality of the sliding mode design (i.e., in terms of the optimality
and the existence of stabilizing sliding surfaces). In this context, the above results
can be seen as a generalization, in the full order state, of the conventional approach.
Furthermore, emphasis is placed on the underlying features in the parameterization
technique (introduced in Theorem 3.1) in the full order state. That is, the Lyapunov
matrices that solve the full state feedback provide all the feasible sliding modes.
As a matter of fact, the idea can be consistently applied not only to the quadratic
performance problem but also to other issues such as the pole-clustering constraint and
the polytope uncertain systems, which can be dealt with by the Lyapunov (or Riccati)
approaches developed for the full state feedback design. This will be investigated later.
As pointed out by Su, Drakunov, and Özgüner [5], the simplicity of the problem
description (by manipulating the full order system) is one of the practical advantages.

3.2. Pole-clustering problem in the sliding mode. We consider a method
to represent the pole-clustering constraint (2.6) in terms of a parametric approach.
To this end, we rely on the result from Yedavalli [9] and Chilali and Gahinet [10] in
the following.
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Lemma 3.4. The pole clustering constraint (2.6) holds for the matrix S if and
only if there exist some 0 < Pr ∈ �(n−m)×(n−m) satisfying[

ρPr (A11 −A12S)TPr + cPr

Pr(A11 −A12S) + cPr ρPr

]
> 0.(3.16)

Note that the Lyapunov matrix (i.e., Pr) of reduced order may be used to pa-
rameterize the sliding function coefficient alone. However, it is not apparent how it
is related to the Lyapunov matrix of full order. Regarding this issue, we present the
following result.

Theorem 3.5. Given the region (2.7), the following statements hold.
(i) Any sliding function coefficient satisfying (2.6) exists in the form S = P−1

22 PT
12

for a 0 < P ∈ �n×n satisfying, for some K ∈ �m×n,[
ρP (A−BK)TP + cP

P (A−BK) + cP ρP

]
> 0 .(3.17)

(ii) For any P > 0 satisfying (3.17), the matrix S = P−1
22 PT

12 attains the pole-
clustering property (2.6).

Proof. Statement (i). Let S be the sliding function coefficient matrix satisfying
(2.6). Then we can prove that there exists Pr > 0 satisfying (3.16) based on the
necessity condition of Lemma 3.4. Define the matrices, for an arbitrary 0 < P22 ∈
�m×m, as

P12 � STP22, P11 � Pr + PT
12P

−1
22 P12, K � [K1, K2],(3.18)

where

K1 = B−1
2

{
P−1

22 PT
12(A11 + cIn−m) + A21

}
,

K2 = B−1
2

{
P−1

22 PT
12A12 + A22 + cIm

}
.

Note that the matrix P := [P11

PT
12

P12

P22
] is positive definite since P22 > 0 and Pr > 0. In

the following, we want to show that P and K defined above satisfy (3.17). To this
end, consider the matrices

H =

[
0m×(n−m) Im 0m×(n−m) 0m
0m×(n−m) 0m 0m×(n−m) Im

]
,(3.19)

T =

[
In−m −P12P

−1
22 0n−m 0(n−m)×m

0n−m 0(n−m)×m In−m −P12P
−1
22

]
,(3.20)

which have the nonsingular matrix [H
T

] ∈ �2n×2n. For brevity of notation, let L(3.16)

and L(3.17) denote the left-hand sides of (3.16) and (3.17), respectively. Through some
elaborate manipulations, it may be shown that[

H
T

]
L(3.17)

[
H
T

]T
=

[
HL(3.17)H

T HL(3.17)T
T

TL(3.17)H
T TL(3.17)T

T

]
=

[
ρP22 0

0 ρP22
0

0 L(3.16)

]
.(3.21)
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Therefore, the inequality (3.17) holds because P22 > 0 and L(3.16) > 0.

Statement (ii). For Tr (as defined in (3.6)), define the augmented matrix

T =

[
Tr 0(n−m)×n

0(n−m)×n Tr

]
.(3.22)

Pre- and postmultiplying (3.17) by T and TT , respectively, one may have (3.16) for the
choice of S = P−1

22 PT
12 and Pr = P11 − PT

12P
−1
22 P12. This completes the proof.

Remark 3.6. Note that the inequality (3.17) is the necessary and sufficient con-
dition for the existence of the full state feedback, which places the closed loop poles
in the specified region such that λ(A−BK) ⊂ Z(c, ρ).

Using change of variables such as Y := P−1 and L := KP−1, one may have the
LMI for (3.17) as follows:[

ρY Y AT − LTBT + cY
AY −BL + cY ρY

]
> 0.(3.23)

Also, the sliding function coefficient is given by S = −Y T
12Y

−1
11 as in (3.15).

Here, we stress the common structure of the sliding function coefficient under
Theorems 3.1 and 3.5. That is, once the full state feedback problem is feasible, the
sliding mode can be obtained immediately by defining and combining the partitions of
the Lyapunov matrix without loss of generality. Also, the sliding function coefficient
is concerned only with some portions of the Lyapunov matrix.

4. The LMI-based constrained optimization. In this section, we present the
(sub-)optimal solution to the problem of concern (defined in section 2) using the LMI
constraints proposed in the previous sections. For the readability of the manuscript,
the basic idea is illustrated first, and the typical approaches to the sliding mode
design will be derived both in the convex form and in the nonconvex but numerically
tractable form.

4.1. Combining the parametric constraints. To tackle the problem defined
in section 2, let us consider solving the LQS problem with the matrix variables Y
and L for a certain level of γ (see (3.13) and (3.14)). At the same time, assume that
the matrix variables are also satisfying the inequality (3.23). Then, if the problem is
feasible, it is easy to see that the pole-clustering constraint is met by the resulting
sliding mode with the upper bound of the quadratic performance. Even though the
assumption for the common variables may cause conservatism—the infeasibility or
the overly conservative upper bound of the performance index—the approach has
proven to be effective in providing flexibility in the control design requiring multiple
performances with convexity (see Chilali and Gahinet [10] and the references therein).

For reducing conservatism, the assumption for the common variables can be re-
laxed by using scales either in scalar [11] or matrix [16] form. Particularly, we focus
on the idea of the matrix scale which results in the iterative convex searches. Once
an initial guess is found, each step of synthesis is convex and convergent through the
iteration.

Relying on the above ideas (i.e., the convex approach and the relaxation idea),
the remainder of the paper is devoted to devising novel methods for the constrained
optimization problem. Then the methods will be verified by an example.
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4.2. Convex formulation. To avoid confusion, let YLQS and YPOL be the Lya-
punov matrices in the LQS problem (i.e., (3.13) and (3.14)) and the pole-clustering
constraint (i.e., (3.23)), respectively. According to the typical structure of the sliding
function coefficient (i.e., S = −Y T

12Y
−1
11 ), the optimal solution to the problem (defined

in section 2) needs the condition

Y T
LQS,12Y

−1
LQS,11 = Y T

POL,12Y
−1
POL,11(4.1)

to produce the single optimal sliding mode. The conventional way to remove noncon-
vexity is to assume that YLQS = YPOL, as in the aforementioned full state feedback
design. However, we assume that the Lyapunov matrices are composed as

YLQS =

[
M N
NT Z1

]
, YPOL =

[
M N
NT Z2

]
(4.2)

for some M, N, Z1, and Z2 with dimensions as partitioned in (3.2). Note that
(4.1) is simply satisfied with the above structure (4.2). Also, the matrix variables
L in inequalities (3.13) and (3.23) can be allowed to be independent while keeping
convexity. Based on these properties, we have the following result.

Theorem 4.1. Given Q > 0 and Z(c, ρ), there exist some S such that (i)
λ(A11 − A12S) ⊂ Z(c, ρ) and (ii)

∫∞
ts

xTQxdt < γ‖x1(ts)‖2 if there exist some

M, N, Zi, Li (∀i = 1, 2), and γ satisfying

YLQS > 0,(4.3)

YPOL > 0,(4.4)

[
ρYPOL YPOLA

T − LT
1 B

T + cYPOL

AYPOL −BL1 + cYPOL ρYPOL

]
> 0,(4.5)

[
AYLQS + YLQSA

T −BL2 − LT
2 B

T YLQSCQ

CT
QYLQS −Iq

]
< 0,(4.6)

[
γIn−m In−m

In−m M

]
> 0,(4.7)

where YLQS and YPOL have the structure in (4.2). Then the admissible sliding mode
is given by S = −NTM−1 for the feasible parameters.

Since the problem is convex, the minimal γ can be computed within polynomial
time using the LMI method. Note that the proposed scheme is different from the
standard feedback design [10] in that matrix L and the (2, 2) blocks of the Lyapunov
matrices are not necessarily common.

4.3. Reducing conservatism. So far, an effort has been made to keep con-
vexity in the analysis. Now we present a general method in order to eliminate the
conservatism while losing the convexity. However, the proposed method is suited for
numerical efficiency based on the iteratively convex search.

Without loss of generality, instead of starting with (4.2), we start with the Lya-
punov matrices

YLQS =

[
M1 M1M

−1
2 N2

NT
2 M−1

2 M1 Z1

]
, YPOL =

[
M2 N2

NT
2 Z2

]
(4.8)
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for some Mi, Zi (∀i = 1, 2), and N2, which guarantee the essential requirement (4.1).
Note that the structure in (4.2) is a special case of (4.8) when M1 = M2.

Hereafter, we consider the case in which (4.8) is employed in Theorem 4.1 instead
of (4.2). Then the convexity of inequalities (4.3) and (4.6) related to YLQS would be
destroyed. Hence, attention is paid to handling them by the convex approach in this
section. For this purpose, we introduce the following properties.

Proposition 4.2. Given matrices G and H and symmetric W with appropriate
dimensions, it holds that

GTW−1H + HTW−1G ≥
(

Π(H + G) + (H + G)TΠT + ΠWΠT

− GTW−1G−HTW−1H

)
(4.9)

for any Π. Moreover, the equality holds when Π = (H + G)TW−1.
Proof. Consider the inequality

(GT + HT − ΠW )W−1(GT + HT − ΠW )T ≥ 0,(4.10)

which is always true for any Π. Note that the equality holds when Π = (GT +
HT )W−1. Then the completion of the square proves Proposition 4.2. This completes
the proof.

Proposition 4.3. Given matrices G and H and symmetric W with appropriate
dimensions, it holds that

GTW−1H + HTW−1G ≤
(

Π(H −G) + (H −G)TΠT + ΠWΠT

+ GTW−1G + HTW−1H

)
(4.11)

for any Π. Moreover, the equality holds when Π = (G−H)TW−1.
Proof. Similar to the proof of Proposition 4.2, it is easy to show Proposition 4.3

using the relationship

(GT −HT − ΠW )W−1(GT −HT − ΠW )T ≥ 0(4.12)

for any Π. This completes the proof.
The bounding idea with scale is adapted from the result in Shimomura and Fujii

[16], which was applied to the dynamic output feedback synthesis. We point out that
scales have an important role in converting nonconvex inequalities into convex ones
through an iterative procedure. This will be further illustrated in what follows.

First, the inequality (4.3) with the structure (4.8) is investigated. For description,
rewrite YLQS as

YLQS = YBD + GTM−1
2 H + HTM−1

2 G,(4.13)

where YBD � blockdiag[M1, Z1], G � [0n−m, N2], and H � [M1, 0(n−m)×m] are
linear in terms of the variables. Then, using Proposition 4.2 and the Schur complement
[8], the inequality (4.3) (i.e., YLQS > 0) is assured if and only if the following inequality
is satisfied:⎡⎣YBD + Π1(H + G) + (H + G)TΠT

1 + Π1M2Π
T
1 � �

G M2 �
H 0n−m M2

⎤⎦ > 0(4.14)



680 KYUNG-SOO KIM AND YOUNGJIN PARK

Table 4.1

Illustration for the sequentially feasible iteration procedure.

Iteration no. Scales Feasible variables
k Π1,k → (M1,k, M2,k, N2,k)

↙ scale update
k + 1 Π1,k+1 → (M1,k+1, M2,k+1, N2,k+1)

↙ scale update
k + 2 Π1,k+2 → (M1,k+2, M2,k+2, N2,k+2)

...
...

...

for some Π1, where � denotes the transpose of the corresponding off-diagonal block.
Note that the necessity holds when

Π1 = (H + G)TM−1
2 .(4.15)

In order to illustrate the property of (4.14), assume that the scale is fixed with Π1 :=
Π1,k to make (4.14) a feasible LMI. Also, given Π1,k, let (M1,k, M2,k, N2,k) be the
set of feasible variables for (4.14). Then the set should guarantee that YLQS,k > 0
due to sufficiency. In turn, according to necessity, the updated scale

Π1,k+1 = (Hk + Gk)
TM−1

2,k(4.16)

makes the inequality (4.14) feasible again (with the fixed scale Π1 := Π1,k+1). The
procedure is depicted in Table 4.1. Consequently, these properties—the convex form
by an LMI and the successive feasibility—allow us to handle the nonconvex inequality
(i.e., YLQS > 0) by the convex one in the iterative procedure.

In a similar manner, one may eliminate nonconvexity in the inequality (4.6) by
applying Proposition 4.3. That is, inequality (4.6) (with the nonconvex YLQS) holds
if and only if the following inequality is satisfied:⎡⎢⎢⎢⎢⎢⎢⎣

Ψ(Π2,Π3) � � � �

GAT
e −M2 � � �

HUT
e 0n−m −M2 � �

HAT
e 0n−m 0n−m −M2 �

GUT
e 0n−m 0n−m 0n−m −M2

⎤⎥⎥⎥⎥⎥⎥⎦ < 0(4.17)

for some Π2 and Π3, where AT
e = [AT , CQ], UT

e = [In, 0n×q], and

Ψ(Π2,Π3) =

[
AYBD + YBDAT −BL2 − LT

2 B
T YBDCQ

CT
QYBD −Iq

]
+ Π2(HUT

e −GAT
e ) + (HUT

e −GAT
e )TΠT

2 + Π2M2Π
T
2

+ Π3(GUT
e −HAT

e ) + (GUT
e −HAT

e )TΠT
3 + Π3M2Π

T
3 .

Moreover, the necessity holds when

Π2 =
(
AeG

T − UeH
T
)
M−1

2 ,(4.18)

Π3 =
(
AeH

T − UeG
T
)
M−1

2 .(4.19)

Note that (4.17) becomes an LMI as long as the scales are fixed. Based on the
discussion above, we now present an iterative algorithm that is successively feasible
and convergent.
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Algorithm I.
1. Assume Πi,0 (∀i = 1, 2, 3) that admit the feasibility of (4.14) and (4.17). And,

set as k := 1.
2. Given Πi := Πi,k−1 (∀i = 1, 2, 3), minimize γ w.r.t. M1, M2, N2, L1, and L2

subject to (4.14), (4.4), (4.5), (4.17), and[
γIn−m In−m

In−m M1

]
> 0,(4.20)

where YPOL has the structure in (4.8).
3. Set γk := γ∗ and update the scales as

Π1,k := (H∗ + G∗)
TM−1

2∗ ,(4.21)

Π2,k :=
(
AeG

T
∗ − UeH

T
∗
)
M−1

2∗ ,(4.22)

Π3,k :=
(
AeH

T
∗ − UeG

T
∗
)
M−1

2∗ ,(4.23)

where (∗) denotes the optimal values from step 2.
4. If γk−1 − γk < ε, stop the iteration. Otherwise, increase k := k + 1 and go to

step 2.
Observe that the typical features of the algorithm are (a) the iteration is suc-

cessively feasible once the initial guesses Πi,0 (i = 1, 2, 3) are given, and (b) the
performance upper-bound γk is successively decreasing such that γLQS ≤ γk+1 ≤ γk,
where γLQS alone is the optimum for the LQS problem.

Remark 4.4. For initiating Algorithm I, a set of matrix scales is needed in step 1.
Observe that the solution from Theorem 4.1 is a special case when M1 = M2. Hence,
the initial scales can be easily computed, according to (4.21)–(4.23), by utilizing the
solution of Theorem 4.1. However, in case Theorem 4.1 is infeasible, we suggest the
following steps. First, solve the pole-clustering problem alone to have matrices S
and YPOL. Then, given the sliding function coefficient S, construct PLQS(:= Y −1

LQS)
following the construction method in the proof for statement (i) of Theorem 3.1 (i.e.,
use (3.4)). Now, using matrices YLQS and YPOL, compute the scales following (4.21)–
(4.23). In this way, Algorithm I can always be started as long as the pole-clustering
constraint is feasible.

4.4. A numerical example. Consider the system borrowed from [5]:

A =

⎡⎢⎣
0.2325 −0.9285 0.0154 0.1222
−0.7274 1.0116 −0.0224 0.1576
−1.6883 0.2214 0.6534 1.6278
−0.5310 −0.2603 −0.0052 1.1025

⎤⎥⎦ , B =

⎡⎢⎣
3.00 2.00
0 1.00

0.50 −2.00
1.30 0

⎤⎥⎦ .

The design objectives are defined by

Q = I4×4, c = 2, ρ = 0.5.

To obtain the regular form (2.2), we choose a state transformation matrix X =
[U2, U1]

T from the singular value decomposition of B such that B = [U1, U2][
σ

02×2
]V T .

Then we can start the design procedure using the transformed system

A := XAX−1, B := XB, Q := X−TQX−1.
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Fig. 4.1. Convergence of γk (left). Trajectory of poles during iteration (right).

First, we apply Theorem 4.1 to the above system, and the results are as follows:

γcnvx = 427.44, Scnvx =

[
−2.8104 −1.274
−3.8506 36.686

]
.

The poles of the sliding mode are placed at {−1.6244±0.24845i}, inside the constraint
circle.

Now, as illustrated in Remark 4.4, we solve the algorithm using the results above
(i.e., YPOL and YLQS in solving Theorem 4.1) and calculate (4.21)–(4.23) in order
to obtain the initial guesses for scales (i.e., Πi,0). Then Algorithm I was started
with them. As shown in Figure 4.1, the performance index ever decreases as the
iteration proceeds. Interestingly, the poles in each iteration step move toward s =
−1.5 following the circle boundary for the pole-clustering constraint. The algorithm
shows the fast convergence and produces the results (at the 20th iteration)

γ20 = 313.56, S20 =

[
−1.6732 −15.951
−2.3586 21.139

]
,

which locates the sliding mode poles at s = −1.5. Observe that γ20 is reduced by
27% compared with γcnvx. The numerical results are summarized in Table 4.2.

Table 4.2

Comparison of numerical results.

Applied methods Theorem 4.1 Algorithm I
Minimal γ 427.44 313.56

5. Further study. One of the interesting features of the proposed approach is
that the sliding mode is derived from the usage of LMI conditions known for full
state feedback design. In fact, this idea enables us to solve a few important issues in
the sliding mode control context. Among them, let us consider polytopic uncertain
systems [8] as follows:

(A,B) ∈ Co{(A1, B1), . . . , (AL, BL)},(5.1)

where Co{·} denotes the convex hull and the matrices (Ai, Bi), i = 1, . . . , L, are
given and of the regular form. Then we have the result.
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Theorem 5.1. There exist some stabilizing sliding function coefficients if there
exist some matrices P > 0 and K ∈ �m×n, given any 0 ≤ Q ∈ �n×n, satisfying

(Ai −BiK)TP + P (Ai −BiK) + Q < 0(5.2)

∀i ∈ [1, . . . , L]. Furthermore, for the feasible matrix P , the matrix S = P−1
22 PT

12 is a
stabilizing sliding function coefficient.

The proof is very similar to that of Theorem 3.1 (i.e., as in (3.6)). By pre- and
postmultiplying the equation (5.2) by Tr and TT

r , respectively, we have(
Ai

11 −Ai
12P

−1
22 PT

12

)T
Pr + Pr

(
Ai

11 −Ai
12P

−1
22 PT

12

)
+ TrQTT

r < 0,(5.3)

where Pr = P11−PT
12P

−1
22 P12. Since Pr > 0, the above implies that the matrix P−1

22 PT
12

stabilizes the polytopic uncertain system defined in Co{(A1
11, A

1
12), . . . , (A

L
11, A

L
12)} in

the reduced order space. Hence, with the matrix S = P−1
22 PT

12, the sliding mode
dynamics is stable in the invariant subspace {x ∈ �n|x2 + Sx1 = 0}.

From the discussion above, the basic technique is expected, in a similar fashion,
to be easily extended to a number of issues that have been treated by LMI-based full
state feedback methods. For example, for the time-delayed systems or the parametric
uncertain systems, the sliding mode can be obtained simply by solving the full state
feedback problem and then combining the partitions of the corresponding Lyapunov
matrix.

6. Concluding remarks. We proposed a new method for optimizing quadratic
performance with the pole-clustering constraint in the sliding mode. It was explic-
itly shown that quadratic performance optimization and the pole-clustering problem
can be solved by LMI approaches of full order without loss of generality. Using the
proposed parametric constraints, the design objectives were combined under the LMI
framework typically suited for sliding mode design in both convex and nonconvex
forms. In the case of nonconvex formulation, a numerically tractable and efficient al-
gorithm was presented. The effectiveness of the proposed approaches was illustrated
by an example.

Finally, we illustrated the possible extension of the proposed approach to a class
of polytopic uncertain systems. The sliding mode can be obtained easily by simply
solving a full state feedback problem known in the literature. Note that the idea sig-
nificantly simplifies sliding mode design procedures both conceptually and technically.
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Abstract. This paper deals with the well-posedness, boundary observability, and boundary
controllability of a model of lateral sloshing in moving containers. It begins with a short review of
the lateral sloshing theory, then the problem is solved by combining the Fourier method and the
Hilbert uniqueness method of J.-L. Lions. At the end an application is discussed.
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1. The control of sloshing in moving containers. The sloshing equations
in moving containers are used in many applications to study the motion of propellant
fluids inside ships, aircraft, or space platforms; see, e.g., Silverman and Abramson [6].
The motion is often analyzed in order to demonstrate the stability of attitude control
systems of the propellant carriers.

The behavior of the solutions depend very much on the proportion between the
gravity forces and the surface tension terms, i.e., on the so-called Bond number defined
by

Bond number =
gρr2

σ
.

The equations we use are widely applied when the Bond number is much higher than
one, as in the sloshing of water in a 1-g environment or in the sloshing of standard
monomethile hydrazine propellant in accelerated rockets (with acceleration between
0, 1 g and 1 g) when the dimension (r) is larger than a half meter (as is often the
case).

The model of lateral sloshing proposed in the paper has been used for many years
in the sloshing of propellant inside satellite tanks in propulsed phases. The same
model is used world-wide for the same purposes because the Bond number in such
cases is typically higher than 10.

Today the sloshing in moving containers is best controlled by passive techniques
like baffles and separators inside the tank. The control of the actual profile of the
liquid phase has gotten less attention thus far, although it may become interesting
in industrial applications to control the low frequency disturbances in spacecraft or
ships that try to maintain a very quiet attitude. The generation of a pressure slope
over a liquid phase is very far from being an impossible technical problem.

A simple implementation locates a number of valves connected to a high pressure
air reservoir and a number of low pressure valves connected to a low pressure reservoir.
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The valves are distributed on the top of the tank and are controlled by a computer.
A set of pressure sensors located in the tank in the gas phase provides the computer
with information for commanding the valves in order to obtain the desired slope of
pressure.

The aim of this paper is to provide exact controllability results via the Hilbert
uniqueness method (HUM) technique for the problem of controlling the liquid motion
in a container via the distribution of the pressures in the container itself. This result
deviates from any classic approach because it applies directly to the partial differential
equations that describe the motion of the liquid without using any preliminary dis-
cretization of the problem, while most of the research on this subject uses preliminary
discretization.

Active control of the liquid itself inside its container may be achieved by control-
ling the pressure distribution above the fluid free surface.

At the beginning of the paper, we introduce the equations for studying the lin-
earized motion of an incompressible fluid inside a moving container, then we establish
a proper mathematical setting for this problem, and finally we provide necessary and
sufficient conditions for the control of this motion.

This control problem may find proper applications where the frequency of motion
of the fluid strongly interferes with the controller of the attitude of the carrier, making
it necessary to actively control the dynamics of the fluids. This approach is new in
engineering and in control theory for this particular subject.

1.1. The sloshing equations. Our treatment shall start with the basic Navier–
Stokes equations written for an accelerating frame introducing the hypothesis of fluid
incompressibility and fluid irrotational motion. Following the reference [1], we intro-
duce the following quantities:

Ω liquid free boundary,

h tank height,

Q = Ω × (−h, 0) tank interior,

Γ = ∂Ω × [−h, 0] tank wet boundary,
−→x = (x, y, z) ∈ Ω × [−h, 0] position coordinate inside the tank.

The following fields are relevant to the physics of the problem:

δ(x, y, t) liquid free surface height,

−→v (x, y, z, t) ∈ R
3 liquid velocity in the accelerating frame,

−→u =

∫
−→v dt liquid displacement,

φ(x, y, z, t) scalar potential of liquid velocity ∇φ = v,

ψ(x, y, z, t) scalar potential of liquid displacement ∇ψ = u,

p(x, y, z, t) pressure of the liquid,

p0(x, y, t) ullage pressure above the liquid surface,

−→n ∈ R
3 normal to the container,

−→
V ∈ R

3 velocity of the container walls in the accelerating frame,
−→w (t) container rigid motion translation vector,
−→
θ (t) container rigid motion rotation vector;
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furthermore, g denotes the acceleration +z of the reference frame or equivalent grav-
itational acceleration in the −z direction.

From the classical Navier–Stokes equations written in a gravitational field (taken,
for example, from reference [7]), introducing the hypotheses of incompressibility and
irrotational motion with respect to that frame, we derive that the liquid velocity can
be derived as gradient of a potential that satisfies the so-called Bernoulli equation:

∇
(
∂tφ +

1

2
∇φT∇φ +

p

ρ
+ gz

)
= 0.

The velocity is derived by the following statements:

∆φ = 0, ∇φ = −→v .

The potential is not unique, for a generic time function can be added to it leaving
the same physical solution, and we can add as a gauge condition that the Bernoulli
equation is written as

∂tφ +
1

2
∇φT∇φ +

p

ρ
+ gz = 0.

The boundary conditions for such equations are

∂nφ =
−→
V · −→n in Γ

and

p(x, y, 0, t) = p0(x, y, t) in Ω.

When the container is stationary in the accelerating frame and the ullage pressure
is constant, we can derive the static equilibrium solution:

p = p0 − ρgz, φ = 0, v = 0, δ = 0.

Now, let us consider a small rigid motion of the container and a small pressure
variation in the ullage produced either by a control action or by external environmental
conditions. We then have

−→
V (x, y, z, t) =

d−→w
dt

(t) +
d
−→
θ

dt
(t) ×−→x .

Since we consider rigid motion of the container, we have

−→u = ∇ψ = ∇
∫

φdt,

δ(x, y, t) = uz(x, y, 0, t) = ∂zψ|z=0.

We can finally write for the linearized problem in the displacement potential

∆ψ = 0 in Q× [0, T ](1.1)

with boundary conditions at the container wet wall

∂nψ = −→n · (−→w +
−→
θ ×−→x ) on Γ × [0, T ](1.2)
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and boundary conditions at the free surface derived by the Bernoulli equation:

∂2
ttψ + g∂zψ +

p0

ρ
= 0 on Ω × [0, T ].(1.3)

The pressure inside the liquid and at the container boundary can be derived by
the Bernoulli equation

∂2
ttψ + g(∂zψ + z) +

p

ρ
= 0.(1.4)

Equations (1.1) and (1.2), (1.3) in a suitable functional setting provide a well-defined
set of equations, as will be shown in the following.

It is quite common in practice to divide the potential into components:

ψ =
−→
ψ w · −→w +

−→
ψ θ ·

−→
θ + ψK .

Here
−→
ψ w satisfies

∆
−→
ψ w = 0 in Q× [0, T ],

∂n
−→
ψ w = −→n in Γ × [0, T ],

∂2
tt
−→
ψ w + g∂z

−→
ψ w = 0 in Ω × [0, T ],

while
−→
ψ θ satisfies

∆
−→
ψ θ = 0 in Q× [0, T ],

∂n
−→
ψ θ = −→n in Γ × [0, T ],

∂2
tt
−→
ψ θ + g∂z

−→
ψ θ = 0 in Ω × [0, T ].

The last potential ψK has homogeneous boundary conditions at the wet container
walls. So, ψK satisfies

∆ψK = 0 in Q× [0, T ],

∂nψK = 0 in Γ × [0, T ],

and

∂2
ttψK + g∂zψK +

p0

ρ
= −

(
−→
ψ w · d

2−→w
dt2

+ g∂z
−→
ψ w

−→·w
)
−
(
−→
ψ θ ·

d2−→θ
dt2

+ g∂z
−→
ψ θ ·

−→
θ

)

in Ω × [0, T ].
While the first two vectorial potentials depend only on the shape of the container

and can be solved a priori, the third scalar potential has homogeneous conditions
at the wet boundary of the container and boundary conditions at the free surface
containing all the external inputs, which are the ullage pressure distribution and the
container motion variables with their second derivatives. These external inputs can
be considered as control variables or external perturbations. It is to be remarked that
controlling ψK(x, y, z, t) to zero means that the motion of the fluid is rigid with the
container. In the following we will focus our study on the production of a suitable
controlling ullage pressure p0(x, y, t), so to produce ψK(x, y, z, t) = 0 for t ≥ T when
the potential has been previously excited by a container motion occurring before t = 0,
as per the classic paradigm of continuous controllability.
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2. Well-posedness and boundary observability of the homogeneous prob-
lem. Let Ω be a bounded open domain in R

2, having a sufficiently smooth boundary
Γ. Given two positive numbers h and g, consider the following problem for an un-
known function ϕ(x, y, z, t):⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

∆ϕ = 0 in Ω × (−h, 0) × R,

∂νϕ = 0 on Γ × (−h, 0) × R,

∂νϕ = 0 on Ω × {−h} × R,
∂2ϕ
∂t2 + g ∂ϕ

∂z = 0 on Ω × {0} × R,

ϕ(x, y, 0, 0) = ϕ0(x, y) (x, y) ∈ Ω,
∂ϕ
∂t (x, y, 0, 0) = ϕ1(x, y), (x, y) ∈ Ω.

(2.1)

Let us introduce an orthonormal basis (en) of L2(Ω), consisting of eigenfunctions
of −∆ with homogeneous Neumann boundary conditions, corresponding to nonnega-
tive eigenvalues λn, tending to ∞. Set

ωn =
√
gλn tanh(λnh).

Proposition 2.1. Given ϕ0 ∈ L2(Ω) and ϕ1 ∈ (H1(Ω))′, problem (2.1) has a
unique solution of the form

ϕ(x, y, z, t) =

∞∑
n=1

en(x, y) cosh[λn(z + h)]
(
ane

iωnt + bne
−iωnt

)
,(2.2)

with suitable complex coefficients an and bn. The series converges in L2(Ω) uniformly
in z and t, and its termwise derivative with respect to t,

∞∑
n=1

en(x, y) cosh[λn(z + h)]iωn

(
ane

iωnt − bne
−iωnt

)
,(2.3)

converges in (H1(Ω))′ uniformly in z and t.
Furthermore,

ϕ(·, ·, 0, ·) ∈ C(R;L2(Ω)) ∩ C1(R; (H1(Ω))′)

and

‖ϕ(·, ·, 0, t)‖2
L2(Ω) +

∥∥∥∥∂ϕ∂t (·, ·, 0, t)
∥∥∥∥2

(H1(Ω))′
≤ α

(
‖ϕ0‖2

L2(Ω) + ‖ϕ1‖2
(H1(Ω))′

)
with some constant α, independent of t ∈ R and of the particular choice of the initial
data ϕ0 and ϕ1.

Proof. Thanks to the choice of the eigenfunctions en(x, y) and of the numbers
ωn, the functions of the form (2.2) satisfy the boundary conditions (2.3), regardless
of the particular choice of the coefficients an and bn. Setting h = 0 and t = 0 in (2.2)
and (2.3) and using the initial conditions, we obtain the equations

ϕ0(x, y) =

∞∑
n=1

en(x, y) cosh(λnh)(an + bn)
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and

ϕ1(x, y) =

∞∑
n=1

en(x, y)iωn cosh(λnh)(an − bn).

Since (en) is an orthogonal basis in both L2(Ω) and (H1(Ω))′, these equations deter-
mine the coefficients an and bn uniquely.

On the other hand, choosing the coefficients according to these equations, a
straightforward computation shows the convergence of the series as stated in the
proposition.

For the proof of the inequality we first obtain by a direct computation the following
estimates:

‖ϕ(·, ·, 0, t)‖2
L2(Ω) ≤

∞∑
n=1

cosh(λnh)2
∣∣aneiωnt + bne

−iωnt
∣∣2

and ∥∥∥∥∂ϕ∂t (·, ·, 0, t)
∥∥∥∥2

(H1(Ω))′
≤

∞∑
n=1

cosh(λnh)2
|ωn|2
λn

∣∣aneiωnt + bne
−iωnt

∣∣2.
Since ωn

2/λn converges to one, it follows that

c1

∞∑
n=1

cosh(λnh)2
(
|an|2 + |bn|2

)
≤ ‖ϕ(·, ·, 0, t)‖2

L2(Ω) +

∥∥∥∥∂ϕ∂t (·, ·, 0, t)
∥∥∥∥2

(H1(Ω))′

≤ c2

∞∑
n=1

cosh(λnh)2
(
|an|2 + |bn|2

)
,

with two positive constants c1 and c2 which do not depend on the particular choice
of t. Hence the desired inequality follows with α = c2/c1.

Fix an arbitrary positive number T and set

δ := max
n

∣∣∣∣ sin(ωnT )

ωnT

∣∣∣∣ .
Observe that 0 ≤ δ < 1.

We are going to establish the following inequalities.
Proposition 2.2. All solutions of (2.1) satisfy the inequalities

(1 − δ)
∞∑

n=1

cosh2(λnh)
(
|an|2 + |bn|2

)
≤ 1

T

∫ T

0

∫
Ω

|ϕ(x, y, 0, t)|2 dx dy dt

≤ (1 + δ)

∞∑
n=1

cosh2(λnh)
(
|an|2 + |bn|2

)
.

Proof. We obtain by a straightforward computation, using the orthonormality of
the sequence (en), the equality∫

Ω

|ϕ(x, y, 0, t)|2 dx dy =

∞∑
n=1

cosh2(λnh)
∣∣∣aneiωnt + bne

−iωnt
∣∣∣2,
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and then the equality

∫ T

0

∫
Ω

|ϕ(x, y, 0, t)|2 dx dy dt

=

∞∑
n=1

cosh2(λnh)

∫ T

0

|an|2 + |bn|2 + 2	(anbne
2iωnt) dt.

The proof will be completed if we show for every n the estimate∣∣∣∣∣
∫ T

0

2	(anbne
2iωnt) dt

∣∣∣∣∣ ≤ δT
(
|an|2 + |bn|2

)
.

This can be shown as follows:∣∣∣∣∣
∫ T

0

2	(anbne
2iωnt) dt

∣∣∣∣∣ =

∣∣∣∣∣2	
(
anbn

∫ T

0

e2iωnt dt

)∣∣∣∣∣
=

∣∣∣∣2	(
anbn

e2iωnT − 1

2iωn

)∣∣∣∣
=

∣∣∣∣2	(
anbne

iωnT
sinωnT

ωn

)∣∣∣∣
≤ 2|an| · |bn| ·

∣∣∣∣ sin(ωnT )

ωn

∣∣∣∣
≤ δT

(
|an|2 + |bn|2

)
.

Let us consider two examples.
Example 1. If Ω is a rectangle, say

Ω = (0, a) × (0, b),

then it is more convenient to arrange the eigenfunctions and eigenvalues in a double
sequence

em,n(x, y) =
2√
ab

cos
mπx

a
· cos

nπy

b
,

λm,n = π2

(
m2

a2
+

n2

b2

)
,

where m,n are integers ranging from 0 to ∞, and to set

ωm,n =
√
gλm,n tanh(λm,nh).

Then the formula (2.2) is replaced by

ϕ(x, y, z, t)

=
2√
ab

∞∑
m,n=0

cos
mπx

a
· cos

nπy

b
· cosh[λm,n(z + h)]

(
am,ne

iωm,nt + bm,ne
−iωm,nt

)
,
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and the sums in the estimate of Proposition 2.1 are replaced by

∞∑
m,n=0

cosh2(λm,nh)
(
|am,n|2 + |bm,n|2

)
.

Example 2. If Ω is a disc of radius R, then it is more convenient to use polar coor-
dinates (r, θ) and to arrange the eigenfunctions and eigenvalues in a double sequence
by using the Bessel functions, as, e.g., in [2] or [3, pp. 138–141]. Then the solutions
of (2.1) are given by the series

ϕ(r, θ, z, t) =

∞∑
n=0

∞∑
k=1

Jn(λnkr) cosh[λnk(z + h)] ·
(
Ank(θ)e

iωnkt + Bnk(θ)e
−iωnkt

)
,

where for each fixed n,
• Jn denotes the Bessel function of order n,
• Rλn1 < Rλn2 < · · · are the (strictly) positive roots of its derivative J ′

n,
• ωnk =

√
gλnk tanh(λnkh),

• Ank(θ) and Bnk(θ) are suitable linear combinations of the functions cos(kθ)
and sin(kθ), depending on the initial data.

The sums in the estimate of Proposition 2.1 are replaced by

∞∑
n=0

∞∑
k=1

(∫ R

0

rJn(r)2 dr

)
· cosh2(λnkh) ·

(∫ 2π

0

|Ank(θ)|2 + |Bnk(θ)|2 dθ

)
.

3. Well posedness of the nonhomogeneous problem. Now let us consider
the following nonhomogeneous version of problem (2.1) for an unknown function
ψ(x, y, z, t): ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

∆ψ = 0 in Ω × (−h, 0) × R,

∂νψ = 0 on Γ × (−h, 0) × R,

∂νψ = 0 on Ω × {−h} × R,
∂2ψ
∂t2 + g ∂ψ

∂z = v on Ω × {0} × R,

ψ(x, y, 0, 0) = ψ0(x, y), (x, y) ∈ Ω,
∂ψ
∂t (x, y, 0, 0) = ψ1(x, y), (x, y) ∈ Ω.

(3.1)

We are going to define the solutions of this problem by the method of transposition.
Consider an arbitrary solution of (2.1). By a formal computation, we have for every
real number T the following equalities:

0 =

∫ T

0

∫ 0

−h

∫
Ω

(∆ϕ)ψ − ϕ(∆ψ) dx dy dz dt

=

∫ T

0

∫ 0

−h

∫
Γ

(∂νϕ)ψ − ϕ(∂νψ) Γ dz dt

+

∫ T

0

∫
Ω

(
(∂νϕ)ψ − ϕ(∂νψ)

)
(x, y,−h, t) dx dy dt

+

∫ T

0

∫
Ω

(
(∂νϕ)ψ − ϕ(∂νψ)

)
(x, y, 0, t) dx dy dt

=

∫ T

0

∫
Ω

(
∂ϕ

∂z
ψ − ϕ

∂ψ

∂z

)
(x, y, 0, t) dx dy dt
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=
1

g

∫ T

0

∫
Ω

(
−∂2ϕ

∂t2
ψ + ϕ

∂2ψ

∂t2
− ϕv

)
(x, y, 0, t) dx dy dt

= −1

g

∫ T

0

∫
Ω

(ϕv)(x, y, 0, t) dx dy dt

+
1

g

[∫
Ω

(
−∂ϕ

∂t
ψ + ϕ

∂ψ

∂t

)
(x, y, 0, t) dx dy

]T
0

.

Taking the initial conditions into account, it follows that∫
Ω

(
−∂ϕ

∂t
ψ + ϕ

∂ψ

∂t

)
(x, y, 0, T ) dx dy

=

∫
Ω

(−ϕ1ψ0 + ϕ0ψ1) dx dy +

∫ T

0

∫
Ω

(ϕv)(x, y, 0, t) dx dy dt.

Identifying L2(Ω) with its dual (L2(Ω))′ as usual, we have the dense and continuous
inclusions

(H1(Ω))′ ⊂ (L2(Ω))′ = L2(Ω) ⊂ H1(Ω).

Then we may rewrite the last identity in the following form:

(3.2)

〈(
∂ψ

∂t
,−ψ

)
(·, ·, 0, T ),

(
ϕ,

∂ϕ

∂t

)
(·, ·, 0, T )

〉
L2(Ω)×H1(Ω),L2(Ω)×(H1(Ω))′

= 〈(ψ1,−ψ0), (ϕ0, ϕ1)〉L2(Ω)×H1(Ω),L2(Ω)×(H1(Ω))′

+ (ϕ(·, ·, 0, ·), v)L2(Ω×(0,T ).

This leads to the following definition.
Definition 3.1. A solution of (3.1) is a function

ψ(·, ·, 0, ·) ∈ C(R;H1(Ω)) ∩ C1(R;L2(Ω)),

satisfying (3.2) for all ϕ0 ∈ L2(Ω) and ϕ1 ∈ (H1(Ω))′.
The definition is justified by the following claim.
Proposition 3.2. Given ψ0 ∈ H1(Ω), ψ1 ∈ L2(Ω), and v ∈ L2

loc(R;L2Ω))
arbitrarily, problem (3.1) has a unique solution.

Proof. For any fixed T , the right-hand side of (3.2) defines a bounded linear form
of

(ϕ0, ϕ1) ∈ L2(Ω) × (H1(Ω))′.

Since the linear map

(ϕ0, ϕ1) �→
(
ϕ,

∂ϕ

∂t

)
(·, ·, 0, T )

is an automorphism of L2(Ω)× (H1(Ω))′ onto itself, the existence of a unique couple(
ψ,

∂ψ

∂t

)
(·, ·, 0, T ) ∈ L2(Ω) × (H1(Ω))′

satisfying (3.2) follows.
Since both sides of (3.2) change continuously with T , the solution also depends

continuously of T , thereby completing the proof of Proposition 3.2.



694 V. KOMORNIK, P. LORETI, AND L. MAZZINI

4. Boundary controllability of liquid containers. A crucial idea in the
HUM of Lions (see [4] and [5]) was the construction of suitable controls by solving a
corresponding homogeneous dual problem. Using this duality approach, we establish
in this section the following controllability result for problem (3.1).

Theorem 4.1. Given a positive number T and initial data ψ0 ∈ H1(Ω), ψ1 ∈
L2(Ω), there exists a function v ∈ L2(0, T ;L2(Ω)) such that the solution of (3.1)
satisfies (

ψ,
∂ψ

∂t

)
(·, ·, 0, T ) = 0.

Proof. Given ϕ0 ∈ L2(Ω) and ϕ1 ∈ (H1(Ω))′ arbitrarily, solve the homogeneous
problem (2.1) and then solve the following nonhomogeneous problem:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

∆ψ = 0 in Ω × (−h, 0) × R,

∂νψ = 0 on Γ × (−h, 0) × R,

∂νψ = 0 on Ω × {−h} × R,
∂2ψ
∂t2 + g ∂ψ

∂z = ϕ on Ω × {0} × R,

ψ(x, y, 0, T ) = 0, (x, y) ∈ Ω,
∂ψ
∂t (x, y, 0, T ) = 0, (x, y) ∈ Ω.

(4.1)

(The well-posedness of this problem follows from Proposition 3.2 because the time 0
does not play any special role in this problem.) It is sufficient to prove that for a
suitable choice of the initial data ϕ0 and ϕ1 we have

ψ(x, y, 0, 0) = ψ0(x, y) and
∂ψ

∂t
(x, y, 0, 0) = ψ1(x, y), (x, y) ∈ Ω.

Using the identity (3.2) of the preceding section, now we have

〈(−ψ1, ψ0), (ϕ0, ϕ1)〉L2(Ω)×H1(Ω),L2(Ω)×(H1(Ω))′ =

∫ T

0

∫
Ω

|ϕ(x, y, 0, t)|2 dx dy dt.

(4.2)

Thanks to Proposition 2.2, the right-hand side of this identity is a positive definite
quadratic form of (ϕ0, ϕ1) ∈ L2(Ω) × (H1(Ω))′. Applying the Lax–Milgram theorem
(or simply the Riesz–Fréchet theorem), we conclude that the linear map

(ϕ0, ϕ1) �→ (−ψ1, ψ0)

maps L2(Ω) × (H1(Ω))′ onto L2(Ω) ×H1(Ω), and the theorem follows.

5. Spectral boundary controllability of liquid containers. The controls
applied in the preceding section are difficult to realize in practice. Here we present a
more realistic variant: we apply simpler controls but we only look for partial control-
lability by eliminating a finite number of modes from the solution.

Choose a positive integer N and N functions f1(x, y), . . . , fN (x, y) on Ω. Using
controls of the form

v(x, y, t) :=

N∑
j=1

(ajt + bj)fj(x, y),
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where we can act by choosing suitable constants aj and bj for j = 1, . . . , N , we try to
drive the system to a final state satisfying the orthogonality conditions∫

Ω

ψ(x, y, 0, T )en(x, y) dx dy =

∫
Ω

∂ψ

∂t
(x, y, 0, T )en(x, y) dx dy = 0

for n = 1, . . . , N .
Expanding the given functions fj(x, y) into Fourier series

fj(x, y) =

∞∑
n=1

fjnen(x, y), j = 1, . . . , N,

the control takes the form

v(x, y, t) :=
∞∑

n=1

⎛⎝ N∑
j=1

fjn(ajt + bj)

⎞⎠ en(x, y).

Therefore the solution of (3.1) is given by the series

ψ(x, y, z, t) =

∞∑
n=1

en(x, y) cosh[λn(z + h)]gn(t),

where the functions gn(t) are solutions to the initial-value problems

g′′n(t) cosh(λnh) + gn(t)gλn sinh(λnh) =

N∑
j=1

fjn(ajt + bj),

gn(0) cosh(λnh) = cn,

g′n(0) cosh(λnh) = dn,

where the constants cn and dn depend on the initial data.
We have to prove that for any given cn and dn there exist constants an and bn

such that

gn(T ) = g′n(T ) = 0, n = 1, . . . , N.(5.1)

Equivalently, we have to prove that if cn = dn = 0 for n = 1, . . . , N , then we only
have the trivial solution an = bn = 0 for n = 1, . . . , N .

In this homogeneous case we explicitly compute the solution: setting

ωn =
√
gλn tanh(λnh)

as before, we have

gn(t) =

N∑
j=1

fjn

(
ωnt− sin(ωnt)

ω3
n

aj +
1 − cos(ωnt)

ω2
n

bj

)
for n = 1, . . . , N . It follows that the conditions (5.1) are equivalent to the following
system of linear equations:

N∑
j=1

fjn
(
ωnT − sin(ωnT )

)
aj +

N∑
j=1

fjnωn

(
1 − cos(ωnT )

)
bj = 0, n = 1, . . . , N,

N∑
j=1

fjn
(
1 − cos(ωnT )

)
aj +

N∑
j=1

fjnωn sin(ωnT )bj = 0, n = 1, . . . , N.
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We arrive in this way at the following result.
Theorem 5.1. Assume that the determinant of the above system is different from

zero for some T > 0. Then for any given initial data ψ0 ∈ H1(Ω), ψ1 ∈ L2(Ω), there
exist constants a1, . . . , aN and b1, . . . , bN such that, applying the control

v(x, y, t) :=

N∑
j=1

(ajt + bj)fj(x, y),

the solution of (3.1) satisfies∫
Ω

ψ(x, y, 0, T )en(x, y) dx dy =

∫
Ω

∂ψ

∂t
(x, y, 0, T )en(x, y) dx dy = 0

for n = 1, . . . , N .
Example 3. Let us consider the simplest case where N = 1 and f1(x, y) = e1(x, y).

Then, setting α := Tω1 for brevity, the determinant is equal to∣∣∣∣α− sinα ω1(1 − cosα)
1 − cosα ω1 sinα

∣∣∣∣ = 2ω1 sinα
(α

2
− tan

α

2

)
.

It follows that the determinant vanishes if and only if α = Tω1 is an integer multiple
of π, i.e., if and only if

T =
kπ√

gλ1 tanh(λ1h)

for some positive integer k. For all other values of T > 0 the problem is controllable
in the above sense.

Remark. From the point of view of applications, it is interesting to find control
constants aj and bj of a moderate size: in some sense the size of these constants may
be viewed as a measure of the cost of the control. (Furthermore, for large values of
the controls our model may not be any more realistic.) This is equivalent to choosing
functions f1, . . . fN such that the inverse of the matrix of the above linear system has
a sufficiently large norm. On the other hand, it is also useful to find relatively simple
functions fj , concentrated on some points of the domain Ω. These two, in a sense
contradictory, requirements lead to an interesting optimization problem of a geometric
nature, which can be studied in special cases if, for example, Ω is a rectangle or a
disk.
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1. Introduction. We shall consider a standard finite dimenisonal control sys-
tem ẋ(t) = f(x(t), u(t)), u(·) ∈ U , along with a state constraint x(t) ∈ S and a closed
target set Σ ⊂ S. Our goal is to provide, apparently for the first time, Hamilton–
Jacobi (HJ) characterizations of the S-constrained minimal time function with target
Σ. The unconstrained (that is, S = R

n) form of this problem was considered by
several researchers. In Bardi [1] such a characterization was obtained under a con-
tinuity hypothesis encapsulated as a small time controllability condition. In Bardi
and Staicu [2] the discontinuous case was settled for targets which are the closure of
their interior, while the general case was resolved in Soravia [23]. The nonsmooth
characterizations obtained in the aforementioned references are provided in viscosity
terms. A proximal characterization equivalent to that of Soravia is among the re-
sults obtained by Wolenski and Zhuang [25]. There it was shown that under mild
hypotheses, the unconstrained minimal time function is the unique function satisfy-
ing, among other properties, a proximal HJ equation on the complement of Σ, along
with a boundary condition which takes the form of a certain proximal HJ inequality
holding on Σ itself. Useful references on the minimal time function and viscosity
approaches are Bardi and Capuzzo-Dolcetta [3] and Cannarsa and Sinestrari [5]. Of
related interest to this discussion are recent results of Clarke and Nour [11], where
the proximal HJ equation was reconsidered, but in the absence of the aforementioned
boundary condition. The solutions obtained to the proximal HJ equation in this new
framework were studied, and shown to be associated with geodesic trajectories.

As in [25] and [11], our methods here are based upon nonsmooth proximal monoto-
nicity-invariance considerations as developed in Clarke, Ledyaev, Stern, and Wolenski
[8], [10]. But as will be seen, the imposition of a state constraint necessitates additional
techniques. Of particular interest is the role played by a required S-constrained small
time controllability hypothesis. Geometric sufficient conditions for the latter property
will be provided as well, in the concluding comments.

State constrained control problems have received attention in recent years. Differ-
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ential games with state constraints were studied in Bardi, Koike, and Soravia [4] and
Cardaliaguet, Quincampoix, and Saint-Pierre [6]. In Clarke, Rifford, and Stern [12], a
state constrained Mayer problem was studied, and in Clarke and Stern [13], the prob-
lem of state constrained stabilization was considered. In the two latter references,
the emphasis was on the construction of feedback controls. In Clarke and Stern [14],
the value function of the state constrained problem studied in [12] was character-
ized in proximal HJ terms; in this regard, see also Frankowska and Vinter [18] and
Vinter [24]. As is the case in [14], the method here will rely upon state constrained
trajectory tracking properties developed in [12], and the proximal characterizations
can be reframed, as they were in [14], in the “constrained viscosity solution” frame-
work introduced by Soner [22]. This too will be remarked upon in the concluding
comments.

We shall consider a control system of the form

ẋ(t) = f(x(t), u(t)) a.e.(1.1)

The state trajectory x(·) evolves in R
n and control functions u(·) are Lebesgue mea-

surable functions u : R → U , where U ⊂ R
m is a compact control restraint set.

Hypotheses on the dynamics f : R
n×U → R

n are as follows, and will be assumed
to hold throughout. (The Euclidean norm is denoted by ‖ · ‖.)

(F1) The function f is continuous and locally Lipschitz in the state variable x,
uniformly for u ∈ U ; that is, for each bounded set Γ ⊂ R

n, there exists
KΓ > 0 such that

‖f(x, u) − f(y, u)‖ ≤ KΓ‖x− y‖

whenever (x, u) and (y, u) are in Γ × U .
(F2) The function f satisfies a linear growth condition; that is, there exist positive

numbers c1, c2 such that

‖f(x, u)‖ ≤ c1‖x‖ + c2 ∀ (x, u) ∈ R
n × U.

(F3) The velocity set f(x, U) is convex for every x ∈ R
n.

Under (F1)–(F2), for every initial state α and every control function u(·), there
exists a unique trajectory x(t) = x(t;α, u(·)) defined for all t ≥ 0 and satisfying
x(0) = α. Actually, as is explained in the concluding comments, condition (F2) can
be dropped in the results to follow, but we include it now for ease of exposition.
The imposition of (F3) is needed in order to have available the familiar property
of sequential compactness of trajectories on compact time intervals, as is explained
in [10].

The next section provides a required result on S-constrained trajectory tracking.
The main result is presented in section 3, while section 4 consists of the concluding
comments. Prior to proceeding, we refer the reader to [10] for all the basic definitions
and facts from nonsmooth analysis that will be required.

2. S-constrained trajectory tracking. Geometric hypotheses on S are now
posited and will be assumed to hold throughout.

(S1) S is compact and wedged at each x ∈ bdry(S), meaning that at each boundary
point x one has pointedness of NC

S (x); that is, NC
S (x) ∩ {−NC

S (x)} = {0}.
Here NC

S (x) denotes the Clarke normal cone to S at x. (This is equivalent to
TC
S (x) having nonempty interior for each x ∈ bdry(S), where TC

S (x) denotes
the Clarke tangent cone to S at x.)
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(S2) The following “strict inwardness” condition holds:

min
u∈U

〈ζ, f(x, u)〉 < 0 ∀ 0 �= ζ ∈ NC
S (x), ∀x ∈ bdry(S).(2.1)

The set S being wedged at x ∈ bdry(S) is also referred to in the literature as epi-
Lipschitzness of S at x, since it is equivalent to S being locally linearly homeomorphic
to the epigraph of a Lipschitz function; see Rockafellar [20] and Clarke [7].

Remark 2.1.

(a) We will require the fact that when S is wedged at each of its boundary points,
then S is the closure of its interior.

(b) (S1)–(S2) are sufficient but not necessary for S to be weakly invariant ; that is,
for any initial state α ∈ S, there exists a control u(·) producing a trajectory
x(t) = x(t;α, u(·)) with x(0) = α and x(t) ∈ S for all t ≥ 0.

Given r ≥ 0, an inner approximation of S is given by

Sr := {x ∈ S : dŜ(x) ≥ r}.

Here Ŝ denotes the closure of the complement of S, and dΓ(·) denotes the Euclidean
distance function to a set Γ. (Note that S0 = S.) The geometry of inner approxima-
tions was studied in Clarke, Ledyaev, and Stern [9], as well as in [12].

We will require the following S-constrained tracking result from the proofs of
Proposition 3.13 and Theorem 3.10 in [12]. This result generalizes one due to Soner
[22]; see also Forcellini and Rampazzo [16] and Frankowska and Rampazzo [17].

Lemma 2.2.

(a) Given T > 0, there exists a constant M = M(T ) > 0 such that the following
holds: Let α0 ∈ S, α1 ∈ S, and let u0(·) be a control function on [0, T ]
producing a trajectory which satisfies

x(t;α0, u0(·)) ∈ S ∀ t ∈ [0, T ].(2.2)

Then there exists a control function u1(·) on [0, T ] which produces a trajectory
that satisfies

‖x(t;α1, u1(·)) − x(t;α0, u0(·))‖ ≤ M‖α1 − α0‖ ∀ t ∈ [0, T ](2.3)

and

x(t;α1, u1(·)) ∈ S ∀ t ∈ [0, T ].(2.4)

(b) There exists a constant r0 > 0 so that the following holds: Given T > 0, there
exists W = W (T ) > 0 such that for any initial state α ∈ int(S), if r ∈ [0, r0]
is such that r ≤ dŜ(α) and u(·) is a control function on [0, T ] such that

x(t;α, u(·)) ∈ S ∀ t ∈ [0, T ],(2.5)

then there exists a control function ū(·) on [0, T ] such that

‖x(t;α, ū(·)) − x(t;α, u(·))‖ ≤ rW ∀ t ∈ [0, T ](2.6)

and

x(t;α, ū(·)) ∈ Sr ∀ t ∈ [0, T ].(2.7)
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3. The S-constrained minimal time function. Let Σ be a closed subset of
S, and denote by ΓS the set of α ∈ S such that for some control u(·) and some t̂ ≥ 0
one has

x(t̂;α, u(·)) ∈ Σ

and

x(t;α, u(·)) ∈ S ∀ t ∈ [0, t̂].

In other words, ΓS consists of those initial states in S which can be controlled in finite
time to the target Σ along an S-constrained trajectory. (Trivially, we have Σ ⊂ ΓS .)
Denote by τ(α) the infimal time from an initial state α ∈ ΓS to the target Σ along
such a trajectory. By a standard sequential compactness of trajectories argument,
the infimum is attained as a minimum. We go on to define an extended real-valued
function T : R

n → [0,+∞] as follows:

T (α) :=

{
τ(α) if α ∈ ΓS ,
+∞ otherwise.

T (·) is called the S-constrained minimal time function with respect to the target Σ.
One can show that T (x) ≥ 0 for all x ∈ R

n and T (α) = 0 if and only if α ∈ Σ.
Observe that there are two ways for T (α) to be nonfinite:

(i) α ∈ S, but Σ is not reachable from α via an S-constrained trajectory; that
is, α ∈ S\ΓS .

(ii) α /∈ S.
Let us collect some basic properties of the functions T (·) and g(·, ·), where

g(t, x) := t + T (x).

We denote the set of strictly positive real numbers by R+, and the complement of Σ
by Σc.
(LSC) T (·) is lower semicontinuous at every α ∈ R

n; that is,

T (α) ≤ lim inf
α′→α

T (α′).

(SI) g(·, ·) is strongly increasing on R+ × int(S). This means that for every α ∈
int(S), for every trajectory of (1.1) with x(0) = α, one has g(t, x(t)) ≥ T (α)
on [0, s] for every s > 0 such that x(t) ∈ int(S) on [0, s].

(WD) g(·, ·) is weakly decreasing on R+ × Σc. This means that for every α ∈ Σc,
there exists a trajectory of (1.1) with x(0) = α, for which g(t, x(t)) ≤ T (α)
on [0, s] for every s > 0 such that x(t) ∈ Σc on [0, s].

Note that in (SI) and (WD), infinite values of T (·) and g(·, ·) are possible. In
particular, in (SI), note that if a trajectory in int(S) exits ΓS , it cannot re-enter ΓS

while remaining in S. Property (LSC) readily follows from a sequential compactness
of trajectories argument. The strong increase property (SI) is a straightforward con-
sequence of the principle of optimality, while the weak decrease property (WD) is
due to the existence of S-constrained time-optimal trajectories from any startpoint
α where T (α) is finite; that is, α ∈ ΓS . (Startpoints for which T (α) = +∞ trivially
satisfy the weak decrease condition.)

We now introduce the lower Hamiltonian h : R
n × R

n → R by

h(x, p) := min
u∈U

〈p, f(x, u)〉,(3.1)
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where 〈·, ·〉 denotes the standard inner product.
The next lemma provides proximal characterizations of (SI) and (WD) in terms

of proximal HJ inequalities. It follows in a straightforward manner from Exercise
4.6.4(a) and Proposition 4.6.5 in [10].

Lemma 3.1.

(i) Property (SI) is equivalent to

h(x, ∂PT (x)) + 1 ≥ 0 ∀x ∈ int(S).(3.2)

(ii) Property (WD) is equivalent to

h(x, ∂PT (x)) + 1 ≤ 0 ∀x ∈ Σc.(3.3)

Here ∂P denotes the proximal subdifferential ; recall that for an extended real-
valued lower semicontinuous function w : R

n → (−∞,+∞] and a point x, where
w(x) < +∞, ζ ∈ ∂Pw(x) if and only if there exists σ = σ(x, ζ) such that

w(y) − w(x) + σ‖y − x‖2 ≥ 〈ζ, y − x〉

for all y near x. Thus (3.2) says that

h(x, ζ) + 1 ≥ 0 ∀ ζ ∈ ∂PT (x), ∀x ∈ int(S),

and (3.3) says that

h(x, ζ) + 1 ≤ 0 ∀ ζ ∈ ∂PT (x), ∀x ∈ Σc.

These inequalities hold vacuously when the proximal subdifferentials involved are
empty, as is the case when T (x) = +∞, but emptiness is not precluded even when
T (x) is finite.

Note also that (3.2) and (3.3) together are equivalent to T (·) satisfying

h(x, ∂PT (x)) + 1 = 0 ∀x ∈ {int(S)}\Σ,(3.4)

h(x, ∂PT (x)) + 1 ≥ 0 ∀x ∈ {int(S)} ∩ Σ,(3.5)

and

h(x, ∂PT (x)) + 1 ≤ 0 ∀x ∈ {bdry(S)}\Σ.(3.6)

We require the following definition, where the open unit ball is denoted B :=
{z ∈ R

n : ‖z‖ < 1}.
Definition 3.2. A function ϕ : R

n → (−∞,+∞] is said to be (Σ, S)-continuous
provided that there exist γϕ > 0 and a function ωϕ : [0, γϕ] → [0,+∞) such that
lims↓0 ωϕ(s) = 0 and ϕ(x) ≤ ωϕ(dΣ(x)) for all x ∈ S ∩ {Σ + γϕB}.

In the absence of a state constraint (i.e., S = R
n), the minimal time function being

(Σ,Rn)-continuous is often referred to as small time controllability. Accordingly, when
the S-constrained minimal time function T (·) is (Σ, S)-continuous, then we say that
S-constrained small time controllability holds.

Remark 3.3. Results concerning the small time controllability property in the
absence of a state constraint may be found in [3] and [5], as well as [25]. “Classi-
cal” trajectory tracking based on Gronwall’s lemma features in these discusssions.
Specifically, one has the following facts:
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(a) Small time controllability is equivalent to T (·) being continuous on an open
neighborhood of Σ.

(b) When small time controllability holds, then Γ, the set of startpoints control-
lable to Σ, is open, and small time controllability implies that the minimal
time function T (·) is continuous on Γ.

In the state constrained case being considered, one can employ the tracking result
of Lemma 2.2(a) in order to obtain the following analogues of (a) and (b):

(a′) S-constrained small time controllability is equivalent to T (·) being continuous
on S ∩ {Σ + γB} for some γ > 0.

(b′) When S-constrained small time controllability holds, the set ΓS is open rela-
tive to S, and small time controllability implies that the minimal time func-
tion T (·) is continuous on ΓS .

The preceding remarks are not required in the following main result.
Theorem 3.4. Let (F1)–(F3), (S1)–(S2) hold, and assume that S-constrained

small time controllability holds. Then there is a unique lower semicontinuous extended
real-valued function ϕ : R

n → (−∞,+∞] which is (Σ, S)-continuous, bounded below
on R

n, identically 0 on Σ, identically +∞ on Sc, and satisfies

h(x, ∂Pϕ(x)) + 1 = 0 ∀x ∈ {int(S)}\Σ,(3.7)

h(x, ∂Pϕ(x)) + 1 ≥ 0 ∀x ∈ {int(S)} ∩ Σ,(3.8)

and

h(x, ∂Pϕ(x)) + 1 ≤ 0 ∀x ∈ bdry(S)\Σ.(3.9)

That function is the S-constrained minimal time function T (·). Furthermore, ΓS is
open relative to S and T (·) is continuous on ΓS.

In order to understand the role played by S-constrained small time controllability
and (Σ, S)-continuity in this result, consider the case where Σ ⊂ bdry(S), and note
that then the indicator function of Σ, namely,

ϕ(x) =

{
+∞ if x /∈ Σ,
0 if x ∈ Σ,

will always satisfy the conditions set out in the theorem; in particular (3.7)–(3.9)
hold vacuously. Therefore there is no hope of uniqueness holding, in general, without
further conditions. In fact, the proof will require these conditions even if Σ ⊂ int(S).

Proof of the theorem. That T (·) satisfies the stated conditions has already been
explained. Hence the uniqueness assertion remains to be verified. To this end, let ϕ(·)
be as in the statement of the theorem. The proof will follow from the verification of
two claims.

Claim 1. T (α) ≤ ϕ(α) for all α ∈ S.
To see this, note that (3.7) and (3.9) imply that the function g̃(t, α) := t + ϕ(α)

is weakly decreasing on R+ × Σc. We need only consider α ∈ S\Σ, since if α ∈ Σ we
have T (α) = ϕ(α) = 0. Furthermore, we can assume that ϕ(α) < +∞, for otherwise
the claim is trivially true.

Now, for α ∈ S\Σ with ϕ(α) < +∞, weak decrease implies that for some trajec-
tory of (1.1) with x(0) = α, one has

t + ϕ(x(t)) ≤ ϕ(α)(3.10)
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as long as x(t) /∈ Σ. Since ϕ(·) is globally bounded below and ϕ(α) is finite, we
conclude that the trajectory eventually enters Σ. Then T (α) < +∞ and

t + ϕ(x(t)) ≤ ϕ(α) ∀ t ∈ [0, T (α)).(3.11)

Upon invoking the lower semicontinuity of ϕ(·), we then have

T (α) = T (α) + ϕ(x(T (α)))

≤ lim inf
t↑T (α)

[t + ϕ((x(t)))]

≤ ϕ(α),

proving the claim.
Claim 2. T (α) ≥ ϕ(α) for all α ∈ S.
Let us first consider the case where α ∈ int(S). Without loss of generality, we

can assume that α ∈ ΓS , for otherwise T (α) = +∞ and the claim will be trivial. Let
x(·) be an S-constrained time-optimal trajectory of (1.1) to target Σ, with x(0) = α.
By the tracking result of Lemma 2.2(b), there exists W = W (T (α)) > 0 such that for
each sufficiently small r > 0 there exists an Sr-constrained trajectory xr(·) of (1.1)
on the interval [0, T (α)] with xr(0) = α and

‖xr(T (α)) − x(T (α))‖ ≤ rW.(3.12)

Then

xr(T (α)) ∈ Σ + rWB,(3.13)

where B denotes the closure of the unit ball B.
In view of (3.7)–(3.8), the function ϕ(·) is strongly increasing on int(S). Conse-

quently

T (α) + ϕ(xr(T (α))) ≥ ϕ(α).(3.14)

Since ϕ(·) is (Σ, S)-continuous, (3.13) implies that the term ϕ(xr(T (α))) can be made
arbitrarily small by decreasing r, and we deduce that

T (α) ≥ ϕ(α).(3.15)

It remains to consider the case where α ∈ bdry(S). Again, we can assume that
T (α) is finite, and we consider an S-constrained time-optimal trajectory x(·) of (1.1)
to target Σ, with x(0) = α. In view of Remark 2.1(a), there exists a sequence {αi} in
the interior of S, such that αi → α. From the preceding argument, we have that

T (αi) ≥ ϕ(αi)(3.16)

for each i = 1, 2, . . . .
By the tracking result of Lemma 2.2(a), there exists M = M(T (α)) > 0 such that

for each i there is a trajectory xi(·) of (1.1) for which xi(0) = αi,

‖x(t) − xi(t)‖ ≤ M‖αi − α‖ ∀ t ∈ [0, T (α)],(3.17)

and

xi(t) ∈ S ∀ t ∈ [0, T (α)].(3.18)
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Since x(T (α)) ∈ Σ, we have xi(T (α)) ∈ Σ + M‖αi − α‖B, and therefore the S-
constrained small time controllability assumption, inequality (3.16), and the preceding
case yield

T (α) + ωT (M‖αi − α‖) ≥ T (αi) ≥ ϕ(αi)(3.19)

for each i. Since ωT (M‖αi − α‖) → 0 as i → +∞ and ϕ(·) is lower semicontinuous,
we obtain T (α) ≥ ϕ(α), as required. Finally, the “furthermore” part of the statement
is simply Remark 3.3(b′).

4. Concluding comments.

4.1. Sufficient conditions for S-constrained small time controllability.
It is possible to replace the S-constrained small time controllability hypothesis in The-
orem 3.4 by stronger geometric hypotheses. Specifically, we introduce the following
condition, in which projΣ(x) denotes the set of closest points in Σ to x, and NP

S (x)
denotes the proximal normal cone to S at x; see [10].

(S3) There exist δ1 > 0, δ2 > 0 such that the following holds: For each x ∈
S ∩ Σc ∩ {Σ + δ1B}, there exists u(x) ∈ U for which

〈η, f(x, u(x))〉 ≤ 0 ∀ η ∈ NP
S (x)(4.1)

and

〈x− y, f(x, u(x))〉 ≤ −δ2‖x− y‖(4.2)

for some y ∈ projΣ(x).
Intuitively, condition (S3) says that at each point x in S which is near but exterior

to Σ, there exists a velocity f(x, u(x)) which “points into S” (this is (4.1)) while
simultaneously “pointing towards Σ” (this is (4.2)). The “proximal aiming” technique
of [8], [10] and Clarke and Wolenski [15] can now be brought to bear, whereby one
can show that for some γ1 > 0, γ2 > 0, all limiting Euler solutions x(·) of the initial
value problem

ẋ(t) = f(x(t), u(x(t))), x(0) = α ∈ S ∩ {Σ + γ1B},

are bona fide trajectories of the control system (1.1) which remain in S and enter Σ
prior to time t = γ2dΣ(α). Hence one has

T (α) ≤ γ2dΣ(α) ∀α ∈ S ∩ {Σ + γ1B}.

The foregoing comments show that we can take ωT (z) = γ2z, in the notation
of Definition 3.2. One can then invoke Lemma 2.2(b) in order to show that T (·) is
Lipschitz on S ∩{Σ+γ3B} for some γ3 > 0, and similarly to Remark 3.3(b′), one can
show that T (·) is Lipschitz on ΓS , where, as noted earlier, this set is open relative to
S. We omit these details, as they are very similar to familiar arguments used in the
case of no state constraints, as in [3] and [25].

A variant of Theorem 3.4 ensues.
Corollary 4.1. Let (F1)–(F3) and (S1)–(S3) hold. Then there is a unique

lower semicontinuous extended real-valued function ϕ(·) which is (Σ, S)-continuous,
bounded below on R

n, identically 0 on Σ, identically +∞ on Sc, and satisfies

h(x, ∂Pϕ(x)) + 1 = 0 ∀x ∈ {int(S)}\Σ,(4.3)

h(x, ∂Pϕ(x)) + 1 ≥ 0 ∀x ∈ {int(S)} ∩ Σ,(4.4)
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and

h(x, ∂Pϕ(x)) + 1 ≤ 0 ∀x ∈ bdry(S)\Σ.(4.5)

That function is the S-constrained minimal time function T (·). Furthermore, ΓS is
open relative to S and T (·) is Lipschitz on ΓS.

4.2. Constrained viscosity formulation. Given a lower semicontinuous ex-
tended real-valued function w : R

n → (−∞,+∞], we denote the Dini subderivate at
x in the direction v by

Dw(x; v) := lim inf
t↓0
u→v

w(x + tu) − w(x)

t
.

The D-subdifferential (or viscosity subdifferential) of w(·) at x is the set

∂Dw(x) := {ζ ∈ R
n : 〈ζ, v〉 ≤ Dw(x; v) ∀ v ∈ R

n}.

Similarly to remarks made in [14], Theorem 3.4 and Corollary 4.1 hold true if ∂P is
replaced by ∂D in the statement, because the P - and D-subdifferentials approximate
one another in a suitable sense. This in turn rests upon a theorem of Subbotin; see
Proposition 3.4.5 in [10]. By Proposition 3.4.12 in [10], the ∂D-form of the theorem
can in turn be put into “constrained viscosity” terms, in Soner’s terminology [22]; see
also [3]. Specifically, (3.7) can be replaced by the condition

h(x, g′(x)) + 1 = 0 ∀x ∈ {int(S)}\Σ(4.6)

for any g ∈ C1(Rn) such that ϕ−g has a local minimum at x. Furthermore, conditions
(3.8) and (3.9) have analogous constrained viscosity reformulations.

4.3. S-restricted dynamics. Suppose that the dynamics are specified only for
x ∈ S; that is, f : S × U → R

n. Such a restricted domain can be expected in
control problems where the state is S-constrained. Again, similarly to [14], it can be
shown that Theorem 3.4 remains true if (F1)–(F3) are replaced by the following two
conditions, where (F2) is not present explicitly:

(G1) The function f is continuous on S × U and is Lipschitz in the state variable
x, uniformly for u ∈ U ; that is, there exists K such that

‖f(x, u) − f(y, u)‖ ≤ K‖x− y‖

whenever (x, u) and (y, u) are in S × U .
(G2) The velocity set f(x, U) is convex for every x ∈ S.

We can extend f from S×U to R
n×U as follows: Let fi denote the ith component

function of f , i = 1, 2, . . . , n. For each fixed u ∈ U , define a function x → f̂i(x, u) on
R

n via

f̂i(x, u) = min
y∈S

{fi(y, u) + K‖y − x‖}.

Then x → f̂i(x, u) agrees with fi(x, u) on S, and is globally Lipschitz of rank K, facts
first noted by Hiriart-Urruty [19]; see also [10] and Rockafellar and Wets [21]. We

then extend f componentwise by setting fi(x, u) = f̂i(x, u) for every (x, u) ∈ R
n ×U .
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The resulting function f : R
n × U → R

n is continuous on R
n × U and is globally

Lipschitz of rank nK in the state variable x, uniformly for u ∈ U ; that is,

‖f(x, u) − f(y, u)‖ ≤ nK‖x− y‖,

whenever (x, u) and (y, u) are in R
n × U . The global Lipschitz condition on the

extended dynamics implies the linear growth condition needed for the global extend-
ability of solutions, and possible nonconvexity of the velocity sets f(x, U) for x /∈ S
does not cause a problem in the required state constrained tracking considerations as
their proofs in [12] show.

4.4. The case of unbounded S. The main results in this article (as well as
[12] and [13]) have been stated for the case of compact S, but can be generalized to
the case where S is merely assumed to be closed. Then the growth condition (F2) is
indispensible. The generalizations follow from appropriately localized versions of the
state constrained tracking properties employed in the compact case. We omit these
details here.
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Abstract. In this paper, we study an optimal singular stochastic control problem. By using a
time transformation, this problem is shown to be equivalent to an auxiliary control problem defined
as a combination of an optimal stopping problem and a classical control problem. For this auxiliary
control problem, the controller must choose a stopping time (optimal stopping), and the new control
variables belong to a compact set. This equivalence is obtained by showing that the (discontinuous)
state process governed by a singular control is given by a time transformation of an auxiliary state
process governed by a classical bounded control. It is proved that the value functions for these two
problems are equal. For a general form of the cost, the existence of an optimal singular control
is established under certain technical hypotheses. Moreover, the problem of approximating singular
optimal control by absolutely continuous controls is discussed in the same class of admissible controls.
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1. Introduction. In this paper, the existence of optimal singular controls is
studied for the nonlinear stochastic system defined by the following equation:

xt
.
= ζ +

∫ t

0

A(s, xs)ds +

∫ t

0

B(s)dus +

∫ t

0

D(s, xs)dWs,(1)

where the functions A, B, D are deterministic, {Wt} is a Brownian motion, and {ut}
is the control. All the processes are assumed to be defined on a probability space
(Ω,F , P, {Ft}). Let K ⊂ R

p be a closed convex cone and T be the finite horizon. The
class of admissible controls, labeled Ca, is defined by the class of K-valued, continuous
on the right with left-hand limits, {Ft}-progressively measurable processes for which
almost every sample path is of finite variation on the interval [0, T ]:

vuT < ∞, Q-a.s.,(2)

where vut = |u0| + limn→∞
∑n

k=1 |utk/n − ut(k−1)/n| (|z| is the norm of the vector z).
For an admissible control u, the cost is given by

J [u] = E

[∫ T

0

k(t, xt)du
c
t +

∑
0≤t≤T

∫ ∆vut

0

k

(
t, xt− + B(t)

∆ut

∆vut
s

)
∆ut

∆vut
ds

+ g(xT , v
u
T )

]
,(3)
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where g, k are deterministic functions and uc is the continuous part of u (∆zt denotes
zt−zt− for a process {zt} which is continuous on the right with left-hand limits). The
interested reader may consult [42] for a nice interpretation of the cost defined by (3).

Singular stochastic control problems have received considerable attention in the
literature. The authors do not pretend to present here an exhaustive panorama of
singular control problems. However, the interested reader may consult the work of
Boetius [9], especially the sections at the end of the chapters for an interesting and
complete survey on stochastic singular control problems including theoretical results
and applications.

This problem was first introduced by Bather and Chernoff [6] in 1967 by consid-
ering a simplified model for the control of a spaceship. It was noted for this special
model that there was a connection between the singular control problem and optimal
stopping problem. This link was established through the derivative of the value func-
tion of this initial singular control problem and the value function of the corresponding
optimal stopping problem.

After this seminal work, this connection and its properties were extensively stud-
ied in different contexts but mainly in the one-dimensional case or in the multidimen-
sional linear case. Two approaches were used: one is based on the theory of partial
differential equations and on variational arguments, and can be found in the works
of Alvarez [1, 2], Chow, Menaldi, and Robin [13], Karatzas [27], Karatzas and Shreve
[31], and Menaldi and Taksar [36]. The other approach is related to probabilistic
methods; see, for example, Baldursson [4], Boetius [8, 9], Boetius and Kohlmann [10],
El Karoui and Karatzas [17, 18], Karatzas [28], and Karatzas and Shreve [29, 30].

Other problems, such as the dynamic programming principle, have been studied
in a general context, for example, by Boetius [9], Haussmann and Suo [24], Fleming
and Soner [21], and Zhu [43], as well as the stochastic maximum principle in [11].

Singular control problems correspond to many applications in diverse areas such
as mathematical finance (see, for example, Baldursson and Karatzas [5], Chiarolla and
Haussmann [12], Kobila [34], and Karatzas and Wang [33]), manufacturing systems
(see, for example, Shreve, Lehoczky, and Gaver [41]), and queuing systems (see, for
example, Martins and Kushner [35]).

In this paper, we focus our attention on the existence problem and the connection
between the singular control and optimal stopping problems.

As we have already mentioned, the connection between singular stochastic control
problems and optimal stopping problems has only been studied in the one-dimensional
case or in the multidimensional linear case. A generalization of this connection to the
multidimensional nonlinear case has been proposed by Benth and Reikvam [7] but
under a very strong hypothesis, namely, the model of the state process must have
a special structure in order to ensure that the ith component of x(t) depends only
on the ith component of the initial state process ζ. In the work of Boetius and
Kohlmann [10], the result of Karatzas and Shreve [29] was generalized to a nonlinear
one-dimensional state process. A multidimensional problem (see section 5.2 in [10])
was also considered but again under a strong hypothesis, since the control process
could influence the state through only one variable.

In the present paper, this link is revisited by using a completely different approach.
It will be shown that a multidimensional and nonlinear singular control problem can
be converted into an auxiliary control problem where the control variables are of
the classical type and where the controller must choose a stopping time (optimal
stopping as described by Haussmann and Lepeltier, p. 851 in [22]). Consequently this
auxiliary problem combines classical control and optimal stopping. Moreover, it will
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be shown that these two optimization problems have the same value function. It must
be pointed out that our result differs from existing results in the literature on two
points. First, our auxiliary equivalent control problem is defined as a combination
of optimal stopping and classical control, but in the literature, the equivalent control
problem is formulated by a pure optimal stopping problem (the controller cannot
influence the trajectory of the state process). Second, our connection is obtained
directly through the value function, but in the literature, this link was established
through the gradient of the value function of the singular control problem and the
value of the related optimal stopping problem.

In this auxiliary control problem, the state processes are defined on a probability
space (Ω,F , P, {Gt}) by the following equations:

ξt
.
= ζ +

∫ t

0

A(ηs, ξs)(1 − θs)ds +

∫ t

0

θsB(ηs)αsds +

∫ t

0

D(ηs, ξs)
√

(1 − θs)dVs,(4)

ηt
.
=

∫ t

0

(1 − θs)ds,(5)

where {Vt} is a Brownian motion. The new control variables are {(αt, θt)} and ρ,
which is a {Gt}-stopping time to be chosen by the controller. A key feature of this
formulation is that the processes {(αt, θt)} belong to a compact set (labeled B; for
the definition of this set, see the notation section at the end of the introduction). The
cost is defined by

J [α, θ, ρ] = E

[
g(ξρ, ρ− ηρ) +

∫ ρ

0

θsk(ηs, ξs)αsds + G(ηρ)

]
(6)

(the function G is equal to +∞ everywhere excepted at T , where it takes the value
zero).

The idea used to show this equivalence result is based on a time transformation.
This method, originally developed in deterministic control theory (for a complete
exposition on the subject see the recent book [37] and the references therein), has
been introduced recently in the stochastic context in [15, 38] and in [3]. In the latter
reference, Alavarez, Gyllenberg, and Shepp used a time change technique to show that
a one-dimensional singular control problem subject to a state-dependent killing rate
is equivalent to an associated one-dimensional singular control problem with constant
discount rate. Note that in this work, the time change does not depend explicitly on
the control but is related to the integral of the discount factor, which is dependent
on the state process.

Our result provides a set of weak hypotheses (Assumptions A1–A5, defined be-
low) to ensure the existence of an optimal singular control for a general model, but
it has the drawback that it provides no information about the nature and the prop-
erties of the optimal control. The existence of singular stochastic controls has been
investigated by Haussmann and Suo for a general nonlinear model [23]. Using a com-
pactification method, the authors show an existence result under certain technical
conditions. Our result can be viewed as extending the work of Haussmann and Suo
[23] in several directions.

We assume that the functions A and C must satisfy a Lipschitz condition but are
not necessarily bounded as in [23], where these functions are required to be bounded
continuous (for example, linear control problems cannot be considered).
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Moreover, an important difference is that the form of the cost presented in our
paper is more general. The part of the cost depending on the singular control in [23]
has the following form:

E

[∫
[0,T )

c(s)dus

]
,(7)

where c(.) is lower semicontinuous and each of its components is strictly positive.
In our work, we propose a more general form given by

E

⎡⎣∫ T

0

k(t, xt)du
c
t +

∑
0≤t≤T

∫ ∆vut

0

k

(
t, xt− + B(t)

∆ut

∆vut
s

)
∆ut

∆vut
ds

⎤⎦ .(8)

It must be pointed out that the cost defined by (8) depends explicitly on the state
process {xt}, which is not the case in (7). Singular control problems defined with such
general cost functions (see (3)) have been studied by many authors (for example,
Zhu [43] studied a finite horizon problem and Taksar [42] and Davis and Zervos
[14] analyzed infinite horizon problems). To the best knowledge of the authors, the
work presented in this paper is the first attempt to derive an existence result for a
multidimensional nonlinear model with such a general form for the cost. Zhu [43]
derived a dynamic programming principle for a nonlinear model where D (with our
notation) is assumed to be time independent (see the remark in [43, p. 229]) and
nondegenerate. Taksar [42] considered a singular control problem where the state
process satisfies an equation where A and D are time independent, A is bounded,
and D is nondegenerate. The author showed the equivalence between the original
singular problem and a linear programming problem. In [14], Davis and Zervos proved
a verification theorem for a nonlinear time independent model. Two special one-
dimensional cases were explicitly solved by the authors. The hypotheses used here
are weaker than the assumptions previously cited.

Another important difference is that in [23], the variation of an admissible control
needs to be integrable: E[vut ] < ∞ (see the proof of Proposition 3.4, p. 34, in Suo’s
thesis). Here a weaker hypothesis is introduced in the sense that the variation of an
admissible control needs to satisfy the following assumption: E[g(xT , v

u
T )] < +∞,

where g must satisfy limt→+∞ infx∈Rn g(x, t) = +∞.
An interesting point is that a large number of results presented in the literature

concern singular control problems where the control process is left continuous, reject-
ing the possibility of a jump at the terminal time (see, for example, Karatzas and
Shreve [29]). In contrast, we consider singular controls which are continuous on the
right and have limits on the left, allowing a jump at the terminal time. Our approach
is more direct than in [23], where the left continuous control process is considered for
which a modification is proposed, allowing jumps at the terminal time (see Remark 2.2
and section 4 in [23]). The advantage of our approach is that one can find an optimal
solution to those singular control problems which do not admit optimal solutions when
the control is assumed to be left continuous. In order to illustrate this point, the well-
known example of nonexistence of Karatzas and Shreve in [29] is revisited in section 6.

In section 6, we also discuss some extensions and generalizations of the model
initially presented in section 2. In particular, it is shown how our results can be
modified in order to study other singular control problems, such as monotone follower
problems (where the process {ut} is assumed to be a nondecreasing function).
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The problem of approximating singular optimal control by absolutely continuous
controls is studied in the final section. The main difficulty is that the control may have
a jump at the terminal time and, consequently, the associated state process. There-
fore, it is difficult to find a sequence of absolutely continuous control process {vn(t)}
defined on [0, T ] and a sequence of filtration {Fn

t } defined on the probability space
(Ω,F , P ) satisfying both of the following conditions: {vn(t)} is {Fn

t }-progressively
measurable and limn→+∞ xn(T ) = x(T ), where {xn(t)} is the state process controlled
by {vn(t)}. Our equivalence result provides a way of overcoming this difficulty. How-
ever, it must be pointed out that although this problem is simpler, it remains difficult
to solve mainly because one needs to approximate the combination of an optimal stop-
ping problem (where the stopping is not necessarily bounded) and a classical control
problem under the strong admissibility condition of the control and the stopping time
given by E[G(ηρ)] = 0.

In [15], the authors considered a general stochastic control problem where the
controls have to satisfy an integral constraint. It was shown that there exists an
optimal control within the class of generalized controls leading to impulse actions. The
problem studied in [15] is related to singular control problems in the sense that the
optimal generalized state process is given in terms of stochastic differential equations
governed by a measure. However, the main difference is that the jump of the optimal
state process cannot be explicitly expressed in terms of the jump of the optimal
control process contrary to the case of the singular control problem (∆xt = B(t)∆ut).
Although the general idea of time change is used here and in [15], the results presented
in [15] cannot be applied to solve the problem studied in this paper. Indeed, in this
work, it is required that the control process be only of finite variation contrary to [15],

where the control is assumed to satisfy the integral constraint P ({
∫ T

0
|us|ds < M}) =

1 for a constant M (this point is a crucial hypothesis in [15]). Finally, it must be
pointed out that in the present paper, the stopping time is not necessarily bounded,
which represents a difficulty which makes the technique proposed in [15] inapplicable.

The paper is organized as follows. In section 2, we formulate the singular control
problem. The description of the time transformation is presented in section 3. In sec-
tion 4, an auxiliary control problem is introduced that will be shown to be equivalent
to the original one. On the basis of known results, the existence theorem is proved
for the auxiliary problem and consequently for the original problem in section 5. In
section 6, we show how our existence result can be modified and applied to other
problems, and we revisit a well-known example found in the literature. In the last
part of the paper, it is shown that the optimal singular control can be approximated
by continuous controls in a sense that will be defined below (see Theorem 7.5).

Now, we present some notation and terminology.

Notation. NN is the set of the first N integers; that is, NN = {1, . . . , i, . . . , N}.
N

∗ .
= {k ∈ N : k > 0} and R+

.
= {x ∈ R : x ≥ 0}.

For a vector x in R
p, the ith component of x is denoted by xi, |x| .

=
∑p

i=1 |xi| is
the norm of x, and 0p is the zero vector in R

p.
If A is an m× n matrix, the norm of A is defined by |A| = max|x|≤1 |Ax| and (′)

denotes the transpose operation.
The indicator function of a set A is defined as IA(x).
The function δ defined on N×N is such that δij = 1 if i = j and δij = 0 otherwise.
For x ∈ R, x+ is defined by x+ = 1

x if x �= 0 and by x+ = 0 if x = 0.
If X is a metric space, then B(X) denotes its associated Borel σ-field.
A process is said to be corlol if it is continuous on the right and have limits on

the left.
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On the probability space (Ω,F , P, {Ft}), the mathematical expectation is denoted
by EP [.], and for an R

p-valued corlol process {ut}, the total variation of {ut} on the
interval [0, t] is defined by

vut
.
= |u0| + lim

n→∞

n∑
k=1

|utk/n − ut(k−1)/n|,(9)

and {ut} is said to be of finite variation on [0, t] if vut < +∞, P -a.s.
Let {wt} be a real-valued corlol process of finite variation on [0, T ]. {wt} is the

distribution function of a signed measure defined on [0, T ]; this measure is denoted
by dw.

In order to define the state processes, let us introduce the following data:
• T is a fixed real number.
• K is a subset of R

p.
• B

.
= {(x, y) ∈ K × [0, 1] : |x| ≤ 1}.

• A : [0, T ] × R
n → R

n.
• B : [0, T ] → R

n×p.
• D : [0, T ] × R

n → R
n×m.

• g : R
n × R+ → R+.

• k : R+ × R
n → R

p
+.

• ζ is a fixed vector in R
n.

• G : R+ → R+ such that G(T ) = 0 and G(t) = ∞ for t �= T .
The following assumptions will be used in the paper.
Assumption A1. The functions A(., .), B(.), and D(., .) are continuous, and ∀ t ∈

R+, there is a constant L1 such that, ∀ (x, y) ∈ R
n × R

n,

|A(t, x) −A(t, y)| + |D(t, x) −D(t, y)| ≤ L1|x− y|.

Assumption A2. The function g is lower semicontinuous and satisfies limt→+∞
infx∈Rn g(x, t) = +∞ and (∀x ∈ R

n), (∀(y1, y2) ∈ R+×R+), if y1 ≤ y2, then g(x, y1) ≤
g(x, y2).

Assumption A3. Each component of k is lower semicontinuous. There exists a
continuously differentiable function L : [0, T ] × R

n → R such that

∇xL(t, x)B(t) = k(t, x).(10)

Assumption A4. K is a closed cone which is convex.
Assumption A5. For all (t, x) ∈ [0, T ] × R

n, the set K(t, x), defined by

K(t, x)
.
= {(A(t, x)(1 − θ) + θB(t)α, (1 − θ)D(t, x)D(t, x)′, 1 − θ) : (α, θ) ∈ B},

is convex.
Unless clearly mentioned, we shall always follow the convention that X0− = 0,

P -a.s., for any corlol process {Xt} defined on a probability space (Ω,F , P ).

2. Preliminaries and statement of the problem. In this section, we formu-
late the stochastic control problem presented in the introduction using the formulation
described in [20] and in [22].
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Definition 2.1. A singular control is defined by the following term:

C
.
= (Ω,F , P, {Ft}, {ut}, {Wt}, {xt}) ,

where
(i) (Ω,F , P ) is a complete probability space with a right continuous complete

filtration {Ft};
(ii) {ut} is an R

p-valued, corlol {Ft}-progressively measurable process such that

(∀A ∈ B([0, T ]) ⊗F),

∫ T

0

IAdut ∈ K,(11)

vuT < +∞;(12)

(iii) {Wt} is a standard m-dimensional {Ft}-Brownian motion;
(iv) {xt} is an R

n-valued, corlol {Ft}-progressively measurable process such that
(∀t ∈ [0, T ])

xt
.
= ζ +

∫ t

0

A(s, xs)ds +

∫
[0,t]

B(s)dus +

∫ t

0

D(s, xs)dWs(13)

and x0− = ζ.
We write C for the set of controls satisfying the previous conditions.
The cost is given by

J [C]
.
= EP

[∫ T

0

k(t, xt)du
c
t +

∑
0≤t≤T

∫ ∆vut

0

k

(
t, xt− + B(t)

∆ut

∆vut
s

)
∆ut

∆vut
ds

+g(xT , v
u
T )

]
.(14)

The set Ca of admissible controls is defined by

C
a .

= {C ∈ C : J [C] < ∞}.(15)

The singular control problem is defined by the minimization of J [C] on Ca.

3. Time transformation. In this section, it is assumed that on a probability
space (Ω,F , P, {Ft}) satisfying the usual hypotheses (completion and right continu-
ity), there exists a process {ut} satisfying item (ii) of Definition 2.1.

Let us define the process {Γt} by

Γt
.
= t + vut .(16)

{Γt} is a corlol strictly increasing, {Ft}-progressively measurable process. Denote by
{ηt} the right inverse of {Γt}:

ηt
.
= inf{s ≥ 0 : Γs > t}.(17)

Therefore, applying Proposition 1.1 of Chapter V in [40], {ηt} is a time change satis-
fying

ηΓt = t.(18)
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Proposition 3.1. There exists a process {(αt, θt)}, {Ft}-progressively measur-
able process taking value in B such that (∀j ∈ Np)

vut =

∫ t

0

θsdΓs(19)

=

∫ Γt

0

θηs
ds,(20)

ut =

∫ t

0

αsdv
u
s(21)

=

∫ Γt

0

θηsαηsds.(22)

Proof. By definition, the measure dvu is absolutely continuous with respect to the
measure dΓ for almost all ω ∈ Ω. Consequently, using Proposition 3.13 of Chapter I
in [26], it follows that there exists an {Ft}-optional process {θ̃t} such that

vut =

∫ t

0

θ̃sdΓs.(23)

Using the fact that (∀A ∈ B([0, T ])) dvu(A) ≤ dΓ(A), we obtain from (23) that

vut =

∫ t

0

θsdΓs,(24)

where θs
.
= (0 ∨ θ̃s) ∧ 1. Moreover, using Proposition 4.9 in [40, p. 8] and (24), we

obtain (20).
Using the same arguments, it can be shown that there exists a process {αt} such

that |αt| ≤ 1 and which satisfies (21). By combining (19), (21), and [40, Proposition
4.9, p. 8], we have (22), giving the result.

Now using (11), it can be shown easily that {αt} is a K-valued process giving the
result.

Proposition 3.2. The process {θt} satisfies the following equality:

ηt =

∫ Γt

0

(1 − θηs)ds.(25)

Proof. Combining (16) and (20), we obtain that∫ Γt

0

(1 − θηs)ds = Γt − vut = t.

Consequently, using (18), we have∫ Γt

0

(1 − θηs)ds = ηΓt .

Since {
∫ t

0
(1 − θηs)ds} and {ηt} are increasing continuous processes and {Γt} is a

strictly increasing corlol process, the result follows.
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4. Auxiliary control and equivalence result. We introduce an auxiliary con-
trol problem given in terms of a classical control problem and an optimal stopping
problem. It is shown that this problem is equivalent to the initial one. The new
control variables are defined by {(αt, θt)} and by ρ, which is a {Gt}-stopping time to
be chosen by the controller (see Definition 4.1 below). A key property of the auxil-
iary control problem is that the new control variables {(αt, θt)} take their values in a
compact set.

Definition 4.1. An auxiliary control is defined by the following term:

Ψ
.
= (Ω,G, Q, {Gt}, {(αt, θt)}, {Vt}, {Λt}, ρ) ,

where
(i) (Ω,G, Q) is a complete probability space with a right continuous complete

filtration {Gt};
(ii) {(αt, θt)} is a B-valued, {Gt}-progressively measurable process;
(iii) {Vt} is a standard m-dimensional {Gt}-Brownian motion;
(iv) ρ is a {Gt}-stopping time such that

ρ < +∞, Q-a.s.;(26)

(v) {Λt
.
= (ξ′t, ηt)

′} is an R
n+1-valued, {Gt}-progressively measurable process such

that

ξt
.
= ζ +

∫ t

0

A(ηs, ξs)(1 − θs)ds +

∫ t

0

θsB(ηs)αsds

+

∫ t

0

D(ηs, ξs)
√

(1 − θs)dVs,(27)

ηt
.
=

∫ t

0

(1 − θs)ds(28)

for t ∈ [0, ρ].
We write Υ for the set of controls satisfying the previous conditions. The cost is

given by

M[Ψ]
.
= EQ

[
g(ξρ, ρ− ηρ) +

∫ ρ

0

θsk(ηs, ξs)αsds + G(ηρ)

]
.(29)

The set Υa of admissible auxiliary controls is defined by

Υa .
= {Ψ ∈ Υ : M[Ψ] < ∞}.(30)

The auxiliary control problem is defined by the minimization of M[Ψ] on Υa.
In this section, the equivalence between the auxiliary and the initial control prob-

lems is shown.
Theorem 4.2. Assume Assumption A1. Let C be an element of Ca. Then there

exists an auxiliary control Ψ in Υa such that

M[Ψ] = J [C].(31)

Proof. Let us define C as
(
Ω,F , P , {F t}, {ut}, {Wt}, {xt}

)
. Define the pro-

cess {Γt} by (16) and its right inverse {ηt} by (17). Clearly, the probability space
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(Ω,F , P , {Fηt
}) satisfies the usual hypotheses. Since {ut} satisfies item (i) of Defini-

tion 2.1, we can apply the results of the previous section to obtain the existence of an
{Ft}-progressively measurable process {(αt, θt)} satisfying (19) and (21) (see Propo-
sition 3.1). Therefore, we have the process {(αt, θt)}, where αt

.
= αηt and θt

.
= θηt is

{Fηt}-progressively measurable.
Using Proposition 1.1 in [40, Chapter V], ΓT is an {Fηt

}-stopping time and
ΓT < +∞ by definition since vuT < +∞.

Let us introduce the following stochastic differential equation:

ξt = ζ +

∫ t

0

A(ηs, ξs)(1 − θs)ds +

∫ t

0

θsB(ηs)αsds

+

∫ t

0

D(ηs, ξs)
√

(1 − θs)(1 − θs)+dWηs .(32)

Using Assumption A1 and [39, Theorem 6, p. 194], it follows that the solution to
the previous equation exists and is unique and continuous on the probability space(
Ω,F , P , {Fηt

}
)
.

Using [40, Proposition 4.9, p. 8], Propositions 3.1 and 3.2, and (18), it follows
that ∀ t ∈ [0,ΓT ]

∫ Γt

0

A(ηs, ξs)(1 − θs)ds =

∫ t

0

A(s, ξΓs
)ds and

∫ Γt

0

θsB(ηs)αsds =

∫
[0,t]

B(s)dus.

(33)

Define the process {W t} by W t =
∫ t

0

√
(1 − θs)(1 − θs)+dWηs

. It is a continuous

{Fηt
}-local martingale such that

〈W i
,W

j〉t =

∫ t

0

(1 − θs)(1 − θs)
+d〈W i

η,W
j
η 〉s = δij

∫ t

0

(1 − θs)(1 − θs)
+dηs = δijηt,

where the last equality has been obtained using Proposition 3.2. Moreover, it is easy
to show that WΓt = Wt. Now using [32, Proposition 4.8, p. 176] and (18), it follows
that ∫ Γt

0

D(ηs, ξs)
√

(1 − θs)(1 − θs)+dWηs
=

∫ Γt

0

D(ηs, ξs)dW s

=

∫ t

0

D(s, ξΓs
)dWs.(34)

Finally, combining (33) and (34), we obtain that {ξΓt
} is a corlol process which sat-

isfies (13). From Theorem 6 in [39, p. 194], it follows that (13) has a unique solution
and, consequently, ξΓt

= xt

Let (Ω̃, F̃ , P̃ , {F̃t}) be a filtered probability space supporting a standard m-

dimensional Brownian motion {W̃t}, and set

Ω = Ω × Ω̃, F = F ⊗ F̃ , P = P ⊗ P̃ , Ft = Fηt ⊗ F̃t.

A process X defined on Ω may be viewed as being defined on Ω by setting
X(ω, ω̃) = X(ω). For simplicity of exposition, the same notation will be used in
the rest of the paper to identify the process X and X. This approach will also be
applied to the processes defined on Ω̃.
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Let us introduce the process {Vt} defined on (Ω,F , P, {Ft}) by

Vt =

∫ t

0

√
(1 − θs)+dWηs +

∫ t

0

√
1 − (1 − θs)(1 − θs)+dW̃s.(35)

Clearly, {Wηt
} and {W̃t} are two independent continuous {Ft}-martingales. There-

fore, {Vt} is a continuous {Ft}-local martingale such that

〈V i, V j〉t = δij

[∫ t

0

(1 − θs)
+dηs +

∫ t

0

(1 − (1 − θs)(1 − θs)
+)ds

]
.

However, using Proposition 3.2, it follows that 〈V i, V j〉t = δij t, which, by Levy’s
characterization theorem, gives that {Vt} is a standard m-dimensional {Ft}-Brownian
motion.

On (Ω,F , P, {Ft}), let us consider the equation

ξt = ζ +

∫ t

0

A(ηs, ξs)(1 − θs)ds +

∫ t

0

θsB(ηs)αsds +

∫ t

0

D(ηs, ξs)
√

1 − θsdVs.(36)

Since ∫ t

0

D(ηs, ξs)
√

(1 − θs)dVs =

∫ t

0

D(ηs, ξs)
√

(1 − θs)(1 − θs)+dWηs ,

it can be shown that {ξt}, defined by (32), is a solution to (36).
Let (Ω,G, Q) be the completion of the probability space (Ω,F , P ). Denote by N

the σ-field, generated by all Q-null sets. Introduce Gt =
⋂

s>t (Fs ∨N ). Then the
probability space (Ω,G, Q, {Gt}) satisfies the usual hypotheses (item (i) in Definition
4.1). Clearly, ΓT is a {Gt}-stopping time and {(αt, θt)} is a {Gt}-progressively mea-
surable process. Moreover, using Lemmas A.1 and A.2 in [15], it follows that {Vt} is
a {Gt}-Brownian motion.

Let us define the auxiliary control Ψ by(
Ω,G, Q, {Gt}, {(αt, θt)}, {Vt}, {(ξ

′
t, ηt)

′},ΓT

)
.

To complete the proof, it remains to be shown that the costs are equal: M[Ψ] = J [C].
Since ηΓT

= T , we have by definition of {Γt} that ΓT − ηΓT
= vuT . Therefore,

EP [g(xT , v
u
T )] = EQ[g(ξΓT

,ΓT − ηΓT
)].(37)

Denote by {τn}n∈N∗ the sequence of {F t}-stopping times which exhausts the jumps
of {Γt}. Since {ηt} is a time change on

(
Ω,F , P , {F t}

)
, and using [25, Lemma

10.5(a)], it follows that {Γτn}n∈N∗ is a sequence of {Fηt}-stopping times. We have
that {Γτn− > t} = {ηt < τn} ∈ Fηt ; therefore, {Γτn−}n∈N∗ is a sequence of {Fηt}-
stopping times. Remark that

∞⋃
n=1

[[Γτn−,Γτn ]] ⊂ {(t, ω) ∈ R+ × Ω : θt = 1}.

Define

D .
= {(t, ω) ∈ R+ × Ω : θt = 1} −

∞⋃
n=1

[[Γτn−,Γτn ]].
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Consequently,

(∀t ∈ [0, T ]), ut =

∫ Γt

0

I{θs<1}θsαsds +

∫ Γt

0

I{θs=1}θsαsds

=

∫ Γt

0

[I{θs<1} + ID]θsαsds +
∑
n∈N∗

∫ Γτn

Γτn−

αsds I[[τn,T ]].

For (s, ω) ∈
⋃∞

n=1[[Γτn−,Γτn ]], we have I{θs<1}(ω) + ID(t, ω) = 0. So the process

{
∫ t

0
[I{θs<1} + ID]θsαsds} is {Γt}-continuous. Consequently, the decomposition of the

process {ut} is given by

uc
t =

∫ Γt

0

[I{θs<1} + ID]θsαsds,

ud
t =

∑
n∈N∗

∫ Γτn

Γτn−

αsds I[[τn,T ]].

Clearly, we have∫ ΓT

0

θsk(ηs, ξs)αsds =

∫ Γt

0

k(ηs, ξs)[I{θs<1} + ID]θsαsds

+
∑
n∈N∗

∫ Γτn

Γτn−

k(ηs, ξs)αsds I[[τn,T ]].(38)

Moreover, from Proposition 1.4, Chapter V in [40], we obtain that∫ Γt

0

k(ηs, ξs)[I{θs<1} + ID]θsαsds =

∫ t

0

k(s, ξΓs
)duc

s.(39)

Since {ηt} is the right inverse of {Γt}, we have that (∀(s, ω) ∈ [[Γτn−,Γτn ]]), ηs = τn,
and with (25), it gives (∀(s, ω) ∈ [[Γτn−,Γτn ]]), θs = θτn = 1. By definition of the
processes {αt}, we have

(∀(s, ω) ∈ [[Γτn−,Γτn ]]), αs = ατn .(40)

Note that {τn}n∈N∗ exhausts the jumps of {ut}. Using (25), we have that

∆uτn =

∫ Γτn

Γτn−

θτnατnds = ∆Γτnατn .(41)

Using the fact that ∆Γτn = ∆vuτn and combining (40) and (41), we obtain that

(∀(s, ω) ∈ [[Γτn−,Γτn ]]), αs =
∆uτn

∆vuτn
.(42)

Consequently, we have that

(∀(s, ω) ∈ [[Γτn−,Γτn ]]), ξs = ξΓτn− +

∫ s

Γτn−

θtB(ηt)αtdt

= ξΓτn− + B(τn)
∆uτn

∆vuτn
(s− Γτn−).(43)
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Therefore,∫ Γτn

Γτn−

k(ηs, ξs)αsds =

∫ Γτn

Γτn−

k

(
τn, ξΓτn− + B(τn)

∆uτn

∆vuτn
(s− Γτn−)

)
∆uτn

∆vuτn
ds

=

∫ ∆vu
τn

0

k

(
τn, ξΓτn− + B(τn)

∆uτn

∆vuτn
s

)
∆uτn

∆vuτn
ds.(44)

Combining (38), (39), and (44), we obtain that∫ ΓT

0

θsk(ηs, ξs)αsds =

∫ t

0

k(s, ξΓs
)duc

s

+
∑

0≤t≤T

∫ ∆vu
t

0

k

(
t, xt− + B(t)

∆ut

∆vut
s

)
∆ut

∆vut
ds.(45)

Using (37) and (45), we can conclude that Ψ is in Υa and satisfies M[Ψ] = J [C], thus
giving the result.

Proposition 4.3. Suppose (Ω,G, Q, {G̃t}, {(αt, θt)}, {Vt}, {(ξ′t, ηt)′}, ρ) is an el-
ement in Υa. Let {Γt} be the right inverse of {ηt}. Then {Γηt

} is a time change on

(Ω,G, Q, {G̃t}). Moreover, the process {
∫ t

0

√
1 − θsdVs} is a {G̃Γηt

} martingale.
Proof. The first item is a straightforward consequence from Lemma 1 in [19].

Now let us denote
∫ t

0

√
1 − θsdVs by Ṽt. Using the fact that Γηt

≥ t, we obtain that

{Ṽt} is adapted to {G̃Γηt
} and ∀ j ∈ Nm

EQ[(Ṽ j
Γηt

− Ṽ j
t )2] = EQ[(Ṽ j

Γηt
)2 − (Ṽ j

t )2]

= EQ[ηΓηt
− ηt].

However, ηΓηt
= ηt, implying that {Ṽt} and {ṼΓηt

} are indistinguishable, thus giving
the result.

Theorem 4.4. Assume Assumptions A1, A2, A3, and A4. Let Ψ be an element
in Υa. Then there exists an admissible control C in Ca such that

J [C] ≤ M[Ψ].(46)

Proof. Denote Ψ by (Ω,G, Q, {G̃t}, {(αt, θt)}, {Vt}, {(ξ′t, ηt)′}, ρ). Let {Γt} be the
right inverse of {ηt}. Using Proposition 1.1, Chapter V in [40], {Γt} is a time change

on (Ω,G, Q, {G̃t}). Consequently, let us define by {τn}n∈N∗ the sequence of {G̃Γt
}-

stopping times which exhaust the jumps of {Γt}. Using [19, Lemma 11(a)], it follows

that {Γτn} is a sequence of {G̃t}-stopping times. Using Proposition 4.3, we can define

the filtration {Gt} by Gt
.
= G̃Γηt

, which is right continuous and complete. Moreover,
using [19, Remark (b), p. 73], it follows that {Γτn−} is a sequence of {Gt}-stopping
times. Note that the introduction of the filtration {Gt} is necessary since {Γτn−} may

not be a stopping time with respect to {G̃t}.
Let us denote

∫ t

0

√
1 − θsdVs by Ṽt. Clearly, the processes {(αt, θt)}, {(ξ′t, ηt)′} are

{Gt}-progressively measurable and ρ is a {Gt} stopping time. Applying Proposition
4.3, the process {ξt} satisfies the following equation:

ξt
.
= ζ +

∫ t

0

A(ηs, ξs)(1 − θs)ds +

∫ t

0

θsB(ηs)αsds +

∫ t

0

D(ηs, ξs)dṼs.
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Clearly, {GΓt} is a right continuous complete filtration. Since Ψ ∈ Υa, we have that
ΓT = ρ.

Define

ut
.
=

∫ Γt

0

θsαsds.(47)

Since {(αt, θt)} is a B-valued process, it follows easily that the process {ut} satisfies

(11). Moreover, it is easy to check that
∫ Γt

0
I{ηs∈(a,b]}θsαsds =

∫
(a,b]

dus for any real

a < b. By using the fact that B(.) is continuous and a monotone class theorem, we
obtain that ∫ Γt

0

B(ηs)θsαsds =

∫ t

0

B(s)dus.(48)

From Proposition 3.2 and [32, Theorem 4.13, p. 178], it follows that {ṼΓt} is a standard
m-dimensional {GΓt}-Brownian motion. From the definition of {ηt}, [40, Proposition
4.9, p. 8], [32, Theorem 4.8, p. 176], and (48), it follows that on the filtered probability
space (Ω,G, Q, {GΓt}), the process {ξΓt} satisfies the following equation on [0, T ]:

ξΓt = ζ +

∫ t

0

A(s, ξΓs
)ds +

∫
[0,t]

B(s)dus +

∫ t

0

D(s, ξΓs
)dṼΓs

.(49)

From the definition of {ut} (see (47)), we have that

vuT ≤
∫ ρ

0

θs

p∑
i=1

|αs|ds,

and since the process {(αt, θt)} takes its value in B and using equation (28), we obtain
that

vuT ≤ ρ− ηρ.(50)

Since Ψ ∈ Υa and limt→+∞ infx∈Rn g(x, t) = +∞ (see Assumption A2), we have that
ρ− ηρ < ∞ Q-a.s., and therefore {ut} is of finite variation on [0, T ]: vuT < ∞ Q-a.s.

Using (50) and Assumption A2, it follows that

EQ [g(ξρ, ρ− ηρ)] ≥ EQ [g(xT , v
u
T )] .(51)

As in the proof of Theorem 4.2, we have (∀(s, ω) ∈ [[Γτn−,Γτn ]]), ηs = τn, and with
(25), it gives θs = 1. However, it must be pointed out that (42) may not be valid
here. Therefore, we obtain

(∀(s, ω) ∈ [[Γτn−,Γτn ]]), ξs = ξΓτn− +

∫ s

Γτn−

B(τn)αtdt.(52)

Using Assumption A3 and the previous equation, we have that

L(τn, ξΓτn
) − L(τn, ξΓτn−) =

∫ Γτn

Γτn−

d

ds
L

(
τn, ξΓτn− +

∫ s

Γτn−

B(τn)αtdt

)
ds

=

∫ Γτn

Γτn−

k

(
τn, ξΓτn− +

∫ s

Γτn−

B(τn)αtdt

)
αsds.(53)



722 F. DUFOUR AND B. MILLER

However, note that ∆uτn =
∫ Γτn

Γτn−
αtdt, and so it follows from using Assumption A3

again that

L(τn, ξΓτn
) − L(τn, ξΓτn−) = L(τn, ξΓτn− + B(τn)∆uτn) − L(τn, ξΓτn−)

=

∫ ∆vu
τn

0

d

ds
L

(
τn, ξΓτn− + B(τn)

∆uτn

∆vuτn
s

)
ds

=

∫ ∆vu
τn

0

k

(
τn, ξΓτn− + B(τn)

∆uτn

∆vuτn
s

)
∆uτn

∆vuτn
ds.(54)

Combining (53) and (54), we have that

(55)

∫ Γτn

Γτn−

k

(
τn, ξΓτn− +

∫ s

Γτn−

B(τn)αtdt

)
αsds

=

∫ ∆vu
τn

0

k

(
τn, ξΓτn− + B(τn)

∆uτn

∆vuτn
s

)
∆uτn

∆vuτn
ds.

Similarly to the proof of Theorem 4.2, we obtain that∫ ρ

0

θsk(ηs, ξs)αsds =

∫ T

0

k(s, ξΓs)du
c
s +

∑
n∈N∗

∫ Γτn

Γτn−

k(ηs, ξs)αsds I[[τn,T ]].(56)

Using (55) and (56), we obtain that

(57)

∫ ρ

0

θsk(ηs, ξs)αsds =

∫ T

0

k(s, ξΓs
)duc

s

+
∑
n∈N∗

∫ ∆vu
τn

0

k

(
τn, ξΓτn− + B(τn)

∆uτn

∆vuτn
s

)
∆uτn

∆vuτn
ds I[[τn,T ]]

=

∫ T

0

k(s, ξΓs)du
c
s +

∑
0≤t≤T

∫ ∆vu
t

0

k

(
t, ξΓt− + B(t)

∆ut

∆vut
s

)
∆ut

∆vut
ds.

Consequently, combining (51) and (57), the control

C
.
=

(
Ω,G, Q, {GΓt

},
{∫ Γt

0

θsαsds

}
, {ṼΓt

}, {ξΓt
}
)

is such that J [C] ≤ M[Ψ], and therefore C is in Ca, thus giving the result.
An immediate consequence of Theorems 4.2 and 4.4 is the following result.
Theorem 4.5. Assume Assumptions A1, A2, A3, and A4. The singular and the

auxiliary control problems are equivalent:

inf
C∈Ca

J [C] = inf
Ψ∈Υa

M[Ψ].(58)

5. Existence of optimal singular control. The existence of an optimal con-
trol for the singular control problem is guaranteed by the following result.

Theorem 5.1. Assume Assumptions A1, A2, A3, A4, and A5. For the singular
control problem there exists an optimal control C∗ ∈ Ca:

J [C∗] = inf
C∈Ca

J [C].(59)
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Proof. The existence of C∗ is obtained through the equivalence result obtained
in Theorem 4.5. Let us introduce the set H of controls (Ω,G, Q, {Gt}, {(αt, θt)}, {Vt},
{Λt}, ρ), for which (Ω,G, Q) is a probability space with filtration {Gt}, the processes
{(αt, θt)}, {Vt}, {Λt}, ρ satisfy items (i)–(v) in Definition 4.1, and such that

N [Ψ]
.
= EQ

[
g(ξρ, ρ− ηρ) +

∫ ρ

0

θsk(ηs, ξs)αsds + G(ηρ)

]
.

Define the corresponding admissible class of controls Ha .
= {Ψ ∈ H : N [Ψ] < ∞}.

Using the fact that B is a compact set and Remark 4.3 in [22], and applying Corollary

4.8 in [22], it follows that there exists an optimal control Ψ̃ in the class of control Ha

such that

inf
Ψ∈Ha

N [Ψ] = N [Ψ̃].

Note that Corollary 4.8 in [22] provides a way of showing the existence of an optimal
control in the class Ha, but in order to use our equivalence result given by Theorem
4.5, we need to find an optimal control in the class of controls Υa. It must be pointed
out that Υa ⊂ Ha (for the definition of Υa, see Definition 4.1), since a control in Ha

is defined on a filtered probability space, which is not necessarily right continuous,
and is completely contrary to a control in Υa, which must be defined on a filtered
probability space satisfying the usual hypotheses (right continuity and completeness).
However, by using Lemmas A.1 and A.2 in [15], it can be shown that there exists a

modification Ψ∗ in Υa of Ψ̃ such that M[Ψ∗] = N [Ψ̃]. Since Υa ⊂ H, it follows that
infΨ∈Υa M[Ψ] = M[Ψ∗]. Finally, Theorem 4.5 gives the result.

6. Extensions and example. We want to point out that our work can be
extended in several directions. Hard and soft constraints can be added, such as a
finite fuel constraint. The model defined by (1)–(3) is used in order to simplify and
clarify the exposition and the derivation of our results. Other related problems, such
as the maximum principle for singular control problems, can be studied using our
approach. In [16], it is shown how this method can be applied to reexamine the
maximum principle studied in [11]. In the deterministic context, such extensions have
been studied in detail in the recent book [37].

For example, the results we obtained in the previous sections (the equivalence
results and the existence results) remain unchanged if we assume that the control is
nondecreasing. We write C for the set of controls satisfying the conditions of Definition
2.1, except that item (ii) is replaced by the following:

(ii′) {ut} is an R
p-valued, nondecreasing corlol {Ft}-progressively measurable pro-

cess such that

(∀A ∈ B([0, T ]) ⊗F),

∫ T

0

IAdut ∈ K,

vuT < +∞.

Let C
a

be the corresponding class of admissible control:

C
a .

= {C ∈ C : J [C] < ∞}.

In the same way, we write Υ for the set of controls satisfying the conditions of
Definition 4.1, except that item (ii) is replaced by the following item:
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(ii′) {(αt, θt)} is a B-valued, {Gt}-progressively measurable process, where B
.
=

{(x, y) ∈ K × [0, 1] : (∀j ∈ Np), 0 ≤ xj ,
∑p

i=1 x
j ≤ 1}.

It is necessary to replace B by B, since now we need to consider nondecreasing
control processes. Moreover, denote

Υ
a .

= {Ψ ∈ Υ : M[Ψ] < ∞}.

Now let us introduce the following new assumption.
Assumption A6. For all (t, x) ∈ [0, T ] × R

n, the set K(t, x) defined by

K(t, x)
.
= {(A(t, x)(1 − θ) + θB(t)α, (1 − θ)D(t, x)D(t, x)′, 1 − θ) : (α, θ) ∈ B}

is convex.
Proceeding as before, the following can be easily shown.
Corollary 6.1. Assume Assumptions A1, A2, A3, and A4. The singular and

the auxiliary control problems are equivalent:

inf
C∈C

a
J [C] = inf

Ψ∈Υ
a
M[Ψ].

Corollary 6.2. Assume Assumptions A1, A2, A3, A4, and A6. For the singular
control problem there exists an optimal control C∗ ∈ C

a
:

J [C∗] = inf
C∈C

a
J [C].

Classically, optimal singular controls are studied by assuming that the class of
admissible controls is characterized by left continuous processes and that the cost
function has a terminal cost. Sometimes it leads to nonexistence of optimal control
within the class of left continuous controls (see the well-known example in [29, section
4, p. 863] by Karatzas and Shreve). Indeed, in such examples, one may interpret this
nonexistence in the following manner. The control minimizing the cost function can
be left continuous on the time interval [0, T ) and has a jump at the terminal time.
This control does not belong to the class of left continuous admissible controls but
can be obtained as a limit of a sequence of left continuous control processes, implying,
therefore, the nonexistence of an admissible optimal control. In order to reject such
a possibility, a special assumption must be made on the terminal cost, rendering the
possibility of a terminal jump unfavorable to any state (xT−, v

u
T−) that precedes the

terminal state, namely,

g(xT− + B(T )∆uT , v
u
T− + |∆uT |) ≥ g(xT−, vT−)

for any admissible impulse ∆uT of the singular control applied at the terminal time,
and for any (xT−, v

u
T−). Other related conditions guaranteeing the existence of the

optimal control in the class of left continuous control processes can be found, for
example, in [29, Condition 4.2] or in [7, Condition 3.6] and in many other papers.
Note that with our approach, we can study in a straightforward manner problems
where the control is assumed to be right continuous (allowing a jump at the terminal
time) and where the cost function admits a terminal cost. The advantage of our
approach is that one can find an optimal solution to singular control problems which
do not admit optimal solutions when the control is supposed to be left continuous.

In [29, section 4, p. 863], Karatzas and Shreve present an example of nonexistence
of optimal control when the control is left continuous. With our notation, the state
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{xt} is a real-valued process satisfying (13) with A = 0, B = −1, and D = 1, where
the control process {ut} is a nondecreasing function, and where the cost is defined
by g(x, y) = x2 + y. However, using Corollary 6.2, we obtained that there exists an
optimal control in the class of right continuous controls which shows the importance
of choosing such a class of admissible controls.

7. Continuous approximation of the singular optimal control. This sec-
tion addresses the problem of approximating singular optimal control C∗ using abso-
lutely continuous controls. In Theorem 7.5, it is shown that there exists a sequence
of admissible continuous controls {Ck} such that limk→∞ J [Ck] = J [C∗]. We assume
in this section that k = 0.

The following assumption will be used in this section.
Assumption A7. There exist a bounded, continuous function g1 : R

n → R+ and
a Lipschitz function g2 : R

p → R+ such that

(∀(x, y) ∈ R
n × R

p), g(x, y)
.
= g1(x) + g2(y).

Let us denote by Ψ∗ .
= (Ω,G, Q, {Gt}, {(αt, θt)}, {Vt}, {(ξ′t, ηt, µ′

t)
′}, ρ) an optimal

control for the auxiliary control problem, and let {Γt} be the right inverse of {ηt}.
Let us introduce the following processes on the probability space (Ω,G, Q, {Gt}):

γm .
= ρ ∧m,(60)

(∀t ∈ R+), θmt
.
= θtI[[0,γm]](t),(61)

(∀t ∈ R+), ηmt
.
=

∫ t

0

(1 − θms )ds,(62)

(∀t ∈ [0, T ]), Γm
t

.
= inf{s ∈ R+ : ηms > t},(63)

ρm
.
= Γm

T ,(64)

and define

ξmt
.
= ζ +

∫ t

0

A(ηms , ξms )(1 − θms )ds +

∫ t

0

θms B(ηms )αsds

+

∫ t

0

D(ηms , ξms )
√

1 − θms dVs(65)

for m ∈ N.
Remark 7.1. Since the processes {Γt} are continuous on the right with left-hand

limits, the process {Γ̃t} can be defined by

(∀t ∈ [0, T )), Γ̃t
.
= lim

s→t
s<t

Γs,(66)

and by Γ̃T
.
= ρ.

Lemma 7.2. For each m ∈ N, write

Ψm .
=

(
Ω,G, Q, {Gt}, {(θmt , αt)}, {Vt}, {(ξmt ′, ηmt )′}, ρm

)
.(67)

Then for each m ∈ N, the control Ψm belongs to Υa and satisfies

ξmρm

Q−→
m→∞

ξρ, ρm
Q−→

m→∞
ρ,(68)

sup
t∈R+

|ξmt∧ρm − ξt∧ρ|
Q−→

m→∞
0.(69)



726 F. DUFOUR AND B. MILLER

Proof. Clearly, {(θmt , αt)} is a B-valued, {Gt}-progressively measurable process.
From Theorem 6 in [39, p. 194], it follows that a solution to (65) exists. By definition,
ρm is a {Gt}-stopping time such that ηmρm = T , implying that G(ηmρm) = 0.

Using Assumption A7, we have

EQ[g(ξmρm , ρm − ηmρm) + G(ηmρm)] ≤ L3(1 + EQ[g2(ρ
m − ηmρm)]).

However, using the definitions of ρm and {ηmt } (see (60) and (62)), we obtain that

ρm ≤ γm + T.(70)

Consequently, using (64), we have that ρm ≤ T + m, implying M[Ψm] < ∞ and
Ψm ∈ Υa. Moreover, we have {γm = ρ} ⊂ {ξmρm = ξρ}, {γm = ρ} ⊂ {ρm = ρ},
and {γm = ρ} ⊂ {supt∈R+

|ξmt∧ρm − ξt∧ρ| = 0}. It is easy to show that (∀δ ∈ R
∗
+),

(∃M ∈ N) such that (∀m ≥ M), Q({γm = ρ}) ≥ 1 − δ, giving (68) and (69).
Lemma 7.3. For each m ∈ N, there exists a control

Ψm,n .
=

(
Ω,G, Q, {Gt}, {(θm,n

t , αt)}, {Vt}, {(ξm,n
t

′
, ηm,n

t )′}, ρm,n
)
∈ Υa

such that {ηm,n
t } is a strictly increasing process, and

ξm,n
ρm,n

Q−→
n→∞

ξmρm , ρm,n Q−→
n→∞

ρm,(71)

and

ρm,n ≤ T + ρm.(72)

Moreover, we have

(∀m ∈ N), sup
t∈R+

|ξm,n
t∧ρm,n − ξmt∧ρm | Q−→

n→∞
0.(73)

Proof. The arguments used to show these results are similar to those presented
in [15, Lemma 4.7, Proposition 4.8] and are therefore omitted.

Proposition 7.4. There exists a sequence of controls {Φk} in Υa where

Φk .
=

(
Ω,G, Q, {Gt}, {(θ

k

t , αt)}, {Vt}, {(ξ
k

t

′
, ηkt )

′}, ρk
)

(74)

such that {ηkt } is a strictly increasing process and

lim
k→∞

M[Φk] = M[Ψ∗],(75)

lim
k→∞

ξ
k

ρk = ξρ,(76)

lim
k→∞

sup
t∈R+

|ξkt∧ρk − ξt∧ρ| = 0,(77)

(∀t ∈ [0, T ]), lim
k→∞

Γ
k

t = Γ̃t,(78)

where {Γk

t } denotes the right inverse of the process {ηkt }.
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Proof. Using (68)–(73), a subsequence denoted by {Ψmk,nk} can be extracted
from {Ψm,n} to give

ξmk,nk

ρmk,nk

Q−→
k→∞

ξρ, ρmk,nk
Q−→

k→∞
ρ,(79)

and

sup
t∈R+

|ξmk,nk

t∧ρmk,nk − ξt∧ρ|
Q−→

k→∞
0.(80)

Again, a subsequence denoted by{
Φk .

=

(
Ω,G, Q, {Gt}, {(αk

t , θt)}, {Vt}, {(ξ
k

t

′
, ηkt , µ

k
t

′
)′}, ρk

)}
can be extracted from {Ψmk,nk} to ensure that the previous limits hold almost surely.
Moreover, using arguments similar to those presented in the proof of Theorem 5.1

in [15], it can be shown that (∀t ∈ [0, T ]), limk→∞ Γ
k

t = Γ̃t, where {Γk

t } denotes the
right inverse of the process {ηkt }, giving equations (76) and (77).

By definition, we have that ∀ k ∈ N, {ηkt } is a strictly increasing process and
G(ηk

ρk) = 0. Now, using the fact that g1 is bounded and continuous, we have that

lim
k→∞

EQ[g1(ξ
k

ρk)] = EQ[g1(ξρ)].

Note that we have ηρ = T and ηk
ρk = T . From (60), (70), and (72), it follows easily

that ρk ≤ ρ+2T . Since g2 is monotone increasing, we have that g2(ρ
k−T ) ≤ g2(ρ+T ).

Using the fact that Ψ∗ ∈ Υa, we obtain that EQ[g2(ρ−T )] < ∞, and by hypothesis g2

is Lipschitz, it follows that EQ[g2(ρ+ T )] < ∞. Therefore the sequence {g2(ρ
k − T )}

is uniformly integrable and converges to {g2(ρ− T )} in L1. Finally, we obtain that

lim
k→∞

EQ[g2(ρ
k − ηkρk)] = EQ[g2(ρ− ηρ)],

showing the last part of the result.
Theorem 7.5. There exists a sequence of control {Ck} in Ca,

Ck .
=

(
Ω,F , P, {Fk

t }, {uk
t }, {W k

t }, {xk
t }
)
,

such that {uk
t } is an absolutely continuous process and

lim
k→∞

J [Ck] = J [C∗],(81)

where C∗ is an optimal control for the singular control problem. Moreover, the se-
quence of control {Ck} satisfies

(∀t ∈ [0, T )), lim
k→∞

xk
t = lim

s→t
s<t

xs,(82)

lim
k→∞

xk
T = xT .(83)
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Proof. From Theorems 4.4, 4.5, and 5.1, it follows that there exists a filtered
probability space (Ω,F , P, {Ft}) satisfying the usual hypotheses such that the control
defined by

C∗ .
=

(
Ω,F , P, {Ft},

{∫ Γt

0

θsαsds

}
,

{∫ Γt

0

√
(1 − αs)dVs

}
, {ξΓt

}
)

is an optimal control for the singular control problem. Moreover, we have that

J [C∗] = M[Φ∗].(84)

From the sequence of control {Φk} in Υa defined by (74) and using Theorem 4.4,
we obtain that there exists a sequence of control {Ck} in Ca where

Ck .
=

(
Ω,F , P, {Fk

t }, {uk
t }, {W k

t }, {xk
t }
)
,

satisfying

J [Ck] ≤ M[Φk],(85)

xk
t

.
= ξ

k

Γ
k

t
,(86)

uk
t

.
=

∫ Γ
k

t

0

θ
k

sαsds,(87)

with {Γk

t } the right inverse of {ηkt }.
Combining (75), (84), and (85), we obtain (81). Moreover, with (77) and (78),

we have

lim
k→∞

ξ
k

Γ
k

t ∧ρk = ξ
Γ̃t∧ρ

.

Then because Γ
k

t ∧ ρk = Γ
k

t∧T and Γ̃t ∧ ρ = Γ̃t∧T , we obtain (82) and (83).

Since {ηkt } is a strictly increasing continuous process, we have that ∀ k∈N, Γ
k

ηk
t

= t,

and {Γk

t } is a strictly increasing process. Differentiating the previous equality and

using the fact that ηkt =
∫ t

0
(1−θ

k

s)ds, we obtain that Γ
k

t =
∫ t

0
1

1−θ
k

Γ
k
s

ds. Consequently,
we have that

uk
t =

∫ t

0

αk

Γ
k

s

θ
Γ
k

s

1 − θ
k

Γ
k

s

ds,

showing the result.
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1. Introduction. Let H be a real Hilbert space with scalar product 〈· , ·〉, norm
‖ · ‖, and distance d. A basic problem in applied mathematics and optimization is
to find a zero of a maximal monotone operator A : H ⇒ H, that is, a point x ∈ H
such that 0 ∈ Ax [22, 23, 29]. Assuming 0 ∈ ranA, since the resolvent (Id +A)−1 of
A is a firmly nonexpansive operator with fixed point set A−1(0), a zero of A can be
constructed iteratively through the recursion

(∀n ∈ N) xn+1 = (Id +A)−1xn.(1.1)

Indeed, since an operator T is nonexpansive if and only if its average (T + Id)/2
is firmly nonexpansive [28, Lemma 1.1], it follows from [19, Theorem 3] that, for
any x0 ∈ H, the sequence (xn)n∈N generated by the successive approximations (1.1)
converges weakly to a zero of A (see also [17] for a special case). More generally,
let (γn)n∈N be a sequence in ]0,+∞[ such that infn∈N γn > 0 and let (en)n∈N be an
absolutely summable sequence in H. Then, for every x0 ∈ H, the so-called proximal
point iterations xn+1 = (Id +γnA)−1xn + en converge weakly to a zero of A [22,
Theorem 1] (see also [4] for further analysis). This result was shown in [11, Theorem 3]
to remain true for the relaxed proximal iterations

(∀n ∈ N) xn+1 = xn + λn

(
(Id +γnA)−1xn + en − xn

)
,(1.2)

where (λn)n∈N lies in [ε, 2 − ε] for some arbitrary ε ∈ ]0, 1[. A further extension was
proposed in [2, Corollary 6.1(i)] (for en ≡ 0) and then in [7, Theorem 6.9(i)], where
weak convergence to a common zero of a countable family of maximal monotone
operators (Ai)i∈I was established for the iterations

(∀n ∈ N) xn+1 = xn + λn

(
(Id +γnAi(n))

−1xn + en − xn

)
,(1.3)

where i : N → I sweeps through the indices with some regularity. It will be convenient
to cast this algorithm in the following more general framework.
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Algorithm 1.1. Let (Ai)i∈I be a countable family of set-valued operators from
H to H, let (γn)n∈N and (λn)n∈N be sequences in ]0,+∞[, let (un)n∈N and (vn)n∈N

be sequences in H, let i be a mapping from N to I, and let x0 be a point in H. A
sequence (xn)n∈N is constructed according to the updating rule

(∀n ∈ N) xn+1 = xn + λn(xn+ 1
2

+ un − xn),(1.4)

where xn+ 1
2

is a solution to the inclusion

vn ∈ xn+ 1
2
− xn + γnAi(n)xn+ 1

2
.(1.5)

In the case of maximal monotone operators, the weak convergence properties of
Algorithm 1.1 are summarized in the next theorem, which is derived from a result
of [7]. This theorem captures the weak convergence results of [2, 11, 17, 22] for
the proximal point algorithm, as well as standard results on the weak convergence
of sequential projection methods for convex feasibility problems, such as those of
[5, 6, 13], when the operators are taken to be normal cones to closed convex sets.

Theorem 1.2. Suppose that in Algorithm 1.1 the following conditions are satis-
fied:

(i) (a) For every i ∈ I, Ai is maximal monotone;
(b) S =

⋂
i∈I A

−1
i (0) 	= Ø.

(ii) (∀i ∈ I)(∃Mi ∈ N � {0})(∀n ∈ N) i ∈ {i(n), . . . , i(n + Mi − 1)}.
(iii) infn∈N γn > 0.
(iv) (∃ ε ∈ ]0, 1[)(∀n ∈ N) ε ≤ λn ≤ 2 − ε.
(v)

∑
n∈N

‖un‖ < +∞ and
∑

n∈N
‖vn‖ < +∞.

Then every orbit generated by Algorithm 1.1 converges weakly to a point in S.
Proof. For every n ∈ N, set

en = un + (Id +γnAi(n))
−1(xn + vn) − (Id +γnAi(n))

−1xn.(1.6)

Then (1.4)–(1.5) coincides with (1.3), which is itself a special case of [7, Algorithm 6.7]
(obtained by taking I(1) = I(2) = Ø and (In)n∈N = ({i(n)})n∈N there). On the
other hand, since the resolvents

(
(Id +γnAi(n))

−1
)
n∈N

are nonexpansive [1, Proposi-

tion 3.5.3], we obtain

(∀n ∈ N) ‖en‖ ≤ ‖un‖ + ‖vn‖.(1.7)

Hence, (v) implies that
∑

n∈N
‖en‖ < +∞ and the claim therefore follows at once

from [7, Theorem 6.9(i)].
Remark 1.3. The sequences (vn)n∈N and (un)n∈N model errors at various steps of

the execution of the iterations, thereby allowing for some tolerance in the numerical
implementation of the algorithm. It is clear from the above proof that, in the presence
of monotone operators, the errors (vn)n∈N can easily be absorbed in the errors (un)n∈N

and are, in this sense, redundant. However, since our ultimate goal is to investigate
the behavior of Algorithm 1.1 with nonmonotone operators, the use of two error
sequences is required to obtain a more flexible algorithmic model. An illustration of
how condition (v) can be checked in practice is provided in section 4 (see Remark 4.2).

Extensions of the basic proximal iterations (1.1) have also been investigated in
another direction, namely, by relaxing the monotonicity requirements on A. The
motivation for this line of work stems from the fact that proximal iterations have
been observed to converge to zeros of nonmonotone operators in certain numerical
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experiments, e.g., [12]. Attempts to explain this behavior in the case of general
variational inclusions can be traced back to [26], where a convergence proof is given
which does not assume monotonicity. However, the assumptions made in that early
work are rather stringent as they impose, essentially, that the inverse of the operator
be differentiable at the origin with a monotone derivative.

Relaxing the monotonicity property of an operator is equivalent to relaxing the
monotonicity property of its inverse. In some applications, however, it is more natural
to work directly with the inverse. For instance, since multiplier methods are based
on applying the proximal algorithm to a dual formulation of the original problem,
it is more pertinent to impose relaxed monotonicity conditions on the inverse of the
operator. This observation was the starting point of the investigation proposed in
[20], where local convergence is analyzed under the condition that the mapping be
cohypomonotone, i.e., that its inverse be hypomonotone (see Definition 2.2). The
analysis of [20] is incomplete, however, at least in the sense that it assumes that
the proximal steps can be computed exactly. This is an unrealistic assumption in
most practical applications. In [14], an effort was made to remove this assumption by
investigating the convergence in the case of inexact computations under a so-called
relative error criterion. The analysis of [14] requires that the values of the operator
outside a certain neighborhood be discarded. However, since this neighborhood is
usually unknown in concrete applications, the applicability of this conceptual analysis
is limited.

The goal of this paper is to unify and extend various convergence results on
proximal iterations, by investigating the asymptotic behavior of Algorithm 1.1 when
applied to a family of cohypomonotone operators. Such operators are discussed in
section 2. Our main result is presented in section 3, where local viability and weak
convergence conditions are established for Algorithm 1.1. An application to nonlinear
programming is presented in section 4, where local convergence of a relaxed inexact
proximal method of multipliers is proven for a nonconvex problem.

Throughout, B(x; η) denotes the closed ball of center x ∈ H and extended radius
η ∈ ]0,+∞]; dC the distance function to a nonempty set C ⊂ H; PC the projection
operator onto a nonempty closed convex set C ⊂ H; and NC its normal cone map.
FixT the set of fixed points of an operator T , domT its domain, ranT its range, and
gphT its graph. The complement of a set C is denoted by �C.

2. Cohypomonotone operators. Our goal is to prove the local convergence
of Algorithm 1.1 under a relaxed monotonicity assumption on the operators (Ai)i∈I

that we now define.
Definition 2.1. Let U be a subset of H2. The U -localization of an operator

A : H ⇒ H is the operator denoted by A|U : H ⇒ H whose graph is gph(A|U ) =
U ∩ gphA.

Definition 2.2. Let A : H ⇒ H, ρ ∈ [0,+∞[, and U ⊂ H2. Then A is [maximal]
ρ-hypomonotone on U if there exists an operator Ā : H ⇒ H such that Ā + ρ Id is
[maximal] monotone and Ā|U = A|U . The operator A is [maximal] ρ-cohypomonotone
on U if A−1 is [maximal] ρ-hypomonotone on U .

The above definition of ρ-hypomonotonicity on a set is related to the pointwise
notion of hypomonotonicity of [25, Example 12.28] and [8] as follows: If W is a
neighborhood of x ∈ H and there exists ρ ∈ [0,+∞[ such that A is ρ-hypomonotone
on W ×H, then A is hypomonotone at x in the sense of [8, 25].

Maximal hypomonotonicity has been studied extensively in the variational anal-
ysis literature. Thus, classes of functions with hypomonotone subdifferentials have



734 PATRICK L. COMBETTES AND TEEMU PENNANEN

been investigated in various settings [8, 24, 25, 27]. Interesting connections between
hypomonotonicity and Aubin continuity, Lipschitz continuity, and strict graphical
derivatives have also been found [15, 16]. On the other hand, maximal hypomono-
tonicity is a less stringent requirement than imposing the existence of Lipschitz lo-
calizations. The latter has been studied in the context of variational inequality and
nonlinear programming problems, e.g., [9, 10, 15, 16]. For completeness, we provide
a simple proof of this important fact.

Lemma 2.3. Suppose that A : H ⇒ H has a Lipschitz localization at a point
(x, y) ∈ gphA; that is, there exist open sets X � x and Y � y such that the mapping
z �→ A(z) ∩ Y is single-valued and ρ-Lipschitz continuous on X. Then A is maximal
ρ-hypomonotone on X × Y .

Proof. Set Ã = A|X×Y + ρ Id and take (u, v) ∈ X2. Then, by Cauchy–Schwarz,〈
u− v , Ãu− Ãv

〉
≥ ‖u− v‖

(
ρ‖u− v‖ −

∥∥A|X×Y (u) −A|X×Y (v)
∥∥) ≥ 0.(2.1)

Hence, Ã is monotone. Let A′ be a maximal monotone extension of Ã and set Ā = A′−
ρ Id. Then Ā+ρ Id is maximal monotone and, to complete the proof, it suffices to show
that Ā|X×Y = A|X×Y . By construction, gph(A|X×Y ) ⊂ gph(Ā|X×Y ). Conversely,
take (x̄, ȳ) ∈ gph Ā|X×Y and let z = ȳ − A|X×Y (x̄). Then (x̄, ȳ + ρx̄) ∈ gphA′ and,
since X is open, we have x̄+ εz ∈ X for ε > 0 sufficiently small. Since gph(A|X×Y +
ρ Id) ⊂ gphA′ and A′ is monotone, we have

0 ≤
〈
x̄ + εz − x̄ , A|X×Y (x̄ + εz) + ρ(x̄ + εz) − (ȳ + ρx̄)

〉
=

〈
εz ,A|X×Y (x̄ + εz) + ρεz − ȳ

〉
.(2.2)

Dividing by ε and letting ε ↓ 0+, the continuity of A|X×Y gives 0 ≤ −
∥∥A|X×Y (x̄) −

ȳ
∥∥2

, whence (x̄, ȳ) ∈ gphA|X×Y .
The relevance of cohypomonotonicity in proximal methods hinges on the following

identity.
Lemma 2.4. Let A : H ⇒ H and let (γ, ρ) ∈ R

2, where γ 	= 0. Then

Id +

(
1 − ρ

γ

)((
Id +γA

)−1 − Id
)

=
(
Id +(γ − ρ)

(
A−1 + ρ Id

)−1
)−1

.(2.3)

Proof. If γ = ρ, the identity is clear. Otherwise, take (x, u) ∈ H2. Then

u ∈
(
Id +(γ − ρ)

(
A−1 + ρ Id

)−1
)−1

x

⇔ x− u

γ − ρ
∈
(
A−1 + ρ Id

)−1
u

⇔ u ∈ A−1

(
x− u

γ − ρ

)
+

ρ

γ − ρ
(x− u)

⇔ x− u

γ − ρ
∈ A

(
γu− ρx

γ − ρ

)
⇔ x ∈

(
Id +γA

)(γu− ρx

γ − ρ

)
⇔ u ∈

(
Id +

(
1 − ρ

γ

)((
Id +γA

)−1 − Id
))

x.(2.4)
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The above lemma states that relaxing a proximal step for the original operator
A amounts to computing a proximal step for the operator (A−1 + ρ Id)−1. Clearly,
when A is cohypomonotone, the latter behaves locally like a monotone operator. This
observation will play a central role in our convergence analysis.

3. Proximal iterations with cohypomonotone operators. In this section,
we establish our main convergence result for the inexact relaxed proximal point Al-
gorithm 1.1 with cohypomonotone operators.

Theorem 3.1. Suppose that in Algorithm 1.1 the following conditions are satis-
fied:

(i) There exist a number δ ∈ ]0,+∞[, a sequence (ρi)i∈I in [0,+∞[, and open
sets V and (Xi)i∈I in H for which the following hold:
(a) 0 ∈ V ;
(b) for every i ∈ I, Si = Xi ∩A−1

i (0) is closed and Si + B(0; δ) ⊂ Xi;
(c) for every i ∈ I, Ai is maximal ρi-cohypomonotone on V ×Xi;
(d) S =

⋂
i∈I Si 	= Ø.

(ii) (∀i ∈ I)(∃Mi ∈ N � {0})(∀n ∈ N) i ∈ {i(n), . . . , i(n + Mi − 1)}.
(iii) infn∈N(γn − ρi(n)) > 0.

(iv) (∃ ε ∈ ]0, 1[)(∀n ∈ N) ε ≤ λn

1−ρi(n)/γn
≤ 2 − ε.

Then there exists a closed ball B of radius η ∈ ]0,+∞] centered at a point in S such
that if the following conditions hold:

(v) x0 is sufficiently close to S, say,

dS(x0) < ν =
4 − 2ε

5 − 2ε
η;(3.1)

(vi)
∑

n∈N
(‖un‖ + 2‖vn‖) < ν−dS(x0)

2−ε ;
(vii) for every n ∈ N, one selects xn+ 1

2
∈ B in (1.5),

then there is one and only one orbit (xn)n∈N of Algorithm 1.1 contained in B and,
furthermore, (xn)n∈N converges weakly to a point in B ∩ S.

Proof. Take i ∈ I. By (i)(c), there exists an operator Āi : H ⇒ H such that

(Xi × V ) ∩ gph Āi = (Xi × V ) ∩ gphAi(3.2)

and Ā−1
i + ρi Id is maximal monotone. Consequently, it follows from (i)(a), (i)(b),

and (i)(d) that

Xi ∩ Ā−1
i (0) = Xi ∩A−1

i (0) 	= Ø(3.3)

is closed. Therefore, by maximal monotonicity, Ā−1
i (0) = (Ā−1

i + ρi Id)(0) is closed
and convex [1, Proposition 3.5.6]. Thus, the convex set Ā−1

i (0) is the union of the two
disjoint closed sets Xi∩ Ā−1

i (0) 	= Ø and (�Xi)∩ Ā−1
i (0), which forces the latter to be

empty. Indeed, otherwise, by convexity of Ā−1
i (0), we could find a ∈ Xi ∩ Ā−1

i (0) and
b ∈ (�Xi)∩ Ā−1

i (0) such that the closed segment [a, b] is the union of the two disjoint
closed sets [a, b] ∩Xi ∩ Ā−1

i (0) and [a, b] ∩ (�Xi) ∩ Ā−1
i (0), which is impossible since

[a, b] is connected by [3, Théorème IV.2.5.4]. To sum up,

Si = Xi ∩A−1
i (0) = Xi ∩ Ā−1

i (0) = Ā−1
i (0)(3.4)

is closed and convex. It therefore follows from (i)(d) that the projection PSx0 of
x0 onto S is well defined. On the other hand, (i)(a) and (i)(b) yield 0 ∈ intV and
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PSx0 ∈ int
⋂

i∈I Xi, respectively. As a result, we can find η ∈ ]0,+∞] such that

B(PSx0; η) ⊂
⋂
i∈I

Xi and B

(
0; 2η/ inf

n∈N

γn

)
⊂ V.(3.5)

We now set

B = B(PSx0; η) and D = B(PSx0; ν)(3.6)

and observe that (3.1) forces

x0 ∈ intD.(3.7)

Next, take (x, u) ∈ B2 and n ∈ N. Then it follows from (3.5) that
(
u, (x−u)/γn

)
∈

Xi(n) × V . Consequently, by (3.2),

u ∈
(
Id +γnAi(n)

)−1
x ⇔

(
u,

x− u

γn

)
∈ gphAi(n)

⇔
(
u,

x− u

γn

)
∈ gph Āi(n)

⇔ u ∈
(
Id +γnĀi(n)

)−1
x.(3.8)

Thus, (
Id +γnAi(n)

)−1∣∣B×B
=

(
Id +γnĀi(n)

)−1∣∣B×B
.(3.9)

On the other hand, let

Tn = Id +

(
1 −

ρi(n)

γn

)((
Id +γnĀi(n)

)−1 − Id
)
.(3.10)

Alternatively, using Lemma 2.4, we can write

Tn =
(
Id +τn

(
Ā−1

i(n) + ρi(n) Id
)−1

)−1

, where τn = γn − ρi(n).(3.11)

Since τn > 0 by (iii), Tn is therefore the resolvent of the operator τnCi(n), where

Ci(n) =
(
Ā−1

i(n) + ρi(n) Id
)−1

,(3.12)

which is maximal monotone as the inverse of such an operator. Hence, it follows from
[2, Proposition 2.3] that

Tn : domTn = H → H and (∀(x, z) ∈ H × FixTn) 〈z − Tnx , x− Tnx〉 ≤ 0,
(3.13)

which, by [7, Proposition 2.3(ii)], implies

(3.14) (∀µ ∈ [0, 2])(∀(x, z) ∈ H × FixTn)

‖x + µ(Tnx− x) − z‖2 ≤ ‖x− z‖2 − µ(2 − µ)‖Tnx− x‖2.
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Now, let

µn =
λn

1 − ρi(n)/γn
.(3.15)

Then we get from (iv) that

µn ∈ [ε, 2 − ε].(3.16)

We also obtain from (3.5), (3.3), (3.12), and (3.11) that

B ∩ Si(n) = B ∩A−1
i(n)(0) = B ∩ Ā−1

i(n)(0) = B ∩ C−1
i(n)(0) = B ∩ FixTn.(3.17)

Hence, PSx0 ∈ B∩S ⊂ B∩FixTn, and it results from (3.14) with µ = 1 and z = PSx0

that

Tn(B) ⊂ B.(3.18)

Let us now show that Algorithm 1.1 is viable, i.e., that the recursion (1.4)–(1.5)
does generate an infinite sequence. To this end, we shall show that the sequence
(xn)n∈N is well defined and that it lies in intD, whereas the sequence (xn + vn)n∈N

lies in intB. Since (vi) yields ‖v0‖ < η− dS(x0), it follows from (3.7) that ‖x0 + v0 −
PSx0‖ ≤ ‖v0‖ + dS(x0) < η, whence x0 + v0 ∈ intB. Now assume that, for some
n ∈ N, the points (xk)0≤k≤n and (xk + vk)0≤k≤n lie in intD and intB, respectively.
Then it results from (vii) and (3.9) that (1.5) can be written as

xn+ 1
2
∈ (Id +γnAi(n))

−1
∣∣B×B

(xn + vn) = (Id +γnĀi(n))
−1

∣∣B×B
(xn + vn).(3.19)

In view of (3.15), (1.4) can now be written as

xn+1 ∈ xn + µn

(
1 −

ρi(n)

γn

)(
(Id +γnĀi(n))

−1
∣∣B×B

(xn + vn) + un − xn

)
,(3.20)

which, by virtue of (3.10), yields

xn+1 ∈ xn + µn

(
Tn

∣∣B×B
(xn + vn) + wn − xn

)
,(3.21)

where

wn =

(
1 −

ρi(n)

γn

)
un −

ρi(n)

γn
vn.(3.22)

However, since xn + vn ∈ B, (3.18) yields Tn

∣∣B×B
(xn + vn) = Tn(xn + vn). Hence,

since Tn is single-valued and defined everywhere on H (see (3.13)), we deduce from
(3.21) that xn+1 is uniquely defined by

xn+1 = xn + µn

(
Tn(xn + vn) + wn − xn

)
.(3.23)

Now put

en = wn + Tn(xn + vn) − Tnxn.(3.24)
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Then we derive from (3.23) that

xn+1 = xn + µn(Tnxn − xn) + µnen,(3.25)

and it follows from (3.16) and (3.14) that

‖xn+1 − PSx0‖ ≤ ‖xn − PSx0 + µn(Tnxn − xn)‖ + µn‖en‖
≤ ‖xn − PSx0‖ + µn‖en‖.(3.26)

Consequently, since (xk + vk)0≤k≤n lies in B, we have

‖xn+1 − PSx0‖ ≤ ‖x0 − PSx0‖ +

n∑
k=0

µk‖ek‖

≤ dS(x0) + (2 − ε)
∑
k∈N

‖ek‖.(3.27)

On the other hand, it follows from (3.24), the nonexpansivity of Tn [1, Proposi-
tion 3.5.3], (3.22), and (iii) that

‖en‖ ≤ ‖wn‖ + ‖Tn(xn + vn) − Tnxn‖ ≤ ‖wn‖ + ‖vn‖ ≤ ‖un‖ + 2‖vn‖.(3.28)

Therefore, we derive from (vi) that

dS(x0) + (2 − ε)
∑
k∈N

‖ek‖ < ν,(3.29)

and deduce from (3.27) that ‖xn+1 −PSx0‖ < ν, i.e., xn+1 ∈ intD. In turn, (vi) and
(3.1) yield

‖xn+1 + vn+1 − PSx0‖ < ν + ‖vn+1‖ < ν +
ν

2(2 − ε)
= η,(3.30)

i.e., xn+1 + vn+1 ∈ intB. We have thus shown by induction that the entire sequence
(xn + vn)n∈N lies in B and that (xn)n∈N is a well-defined sequence which lies entirely
in intD ⊂ intB. In view of (3.23), (3.11), and (3.12), the recursion governing the
sequence (xn)n∈N can now be rewritten as

(∀n ∈ N) xn+1 = xn + µn(xn+ 1
2

+ wn − xn),(3.31)

where xn+ 1
2

is the unique solution to the inclusion

vn ∈ xn+ 1
2
− xn + τnCi(n)xn+ 1

2
,(3.32)

namely, xn+ 1
2

=
(
Id +τnCi(n)

)−1
(xn + vn) = Tn(xn + vn) ∈ B, where the last

inclusion follows from xn + vn ∈ B and (3.18). In summary, since the operators
(Ci)i∈I are maximal monotone, infn∈N τn > 0, (µn)n∈N lies in [ε, 2−ε],

∑
n∈N

‖wn‖ ≤∑
n∈N

‖un‖+
∑

n∈N
‖vn‖ < +∞, and

∑
n∈N

‖vn‖ < +∞, it follows from Theorem 1.2

that (xn)n∈N converges weakly to a point x in
⋂

i∈I C
−1
i (0). On the other hand,

since (xn)n∈N lies in the weakly closed set B, x ∈ B. As a result, (3.17) yields
x ∈ B ∩

⋂
i∈I C

−1
i (0) = B ∩ S.

Remark 3.2. The above result unifies and extends several results found in the
literature.
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• If I = {1} (a single operator is considered), λn ≡ 1, and un ≡ 0 ≡ vn, then
Theorem 3.1 is found in [20, Theorem 9].

• If I = {1}, ρ1 = 0, and V = H = X1, Theorem 3.1 reduces to [11, Theorem 3],
and to [22, Theorem 1] if we further assume λn ≡ 1.

• If ρi ≡ 0 and V = H ≡ Xi, Theorem 3.1 reduces to Theorem 1.2.
• If ρi ≡ 0, V = H ≡ Xi, and un ≡ 0 ≡ vn, Theorem 3.1 corresponds to [2,

Corollary 6.1(i)].
• If I = {1, . . . ,m}, (Si)i∈I is a family of closed convex sets in H with associated

projection operators (Pi)i∈I , i : n �→ n modulo m+1, for every i ∈ I, Ai = NSi

(hence ρi ≡ 0 and V = H ≡ Xi), and un ≡ 0 ≡ vn, then Algorithm 1.1
produces the method of cyclic projections

(∀n ∈ N) xn+1 = xn + λn(Pn modulo m+1xn − xn), where ε ≤ λn ≤ 2 − ε,
(3.33)

and Theorem 3.1 reduces to [13, Theorem 1].

4. Nonlinear programming application. Using the same arguments as in [20,
section 5], one can derive multiplier methods for quite general variational inclusions by
combining Theorem 3.1 with an abstract duality framework for set-valued mappings.
Instead of going through all the steps and applications discussed in [20], we analyze
the proximal method of multipliers for nonlinear (nonconvex) programming as an
example. The proximal method of multipliers was introduced and analyzed in the
convex case by Rockafellar [23] and in the nonconvex case in [20, section 7] with
exact, unrelaxed iterates.

Consider the nonlinear programming problem

minimize f0(x) subject to

{
fi(x) = 0 for 1 ≤ i ≤ r,

fi(x) ≤ 0 for r + 1 ≤ i ≤ m,
(4.1)

where (fi)0≤i≤m are real-valued C2-functions defined on the standard Euclidean space
R

N . Our aim is to find Karush–Kuhn–Tucker (KKT) points for (4.1). To this end, we
introduce the closed convex cone K = {0}r × R

m−r
− , let F : x �→

(
f1(x), . . . , fm(x)

)
,

and set H = R
N × R

m. We shall derive from Theorem 3.1 a local convergence result
for the following proximal method of multipliers.

Algorithm 4.1. Let (x0, y0) ∈ H, let (γn)n∈N be a sequence in ]0,+∞[, and let
(wn)n∈N be a sequence in R

N . A sequence
(
(xn, yn)

)
n∈N

is constructed according to
the updating rule

(∀n ∈ N) (xn+1, yn+1) = (xn, yn) + λn

(
(xn+ 1

2
, yn+ 1

2
) − (xn, yn)

)
,(4.2)

where xn+ 1
2

minimizes approximately the function

ϕn : x �→ f0(x) +
1

2γn
‖x− xn‖2 +

1

2γn
dK

(
yn + γnF (x)

)2
(4.3)

in the sense that ∇ϕn(xn+ 1
2
) = wn, and{

yi
n+ 1

2

= yin + γnfi(xn+ 1
2
) for 1 ≤ i ≤ r,

yi
n+ 1

2

= max
{
yin + γnfi(xn+ 1

2
), 0

}
for r + 1 ≤ i ≤ m.

(4.4)
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Remark 4.2. It was shown in the proof of [20, Theorem 19] that, under condition
(i) of Theorem 4.3 and for x near x̄, the condition ∇ϕn(x) = 0 implies that x is a local
minimizer of ϕn. For this reason, the condition ∇ϕn(xn+ 1

2
) = wn is interpreted in

Algorithm 4.1 as an approximate minimization. In practice, the parameter γn is often
chosen adaptively while the size of the vector ‖wn‖ can be made arbitrarily small by
choosing the stopping criterion appropriately in the minimization of ϕn in (4.3).

Define a mapping L : H ⇒ H by

L : (x, y) �→
(
∇f0(x) + 〈y ,∇F (x)〉 ,−F (x) + NK∗(y)

)
,(4.5)

where K∗ = R
r × R

m−r
+ is the polar cone of K. Then the KKT system for (4.1) can

be written as [25, Example 11.46]

(0, 0) ∈ L(x, y).(4.6)

Let (x̄, ȳ) ∈ H be a point satisfying the KKT conditions for (4.1) and define

I+ = {1, . . . , r} ∪ {r + 1 ≤ i ≤ m | fi(x̄) = 0 and ȳi > 0}.(4.7)

Now let l : (x, y) �→ f0(x) + 〈y , F (x)〉. Recall that (x̄, ȳ) is said to satisfy the strong
second order sufficient condition for (4.1) if [21]

(∀y ∈ R
m)

{
y 	= 0

(∀i ∈ I+) 〈y ,∇fi(x̄)〉 = 0
⇒

〈
y ,∇2

xxl(x̄, ȳ)y
〉
> 0.(4.8)

Theorem 4.3. Suppose that in Algorithm 4.1 the following conditions are satis-
fied:

(i) (x̄, ȳ) ∈ H is a KKT point for (4.1) satisfying (4.8) and such that the gradients(
∇fi(x̄)

)
i∈I+ are linearly independent;

(ii) infn∈N γn is large enough;
(iii) (∃ ε ∈ ]0, 1[)(∀n ∈ N) ε ≤ λn ≤ 2 − ε.

Then there exists a closed ball B centered at (x̄, ȳ) such that if the following conditions
hold:

(iv) (x0, y0) is sufficiently close to (x̄, ȳ);
(v)

∑
n∈N

γn‖wn‖ is small enough;
(vi) for every n ∈ N, (xn+ 1

2
, yn+ 1

2
) ∈ B,

then there is one and only one orbit
(
(xn, yn)

)
n∈N

of Algorithm 4.1 contained in B

and, furthermore,
(
(xn, yn)

)
n∈N

converges to (x̄, ȳ).

Proof. By [18, Exemple 4.b and Proposition 7.d],

∇d2
K = 2(Id−PK) = 2PK∗ .(4.9)

Thus, it follows from (4.3) that

∇ϕn(x) = ∇f0(x) + γ−1
n (x− xn) +

〈
PK∗

(
yn + γnF (x)

)
,∇F (x)

〉
.(4.10)

Note also that yn+ 1
2

in (4.4) can be expressed as

yn+ 1
2

= PK∗
(
yn + γnF (xn+ 1

2
)
)

= (I + NK∗)−1
(
yn + γnF (xn+ 1

2
)
)
.(4.11)
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The update rules for (xn+ 1
2
, yn+ 1

2
) are thus equivalent to the system{

wn = ∇f0(xn+ 1
2
) + γ−1

n (xn+ 1
2
− xn) +

〈
yn+ 1

2
,∇F (xn+ 1

2
)
〉
,

yn + γnF (xn+ 1
2
) ∈ yn+ 1

2
+ NK∗(yn+ 1

2
).

(4.12)

Alternatively, (xn+ 1
2
, yn+ 1

2
) is a solution to

(γnwn, 0) ∈ (xn+ 1
2
, yn+ 1

2
) − (xn, yn) + γnL(xn+ 1

2
, yn+ 1

2
).(4.13)

Now, set A1 = L, I = {1}, and i(n) = 1 for all n ∈ N. Then, in view of (4.13), the
iterations described by (4.2)–(4.4) are seen to conform to the format (1.4)–(1.5), and
Algorithm 4.1 therefore fits the general framework of Algorithm 1.1. Accordingly, it
suffices to verify the conditions of Theorem 3.1 to establish the claims. By [21, Theo-
rem 4.1], condition (i) implies that L−1 has a Lipschitz localization at

(
(0, 0), (x̄, ȳ)

)
.

Therefore, by Lemma 2.3, condition (i) of Theorem 3.1 holds with S = S1 = {(x̄, ȳ)}
for some ρ ∈ [0,+∞[. Now let γ = infn∈N γn. Then condition (iii) of Theorem 3.1
reads γ > ρ, and is trivially implied by condition (ii) above. Next, let us show that
condition (iii) above implies condition (iv) of Theorem 3.1, i.e.,

(∃ ζ ∈ ]0, 1[)(∀n ∈ N) ζ ≤ λn

1 − ρ/γn
≤ 2 − ζ.(4.14)

It is readily checked that for γ > 2ρ/ε (as is allowed by (ii) above), we have

ζ =
εγ − 2ρ

γ − ρ
∈ ]0, ε[ .(4.15)

Hence, it follows from (iii) above that

(∀n ∈ N) ζ < ε ≤ λn <
λn

1 − ρ/γn
≤ 2 − ε

1 − ρ/γ
= 2 − ζ,(4.16)

which establishes (4.14). Finally, it is clear that conditions (v)–(vii) of Theorem 3.1
are implied by conditions (iv)–(vi) above.

Remark 4.4.

(i) In most concrete problems, it is not possible to obtain the value of ρ in the
above proof [21]. As a result, condition (ii) and (v) in Theorem 4.3 are stated
in qualitative terms rather than with hard bounds involving ρ.

(ii) The above result extends [20, Theorem 19] by allowing for relaxations and
inexact computation of the iterates, thus making the algorithm more practical
and flexible.
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MODELING AND CONTROL OF THE TIMOSHENKO BEAM.
THE DISTRIBUTED PORT HAMILTONIAN APPROACH∗
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Abstract. The purpose of this paper is to show how the Timoshenko beam can be fruitfully
described within the framework of distributed port Hamiltonian (dpH) systems so that rather simple
and elegant considerations can be drawn regarding both the modeling and control of this mechanical
system. After the dpH model of the beam is introduced, the control problem is discussed. In
particular, it is shown how control approaches already presented in the literature can be unified,
and a new control methodology is presented and discussed. This control methodology relies on the
generalization to infinite dimensions of the concept of structural invariant (Casimir function) and on
the extension to distributed systems of the so-called control by interconnection methodology. In this
way, finite dimensional passive controllers can stabilize distributed parameter systems by shaping
their total energy, i.e., by assigning a new minimum in the desired equilibrium configuration that
can be reached if a dissipative effect is introduced.

Key words. modeling and control of flexible structures, Stokes–Dirac structures, infinite di-
mensional port Hamiltonian systems, control by damping injection, Casimir functions, control by
interconnection
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1. Introduction. The port Hamiltonian approach has been introduced as a sys-
tematic framework for geometric modeling and control of lumped-parameter physical
systems [15, 26]. The port Hamiltonian model of a finite dimensional system takes
its inspiration from circuit analysis: the behavior of a physical system is the result of
a network of atomic multiport elements, each of them characterized by a particular
energy property. The key point is the identification of the interconnection structure,
mathematically described by a Dirac structure [2, 26], a generalization of the well-
known Kirchhoff laws [16]. In this way, the variation of a system’s total energy is
related to the power exchanged with the environment, and the dynamics is the result
of internal power flows among different parts of the whole system. It has been shown
that this approach can be fruitfully applied for modeling a wide class of physical (me-
chanical, electrical, hydraulic, and chemical) systems, and several control techniques,
based on energy considerations, have been developed in order to solve the regulation
problem [20, 21, 26].

In some sense, it seems natural to extend the finite dimensional Hamiltonian
formulation in order to deal with distributed parameter systems. Many results on
integrability, existence of solutions or stability, and several applications have been
proposed in the last decades; see, for example, [24] for an application to fluid dynamics
and [19] for a nice introduction and historical remarks. On the other hand, it is
interesting to note that some problems regarding the treatment of boundary conditions
are still open. In fact, most of the research activity has been focused on the study of
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infinite dimensional systems characterized by an infinite spatial domain, for which the
state variables tend to zero when the spatial variable tends to infinity (with respect
to some norm), or on the analysis of infinite dimensional systems with zero boundary
conditions (on the finite spatial domain).

These are autonomous systems: no interaction, i.e., power exchange, with the
environment is taken into account. This is a strong limitation since it is not possible
to study the effect of nonzero boundary conditions (e.g., voltages and currents at both
ends of a transmission line) on the dynamics of the system. In this way, it is difficult
to deal with control application for infinite dimensional systems in Hamiltonian form.
The controller, in fact, can act on the system only by properly modifying the boundary
variables or, equivalently, by exchanging power with the (infinite dimensional) system.

From a mathematical point of view, it is not evident how a nonzero energy flow
through the boundary can be incorporated into the classical distributed Hamiltonian
framework. The key point is the notion of Dirac structure in infinite dimensions that
will be defined, in this case, on a space of differential forms on the spatial domain of
the system and its boundary. Since the relation between variation of internal energy
and power flow through the boundary relies on the Stokes theorem [17, 18], these
structures are called Stokes–Dirac structures.

Once the Stokes–Dirac structure of a particular infinite dimensional system is
deduced, the distributed port Hamiltonian (dpH) model follows automatically [17,
18] and the control problem can be approached. When dealing with the control of
distributed parameter systems, the main problem concerns the intrinsic difficulties
related to the proof of stability of an equilibrium configuration. It is important to
emphasize that this limitation does not depend on the particular approach adopted.
Even if a distributed parameter system is described within the port Hamiltonian
framework, the stability proof of a certain control scheme will always be a difficult
task. On the other hand, the main advantages in adopting the dpH framework can
be the following:

• The development of control schemes for infinite dimensional systems is usu-
ally based on energy considerations or, equivalently, the stability proof often
relies on the properties of an energy-like functional, a generalization of the
Lyapunov function to the distributed parameters case. The Hamiltonian de-
scription of a distributed parameter system is given in terms of time evolution
of energy variables depending on the variation of the total energy of the sys-
tem. In this way, the energy of the system, which is generally a good Lyapunov
function, appears explicitly in the mathematical model of the system itself
and, consequently, both the design of the control law and the proof of its
stability can be deduced and presented in a more intuitive (in some sense
physical) and elegant way.

• The port Hamiltonian formulation of distributed parameter systems deeply
relies on the notion of Dirac structure, as in finite dimensions. This fact is
important and allows us to go further; in particular, it is of great interest
to understand whether the control schemes developed for finite dimensional
port Hamiltonian systems could also be generalized in order to deal with
the distributed parameter case. For example, suppose that the total energy
(Hamiltonian) of the system is characterized by a minimum at the desired
equilibrium configuration. This happens, for example, in the case of flexi-
ble beams, for which the zero-energy configuration corresponds to the unde-
formed beam. In this situation, the controller can be developed in order to
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behave as a dissipative element to be connected to the system at the bound-
ary or along the distributed port. The amount of dissipated power can be
increased in order to quickly reach the configuration with minimum energy.
As in the finite dimensional case, it can happen that the minimum of the en-
ergy does not correspond to a desired configuration. Then it is necessary to
shape the energy function so that a new minimum is introduced. This can be
achieved by generalizing the control by interconnection and energy-shaping
methodology to deal with distributed parameter systems, as presented in [22],
where the infinite dimensional system is a lossless transmission line.

In this paper, it is shown how the modeling and control problems of an infinite
dimensional system, the Timoshenko beam, can be solved within the framework of
dpH systems. Flexible beams are generally modeled according to the classical Euler–
Bernoulli theory: this formulation provides a good description of the dynamical be-
havior of the system if the beam’s cross sectional dimension is small in comparison to
its length. In this case, the effects of the rotary inertia of the beam are not consid-
ered. A more accurate beam model is provided by the Timoshenko theory, according
to which the rotary inertia and also the deformation due to shear are considered.
The resulting Timoshenko model of the beam is generally more accurate in predicting
the beam’s response than the Euler–Bernoulli one but, on the other hand, it is more
difficult to utilize for control purposes because of its complexity.

As already pointed out, the dpH formulation of the Timoshenko model of the
beam [6] (but refer also to [7, 11, 12]) does not reduce the complexity of the model
itself, but it is useful both for modeling considerations and control purposes. From the
modeling point of view, the internal and external interconnections of the system are
revealed: it is clear how the kinetic and potential elastic energy domains interact and
how the system can exchange power with the environment through its border and/or a
distributed port. Furthermore, the dpH representation of the system makes it possible
to extend well-established passive control strategies that were originally developed for
finite dimensional port Hamiltonian systems and to elegantly unify control approaches
already presented in the literature [8, 25].

The paper is organized as follows. In section 2, a brief background on Dirac
structures and on the classical formulation of the Timoshenko model of the beam is
provided, and then the Stokes–Dirac structure of the Timoshenko beam is presented
and the dpH model introduced. The control problem is approached in sections 3 and
4. In section 3, the control by damping injection methodology is extended to infinite
dimensions in order to stabilize the beam in its undeformed configuration, as already
presented in [8, 25]. In section 4, the control by interconnection and energy shaping
methodology [20, 26, 21] is extended to distributed parameter systems in order to
control a mechanical system made of a flexible (Timoshenko) beam with a rigid body
connected at one of its extremities. The finite dimensional controller, acting on the
system through the other extremity, is developed by properly extending the concept
of Casimir functions to the infinite dimensional case and by generalizing the results
presented in [22] (see also [12, 11]). Finally, conclusions and suggestions for future
work are illustrated in section 5.

2. Timoshenko beam in dpH form.

2.1. Timoshenko beam—the classical formulation. According to the Tim-
oshenko theory, the motion of a beam can be described by the following system of
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PDEs:

ρ
∂2w

∂t2
−K

∂2w

∂x2
+ K

∂φ

∂x
= 0,

Iρ
∂2φ

∂t2
− EI

∂2φ

∂x2
+ K

(
φ− ∂w

∂x

)
= 0,

(2.1)

where t is the time and x ∈ [0, L] is the spatial coordinate along the beam in its
equilibrium position, and w(x, t) is the deflection of the beam from the equilibrium
configuration and φ(x, t) is the rotation of the beam’s cross section due to bending;
the motion takes place in the wx-plane. Denote by D := [0, L] the spatial domain and
by ∂D = {0, L} its boundary.

The coefficients ρ, Iρ, E, and I, assumed to be constant, are the mass per unit
length, the mass moment of inertia of the cross section, Young’s modulus, and the
moment of inertia of the cross section, respectively. The coefficient K is equal to
kGA, where G is the modulus of elasticity in shear, A is the cross sectional area, and
k is a constant depending on the shape of the cross section.

The mechanical energy is given by the following relation [8]:

H(t) :=

kinetic energy︷ ︸︸ ︷
1

2

∫ L

0

ρ

(
∂w

∂t

)2

+ Iρ

(
∂φ

∂t

)2

dx

+
1

2

∫ L

0

K

(
φ− ∂w

∂x

)2

+ EI

(
∂φ

∂x

)2

dx︸ ︷︷ ︸
potential elastic energy

.

(2.2)

Note the presence of two interactive energy domains, the kinetic and the potential
elastic.

2.2. Dirac structures. The starting point in the definition of a port Hamilto-
nian system (both finite and infinite dimensional) is the identification of a suitable
space of power variables, strictly related to the geometry of the system, and the defi-
nition of a Dirac structure on this space of power variables, in order to describe the
internal and external interconnection of the system. The Dirac structures were intro-
duced in [2], while in [4, 26] it is pointed out that they are the geometric tool that
allows us to formalize and generalize the notion of power-conserving interconnection.

Before stating the general definition of Dirac structure, it is necessary to introduce
the space of power variables. Consider a linear space F , possibly infinite dimensional
(space of generalized velocities or flows), and denote by E = F∗ its dual (space of
generalized forces or efforts). The space of power variables is F ×E . Then, from [18],
we take the following fundamental definition.

Definition 2.1 (Dirac structure). Denote by F × E a space of power variables
(possibly infinite dimensional). There exists on F × E the canonically defined sym-
metric bilinear form (+pairing operator)

� (f1, e1), (f2, e2) � := 〈e1, f2〉 + 〈e2, f1〉 ,(2.3)

where fi ∈ F , ei ∈ E, i = 1, 2, and 〈·, ·〉 denotes the duality product between F and its
dual space E. A constant Dirac structure on F is a linear subspace D ⊂ F × E such
that

D = D
⊥,(2.4)
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where ⊥ denotes the orthogonal complement with respect to the bilinear form � ·, · �.
An immediate consequence of the previous definition is that, if (f, e) ∈ D, then

0 =� (f, e), (f, e) �= 2 〈e, f〉 .(2.5)

Consequently, 〈e, f〉 = 0 for every (f, e) ∈ D. In other words, if (f, e) ∈ F × E
is a couple of power conjugated variables, the fact that they belong to the Dirac
structure D implies power conservation, i.e., the dual product is equal to 0. The Dirac
structure is the geometrical tool by means of which it is possible to deal with power-
conserving interconnection in physical systems. As will be pointed out in section 2.4
for the Timoshenko beam, once a proper interconnection structure is defined, the port
Hamiltonian model of a physical system follows automatically.

2.3. Timoshenko beam—The Stokes–Dirac structure. Consider the me-
chanical energy (2.2). The potential elastic energy is a function of the shear and of
the bending, given by the following 1-forms:

εt(t, x) =

[
∂w

∂x
(t, x) − φ(t, x)

]
dx, εr(t, x) =

∂φ

∂x
(t, x)dx.(2.6)

The associated coenergy variables are the 0-forms (functions) shear force and the
bending momentum, given by σt(t, x) = K∗εt(t, x) and σr(t, x) = EI∗εr(t, x), where ∗
is the Hodge star operator defined, for example, in [14]. Besides, the kinetic energy is
a function of the translational and rotational momenta, i.e., of the following 1-form:

pt(t, x) = ρ
∂w

∂t
(t, x)dx, pr(t, x) = Iρ

∂φ

∂t
(t, x)dx,(2.7)

and the associated coenergy variables are the 0-forms translational and rotational
momenta, given by vt(t, x) = 1

ρ∗pt(t, x) and vr(t, x) = 1
Iρ
∗pr(t, x).

Consider an n-dimensional (Riemannian) manifold N and denote by Ωk(N ) the
space of k-forms on N , i.e., the space of k-linear alternating functions. So, we have
that pt, pr, εt, εr ∈ Ω1(D) and that w, φ ∈ Ω0(D). If d : Ωk(N ) → Ωk+1(N ) is the
exterior derivative on the space of forms, it is possible to rewrite (2.6) and (2.7) as

pt = ρ∗∂w
∂t

, εt = dw − ∗φ, pr = Iρ∗
∂φ

∂t
, εr = dφ,

and the total energy (2.2) becomes the following (quadratic) functional:

H(pt, pr, εt, εr) =

∫
D
H(pt, pr, εt, εr)

=
1

2

∫
D

(
1

ρ
∗pt ∧ pt +

1

Iρ
∗pr ∧ pr + K∗εt ∧ εt + EI∗εr ∧ εr

)(2.8)

with H : Ω1(D) × · · · × Ω1(D) × D → Ω1(D) the energy density. Consider a time
function

(pt(t), pr(t), εt(t), εr(t)) ∈ Ω1(D) × · · · × Ω1(D)

with t ∈ R, and evaluate the energy H along this trajectory. At any time t, the
variation of internal energy, that is, the power exchanged with the environment, is
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given by

dH
dt

=

∫
D

(
δptH ∧ ∂pt

∂t
+ δprH ∧ ∂pr

∂t
+ δεtH ∧ ∂εt

∂t
+ δεrH ∧ ∂εr

∂t

)
=

∫
D

[(
1

ρ
∗pt
)
∧ ∂pt

∂t
+

(
1

Iρ
∗pr
)
∧ ∂pr

∂t
+ (K∗εt) ∧

∂εt
∂t

+ (EI∗εr) ∧
∂εr
∂t

]
.

(2.9)

The differential forms ∂pt

∂t , ∂pr

∂t , ∂εt
∂t , and ∂εr

∂t are the time derivatives of the energy
variables pt, pr, εt, and εr and represent the generalized velocities (flows), while δpt

H,
δpr

H, δεtH, and δεrH are the variational derivatives of the total energy (2.8). They
are related to the rate of change of the stored energy and represent the generalized
forces (efforts).

The dpH formulation of the Timoshenko beam can be obtained either by express-
ing (2.1) in terms of pt, pr, εr, and εt as introduced in (2.6) and (2.7), or, in a more
rigorous way, by revealing the underlying Dirac structure of the model. For this pur-
pose, it is necessary to define the space of power variables. The space of flows is given
by

F := Ω1(D) × Ω1(D) × Ω1(D) × Ω1(D)︸ ︷︷ ︸
generalized velocities

×Ω0(∂D) × Ω0(∂D)︸ ︷︷ ︸
border flow

,(2.10)

and it is well known that the space of effort E is the dual of F . The concept of duality
over the space of forms can be given by the following proposition [17].

Proposition 2.2. Consider an n-dimensional Riemannian manifold N . Then
the dual space (Ωk(N ))∗ of Ωk(N ) can be identified with Ωn−k(N ) and the duality
product between Ωk(N ) and (Ωk(N ))∗ by

〈β, α〉 :=

∫
N
α ∧ β(2.11)

with α ∈ Ωk(N ) and β ∈ Ωn−k(N ). The same result holds for Ωk(∂N ).
An immediate consequence of Proposition 2.2 is that the dual space E of F , the

space of efforts, can be easily identified with

E := Ω0(D) × Ω0(D) × Ω0(D) × Ω0(D)︸ ︷︷ ︸
generalized forces

×Ω0(∂D) × Ω0(∂D)︸ ︷︷ ︸
border effort

.(2.12)

Thus, the duality product (2.11) and the +pairing operator (2.3) can be easily spe-
cialized in order to deal with the space of power variables F ×E defined by (2.10) and
(2.12). Suppose that

(
fpt , fpr , fεt , fεr , f

t
b , f

r
b , ept , epr , eεt , eεr , e

t
b, e

r
b

)
,
(
f i
pt
, . . . , fr,i

b , eipt
, . . . , er,ib

)
∈ F × E
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with i = 1, 2. Then

〈(ept , epr , eεt , eεr , e
t
b, e

r
b) , (fpt , fpr , fεt , fεr , f

t
b , f

r
b )〉

:=

∫
D

(fpt
∧ ept

+ fpr
∧ epr

+ fεt ∧ eεt + fεr ∧ eεr ) +

∫
∂D

(
f t
b ∧ etb + fr

b ∧ erb
)
,

�
(
f1
pt
, . . . , fr,1

b , e1
pt
, . . . , er,1b ,

)(
f2
pt
, . . . , fr,2

b , e2
pt
, . . . , er,2b

)
�

:=

∫
D

(
f1
pt

∧ e2
pt

+ f2
pt

∧ e1
pt

+ f1
pr

∧ e2
pr

+ f2
pr

∧ e1
pr

)
+

∫
D

(
f1
εt ∧ e2

εt + f2
εt ∧ e1

εt + f1
εr ∧ e2

εr + f2
εr ∧ e1

εr

)
+

∫
∂D

(
f t,1
b ∧ et,2b + f t,2

b ∧ et,1b + fr,1
b ∧ er,2b + fr,2

b ∧ er,1b

)
.

(2.13)
With the following proposition, the main result of this section is presented.

Proposition 2.3 (the Timoshenko beam Dirac structure). Consider the space of
power variables F×E with F and E defined in (2.10) and (2.12) and the bilinear form
(+pairing operator) � ·, · � given by (2.13). Define the following linear subspace D

of F × E:

D =

⎧⎪⎪⎨⎪⎪⎩ (fpt , fpr , fεt , fεr , f
t
b , f

r
b , ept , epr , eεt , eεr , e

t
b, e

r
b) ∈ F × E |

⎡⎢⎢⎣
fpt

fpr

fεt
fεr

⎤⎥⎥⎦ = −

⎡⎢⎢⎣
0 0 d 0
0 0 ∗ d
d −∗ 0 0
0 d 0 0

⎤⎥⎥⎦
⎡⎢⎢⎣

ept

epr

eεt
eεr

⎤⎥⎥⎦ ,

⎡⎢⎢⎣
f t
b

fr
b

etb
erb

⎤⎥⎥⎦ =

⎡⎢⎢⎣
ept

|∂D
epr |∂D
eεt |∂D
eεr |∂D

⎤⎥⎥⎦
⎫⎪⎪⎬⎪⎪⎭ ,

(2.14)
where |∂D denotes the restriction on the border of the (spatial) domain D. Then
D = D

⊥; that is, D is a Dirac structure.
Proof. The proof can be divided into two steps. In the first one, it is verified that

D ⊆ D
⊥ while in the second one, that D

⊥⊆ D. Suppose that

ωi =
(
f i
pt
, f i

pr
, f i

εt , f
i
εr , f

t,i
b , fr,i

b , eipt
, eipr

, eiεt , e
i
εr , e

t,i
b , er,ib

)
∈ F × E

with i = 1, 2; clearly, D ⊆ D
⊥ if ∀ω1, ω2 ∈ D, it happens that � ω1, ω2 �= 0. From

(2.13) and from the definition (2.14) of the Dirac structure D, we have

� ω1, ω2 � =

∫
D

[
−de1

εt ∧ e2
pt

− de2
εt ∧ e1

pt
+ (−∗e1

εt − de1
εr ) ∧ e2

pr

]
+

∫
D

[
(−∗e2

εt − de2
εr ) ∧ e1

pr
+ (−de1

pt
+ ∗e1

pr
) ∧ e2

εt

]
+

∫
D

[
(−de2

pt
+ ∗e2

pr
) ∧ e1

εt − de1
pr

∧ e2
εr − de2

pr
∧ e1

εr

]
+

∫
∂D

[
f t,1
b ∧ et,2b + f t,2

b ∧ et,1b + fr,1
b ∧ er,2b + fr,2

b ∧ er,1b

]
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= −
∫
D

[
(de2

pt
∧ e1

εt + e2
pt

∧ de1
εt) + (de1

pt
∧ e2

εt + e1
pt

∧ de2
εt)
]

−
∫
D

[
(de2

pr
∧ e1

εr + e2
pr

∧ de1
εr ) + (de1

pr
∧ e2

εr + e1
pr

∧ de2
εr )
]

+

∫
∂D

[
f t,1
b ∧ et,2b + f t,2

b ∧ et,1b + fr,1
b ∧ er,2b + fr,2

b ∧ er,1b

]
.

Since d(e1 ∧ e2) = de1 ∧ e2 + e1 ∧ de2 and, for the Stokes theorem, if α ∈ Ω0(D), then∫
D dα =

∫
∂D α, we deduce that � ω1, ω2 �= 0 and D ⊆ D

⊥.

In order to prove that D
⊥ ⊆ D, consider ω2 ∈ D

⊥. From the definition of Dirac
structure we have that ∀ω1 ∈ D, � ω1, ω2 �= 0. Since ω1 ∈ D, from (2.14) we have

0 = � ω1, ω2 �

=

∫
D

[
−de1

εt ∧ e2
pt

+ f2
pt

∧ e1
pt

+ (−∗e1
εt − de1

εr ) ∧ e2
pr

+ f2
pr

∧ e1
pr

]
+

∫
D

[
(−de1

pt
+ ∗e1

pr
) ∧ e2

εt + f2
εt ∧ e1

εt − de1
pr

∧ e2
εr + f2

εr ∧ e1
εr

]
+

∫
∂D

[
e1
pt

|∂D ∧et,2b + f t,2
b ∧ e1

εt |∂D +e1
pr

|∂D ∧er,2b + fr,2
b ∧ e1

εr |∂D
]
.

From the Stokes theorem and the properties of the exterior derivative, it is possible
to obtain that

0 =

∫
D

[
e1
εt ∧ (de2

pt
− ∗e2

pr
+ f2

εt) + e1
pt

∧ (f2
pt

+ de2
εt)
]

+

∫
D

[
e1
εr ∧ (de2

pr
+ f2

εr ) + e1
pr

∧ (f2
pr

+ ∗e2
εt + de2

εr )
]

+

∫
∂D

[
e1
εt |∂D ∧(−e2

pt
|∂D +f t,2

b ) + e1
εr |∂D ∧(−e2

pr
|∂D +fr,2

b )
]

+

∫
∂D

[
e1
pt

|∂D ∧(−e2
εt |∂D +et,2b ) + e1

pr
|∂D ∧(−e2

εr |∂D +er,2b )
]

for every ω1 ∈ D. We deduce that the previous relation holds if and only if ω2 ∈ D.
So, D

⊥⊆ D, and this completes the proof.

2.4. dpH formulation of the Timoshenko beam. Consider the total energy
(2.8) as the Hamiltonian of the system, i.e., a (quadratic) functional of the energy
variables pt, pr, εt, and εr bounded from below. The rate of change of these energy
variables (generalized velocities) can be connected to the Dirac structure (2.14) by
setting

fpt
= −∂pt

∂t
, fεt = −∂εt

∂t
, fpr

= −∂pr
∂t

, fεr = −∂εr
∂t

,(2.15)

where the minus sign is necessary in order to have a consistent energy flow description.
Moreover, the rate of change of the Hamiltonian with respect to the energy variables,
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that is, its variational derivatives, can be related to the Dirac structure by setting

ept
= δptH, eεt = δεtH, epr = δprH, eεr = δεrH.(2.16)

From (2.15) and (2.16), it is possible to obtain the distributed Hamiltonian for-
mulation with boundary energy flow of the Timoshenko beam. We give the following.

Definition 2.4 (dpH model of Timoshenko beam). The dpH model of the Tim-
oshenko beam with Dirac structure D (2.14) and Hamiltonian H (2.8) is given by⎡⎢⎢⎣

∂tpt
∂tpr
∂tεt
∂tεr

⎤⎥⎥⎦ =

⎡⎢⎢⎣
0 0 d 0
0 0 ∗ d
d −∗ 0 0
0 d 0 0

⎤⎥⎥⎦
⎡⎢⎢⎣

δptH
δpr

H
δεtH
δεrH

⎤⎥⎥⎦ ,

⎡⎢⎢⎣
f t
b

fr
b

etb
erb

⎤⎥⎥⎦ =

⎡⎢⎢⎣
δpt

H |∂D
δprH |∂D
δεtH |∂D
δεrH |∂D

⎤⎥⎥⎦ .(2.17)

Since the elements of every Dirac structure satisfy the power conserving property,
we have, given

(fpt
, . . . , fεr , ept

, . . . , eεr , f
t
b , . . . , e

r
b) ∈ D,

that∫
D

(fpt ∧ ept + fpr ∧ epr + fεt ∧ eεt + fεr ∧ eεr ) +

∫
∂D

(
f t
b ∧ etb + fr

b ∧ erb
)

= 0

and, consequently, from (2.9), (2.15), and (2.16), the following proposition can be
proved.

Proposition 2.5 (energy balance). Consider the dpH model of the Timoshenko
beam (2.17). Then

dH
dt

(t) =

∫
∂D

(
etb ∧ f t

b + erb ∧ fr
b

)
=
[
etb(t, L)f t

b(t, L) + erb(t, L)fr
b (t, L)

]
−
[
etb(t, 0)f t

b(t, 0) + erb(t, 0)fr
b (t, 0)

]
(2.18)

or, in other words, the increase of total energy of the beam is equal to the power
supplied through the border.

2.5. Introducing the distributed port. Power exchange through the bound-
aries is not the only means by which the system can interact with the environment.
The “distributed control” is a well-known control technique that can be fruitfully ap-
plied to flexible structures. The actuators are connected along the flexible structure
and can act on the system by applying forces/couples that are functions of the con-
figuration of the beam. The final result is that vibrations can be damped in a more
efficient way than by acting only on the border of the beam.

In order to introduce a distributed port, the space of power variables F×E defined
in (2.10) and (2.12) and the Dirac structure D defined in (2.14) have to be modified.
The space of power variables becomes Fd × Ed, where

Fd :=F × Ω1(D) × Ω1(D)︸ ︷︷ ︸
distrib. flow

, Ed := E × Ω1(D) × Ω1(D)︸ ︷︷ ︸
distrib. effort

.
(2.19)

The modified Dirac structure that incorporates the distributed port is given by the
following.
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Proposition 2.6. Consider the space of power variables Fd × Ed defined in
(2.19) and the bilinear form (+pairing operator) � ·, · � given by (2.13). Define the
following linear subspace Dd of Fd × Ed:

Dd =

⎧⎪⎪⎨⎪⎪⎩ (fpt , fpr , fεt , fεr , f
t
b , f

r
b , f

t
d, f

r
d , ept , epr , eεt , eεr , e

t
b, e

r
b , e

t
d, e

r
d) ∈ Fd × Ed |

⎡⎢⎢⎣
fpt

fpr

fεt
fεr

⎤⎥⎥⎦ = −

⎡⎢⎢⎣
0 0 d 0
0 0 ∗ d
d −∗ 0 0
0 d 0 0

⎤⎥⎥⎦
⎡⎢⎢⎣

ept

epr

eεt
eεr

⎤⎥⎥⎦−

⎡⎢⎢⎣
1 0
0 1
0 0
0 0

⎤⎥⎥⎦[ f t
d

fr
d

]
,

[
etd
erd

]
=

[
1 0 0 0
0 1 0 0

]⎡⎢⎢⎣
ept

epr

eεt
eεr

⎤⎥⎥⎦ ,

⎡⎢⎢⎣
f t
b

fr
b

etb
erb

⎤⎥⎥⎦ =

⎡⎢⎢⎣
ept

|∂D
epr |∂D
eεt |∂D
eεr |∂D

⎤⎥⎥⎦
⎫⎪⎪⎬⎪⎪⎭ ,

(2.20)
where |∂D denotes the restriction on the border of the (spatial) domain D. Then
Dd = Dd

⊥; that is, Dd is a Dirac structure.
Proof. The proof is very similar to the one given for Proposition 2.3.
The dpH formulation of the Timoshenko beam with boundary and distributed

energy flow can be obtained simply by combining the Dirac structure Dd (2.20) with
(2.15) and (2.16). The resulting model is given in the following.

Definition 2.7. The dpH model of the Timoshenko beam with Dirac structure
Dd (2.20) and Hamiltonian H (2.8) is given by⎡⎢⎢⎣

∂tpt
∂tpr
∂tεt
∂tεr

⎤⎥⎥⎦ =

⎡⎢⎢⎣
0 0 d 0
0 0 ∗ d
d −∗ 0 0
0 d 0 0

⎤⎥⎥⎦
⎡⎢⎢⎣

δptH
δpr

H
δεtH
δεrH

⎤⎥⎥⎦+

⎡⎢⎢⎣
1 0
0 1
0 0
0 0

⎤⎥⎥⎦[ f t
d

fr
d

]
,

[
etd
erd

]
=

[
1 0 0 0
0 1 0 0

]⎡⎢⎢⎣
δptH
δpr

H
δεtH
δεrH

⎤⎥⎥⎦ ,

⎡⎢⎢⎣
f t
b

fr
b

etb
erb

⎤⎥⎥⎦ =

⎡⎢⎢⎣
δptH |∂D
δpr

H |∂D
δεtH |∂D
δεrH |∂D

⎤⎥⎥⎦ .

(2.21)

The energy balance equation (2.18) becomes

dH
dt

=

∫
∂D

(
f t
b ∧ etb + fr

b ∧ erb
)

+

∫
D

(
f t
d ∧ etd + fr

d ∧ erd
)
,(2.22)

which expresses the fact that the variation of internal stored energy equals the power
supplied to the system through the border and the distributed port. From a bond
graph point of view, the Timoshenko beam can be described as in Figure 2.1, where
the power flows through the border (f t,r

b |x=·, e
t,r
b |x=·) and the distributed port

(fd, ed) are shown.

3. Control by damping injection.

3.1. Introduction. In this section, some considerations about control by damp-
ing injection applied to the Timoshenko beam are presented. In order to be as general
as possible, consider the dpH formulation of the Timoshenko beam with distributed
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H

(fd, ed)

(f t,r
b |x=0, e

t,r
b |x=0) (f t,r

b |x=L, e
t,r
b |x=L)

Fig. 2.1. Bond graph representation of the Timoshenko beam.

port (2.21). The energy functional (2.8) assumes its minimum in the zero configura-
tion, i.e., when

pt = 0, pr = 0, εt = 0, and εr = 0(3.1)

or, equivalently, when

w(t, x) = α∗x + d∗, φ(t, x) = α∗,(3.2)

where the constants α∗ and d∗ are determined by the boundary conditions on w and
φ. In (3.2), α∗ represents the rotation angle of the beam around the point x = 0,
while d∗ is the vertical displacement in x = 0.

If some dissipation effect is introduced by means of a controller, it is possible to
drive the state of the beam to the configuration where the (open loop) energy func-
tional (2.8) assumes its minimum. If the controller is interconnected on the boundary
of the spatial domain, we can speak about boundary control of the distributed pa-
rameter system (more precisely, about damping injection through the boundary). If
the controller is interconnected along the distributed port, we can speak about dis-
tributed control of the infinite dimensional system (distributed damping injection).
Energy dissipation can be introduced by terminating these ports with a dissipative
element, i.e., by a generalized impedance, simulated by the control algorithm.

In order to simplify some stability proofs that are presented in the remaining
part of this section, it is important to characterize the behavior of the Timoshenko
beam equation when the energy function becomes constant and when the boundary
conditions are equal to zero. We give this important remark (see [9, Assumption 5.12]).

Remark 3.1. Consider the dpH model of the Timoshenko beam (2.21). The only
invariant solution compatible with Ḣ = 0 and with the boundary conditions{

f t
b(0) = fr

b (0) = 0,

etb(L) = erb(L) = 0
or

{
f t
b(L) = fr

b (L) = 0,

etb(0) = erb(0) = 0

is the zero solution (3.1).
Note 3.1. More precisely, Remark 3.1 should be extended in order to also contain

information about the observability of the infinite dimensional system (the Timo-
shenko beam, in this case), as discussed in [3, from page 154 onward]. These con-
ditions can be interpreted as the generalization of the definition of detectability and
observability (see [1]) to the infinite dimensional case (see also [3, pp. 227ff.]).

3.2. Boundary control. Suppose that a finite dimensional controller can be
interconnected to the beam in x = L and that the beam can interact with the envi-
ronment in x = 0. Moreover, suppose that no interaction can take place through the
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distributed port. The last hypothesis means that, in (2.21), it can be assumed that

f t
d(t, x) = 0, fr

d (t, x) = 0.

The controller is designed in order to act as if a dissipative element is connected
to the power port of the beam in x = L, whose causality is represented in Figure 2.1.
Dissipation can be introduced if it is possible to impose the following relation between
flow and effort in x = L:⎧⎨⎩ f t

b(t, L) = −bt(t)∗etb(t, L),

fr
b (t, L) = −br(t)∗erb(t, L)

⇔

⎧⎪⎪⎨⎪⎪⎩
1

ρ
∗pt(L) = −bt(·)∗K∗εt(L),

1

Iρ
∗pr(L) = −br(·)∗EI∗εr(L)

(3.3)

with bt, br > 0 functions of time t.
In this way, the energy balance equation (2.22) becomes

dH
dt

(t) = −
∫
x=L

[
bt(t) etb ∧ ∗etb + br(t) erb ∧ ∗erb

]
+

∫
x=0

(
etb ∧ f t

b + erb ∧ fr
b

)
= −bt(t) [K∗εt |x=L]

2 − br(t) [EI∗εr |x=L]
2

+ [etb(t, 0)f t
b(t, 0) + erb(t, 0)fr

b (t, 0)] .

(3.4)

If, for example, the boundary conditions in x = 0 are

w(t, 0) = 0, φ(t, 0) = 0,(3.5a)

and, consequently,

f t
b(t, 0) = fr

b (t, 0) = 0,(3.5b)

then (3.4) becomes

dH
dt

(t) = −bt(t) [K∗εt |x=L]
2 − br(t) [EI∗εr |x=L]

2 ≤ 0.

So it is possible to state the following proposition [8].
Proposition 3.1. Consider the dpH model of the Timoshenko beam (2.21), and

suppose that the boundary conditions in x = 0 are given by (3.5) and that the controller
(3.3) is interconnected to the beam in x = L. Then the final configuration is (3.2),
with α∗ = 0 and d∗ = 0; that is,

w(t, x) = 0, φ(t, x) = 0.

Proof. The proof follows from Remark 3.1 and the LaSalle theorem generalized to
infinite dimensions (see [9, section 3.7]). Furthermore, it is necessary that α∗ = 0 and
d∗ = 0 in (3.2), in order to be compatible with the boundary conditions (3.5a).

Note 3.2. These results were already presented in [8] using a different approach.
The proposed control law was written in the following form:

∂w

∂t
(t, L) = −bt(t) ·K

[
∂w

∂x
(t, L) − φ(t, L)

]
,

∂φ

∂t
(t, L) = −br(t) · EI

∂φ

∂x
(t, L),
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which is clearly equivalent to (3.3). The main advantage in approaching the problem
within the framework of dpH systems is that both the way the control law is deduced
and the proof of its stability can be presented in a more intuitive (in some sense
physical) and elegant way. The same considerations hold for the distributed control
of the beam by damping injection presented in the next subsection: in this case, the
same results were already presented in [5], but with a different approach.

3.3. Distributed control. Following the same ideas presented in the previous
section, it is possible to extend the control by damping injection to the case in which
the interaction between system and controller takes place through a distributed port.
In this case, the (distributed) power port has to be terminated by a desired impedance
implemented by a distributed controller. In other words, in this section it is shown
how to stabilize the Timoshenko beam with a locally distributed control based on an
extension to the infinite dimensional case of the damping injection control technique.

Assume that btd(t, x) and brd(t, x) are smooth functions on D, and suppose that it
is possible to find D̄ ⊂ D and b0 > 0 such that btd(·, x), brd(·, x) ≥ b0 > 0 if x ∈ D̄ ⊂ D.
By taking into account the causality of the distributed port illustrated in Figure 2.1,
the dissipation effects can be introduced through the distributed port if the controller
can impose the following relation between flows and efforts on D:{

f t
d = −btd∗etd,

fr
d = −brd∗erd.

(3.6a)

This relation can be equivalently written as⎧⎪⎪⎨⎪⎪⎩
f t
d = −btd

ρ
pt,

fr
d = −brd

Iρ
pr,

(3.6b)

and, clearly, the closed-loop system is described by the following set of PDEs:

ρ
∂2w

∂t2
−K

(
∂2w

∂x2
− ∂φ

∂x

)
+ btd

∂w

∂t
= 0,

Iρ
∂2φ

∂t2
− EI

∂2φ

∂x2
+ K

(
∂w

∂x
− φ

)
+ brd

∂φ

∂t
= 0,

in which the boundary conditions still have to be specified. Moreover, the energy
balance (2.22) becomes

dH
dt

=

∫
∂D

(
etb ∧ f t

b + erb ∧ fr
b

)
+

∫
D̄

(
etd ∧ f t

d + erd ∧ fr
d

)
=

∫
∂D

(
etb ∧ f t

b + erb ∧ fr
b

)
−
∫
D̄

(
btd e

t
d ∧ ∗etd + brd e

r
d ∧ ∗erd

)
.

(3.7)

Assume, for simplicity, that the beam is clamped in x = 0, that is,

w(t, 0) = 0 and φ(t, 0) = 0,(3.8a)

and that there is no force/torque acting on x = L. Moreover, the boundary conditions,
i.e., the values assumed by the power variables on the (power) ports on ∂D, are given
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by {
f t
b(t, 0) = 0,

fr
b (t, 0) = 0,

{
etb(t, L) = 0,

erb(t, L) = 0.
(3.8b)

From (3.7), the energy balance relation (2.22) becomes

dH
dt

= −
∫
D̄

(
btd e

t
d ∧ ∗etd + brd e

r
d ∧ ∗erd

)
= −

∫
D̄

[
1

btd

(
∂w

∂t

)2

+
1

brd

(
∂φ

∂t

)2
]

dx ≤ 0.

(3.9)

So it is possible to state the following proposition.
Proposition 3.2. Consider the dpH system of the Timoshenko beam with dis-

tributed port (2.21) and suppose that the boundary conditions are given by (3.5). Then
the distributed control action (3.3) asymptotically stabilizes the system in

w(t, x) = 0 and φ(t, x) = 0.

Proof. From (3.9), we have that Ḣ = 0 if εt = εr = 0 and pt = pr = 0 on
D̄. Consequently, from Proposition 3.1 and from the boundary conditions (3.8), we
deduce that also on D \ D̄ we have εt = εr = 0 and pt = pr = 0. The only configura-
tion compatible with this energy configuration and the boundary conditions (3.8a) is
clearly w(t, x) = 0 and φ(t, x) = 0.

Note 3.3. It is important to underscore that the most difficult points in the
analysis of the stability of the proposed control schemes are the proof of Remark 3.1,
which characterizes the invariant solutions of the Timoshenko beam equations for
zero boundary conditions, and the verification of the applicability of LaSalle theorem.
More details on these problems and the rigorous way to solve them can be found in
[3, Chapter 5] and [9, Chapters 3 and 5].

4. Control by interconnection and energy shaping.

4.1. Model of the plant. Consider the mechanical system of Figure 4.1, in
which a flexible beam, modeled according to the Timoshenko theory and whose dpH
model is given by (2.17), is connected to a rigid body with mass m and inertia mo-
mentum J in x = L and to a controller in x = 0. The controller acts on the system
with a force fc and a torque τc. Since the Timoshenko model of the beam is valid
only for small deformations, it is possible to assume that the motion of the rigid body
is the combination of a rotational and a translational motion along x = L. The port
Hamiltonian model of the rigid body is given by[

q̇
ṗ

]
=

([
0 I
−I 0

]
−
[

0 0
0 D

])[
∂qH
∂pH

]
+

[
0
I

]
f ,

e = ∂pH,

(4.1)

where q = [q1, q2]
T ∈ Q ⊂ R

2 are the generalized coordinates, with q1 the distance
from the equilibrium configuration and q2 the rotation angle, p are the generalized
momenta, f , e ∈ R

2 are the port variables,

H(q, p) :=
1

2

(
p2
1

m
+

p2
2

J

)
+ V (q)(4.2)
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0 L

q1

q2

m, J

fc
τc

Fig. 4.1. Flexible link with mass in x = L.

H HHc SGYSGY 1

Fig. 4.2. Bond graph representation of the closed-loop system.

is the total energy (Hamiltonian) function, with V the potential, and D = DT ≥ 0 is
a matrix taking into account energy dissipation.

As regards the controller, we assume that it can be modeled by means of the
following finite dimensional port Hamiltonian systems:[

q̇c
ṗc

]
=

([
0 I
−I 0

]
−
[

0 0
0 Dc

])[
∂qcHc

∂pc
Hc

]
+

[
0
Gc

]
fc,

ec = GT
c ∂pcHc,

(4.3)

where qc ∈ Qc ⊂ R
2 are the generalized coordinates, with dim(Qc) = 2, pc are

the generalized momenta, fc, ec ∈ R
2 are the power conjugated port variables, and

Dc = DT
c ≥ 0 is a matrix taking into account energy dissipation. Moreover, Hc(qc, pc)

is the Hamiltonian, and it will be specified in the remaining part of this section in
order to drive the whole system in a desired equilibrium configuration. Note that
fc = [fc, τc]

T
.

The port causality of both the mass and the controller is assumed to be with flows
as inputs and efforts as outputs. As pointed out in [23], it is possible to interconnect
two port Hamiltonian systems only if a port dualization is applied on one of them.
In this way, a system can have an effort as input and a flow as output. Since the
port causality and orientation of the beam are given in Figure 2.1, the bond graph
representation of the closed-loop system made of the Timoshenko beam, the mass in
x = L, and the finite dimensional port Hamiltonian controller acting in x = 0 are
given in Figure 4.2. Then, the interconnection constraints between the port variables
of the subsystems are given by the following power-preserving relations:{ [

f t
b(L) fr

f (L)
]T

= −e,[
etb(L) erb(L)

]T
= f ,

{ [
f t
b(0) fr

f (0)
]T

= ec,[
etb(0) erb(0)

]T
= fc.

(4.4)

From (2.17), (4.1), (4.3), and (4.4), it is possible to obtain the mixed finite and in-
finite dimensional port Hamiltonian (m-pH) representation of the closed-loop system.
The total energy Hcl is defined in the extended space

Xcl := Q× T ∗Q×Qc × T ∗Qc︸ ︷︷ ︸
X

×Ω1(D) × Ω1(D) × Ω1(D) × Ω1(D)︸ ︷︷ ︸
X∞

(4.5)



758 ALESSANDRO MACCHELLI AND CLAUDIO MELCHIORRI

and is given by the sum of the energy functions of the subsystems, that is,

Hcl :=H + Hc + H.(4.6)

Moreover, it is easy to verify that the energy rate is equal to

dHcl

dt
= −

(
∂THcl

∂p
D
∂Hcl

∂p
+

∂THcl

∂pc
Dc

∂Hcl

∂pc

)
,

where Dc and Hc have to be designed in order to drive the system in the desired
equilibrium position, which is still to be specified. Following the same procedure
presented in [20, 26] for finite dimensional port Hamiltonian systems, the idea is to
shape the total energy Hcl by properly choosing the controller Hamiltonian Hc in
order to have a new minimum of energy in the desired configuration that can be
reached if some dissipative effect is introduced. The first step is to find the Casimir
functionals of the closed-loop system.

4.2. Casimir functionals for the closed-loop system. The applicability of
the control by interconnection and energy shaping relies on the possibility of relating
the controller state variables to the state variables of the plant by means of Casimir
functions [13]. Equivalently, we can say that the controller structure is chosen in order
to constrain the closed-loop trajectory to evolve on a particular submanifold of the
whole state space. The key point is, then, to find necessary and sufficient conditions
on the existence of Casimir functions for a given dynamical system. Since a Casimir
function is a structural invariant, that is, a scalar function defined on the state space
of a dynamical system which is constant along its trajectories independently from the
Hamiltonian function (see [20] and [26, p. 87]), a possible generalization can be given
by means of the following definition [10].

Definition 4.1 (Casimir functionals). Consider a scalar function C : Xcl → R

defined on the extended state space (4.5). Then, C is a Casimir functional for the
m-pH of Figure 2.1 if and only if

dC
dt

= 0 ∀Hcl : Xcl → R,

where Hcl has the structure given in (4.6).
The definition is quite general. In the case under study, we have that

dC
dt

=
∂TC
∂q

q̇ +
∂TC
∂p

ṗ +
∂TC
∂qc

q̇c +
∂TC
∂pc

ṗc

+

∫
D

(
∂pt
∂t

∧ δptC +
∂pr
∂t

∧ δprC +
∂εt
∂t

∧ δεtC +
∂εr
∂t

∧ δεrC
)

and, from (2.17), (4.1), (4.3), and the interconnection constraints (4.4), we obtain

dC
dt

=
∂TC
∂q

∂H

∂p
+

∂TC
∂p

{
−∂H

∂q
−D

∂H

∂p
+ [δεtH |x=L δεrH |x=L]

T

}
+
∂TC
∂qc

∂Hc

∂pc
+

∂TC
∂pc

{
−∂Hc

∂qc
−Dc

∂Hc

∂pc
+ Gc[δεtH |x=0 δεrH |x=0]

T

}
+

∫
D

[dδεtH ∧ δpt
C + (dδεrH + ∗δεtH) ∧ δpr

C]

+

∫
D

[(dδptH− ∗δprH) ∧ δεrC + dδprH ∧ δεtC] .

(4.7)
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The integral term in (4.7) is equal to∫
D

[d (δεtH ∧ δptC) + d (δεrH ∧ δprC) + d (δptH ∧ δεtC) + d (δpr
H ∧ δεrC)]

−
∫
D

[δpt
H ∧ dδεtC + δprH ∧ (dδεrC + ∗δεtC)]

−
∫
D

[δεtH ∧ (dδpt
C − ∗δpr

C) + δεrH ∧ dδpr
C] ,

(4.8)

where, from the Stokes theorem, the first term can be written as∫
∂D

[δεtH |∂D ∧δpt
C |∂D + · · · + δpr

H |∂D ∧δεrC |∂D]

=

∫
∂D

[
δpt

C |∂D δpr
C |∂D

] [
δεtH |∂D δεrH |∂D

]T
+

∫
∂D

[
δεtC |∂D δεrC |∂D

] [
δptH |∂D δprH |∂D

]T
.

(4.9)

From (4.1) and (4.3) and the interconnection constraints (4.4), we have that[
δptH |x=L

δpr
H |x=L

]
= −e = −∂H

∂p
and

[
δptH |x=0

δpr
H |x=0

]
= ec = GT

c

∂Hc

∂pc
.

Then, combining (4.7) with (4.8) and (4.9), we obtain that

dC
dt

= −∂TC
∂p

∂H

∂q
− ∂TC

∂pc

∂Hc

∂qc

−
{
−∂TC

∂q
+

∂TC
∂p

D +
[
δεtC |x=L δεrC |x=L

]} ∂H

∂p

−
{
−∂TC

∂qc
+

∂TC
∂pc

Dc +
[
δεtC |x=0 δεrC |x=0

]
GT

c

}
∂Hc

∂pc

+

{
∂TC
∂p

+
[
δpt

C |x=L δpr
C |x=L

]} [
δεtH |x=L δεrH |x=L

]T
+

{
∂TC
∂pc

−
[
δptC |x=0 δprC |x=0

]} [
δεtH |x=0 δεrH |x=0

]T
−
∫
D

[δptH ∧ dδεtC + δprH ∧ (dδεrC + ∗δεtC)]

−
∫
D

[δεtH ∧ (dδptC − ∗δprC) + δεrH ∧ dδprC]

has to be equal to zero for every Hamiltonian H, Hc, and H (see Definition 4.1). This
is true if and only if

dδεtC = 0, dδptC − ∗δprC = 0,
dδεrC + ∗δεtC = 0, dδpr

C = 0,

∂C
∂p

= 0,
∂C
∂pc

= 0,

[
δptC |x=L

δprC |x=L

]
= 0,

[
δptC |x=0

δprC |x=0

]
= 0,

∂C
∂q

=

[
δεtC |x=L

δεrC |x=L

]
,

∂C
∂qc

= Gc

[
δεtC |x=0

δεrC |x=0

]
.

(4.10)
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In other words, the following proposition has been proved [11, 12].
Proposition 4.2. Consider the m-pH system of Figure 4.2, that is, the result

of the power conserving interconnection (4.4) of the subsystems (2.17), (4.1), and
(4.3). If X × X∞ is the extended state space of the system, introduced in (4.5), then
a functional C : X × X∞ → R is a Casimir for the closed-loop system if and only if
conditions (4.10) hold.

Since the necessary and sufficient conditions for the existence of Casimir functions
have been deduced, the control problem can be approached.

4.3. Control by energy shaping of the Timoshenko beam. In order to
control the flexible beam with the finite dimensional controller (4.3), the first step
is to find Casimir functionals for the closed-loop system that can relate the state
variables of the controller q to the state variables that describe the configuration of
the flexible beam and the mass connected to its extremity. In particular, we are
looking for some functionals C̃i, i = 1, 2, such that

Ci(q, p, qc, pc, pt, pr, εt, εr) := qc,i − C̃i(q, p, pc, pt, pr, εt, εr) with i = 1, 2

are Casimir functionals for the closed-loop system, i.e., satisfying the conditions of
Proposition 4.2.

First of all, from (4.10), we note immediately that every Casimir functional cannot
depend on p and pc. Moreover, since it is necessary that dδεtCi = 0 and dδpr

Ci = 0,
we deduce that δεtCi and δpr

Ci have to be constant as a function on x on D and
their value will be determined by the boundary conditions on Ci. Since, from (4.3),
δprCi |∂D= 0, we deduce that δprCi = 0 on D. Since dδptCi = ∗δprCi = 0, then, from
the boundary conditions, we deduce that also δpt

Ci = 0 on D. As a consequence,
all the admissible Casimir functionals are also independent from pt and pr. In other
words, we are interested in finding Casimir functionals in the following form:

Ci(q, qc, εt, εr) := qc,i − C̃i(q, εt, εr), i = 1, 2.

Assuming Gc = I, we have that

∂C1

∂qc
=

[
1
0

]
=

[
δεtC1 |x=0

δεrC1 |x=0

]
(4.11)

and, consequently, δεtC1 = 1 on D. From (4.10), we have that dδεrC1 = −∗δεtC1 =
−∗1 = −dx; then, δεrC1 = −x+c1, where c1 is determined by the boundary conditions.
Since, from (4.11), δεrC1 |x=0= 0, then c1 = 0; moreover, we deduce that δεrC |x=L=
−L, i.e., a new boundary condition in x = L. A consequence is that

∂C1

∂q
=

[
δεtC1 |x=L

δεrC1 |x=L

]
=

[
1
−L

]
.

The first conclusion is that

C1(q, qc, εt, εr) = qc,1 − (Lq2 − q1) −
∫
D

(xεr − εt)(4.12)

is a Casimir for the closed-loop system. Following the same procedure, it is possible
to calculate C2. From (4.10), we have that

∂C2

∂qc
=

[
0
1

]
=

[
δεtC2 |x=0

δεrC2 |x=0

]
,
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and then δεtC2 = 0 on D; moreover, dδεrC2 = 0 and, consequently, δεrC2 = 1 on D
since (4.6) holds. Again from (4.10), we deduce that

∂C2

∂q
=

[
δεtC2 |x=L

δεrC2 |x=L

]
=

[
0
1

]
.

So we can state that

C2(q, qc, εt, εr) = qc,2 + q2 +

∫
D
εr(4.13)

is another Casimir functional for the closed-loop system. In conclusion, the following
proposition has been proved [11, 12].

Proposition 4.3. Consider the m-pH system of Figure 4.2, that is, the result of
the power conserving interconnection (4.4) of the subsystems (2.17), (4.1), and (4.3).
Then (4.12) and (4.13) are Casimir functionals for this system.

Note 4.1. Since Ci, i = 1, 2, are Casimir functionals, they are invariant for the
system of Figure 4.2. Then, for every energy function Hc of the controller, we have
that

qc,1 = (Lq2 − q1) +

∫
D

(xεr − εt) + C1, qc,2 = −q2 −
∫
D
εr + C2,(4.14)

where C1 and C2 depend on the initial conditions. If the initial configuration of the
system is known, then it is possible to assume these constants are equal to zero. Since
Hc is an arbitrary function of qc, it is possible to shape the total energy function of the
closed-loop system in order to have a minimum of energy in a desired configuration: if
some dissipation effect is present, the new equilibrium configuration will be reached.

Suppose that the potential energy V in (4.2) is equal to

V (q1, q2) :=
1

2

(
k1q

2
1 + k2q

2
2

)
(4.15)

with k1, k2 > 0. In other words, suppose that a translational and rotational spring
is acting on the rigid body in x = L. Furthermore, suppose that (q∗, 0), with

q∗ = [q∗1 q∗2 ]
T
, is the desired equilibrium configuration of the mass (4.1). Then, the

corresponding equilibrium configuration of the beam can be calculated as the solution
of (2.17) with

∂pt
∂t

=
∂pr
∂t

=
∂εt
∂t

=
∂εr
∂t

= 0 on D

and with boundary conditions (in x = L) given by[
f t
b(L)

fr
b (L)

]
=

∂H

∂p
(q∗, 0) = 0,

[
etb(L)
erb(L)

]
=

∂H

∂q
(q∗, 0) =

[
k1q

∗
1

k2q
∗
2

]
.(4.16)

From (2.17), we have that the equilibrium configuration has to satisfy the following
system of PDEs: {

dδεtH = 0,

∗δεtH + dδεrH = 0,
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whose solution, compatible with the boundary conditions (4.16), is equal to⎧⎪⎨⎪⎩
εt

∗(x, t) =
k1

K
q∗1 ,

εr
∗(x, t) =

k1q
∗
1

EI
(L− x) +

k2q
∗
2

EI
.

(4.17)

Furthermore, at the equilibrium, it is easy to compute that pt = pt
∗ = 0 and that

pr = pr
∗ = 0. From (4.14) and (4.17), define

q∗c,1 = qc,1(q
∗
1 , q

∗
2 , εt

∗, εr
∗) = Lq∗2 − q∗1 +

∫ L

0

(xεr
∗ − εt

∗) dx

= Lq∗2 − q∗1 +

∫ L

0

[
k1q

∗
1

EI
(L− x)x +

k2q
∗
2

EI
x− k1

K
q∗1

]
dx

=

(
k1

EI

L3

6
− k1

K
L− 1

)
q∗1 +

(
k2

EI

L2

2
+ L

)
q∗2 ,

q∗c,2 = qc,2(q
∗
2 , εr

∗) = −q∗2 −
∫ L

0

εrdx

= −q∗2 −
∫ L

0

[
k1q

∗
1

EI
(L− x) +

k2q
∗
2

EI

]
dx = − k1

EI

L2

2
q∗1 −

(
k2

EI
L + 1

)
q∗2 .

Note that, at the equilibrium, pc = p∗c = 0. The energy function Hc of the controller
(4.3) will be developed in order to regulate the closed-loop system in the configuration

χ∗ = (q∗, p∗, p∗c , pt
∗, pr

∗, εt
∗, εr

∗).

In the remaining part of this section it will be proved that, by choosing the controller
energy as

Hc(pc, qc) =
1

2
pT
c M

−1
c pc +

1

2
Kc,1(qc,1 − q∗c,1)

2 +
1

2
Kc,2(qc,2 − q∗c,2)

2

+Ψ1(qc,1) + Ψ(qc,2)

(4.18)

with Mc = MT
c > 0, Kc,1,Kc,1 > 0, and Ψ1,Ψ2 functions still to be specified, the

configuration χ∗ is stable.
Remark 4.1. It is important to point out that the proposed control methodology

is solution free; that is, a stabilizing controller is provided by (4.3) and (4.18) but the
problem of the existence of a solution of the PDE modeling the Timoshenko beam
is not approached. As discussed in [9, Example 5.6], the Timoshenko beam equation
generates a contraction semigroup; thus the equation has a unique classical solution.
Furthermore, when closing the loop, what we obtain is a hybrid system, that is, a
system consisting of a coupled PDE with an ODE, and also in this case it should be
necessary to check under which conditions a classical solution exists. The problem can
be solved by extending the approach proposed in [9, section 4.6.1], for the boundary
control of an Euler–Bernoulli beam by means of a PI + strain feedback controller, to
the case discussed in this paper.

As in the case of a finite dimensional Hamiltonian system, the stability of an
m-pH system can be proved if it can be shown that the equilibrium is a strict extremum
of the total energy of the closed-loop system. The only difference is that, in order
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to prove the stability for the infinite dimensional part, it is necessary to fix a norm:
it is important to note that the stability with respect to this norm, in general, will
not assure the stability with respect to a different one (see, e.g., [24, p. 114]). The
stability definition in the sense of Lyapunov for mixed finite and infinite dimensional
systems can be given as follows [24, Definition 4.18].

Definition 4.4 (Lyapunov stability for mixed systems). The equilibrium con-
figuration χ∗ for a mixed finite and infinite dimensional system is said to be stable in
the sense of Lyapunov with respect to the norm ‖·‖ if, for every ε > 0, there exists
δε > 0 such that

‖χ(0) − χ∗‖ < δε ⇒ ‖χ(t) − χ∗‖ < ε

∀t > 0, where χ(0) is the initial configuration of the system.
As proposed in [24, pp. 116–117] and in [22], in order to verify the stability of χ∗,

it is necessary to show that it is an extremum of the closed-loop energy function Hcl

introduced in (4.6), with Hc given by (4.18); that is, the condition

∇Hcl(χ
∗) = 0(4.19)

must hold. Moreover, if ∆χ is the displacement from the equilibrium configuration
χ∗, introduce the nonlinear functional

N (∆χ) :=Hcl(χ
∗ + ∆χ) −Hcl(χ

∗)(4.20)

that is proportional to the second variation of Hcl. Then the configuration χ∗ is stable
if it is possible to find γ1, γ2, α > 0 such that [24, Theorem 4.20]

γ1 ‖∆χ‖2 ≤ N (∆χ) ≤ γ2 ‖∆χ‖α .(4.21)

Denote by χ the state variable of the closed-loop system. From (2.8), (4.2), (4.15),
and (4.18), the total energy function is given by

Hcl(χ) =
1

2

(
p2
1

m
+

p2
2

J

)
+

1

2

(
k1q

2
1 + k2q

2
2

)
+

1

2

∫
D

(
1

ρ
pt ∧ ∗pt +

1

Iρ
pr ∧ ∗pr + Kεt ∧ ∗εt + EIεr ∧ ∗εr

)
+

1

2
pT
c M

−1
c pc +

1

2
Kc,1(qc,1 − q∗c,1)

2 +
1

2
Kc,2(qc,2 − q∗c,2)

2

+Ψ1(qc,1) + Ψ(qc,2).

The first step in the stability proof is to find under which conditions, that is, for what
particular choice of the functions Ψ1 and Ψ2, relation (4.19) is satisfied. We have that

∇Hcl(χ) =

⎡⎢⎢⎢⎢⎢⎢⎣
∂pHcl

∂qHcl

δptHcl

δprHcl

δεtHcl

δεrHcl

⎤⎥⎥⎥⎥⎥⎥⎦ =

⎡⎢⎢⎢⎢⎢⎢⎣
∂pH

∂q(H + Hc)
δptH
δprH

δεt(H + Hc)
δεr (H + Hc)

⎤⎥⎥⎥⎥⎥⎥⎦ .
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Clearly,

∂H

∂p
(χ∗) = 0,

∂Hc

∂pc
(χ∗) = 0, δpt

H(χ∗) = 0, and δpr
H(χ∗) = 0.

Furthermore,

∂Hcl

∂q1
= k1q1 −Kc,1

(
qc,1 − q∗c,1

)
− ∂Ψ1

∂qc,1
,

∂Hcl

∂q2
= k2q2 + Kc,1

(
qc,1 − q∗c,1

)
L−Kc,2

(
qc,2 − q∗c,2

)
+

∂Ψ1

∂qc,1
L− ∂Ψ2

∂qc,2
,

and

δεtHcl = K∗εt −Kc,1

(
qc,1 − q∗c,1

)
− ∂Ψ1

∂qc,1
,

δεrHcl = EI∗εr + Kc,1

(
qc,1 − q∗c,1

)
x−Kc,2

(
qc,2 − q∗c,2

)
+

∂Ψ1

∂qc,1
x− ∂Ψ2

∂qc,2
.

Then ∇Hcl(χ
∗) = 0 if{

Ψ1(qc,1) = k1q
∗
1qc,1 + ψc,1,

Ψ2(qc,2) = (k2q
∗
2 + k1q

∗
1L) qc,2 + ψc,2,

with ψc,1 and ψc,2 arbitrary constants. Once the equilibrium is assigned in χ∗, it is
necessary to verify the convexity condition (4.21) in χ∗ on the nonlinear functional
N . After simple calculations, it can be obtained (see [10]) that

‖∆χ‖ =
1

2
∆pTM−1∆p +

1

2
∆pT

c M
−1
c ∆pc +

1

2
k1∆q2

1 +
1

2
k2∆q2

2

+
1

2

∫ L

0

(
1

ρ
∆pt ∧ ∗pt +

1

Iρ
∆pr ∧ ∗pr + K∆εt ∧ ∗∆εt + EI∆εr ∧ ∗∆εr

)

+
1

2
Kc,1

[
L∆q2 − ∆q1 +

∫ L

0

(x∆εr − ∆εt)

]2

+
1

2
Kc,2

[
∆q2 +

∫ L

0

∆εr

]2

.

The convexity condition (4.21) requires a norm in order to be verified: a possible
choice can be

‖χ‖2
=

1

2
∆pT∆p +

1

2
∆pT

c ∆pc +
1

2
∆q2

1 +
1

2
∆q2

2

+
1

2

∫ L

0

(∆pt ∧ ∗pt + ∆pr ∧ ∗pr + ∆εt ∧ ∗∆εt + ∆εr ∧ ∗∆εr) .

Then, in (4.21), assume that

γ1 =
1

2
min

{
|M−1|, |M−1

c |, k1, k2,
1

ρ
,

1

Iρ
, K, EI

}
.

Moreover, if

γ̃2 =
1

2
max

{
|M−1|, |M−1

c |, k1, k2,
1

ρ
,

1

Iρ
, K, EI, Kc,1, Kc,2

}
,



MODELING AND CONTROL OF THE TIMOSHENKO BEAM 765

we have that

N (∆χ) ≤ γ̃2 ‖∆χ‖+ γ̃2

[
L∆q2 − ∆q1 +

∫ L

0

(x∆εr − ∆εt)

]2

+ γ̃2

[
∆q2 +

∫ L

0

∆εr

]2

.

Since

[
L∆q2 − ∆q1 +

∫ L

0

(x∆εr − ∆εt)

]2

≤ 2 (L∆q2 − ∆q1)
2

+ 2

[∫ L

0

(x∆εr − ∆εt)

]2

≤ 4
(
|∆q1|2 + L2|∆q2|2

)
+ 4

(∫ L

0

x∆εr

)2

+ 4

(∫ L

0

∆εt

)2

≤ 4
(
|∆q1|2 + L2|∆q2|2

)
+ 4L

(∫ L

0

∆εt ∧ ∗∆εt + L

∫ L

0

∆εr ∧ ∗∆εr

)
,

[
∆q2 +

∫ L

0

∆εr

]2

≤ 2|∆q2|2 + 2

(∫ L

0

∆εr

)2

≤ 2|∆q2|2 + 2L

∫ L

0

∆εr ∧ ∗∆εr,

it is possible to satisfy (4.21) by choosing α = 2 and

γ2 = γ̃2 · max
{
4, 4L2 + 2, 4L, 4L2 + 2L

}
,

which completes the stability proof. In other words, the following proposition has
been proved.

Proposition 4.5. Consider the m-pH system of Figure 4.2, that is, the result of
the power conserving interconnection (4.4) of the subsystems (2.17), (4.1), and (4.3).
If in (4.3) it is assumed that Gc = I and Hc is chosen according to (4.18), then the
configuration χ∗ is stable in the sense of Lyapunov, i.e., in the sense of Definition 4.4.

5. Conclusions. Once the Timoshenko model of the beam has been reformu-
lated within the framework of dpH systems, some considerations about control strate-
gies of the flexible beam have been presented. In particular, the well-known control by
damping injection is extended to distributed parameter systems in order to stabilize
the beam acting through its boundary and/or its distributed port. Some well-known
results already presented in the literature are obtained in this new framework.

Moreover, it has been shown that it is possible to extend the energy shaping by
interconnection control technique to treat mixed finite and infinite dimensional sys-
tems following the same ideas presented in [22], of which this work is a continuation.
In particular, the control of a mechanical system made of a flexible beam with a rigid
body connected at one of its extremities has been presented. The finite dimensional
controller, acting on the system through the other extremity, is developed by prop-
erly extending the concept of Casimir functions to infinite dimensions. The main
advantage is that the controller is suitable for a clear physical interpretation, with the
drawback that the whole approach is solution free, in the sense of Remark 4.1.

Future work will deal with the extension of these concepts to the modeling and
control of simple kinematic chains with flexible links.
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Abstract. We study linear Hamiltonian systems using bilinear and quadratic differential forms.
Such a representation-free approach allows us to use the same concepts and techniques to deal with
systems isolated from their environment and with systems subject to external influences and allows
us to study systems described by higher-order differential equations, thus dispensing with the usual
point of view in classical mechanics of considering first- and second-order differential equations only.

Key words. linear Hamiltonian systems, two-variable polynomial matrices, bilinear and quadra-
tic differential forms, behavioral system theory
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1. Introduction. This paper aims to give a unified treatment of linear Hamil-
tonian systems using the formalism of bilinear and quadratic differential forms in-
troduced in [24]. We consider systems with and without external influences, and
we deal with both cases using the same techniques and the same concepts. More-
over, we formulate concepts and study the properties of Hamiltonian systems in a
representation-free way, thus dispensing with the usual point of view in mechanics
and in physics (see, for example, [1]) of concentrating on first-order representations
in the (generalized) coordinates and the (generalized) momenta. Instead of postulat-
ing the existence of a function (the Lagrangian, or the Hamiltonian) on the basis of
physical considerations (conservation of energy, etc.) and deducing from such a func-
tion the equations of motion, we proceed by assuming that a set of linear differential
equations with constant coefficients describing the system is given, and we deduce the
Hamiltonian nature of the system from such equations, by proving the existence of
certain bilinear functionals of the variables of the system and of their derivatives sat-
isfying some additional property. Our approach is of a system-theoretic nature rather
than derived from the study of mechanics: as happens in optimal control theory for
linear systems, we consider the interplay of (quadratic and bilinear) functionals of the
system variables and of the equations of motion as the central object of study when
dealing with Hamiltonian systems.

In this paper we also reconcile our point of view with that of classical mechanics by
showing how to construct a “generalized Lagrangian” on the basis of the equations of
the system, in the sense that the trajectories of the system are stationary with respect
to such a quadratic functional of the variables of the system and their derivatives. In
this context, the concept of internal force also arises naturally from the equations
describing the system: in this paper we show that generalized internal forces can be
defined which depend on higher-order derivatives of the external variables and not
only first-order ones at most, as happens in classical mechanics.
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The works more closely connected with the approach proposed in this paper are
[8] and [7, 19]. The approach of [8] is devoted to examining the consequences of the
Hamiltonian symmetry of the transfer function on the possibility of realizing a lin-
ear system in some special form; the treatment is carried out in the framework of
polynomial models. In the present paper we obtain some of the results of [8] when
treating Hamiltonian systems with external influences. The work of [7, 19] (see also
[6, 12, 18, 20]) deals with nonlinear systems and consequently has a larger application
area than the one illustrated in the present paper. In some cases, most notably in
the study of external characterizations of (nonlinear) Hamiltonian systems, such an
approach provides results which indeed have a more general nature than some of those
presented in this article. However, we believe that the approach presented in this pa-
per, although applicable in its present form only to finite-dimensional linear systems,
is relevant for the following reasons. First, the simpler structure of linear systems and
the array of algebraic techniques available in the behavioral framework to deal with
them allow us to devise constructive methods based on polynomial algebra in order
to solve many of the problems arising when considering linear Hamiltonian systems,
for example, the computation of “conserved quantities,” of special representations,
etc. (an example of the technical difficulties involved in solving similar problems in
the nonlinear case is given in section III of [6]). Second, the representation-free ap-
proach that we pursue allows us to describe systems of a different nature using the
same formalism, independent of the domain of application. Such a feature of our ap-
proach is especially relevant in view of the potential application of our techniques in
the description of possibly infinite-dimensional nonmechanical systems, for example,
those arising in the theory of fields. Moreover, proceeding directly from the equations
of motion allows us to study Hamiltonianity also for complex systems (for example,
those resulting from the interconnection of many simple subsystems), for which the
identification of functionals representing the “conserved quantities” is not immediate;
this is of particular interest when considering the application of the results presented
in this paper to computer-assisted modeling and simulation.

The paper is organized as follows: in section 2 we review some notions regarding
linear differential systems and bilinear differential forms, which form the setting in
which we study linear Hamiltonian systems. In section 3 we define Hamiltonianity
for autonomous systems. In classical mechanics, a Hamiltonian system consists of the
trajectories which are stationary with respect to a Lagrangian function; in section 4
we show how such a point of view fits with our definition of Hamiltonianity, and we
define the notion of generalized Lagrangian. In section 5 we consider the notion of
internal forces, which we propose to see as latent variables arising naturally from the
equations describing an autonomous Hamiltonian system. The relationship between
internal forces and external variables in an autonomous Hamiltonian system forms the
basis for our definition of a controllable Hamiltonian system. In section 6 we discuss
our results and outline some directions for future research.

We give a few words on notation. The space of n-dimensional real, respectively,
complex, vectors is denoted by R

n, respectively, C
n, and the space of m × n real,

respectively, complex, matrices, by R
m×n, respectively, C

m×n. Whenever one of the
two dimensions is not specified, a bullet • is used so that, for example, C

•×n denotes
the set of complex matrices with n columns and an unspecified number of rows. In
order to enhance readability, when dealing with a vector space R

• whose elements
are commonly denoted with w, we use the notation R

w (note the typewriter font
type); similar considerations hold for matrices representing linear operators on such
spaces.
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Given two column vectors x and y, we denote with col(x, y) the vector obtained
by stacking x over y; a similar convention holds for the stacking of matrices with the
same number of columns. If A ∈ R

m×n, then AT ∈ R
n×m denotes its transpose. If Ai ∈

R
ki×ki , i = 1, . . . , m, then block diag(Ai)i=1,...,m denotes the (

∑m
i=1 ki) × (

∑m
i=1 ki)

matrix having the Ai’s on the main diagonal.
The ring of polynomials with real coefficients in the indeterminate ξ is denoted by

R[ξ]; the ring of two-variable polynomials with real coefficients in the indeterminates
ζ and η is denoted by R[ζ, η]. A polynomial p in the indeterminate ξ is called even if
p(ξ) = p(−ξ) and odd if p(−ξ) = −p(ξ). The space of all n×m polynomial matrices in
the indeterminate ξ is denoted by R

n×m[ξ], and that consisting of all n×m polynomial
matrices in the indeterminates ζ and η is denoted by R

n×m[ζ, η]. Given a matrix
R ∈ R

n×m[ξ], we define R∼(ξ) := RT (−ξ) ∈ R
m×n[ξ]. If R(ξ) has complex coefficients,

then R∼(ξ) denotes the matrix obtained from R by substituting −ξ in place of ξ,
transposing, and conjugating.

We denote with C∞(R,Rq) the set of infinitely often differentiable functions from
R to R

q, and we denote with D(R,Rq) the subset of C∞(R,Rq) consisting of compact
support functions.

Finally, if K is an n × n matrix, the bilinear form on R
n defined by (x1, x2) �→

xT
1 Kx2 is denoted by 〈x1, x2〉K . If K = KT , then it also induces a quadratic form

x → xTKx, which we denote with |x|2K .

2. Basics. In order to make the paper as self-contained as possible, we now il-
lustrate some basic notions regarding linear differential behaviors and bilinear and
quadratic differential forms; detailed expositions of such concepts can be found, re-
spectively, in [15] and in [24]. We conclude the section with a brief introduction to
Hamiltonian constant matrices, which are relevant in the discussion of state-space
representations of Hamiltonian behaviors.

2.1. Linear differential behaviors. A linear differential behavior is a linear
subspace B of C∞(R,Rw) consisting of all solutions w of a given system of linear
constant-coefficient differential equations. Such a set is represented as

R

(
d

dt

)
w = 0,(2.1)

where R ∈ R
•×w[ξ]; (2.1) is called a kernel representation of the behavior B := {w ∈

C∞(R,Rw) | w satisfies (2.1) }, and w is called the manifest or external variable of B.
The class of all such behaviors is denoted with Lw.

When modeling physical systems from first principles, we often introduce a num-
ber of latent (or auxiliary) variables � besides the manifest ones: thus latent variable
representations

R

(
d

dt

)
w = M

(
d

dt

)
�(2.2)

are obtained. Equation (2.2) describes the full behavior

Bf := {(w, �) ∈ C
∞(R,Rw+l) |(2.2) holds},

and we call the projection of Bf on the w variable, i.e.,

B := {w | ∃� such that (2.2) holds},
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the manifest behavior associated with (2.2). It can be shown that B can also be
described in kernel form, i.e., B = ker R′( d

dt ) for a suitable R′ ∈ R
•×w[ξ]. The

computation of such an R′ from R and M is called the elimination of the latent
variable �.

When the matrix R in (2.2) is the w-dimensional identity, we call

w = M

(
d

dt

)
�(2.3)

an image representation of B. A behavior can be represented by (2.3) if and only if
each of its kernel representations is associated with a polynomial matrix R ∈ R

•×w[ξ]
such that rank(R(λ)) is constant for all λ ∈ C, or equivalently, B is controllable in
the behavioral sense (see Chapter 5 of [15]). The latent variable � in (2.3) is called
observable from w if [w = M( d

dt )� = 0] =⇒ [� = 0]. It can be shown that this is the
case if and only if the matrix M(λ) has full column rank for all λ ∈ C.

An important class of behaviors is that of autonomous behaviors, which admit
kernel representations (2.1) in which the matrix R is w × w and nonsingular. Given
an autonomous behavior B ∈ Lw, the w× w matrices associated with any two kernel
representations of B have the same Smith form (see, for example, section 6.3.3 of
[10]). The diagonal elements in such a Smith form are nonzero polynomials called the
invariant polynomials of B; the product of such polynomials of B is denoted by χB

and is called the characteristic polynomial of B.
By permuting the components of w with a permutation matrix Π ∈ R

w×w if nec-
essary, we can write Πw = col(u, y) with y having rank(R) components and u having
w− rank(R) components, so that B admits the representation P ( d

dt )y = Q( d
dt )u, with

P square and nonsingular. We call such a partition of the external variables of B an
input/output (i/o) partition, u the input variable, y the output variable, and the
rational matrix P−1Q the transfer function associated with the given i/o partition.
Observe that in general many choices are possible for the permutation matrix Π above:
the i/o partition is not unique. Observe also that P−1Q is not necessarily a matrix
of proper rational functions; however, among all i/o partitions for B, there exists at
least one whose corresponding transfer function is proper.

The number of input variables is an invariant denoted with m(B); evidently, the
number p(B) := w−m(B) of output variables is also an invariant. If B is autonomous,
it has no input variables; in other words, m(B) = 0, or equivalently p(B) = w.
If B is controllable, then it admits an observable image representation (2.3) with
M ∈ R

w×l[ξ]; an i/o partition then corresponds to a partition of M as M = col(U, Y )
with U ∈ R

l×l[ξ] nonsingular; note that m(B) = l, the dimension of �. In such a case
the transfer function from u to y is the matrix of rational functions G = Y U−1.

In this paper we also use the concept of state and of state representation (see
[16] for a thorough discussion). A latent variable � is a state variable for B if and
only if B admits a representation (2.2) of first order in � and zeroth order in w:
E d�

dt + F� + Gw = 0. Such a representation is called a state representation of B.
The minimal number of state variables that can be used in order to represent B in
state-space form is an invariant called the McMillan degree of B and is denoted n(B).
By combining the notion of state with that of inputs and outputs we arrive at the
input/state/output representation (i/s/o) d

dtx = Ax+Bu, y = Cx+Du, w = col(u, y).

2.2. Bilinear and quadratic differential forms. In modeling and control
problems it is often necessary to study certain functionals of the system variables and
their derivatives; when considering linear systems, such functionals are quadratic.



LINEAR HAMILTONIAN BEHAVIORS AND BDFs 773

In [24] the parametrization of such functionals using two-variable polynomial matri-
ces has been studied in detail, resulting in the definition of bilinear and quadratic
differential form and in the development of a calculus with applications in stability
theory, optimal and H∞-control, and dissipativity theory. Two-variable polynomials
and their algebraic properties have been used before in systems theory, for example,
by Kalman [11] and Willems and Fuhrmann [22] in the context of stability analysis.
We also refer to the pioneering work of Brockett [2] on path independence of integrals
of quadratic functionals in the system variables and their derivatives, which prefigures
some of the results obtained in [24]. In this section we review those definitions and
results of the framework developed in [24] which are used in the rest of this paper.

First, some words about bilinear forms on abstract vector spaces. A bilinear
form L on a vector space V over R is a mapping L : V × V → R that is linear in
each of its arguments separately. We sometimes denote a bilinear form as L|

V
in

order to emphasize its domain. The rank of a bilinear form L|
V

equals the number of
independent linear functionals L(·, v), where v ranges over V. A bilinear form L|

V
is

called nondegenerate if for all v ∈ V we have that L(·, v) = 0 is equivalent with v = 0,
i.e., [L(V, v) = 0] ⇔ [v = 0]. The bilinear form L on V is called skew-symmetric if
for all v1, v2 ∈ V we have L(v1, v2) = −L(v2, v1). A symplectic space is a pair (V,L),
where V is a vector space over R and L is a nondegenerate, skew-symmetric, bilinear
form on V; in such a case L is called a symplectic form on V. If V is a finite-dimensional
space on R, then nondegenerate symplectic forms are in one-one correspondence with
nonsingular skew-symmetric matrices in the sense that for every symplectic form L
there exists a nonsingular K ∈ R

n×n with KT = −K such that L(x, y) = 〈x, y〉K , and
conversely, every such K defines a symplectic form on V. Obviously, such K exists
only if n is even.

Next, we examine bilinear differential forms. Let Φ ∈ R
w1×w2 [ζ, η]; then Φ(ζ, η) =∑N

h,k=0 Φh,kζ
hηk, where Φh,k ∈ R

w1×w2 and N is a nonnegative integer. The two-
variable polynomial matrix Φ induces the bilinear functional acting on w1-, respec-
tively, w2-dimensional infinitely differentiable trajectories, defined as LΦ(w1, w2) =∑N

h,k=0(
dhw1

dth
)TΦh,k

dkw2

dtk
. Such a functional is called a bilinear differential form

(BDF). LΦ is skew-symmetric, meaning LΦ(w1, w2) = −LΦ(w2, w1) for all w1, w2,
if and only if Φ is a skew-symmetric two-variable polynomial matrix, i.e., if w1 = w2
and Φ(ζ, η) = −ΦT (η, ζ).

A two-variable polynomial matrix Φ(ζ, η) is called symmetric if w1 = w2 = w and
Φ(ζ, η) = ΦT (η, ζ). In such a case, Φ induces also a quadratic functional acting on
w-dimensional infinitely smooth trajectories as QΦ(w) := LΦ(w,w). We will call QΦ

the quadratic differential form (QDF) associated with Φ.
With every Φ ∈ R

w1×w2 [ζ, η] we associate its coefficient matrix Φ̃, which is defined
as the infinite matrix Φ̃ := (Φi,j)i,j=0,.... Observe that although Φ̃ is infinite, only a
finite number of its entries are nonzero. Note that Φ is skew-symmetric if and only if
Φ̃T = −Φ̃; also, Φ is symmetric if and only if Φ̃T = Φ̃.

The association of two-variable polynomial matrices with BDFs and QDFs allows
us to develop a calculus that has applications in stability theory, optimal control,
and H∞-control. We restrict our attention only to those concepts that are used in
this paper. One of them is the map ∂ : R

w×w[ζ, η] −→ R
w×w[ξ] defined by ∂Φ(ξ) :=

Φ(−ξ, ξ). Observe that if Φ ∈ R
w×w[ζ, η] is symmetric, then ∂Φ is para-Hermitian,

i.e., ∂Φ = (∂Φ)∼, and if Φ is skew-symmetric, then ∂Φ is skew para-Hermitian, i.e.,
(∂Φ)∼ = −∂Φ. Given a BDF LΨ we define its derivative as the BDF LΦ defined by
LΦ(w1, w2) := d

dt (LΨ(w1, w2)) for all w1, w2. In terms of the two-variable polynomial
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matrices associated with the BDFs, the relationship between a BDF and its derivative
is expressed as Φ(ζ, η) = (ζ + η)Ψ(ζ, η). The notion of a derivative of a QDF is
analogous and algebraically characterized in the same way; we will not repeat its
definition here.

We now discuss the notions of rank and of nondegeneracy of BDFs. Let Φ ∈
R
w×w[ζ, η] and B ∈ Lw. Then the BDF LΦ induces a bilinear form on the real vector

space B by assigning to (v, w) ∈ B×B the real number LΦ(v, w)(0). We denote this
bilinear form by LΦ|B. We can hence speak about the rank and the nondegeneracy
of this induced bilinear form. In particular, LΦ|B is nondegenerate if for all w ∈ B

we have [LΦ(B, w)(0) = 0] ⇔ [w = 0]. If B is autonomous, then the following result,
whose proof is easy and is left to the reader, holds.

Proposition 2.1. Let Φ ∈ R
w×w[ζ, η], and let B ∈ Lw be autonomous. Let d

dtx =

Ax, w = Cx be a state representation of B, with full behavior Bf = {(x,w)| ddtx = Ax,
w = Cx}. Define N∞ := col(CAi)i=0,...; note that it has an infinite number of

rows. Then LΦ(w1, w2) = xT
1 N

T
∞Φ̃N∞x2 ∀(x1, w1), (x2, w2) ∈ Bf . Consequently,

rank (LΦ|B) = rank (NT
∞Φ̃N∞).

We can now characterize nondegeneracy in terms of rank.
Proposition 2.2. Let Φ ∈ R

w×w[ζ, η], and let B ∈ Lw be autonomous, with
McMillan degree n(B). Then LΦ|B is nondegenerate if and only if rank(LΦ|B) ≥
n(B).

Proof. Let d
dtx = Ax, w = Cx be a minimal state representation of B. Then

NT
∞Φ̃N∞ has size n(B) × n(B). We now prove that LΦ|B is nondegenerate if and

only if NT
∞Φ̃N∞ is nonsingular. This will prove the claim.

(Only if) Assume NT
∞Φ̃N∞x0 = 0. Define w by w(t) = CeAtx0. For an arbitrary

w′ = CeAtx′
0, it holds that LΦ(w′, w)(0) = x′T

0 NT
∞Φ̃N∞x0 = 0; by the nondegeneracy

of LΦ, we conclude that w = 0. Minimality of d
dtx = Ax, w = Cx implies x0 = 0.

(If) Let w = CeAtx0 ∈ B, and assume LΦ(w′, w)(0) = 0 for all w′ = CeAtx′
0 ∈ B.

Then clearly x′T
0 NT

∞Φ̃N∞x0 = 0 for all x′
0, so NT

∞Φ̃N∞x0 = 0. Since NT
∞Φ̃N∞ is

nonsingular, this implies x0 = 0 and consequently w = 0.

2.3. Hamiltonian matrices. Given a symplectic form 〈x, y〉K on R
n, a linear

map A : R
n → R

n (or matrix A ∈ R
n×n) is called Hamiltonian if 〈Ax, y〉K+〈x,Ay〉K =

0 for all x, y ∈ R
n; equivalently ATK+KA = 0. For the purposes of this paper, we are

especially interested in the invariant polynomials of ξI −A, where A is Hamiltonian;
we call them the invariant polynomials of A. The relevant result is the following.

Proposition 2.3. Let A ∈ R
n×n be Hamiltonian. Then its invariant polyno-

mials are either even or odd, and the odd ones can be divided into pairs, so that the
multiplicity of zero as a root is the same for the polynomials of each pair.

Proof. In order to prove our statement we use the results of [4]. Such results
make use of the concept of elementary divisors of A, i.e., the irreducible factors of
the invariant polynomials of ξI − A, which are in one-one correspondence with the
diagonal blocks appearing in the Jordan form of A (see, for example, section VII.7
of [9]).

In Theorem 2.2 of [4] it is proved that if A is Hamiltonian, then its elementary
divisors qi ∈ C[ξ] are either even polynomials: qi(ξ) = (ξ2 + a2)k, with a ∈ R; or,
if they are not even, then they occur in pairs: as well as qi(ξ) = (ξ − λ)k, λ ∈ C,
also q∼i (ξ) = (−ξ − λ)k appears. Observe that if λ = 0, then such paired elementary
divisors are necessarily ±ξ2k+1, and if λ �= 0, then they are coprime with each other.

Conclude from these remarks that ξI −A is Smith equivalent to a diagonal form,
where on the diagonal appear either even polynomials, or pairs of polynomials of the
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form ξ2k+1. We now use the argument of Theorem 2 of [5] in order to prove the claim.
Let 1 ≤ k ≤ n, and consider the set Mk consisting of all k × k minors of ξI − A;
observe that Mk contains only even or odd polynomials. Now consider the greatest
common divisor ∆k of the polynomials in Mk, and observe that for every m ∈ Mk

there exists m′ ∈ R[ξ] such that m = ∆km
′; moreover, since m is either even or odd, it

holds that m∼ = ±m = ∆∼
k m

′∼. It follows that ∆∼
k divides every polynomial in Mk.

Consequently ∆∼
k divides ∆k, and by symmetry also the converse holds. It follows

that ∆k = ±∆∼
k . Since the invariant polynomials are obtained dividing ∆k by ∆k−1

(with ∆0 := 1), it follows that the invariant polynomials of ξI −A are either even or
odd.

In order to prove the claim regarding the paired odd polynomials, assume by
contradiction that there exists a pair of odd invariant polynomials of A for which zero
is a root with multiplicity 2k1+1 and 2k2+1, respectively, k1 �= k2, and which cannot
be paired otherwise. Observe that ξ2k1+1 and ξ2k2+1 are elementary divisors of A.
Conclude that in the Jordan form of A there are two blocks associated with zero, of
dimension 2k1 + 1 and 2k2 + 1, respectively, which cannot be paired otherwise. This,
however, is in contradiction with the results of [4] on the elementary divisors. This
concludes the proof.

3. Autonomous Hamiltonian systems. The definition of an autonomous
Hamiltonian system is as follows.

Definition 3.1. Let B ∈ Lw be autonomous. B is called Hamiltonian if there
exists a bilinear differential form LΨ, such that

(i) d
dtLΨ(w1, w2) = 0 for all w1, w2 ∈ B;

(ii) LΨ is skew-symmetric;
(iii) LΨ|B is nondegenerate.
In Definition 3.1 no assumption on the number w of external variables of B is

made. This point of view is in contrast with the usual definition of an autonomous
Hamiltonian system, in which a symplectic structure on the space of the external
variables (and consequently, an even number of such variables) is assumed. We believe
that in order to investigate linear, finite-dimensional Hamiltonian systems, Definition
3.1 is a natural starting point, more so than the classical one in mechanics, as argued
in the following examples.

Example 3.2. Consider a spring-mass system without friction, with behavior B

represented by the equation m d2

dt2w where w is the displacement from the equilibrium
position. The BDF LΨ induced by Ψ(ζ, η) = m(ζ − η) is skew-symmetric. In fact,
LΨ(w1, w2) = m( d

dtw1)w2 −m( d
dtw2)w1. It is easily seen that d

dtLΨ(w1, w2) = 0 for
all w1, w2 ∈ B. Also

LΨ(w1, w2)(0) =

(
w1(0)
d
dtw1(0)

)T (
0 −m
m 0

)(
w2(0)
d
dtw2(0)

)
,

which clearly defines a nondegenerate bilinear form on B. It follows that this spring-
mass system with only one external variable is Hamiltonian according to Definition
3.1. It is difficult to understand why, in order to study the Hamiltonianity of such a
system from the point of view of classical mechanics, one should first transform the
natural second-order differential equation description into a first-order representation
in which the position and the momentum of the mass are the external variables and
then study the symplectic structure of the resulting state-space system.

The previous example illustrates but one situation in which a representation-free
definition of Hamiltonianity appears to be more natural than the classical one. The
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argument for a definition of Hamiltonianity independent of the particular representa-
tion at hand becomes even stronger if one realizes that very often a dynamical system
is described by a set of higher-order differential equations, obtained, for example, after
elimination of auxiliary variables. The following example illustrates this point.

Example 3.3. Consider two masses m1 and m2 attached to springs with constants
k1 and k2. The first mass is connected to the second one via the first spring, and the
second mass is connected to a “wall” with the second spring. Denote by w1 and w2

the positions of the masses. Then we can write down the equation of the system as

m1
d2w1

dt2 + k1w1 − k1w2 = 0, −k1w1 + m2
d2w2

dt2 + (k1 + k2)w2 = 0. Eliminate w2 from
the equations and take the position w1 of the first mass as our external variable w.
The behavior B of w is represented by

m1m2
d4

dt4
w + (k1m1 + k2m1 + k1m2)

d2

dt2
w + k1k2w = 0.

In order to simplify the notation, define r0 := k1k2, r2 := k1m1 + k2m1 + k1m2, and
r4 := m1m2, so that the equation describing w can be rewritten as r( d

dt )w = 0, where
r(ξ) := r0 + r2ξ

2 + r4ξ
4. Define the skew-symmetric polynomial Ψ(ζ, η) by Ψ(ζ, η) =

r2(ζ−η)+ r4(ζ
3 −η3)+ r4(ζη

2 − ζ2η). Observe that (ζ +η)Ψ(ζ, η) = r(ζ)− r(η), and
consequently d

dtLΨ(v, w) = (r( d
dt )v)

Tw − vT (r( d
dt )w) = 0 for all v, w ∈ B. Moreover,

Ψ(η, ζ) = −Ψ(ζ, η), implying that the BDF LΨ(v, w) is skew-symmetric. Finally,
since the coefficient matrix Ψ̃ of Ψ(ζ, η) is nonsingular, LΨ(v, w)(0) clearly defines a
nondegenerate bilinear form on B. Hence the behavior B is a Hamiltonian system in
the sense of Definition 3.1.

The following theorem gives conditions under which a given autonomous linear
differential behavior is Hamiltonian.

Theorem 3.4. Let B ∈ Lw be autonomous. The following conditions are equiv-
alent:

(1) B is Hamiltonian;
(2) every invariant polynomial of B is either even or odd, and the odd invariant

polynomials can be divided into pairs so that the multiplicity of zero as a root
is the same for the polynomials of each pair;

(3) there exists a minimal state representation d
dtx = Ax, w = Cx of B, and a

symplectic form 〈·, ·〉K on the state space R
n(B) such that A is a Hamiltonian

matrix;
(4) for any minimal state representation d

dtx = Ax, w = Cx of B there exists a

symplectic form 〈·, ·〉K on the state space R
n(B) such that A is a Hamiltonian

matrix.
Proof. We prove (1) ⇒ (4) ⇒ (3) ⇒ (2) ⇒ (1).
((1) ⇒ (4)) Let LΨ satisfy Definition 3.1. Let d

dtx = Ax, w = Cx be a minimal

state representation of B. From Proposition 2.1 we have that for KΨ := NT
∞Ψ̃N∞ ∈

R
n(B)×n(B) we have LΨ(w1, w2) = xT

1 KΨx2 for all (wi, xi) (i = 1, 2) satisfying the sys-
tem equations and, moreover, rank(LΨ|B) = rank(KΨ). Since LΨ|B is nondegenerate,
it follows from Proposition 2.2 that rank(KΨ) = n(B). Consequently KΨ is nonsingu-
lar. Conclude from d

dtLΨ(w1, w2) = 0 for all w1, w2 ∈ B that xT
1 (ATKΨ+KΨA)x2 = 0

for all xi such that d
dtxi = Axi, i = 1, 2. This implies ATKΨ + KΨA = 0.

((4) ⇒ (3)) is trivial.
((3) ⇒ (2)) Conclude from Proposition 2.3 that the invariant polynomials of A are

either even or odd and that the odd ones come in pairs and have zero as a root with
the same multiplicity. Now let R ∈ R

•×w[ξ] be such that B = ker R( d
dt ). Since B is
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autonomous, R has full column rank. Let λi, i = 1, . . . , w, be the invariant polynomials
of R. Let U and V be the unimodular matrices such that R = Ucol(Λ, 0)V , with
Λ := diag(λi)i=1,...,w, the Smith form of R. Then B is alternatively represented by
w = V ( d

dt )
−1w′, 0 = Λ( d

dt )w
′. We now construct a minimal state representation of

B. For i = 1, . . . , w, define Ac,i to be the companion matrix associated with the ith
invariant polynomial; also, let Ci be the first vector of the canonical basis of R

deg(λi).
Define Â := block diag(Ac,i)i=1,...,w, Ĉ := block diag(Ci)i=1,...,w. Then d

dtx = Âx,

w′ = Ĉx is a minimal state representation of ker Λ( d
dt ). In order to come up with

a minimal state representation of B, let V −1(ξ) = V0 + V1ξ + · · · + VNξN ; then it
is easy to verify that d

dtx = Âx, w = (V0Ĉ + V1ĈÂ + · · · + VN ĈÂN−1)x is such

a representation. Observe also that ξI − Â has the same invariant polynomials of
ξI − A, since d

dtx = Ax, w = Cx is another minimal state-space representation of B

(see Lemma 6.3-19 of [10]). This concludes the proof of ((3) ⇒ (2)).
((2) ⇒ (1)) We first derive a special representation of B. Let B = kerR( d

dt ) be a
minimal kernel representation of B, and let R = U∆V be a Smith decomposition of
R, with ∆ the diagonal matrix of the invariant polynomials. Denote the even invariant
polynomials of B with λi, where i = 1, . . . , e. We denote the odd, paired, invariant
polynomials with µi, i = 1, . . . , w − e (observe that w − e is even). Now reorder if
necessary the invariant polynomials so that the first e diagonal entries of ∆ are the λi

and the last w−e the µi. From the division property of the invariant polynomials and
from the pairing property of the odd invariant polynomials, it follows that we can write
µ2i+1(ξ) = ξπi(ξ), µ2i+2(ξ) = ξπi(ξ)gi(ξ)gi(−ξ) with πi even and gi and g∼i coprime;
in other words, g(0) �= 0. (Observe that gi in general has complex coefficients, and
consequently in the following it may be necessary to work with polynomial matrices
with complex coefficients.)

From these considerations it follows that each 2×2 submatrix diag(µ2i+1, µ2i+2),
i = 0, . . . , w−e

2 − 1, is Smith-equivalent to

∆′
i(ξ) =

(
0 −ξπi(ξ)gi(−ξ)

ξπi(ξ)gi(ξ) 0

)
;

in other words, there exist unimodular matrices Ti and Si ∈ C
2×2[ξ] such that ∆′

i =
Tidiag(µ2i+1, µ2i+2)Si. Now define

T = diag(Ir, T1, . . . , T w−e
2

)

and

S = diag(Ir, S1, . . . , S w−e
2

),

and observe that T∆S = diag(Λ,∆′
1, . . . ,∆

′
w−e
2

) =: ∆̂, where Λ := diag(λ1, . . . , λe).

Conclude that (S−1V )∼TU−1R = (S−1V )∼∆̂S−1V =: R′ ∈ R
w×w[ξ] is another kernel

representation of B satisfying R′ = R′∼. It is such a representation that we use in
order to come up with a BDF as in Definition 3.1.

Consider the unimodular transformation of the external variables represented by
w′ := (S−1V )( d

dt )w, and observe that the ith component of w′, i = 1, . . . , e, satisfies

λi(
d
dt )w

′
i = 0, while the remaining components satisfy ∆′

i(
d
dt )col(w′

i, w
′
i+1) = 0, i =

0, . . . , w−e
2 − 1. We proceed to construct a skew-symmetric BDF LΨi acting on the

ith component w′
i and satisfying Definition 3.1. From such BDFs we will construct a

BDF for B with the right properties.
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We begin by computing such a BDF for the case of even invariant polynomials.
Since λi − λ∼

i = 0, it follows from Theorem 3.1 of [24] that there exists Ψi ∈ R[ζ, η]
such that (ζ + η)Ψi(ζ, η) = λi(ζ) − λi(η). Observe that Ψi(ζ, η) is skew-symmetric
and moreover, d

dtLΨi(w1, w2) = 0 for all w1, w2 ∈ ker λi(
d
dt ). We now prove that

LΨi
is nondegenerate. Write λi(ξ) = λi0 + λi2ξ

2 + · · ·+ λi,2ni
ξ2ni . It is easy to verify

that the coefficient matrix Ψ̃i of Ψ(ζ, η) is a 2ni × 2ni left-upper-triangular matrix
with ±λi,2ni on the main antidiagonal; as a consequence, the bilinear differential form
LΨi

|ker(λi(
d
dt )) is nondegenerate. This settles the case of even invariant polynomials.

We now examine the case of paired odd invariant polynomials. Observe first that
since πi is even, the two-variable polynomial ζπi(ζ)gi(ζ) + ηπi(η)gi(−η) is divisible
by ζ + η. Now define the skew-symmetric two-variable polynomial matrix Ψi(ζ, η) ∈
C

2×2[ζ, η] as

Ψi(ζ, η) :=

(
0 ζπi(ζ)gi(ζ)+ηπi(η)gi(−η)

ζ+η

− ζπi(ζ)gi(−ζ)+ηπi(η)gi(η)
ζ+η 0

)
.

We observe that d
dtLΨi

(col(w′
i, w

′
i+1), col(w̄′

i, w̄
′
i+1)) = 0 for each pair col(w′

i, w
′
i+1),

col(w̄′
i, w̄

′
i+1) of trajectories in ker ∆′

i(
d
dt ). We now prove that LΨi |ker∆′

i
( d
dt ) is nonde-

generate.
Let deg(πi) = 2Ki, deg(gi) = Li. It is a matter of straightforward verification

to prove that the coefficients of the terms ζkηLi+2Ki−k, k = 0, . . . , Li + 2Ki, in
ζπi(ζ)gi(ζ)+ηπi(η)gi(−η)

ζ+η are equal to gi,Li
πi,2Ki �= 0. It follows that the coefficient

matrix Ψ̃i is a block-left-upper-triangular matrix with on the diagonal 2× 2 blocks of
the form

(−1)k
(

0 gi,Li
πi,2Ki

−gi,Li
πi,2Ki

)
.

We conclude from this that Ψ̃i is nonsingular, and consequently the bilinear form
LΨi |ker∆′

i
( d
dt ) is nondegenerate. This settles the case of paired odd invariant polyno-

mials.
In order to complete the proof of the claim (2) ⇒ (1), assume Ψi(ζ, η) has been

constructed as described above; now define

Ψ(ζ, η) := (S−1V )(ζ)Tdiag(Ψi(ζ, η))(S
−1V )(η) ∈ R

q×q[ζ, η],

where S, V are the unimodular matrix involved in obtaining the special decomposition
of R′. (Observe that if some Ψi(ζ, η) has complex coefficients, then transposition
and complex conjugation are required.) Ψ(ζ, η) induces a skew-symmetric BDF LΨ

whose derivative is zero along B. The nondegeneracy of LΨ|B follows immediately
from the nondegeneracy of the forms LΨi |kerλi(

d
dt ) and LΨi |ker∆′

i
( d
dt ). This concludes

the proof.

4. Hamiltonian systems and the Euler–Lagrange equations. In section 3
we introduced the notion of Hamiltonianity on the basis of the interplay of a skew-
symmetric BDF with the dynamics of the system, without reference to the notion of
Lagrangian as occurs in classical mechanics. In this section we reconcile the classical
point of view with our standpoint.

We begin by introducing the notion of stationarity of a trajectory with respect
to a QDF. Let Φ ∈ R

w×w[ζ, η] be symmetric and consider the corresponding QDF
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QΦ(w) on C∞(R,Rw). For a given w we define the cost degradation of adding the
compact-support function δ ∈ D(R,Rw) to w as

Jw(δ) :=

∫ +∞

−∞
(QΦ(w + δ) −QΦ(w))dt.

The cost degradation equals Jw(δ) =
∫ +∞
−∞ QΦ(δ)dt + 2

∫ +∞
−∞ LΦ(w, δ)dt, and we call

the second integral on the right of the equality sign the variation associated with w.
It defines a linear functional which associates with every δ ∈ D(R,Rw) a real number

2
∫ +∞
−∞ LΦ(w, δ)dt. We call w a stationary trajectory of QΦ if the variation associated

with w is the zero functional. The following proposition establishes a representation
of all stationary trajectories of given QDF QΦ. Recall that, for a given two-variable
polynomial matrix Φ(ζ, η), ∂Φ(ξ) is defined as the one-variable polynomial matrix
Φ(−ξ, ξ).

Proposition 4.1. Let Φ(ζ, η) ∈ R
w×w[ζ, η] be symmetric. Then w ∈ C∞(R,Rw)

is a stationary trajectory of the QDF QΦ if and only if w satisfies the differential
equation

∂Φ

(
d

dt

)
w = 0.(4.1)

Proof. Factor Φ(ζ, η) = MT (ζ)ΣM(η), with Σ a nonsingular signature matrix,
and M(ξ) = M0 + M1ξ + M2ξ

2 + · · · + MLξ
L (see section 3 of [24]). Integrating by

parts on δ ∈ D(R,Rw), the variation
∫ +∞
−∞ (M( d

dt )w)TΣM( d
dt )δdt is seen to be equal

to

L∑
k=1

L∑
j=k

(−1)k−1δ(j−k)MT
j Σ

(
M

(
d

dt

)
w

)(k−1) ∣∣∣∣+∞

−∞

+

∫ +∞

−∞
δT

(
M

(
− d

dt

)T

ΣM

(
d

dt

)
w

)
dt.

Such a quantity is zero if and only if M(− d
dt )

TΣM( d
dt )w = 0; equivalently,

∂Φ( d
dt )w = 0.
From the classical theory of calculus of variations it is well known that the station-

ary trajectories for a given functional can be characterized in terms of the so-called
higher-order Euler equations, often called the Euler–Poisson equations. If the func-
tional is given by a QDF QΦ, then (4.1) can indeed be interpreted as a classical
Euler–Poisson equation. In order to verify this, let Φ̃eff := (Φk,�)k,�=0,...,L. Now
observe that QΦ(w) can be written as F (w,w(1), w(2), . . . , w(L)), with the functional
F : R

w × R
w × · · · × R

w → R defined by

F (w0, w1, w2, . . . , wL) := col(w0, w1, w2, . . . , wL)T Φ̃eff col(w0, w1, w2, . . . , wL).

In terms of this functional F , the stationary trajectories w are the solutions of the
Euler–Poisson equation(

∂F

∂w0
− d

dt

∂F

∂w1
+

d2

dt2
∂F

∂w2
− · · · + (−1)L

dL

dtL
∂F

∂wL

)
(w(0), . . . , w(L)) = 0.(4.2)



780 P. RAPISARDA AND H. L. TRENTELMAN

It is a matter of straightforward computation to see that the equations given by (4.1)
and (4.2) indeed coincide. Henceforth we will, for a given QDF QΦ, refer to the
differential equation (4.1) as the Euler–Poisson equation associated with QΦ.

According to the principle of least action, the motions that are possible in a me-
chanical system can be obtained as the stationary trajectories of the Lagrangian, the
difference between the kinetic and potential energy of the system, which is in general
represented as a function of displacement and velocity. Accordingly, the corresponding
Euler–Poisson equation is a system of second-order differential equations, called the
Euler–Lagrange equations associated with the mechanical system. Thus, the possible
motions in a mechanical system form a behavior represented by the Euler–Lagrange
equations. We now study the converse problem (called the “inverse problem of the
calculus of variations”; see [17]): under which conditions does a linear differential be-
havior B (typically described by a system of higher-order linear differential equations)
consist of the stationary trajectories with respect to some functional interpretable as
a Lagrangian (i.e., a functional that represents the difference between kinetic and po-
tential energy in a suitable sense), and how does one construct such a functional on
the basis of the equations describing B? It turns out that under mild assumptions,
this is the case if and only if B is a Hamiltonian system. This leads us to define the
notion of generalized position and generalized Lagrangian and to address the issue of
the existence of second-order latent variable representations of Hamiltonian behaviors.
See also [7] and [6], where the inverse problem is considered for nonlinear i/o systems,
and a characterization of Hamiltonian systems is given in terms of the properties of
the i/o differential equations describing them.

Theorem 4.2. Let B ∈ Lw be autonomous, and assume that χB, the character-
istic polynomial of B, has no root in zero, χB(0) �= 0. Then the following statements
are equivalent:

(1) B is Hamiltonian.
(2) n(B) is even, and there exists a full column rank matrix P (ξ) ∈ R

q×w[ξ], and
nonsingular matrices M = MT ,K = KT ∈ R

q×q, with q := n(B)/2, such
that B is equal to the space of all stationary trajectories with respect to the
QDF

QL(w) =

∣∣∣∣ ddtP
(

d

dt

)
w

∣∣∣∣2
M

−
∣∣∣∣P (

d

dt

)
w

∣∣∣∣2
K

;

equivalently, B = {w ∈ C∞(R,Rw) | ∂L( d
dt )w = 0}, with L(ζ, η) defined by

L(ζ, η) := P (ζ)T (ζηM −K)P (η).(4.3)

Furthermore, if any of these conditions holds, then P , M , and K satisfying the con-
ditions in (2). can be chosen in such a way that in addition

d

dt
QH(w) = 0 for all w ∈ B,(4.4)

where QH(w) := | ddtP ( d
dt )w|2M + |P ( d

dt )w|2K .
Proof. ((1) ⇒ (2)) Since B is Hamiltonian and χB(0) �= 0, B has only even in-

variant polynomials. We reduce to the scalar case by use of the Smith form. Consider
a minimal representation of the behavior B as B = kerR( d

dt ), and let R = U∆V be
the Smith decomposition of R, with ∆ being a diagonal matrix. Define the behavior
B′ := V ( d

dt )B with manifest variable w′, and observe that B′ = ker ∆( d
dt ). We now

examine each of the behaviors B′
i := ker λi(

d
dt ), i = 1, . . . , w, one at a time.
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Let λi(ξ) := λi0 +λi2ξ
2 + · · ·+λi,2Li

ξ2Li , λi,2Li
�= 0 . Consider the following two

matrices:

Mi :=

⎛⎜⎜⎜⎜⎜⎝
λi,2 λi,4 λi,6 · · · λi,2Li

λi,4 λi,6 λi,8 . . . 0
...

...
... . . .

...
λi,2Li−2 λi,2Li

0 · · · 0
λi,2Li 0 0 · · · 0

⎞⎟⎟⎟⎟⎟⎠(4.5)

and

Ki :=

⎛⎜⎜⎜⎜⎜⎝
λi,0 0 0 · · · 0
0 −λi,4 −λi,6 . . . −λi,2Li

...
...

...
...

0 −λi,2Li−2 −λi,2Li · · · 0
0 −λi,2Li

0 · · · 0

⎞⎟⎟⎟⎟⎟⎠ .(4.6)

It is immediate to see that Mi is nonsingular; the nonsingularity of Ki follows from
λi,2Li

�= 0 and the fact that λi,0 �= 0, since χB(0) �= 0. Let Ei(ξ) := col(1, ξ2, . . . , ξ2Li−2)
and ei := col(1, 0, . . . , 0) ∈ R

Li×1. Then the following equation holds:

(Miξ
2 + Ki)Ei(ξ) = λi(ξ)ei.(4.7)

This implies ET
i (−ξ)(Miξ

2 + Ki)Ei(ξ) = λi(ξ). Define E(ξ) := block diag(Ei(ξ)),
M = block diag(Mi), and K = block diag(Ki); then ∆(ξ) = ET (−ξ)((Mξ2+K)E(ξ).

Finally, let P (ξ) := E(ξ)V (ξ). Since B′ = ker ∆( d
dt ), also B = ker PT (− d

dt )(M
d2

dt2 +

K)P ( d
dt ). By defining L(ζ, η) := PT (ζ)Mζη−K)P (η) we then obtain B = ker ∂L( d

dt );
equivalently, B is the space of stationary trajectories of the QDF QL(w).

((2) ⇒ (1)) Since B = ker ∂Φ( d
dt ), the claim is proved if we show that the

invariant polynomials of ∂L are all even. Observe first that ∂L is para-Hermitian.
Now let 1 ≤ k ≤ w, and consider the set Mk consisting of all k × k minors of ∂L(ξ).
Observe that since ∂L = (∂L)∼, if m ∈ Mk, then also m∼ ∈ Mk. Now use an argument
analogous to that used in the proof of Proposition 2.3 in order to conclude that the
invariant polynomials of ∂L are either even or odd. Conclude from χB(0) �= 0 that
there are no odd invariant polynomials; then it follows from statement (2) of Theorem
3.4 that B is Hamiltonian.

The rest of the claim of the theorem follows easily from the definition of L. This
concludes the proof.

If, in statement (2) of Theorem 4.2, we interpret q = P ( d
dt )w as generalized posi-

tion, then d
dtq = d

dtP ( d
dt )w is generalized velocity, and consequently | ddtP ( d

dt )w|2M =

| ddtq|2M and |P ( d
dt )w|2K = |q|2K can be interpreted, respectively, as kinetic and potential

energy. From this point of view, the QDF QL(w) can be interpreted as a Lagrangian,
and the QDF QH(w) can be interpreted as a Hamiltonian of the system.

The equation ∂L( d
dt )w = 0 is the Euler–Poisson equation associated with the

QDF QL. Motivated by the fact that QL(w) can be interpreted as a Lagrangian of
the system B, we also call it an Euler–Lagrange equation associated with the system
B.

The next theorem relates Hamiltonianity with the existence of a latent variable
representation of second order in the latent variable q = P ( d

dt )w, with P as in Theorem
4.2.
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Theorem 4.3. Let B ∈ Lw be autonomous. Assume that χB(0) �= 0, i.e., its
characteristic polynomial has no root in 0. Then the following statements are equiva-
lent:

(1) B is Hamiltonian.
(2) n(B) is even, and there exist M = MT ,K = KT ∈ R

q×q nonsingular, C1 ∈
R
w×q and C2 ∈ R

w×q, with q := n(B)/2, such that

M
d2

dt2
q + Kq = 0,(4.8)

C1q + C2
d

dt
q = w

is an observable latent variable representation of B with latent variable q.

Furthermore, if M d2

dt2 q + Kq = 0, w = C1q + C2
d
dtq is an observable latent variable

representation of B with latent variable q, then the equations M̄ d2

dt2 q̄ + K̄q̄ = 0,

w = C̄1q̄ + C̄2
d
dt q̄ form an observable latent variable representation of B with latent

variable q̄ if and only if there exist S, T ∈ R
q×q such that the matrix(

S T
−TM−1K S

)
(4.9)

is nonsingular, and the relations SM−1K = M̄−1K̄S, TM−1K = M̄−1K̄T , C1 =
C̄1S − C̄2TM

−1K, and C2 = C̄1T + C̄2S hold.
Proof. ((1) ⇒ (2)) Define Mi and Ki by (4.5) and (4.6), respectively. From (4.7)

it follows that w′
i ∈ B′

i = ker λi(
d
dt ) if and only if (Mi

d2

dt2 + Ki)Ei(
d
dt )w

′
i = 0. Using

this, it is easily seen that the equations Mi
d2q
dt2 + Kiq = 0, qi = Ei(

d
dt )w

′
i form an

observable latent variable representation of B′
i with latent variable qi. Next consider

the equations Mi
d2qi
dt2 + Kiqi = 0, eTi qi = w′

i, where as before ei := col(1, 0, . . . , 0) ∈
R

Li×1. Using the special structure of Mi and Ki, it can be verified that also these
equations form an observable latent variable representation of B′

i. Now define C :=

block diag(eTi ). Then clearly M d2q
dt2 +Kq = 0, Cq = w′ is an observable latent variable

representation of B′. An observable latent variable representation of the original
system B is then obtained by replacing the equation w′ = Cq by w = V −1( d

dt )Cq.

Note that V −1(ξ)C is a polynomial matrix and that any derivative q(i) with i ≥ 2
can be expressed in terms of q or q(1) using the first equation in (4.8). From this we

conclude that matrices C1 and C2 exist such that M d2q
dt2 + Kq = 0, w = C1q + C2

d
dtq

is an observable latent variable representation of B.
((2) ⇒ (1)) By defining x1 = q, x2 = dq

dt , and C = (C1 C2), the state-space

representation of B given by d
dtx1 = x2,

d
dtx2 = M−1Kx1, w = Cx is obtained.

Clearly, (x1, x2) is observable from w, so this state-space representation is minimal.
Observe also that(

0 I
−M−1K 0

)T (
0 M

−M 0

)
+

(
0 M

−M 0

)(
0 I

−M−1K 0

)
= 0.

Since M is nonsingular, we conclude from statement (3) of Theorem 3.4 that B is
Hamiltonian.

Assume now that M d2

dt2 q + Kq = 0, w = C1q + C2
d
dtq is an observable latent

variable representation of B with latent variable q. Suppose the equations M̄ d2

dt2 q̄ +
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K̄q̄ = 0, w = C̄1q̄+ C̄2
d
dt q̄ form an observable latent variable representation of B with

latent variable q̄. Then clearly d
dtx = Ax, w = Cx and d

dt x̄ = Āx̄, w = C̄x̄ with

A :=

(
0 I

−M−1K 0

)
, Ā :=

(
0 I

M̄−1K̄ 0

)
,

C :=
(
C1 C2

)
, C̄ :=

(
C̄1 C̄2

)
are two minimal state representations of B. Consequently there exists a nonsingular
F ∈ R

2q×2q such that ĀF = FA and C̄F = C. Using the special structure of the
state-space representations it is easily seen that F must be of the form (4.9) and that
the relations in the claim must hold. Conversely, by defining F by (4.9), we see that
ĀF = FA and C̄F = C, so that the corresponding state realizations have the same
manifest behavior B.

Remark 4.4. Note that in the proof of implication (2) ⇒ (1) the assumption that
χB(ξ) has no root in ξ = 0 is not used. Our proof of implication (1) ⇒ (2) does use
this assumption. At present we do not have a proof of or a counterexample to this
implication without the assumption χB(0) �= 0.

In classical mechanics, the variable q consists of the position of the masses, and
(4.8) is obtained by writing down Newton’s second law. Theorem 4.3 shows that
a Hamiltonian behavior can always be interpreted in some sense as a “mechanical
system,” with q “generalized position,” d

dtq “generalized velocity,” M a “mass matrix,”
and K a matrix of “elastic constants.” Further, the theorem characterizes all such
representations. Of course d

dtq
TM d

dtq can be interpreted as kinetic energy, qTKq as

potential energy, ( d
dtq)

TM( d
dtq)− qTKq as a Lagrangian, and ( d

dtq)
TM( d

dtq) + qTKq
(which is constant along solutions q of the first equation in (4.8)) as total energy.

The similarity between (4.8) and the second-order representation typical of con-
servative mechanical systems should not, however, be pushed too far. Indeed, the
reader can verify that the matrix M defined in the proof of Theorem 4.3 is in general
not positive-definite, as a bona fide mass matrix should be. Nor would the “kinetic”
and “potential” terms | P ( d

dt )w |2M and | P ( d
dt )w |2K have in general the physical di-

mensions of energies. For further discussion on these issues see the following example.
Example 4.5. Consider the configuration of Example 3.3. As shown in that

example, the behavior B of the position w of the first mass is represented by

r

(
d

dt

)
w = m1m2

d4

dt4
w + (k1m1 + k2m1 + k1m2)

d2

dt2
w + k1k2w = 0.

In order to obtain an observable second-order latent variable representation (4.8) of
B we proceed as in the proof of Theorem 4.3 and define the latent variable q =

col(w, d2

dt2w). Then

M :=

(
r2 r4
r4 0

)
, K :=

(
r0 0
0 −r4

)
, C1 = 1, C2 = 0.

The matrix M is not positive-definite, as can be verified choosing k1 = k2 = 1 N
m and

m1 = m2 = 1 kg. Observe also that with such a choice of M , a physical interpretation
of d

dtq
TM d

dtq is impossible, since the physical dimensions of such a quantity are not
those of an energy. However, by choosing

K̄ :=

(
k2

k2m1

k1

k2m1

k1

m2
1(k1+k2)

k2
1

)
, M̄ :=

(
m1 + m2

m1m2

k1

m1m2

k1

m2
1m2

k2
1

)
, C̄1 := 1, C̄2 := 0,
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we obtain an alternative second-order latent variable representation of B, with the
same latent variable as before. Note that M̄−1K̄ = M−1K so that this alternative rep-
resentation is obtained from the original one by taking in Theorem 4.3 S = I, T = 0.
For this second choice of representation, the generalized kinetic energy ( d

dtq)
TM( d

dtq)
and generalized potential energy qTKq coincide with the physical kinetic energy
and potential energy of the system with the two masses, that is, Ekin(w1, w2) =
1
2 (m1(

d
dtw1)

2 + m2(
d
dtw2)

2) and Epot(w1, w2) = 1
2 (k1w

2
1 − 2k1w1w2 + (k1 + k2)w

2
2).

This can be verified observing that the generalized position q = (w, d2

dt2w) is related

to the actual position (w1, w2) as w1 = w, w2 = w + m1

k1

d2

dt2w.
It is a matter for further investigation to see whether and how a physically con-

sistent choice of the matrices M and K can always be performed. Such an issue is
particularly pressing when considering the use of the procedures presented in this
paper for computer-assisted modeling and simulation.

5. Internal forces and controllable Hamiltonian systems. In this section
we define internal forces as auxiliary variables and we show how they can be obtained
from a higher-order Lagrangian such as that introduced in Theorem 4.2. The notion
of internal force obtained in this way brings us in a natural way to the definition of a
controllable Hamiltonian system; in this section we also give various characterizations
of such systems in terms of their kernel, image, or state-space representations.

According to Theorem 4.2, an autonomous system B ∈ Lw with χB(0) �= 0 is
Hamiltonian if and only if there exists a polynomial matrix P ∈ R

q×w[ξ] with full
column rank, M = MT ,K = KT ∈ R

q×q nonsingular, with q := n(B)/2, such that

B has a kernel representation PT (− d
dt )(M

d2

dt2 + K)P ( d
dt )w = 0. Obviously, a latent

variable representation with latent variable f of B is then given by the equations

PT

(
− d

dt

)
M

d2

dt2
P

(
d

dt

)
w = f,

f = −PT

(
− d

dt

)
KP

(
d

dt

)
w.(5.1)

For a given w ∈ B, the associated f = −PT (− d
dt )KP ( d

dt )w is called the internal
force associated with w. Observe that there are as many internal forces as there are
external variables, and that in the case of systems described by differential equations
of order higher than two, the internal force depends on higher-order derivatives of
the external variable (see Chapter 2, section 31 of [21], where, in the context of
the dynamics of a moving charge in an electromagnetic field, an internal force is
considered which depends on a potential function which depends on position and
velocity). Such a definition harmonizes with the classical mechanics point of view of
seeing the internal force as an auxiliary variable of the same dimension as the external
variables and coming from some potential function depending on the configuration
(external) variables. Indeed, when applied to the prototypical mechanical system

M d2

dt2 q + Kq = 0, w = q, equations (5.1) result in the internal force being defined as
f = −Kq and coming from the potential V (q) = qTKq.

The notion of internal force sheds light on the structure of autonomous Hamilto-
nian systems. Define B1,B2 ∈ Lw+f by

B1 :=

{(
w
f

)
|
(
PT (− d

dt )M
d2

dt2P ( d
dt ) −I

)(
w
f

)
= 0

}
,(5.2)
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B2 :=

{(
w
f

)
|
(
PT (− d

dt )KP ( d
dt ) I

)(w
f

)
= 0

}
.(5.3)

Note that both B1 and B2 are controllable linear differential systems. The set of
trajectories (w, f) compatible with the laws of both B1 and B2 is the behavior
B1 ∩ B2; we call it the full interconnection of B1 and B2. Now assume that P ,
M , and K in (5.1) have been computed as in the proof of ((1) ⇒ (2)) of Theorem 4.2.
It is a matter of straightforward verification to see that in such a case PT (−ξ)MP (ξ)
is nonsingular; this implies that in B1, f is input and w is output; it can also be
verified that in B2, w is input and f is output. In such a case the interconnection of
B1 and B2 is called a feedback interconnection (see [23]).

We conclude that any autonomous Hamiltonian behavior B is the feedback inter-
connection of two systems, the first one (B1) having a free f variable and the second
one (B2) imposing on such a variable the additional constraint represented by the
second equation in (5.1). From this standpoint, in B1, f is an external force which
can be chosen freely, while B2 constrains it to be a function of the external variables
w. This point of view has much in common with the notion of “Hamiltonian inter-
connection” introduced in [18], where the concept of an open Hamiltonian system is
introduced from a system-theoretic point of view.

Example 5.1. We consider again the system described in Examples 3.3 and 4.5.
Following the procedure illustrated above, B1 and B2 defined in (5.2) and (5.3) are
described, respectively, by

(m1 + m2)w + 2
m1m2

k1

d2

dt2
w +

m2
1m2

k2
1

d4

dt4
w = f,(5.4)

f = k2w +
2k2m1

k1

d2

dt2
w +

(
m2

1

k1
+

k2m
2
1

k2
1

)
d4

dt4
w.

Using the fact that w satisfies the fourth-order differential equation

m1m2
d4

dt4
w + (k1m1 + k2m1 + k1m2)

d2

dt2
w + k1k2w = 0,

the expression for f obtained from the second equation in (5.4) can be rewritten in

terms of the generalized position q = col(w, d2

dt2w) as

f =

(
k2 −

k2m1

m2
− k2

2m1

k1m2

)
w +

(
−m1 +

k2m1

k1
− m2

1

m2
− 2

k2m
2
1

k1m2
− k2

2m
2
1

k2
1m2

)
d2

dt2
w.

Such an expression can also be given in terms of the positions of the two masses
described in Example 3.3 as

f =

(
k2 +

k1m1

m2
+

k2m1

m2

)
w1 +

(
k2 − k1 −

k1m1

m2
− 2k2m1

m2
− k2

2m1

k1m2

)
w2.

The physical interpretation of such a quantity is not easy, though it should be re-
marked that the physical dimensions of such a latent variable are indeed those of a
force.

When modeling physical phenomena, closed (i.e., autonomous) systems are the
exception rather than the rule: the environment in which the system is embedded
almost always interacts with it, exerting some influence. Sometimes it is reasonable
to assume that the way in which the environment interacts with the system—in other
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words, the generating mechanism of the external influences—depends only on the
attributes of the system itself, the paramount example of such a situation being the
motion of a point mass or charge in a force field depending on its position. By
modeling the external influence as a function of the system “configuration” we obtain
an autonomous system, whose evolution depends only on its laws of motion and the
“initial state.”

If we take such a point of view when considering the description of B as the
interconnection of B1 and B2 defined in (5.2) and (5.3), it is natural to consider B1

as a model of an open system with external influences modeled by f and B2 as a
description of the way in which f depends on the variables w. In principle different
constraints could be imposed by B2 on f , and therefore it is natural to consider the
open system B1 as the starting point for a study of controllable Hamiltonian systems
and to investigate the consequences of the Hamiltonianity of B on B1. This leads us
to the definition of controllable Hamiltonian behavior, which we presently give.

Observe first that B1 defined by (5.2) has as many outputs (external variables
w) as inputs (the auxiliary variables f), in accordance with the point of view adopted
in classical mechanics of considering the configuration variables as manifest ones and
the external forces as inputs, each acting on a configuration variable (as in the case of
collocated sensors and actuators; see section 12.1 of [12]). Now consider two compact-

support trajectories (wi, fi) ∈ B1, i = 1, 2, and compute the integral
∫ +∞
−∞ w1f2 −

w2f1 dt. Integrating by parts using (5.2) and the fact that the trajectories (wi, fi)
are compact support, it is not difficult to verify that such an integral is zero. Such an
observation brings us to the notion of a controllable Hamiltonian system.

Definition 5.2. Let B ∈ Lw be controllable, with w even. Denote

Jw :=

(
0 I w

2

−I w
2

0

)
.(5.5)

B is called Hamiltonian if for all trajectories w1, w2 ∈ B ∩ D(R,Rw) we have∫ +∞

−∞
LJw

(w1, w2)dt = 0.

We discuss the relationship of Definition 5.2 with other notions of Hamiltonianity
in Remarks 5.5 and 5.6 below. We proceed by illustrating Definition 5.2 with an
example and then give a number of characterizations of Hamiltonianity for controllable
systems in Theorem 5.4, the main result of this section.

Example 5.3. Take the same system considered in Example 4.5, but with an
external force applied to the first mass. Choose as external variables the position q
of the first mass and the external force f ; then it is easy to see that the behavior of
the system is represented by the equation

m1m2
d4q

dt4
+ (m1k1 + m1k2 + m2k1)

d2q

dt2
+ k1k2q = m2

d2f

dt2
+ (k1 + k2)f.

In order for this system to be controllable, the polynomials d(ξ) := m1m2ξ
4+(m1k1+

m1k2 + m2k1)ξ
2 + k1k2 and n(ξ) := m2ξ

2 + k1 + k2 must be coprime. In that case
the system also admits an observable image representation induced by the polyno-
mial matrix M(ξ) := col(n(ξ), d(ξ)). We now show that this system is Hamiltonian.
Observe that for any pair of compact-support trajectories wi = M( d

dt )�i, i = 1, 2,
it holds that LJ2(w1, w2) = LΦ(�1, �2), where Φ(ζ, η) := M(ζ)TJ2M(η). In order
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to prove that
∫ +∞
−∞ LJ2(w1, w2)dt = 0, observe that Φ(−ξ, ξ) = 0. Conclude from

Theorem 3.1 of [24] that there exists Ψ ∈ R[ζ, η] such that Φ(ζ, η) = (ζ + η)Ψ(ζ, η),
equivalently, d

dtLΨ = LΦ. Now using the fact that the latent variable trajectories �i

also have compact support, we can infer that
∫ +∞
−∞ LΦ(�1, �2)dt = LΨ(�1, �2)

∣∣+∞
−∞ = 0.

In order to state the main result of this section, consisting of several alternative
characterizations of Hamiltonianity for controllable behaviors, we need to introduce
the notion of an orthogonal of a controllable behavior. Given a controllable linear
differential behavior B ∈ Lw, we define its orthogonal complement B⊥ as

B
⊥ :=

{
w ∈ C

∞(R,Rw)

∣∣∣∣ ∫ +∞

−∞
wTw′ dt = 0 for all w′ ∈ B ∩ D(R,Rw)

}
.

The orthogonal B⊥ is again an element of Lw, and it is controllable (see section 10 of
[24]).

Theorem 5.4. Let B ∈ Lw be controllable, with w even. Let Jw be given by (5.5).
Then the following statements are equivalent:

(1) B is Hamiltonian.
(2) B = (JwB)⊥.
(3) M∼JwM = 0 for each M such that w = M( d

dt )� is an image representation
of B.

(4) RJwR
∼ = 0 for each R such that R( d

dt )w = 0 is a kernel representation of B.
(5) For every i/o partition col(u, y) = Πw of B the transfer function G from u

to y satisfies G∼Σ = ΣG, with Σ the w
2 × w

2 signature matrix determined by

ΠJwΠ
T =

(
0 Σ
−Σ 0

)
.(5.6)

(6) n := n(B) is even, and there exists a minimal i/s/o representation

d

dt
x = Ax + Bu, y = Cx + Du, col(u, y) = Πw

of B, such that JnA+ATJn = 0, ΣD = DTΣ, and BTJn = −ΣC, with Σ the
w
2 × w

2 signature matrix determined by (5.6).
(7) n := n(B) is even, and for every minimal i/s/o representation

d

dt
x = Ax + Bu, y = Cx + Du, col(u, y) = Πw

of B, there exists a nonsingular skew-symmetric matrix K ∈ R
n×n such that

KA+ATK = 0, ΣD = DTΣ, and BTK = −ΣC, with Σ the w
2 × w

2 signature
matrix determined by (5.6).

Proof. ((1) ⇔ (3)) Let w = M( d
dt )� be an image representation of B. Observe that∫∞

−∞ LJw
(w1, w2)dt = 0 for all w1, w2 ∈ B ∩ D(R,Rw) if and only if

∫∞
−∞ LΨ(�1, �2)dt =

0 for all �1, �2 of compact support, where Ψ(ζ, η) := M(ζ)TJwM(η). By Theorem 3.1
of [24] this holds if and only if M∼JwM = 0.

((3) ⇔ (5)) Let Π be a w × w permutation matrix such that for col(u, y) ∈ ΠB,
u is input and y is output. Let w = M( d

dt )� be any image representation of B with
M full column rank. Then correspondingly ΠM = col(U, Y ), with det(U) �= 0. The
transfer matrix from u to y is equal to the matrix of rational functions G = Y U−1.
We have

M∼JwM = M∼ΠTΠJwΠ
TΠM = M∼ΠT

(
0 Σ
−Σ 0

)
ΠM = U∼ΣY − Y ∼ΣU,
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with Σ a nonsingular w
2 ×

w
2 signature matrix. Since M∼JwM = 0 we obtain U∼ΣY −

Y ∼ΣU = 0, equivalently, G∼Σ = ΣG. Conversely, if G∼Σ = ΣG then take a coprime
factorization G = Y U−1. Then M := ΠT col(U, Y ) yields an observable image rep-
resentation w = M( d

dt )� of B which clearly satisfies M∼JwM = 0. It then follows

easily that M∼JwM = 0 for any M such that w = M( d
dt )� is an image representation

of B.
((3) ⇒ (2)) Observe that MT (− d

dt )w
′ = 0 is a kernel representation of B⊥

and MT (− d
dt )Jww

′′ = 0 is a kernel representation of (JwB)⊥. From M∼JwM = 0
it thus follows that B ⊆ (JwB)⊥. The equivalence ((3) ⇔ (5)) shows that every
transfer matrix of B is square, and consequently m(B) = p(B). Hence we have
m((JwB)⊥) = p(JwB) = p(B) = m(B). Using the calculus of behavioral equations (see
[15]) it is not difficult to prove that two controllable behaviors B1 and B2, with the
same number of inputs such that B1 ⊆ B2, must be equal. This implies that, in fact,
the equality B = (JwB)⊥ holds.

((2) ⇒ (1)) B ⊆ (JwB)⊥ by definition implies that
∫∞
−∞ LJw

(w1, w2)dt = 0 for all
w1, w2 ∈ B ∩ D(R,Rw).

((2) ⇔ (4)) Let R( d
dt )w = 0 be a kernel representation of B. Then w′ = RT (− d

dt )�

is an image representation of B⊥ and w′′ = JwR
T (− d

dt )� is an image representation of
(JwB)⊥ (see section 10 of [24]). Clearly (JwB)⊥ ⊆ B implies RJwR

∼ = 0. Conversely,
if RJwR

∼ = 0 then (JwB)⊥ ⊆ B. Also, it is easily seen that RJwR
∼ = 0 implies

condition (5), so that p(B) = m(B). By the same argument used in the proof of the
implication (3) ⇒ (2) this yields that B = (JwB)⊥.

((5) ⇒ (7)) Let (A,B,C,D) be the quadruple of matrices associated with a
minimal i/s/o representation of B. This yields an i/o partition with transfer matrix
G(ξ) = D +C(ξI −A)−1B. By minimality of the i/s/o representation it follows that
the pair (C,A) is observable; moreover, by controllability of B, it follows that the pair
(A,B) is controllable. Recall that there exists a nonsingular signature matrix Σ such
that ΣG = G∼Σ. This implies that (A,B,ΣC,ΣD) and (−AT , CTΣ,−BT , DTΣ) are
minimal realizations of the same transfer matrix. Consequently there exists a unique
nonsingular matrix K such that −AT = KAK−1, CTΣ = KB, −BT = ΣCK−1,
ΣD = DTΣ. It is easily verified that also −AT = (−KT )A(−K−T ), CTΣ = (−KT )B,
−BT = ΣC(−K−T ). Due to the uniqueness of K, it follows that KT = −K, i.e., K
is skew-symmetric.

((7) ⇒ (6)) Let (A,B,C,D) be the quadruple of matrices associated with a
minimal i/s/o representation of B. Let K be nonsingular and skew-symmetric and
let Σ be a nonsingular signature matrix such that KA + ATK = 0, ΣD = DTΣ,
and BTK = −ΣC. There exists a nonsingular matrix S such that STJnS = K.
Define Â := SAS−1, B̂ = SB, Ĉ = CS−1, and D̂ = D. This quadruple also defines a
minimal i/s/o representation of B. Moreover, it is easily verified that JnÂ+ÂTJn = 0,
ΣD̂ = D̂TΣ, and B̂TJn = −ΣĈ.

((6) ⇒ (3)) If an i/s/o representation of B exists satisfying the conditions in
(6), then it follows that the transfer matrix from u to y satisfies G∼Σ = ΣG. Take a
coprime factorization G = Y U−1. Then M := ΠT col(U, Y ) yields an observable image
representation w = M( d

dt )� of B which clearly satisfies M∼JwM = 0. It then follows

easily that M∼JwM = 0 for any M such that w = M( d
dt )� is an image representation

of B.
Remark 5.5. The definition of a nonlinear Hamiltonian i/o system put forward

in [7, 6] is based on the self-adjointness of the i/o map of the system. We now discuss
how such a point of view relates with that given in Definition 5.2 and elaborated on
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in Theorem 5.4. Assume that the variables w of the controllable system described in
kernel form by R( d

dt )w = 0, R of full row rank, are partitioned as w = col(u, y), with
u consisting of w

2 input variables, and y consisting of w
2 output variables. Then the

matrix R can be partitioned as R =
(
P −Q

)
, with P square and invertible.

Under these assumptions, the condition RJwR
∼ = 0 appearing in statement (4)

of Theorem 5.4 reads QP∼ − PQ∼ = 0, which is equivalent with formula (51) of [6],
once it is recalled that an image representation of the adjoint system (equivalently, of
the orthogonal behavior) to ker R( d

dt ) is given by Im RT (− d
dt ).

Remark 5.6. The characterization of Hamiltonian transfer functions given in
statement (5) of Theorem 5.4 is the same given in [3] in the context of i/s/o systems
and in [8] in the polynomial model context. See also [20], where an external char-
acterization of the adjoint of a linear system is given, and several of the techniques
used (see, in particular, section III loc. cit.) foreshadow those based on the calculus
of Q/BDFs used in the present paper.

Remark 5.7. It follows from Theorem 5.4 (for example, by applying condition
(4)) that the systems B1 and B2 represented by, respectively, (5.2) and (5.3) are
controllable Hamiltonian systems. In other words, if B is an autonomous Hamiltonian
system with χB(0) �= 0, then there exist two controllable Hamiltonian behaviors Bi,
i = 1, 2, such that B is the feedback interconnection of B1 and B2.

We conclude this section with two examples of controllable Hamiltonian systems.
Example 5.8. Newton’s second law defines a controllable Hamiltonian system

B = {(F, q) | F = m d2

dt2 q}, as it is easy to verify using, for example, statement (4) of
Theorem 5.4.

Example 5.9. Consider a parallel interconnection of a capacitor C with an
inductance L subject to an external current Ie. Assume that we choose as ex-
ternal variables for such a system the external current and the magnetic flux φL

in the inductance; it is easy to verify that in such a case the system equation is

( d2

dt2 + 1
CL )φL − 1

C Ie = 0. We show that this system is Hamiltonian. An observable
image representation of the system is induced by the matrix M(ξ) = col(1, Cξ2 + 1

L ).
Consider that M(ζ)TJ2M(η) = (ζ+η)Ψ(ζ, η) with Ψ(ζ, η) := C(ζ−η). Consequently

such a BDF satisfies d
dtLΨ = LJ2

on B, and therefore
∫ +∞
−∞ LJ2

(w1, w2) = 0 for all
w1, w2 ∈ B.

6. Conclusions. In this paper we have used the formalism of bilinear and
quadratic differential forms in order to study Hamiltonian systems. The approach
followed in this paper is representation-free, i.e., independent of the existence of a
special representation of the system, such as a transfer function or a state-space rep-
resentation. However, we have also given a characterization of Hamiltonianity for
various system representations such as kernel, state-space, and transfer function, in
the case of autonomous systems (Theorem 3.4) and of controllable ones (Theorem
5.4). We have also proposed a definition of generalized total energy and generalized
Lagrangian (see section 4), and we introduced the notion of generalized internal forces
for systems described by higher-order differential equations (see section 5).

The major limitation of the present work is its treatment of Hamiltonianity for
the controllable and autonomous case only, leaving out the general case of a system
comprising a nonzero controllable part and a nonzero “autonomous part” (for the
difficulty in defining uniquely such a subbehavior, see [15, p. 192]). The development
of a general theory of linear Hamiltonian behaviors that includes completely control-
lable and completely autonomous behaviors as special cases is a pressing issue in our
research.
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In view of the encouraging results of the application of quadratic differential forms
in the context of infinite-dimensional systems (see [13, 14]), it can be hoped that some
of the results presented in this paper can be generalized also to systems described by
linear constant-coefficient partial differential equations; such an area of research is
presently under investigation. Another direction in which the research presented in
this paper is being extended is that of the connections between Hamiltonian systems
and optimal control.
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Abstract. A numerical method for homogenization of Hamilton–Jacobi equations is presented
and implemented as an L∞ calculus of variations problem. Solutions are found by solving a nonlinear
convex optimization problem. The numerical method is shown to be convergent, and error estimates
are provided. One and two dimensional examples are worked in detail, comparing known results with
the numerical ones and computing new examples. The cases of nonstrictly convex Hamiltonians and
Hamiltonians for which the cell problem has no solution are treated.
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1. Introduction. Given the Hamiltonian H(p, x), which is smooth, convex in p,
and periodic in the second variable x, we are interested in finding for a given P ∈ R

n

a periodic solution of the Hamilton–Jacobi equation

H(P + Dxu, x) = H̄(P ).(HB)

For each fixed P the problem (HB) can be regarded as a nonlinear eigenvalue problem
for the function u(x) and the number H̄(P ). We regard H̄(P ), the effective Hamilto-
nian, as a function of the parameter P . It encodes information about H(x, p), as we
shall describe below.

Problem (HB) requires that we determine for a given P ∈ R
n the pair (u, H̄(P )).

Classical solutions do not exist for all P , so viscosity solutions [CIL92, BCD97, FS93]
are used.

Solving (HB) directly involves finding the viscosity solution to a degenerate elliptic
partial differential equation coupled to an unknown constant, H̄(P ). While this may
be done, it is not an easy task. We choose instead to reduce the problem of finding
the (approximate) effective Hamiltonian to a finite dimensional convex optimization
problem, which may be solved numerically using optimization routines.

Numerical computations of effective Hamiltonians have been done by [EMS95,
KBM01], with applications to front propagation and combustion. At the time of
preparation of this manuscript, the authors also discovered work by [Qia01]. The
numerical approach taken by these authors was to find the effective Hamiltonian by
partial differential equations methods.

In this work we circumvent the difficulties of solving (HB) by computing H̄(P )
without finding the solution u. Our methods are based on the representation formula

H̄(P ) = inf
φ∈C1

per

sup
x

H(P + Dxφ, x)(1)
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due, for strictly convex Hamiltonians, to [CIPP98], in which the infimum is taken
over all periodic C1 functions, C1(Tn). This formula is a problem in the calculus
of variations problem in L∞. Such problems were studied by Aronsson in the 1960s
[Aro66, Aro65]. Recently there has been a renewed interest in calculus of variations
in L∞ [BJW01a, BJW01b, Bar94]. Related methods in the calculus of variations in
L∞ were applied to the effective Hamiltonian problem in [Eva03].

In this paper we always assume that H is convex but not necessarily strictly con-
vex. This assumption has implications for the existence and smoothness of solutions
of (HB). For instance, if H is strictly convex, then there are viscosity solutions of
(HB) which are Lipschitz continuous. However, if strict convexity fails, solutions may
(see section 5.2) or may not (see section 5.3) exist, and the degree of smoothness will
depend on the Hamiltonian in question.

1.1. Applications. Computing the effective Hamiltonian is relevant to several
classes of applications: homogenization problems, the long time behavior of Hamilton–
Jacobi equations, classical mechanics, Aubry–Mather theory, ergodic control, and
front propagation.

In homogenization problems [LPV88, Con95], if wε solves

−wε
t + H

(
Dxw

ε,
x

ε

)
= 0,

then, as ε goes to 0, the solution wε converges to w0, which is a solution of the limiting
problem

−w0
t + H̄(Dxw

0) = 0.

The effective Hamiltonian also appears in the study of long time limits of viscosity
solutions of Hamilton–Jacobi equations:

−wt + H(P + Dxw, x) = 0.

It turns out that w(x, t) − H̄(P ) t converges as t → −∞ to a stationary solution of
(HB) [Fat98b, BS00]; see also [AI01, CDI01].

In classical mechanics [AKN97], smooth solutions u of (HB) yield a canonical
change of coordinates X(p, x) and P (p, x) defined by the equations

p = P + Dxu, X = x + DPu.(2)

This would simplify the Hamiltonian dynamics

ẋ = −DpH(p, x), ṗ = DxH(p, x)(3)

into the trivial dynamics

Ṗ = 0, Ẋ = −DP H̄(P ).

In other words, for each P there is an invariant torus in which the dynamics is simply
a rotation. However, (HB) does not admit smooth solutions in general (see section
4), and one must deal with viscosity solutions [CIL92, BCD97, FS93, Eva98].

In Aubry–Mather theory [Mat89a, Mat89b, Mat91, Mn92, Mn96], instead of look-
ing for invariant tori, one looks for probability measures µ on T

n ×R
n that minimize

the average action ∫
L(x, v) + P · vdµ(4)
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and satisfy a holonomy condition ∫
vDxφdµ = 0

for all φ(x) ∈ C1(Tn).
Here L(x, v) is the Legendre transform of H(p, x), defined by

L(x, v) = sup
p

−v · p−H(p, x).

The supports of these measures are called the Aubry–Mather sets and are the
natural generalizations of invariant tori. Recent results [E99, Fat97a, Fat97b, Fat98a,
Fat98b, CIPP98], some by one of the authors [EG01, EG02, Gom01b], show that
viscosity solutions encode the Aubry–Mather sets. In particular, we have∫

L(x, v) + P · vdµ = −H̄(P ),

and the support of the Mather measure is a subset of the graph

(x,−DpH(P + Dxu, x))

for any viscosity solution of (HB).
In the Mather set the asymptotics of the Hamiltonian dynamics are controlled by

viscosity solutions. Indeed let (x, p) be any point in T
n × R

n. Consider its flow by
the Hamilton equations (3). If (x, p) belongs to any Mather set, then

x(T )

T
→ Q

as T → ∞ for some vector Q ∈ R
n, with Q = DP H̄(P ) for some P if H̄ is differen-

tiable.
Equation (HB) and related stationary first and second order Hamilton–Jacobi

equations are also important to the ergodic control problem [Ari98, Ari97]. While
this article was being reviewed, the authors became aware of [FSar]. Aubry–Mather
theory can also be generalized to second order equations [Gom02], and many of the
techniques that we develop can be generalized appropriately.

The computation of effective Hamiltonians has applications to the propagation
of flame fronts in combustion: Hamilton–Jacobi equations which are homogeneous
of order one, for example ut = c|Du|, can represent the evolution of a propagating
front moving in the normal direction with speed c. If the front is propagating in a
periodic media, an equation of the form ut = c(x)|Du| holds, where c(x) is positive
and periodic in x. In this case, solving a homogenization problem gives the effective or
averaged front speed. As mentioned earlier, numerical computations for this problem
have been performed by [EMS95, KBM01].

2. Solvability and approximation of the homogenization problem.

2.1. Solvability of the homogenization problem. We start this section by
reviewing some results concerning the function H̄(P ). In particular, we recall the
uniqueness result of H̄ from [LPV88], and we generalize a representation formula for
H̄ due to [CIPP98].
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Proposition 2.1 (from Lions, Papanicolao, Varadhan [LPV88]). There is at
most one value H̄ for which (HB) has a periodic viscosity solution.

Proof. Suppose, for contradiction, that (HB) admits viscosity solutions u1 and u2

for H̄ = H̄1, H̄2, respectively, with H̄1 > H̄2. We may assume v1 ≡ u1 + C > u2 for
a sufficiently large positive constant C. For ε sufficiently small

εv1 + H(Dxv1, x) ≥ εu2 + H(Dxu2, x)

in the viscosity sense. The comparison principle [BCD97] then implies v1 ≤ u2, which
is a contradiction.

Next we prove a representation formula for H̄. Our result extends [CIPP98] to
nonstrictly convex Hamiltonians H, for which the solution may fail to be Lipschitz.

Proposition 2.2 (from Contreras, Iturriaga, Paternain, Paternain [CIPP98]).
Suppose that H is periodic in x and convex in p (strict convexity is not required).
Suppose further that there exists a viscosity solution u of (HB). Then

H̄ = inf
ψ∈C1(Tn)

sup
x∈Tn

H(Dxψ, x),(5)

in which the infimum is taken over the space C1(Tn) of periodic functions.
First we recall some facts concerning the sup convolution. The proof may be

found in [FS93].
Lemma 2.3. Suppose u is a viscosity of (HB). Define

uε(x) = sup
y

[
u(y) − |x− y|2

ε

]
.(6)

Then
1. uε → u uniformly as ε → 0,
2. uε is semiconvex,
3. uε satisfies

H(Dxuε, x) ≤ H̄ + o(1),

in the viscosity sense and almost everywhere.
Proof of Proposition 2.2. Let

H̄∗ = inf
ψ∈C1(Tn)

sup
x∈Tn

H(Dxφ, x).

At some point x0, u− ψ has a local minimum. By the viscosity property

H(Dxψ(x0), x0) ≥ H̄,

which implies H̄∗ ≥ H̄.
Let ηε be a smoothing kernel. Set vε = uε ∗ ηε. Then, using convexity,

H(Dxvε(x), x) ≤
∫

H(Dxuε(y), y)ηε(x− y)dy + o(1) ≤ H̄ + o(1),

and thus H̄∗ ≤ H̄.
Before proceeding with the discretization of this problem we will prove an ele-

mentary bound.
Proposition 2.4. We have

inf
ψ∈C1(Tn)

sup
x∈Tn

H(Dxψ, x) ≥ inf
x∈Tn

H(0, x).

Proof. For any function ψ ∈ C1(Tn) there is a point x0 for which Dxφ(x0) = 0.
Therefore supx∈Tn H(Dxψ, x) ≥ H(0, x0) ≥ infx∈Tn H(0, x).
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2.2. Approximation. The next issue we study is the approximation of the
problem (1).

To this effect, consider a triangulation of T
n with cells of diameter smaller than h.

Let C(Th) be the collection of continuous piecewise linear grid functions which inter-
polate given nodal values. We avoid the use of the term finite elements to emphasize
the pointwise nature of the approximation.

The following proposition is an approximation result: we do not assume the
existence of a viscosity solution of (HB).

Proposition 2.5. Suppose H(p, x) is convex in p. Then

inf
ψ∈C1(Tn)

sup
x

H(Dxψ, x) = lim
h→0

inf
φ∈C(Th)

esssup
x

H(Dxφ, x).

Proof. Fix ε > 0. Let ψ be a C1 function for which

sup
x∈Tn

H(Dxψ, x) ≤ inf
ψ∈C1(Tn)

sup
x∈Tn

H(Dxψ, x) + ε.

Because ψ is C1, Dxψ is uniformly continuous. Thus, for h sufficiently small, there is
φ ∈ C(Th) such that

esssup
x∈Tn

|Dxφ−Dxψ| ≤ ε.(7)

In fact, in each triangle along an edge ei with length |ei| pointing in the direction νi
we have

Dxψ · νi =
1

|ei|

∫
ei

Dxφ · dz = Dxφ(x̄) · νi + o(1),

in which x̄ is, for instance, the center of the triangle. Since the shape factor is bounded,
there are at least n edges νi linearly independent such that

|det[ν]| ≥ θ(8)

for some θ for all triangles. Therefore

Dxψ = Dxφ(x̄) + o(1),

as required.
This therefore implies

esssup
x∈Tn

H(Dxφ, x) ≤ sup
x∈Tn

H(Dxψ, x) + O(ε),

by the Lipschitz continuity of H in p. Thus, taking first limh→0 infφ∈C(Th) and then
infψ∈C1(Tn), we obtain

lim
h→0

inf
φ∈C(Th)

esssup
x∈Tn

H(Dxφ, x) ≤ inf
ψ∈C1(Tn)

sup
x∈Tn

H(Dxψ, x) + O(ε).

Send ε → 0.
To prove the converse inequality observe that if φ ∈ C(Th), ηε is a smooth molli-

fier, and ψ = ηε ∗ φ, then convexity yields

H(Dxψ(x), x) ≤
∫

H(Dxφ(y), y)ηε(x− y)dy + O(ε),
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for every x, and so

H(Dxψ(x), x) ≤ esssup
x∈Tn

H(Dxφ(x), x) + O(ε).

Thus, taking first infψ∈C1 and then limh→0 infφ∈C(Th),

inf
ψ∈C1

sup
x

H(Dxψ, x) ≤ lim
h→0

inf
φ∈C(Th)

esssup
x∈Tn

H(Dxφ, x) + O(ε).

Since ε is arbitrary, we have the claim.
Before stating and proving an improved version of the previous proposition for

the case in which (HB) has a viscosity solution, we record some important properties
of the L∞ calculus of variations problem. First observe that

H(φ) = sup
x∈Tn

H(Dxφ, x)

is a convex, but not strictly convex, functional. Therefore for any φ1 and φ2 we have

H(λφ1 + (1 − λ)φ2) ≤ λH(φ1) + (1 − λ)H(φ2).

This in particular implies that any local minimum is a global minimum.
However, in general the minimizers are not unique, and it is not true that a

minimizing sequence will converge to a viscosity solution of

H(Dxu, x) = H̄.

For example, H = p2/2 + cosx has H̄ = 1, and u ≡ 0 is a minimizer. However,
H(Dxu, x) �= H̄.

A similar argument applied to the discretized problem yields that

Hh(φ) = esssup
x∈Tn

H(Dxφ, x)

is convex for φ ∈ C(Th), and so a local minimum is a global minimum.
Proposition 2.6. The approximate Hamiltonian

H̄h(P ) = inf
φ∈C(Th)

esssup
x∈Tn

H(P + Dxφ, x)

is convex in P .
Proof. Let P1, P2 ∈ R

n, and let φ1, φ2 ∈ C(Th) be the corresponding minimizers.
Let 0 ≤ λ ≤ 1, and set P = λP1 + (1− λ)P2 and φ = λφ1 + (1− λ)φ2. Then, for any
x we have

H(P + Dxφ, x) ≤ λH(P1 + Dxφ1, x) + (1 − λ)H(P2 + Dxφ2, x).

Thus

esssup
x∈Tn

H(P + Dxφ, x) ≤ λH̄h(P1) + (1 − λ)H̄h(P2),

and so

H̄h(P ) = inf
φ∈C(Th)

esssup
x∈Tn

H(P + Dxφ, x) ≤ λH̄h(P1) + (1 − λ)H̄h(P2)
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if P = λP1 + (1 − λ)P2.
Theorem 2.7. For any convex Hamiltonian H(p, x) for which (HB) has a vis-

cosity solution

H̄ ≤ inf
φ∈C(Th)

esssup
x

H(Dxφ, x).

If there exists a globally C2 solution of (HB), then

inf
φ∈C(Th)

esssup
x

H(Dxφ, x) = H̄ + O(h).

If (HB) has a Lipschitz solution (for instance, if H(p, x) is strictly convex in p), then

inf
φ∈C(Th)

esssup
x

H(Dxφ, x) = H̄ + O(h1/2).

If H is convex but not strictly convex and (HB) has a viscosity solution, then

inf
φ∈C(Th)

esssup
x

H(Dxφ, x) = H̄ + o(1).

Proof. Observe that

H̄ = inf
ψ∈C1(Tn)

sup
x

H(Dxψ, x) ≤ inf
φ∈C(Th)

esssup
x

H(Dxφ, x),

because by convexity we can associate to each φ ∈ C(Th) a function

ψ = φ ∗ ηε ∈ C1(Tn)

such that

sup
x

H(Dxψ, x) ≤ esssup
x

H(Dxφ, x) + O(ε),

for arbitrary ε > 0, as seen in the previous proposition.
To prove the second assertion suppose that u is a C2 viscosity solution of (HB).

Fix h and construct a function φu ∈ C(Th) by interpolating linearly the values of u
at the nodal points. In each triangle T i, the oscillation of the derivative of u is O(h),
since u is C2. Thus, proceeding as in the proof of (7), we obtain

Dxφu(x) = Dxu(x) + O(h)

for any x. Since H(Dxu, x) = H̄, at every point x ∈ T i we have

H(Dxφu, x) ≤ H̄ + O(h).

This implies

inf
φ∈C(Th)

esssup
x∈Tn

H(Dxφ, x) ≤ H̄ + O(h).

If u is a Lipschitz viscosity solution, let ũ = ηh1/2 ∗ u. Observe that

|D2
xxũ| ≤

C

h1/2
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and

H(Dxũ, x) ≤ H̄ + O(h1/2).

Construct a function φu ∈ C(Th) by interpolating linearly the values of ũ at the nodal
points. In each triangle T i, the oscillation of the derivative of ũ is O(h1/2). Thus

Dxφu(x) = Dxũ(x) + O(h1/2)

for any x. Since H(Dxũ, x) ≤ H̄ + O(h1/2), for every point x ∈ T i,

H(Dxφu, x) ≤ H̄ + O(h1/2).

This implies

inf
φ∈C(Th)

esssup
x∈Tn

H(Dxφ, x) ≤ H̄ + O(h1/2).

In the final case of nonstrictly convex Hamiltonians, the sup convolution (6) with
ε = h1/3 yields a function uh1/3 that satisfies

H(Dxuh1/3 , x) ≤ H̄ + o(1)

almost everywhere and has Lipschitz constant bounded by Ch−1/3. Define ũ = ηh1/3 ∗
uh1/3 , which satisfies

H(Dxũ, x) ≤ H̄ + o(1)

and

|D2
xxũ| ≤

C

h2/3
.

Since in each triangle the oscillation of the derivative is O(h1/3), we obtain

H(Dxφu, x) ≤ H̄ + o(1),

thereby proving the last statement of the theorem.
A corollary to the previous theorem is the following.
Corollary 2.8. Suppose ξh ∈ R

n is a supporting plane for H̄h(P ) that converges
as h → 0 to ξ. Then ξ is a supporting hyperplane for H̄(P ). As a consequence, if
H̄(P ) is differentiable at P , then ξh converges to the unique supporting hyperplane of
H̄(P ) at P .

Proof. The previous theorem asserts that H̄(P ) converges uniformly to H̄(P ). In
Proposition 2.6 we proved that H̄h(P ) is convex. Therefore the corollary follows from
a standard convex analysis argument.

3. Numerical implementation. In this section we discuss the numerical im-
plementation of the fully discretized minimax problem (4). There are two parts to
the discussion: (i) implementing the discrete version of the problem and (ii) solving
the resulting optimization problem. If the discretization is performed properly, the
resulting minimax problem is convex, and standard routines can be used to find the
solution.
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3.1. Discretization. In the last section we discussed the approximation of the
infinite dimensional problem

H̄(P ) = inf
φ∈C1

per

sup
x

H(P + Dxφ, x)

by the finite dimensional problem

inf
φ∈C(Th)

esssup
x

H(Dxφ, x),

for φ in the space of continuous piecewise linear grid functions.
To fully discretize the problem, we make a further approximation: we discretize

the spatial variable by computing the supremum only at the nodes xi, which gives
the minimax problem

min
φ∈C(Th)

max
xi

H(Dxφ, xi)(9)

for xi at the nodal points of the grid function space. The spatial approximation
introduces a small additional error of O(h), which is proportional to the Lipschitz
constant (in the x variable) of H.

The minimax problem (9) is a finite dimensional nonlinear optimization problem
which can by solved using standard optimization routines.

Discretization in one dimension. We first present the discretization scheme
in one dimension. Choosing n to be the number of nodes, we get a partition of T, the
unit interval with periodic boundary conditions, into n intervals of length h = 1/n.
For any φ in the grid function space C(Th), we identify φ with the vector of values
on the nodes

φ is identified with u = (u1, . . . , un) = (φ(0), . . . φ(ih), . . . φ((n− 1)h)).

Then, choosing xi = (i+1/2)h to be the midpoint of the interval gives the discretiza-
tion

H(φx, x) = H

(
ui+1 − ui

h
, xi

)
on Ti = [ih, (i + 1)h].(10)

As long as H(p, x) is convex in p, for each x, the right-hand side of (10) is convex
in ui+1 and ui. Taking the maximum over the nodes gives a convex function of n
variables to be minimized.

Discretization in two dimensions. Next, in two dimensions, take an n × n
grid for T

2, the unit square with periodic boundary conditions. Create a regular tiling
by triangles as follows. To each node i, j, let

T±
i,j = the triangle with vertices (i, j), (i± 1, j), (i, j ± 1).

For φ in the grid function space C(Th), we identify φ with the matrix of values on the
nodes:

φ is identified with u = (ui,j) = (φ(ih, jh)), i, j = 1, . . . , n.

As a result we have 2n2 triangles on which φ is linear.
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On each triangle, choosing x±
i,j , y

±
i,j to be a point in the middle of T±

i,j , we get the
discretization

H(φx, φy) = H±
(
ui±1,j − ui,j

h
,
ui,j±1 − ui,j

h
, x±

i , y
±
i

)
on T±

i,j .(11)

As long as H(p, x) is convex in p, for each x, the right-hand side of (11) is convex in
the variables ui,j and ui±1,j±1.

Taking the maximum over the triangles gives a convex function of 2n2 variables to
be minimized. Alternately, we can take x±

i,j = xi,j , y
±
i,j = yi,j and take the maximum

H± with these values to reduce the number of variables by a factor of two.

3.2. Numerical solution of the minimax problem. The implementation
required only that a suitable discretization of the Hamiltonian be given. This dis-
cretization takes the form of a map from R

n to R
n, or a map from R

2n to R
2n, in

the case of one and two dimensional Hamiltonians, respectively. Each component of
the map is convex in each of the variables, and the map is sparse, in the sense that it
depends on only a small number of other variables.

Taking the maximum of the components of the map gives a convex function which
is to be minimized. In general, there are many minimizers, but the minimum is unique.

At this point, publicly available routines for convex optimization may be used
to solve the problem. We carried out the implementation in MATLAB, using the
Optimization Toolbox. The Optimization Toolbox contains an assortments of routines
for solving multidimensional nonlinear optimization problems, some of which take
advantage of sparse linear algebra. We used fminimax, which is specially designed for
minimax problems but does not use sparse linear algebra. A possible alternative would
have been to use the a more general solver with sparse linear algebra, which might
have performed better on larger problems. For the problems we implemented, which
were of modest size (128 variables in two dimensions), the minimization problem was
solved in a few seconds on a laptop computer. Solving for a range of a few hundred
values of P took between twenty minutes and a few hours to compute for each problem.

For background on convex optimization we refer to [Fle80]. Briefly, the minimax
is solved by searching for the worst of the objective functions, then improving that
function by solving a sequence of quadratic programs, which are in turn computed by
solving a sequence of linear equations. The error in the solution of the optimization
problem is insignificant compared to the discretization error.

3.3. Error estimates. There are three main issues which may lead to errors in
the numerical computation of H̄(P ): the error which arises from the discretization
(which was discussed in the previous section), the error involved in computing the
esssup approximately, and the error in solving the discrete problem numerically.

To compute the essential supremum we chose to evaluate the function at a single
point in each node. This gives an additional contribution to the error of O(h), de-
pending on the Lipschitz constant of the Hamiltonian. This discretization error was
nonnegligible, but it could be eliminated by computing the maximum at the endpoints
of the nodes, instead of the middle of each node. Since a linear function on a segment
of a triangle achieves its maximum at the nodes, this supremum would have been
computed accurately up to O(h2), decreasing the discretization error at the expense
of increasing the number of functions to be evaluated in the minimax.

Improved convergence estimates. Because of the improved convergence when
smooth solutions exist, for most values of P we expected to get, and indeed we saw,
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linear convergence. Nevertheless, there should be examples where the convergence is
sublinear.

Global convergence of H̄h(P ) to H̄(P ) may be better than expected. Since H̄h(P )
is convex, and is an upper bound for H̄(P ), if for some values of P we get H̄h(P )
accurately (for instance, because there is a smooth solution of (HB)), that immediately
implies improved bounds for other values of P . If, for instance, H̄h(P ) = H̄ + O(h)
in a set of full measure, then immediately one gets H̄h(P ) = H̄(P ) + O(h) in the
remaining points.

Secondly, in Theorem 2.7 we constructed the approximate minimizer from a vis-
cosity solution. However, there may be other minimizers which may be smoother than
the viscosity solution.

Finally, in the proof we used convolutions with a smoothing kernel, to get es-
timates of the form H(Dxũ, x) ≤ H̄ + O(hα) for some exponent α. In practice the
inequality may be strict at points in which the original viscosity solution is not smooth,
which could help to improve the estimates since we are taking suprema.

4. Validation. We begin by studying a one dimensional case for which explicit
analytical information is available. This analytical information is used to validate the
numerical method.

Theorem 2.7 gives convergence of order O(h) when there exists a smooth solution
of (HB). Despite the lack of smoothness in the solution, we obtained convergence
rates of O(h).

4.1. Analytical results. Consider the Hamiltonian corresponding to a one di-
mensional pendulum with mass and length normalized to unity,

H(p, x) =
p2

2
− cos 2πx.

For this Hamiltonian one can find explicitly the solution of (HB).
Proposition 4.1. The solution (u, H̄(P )) of (HB), when H corresponds to the

one dimensional pendulum, is given by

u(x) =

∫ x

0

−P + s(y)
√

2(H̄(P ) + cos 2πy) dy,(12)

where |s(y)| = 1, with H̄(P ) = 1 for |P | ≤ 4π−1 and

P = ±
∫ 1

0

√
2(H̄(P ) + cos 2πy) dy(13)

otherwise.
Proof. For each P ∈ R and a.e. (almost every) x ∈ R, the solution u(P, x) satisfies

(P + Dxu)2

2
= H̄(P ) + cos 2πx.

This implies H̄(P ) ≥ 1 and so

Dxu = −P ±
√

2(H̄(P ) + cos 2πx), a.e. x ∈ R.

Thus (12) holds for |s(y)| = 1.
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Table 1

Computed values for H̄ as a function of the number of points, comparing the sine and cosine
potential, with P = 0.5 and H̄(0.5) = 1.

Number of points n = 9 17 33 65
Values (using sine) 0.98480 0.99573 0.99887 0.99971

Max of sin on the grid 0.98480 0.99573 0.99887 0.99971
Values (using cosine) 1.00000 1.00000 1.00000 1.00000

Max of cosine on the grid 1.00000 1.00000 1.00000 1.00000

Because H is convex in p and u is a viscosity solution, u is semiconcave, and
so the only possible discontinuities in the derivative of u are the ones that satisfy
Dxu(x−) −Dxu(x+) > 0 (see [Eva98]). Therefore s can change sign from 1 to −1 at

any point, but jumps from −1 to 1 can happen only when
√

2(H̄(P ) + cos 2πx) = 0.
If we require 1-periodicity, then there are two cases. (i) If H̄(P ) > 1, the solution

is C1 since
√

2(H̄(P ) + cos 2πy) is never zero. These solutions correspond to invariant
tori. In this case P and H̄(P ) satisfy (13). It is easy to check that this equation has
a solution H̄(P ) whenever

|P | ≥
∫ 1

0

√
2(1 + cos 2πy)dy,

that is, whenever |P | > 4π−1. (ii) Otherwise, when |P | ≤ 4π−1, H̄(P ) = 1 and s(x)
can have a discontinuity. Indeed, s(x) jumps from −1 to 1 when x = 1

2 + k, with
k ∈ Z, and there is a point x0, defined by the equation

−
∫ 1

0

s(y)
√

2(1 + cos 2πy)dy = P,

in which s(x) jumps from 1 to −1. In this last case the graph (x, P + Dxu) is a
backwards invariant set contained in the unstable manifold of the hyperbolic equilibria
of the pendulum. The graph of H̄(P ) has a flat spot near P = 0.

This example also shows that (HB) does not have a unique solution. Indeed,
cos 2πx is also 2-periodic. So if we look for 2-periodic solutions, we find out that for
|P | small we can have two points where the derivative is discontinuous, and we can
choose one of them freely because our only constraint is periodicity. Note, however,
that the value of H̄ is uniquely determined and is the same whether we look for 1- or
2-periodic solutions.

4.2. Validation in one dimension. To test our numerical method we varied
the number of nodes n, computing H̄ for n = 8, 16, 32, 64 and with P = 0.5. Here the
exact value is H̄ = 1.

For each of the above values of n, the exact answer was achieved with an error
bounded by 10−10. However, this is an artifact of the special nature of the example,
related to the fact that we resolved the maximum of sin(x) well. To illustrate this, we
use a poorer choice of n values and get a larger error, as seen from Table 1. With these
choices of n we see that the discrete problem is solved to within the tolerance of 10−6,
but the exact problem is solved only up to the resolution error of the Hamiltonian.

We repeated the same test for P = 2, which puts us in the strictly convex part
of H̄(P ). The value H̄(2) = 2.0637954 can be obtained by solving the equation

2 =

∫ 1

0

√
2(H̄(2) − cos(2πx))dx
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Table 2

Computed error for H̄ as a function of the number of points, comparing the sine and cosine
potential, with P = 2.

Number of points n = 8 16 32 64 96

Error (using sine) ×10−5 0.1912 0.0013 0.0009 0.0005 0.0183

Error (using cosine) ×10−5 0.1912 -0.0013 -0.0014 0.0074 0.0017
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Fig. 1. H̄(P ) for the pendulum, over the range [−2, 2] (left), and an enlargement near the
lower-right corner.

with respect to H̄(2). The error is plotted in Table 2; in this case except for the
smallest (n = 8) discretization, the computed values fall within the tolerance of the
scheme. The conclusion is that the dominant error comes from the discretization, not
the optimization routines.

The values of H̄(P ), computed with a resolution of 32 points, are shown in Fig-
ure 1. The largest error occurs near the corner. The location of the corner is close to
the analytical value P = 4π−1 	 1.27324.

4.3. Validation in two dimensions. In this section we study two uncoupled
pendulums. This problem is a direct sum of the one dimensional case, so it is used to
validate the method in two dimensions.

The Hamiltonian corresponding to two pendulums is

H(px, py, x, y) =
p2
x

2
+

p2
y

2
+ cos 2πx + cos 2πy.

The effective Hamiltonian is thus

H̄(Px, Py) = H̄0(Px) + H̄0(Py),

in which H̄0 is the effective Hamiltonian for a one dimensional pendulum. For instance,
H̄(1.5) = 1.244638, H̄(2.5) = 3.165327, and thus the analytical value is H̄(1.5, 2, 5) =
4.4099660.

As an accuracy test in the two dimensional case, we computed for P = (1.5, 2.5)
and n = 8, 12, 16, 32 the value of H̄(P ) and the corresponding error; see Table 3.
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Table 3

Computed values for H̄(1.5, 2.5) as a function of the number of points.

n 8 12 16 24 Exact
Values FE 4.6521 4.5627 4.5216 4.4836 4.4099660
Error FE 0.24 0.14 0.11 0.07
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Fig. 2. Visualization of H̄(P ) for the potential V (x, y) = cos(2πx).

5. Computational results.

5.1. Strictly convex Hamiltonians. In this section we study several strictly
convex Hamiltonians. Unless stated otherwise, all the numerical examples use n = 8,
that is, 64 nodes and 128 triangular elements.

Example 1 (pendulum and a free particle). Potential: V (x, y) = cos(2πx). This
potential is y-independent, and therefore H̄(P1, P2) for P2 fixed should be the same as
the effective Hamiltonian for the one dimensional pendulum. With P1 fixed, H̄ should
be a parabola in P2. We solved for H̄(P ) with a resolution of .1 for P ∈ [−4, 4]×[−4, 4].
The result is presented in Figure 2.

Example 2 (potential V (x, y) = cos(2πx) cos(2πy)). We computed H̄(P ) with a
resolution in P of .1 for P ∈ [−4, 4] × [−4, 4]. The result is presented in Figure 3.

Example 3 (potential V (x, y) = cos(2πx) + cos(2πy) + cos(2π(x − y))). We
computed H̄(P ) with a resolution of .25 in P for P ∈ [−3, 3] × [−3, 3]. The result is
presented in Figure 4.

Example 4 (double pendulum). The double pendulum is a well known non-
integrable example for which the effective Hamiltonian is not known. The Hamiltonian
for the double pendulum is

H(px, py, x, y) =
p2
x − 2pxpy cos(2π(x− y)) + 2p2

y

2 − cos2(2π(x− y))
+ 2 cos 2πx + cos 2πy.

We computed the values of H̄(P ) with a resolution in P of .2 for P in [−5, 5]× [−5, 5].
The result is presented in Figure 5.
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Fig. 3. Visualization of H̄(P ) for the potential V (x, y) = cos(2πx) cos(2πy).
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Fig. 4. Visualization of H̄(P ) for the potential V (x, y) = cos(2πx) + cos(2πy) + cos(2π(x− y)).

5.2. Nonstrictly convex problems. In this section we study several examples,
in which H is convex but not strictly convex, for which there is a viscosity solution
of (HB).

Example 5 (linear nonresonant). Consider the linear (nonresonant) Hamiltonian

H(p, x) = ω · p + V (x, y).(14)

Suppose u is a smooth viscosity solution of (HB) for this Hamiltonian. The divergence
theorem yields ∫

Tn

ω ·Dxu = 0.
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Fig. 5. Visualization of H̄(P ) for the double pendulum.

Therefore

H̄(0) =

∫
Tn

V(15)

and H̄(P ) = H̄(0) + ω · P . For the example ux +
√

2uy + cos(2πx) we obtained
DP H̄ = (1,

√
2) and H̄(0, 0) = 0. Despite the fact that the vector (1, 1) is rationally

dependent, the Hamilton–Jacobi equation ux+uy+cos(2πx) is nonresonant because of
the nature of the potential. Numerically we obtained DP H̄ = (1, 1) and H̄(0, 0) = 0.
In this (linear) case the optimization routine converged very quickly.

Example 6 (time-periodic). Another example is a periodic time-dependent one-
space-dimension Hamilton–Jacobi equation

−ut + H(Dxu, x, t) = H̄.

There exists a unique value H̄ for which this problem admits space-time-periodic
solutions [EG02]. Moreover, this solution is Lipschitz, and thus we have a O(h)
convergence.

Note also that P = (Pt, Px) but H̄(P ) is linear in Pt, and so we may as well
consider the problem

inf
φ

sup
(x,t)

−φt + H(Px + Dxφ, x, t) = H̄(Px).

For the forced pendulum

H(p, x) =
p2

2
+ cos 2πx + sin 2πx sin 2πt.

We set Pt = 0 and plot H̄(Px); see Figure 6.
Observe that the maximum of the potential cos 2πx+sin 2πx sin 2πt is

√
2, which

coincides with the minimum of H̄(P ).
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Fig. 6. Values of H̄(P ) for the time-periodic Hamiltonian.

Example 7 (vakonomic). Finally, we study an example of a nonstrictly convex
Hamiltonian which satisfies commutation relations related to vakonomic mechan-
ics [AKN97],

H(p, x) =
|f1 ·Du|2

2
+

|f2 ·Du|2
2

+ V (x, y).

Here the vector fields f1, f2 do not span R
2 in every point, but when we consider

the commutator [f1, f2], we have that f1, f2, [f1, f2] span R
2 in every point. In this

situation (HB) has Hölder continuous viscosity solutions [EJ89, Gom01a].
We choose V = 0, f1 = (0, 1), and f2 = (cos 2πy, sin 2πy). If sin 2πy = 0,

f2 = (0,±1), and so f1 and f2 are linearly dependent. However,

[f1, f2] = 2π(− sin 2πy, cos 2πy),

and so the vectors f1, f2, [f1, f2] always span R
2. Therefore there is a Hölder contin-

uous viscosity solution.
In fact, this example can be reduced to a one dimensional problem. The Hamilton–

Jacobi equation is

cos2 2πy

2
(Px + ux)2 +

(1 + sin2 2πy)

2
(Py + uy)

2

+ sin 2πy cos 2πu(Px + ux)(Py + uy) = H̄(Px, Py).

Since there is no explicit dependence in x, there are solutions independent of x, given
by the equation

cos2 2πy

2
P 2
x +

(1 + sin2 2πy)

2
(Py + uy)

2

+ sin 2πy cos 2πyPx(Py + uy) = H̄(Px, Py).

Since this equation is strictly convex in uy, there is a Lipschitz solution.
To remove this degeneracy we considered the potential V (x, y) = cos 2πx +

sin 2π(x − y), for which the previous reduction procedure does not work. The re-
sult is presented in Figure 7.
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Fig. 7. Values of H̄(P ) for the time-periodic Hamiltonian.

5.3. Nonexistence of viscosity solutions. There are situations where there
do not exist viscosity solutions to (HB), but where H̄ can still be defined by solving a
more general problem; see [BS00, BS01] and [LS03]. In some of these situations, the
solution of the minimax problem (1) may exist and give a consistent result.

We work out two interesting examples and try to explain the results obtained
numerically.

The problem

αuα + H(P + Dxu
α, x) = 0,(16)

which (when α �= 0) has a unique solution, is considered in [LS03]. Sending α → 0
gives the effective Hamiltonian

H̄(P ) ≡ lim
α→0

αuα.(17)

These results are consistent with (HB) but determine a value H̄(P ) even under weaker
conditions, for example, as long as αuα converges uniformly to a constant, which
happens when

uα − min
x

uα → bounded function of x

uniformly.
For example, in the simpler case when H is strictly convex in p, we get that

uα − minx u
α is bounded uniformly in α, since in this case the solutions uα are

Lipschitz independently of α.
The result (1) may also give a correct value for H̄ in these more general situations.
Proposition 5.1. Let uα be a solution of (16), and suppose that αuα converges

uniformly to a constant number H̄(P ). Then

H̄(P ) = lim
α→0

αuα = inf
φ

sup
x∈Tn

H(P + Dxφ, x).

Proof. 1. Define H̄α ≡ −αminx u
α and

vα ≡ uα +
H̄α

α
,
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so that minx v
α = 0. We will demonstrate H̄α → H̄. We have

H̄ = lim
α→0

H(P + Dxu
α, x) = lim

α→0
−αuα = lim

α→0
α(uα − min

x
uα) + αmin

x
uα = H̄α.

2. Let vεα denote the sup convolution of vα, and let φ = ηε ∗ vεα. Then

H(Dxφ, x) ≤ H̄α + O(ε).

Therefore

inf
φ

sup
x∈Tn

H(Dxφ, x) ≤ H̄α → H̄.

3. Now let

eα = sup
x

αvα,

which converges to 0.
Let φ be any function. Then vα − φ has a local minimum at a point x0. At this

point

αvα(x0) + H(Dxφ(x0), x0) ≥ H̄α.

Thus

eα + H(Dxφ(x0), x0) ≥ H̄α,

and so

sup
x∈Tn

H(Dxφ, x) ≥ H̄α − eα → H̄.

Therefore infφ supx∈Tn H(Dxφ, x) ≥ H̄.
Example 8 (quasiperiodic Hamiltonians). We consider an example from [LS03]

for which there is no viscosity solution to (HB), yet where H̄(P ) can be determined
from (17). Let

H(px, py, x, y) = |px + αpy| + sin(x) + sin(y)

with α irrational. We computed H̄(P ) numerically from (1). The results are presented
in Figure 8.

Example 9 (linear resonant). Resonant linear Hamiltonians (14) may fail to have
a viscosity solution. An example is

(0, 1) ·Du + sin(2πx) = H̄.

The formula (15) yields H̄(0) = 0 if there is a solution of (HB). However, we have

inf
φ

sup
x

H(Dxφ, x) = 1.

Let φ be an arbitrary periodic function. Set x0 = 1/4, so that sin 2πx0 = 1. Then
φ(x0, y) is a periodic function of y, and so Dyφ(x0, y) = 0 at some y = y0. Thus

sup
x

H(Dxφ, x) ≥ H(Dxφ(x0, y0), x0, y0) = 1.

Numerically we obtained DP H̄ = (0, 1) and H̄(0, 0) = 1. This is interesting, because
H̄(0, 0) should be 0, not 1, and this shows the nonexistence of solutions.
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Abstract. We consider an optimal stochastic control problem, assuming Lipschitz conditions
and allowing degeneracy of the diffusion coefficient, under some structural constraint on the state
equation. We formulate the problem in the strong form; i.e., we fix the probability space. We relate
the value function and the feedback law to a forward-backward stochastic differential system. We
prove existence and uniqueness of a global solution to the latter and deduce existence and, in some
cases, uniqueness of an optimal control. To solve the (coupled) forward-backward system we use a
priori estimates which follow from its control-theoretic interpretation.
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1. Introduction. We consider a controlled Markov process Xu in R
n, on a time

interval [t, T ] ⊂ [0, T ], described by an Ito stochastic differential equation of the form{
dXu

τ = f(τ,Xu
τ ) dτ + g(τ,Xu

τ )r(τ,Xu
τ , uτ ) dτ + g(τ,Xu

τ ) dWτ , τ ∈ [t, T ],
Xu

t = x ∈ R
n,

(1.1)

where u. is the control process, W is a standard Wiener process in R
d, and f , r, g are

functions with values in R
n, R

d, R
n×d, respectively. We introduce the cost functional

J(t, x, u.) = E

∫ T

t

l(τ,Xu
τ , uτ ) dτ + E φ(Xu

T ),

where l, φ are real functions. We wish to minimize the cost over all admissible controls,
i.e., processes {us, s ∈ [0, T ]} taking values in a prescribed set U ⊂ R

m and predictable
with respect to the (augmented) filtration generated by W . We introduce the value
function

V (t, x) = inf
u.

J(t, x, u.), t ∈ [0, T ], x ∈ R
n,

where the infimum is taken over all admissible controls u..
The particular form of the control system is essential for our results, but it covers

a number of interesting cases. For instance, if d = n and g takes values in the set of
invertible matrices, then starting from a system of the form{

dXu
τ = h(τ,Xu

τ , uτ ) dτ + g(τ,Xu
τ ) dWτ , s ∈ [t, T ],

Xu
t = x,
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where h takes values in R
n, we can arrive at the form (1.1) setting r = g−1h. We also

note that in the special case r(τ, x, u) = u, the term uτ dτ + dWτ admits a natural
interpretation as a control affected by noise.

On the functions f , g, r we impose some Lipschitz and linear growth (or bound-
edness) conditions, but no further regularity is assumed (see Hypothesis 2.1 below
for precise statements). Moreover, we do not assume any kind of nondegeneracy on
the diffusion coefficient g. We solve the optimal control problem completely; i.e., we
prove existence and we characterize the value function and the optimal control law.
We also show solvability of the closed-loop equation. Under some mild additional
assumptions we prove uniqueness of the optimal control and of the solution of the
closed-loop equation.

We stress that these results are proved for the strong formulation of the control
problem, that is, when the probability space in which (1.1) is considered is prescribed.
This is a distinctive feature of this paper.

We note that under the present assumptions, due to lack of regularity of the co-
efficients and possible degeneracy of g, the Hamilton–Jacobi–Bellman equation has
only (nondifferentiable) viscosity solutions; see [7] and the references within. In gen-
eral this is not sufficient either to prove existence of the optimal control or to find
an optimal feedback law since this usually involves the gradient of a solution of the
Hamilton–Jacobi–Bellman equation. Consequently, an appropriate formulation and
well-posedness of the closed-loop equation seem to be a difficult task here. We also
notice that even when the Hamilton–Jacobi–Bellman equation has differentiable solu-
tions, well-posedness, in strong sense, of the closed-loop equation is not obvious (see
[3]).

Our starting point is the well-known idea of replacing the approach based on the
Hamilton–Jacobi–Bellman equation with the analysis of a forward-backward stochas-
tic differential system: we recall that if we define the hamiltonian function

ψ(t, x, z) = inf
u∈U

{l(t, x, u) + zr(t, x, u)}, t ∈ [0, T ], x ∈ R
n, z ∈ R

d,(1.2)

and we consider the uncoupled forward-backward system⎧⎪⎪⎨⎪⎪⎩
dXτ = f(τ,Xτ ) dτ + g(τ,Xτ ) dWτ , τ ∈ [t, T ],
Xt = x,
dYτ = Zτ dWτ − ψ(τ,Xτ , Zτ ) dτ, τ ∈ [t, T ],
YT = φ(XT ),

(1.3)

then it is not difficult to prove that J∗(t, x) := Yt is a lower bound for the value
function; see [6] or Proposition 2.7 and Corollary 2.6 below. At this point, if the
control problem is considered in its weak formulation, that is, the probability space in
which (1.1) is solved is not fixed (see, e.g., [7]), then it is easily proved that the lower
bound J∗(t, x) is attained and the process Z in (1.3) allows us to construct an optimal
control. In this case the closed-loop equation can be solved but only in the sense of
weak solutions of stochastic differential equations. See [5], [12], and [8] for other results
stating, in wider generality, existence of optimal control for the weak formulation of the
problem. Finally, we notice that backward stochastic differential equations have also
been successfully applied to the search for equilibrium points in stochastic differential
games (see [9], [10], [11]). In particular, the basic idea in [9] is, in a certain sense,
comparable to the one inspiring the present paper; namely, the proof of existence of
open-loop Nash equilibrium points relies on an existence and uniqueness result for
coupled forward-backward stochastic systems under monotonicity assumptions.
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Coming back to our optimal control problem in its original strong formulation, the
main idea for circumventing the difficulties outlined above is to relate the existence of
an optimal control to the solvability of a different, coupled forward-backward stochas-
tic differential system. Namely, we assume that the infimum in (1.2) is attained at
some u = γ(t, x, z) and we consider⎧⎪⎪⎨⎪⎪⎩
dXτ = f(τ,Xτ ) dτ + g(τ,Xτ )r(τ,Xτ , γ(τ,Xτ , Zτ )) dτ + g(τ,Xτ ) dWτ , τ ∈ [t, T ],
Xt = x,
dYτ = Zτ dWτ − l(τ,Xτ , γ(τ,Xτ , Zτ )) dτ, τ ∈ [t, T ],
YT = φ(XT ).

(1.4)

We prove that if this forward-backward system has a solution (an appropriate
predictable process (X,Y, Z) in R

n × R × R
d), then the control uτ = γ(τ,Xτ , Zτ )

is optimal, the corresponding trajectory Xu coincides with X, and the optimal cost
V (t, x) is equal to Yt. We then prove, imposing only some Lipschitz and boundedness
conditions on γ (see Hypothesis 2.4 and Examples 1 and 2 below), that the system
(1.4) is uniquely solvable. Moreover, we show, still relying only on properties of the
forward-backward system, that the optimal control u found above is in feedback form,
i.e., uτ = u(τ,Xτ ) for some deterministic function u. Finally, if the minimum in (2.3)
is unique, we obtain uniqueness of the optimal control and of the solution to the
closed-loop equation corresponding to the feedback u. In particular, we give results
for well-posedness of the closed-loop equations under conditions that do not guarantee
the classical Lipzchitz conditions on its coefficients.

It is well known that solvability of forward-backward systems of general form is
particularly delicate, even if the classical conditions of Lipschitz continuity and linear
growth are imposed on the coefficients. Global solutions, i.e., for arbitrary T , for the
system (1.4) have been found under various assumptions. In the so-called four step
scheme introduced in [16] (see also [17]), as well as in the extensions proved in [4], an-
alytic results on partial differential equations are used (see [15]) which require either
regularity of the coefficients [17] or nondegeneracy of the diffusion coefficient g [4].
Several other results give sufficient conditions for the solvability of forward-backward
systems: in [20] existence and uniqueness are obtained, by purely probabilistic tech-
niques, under lipschitzianity and monotonicity requirements, in [13] and [21] dissipa-
tivity conditions are assumed, and finally in [23] the regularity requirements in [14]
are relaxed but only existence is proved.

None of these results is directly applicable to (1.4). To our knowledge, for the
system (1.4) only a local solvability result is available in the literature (see [4], [1], or
[17]). To obtain a global solution we argue as follows. By the above mentioned local
result we know that a unique solution exists in [T − δ, T ] when δ is small enough.
Then we prove that if (X,Y, Z) solves the system (1.4) in an arbitrary interval [t, T ]
with initial condition Xt = x ∈ R

n and final condition YT = φ(XT ), then Yt is equal
to the value function V (t, x). At this point we can rely on an estimate of the form

|V (t, x1) − V (t, x2)| ≤ c|x1 − x2|, t ∈ [0, T ], x1, x2 ∈ R
n,

which is easily obtained from the definition of the value function (and is basically
known); thus denoting (Xi, Y i, Zi), i = 1, 2, the solutions in [t, T ] corresponding to
initial points xi (i = 1, 2), we obtain

|Y 1
t − Y 2

t | ≤ c|x1 − x2|,
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with c independent of t. The above can be considered as a sort of a priori estimate
for the Lipschitz dependence of Yt on x obtained by means of the control-theoretic
interpretation of the forward-backward system. This allows us to conclude global
existence and uniqueness of the solution to system (1.4) by an argument introduced
in [4] consisting in solving the system recursively starting from T in small intervals
with fixed length and suitable final conditions.

Finally, in view of the great attention that forward-backward systems have re-
ceived recently, we stress the fact that our original problem has led us to focus on a
special class of such systems for which existence of a unique global solution is not a
direct consequence of the results already existing in the literature but rather follows
from its control-theoretic interpretation.

2. Formulation of the problem and preliminary results. Let (Ω,F ,P) be a
complete probability space, and let N be the family of elements of F with probability
zero. Let {Wt, t ∈ [0, T ]} be a standard Wiener process defined in (Ω,F ,P) with
values in R

d. By (Ft)t∈[0,T ] we denote the filtration generated by W augmented by
the null sets of F ; namely, Ft denotes the σ-algebra generated by N and by the
random variables Ws, s ∈ [0, t]. We are given a set U ⊂ R

m and functions

f : [0, T ] × R
n → R

n,
g : [0, T ] × R

n → R
n×d,

r : [0, T ] × R
n × U → R

d,
φ : R

n → R,
l : [0, T ] × R

n × U → R

satisfying the following assumptions.

Hypothesis 2.1. U is a Borel subset of R
m, the functions f, g, r, φ, l are Borel

measurable, the function x → f(t, x) is continuous on R
n for every t ∈ [0, T ], and

there exists a constant C such that

|φ(x) − φ(x′)| ≤ C|x− x′|,
〈f(t, x) − f(t, x′), x− x′〉 ≤ C|x− x′|2,
|g(t, x) − g(t, x′)| ≤ C|x− x′|,
|r(t, x, u) − r(t, x′, u′)| + |l(t, x, u) − l(t, x′, u′)| ≤ C(|x− x′| + |u− u′|),
|f(t, x)| ≤ C(1 + |x|),
|g(t, x)| + |r(t, x, u)| + |l(t, 0, 0)| ≤ C,
l(t, 0, u) ≥ −C

for every t ∈ [0, T ], x, x′ ∈ R
n, u, u′ ∈ U .

This implies in particular

−C(1 + |x|) ≤ l(t, x, u) ≤ C(1 + |x| + |u|), t ∈ [0, T ], x ∈ R
n, u ∈ U .(2.1)

We also note that if r(t, x, u) = u, then U is required to be bounded.

A stochastic process {us, s ∈ [0, T ]} in R
m will be called an admissible control if

it is predictable with respect to (Ft) and it takes values in U .

For any admissible control u. and any (t, x) ∈ [0, T ]×R
n we consider the process

{Xu
τ , τ ∈ [t, T ]}, solution of the Ito stochastic equation: P-a.s.,

Xu
τ = x+

∫ τ

t

f(σ,Xu
σ ) dσ+

∫ τ

t

g(σ,Xu
σ )r(σ,Xu

σ , uσ) dσ+

∫ τ

t

g(σ,Xu
σ ) dWσ, τ ∈ [t, T ].
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Taking into account that, in particular, the function g(t, ·)r(t, ·, u) is Lipschitz, uni-
formly with respect to t and u, it is easy to check that a classical solvability re-
sult applies to this equation: namely, under Hypothesis 2.1, there exists a con-
tinuous, (Fτ )-adapted solution, unique up to indistinguishability. It also satisfies
E supτ∈[t,T ] |Xu

τ |2 < ∞.
We introduce the cost functional

J(t, x, u.) = E

∫ T

t

l(σ,Xu
σ , uσ) dσ + Eφ(Xu

T ).

As a consequence of our assumptions, in particular the first inequality in (2.1), it is
easy to check that for some constant c independent of u. we have

E

∫ T

t

l−(σ,Xu
σ , uσ) dσ + E|φ(Xu

T )| ≤ c,

where l− denotes the negative part of l. It follows that for all admissible controls u.

the cost J(t, x, u.) is a well-defined element in (−∞,+∞], and its values are bounded
below by −c (which may depend on t and x). We also note that the cost is not
identically +∞.

For given x ∈ R
n and t ∈ [0, T ], we consider the problem of minimizing J(t, x, u.)

over all admissible controls u. Any admissible control which minimizes J(t, x, ·), if
it exists, is called optimal for the control problem starting from x at time t. The
minimal value of the cost is then called the optimal cost.

We introduce the value function V : [0, T ] × R
n → R defined by

V (t, x) = inf
u.

J(t, x, u.), t ∈ [0, T ], x ∈ R
n,

where the infimum is taken over all admissible controls u.. By the previous discussion
V is clearly well defined. The following lemma gives an a priori estimate on the
Lipschitz constant of V (t, ·), which is of basic importance for what follows.

Lemma 2.2. Assume Hypothesis 2.1. Then there exists a constant c such that

|V (t, x) − V (t, x′)| ≤ c|x− x′|

for every t ∈ [0, T ], x, x′ ∈ R
n.

Proof. We fix an arbitrary u. and we denote by X (respectively, X ′) the cor-
responding solution starting from x (respectively, x′) at time t. By c we denote a
positive constant which may vary from line to line but does not depend on t, x, x′,
and u·. Applying the Ito formula to {|Xτ −X ′

τ |2, τ ∈ [t, T ]} and taking expectation,
we obtain

E|Xτ −X ′
τ |2 = |x− x′|2 + E

∫ τ

t

〈Xσ −X ′
σ, f(σ,Xσ) − f(σ,X ′

σ)〉 dσ

+ E

∫ τ

t

〈Xσ −X ′
σ, g(σ,Xσ)r(σ,Xσ, uσ) − g(σ,X ′

σ)r(σ,X ′
σ, uσ)〉 dσ

+ E

∫ τ

t

|g(σ,Xσ) − g(σ,X ′
σ)|2 dσ, τ ∈ [t, T ].

Recalling that the function g(t, ·)r(t, ·, u) is Lipschitz, uniformly with respect to t ∈
[0, T ] and u ∈ U , we easily obtain

E|Xτ −X ′
τ |2 ≤ |x− x′|2 + cE

∫ τ

t

|Xσ −X ′
σ|2 dσ, τ ∈ [t, T ],
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and therefore, by the Gronwall lemma, E|Xτ −X ′
τ |2 ≤ c|x− x′|2.

Moreover, our assumptions on l and φ imply that for all x and x′ in R
n,

J(t, x, u.) < +∞ ⇒ J(t, x′, u.) < +∞,

|J(t, x, u.) − J(t, x′, u.)| ≤ cE

∫ T

t

|Xσ −X ′
σ| dσ + cE|XT −X ′

T | ≤ |x− x′|.

To conclude, for fixed ε > 0, we choose uε
· such that J(t, x, uε

· ) ≤ V (t, x) + ε. Then

V (t, x′) ≤ J(t, x′, uε
· ) ≤ J(t, x, uε

· ) + c|x− x′| ≤ V (t, x) + c|x− x′| + ε,

and the claim follows inverting the role of x and x′.
We introduce the hamiltonian function ψ : [0, T ] × R

n × R
d → R setting

ψ(t, x, z) = inf
u∈U

{l(t, x, u) + zr(t, x, u)}, t ∈ [0, T ], x ∈ R
n, z ∈ R

d.(2.2)

By the boundedness of r and by (2.1), ψ is well defined as a real-valued function.
For further use we prove some additional properties of ψ.

Lemma 2.3. Assume Hypothesis 2.1. Then there exists a constant c such that

|ψ(t, 0, 0)| ≤ c, |ψ(t, x, z) − ψ(t, x′, z′)| ≤ c|z − z′| + c|x− x′|(1 + |z| + |z′|)

for every t ∈ [0, T ], x, x′ ∈ R
n, z, z′ ∈ R

d.
Proof. Since l(t, 0, u) ≥ −C, therefore ψ(t, 0, 0) = infu∈U l(t, 0, u) ≥ −C. From

(2.1) we obtain, for an arbitrary fixed element u0 ∈ U ,

ψ(t, 0, 0) = inf
u∈U

l(t, 0, u) ≤ l(t, 0, u0) ≤ C(1 + |u0|),

and the first inequality of the lemma is proved.
For u ∈ U we have

l(t, x, u) + zr(t, x, u) ≤ l(t, x′, u) + z′r(t, x′, u) + |l(t, x, u) − l(t, x′, u)|
+ |zr(t, x, u) − z′r(t, x′, u)|

≤ l(t, x′, u) + z′r(t, x′, u) + |l(t, x, u) − l(t, x′, u)|
+ |(z − z′)r(t, x, u)| + |z′(r(t, x, u) − r(t, x′, u))|

≤ l(t, x′, u) + z′r(t, x′, u) + C|x− x′|
+ C|z − z′| + C|z′||x− x′|.

Taking the infimum over all u ∈ U , we obtain

ψ(t, x, z)−ψ(t, x′, z′) ≤ C|x−x′|+C|z−z′|+C|z′||x−x′| ≤ c|z−z′|+c|x−x′|(1+|z|+|z′|)

for some c. Exchanging x, z with x′, z′, we get the conclusion.
We will assume that the infimum in (2.2) is attained at some u which can be

chosen to depend measurably on t, x, z, and the resulting function satisfies additional
conditions. More precisely we assume the following.

Hypothesis 2.4. There exists a Borel measurable function γ : [0, T ]×R
n×R

d → U
such that

ψ(t, x, z) = l(t, x, γ(t, x, z))+zr(t, x, γ(t, x, z)), t ∈ [0, T ], x ∈ R
n, z ∈ R

d,(2.3)

and such that, for some constant C, we have

|γ(t, x, z) − γ(t, x′, z′)| ≤ C(|x− x′| + |z − z′|),
|γ(t, 0, 0)| ≤ C
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for every t ∈ [0, T ], x, x′ ∈ R
n, z, z′ ∈ R

d.
In general we do not assume that, for any given t ∈ [0, T ], x ∈ R

n, z ∈ R
d, the

infimum in (2.2) is attained at a unique point. However, this will be required for some
of our results below; in this case the equality ψ(t, x, z) = l(t, x, u) + zr(t, x, u) implies
u = γ(t, x, z).

Next we present two examples where our assumptions on �, r, and U , including
Hypothesis 2.4, are satisfied.

Example 1. Let d = m = 1, r(t, x, u) = u, U = [−δ, δ].
Suppose that � satisfies the assumptions in Hypothesis 2.1 and moreover that it

can be extended to a function on [0, T ]×R
n ×R, still denoted by �(t, x, z), such that

�(t, ·, ·) ∈ C1,2(Rn × R; R) and, for a suitable c > 0,

1

c
≤ ∂2�

∂u2
(t, x, u) ≤ c,

∣∣∣∣ ∂�∂x (t, x, u)

∣∣∣∣ ≤ c

for all t ∈ [0, T ], x ∈ R
n, u ∈ R.

Under the previous assumptions we have

lim
u→+∞

∂�

∂u
(t, x, u) = +∞, lim

u→−∞

∂�

∂u
(t, x, u) = −∞.

Moreover, the infimum in (2.2) is attained at a unique point,

γ(t, x, z) = (−δ) ∨ (û(t, x, z) ∧ δ),

where û(t, x, z) is the unique solution of the equation

∂�

∂u
(t, x, û(t, x, z)) = −z.

Thus the partial derivatives

∂û

∂x
(t, x, z) = −

[
∂2�

∂u2
(t, x, û(t, x, z))

]−1
∂�

∂x
(t, x, û(t, x, z)),

∂û

∂z
(t, x, z) = −

[
∂2�

∂u2
(t, x, û(t, x, z))

]−1

are bounded, and consequently γ(t, ·, ·) is Lipschitz continuous uniformly in t.
Example 2. Let �(t, x, u) = �0(t, x)+|u|2, r(t, x, u) = Bu with �0 : [0, T ]×R

n → R

such that �0(·, 0) is bounded, �0(t, ·) is Lipschitz uniformly with respect to t, and
B ∈ L(Rm,Rd). Moreover, let U = {u ∈ R

m : |u| ≤ δ}, where δ > 0. Then the
infimum in (2.2) is attained at a unique point:

γ(z) =

⎧⎨⎩
−(1/2)B∗z if |B∗z| ≤ 2δ,

−δ|B∗z|−1B∗z if |B∗z| > 2δ,

and clearly γ is a Lipschitz function.
In Proposition 2.5 and Corollary 2.6 we collect some results relating the optimal

control problem introduced above to suitable backward stochastic differential equa-
tions. Such results are mainly known. From now on we assume that Hypotheses 2.1
and 2.4 hold.
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Let W̃ be a standard Wiener process in R
d, defined in some complete probability

space (Ω̃, F̃ , P̃). For 0 ≤ t ≤ τ ≤ T , we denote by F̃t (respectively, F̃[t,τ ]) the σ-

algebra generated by W̃s, s ∈ [0, t] (respectively, s ∈ [t, τ ]), and augmented by the

null sets of F̃ .
For fixed t ∈ [0, T ] and x ∈ R

n we consider the equation

X̃τ = x +

∫ τ

t

f(σ, X̃σ) dσ +

∫ τ

t

g(σ, X̃σ) dW̃σ, τ ∈ [t, T ].(2.4)

The solution {X̃τ , τ ∈ [t, T ]} is a continuous process in R
n, adapted to the filtration

(F̃[t,τ ])τ∈[t,T ]. Moreover, the law of (W̃ , X̃) is uniquely determined by x, f , and g.
Next we consider the backward stochastic differential equation

Ỹτ +

∫ T

τ

Z̃σ dW̃σ = φ(X̃T ) +

∫ T

τ

ψ(σ, X̃σ, Z̃σ) dσ, τ ∈ [t, T ].(2.5)

By a solution of (2.5) we mean a process {(Ỹτ , Z̃τ ), τ ∈ [t, T ]} with values in R×R
d,

predictable with respect to (F̃[t,τ ])τ∈[t,T ], such that, denoting by Ẽ the expectation

with respect to P̃, we have

Ẽ sup
τ∈[t,T ]

|Ỹτ |2 + Ẽ

∫ T

t

|Z̃τ |2 dτ < ∞,

and P̃-a.s., {Ỹτ , τ ∈ [t, T ]} has continuous trajectories and the equality (2.5) holds.
From Lemma 2.3 it follows that

Ẽ

∫ T

t

|ψ(σ, X̃σ, 0)|2 dσ < ∞.

Moreover, for a suitable constant c, P-a.s.,

|ψ(σ, X̃σ, z) − ψ(σ, X̃σ, z
′)| ≤ c|z − z′|, z, z′ ∈ R

d, σ ∈ [t, T ].

Therefore, we conclude that there exists a solution (Ỹ , Z̃) of (2.5) on the interval

[t, T ], Ỹ is unique up to indistinguishability, and Z̃ is unique up to modification; a
proof of this result can be found, for instance, in [18, Theorem 1.3] or [19, Theorem

2.2]. From this proof it also follows that the law of (Ỹ , Z̃) is uniquely determined by

the law of (W̃ , X̃) and by φ and ψ. We note that Ỹt, being measurable with respect

to the degenerate σ-algebra F̃[t,t], is deterministic; in particular, Ỹt = ẼỸt depends

only on the law of Ỹ , and thus it is a functional of t, x, f , g, φ, ψ.
To stress dependence on the parameters t and x, we will denote the solution of

(2.4)–(2.5) by {(X̃τ (t, x), Ỹτ (t, x), Z̃τ (t, x)), τ ∈ [t, T ]}. We set

J∗(t, x) = Ỹt(t, x).

The previous discussion shows that J∗(t, x) is a number whose value is uniquely
determined by t, x, f , g, ψ, and φ. The relevance of J∗(t, x) to our control problem
is explained in the following proposition.

Proposition 2.5. For every t ∈ [0, T ] and x ∈ R
n and for every admissible

control u., we have J∗(t, x) ≤ J(t, x, u.).
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Proof. Let {Xu
τ , τ ∈ [t, T ]} be the solution to (1.1) corresponding to u.. We

define the process

Wu
τ = Wτ +

∫ τ

τ∧t

r(σ,Xu
σ , uσ) dσ, τ ∈ [0, T ],(2.6)

and we note that Xu solves the equation

Xu
τ = x +

∫ τ

t

f(σ,Xu
σ ) dσ +

∫ τ

t

g(σ,Xu
σ ) dWu

σ , τ ∈ [t, T ].(2.7)

Since r is bounded, by the Girsanov theorem there exists a probability measure P
u on

(Ω,F) such that Wu is a Wiener process under P
u. Moreover, the density ρ = dP/dP

u

satisfies E
uρp < ∞ for every p ∈ [1,∞) (where E

u denotes expectation with respect to
P
u). Let us consider the backward equation for the unknown process {(Y u

τ , Zu
τ ), τ ∈

[t, T ]}:

Y u
τ +

∫ T

τ

Zu
σ dWu

σ = φ(Xu
T ) +

∫ T

τ

ψ(σ,Xu
σ , Z

u
σ ) dσ, τ ∈ [t, T ].(2.8)

By the result recalled earlier, there exists a unique solution (Y u, Zu) of this equation.
Comparing (2.7)–(2.8) with (2.4)–(2.5), we conclude that J∗(t, x) = Y u

t .
Next we write (2.8) with respect to W :

Y u
τ +

∫ T

τ

Zu
σ dWσ +

∫ T

τ

Zu
σr(σ,X

u
σ , uσ) dσ

= φ(Xu
T ) +

∫ T

τ

ψ(σ,Xu
σ , Z

u
σ ) dσ, τ ∈ [t, T ].(2.9)

Now we notice that

E

(∫ T

0

|Zu
σ |2dσ

)1/2

= E
u

⎡⎣ρ(∫ T

0

|Zu
σ |2dσ

)1/2
⎤⎦

≤ (Eu ρ2)1/2

(
E
u

∫ T

0

|Zu
σ |2dσ

)1/2

< +∞.

Thus the stochastic integral in (2.9) has zero expectation with respect to the original
probability P. So, if we set τ = t in (2.9) and we take the expectation with respect
to P, we obtain

J∗(t, x) = Y u
t = Eφ(Xu

T ) + E

∫ T

t

[ψ(σ,Xu
σ , Z

u
σ ) − Zu

σr(σ,X
u
σ , uσ)] dσ.

Adding and subtracting E
∫ T

t
l(σ,Xu

σ , uσ) dσ, we arrive at 1:

J∗(t, x) = J(t, x, u.) +

∫ T

t

[ψ(σ,Xu
σ , Z

u
σ )−Zu

σr(σ,X
u
σ , uσ)− l(σ,Xu

σ , uσ)] dσ.(2.10)

By the definition of ψ (formula (2.2)) the term in the square brackets is nonpositive,
and consequently J(t, x, u.) ≥ J∗(t, x).
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We notice that relation (2.10) is a version of the fundamental relation in terms
of backward stochastic differential equations. It immediately yields important conse-
quences.

Corollary 2.6. We fix t ∈ [0, T ], x ∈ R
n.

If, for an admissible control u., we have J(t, x, u.) = J∗(t, x), then u. is optimal
for the control problem starting from x at time t.

If an admissible control u. verifies

uτ = γ(τ,Xu
τ , Z

u
τ ), P-a.s. for a.e. τ ∈ [t, T ],(2.11)

then J(t, x, u.) = J∗(t, x) and u. is optimal.
Conversely, suppose that the infimum in (2.2) is attained at a unique point and

that an admissible control u. satisfies J(t, x, u.) = J∗(t, x). Then (2.11) holds and
moreover we have, P-a.s.,⎧⎪⎪⎨⎪⎪⎩
Xu

τ = x +

∫ τ

t

f(σ,Xu
σ ) dσ +

∫ τ

t

g(σ,Xu
σ )r(σ,Xu

σ , γ(σ,Xu
σ , Z

u
σ )) dσ +

∫ τ

t

g(σ,Xu
σ ) dWσ,

Y u
τ +

∫ T

τ

Zu
σ dWσ = φ(Xu

T ) +

∫ T

τ

l(σ,Xu
σ , γ(σ,Xu

σ , Z
u
σ )) dσ, τ ∈ [t, T ].

(2.12)
Proof. The optimality of u. when J(t, x, u.) = J∗(t, x) follows immediately from

Proposition 2.5. Moreover, if (2.11) holds, then J(t, x, u.) = J∗(t, x) by (2.10).
For the converse, the equalities J(t, x, u.) = J∗(t, x) = Y u

t and (2.10) imply that∫ T

t

[ψ(σ,Xu
σ , Z

u
σ ) − Zu

σr(σ,X
u
σ , uσ) − l(σ,Xu

σ , uσ)] dσ = 0, P-a.s.

By our assumption on ψ (compare formula (2.2)) this is possible only if (2.11) holds.
Finally, writing (2.7)–(2.8) in terms of W and replacing uτ by γ(τ,Xu

τ , Z
u
τ ), we

obtain⎧⎪⎪⎨⎪⎪⎩
Xu

τ = x +

∫ τ

t

f(σ,Xu
σ ) dσ +

∫ τ

t

g(σ,Xu
σ )r(σ,Xu

σ , γ(σ,Xu
σ , Z

u
σ )) dσ +

∫ τ

t

g(σ,Xu
σ ) dWσ,

Y u
τ +

∫ T

τ

Zu
σ dWσ +

∫ T

τ

Zu
σr(σ,X

u
σ , γ(σ,Xu

σ , Z
u
σ )) dσ = φ(Xu

T ) +

∫ T

τ

ψ(σ,Xu
σ , Z

u
σ ) dσ,

and recalling the identity (2.3), we get the final assertion of the corollary.
In order to prove the existence of an optimal control, Corollary 2.6 suggests that

it might be useful to investigate general properties of the following fully coupled
forward-backward stochastic differential system:⎧⎪⎪⎨⎪⎪⎩
Xτ = ξ +

∫ τ

t

f(σ,Xσ) dσ +

∫ τ

t

g(σ,Xσ)r(σ,Xσ, γ(σ,Xσ, Zσ)) dσ +

∫ τ

t

g(σ,Xσ) dWσ,

Yτ +

∫ T

τ

Zσ dWσ = φ(XT ) +

∫ T

τ

l(σ,Xσ, γ(σ,Xσ, Zσ)) dσ, τ ∈ [t, T ],

(2.13)
where t is fixed in [0, T ] and ξ is a given Ft-measurable random variable in R

n,

satisfying E|ξ|2 < ∞. We denote by Fξ
[t,τ ] the σ-algebra generated by ξ and {Ws−Wt :

s ∈ [t, τ ]} augmented by the class N of zero probability sets in F . Notice that

F[t,τ ] ⊂ Fξ
[t,τ ] ⊂ Fτ , τ ∈ [t, T ]. By a solution of (2.13) we mean an (Fξ

[t,τ ])τ∈[t,T ]-

predictable process {(Xτ , Yτ , Zτ ), τ ∈ [t, T ]}, with values in R
n × R × R

d, such that

E sup
τ∈[t,T ]

|Xτ |2 + E sup
τ∈[t,T ]

|Yτ |2 + E

∫ T

t

|Zτ |2 dτ < ∞
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and, P-a.s., X and Y have continuous trajectories and equalities (2.13) hold. With
slight abuse of terminology to shorten some of the statements, we will say that
(X,Y, Z) is a solution on [t, T ] with boundary conditions ξ and φ. In the following
we say that such a solution is unique if the following holds: if (X ′, Y ′, Z ′) is another
solution, then (X,Y ) is indistinguishable from (X ′, Y ′) and Z is a modification of Z ′.

When ξ = x ∈ R
n is deterministic, Fξ

[t,τ ] = F[t,τ ]. In this case Yt is deterministic,

since it is measurable with respect to the degenerate σ-algebra F[t,t].
Proposition 2.7. Suppose that, for some (t, x) ∈ [0, T ] × R

n, the forward-
backward system (2.13) has a solution (X,Y, Z) on [t, T ] with boundary conditions
ξ = x and φ. Then setting u∗

τ = γ(τ,Xτ , Zτ ), τ ∈ [t, T ], the process u∗
. is optimal for

the control problem starting from x at time t with optimal cost J(t, x, u∗
. ) = J∗(t, x) =

Yt.
Proof. It is clear that u∗

. is admissible and that X is the corresponding solution
(i.e., X = Xu∗

). Moreover, by definition of γ the system (2.13) can be rewritten⎧⎪⎪⎨⎪⎪⎩
Xτ = x +

∫ τ

t

f(σ,Xσ) dσ +

∫ τ

t

g(σ,Xσ)r(σ,Xσ, u
∗
σ) dσ +

∫ τ

t

g(σ,Xσ) dWσ,

Yτ +

∫ T

τ

Zσ dWσ = φ(XT ) +

∫ T

τ

[ψ(σ,Xσ, u
∗
σ) − Zσr(σ,Xσ, u

∗
σ)] dσ, τ ∈ [t, T ].

And letting Wu∗
be defined as in (2.6), we obtain⎧⎪⎪⎨⎪⎪⎩

Xτ = x +

∫ τ

t

f(σ,Xσ) dσ +

∫ τ

t

g(σ,Xσ) dWu∗

σ ,

Yτ +

∫ T

τ

Zσ dWu∗

σ = φ(XT ) +

∫ T

τ

ψ(σ,Xσ, u
∗
σ)dσ, τ ∈ [t, T ].

Comparing this with (2.7) and (2.8), we get Yτ = Y u∗

τ , Zτ = Zu∗

τ . Thus Yt = Y u∗

t =
J∗(t, x). Since by definition u∗

τ = γ(τ,Xu∗

τ , Zu∗

τ ), the claim follows by Proposition
2.6.

In the following section we will show that a solution of the forward-backward
system actually exists, and this will lead to the desired existence of an optimal control
in the strong formulation.

3. Main results. In this section we will assume that Hypotheses 2.1 and 2.4
hold.

For t ∈ [0, T ], x ∈ R
n, z ∈ R

d, we set for brevity

f0(t, x, z) = f(t, x) + g(t, x)r(t, x, γ(t, x, z)), l0(t, x, z) = l(t, x, γ(t, x, z)),

so that the forward-backward system (2.13) can be written⎧⎪⎪⎨⎪⎪⎩
Xτ = ξ +

∫ τ

t

f0(σ,Xσ, Zσ) dσ +

∫ τ

t

g(σ,Xσ) dWσ,

Yτ +

∫ T

τ

Zσ dWσ = φ(XT ) +

∫ T

τ

l0(σ,Xσ, Zσ) dσ, τ ∈ [t, T ],

and we note that there exists a constant c such that

〈f0(t, x, z) − f0(t, x
′, z), x− x′〉 ≤ c|x− x′|2,

|f0(t, x, z) − f0(t, x, z
′)| ≤ c|z − z′|,

|l0(t, x, z) − l0(t, x
′, z′)| ≤ c(|x− x′| + |z − z′|),

|f0(t, x, z)| + |l0(t, x, z)| ≤ c(1 + |x| + |z|).
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Further, let us denote by L a Lipschitz constant for φ:

|φ(x) − φ(x′)| ≤ L|x− x′|, x, x′ ∈ R
n.

Concerning the solvability of the forward-backward system (2.13), we will use the
following proposition; this is Theorem 1.1 in [4], which generalizes an earlier result by
[1] (see also [17] and the references therein).

Proposition 3.1. There exists δ > 0, depending only on f0, l0, g, and L, with
the following property: for any t ∈ [0, T ] satisfying t ≥ T − δ and any Ft-measurable
ξ satisfying E|ξ|2 < ∞ there exists a unique solution of (2.13).

When ξ = x we denote the solution by {(Xτ (t, x), Yτ (t, x), Zτ (t, x)), τ ∈ [t, T ]}, to
stress dependence on the parameters (t, x), and we recall that Yt(t, x) is deterministic.
It can be shown that the solution can be chosen in such a way that, for fixed t, the
mapping (ω, τ, x) → (Xτ (t, x, ω), Yτ (t, x, ω), Zτ (t, x, ω)) is measurable with respect
to P[t,T ] × B(Rn), where B(Rn) denotes the Borel sets of R

n and P[t,T ] denotes the
predictable σ-algebra on Ω× [t, T ] with respect to the filtration (F[t,τ ])τ∈[t,T ]. In the
following we always assume that this measurability property holds.

The general solution of the system (2.13) can be represented in terms of this
family of solutions; more precisely, given t and ξ as in Proposition 3.1, it is easy to
verify that the solution on [t, T ] with boundary conditions ξ and φ is

Xτ = Xτ (t, ξ), Yτ = Yτ (t, ξ), Zτ = Zτ (t, ξ), τ ∈ [t, T ].

Remark 3.2. With the present notation, Proposition 2.7 states that if t ≥ T − δ,
then there exists an optimal control for the control system starting from x at time t,
with optimal cost V (t, x) = Yt(t, x).

Proposition 3.1 is a local existence and uniqueness result for solutions of (2.13).
In order to obtain a global result we need to study extensions of solutions. This is
the subject of the following lemma.

Lemma 3.3. Let 0 ≤ t < s < T , and assume that for every x ∈ R
n there exists a

solution (X1(x), Y 1(x), Z1(x)) on [s, T ] with boundary conditions x and φ such that
the mapping (ω, τ, x) → (X1

τ (x, ω), Y 1
τ (x, ω), Z1

τ (x, ω)) is measurable with respect to
P[s,T ] × B(Rn).

Setting V (x) = Y 1
s (x), x ∈ R

n, assume that there exists a solution (X,Y, Z) on
[t, s] with boundary conditions ξ and V . Then defining, for τ ∈ (s, T ],

Xτ = X1
τ (Xs), Yτ = Y 1

τ (Xs), Zτ = Z1
τ (Xs),

the process {(Xτ , Yτ , Zτ ), τ ∈ [t, T ]} is a solution on [t, T ] with boundary conditions
ξ and φ.

Proof. For x ∈ R
n and τ ∈ [s, T ],⎧⎪⎪⎨⎪⎪⎩

X1
τ (x) = x +

∫ τ

t

f0(σ,X
1
σ(x), Z1

σ(x)) dσ +

∫ τ

t

g(σ,X1
σ(x)) dWσ,

Y 1
τ (x) +

∫ T

τ

Z1
σ(x) dWσ = φ(X1

T (x)) +

∫ T

τ

l0(σ,X
1
σ(x), Z1

σ(x)) dσ.

Since Xs is Fs-measurable, we can replace x by Xs obtaining, for τ ∈ [s, T ],⎧⎪⎪⎨⎪⎪⎩
Xτ = Xs +

∫ τ

t

f0(σ,Xσ, Zσ) dσ +

∫ τ

t

g(σ,Xσ) dWσ,

Yτ +

∫ T

τ

Zσ dWσ = φ(XT ) +

∫ T

τ

l0(σ,Xσ, Zσ) dσ.

(3.1)



STOCHASTIC CONTROL AND FORWARD-BACKWARD SYSTEMS 825

By definition, for τ ∈ [t, s],⎧⎪⎨⎪⎩
Xτ = ξ +

∫ τ

t

f0(σ,Xσ, Zσ) dσ +

∫ τ

t

g(σ,Xσ) dWσ,

Yτ +

∫ s

τ

Zσ dWσ = V (Xs) +

∫ s

τ

l0(σ,Xσ, Zσ) dσ,
(3.2)

so that, in particular, Ys = V (Xs). Now the required result follows easily from (3.1)
and (3.2).

We are now ready to state one of our main results.
Theorem 3.4. Assume that the Hypotheses 2.1 and 2.4 hold. For every t ∈

[0, T ] and every Ft-measurable ξ with E|ξ|2 < ∞ there exists a unique solution of the
forward-backward system (2.13) on [t, T ] with boundary conditions ξ and φ.

Proof. By Lemma 2.2 and our assumptions, there exists a constant L such that

|V (t, x) − V (t, x′)| ≤ L|x− x′|,(3.3)

and in particular |φ(x)−φ(x′)| ≤ L|x−x′| for every t ∈ [0, T ], x, x′ ∈ R
n. We choose

δ as in Proposition 3.1.
Proof of existence. Step 1. If t ≥ T − δ, then by Proposition 3.1 the required

solution exists.
In particular, for every x ∈ R

n, the process {(Xτ (T − δ, x), Yτ (T − δ, x), Zτ (T −
δ, x)), τ ∈ [T − δ, T ]}, introduced above, is well defined. By Proposition 2.7, or by
Remark 3.2, we have YT−δ(T − δ, x) = V (T − δ, x).

Step 2. Assume now that T − 2δ ≤ t < T − δ. We note that (3.3) holds for
t = T − δ and consequently, by Proposition 3.1, there exists a solution (X,Y, Z) on
[t, T − δ] with boundary conditions ξ and V (T − δ, ·). By Lemma 3.3, if we define, for
τ ∈ (T − δ, T ],

Xτ = Xτ (T − δ,XT−δ), Yτ = Yτ (T − δ,XT−δ), Zτ = Zτ (T − δ,XT−δ),

then the process {(Xτ , Yτ , Zτ ), τ ∈ [t, T ]} is a solution on [t, T ] with boundary
conditions ξ and φ.

In particular, choosing t = T − 2δ and ξ = x ∈ R
n, the constructed solution is

denoted {(Xτ (T − 2δ, x), Yτ (T − 2δ, x), Zτ (T − 2δ, x)), τ ∈ [T − 2δ, T ]}, in agreement
with the previous notation. By Proposition 2.7 or by Remark 3.2, we have YT−2δ(T −
2δ, x) = V (T − 2δ, x).

Conclusion. If T − 3δ ≤ t < T − 2δ, we can repeat the above construction and,
after a finite number of steps, we obtain the required solution for arbitrary t ∈ [0, T ].

Proof of uniqueness. If t ≥ T − δ, then the solution is unique by Proposition 3.1.
Assume now T − 2δ ≤ t < T − δ and let (X,Y, Z) and (X ′, Y ′, Z ′) be solutions

on [t, T ] with boundary conditions ξ and φ.
For every x ∈ R

n, we consider again the process {(Xτ (T−δ, x), Yτ (T−δ, x), Zτ (T−
δ, x)), τ ∈ [T − δ, T ]}, introduced above, and we define, for τ ∈ [T − δ, T ],

X̃τ = Xτ (T − δ,XT−δ), Ỹτ = Yτ (T − δ,XT−δ), Z̃τ = Zτ (T − δ,XT−δ).

It is easy to see that (X̃, Ỹ , Z̃) is a solution on [T − δ, T ] with boundary conditions
XT−δ and φ. Since we have already proved uniqueness on the interval [T − δ, T ], it
follows that it is a modification of {(Xτ , Yτ , Zτ ), τ ∈ [T − δ, T ]}, and, in particular,

YT−δ = ỸT−δ. Since by Proposition 2.7 we have YT−δ(T −δ, x) = V (T −δ, x), we con-
clude that YT−δ = V (T−δ,XT−δ). It follows easily that the process {(Xτ , Yτ , Zτ ), τ ∈
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[t, T − δ]} is a solution on [t, T − δ] with boundary conditions ξ and V (T − δ, ·). Re-
peating this argument, we also conclude that the process {(X ′

τ , Y
′
τ , Z

′
τ ), τ ∈ [t, T −δ]}

is also solution on [t, T − δ] with the same boundary conditions ξ and V (T − δ, ·).
We note that (3.3) holds for t = T − δ and, consequently, by Proposition 3.1,
the two solutions coincide on [t, T − δ]. Since {(Xτ , Yτ , Zτ ), τ ∈ [T − δ, T ]} and
{(X ′

τ , Y
′
τ , Z

′
τ ), τ ∈ [T − δ, T ]} are clearly solutions on [T − δ, T ] with the same bound-

ary conditions XT−δ = X ′
T−δ and φ, and since uniqueness holds on [T − δ, T ], it

follows that the two solutions also coincide on this interval and that uniqueness holds
on [t, T ].

If T − 3δ ≤ t < T − 2δ, we can repeat the above argument and, after a finite
number of steps, we obtain the required uniqueness property for arbitrary t ∈ [0, T ].

In the following, for every (t, x) ∈ [0, T ] × R
n, we denote by {(Xτ (t, x), Yτ (t, x),

Zτ (t, x)), τ ∈ [t, T ]} the (global) solution on [t, T ] with boundary conditions x and
φ, constructed in Theorem 3.4. It follows from the construction that for fixed t, the
mapping (ω, τ, x) → (Xτ (t, x, ω), Yτ (t, x, ω), Zτ (t, x, ω)) is measurable with respect
to P[t,T ] × B(Rn).

Now we consider the implications of Theorem 3.4 on the existence of optimal
controls. The following theorem is an immediate consequence of Theorem 3.4 and
Proposition 2.7.

Theorem 3.5. Assume that the Hypotheses 2.1 and 2.4 hold and, for every
t ∈ [0, T ] and x ∈ R

n, let us denote by {(Xτ (t, x), Yτ (t, x), Zτ (t, x)), τ ∈ [t, T ]} the
solution of the forward-backward system (2.13) on [t, T ] with boundary conditions x
and φ. Setting

u∗
τ = γ(τ,Xτ (t, x), Zτ (t, x)), τ ∈ [t, T ],(3.4)

the process u∗
. is then an optimal control for the control problem starting from x at

time t. Denoting by Xu∗
the corresponding solution, then, P-a.s., Xu∗

τ = Xτ (t, x) for
τ ∈ [t, T ]. Finally, the optimal cost V (t, x) = J(t, x, u∗

. ) is equal to J∗(t, x) and to
Yt(t, x).

We can now state a uniqueness result.
Theorem 3.6. Assume that the Hypotheses 2.1 and 2.4 hold and suppose that,

for any given t ∈ [0, T ], x ∈ R
n, z ∈ R

d, the infimum in (2.2) is attained at a unique
point.

Then, for any x ∈ R
n and t ∈ [0, T ], there exists a unique optimal control, up to

modification.
Proof. Let u. be an optimal control for the control system starting from x at

time t. By Theorem 3.5 the optimal cost is J∗(t, x) = J(t, x, u.) and therefore, by
Corollary 2.6, we have, P-a.s.,

uτ = γ(τ,Xu
τ , Z

u
τ ) for a.e. τ ∈ [t, T ],

where Xu is the solution of (1.1) corresponding to u., and (Y u, Zu) denotes the
solution of (2.8). Corollary 2.6 also states that (Xu, Y u, Zu) satisfies the systems
(2.12), and consequently (Xu, Y u, Zu) is a solution of the forward-backward system
(2.13) on [t, T ] with boundary conditions x and φ. By uniqueness it must coincide
with {(Xτ (t, x), Yτ (t, x), Zτ (t, x)), τ ∈ [t, T ]}. Thus

uτ = γ(τ,Xτ (t, x), Zτ (t, x)), P-a.s., for a.e. τ ∈ [t, T ],

and therefore u. is a modification of the optimal control u∗
. introduced in Theorem

3.5.
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Remark 3.7. It follows from Lemma 3.3 and from uniqueness of the forward-
backward system (2.13) that for x ∈ R

n and 0 ≤ t ≤ s ≤ τ ≤ T we have, P-a.s.,

Yτ (t, x) = Yτ (s,Xs(t, x)).(3.5)

Letting u∗ be defined as in (3.4) and recalling that Xu∗

τ = Xτ (t, x) the second equation
in (2.13) gives

EYτ (t, x) = Yt(t, x) − E

∫ τ

t

l(σ,Xu∗

σ , u∗
σ)dσ.

By Proposition 2.7 we have Yτ (τ, x) = V (τ, x) and setting s = τ in (3.5) we obtain

V (t, x) = E

[
V (τ,Xu∗

τ ) +

∫ τ

t

l(σ,Xu∗

σ , u∗
σ)dσ

]
.

By standard techniques (see [7] or [23]) we have that for an arbitrary admissible
control u

V (t, x) ≤ E

[
V (τ,Xu

τ ) +

∫ τ

t

l(σ,Xu
σ , uσ)dσ

]
.

So we immediately obtain the usual dynamic programming principle:

V (t, x) = min
u.

E

[
V (τ,Xu

τ ) +

∫ τ

t

l(σ,Xu
σ , uσ)dσ

]
= E

[
V (τ,Xu∗

τ ) +

∫ τ

t

l(σ,Xu∗

σ , uσ)dσ

]
,

where the minimum is over all admissible controls.

4. The feedback law and the closed-loop equation. Throughout this sec-
tion, Hypotheses 2.1 and 2.4 are still in force.

The following lemma introduces a function ζ which will enter the definition of the
optimal feedback law. In its formulation we refer to the process {(X̃τ (t, x), Ỹτ (t, x),

Z̃τ (t, x)), τ ∈ [t, T ]}, solution of (2.4)–(2.5) for given t ∈ [0, T ] and x ∈ R
n.

Lemma 4.1. There exists a Borel measurable function ζ : [0, T ] × R
n → R

d such
that, for every t ∈ [0, T ], x ∈ R

n, P-a.s.,

ζ(τ, X̃τ (t, x)) = Z̃τ (t, x) for a.e. τ ∈ [t, T ].

ζ depends only on the functions f , g, φ, ψ (not on the particular probability space

(Ω̃, F̃ , P̃) nor on the Wiener process W̃ ).
Proof. This is a kind of result which is familiar in the theory of backward stochas-

tic differential equations (see, e.g., [2, Theorem 28]) so we will only sketch the proof.
We first note that, as a consequence of uniqueness for the system (2.4)–(2.5), for
x ∈ R

n and 0 ≤ t ≤ s ≤ τ ≤ T we have, P-a.s.,

X̃τ (t, x) = X̃τ (s, X̃s(t, x)), Ỹτ (t, x) = Ỹτ (s, X̃s(t, x)).(4.1)

In particular, the family X̃ = {X̃τ (t, x), 0 ≤ t ≤ τ ≤ T, x ∈ R
n} is a Markov

process. Let us denote by W̃ i and Z̃i the ith components of W̃ and Z̃. For 0 ≤ t ≤ T
and x ∈ R

n we denote by {Ai(τ, t, x), τ ∈ [t, T ]} the joint quadratic variation process
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between {Ỹτ (t, x), τ ∈ [t, T ]} and {W̃ i
τ , τ ∈ [t, T ]}. It follows from the backward

equation in the system (2.13) that

Ai(τ, t, x) =

∫ τ

t

Z̃i
s(t, x) ds,

which implies in particular that Ai(·, t, x) is absolutely continuous with respect to the
Lebesgue measure. Next we note the following equality, which is a consequence of the
definition of Ai and (4.1): for x ∈ R

n and 0 ≤ t ≤ s ≤ τ ≤ T we have, P-a.s.,

Ai(τ, t, x) = Ai(s, t, x) + Ai(τ, s,Xs(t, x)).

If X̃ is a Markov process homogeneous in time, then the above relation means that
Ai is an additive functional of X̃, absolutely continuous with respect to the Lebesgue
measure, and the existence of ζ is classical (see, e.g., Theorem 66.2 in [22]). In the
general case the proof is similar.

Corollary 4.2. Let {(Xτ (t, x), Yτ (t, x), Zτ (t, x)), τ ∈ [t, T ]} denote the solution
of the forward-backward system (2.13) on [t, T ] with boundary conditions x and φ.
Then, P-a.s.,

ζ(τ,Xτ (t, x)) = Zτ (t, x) for a.e. τ ∈ [t, T ].

Proof. During the proof of Proposition 2.7 we showed that (X,Y, Z) solves (2.7)–
(2.8), which coincides with (2.4)–(2.5) (with different, suitable probability measure
and Wiener process). The claim then follows from Lemma 4.1.

We define a Borel measurable function u : [0, T ] × R
n → U setting

u(t, x) = γ(t, x, ζ(t, x)), t ∈ [0, T ], x ∈ R
n,

and, for t ∈ [0, T ] and x ∈ R
n, we introduce the so-called closed-loop equation:

Xτ = x +

∫ τ

t

f(σ,Xσ) dσ +

∫ τ

t

g(σ,Xσ)r(σ,Xσ, u(σ,Xσ)) dσ

+

∫ τ

t

g(σ,Xσ) dWσ, τ ∈ [t, T ].

(4.2)

Since r is bounded, it is meaningful to look for a continuous (Ft)-adapted solution
of this equation. However, it is difficult to prove directly any existence or uniqueness
result for (4.2) in its strong form, since regularity properties of ζ, and hence of u, are
not immediate. Nevertheless, we have the following result.

Theorem 4.3. Assume that the Hypotheses 2.1 and 2.4 hold. For every t ∈ [0, T ]
and x ∈ R

n, let u∗
. be the optimal control introduced in (3.4). Then u∗

. is related to
the corresponding solution Xu∗

by the feedback relation

u∗
τ = u(τ,Xu∗

τ ), P-a.s. for a.e. τ ∈ [t, T ].

In particular, Xu∗
solves the closed-loop equation.

Proof. We have, P-a.s., for almost every τ ∈ [t, T ],

u∗
τ = γ(τ,Xτ (t, x), Zτ (t, x)) = γ(τ,Xτ (t, x), ζ(τ,Xτ (t, x))) = u(τ,Xτ (t, x)).

Indeed, the first and third equalities follow from the definition of u∗
. and u, and the sec-

ond equality follows from Corollary 4.2. Since Theorem 3.5 states that {Xτ (t, x), τ ∈
[t, T ]} coincides with Xu∗

, the result follows immediately.
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Theorem 4.4. Assume that the Hypotheses 2.1 and 2.4 hold. For given t ∈ [0, T ]
and x ∈ R

n, assume that there exists a continuous, (Ft)-adapted solution X of the
closed-loop equation. Then the process defined by

uτ = u(τ,Xτ ), τ ∈ [t, T ],(4.3)

is an optimal control, and X is the solution corresponding to u..
Proof. Let u be given by (4.3) and let Xu, Wu, Y u, Zu be defined as in (1.1),

(2.6), (2.7)–(2.8), respectively. Then by definition Xu
τ = Xτ . Moreover, by Lemma

4.1, Zu
τ = ζ(τ,Xτ ) for almost every τ ∈ [t, T ]. Joining the above relations with the

definition of the map u, we get uτ = γ(τ,Xu
τ , Z

u
τ ) and the claim follows by Corollary

2.6.
Theorem 4.5. Assume that the Hypotheses 2.1 and 2.4 hold and suppose that,

for any given t ∈ [0, T ], x ∈ R
n, z ∈ R

d, the infimum in (2.2) is attained at a unique
point.

Then, for every t ∈ [0, T ] and x ∈ R
n, there exists a unique continuous (Ft)-

adapted solution X of the closed-loop equation (4.2). The process defined by

uτ = u(τ,Xτ ), τ ∈ [t, T ],

is the unique optimal control and X is the solution corresponding to u..
Proof. Assume that X is a solution of the closed-loop equation. Then, by Theorem

4.4, the control u. is optimal, and X = Xu is the solution of (1.1) corresponding to
u.. Since, by Theorem 3.6, under our assumptions the optimal control is unique, u.

must coincide with the (optimal) control u∗
. introduced in (3.4), and consequently X

must coincide with Xu∗
.

The existence of a solution of the closed-loop equation follows from Theorem
4.3.
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NONSQUARE SPECTRAL FACTORS OF NONLINEAR CONTROL
SYSTEMS IN TERMS OF INNER-INNER FACTORIZATIONS∗
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Abstract. This paper considers nonsquare spectral factors of nonlinear input affine state space
control systems in continuous time. More specifically, we obtain a parametrization of nonsquare
spectral factors in terms of a special class of inner-inner factorizations. Explicit formulas for different
classes of spectral factors and related inner systems in terms of solutions of Hamilton–Jacobi equa-
tions are provided. Furthermore, the important notion of a minimal inner embedding for nonlinear
control systems is introduced and used to derive several relationships between inner systems.
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1. Introduction and preliminaries. The problem of finding spectral factors
for nonlinear control systems has attracted some recent attention (see [1, 2, 3, 4, 5,
6, 14, 20, 27, 32]). Our main aim in this paper is to treat the (nonsquare) spectral
factorization problem for nonlinear control systems that are one-sided invertible. In
particular, we establish a parametrization of nonsquare minimal spectral factors that
are stable in terms of a special class of inner-inner factorizations of inner systems (see
[3, 20, 27, 32] for the nonlinear case, see [11, 12, 13, 21, 22] for the linear case).

Our motivation for understanding the spectral factorization problem referred to
above is that it has important applications in systems and control theory. For in-
stance, several important connections with the control of mechanical systems that
may not be invertible have been identified (see [17] and [32]). In this regard, it is im-
portant to note that our paper discusses classes of nonlinear control systems that are
one-sided invertible. Furthermore, spectral factorization of nonlinear control systems
plays an important part in H∞-control (see [5]) and chemical process control (see
[10] and [35]). Also, in economics, the understanding of realizations of financial mod-
els with multidimensional state spaces can be simplified by considering the dynamics
of financial systems of reduced state space dimension and certain disturbance errors
(see [24] and [28]). In the above, we recall that spectral factorization is related to
inner-outer factorization (as will be demonstrated below) with the inner factor often
sharing asymptotic behavior with the system that is being factored. In many cases,
the inner factor may have more favorable properties and its control may form a basis
for the control of the system being factored. Another reason for considering the spec-
tral factorization problem for nonlinear control systems is its relation with stochastic
control via stochastic realization theory, although this connection may currently not
be as apparent as for the linear case. In the problem of linear stochastic realization,
any minimal factor W of the spectral density ∆ determines a minimal realization for
the output process y. If ∆ is of size m×m and W is of size m× p, then the number p
actually determines the space in which the driving white noise process is taken. Usu-
ally, if one chooses W to be square, this space is also taken to be as small as possible.
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However, the stochastic realization problem does not actually require this, and hence
nonsquare minimal spectral factors of ∆ are of interest. A further practical reason
for understanding the nonsquare spectral factorization problem is multichannel signal
transmission. For instance, a situation that arises in the mobile phone industry is that
a mobile phone has to decode signals that reach it from surrounding transmitters that
themselves have to retain the capacity to emit signals destined for other phones.

Next, we make clear the additional value of the current paper when compared with
recent research on the subject of spectral factorization of nonlinear control systems. In
the first instance, this paper extends results obtained for nonlinear, minimal, square,
stable spectral factors by Ball and Petersen in [3] and Ball and van der Schaft in [6]
to the nonsquare case. In [3] we obtained a natural extension of the idea of an equiv-
alence between minimal square spectral factors of a given spectral density, invariant
subspaces of an associated Hamiltonian matrix, solutions of an appropriate algebraic
Riccati equation, and minimal unitary left divisors of a certain unitary function on
the imaginary line to a nonlinear setting. More specifically, we established a bijective
correspondence between nonlinear, minimal, square, stable spectral factors, invariant
Lagrangian submanifolds, solutions of Hamilton–Jacobi equations, and minimal right
inner divisors. The scheme in the current paper is more complicated since it treats
the situation where the nonlinear, minimal, stable spectral factors may be nonsquare.
In contrast to [3], the work in this paper entails studying a slightly different type
of Hamilton–Jacobi equation and a parametrization of the spectral factors in terms
of a finer inner-inner factorization that, in addition, involves coprime factors. [6] is
different from our paper in that the other work establishes a relationship between
the inner-outer and spectral factorization problems and makes no attempt to discuss
their connection with inner-inner factorizations. In the aforementioned contribution
by Ball and van der Schaft, a nonlinear state space system is expressed as the cas-
cade connection of an inner (lossless) system and a stable minimum phase (outer)
system that is found to be a solution of an associated nonlinear spectral factorization
problem. To the best of our knowledge, the first attempt to understand nonlinear,
nonsquare, stable, spectral factors was made in [25] and the related conference paper
[26]. In these contributions we obtain a parametrization of nonsquare spectral fac-
tors in terms of an invariant Lagrangian submanifold and associated solutions of a
Hamilton–Jacobi inequality that is a nonlinear analogue of the bounded real lemma
and the control algebraic Riccati inequality. By way of an application, we discussed an
alternative characterization of minimum and maximum phase spectral factors and in-
troduced the notion of a rigid nonlinear system. Our current paper makes use of some
of this information to establish an equivalence between nonsquare spectral factors and
coprime inner-inner factorizations. It is important to note that in the present paper
we make use of a more general nonsquare spectral factor and associated Hamilton–
Jacobi equation than in [25]. This is done in order to derive explicit formulas for the
spectral factors comparable to those that are determined in the linear case. Moreover,
the results established in this paper may be regarded as natural nonlinear analogues
of those obtained in [11, 12, 13, 16, 21, 22, 23]. In particular, the explicit formulas
for the spectral factors derived here bear a resemblance to those in [13] and [22], where
the formulas are written in terms of solutions of algebraic Riccati equations.

We provide a brief description of the class of nonlinear control systems that we
study. We consider a smooth nonlinear input-affine system

Σ:

{
ẋ = a(x) + b(x)u, u ∈ Rm,
y = c(x) + d(x)u, y ∈ Rp,

(1)
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where a : Rn → Rn, b : Rn → Rn×m, c : Rn → Rp, and d : Rn → Rp×m are smooth
functions. The fact that Σ is assumed to be input affine will result in explicit formulas
that resemble those obtained in the linear case. We suppose that p ≥ m and that
d(x) and d(x)T are injective for all x = (x1, . . . , xn) ∈ Rn that are local coordinates
for the n-dimensional state space manifold X , with globally asymptotically stable
equilibrium x0 = 0 for u = 0 (so a(x0) = 0 and c(x0) = 0). In this case, we have
that

F (x) := d(x)d(x)T(2)

is invertible for each x. We suppose that x → a(x) + b(x)u is complete for each
u ∈ Rm. This means that there exists a unique solution of ẋ = a(x) + b(x)u for all
t > 0 for any initial condition x(0) = x1 ∈ X . Hence, given any initial condition
x1 ∈ X , the system of equations (1) induces a well-defined causal input-output map
T x1

Σ , from piecewise constant input signals u(t) defined on the nonnegative real line R+

to smooth output functions y(t) defined for all t ≥ 0. Operators T x1

Σ arising in this way
from a system of equations (1) are automatically causal, i.e., T x1

Σ [u](t) = T x1

Σ [u′](t)
for t ≤ T whenever u(t) = u′(t) for t ≤ T . We assume that T x1

Σ extends by continu-
ity to define a well-defined map on Lm

2,e[0,∞) (the space of measurable Rm-valued

functions u(·) on [0,∞) such that
∫ T

0
‖u(t)‖2dt < ∞ for all T < ∞). We consider

only systems Σ that are stable. In other words, at the systems level, the vector field
x → a(x) is globally asymptotically stable while T x1

Σ is a diffeomorphism of Lm
2 [0,∞)

for each x1 ∈ X at the input-output level. We call the system of equations (1) a
(state space) realization of the input-output operator TΣ : Lm

2,e[0,∞) → Lp
2,e[0,∞).

If the dimension n of the state manifold X is as small as possible among all pos-
sible state space realizations of the given input-output operator T x1

Σ , we say that
the realization Σ is minimal. Minimality with regard to realization and factorization
plays a indispensable part at various levels in the ensuing discussion. Although the
existence of realizations of input-output maps is important, the uniqueness of such
realizations may also be required. We know that the uniqueness of any realization
of a given input-output map is not always guaranteed. However, if we consider the
minimal case, uniqueness of the realizations may become a definite possibility (see,
for instance, Propositions 1 and 4). In addition, the major objective of our paper
is to characterize minimal, stable, spectral factors and provide explicit formulas for
them. Here, the assumption that the realizations for most of the nonlinear systems
are minimal makes computations much easier. Furthermore, our handling of mini-
mal inner-inner factorization throughout this paper is informed by the contributions
made in [7, 8] and [14], where minimal, cascade factorization of nonlinear systems is
discussed.

Next, we consider two types of extensions of Σ given by (1) that play a part in
the analysis in what follows. We recall for Σ, where a : Rn → Rn, b : Rn → Rn×m,
c : Rn → Rp, and d : Rn → Rp×m, that if m < p, then Σ is a nonsquare nonlinear
system, and if m = p, then Σ is square. Thus, a requirement for Σ to be square is that
m should be increased in order to equal p. This can be accomplished by introducing
the concept of a zero extension. We say that Σe is a zero extension of Σ if it is the
square system that is obtained from a (possibly) nonsquare Σ by augmenting b and
d with an appropriate null function so that m = p. Of course, this notion can also be
extended to the input-output map TΣ : Lm

2,e[0,∞) �−→ Lp
2,e[0,∞) introduced earlier,

where for the zero extension we require that m = p. The Hamiltonian extension of Σ
(where Σ is given as in (1)) has the form
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ẋ = a(x) + b(x)u,

ṗ = −
[
∂a

∂x
(x) +

∂b

∂x
(x)u

]T
p

−
[
∂c

∂x
(x) +

∂d

∂x
(x)u

]T
ua,

y = c(x) + d(x)u,

ya = bT (x)p + dT (x)ua

(3)

(see [9]), where u, ya ∈ Rm and ua ∈ Rp. This system has state space equal to the
cotangent bundle of the state space manifold X , denoted by T ∗X , with natural local
coordinates (x, p) = (x1, . . . , xn, p1, . . . , pn), inputs equal to (u, ua), and outputs equal
to (y, ya). If we impose the interconnection law ua = y in (3), we get the Hamiltonian
system of the form

Φ = [DΣ]T ◦ Σ :

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

ẋ =
∂H

∂p
(x, p, u),

ṗ = −∂H

∂x
(x, p, u),

ya =
∂H

∂u
(x, p, u),

(4)

with the Hamiltonian function H(x, p, u) given by

H(x, p, u) = pT [a(x) + b(x)u] +
1

2
[c(x) + d(x)u]T [c(x) + d(x)u].

Here the state space is T ∗X , the inputs u ∈ Rm, and the outputs ya ∈ Rm. We
introduce the notion of the Hamiltonian extension of a nonlinear system in (3) to
transform the (all-pass) inner-outer factorization problem into a nonlinear spectral
factorization problem (see [32] for more details). In this regard, the Σ appearing
in (4) is known as a spectral factor of Φ. In this paper we discuss a large variety
of spectral factors that, for instance, may be minimal, stable, antistable, minimum
phase, or maximum phase. Furthermore, Φ in (4) is weakly coercive if the spectral
factor Σ is at least one-sided invertible. More specifically, in what follows, we consider
right-sided inverses of various nonlinear spectral factors.

The main achievements of the analysis in this paper are listed below.

1. In Theorem 3 of section 3 we suggest a method of extending column- and
row-rigid systems to inner systems.

2. We derive essentially unique factorizations that involve zero-extended stable
and antistable, minimum and maximum phase spectral factors (Proposition
4, section 4). We recall that the term essentially unique factorization refers
to the situation where uniqueness pertains to the underlying factorization
structure only, with any variation in the form not affecting the mathematical
meaning.

3. A necessary and sufficient condition for the existence of a minimal stable
spectral factor is established in Theorem 6 of section 4.
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4. We deduce certain factorization and coprimeness properties for inner systems
(Theorem 7, section 4) that play a pivotal role in the rest of the paper. This
result is dependent on the internal-external and external-internal factoriza-
tions introduced in Definition 5 of section 4.

5. We find necessary and sufficient conditions for the existence of an internal
spectral factor in terms of an inner extension whose formula is given explicitly
(Proposition 9, section 4). In order to accomplish this we introduce internal
and external spectral factors in Definition 8 of section 4.

6. In Definition 12 we introduce the notion of a coprime inner-inner factorization.
In addition, we prove the existence of such a factorization in Proposition 13.

7. We verify that a bijective correspondence exists between minimal, external,
decomposable, nonsquare spectral factors and coprime inner-inner factoriza-
tions (Theorem 14, section 4).

8. Finally, in Theorem 15 of section 4, we make use of the preceding analysis to
parametrize minimal, decomposable, nonsquare spectral factors in terms of
coprime inner-inner factorizations.

Although many of the concepts mentioned in this list have not yet been defined, a
comment on notation is in order. Throughout the paper, Σ denotes a general (square
or nonsquare) nonlinear system that may be a spectral factor. On the other hand, R is
a nonsquare spectral factor that is the starting point for our analysis in the sense that
subsequent explicit formulas for various types of spectral factors and inner systems
are written in terms of its components and associated Hamilton–Jacobi equation. We
denote the minimal, stable, minimum and maximum phase spectral factors by Σ− and
Σ+, respectively, while Σe

− (resp., Σe
+) is the notation used to denote a zero extension

of Σ− (resp., Σ+). Minimal, antistable, minimum and maximum phase spectral factors
are denoted by Σ− and Σ+, respectively. Θc and Θr is the notation used for column-
rigid and row-rigid systems, respectively. S denotes a minimal, stable spectral factor
that may be decomposable. Φ is the symbol used to denote the nonlinear system
that undergoes spectral factorization of the type given in (4). Various types of inner
systems are introduced in what follows and are denoted by a Θ in combination with
tildes, overlines, and sub- and superscripts.

The rest of the paper is arranged in the following manner. Section 2 provides
a cursory exposition on minimum and maximum phase spectral factors. The third
section considers various issues related to nonlinear inner systems. Section 4 contains
the main results of the paper on the parametrization of minimal stable nonsquare
spectral factors in terms of coprime inner-inner factorizations. An illustrative example
is given in the fifth section, while we make conclusive remarks and comments on
possible future research in section 6.

2. Minimum and maximum phase spectral factors. In this section, we
consider a special class of spectral factors, namely, those that are maximum and min-
imum phase. In particular, we consider their connection with column- and row-rigid
systems. Our starting point is the nonsquare, stable nonlinear system R of the form

R :

⎧⎪⎨⎪⎩
ẋ = a(x) + b(x)u,

y =

(
c1(x)
c2(x)

)
+

(
d(x)

0

)
u,

(5)

which provides a spectral factorization Φ = [DΣ]T ◦Σ = [DR]T ◦R for Φ. From [25] we
know that there is a bijective correspondence between R in (5) and the set of triples
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(X , P, c2). Here, X is an invariant Lagrangian submanifold, P is a smooth solution of
the Hamilton–Jacobi inequality

−Px(x)[a(x) − b(x)dT (x)F−1(x)c(x)] + Px(x)b(x)d(x)T (F−1(x))2d(x)b(x)TPx(x)T

−Px(x)a(x) + c(x)TF−1(x)d(x)b(x)TPx(x)T ≤ 0,

c1(x) = c(x) + F−1(x)d(x)b(x)TPx(x)T , and c2 satisfies the equation

− Px(x)[a(x) − b(x)dT (x)F−1(x)c(x)] + Px(x)b(x)d(x)T (F−1(x))2d(x)b(x)TPx(x)T

− Px(x)a(x) + c(x)TF−1(x)d(x)b(x)TPx(x)T + c2(x)T c2(x) = 0.

(6)

Moreover, if P is any solution of (6), then there exists a map X such that

c2(x) = −Xx(x)TPx(x)T .(7)

Next, we discuss minimum and maximum phase nonlinear systems that may be
given explicitly in terms of R in (5) and its associated Hamilton–Jacobi equation (6).
We recall that the output nulling (or zero) dynamics of a nonlinear system is the
set of all system trajectories x(·) generated by some input trajectory u(·) such that
y(·) is identically zero. Under some regularity conditions and the assumption that an
appropriate function f exists, the zero dynamics can be computed as

ẋ = f(x, u), x ∈ N ∗ ⊂ X .(8)

Under additional conditions, it will actually be a system without inputs:

ẋ = f(x), x ∈ N ∗ ⊂ X .

In this case the system is minimum phase if f(x) is asymptotically stable and maxi-
mum phase if f(x) is antistable. For (8) we define the system to be minimum phase
if there exists u = α(x) such that the system is stable and maximum phase if there
exists u = α(x) such that the system is antistable.

Column- and row-rigidness was introduced in [25] (see also [20] and [27]) and forms
an integral part of the analysis in what follows. In what follows, we shall denote by Θc

a column-rigid system and by Θr a row-rigid system. Moreover, we consider the Hamil-
tonian system [DΘc]

T ◦ Θc (Hamiltonian extension with ua = y) with Hamiltonian

H(x, p, u) = pT [a(x) + b(x)u] +
1

2
[c(x) + u]T [c(x) + u].

We investigate the observability function P o (see [29] for more details) defined as the
solution of

P o
x (x)a(x) +

1

2
c(x)T c(x) = 0

and define new coordinates p = p− P o
x (x). It follows that

H(x, p, u) = pT [a(x) + b(x)u] + uT [b(x)TP o
x (x)T + c(x)] +

1

2
uTu.

In addition, if P o satisfies P o
x (x)b(x)+ c(x)T = 0, then the submanifold p is an invari-

ant manifold, with [DΘc]
T ◦ Θc restricted to this manifold being given by the static
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input-output identity map u �−→ ya = u. Here, the system Θc is said to be column-
rigid. For the related concept of row-rigidness, we investigate the Hamiltonian system
[DΘr] ◦ ΘT

r (Hamiltonian extension with u = ya) with Hamiltonian

H(x, p, ua) = pTa(x) +
1

2
pT b(x)b(x)T p + pT b(x)ua + c(x)Tua +

1

2
uT
a ua.

Consider the controllability function P c (see [29] for more details) defined as the
solution of

P c
x(x)a(x) +

1

2
P c
x(x)b(x)b(x)TP c

x(x)T = 0,

where P c is the solution such that a(x)+b(x)b(x)TP c
x(x)T is antistable. Furthermore,

define canonical coordinates p = p− P c
x(x). Here we have

H(x, p, ua) = pTa(x) +
1

2
pT b(x)b(x)T p + P c

x(x)T [b(x)b(x)T p− b(x)ua]

+ c(x)Tua +
1

2
uT
a ua.

For the situation where P c satisfies P c
x(x)b(x) + c(x)T = 0, the submanifold p is in-

variant, and the system [DΘr] ◦ ΘT
r restricted to this manifold is given by the static

input-output identity map ua �−→ y = ua. In this case, the system Θr is row-rigid.
In the following proposition, we collect facts that are pertinent to our investigation

from the series of papers [20, 25] and [27] involving minimum and maximum phase
spectral factors and their connection with row- and column-rigid systems.

Proposition 1. Suppose that weakly coercive Φ = [DΣ]T ◦ Σ = [DR]T ◦ R as
in (4), with Σ and R given by (1) and (5), respectively. A minimal realization of the
stable, minimum phase (outer) spectral factor Σ− is given by

Σ− :

{
ẋ = a(x) + b(x)u,
y = c1(x) + F−1(x)d(x)b(x)TP−

x (x)T + d(x)u,
(9)

where F is given by (2) and P− is the smooth solution of the Hamilton–Jacobi equation

P−
x (x)[a(x) − b(x)d(x)TF−1(x)c1(x)]

− 1

2
P−
x (x)b(x)d(x)T (F−1(x))2d(x)b(x)TP−

x (x)T +
1

2
c2(x)T c2(x) = 0,

(10)

with P−(0) = 0 and where the stability side condition

a(x) − b(x)dT (x)F−1(x)c1(x)(11)

is Lyapunov stable. A minimal realization of the stable, maximum phase spectral factor
Σ+ is given by

Σ+ :

{
ẋ = a(x) + b(x)u,
y = c1(x) + F−1(x)d(x)b(x)TP+

x (x)T + d(x)u,
(12)

where F is given by (2) and P+ is the smooth solution of the Hamilton–Jacobi equation

P+
x (x)[a(x) − b(x)d(x)TF−1(x)c1(x)]

− 1

2
P+
x (x)b(x)d(x)T (F−1(x))2d(x)b(x)TP+

x (x)T +
1

2
c2(x)T c2(x) = 0,

(13)
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with P+(0) = 0 and where the antistability side condition

a(x) − b(x)dT (x)F−1(x)c1(x)(14)

is antistable. Minimal realizations for the right inverses of Σ− and Σ+ are

Σ−R
− :

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẋ = a(x) − b(x)d(x)TF−1(x)c1(x)

− b(x)d(x)T (F−1(x))2d(x)b(x)TP−
x (x)T

+ b(x)d(x)TF−1(x)y,

u = −d(x)TF−1(x)c1(x)

− d(x)T (F−1(x))2d(x)b(x)TP−
x (x)T

+ d(x)TF−1(x)y

(15)

and

Σ−R
+ :

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẋ = a(x) − b(x)dT (x)F−1(x)c1(x)

− b(x)d(x)T (F−1(x))2d(x)b(x)TP+
x (x)T

+ b(x)dT (x)F−1(x)y,

u = −dT (x)F−1(x)c1(x)

− d(x)T (F−1(x))2d(x)b(x)TP+
x (x)T

+ d(x)TF−1(x)y,

respectively. If Σ− is the stable, minimum phase (outer) spectral factor of Φ given by
(9), then there exists an essentially unique minimal column-rigid system Θc for which

R = Θc ◦ Σ−,(16)

with

Θc :

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẋ = a(x) − b(x)dT (x)F−1(x)c1(x)

− b(x)d(x)T (F−1(x))2d(x)b(x)TP−
x (x)T

+ b(x)dT (x)F−1(x)y,

ya =

(
−F−1(x)d(x)b(x)TP−

x (x)T

c2(x)

)
+

(
I
0

)
u.

(17)

If Σ+ is the stable, maximum phase spectral factor of Φ given by (12), then there
exists an essentially unique minimal row rigid system Θr for which

Σ+ = Θr ◦R,(18)

with

Θr :

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

ẋ = −a(x)T + c1(x)TF−1(x)d(x)b(x)T

+P+
x (x)b(x)d(x)T (F−1(x))2d(x)b(x)T

+ (P+
x (x)b(x)d(x)TF−1(x) − c2(x)T )u,

y = F−1(x)d(x)b(x)T + (I 0)u.

(19)
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Proof. The proof of the various components of the result can be found in [20, 25]
or [27].

3. Nonlinear inner systems. In this section we lay down the structure of non-
linear inner systems that will be useful in proving the main results in this paper. In
particular, we prove in subsection 3.2 that the column- and row-rigid systems intro-
duced earlier may be extended to inner systems in a minimal way. Moreover, explicit
formulas for these extended inner systems in terms of solutions of Hamilton–Jacobi
equations are given. Subsection 3.3 outlines an approach to inner-inner factorization
developed by Ball and Petersen in the recent contribution [3].

3.1. Basic properties. First, we provide a brief description of a nonlinear inner
system. We assume that j is any m×m signature matrix (j = j∗ = j−1) and J is any
p× p signature matrix (J = J∗ = J−1).

Definition 2. Nonlinear Θ is (j, J)-inner (or (j, J)-stable conservative) if
• x → a(x) is stable (with respect to assumed equilibrium point x = 0) and
• there is a nonnegative-valued storage function P (x) with P (0) = 0 such that

P (x(t2)) − P ((x(t1)) =
1

2

∫ t2

t1

[u(t)T ju(t) − y(t)TJy(t)]dt(20)

over all trajectories (u(t), x(t), y(t)) of the system. This is true for all t1 ≤ t2
and u(·), with x(t2) denoting the state at time t2 that originates from the
initial state x(t1) at time t1 and input u(·) on the time interval [t1, t2].

Alternatively, Θ is said to be (j, J)-inner if it is lossless with respect to the L2-gain
supply rate

s(u, y) =
1

2
uT ju− 1

2
yTJy.

The above characterization of nonlinear (j, J)-inner systems was achieved within
the dissipative systems framework of Hill and Moylan [15] and Willems [34]. Here, the
dissipation equality in (20) may be derived from a state space implementation of the
L2-gain condition in the formulation of the nonlinear H∞-problem (see [31, 32]). Note
that the function defined in (20) may also be thought of as a Lyapunov function (see
[15]). If P is assumed to be smooth, the energy balance relation (20) can be expressed
as

Px(x)[a(x) − b(x)c(x)] =
1

2
uT ju− 1

2
[c(x) + d(x)u]TJ [c(x) + d(x)u], P (0) = 0,

for all x and u, or equivalently, in infinitesimal form as

Px(x)b(x) + c(x)TJd(x) = 0,

Px(x)a(x) +
1

2
c(x)TJc(x) = 0,(21)

d(x)TJd(x) = j.

In fact, realizations for nonlinear invertible (j, J)-inner systems may be expressed in
terms of smooth solutions of Hamilton–Jacobi equations as follows:

Θ :

{
ẋ = a(x) + b(x)u, u ∈ Rm,

ya = −b(x)TPx(x)T + u, ya ∈ Rp,
(22)
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where P is a solution of the Hamilton–Jacobi equation

Px(x)[a(x) − b(x)c(x)] − 1

2
Px(x)b(x)b(x)TPx(x)T = 0, P (0) = 0,

with Px(x) = ( ∂P
∂x1

(x), . . . , ∂P
∂xn

(x)). In the linear case, the function Θlinear is said to
be (j, J)-inner if it has the property that

Θ∗
linearJΘlinear = ΘlinearJΘ∗

linear = j.

In subsequent discussions, we assume that j = J = I. We say that the inner system
Θ1 divides Θ2 on the right (left) if the interconnection of ΘT

1 and Θ2 (Θ2 and ΘT
1 )

is stable. Given two inner systems Θ1 and Θ2, we denote the greatest common right
(left) divisor by Θ1 ∧R Θ2 (Θ1 ∧L Θ2). Also, we denote the least common right (left)
multiple by Θ1 ∨R Θ2 (Θ1 ∨L Θ2). Two inner systems are right (left) coprime if their
greatest common right (left) divisor is the identity (see [18] and [19] for more details).

3.2. Minimal inner embeddings. In this subsection, we study the embedding
of inner and rigid systems in minimal inner systems. In particular, in the next result,
we extend a column-rigid system Θc given by (17) in a minimal way in order to
obtain a system that is inner. Similarly, we extend a row-rigid system Θr given by
(19) minimally to an inner system.

Theorem 3. The column-rigid system Θc from (17) can be extended minimally
to the inner system⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

ẋ = a(x) − b(x)d(x)TF−1(x)c1(x)

− b(x)d(x)T (F−1(x))2d(x)b(x)TP−
x (x)T

+ (b(x)d(x)TF−1(x)X−
x (x))u,

ya =

(
−F−1(x)d(x)b(x)TP−

x (x)T

c2(x)

)
+

(
I 0
0 I

)
u,

(23)

where F is given by (2) and P− is a smooth solution of (10) with stability side condition
(11) and where X− satisfies (7). Moreover, Θr given as in (19) may be extended to
the inner system ⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

ẋ = −a(x)T + c1(x)TF−1(x)d(x)b(x)T

+P+
x (x)b(x)d(x)T (F−1(x))2d(x)b(x)T

+ (P+
x (x)b(x)d(x)TF−1(x) − c2(x)T )u,

y =

(
F−1(x)d(x)b(x)T

X+
x (x)T

)
+

(
I 0
0 I

)
u,

(24)

where F is given by (2) and P+ is a smooth solution of (13) with stability side condition
(14) and where X+ satisfies (7).

Proof. It is clear that any minimal inner extension of column-rigid Θc given by
(17) will be of the form (23). Next, we have to establish that (23) is, in fact, inner. In
order to accomplish this, we rewrite (23) as{

ẋ = f(x) + g(x)u,

ya = −g(x)TQx(x)T + u,
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where Q is a solution of the Hamilton–Jacobi equation

Qx(x)[f(x) − g(x)h(x)] − 1

2
Qx(x)g(x)g(x)TQx(x)T = 0, Q(0) = 0.

It remains to show that Q = P− is a solution of this equation. Indeed, it is clear that

P−
x (x)[a(x) − b(x)d(x)TF−1(x)c1(x)] + c2(x)T c2(x)

−1

2
[P−

x (x)b(x)d(x)T (F−1(x))2d(x)b(x)TP−
x (x)T + c2(x)T c2(x)]

= P−
x (x)[a(x) − b(x)d(x)TF−1(x)c1(x)]

−1

2
P−
x (x)b(x)d(x)T (F−1(x))2d(x)b(x)TP−

x (x)T +
1

2
c2(x)T c2(x) = 0.

As was the case in the above, any minimal, inner extension of row-rigid Θr given by
(19) will be of the form (24). The remainder of the proof of the second part can be
obtained from the observation that

1

2
P+
x (x)b(x)d(x)T (F−1(x))2d(x)b(x)TP+

x (x)T − 1

2
c2(x)T c2(x)

= [−a(x)T + c1(x)TF−1(x)d(x)b(x)T ]P+
x (x)T

= P+
x (x)[a(x) − b(x)d(x)TF−1(x)c1(x)].

This computation is made possible by the symmetry in the Hamilton–Jacobi
equation.

The extensions from rigid to minimal inner systems referred to in Theorem 3 are
known as minimal inner embeddings. A special subclass of these embeddings are the
extensions from inner to minimal inner systems. The extension from the inner system⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

ẋ = a(x) − b(x)dT (x)F−1(x)c1(x)

− b(x)d(x)T (F−1(x))2d(x)b(x)TQ−
x (x)T

+ b(x)dT (x)F−1(x)u,

y = −F−1(x)d(x)b(x)TQ−
x (x)T + u,

with corresponding Hamilton–Jacobi equation

Q−
x (x)[a(x) − b(x)d(x)TF−1(x)c1(x)]

−1

2
Q−

x (x)b(x)d(x)T (F−1(x))2d(x)b(x)TQ−
x (x)T = 0,

to the minimal inner system (23) is an example of such an embedding. The latter type
of inner embedding will play a prominent role in the discussion in what follows.

3.3. Minimal inner factorizations of nonlinear inner systems. Our ap-
proach to the factorization of nonlinear inner systems is dependent on the adaptation
of the cascade factorization of general nonlinear systems to nonlinear inner systems.
This approach was developed in the recent paper by Ball and Petersen [3] (see also [30]
for an earlier work) and was central to the solution of the problem of parametrizing
square solutions of the nonlinear spectral factorization problem in terms of minimal
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inner-inner factorizations of nonlinear systems. As this approach will underpin our
analysis, the highlights of this scheme are outlined below.

Suppose that the state manifold has a foliation x = (x1, x2) (a diffeomorphism of
the state space X with the Cartesian product X1 ×X2 of two manifolds X1 and X2),
so that (x1, x2) becomes a new system of coordinates for Θ. Then, in terms of these
coordinates, we write the state space equations (22) in the form

Θ:

⎧⎪⎪⎨⎪⎪⎩
ẋ1 = a1(x1, x2) + b1(x1, x2)u,

ẋ2 = a2(x1, x2) + b2(x1, x2)u,

y = c(x1, x2) + u.

In this case the inverse system has the form

Θ−1 :

⎧⎪⎪⎨⎪⎪⎩
ẋ1 = a×

1 (x1, x2) + b1(x1, x2)y,

ẋ2 = a×
2 (x1, x2) + b2(x1, x2)y,

u = −c(x1, x2),

where a×(x1, x2) = a(x1, x2) − b(x1, x2)c(x1, x2), or(
a×

1 (x1, x2)
a×

2 (x1, x2)

)
=

(
a1(x1, x2) − b1(x1, x2)c(x1, x2)
a2(x1, x2) − b2(x1, x2)c(x1, x2)

)
.(25)

The foliation x = (x1, x2) is known as an inner product-coordinate pair for the inner
system Θ with storage function P (see (21) and (26)) if the functions P (x1, x2),
bj(x1, x2), and a1(x1, x2) and a×

2 (x1, x2) have the form

P (x1, x2) = P1(x1) + P2(x2),

b1(x1, x2) = b1(x1),

b2(x1, x2) = b2(x2),(26)

a1(x1, x2) = a1(x1),

a×
2 (x1, x2) = a×2 (x2)

for some single-variable functions P1(x1), P2(x2), b1(x1), b2(x2), a1(x1), and a×2 (x2).
From (25) and the first three equations in (26), we see that

a×
2 (x1, x2) = a2(x1, x2) + b2(x2)(b1(x1)

TP1,x1(x1)
T + b2(x2)

TP2,x2(x2)
T )

= [a2(x1, x2) + b2(x2)b1(x1)
TP1,x1(x1)

T ] + b2(x2)b2(x2)
TP2,x2(x2)

T .

Thus, we see that the last two equations in (26), in the definition of inner product-
coordinate pairs, can be replaced with

a2(x1, x2) = a2(x2) − b2(x2)b1(x1)
TP1,x1(x1)

T

for a single-variable function a2(x2),

with a2(x2) = a×2 (x2)− b2(x2)b2(x2)
TP2,x2(x2)

T . These conventions are used to show
that if we suppose that Θ is a nonlinear inner system with storage function P as in
(21) and (26), then factorizations Θ = Θ2 ◦Θ1, with Θ2 and Θ1 inner, are in bijective
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correspondence with inner product-coordinate pairs x = (x1, x2). Indeed, given an
inner product-coordinate pair as in (26), define systems Θ1 and Θ2 by

Θ1 :

{
ẋ1 = a1(x1) + b1(x1)u1,

y1 = −b1(x1)
TP1,x1

(x1)
T + u1,

Θ2 :

{
ẋ2 = a2(x2) + b2(x2)u2,

y2 = −b2(x2)
TP2,x2

(x2)
T + u2,

with a2(x2) = a×2 (x2) − b2(x2)b2(x2)
TP2,x2(x2)

T . Then Θ1 and Θ2 are inner systems
with storage functions P1(x1) and P2(x2), respectively, and we recover Θ as Θ =
Θ2 ◦ Θ1. The same analysis as in the above can, of course, be done for the minimal
inner extensions of Θ1 and Θ2.

4. Parametrizations of minimal stable nonsquare spectral factors. The
main results of the paper are contained in this section. In the subsequent analysis,
subsection 4.1 addresses some of the issues related to extremal spectral factors, while
internal and external spectral factors are described in subsection 4.2. In subsection
4.3 the important notion of a coprime inner-inner factorization is introduced. Finally,
the set of all minimal stable nonsquare spectral factors is parametrized in terms of
the aforementioned inner-inner factorization in subsection 4.4.

Next, we state the problem that will be solved in the ensuing discussion.
Problem. Given a stable, nonlinear, input-affine control system, parametrize all

nonsquare, stable, nonlinear, input-affine spectral factors in terms of a special class
of inner-inner factorizations.

4.1. Extremal spectral factors. The next proposition discusses minimal sta-
ble and minimal antistable spectral factors of Φ and their zero extensions.

Proposition 4. Let Σ− and Σ+ be the stable minimum and maximum phase
spectral factors of Φ given by (9) and (12), respectively. Also, assume that Σ− and Σ+

are the corresponding antistable minimum and maximum phase spectral factors of Φ,
respectively.

1. Assume that Σe
− and Σe

+ are the zero-extended, stable, minimum and maxi-
mum phase spectral factors of Φ, respectively. Given any minimal stable spec-
tral factor S of Φ, there exist, essentially unique, inner systems Θ′ and Θ′′

for which {
Σe

+ = Θ′ ◦ S,

S = Θ′′ ◦ Σe
−.

(27)

2. Suppose that Σ
e

− and Σ
e

+ are the zero-extended, antistable, minimum and
maximum phase spectral factors of Φ, respectively. Given any minimal anti-

stable spectral factor S of Φ, there exist, essentially unique, inner systems Θ
′

and Θ
′′

for which ⎧⎨⎩Σ
e

+ = Θ
′ ◦ S,

S = Θ
′′ ◦ Σ

e

−.
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Proof.
1. First we verify the properties of the inner system Θ′′ in the second equation

of (27). We know from Proposition 1 that there exists an essentially unique
column-rigid system Θc for which S = Θc ◦ Σ−. Furthermore, the existence
of Θ′′ as a minimal inner extension of Θc is evident from Theorem 3. Since
Σ− and Σe

− are spectral factors of Φ, we have that

Φ(u) = [DS(u)]T ◦ S(u)

= [D(Θc ◦ Σ−)(u)]T ◦ (Θc ◦ Σ−)(u)

= [D(Θ′′ ◦ Σe
−)(u)]T ◦ (Θ′′ ◦ Σe

−)(u),

with Σe
− extended outer. Conversely, let S = Θ′′

∗◦Σe
−, with Θ′′

∗ being a minimal
inner extension of the column-rigid system Θc∗. Then S = Θc◦Σ− = Θc∗◦Σ−
which, by the right invertibility of Σ−, implies that

[DΘc∗(u)]T ◦ Θc∗(u) = [DΘc(u)]T ◦ Θc(u) = u.

It follows by minimality that Θc∗(u) = Θc(u)K for some inner system K. If
Θc∗ and Θc have the same state space dimension, then K is a constant system.
From this we may deduce that Θ′′ is an essentially unique inner system with
the property that S = Θ′′ ◦Σe

−. The properties of the inner system Θ′ in the
first equation of (27) can be verified in a similar manner.

2. The proof of the second part will be analogous to the first.
The result follows from the discussion above.
Note that the factorization in the second equation of (27) is, in fact, an inner-

outer factorization. The rigid and inner systems described in Proposition 4 can be
factorized further. In this regard, we consider for row-rigid Θr and column-rigid Θc

the finer factorizations {
Θr = Θ1

r ◦ Θ2
r,

Θc = Θ2
c ◦ Θ1

c ,
(28)

where Θ1
r and Θ1

c are inner and Θ2
r and Θ2

c are right and left outer. Next, we introduce
an important type of factorization.

Definition 5. We call the equations occurring in (28) the internal-external and
external-internal factorizations of Θr and Θc, respectively.

Similarly, for Θ′ and Θ′′ we consider finer factorizations{
Θ′ = Θ′

1 ◦ Θ′
2,

Θ′′ = Θ′′
2 ◦ Θ′′

1 ,
(29)

where Θ′
1 and Θ′

1 are inner and Θ′
2 and Θ′′

2 are right and left outer. Likewise, we call
(29) the internal-external and external-internal factorizations of Θ′ and Θ′′, respec-
tively.

Theorem 6. Suppose that Σe
+ is an extended, maximum phase, stable spectral

factor of the nonlinear system Φ. Then S is a minimal, stable, spectral factor of Φ if
and only if there exists an inner system Θ′ such that

[DS(u)]T ◦ S(u) = [D(Θ
′T ◦ Σe

+)(u)]T ◦ (Θ
′T ◦ Σe

+)(u),(30)

where we restrict the state manifold to the diagonal (x, x).
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Proof. We prove the forward assertion by considering Proposition 4 and the prop-
erties of Σe

+. Indeed, from the first part of Proposition 4, if S is a minimal, stable
spectral factor and Σe

+ is the extended, maximum phase, stable spectral factor, then

[DS(u)]T ◦ S(u) = [DΣe
+(u)]T ◦ Σe

+(u)

= [DΣe
+(u)]T ◦ [DΘ

′T (u)]T ◦ Θ
′T (u) ◦ Σe

+(u)

= [D(Θ
′T ◦ Σe

+)(u)]T ◦ (Θ
′T ◦ Σe

+)(u)

for some inner system Θ′. Conversely, assume that (30) holds for some inner system
Θ′. Then clearly S is a stable spectral factor. The minimality of the realization S
follows from the fact that in general

dimension of state manifold associated with S

≤ dimension of state manifold associated with Σe
+,

which implies that

2 × dimension of state manifold associated with Σe
+

= dimension of state manifold associated with Φ

≤ 2 × dimension of state manifold associated with S

≤ 2 × dimension of state manifold associated with Σe
+.

As a result of this, we have that

dimension of state manifold associated with Φ

= 2 × dimension of state manifold associated with S

= 2 × dimension of state manifold associated with Σe
+

and S is a stable, spectral factor that is minimal.
The next result provides an important first step for a parametrization of the set

of all nonsquare minimal stable spectral factors. This result will be used extensively
in the proofs of the main theorems in subsection 4.4, where the parametrization will
be described explicitly.

Theorem 7. Suppose that Φ is a weakly coercive nonlinear control system with
minimal nonsquare stable spectral factor S. Let Θ+ and Θ− be the inner systems with
the properties {

Σ+ = Θ+ ◦ Σ−,

Σ+ = Θ− ◦ Σ−.
(31)

Assume that Θ′,Θ′′,Θ
′
, and Θ

′′
are determined by Proposition 4, with internal-external

factorizations

Θ′ = Θ′
1 ◦ Θ′

2, Θ
′
= Θ

′
1 ◦ Θ

′
2(32)

and the external-internal factorization

Θ′′ = Θ′′
2 ◦ Θ′′

1 , Θ
′′

= Θ
′′
2 ◦ Θ

′′
1 .(33)

In this case we have that
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1. (a) Θ′
1 is the greatest common left inner factor of Θ′ and Θe

+ and Θ′′
1 is the

greatest common right inner factor of Θ′′ and Θe
+. Θ

′
1 is the greatest

common left inner factor of Θ
′
and Θ

e

+ and Θ
′′
1 is the greatest common

right inner factor of Θ
′′

and Θ
e

+.

(b) Θ
′′
1 is the greatest common right inner factor of Θ

′′
and Θ

e

− and Θ′′
1 is

the greatest common right inner factor of Θ
′′

and Θ
e

+.

2. Θ′ ◦Θ′′ is an inner extension of Θ+ and Θ
′ ◦Θ

′′
is an inner extension of Θ−.

3. There exists a unique inner system Θ such that

Θe
+ = Θ′

1 ◦ Θ ◦ Θ′′
1 .

Likewise for Θ
e

+, we have for the factorization

Θ
e

+ = Θ
′
1 ◦ Θ ◦ Θ

′′
1(34)

that Θ exists and is unique.
4. (a) Θ and Θ′

2 are left coprime while Θ and Θ′′
2 are right coprime.

(b) Θ and Θ
′
2 are left coprime while Θ and Θ

′′
2 are right coprime.

Proof.
1. (a) We recall from Θr = Θ1

r ◦ Θ2
r in (28) that Θ2

r is outer. Also, from (16)
and (18) we know that Σ+ = Θr ◦ Θc ◦ Σ−. Hence it follows from the
first equation in (31) that Θ+ = Θr ◦Θc. Furthermore, Θ1

r is a left inner
factor of Θ+ and the inner extension of Θ1

r is a common left inner factor
of Θ′ and Θe

+. Any left inner factor of Θe
+ is, up to a constant right

unitary factor, an inner extension of Θr. Since Θ2
r is outer, it is clear

that Θ′
1 is the greatest common left inner factor of Θ′ and Θe

+. The proof
of the second assertion is similar to the one for the above.

(b) The proof of part (b) is similar to that for part (a).
2. First, recall from the proof of part 1 that Θ+ = Θr ◦ Θc. From this equality

and the fact that Θ′ is an inner extension of Θr and Θ′′ is an inner extension
of Θc, we must have that Θ′ ◦ Θ′′ is an inner extension of Θ+. That Θ

′
Θ

′′
is

an inner extension of Θ− can be proven in a similar manner.
3. Using the extended version of (31) and the factorizations (32) and (33), we

compute that

Σe
+ = Θ′ ◦ Θ′′ ◦ Σe

−

= Θ′
1 ◦ Θ′

2 ◦ Θ′′
2 ◦ Θ′′

1 ◦ Σe
−

= Θ′
1 ◦ Θ ◦ Θ′′

1 ◦ Σe
−.

In addition, we have that

Σe
+ = Θe

+ ◦ Σe
−

so that Θ+ = Θ1
r ◦ Θ̂ ◦ Θ1

c , where Θ̂ = Θ2
r ◦ Θ2

c . Clearly, from Propositions 1
and 4, it follows that Θ = Θ′

2 ◦ Θ′′
2 is unique.

4. (a) From part 1 of the statement of this theorem, we know that Θ′
1 is the

greatest common left inner factor of Θ′ and Θe
+. Hence we have that Θ′

2

and Θ ◦ Θ′′
1 are left coprime. Also, from the above, it is clear that Θ′

2

and Θ are left coprime. The fact that Θ′′
2 and Θ are right coprime may

be proved in a similar manner.
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(b) The proof of this part may be achieved by using techniques similar to
those in (a) above.

4.2. Internal and external spectral factors. In order to parametrize spectral
factors in terms of inner-inner factorizations, we study two particular types of spectral
factors, namely, those that are internal and those that are external. The definitions
of these classes of spectral factors are provided below.

Definition 8. Let S be a minimal, stable spectral factor and let Θ′ and Θ′′ be
the inner systems characterized in Proposition 4. Then we say the following:

1. S is an internal spectral factor if we have

Θe
+ = Θ′ ◦ Θ′′.(35)

2. S is an external spectral factor if we have that
(a) Θ′ and Θe

+ are left coprime and
(b) Θ′′ and Θe

+ are right coprime.
The analysis of general spectral factors in subsection 4.4 will depend on the prop-

erties of both the external and internal spectral factors. In the next result, we deter-
mine necessary and sufficient conditions for the existence of an internal spectral factor
and provide explicit formulas for Θ+ and its minimal inner extension Θe

+ as referred
to in Theorem 7 and (35) of Definition 8.

Proposition 9. Let S be a minimal, stable spectral factor and let Θ′ and Θ′′ be
the inner systems characterized in Proposition 4. Then S is an internal spectral factor
if and only if we have that

Θe
+ = Θ′ ◦ Θ′′ :

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẋ = a(x) − b(x)d(x)TF−1(x)c1(x)

− b(x)d(x)T (F−1(x))2d(x)b(x)TP−
x (x)T

+ (b(x)d(x)TF−1(x)X−
x (x))u,

ya =

(
−F−1(x)d(x)b(x)T (P−

x (x) − P+
x (x))T

c2(x)

)
+

(
I 0
0 I

)
u

(36)

is an inner extension of the minimal inner system

Θ+ =:

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

ẋ = a(x) − b(x)dT (x)F−1(x)c1(x)

− b(x)d(x)T (F−1(x))2d(x)b(x)TP−
x (x)T

+ b(x)dT (x)F−1(x)u,

y = −F−1(x)d(x)b(x)T (P−
x (x) − P+

x (x))T + u,

(37)

where Θ+ is the inner factor of Σ+ in Σ+ = Θ+◦Σ− after restriction of the state space
to the diagonal (x, x). Furthermore, (P−−P+) is the solution of the Hamilton–Jacobi
equation

Zx(x)[a(x) − b(x)c(x)] − 1

2
Zx(x)b(x)b(x)TZx(x)T = 0, Z(0) = 0.

Moreover, up to a right unitary factor for Θ′ and a left factor for Θ′′, the factoriza-
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tions of the inner extension (36) are in a bijective correspondence with inner-inner
factorizations of Θ+—that is, factorizations Θ+ = Θ1 ◦ Θ2.

Proof. By the discussion in subsection 3.2, the equation Σe
+ = Θ′ ◦S from Propo-

sition 4, and the fact that Σe
+ is a zero extension of Σ+, we know that Θ′ is a minimal

inner extension of some inner system Θ1. Similarly, for S = Θ′′ ◦ Σe
−, we know that

an inner system Θ2 exists that may be minimally extended to Θ′′. In this case, the
discussion on inner-inner factorizations in subsection 3.3 may be used to obtain the
equality Θ+ = Θ1 ◦ Θ2 (compare Theorem 3.4 in [3]).

The explicit formula Θ+ = Σ+ ◦ Σ−R
− arises from computing the product of

the stable maximum phase spectral factor Σ+ in (12) and the right inverse of the
stable minimum phase spectral factor Σ−R

− from (15) (compare with Proposition 3.3
in [3]).

Remark 10. It is always possible to obtain explicit formulas for the inner factors
Θ′ and Θ′′ of the inner-inner factorization Θ′ ◦ Θ′′ in (36) by utilizing the scheme
suggested in subsection 3.3.

The following corollary to Proposition 9 states that any minimal, stable spectral
factor is, in fact, internal.

Corollary 11. If S is a minimal, stable spectral factor, then it is internal.
Proof. From the proof of Proposition 9, we have that Θ1 must be a left factor of

Θ+ and hence S must be internal.

4.3. Coprime inner-inner factorization. In this subsection we discuss a spe-
cial type of factorization associated with inner systems, namely, coprime inner-inner
factorizations. In order to define this concept, we introduce the inner systems

V :

{
ẋV = aV (xV ) + bV (xV )uV , uV ∈ Rm0 ,

yV = cV (xV ) + uV , yV ∈ Rm0 ,
(38)

with aV : Rn → Rn, bV : Rn → Rn×m0 , and cV : Rn → Rm0 , and

W :

{
ẋW = aW (xW ) + bW (xW )uW , uW ∈ Rm−m0 ,

yW = cW (xW ) + uW , yW ∈ Rm−m0 ,
(39)

where aW : Rn → Rn, bW : Rn → Rn×(m−m0), and cW : Rn → Rm−m0 .
Definition 12. Let V and W be inner systems given by the general formulas

(38) and (39), respectively. We say that a factorization

Θ̃ = Θ′ ◦ Θ′′

into the product of two inner systems is a coprime inner-inner factorization if Θ′ is
left coprime and Θ′′ is right coprime with both the inner extensions V e and W e of V
and W , respectively.

The result below postulates the existence of a coprime inner-inner factorization
of an appropriate extension of the inner system Θ+ given by (37).

Proposition 13. Let P− be a smooth solution of (10) with stability side condition
(11) and X− satisfying (7). Furthermore, assume that P+ is a smooth solution of (13)
with stability side condition (14) and X+ satisfying (7). Let Θ+ be an inner system
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given as in (37). Then there exists a coprime inner-inner factorization

Θ′ ◦ Θ′′ :

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẋ = a(x) − b(x)dT (x)F−1(x)c1(x)

− b(x)d(x)T (F−1(x))2d(x)b(x)TP−
x (x)T

+ (b(x)d(x)TF−1(x)X−
x (x))u,

y =

(
−F−1(x)d(x)b(x)T (P−

x (x) − P+
x (x))T

−(X−
x (x) −X+

x (x))TP−
x (x)T

)

+

(
I 0
0 I

)
u.

(40)

Proof. We start by choosing inner systems V and W that appear in Definition
12 as

V :

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

ẋ = a(x) − b(x)dT (x)F−1(x)c1(x)

− b(x)d(x)T (F−1(x))2d(x)b(x)TQ−
x (x)T

+ b(x)dT (x)F−1(x)u,

y = −F−1(x)d(x)b(x)TQ−
x (x)T + u,

with corresponding Hamilton–Jacobi equation

Q−
x (x)[a(x) − b(x)d(x)TF−1(x)c1(x)]

−1

2
Q−

x (x)b(x)d(x)T (F−1(x))2d(x)b(x)TQ−
x (x)T = 0,

and as

W :

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

ẋ = −a(x)T + c1(x)TF−1(x)d(x)b(x)T

+Q+
x (x)b(x)d(x)T (F−1(x))2d(x)b(x)T

+Q+
x (x)b(x)d(x)TF−1(x)u,

y = F−1(x)d(x)b(x)T + u,

with corresponding Hamilton–Jacobi equation

Q+
x (x)[a(x) − b(x)d(x)TF−1(x)c1(x)]

−1

2
Q+

x (x)b(x)d(x)T (F−1(x))2d(x)b(x)TQ+
x (x)T = 0,

respectively. The rest of the proof may be outlined as follows. We obtain explicit
formulas for the inner factors Θ′ and Θ′′ of the inner-inner factorization Θ′ ◦ Θ′′ in
(40) by utilizing the scheme suggested in subsection 3.3. Next, from subsection 3.2,
we extend V and W to minimal inner systems V e and W e, respectively. Then by
Theorem 7 we have that Θ′ is left coprime and Θ′′ is right coprime with both V e and
W e.

We note that the explicit formulas for Θ′ ◦ Θ′′ in (36) of Proposition 9 and (40)
of Proposition 13 have the same form since it was established in (7) that there exists
a map X such that c2(x) = −Xx(x)TPx(x)T (see Theorem 3 of [25]).
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4.4. Parametrizing nonsquare spectral factors in terms of coprime
inner-inner factorizations. In this section, we establish a bijective correspondence
between coprime inner-inner factorizations of inner systems and a certain subclass of
minimal, stable spectral factors S for Φ. This special class arises as follows.

Our description of the class of decomposable spectral factors will follow [3] rather
closely. Let P (x) be a solution of the Hamilton–Jacobi equation (6) and let P−(x) be
the solution also satisfying the stabilizing side condition (11). As in subsection 3.3,
we suppose that the state space manifold X has a decomposition x = (x1, x2). We
start with the extended outer factor Σe

−, where S = Θ′′ ◦ Σe
− from Proposition 4. In

the language of [3], the outer factor Σe
− will assume the form

Σe
− :

⎧⎪⎪⎨⎪⎪⎩
ẋ1 = a1(x1, x2) + b1(x1, x2)u,

ẋ2 = a2(x1, x2) + b2(x1, x2)u,

y = c(x1, x2) + u,

and we write P (x) = P (x1, x2), P
−(x) = P−(x1, x2). We assume that P−(x1, x2),

P (x1, x2),a1,a2,b1, and b2 have the special form

P−(x1, x2) = P1(x1) + P2(x2),

P (x1, x2) = P2(x2),

b1(x1, x2) = b1(x1),b2(x1, x2) = b2(x2),

aU1(x1) := a1(x1, x2)

− b1(x1)c(x1, x2) − b1(x1)b1(x1)
TP1,x1(x1)

T

− b1(x1)b2(x2)
TP2,x2

(x2)
T

(a function only of x1),

aU2(x2) := a2(x1, x2)

− b2(x2)c(x1, x2) − b2(x2)b2(x2)
TP2,x2(x2)

T

(a function only of x2)

(41)

for some single-variable functions P1(x1), P2(x2), b1(x1), b2(x2), a
U1(x1), and aU2(x2).

Whenever P (x) is a solution of the Hamilton–Jacobi equation for which there is a
decomposition x = (x1, x2) for which all the relations (41) are satisfied, we shall
say that P is a decomposable solution of the Hamilton–Jacobi equation (6), and that
the associated minimal, stable factor S of Φ given earlier is a decomposable minimal,
stable, spectral factor.

The following result gives an explicit correspondence between decomposable, min-
imal, stable, spectral factors S of Φ and coprime inner-inner factorizations Θ′ ◦ Θ′′.

Theorem 14. Let P− be a smooth solution of (10) with stability side condition
(11) and X− satisfying (7). Furthermore, assume that P+ is a smooth solution of (13)
with stability side condition (14) and X+ satisfying (7). A bijective correspondence
exists between minimal, external, decomposable, nonsquare spectral factors of Φ and
coprime inner-inner factorizations Θ′ ◦ Θ′′ of the form given by (40).

Proof. Let S be a minimal stable, nonsquare external spectral factor of Φ. By
Theorem 7 and Proposition 13, we know that the factorization Θ′ ◦ Θ′′ exists. From
Definition 12, this factorization is also coprime inner-inner.
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In order to prove the converse statement, let Θ′ ◦ Θ′′ be any coprime inner-
inner factorization. The existence of such factorizations is guaranteed by Proposi-
tion 13. Next, define S = Θ′′ ◦ Σe

−. It is clear that S is a stable spectral factor
of Φ—since Σe

+ = Θ′ ◦ S, it has to be minimal. Also, it is immediately apparent
that the correspondence between S and coprime inner-inner factorizations Θ′ ◦ Θ′′ is
bijective.

A complete parametrization of the set of all nonsquare minimal stable decompos-
able spectral factors is given in the following theorem.

Theorem 15. There is a bijective correspondence between the set of all minimal,
stable, decomposable, nonsquare spectral factors S of Φ and factorizations of the form

Θ′
1Θ

′
2Θ

′′
2Θ′′

1 :

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẋ = a(x) − b(x)dT (x)F−1(x)c1(x)

− b(x)d(x)T (F−1(x))2d(x)b(x)TP−
x (x)T

+ (b(x)d(x)TF−1(x)X−
x (x))u,

y =

(
−F−1(x)d(x)b(x)T (P−

x (x) − P+
x (x))T

−(X−
x (x) −X+

x (x))TP−
x (x)T

)

+

(
I 0
0 I

)
u,

with Θ+ = Θr ◦ Θc given by (37), P− and P+ satisfying (10) and (13), respectively,
and X− and X+ satisfying (7). Furthermore, we have that Θ′

2 ◦ Θ′′
2 is a coprime

inner-inner factorization.
Proof. The proof of this result follows directly from Theorems 7 and 14

above.

5. An illustrative example. By way of illustration we discuss how the robust
stabilization problem that was treated in [33] (see also [6]) by using the certainty
equivalence principle can be solved in terms of concepts related to the spectral factor-
ization problem discussed in this paper. Before we present the example, we provide
some background from nonlinear H∞-control that will prove useful. Consider the

nonlinear plant P :
(w
u

)
→

( z
y

)
with state space realization

P :

⎧⎪⎪⎨⎪⎪⎩
ẋ = A(x) + B1(x)w + B2(x)u, w ∈ Rnw , u ∈ Rnu ,

z = C1(x) + D12(x)u, z ∈ Rnz ,

y = C2(x) + D21(x)w, y ∈ Rny ,

(42)

where w is a reference and/or disturbance, u is the control, z is the error, and y
is a measurement. The nonlinear H∞-problem is to design a dynamic compensator
K : y → u of the form

K :

{
ẋK = AK(xK) + BK(xK)y,

u = CK(xK) + DK(xK)y,
(43)

with the properties that (42) and (43) are internally stable and the closed-loop input-
output map with x(0) = 0 and xK(0) = 0 has L2-gain at most γ, i.e.,

‖z‖2 ≤ γ‖w‖2
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for all w ∈ Lnw
2 (R+). In the above, the assumption is that

A(0) = 0, C1(0) = 0, C2(0) = 0, AK(0) = 0, CK(0) = 0,

and all functions A,B1, B2, C1, C2, D12, and D21 are smooth. Internal stability may
be taken in either the input-output sense or the internal state space sense.

From [6] (see also [5]), we have that, under the additional assumptions that D21(x)
is square and invertible for all x and A(x) − B1(x)D21(x)−1C2(x) is asymptotically
stable, the disturbance feedforward case of the nonlinear H∞-control problem men-
tioned earlier can be reduced to a spectral factorization problem via an inner-outer
factorization problem. This problem can, in turn, be reduced to solving a Hamilton–
Jacobi equation with stabilizing side condition. More specifically, solutions of the type
given by K in (43) of the disturbance feedforward case of the nonlinear H∞-control
problem for the plant P in (42) can be related to an inner-outer factorization of the
form

G = Ω ◦ Σ−.

Here G has the same trajectories as P and leads to a Hamilton–Jacobi equation with
stabilizing side condition, Ω is an inner system, and Σ− is a stable minimum phase
(outer) spectral factor that is at least right-sided invertible (see Proposition 1). As
is well known, it may be difficult to find an explicit solution for the aforementioned
Hamilton–Jacobi equation. However, in the example below, we demonstrate that with
additional assumptions on the plant P , the associated Hamilton–Jacobi equation may
be solved explicitly.

For the ensuing example, we consider the zero-state detectable system

Ω :

{
ẋ = q(x) + r(x)u, q(0) = 0, u ∈ Rm,

y = s(x), s(0) = 0, y ∈ Rm,
(44)

where q and s are smooth functions and x is contained in the state manifold X . We
assume that Ω is an inner system with the property that there exists a storage function
H : X → R with H(0) = 0 and H(x) > 0 for x > 0 such that

d

dt
{H(x(t))} = u(t)T y(t)(45)

over all trajectories (u(t), x(t), y(t)) of Ω or, equivalently,

Hx(x)q(x) = 0, Hx(x)r(x) = s(x)T .

The perturbation Ωp of Ω that comes from the normalized kernel representation of Ω
(see [33]) has the form

P :

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
ẋ = q(x) + r(x)u + r(x)w,w ∈ Rm,

z =

(
u
y

)
,

y = s(x)THx(x)T + w.

(46)

We are now in a position to state the robust stabilization problem (see [33]) that we
will solve by using a spectral factorization approach.
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Problem. Construct a measurement feedback law K : y → u to minimize the
L2-gain from w to z for the resulting closed-loop system.

First, we introduce a related system G that has the same trajectories as P in (46)
but with inputs equal to (u, y) and outputs equal to (z, w). In this case, G may be
given by

G :

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
ẋ = [q(x) − r(x)r(x)THx(x)T ] + r(x)u + r(x)w,

z =

(
u
y

)
,

w̃ = −γs(x)THx(x)T + γy.

(47)

With G in (47), we can associate the Hamilton–Jacobi equation

Px(x)[q(x) − (1 − γ2)−1r(x)r(x)THx(x)T ] − 1

2
[(1 − γ2)−1 + 1] × Px(x)r(x)r(x)TPx(x)T

− 1

2
γ2(1 − γ2)−1Hx(x)r(x)r(x)THx(x)T = 0

with stability side condition

q(x) − (1 − γ2)−1r(x)r(x)THx(x)T − (2 − γ2)(1 − γ2)−1r(x)r(x)TPx(x)T

as being asymptotically stable. Next, we note that (48) has the solution

P (x) = γ2(γ2 − 2)−1H(x)

for γ >
√

2. From this, it is possible to find an explicit formula for a stable minimum
phase (outer) spectral factor Σ− (compare Σ− in (9); see details in [6]) in the inner-
outer factorization G = Ω ◦ Σ− given by

Σ− :

⎧⎪⎪⎨⎪⎪⎩
ẋ = [q(x) − r(x)r(x)THx(x)T ] + r(x)u + r(x)w,(

u′

y′

)
= d(x)

[(
γ2(γ2 − 2)−1r(x)THx(x)T

γ2(γ2 − 2)−1(γ2 − 1)−1r(x)THx(x)T

)
+

(
u
y

)]
,

where d(x) =
( 1 0

0
√

γ2 − 1

)
. In [6] it was found that the solution Kc (also known as

the central compensator) of the robust stabilization problem may be deduced from
this outer spectral factor Σ− by putting u′ = 0. In fact, an explicit formula for this
controller, which corresponds exactly to the one in [33], is given by

Kc :

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẋ = q(x̂) − r(x̂)r(x̂)THx(x̂)T

− γ2(γ2 − 2)−1r(x̂)r(x̂)THx(x̂)T + r(x̂)y

= [q(x̂) − γ2(γ2 − 2)−1r(x̂)r(x̂)THx(x̂)T ]

+ r(x̂)[y − r(x̂)THx(x̂)T ]y,

u = −γ2(γ2 − 2)−1r(x̂)r(x̂)THx(x̂)T .
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6. Conclusions and future directions. This paper enables us to obtain non-
linear analogues of results in [11, 12, 13, 21] and [22], where state space formulas
for nonsquare spectral factors of given size and related unitary or inner functions
were derived. We use the Ball–Helton–van der Schaft nonlinear factorization theory
[1, 2, 6, 14] and several recent contributions [3, 20, 25, 26, 27] to establish the equiva-
lence between stable nonsquare spectral factors and coprime inner-inner factorizations
of inner systems. In addition, we demonstrate the utility of the spectral factorization
problem discussed in the above by applying it to issues that arise in the context of
the nonlinear H∞-control problem. More specifically, we investigate how the robust
stabilization problem discussed in [33] (see also [6]) can be solved in terms of concepts
related to the spectral factorization problem.

Several interesting open problems involving nonlinear spectral factorization (and
the related inner-outer factorization) remain. For instance, a characterization of the
relationship between the spectral factorization problem for nonlinear control systems
and the control of mechanical systems requires further investigation (see [17] and
[32]). Another issue that requires attention in the future is the solvability of the
Hamilton–Jacobi equations. Here we assume throughout that the solutions of said
equations are smooth. If this assumption is removed, we will probably have to work
with viscosity-type solutions. Furthermore, we would like to obtain analogues of the
results presented in this paper in a nonminimal setting. We suspect that in such a
situation, it may still be true that inner systems may be expressed in terms of the
solutions of Hamilton–Jacobi equations. A consideration of spectral factors that are
nonstable, where a functional Hamilton–Jacobi equation may be used instead of the
one used in earlier discussions appears to be another interesting topic to be researched.
The establishment of further connections between nonlinear systems and control the-
ory and financial mathematics (see [24] and [28]) seems to be a fertile area of endeavor
related to our discussions in this paper. For instance, it has recently been discovered
that it is possible to attach an economic interpretation to the state space associated
with (minimal) realizations of certain input-affine interest rate models. As a result,
standard factorization theory has a significant part to play in advancing that field of
research.
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Abstract. A family of time-varying nonlinear systems is globally uniformly asymptotically sta-
bilized by bounded feedbacks constructed through a new extension of the backstepping approach.
Explicit expressions of control laws and Lyapunov functions are given.
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1. Introduction. One of the most popular nonlinear techniques of design of
control laws is the backstepping approach. The multiple advantages offered by it are
well known. Observe in particular that this technique yields a wide family of glob-
ally asymptotically stabilizing control laws, and it allows one to address robustness
issues and to solve adaptive problems. However, for a long time, it was a widely held
belief that this technique could not be used to solve the problem of designing feed-
backs bounded in norm, which in many practical situations should be addressed: For
instance, the possibility of actuator saturation or constraints on actuators imposes
bounded input. But it turns out that, as a matter of fact, the backstepping approach
can be adapted to the problem of designing bounded feedbacks. In three recent works
[22, 2, 10], it is shown that for some time-invariant systems (an n-dimensional chain
of integrators, for instance), bounded stabilizing feedbacks can be constructed by ap-
plying new versions of this technique: The approach of [22, 2] mainly relies on the
nested saturation control laws proposed in [18, 20], and the approach of [10] mainly
relies on the determination of a particular family of control Lyapunov functions. How-
ever, for families of time-varying systems, no bounded backstepping method has ever
been developed, and the main results of [22, 2] and [10] cannot be straightforwardly
extended.

In the present work, we address the problem of constructing globally uniformly
asymptotically stabilizing differentiable bounded feedbacks and accompanying strict
Lyapunov functions, using the backstepping approach for time-varying systems of the
following form: {

ẋ = f(t, x) + g(t, x)z,
ż = p(t)(u + b(t, x, z))

(1)

with x ∈ Rnx , z ∈ R, where u ∈ R is the input, p(t) is a bounded function of t, and
f(t, x) and b(t, x, z) satisfy f(t, 0) = 0, b(t, 0, 0) = 0 for all t.

In the particular case where p(t) is a continuous function larger (resp., smaller)
than a strictly positive real number (resp., a strictly negative real number), then a
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Lyapunov design of bounded feedbacks can be carried out, for instance, by combining
the results of [23, 24] and [22]. But when p(t) is a time-varying function which is nei-
ther strictly positive nor strictly negative, then the construction of globally uniformly
stabilizing feedbacks and accompanying strict Lyapunov functions for systems (1) is
a challenging open problem: To the best of our knowledge, no technique of construc-
tion of this type of Lyapunov functions is available in the literature, even in the case
where the systems (1) are stabilized by unbounded control laws. We want to empha-
size that in the present paper, we will not impose on p(t) to be a function which is
never equal to zero: We will only assume that p(t) satisfies a persistency of excitation
property and is of class C1. Observe that the study of nonlinear time-varying systems
is motivated in particular by the fact that a tracking problem for a nonlinear sys-
tem can be reformulated as a stabilization problem for the time-varying error system.
Through the family of chained form nonholonomic systems, we will show in section 4
how tracking problems for nonlinear systems may lead to the study of systems of
the form (1), where p(t) is a function which takes positive and negative values, and
how, by applying the main result of the present work repeatedly, one can solve the
open problem of determining explicit expressions of globally uniformly asymptotically
and locally exponentially stabilizing bounded feedbacks and of accompanying strict
Lyapunov functions for time-varying chains of integrators, which in turn implies that
one can solve the problem of constructing globally uniformly asymptotically and lo-
cally exponentially stabilizing bounded feedbacks and accompanying strict Lyapunov
functions for error equations of systems in chained form.

The approach we propose relies extensively on two results. On the one hand, we
exploit the family of changes of coordinates used in [10] to obtain explicit expressions
of globally uniformly asymptotically stabilizing bounded feedbacks. On the other
hand, we construct explicitly strict Lyapunov functions using the main result of [9].

Observe that the strict Lyapunov functions (which at the same time are control
Lyapunov functions) we will construct are not just tools enabling us to establish
the asymptotic stability of the closed-loop system: The knowledge of continuously
differentiable strict Lyapunov functions can be of great help. The potential benefits
they offer are so numerous that they cannot be exhaustively enumerated. However,
observe in particular the following:

• Recent advances in stabilization of nonlinear delay systems are based on the
knowledge of continuously differentiable Lyapunov functions (see in particular
[21, 3, 11]).

• Lyapunov functions are known to be very efficient tools for robustness anal-
ysis: For example, many proofs of nonlinear disturbance-to-state Lp stability
properties rely on Lyapunov functions (see [19, 8]). Moreover, the control
Lyapunov function–based theory has provided control designs with guaran-
teed robustness to different types of disturbances, including deterministic [1]
and stochastic [6], as well as the robustness to unmodeled dynamics [13, 15].

• When a control Lyapunov function satisfying the small control property is
available, one can apply universal formulas, in particular the one proposed
in [16], and obtain that way the expression of an asymptotically stabilizing
feedback which is optimal with respect to the control Lyapunov function as
optimal value function.

The expressions of the bounded control law and of the Lyapunov function we
propose are far from being the only possible expressions that can be obtained; many
different formulas can be determined. Moreover, many extensions of the result can
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be proved; we have briefly mentioned some of them in the discussion of the main
result given in section 3 and in the concluding remarks of section 5. For the sake of
clarity, we have chosen to restrict ourselves to the systems (1); the control design can
be easily carried out for them. However, it is worth noting that the key ideas of our
approach can be used in several contexts beyond the scope of the present work. In
particular, they can be utilized to solve the problem of constructing bounded feedbacks
for systems of the form {

ẋ = f(t, x, z) + h(t, x, z, u)u,
ż = p(t)u + b(t, x, z),

(2)

which, due to the term h(t, x, z, u)u, are not in feedback form.
The paper is organized as follows. In section 2, a technical lemma is given.

In section 3 the main result is stated and proved. The technique is applied to an
illustrative example in section 4. Concluding remarks in section 5 end the work.

Preliminaries.
1. The argument of the functions will be omitted whenever no confusion can arise

from the context.
2. We assume throughout the paper that the functions encountered are sufficiently

smooth.
3. For a real-valued C1 function k(·), we denote by k′(·) its first derivative.

4. |x| =
√
x�x stands for the Euclidean norm of vector x ∈ Rnx .

5. A function k(·) : R≥0 → R≥0 is of class K∞ if it is continuous, zero at zero,
strictly increasing, and unbounded.

6. By S, we denote the set of the functions σ : R → R such that
(a) σ(s) is a bounded function,
(b) sσ(s) is positive definite,
(c) sσ(s) ≤ s2,
(d) σ′(s) is nonnegative and bounded and σ′(0) = 1.
7. A function V (·) is a strict Lyapunov function for the time-varying system

χ̇ = ϕ(t, χ)

if there exists a positive definite function W (χ) such that, for all t and χ,

∂V

∂χ
(t, χ)ϕ(t, χ) +

∂V

∂t
(t, χ) ≤ −W (χ)

and there exist two functions Γ1(·),Γ2(·) of class K∞ such that, for all t and χ,

Γ1(|χ|) ≤ V (t, χ) ≤ Γ2(|χ|).

2. Technical result. In this section, we give a technical result which will be
used in the next section to prove the main result of the work. We construct a strict
Lyapunov function for the one-dimensional time-varying system

ξ̇ = −q(t)σ(ξ),(3)

where q(t) is a nonnegative function of class C1 such that

0 ≤ q(t) ≤ δ1 ∀t,(4)
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t

q(s)ds ≥ δ2 > 0 ∀t,(5)

where δ1, δ2, and T are positive real numbers and where σ(·) belongs to the set S
defined in the preliminaries. We carry out the construction by adapting the approach
of [9] to the case where q(t) is not necessarily a periodic function of t but satisfies the
persistency of excitation condition (5). First, observe that the property 0 ≤ sσ(s) ≤ s2

implies that the function |σ(s)|
|s| is bounded. Moreover, σ′(·) is bounded and (4) is

satisfied. It follows that

M := sup
t∈R

[
T +

∣∣∣∣∣
∫ t+T

t

(s− t− T )q(s)ds

∣∣∣∣∣ sup
s∈R,s�=0

(
|σ(s)| + |sσ′(s)|

|s|

)]
(6)

is finite and positive. We are now in position to give a technical lemma.
Lemma 2.1. The function

ν(t, ξ) := (M + 1)ξ2 +

(∫ t+T

t

(s− t− T )q(s)ds

)
ξσ(ξ)(7)

is a strict Lyapunov function for the system (3).
Remark 1. When q(t) is a periodic function, then ν(t, ξ) is a periodic function

of t as well, and these functions have the same period.
Proof. The derivatives of the functions

R1(t, ξ) :=

(∫ t+T

t

(s− t− T )q(s)ds

)
ξσ(ξ), R2(ξ) :=

1

2
ξ2(8)

along the trajectories of (3) satisfy

Ṙ1 =

[
−
∫ t+T

t

q(s)ds + Tq(t)

]
ξσ(ξ)

−
[∫ t+T

t

(s− t− T )q(s)ds

]
[σ(ξ) + ξσ′(ξ)] q(t)σ(ξ),

Ṙ2 = −q(t)ξσ(ξ).

(9)

Further, since

ν(t, ξ) = 2(M + 1)R2(ξ) + R1(t, ξ),(10)

it follows from (9), (6), and (5) that

ν̇(t, ξ) ≤ −
(∫ t+T

t

q(s)ds

)
ξσ(ξ) + Mq(t)ξσ(ξ) − 2(M + 1)q(t)ξσ(ξ)

≤ −δ2ξσ(ξ) < 0 ∀ξ �= 0.

(11)

Moreover, (7) and (6) imply that

(M + 1)ξ2 −Mξ2 ≤ ν(t, ξ) ≤ (M + 1)ξ2 + Mξ2,(12)

which results in

ξ2 ≤ ν(t, ξ) ≤ (2M + 1)ξ2.(13)

According to (11) and (13), the function ν(t, ξ) is a strict Lyapunov function for the
system (3). This concludes the proof.
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3. Main result. In this section, we state and prove the main result of the paper.
Consider the nonlinear time-varying system (1). We introduce a set of assumptions.

Assumption A1. The functions p(t) and ṗ(t) are bounded in norm by a positive
real number P and two positive numbers T and γ such that, for all t,∫ t+T

t

p(s)2ds ≥ γ > 0(14)

are known.
Assumption A2. Let ε be a positive real number and n a nonnegative integer.

A Lyapunov function V (t, x) such that

α1(|x|) ≤ V (t, x) ≤ α2(|x|),
∣∣∣∣∂V∂x (t, x)

∣∣∣∣ ≤ α3(|x|),(15)

where the αi(·)’s are functions of class K∞, a positive definite function W (x), and a
feedback zs(t, x) := p(t)n+2µs(t, x), bounded in norm by ε such that µs(t, 0) = 0 and

∂V

∂t
(t, x) +

∂V

∂x
(t, x)[f(t, x) + g(t, x)zs(t, x)] ≤ −W (x),(16)

are known. Moreover, the functions

|µs(t, x)| ,
∣∣∣∣∂µs

∂t
(t, x)

∣∣∣∣ , ∣∣∣∣∂µs

∂x
(t, x)f(t, x)

∣∣∣∣ , ∣∣∣∣∂µs

∂x
(t, x)g(t, x)

∣∣∣∣ , |b(t, x, z)|(17)

are bounded.
Assumption A3. A real-valued function ζ(·) such that ζ(s) > 0 for all s �= 0 and∫ r

0
ζ(s)ds is of class K∞, a function α4(·) of class K∞, and a nonnegative function

β(·) such that the inequalities

ζ(V (t, x))

∣∣∣∣∂V∂x (t, x)g(t, x)

∣∣∣∣2 ≤ 1

2
W (x),(18)

|f(t, x)| ≤ α4(|x|) , |g(t, x)| ≤ β(|x|)(19)

are satisfied for all t, x are known.
Assumption A3

′
. The function W (x) is such that, for a real number c1 > 0,

W (x) ≥ c1|x|2 ∀x : |x| ≤ 1.(20)

Theorem 3.1. Assume that the system (1) satisfies Assumptions A1, A2, and
A3. Then the system (1) is globally uniformly asymptotically stabilizable by a bounded
feedback us(t, x, z) such that, for all t, us(t, 0, 0) = 0. For the corresponding closed-
loop system, a strict Lyapunov function can be constructed. This Lyapunov function
belongs to the family of functions of the form

U(t, x, z) = l(V (t, x)) + k(ν(t,Ω(z) − zs(t, x)))(21)

with

ν(t, Z) = (M + 1)Z2 +

(∫ t+T

t

(s− t− T )p(s)2mds

)
Zσ(Z),(22)
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where m is a positive integer, l(·), k(·) are functions of class K∞, and Ω(·) is a real-
valued function zero at zero such that Ω′(z) ≥ 1 for all z. If in addition Assumption
A3′ is satisfied, the system (1) is globally uniformly asymptotically and locally exponen-
tially stabilizable by a bounded feedback us(t, x, z) such that, for all t, us(t, 0, 0) = 0,
and a strict Lyapunov function for the corresponding closed-loop system with a deriva-
tive along the trajectories upper bounded on a neighborhood of the origin by a negative
definite quadratic function of (x, z) can be constructed. This Lyapunov function be-
longs to the family of functions (21).

Discussion of Theorem 3.1.
• All the real-valued periodic functions of class C1 which are not identically

equal to zero satisfy Assumption A1. In the particular case where, for all t,
p(t) > 0 or p(t) < 0, a simpler proof than the one we shall give can be carried
out by taking advantage of the change of feedback v = p(t)(u + b(t, x, z)).
But assuming that, for all t, p(t) > 0 or p(t) < 0 is very restrictive.

• The boundedness property of the functions in (17) in Assumption A2 and
the growth property in Assumption A3 are not surprising assumptions: In
the time-invariant case, similar assumptions have been imposed (see [2, 10]).
Due to the finite escape time phenomenon, they cannot be removed without
being replaced by other assumptions.

• Assumption A3′ ensures that the feedback zs(t, x) not only globally uniformly
asymptotically stabilizes the origin of x-subsystem of (1) but also locally
exponentially stabilizes it.

• In the formula of the stabilizing feedback we shall construct (see (27)), the
function V (t, x) is not involved: So it turns out that the control design strat-
egy we propose can be applied even when the function V (t, x) is not accurately
known.

• An important issue is whether or not Theorem 3.1 can be applied recursively.
In general, it appears that the assumptions will not be satisfied repeatedly
because the presence of b(t, x, z) in the expression of the control law we will
construct (see (27)) typically prevents us(t, x, z) and its derivatives along the
trajectories from vanishing with p(t). However, in particular cases, Theorem
3.1 can be applied recursively. Basically, this can be done for systems of the
form ⎧⎪⎪⎪⎨⎪⎪⎪⎩

ẋ = f(t, x, z1),
ż1 = p1(t)z2 + b1(t, x, z),

...
żn = pn(t)u + bn(t, x, z),

(23)

when the bi(t, x, z)’s are identically equal to zero or when, roughly speak-
ing, they are sufficiently “small”: Indeed, since one can construct explicitly a
globally uniformly asymptotically stabilizing feedback with an accompanying
strict Lyapunov function for a system (23) in absence of the bi(t, x, z)’s, one
can take advantage of these tools to determine in a second step how “small”
the terms bi(t, x, z), regarded as disturbances, should be for not destroying
the stability properties of the system stabilized by the control law constructed
in their absence. It is quite clear that the choice of the feedback at each step
plays an important role in this approach. In particular at each step the control
law must anticipate the pi(t)’s that follow: One understands from the mecha-
nism of the control design used to prove Theorem 3.1 that a possible strategy
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of design for the system (23) consists in repeatedly constructing feedbacks,
which for convenience we denote zi,f (t, x, z1, . . . , zi−1) for i = 2 to n+1, such
that zi,f (t, x, z1, . . . , zi−1) = pi(t)

2 . . . pn(t)n−i+2ψi(t, x, z1, . . . , zi−1), where
ψi(t, x, z1, . . . , zi−1)’s are sufficiently smooth functions. We will not present
a rigorous and complete study of this problem; it would require pages of
simple but lengthy calculations which can be inferred from the ideas of the
proof of Theorem 3.1. For the sake of simplicity, we restrict ourselves to il-
lustrating the possibility of applying the approach repeatedly by solving in
section 4 the problem of stabilizing a three-dimensional chain of integrators
with time-varying coefficients.

Proof of Theorem 3.1.
Step 1: New variable. We introduce the variable

Z := Ω(z) − zs(t, x),(24)

where Ω(·) is the function present in (21). In addition to the properties Ω(0) = 0 and
Ω′(z) ≥ 1 for all z, we require that this function be such that

(a) Ω′(z) = 1 when |z| ≤ 2ε,
(b) Ω′(z) ≥ |z| when |z| ≥ 2ε + 1.
Its time derivative satisfies

Ż = Ω′(z)p(t)(u + b(t, x, z)) − ∂zs
∂t

(t, x) − ∂zs
∂x

(t, x)[f(t, x) + g(t, x)z]

= Ω′(z)p(t)(u + b(t, x, z)) + p(t)λ(t, x, z)
(25)

with

λ(t, x, z) = −(n + 2)ṗ(t)p(t)nµs(t, x) − p(t)n+1 ∂µs

∂t
(t, x)

− p(t)n+1 ∂µs

∂x
(t, x)[f(t, x) + g(t, x)z].

(26)

We choose for u

u = us(t, x, z) := −b(t, x, z) − p(t)2m−1σ(Z) + λ(t, x, z)

Ω′(z)
,(27)

where m is a positive integer and where σ(·) is a function belonging to the set S
defined in the preliminaries. Such a choice of feedback yields

Ż = −p(t)2mσ(Z).(28)

One can check readily that Assumption A1 and the properties of σ(·) imply that this
system is globally uniformly asymptotically and locally exponentially stable. Our
objective is now to construct a strict Lyapunov function for the system (1) in closed-
loop with (27) by exploiting the stability properties of (28).

Step 2: Strict Lyapunov function for the system (28). Using Young’s inequality,
one can check readily that Assumption A1 implies that for all positive integer m one
can find a positive real number γm such that, for all t,∫ t+T

t

p(s)2mds ≥ γm > 0.(29)
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Moreover, p(t) is bounded in norm. It follows that Lemma 2.1 applies to the system
(28): The function defined in (22), where

M = sup
t∈R

[
T +

∣∣∣∣∣
∫ t+T

t

(s− t− T )p(s)2mds

∣∣∣∣∣ sup
s∈R,s�=0

(
|σ(s)| + |sσ′(s)|

|s|

)]
,(30)

is a strict Lyapunov function for the system (28). Its time derivative along the tra-
jectories of (28) satisfies

ν̇(t, Z) ≤ −
(∫ t+T

t

p(s)2mds

)
Zσ(Z) ≤ −γmZσ(Z) < 0 ∀Z �= 0.(31)

Step 3: Strict Lyapunov function for the system (1). We construct a strict Lya-
punov function for the system (1) in closed-loop with the feedback (27) by using a
combination of the Lyapunov functions V (t, x) and ν(t, Z). This construction is rem-
iniscent of the constructions of Lyapunov functions presented in [17, 12]. Consider
a function U(t, x, z), belonging to the family of functions (21), and require that the
function k(·) be such that k′(s) ≥ 1 for all s ≥ 0. Thanks to Assumption A2, the
properties satisfied by the functions Ω(·), k(·), l(·), and Lemma 2.1, one can prove that
there exist two functions γ1(·), γ2(·) of class K∞ such that

γ1(|(x, z)|) ≤ U(t, x, z) ≤ γ2(|(x, z)|).(32)

The derivative of U(t, x, z) along the trajectories of the closed-loop system satisfies

U̇ = l′(V (t, x))V̇ + k′(ν(t, Z))ν̇

≤ −l′(V (t, x))W (x) + l′(V (t, x))
∂V

∂x
(t, x)g(t, x)(z − zs(t, x))

− k′(ν(t, Z))γmZσ(Z).

(33)

From the triangular inequality, the inequality

U̇ ≤ −l′(V (t, x))W (x) + l′(V (t, x))2
∣∣∣∣∂V∂x (t, x)g(t, x)

∣∣∣∣2
+

1

4
(z − zs(t, x))2 − k′(ν(t, Z))γmZσ(Z)

(34)

can be deduced. According to Assumption A3, a possible choice for l(·) is l(r) :=∫ r

0
ζ(s)ds, since this function is of class K∞. Moreover, for such a choice, the inequality

U̇ ≤ −1

2
ζ(V (t, x))W (x) +

1

4
(z − zs(t, x))2 − γmk′(ν(t, Z))Zσ(Z)(35)

is satisfied. Next, observe that

Z2 = (Ω(z) − zs(t, x))2 = (Ω(z) − Ω(zs(t, x)))2(36)

because |zs(t, x)| ≤ ε and Ω(s) = s when |s| ≤ 2ε. It follows that

Z2 =

(∫ z

zs(t,x)

Ω′(s)ds

)2

.(37)
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Since Ω′(s) ≥ 1 for all s, the inequality

Z2 ≥ (z − zs(t, x))2(38)

holds. Combining (38) and (35) yields

U̇ ≤ −1

2
ζ(V (t, x))W (x) +

1

4
Z2 − γmk′(ν(t, Z))Zσ(Z).(39)

Thanks to the inequalities (13) and the properties of σ(·), one can easily determine a
function k(·) such that

γmk′(ν(t, Z))Zσ(Z) ≥ 1

2
Z2.(40)

This inequality leads to

U̇ ≤ −1

2
ζ(V (t, x))W (x) − γm

2
k′(ν(t, Z))Zσ(Z) ≤ −N(x, z),(41)

where N(x, z) is the positive definite function

N(x, z) := inf
t∈R

(
1

2
ζ(V (t, x))W (x) +

γm
2

k′(ν(t, Z))Zσ(Z)

)
.(42)

It follows that U(t, x, z) is a strict Lyapunov function for the system (1) in closed-
loop with the feedback (27). This implies that the system (1) in closed-loop with the
feedback (27) is globally uniformly asymptotically stable.

Step 4: Boundedness of the feedback (27). Since Ω′(z) ≥ 1, |p(t)| ≤ P , and
|ṗ(t)| ≤ P , the inequality

|u| ≤ |b(t, x, z)| + P 2m−1|σ(Z)| + (n + 2)Pn+1|µs(t, x)| + Pn+1

∣∣∣∣∂µs

∂t
(t, x)

∣∣∣∣
+ Pn+1

∣∣∣∣∂µs

∂x
(t, x)f(t, x)

∣∣∣∣ + Pn+1

∣∣∣∣∂µs

∂x
(t, x)g(t, x)

∣∣∣∣ ∣∣∣∣ z

Ω′(z)

∣∣∣∣
(43)

is satisfied. On the one hand, Assumption A2 ensures that the functions |b(t, x, z)|,
|µs(t, x)|, |∂µs

∂t (t, x)|, |∂µs

∂x (t, x)f(t, x)|, and |∂µs

∂x (t, x)g(t, x)| are bounded. On the
other hand, the functions σ(·) and Ω(·) have been chosen such that |σ(Z)| and | z

Ω′(z) |
are bounded. It follows that the feedback (27) is bounded in norm.

Step 5: The particular case where Assumption A3′ is satisfied. When (20) holds,
then, according to (40), the function N(x, z) defined in (42) satisfies

N(x, z) ≥ inf
t∈R

(
c1
2
ζ(V (t, x))|x|2 +

1

4
Z2

)
∀(x, z) : |x| ≤ 1.(44)

Assumptions A2, A3, and A3′ ensure that there exists a positive real number c2 such
that

c2

∣∣∣∣∂V∂x (t, x)g(t, x)

∣∣∣∣2 ≤ c1
2
|x|2 ≤ 1

2
W (x) ∀(x, z) : |x| ≤ 1.(45)

It follows that, if necessary, ζ(·) can be modified in such a way that ζ(0) > 0 and (18)
is satisfied. In that case, c3 = inft∈R,|x|≤1(

1
2ζ(V (t, x))) is a positive real number and

the property

N(x, z) ≥ c1c3|x|2 +
1

4
inf
t∈R

(
Z2

)
∀(x, z) : |x| ≤ 1(46)
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is satisfied. Through lengthy but simple calculations, one can deduce from (46) that
there exists a positive real number c4 such that

N(x, z) ≥ c4(|x|2 + |z|2) ∀(x, z) : |(x, z)| ≤ 1.(47)

This implies that the system (1) in closed-loop with the feedback (27) is globally
uniformly asymptotically stable and locally exponentially stable. This concludes the
proof.

4. Illustration: Time-varying chain of integrators. We will illustrate The-
orem 3.1 by using it to construct for the particular three-dimensional chain of inte-
grators with time-varying coefficients⎧⎨⎩

ẋ1 = cos(t)x2,
ẋ2 = cos(t)x3,
ẋ3 = cos(t)u

(48)

a globally uniformly asymptotically and locally exponentially stabilizing bounded
state feedback and a strict Lyapunov function for the corresponding closed-loop sys-
tem. Before doing that, we give a motivation for it.

4.1. Motivation: Systems in chained form. For the sake of simplicity, we
will restrict our attention to the system (48). But it is worth noting that Theorem
3.1 can be successfully applied repeatedly to any time-varying chain of integrators⎧⎪⎪⎪⎨⎪⎪⎪⎩

ẋn = pn(t)xn−1,
ẋn−1 = pn−1(t)xn−2,

...
ẋ1 = p1(t)u,

(49)

where the pi(t)’s are bounded functions with bounded first derivatives such that the
product p1(t) · · · pn(t) satisfies Assumption A1.

One of the motivations for solving the problem of globally uniformly asymptot-
ically stabilizing time-varying chains of integrators by bounded feedback arises from
the tracking problem for systems in chained form under input saturation. The im-
portance of this family of systems is well known: The kinematic model of several
nonholonomic systems can be transformed into a system in chained form, and a lot
of interest has been devoted to the stabilization and the tracking of these systems. In
particular, in [4, 5, 7] the backstepping approach has been used to achieve for these
systems the global tracking of trajectories. Let us briefly recall how. Systems in
chained form of order n with two inputs (see, for instance, [14]) are described by the
equations ⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

żn = zn−1v1,
...

ż3 = z2v1,
ż2 = v2,
ż1 = v1.

(50)
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Assume that the trajectory to be tracked satisfies⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

żn,r(t) = zn−1,r(t)v1,r(t),
...

ż3,r(t) = z2,r(t)v1,r(t),
ż2,r(t) = v2,r(t),
ż1,r(t) = v1,r(t)

(51)

and is bounded. Then, after the change of feedbacks v1 = v1,r(t)+u1, v2 = v2,r(t)+u2,
and denoting v1,r(t) simply by p(t), the error equation is⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

żn,e = p(t)zn−1,e + zn−1u1,
...

ż3,e = p(t)z2,e + z2u1,
ż2,e = u2,
ż1,e = u1,

(52)

where zi,e = (zi − zi,r(t)) for all i = 1 to n. Assume that for the chain of integrators⎧⎪⎪⎪⎨⎪⎪⎪⎩
żn,e = p(t)zn−1,e,

...
ż3,e = p(t)z2,e,
ż2,e = u2

(53)

there are a bounded control law u2(t, ze) with ze = (z2,e, . . . , zn,e), a strict Lyapunov
function Ve(t, ze), and a positive definite function We(ze) such that the derivative of
Ve(·) along the trajectories of (53) in closed-loop with u2(t, ze) satisfies

V̇e ≤ −We(ze).(54)

Then the derivative of the function

Ue(t, ze, z1,e) = Ve(t, ze) +
1

2
z2
1,e(55)

along the trajectories of (52) in closed-loop with u2(t, ze) and the bounded feedback

u1(t, z1,e, ze) = −
∂Ve

∂zn,e
(t, ze)zn−1 + · · · + ∂Ve

∂z3,e
(t, ze)z2 + z1,e

1 +
(

∂Ve

∂zn,e
(t, ze)zn−1

)2

+ · · · +
(

∂Ve

∂z3,e
(t, ze)z2

)2

+ z2
1,e

(56)

satisfies

U̇e ≤ −We(ze) −

(
∂Ve

∂zn,e
(t, ze)zn−1 + · · · + ∂Ve

∂z3,e
(t, ze)z2 + z1,e

)2

1 +
(

∂Ve

∂zn,e
(t, ze)zn−1

)2

+ · · · +
(

∂Ve

∂z3,e
(t, ze)z2

)2

+ z2
1,e

.(57)

One can check readily that this implies that Ue(·) is a strict Lyapunov function for
the system (52) in closed-loop with the bounded feedbacks u1(t, z1,e, ze), u2(t, ze).

Consequently, we have shown that the problem of determining globally uniformly
asymptotically stabilizing bounded feedbacks and strict Lyapunov functions for error
equations resulting from the problem of tracking a bounded trajectory of a system
in chained form can be reduced to the problem of determining globally uniformly
asymptotically stabilizing bounded feedbacks for time-varying chains of integrators
(49) and accompanying strict Lyapunov functions.
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4.2. Control design for the system (48). We begin the construction with a
preliminary result which will be used throughout the remainder of the section.

Preliminary result. By applying Lemma 2.1, one can prove that the derivative of
the function

V (t, x) = 80x2 +

(∫ t+2π

t

(s− t− 2π) cos6(s)ds

)
x2

√
1 + x2

(58)

along the trajectories of

ẋ = − cos6(t)
x√

1 + x2
(59)

satisfies

V̇ (t, x) ≤ −5π

8

x2

√
1 + x2

.(60)

Moreover, V (t, x) is periodic of period 2π and

70x2 ≤ V (t, x) ≤ 90x2.(61)

We are ready now to carry out the backstepping construction of a bounded feedback
for (48) by applying repeatedly the main result of section 3.

The x1-subsystem. According to the preliminary result, the time derivative of the
function V (t, x1) along the trajectories of (48) satisfies

V̇ ≤ −5π

8

x2
1√

1 + x2
1

+
∂V

∂x1
(t, x1) cos(t)

[
x2 + cos5(t)

x1√
1 + x2

1

]

≤ −5π

8

x2
1√

1 + x2
1

+ 180|x1|
∣∣∣∣∣x2 + cos5(t)

x1√
1 + x2

1

∣∣∣∣∣ .
(62)

The x2-subsystem. Consider the variable

X2 = Ωa(x2) + cos5(t)
x1√

1 + x2
1

,(63)

where Ωa(·) is the odd function

Ωa(r) =

∫ r

0

(
1 + max{0, 9(|s| − 2)3}

)
ds.(64)

An immediate calculation yields

Ẋ2 = Ω′
a(x2) cos(t)x3 − 5 sin(t) cos4(t)

x1√
1 + x2

1

+ cos6(t)
x2

(1 + x2
1)

3
2

= − cos6(t)
X2√

1 + X2
2

+ Ω′
a(x2) cos(t)x3 + cos6(t)

X2√
1 + X2

2

− 5 sin(t) cos4(t)
x1√

1 + x2
1

+ cos6(t)
x2

(1 + x2
1)

3
2

.

(65)

Considering x3 as a fictitious input v and choosing for it

v(t, x1, x2) =

− cos5(t)
X2√
1+X2

2

+5 sin(t) cos3(t)
x1√
1+x2

1

−cos5(t)
x2

(1+x2
1
)
3
2

Ω′
a(x2)

,
(66)
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the dynamics (65) become

Ẋ2 = − cos6(t)
X2√

1 + X2
2

.(67)

The derivative of

U(t, x1, X2) = l(V (t, x1)) + k(V (t,X2))(68)

satisfies

U̇ ≤ −5π

8
l′(V (t, x1))

x2
1√

1 + x2
1

+ 180l′(V (t, x1))|x1|
∣∣∣∣∣x2 + cos5(t)

x1√
1 + x2

1

∣∣∣∣∣
− 5π

8
k′(V (t,X2))

X2
2√

1 + X2
2

≤ −5π

8
l′(V (t, x1))

x2
1√

1 + x2
1

+ 180l′(V (t, x1))|x1||X2|

− 5π

8
k′(V (t,X2))

X2
2√

1 + X2
2

≤ −π

2
l′(V (t, x1))

x2
1√

1 + x2
1

+
2

π
1802

√
1 + x2

1l
′(V (t, x1))X

2
2

− 5π

8
k′(V (t,X2))

X2
2√

1 + X2
2

.

(69)

Choosing for l(·)

l(r) =
√

(80 − 4π2) + r −
√

80 − 4π2(70)

leads to

U̇ ≤ −π

2
l′(V (t, x1))

x2
1√

1 + x2
1

+
1802

√
1 + x2

1

π
√

(80 − 4π2) + (80 − 4π2)x2
1

X2
2

− 5π

8
k′(V (t,X2))

X2
2√

1 + X2
2

.

(71)

Choosing for k(·)

k(r) = 480
[(

(80 − 4π2) + r
) 3

2 −
(
80 − 4π2

) 3
2

]
(72)

leads to

U̇ ≤ −π

2
l′(V (t, x1))

x2
1√

1 + x2
1

− π

2
k′(V (t,X2))

X2
2√

1 + X2
2

.(73)

The overall system. From the above analysis, it results that the system (48) is
equivalent to the system⎧⎪⎪⎨⎪⎪⎩

ẋ1 = cos(t)x2,

Ẋ2 = − cos6(t)
X2√

1 + X2
2

+ Ω′
a(x2) cos(t)(x3 − v(t, x1, x2)),

ẋ3 = cos(t)u

(74)
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with x2 = Ω−1
a (X2 − cos5(t) x1√

1+x2
1

). Using the inequality

(k−1)′(U(t, x1, X2))√
1 + k−1(U(t, x1, X2))

[∣∣∣∣ ∂U∂X2
((t, x1, X2))

∣∣∣∣ +

∣∣∣∣ ∂U∂x1
((t, x1, X2))

∣∣∣∣]

≤ c

(
l′(V (t, x1))

x2
1√

1 + x2
1

+ k′(V (t,X2))
X2

2√
1 + X2

2

)
,

(75)

where c is a positive constant,1 and observing that the function
∫ r

0
(k−1)′(s)√
1+k−1(s)

ds is of

class K∞, one can prove that Assumptions A1, A2, A3, and A3′ of Theorem 3.1 are
satisfied by the system (74) with (x1, X2)

� playing the role of x, x3 playing the role
of z, and U(·) playing the role of V (·). It follows that the construction of a globally
uniformly asymptotically and locally exponentially stabilizing bounded feedback for
the system (74) can be achieved. The last part of the section is devoted to this
construction.

The function v(t, x1, x2) defined in (66) satisfies

|v(t, x1, x2)| ≤
6 + |x2|

1 + max{0, (|x2| − 2)3} ≤ 10.(76)

These inequalities lead one to consider the change of variable

X3 = Ωb(x3) − v(t, x1, x2),(77)

where Ωb(·) is the odd function defined as

Ωb(r) =

∫ r

0

(
1 + max{0, 21(|s| − 20)3}

)
ds.(78)

Its time derivative satisfies

Ẋ3 = Ω′
b(x3) cos(t)u− v̇(t, x1, x2)(79)

with

v̇ = cos2(t)ζ(t, x1, x2, x3),

ζ =

5

[
sin(t) cos2(t)

(
X2√
1+X2

2

+
x2

(1+x2
1
)
3
2

)
+(cos4(t)+3 sin2(t))

x1√
1+x2

1

]
1+max{0,9(|x2|−2)3}

+
cos2(t)

1 + max{0, 9(|x2| − 2)3}

[
5 sin(t)

(1 + x2
1)

3
2

x2 −
3 cos2(t)x2

2

(1 + x2
1)

5
2

− cos3(t)
x3

(1 + x2
1)

3
2

]

−
cos4(t)

[
(1+max{0,9(|x2|−2)3})x3−5 sin(t) cos3(t)

x1√
1+x2

1

+cos5(t)
x2

(1+x2
1
)
3
2

]
(1+max{0,9(|x2|−2)3})(1+X2

2 )
3
2

+ cos(t)

cos2(t)
X2√
1+X2

2

−5 sin(t)
x1√
1+x2

1

+cos2(t)
x2

(1+x2
1
)
3
2

(1+max{0,9(|x2|−2)3})2 max{0, 27(|x2| − 2)2}.

(80)

1The explicit value of c can be determined through lengthy calculations. But an explicit value is
useless; to carry out the proof, it is only required that we know that c exists.
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One can check readily that the feedback

u =
− cos5(t) X3√

1+X2
3

+ cos(t)ζ(t, x1, x2, x3)

Ω′
b(x3)

=
− cos5(t) X3√

1+X2
3

+ cos(t)ζ(t, x1, x2, x3)

1 + max{0, 21(|x3| − 20)3}

(81)

yields

Ẋ3 = − cos6(t)
X3√

1 + X2
3

.(82)

Moreover, the feedback u is bounded:

|u| ≤ 1 + |ζ(t, x1, x2, x3)|
1 + max{0, 21(|x3| − 20)3}

≤ 25 +
6|x2| + x2

2

1 + max{0, 9(|x2| − 2)3} +
2|x3|

1 + max{0, 21(|x3| − 20)3} ≤ 94.

(83)

Remark 2. The feedback we have constructed is bounded in norm by 94. But for
all ε > 0, one can modify the design in such a way that the resulting control law is
bounded by ε instead of 94.

5. Conclusion. We have proposed a new extension of the backstepping tech-
nique which applies to time-varying nonlinear systems and thereby can be utilized
in particular for solving problems of global tracking. We have proposed families of
bounded control laws. We have not explored all the possible extensions of the ap-
proach: We want to emphasize that the key ideas of the technique are even more
important than the results themselves. Much remains to be done; robustness and
disturbance attenuation issues and applications to the control design for systems with
delay are some issues that may be pursued.

Acknowledgments. The authors are grateful to the referees and L. Praly for
their insightful remarks and suggestions.
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Abstract. This paper takes a computational learning theory approach to a problem of linear
systems identification. It is assumed that inputs are generated randomly from a known class con-
sisting of linear combinations of k sinusoidals. The output of the system is classified at some single
instant of time. The main result establishes that the number of samples needed for identification with
small error and high probability, independently from the distribution of inputs, scales polynomially
with n, the system dimension, and logarithmically with k.
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1. Introduction. Systems identification may be regarded as an instance of the
general problem of “learning” an unknown function. Computational learning the-
ory (CLT), which provides a theory for understanding the complexity of a learning
problem, can then be used to obtain new insight into identification; conversely, the
input/output maps associated to systems theory supply interesting new families of
classifiers to consider in CLT. The early paper by Ljung [16] already explored the
connection between CLT and identification. Independently, the papers [6, 7] had al-
ready developed learning theory complexity results for discrete-time linear systems
acting on finite-window data. However, continuous-time linear systems have not been
much explored from the CLT viewpoint. The immediate problem is that even for
finite-length inputs, the family of maps associated to a continuous-time linear system
is not “learnable” in the precise mathematical sense defined in probably approximately
correct (PAC) learning theory; for continuous-time systems, the Vapnik–Chervonenkis
(VC) dimension, which measures the learning rate, is infinite. This was proved in [23]
and, alternatively, can be derived by applying the discrete-time results from [6, 7]
at higher and higher sampling rates. However, if we have prior information on the
system we wish to learn, or if we are interested in less than the full input/output
map, we can ask if the identification problem becomes learnable in the CLT setting,
and if so, how many samples are needed. This is the issue motivating the work of this
paper.

In practice, it is not necessary or feasible to learn how a linear system classifies
every continuous-time input; it usually suffices to know how it acts on a sufficiently
rich class. In this paper we consider continuous-time systems acting on linear combi-
nations of k sinusoidals, which constitute a class of inputs used in assessing frequency
responses. The parameter k will then measure the richness of the class. To keep things
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as simple as possible, we focus our attention on two cases: (a) the map that gives the
sign of the output, observed at a single instant of time, namely, zero-one classifiers;
and (b) the full output observed at a single instant of time. For the learning theory
framework, we have opted for the cleanest setting. In the training stage, inputs are
generated randomly from our class of sinusoidals, and our object is to classify further
randomly drawn inputs correctly with high probability.

Variations on the above set-up, such as allowing selection of inputs (called active
learning) or modeling noise in the observations, can also be formulated. It is important
to emphasize that, in this work, we ignore observations at time instants other than the
last. This simplifies the problem and makes it easier to formulate our question in the
framework of learning theory. However, a full treatment of the identification question
in that framework will require further substantial research. One possibility is to see the
additional information afforded by data at intermediate instants as “side information”
available to the learner. In general, one expects side information to speed learning, so
our results here will bound any learning rates that incorporate it. However, quantify-
ing the advantage of side information in a general learning theory framework is a very
challenging problem. A preliminary study of how side information can affect learning
rates is carried out in [14, 15], in a simple model of learning intervals. One insight
of this study is that the side information advantage very much depends on the prob-
ability distributions assumed on the training data and the structure of the problem.
Because of this, the possibility of distribution free, model-independent side informa-
tion improvement in learning rates, based on general complexity measures such as VC
dimension, is not even clear; in any case, it is an open and difficult problem.

In summary, the system identification problem is posed as a noise-free paramet-
ric function identification problem with observations {(G1, S1), . . . , (Gn, Sn)}, where
G1, . . . , Gn are independent random variables defining the input as a linear combi-
nation of basis input functions ω = (ω1, . . . , ωk)

T and Si = sign(ΦΣ(Giω; 1)), where
sign z = 0 if z ≤ 0 and sign z = 1 if z > 0. Here Σ(u; t) is the output of the linear
system Σ = (A,B,C, x0) at time t when the input is u.

Our results show that the upper bound of samples needed to learn (i.e., identify)
Σ in the above setting with a small error and high probability, independently of
the distribution of Gi, scales logarithmically with the “bandwidth” k. The sample
bound is analogous to the discrete-time case, in which k appeared as the length
of the window employed. Also, we provide lower bounds on the number of samples
needed. Hence the results can also be seen as unlearnability results where the difficulty
arises from the richness of the input signals. Our second class of results concerns
systems, with additional assumptions, in which the full output is observed at some
time τ .

Our problem setting is selected so that it corresponds to the most standard learn-
ing scenario, which serves as the basic problem. In particular, our focus will be
on calculating certain complexity dimensions that determine the number of samples
needed to learn, given required accuracy and confidence. The CLT framework can
accommodate various learning paradigms, and they share a number of common fea-
tures. In particular, sample complexities are derived from complexity dimensions.
Hence, the complexity dimension estimates from the basic problem can be utilized
easily also in modified learning settings. We give more pointers to modified problems
in the next section.

For papers combining learning theoretic ideas to control theory, see [11, 9] and
references there as well as [12] for several results for nonlinear systems in discrete time.
The reader is referred to [19] for results that apply to a class of nonlinear continuous-
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time systems but which are formulated in terms of learning derivatives evaluated at
a particular instant (as opposed to time data).

This paper is organized in a top-down fashion. We give definitions and main
results in section 2, and in section 3 we state main upper and lower bounds for the
complexity dimensions. After that we concentrate on proving the results; central
techniques are discussed in section 4, and proofs are in sections 5 and 6. An example
of a class with VC dimension k is given in section 7.

2. Definitions and statement of main results. The simplest learning setting
is concept learning, in which there is some known concept class (e.g., “cars”) and some
target concept (e.g., “a sports car”) we wish to learn from a sequence of N randomly
chosen observations. Each observation is classified by some “oracle” that knows the
target concept. After N classified observations we are required to form an estimate
for the unknown target concept so that with high confidence, specified by parameter
δ, the misclassification probability for a future unseen sample is smaller than a given
level ε. The concept class is learnable if we can form an estimate that achieves
any given confidence level, δ, and misclassification accuracy, ε, by taking enough
observations. In this case, the number s(ε, δ) of observations needed to achieve the
confidence and misclassification levels is called the sample complexity. With this
definition, learnability is equivalent to the finiteness of the VC dimension, which
describes the “richness” of the concept class; VC dimension together with confidence
parameter δ and accuracy parameter ε determine the sample complexity s(ε, δ).

In the following subsections, we provide formal definitions, frame a linear system
learning problem, and state some main results.

2.1. VC dimension and fat-shattering dimension. We begin by defining
the key complexity dimension for this work.

Definition 2.1 (Vapnik–Chervonenkis dimension). The richness of the collec-
tion C can be measured by its Vapnik–Chervonenkis (VC) dimension introduced in
[20]. A set S = {x1, . . . , xn} ⊆ X is said to be shattered by C if, for every subset
B ⊆ S, there exists a set A ∈ C such that S∩A = B. The VC dimension of C, denoted
VC(C), equals the largest integer n such that there exists a set of cardinality n that is
shattered by C.

For example, in R
k the VC dimension of closed half-spaces through the origin is

k [22]. Thus, if VC(C) = d, C is not rich enough to distinguish all subsets of any
d+1 element set, but there is some d element set where subsets can be distinguished.
Proving exact values of the VC dimension is hard, and typically one looks for upper
and lower bounds for the VC dimension, as is also done in this paper.

For our purposes, it is more convenient to work with shattering in terms of di-
chotomies, i.e., Boolean-valued maps. We identify subsets of D with Boolean functions
φ : D → {0, 1}. Similarly, each set C ∈ C gives rise to a Boolean function on X, and
intersections C ∩ D are restrictions of functions to D. In this language, a subset
D ⊂ X is shattered by F := {φ; φ : X → {0, 1}} if every dichotomy on D is a
restriction to D of some φ ∈ F .

The VC dimension characterizes learnability of {0, 1}-valued functions, as formu-
lated in section 2.2. For learning real-valued functions we look for a generalization
of the VC dimension with similar properties. One such generalization is the pseudo-
dimension. Unfortunately, pseudodimension does not share the property the VC di-
mension has; there are learnable function classes with infinite pseudodimension; see
[21, p. 206] and [3].
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Definition 2.2 (pseudodimension with respect to a loss function). Given a class
of functions F : X → Y and a loss function L : Y × Y → [0, r], we introduce for each
f ∈ F the function

Af,L : X × Y × R → {0, 1}; (x, y, ρ) �→ sign(L(f(x), y) − ρ),(1)

and let AF,L denote all such Af,L with f ∈ F . The pseudodimension of F with
respect to the loss function L, PD[F , L], is defined as

PD[F , L] := VC(AF,L).

Next we define the fat-shattering dimension that corresponds to shattering with
fixed “margin” γ. Both the pseudodimension and the fat-shattering dimension can
be used to bound certain covering numbers, and in this sense they act like the VC
dimension. Moreover, the fat-shattering dimension gives upper and lower bounds for
covering numbers of function classes, and the finiteness of the fat-shattering dimension
can characterize learnability (see [1] and [2]).

Definition 2.3 (fat-shattering dimension). Let F be a set of real-valued func-
tions. We say that a set of points X is γ-shattered by F if there are real numbers rx
indexed by x ∈ X such that for all binary vectors bx indexed by X, there is a function
fb ∈ F satisfying

fb(x) ≥ rx + γ if bx = 1 and

fb(x) ≤ rx − γ otherwise.

The fat-shattering dimension fatγ(F) is a function from positive real numbers to in-
tegers which maps a value γ to the size of the largest fat-shattered set if it is finite or
infinity otherwise.

The shattering dimension when the margin γ equals 0 is called the pseudodimen-
sion, and it is denoted by PD(F). Clearly, for all γ > 0, fatγ(F) ≤ PD(F).

2.2. Learning. In this section we discuss the learning setting more formally,
beginning with a general introduction to classification problems. In section 2.3.1 we
also indicate briefly modified learning settings that can be relevant in control problems.

Assume that a set X, to be called the input space, is given together with a
collection C of mappings X → {0, 1}.1 Let W be the set of all sequences

w = (u1, φ(u1)), . . . , (us, φ(us))

over all s ≥ 1, (u1, . . . , us) ∈ Xs, and let φ ∈ C. An identifier is a map ψ : W → C.
The value of ψ on a sequence w above is denoted as ψw instead of ψ(w). The “error”
of ψ is the probability that ψ will misclassify a future sample. More formally, the
error of ψ with respect to a probability measure P on X, a φ ∈ C, and a sequence
(u1, . . . , us) ∈ Xs, is

Err(P, φ, u1, . . . , us) := P{u ∈ X; ψw(u) 	= φ(u)}.

1The setX is assumed to be either countable or a Euclidean space, and the maps in C are assumed
to be measurable. In addition, a mild regularity assumption called “permissibility” is needed so that
all sets appearing below are measurable; for further discussion on the topic, see an appendix in [17].
In our context the measurability assumptions are satisfied.
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The class C is said to be PAC learnable if there is some identifier ψ with the
following property: For each accuracy parameter ε > 0 and confidence parameter
δ > 0 there is some s so that, for every probability P and every φ ∈ C,

P s{(u1, . . . , us) ∈ Xs; Err(P, φ, u1, . . . , us) > ε} < δ,

where P s is the s-fold product of P . In the learnable case, the function s(ε, δ) which
provides the smallest s achieving for any positive ε and δ is called the sample com-
plexity. It can be proved that learnability is equivalent to the finiteness of the VC
dimension VC(C) of the class C. Moreover, for learning algorithms that classify the
observed samples correctly, the sample complexity is bounded by [18]

s(ε, δ) ≤ max

{
1

ε(1 −
√
ε)

(
2VC(C) ln

(
6

ε

)
+ ln

(
2

δ

))
,
4

ε
log2

(
2

δ

)}
.

In addition, there is a similar lower bound for the sample complexity.
Classification may be viewed as a problem of identifying systems with binary

outputs. More generally, we introduce a problem of identification for systems having
bounded outputs ([0, 1]-valued, for technical reasons) via an L1-error, following [4, 5]
(for similar statements with L2-error see [2]). Denote by F a class of mappings from
X to [0, 1].

By definition, an identifier is a mapping from ∪s∈N (X × [0, 1])
s

to [0, 1]X . Such
a map takes as data a sequence of labeled samples and produces a hypothesis. If h is
a [0, 1]-valued function defined on X and P is a probability measure over X × [0, 1],
we define the error of h with respect to P as

ErP(h) :=

∫
X×[0,1]

|h(u) − y| dP (u, y).

For ε > 0 and δ > 0 we say that an identifier ψ (ε, δ)-learns in the agnostic sense with
respect to F from s examples if, for all distributions P on X × [0, 1],

P s{w; ErP(ψw) ≥ inf
f∈F

ErP(f) + ε} < δ.

Similarly, for ε > 0 the function class F is said to be ε-agnostically learnable if there
is a function s0 : (0, 1) → N such that, for all 0 < δ < 1, there is an identifier ψ which
(ε, δ)-learns in the above sense with s0 samples. In addition, if the identifier always
chooses a hypothesis from F , we say that F is properly ε-agnostically learnable.

For learning [0, 1]-valued functions, a sample complexity result may be stated in
terms of the fat-shattering dimension. For ε > 0 and δ > 0 there is an identifier ψ
that properly (ε, δ)-learns in the agnostic sense with respect to F from [4, 5]

4

α2

(
6d

ln 2
ln

7

α

(
336e

α3 ln 2
ln

7

α

)
+ ln

8

δ

)
= O

(
1

α2

(
d log2 1

α
+ log

1

δ

))
samples, where 0 < α < ε/4 is chosen so that d = fatε/4−α(F) is finite. The quantity
fatγ(F) is called the fat-shattering dimension of the class F , and it measures the
richness of the class F with scale γ.

The sample complexity results show us that the difficulty of system identification
in the learning theoretic setting can be analyzed by studying various complexity di-
mensions, and deriving bounds on the complexity dimension is the main focus of this
paper.



LEARNING COMPLEXITY FOR A CONTINUOUS-TIME SYSTEM 877

2.3. Linear systems. In the context of learning we discuss continuous-time
linear control systems

ẋ = Ax + Bu, x(0) = x0, y = Cx,(2)

where A, B, and C are n× n, n×m, and p× n real matrices, and the time interval
is [0,1]. We study sign-observations (see [13] for related work in control theory)

sign y(1) = (sign y1(1), . . . , sign yp(1))
T
,

where sign z = 0 if z ≤ 0, sign z = 1 if z > 0, and T stands for the transpose. For
scalar observations this is a classification problem; each output is classified as either
0 or 1. The value of the final time plays no role in the results and is taken to be 1 for
notational convenience.

Unlike the VC dimension associated to discrete-time linear systems [6, 12], the
VC dimension of the classification problem for continuous-time control systems is
unbounded [23], even when n = 1, and the identification problem is not learnable in
the sense discussed earlier. Therefore, we restrict the class of admissible controls in
order to achieve a bound for the VC dimension. We consider controls u = (u1, . . . , um)
such that u = Gω, where G is an m×k matrix that parameterizes the control. The set
of basis input functions Ω = {ω1, . . . , ωk} is fixed. The bounds for the VC dimension
or other complexity dimensions will depend on the properties of the set Ω.

For scalar inputs (i.e., m = 1) the VC dimension associated to the mapping from
inputs G to scalar sign-observations is bounded by k, which in fact can be very large
in applications.2 However, by considering band-limited controls a better bound can
be achieved. In this work we consider the set of basis input functions

Ω =
{
ω1, . . . , ωk; ω1, . . . , ωk linearly independent and

ωj = t�jeαjt sin(βjt) or ωj = t�jeαjt cos(βjt)(3)

with �j ∈ N, αj , βj ∈ R, j = 1, . . . , k
}
,

and let

�max = max{�1, . . . , �k}.(4)

The results in this paper hold with straightforward modifications if the basis input
functions ωj , j = 1, . . . , k, are, for example, linear combinations of functions of the
above form.

Definition 2.4 (sign system concept class, Cm,p). Order the set of basis input
functions Ω and denote ω = (ω1, . . . , ωk)

T . Let

XΩ = {Gω : [0, 1] → R
m; G ∈ R

mk},

and for each linear system Σ = (A,B,C, x0) of dimension n define the mapping
ΦΣ : XΩ → R

p by ΦΣ(Gω) = y(1), where y(1) is the solution of Σ with control
u = Gω. Similarly, we define the mapping for sign-observations as

SΣ : XΩ → {0, 1}p, Gω �→ sign(ΦΣ(Gω)).

2This bound is tight; we give an example of a function class Ω for which the associated VC
dimension is indeed k (see section 7).
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We call the class of above mappings the sign system concept class, Cm,p = {SΣ; Σ
linear system of dimension n}.

We formulate two theorems about bounding sample complexities as main results.
They are immediate corollaries of learning complexity bounds proved in this paper.

Theorem 2.5 (sample complexity for concept learning). For sign systems con-
cept class Cm,1 with scalar observations, i.e., p = 1, the sample complexity s(ε, δ) for
identifiers which agree with the observed sample can be bounded as

s(ε, δ) ≤ max

{
1

ε(1 −
√
ε)

(
2VC(Cm,1) ln

(
6

ε

)
+ ln

(
2

δ

))
,
4

ε
log2

(
2

δ

)}
,

where

VC(Cm,1) ≤ 2(2mn2 + 4n + 1) log2[8e(8mn2k(n + �max) + 1)(2nk + 2(1 + 2k)n)]

and �max is given by (4).
Sketch of proof. The VC dimension bound is based on the observation that, due

to the structure of the input, ΩΣ can be written as a function of the parameters of Σ
which is piecewise rational. (The parameterization is derived from the eigenstructure
of matrix A.) The complexity upper bound utilizes the Goldberg–Jerrum bound.
(Matching lower bounds are based on the notion of dual VC dimension and axis
shattering.)

In terms of n (the dimension of the state space) and k (the bandwidth), the upper
bound for the VC dimension is of the form O(n3 log2(nk)). The next section states
also a corresponding VC dimension lower bound, in terms of the bandwidth, of the
form O(log(k)), and, together with a lower bound for the sample complexity, this
provides an estimate for the number of samples needed in learning. In particular, in
a typical setting of fairly small system dimension n and large bandwidth k, the log k
bound is a clear improvement over the linear bound given by elementary analysis.

For learning [0, 1]-valued functions the role of the VC dimension is replaced by
other complexity dimensions such as the pseudodimension or the fat-shattering di-
mension that give upper bounds on sample complexities in the corresponding learn-
ing paradigms. In the setting of learning [0, 1]-valued functions we consider the time
interval [0, τ ], with τ > 1 in order to show the impact of the final time on the sample
complexity.

For the system

ẋ =Ax + Bu,(5)

y =Cx,

we can write CeAtB = [γ1, . . . , γm], where each γi is a linear combination of n func-
tions ξ1, . . . , ξn. Each ξi is of the form t�eat sin(bt) or t�eat cos(bt) with � ∈ {0, . . . ,
n−1} and a+ib an eigenvalue of A. Assume that A has a fixed Jordan block structure,
and let ak+ibk be an eigenvalue of A. We take α11, . . . , αnm, a1, b1, . . . , ar, br to be the
system parameters, where γi(t) =

∑n
j=1 αijξj(t) for i = 1, . . . ,m and a1, b1, . . . , ar, br

are n eigenvalue parameters. For example, the eigenvalue parameters for a real 4× 4
matrix A with eigenvalues a1 ± b1i, a2, and a3 would be a1, b1, a2, and a3. Similarly,
the eigenvalue parameters with purely complex eigenvalues a1±b1i and a2±b2i would
be a1, b1, a2, and b2, whereas real eigenvalue parameters would be listed as a1, a2, a3,
and a4.
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Let U ⊂ R
mk be a bounded set. Define a mapping F : λ × U → R such that

F (λ, u) = y(τ), where τ ≥ 1 and y(τ) is a solution of (5) with system parameters λ
and initial condition x(0) = 0.

Definition 2.6. Assume that the system ẋ = Ax + Bu, y = Cx, x(0) = 0
can be parameterized by λ ∈ R

n(m+1) as above and ‖λ‖∞ = max1≤i≤n(m+1) λi < 1.
Let F (λ, u) = y(τ) be the solution of (5) with system parameters λ and control u =
(u1, . . . , um) ∈ U = {u = (u1, . . . , um);

∫ τ

0
|ui(t)|dt ≤ M, i = 1, . . . ,m}. Denote

Bk
∞(c) := {x ∈ R

k; ‖x‖∞ < c} and define

FB = {F (λ, ·) : U → R; λ ∈ Bn(m+1)
∞ (1)}.

A suitable learning notion for the above function class FB is the proper agnostic
learning, defined formally in section 2.2. The related sample complexity result is as
follows.

Theorem 2.7 (sample complexity for proper agnostic learning). Let 1/4 > κ > 0
be an arbitrary real number; then the class FB, given in Definition 2.6, is properly
agnostically learnable from

O

(
1

ε2

(
fat(1/4−κ)ε(FB) log2 1

ε
+ log

1

δ

))
samples, where

fat(1/4−κ)ε(FB) ≤ (m + 1)n log2

⌊
n2mτneτkM

(1/4 − κ)ε

⌋
,

and M is a constant satisfying ∫ τ

0

|ui(τ − t)|dt ≤ kM

for all i = 1, . . . ,m. In the above, 
x� stands for the integer part of x. If the inputs
are of the form u = Gω, then also

fat(1/4−κ)ε(FB) ≤ 2(m + 4)n log2(8e(nmk4(n + �max) + 1)(2nk + 2(2k + 1)n)),

where �max is as given by (3) and (4).
Sketch of proof. The proof is developed around a Lipschitz bound on ΩΣ as a

function of unknown parameters, which gives the upper term in the fat-shattering
bound. The lower term in the bound is in turn a pseudodimension bound that can
be derived from an associated VC dimension bound.

2.3.1. Modified learning settings. In this paper we have opted for the stan-
dard setting in CLT in which inputs are random and observations are noiseless. How-
ever, CLT can accommodate various modified learning settings that typically share
common features with the standard setting.

A paradigm in which a learner can select the samples to be classified is called
active learning. The set of PAC learnable concept classes is not enlarged by active
learning but, in general, fewer training samples are needed (concept classes that are
“dense in themselves” make an exception) [8].

For dealing with the case of noisy observations the reader is referred to [21]. For
example, it is shown that learning a concept class with a “noisy oracle” (that makes
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a mistake with probability β < 1/2) to accuracy ε is the same as learning the same
concept class to an accuracy ε/(1 − 2β) with a perfect oracle.

Finally, we have considered the case in which only the final state output is ob-
served; i.e., observation is done only on a single instant of time. However, typically in
control applications observations are made at multiple time instances. If one wishes
to learn the mapping from inputs to final state outputs, but one can also see interme-
diate observations, can one learn faster by utilizing this additional information? This
has motivated further research by the authors on “learning with side information”
[14, 15]. The main problem is that in the control problem considered the samples
become dependent, which poses a challenge in the theory of learning.

3. Complexity dimensions; main upper and lower bounds.

3.1. Bounds. We begin by stating bounds in the easiest learning setting, i.e.,
classifying the final state observations as either 0 or 1.

Theorem 3.1 (VC dimension upper bound, p = 1). The VC dimension of the
sign system concept class Cm,1 with scalar observations can be bounded as

VC(Cm,1) ≤ 2(2mn2 + 4n + 1) log2[8e(8mn2k(n + �max) + 1)(2nk + 2(1 + 2k)n)],

where �max is given by (4).
In terms of n (the dimension of the state space) and k (the bandwidth) the upper

bound is of the form O(n3 log2(nk)).
All VC dimension upper bounds are based on the fact that input basis functions

satisfy a certain rationality condition. Remark 5.3 indicates how the bound is formed
when the input functions satisfy the more abstract rationality condition. In that
case the degrees of the polynomials and the number of polynomial evaluations are
different. However, in terms of n and k, the bound is of the same form. VC dimension
or pseudodimension bounds stated in this paper can be modified for the rationality
condition in the same way.

The lower bound for the VC dimension is in terms of n and k. It holds for linearly
independent, continuous basis input functions, and, compared to upper bounds, no
particular form of the functions is needed. The bound is obtained by imposing a
specific structure on control systems, and a lower bound for a restricted class of
control systems provides a lower bound for more general classes.

Theorem 3.2 (VC dimension lower bound, m = 1, p = 1).

VC(C1,1) ≥ max

{
m′

⌊
log2

⌊
k

m′

⌋⌋
,m′

}
,

where m′ = min{n, k}.
In terms of k the upper and the lower bound match up to a constant. For n and

k the lower bound is typically of the form O(n log2(k/n)). Note that if the system
dimension n is small compared to the bandwidth k, the VC dimension upper and
lower bounds in Theorems 3.1 and 3.2 become tighter, both being of the form c log2 k
(with different values of the constant c).

Extending the upper bounds to the case of vector-valued observations can be done
in various ways based on the result obtained for scalar observations. For example, we
may consider the p-dimensional output as bits representing a number in {0, . . . , 2p−1}
and introduce a loss function for each f ∈ Cm,p as L0-1,f (z, a) = L0-1(f(z), a) = 1,
when f(z) 	= a, and 0 otherwise. We define the VC dimension of the p-dimensional
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observation as the VC dimension of the above class of loss functions. Modifying the
argument used with scalar observations leads to a bound of the following form.

Theorem 3.3 (VC dimension upper bound).

VC(Cm,p) ≤ 2(2pmn2 + 4n + p)

× log2

[
8e
(
8mn2k(n + �max) + 1

)(
2p − 1 + 2p(2k + 1)n + 2nk

)]
,

where �max is given by (4).
Next we state the main result concerning learnability of the actual input/output

mapping, i.e., learning without taking the sign of the final state observation.
Definition 3.4 (control system concept class, Gp,L). Let F̃ = {ΦΣ : XΩ →

R
p; Σ linear system of dimension n}, and define the control system concept class as

Gp,L = AF̃,L
, where AF̃,L

is given by (1).

Methods for calculating upper bounds for the VC dimension readily extend to the
case of pseudodimension with respect to loss that preserves the rationality structure
of the output. A typical example is illustrated by the loss function,

L(z1, z2) = (z1 − z2)
2/(1 + (z1 − z2)

2),(6)

and the following result.
Theorem 3.5 (pseudodimension upper bound, p = 1).

PD(G1,L) ≤ 2
(
2mn2 + 4n + 1

)
log2[16e(8mn2k(n + �max) + 1)(2nk + 2(2k + 1)n)],

where the loss function L is given by (6) and �max is given by (4).
This differs from the corresponding VC dimension bound only by the maximum

degree of the polynomials, which is doubled. Extending this pseudodimension bound
for p-dimensional observations can be done naturally by modifying the loss function.
Lower bounds for the VC dimension are lower bounds for the pseudodimension as
such.

The next results summarize upper bounds for the fat-shattering dimension. We
begin by illustrating how the fat-shattering dimension can be bounded for Lipschitz
functions in certain cases.

Theorem 3.6 (fat-shattering bound). Let F (λ, u) : R
k × U → R be such that

F (·, u) is Lipschitz with constant L, i.e., |F (λ1, u) − F (λ2, u)| ≤ L‖λ1 − λ2‖ for all
u ∈ U . For any subset B ⊆ R

k, consider the following class of functions:

FB = {F (λ, ·) : U → R; λ ∈ B}.

Then

fatγ(FBk
∞(C)) ≤ k log2

⌊
CL

γ

⌋
,

fatγ(FB̄k
∞(C)) ≤ k log2

(
1 +

⌊
CL

γ

⌋)
,

fatγ(FB̄2,1
) ≤ k log2

(
C +

L

γ

)
,
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where

Bk
∞(C) = {x ∈ R

k; ‖x‖∞ = max
1≤i≤k

|xi| < C},

B̄k
∞(C) = {x ∈ R

k; ‖x‖∞ = max
1≤i≤k

|xi| ≤ C},

B̄k
2 (C) =

{
x ∈ R

k; ‖x‖2 =

√∑k

i=1
x2
i ≤ C

}
.

Theorem 3.7 (fat-shattering bound for a control system). Assume that the
system ẋ = Ax + Bu, y = Cx, x(0) = 0, can be parameterized by λ ∈ R

n(m+1) as
in Definition 2.6 and ‖λ‖∞ < 1. Let F (λ, u) = y(τ) be the solution with system
parameters λ and control u = (u1, . . . , um) ∈ U = {u = (u1, . . . , um);

∫ τ

0
|ui(t)|dt ≤

M, i = 1, . . . ,m}. Define

FB = {F (λ, ·) : U → R; λ ∈ Bk
∞(1)}.

Then

fatγ(FB) ≤ n(m + 1) log2

⌊
n2mτneτM

γ

⌋
.

4. Techniques for proving VC dimension results. Our main results are
based on the fact that the basis input functions satisfy a certain rationality condition.
In this section we first formulate this rationality condition, and then we summarize
existing results that are used in proving upper and lower bounds for the complexity
dimensions.

We recall briefly the control system setting. We study systems

ẋ = Ax + Bu, x(0) = x0, y = Cx,

u = Gω, and ωj ∈ Ω for j = 1, . . . , k,

with basis input functions

Ω =
{
ω1, . . . , ωk; ω1, . . . , ωk linearly independent and

ωj = t�jeαjt sin(βjt) or ωj = t�jeαjt cos(βjt)

with �j ∈ N, αj , βj ∈ R, j = 1, . . . , k
}
,

such that �max = max{�1, . . . , �k}.
Definition 4.1 (rationality condition (RAT)). Let n be a positive integer. We

say that a bounded function ω : [0, 1] → R satisfies the rationality condition relative
to the class of n-dimensional systems if there exist h polynomial functions f1, . . . , fh :
R

4 → R and 2γn rational functions rij�̃, i ∈ {1, 2}, j ∈ {1, . . . , γ}, and �̃ ∈ {1, . . . , n},
with no poles on subsets Sij�̃ of R

4, such that the following properties hold:

1. For each i ∈ {1, 2}, �̃ ∈ {1, . . . , n}, R
4 is a disjoint union of Si1�̃, . . . , Siγ�̃.

2. Each Sij�̃ can be defined in terms of a Boolean expression involving [f1 = 0],

. . . , [fh = 0], where we say that for functions f1, . . . , fh : R
4 → R, [fi = 0]

has value 1 if fi(x1, x2, x3, x4) = 0 and 0 otherwise.
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3. Let ri�̃ : R
4 → R, i ∈ {1, 2}, �̃ ∈ {1, . . . , n}, be defined as

ri�̃(v) =

⎧⎪⎪⎨⎪⎪⎩
ri1�̃(v) if v ∈ Si1�̃,
...

...

riγ�̃(v) if v ∈ Siγ�̃;

then for each a, b ∈ R, and for all �̃ ∈ {1, . . . , n},∫ 1

0

t�̃−1eat cos(bt)ω(t)dt = r1�̃(a, b, e
a cos b, ea sin b),∫ 1

0

t�̃−1eat sin(bt)ω(t)dt = r2�̃(a, b, e
a cos b, ea sin b).

We denote by dmax the maximum degree of any polynomial (i.e., f1, . . . , fh, nu-
merators and denominators of rij�̃’s) appearing in the rationality condition.

Remark 4.2. First, entries of eAt are functions of the form tseat cos(bt) and
tseat sin(bt). Solving (2) involves convolutions of eAt and the basis input functions
ωj , and we require those to be rational functions.

Example 4.3. Let ω(t) = sin(ct), with nonzero c. Then∫ 1

0

eat sin(bt)ω(t)dt =
1

2

∫ 1

0

eat cos((b− c)t)dt− 1

2

∫ 1

0

eat cos((b + c)t)dt.

After integration this can be split into cases with no poles yielding

∫ 1

0

eat sin(bt)ω(t)dt =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
p(a,b,ea cos b,ea sin b)

(a2+(b+c)2)(a2+(b−c)2) if f1 	= 0, f2 	= 0,

b−sin b cos b
2b if f1 = 0, f2 	= 0,

sin b cos b−b
2b if f1 	= 0, f2 = 0,

where f1(a, b, e
a sin b, ea cos b) = a2 + (b+ c)2, f2(a, b, e

a sin b, ea cos b) = a2 + (b− c)2,
and p(a, b, ea cos b, ea sin b) stands for the polynomial

−4abc + 4abcea cos b cos c− 2a2cea cos c sin b + 2b2cea cos c sin b

−2c3ea cos c sin b− 2a2bea cos b sin c− 2b3ea cos b sin c + 2bc2ea cos b sin c

+2a3ea sin b sin c + 2ab2ea sin b sin c + 2ac2ea sin b sin c.

Lemma 4.4. Each ωj ∈ Ω given by (3) satisfies the rationality condition. Further,
the maximum degree of polynomials in (RAT) is at most 4(n + �max), where �max is
given by (4).

Review of VC dimension techniques. In the context of control theory it
is sometimes easier to work with the dual VC dimension. Assume that a function
F : Λ ×X → {0, 1} is given. This induces two function classes

F := {F (λ, ·) : X → {0, 1}; λ ∈ Λ}

and

F∗ := {F (·, x) : Λ → {0, 1}; x ∈ X}.
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The complexity dimension VC(F∗) is called the dual VC dimension of F , and it is
related to VC(F) as follows [21]:

VC(F) ≥ 
log2 VC(F∗)�,(7)

where 
x� is the integer part of x.
A sharper estimate can be obtained if Λ can be written as a product Λ1×· · ·×Λn.

The following construction and result are due to DasGupta and Sontag [6]. We study
in particular those dichotomies that are defined on “rectangular” subsets of Λ. Let
L = L1 × · · · × Ln be a subset of Λ such that for each i, Li ⊂ Λi is nonempty. Given
any index 1 ≤ κ ≤ n, a κ-axis dichotomy on L is any function δ : L → {0, 1} which
depends only on the κth coordinate; i.e., there is some function φ : Lκ → {0, 1} so
that δ(λ1, . . . , λn) = φ(λκ) for all (λ1, . . . , λn) ∈ L. We say that a mapping is an axis
dichotomy if it is a κ-axis dichotomy for some κ. A rectangular set L is said to be
axis-shattered by F∗ if every axis dichotomy is a restriction to L of some function of
the form F (·, x) : Λ → {0, 1} for some x ∈ X.

Theorem 4.5 (axis-shattering bound [6]). If L = L1 × · · · × Ln ⊂ Λ can be
axis-shattered and each Li has cardinality ri > 0, then VC(F) ≥ 
log2(r1)� + · · · +

log2(rn)�.

Upper bounds for VC dimensions of concept classes that are obtained by evalu-
ating polynomial equalities and inequalities can be obtained in terms of the number
and degrees of the polynomials.

Theorem 4.6 (Goldberg–Jerrum bound [10]). Given a function F : Λ × X →
{0, 1} and the associated concept class F := {F (λ, ·) : X → {0, 1}; λ ∈ Λ}, suppose
that Λ = R

� and X = R
k. Let F be defined in terms of a Boolean formula involving

at most s polynomial equalities and inequalities in � + k variables, each polynomial
being of degree at most d in λ for all x ∈ R

k. Then, VC(F) ≤ 2� log2(8eds).
The Goldberg–Jerrum bound is based on a result showing that the number of

sign assignments {−1, 0, 1} to polynomials cannot grow too quickly.
Theorem 4.7 (see [10]). Suppose that f1, . . . , fm are polynomials of degree at

most d in n ≤ m variables. Then the number of distinct vectors

[sign f1(x), . . . , sign fm(x)] ∈ {−1, 0, 1}m

that can be generated by varying x over R
n is at most ((8edm) /n)

n
.

5. Proofs of VC dimension bounds.

5.1. An upper bound for the VC dimension with scalar observations.
We begin this section by proving Lemma 4.4 stating that the input basis functions
satisfy the rationality condition (RAT) and bounding the degrees of polynomials
appearing in (RAT). As a proposition we formalize how control systems can be pa-
rameterized. After that, as a lemma, we develop an upper bound for the VC di-
mension induced by the control system (2) with its initial state fixed to be zero.
Theorem 3.1 with an arbitrary initial condition is then a simple modification of the
argument.

Proof of Lemma 4.4. If ω(t) = t�eαt sin(βt) or ω(t) = t�eαt cos(βt) with � ≤ �max,
then in place of ∫ 1

0

t�̃eat sin(bt)ω(t)dt or

∫ 1

0

t�̃eat cos(bt)ω(t)dt,(8)
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by combining exponents and using sum formulae for sin and cos (see Example 4.3), it

is enough to study terms of the form
∫ 1

0
tk̃eãt sin(b̃t)dt or

∫ 1

0
tk̃eãt cos(b̃t)dt, where k̃ ∈

{0, . . . , n + �max − 1}. In fact, each expression in (8) is one of the following types:

1

2

(∫ 1

0

t�̃eãt cos ((b− β)t) dt−
∫ 1

0

t�̃eãt cos ((b + β)t) dt

)
,

1

2

(∫ 1

0

t�̃eãt cos ((b + β)t) dt +

∫ 1

0

t�̃eãt cos ((b− β)t) dt

)
,

1

2

(∫ 1

0

t�̃eãt sin ((b− β)t) dt−
∫ 1

0

t�̃eãt sin ((b + β)t) dt

)
,

1

2

(∫ 1

0

t�̃eãt sin ((b + β)t) dt +

∫ 1

0

t�̃eãt sin ((b− β)t) dt

)
,

where ã = a + α. Because for k̃ > 0∫ 1

0

tk̃eãt sin(b̃t)dt =
eã

ã2 + b̃2
(ã sin b̃− b̃ cos b̃)(9)

− k̃

ã2 + b̃2

∫ 1

0

tk̃−1eãt(ã sin(b̃t) − b̃ cos(b̃t))dt

and ∫ 1

0

eãt sin(b̃t)dt =
eã(ã sin b̃− b̃ cos b̃) + b̃

ã2 + b̃2
(10)

and similar formulae for
∫ 1

0
tk̃eãt cos(b̃t)dt hold, we see by induction that the numer-

ator of
∫ 1

0
tk̃eãt sin(b̃t)dt is a polynomial of ã, b̃, eã cos b̃, and eã sin b̃. By using sum

formulae for sin and cos, the previous expression is in turn a polynomial of a, b, ea cos b,
and ea sin b because ã = a+α and b̃ = b±β for some fixed α and β. By similar argu-
ments, the denominator is a polynomial of a and b. Note that, for example, eα equals
a constant times ea, so this process does not change the degrees of the polynomials.

Further, observe that the denominator of
∫ 1

0
t�̃eat sin(bt)ω(t)dt consists of at most

two products of variables a and b of the form ((a+α)2 +(b±β)2)�̃+�+1, and similarly
with the cos(bt) term. Let us index the basis input functions ω1, . . . , ωk so that ωκ

has parameters ακ and βκ. Hence the functions fi in (RAT), defining the subsets
without poles, can be taken as

{(a + ακ)2 + (b− βκ)2, (a + ακ)2 + (b + βκ)2 ; κ = 1, . . . , k}.

Furthermore, the sets Sij�̃ are as simple as

∪k
κ=1 {{(x1, x2, x3, x4); x1 = −ακ, x2 = −βκ} ∪ {(x1, x2, x3, x4); x1 = −ακ, x2 = βκ}}

and

R
4 \ ∪k

κ=1{{(x1, x2, x3, x4); x1 = −ακ, x2 = −βκ}
∪ {(x1, x2, x3, x4); x1 = −ακ, x2 = βκ}} .
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We turn to estimating the maximum degree of polynomials appearing in (RAT).
We already saw that functions fi are polynomials of degree 2. Equations (9) and (10)
show that the degree of numerator is not higher than the one of denominator. We
claim that ∫ 1

0

tk̃eãt
{

sin(b̃t)

cos(b̃t)
dt =

P (2(k̃ + 1))

(ã2 + b̃2)k̃+1
for k̃ = 0, 1, . . . ,

where P (2(k̃+1)) stands for some polynomial in ã, b̃, eã sin(b̃), and eã cos(b̃) of degree
2(k̃ + 1). Clearly, the claim is true for k̃ = 0 by (10), and the inductive argument
follows from (9). Assuming the claim is true for k̃ − 1, we get∫ 1

0

tk̃eãt sin(b̃t)dt

=
P (2)

ã2 + b̃2
− k̃ã

ã2 + b̃2

∫ 1

0

tk̃−1eãt sin(b̃t)dt +
k̃b̃

ã2 + b̃2

∫ 1

0

tk̃−1eãt cos(b̃t)dt

=
P (2)

ã2 + b̃2
− P (1)

(ã2 + b̃2)

P (2k̃)

(ã2 + b̃2)k̃
+

P (1)

(ã2 + b̃2)

P (2k̃)

(ã2 + b̃2)k̃

=
P (2)(ã2 + b̃2)k̃ − 2P (2k̃ + 1)

(ã2 + b̃2)k̃+1
=

P (2(k̃ + 1))

(ã2 + b̃2)k̃+1
,

and similarly for the cos(b̃t) term, concluding the proof of the claim. As a corollary
of the claim,∫ 1

0

t�̃eat sin(bt)ω(t)dt =
P (2(k̃ + 1))

(ã2 + (b + β)2)k̃+1
+

P (2(k̃ + 1))

(ã2 + (b− β)2)k̃+1
,

where k̃ = � + �̃ and ã = a + α.
Hence the maximum degree of denominators of expressions in (8) is 2(k̃ + 1) +

2(k̃ + 1) = 4(k̃ + 1) with k̃ ∈ {0, . . . , �max + n − 1}. Thus the maximum degree of
polynomials appearing in the (RAT) is 4(n + �max).

The next proposition indicates how control systems are parameterized and later
the concept or function classes associated to control systems are obtained by varying
the parameter vector.

Proposition 5.1. Denote the basis input functions by ω = (ω1, . . . , ωk)
T , assume

that each ωi, i = 1, . . . , k, satisfies the rationality condition (RAT), and let Λ =

R
2pn2m × R

4n × R
p. Then there exists a mapping H : Λ × R

mk → R
p (depending on

ω) such that for each Σ = (A,B,C, x0) there exists a λ ∈ Λ satisfying

ΦΣ(Gω) = H(λ,G) ∀ G ∈ R
mk.

Proof. Given a system Σ = (A,B,C, x0),

ΦΣ(u) = y(1) = CeAx0 + C

∫ 1

0

eA(1−t)Bu(t)dt.

By an argument based on the real Jordan form of eAt, the entries of eA(1−t) are

linear combinations of functions of the form t�̃eat cos(bt) and t�̃eat sin(bt), where
�̃ ∈ {0, . . . , n− 1} and a + ib is an eigenvalue of A. Hence we define the 2n func-
tions ξj(a, b, t) = tj−1eat cos(bt), ξn+j(a, b, t) = tj−1eat sin(bt) for j = 1, . . . , n.
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By the rationality condition (RAT), for all � = 1, . . . , 2n,∫ 1

0

ξ�(a, b, t)ωj(t)dt =
P̂�j(a, b, e

a cos b, ea sin b)

Q̂�j(a, b, ea cos b, ea sin b)

for all a, b ∈ R and where P̂�j and Q̂�j are piecewise polynomial expressions.
Let H(A,X, h,G) = (H1, . . . , Hp)

T , where for 1 ≤ κ ≤ p

Hκ(A,X, h,G) =

m∑
i=1

n∑
r=1

2n∑
�=1

αir�κ

k∑
j=1

gij
P̂�j(xr1, xr2, xr3, xr4)

Q̂�j(xr1, xr2, xr3, xr4)
+ hκ

and

A = (αir�κ) i=1,...,m
r=1,...,n
�=1,...,2n
κ=1,...,p

, X = (xrη)r=1,...,n
η=1,...,4

,

h = (h1, . . . , hp)
T, G = (gij)i=1,...,m

j=1,...,k
.

Next, we relate ΦΣ and H and we write

CeA(1−t)B =

⎡⎢⎣γ11 . . . γ1m

...
...

γp1 . . . γpm

⎤⎥⎦ .

We list the eigenvalues of A as ar + ibr for r = 1, . . . , n and let ξr�(t) = ξ�(ar, br, t)
for r = 1, . . . , n and � = 1, . . . , 2n. Then there exists some (αir�κ) such that

γκi(t) =

n∑
r=1

2n∑
�=1

αir�κξrκ(t).(11)

Let λ = (A,X, h), where A satisfies (11), X = (xrη), where xr1 = ar, xr2 =
br, xr3 = ear cos br and xr4 = ear sin br, and h = CeAx0. We claim that

H(λ,G) = y(1) = ΦΣ(Gω) ∀ G ∈ R
mk.

Note that the κth component of ΦΣ(Gω) is given by∫ 1

0

m∑
i=1

γκi(t)ui(t)dt + hκ

=

m∑
i=1

n∑
r=1

2n∑
�=1

αir�κ

∫ 1

0

ξr�(t)

k∑
j=1

gijωj(t)dt + hκ

=

m∑
i=1

n∑
r=1

2n∑
�=1

αir�κ

k∑
j=1

gij

∫ 1

0

ξ�(ar, br, t)ωj(t)dt + hκ

=

m∑
i=1

n∑
r=1

2n∑
�=1

αir�κ

k∑
j=1

gij
P̂�j(xr1, xr2, xr3, xr4)

Q̂�j(xr1, xr2, xr3, xr4)
+ hκ

= Hκ(A,X, h,G).
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Next we take p = 1 and study the VC dimension of the sign system concept class,
Cm,1, where each control parameterized by G gives rise to sign y(1).

Lemma 5.2. The sign system concept class Cm,1 with initial condition x(0) = 0
satisfies

VC(Cm,1) ≤ 2
(
2mn2 + 4n

)
log2[8e(8mn2k(n + �max) + 1)(2nk + 2(1 + 2k)n)],

where �max is given by (4).

Proof. By Proposition 5.1, y(1) = H(λ,G), where λ ∈ R
2mn2 × R

4n are consid-
ered as parameters. In fact, y(1) = P

Q , where P and Q denote piecewise polynomial
functions. As in the statement of Goldberg–Jerrum bounds, we have a function
F : Λ×R

mk → {0, 1} defined by F (λ,G) = signH(λ,G). The concept class associated
to the system identification problem is F := {F (λ, ·) : R

mk → {0, 1}; λ ∈ Λ}, where

Λ = R
2mn2+4n. Before applying the Goldberg–Jerrum bound, we need to determine

the possible degrees of P and Q with respect to the parameters.
The rationality condition implies that

max
i≤�≤n
1≤j≤k

{
deg(P̂�j),deg(Q̂�j)

}
≤ dmax.

Then

P̃i�

Q̃i�

=

k∑
j=1

gij
P̂�j

Q̂�j

,

so deg(Q̃i�) ≤ kdmax and deg(P̃i�) ≤ kdmax. Note here that we are calculating the
degree with respect to the system parameters, and the inputs gij do not contribute.
By continuing in a similar fashion and combining r-summation to the �-summation

in Proposition 5.1, we write Pi/Qi =
∑2n2

�=1 αi�P̃i�/Q̃i� to conclude that deg(Qi) ≤
2n2 deg(Q̃i�) = 2n2kdmax and deg(Pi) ≤ 2n2kdmax + 1. Finally, P/Q =

∑m
i=1 Pi/Qi

with deg(Q) ≤ m2n2kdmax and deg(P ) ≤ m2n2kdmax + 1.
Recall that with p = 1 and initial condition x(0) = 0, using the notation of

Proposition 5.1,

y(1) =
m∑
i=1

n∑
r=1

2n∑
�=1

αir�

k∑
j=1

gij

∫ 1

0

ξ�(xr1, xr2, t)ωj(t)dt.

The proof of Lemma 4.4 indicates that the denominator of
∫ 1

0
ξ�(xr1, xr2, t)ωj(t)dt

equals

((xr1 + αj)
2 + (xr2 + βj)

2)z�j ((xr1 + αj)
2 + (xr2 − βj)

2)z�j ,

where αj , βj are fixed parameters of the basis input function ωj and z�j ∈ N.
By carrying out the summations we get y(1) = P/Q, where Q consists of powers

of polynomials fij1, fij2 with

fij1(A,X, G) = (xi1 + αj)
2 + (xi2 + βj)

2,

fij2(A,X, G) = (xi1 + αj)
2 + (xi2 − βj)

2,

and i = 1, . . . , n, j = 1, . . . , k.
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Our final step before applying the Goldberg–Jerrum bound is finding out the
number of polynomial inequalities s needed in the Boolean formula and evaluating
the sign of the final state output. This is done by studying the number of different
P/Q expressions without poles.

An upper bound for different P/Q expressions without poles can be obtained by
applying Theorem 4.7 to 2nk polynomials fij1, fij2, i = 1, . . . , n and j = 1, . . . , k,
and viewing those as polynomials of 2n variables and each polynomial having degree
2. This gives the upper bound (16ek)2n.

However, a more specific bound can be obtained in this problem. Note that vary-
ing xi1 and xi2 we can make at most one of the 2k polynomials fij1, fij2, j = 1, . . . , k,
to be zero. For example, γ zeros among fij1, fij2, i = 1, . . . , n and j = 1, . . . , k, can be
obtained in (2k)γ

(
n
γ

)
ways, and the number of possible sign assignments is obtained

by summing over γ yielding

n∑
γ=0

(2k)γ
(
n

γ

)
= (1 + 2k)n.

Thus the number of P/Q expressions without poles is (1 + 2k)n, which gives rise to
2(1 + 2k)n polynomials.

Note that in order to write sign y(1) as a Boolean formula evaluating polynomial
inequalities and equalities one also has to include the 2nk polynomials fij1, fij2, i =
1, . . . , n, j = 1, . . . , k. Values of these polynomials determine which P/Q expression is
the valid one to determine sign y(1). The Boolean formula for sign y(1) can be given
as a truth table involving polynomial inequalities of 2nk fij1, fij2 expressions and
2(1 + 2k)n different P and Q expressions.

Using Lemma 4.4 for bound on dmax, we apply the Goldberg–Jerrum bound with
s = 2nk + 2(2k + 1)n, d = m2n2k4(n + �max) + 1, and � = 2mn2 + 4n.

A simple example of a piecewise polynomial function P/Q together with the
decision table for the final output is provided in the appendix.

Remark 5.3. The VC dimension bound is modified for the more abstract rational-
ity conditions as follows. Evaluating the sign of the output involves the evaluation of
2(8edmax2n

2kh/4n)4n + 2n2kh polynomials; 2n2kh evaluations are needed to find an
appropriate piece, and by Theorem 4.7 the maximum number of possible expressions
of the type P/Q is bounded by (8edmax2n

2kh/4n)4n. Applying the Goldberg–Jerrum
bound with s = 2(8edmax2n

2kh/4n)4n+2n2kh, d = m2n2kdmax+1, and � = 2mn2+4n
gives the result.

Proof of Theorem 3.1, the VC dimension upper bound, p = 1. By using the

previous notation, y = CeAx0 + C
∫ 1

0
eA(1−t)Bu(t)dt. Let x̃ = CeAx0. Then y =

x̃ + P/Q = (x̃Q + P )/Q = P̃ /Q. This has 2mn2 + 4n + 1 parameters and deg(P̃ ) ≤
m2n2kdmax + 1.

5.2. Lower bounds for the VC dimension. The lower bounds for the VC
dimension are developed for a single-input single-output system with initial state zero.
The control is

u =
k∑

j=1

gjωj : [0, 1] → R.

We derive lower bounds by fixing the structure of A, B, and C and using the dual
VC dimension and axis shattering following the ideas of DasGupta and Sontag [6].
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Lemmas 5.5, 5.6, and 5.7 given in this section together prove Theorem 3.2. These
lower bounds are very general; we just assume that the input functions are continuous
and linearly independent; thus no particular structure of input functions is required
as in the upper bounds.

To make the next proof cleaner we formulate a part of it as a separate proposition.
(The proposition is a standard fact and we omit the proof.)

Proposition 5.4. Let ωj : [0, 1] → R, j = 1, . . . , k, be continuous and linearly
independent. Then the functions

hj(λ) =

∫ 1

0

eλtωj(t)dt, j = 1, . . . , k,

are linearly independent.
Lemma 5.5 (lower bound 1). The sign system concept class C1,1 with scalar inputs

and scalar outputs satisfies

VC(C1,1) ≥ m′
⌊
log2

⌊
k

m′

⌋⌋
,

where m′ = min{n, k}.
Proof. Let ωj(t), j = 1, . . . , k, be continuous and linearly independent. Let A

have n distinct real eigenvalues −λ1, . . . ,−λn, and take B and C so that

CeA(1−t)B =

m′∑
i=1

eλit,

where m′ = min{n, k}. Then the final output of the system is

y(1) =

∫ 1

0

CeA(1−t)B

k∑
j=1

gjωj(t)dt =

m′∑
i=1

k∑
j=1

gj

∫ 1

0

eλitωj(t)dt.

Define hj(λ) =
∫ 1

0
eλtωj(t)dt. By Proposition 5.4 the hj ’s are linearly independent

and we can find λ1, . . . , λk such that the matrix⎡⎢⎣ h1(λ1) · · · hk(λ1)
...

...
h1(λk) · · · hk(λk)

⎤⎥⎦
has rank k.

The control system with sign-observations gives the mapping F : R
m′ × R

k →
{0, 1} by

(λ1, . . . , λm′ , g1, . . . , gk) �→ sign

⎡⎣ m′∑
i=1

k∑
j=1

gjhj(λi)

⎤⎦ .

We show that the mapping from parameters λ1, . . . , λm′ to {0, 1} can be axis-
shattered. Let L = {λ1, . . . , λk} be so that [hj(λi)]i,j has rank k. Denote by

L1, . . . , Lm′ disjoint subsets of L such that |Li| = 
k/m′�, and let M = L\{
⋃m′

i=1 Li}.
Next we want to interpolate in the points of L.



LEARNING COMPLEXITY FOR A CONTINUOUS-TIME SYSTEM 891

Fix s, 1 ≤ s ≤ m′, and let φ : Ls → {0, 1} be any dichotomy. Next find g1, . . . , gk
such that

k∑
j=1

gjhj(λs) = φ(λs) ∀λs ∈ Ls,

k∑
j=1

gjhj(λ) = 0 ∀λ ∈ (L ∪M) \ Ls.

(12)

Let g∗1 , . . . g
∗
k satisfy (12). (A unique solution exists because [hj(λi)] has rank k.)

Then

F [λ1, . . . , λm′ , g∗1 , . . . , g
∗
k] = sign

⎡⎣ m′∑
i=1

k∑
j=1

g∗jhj(λi)

⎤⎦ = φ(λ),

when λ ∈ Ls and for all (λ1, . . . , λm′) ∈ L1 × · · · × Lm′ .

Let F̃ = {F (λ1, . . . , λm′ , ·) : R
k → {0, 1}; (λ1, . . . , λm′) ∈ R

m′}. By the axis-
shattering bound given in Theorem 4.5,

VC(F̃) ≥ m′
⌊
log2

⌊
k

m′

⌋⌋
,

and thus VC(C1,1) ≥ VC(F̃), where C1,1 is the control system concept class with
p = m = 1.

Lemma 5.6 (lower bound 2). If k ≤ n, then

VC(C1,1) ≥ k.

Proof. We make a small modification of the above argument. Assume that k ≤
n, and let A have n real eigenvalues λ1, . . . , λn. Next we take B and C so that
CeA(1−t)B =

∑n
i=1 e

λitβi, where (β1, . . . , βn, λ1, . . . , λn) are considered as system
parameters.

We study the mapping

(β1, . . . , βn, λ1, . . . , λn, g1, . . . , gk) �→ sign

⎡⎣ n∑
i=1

k∑
j=1

gjhj(λi)βi

⎤⎦
= sign

[
k∑

j=1

gj

n∑
i=1

hj(λi)βi︸ ︷︷ ︸
γj

]
= sign

⎡⎣ k∑
j=1

gjγj

⎤⎦ .

Given (γ1, . . . , γk), by linear independence of h1, . . . , hk, we can find λ1, . . . , λn, β1, . . . ,
βn such that

∑n
i=1 hj(λi)βi = γj , j = 1, . . . , k. But (γ1, . . . , γk) can be viewed as a

normal vector for a hyperplane through the origin in R
k, and the concept class as-

sociated to the mapping (g1, . . . , gk) �→ sign[
∑k

j=1 gjγj ] as (γ1, . . . , γk) varies has VC
dimension k. Hence VC(C1,1) ≥ k.

Lemma 5.7 (lower bound 3). If n ≤ k, then

VC(C1,1) ≥ n.
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Proof. Our construction for the control system is as in the previous proof, but
now we assume that n ≤ k, and we study

(β1, . . . , βn, λ1, . . . , λn, g1, . . . , gk) �→ sign

⎡⎣ n∑
i=1

k∑
j=1

gjhj(λi)βi

⎤⎦
= sign

[
n∑

i=1

k∑
j=1

gjhj(λi)︸ ︷︷ ︸
g̃i

βi

]
= sign

[
n∑

i=1

g̃iβi

]
,

and again by linear independence and the above hyperplane argument (now via first
transforming (g1, . . . , gk)) we can conclude that the above mapping has VC dimension
n. Thus VC(C1,1) ≥ n.

5.3. VC dimension upper bounds for p-dimensional outputs. We begin
by proving Theorem 3.3.

Proof of the VC dimension upper bound. We develop an upper bound based on the
bound for a scalar sign-observation. We have seen that under the rationality assump-
tion (RAT) the scalar output is a piecewise rational expression P/Q. In general, the
control system maps G to (sign(P1/Q1), . . . , sign(Pp/Qp))

T , which is understood as a
binary representation of a number in {0, 1, . . . , 2p−1}. Let f : R

mk → {0, . . . , 2p−1}
be the mapping given by the control system, and denote the class of all such mappings
by F . For each f ∈ F introduce a loss function L0-1,f (z, a) = L0-1(f(z), a) = 1, when
f(z) 	= a, and 0 otherwise. Define the class L0-1,F = {L0-1,f ; f ∈ F}.

In order to calculate the value of the output, after determining an appropriate
piece, one needs to know the truth values of the expressions P1 > 0, Q1 > 0, . . . , Pp >
0, and Qp > 0, where P ’s and Q’s are polynomials on inputs and parameters of the
control system. To evaluate the value of the loss function L0-1,f (z, a), one needs the
truth values of y = 0, y = 1, . . . , y = 2p − 2.

In the general case one needs 2nk + 2p(2k + 1)n + 2p − 1 truth values. As this
procedure evaluates only polynomials, we can use the Goldberg–Jerrum bound again.
The maximum degree of the polynomials is m2n2k4(n + �max) + 1, and the total
number of parameters is 2pn2m + 4n + p, where the last term comes from the initial
condition.

6. A fat-shattering bound. We begin this section by proving Theorems 3.6
and 3.7. As a corollary of Theorem 3.7 we prove the fat-shattering bound appearing
in Theorem 2.7 bounding the sample complexity for proper agnostic learning.

Proof of Theorem 3.6. For the first part of the proof we use a generic set B for
the parameters. Assume that we can γ-shatter a set of inputs {u1, . . . , ud} and there
exists {r1, . . . , rd} such that, for each assignment b ∈ {0, 1}d, there exists a λ ∈ B
such that

F (λ, ui) ≥ ri + γ if bi = 1, and

F (λ, ui) ≤ ri − γ otherwise.

We write λ ∼ µ if and only if the parameters λ and µ give the same assignment
for all {u1, . . . , ud}. Further, let Λ = {λ1, . . . , λ2d} be a collection of parameters
that shatter {u1, . . . , ud}, and let λi, λj ∈ Λ. Now λi 	∼ λj implies that there exist
u∗ ∈ {u1, . . . , ud} and r∗ ∈ {r1, . . . , rd} such that F (λi, u

∗) ≥ γ + r∗ and F (λj , u
∗) ≤
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γ − r∗, or vice versa. Hence 2γ ≤ |F (λi, u
∗) − F (λj , u

∗)| ≤ L‖λi − λj‖ and so
‖λi − λj‖ ≥ 2γ/L. That is, the set Λ of cardinality 2d is a 2γ/L-separated set in
B. Now the fat-shattering bounds follow by calculating 2γ/L-packing numbers for
different sets B.

If B = Bk
∞(C), the maximum possible cardinality for an ε-separated set is


2C/ε�k, and thus

2d ≤
⌊

2C

2γ/L

⌋k

=

⌊
CL

γ

⌋k

,

and solving for d yields d ≤ k log2
CL/γ�.
Similarly, if B = B̄k

∞(C), the maximum possible cardinality for an ε-separated

set is (1 + 
2C/ε�)k and by a similar argument we arrive at the bound d ≤ k log2(1 +

LC/γ�).

For B = B̄k
2 (C), let P (ε) be a collection of ε-separated sets in B̄k

2 (C), and let
|P (ε)| denote its cardinality. As all open balls with radius ε/2 with centers at ε-
separated points have to be disjoint and their union has to be inside a ball of radius
C+ε/2, we get that |P (ε)|α(k)(ε/2)k ≤ α(k)(C+ε/2)k, where α(k) = πk/2/Γ(k/2+1)

is the volume of a unit ball in R
k. Hence |P (ε)| ≤ (C + 2/ε)k and 2d ≤ (C + L/γ)

k
;

i.e., d ≤ k log2(C + L/γ).
Next we prove Theorem 3.7 by applying the Lipschitz bound to a control system.
Proof of Theorem 3.7. Our aim is to compute the Lipschitz constant associated

to the control system in Definition 2.6, and then we apply Theorem 3.6.
Denote the system parameters (α11, . . . , αnm, a1, b1, . . . , ar, br) by λ and assume

‖λ‖∞ < 1. Let

F (λ, u) = y(τ) =

∫ τ

0

m∑
i=1

n∑
�=1

αi�ξ�(t)ui(τ − t)dt.

Functions ξ1(t), . . . , ξn(t) are of the form ξ(t) = tceat sin(bt) or ξ(t) = tceat cos(bt),
where a + ib is an eigenvalue of A and c ∈ {0, . . . , n − 1}. Thus taking a partial
derivative with respect to a or b will increase the power of t by one and change the
trigonometric functions. Therefore,∣∣∣∣∂F (λ, u)

∂ακρ

∣∣∣∣ =

∣∣∣∣∂y(τ)

∂ακρ

∣∣∣∣ =

∣∣∣∣∣
m∑
i=1

n∑
�=1

d(i, �)

∫ τ

0

ξ�(t)ui(τ − t)dt

∣∣∣∣∣
≤ nm

∫ τ

0

|ξ�(t)ui(τ − t)| dt ≤ nmτn−1eτM,

because supt∈[0,τ ] |ξ�(t)| ≤ eττn and d(i, �) = ∂αij/∂ακρ = 1 if (i, �) = (κ, ρ) and zero
otherwise. Similarly we calculate∣∣∣∣∂F (λ, u)

∂aκ

∣∣∣∣ =

∣∣∣∣∂y(τ)

∂aκ

∣∣∣∣ ≤ nmτneτM and∣∣∣∣∂F (λ, u)

∂bκ

∣∣∣∣ =

∣∣∣∣∂y(τ)

∂bκ

∣∣∣∣ ≤ nmτneτM

as supt∈[0,τ ] |
∂ξ�(t)
∂κ

| ≤ eττn and supt∈[0,τ ] |
∂ξ�(t)
∂bκ

| ≤ eττn.

Now the Lipschitz constant can be taken to be L = n2meττnM as

|F (λ, u) − F (λ∗, u)| = |∇F · (λ− λ∗)| ≤ L‖λ− λ∗‖∞.
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The number of system parameters is at most nm+n = (m+1)n and we get the level
fat-shattering bound by applying Theorem 3.6 with space dimension n(m + 1) and
L = n2meττnM .

As a corollary, we combine the above result together with a pseudodimension
bound to prove the fat-shattering bound given in Theorem 2.7.

Corollary 6.1 (fat-shattering bound in Theorem 2.7). Assume that the system
ẋ = Ax + Bu, y = Cx, x(0) = 0, can be parameterized by λ ∈ R

n(m+1) as in
Definition 2.6 with ‖λ‖∞ < 1, and assume in addition that the control is given by
u = Gω, where the input basis functions ωj are in Ω given by (3). We denote the
corresponding control system class by

FB = {F (λ, ·) : U → R; λ ∈ B}.

Then

fatγ(FB) ≤ min

{
(m + 1)n log2

⌊
n2mτneτkM

γ

⌋
,

2(m + 4)n log2

(
8e
(
nmk4(n + �max) + 1

)(
2nk + 2(2k + 1)n

))
,

where �max is given by (3) and (4) and M is a constant satisfying∫ τ

0

|ui(τ − t)|dt ≤ kM

for all i = 1, . . . ,m.
Proof. The first part of the bound follows from Theorem 3.7 with kM in place

of M .
The remaining part of the bound comes from the pseudodimension bound. First

we derive the associated VC dimension bound. As we assumed that A has a fixed
Jordan block structure, every entry of eA(1−t) is a linear combination of n functions
ξ1(t), . . . , ξn(t). (That is, we do not need to consider all possible functions over differ-
ent Jordan block structures.) This implies that in the Goldberg–Jerrum argument of
section 5.1 we can take � = mn+4n, d = nmk4(n+�max)+1, and s = 2nk+2(2k+1)n.
Moreover, in that section the VC dimension bounds were derived for the time interval
[0, 1]. However, the upper bound depends on the number of system parameters and the
degrees of polynomials to be evaluated. Changing the time interval to [0, τ ] means just
that we replace the eigenvalue parameters (referring to the proof of Proposition 5.1)
a, b, ea cos b, ea sin b by aτ, bτ, eaτ cos bτ, eaτ sin bτ .

The above bound is also a bound for the pseudodimension. Observe that for
G = {g : X → R}, the pseudodimension can be defined as PD(G) = VC{Ind(x, y) =
sign(g(x) − y); g ∈ G}. Hence we want to study the VC dimension associated to
sign(y(τ) − z) = sign(P/Q−z) = sign(P̂ /Q), where P̂ = P −zQ has the same degree
as P with respect to the parameters. Here z is a new input, but the bound utilizing
Goldberg–Jerrum technique does not depend on the dimension of the inputs, and
hence the above VC dimension bound is also a bound for the pseudodimension. (Note
that here in the scale sensitive setting we do not apply the pseudodimension results
of section 5.3 using loss functions, as those rescaled the outputs.)

7. A class of systems with VC dimension k. For the control system (2) with

scalar control u(t) =
∑k

i=1 giωi(t) and unrestricted ω1, . . . , ωk, the standard half-space
argument gives an upper bound k. This bound is tight. We will give an example of a
single-input, single-output one-parameter family of control systems in dimension two
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that has VC dimension k, when the controls are of the form u(t) =
∑k

i=1 giωi(t) and
ωi(1 − t) = 1[2−i,2−i+2α], where α = −2(k + 1).

Consider a control system

ẋ1 = x2,

ẋ2 = −λ2x1 + u,(13)

y = −x1.

For time interval [0,1] and initial condition (x1, x2) = (0, 0), the output is given by

y(1) =
∫ 1

0
sin(λt)u(1 − t)dt.

Lemma 7.1. Controls {ω1, . . . , ωk} such that ωi(1 − t) = 1[2−i,2−i+2α], where
α = −2(k + 1), are shattered by the control system (13) with sign-observations.

Proof. Let T = {2−i, i = 1, . . . , k} and J ⊆ T . Define λJ = π
∑k

i=1 ai2
i, where

ai = 1 if 2−i 	∈ J and ai = 0 otherwise. Now if t = 2−�, then

λJ t = π

k∑
i=1

ai2
i−� = π

(
�−1∑
i=1

ai2
i−�

︸ ︷︷ ︸
1/2 c2

+a� +

k∑
i=�+1

ai2
i−�

︸ ︷︷ ︸
2c1

)
,

where c1 ∈ N and 0 ≤ c2 < 2.
Hence sin(λJ t) = sin(π(1/2 c2 + a�)). Note that if a� = 0, then 1/2 c2 + a� ∈

[0, 1− 2−�], and if a� = 1, then 1/2 c2 + a� ∈ [1, 2− 2−�]. Thus sin(π(1/2 c2 + a�)) ≥ 0
if a� = 0, and sin(π(1/2 c2 + a�)) ≤ 0 if a� = 1. Therefore, sin(λJ t) ≥ 0 ⇔ a� = 0
sin(λJ t) ≥ 0 ⇔ t ∈ J. Further,∫ 2−�+2α

2−�

sin(λJ t)dt ≥ 0 ⇔ a� = 0,

where α is taken so that

k∑
j=1

2j2α ≤ 2−(k+1).(14)

This ensures that when � ≤ k and t ∈ [2−�, 2−� + 2α], λJ t ∈ [0, π(1 − 2−� +∑k
j=1 2j2α)] ⊂ [0, π) if a� = 0 or similarly λJ t ∈ [π, 2π) if a� = 1. In (14) we can

take α = −2(k + 1) as
∑k

j=1 2j = 2k+1 − 2.

In this way the integrand in
∫ 2−�+2α

2−� sin(λJ t)dt is either positive or negative.
For S ⊆ {1, . . . , k}, let J = {2−i, i ∈ S}. For each ωi,∫ 1

0

sin(λJ t)ωi(1 − t)dt =

∫ 2−i+2α

2−i

sin(λJ t)dt > 0 ⇔ i ∈ S;

i.e., the set of controls {ω1, . . . , ωk} is shattered by the mapping

ωi �→ sign

[∫ 1

0

sin(λJ t)ωi(1 − t)dt

]
.

Appendix. An example of the Goldberg–Jerrum bound.
We begin this appendix with an informal discussion on the Goldberg–Jerrum

technique used to prove the VC dimension upper bounds in this paper.
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We want to write y(1) = P/Q, where P and Q are polynomials. Unfortunately,
the value of sign y(1) cannot be obtained by just evaluating P and Q since Q may
have zeros. Therefore, we need to write

y(1) =

⎧⎪⎪⎨⎪⎪⎩
P1/Q1 if f1 	= 0, . . . , fµ 	= 0,

...

Pγ/Qγ if f1 = 0, . . . , fµ 	= 0

so that after evaluating µ polynomials f1, . . . , fµ we can pick a definition Pi/Qi with-
out poles in a region defined by the µ polynomials. When y(1) is defined in this way,
sign y(1) can be easily expressed by a Boolean formula evaluating 2γ + µ polynomial
inequalities and equalities.

For simplicity we assume that p = 1 and the initial condition x(0) = 0. Then
using the notation of Proposition 5.1 we write

y(1) =
m∑
i=1

n∑
r=1

2n∑
�=1

αir�

k∑
j=1

gij

∫ 1

0

ξ�(xr1, xr2, t)ωj(t)dt,

and by the proof of Lemma 4.4∫ 1

0

ξ�(xr1, xr2, t)ωj(t)dt=
P�j

((xr1 +αj)2 + (xr2 +βj)2)
z�j ((xr1 +αj)2 + (xr2 − βj)2)

z�j ,

where P�j is some polynomial, z�j ∈ N, and ωj(t) = t�jeαjt sin(βjt) or ωj(t) =

t�jeαjt cos(βjt). Hence the denominator of
∑k

j=1 gij
∫ 1

0
ξ�(xr1, xr2, t)ωj(t)dt is(

(xr1 + α1)
2 + (xr2 + β1)

2
)z�1 (

(xr1 + α1)
2 + (xr2 − β1)

2
)z�1

× · · · ×
(
(xr1 + αk)

2 + (xr2 + βk)
2
)z�k (

(xr1 + αk)
2 + (xr2 − βk)

2
)z�k

.

By carrying out all summations y(1) = P/Q. The denominator Q consists of the
product

n∏
r=1

( (
(xr1 + α1)

2 + (xr2 + β1)
2
)∗ (

(xr1 + α1)
2 + (xr2 − β1)

2
)∗

× · · · ×
(
(xr1 + αk)

2 + (xr2 + βk)
2
)∗ (

(xr1 + αk)
2 + (xr2 − βk)

2
)∗ )

,

where ∗’s stand for some unspecified powers. Hence the zeros of Q are determined by
2nk polynomials fij1 = (xi1 +αj)

2 + (xi2 + βj)
2, fij2 = (xi1 +αj)

2 + (xi2 − βj)
2, and

i = 1, . . . , n, j = 1, . . . , k. The number of different sign assignments determining γ is
calculated as in the proof of Lemma 5.2.

Example. The purpose of the following example is to illustrate the function y =
P/Q used in the Goldberg–Jerrum technique together with the sequence of polynomial
evaluations involved and a table for the final output depending on the outcomes of
the polynomial evaluations.

Take m = 1, n = 2, k = 2, and assume that A has complex eigenvalues a ±
ib. Take basis input functions to be ω1(t) = et and ω2(t) = e2t. Then y(1) =∑2

l=1 αl

∑2
j=1 gj

∫ 1

0
ξl(t)ωj(t) dt, where ξ1(t) = eat sin(bt), ξ2(t) = eat cos(bt), α1, α2,

a, b, ea sin b, and ea cos b are system parameters and g1, g2 are input parameters.
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By using formulae∫ 1

0

eãt sin(b̃t) dt =
eã(ã sin b̃− b̃ cos b̃) + b̃

ã2 + b̃2
and∫ 1

0

eãt cos(b̃t) dt =
eã(ã cos b̃ + b̃ sin b̃) − ã

ã2 + b̃2
,

we calculate the integrals appearing in the rationality condition, and we call them
r11, r12, r21, and r22:∫ 1

0

ξ1(t)ω1(t) dt =

∫ 1

0

e(a+1)t sin(bt) dt =

{
r11 if (a + 1)2 + b2 	= 0,

0 if (a + 1)2 + b2 = 0,∫ 1

0

ξ1(t)ω2(t) dt =

{
r12 if (a + 2)2 + b2 	= 0,

0 if (a + 2)2 + b2 = 0,∫ 1

0

ξ2(t)ω1(t) dt =

{
r21 if (a + 1)2 + b2 	= 0,

1 if (a + 1)2 + b2 = 0,∫ 1

0

ξ2(t)ω2(t) dt =

{
r22 if (a + 2)2 + b2 	= 0,

1 if (a + 2)2 + b2 = 0.

The computation of sign y(1) = sign(
∑2

l=1 αl

∑2
j=1 gj

∫ 1

0
ξl(t)ωj(t) dt) is divided

into three cases:
• Case (a + 1)2 + b2 	= 0, (a + 2)2 + b2 	= 0:

sign y(1) = sign(α1g1r11 + α1g2r12 + α2g1r21 + α2g2r22) = sign

(
P1

Q1

)
.

• Case (a + 1)2 + b2 = 0, (a + 2)2 + b2 	= 0:

sign y(1) = sign(α1g2r12 + α2g1 + α2g2r22) = sign

(
P2

Q2

)
.

• Case (a + 1)2 + b2 	= 0, (a + 2)2 + b2 = 0:

sign y(1) = sign(α1g1r11 + α2g2r21 + α2g2) = sign

(
P3

Q3

)
.

Thus we have three different expressions of the form P
Q .

Next we form the Boolean formula, F = sign y(1), evaluating polynomials f1 =
(a + 1)2 + b2 = 0, f2 = (a + 2)2 + b2 = 0, Pi > 0, Qi > 0 for i ∈ {1, 2, 3}. In the
following table 1 means true and 0 means false for the above polynomial evaluation
(∗∗ = 1 or 0, i.e., extend the table).

f1 = 0 f2 = 0 P1 > 0 Q1 > 0 P2 > 0 Q2 > 0 P3 > 0 Q3 > 0 F
0 0 1 1 ∗∗ ∗∗ ∗∗ ∗∗ 1
0 0 1 0 ∗∗ ∗∗ ∗∗ ∗∗ 0
...

...
...

...
...

...
...

...
...

1 0 ∗∗ ∗∗ 1 1 ∗∗ ∗∗ 1
1 0 ∗∗ ∗∗ 1 0 ∗∗ ∗∗ 0
...

...
...

...
...

...
...

...
...

0 1 ∗∗ ∗∗ ∗∗ ∗∗ 0 0 1
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In this case (see the statement of Goldberg–Jerrum bounds), Λ = {α1, α2, a, b, e
a cos b,

ea sin b}, X = {g1, g2}, s = 8, d = 12, and l = 6.
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THE TOPOLOGICAL ASYMPTOTIC FOR THE
HELMHOLTZ EQUATION WITH DIRICHLET CONDITION ON

THE BOUNDARY OF AN ARBITRARILY SHAPED HOLE∗
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Abstract. The aim of the topological sensitivity analysis is to obtain an asymptotic expansion
of a design functional with respect to the creation of a small hole in the domain. In this paper,
such an expansion is obtained for the Helmholtz equation, in two and three space dimensions, with
a Dirichlet condition on the boundary of an arbitrarily shaped hole. In this case, the main difficulty
is related to the nonhomogeneous symbol of the Helmholtz operator. In the numerical part of this
work, we will show that the topological sensitivity method is very promising for solving shape inverse
problems in electromagnetic applications.

Key words. topological optimization, topological asymptotic, topological gradient, nonhomoge-
neous problem, Helmholtz equation, shape inversion, electromagnetic applications, inverse scattering

AMS subject classifications. 49Q10, 49Q12, 78A25, 78A40, 78A45, 78A50, 35J05

DOI. 10.1137/S036301290241616X

1. Introduction. The same numerical methods are generally used in shape in-
version and optimal shape design. There are mainly two categories of shape inversion
or shape optimization methods. In the first category we deform continuously the
boundary of the object to be optimized in order to decrease a given cost function
[5, 20, 25, 28, 31]. The final shape has the same topology as the initial shape given by
the designer. Therefore, to reach the optimal geometry, we need a priori knowledge of
its topology. However, the topology of the optimal shape is often the main unknown
in object detection problems. For example, the knowledge of the number and the
locations of buried mines is more important than their accurate shapes. The second
category of algorithms allows topology modifications. Many important contributions
in this field are concerned with structural mechanics and, in particular, the optimiza-
tion of the compliance (external work) subject to a volume constraint [4, 16]. In view
of the fact that the optimal structure has generally a large number of small holes,
most authors [1, 3, 14] have considered composite material optimization. Using the
homogenization theory, Allaire and Kohn [1] exhibit a class of laminated materials
with an explicit expression for the optimal material at any point of the structure. In
this case, the optimal solution is not a classical design—it is a distribution of com-
posite materials. Then penalization methods must be applied in order to retrieve a
realistic shape. For all these reasons, global optimization methods are used to solve
more general problems [15, 26]. Unfortunately these methods are quite slow.

More recently, Eschenauer and Olhoff [7], Schumacher [27], Céa et al. [6], Garreau,
Guillaume, and Masmoudi [8], Sokolowski and Zochowski [29, 30], and Nazarov and
Sokolowski [21] presented a method to obtain the optimal topology by calculating the
so-called topological gradient (or topological derivative). This gradient is a function
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defined in the domain of interest where, at each point, it gives the sensitivity of the
cost function when a small hole is created at that point. This approach seems to be
general and efficient. To present the basic idea, we consider Ω a domain of R

n, where
n equals 2 or 3, and j(Ω) = J(uΩ) a cost function to be minimized, where uΩ is the
solution to a given PDE problem defined in Ω. For ε > 0, let Ωε = Ω\x0 + εω be the
subset obtained by removing a small part x0 + εω from Ω, where x0 ∈ Ω and ω ⊂ R

n

is a fixed open and bounded subset containing the origin. We can generally prove
that the variation of the criterion is given by the asymptotic expansion

j(Ωε) = j(Ω) + f(ε)g(x0) + o(f(ε)),(1.1)

lim
ε→0

f(ε) = 0, f(ε) > 0.(1.2)

This expansion is called the topological asymptotic. To minimize the criterion, we
have to create holes where g (called the topological gradient) is negative.

In this paper, using the adjoint method and the domain truncation technique
introduced in [17], we compute the topological asymptotic expansion for the Helmholtz
equation in two and three space dimensions with a Dirichlet condition on the boundary
of an arbitrarily shaped hole. The originality of this work is that the symbol of the
Helmholtz operator is nonhomogeneous. The basic idea is to say that the leading
term of the topological asymptotic expansion is given by the principal part of the
operator in the case of a Dirichlet condition on the boundary of the hole. Our work
generalizes the contribution of Guillaume and Sid Idris [9] for the Poisson equation
and is easily applicable to other problems for which the symbol of the operator is
nonhomogeneous, as, for example, the quasi-Stokes problem and the elastic waves
problem. In the numerical part, we present some applications that illustrate the
ability of the topological sensitivity approach to solve inverse scattering problems.

As a background to our work, we cite the contributions of Il’in [11, 12, 13] for
the construction of asymptotic expansions of solutions to boundary value problems in
domains with small holes, as in the case of second order scalar equations, by the use of
the method of matched asymptotic expansions. Various spectral problems in domains
with small holes are investigated by Maz’ya et al. [23, 24, 18, 22]. In [32], Vogelius and
Volkov provided a rigorous derivation for solutions to the time-harmonic Maxwell’s
equations of a transverse electric (TE) nature, in the presence of a finite number of
diametrically small inhomogeneities. Based on layer potential techniques, Ammari
and Kang [2] provided a rigorous derivation of complete asymptotic expansions for
solutions to the Helmholtz equation in two and three dimensions, in the presence of
small inhomogeneities in the domain. In our work, we derive asymptotic expansions
not for solutions, but for a given cost function.

The generalized adjoint method is recalled in section 2. Next, the formulation of
the Helmholtz problem is presented in section 3 and its truncated version is described
in section 4. Section 5 presents the main results whose proofs are given in section 6.
Finally, numerical examples illustrate in section 7 the abilities of the topological sen-
sitivity to solve inverse scattering problems.

2. A generalized adjoint method. In this section, the generalized adjoint
method introduced in [17, 8] is slightly modified. The first modification is due to the
fact that the cost function is defined in a C-Hilbert space and takes values in R; then
it is not differentiable. For this reason, the differentiability property is replaced by
the formulation (2.5). The second modification is due to the fact that the sesquilinear
form associated with our problem is not coercive. For this reason, the coercivity
property is replaced by the inf-sup condition (see Hypothesis 2).
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Let V be a fixed complex Hilbert space. For ε ≥ 0, let aε(., .) be a sesquilinear
and continuous form on V and let lε be a semilinear and continuous form on V. We
consider the following assumptions.

Hypothesis 1. There exists a sesquilinear and continuous form δa, a semilinear
and continuous form δl, and a real function f(ε) > 0 defined on R

∗
+ such that

lim
ε→0

f(ε) = 0,(2.1)

‖aε − a0 − f(ε)δa‖L2(V) = o(f(ε)),(2.2)

‖lε − l0 − f(ε)δl‖L(V) = o(f(ε)),(2.3)

where L(V) (respectively, L2(V)) denotes the space of continuous and semilinear (re-
spectively, sesquilinear) forms on V.

Hypothesis 2. There exists a constant α > 0 such that

inf
u �=0

sup
v �=0

|a0(u, v)|
‖u‖V‖v‖V

≥ α.

We say that a0 satisfies the inf-sup condition.
According to (2.2), there exists a constant β > 0 independent of ε such that

inf
u �=0

sup
v �=0

|aε(u, v)|
‖u‖V‖v‖V

≥ β.

For ε ≥ 0, let uε be the solution to the following problem: Find uε ∈ V such that

aε(uε, v) = lε(v) ∀v ∈ V.(2.4)

We have the following lemma.
Lemma 2.1. If Hypotheses 1 and 2 are satisfied, then

‖uε − u0‖V = O(f(ε)).

Proof. It follows from Hypothesis 2 that there exists vε ∈ V, vε �= 0, such that

β‖uε − u0‖V‖vε‖V ≤ |aε(uε − u0, vε)|,

which implies

β‖uε − u0‖V‖vε‖V ≤ |aε(u0, vε) − lε(vε)|
= |aε(u0, vε) − (lε − l0 − f(ε)δl)(vε) − l0(vε) − f(ε)δl(vε)|
= |(aε(u0, vε) − a0(u0, vε)) − (lε − l0 − f(ε)δl)(vε) − f(ε)δl(vε)|
≤ |aε(u0, vε) − a0(u0, vε) − f(ε)δa(u0, vε)|

+|lε(vε) − l0(vε) − f(ε)δl(vε)| + f(ε)(|δa(u0, vε)| + |δl(vε)|).

Using Hypothesis 1 we obtain

β ‖ uε − u0 ‖V ‖vε‖V ≤
(
o(f(ε)) + f(ε)(‖δa‖L2(V)‖u0‖V + ‖δl‖L(V))

)
‖vε‖V .

Consider now a cost function j(ε) = J(uε), where the functional J satisfies

J(u + h) = J(u) + �(Lu(h)) + o(‖h‖) ∀u, h ∈ V,(2.5)

where Lu is a linear and continuous form on V.
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For ε ≥ 0, we define the Lagrangian operator Lε by

Lε(u, v) = J(u) + aε(u, v) − lε(v) ∀u, v ∈ V.

The next theorem gives the asymptotic expansion of j(ε).
Theorem 2.2. If Hypotheses 1 and 2 are satisfied, then

j(ε) − j(0) = f(ε)�(δL(u0, p0)) + o(f(ε)),(2.6)

where u0 is the solution to (2.4) with ε = 0, and p0 is the solution to the following
adjoint problem: Find p0 ∈ V such that

a0(v, p0) = −Lu0
(v) ∀v ∈ V(2.7)

and

δL(u, v) = δa(u, v) − δl(v) ∀u, v ∈ V.

Proof. We have that

j(ε) = Lε(uε, v) ∀ε ≥ 0 ∀v ∈ V.

Next, choosing v = p0, we obtain

j(ε) − j(0) = Lε(uε, p0) − L0(u0, p0)

= J(uε) − J(u0) + aε(uε, p0) − a0(u0, p0) + l0(p0) − lε(p0)

= J(uε) − J(u0) + �(aε(uε, p0) − a0(u0, p0)) −�(lε(p0) − l0(p0))

= J(uε) − J(u0) + �(aε(uε, p0) − a0(uε, p0) + a0(uε − u0, p0))

−�(lε(p0) − l0(p0) − f(ε)δl(p0)) − f(ε)�(δl(p0)).

Using (2.5), we have that

J(uε) − J(u0) = �(Lu0
(uε − u0)) + o(‖uε − u0‖).

Hence,

j(ε) − j(0) = �(aε(uε, p0) − a0(uε, p0)) + �(a0(uε − u0, p0) + Lu0(uε − u0))

+o(‖uε − u0‖) −�(lε(p0) − l0(p0) − f(ε)δl(p0)) − f(ε)�(δl(p0)).

Using that p0 is the adjoint solution, we obtain

j(ε) − j(0) = �(aε(uε, p0) − a0(uε, p0)) + o(‖uε − u0‖)
−�(lε(p0) − l0(p0) − f(ε)δl(p0)) − f(ε)�(δl(p0))

= �((aε − a0)(u0, p0)) + �((aε − a0)(uε − u0, p0)) + o(‖uε − u0‖)
−�(lε(p0) − l0(p0) − f(ε)δl(p0)) − f(ε)�(δl(p0)).

It follows from Hypothesis 1 that

j(ε) − j(0)=f(ε)�(δa(u0, p0)) + o(f(ε)) + f(ε)�(δa(uε − u0, p0)) + o(f(ε))‖uε − u0‖
+o(‖uε − u0‖) − f(ε)�(δl(p0)).

Finally, from Lemma 2.1 and the hypothesis limε→0 f(ε) = 0, we have

j(ε) = j(0) + f(ε)�(δa(u0, p0) − δl(p0)) + o(f(ε)),

since δa is continuous by assumption.
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3. The Helmholtz problem in a domain with a small hole. Let Ω be
an open and bounded subset of R

n with boundary Γ = Γ0 ∪ Γ1, n = 2 or 3. The
Helmholtz problem is ⎧⎪⎨⎪⎩

∆uΩ + k2uΩ = 0 in Ω,
uΩ = 0 on Γ0,
∂uΩ

∂n
= ΛuΩ + Θ on Γ1,

(3.1)

where k ∈ R
∗, Θ ∈ H

1
2
00(Γ1)

′, and Λ ∈ L(H
1
2
00(Γ1), H

1
2
00(Γ1)

′).
We define⎧⎪⎪⎪⎨⎪⎪⎪⎩

V(Ω) = {v ∈ H1(Ω), v = 0 on Γ0},

a(Ω, u, v) =

∫
Ω

∇u.∇v dx− k2

∫
Ω

uv dx− 〈Λu, v〉,

�(v) = 〈Θ, v〉,

(3.2)

where 〈, 〉 is the duality product between H
1
2
00(Γ1)

′ and H
1
2
00(Γ1). The variational

formulation associated with (3.1) is the following: Find uΩ ∈ V(Ω) such that

a(Ω, uΩ, v) = �(v) ∀v ∈ V(Ω).(3.3)

We consider the following assumption.

Hypothesis 3. The operator Λ is split into Λ0+Λ1, with Λ1 ∈ L(H
1
2
00(Γ1), H

1
2
00(Γ1)

′),
and satisfies

�〈Λ1ψ,ψ〉 ≤ 0 ∀ψ ∈ H
1
2
00(Γ1),(3.4)

and Λ2 ∈ L(H
1
2
00(Γ1), H

1
2
00(Γ1)). We assume the following property of uniqueness.

Hypothesis 4. We have

a(Ω, u, v) = 0 ∀v ∈ V(Ω) ⇒ u = 0,(3.5)

a(Ω, u, v) = 0 ∀u ∈ V(Ω) ⇒ v = 0.(3.6)

From the Lax–Milgram theorem and the fact that the imbeddings VΩ → L2(Ω) and

H
1
2
00(Γ1) → L2(Γ1) are compact, and due to the Fredholm alternative, we obtain the

following result (see, e.g., [10] for a detailed argument).
Proposition 3.1. If Hypotheses 3 and 4 are satisfied, we have the following:
1. Problem (3.3) has one and only one solution.
2. The sesquilinear form a(Ω, ., .) satisfies the inf-sup condition: There exists a

constant a > 0 such that

inf
u �=0

sup
v �=0

|aΩ(u, v)|
‖u‖V(Ω)‖v‖V(Ω)

≥ a.(3.7)

For a given x0 ∈ Ω, consider the modified open subset Ωε = Ω\ωε, ωε = x0 + εω,
where ω is a fixed open and bounded subset of R

n containing the origin (ωε = ∅ if
ε = 0), whose boundary ∂ω is connected and piecewise of class C1. The modified
solution uΩε satisfies⎧⎪⎪⎪⎨⎪⎪⎪⎩

∆uΩε + k2uΩε = 0 in Ωε,
uΩε = 0 on Γ0,
uΩε = 0 on ∂ωε,
∂uΩε

∂n
= ΛuΩε

+ Θ on Γ1.

(3.8)
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The function uΩε is defined on the variable open set Ωε, and thus belongs to a
functional space which depends on ε. Hence, if we want to derive the asymptotic
expansion of a function of the form

j(ε) = J(uΩε),(3.9)

we cannot apply directly the tools of section 2, which require a fixed functional space.
For this reason, we use the domain truncation method introduced in [17] to avoid this
complication.

4. The truncation method. Let R > 0 be such that the closed ball B(x0, R)
is included in Ω. It is supposed throughout this paper that ε remains small enough
so that ωε ⊂ B(x0, R). The truncated open subset is defined by

ΩR = Ω\B(x0, R).(4.1)

The open subset B(x0, R)\ωε is denoted by Dε (see Figure 4.1). For ϕ ∈ H
1
2 (ΓR)

and ε > 0, let uϕ
ε be the solution to the following problem: Find uϕ

ε such that⎧⎨⎩
∆uϕ

ε + k2uϕ
ε = 0 in Dε,

uϕ
ε = 0 on ∂ωε,

uϕ
ε

= ϕ on ΓR,
(4.2)

where ΓR is the boundary of the ball B(x0, R). For ε = 0, uϕ
0 is the solution to{

∆uϕ
0 + k2uϕ

0 = 0 in B(x0, R),
uϕ

0 = ϕ on ΓR.
(4.3)

Using the Poincaré inequality, it can easily be seen that for R < 1√
2|k| , (4.2) has one

and only one solution.

For ε ≥ 0, the Dirichlet-to-Neumann operator Tε is defined by

Tε : H1/2(ΓR) −→ H−1/2(ΓR),
ϕ �−→ Tεϕ = ∇uϕ

ε .n|ΓR
,

where the normal n|ΓR
is chosen outward to Dε on ΓR and ∂ωε.

Γ

Γ
Dε ωε

Ω R

R

Fig. 4.1. The truncated domain.
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Finally, we define for ε ≥ 0 the solution uε to the truncated problem⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

∆uε + k2uε = 0 in ΩR,
uε = 0 on Γ0,
∂uε

∂n
= Λuε + Θ on Γ1,

∂uε

∂n
− Tεuε|ΓR

= 0 on ΓR.

(4.4)

The variational formulation associated with (4.4) is as follows: Find uε ∈ VR such
that

aε(uε, v) = �(v) ∀v ∈ VR,(4.5)

where the functional space VR and the sesquilinear form aε are defined by

VR = {v ∈ H1(ΩR); v|Γ0
= 0},(4.6)

aε(u, v) =

∫
ΩR

∇u.∇v dx− k2

∫
ΩR

u.v dx− 〈Λu, v〉 +

∫
ΓR

Tεu|ΓR
v dγ(x).(4.7)

Here,
∫
ΓR

denotes the duality product between H1/2(ΓR) and H−1/2(ΓR). The fol-
lowing result is standard in PDE theory.

Proposition 4.1. Problems (3.8) and (4.4) have a unique solution. Moreover,
the restriction to ΩR of the solution uΩε

to (3.8) is the solution uε to (4.4).
We now have at our disposal the fixed Hilbert space VR required by section 2.

We assume that the following hypothesis holds.
Hypothesis 5. The function J introduced in (3.9) is defined in a neighboring part

of Γ and satisfies

J(u + h) = J(u) + � (Lu(h)) + o (‖h‖) ∀u, h ∈ VR,

where Lu is a linear and continuous form on VR.
Then we obtain that

j(ε) = J(uΩε) = J(uε) ∀ε ≥ 0.(4.8)

Remark 1. We can also consider a more general cost function (see, e.g., [9]); the
truncation method does not restrict the choice of the function. In the numerical part
of this work, only measurements on the boundary of the domain are used. For this
reason and to simplify the presentation, we considered the previous assumption about
the cost function.

Let vΩ be the solution to the adjoint problem

a(Ω, w, vΩ) = −LuΩ(w) ∀w ∈ V(Ω),(4.9)

where the functional space V(Ω) and the sesquilinear form a(Ω, ., .) are defined in
(3.2). It has been shown in Proposition 4.1 that u0 is the restriction to ΩR of uΩ.
Similarly, v0, the solution to

a0(w, v0) = −Lu0(w) ∀w ∈ VR,(4.10)

is the restriction to ΩR of vΩ.



906 JULIEN POMMIER AND BESSEM SAMET

5. The main results. This section contains the main results of this paper. All
the proofs are reported in section 6. Henceforth, we have to distinguish between the
cases n = 2 and n = 3. This is due to the fact that the fundamental solutions to the
Laplace equation in R

2 and R
3 have an essentially different asymptotic expansion at

infinity, and (5.1) has generally no solution if n = 2.

5.1. The three-dimensional case. Possibly changing the coordinate system,
we can suppose for convenience that x0 = 0. In order to derive the topological
sensitivity of the function j, we introduce two auxiliary problems.

The first problem, called the exterior problem, is formulated in R
3\ω and consists

of finding vω, solution to ⎧⎨⎩
−∆vω = 0 in R

3\ω,
vω = 0 at ∞,
vω = uΩ(x0) on ∂ω,

(5.1)

where uΩ is the solution to the direct problem (3.1). Here, one can remark that
just the principal part of the Helmholtz operator is used, which was described by the
Laplace equation. The function vω can be expressed by a single layer potential on
∂ω. Let

E(y) =
1

4πr
(5.2)

with r = ||y||. It is a fundamental solution for the Laplace equation in R
3. Then the

function vω reads

vω(y) =

∫
∂ω

E(y − x)pω(x) dγ(x), y ∈ R
3\ω,(5.3)

where pω ∈ H− 1
2 (∂ω) is the solution to boundary integral equation∫

∂ω

E(y − x)pω(x) dγ(x) = uΩ(x0) ∀y ∈ ∂ω.(5.4)

For x bounded and large r = ||y||, we have

E(y − x) = E(y) + O

(
1

r2

)
,(5.5)

and the asymptotic expansion at infinity of the function vω is given by

vω(y) = Pω(y) + Wω(y),(5.6)

Pω(y) = Aω (uΩ(x0))E(y),(5.7)

Aω (uΩ(x0)) =

∫
∂ω

pω(x) dγ(x),(5.8)

Wω(y) = O

(
1

r2

)
.(5.9)

Notice that Pω ∈ Lm
loc for all m < 3. Clearly, the function α �−→ Aω(α) is linear on

R, and the number Aω(α) depends on the shape of ω.
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The second problem, which we call interior problem, is formulated in D0 =
B(x0, R) and consists to find Q1

ω solution to{
∆Q1

ω + k2Q1
ω = 0 in D0,

Q1
ω = Pω |ΓR

on ΓR.
(5.10)

Here, the idea is to consider an interior and exterior problem that gives a good “first
order approximation” of (uϕ

ε − uϕ
0 )|Dε

, ϕ = uΩ|ΓR
, in the form f(ε)(Q1

ω − Pω), in a

way which will be stated precisely in section 6. But the given formulation (5.10) of the
interior problem, which is the “natural” choice, is not sufficient to get the behavior
needed by the adjoint technique described in section 2. More precisely, in this case
one can construct the sesquilinear form δa but there is no positive function f(ε) such
that ||aε−a0−f(ε)δa||L2(VR) = o(f(ε)). Indeed, one can observe through the proof of
Proposition 6.7 that the behavior of ||aε−a0 − f(ε)δa||L2(VR) is not of order o(ε), but
only of order O(ε). This is due to the approximation used on the exterior problem
(5.1), where just the principal part of the operator is considered. For this reason, a
new term Q2

ω is used in order to correct the error caused by this approximation. We
construct Q2

ω as the solution to{
∆Q2

ω + k2Q2
ω = k2Pω in D0,

Q2
ω = 0 on ΓR.

(5.11)

Setting Qω = Q1
ω + Q2

ω, then Qω is the solution to{
∆Qω + k2Qω = k2Pω in D0,
Qω = Pω |ΓR

on ΓR.
(5.12)

Using the corrected interior problem (5.12), one can derive the good approxi-
mation of (uϕ

ε − uϕ
0 )|Dε

. The main result is the following, which will be proved in
section 6.

Theorem 5.1. Let j(ε) = J(uΩε) be a cost function satisfying Hypothesis 5.
Then the topological asymptotic expansion is given by

j(ε) − j(0) = ε�
(
Aω (uΩ(x0)) vΩ(x0)

)
+ o(ε),(5.13)

where uΩ is the direct state solution to (3.1) and vΩ is the adjoint state solution to
(4.9).

Then the topological gradient is given by

g(x) = �
(
Aω (uΩ(x)) vΩ(x)

)
∀x ∈ Ω,

and only two systems must be solved in order to compute g(x) for all x ∈ Ω.
When ω is the unit ball B(0, 1), then vω(y), Pω(y), and Wω(y) can be computed

explicitly:

vω(y) =
uΩ(x0)

r
= Pω(y), Wω(y) = 0, 0 �= y ∈ R

3.(5.14)

Then it follows from (5.2) and (5.7) that

Aω (uΩ(x0)) = 4πuΩ(x0).(5.15)

We have the following result.
Corollary 5.2. Under the assumptions of Theorem 5.1 and when ω is the unit

ball B(0, 1), the topological asymptotic expansion is given by

j(ε) − j(0) = 4πε�
(
uΩ(x0)vΩ(x0)

)
+ o(ε).(5.16)
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5.2. The two-dimensional case. In this section, we intend to derive the
asymptotic expansion of the function j in the two-dimensional case. The technique
used is similar to that of the three-dimensional case. We use the principal part of the
Helmholtz operator to derive the topological sensitivity expression. Next, we briefly
describe the transposition of the previous results to the two-dimensional case. As
before, uΩ and the adjoint state vΩ are, respectively, the solutions to (3.1) and (4.9).

The exterior problem must now be defined differently than in (5.1). It consists of
finding vω, the solution to⎧⎨⎩

−∆vω = 0 in R
2\ω,

vω(y)/ log r = uΩ(x0) at ∞,
vω = 0 on ∂ω.

(5.17)

A fundamental solution for the Laplace equation in R
2 is given by

E(y) = − 1

2π
log r.(5.18)

The function vω has the form

vω(y) = uΩ(x0) log ‖y‖ + Pω + Wω(y),(5.19)

where Pω is constant and Wω(y) = o(1) at infinity [9]. In the next proposition (where
ω is not supposed to be a ball), one can observe that in the two-dimensional case the
topological sensitivity does not depend on the shape of the hole ω, in contrast to the
three-dimensional case.

Theorem 5.3. The assumptions are the same as in Theorem 5.1. The function
j has the asymptotic expansion

j(ε) = j(0) − 2π

log ε
�
(
uΩ(x0)vΩ(x0)

)
+ o

(
1

log ε

)
.(5.20)

The proof for the two-dimensional case uses the same tools as the three-
dimensional case (see section 6) and will not be repeated.

6. Proofs. This section consists of the proof of Theorem 5.1. The variation of
the sesquilinear form aε reads

aε(u, v) − a0(u, v) =

∫
ΓR

(Tε − T0)uv dγ(x).(6.1)

Hence, the problem reduces to the analysis of (Tε − T0)ϕ for ϕ ∈ H
1
2 (ΓR). More

precisely, it will be shown that there exists an operator δT ∈ L(H
1
2 (ΓR), H− 1

2 (ΓR))
such that

‖Tε − T0 − εδT‖
L(H

1
2 (ΓR),H− 1

2 (ΓR))
= O(ε3/2).(6.2)

Consequently, defining δa by

δa(u, v) =

∫
ΓR

δTuv dγ(x) ∀u, v ∈ VR(6.3)

will yield straightforwardly

‖aε − a0 − εδa‖
L(H

1
2 (ΓR),H− 1

2 (ΓR))
= O(ε3/2).(6.4)

First we need some definitions and preliminary lemmas.
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6.1. Definitions. For convenience, the following norms and seminorms are cho-
sen for the functional spaces which will be used.

• For a bounded and open subset O ⊂ R
3 and m ≥ 0, the Sobolev space Hm(O)

is equipped with the norm defined by

‖u‖2
m,O =

m∑
j=0

|u|2j,O,

where the seminorms |u|j,O are given by

|u|2j,O =
∑
|α|=j

∫
O
|∂αu|2 dx.(6.5)

• For a given ε > 0, the space H
1
2 (ΓR/ε) is equipped with the norm

‖u‖ 1
2 ,ΓR/ε

= inf{‖v‖1,C(R/2ε,R/ε); v|ΓR/ε
= u},

where C(r, r′) = {x ∈ R
3; r < ||x|| < r′}.

• The dual space H− 1
2 (ΓR/ε) is equipped with the natural norm

‖w‖− 1
2 ,ΓR/ε

= sup{|〈w, v〉− 1
2 ,

1
2
; v ∈ H

1
2 (ΓR/ε); ‖v‖ 1

2 ,ΓR/ε
= 1},

where 〈, 〉− 1
2 ,

1
2

is the duality product between H
1
2 (ΓR/ε) and H− 1

2 (ΓR/ε).

6.2. Preliminary lemmas. Recall that x0 = 0. We will use extensively the
following change of variable: For a given function u defined on a subset O, the function
ũ is defined on Õ = O/ε by

ũ(y) = u(x), y =
x

ε
.

Lemma 6.1. We have that

|u|1,O = ε1/2|ũ|
1,Õ,(6.6)

‖u‖0,O = ε3/2‖ũ‖
0,Õ.(6.7)

Proof. Due to ∇u(x) = ∇ũ(y)/ε and to definition (6.5), we have

|u|21,O =

∫
O
|∇u|2 dx =

1

ε2

∫
Õ
|∇ũ|2ε3 dy.

Similarly, we have

‖u‖0,O = ε3/2‖ũ‖
0,Õ.

Lemma 6.2 (see [9]). For ϕ ∈ H
1
2 (∂ω), let v be the solution to the problem⎧⎨⎩

−∆v = 0 in R
3\ω,

v = 0 at ∞,
v = ϕ on ∂ω.

(6.8)
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The function v is split into

v(y) = V (y) + W (y),

V (y) = E(y)

∫
∂ω

p(x) dγ(x),

where E(y) = 1
4π‖y‖ and p ∈ H− 1

2 (∂ω) is the unique solution to∫
∂ω

E(y − x)p(x) dγ(x) = ϕ(y) ∀y ∈ ∂ω.(6.9)

There exists a constant c > 0 (independent of ϕ and ε) such that

‖V ‖0,C(R/2ε,R/ε) ≤ cε−1/2‖ϕ‖ 1
2 ,∂ω

,

|V |1,C(R/2ε,R/ε) ≤ cε1/2‖ϕ‖ 1
2 ,∂ω

,

‖V ‖0,Dε/ε ≤ cε−1/2‖ϕ‖ 1
2 ,∂ω

,

|V |1,Dε/ε ≤ c‖ϕ‖ 1
2 ,∂ω

,

‖W‖0,C(R/2ε,R/ε) ≤ cε1/2‖ϕ‖ 1
2 ,∂ω

,

|W |1,C(R/2ε,R/ε) ≤ cε3/2‖ϕ‖ 1
2 ,∂ω

,

‖W‖0,Dε/ε ≤ c‖ϕ‖ 1
2 ,∂ω

.

Lemma 6.3. We assume that R < 1√
2|k| . For a given ε > 0, fε ∈ L2(Dε), and

ϕ ∈ H
1
2 (ΓR), let vε be the solution to⎧⎨⎩

∆vε + k2vε = fε in Dε,
vε = 0 on ∂ωε,
vε = ϕ on ΓR.

(6.10)

There exists a constant C(R, k) > 0 (independent of ϕ and ε) such that

‖vε‖1,Dε
≤ C(R, k)

(
‖ϕ‖ 1

2 ,ΓR
+ ‖fε‖0,Dε

)
.(6.11)

Proof. Let Rϕ be the lifting of ϕ in the space H1 (C(R/2, R)) such that Rϕ|ΓR/2
=

0. We extend Rϕ by zero to the domain Dε. We denote this extension by R̃ϕ. It
belongs to H1(Dε). We introduce

uε = R̃ϕ− vε,(6.12)

gε = −fε + ∆R̃ϕ + k2R̃ϕ.(6.13)

The function gε belongs to the space H−1(Dε) and the new unknown uε is the solution
to ⎧⎨⎩

∆uε + k2uε = gε in Dε,
uε = 0 on ∂ωε,
uε = 0 on ΓR.

(6.14)

Using the Poincaré inequality and the elliptic regularity, we obtain

‖uε‖1,Dε ≤
(

1 + 2R2

1 − 2k2R2

)
‖gε‖−1,Dε .(6.15)

Finally, the result follows from (6.12), (6.13), (6.15), and the continuity of the lift-
ing R.
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Here and in what follows, we assume that R < 1√
2|k| .

Lemma 6.4. For ε > 0 and ψ ∈ H1(D0), let Xε be the solution to the problem⎧⎨⎩
∆Xε + k2Xε = 0 in Dε,
Xε = ψ on ∂ωε,
Xε = 0 on ΓR.

(6.16)

There exists a constant c > 0 (independent of ϕ and ε) such that for all ε > 0,

|Xε|1,C(R/2,R) ≤ cε‖ψ(εy)‖ 1
2 ,∂ω

,(6.17)

‖Xε‖0,Dε
≤ cε‖ψ(εy)‖ 1

2 ,∂ω
,(6.18)

|Xε|1,Dε
≤ cε1/2‖ψ(εy)‖ 1

2 ,∂ω
.(6.19)

Proof. Let ṽε be the solution to the exterior problem⎧⎨⎩
−∆ṽε = 0 in R

3\ω,
ṽε = 0 at ∞,
ṽε = ψ(εy) on ∂ω.

(6.20)

The function Xε can be written

Xε = vε − wε,

where vε(x) = ṽε
(
x
ε

)
. The function wε itself is the solution to⎧⎨⎩

∆wε + k2wε = k2vε in Dε,
wε = 0 on ∂ωε,
wε = vε on ΓR.

(6.21)

It follows from Lemma 6.3 that there exists a constant c > 0 such that

‖wε‖1,Dε
≤ c

(
‖vε|ΓR

‖ 1
2 ,ΓR

+ k2‖vε‖0,Dε

)
.(6.22)

It follows from Lemmas 6.1 and 6.2 that

‖vε|ΓR
‖ 1

2 ,ΓR
≤ c‖vε‖1,C(R/2,R)(6.23)

≤ c
(
‖vε‖0,C(R/2,R) + |vε|1,C(R/2,R)

)
(6.24)

= c
(
ε3/2‖ṽε‖0,C(R/2ε,R/ε) + ε1/2|ṽε|1,C(R/2ε,R/ε)

)
(6.25)

≤ cε‖ψ(εy)‖ 1
2 ,∂ω

.(6.26)

We have that

‖vε‖0,Dε = ε3/2‖ṽε‖0,Dε/ε(6.27)

≤ cε‖ψ(εy)‖ 1
2 ,∂ω

.(6.28)

From (6.22), (6.26), and (6.28), we obtain that

‖wε‖1,Dε ≤ cε‖ψ(εy)‖ 1
2 ,∂ω

.(6.29)
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Then we have

|Xε|1,C(R/2,R) = |vε − wε|1,C(R/2,R)(6.30)

≤ |vε|1,C(R/2,R) + |wε|1,C(R/2,R)(6.31)

≤ cε‖ψ(εy)‖ 1
2 ,∂ω

+ ‖wε‖1,Dε(6.32)

≤ cε‖ψ(εy)‖ 1
2 ,∂ω

,(6.33)

‖Xε‖0,Dε ≤ ‖vε‖0,Dε
+ ‖wε‖1,Dε(6.34)

≤ cε‖ψ(εy)‖ 1
2 ,∂ω

,(6.35)

|Xε|1,Dε
≤ |vε|1,Dε + |wε|1,Dε(6.36)

≤ ε1/2|ṽε|1,Dε/ε + ‖wε‖1,Dε(6.37)

≤ cε1/2‖ψ(εy)‖ 1
2 ,∂ω

+ cε‖ψ(εy)‖ 1
2 ,∂ω

(6.38)

≤ cε1/2‖ψ(εy)‖ 1
2 ,∂ω

.(6.39)

This completes the proof.
Lemmas 6.3 and 6.4 are summarized in the following lemma.
Lemma 6.5. For ε > 0, ϕ ∈ H

1
2 (ΓR), ψ ∈ H1(D0), and fε ∈ L2(Dε), let vε be

the solution to the problem⎧⎨⎩ ∆vε + k2vε = fε in Dε,
vε = ψ on ∂ωε,
vε = ϕ on ΓR.

(6.40)

There exists a constant c > 0 (independent of ϕ, ψ, fε, and ε) such that for all ε > 0,

|vε|1,C(R/2,R) ≤ c
(
ε‖ψ(εy)‖ 1

2 ,∂ω
+ ‖ϕ‖ 1

2 ,ΓR
+ ‖fε‖0,Dε

)
,(6.41)

‖vε‖0,Dε
≤ c

(
ε‖ψ(εy)‖ 1

2 ,∂ω
+ ‖ϕ‖ 1

2 ,ΓR
+ ‖fε‖0,Dε

)
,(6.42)

|vε|1,Dε
≤ c

(
ε1/2‖ψ(εy)‖ 1

2 ,∂ω
+ ‖ϕ‖ 1

2 ,ΓR
+ ‖fε‖0,Dε

)
.(6.43)

Lemma 6.6. Let u belong to the space H1 (C(R/2, R)) and satisfy ∆u + k2u = 0
in C(R/2, R), u|ΓR

= 0. Then there exists a constant c > 0 (independent of u) such
that

‖∇u.n|ΓR
‖− 1

2 ,ΓR
≤ c|u|1,C(R/2,R).(6.44)

Proof. Let ϕ ∈ H
1
2 (ΓR). We define v as the solution to the problem⎧⎨⎩ ∆v = 0 in C(R/2, R),

v = 0 on ΓR/2,
v = ϕ on ΓR.

Using the Green formula, we obtain∫
ΓR

∇u.n|ΓR
ϕ dγ(x) =

∫
C(R/2,R)

∇u.∇v dx− k2

∫
C(R/2,R)

uv dx.

Then we have∣∣∣∣∫
ΓR

∇u.n|ΓR
ϕ dγ(x)

∣∣∣∣ ≤ |u|1,C(R/2,R)‖v‖1,C(R/2,R) + k2‖u‖0,C(R/2,R)||v||1,C(R/2,R)

≤ |u|1,C(R/2,R)‖ϕ‖ 1
2 ,ΓR

+ ck2|u|1,C(R/2,R)‖ϕ‖ 1
2 ,ΓR

≤ c|u|1,C(R/2,R)‖ϕ‖ 1
2 ,ΓR

.

This completes the proof.
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6.3. Variation of the sesquilinear form. The variation of the sesquilinear
form aε reads

aε(u, v) − a0(u, v) =

∫
ΓR

(Tε − T0)uv dγ(x).

For ϕ ∈ H
1
2 (ΓR), recall that uϕ

ε is the solution to (4.2), or to (4.3) if ε = 0. Let vϕω
be the solution to the problem⎧⎨⎩

∆vϕω = 0 in R
3\ω,

vϕω = 0 at ∞,
vϕω = uϕ

0 (x0) on ∂ω.
(6.45)

As in (5.6) and (5.7), let Pϕ
ω (y) = Aω (uϕ

0 (x0))E(y) be the dominant part of vϕω , and
let Qϕ

ω be the solution to the associated interior problem{
∆Qϕ

ω + k2Qϕ
ω = k2Pϕ

ω in D0,
Qϕ

ω = Pϕ
ω |ΓR

on ΓR.
(6.46)

The linear operator δT (independent of ε) is defined as follows:

δT : H1/2(ΓR) −→ H−1/2(ΓR),
ϕ �−→ δTϕ = ∇(Qϕ

ω − Pϕ
ω ).n|ΓR

.
(6.47)

Proposition 6.7. The operator Tε admits the following asymptotic expansion:

‖Tε − T0 − εδT‖
L(H

1
2 (ΓR),H− 1

2 (ΓR))
= O(ε3/2).

Proof. Let ϕ ∈ H
1
2 (ΓR). For simplicity we drop the superscript (.)

ϕ
. For y = x/ε,

we have

vω(y) = Pω(y) + Wω(y),

with Pω(xε ) = εPω(x) and Wω(y) = O( 1
||y||2 ). Let

ψε(x) = (Tε − T0 − εδT )ϕ(x).

We have

ψε(x) = (∇uε −∇u0 − ε(∇Qω −∇Pω)) .n|ΓR

= ∇
(
wε(x) −Wω

(x
ε

))
.n|ΓR

,

where wε is defined by

wε(x) = uε(x) − u0(x) − εQω(x) + vω

(x
ε

)
.

The function wε is the solution to⎧⎨⎩
∆wε + k2wε = k2Wω(x/ε) in Dε,
wε = Wω(x/ε) on ΓR,
wε = −u0(x) + u0(0) − εQω(x) on ∂ωε.

(6.48)

In order to apply Lemma 6.5, we have to estimate the right-hand side terms, as
follows.
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• In Dε, we have

‖Wω(x/ε)‖0,Dε
= ε3/2‖Wω(y)‖0,Dε/ε.

Using Lemma 6.2, we obtain

‖Wω(y)‖0,Dε/ε ≤ c‖u0(x0)‖ 1
2 ,∂ω

≤ c|u0(x0)|
≤ c‖ϕ‖ 1

2 ,ΓR
.

Then we have

‖Wω(x/ε)‖0,Dε ≤ cε3/2‖ϕ‖ 1
2 ,ΓR

.

• On ΓR, using Lemmas 6.1 and 6.2 and the elliptic regularity, we obtain

‖Wω(x/ε)‖ 1
2 ,ΓR

≤ c‖Wω(x/ε)‖1,C(R/2,R)

≤ c
(
‖Wω(x/ε)‖0,C(R/2,R) + |Wω(x/ε)|1,C(R/2,R)

)
= c

(
ε3/2‖Wω(y)‖0,C(R/2ε,R/ε) + ε1/2|Wω(y)|1,C(R/2ε,R/ε)

)
≤ cε2‖u0(x0)‖ 1

2 ,∂ω

≤ cε2|u0(x0)|
≤ cε2‖ϕ‖ 1

2 ,ΓR
.

• On ∂ωε, putting

θε(x) =
−u0(x) + u0(x0) − εQω(x)

ε
,

we have for small ε

‖θε(εy)‖ 1
2 ,∂ω

≤ c‖θε(εy)‖1,ω

= c

∥∥∥∥u0(εy) − u0(x0)

ε
+ Qω(εy)

∥∥∥∥
1,ω

≤ c
(
‖u0‖C2(B(0,R/2)) + ‖Qω‖C1(B(0,R/2))

)
≤ c‖ϕ‖ 1

2 ,ΓR
.

We can now apply Lemma 6.5, which gives

|wε|1,C(R/2,R) ≤ c
(
ε3/2‖ϕ‖ 1

2 ,ΓR
+ ε2‖ϕ‖ 1

2 ,ΓR
+ ε‖εθε(εy)‖ 1

2 ,∂ω

)
≤ cε3/2‖ϕ‖ 1

2 ,ΓR
.

Finally, it follows from Lemmas 6.1 and 6.6 that

‖ψ‖− 1
2 ,ΓR

= ‖∇(wε −Wω(x/ε)).n|ΓR
‖− 1

2 ,ΓR

≤ c
(
|wε|1,C(R/2,R) + |Wω(x/ε)|1,C(R/2,R)

)
= c

(
|wε|1,C(R/2,R) + ε1/2|Wω(y)|1,C(R/2ε,R/ε)

)
≤ c

(
ε3/2‖ϕ‖ 1

2 ,ΓR
+ ε2‖ϕ‖ 1

2 ,ΓR

)
≤ cε3/2‖ϕ‖ 1

2 ,ΓR
.
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Hence,

‖Tε − T0 − εδT‖
L(H

1
2 (ΓR),H− 1

2 (ΓR))
= O(ε3/2).

The asymptotic expansion of the sesquilinear form aε follows now straightfor-
wardly.

Proposition 6.8. Let

δa(u, v) =

∫
ΓR

δTuv dγ(x), u, v ∈ VR.

Then the asymptotic expansion of the sesquilinear form aε is given by

‖aε − a0 − εδa‖
L(H

1
2 (ΓR),H− 1

2 (ΓR))
= O(ε3/2).

6.4. Proof of Theorem 5.1. The proof of this theorem is done in two steps.
First, we prove that Hypothesis 2 is satisfied. More precisely, we prove that the
sesquilinear form a0 satisfies the inf-sup condition. Second, we apply Theorem 2.2 to
compute the topological asymptotic expansion.

6.4.1. The first step: The inf-sup condition. For all u ∈ VR, we set

ũ =

{
u in ΩR,
uϕ

0 in B(x0, R),

where ϕ = u|ΓR
and uϕ

0 is the solution to{
∆uϕ

0 + k2uϕ
0 = 0 in B(x0, R),

uϕ
0 = ϕ on ΓR.

It can easily be proved that

a0(u, v|ΩR
) = a(Ω, ũ, v) ∀u ∈ VR ∀v ∈ V(Ω),

where the functional space V(Ω) and the sesquilinear form a(Ω, ., .) are defined by
(3.2). From Proposition 3.1, the sesquilinear form a(Ω, ., .) satisfies the inf-sup con-
dition. As a consequence, there exists v ∈ V(Ω), v �= 0, such that

a0(u, v|ΩR
) = a(Ω, ũ, v) ≥ a‖ũ‖V(Ω)‖v‖V(Ω)

≥ a‖u‖VR
‖v|ΩR

‖VR
.

Then a0 satisfies the inf-sup condition and Hypothesis 2 is satisfied.

6.4.2. Applying Theorem 2.2. All the hypotheses of section 2 are satisfied
and we can apply Theorem 2.2. We obtain the following asymptotic formula:

j(ε) − j(0) = ε�(δa(uΩ, vΩ)) + o(ε)

= ε�
(∫

ΓR

∇(Qϕ
ω − Pϕ

ω ).n|ΓR
vΩ dγ(x)

)
+ o(ε),

where ϕ = uΩ|ΓR
= u0|ΓR

. Thanks to Green’s formula and (6.46), we obtain that∫
ΓR

∇(Qϕ
ω − Pϕ

ω ).n|ΓR
vΩ dγ(x) = k2

∫
D0

PωvΩ dx +

∫
ΓR

∇vΩ.n|ΓR
Pω dγ(x)

−
∫

ΓR

∇Pω.n|ΓR
vΩ dγ(x).(6.49)
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It can be shown that∫
ΓR

∇vΩ.n|ΓR
Pω dγ(x) −

∫
ΓR

∇Pω.n|ΓR
vΩ dγ(x) =Aω (uΩ(x0)) 〈−∆E, vΩψ〉D′(D0),D(D0)

−k2

∫
D0

PωvΩ dx

=Aω (uΩ(x0)) 〈δ, vΩψ〉D′(D0),D(D0)

−k2

∫
D0

PωvΩ dx

=Aω (uΩ(x0)) vΩ(x0) − k2

∫
D0

PωvΩ dx,

where ψ ∈ D(D0) satisfies ψ(x0) = 1. We insert this expression into (6.49) and obtain
the desired result.

7. Numerical results: Buried objects detection. We consider a simple
problem of detection of metallic objects buried in soil. The aim is to find the number
and the positions of metallic objects (supposedly infinite in the 
ez direction) us-
ing scattered field measurements from a monostatic antenna horizontally translated
above the soil. This is a rough model of the facilities described in [19]. The two-
dimensional Helmholtz equation is solved with time-domain finite differences (FDTD),
the frequency-domain solution obtained with a Fourier transform. The antenna is
roughly approximated by a single source point, which will be translated at various
locations above the soil. At each point of the mesh, the topological sensitivity will be
computed.

Let X = {xi}i=1,... ,nx
be the set of the successive locations of the source (and

sensors, since the antenna is supposed to be monostatic), and let F = {fi}i=1,... ,nf

be the set of measurement frequencies. Let εs be the soil permittivity. The set of
metallic objects buried in the soil is denoted by Ω.

We associate with Ω a set of “measurements” M(Ω). At each couple (xi, fj) ∈
X × F , we first define the field uΩ

xi,fj
, the solution of

⎧⎪⎨⎪⎩
∆u + k2

ju = sxi in R
2 \ Ω,

u = 0 on ∂Ω,
lim
r→∞

√
r(∂ru− iku) = 0,

(7.1)

where sxi
represents a source point centered at xi, and where

k2
j (x) = ε(x)µω2

j ,
wj = 2πfj ,

ε(x) =

{
ε0 if x ≥ 0,
εs if x < 0.

Then the “measurements” are M(Ω) = {mxi,fj (Ω)}. In our numerical tests, mxi,fj (Ω)
is the value of the scattered field at point xi.
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Fig. 7.1. Repartition of metallic objects in the soil and the corresponding topological sensitivity
computed on empty flat soil (dry soil, flat surface εr = 2.3, 20 frequencies ranging from 400MHz to
2GHz).

Reference measurements M̃ = {m̃xi,fj} are those values obtained from the real
objects in the soil. Ideally, these would have been real measurements, but in the
following numerical results, we consider only synthetical data obtained via FDTD.

The cost function, which expresses the adequacy between the measurements ob-
tained for a distribution of metallic objects Ω and the reference data, is

j(Ω) = ‖M− M̃‖2 =
∑
i,j

jxi,fj (Ω),(7.2)

where

jxi,fj (Ω) = |mxi,fj (Ω) − m̃xi,fj |2.(7.3)

Applying the expression of the topological asymptotic (see Proposition 5.3), one has

j(Ω \B(x, ε)) − j(Ω) =
∑
i,j

− 2π

log ε
�
(
uΩ
xi,fj (x)vΩ

xi,fj
(x)

)
+ o

(
1

log ε

)
,(7.4)

where vΩ
xi,fj

is the adjoint state associated with the couple (xi, fj).
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Fig. 7.2. (a) Reference distribution of objects. The measures are computed on a dry inhomoge-
neous soil (εs ranging from 1.6 to 4.15) with a rough surface, using 29 measurement points and 20
frequencies ranging from 260MHz to 1.86GHz. (b) Topological sensitivity computed on a flat empty
homogeneous soil (εs = 2.3).

The first example (see Figure 7.1) shows the topological sensitivity computed
on an “ideal” case: There is no noise on the data, and the reference soil is a flat
and homogeneous dry sand soil. One can see that the top of the five objects is
clearly identified by the negative values of the topological sensitivity. This topological
sensitivity can be obtained very quickly since it is evaluated on an empty flat soil,
which is invariant by translation: All direct states and adjoint states are just horizontal
translations of a “canonical” solution. The computational cost is only 10 seconds on
a 300MHz personal computer.

The second example (see Figure 7.2) is a little more realistic: The data is arti-

ficially noised since the reference data M̃ was obtained on a nonflat inhomogeneous
soil, while the topological sensitivity was still computed on a flat homogeneous soil.
One can observe that, although the objects are still located correctly, the image (see
Figure 7.2(b)) is a bit distorted.

The third example shows that using an iterative process might give good results at
the expense of some computational cost. In this example, the basic iterative algorithm
just inserts a metal point at the point where the topological sensitivity is the most
negative. Then the topological sensitivity is reevaluated, taking into account the
metal points inserted at previous iterations, etc. Figure 7.3 shows the objects and the
metal points that were inserted at iterations 10 and 55.
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Fig. 7.3. (a) Redistribution of objects. The measures are computed on a dry flat inhomogeneous
soil (εs = 2.3), 29 measurement points, and 20 frequencies ranging from 490MHz to 3.29GHz. (b)
Iteration 10. (c) Iteration 55.
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[5] J. Céa, Conception optimale ou identification de forme, calcul rapide de la dérivée direction-
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Abstract. This work suggests a way of measuring distance between two linear systems under
a given bounded power excitation. The measure introduced can be used to bound from above and
below the difference in closed-loop behavior of two plants with the same controller for a specified
reference or disturbance spectrum. Given an unknown, single input “real” plant and its identified
model, an upper bound on the distance between the plant and its model as expressed by this measure
can be obtained from time domain data.
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1. Introduction. Robust control theory is often motivated based on square
summable or square integrable (bounded energy) signals. In many practical applica-
tions, the signals are better modeled as persistent disturbances. Motivating robust
control design or analysis from a persistent signals viewpoint is complicated by the
fact that the set of “quasi-stationary” bounded power signals which induces the in-
finity norm is not a linear vector space [5]. Nevertheless, interpreting and extending
standard robust control results in a persistent signals set-up has been an active area
of research for the last few years; see [13], [5] and references therein.

Given a controller which robustly stabilizes two plants (or a plant and its model),
it is known that the difference in closed-loop frequency response of the two plants with
the same controller can be bounded from below and above using pointwise chordal
distance between the frequency responses of the two plants. A natural question to ask
is whether the difference in closed-loop response of two systems for a given reference
and disturbance spectrum can be bounded from above and below using an appropriate,
signal dependent notion of distance. This work provides an affirmative answer to this
question.

Specifically, the problem considered is as follows. Consider two closed-loops
(P1, C1, C2) and (P2, C1, C2), each with the same controller C = C1C2, the same
controller configuration (C1 in the forward path, C2 in the feedback path), and (pos-
sibly) different plants P1, P2. These two loops may represent the “achieved” closed-
loop (i.e., with the real plant) and the “designed” closed-loop (i.e., with the model).
For a given bounded power excitation (which could be a reference or a disturbance
signal), the difference in the closed-loop behavior will be small if the two plants P1

and P2 are close in an appropriate sense. It is known that the difference in closed-loop
behavior would be small (at least, for any square summable excitation) if the distance
between the two systems as measured by the ν-gap metric (discussed in more details
in section 3) or by the gap metric were small. However, even if the ν-gap is large, it
is possible that the difference in the closed-loop response is small for a specific range
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of spectra of interest, provided we find a controller which stabilizes both systems
with adequate stability margins. Here, a measure of distance over a subset of linear
shift invariant systems is introduced which characterizes the difference in closed-loop
response for a given range of signal spectra. Upper and lower bounds on this difference
are established in terms of this new measure. For a plant and its candidate model,
bounds on this measure are given in terms of time domain data.

The rest of the paper is organized as follows. Section 2 outlines the notation
and defines the sets of signals and systems used in this paper. Section 3 introduces
the ν-gap metric. A new function δx for measuring distance between two systems is
introduced in section 4. In section 5, this function δx is used to bound from above and
below the difference in closed-loop performance for a given range of signal spectrum.
Bounds on δx from time domain data are introduced in section 6. Section 7 illustrates
the use of this function with examples, and finally section 8 briefly summarizes the
contribution of this paper.

2. Preliminaries. Let R and C denote the sets of real and complex numbers,
respectively. C

m×n denotes the space of m × n complex matrices. Z denotes set of
integers. l∞(Z) denotes the space of bounded sequences indexed by integers. For A ∈
C

m×n, σi(A) denotes the ith largest singular value of A. Maximum and minimum
singular values of a matrix A are denoted by σ(A) and σ(A), respectively.

(i) Signals. Let Ru(τ) = limN→∞
1
N

∑N−1
t=0 u(t− τ)uT (t). Define

Sn =

{
u |u ∈ l∞(Z), u(t) = 0 ∀ t < 0, Ru(τ) exists ∀ τ,

φu(ω) :=

∞∑
τ=−∞

Ru(τ)e−jτω exists ∀ω
}
.(2.1)

Here, power spectrum φu(ω) need not be bounded and may contain impulses in general.
This set is called as a set of quasi-stationary signals in [4]. Define seminorm ‖f‖S :=√

traceRf(0). For signals with continuous spectra, the equality

‖f‖S =

√
1

2π

∫ π

−π

trace φf (ω) dω

also holds.
For two signals v, w ∈ Sn, define

Rwv(τ) := lim
N→∞

1

N

N−1∑
t=0

v(t− τ)wT (t)

and φwv(ω) :=

∞∑
τ=−∞

Rwv(τ)e−jτω,

provided the limits exist for each τ and each ω. For v, w ∈ Sn, note that v+w ∈ Sn

provided the cross-correlation function Rwv(τ) exists for all τ and the cross power
spectrum φwv(ω) exists for all ω. This set is obviously not a linear space and may be
embedded in a linear space which includes nonstationary signals [5]. However, the
use of Sn here to model persistent signals is motivated by two reasons. First, the
correlation or spectrum based description is deemed as natural to describe persistent
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disturbances, even in a nonprobabilistic setting. Second, the spectral content of a
signal in Sn proves useful in assessing the performance of feedback systems in terms
of their graph symbols restricted to the imaginary axis. This point will become
apparent in sections 4 and 5.

(ii) Systems. Let D := {z ∈ C : |z| < 1 }. Let ∂D denote the boundary of D. L∞
denotes the normed space of all functions essentially bounded on D and having norm
‖f‖L∞ := ess supω σ(f(ejω)), where σ(·) represents the maximum singular value.
H∞ denotes the normed space of functions analytic in D and having norm ‖f‖∞ :=
supz∈D

σ(f(z)) < ∞.
Consider a linear, shift invariant discrete time system P , which can be expressed

as P = NM−1 = M̃−1Ñ with
1. N and M are right coprime and G = [ NM ] inner; and

2. Ñ and M̃ are left coprime and G̃ = [−M̃ Ñ ] coinner.
G (resp., G̃) is called the normalized right (resp., normalized left) graph symbol of
plant P . The set of systems of interest here are those with continuous normalized
graph symbols:

Pm×n =
{
P : G, G̃ exist and are continuous on ∂D

}
.

The superscript m × n is dropped when it is clear from context. The normalized
graph symbols of a plant Pi will be denoted as G̃i and Gi. The set Pm×n includes
all systems whose normalized graph symbols may be uniformly approximated by real
rational transfer functions; this follows from [8, Theorem 7.12]. However, it is worth
mentioning that there are systems which have a continuous frequency response on the
unit circle but whose normalized graph symbols are not continuous on the unit circle;
see [9] for an example.

The set of all real rational transfer functions with n inputs and m outputs, denoted
by Rm×n, is a subset of Pm×n.

The controller is denoted by C and its normalized right (left) inverse graph symbol
is denoted by K = [VU ] (K̃ = [−Ũ Ṽ ]).

3. The ν-gap metric. The notion of measuring distance between linear sys-
tems in terms of distance between their graph spaces was introduced by Vidyasagar
in [10]. In this paper, a metric called the graph metric was introduced which is char-
acterized by the smallest distance, in a certain sense, between the coprime factors of
two systems. This work was followed by a number of advances in characterization and
computation of similar metrics under which feedback stability is a robust property.
The pointwise gap metric [7], the gap metric [1], and the chordal metric [6] induce
the same topology as the graph metric. The authors of [3] discuss the properties of
gap metrics related to robustness for normalized coprime factor perturbations.

In [11], a metric called the ν-gap metric was defined. It is closely related to
the gap metric but has a nicer frequency response interpretation and leads to less
conservative robustness results in general. Specifically, the ν-gap between two plants
P1 and P2 is defined as [11]

δν(P1, P2) = inf
Q,Q−1∈L∞

‖G1 −G2Q ‖∞ if I(P1, P2) = 0

= 1 otherwise,(3.1)

where I(P1, P2) := wno det (G∗
2G1) = wno det (G̃1G̃

∗
2) and wno (g) denotes the

winding number of g(z) evaluated on the standard Nyquist contour indented around
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any poles and zeros on ∂D. For a real rational transfer matrix X such that X,X−1 ∈
L∞, the winding number wno det (X) = η(X−1) − η(X), where η(f) denotes the
number of unstable poles of f . Thus, the ν-gap is seen to be the infinity norm of the
smallest perturbation of the normalized coprime factorization G1 of P1 which yields
a—not necessarily coprime—factorization G2Q of P2. The choice of factorization of
P2, i.e., the choice of Q, is constrained by the winding number condition. If G2Q is
constrained to be coprime instead, one gets the gap (instead of the ν-gap) between
P1 and P2. See, e.g., section 9.3 in [12] for details.

When the winding number condition is satisfied, δν(P1, P2) equals the L2-gap,

δL2
(P1, P2) := ‖G̃2G1‖∞ = sup

ω
κ(P1, P2)(e

jω).(3.2)

κ(P1, P2)(e
jω) is the pointwise chordal distance defined by

κ(P1, P2)(e
jω) := σ

(
(I + P2P

∗
2 )−

1
2 (P1 − P2)(I + P ∗

1 P1)
− 1

2

)
(ejω).(3.3)

δν(P1, P2) is a measure of difference in the closed-loop performance of P1 in feedback
with a controller C and P2 in feedback with the same controller C. Given a nominal
controller C that stabilizes a (possibly frequency weighted) plant Pi, a useful closed-
loop performance measure is

b(Pi, C) = ‖H(Pi, C)‖−1
∞ = inf

ω
σ(K̃Gi)(e

jω)

= inf
ω

σ(G̃iK)(ejω),(3.4)

where the closed-loop transfer function H(Pi, C) is defined by

H(Pi, C) =

[
Pi

I

]
(I − CPi)

−1
[
−C I

]
.

It is known that any controller stabilizing a plant P1 and achieving b(P1, C) > α
stabilizes the plant set {P2 : δν(P1, P2) ≤ α} [11]. More important, the pointwise
difference in the closed-loop performance of nominal plant P1 and a perturbed plant
P2 for the same controller C can be quantified in terms of κ(P1, P2) as [11]:

κ(P1, P2)(e
jω) ≤ σ(H(P1, C) −H(P2, C))(ejω)

≤ κ(P1, P2)(e
jω)σ(H(P1, C))(ejω)σ(H(P2, C))(ejω).(3.5)

The upper bound in (3.5) is useful only if C stabilizes both P1 and P2.
The aim here is to characterize the difference in closed-loop behavior, in a fashion

similar to (3.5), for signals belonging to the set Sn as defined in (2.1). The next section
defines a way of measuring distance between systems under a specific bounded power
excitation.

4. A new measure of distance. Let Φ be a set of functions defined by

Φ :=
{
X |X : [−π, π] → R, X(ω) ≥ 0,

X(ω) is monotonic nondecreasing and bounded
}
.(4.1)

For X ∈ Φ, define a seminorm

‖X‖Φ =
1

2π

∫ π

−π

dX(ω).(4.2)
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The definition (4.2) may be related to the set Sn as follows. Let r ∈ Sn be such that
φr = xIn×n, where x(ω) ≥ 0 is a continuous, scalar, and bounded real function over
[−π, π]. Let

X(ω) =

∫ ω

−π

x(τ)dτ.

Then X ∈ Φ and dX
dω = x [8, Theorem 6.20]. Also, the equality

‖r‖2
S = n‖X‖Φ(4.3)

follows from the definitions of seminorms ‖ · ‖S and ‖ · ‖Φ. Functions belonging to the
set Φ will later be used in section 5 to express bounds on the range of the spectra of
interest.

Now define a function δx : Pm×n × Pm×n × Φ → R+,

δx(P1, P2, X) :=

{
1

2π

∫ π

−π

trace
(
(G̃2G1)

∗(G̃2G1)(e
jω)

)
dX(ω)

} 1
2

.(4.4)

Thus δ2
x(P1, P2, X) is seen to be a Stieltjes integral of trace

(
(G̃2G1)

∗(G̃2G1)
)

with
respect to a “weight” X(ω).1 The choice of this weight will be determined by the shape
of the spectrum of interest. For a given pair P1, P2 ∈ Pm×n, trace

(
(G̃2G1)

∗(G̃2G1)
)

may be easily shown to be a continuous function mapping [−π, π] to R. Also, X is
monotonic from the definition of Φ. From these two facts, it follows that δx(P1, P2, X)
is well defined for any P1, P2 ∈ Pm×n [8, Theorem 6.8].

The following lemma sums up properties of δx as a measure of distance between
systems in Pm×n.

Lemma 1.

(i) For a given X0 ∈ Φ and P1, P2 ∈ Pm×n,

0 ≤ δ2
x(P1, P2, X0) ≤ n‖X0‖Φ and(4.5)

δx(P1, P2, X0) = δx(P2, P1, X0).(4.6)

(ii) For given X0 ∈ Φ and P1, P2, P3 ∈ Pm×n,

δx(P1, P2, X0) ≤ δx(P1, P3, X0) + δx(P3, P2, X0).(4.7)

(iii) Suppose X0 ∈ Φ is continuously differentiable, with dX0

dω > 0 over an
interval [ω0, ωp] ⊆ [−π, π]. Then

δx(P1, P2, X0) = 0 ⇔ κ(P1, P2)(e
jω) = 0 ∀ ω ∈ [ω0, ωp],(4.8)

where κ(·, ·) is chordal distance as defined in (3.3).
(iv) Suppose X0(ω) =

∑∞
i=1 aih(ω − ωi), where {ωi}, i = 1, 2, 3, . . . , is a se-

quence of distinct points in [−π, π] and {ai} is such that ai > 0 for all i and the
sequence of partial sums

∑
ai is convergent. Here h(·) represents the unit step func-

tion. Then

δx(P1, P2, X0) = 0 ⇔ κ(P1, P2)(e
jωi) = 0 ∀ωi.(4.9)

1Wherever square roots of positive numbers are used, it will be assumed that the positive square
root is considered.
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Proof. See the appendix.
For any continuously differentiable X ∈ Φ such that dX

dω > 0 for all ω ∈ [−π, π],
the above result shows that δx(P1, P2, X) is a metric over Pm×n. Further, for P1, P2 ∈
Pm×n and a scalar transfer function x, x−1 ∈ H∞ ∩ P1×1, it may be easily shown
that

if X(ω) =

∫ ω

−π

|x(ejτ )|2 dτ,

then δx(P1, P2, X) = ‖G̃2G1x‖2.

In general, however, X need not even be continuous for δx(P1, P2, X) to be well
defined.

y(t)u(t)r(t)

C1

C2

Pi

w1(t) w2(t)

Fig. 5.1. Closed-loop system.

5. Closed-loop error bounds. Consider the closed-loop in Figure 5.1. Let
[−Ũ Ṽ ] be the normalized left inverse graph symbol of controller C = C1C2 (i.e.,
C = Ṽ −1Ũ and Ũ and Ṽ are left coprime). C1 is a square transfer function matrix
and is chosen such that Ṽ C1 ∈ H∞, infω σ(Ṽ C1)(e

jω) > 0. The transfer function
from r to [ yu ] in Figure 5.1 with P = Pi can easily be shown to be

T (Pi, C1, C2) := Gi(K̃Gi)
−1Ṽ C1.(5.1)

Define two constants dependent on controller configuration:

αc = inf
ω

σ (Ṽ C1)(e
jω)(5.2)

= 1 if C1 = Ṽ −1, C2 = Ũ

=
1√

1 + ‖C‖2
∞

if C1 = I, C2 = Ṽ −1Ũ ,(5.3)

and βc = sup
ω

σ (Ṽ C1)(e
jω)

= 1 if C1 = Ṽ −1, C2 = Ũ

≤ 1 if C1 = I, C2 = Ṽ −1Ũ or if C1 = Ṽ −1Ũ , C2 = I.(5.4)

Note that these definitions do not exclude the “open-loop” case: C1 = I, C2 = 0.
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Suppose that upper and lower bounds on the spectrum of disturbance or excitation
r of interest are known. This information can be used to bound the difference in
closed-loop response of two plants to r, as the next theorem shows.

Theorem 1. Suppose T (Pi, C1, C2) as defined in (5.1) are exponentially stable,
with P1, P2 ∈ Pm×n. Let r ∈ Sn be such that φr(ω) is continuous, where Sn is the
set defined in (2.1). Let x1, x2 be Riemann integrable functions on [−π, π] such that
∃ γ > 0 for which

γ x1 ≤ σi(φr)(ω) ≤ γ x2 ∀ω, i = 1, 2, . . . , n.(5.5)

Let

Xk(ω) =

∫ ω

−π

xk(τ)dτ, k = 1, 2.(5.6)

Then, for b(Pi, C) as defined in (3.4), αc and βc as defined in (5.2)–(5.4), and the
seminorm ‖ · ‖Φ as defined in (4.2), the following inequalities hold:

αc δx(P1, P2, X1)√
n ‖X2‖Φ

≤ ‖(T (P1, C1, C2) − T (P2, C1, C2)) r‖S

‖r‖S

≤ βc δx(P1, P2, X2)√
n ‖X1‖Φ b(P1, C) b(P2, C)

.(5.7)

Further, if C1 = Ṽ −1(K̃G1) and C2 = C−1
1 C, then

δx(P1, P2, X1)√
n ‖X2‖Φ

≤ ‖(T (P1, C1, C2) − T (P2, C1, C2)) r‖S

‖r‖S
(5.8)

≤ δx(P1, P2, X2)√
n ‖X1‖Φ b(P2, C)

.

Proof. See the appendix.
Several remarks on this result are in order.

(i) To guarantee that the filtered signal T (Pi, C1, C2) r to be in Sn, the impulse
response of T (Pi, C1, C2) should be in l1 (i.e., should be absolutely summable) [5].
One simple way to ensure this is to impose the exponential stability condition. From
a practical point of view, of course, this is a perfectly sensible requirement.

(ii) The equality (4.3) explains the presence of
√
n‖Xk‖Φ in (5.7). To explore

this further, let r̂ ∈ S1 be such that φr̂ is continuous. Let X1, X2 ∈ Φ be such
that dX1

dω = φr̂ = dX2

dω . Then ‖r̂‖2
S = ‖X1‖Φ = ‖X2‖Φ. Define spectral distribution

function [5]

Fr̂(ω) =

∫ ω

−π

φr̂(τ)dτ.

Then Fr̂ is continuous over [−π, π] and dFr̂

dω = φr̂. Using this definition in (5.7) yields
a simpler expression,

αc δx(P1, P2, Fr̂) ≤ ‖(T (P1, C1, C2) − T (P2, C1, C2)) r̂‖S ≤ βc δx(P1, P2, Fr̂)

b(P1, C) b(P2, C)
.

To reemphasize the main motivation of this work, note that δx(P1, P2, Fr̂) may be
small for Fr̂ of interest even if δν(P1, P2) is large.
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(iii) In proving Theorem 1, we will use the equality

traceRr(0) =
1

2π

∫ π

−π

trace φr(ω) dω.

This is certainly true when φr is continuous but may not be true in general. For single
input systems, φr may be allowed to have the form

φr(ω) = φr̂(ω) +

l∑
i=1

δ(ω − ωi),

where φr̂(ω) is continuous, ωi ∈ [−π, π], and δ(·) is a Dirac delta function. Impulses
in the spectral density of r represent periodic excitation. It is reasonable to expect
that the frequencies of periodic reference (or disturbance) are known. The bounds
in (5.7)–(5.8) will still make sense if we allow jump discontinuities in X1, X2 at the
frequencies of periodic excitation. For multi-input systems, it is more difficult to
account for delta functions due to the necessity of bounding singular values of the
spectrum.

(iv) Note that the parameter γ in (5.5) doesn’t appear in (5.7) or (5.8). This
is important, since it implies that the bounds in (5.7)–(5.8) are scale invariant in
the sense that one needs only to know the bounds on the shape of singular values of
spectral density φr. The actual magnitude of spectral density is irrelevant.

(v) For a multi-input system, these bounds make sense for comparing per-
formance under simultaneous excitation of all inputs. To compare behavior when
σn(φr)(ω) = 0 for all ω (i.e., to compare the response when some but not all inputs
are excited), x1 should be zero; but that makes the lower bound in (5.7) zero, and the
upper bound becomes unbounded. Even in that case, the following bound still holds:

‖(T (P1, C1, C2) − T (P2, C1, C2)) r‖S ≤ βc γ δx(P1, P2, X2)

b(P1, C) b(P2, C)
.

This may be easily shown following the steps of the proof of Theorem 1.
Suppose P2 is a model for a “true” plant P1. For a “reasonable” controller C (i.e.,

which stabilizes both the true plant and the model with adequate stability margins),
Theorem 1 shows that the difference in the designed and the achieved closed-loop
response to a persistent excitation r ∈ Sn is small if δx(P1, P2, φr) is small. The
results are relevant in comparing the designed and the achieved tracking performance
(when r is a reference) and in comparing noise rejection of two closed-loops (when r is
a disturbance). These error bounds may also prove useful in assessing the suitability
of a reduced order model to design a controller for a high order plant.

If r0 ∈ Sn is such that the φr0(ω) = In×n, then

‖T (P1, C1, C2) − T (P2, C1, C2)r0‖S = ‖T (P1, C1, C2) − T (P2, C1, C2)‖2.

This observation leads to the following 2-norm inequality.
Corollary 1. Suppose P1, P2 ∈ Pm×n and a controller C stabilizes both P1

and P2. Let C = Ṽ −1Ũ = C1C2, where [−Ũ Ṽ ] is a normalized left graph symbol
of C and C1 is a square matrix function such that Ṽ C1 ∈ H∞, infω σ (Ṽ C1) > 0.
Further, suppose T (P1, C1, C2) as defined in (5.1) are exponentially stable. Then

αc ‖ G̃2G1 ‖2 ≤ ‖T (P1, C1, C2) − T (P2, C1, C2)‖2 ≤ βc ‖ G̃2G1 ‖2

b(P1, C) b(P2, C)
,(5.9)
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where αc, βc are as defined in (5.2)–(5.4).
Proof. The proof follows from (5.7), with φr = In×n, dX1

dω = dX2

dω = 1.
Given an unknown true plant P0, a model Pθ, and a spectral distribution Fr, it

is not possible to measure δx(P0, Pθ, Fr) directly. The next section introduces bounds
on δx(P0, Pθ, Fr) for a given single input “true” plant P0 and a model Pθ in terms of
data from a time domain identification experiment.

6. Bounds on δx(P0, Pθ, X). The main result in this section is restricted to
single input systems. A partial generalization to the multiple input case is possible
and is discussed at the end of the section.

Consider a plant P0 ∈ Pm×1. For a closed-loop system as shown in Figure 5.1
(with Pi = P0), the a posteriori data is given by

z :=

[
y
u

]
= G0(K̃G0)

−1 Ṽ C1 r + H(C,P0)w,(6.1)

where H(C,P0) is a closed-loop transfer function as defined in section 3, H(C,P0) =
K(G̃0K)−1G̃0. y, u (and, possibly, r) are measured signals, and w = [−w1

w2
] is unmea-

sured noise or disturbance. Suppose r, w1,∈ S1, w2 ∈ Sm are such that

lim
N→∞

1

N

N−1∑
t=0

(r(t)wT

i (t− τ)) = 0 ∀ τ, i = 1, 2.(6.2)

This deterministic assumption corresponds to the idea that the reference r and the
noise signals wi are uncorrelated. Also, suppose that the transfer function from[

r w1 w2

]T
to [ yu ] is exponentially stable. Assume that φr is continuous and define the spectral
distribution function of r as before,

Fr(ω) =

∫ ω

−π

φr(τ)dτ.

The data z from (6.1) can be used for identifying a model for P0. One common
method for parametric time domain identification is the prediction error method [4].
This method solves

min
θ

‖X̃θz‖S subject to X̃θ(∞) =
[
I 0

]
.(6.3)

Here, X̃θ is a left graph symbol of model parameterized by a (real) parameter vector
θ, and z is output-input data as in (6.1). This is sometimes referred to as the “direct”
prediction error in the literature [2], as opposed to methods that use a measurable
reference.

The prediction error identification approach has elegant statistical properties and
is widely studied in the literature; [4] offers a very comprehensive treatment. For a
model Pθ obtained by the prediction error method, it is desired to obtain an estimate
of δx(P0, Pθ, Fr). Let G̃θ be the normalized left graph symbol of Pθ. The following
result gives bounds on δx(P0, Pθ, Fr) in terms of time domain data.

Theorem 2. Let Pθ be a candidate model for P0 with both P0, Pθ ∈ Pm×1.
Suppose r, w1 ∈ S1, w2 ∈ Sm are such that (6.2) holds. Let C = C1C2 be such that
the transfer function from [

r w1 w2

]T
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to [ yu ] in Figure 5.1 is exponentially stable. Let z be as defined in (6.1), and let αc

and βc be as defined in (5.2)–(5.4). Then

b2(P0, C) ‖G̃θ z‖2
S − ‖G̃0 w‖2

S

β2
c

≤ δ2
x(P0, Pθ, Fr) ≤ ‖G̃θ z‖2

S − b2(Pθ, C) ‖G̃0 w‖2
S

α2
c

.

(6.4)

Proof. See the appendix.
From (6.4), it follows that

δx(P0, Pθ, Fr) ≤
‖G̃θ z‖S

αc

.(6.5)

For a given model Pθ, measured data z, and a given αc the right-hand side can be
explicitly evaluated. Combining (5.7) and (6.5) gives

‖(T (P0, C1, C2) − T (Pθ, C1, C2)) r‖S

‖r‖S
≤ ‖G̃θ z‖S

‖r‖S

βc

αc b(P0, C) b(Pθ, C)
.

If ‖G̃θ z‖S
‖r‖S

is small, any “good” controller C (i.e., with sufficiently large robust stability

margins b(P0, C) and b(Pθ, C)) should yield a small difference in closed-loop behavior
for excitation r. However, the upper bound above cannot be evaluated from data due
to the presence of an unknown term b(P0, C).

If ‖G̃0w‖S ≈ 0 and if C1 = Ṽ −1, C2 = Ũ , then (6.4) yields an aesthetically
pleasing expression,

b(P0, C) ‖G̃θ z‖S ≤ δx(P0, Pθ, Fr) ≤ ‖G̃θ z‖S .

Note that the model Pθ need not be obtained from the same experimental data
z used in the bounds; the results hold for any candidate model Pθ so far as the data
z is generated according to (6.1) and (6.2) holds. In particular, note that (6.5) does
not use any a priori assumptions about the order or the relative stability of the plant
P0. The exponential stability of the closed-loop is the only assumption used here.

The result above is valid for single input systems. A generalization to multivari-
able plants is possible in the case when the spectrum of r is a scalar function times
identity.

Corollary 2. Let Pθ be a candidate model for P0 with both P0, Pθ ∈ Pm×n.
Suppose r, w1 ∈ Sn, w2 ∈ Sm are such that (6.2) holds. Further, suppose r ∈ Sn

is such that φr = x In×n, where x is a scalar, continuous spectrum. Let X(ω) =∫ ω

−π
x(τ)dτ . Let C = C1C2 be such that the transfer function from[

r w1 w2

]T
to [ yu ] in Figure 5.1 is exponentially stable. Let z be as defined in (6.1), and let αc

and βc be as defined in (5.2)–(5.4). Then

b2(P0, C) ‖G̃θ z‖2
S − ‖G̃0 w‖2

S

β2
c

≤ δ2
x(P0, Pθ, X)

≤ ‖G̃θ z‖2
S − b2(Pθ, C) ‖G̃0 w‖2

S

α2
c

.(6.6)
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Proof. This may be shown following the steps of the proof of Theorem 2. Details
are omitted.

Remark 1. Under the assumption (6.2), an upper bound similar to (6.5) also holds
in the case of prediction error cost in (6.3). If θ� is an argument which minimizes the
cost in (6.3), it can be shown that

‖X̃θ�
X0 r‖S ≤ ‖X̃θ�

z‖S ,

where X0 = G0(K̃G0)
−1 Ṽ C1. This may be easily proved from the proof of Theo-

rem 2. The quantity ‖X̃θ� X0 r‖S , unlike δx(P0, Pθ�
, Fr), depends on the choice and

the configuration of controller C.
Remark 2. The bounds presented above are “distribution-free” and use only

a nonprobabilistic assumption (6.2) about noise. Developing results equivalent to
Theorem 2 in a probabilistic setting is an interesting and challenging area of future
research.

7. Examples. Here we consider some examples to see how this new measure can
be useful in comparing the closed-loop response of systems to persistent excitation.
Consider a pair of plants

P1(z) =
2(z + 1)

z − 0.6
, P2(z) =

(z + 1)2

(z2 − 0.6z + 1.2)
.

The ν-gap error between P1 and P2 is significantly large (= 0.64). Suppose the
spectrum of interest is a low frequency spectrum which satisfies

γ x1(ω) ≤ φr0 ≤ γ x2(ω)

for some γ > 0, where x1(ω) = f1(e
jω)f1(e

−jω), f1(z) =
0.01z

z − 0.99
,

and x2(ω) = f2(e
jω)f2(e

−jω), f2(z) =
0.02z

z − 0.98
.

Note that the exact value of γ (and hence the power in the signal) is immaterial. Let
Fi(ω) =

∫ ω

−π
xi(τ)dτ , i = 1, 2. Then

δx(P1, P2, F1)

‖F2‖Φ

= 0.0294 and
δx(P1, P2, F2)

‖F1‖Φ

= 0.0724.

(These may be computed as 2-norm of G̃2G1fi, i = 1, 2.) Thus, given a controller
C which stabilizes both P1 and P2 with “good” stability margin, the difference in
closed-loop gains T (P1, C1, C2)−T (P2, C1, C2) over this spectrum is guaranteed to be

small. In this particular case, a simple integral controller C1 = 0.025(z+1)
(z−1) , C2 = −1

yields stability margins b(P1, C) = 0.408, b(P2, C) = 0.401.
For the same plants P1, P2 as above, if we consider f1(z) = f2(z) = 1 − 0.9z−1,

then

δx(P1, P2, F1)

‖F2‖Φ

=
δx(P1, P2, F2)

‖F1‖Φ

= 0.4469

so that no controller can make the difference in closed-loop gains T (P1, C1, C2) −
T (P2, C1, C2) smaller than 0.4469αc over this spectrum, with αc as defined in (5.2).
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Next, consider another pair of plants

P3(z) =
z − 1

z − 0.99
, P4(z) =

z − 1

z − 1.01
.

The ν-gap between P3 and P4 is 1. Suppose P3 and P4 are to be compared from
the perspective of white noise rejection. Then ‖G̃4G3‖2 = 0.055, which means any
“reasonable” controller will yield a similar closed-loop white noise rejection for both
P3 and P4 (provided such a controller exists). The controller C1 = 1, C2 = −1 in this
case yields b(P3, C) = b(P4, C) = 0.7071.

8. Conclusion. A new measure δx(·, ·, X) is introduced for measuring distance
between linear shift invariant systems. It is shown that this measure can be used to
characterize the difference in closed-loop behavior of two feedback systems under a
given persistent excitation. For a plant P0 and a model Pθ, bounds on this measure
with respect to a given reference spectrum are obtained in terms of data from a time
domain identification experiment.

Appendix. First, some technical results necessary for the proofs of Lemma 1
and Theorems 1 and 2 are given.

Fact 1. For any complex matrix Q ∈ C
m×n, let the Frobenius norm be defined

as usual, ‖Q‖2
F = trace (Q∗Q) = trace (QQ∗) =

∑m
i=1 σ

2
i (Q), where m = min(m,n).

For a pair of complex matrices Q, R of compatible dimensions, with R square and
invertible, the following inequalities hold:

σ(R)‖Q‖F ≤ ‖QR‖F ≤ σ(R) ‖Q‖F .(A.1)

Proof. The upper bound is well known [13]. The lower bound follows from

‖Q‖F = ‖QRR−1‖F ≤ σ(R−1)‖QR‖F .(A.2)

The next result proves the formula for infω σ(Ṽ C1)(e
jω) stated in (5.3).

Lemma 2. Let [−Ũ Ṽ ] be the normalized left inverse graph symbol for C =
Ṽ −1Ũ . Then

inf
ω

σ(Ṽ )(ejω) =
1√

1 + ‖C‖2
∞
.(A.3)

Proof. From [12, section 2.3],

σ2(C) =
σ2(Ũ)

1 − σ2(Ũ)
and σ2(Ṽ ) = 1 − σ2(Ũ).(A.4)

A rearrangement of (A.4) and taking the infimum of both sides leads to (A.3).
The proofs that follow also use some identities from [12, section 3.2] for manipu-

lation of normalized graph symbols:

(G̃1G2)
∗(G̃1G2) + (G∗

2G1)(G
∗
2G1)

∗ = I,(A.5)

(G̃2G1)
∗(G̃2G1) + (G∗

2G1)
∗(G∗

2G1) = I,(A.6)

G̃∗
2G̃2 + G2G

∗
2 = I,(A.7)

K(G̃2K)−1G̃2 + G2(K̃G2)
−1K̃ = I.(A.8)
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In the rest of the proofs, the argument ejω will be omitted for brevity wherever it is
obvious from the context.

Proof of Lemma 1. Property (4.5) is obvious. To prove (4.6), note that

σ2
i (G̃2G1)(e

jω) = 1 − σ2
n−i+1(G

∗
2G1)(e

jω) (from (A.5))

= σ2
i (G̃1G2)(e

jω) (from (A.6)).

Next, using (A.7),

δ2
x(P1, P2, x) =

1

2π

∫ π

−π

n∑
i=1

σ2
i

(
G̃2G1

)
dX0(ω)

=
1

2π

∫ π

−π

n∑
i=1

σ2
i

(
G̃2 (G3G

∗
3 + G̃∗

3G̃3)G1

)
dX0(ω)

≤ 1

2π

∫ π

−π

n∑
i=1

σ2
i

(
G̃2 G3

)
dX0(ω) +

1

2π

∫ π

−π

n∑
i=1

σ2
i

(
G̃3 G1

)
dX0(ω)(A.9)

≤
(
δ2
x(P2, P3, X0) + δ2

x(P3, P1, X0)
)

(A.10)

from which (4.7) follows.
To prove (4.8), let x(ω) = dX0

dω and note that∫ π

−π

(
n∑

i=1

σ2
i (G̃2G1)

)
dX(ω) ≥ min

ω∈ [ω0,ωp]
x(ω)

∫ ωp

ω0

trace
(
(G̃2G1)

∗(G̃2G1)
)
dω.

On the other hand, if X0(ω) =
∑∞

i=1 aih(ω − ωi), then from [8, Theorem 6.16],

δ2
x(P1, P2, X0) =

1

2π

∞∑
i=1

ai trace
(
(G̃2G1)

∗(G̃2G1)
)

(ejωi)

from which (4.9) follows.
Proof of Theorem 1. Note that

δ2
x(P1, P2, Xi) =

1

2π

∫ π

−π

trace
(
(G̃2G1)

∗(G̃2G1)
)
xi dω, i = 1, 2.

This follows from the definition (5.6) of Xi(ω) and from [8, Theorem 6.20].
Upper bound. We have

‖(T (P1, C1, C2) − T (P2, C1, C2)) r‖2
S =

∥∥∥(G1(K̃G1)
−1 −G2(K̃G2)

−1
)

(Ṽ C1) r
∥∥∥2

S

=
∥∥∥(K(G̃2K)−1G̃2G1(K̃G1)

−1
)

(Ṽ C1) r
∥∥∥2

S
(A.11)

(premultiplying by the left-hand side of the equality in (A.7) and using the fact
G̃2G2 = 0)

≤ γ

(
sup
ω

σ2 (G̃2K)−1

) (
sup
ω

σ2 (K̃G1)
−1

)(
sup
ω

σ2 (Ṽ C1)

)
δ2
x(P1, P2, X2),

(A.12)
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where the last step uses

σ (φr)

n∑
i=1

σ2
i (G̃2G1) ≤ γ x2

n∑
i=1

σ2
i (G̃2G1).

Also, note that

1

nγ ‖X2‖Φ

≤ 1

‖r‖2
S

≤ 1

nγ ‖X1‖Φ

.(A.13)

The result then follows using (A.11)–(A.13) and using the definitions of βc and of
b(Pi, C) in (5.4) and (3.4), respectively.

Lower bound. Put L = (K̃G1)
−1, Q = (K̃G2)

−1(K̃G1). Then∥∥∥(G1(K̃G1)
−1 −G2(K̃G2)

−1
)

(Ṽ C1) r
∥∥∥2

S
=

∥∥∥(G1 −G2Q)L(Ṽ C1) r
∥∥∥2

S

≥ α2
c

1

2π

∫ π

−π

n∑
i=1

σ2
i

(
(G1 −G2Q)φ

1
2
r

)
dω (using σ(L) ≥ 1)

≥ γ α2
c

2π

∫ π

−π

x1

n∑
i=1

σ2
i (G1 −G2Q) dω

and x1

n∑
i=1

σ2
i ((G1 −G2Q)) = x1

n∑
i=1

σ2
i

([
G̃2

G∗
2

]
(G1 −G2Q)

)
(using (A.6))

≥ x1

n∑
i=1

σ2
i

(
G̃2G1

)
.(A.14)

Hence

∥∥∥(G1(K̃G1)
−1 −G2(K̃G2)

−1
)

(Ṽ C1) r
∥∥∥2

S
≥ γ α2

c

2π

∫ π

−π

x1

n∑
i=1

σ2
i

(
G̃2G1

)
dω.

(A.15)

The result follows from (A.15) and (A.13).
The upper and lower bounds in the second part may be proved similarly by

substituting C1 = Ṽ −1(K̃G1) in (A.11) and (A.14).
Proof of Theorem 2. From (6.1),

z =

[
y
u

]
= G0(K̃G0)

−1Ṽ C1r + K(G̃0K)−1G̃0w(A.16)

so that

‖G̃θz‖2
S = ‖(G̃θG0)(K̃G0)

−1(Ṽ C1) r‖2
S + ‖(G̃θK)(G̃0K)−1 G̃0 w‖2

S(A.17)

(since φrω = 0)

≤
(

sup
ω

σ2(K̃G0)
−1

)(
sup
ω

σ2(Ṽ C1)

)
δ2
x(P0, Pθ, Fr) +

(
sup
ω

σ2(G̃0K)−1

)
‖ G̃0 w‖2

S .

(A.18)
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The lower bound follows from (A.1) using the definitions of βc and b(P0, C). To derive
the upper bound, note that

‖G̃θz‖2
S ≥

(
inf
ω

σ2 (K̃G0)
−1

)(
inf
ω

σ2 (Ṽ C1)
)
δ2
x(P0, Pθ, Fr)

+
(
inf
ω

σ2 (G̃θK)
)(

inf
ω

σ2 (G̃0K)−1
)
‖ G̃0 w‖2

S .

The result then follows using

inf
ω

σ (K̃G0)
−1(ejω) ≥ 1, inf

ω
σ (G̃0K)−1(ejω) ≥ 1

and inf
ω

σ (G̃θK)(ejω) = b(Pθ, C).
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Abstract. Sufficient conditions for the controllability of affine nonlinear control systems on
Poisson manifolds are given. The important special case when the Poisson manifold is the reduced
space of a symplectic manifold by a free Lie group action is studied. The controllability of the
reduced system is linked to that of the given affine nonlinear system. Several examples illustrating
the theory are also presented.

Key words. controllability, symplectic manifold, Poisson manifold, reduction, weak positive
Poisson stability
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1. Introduction. The phase space of classical conservative mechanical systems
is usually described by a Poisson manifold (P, {·, ·}). The dynamics on P , subject to
external forces, can often be written in the form of an affine nonlinear control system
as

.
x= X(x) +

m∑
i=1

Yi(x)ui ,

where the drift vector field X is a complete vector field tangent to the symplectic leaves
of P and also preserves the symplectic volume on each one of them, Y1, . . . , Ym ∈ X (P )
are smooth complete vector fields on P , the control u := (u1, . . . , um) : (0,∞) −→
B ⊂ R

m is a measurable function, and B is a bounded subset of R
m.

Deciding the controllability of nonlinear control systems is usually a difficult prob-
lem that has generated a large body of literature. As opposed to linear control systems,
the Lie algebra rank condition is not sufficient for proving controllability of a non-
linear control system. Nevertheless, there is a link between nonlinear controllability
and linear controllability given by the following well-known result: If the linearization
of a nonlinear system at an equilibrium is controllable, then the nonlinear system is
locally controllable. For nonlinear systems without drift, various characterizations
of controllability based on Chow’s theorem were obtained. These were generalized
to nonlinear systems with drift in terms of the Lie algebra generated by the control
vector fields. Significant results were obtained by Hermann [14], Haynes and Hermes
[13], Brockett [8], Lobry [28], Sussmann and Jurdjevic [45], Krener [23], and others.
Sufficient conditions for controllability of nonlinear systems satisfying the Lie algebra
rank condition were obtained by Lobry [29] in the case of Poisson stable systems. This
work was generalized by Jurdjevic and Quinn [18] and Bonnard [6] to the case when
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only the drift vector field is required to be Poisson stable. This method was applied
by Crouch [11] to the study of spacecraft attitude control problems. In order to an-
alyze the controllability of spacecraft systems, which include attitude-orbit coupling
terms and are controlled only by attitude controllers using either reaction wheels or
gas jets, Lian, Wang, and Fu [26] replaced the condition on the drift vector field to
be Poisson stable with the less stringent condition of weak positive Poisson stability.
More precisely, they showed that if an affine nonlinear control system verifies the Lie
algebra rank condition and the drift vector field is weakly positively Poisson stable,
then the system is controllable.

The problem of controllability for nonlinear systems that are invariant under the
action of a Lie group was studied by San Martin and Crouch [42], Jurdjevic and Kupka
[17] and, in a more general setting of fiber bundles, by Nijmeijer and van der Schaft
[38] (see also Grizzle and Marcus [12] and Sánchez de Alvarez [43]). Other results
concerning different aspects of the relation between the given and the reduced control
system can be found in Jalnapurkar and Marsden [15], [16] and Bloch, Leonard, and
Marsden [5].

The aim of this paper is to give sufficient conditions for the controllability of
an affine control system on a Poisson manifold. For the case when the manifold is
the cotangent bundle of a Lie group, this problem was studied by Manikonda and
Krishnaprasad [30]; it was this paper that has inspired the present generalization.
The strategy of the proof of the main results is to give topological conditions that
guarantee that the drift vector field is weakly positively Poisson stable (WPPS). In
order to do this, we will use the Poincaré recursion theorem for the dynamics of the
drift vector field restricted to each symplectic leaf. We will prove that if one can
find a continuous function f : P → R that is constant on the flow of X and is such
that either f restricted to each symplectic leaf is a proper function or f is a proper
function from P to R and all symplectic leaves are closed and embedded submanifolds
of P , then X is WPPS. There is a relatively subtle technical point in the proof of
this theorem: The topology of a symplectic leaf is stronger than the relative topology
induced by the ambient space P ; that is, every open set in the induced topology
on the leaf is also open in the immersed topology of the leaf, but there exist open
sets in the immersed topology of the leaf that are not open in the induced topology.
This immediately implies that there are subsets in the leaf which are compact in the
induced topology but are not compact in the immersed topology on the leaf.

As an important case of this first result, we will study the situation when the
Poisson manifold is the reduced space of a symplectic manifold by a free proper Lie
group action which also admits a momentum map. We will show that if the momentum
map is proper and the reduced affine nonlinear system verifies the Lie algebra rank
condition, then it is controllable. Similarly, if the momentum map is not proper but
the Lie group is compact and there is a proper map f : M/G → R which is constant
along the trajectories of the reduced drift vector field and in addition the reduced
affine nonlinear system verifies the Lie algebra rank condition, then the system is
controllable. We will also give the relation between the controllability of the reduced
and initial affine nonlinear systems.

The paper ends with some examples of underactuated affine nonlinear control
systems; for this, some useful technical lemmas implying the properness of functions
are also given.

After this paper was submitted the authors were made aware of the work of
Manikonda and Krishnaprasad [31] (a preliminary version of these results can be
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found in Krishnaprasad and Manikonda [24]) with which the present work has a
certain amount of overlap. We shall mention in the text explicitly where this is the
case and compare their results to ours.

2. Controllability and Poisson stability. In this section we shall present a
controllability result for affine nonlinear control systems on a general Poisson manifold.
We begin by reviewing the classical definitions and results that will be used later on
by adopting the terminology in the standard textbook of Nijmeijer and van der Schaft
[39].

Let M be a smooth n-dimensional connected manifold and

.
x = X(x) +

m∑
i=1

Yi(x)ui(2.1)

an affine nonlinear control system on M , where X,Y1, . . . , Ym ∈ X (M) are smooth
complete vector fields on M , the control u := (u1, . . . , um) : (0,∞) −→ B ⊂ R

m is a
measurable function, and B is a bounded subset of R

m. We will denote by L the Lie
subalgebra of X (M) generated by the vector fields X,Y1, . . . , Ym.

Definition 2.1. The system (2.1) satisfies the Lie algebra rank condition (LARC)
if spanL (x) = TxM for every x ∈ M , where L (x) := {Z(x) | Z ∈ L}.

Definition 2.2. The system (2.1) is controllable if for any two points xI , xF ∈
M there is a control u which takes the system from point x = xI at time t = tI ∈ R

to the point x = xF at time t = tF ∈ R, that is, if for a certain choice of the function
u there is an integral curve x(t) of (2.1) that begins at xI and ends at xF in finite
time.

It is well known that for a nonlinear control system without drift (i.e., X = 0),
the LARC implies controllability. This is Chow’s theorem [9]. For the general case
X �= 0, the situation is more complicated and, in general, the LARC is not sufficient
to guarantee controllability. A lot of work was done in this direction and we will
review below only the results relevant for our purposes.

In what follows we shall need a condition, called weak positive Poisson stability,
on the drift vector field X. In order to understand how this concept appeared in the
literature we shall quickly relate it to standard notions in the theory of dynamical
systems. The next three definitions were introduced originally in Nijmeijer and van
der Schaft [39], Lobry [28], [29], and Lian, Wang, and Fu [26]. Let X ∈ X(M) be a
smooth complete vector field on M and {Φt}t∈R

its flow.
Definition 2.3. A point x ∈ M is called positively Poisson stable for X ∈ X(M)

if for any T > 0 and any neighborhood Vx of x there exists a time t > T such that
Φt (x) ∈ Vx. The vector field X ∈ X(M) is called positively Poisson stable if the set
of positively Poisson stable points of X is dense in M .

Definition 2.4. A point x ∈ M is called a nonwandering point of X ∈ X(M) if
for any T > 0 and for any neighborhood Vx of x there exists a time t > T such that
Φt (Vx) ∩ Vx �= ∅.

Let ΓX be the set of all nonwandering points of X, usually called the nonwan-
dering set of X. The following result and its proof can be found in Lian, Wang, and
Fu [26].

Theorem 2.5. The nonwandering set of a positively Poisson stable vector field
X is the entire manifold M, that is, ΓX = M .

Proof. For a given x ∈ M one needs to prove that for any neighborhood Vx of
x and for any T > 0 there exists a time t > T such that Φt (Vx) ∩ Vx �= ∅. Let
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SX denote the set of positively Poisson stable points of X ∈ X(M). By definition,
SX = M . Thus there is a positively Poisson stable point y in Vx. This implies that
for all T > 0 there is a time t > T such that Φt(y) ∈ Vx. Hence Φt(Vx) ∩ Vx �= ∅. So
x is nonwandering for X. Since x was arbitrary, we get ΓX = M .

Positive Poisson stability of a vector field is hence a sufficient condition for the
nonwandering set to be the entire manifold. Since the converse is not true, one
introduces a weaker definition.

Definition 2.6. A vector field is called WPPS if its nonwandering set equals M
(i.e., ΓX = M).

A natural question that arises now is the following: When is a vector field X on a
manifold WPPS? In order to answer this question, we will recall the Poincaré recursion
theorem (for a proof see, e.g., Abraham and Marsden [1], Abraham, Marsden, and
Ratiu [2]).

Let (M,Ω) be a manifold with a volume form Ω. Let B denote the collection of
Borel sets on M , that is, the σ-algebra generated by the open (or closed, or compact)
subsets of M . Then there exists a unique Borel measure mΩ on B such that for every
continuous function f with compact support∫

M

fdmΩ =

∫
M

fΩ.(2.2)

For K a compact and U an open subset of M , we have mΩ(K) < ∞ and mΩ(U) > 0. If
we consider on M a vector field whose flow preserves the volume form (i.e., Φ∗

tΩ = Ω),
then mΩ(Φt(A)) = mΩ(A) for any measurable subset A of M .

Theorem 2.7 (Poincaré recursion theorem). Let (M,Ω) be a manifold with a
volume form Ω and mΩ the associated Borel measure. Let X be a time-independent,
complete vector field such that its flow {Φt}t∈R

preserves the volume. Suppose A is a
measurable subset of M with 0 < mΩ(A) < ∞ which is also invariant under the flow
of X. Then for each measurable subset B of A with mΩ(B) > 0 and for any T > 0,
there exists t > T such that Φt (B) ∩B �= ∅.

An immediate consequence is the following proposition.
Proposition 2.8. Let (M,Ω) be a compact manifold with a volume form Ω and

X a time-independent vector field such that its flow preserves the volume form. Then
X is a WPPS vector field.

The link between the WPPS condition and controllability is given by the following
theorem which is due to Lian, Wang, and Fu [26]. Earlier versions of this theorem,
where the hypothesis required X to be Poisson stable, are due to Lobry [29], Bonnard
[6], and Crouch [11].

Theorem 2.9. Suppose that X is a WPPS vector field. Then the system (2.1)
is controllable if and only if the LARC holds.

We now state our first result on controllability of an affine nonlinear control system
on a Poisson manifold. Recall that a finite dimensional Poisson manifold is a smooth
manifold P whose ring of smooth real-valued functions C∞(P ) is endowed with a
Lie algebra structure {·, ·} satisfying the Leibniz identity in every factor. Thus, if
h ∈ C∞(P ), the derivation {·, h} defines a vector field Xh on P , called the Hamiltonian
vector field induced by the Hamiltonian function h, that is, 〈df,Xh〉 = {f, h} for
any f ∈ C∞(P ). The vector fields {Xh | h ∈ C∞(P )} define a singular integrable
distribution whose integral manifolds are symplectic immersed submanifolds whose
Poisson bracket coincides with the given one on P ; these integral manifolds are called
the symplectic leaves of P . For further information on Poisson manifolds see, for
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example, Libermann and Marle [27], Marsden [34], Marsden and Ratiu [35], and Puta
[41].

Note that the topology of a symplectic leaf is stronger than the topology induced
by the ambient manifold P , that is, every open set in the induced topology on the
leaf is also open in the immersed topology but there exist open sets in the immersed
topology of the leaf that are not open in the induced topology. Therefore, there
are compact subsets in the induced topology of the leaf that are not compact in the
immersed topology of the leaf. In the next proof one needs to come to grips with this
problem.

Theorem 2.10. Let (P, {·, ·}) be a connected Poisson manifold and

.
x = X(x) +

m∑
i=1

Yi(x)ui

an affine nonlinear control system such that the drift vector field X is tangent to the
symplectic leaves of P and also preserves the symplectic volume on each one of them.
Let f : P → R be a continuous function that is constant on the flow of X. Assume
that one of the following hypotheses holds:

(i) f restricted to each symplectic leaf is a proper function.
(ii) f is a proper function and all symplectic leaves are closed and embedded sub-

manifolds of P .
Then X is WPPS. If the system also verifies the LARC, then it is controllable.
Proof. Let x0 be an arbitrary point of P and Ux0

an arbitrary open neighborhood
of x0 in P . Denote by Lx0 the symplectic leaf containing x0 and let c0 = f(x0).
There are two possibilities: f(Lx0) = c0, or f(Lx0) = I, where I is a nondegenerate
connected interval in R.

Assume first that f(Lx0
) = c0. Under hypothesis (i), f|Lx0

: Lx0
→ R is a proper

function, so Lx0
= f−1

|Lx0
(c0) is compact. By Proposition 2.8 it follows that X restricted

to the leaf Lx0 is a WPPS vector field, which implies that x0 is a nonwandering point
for the flow φt of X on Lx0 . Thus for any T > 0 there exists t > T such that
(Lx0

∩ Ux0) ∩ φt(Lx0 ∩ Ux0) �= ∅ which, in particular, implies that Ux0 ∩ φt(Ux0) �= ∅.
Since x0 and Ux0

were arbitrary, it follows that X is WPPS on P . Under hypothesis
(ii), f : P → R is a proper function, so f−1(c0) is compact in P . Since Lx0 ⊂ f−1(c0)
and Lx0 is closed and embedded in P by hypothesis, it follows that Lx0

is compact in
P . As before, applying Proposition 2.8, we obtain that X is WPPS.

Now assume that f(Lx0
) = I, where I is a nondegenerate connected interval.

Then, without loss of generality (replacing x0 with another point in the leaf, if neces-
sary), we can assume that c0 lies in the interior of I and hence there is an ε > 0 such
that [−ε+ c0, c0 + ε] ⊂ I. The set K := Lx0 ∩ f−1([−ε+ c0, c0 + ε]) is compact in Lx0

in hypothesis (i) because f|Lx0
is proper and in hypothesis (ii) because Lx0 is closed

and embedded in P and f−1([−ε + c0, c0 + ε]) is compact in P . This implies that
mLx0

(K) < ∞, where mLx0
is the Borel measure associated to the symplectic volume

form on Lx0
. Also, K contains an open set of Lx0

, for example, f−1
|Lx0

((−ε+c0, c0+ε)),

and thus mLx0
(K) > 0. By the Poincaré recursion theorem (see Theorem 2.7), for

any T > 0 there exists a t > T such that (K ∩ Ux0
) ∩ φt(K ∩ Ux0

) �= ∅ which, in
particular, implies that Ux0

∩ φt(Ux0
) �= ∅. Consequently, x0 is a nonwandering point

of the flow of X. Since x0 was arbitrary, it follows that X is WPPS on P .
If the control system also satisfies the LARC, Theorem 2.9 implies that it is

controllable.



942 PETRE BIRTEA, MIRCEA PUTA, AND TUDOR S. RATIU

It should be noted that in hypothesis (ii) there are two hypotheses on the sym-
plectic leaves of P : They need to be embedded and closed. It can happen, even in
the Lie–Poisson case, that the leaves are embedded but not closed. For example, the
Poisson manifold R

2 with the bracket given by {f, g}(x, y) = y(fxgy − fygx) has the
upper and the lower half plane as open two-dimensional symplectic leaves and the
points on the x-axis as the zero-dimensional leaves.

An important case in which the drift vector field X satisfies the hypotheses of the
theorem is when X = Xh for some Hamiltonian function h ∈ C∞(P ). Indeed, Xh is
always tangential to the leaves and it preserves the symplectic volume on each leaf by
the Liouville theorem.

Note that if P is a Poisson manifold, in order for the above affine nonlinear
control system to verify the LARC it is necessary that at least one of the vector fields
Y1, . . . , Ym ∈ X (P ) be non-Hamiltonian.

Theorem 2.10 immediately implies both Theorems 4.3 and 4.11 in Manikonda
and Krishnaprasad [31]. Finally, it should be noted that this theorem applies in the
particular, but important, case of Lie–Poisson systems. In addition, Theorem 2.10(i)
can handle Poisson manifolds with nonembedded and nonclosed symplectic leaves,
such as the Kirillov example of the dual of a five-dimensional semidirect product
Lie group with coadjoint orbits that accumulate on themselves (see Kirillov [22] or
Marsden and Ratiu [35] for a discussion of this Lie group and its coadjoint orbits).

3. Controllability of reduced systems. In this section we shall study the
important case of the previous theorem when the Poisson manifold is the reduction of
a symplectic manifold by a compact Lie group action. In this particular case we can
give sufficient topological conditions that imply the hypotheses of Theorem 2.10. To
do this, we begin with a quick review of some standard results on symplectic reduction
necessary in the subsequent proofs; detailed expositions of this subject can be found
in standard textbooks such as Abraham and Marsden [1], Libermann and Marle [27],
Marsden [34], Marsden and Ratiu [35], Ortega and Ratiu [40], and Puta [41].

Consider a 2n-dimensional connected symplectic manifold (M,ω) on which there
is a free proper symplectic action of a Lie group G. Denote by {·, ·}ω the Poisson
bracket on M defined by the symplectic form ω. Then the orbit space M/G is a
smooth Poisson manifold and the projection

π : (M, {·, ·}ω) −→
(
M/G, {·, ·}M/G

)
is a Poisson surjective submersion. If, in addition, the Lie group G is compact, then
π is a closed proper map. (Proofs of these statements can be found in, e.g., Abraham
and Marsden [1], Abraham, Marsden, and Ratiu [2], Bredon [7], Kawakubo [19],
Libermann and Marle [27], and Ortega and Ratiu [40].)

Suppose that the free and proper G-action on M admits an associated momentum
map J : M −→ g∗. If the momentum map is not equivariant with respect to the
coadjoint action of G on g∗, then there is a g∗-valued group one-cocycle σ on G
such that σ(g) = J(g · m) − Ad∗

g−1 J(m) for every m ∈ M and g ∈ G, where Ad∗

denotes the coadjoint representation of G on g∗. (The connectedness of M is needed
to show that the right-hand side is independent of m.) Defining the affine action of
G on g∗ by g · µ := Ad∗

g−1 µ + σ(g), the momentum map J : M → g∗ becomes now
equivariant relative to the given action on M and the just defined affine action on g∗.
The Marsden–Weinstein reduction theorem states that if µ ∈ g∗ is a value of J , then
the smooth quotient manifold Mµ := J−1 (µ) /Gµ is symplectic with symplectic form
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ωµ characterized by

π∗
µωµ = i∗µω,

where Gµ denotes the isotropy subgroup of µ under the affine action, iµ : J−1 (µ) −→
M is the inclusion, and πµ : J−1 (µ) −→ Mµ is the projection. (For a proof, see the
original paper Marsden and Weinstein [36], or Abraham and Marsden [1], Libermann
and Marle [27], Marsden [34], and Puta [41].) The symplectic manifolds (Mµ, ωµ) will
be called point reduced spaces.

These point reduced spaces Mµ can be understood in a natural way as symplectic
leaves of the Poisson manifold (M/G, {·, ·}M/G). Indeed, the smooth map jµ : Mµ −→
M/G naturally defined by the commutative diagram

J−1 (µ) M

Mµ M/G

� �

�

�

πµ π

iµ

jµ

is a Poisson injective immersion. Moreover, the jµ-images in M/G of the con-
nected components of the symplectic manifolds (Mµ, ωµ) are its symplectic leaves
(see Manikonda and Krishnaprasad [30] or Ortega and Ratiu [40]).

Observe that, in general, jµ is only an injective immersion. So the topology of
the image of jµ, homeomorphic to the topology of Mµ, is stronger than the subspace
topology induced by the ambient space M/G. This image topology on jµ(Mµ) is
called the immersed topology. As in the previous section, we draw attention to the
fact that we can have a subset of jµ(Mµ) which is compact in the induced topology
from M/G and not compact in the immersed topology. A key point in the proof of
Theorem 3.4 on controllability stated in what follows is to give sufficient and easily
verifiable conditions under which these two topologies coincide.

The proof of the next proposition requires compactness of G.
Proposition 3.1. Suppose that the free symplectic compact G-action on (M,ω)

admits a momentum map J : M −→ g∗. Then the symplectic leaves of (M/G, {·, ·}M/G)
are closed sets.

Proof. Since J−1 (µ) is closed in M and π : M −→ M/G is a closed map (be-
cause G is compact), the set jµ(Mµ) = π(J−1 (µ)) is closed in the topology of M/G.
Therefore, the connected components of jµ(Mµ), which are the symplectic leaves of
M/G, are also closed in the topology of M/G.

We return now to the general case with G noncompact. Up to now we have
regarded the symplectic leaves of (M/G, {·, ·}M/G) as the jµ-images of the connected
components of Mµ. However, as sets,

jµ (Mµ) = J−1 (Oµ) /G,

where Oµ ⊂ g∗ is the orbit through µ relative to the affine action of G on g∗. The set
MOµ := J−1 (Oµ) /G is called the orbit reduced space associated to the orbit Oµ. The
smooth manifold structure (and hence the topology) on MOµ

is the one that makes
jµ : Mµ −→ MOµ into a diffeomorphism.

The group one-cocycle σ induces by derivation a real-valued Lie algebra two-
cocycle Σ : g× g → R which can be shown to equal Σ(ξ, η) = J [ξ,η](m)−{Jξ, Jη}(m)
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for every m ∈ M and ξ, η ∈ g; Jξ : M → R denotes the ξ-component of J , that is,
Jξ(m) := 〈J(m), ξ〉. Denote by ξg∗(ν) := −ad∗

ξν + Σ(ξ, ·) the infinitesimal generator
of the affine action of G on g∗, for ν ∈ g∗, where ad∗ denotes the dual of the adjoint
representation ad of g on g defined by adξ η := [ξ, η], for ξ, η ∈ g. The affine action
orbit Oµ carries two symplectic forms given by

ω±
Oµ

(ν)(ξg∗(ν), ηg∗(ν)) = ±〈ν, [ξ, η]〉 ∓ Σ(ξ, η),(3.1)

for any ξ, η ∈ g. They are the natural modifications of the usual Kirillov–Kostant–
Souriau symplectic forms on coadjoint orbits. For the proofs of the statements above
see Abraham and Marsden [1], Libermann and Marle [27], Ortega and Ratiu [40], and
Puta [41]; the formulation used above is that of Ortega and Ratiu [40].

The next theorem characterizes the symplectic form and the Hamiltonian dynam-
ics on MOµ

.
Theorem 3.2 (symplectic orbit reduction). Assume that the free proper symplec-

tic action of the Lie group G on the symplectic manifold (M,ω) admits an associated
momentum map J : M −→ g∗.

(i) On J−1 (Oµ) there is a unique immersed smooth manifold structure such that
πOµ

: J−1 (Oµ) −→ MOµ
is a surjective submersion, where MOµ

is endowed
with the manifold structure making jµ into a diffeomorphism. This smooth
manifold structure does not depend on the choice of µ in the orbit Oµ. If
J−1 (Oµ) is a submanifold of M in its own right, then the immersed topology
and the induced topology on MOµ coincide.

(ii) MOµ
is a symplectic manifold with the symplectic form ω�

Oµ uniquely charac-
terized by the relation

i∗Oµ
ω = π∗

Oµ
ω�
Oµ + J∗

Oµ
ω+
Oµ

,

where JOµ
is the restriction of J to J−1 (Oµ), iOµ

: J−1 (Oµ) ↪→ M is the

inclusion, and ω+
Oµ

is the +orbit symplectic form on Oµ given by (3.1).

(iii) Let H be a G-invariant function on M , and define H̃ : M/G −→ R by

H = H̃ ◦ π. Then the Hamiltonian vector field XH is also G-invariant and
hence induces a vector field on M/G which coincides with the Hamiltonian
vector field X

H̃
. Moreover, the flow of X

H̃
leaves the symplectic leaves MOµ of

M/G invariant. This flow restricted to the symplectic leaves is again Hamil-

tonian relative to the symplectic form ω�
Oµ and the Hamiltonian function H̃Oµ

given by

H̃Oµ ◦ πOµ = H ◦ iOµ .

The proof of this theorem in the regular case and when Oµ is an embedded
submanifold of g∗ can be found in Marle [32], Kazhdan, Kostant, and Sternberg [20],
and Marsden [33]. For the general case, when Oµ is not a submanifold of g∗, see
Ortega and Ratiu [40]. Here is the main idea of the proof. Consider for each value
µ ∈ g∗ of J the G-equivariant bijection

s : G×Gµ
J−1(µ) → J−1(Oµ),

[g,m] �→ g ·m,



CONTROLLABILITY OF POISSON SYSTEMS 945

where G×Gµ J−1(µ) := (G× J−1(µ))/Gµ, the Gµ-action being the diagonal action.
Endow J−1(Oµ) with the smooth manifold structure that makes the bijection s into
a diffeomorphism. Then J−1(Oµ) with this smooth structure is an immersed sub-
manifold of M . This is the manifold structure on J−1(Oµ) used in the statement of
Theorem 3.2.

In the particular case in which J−1(Oµ) is a smooth submanifold of M in its
own right, this manifold structure coincides with the one induced by the mapping s
described previously since in this situation the bijection s becomes a diffeomorphism
relative to the a priori given smooth manifold structure on J−1(Oµ).

If µ is a regular value of J and Oµ is an embedded submanifold of g∗, then J
is transverse to Oµ and hence J−1(Oµ) is automatically an embedded submanifold
of M .

The following result is important for our work through its consequences.
Proposition 3.3 (bifurcation lemma). Let (M,ω) be a symplectic manifold and

G a Lie group acting symplectically on M (not necessarily freely). Suppose also that
the action has an associated momentum map J : M −→ g∗. For any m ∈ M,

(gm)◦ = range(TmJ),

where gm = {ξ ∈ g | ξM (m) = 0} is the Lie algebra of the isotropy subgroup Gm =
{g ∈ G | g ·m = m} and (gm)◦ = {µ ∈ g∗ | µ|gm

= 0} denotes the annihilator of gm

in g∗.
An immediate consequence of this is the fact that when the action of G is free,

then every value µ ∈ g∗ of the momentum map J is a regular value of J .
Now we give the setting for the controllability result on M/G. Let G be a Lie

group acting freely properly and symplectically on a 2n-dimensional connected sym-
plectic manifold (M,ω). Suppose that the action admits an associated momentum
map J : M −→ g∗. Consider on M the affine nonlinear control system

.
x = XH(x) +

m∑
i=1

Yi (x)ui ,(3.2)

where XH is a complete Hamiltonian vector field with G-invariant Hamiltonian H, the
smooth vector fields Y1, . . . , Ym ∈ X (M) are assumed to be G-invariant and complete,
and the control u := (u1, . . . , um) : (0,∞) −→ B ⊂ R

m is a measurable function with
values in a bounded subset B of R

m. Then the system (3.2) will naturally induce the
affine nonlinear control system on (M/G, {·, ·}M/G),

.

x̃ = X
H̃

(x̃) +

m∑
i=1

Ỹi (x̃)ui ,(3.3)

where X
H̃

is the Hamiltonian vector field with respect to the Poisson bracket {·, ·}M/G

and Hamiltonian function H̃ given by H = H̃ ◦ π, for π : M −→ M/G the canonical
projection. The following theorem generalizes Theorem 4.11 in Manikonda and Krish-
naprasad [31] in the sense that it can deal with noncompact Lie group actions and
nonequivariant momentum maps.

Theorem 3.4. Suppose that the system (3.3) verifies the LARC.
(i) If the momentum map J : M −→ g∗ is proper, then the system (3.3) is

controllable.



946 PETRE BIRTEA, MIRCEA PUTA, AND TUDOR S. RATIU

(ii) If the Lie group G is compact and if there exists a continuous proper map
f : M/G −→ R which is constant along the trajectories of X

H̃
, then the

system (3.3) is controllable.

Proof. The strategy to prove the controllability of (3.3) is to show that X
H̃

is
WPPS and then the conclusion follows from Theorem 2.9.

(i) As subsets of M/G, the symplectic leaves are MOµ
or, equivalently, jµ (Mµ)

and the symplectic form is given by ω�
Oµ. Because J is a proper map, the set J−1 (µ)

is a compact submanifold of M . Thus Mµ is a compact manifold, which implies that
the injective immersion jµ is in fact an embedding. So the immersed topology and the
induced topology on MOµ coincide and, therefore, the symplectic leaves are compact
embedded submanifolds of M/G.

The vector field X
H̃

is tangent to the leaves MOµ of M/G and is Hamiltonian

on each of them relative to the symplectic form ω�
Oµ. In particular, its flow preserves

the Liouville volume on each leaf. Since the leaves are compact, the restriction of the
vector field X

H̃
to every leaf is WPPS by Proposition 2.8. Thus each point of every

leaf is a nonwandering point of the flow of X
H̃

; that is, the nonwandering set of X
H̃

equals P . Thus X
H̃

is WPPS.

(ii) For compact G, the coadjoint orbits are submanifolds of g∗ and J is transverse
to the coadjoint orbits that lie in its image (since by hypothesis, the action is free). So
J−1 (Oµ) is a submanifold of M in its own right and by Theorem 3.2(i) the immersed
topology and the induced topology on the symplectic leaves MOµ

of M/G coincide. By
Proposition 3.1, these leaves are also closed. So we are in the hypotheses of Theorem
2.10(ii) and the result follows.

The relationship between the controllability of the reduced system (3.3) and the
initial system (3.2) is given by the following corollary, also contained in Theorem 4.11
of Manikonda and Krishnaprasad [31].

Corollary 3.5. Suppose that the initial system (3.2) verifies the LARC and the
hypotheses in Theorem 3.4(ii). Then the system (3.2) is also controllable.

Proof. Since the vector fields XH and X
H̃

are π-related, the function f ◦ π is a
constant of the motion for XH . This function is proper as a composition of two proper
maps; π is proper because G is compact. We are in the hypotheses of Theorem 2.10(ii)
since M is a symplectic manifold and hence its symplectic leaves, when thinking of
M as a Poisson manifold, are its connected components.

Remark 3.6. Note that for the controllability of (3.3) it is not necessary for the

vector fields Ỹi ∈ X(M/G) to be induced by some G-invariant vector fields on M .

4. Examples. We will illustrate the theory with several examples. In all of them
we will use the following well-known lemmas to prove the properness of the integrals
of motion.

Lemma 4.1. Let f : R
n → R

k be a continuous function. Then f is proper if and
only if

lim
‖x‖→∞

‖f(x)‖ = +∞.

Proof. Suppose that f is proper. If lim‖x‖→∞ ‖f(x)‖ �= +∞, there exists a
sequence {xn}n∈N and a constant M > 0 such that ‖xn‖ → ∞ and ‖f(xn)‖ ≤ M .
Thus {xn}n∈N lies in the inverse image by f of the closed ball of radius M , which is
a compact set in R

n because f is assumed to be proper. Hence {xn}n∈N contains a
convergent subsequence. However, ‖xn‖ → ∞, which is a contradiction.
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Conversely, assume that lim‖x‖→∞ ‖f(x)‖ = +∞, and let K ⊂ R
k be a compact

subset. The set f−1(K) is closed since f is continuous. To conclude that f−1(K) is
compact we shall show that it is also bounded. If not, there would exist a sequence
{xn}n∈N ⊂ f−1(K) such that ‖xn‖ → ∞. By hypothesis, ‖f(xn)‖ → ∞, which
contradicts the fact that f(xn) ∈ K, which is bounded.

Lemma 4.2. Let M , N , and P be Hausdorff topological spaces. Let f : M → N
and g : N → P be two continuous functions. If g ◦ f : M → P is proper, then f is
also proper.

Proof. Let K ⊂ M be a compact subset. Then g(K) is compact in P and hence
(g ◦f)−1(g(K)) is compact in M . Since f−1(K) ⊂ (g ◦f)−1(g(K)) is closed, it follows
that it is also compact.

Example 1. We will study the controllability of the Hamiltonian system describing
the motion of a hollow rigid body and a particle oscillating in it; the body moves about
a fixed point which is also the equilibrium position of the particle that oscillates along
one of the principal axes of inertia. The description of this system and the proof of
its nonintegrability by the method of Ziglin can be found in Christov [10].

The equations of motion are

·
x1 =

x2x3

C
− x2x3

B + mx2
4

,

·
x2 =

x1x3

A + mx2
4

− x1x3

C
,

·
x3 =

x1x2

B + mx2
4

− x1x2

A + mx2
4

,

·
x4 = x5,

·
x5 =

x2
1x4

(A + mx2
4)

2
+

x2
2x4

(B + mx2
4)

2
− σx4

m
,

where A > B > C are the principal moments of inertia, σ is the stiffness of the spring,
and m is the mass of the particle.

This is a Hamiltonian system with phase space so(3)∗ ×R
2. The Poisson bracket

is the product of the Lie–Poisson bracket on so(3)∗ with the Poisson bracket induced
by the symplectic form mdx4 ∧ dx5 on R

2. The Hamiltonian is given by

H =
1

2

(
x2

1

A + mx2
4

+
x2

2

B + mx2
4

+
x2

3

C
+ σx2

4 + mx2
5

)
.

It is easy to see that the symplectic leaves are embedded closed manifolds: Every
four-dimensional leaf is the product of a sphere with R

2, and the two-dimensional leaf
is R

2. One can easily check that the Hamiltonian H is a proper function.
Consider the underactuated control system with torques

·
x1 =

x2x3

C
− x2x3

B + mx2
4

+ u1,

·
x2 =

x1x3

A + mx2
4

− x1x3

C
+ u2,

·
x3 =

x1x2

B + mx2
4

− x1x2

A + mx2
4

+ u3,

·
x4 = x5,

·
x5 =

x2
1x4

(A + mx2
4)

2
+

x2
2x4

(B + mx2
4)

2
− σx4

m
+ u4,
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where the control u := (u1, u2, u3, u4) : (0,∞) → B ⊂ R
4 is a measurable function

with values in a bounded subset B ⊂ R
4. The vector fields ∂

∂x1
, ∂

∂x2
, ∂

∂x3
, ∂

∂x5
,

[XH , ∂
∂x5

] verify the LARC and, as a result of Theorem 2.10(ii), we obtain that the
above system is controllable.

Example 2. In this example we follow the presentation of the geometric structure
in Adams and Ratiu [3]. The motion of three point vortices for an ideal inviscid
incompressible fluid in the plane is given by the equations⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

ẋj = − 1
2π

3∑
i=1
i �=j

Γi(yj − yi)/r
2
ij ,

ẏj = − 1
2π

3∑
i=1
i �=j

Γi(xj − xi)/r
2
ij ,

(4.1)

j = 1, 2, 3, where r2
ij = (xi−xj)

2+(yi−yj)
2 and Γ1, Γ2, and Γ3 are nonzero constants,

the circulations given by the corresponding point vortices. These equations are defined
on R

6 after eliminating all the diagonals {(xi, yi) = (xj , yj)} for i �= j. Kirchhoff [21]
noted that (4.1) can be written in the form

Γj
dxj

dt
=

∂H

∂yj
,

Γj
dyj
dt

= − ∂H

∂xj
,

where

H(x1, x2, x3, y1, y2, y3) = − 1

4π

3∑
i=1
i �=j

ΓiΓj log rij

is the Hamiltonian and the symplectic form is given by

Ω =

3∑
i=1

Γidxi ∧ dyi.(4.2)

In what follows it is convenient to identify R
2 with C by the map (x, y) �→

x +
√
−1y. The special Euclidean group SE(2) := {(e

√
−1θ, w) | θ ∈ R, w ∈ C}

acts on C by (e
√
−1θ, w) · z := e

√
−1θz + w. This action is not free. The diagonal

action of SE(2) on C
3 is free on the open invariant subset C

3 \ {(z, z, z) | z ∈ C}
that contains the open invariant subset S := C

3 \ {(z1, z2, z3) | zi �= zj for i �= j} on
which the three point vortex problem is defined. It can be easily verified that this
action is proper on S. This action has an associated nonequivariant momentum map
J : R

6 ≡ C
3 → R

3 relative to the symplectic form (4.2) given by

J(x, y) =

(
−1

2

3∑
i=1

Γi(x
2
i + y2

i ),

3∑
i=1

Γiyi, −
3∑

i=1

Γixi

)
.

If the vortex strengths Γ1, Γ2, and Γ3 have the same signs, then, by applying
Lemmas 4.2 and 4.1, it follows that J is a proper map and we are in the hypotheses
of Theorem 3.4(i).
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In Adams and Ratiu [3] it is shown that the quotient S/SE(2) is diffeomorphic
to T := R

3\({(0, 0, c) | c ∈ R} ∪ {(a, 0, 0) | a ≥ 0}), that the push forward of the
quotient Poisson bracket on S/SE(2) to T has the matrix

4

⎡⎣ 0 2a3 −2a2

−2a3 0 2a1 − ‖a‖
2a2 −2a1 + ‖a‖ 0

⎤⎦ ,

and that the reduced Hamiltonian is

H̃(a1, a2, a3) = − 1

4π
(Γ1Γ2 log((a3 + ‖a‖)/2) + Γ1Γ3 log((−a3 + ‖a‖)/2)

+ Γ2Γ3 log(−a1 + ‖a‖)).

Therefore, the reduced equations are

·
a1 =

2

π

(
Γ1Γ2

a2

(a3 + ‖a‖) − Γ1Γ3
a2

(−a3 + ‖a‖)

)
,

·
a2 =

1

π

(
Γ1Γ2

(−2a1 + a3 + ‖a‖)
(a3 + ‖a‖) + Γ1Γ3

(2a1 + a3 − ‖a‖)
(−a3 + ‖a‖) + Γ2Γ3

a3

(−a1 + ‖a‖)

)
,

·
a3 =

1

π

(
Γ2Γ3

a2

(−a1 + ‖a‖) − Γ1Γ2
a2

(a3 + ‖a‖) − Γ1Γ3
a2

(−a3 + ‖a‖)

)
.

Consider the reduced control system

·
a1 =

2

π

(
Γ1Γ2

a2

(a3 + ‖a‖) − Γ1Γ3
a2

(−a3 + ‖a‖)

)
+ u1,

·
a2 =

1

π

(
Γ1Γ2

(−2a1 + a3 + ‖a‖)
(a3 + ‖a‖) + Γ1Γ3

(2a1 + a3 − ‖a‖)
(−a3 + ‖a‖) + Γ2Γ3

a3

(−a1 + ‖a‖)

)
+ u2,

·
a3 =

1

π

(
Γ2Γ3

a2

(−a1 + ‖a‖) − Γ1Γ2
a2

(a3 + ‖a‖) − Γ1Γ3
a2

(−a3 + ‖a‖)

)
+ u3,

where the control u := (u1, u2, u3) : (0,∞) → B ⊂ R
3 is a measurable function

with values in a bounded subset B ⊂ R
3. It is easy to check that the vector fields

X
H̃
, ∂
∂a1

, ∂
∂a2

, ∂
∂a3

verify the LARC and, by Theorem 3.4(i), we conclude that this

reduced system is controllable.
Example 3. The next example, whose geometric study can be found in Blaom

[4], is the resonant three-wave interaction. This is a Hamiltonian system whose phase
space is R

6 = C
3, equipped with the symplectic structure

ω =
3∑

j=1

1

sjγj
dqj ∧ dpj ,

where s1, s2, s3 ∈ {−1, 1} and γ1, γ2,γ3 ∈ R are parameters subject to the constraint
γ1+γ2+γ3 = 0. We will restrict our attention to the particular case when (s1, s2, s3) =
(1, 1, 1) and (γ1, γ2,γ3) = (1, 1,−2).

In standard coordinates on C
3, zj := qj +

√
−1pj , j = 1, 2, 3, the Hamiltonian is

given by

H(z1, z2, z3) = −1

2
(
−
z1z2

−
z3 + z1

−
z2z3).
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This Hamiltonian is invariant under the action of the compact Lie group G ≡
S1 × S1 on P given by

(eiθ1 , eiθ2) · (z1, z2, z3) = (e−iθ1z1, e
−i(θ1+θ2)z2, e

−iθ2z3), 0 ≤ θj < 2π.

The momentum map for this action is J : P → g∗ ∼= R
2,

J(z1, z2, z3) =

(
1

2

(
|z1|2 + |z2|2

)
,
1

2

(
|z1|2 −

1

2
|z3|2

))
.

This action is free on the open invariant subset
[
(C\{0})×C× (C\{0})

]
∪
[
{0}×

(C\{0})×(C\{0})
]
∪
[
(C\{0})×(C\{0})×{0}

]
. As in Blaom [4], we shall restrict the

study of the resonant three-wave interaction to S := (C\{0}) × C × (C\{0}), where
the action is free. The smooth map (z1, z2, z3) ∈ S �→ (z2z̄1z̄3/|z1z3|, |z1|, |z3|) ∈
R

2 × (0,∞)2 induces a diffeomorphism S/G ≈ R
2 × (0,∞)2. The push forward by

this diffeomorphism of the quotient Poisson bracket on S/G to {(q, p, a, b) ∈ R
4 |

q, p ∈ R, a > 0, b > 0} = R
2 × (0,∞)2 has the expression⎡⎢⎢⎢⎣

0 1 − p
a 2p

b

−1 0 q
a −2 q

b
p
a − q

a 0 0

−2p
b 2 q

b 0 0

⎤⎥⎥⎥⎦
and the reduced Hamiltonian is

H̃(q, p, a, b) = −abq.

The reduced equations of motion are⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

·
q =

qpb

a
− 2

qpa

b
,

·
p = ab− q2b

a
+ 2

q2a

b
,

·
a = −pb,
·
b = 2pa.

(4.3)

A constant of motion for the system (4.3) is given by the function f : Q → R,
f(q, p, a, b) = q2 + p2 + a2 + b2, which is proper by Lemma 4.1.

Consider now the underactuated reduced control system⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

·
q =

qpb

a
− 2

qpa

b
+ u1,

·
p = ab− q2b

a
+ 2

q2a

b
+ u2,

·
a = −pb,
·
b = 2pa + u3,

(4.4)

where the control u := (u1, u2, u3) : (0,∞) → B ⊂ R
3 is a measurable function

with values in a bounded subset B. A short computation shows that the vector
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fields { ∂
∂q ,

∂
∂p ,

∂
∂b , [

∂
∂b , [

∂
∂p , XH̃

]]} generate at every point (q, p, a, b) ∈ R
2 × (0,∞)2 the

tangent space T(q,p,a,b)(R
2 × (0,∞)2), which proves that the system (4.4) verifies the

LARC. By Theorem 3.4(ii), the system (4.4) is controllable.
Example 4. We will study the controllability of the reduced system of two coupled

planar rigid bodies. We take the description of the system given in Sreenath, Oh,
Krishnaprasad, and Marsden [44]. After the reduction to the center of mass frame
we have the configuration space S1 × S1 with the diagonal action of S1. The phase
space is T ∗(S1 × S1) with the canonical symplectic form of a cotangent bundle. The
momentum map for the lifted action of S1 is given by

J((θ1, µ1), (θ2, µ2)) = µ1 + µ2.

Krishnaprasad and Marsden [25] have shown that the reduced Poisson space is

P := T ∗(S1 × S1)/S1 ∼= S1 × R
2

and, if we chose coordinates (θ, µ1, µ2) on P , the matrix of the Poisson bracket is
given by ⎡⎣ 0 −1 1

1 0 0
−1 0 0

⎤⎦ .

The reduced Hamiltonian is given by the formula

H =
1

2� (
∼
I2µ

2
1 − 2ελ(θ)µ1µ2 +

∼
I1µ

2
2),

where � =
∼
I1

∼
I2 − ε2(λ(θ))2 > 0 and

di is the distance from the hinge to the center of mass of body i = 1, 2,
θ is the joint angle from body 1 to body 2,
λ(θ) equals d1d2 cos θ,
mi is the mass of body i = 1, 2,
ε equals m1m2/(m1 + m2) (the reduced mass),
Ii is the moment of inertia of body i about its center of mass, and
∼
Ii equals Ii + εd2

i , i = 1, 2 (the augmented moments of inertia).

To apply Theorem 3.4 we need to show that H is a proper function. To do this,
we need the following lemma.

Lemma 4.3. Let f : K → R and g : R
n → R be two continuous functions, where

K is compact and g is a proper function. Then the function h : K × R
n → R given

by h(x, y) := f(x)g(y) is a proper function.
Proof. We shall prove that h−1([a, b]) is compact in K × R

n. Let zn := (xn, yn)
be an arbitrary sequence in h−1([a, b]). Since K is compact, we can assume that
{xn}n∈N is convergent. Because {f(xn)g(yn)}n∈N ⊂ [a, b] and {f(xn)}n∈N is bounded,
the sequence {g(yn)}n∈N is also bounded and hence there are a′, b′ ∈ R such that
{g(yn)}n∈N ⊂ [a′, b′]. Therefore, {yn}n∈N ⊂ g−1([a′, b′]), which is a compact set in
R

n because g is a proper function. Consequently, there is a convergent subsequence
of {yn}n∈N. The corresponding subsequence of {zn}n∈N is convergent, which proves
that h−1([a, b]) is compact.
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To apply this lemma we write H in the form

H =
1

2�

⎛⎜⎝
⎛⎝√

∼
I2 µ1 −

ελ(θ)√
∼
I2

µ2

⎞⎠2

+

(
∼
I1 −

ε2λ2(θ)
∼
I2

)
µ2

2

⎞⎟⎠ .

Since

∼
I1 −

ε2λ2(θ)
∼
I2

> 0,

the smooth change of variables (θ, µ1, µ2) �→ (θ,X, Y ), where

X :=

√
∼
I2 µ1 −

ελ(θ)√
∼
I2

µ2,

Y :=

(
∼
I1 −

ε2λ2(θ)
∼
I2

)1/2

µ2

transforms H to the function 1
2�

(
X2 + Y 2

)
with 1

2� defined on S1. This function is
proper by Lemmas 4.1 and 4.3. Thus H is a proper integral of motion for the reduced
system.

Now we consider the following underactuated reduced control system with torques
u1, u2

·
θ = − ∂H

∂µ1
+

∂H

∂µ2
,

·
µ1 =

∂H

∂θ
+ u1,

·
µ2 = −∂H

∂θ
+ u2,

where the control u := (u1, u2) : (0,∞) → B ⊂ R
2 is a measurable function with

values in a bounded subset B. It is easy to see that the vector fields [XH , ∂
∂µ1

],

[XH , ∂
∂µ2

], ∂
∂µ1

, ∂
∂µ2

verify the LARC and, as a consequence of Theorem 3.4(ii), we

obtain that the reduced control system above is controllable.

Using Corollary 3.5 one can study the controllability of the unreduced system
of the two coupled planar rigid bodies by considering any system of controls that
satisfies the LARC and reduces to a system of controls that also satisfies the LARC,
for example, the one above.
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222, Birkhäuser Boston, Boston, 2003.

[41] M. Puta, Hamiltonian Mechanical Systems and Geometric Quantization, Math. Appl. 260,
Kluwer, Dordrecht, The Netherlands, 1993.

[42] L. San Martin and P. E. Crouch, Controllability on principal fibre bundles with compact
structure group, Systems Control Lett., 5 (1984), pp. 35–40.

[43] G. Sánchez De Alvarez, Controllability of Poisson control systems with symmetry, Contemp.
Math., 97 (1989), pp. 399–412.

[44] N. Sreenath, Y. G. Oh, P. S. Krishnaprasad, and J. E. Marsden, The dynamics of coupled
rigid bodies. Part I: Reduction, equilibria and stability, Dyn. Stab. Syst., 3 (1988), pp. 25–
49.

[45] H. J. Sussmann and V. J. Jurdjevic, Controllability of nonlinear systems, J. Differential
Equations, 12 (1972), pp. 95–116.



A LOCAL RESULT ON INSENSITIZING CONTROLS
FOR A SEMILINEAR HEAT EQUATION WITH

NONLINEAR BOUNDARY FOURIER CONDITIONS∗
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Abstract. In this paper we present a local result on the existence of insensitizing controls
for a semilinear heat equation when nonlinear boundary conditions of the form ∂ny + f(y) = 0
are considered. The problem leads to an analysis of a special type of nonlinear null controllability
problem. A sharp study of the linear case and a later application of an appropriate fixed point
argument constitute the scheme of the proof of the main result. The boundary conditions we are
dealing with lead us to seek a fixed point, and thus also control functions, in certain Hölder spaces.
The main strategy in this paper is the construction of controls with Hölderian regularity starting
from L2-controls in the linear case. Sufficient regularity in the data and appropriate assumptions on
the right-hand side term ξ of the equation are required.
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1. Statement of the problem and main result. Let Ω ⊂ R
N be, with N ≥ 1,

a bounded domain with boundary ∂Ω of at least class C2. Let ω and O be nonempty
open subsets of Ω. For T > 0, we denote by Q the cylinder Ω × (0, T ) and by Σ its
lateral boundary ∂Ω× (0, T ). We consider a semilinear heat equation with nonlinear
boundary conditions of Fourier type and partially known initial data:⎧⎪⎨⎪⎩

∂ty − ∆y + F (y) = ξ + v1ω in Q,

∂ny + f(y) = 0 on Σ,

y(x, 0) = y0(x) + τ ŷ0(x) in Ω,

(1.1)

where F and f are given C1 functions defined on R; ξ and y0 are, respectively, a
known heat source and a given initial datum, both regular enough; τ is an unknown
small real number; and ŷ0 is unknown in an appropriate Banach space X ↪→ L2(Ω)
(the embedding being continuous and dense), with ‖ŷ0‖X = 1. Here, v = v(x, t) is
a control function to be determined, 1ω is the characteristic function of the set ω,
∂t denotes the time derivative, and ∂n represents the derivation with respect to the
outward unit normal to ∂Ω.

Let us define

Φ(y) =
1

2

∫∫
O×(0,T )

|y(x, t; τ, v)|2 dx dt,(1.2)

y = y(·, ·; τ, v) being a solution of (1.1) (associated to τ and v) defined in (0, T ), if
one exists. In this paper we analyze the existence of control functions that make
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the functional Φ locally insensitive to small perturbations in the initial condition. A
possible physical interpretation of this problem would be the following. The function
y = y(x, t) can be viewed as the relative temperature of a body (with respect to the
exterior surrounding air). The semilinear parabolic equation in (1.1) means that there
is a fixed heat source ξ acting on the body and that we can also act on a small part ω
of the body by means of a heat source v1ω. On the boundary, − ∂y

∂n can be viewed as
the normal heat flux, directed inward, up to a positive coefficient. Thus, the equality

−∂y

∂n
= f(y)

means that this flux is a (nonlinear) function of the temperature. The problem with
insensitizing Φ means that we are seeking a control function acting on ω such that the
energy in O is invariant for small perturbations in the initial data. A natural physical
hypothesis would be to suppose that f is nondecreasing with f(0) = 0. Throughout
this paper, we will assume no special behavior on the increasing of f .

By reasons that will be seen later, in this work we will slightly change the usual
notion of insensitizing controls (see [1], [4], [10], [11]), which is equivalent to the usual
one in the linear case.

Definition 1.1. A control function v is said to insensitize Φ if there exists τ0 > 0
such that system (1.1) admits a weak solution y(·, ·; τ, v) ∈ L2(0, T ;H1(Ω)) ∩ C0(Q)
for |τ | ≤ τ0 and if the following insensitivity condition holds:

∂Φ(y(·, ·; τ, v))
∂τ

∣∣∣∣
τ=0

= 0 ∀ŷ0 ∈ X with ‖ŷ0‖X = 1,(1.3)

where X = C2+β(Ω) ∩H2
0 (Ω).

By a weak solution of (1.1) (associated to τ and v) we will define a function (if
one exists) y = y(·, ·; τ, v) ∈ L2(0, T ;H1(Ω)) ∩ C0(Q), with ∂ty ∈ L2(0, T ;H−1(Ω)),
such that⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

〈∂ty(t), u〉(H1(Ω))′,H1(Ω) +

∫
Ω

∇y(t) · ∇u dx +

∫
Ω

F (y(t))u dx +

∫
∂Ω

f(y(t))u dσ

=

∫
Ω

(ξ(t) + v(t)1ω)u dx in L2(0, T ) ∀u ∈ H1(Ω),

y(0) = y0 + τ ŷ0.

Insensitivity problems were originally introduced by J.-L. Lions in [10] and were
first studied for semilinear heat equations with globally Lipschitz-continuous non-
linearities F = F (y) and Dirichlet boundary conditions. In [1], the existence of
the so-called ε-insensitizing controls for partially known data in both the initial and
boundary conditions is proved. In [11] it is shown that one cannot expect the existence
of insensitizing controls for every y0 ∈ L2(Ω) when Ω \ ω �= ∅, even if F ≡ 0. In addi-
tion, for y0 = 0 and suitable assumptions on the source term ξ, de Teresa proves the
existence of insensitizing controls (see Theorem 1 in [11]). This last result is extended
in [2] and [3] to nonlinearities with certain superlinear growth at infinity. It is also
generalized in [4] to the case of a heat equation with a nonlinear term involving the
state y and its gradient. In [4], the authors also present an insensitivity result for a
semilinear heat equation with a nonlinear term F (y) and linear boundary conditions
of Fourier type. In the present paper, we prove a local result on the existence of in-
sensitizing controls for system (1.1), which is, to our knowledge, the first insensitivity
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result in the literature for a semilinear heat equation with nonlinear Fourier boundary
conditions. In the framework of the controllability, both approximate and null con-
trollability of the classical heat equation with nonlinear Fourier boundary conditions
are analyzed in [5].

Before stating the main result in this paper, let us introduce the following nota-
tion. For p ∈ [1,∞] and any Banach space Y , ‖ · ‖Lp(Y ) will denote the norm in the
space Lp(0, T ;Y ). For simplicity, the norm in Lp(Q) will be represented by ‖ · ‖Lp for
p ∈ [1,∞), ‖ · ‖∞ will stand for the norm in L∞(Q), and ‖ · ‖∞;Σ will denote the norm
in L∞(Σ). For r ∈ (2,∞) and any open set V ⊂ R

N , we introduce the Banach space

Xr(0, T ;V) =
{
u ∈ Lr(0, T ;W 2,r(V)) : ∂tu ∈ Lr(0, T ;Lr(V))

}
,

with its natural norm

‖u‖Xr(0,T ;V) = ‖u‖Lr(W 2,r(V)) + ‖∂tu‖Lr(Lr(V)).

On the other hand, for β ∈ (0, 1) and u ∈ C0(Q), we define the quantity

[u]β, β2
= sup

Q

|u(x, t) − u(x′, t)|
|x− x′|β + sup

Q

|u(x, t) − u(x, t′)|
|t− t′| β2

.

We will consider the space Cβ, β2 (Q) = {u ∈ C0(Q) : [u]β, β2
< ∞}, which is a Banach

space with its natural norm |u|β, β2 ;Q = ‖u‖∞ + [u]β, β2
. We will also consider the

Banach spaces defined by

C1+β, 1+β
2 (Q) =

{
u ∈ C0(Q) :

∂u

∂xi
∈ Cβ, β2 (Q) ∀i, sup

Q

|u(x, t) − u(x, t′)|
|t− t′| 1+β

2

< ∞
}
,

C2+β,1+ β
2 (Q) =

{
u ∈ C0(Q) :

∂u

∂xi
∈ C1+β, 1+β

2 (Q) ∀i, ∂tu ∈ Cβ, β2 (Q)

}
,

and

C3+β, 3+β
2 (Q) =

{
u ∈ C0(Q) :

∂u

∂xi
∈ C2+β,1+ β

2 (Q) ∀i, ∂tu ∈ C1+β, 1+β
2 (Q)

}
,

with norms denoted by | · |n+β,n+β
2 ;Q, n = 1, 2, 3. The Banach space formed by the

restrictions to Σ of the functions in Cn+β,n+β
2 (Q) will be represented by Cn+β,n+β

2 (Σ)
and its norm by | · |n+β,n+β

2 ;Σ. Finally, we shall write | · |2+β;Ω to denote the norm in

C2+β(Ω), and the norm in the space L2(0, T ;H1(Ω))∩C([0, T ];L2(Ω)) will be denoted
by ‖ · ‖L2(H1)∩C(L2).

The main goal in this paper is to prove the following local insensitivity result for
system (1.1).

Theorem 1.2. Assume that ∂Ω ∈ C3+β for some β ∈ (0, 1), ω ∩ O �= ∅,
and y0 = 0. Let F, f ∈ C3(R) verify F (0) = f(0) = 0. Then, there exist two
positive constants M and η (depending on Ω, ω, O, T , F , and f) such that, for any

ξ ∈ Cβ, β2 (Q) satisfying

|ξ|β, β2 ;Q +

∥∥∥∥exp

(
M
2t

)
ξ

∥∥∥∥
L2

≤ η,(1.4)
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one can find a control function v ∈ Cβ, β2 (Q) that insensitizes the functional Φ defined
by (1.2).

It is of interest to notice that the explicit way the constant M depends on T and
F can be known (see Remark 1).

As usual in insensitivity problems, the insensitivity condition (1.3) leads us to
analyze a nonstandard nonlinear null controllability problem. In the case under con-
sideration, the following holds.

Proposition 1.3. If there exists a control function v insensitizing the functional
Φ given by (1.2), then this control v solves the null controllability problem⎧⎪⎨⎪⎩

∂ty − ∆y + F (y) = ξ + v1ω in Q,

∂ny + f(y) = 0 on Σ,

y(x, 0) = y0(x) in Ω,

(1.5)

⎧⎪⎨⎪⎩
−∂tq − ∆q + F ′(y)q = y1O in Q,

∂nq + f ′(y)q = 0 on Σ,

q(x, T ) = 0 in Ω,

(1.6)

q(x, 0) = 0 in Ω.(1.7)

Furthermore, if a control function v solves (1.5)–(1.7) and there exists τ0 > 0 such
that (1.1) admits a weak solution y(·, ·; τ, v) ∈ L2(0, T ;H1(Ω)) ∩ C0(Q) for |τ | ≤ τ0,
then v is insensitizing the functional Φ.

Proof. We reason as in [10] and [1]. Assume the existence of a control v insen-
sitizing the functional Φ given by (1.2) in the sense of Definition 1.1. Then, system
(1.5) admits a weak solution y(·, ·; τ, v) ∈ L2(0, T ;H1(Ω))∩C0(Q) for all |τ | ≤ τ0, for
some τ0 > 0. The derivative of Φ(y(·, ·; τ, v)) with respect to τ at τ = 0 is given by

∂Φ(y(·, ·; τ, v))
∂τ

∣∣∣∣
τ=0

=

∫∫
Q

y(x, t)1O yτ (x, t) dx dt,

where y = y(·, ·; 0, v) ∈ C0(Q) and yτ = ∂y(·,·;τ,v)
∂τ

∣∣∣
τ=0

is the solution of the linear

system ⎧⎪⎨⎪⎩
∂tyτ − ∆yτ + F ′(y)yτ = 0 in Q,

∂nyτ + f ′(y)yτ = 0 on Σ,

yτ (x, 0) = ŷ0(x) in Ω.

Let q be the solution of (1.6). Replacing y1O with the left-hand side of the PDE
satisfied by q and integrating by parts, one obtains∫∫

Q

y(x, t)1O yτ (x, t) dx dt =

∫
Ω

q(x, 0)ŷ0(x) dx,

regardless of what ŷ0 ∈ L2(Ω) is. Finally, from (1.3) one deduces that

q(0) = 0 in X ′,
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whence (1.7) follows, in view of the Hahn–Banach theorem. The rest of the proof
follows immediately from Definition 1.1.

Notice that a control function v solving (1.5)–(1.7), if one exists, does not neces-
sarily insensitize the functional Φ (think, for instance, of an initial datum y0+τ ŷ0 not
lying in C0(Ω), for which system (1.1) admits no weak solution in C0(Q)). In other
words, in this case the problem of seeking insensitizing controls cannot be reformu-
lated in an equivalent way as a null controllability problem, as is usual in insensitivity
problems. In order to prove Theorem 1.2, we will thus argue as follows (see section 3).
Under the assumptions in the theorem, we will first prove the existence of a control
v solving (1.5)–(1.7). In a second step, we will see that, for τ ŷ0 regular and small
enough, such a control v can be chosen so that it also insensitizes the functional Φ
defined by (1.2).

The existence of a control function solving (1.5)–(1.7) will be proved by lineariza-
tion and a later application of an appropriate fixed point argument. This technique,
introduced in [12] in the context of the controllability of the semilinear wave equa-
tion, has been used to prove several controllability results (cf., for example, [6], [7]).
Analyzing a linear null controllability problem similar to (1.5)–(1.7) (see (2.1), (2.2),
and (1.7)), we realize that the potentials a, b ∈ L∞(Σ) need to have time derivatives
in L∞(Σ). This requirement comes from applying Lemma 1.2 of [8] to obtain an
adequate observability inequality (see Proposition 2.1) for the solutions of the corre-
sponding adjoint systems (2.5) and (2.6). To solve the nonlinear problem, we would
have to search for a fixed point in a space containing the functions z ∈ L∞(Q) such
that the trace of ∂tz lies in L∞(Σ). As was observed in Remark 15 of [5], we are not
too far from imposing ∂tz ∈ L∞(0, T ;W 1,N+γ(Ω)), with γ > 0. But these spaces are
too small to achieve compactness and good estimates for the fixed point mapping.
We will then seek a fixed point, and thus also control functions, in the Hölder spaces
introduced above. In fact, one of the main points in this paper relies on the construc-
tion, in the linear case, of control functions with Hölderian regularity starting from
L2-controls.

In order to ensure the existence of a solution to system (1.1) in the above-
mentioned Hölder spaces, appropriate regularity assumptions on the data and a com-
patibility condition on the initial datum are required (see Lemma 3.2). This is the
reason why we have introduced the space X = C2+β(Ω) ∩H2

0 (Ω), with β ∈ (0, 1), in
Definition 1.1.

In the next section, we will analyze the corresponding linear null controllability
problem, while section 3 will be devoted to proving our main result.

2. The linear null controllability problem. From now on, we will assume
that ω ∩ O �= ∅ and y0 = 0. This section is devoted to solving a linearized version of
the null controllability problem (1.5)–(1.7). We consider the linear systems⎧⎪⎪⎨⎪⎪⎩

∂ty − ∆y + cy = ξ + v1ω in Q,

∂ny + ay = 0 on Σ,

y(x, 0) = 0 in Ω,

(2.1)

⎧⎪⎪⎨⎪⎪⎩
−∂tq − ∆q + dq = y1O in Q,

∂nq + bq = 0 on Σ,

q(x, T ) = 0 in Ω,

(2.2)
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where a, b ∈ L∞(Σ), c, d ∈ L∞(Q), and ξ ∈ L2(Q) (at least). For each v ∈ L2(Q), the
cascade of linear systems (2.1), (2.2) admits exactly one solution (y, q) satisfying

y, q ∈ L2(0, T ;H1(Ω)) ∩ C([0, T ];L2(Ω)), ∂ty, ∂tq ∈ L2(0, T ;H−1(Ω)),

with

‖y‖L2(H1)∩C(L2) + ‖∂ty‖L2(H−1) ≤ C (Ω, T, ‖a‖∞;Σ, ‖c‖∞) (‖ξ‖L2 + ‖v‖L2) ,(2.3)

‖q‖L2(H1)∩C(L2) + ‖∂tq‖L2(H−1)

≤ C (Ω, T, ‖a‖∞;Σ, ‖b‖∞;Σ, ‖c‖∞, ‖d‖∞) (‖ξ‖L2 + ‖v‖L2) .
(2.4)

Under additional assumptions on the potentials and on the source term ξ, we will
build a regular control v, acting on a nonempty open subset of ω ∩ O, such that the
corresponding solution (y, q) of (2.1), (2.2) satisfies (1.7).

We proceed as follows. Let us fix a nonempty open set B0 such that B0 ⊂⊂ ω∩O.
In a first step, using an appropriate observability inequality, we obtain an L2-control
supported on B0 × [0, T ]. Then, by means of a construction similar to that made in
[2] and [3] and due to the regularizing properties of the heat equation, we will be able
to furnish a regular control with a slightly larger support.

Let us consider the adjoint systems⎧⎪⎨⎪⎩
∂tϕ− ∆ϕ + dϕ = 0 in Q,

∂nϕ + bϕ = 0 on Σ,

ϕ(x, 0) = ϕ0(x) in Ω,

(2.5)

⎧⎪⎨⎪⎩
−∂tψ − ∆ψ + cψ = ϕ1O in Q,

∂nψ + aψ = 0 on Σ,

ψ(x, T ) = 0 in Ω,

(2.6)

where ϕ0 ∈ L2(Ω). For simplicity, we will denote by at (resp., bt) the time derivative
of a (resp., of b). Let B0 ⊂⊂ ω ∩ O be the open set considered above. In [4], the
following observability inequality for the solutions of (2.5), (2.6) is proved.

Proposition 2.1. Assume that a, b, at, bt ∈ L∞(Σ) and c, d ∈ L∞(Q). Then,
there exist positive constants M and C, depending on Ω, ω, O, T , ‖a‖∞;Σ, ‖b‖∞;Σ,
‖at‖∞;Σ, ‖bt‖∞;Σ, ‖c‖∞, and ‖d‖∞, such that∫∫

Q

exp

(
−M

t

)
|ψ|2 dx dt ≤ C

∫∫
B0×(0,T )

|ψ|2 dx dt,

for every ϕ0 ∈ L2(Ω), where ψ solves (2.6), ϕ being the solution of (2.5).
The proof of this result follows the scheme of demonstration of Proposition 2

in [11] and uses a global Carleman inequality for the classical heat equation with
linear boundary Fourier conditions (see Lemma 1.2 of [8]).

Remark 1. In the previous proposition, and throughout this section, the depen-
dence of the constants with respect to T and the potentials c and d could be stated
precisely. This would allow one to know the precise way the constant M in Theo-
rem 1.2 depends on T and F . Nevertheless, the dependence on the boundary data a
and b is not explicit. This comes from the proof of Lemma 1.2 of [8].
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Due to a unique continuation property for the solutions of (2.5) and (2.6) inferred
from Proposition 2.1, under suitable assumptions on ξ, one obtains L2-controls as
follows.

Proposition 2.2. Assume that a, b, at, bt ∈ L∞(Σ) and c, d ∈ L∞(Q). Let M
and C be the positive constants (depending on Ω, ω, O, T , ‖a‖∞;Σ, ‖b‖∞;Σ, ‖at‖∞;Σ,
‖bt‖∞;Σ, ‖c‖∞, and ‖d‖∞) provided by Proposition 2.1. Then, for any ξ ∈ L2(Q)
verifying ∫∫

Q

exp

(
M

t

)
|ξ|2 dx dt < ∞,(2.7)

there exists a control function v̂ ∈ L2(Q), with supp v̂ ⊂ B0 × [0, T ], such that the
solution (ŷ, q̂) of (2.1), (2.2) associated to v̂ satisfies (1.7). Moreover, v̂ can be chosen
so that

‖v̂‖L2 ≤
√
C

(∫∫
Q

exp

(
M

t

)
|ξ|2 dx dt

)1/2

.(2.8)

The proof of this proposition is given in [4] and will be omitted here. The main
result in this section is the following.

Proposition 2.3. Assume that ∂Ω ∈ C3+β for some β ∈ (0, 1), a, b, at, bt ∈
L∞(Σ), c ∈ Cβ, β2 (Q), and d ∈ C1+β, 1+β

2 (Q). Let M > 0 be the constant (depending
on Ω, ω, O, T , ‖a‖∞;Σ, ‖b‖∞;Σ, ‖at‖∞;Σ, ‖bt‖∞;Σ, ‖c‖∞, and ‖d‖∞) provided by

Proposition 2.1. Then, for any ξ ∈ Cβ, β2 (Q) satisfying (2.7), one can find a control

v ∈ Cβ, β2 (Q) such that the associated solution (y, q) of (2.1), (2.2) satisfies (1.7).

Moreover, the Cβ, β2 -norm of v can be estimated as follows:

|v|β, β2 ;Q ≤ C

(
|ξ|β, β2 ;Q +

∥∥∥∥exp

(
M

2t

)
ξ

∥∥∥∥
L2

)
,(2.9)

where C is a new positive constant depending on Ω, ω, O, T , ‖a‖∞;Σ, ‖b‖∞;Σ,
‖at‖∞;Σ, ‖bt‖∞;Σ, |c|β, β2 ;Q, and |d|1+β, 1+β

2 ;Q.

The regularity of v and, accordingly, that of (y, q), will enable us to deal with the
nonlinear null controllability problem (1.5)–(1.7).

Before proving Proposition 2.3, for the convenience of the reader we repeat some
relevant material from [3] and [9] without proofs, thus making our exposition self-
contained. We first recall a technical result on local regularity given in [3, Proposi-
tion 2.1 and Remark 4].

Lemma 2.4. Let ã ∈ L∞(Q) and h ∈ L2(Q) be given. Let us consider a solution
u ∈ L2(0, T ;H1(Ω)) ∩ C([0, T ];L2(Ω)) of{

∂tu− ∆u + ãu = h in Q,

u(x, 0) = 0 in Ω,
(2.10)

and let V ⊂ Ω be an arbitrary open set.
(a) If h ∈ Lr(0, T ;Lr(V)), with r ∈ (2,∞), then u ∈ Xr(0, T ;V ′) for any open

set V ′ ⊂⊂ V. Moreover, there exist two positive constants C = C (Ω,V,V ′, T,N, r)
and K = K(N) such that

‖u‖Xr(0,T ;V′) ≤ C (1 + ‖ã‖∞)K
[
‖h‖Lr(Lr(V)) + ‖u‖L2(H1)∩C(L2)

]
.(2.11)
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(b) Assume, in addition, that h ∈ Lr(0, T ;W 1,r(V)), r > 2, and ∇ã ∈ Lγ(Q)N ,
with

γ =

⎧⎪⎪⎨⎪⎪⎩
max

{
r,
N

2
+ 1

}
if r �= N

2
+ 1,

N

2
+ 1 + ε if r =

N

2
+ 1,

and ε being an arbitrarily small positive number. Then, for any open set V ′ ⊂⊂ V, one
has u ∈ Lr(0, T ;W 3,r(V ′)), ∂tu ∈ Lr(0, T ;W 1,r(V ′)), and for a new positive constant
C = C(Ω,V,V ′, T,N, r), the following estimate holds:

‖u‖Lr(W 3,r(V′)) + ‖∂tu‖Lr(W 1,r(V′)) ≤ CH
[
‖h‖Lr(W 1,r(V)) + ‖u‖L2(H1)∩C(L2)

]
,

where

H = H(N, ‖ã‖∞, ‖∇ã‖Lγ ) = (1 + ‖ã‖∞)K+1(1 + ‖∇ã‖Lγ ),

K = K(N) being as in (2.11).
We also recall the following result, which is readily obtained by rewriting

Lemma 3.3 of [9, p. 80] with the notation introduced at the beginning of this pa-
per (also see Lemma 2.3 of [3]).

Lemma 2.5. Let V ⊂ R
N , N ≥ 1, be a regular open set. The following continuous

embeddings hold:
1. If r < N

2 + 1, then Xr(0, T ;V) ↪→ Lp(V × (0, T )), where 1
p = 1

r − 2
N+2 .

2. If r = N
2 + 1, then Xr(0, T ;V) ↪→ Lq(V × (0, T )) for all q < ∞.

3. If N
2 + 1 < r < N + 2, then Xr(0, T ;V) ↪→ Cα,α2 (V × [0, T ]), α = 2 − N+2

r .

4. If r = N + 2, then Xr(0, T ;V) ↪→ Cl, l
2 (V × [0, T ]) for all l ∈ (0, 1).

5. If r > N + 2, then Xr(0, T ;V) ↪→ C1+β, 1+β
2 (V × [0, T ]), where β = 1 − N+2

r .
We are now ready to prove Proposition 2.3. From now on, we will specify only the

dependence of the constants on the arguments that will be relevant in our analysis.
Thus, for instance, the dependence on the dimension N , on B0, or on the other open
sets appearing later will be omitted.

Proof of Proposition 2.3. Assume that ∂Ω ∈ C3+β for some β ∈ (0, 1). Let a,
b, c, and d be as in the statement, and let M > 0 be provided by Proposition 2.1.

Given ξ ∈ Cβ, β2 (Q) verifying (2.7), Proposition 2.2 provides a control v̂ ∈ L2(Q)
such that the associated solution (ŷ, q̂) of (2.1), (2.2) satisfies (1.7). Moreover, v̂
verifies estimate (2.8) and supp v̂ ⊂ B0× [0, T ], with B0 being the open set considered
at the beginning of this section. One has ŷ, q̂ ∈ L2(0, T ;H1(Ω)) ∩ C([0, T ];L2(Ω)),
∂tŷ, ∂tq̂ ∈ L2(0, T ;H−1(Ω)), and estimates such as (2.3) and (2.4) hold.

Let B, B1, and B2 be regular open sets such that B0 ⊂⊂ B1 ⊂⊂ B2 ⊂⊂ B ⊂⊂
ω∩O. As was anticipated above, a construction similar to the one made in [2] and [3]
will allow one to construct a regular control supported on B × [0, T ]. Indeed, we set

q = (1 − θ) q̂,(2.12)

y = (1 − θ) ŷ + 2∇θ · ∇q̂ + (∆θ)q̂,(2.13)

with θ ∈ D(B) satisfying θ ≡ 1 in B2. We will analyze the interior regularity of ŷ

and q̂, inferring that (y, q) solves (2.1), (2.2), and (1.7) with control term v ∈ Cβ, β2 (Q)
given by

v = −θξ + 2∇θ · ∇ŷ + (∆θ)ŷ + (∂t − ∆ + c) [2∇θ · ∇q̂ + (∆θ)q̂] ,(2.14)
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which is, in fact, supported on B × [0, T ].

First, as c ∈ L∞(Q) and ξ+ v̂1B0 ∈ L2(Q)∩L∞(0, T ;L∞(Ω\B0)), one can apply
Lemma 2.4 with r = (N + 2)/(1 − β), β ∈ (0, 1) given in the statement, to deduce
that ŷ lies in Xr(0, T ; (ω ∩ O) \ B1) (notice that, without loss of generality, we can
assume that ω ∩ O ⊂⊂ Ω and that ω ∩ O is regular enough). Since r > N + 2, this

space is continuously embedded in C1+β, 1+β
2 ((ω ∩ O) \B1 × [0, T ]), by Lemma 2.5.

Thus,

ŷ ∈ C1+β, 1+β
2 ((ω ∩ O) \B1 × [0, T ]),(2.15)

and estimates (2.11) and (2.3) give

|ŷ|
1+β, 1+β

2 ;(ω∩O)\B1×[0,T ]
≤ C (Ω, ω,O, T, ‖a‖∞;Σ, ‖c‖∞) (‖ξ‖∞ + ‖v̂‖L2) .(2.16)

By the choice of θ, the term v1 = 2∇θ · ∇ŷ + (∆θ)ŷ in (2.14) then lies in Cβ, β2 (Q)
and one can estimate

|v1|β, β2 ;Q ≤ C (Ω, ω,O, T, ‖a‖∞;Σ, ‖c‖∞) (‖ξ‖∞ + ‖v̂‖L2) .

According to the interior regularity of ŷ, an argument such as the one above

implies that q̂ ∈ C1+β, 1+β
2 (B \B2 × [0, T ]), and estimates (2.11), (2.16), and (2.4)

give

|q̂|
1+β, 1+β

2 ;B\B2×[0,T ]
≤ C (‖ξ‖∞ + ‖v̂‖L2) ,(2.17)

with C = C (Ω, ω,O, T, ‖a‖∞;Σ, ‖b‖∞;Σ, ‖c‖∞, ‖d‖∞). By the Cβ, β2 -regularity of ξ

and c, it is then clear that v2 = −θξ + c[2∇θ · ∇q̂ + (∆θ)q̂] ∈ Cβ, β2 (Q) and

|v2|β, β2 ;Q ≤ C(Ω, ω,O)
(
|ξ|β, β2 ;Q + |c|β, β2 ;Q|q̂|1+β, 1+β

2 ;B\B2×[0,T ]

)
,

which combined with (2.17), yields

|v2|β, β2 ;Q ≤ C(Ω, ω,O, T, ‖a‖∞;Σ, ‖b‖∞;Σ, |c|β, β2 ;Q, ‖d‖∞)
(
|ξ|β, β2 ;Q + ‖v̂‖L2

)
.

We now analyze the term v3 = (∂t − ∆)[2∇θ · ∇q̂ + (∆θ)q̂]. To this end, we use
the following result on interior Hölderian regularity, whose proof is given at the end
of this section.

Lemma 2.6. Assume that ∂Ω ∈ C3+β for some β ∈ (0, 1). Let us consider a

solution u ∈ L2(0, T ;H1(Ω)) ∩ C([0, T ];L2(Ω)) of (2.10), with ã ∈ C1+β, 1+β
2 (Q) and

h ∈ L2(Q) ∩ C1+β, 1+β
2 (V × [0, T ]), V being a nonempty open subset of Ω. Then, for

any open set V ′ ⊂⊂ V, one has u ∈ C3+β, 3+β
2 (V ′ × [0, T ]) and

|u|3+β, 3+β
2 ;V′×[0,T ] ≤ C

(
|h|1+β, 1+β

2 ;V×[0,T ] + ‖u‖L2(H1)∩C(L2)

)
,(2.18)

where C is a positive constant depending on Ω, V, V ′, T , and |ã|1+β, 1+β
2 ;Q.
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On account of (2.15) and the regularity of the potential d, Lemma 2.6 can be
applied to u = q̂, with V = (ω ∩O) \B1, V ′ = B \B2, h = ŷ1O, and ã = d, to deduce

that q̂ lies in C3+β, 3+β
2 (B \B2 × [0, T ]). Moreover, estimates (2.18), (2.16), and (2.4)

give

|q̂|
3+β, 3+β

2 ;B\B2×[0,T ]
≤ C (‖ξ‖∞ + ‖v̂‖L2) ,

with C = C(Ω, ω,O, T, ‖a‖∞;Σ, ‖b‖∞;Σ, ‖c‖∞, |d|1+β, 1+β
2 ;Q). We infer from the choice

of θ that 2∇θ · ∇q̂ + (∆θ)q̂ ∈ C2+β,1+ β
2 (Q), and hence that v3 lies in Cβ, β2 (Q), and

one can estimate

|v3|β, β2 ;Q ≤ C(Ω, ω,O, T, ‖a‖∞;Σ, ‖b‖∞;Σ, ‖c‖∞, |d|1+β, 1+β
2 ;Q) (‖ξ‖∞ + ‖v̂‖L2) .

In view of the previous considerations on each term vi, 1 ≤ i ≤ 3, and using

estimate (2.8), one concludes that v given by (2.14) lies in Cβ, β2 (Q) and that (2.9)
holds. Finally, it is an easy exercise to see that (y, q) defined by (2.13) and (2.12),
together with this control function v, solves (2.1), (2.2), and (1.7). The only deli-
cate point could be to check that y(x, 0) = 0 in Ω. But this follows immediately
from the interior regularity of q̂ (which, in particular, gives q̂ ∈ C([0, T ];H1(B \
B2))), the choice of θ, and the fact that q̂(x, 0) = 0 in Ω. This ends the proof of
Proposition 2.3.

We end this section by giving the proof of Lemma 2.6, which relies on a localization
argument.

Proof of Lemma 2.6. Assume the hypothesis in the statement, with β ∈ (0, 1)
and V being fixed. Given an open set V ′ ⊂⊂ V, we consider a regular open set V1,
with V ′ ⊂⊂ V1 ⊂⊂ V. According to the regularity of h and the potential ã, we can
apply the second point of Lemma 2.4, with r = (N + 2)/(1 − β) (thus γ = r, since
r > N + 2), and deduce that u, ∂u

∂xi
∈ Xr(0, T ;V1), i = 1, . . . , N , together with the

estimate

‖u‖Xr(0,T ;V1) + ‖∇u‖Xr(0,T ;V1)N ≤ C
[
‖h‖Lr(W 1,r(V)) + ‖u‖L2(H1)∩C(L2)

]
,

with C > 0 depending on Ω, V, V ′, T , ‖ã‖∞ and ‖∇ã‖Lr . Since r > N + 2, by
Lemma 2.5 we get

u,
∂u

∂xi
∈ C1+β, 1+β

2 (V1 × [0, T ]), i = 1, . . . , N,(2.19)

with

|u|1+β, 1+β
2 ;V1×[0,T ] + |∇u|1+β, 1+β

2 ;V1×[0,T ]

≤ C (Ω,V,V ′, T, ‖ã‖∞, ‖∇ã‖Lr )
(
‖h‖Lr(W 1,r(V)) + ‖u‖L2(H1)∩C(L2)

)
.

(2.20)

We claim that, indeed, u lies in C3+β, 3+β
2 (V ′× [0, T ]) and satisfies (2.18). To this

end, let ζ ∈ D(V1) be such that ζ ≡ 1 in V ′ and set w = ζu. Then w solves{
∂tw − ∆w = h̃ in Q,

w = 0 on Σ, w(x, 0) = 0 in Ω,
(2.21)

with h̃ = ζh − [ãζu + 2∇ζ · ∇u + (∆ζ)u]. The regularity of h and ã, together with

(2.19), gives h̃ ∈ C1+β, 1+β
2 (Q), and using (2.20), one has

|h̃|1+β, 1+β
2 ;Q ≤ C

(
|h|1+β, 1+β

2 ;V×[0,T ] + ‖u‖L2(H1)∩C(L2)

)
,(2.22)
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with C = C(Ω,V,V ′, T, |ã|1+β, 1+β
2 ;Q). Since ∂Ω ∈ C3+β and the compatibility condi-

tion of order 1 for system (2.21) is trivially fulfilled, one can apply Theorem 5.2 of [9]

to obtain w ∈ C3+β, 3+β
2 (Q), with

|w|3+β, 3+β
2 ;Q ≤ C(Ω, T )|h̃|1+β, 1+β

2 ;Q.(2.23)

Finally, recalling that u ≡ w in V ′, one infers the desired interior regularity of u, and
estimate (2.18) holds, using (2.23) and (2.22).

3. Proof of Theorem 1.2. We begin this section by recalling the following
result for linear systems of the form⎧⎪⎨⎪⎩

∂tu− ∆u + cu = h in Q,

∂nu + au = 0 on Σ,

u(x, 0) = u0(x) in Ω,

(3.1)

whose proof is given in [9, Theorem 5.3, p. 320].

Lemma 3.1. Assume that ∂Ω ∈ C2+β for some β ∈ (0, 1). Let a ∈ C1+β, 1+β
2 (Σ)

and c ∈ Cβ, β2 (Q) be given. Then, for any h ∈ Cβ, β2 (Q) and u0 ∈ C2+β(Ω) satisfying
the compatibility condition

∂nu0(x) + a(x, 0)u0(x) = 0 on ∂Ω,

system (3.1) admits exactly one solution u ∈ C2+β,1+ β
2 (Q) verifying the estimate

|u|2+β,1+ β
2 ;Q ≤ C

(
Ω, T, |a|1+β, 1+β

2 ;Σ, |c|β, β2 ;Q

)(
|h|β, β2 ;Q + |u0|2+β;Ω

)
.(3.2)

Let us now prove Theorem 1.2. Assume the hypothesis in the statement. From
the considerations in the first section, the proof falls naturally into two steps.

Step 1. Existence of a regular control solving the nonlinear null controllability
problem (1.5)–(1.7): The fixed point argument. Let G and g be the C2 functions
defined by

G(s) =

⎧⎨⎩
F (s)

s
if s �= 0,

F ′(0) if s = 0,
g(s) =

⎧⎨⎩
f(s)

s
if s �= 0,

f ′(0) if s = 0.

Let us set

Z = C1(Q) ∩ C1+β, 1+β
2 (Q).

For fixed z ∈ B(0; 1) ⊂ Z, we consider the linear systems⎧⎪⎨⎪⎩
∂ty − ∆y + G(z)y = ξ + v1ω in Q,

∂ny + g(z)y = 0 on Σ,

y(x, 0) = 0 in Ω,

(3.3)

⎧⎪⎨⎪⎩
−∂tq − ∆q + F ′(z)q = y1O in Q,

∂nq + f ′(z)q = 0 on Σ,

q(x, T ) = 0 in Ω,

(3.4)
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with potentials G(z), F ′(z) ∈ Z and g(z), f ′(z) ∈ Z̃ = C1(Σ)∩C1+β, 1+β
2 (Σ). By abuse

of notation, from now on we will let g(z) (resp., f ′(z)) stand for both the function
g(z) in Z and its restriction to Σ (resp., for both f ′(z) ∈ Z and its restriction to Σ).
Let us set

M(Ω, ω,O, T, F, f) = sup
z∈B(0;1)

Mz,(3.5)

where Mz is, for fixed z ∈ B(0; 1), the positive constant (depending on Ω, ω, O, T ,
‖g(z)‖Z , ‖f ′(z)‖Z , ‖G(z)‖Z , and ‖F ′(z)‖Z) provided by Proposition 2.1. Let ξ in

Cβ, β2 (Q) satisfy (1.4), with η > 0 to be chosen later (hence also verifying (2.7) with

M = Mz for all z ∈ B(0; 1)). From Proposition 2.3, there exists vz ∈ Cβ, β2 (Q) such

that the associated solution (yz, qz) of (3.3), (3.4) lies in C2+β,1+ β
2 (Q)×C2+β,1+ β

2 (Q)
(by Lemma 3.1) and satisfies (1.7). Moreover, one has

|vz|β, β2 ;Q ≤ C(Ω, ω,O, T, z)

(
|ξ|β, β2 ;Q +

∥∥∥∥exp

(
Mz

2t

)
ξ

∥∥∥∥
L2

)
,

with C(Ω, ω,O, T, z) = C(Ω, ω,O, T, ‖g(z)‖Z , ‖f ′(z)‖Z , ‖G(z)‖Z , ‖F ′(z)‖Z), and yz
satisfies an estimate such as (3.2); hence

|yz|2+β,1+ β
2 ;Q ≤ C1(Ω, ω,O, T, z)

(
|ξ|β, β2 ;Q +

∥∥∥∥exp

(
Mz

2t

)
ξ

∥∥∥∥
L2

)
,

with C1(Ω, ω,O, T, z) = C1(Ω, ω,O, T, ‖g(z)‖Z , ‖f ′(z)|Z , ‖G(z)‖Z , ‖F ′(z)‖Z) (and a
similar estimate for qz holds). Then, for any z ∈ B(0; 1) one has

|vz|β, β2 ;Q ≤ C̃(Ω, ω,O, T, F, f)

(
|ξ|β, β2 ;Q +

∥∥∥∥exp

(
M
2t

)
ξ

∥∥∥∥
L2

)
,(3.6)

|yz|2+β,1+ β
2 ;Q ≤ C2(Ω, ω,O, T, F, f)

(
|ξ|β, β2 ;Q +

∥∥∥∥exp

(
M
2t

)
ξ

∥∥∥∥
L2

)
,(3.7)

together with a similar estimate for qz, with

C̃(Ω, ω,O, T, F, f) = sup
z∈B(0;1)

C(Ω, ω,O, T, z),

C2(Ω, ω,O, T, F, f) = sup
z∈B(0;1)

C1(Ω, ω,O, T, z).

For each z ∈ B(0; 1) ⊂ Z, we consider the families

A(z) =
{
v ∈ Cβ, β2 (Q) : (y, q) satisfies (3.3), (3.4), and (1.7), v verifying (3.6)

}
,

Λ(z) = {y : (y, q) solves (3.3), (3.4) with v ∈ A(z)} .

One can then define the set-valued mapping Λ : z ∈ B(0; 1) ⊂ Z �→ Λ(z) ⊂ Z. For

fixed z ∈ B(0; 1), each y ∈ Λ(z) lies in C2+β,1+ β
2 (Q) and satisfies (3.7), and thus

‖y‖Z ≤ C2(Ω, ω,O, T, F, f)

(
|ξ|β, β2 ;Q +

∥∥∥∥exp

(
M
2t

)
ξ

∥∥∥∥
L2

)
.(3.8)
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We claim that there exists η(Ω, ω,O, T, F, f) > 0 such that if a source term

ξ ∈ Cβ, β2 (Q) satisfies (1.4), with M given by (3.5), then the Kakutani fixed point
theorem can be applied to Λ. First, for fixed z ∈ B(0; 1) ⊂ Z, it is easy to check that
Λ(z) is a nonempty closed convex subset of Z (here we use the linear character of

systems (3.3) and (3.4)). By estimate (3.7), Λ(z) is a bounded set in C2+β,1+ β
2 (Q).

Since this space is compactly embedded into Z, one infers that each Λ(z) is a compact
subset of Z. Furthermore, there exists a fixed compact set K ⊂ Z such that Λ(z) ⊂ K
for all z ∈ B(0; 1).

In the second place, Λ is proved to be an upper hemicontinuous multivalued
mapping, or, equivalently, it is proved that for any bounded linear form µ ∈ Z ′, the
function

z ∈ B(0; 1) ⊂ Z �→ sup
y∈Λ(z)

〈µ, y〉 ∈ R

is upper semicontinuous. To this end, it suffices to show that the set

Bλ,µ =

{
z ∈ B(0; 1) : sup

y∈Λ(z)

〈µ, y〉 ≥ λ

}
is closed in Z for any λ ∈ R and any µ ∈ Z ′. Let us fix λ ∈ R and µ ∈ Z ′, and
consider a sequence {zn}n≥1 ⊂ Bλ,µ such that

zn → z in Z.(3.9)

Our aim is to see that z ∈ Bλ,µ. As stated above, each Λ(zn) is a compact set in Z.
Then for fixed n ≥ 1 one has

sup
y∈Λ(zn)

〈µ, y〉 = 〈µ, yn〉 ≥ λ(3.10)

for some yn ∈ Λ(zn). By the definition of Λ(zn) and A(zn), there exist vn ∈ Cβ, β2 (Q)
satisfying

|vn|β, β2 ;Q ≤ C̃(Ω, ω,O, T, F, f)

(
|ξ|β, β2 ;Q +

∥∥∥∥exp

(
M
2t

)
ξ

∥∥∥∥
L2

)
(3.11)

(C̃(Ω, ω,O, T, F, f) as in (3.6)) and qn ∈ C2+β,1+ β
2 (Q) such that (yn, qn) together

with vn solve ⎧⎪⎨⎪⎩
∂tyn − ∆yn + G(zn)yn = ξ + vn1ω in Q,

∂nyn + g(zn)yn = 0 on Σ,

yn(x, 0) = 0 in Ω,

(3.12)

⎧⎪⎨⎪⎩
−∂tqn − ∆qn + F ′(zn)qn = yn1O in Q,

∂nqn + f ′(zn)qn = 0 on Σ,

qn(x, T ) = 0, qn(x, 0) = 0 in Ω.

(3.13)

From (3.11) and (3.7), {vn} and {(yn, qn)} are uniformly bounded in Cβ, β2 (Q) and

C2+β,1+ β
2 (Q)×C2+β,1+ β

2 (Q), respectively. Taking into account the compact embed-

ding of Cβ, β2 (Q) (resp., C2+β,1+ β
2 (Q)) into C0(Q) (resp., Z), there exist subsequences

(still denoted by {vn} and {(yn, qn)}) such that

vn → ṽ in C0(Q), (yn, qn) → (ỹ, q̃) in Z × Z
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for some ṽ ∈ C0(Q), (ỹ, q̃) ∈ Z × Z. It is easily seen that, in fact, ṽ ∈ Cβ, β2 (Q). On
account of the regularity of F and f , from (3.9) one also has

G(zn) → G(z) and F ′(zn) → F ′(z) in Z,

g(zn) → g(z) and f ′(zn) → f ′(z) in Z̃.

We can then pass to the limit in (3.11)–(3.13) and deduce that (ỹ, q̃) solves (3.3),
(3.4), and (1.7) with control term ṽ ∈ A(z). Thus, ỹ ∈ Λ(z), and taking limits in
(3.10), one infers that

sup
y∈Λ(z)

〈µ, y〉 ≥ 〈µ, ỹ〉 ≥ λ.

We conclude that z ∈ Bλ,µ; hence, Λ is an upper hemicontinuous mapping.
Now let η = η(Ω, ω,O, T, F, f) > 0 be such that η ≤ C2(Ω, ω,O, T, F, f)−1. Then,

for a given source term ξ ∈ Cβ, β2 (Q) satisfying (1.4), with M given by (3.5), we infer
from (3.8) that any y ∈ Λ

(
B(0; 1)

)
verifies ‖y‖Z ≤ 1; that is, Λ maps the nonempty

closed convex set B(0; 1) into itself. We can then apply the Kakutani fixed point
theorem and conclude that there exists y ∈ Z such that y ∈ Λ(y). Hence, there

exists v ∈ Cβ, β2 (Q), solving the nonlinear null controllability problem (1.5)–(1.7) (for
y0 = 0). Moreover, by (3.6) one can estimate

|v|β, β2 ;Q ≤ C̃(Ω, ω,O, T, F, f)η.(3.14)

Step 2. Existence of a control insensitizing the functional Φ. Let us see that there

exists η(Ω, ω,O, T, F, f) > 0 such that for any ξ ∈ Cβ, β2 (Q) satisfying (1.4), with M
given by (3.5), the control v in the previous step can be chosen so that, for τ small

enough, the existence of a solution of (1.1) (with y0 = 0) in C2+β,1+ β
2 (Q) is ensured.

This will conclude the proof of the theorem, since such a control v will then insensitize
the functional Φ given by (1.2), in view of Proposition 1.3.

We use the following result, which can be proved by linearizing and applying an
appropriate fixed point argument.

Lemma 3.2. Assume that ∂Ω ∈ C2+β for some β ∈ (0, 1). Let F ∈ C2(R) and
f ∈ C3(R) be given. Then, there exists δ > 0 (depending on Ω, T , F , and f) with

the property that for any h ∈ Cβ, β2 (Q) and u0 ∈ C2+β(Ω) satisfying

|h− F (0)|β, β2 ;Q + |f(0)| + |u0|2+β;Ω ≤ δ

and the compatibility condition

∂nu0 + f(u0) = 0 on ∂Ω,(3.15)

the nonlinear system ⎧⎪⎨⎪⎩
∂tu− ∆u + F (u) = h in Q,

∂nu + f(u) = 0 on Σ,

u(x, 0) = u0(x) in Ω,

admits a unique solution u ∈ C2+β,1+ β
2 (Q).

Let us consider X = C2+β(Ω) ∩ H2
0 (Ω), with β ∈ (0, 1) as in the statement.

Let δ > 0 be provided by Lemma 3.2 and let M(Ω, ω,O, T, F, f) be given by (3.5).
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Recalling (3.14), one can choose η = η(Ω, ω,O, T, F, f) > 0 small enough so that for

any ξ ∈ Cβ, β2 (Q) verifying (1.4), ŷ0 ∈ X with ‖ŷ0‖X = 1, and τ ∈ R small enough,
one has

|ξ + v1ω|β, β2 ;Q + |τ ŷ0|2+β;Ω ≤ δ.

Since the initial datum τ ŷ0 satisfies (3.15) (by choice of X), one infers from Lemma 3.2

that system (1.1) possesses a solution y(·, ·; τ, v) ∈ C2+β,1+ β
2 (Q), which ends the proof

of Theorem 1.2.
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for a semilinear heat equation with a superlinear nonlinearity, Comm. Partial Differential
Equations, to appear.

[4] O. Bodart, M. González-Burgos, and R. Pérez-Garćıa, Insensitizing controls for a heat
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1. Introduction. The paper is concerned with the discretization of the two-
dimensional (2-d) elliptic optimal control problem

J(u) = F (y, u) =
1

2
‖y − yd‖2

L2(Ω) +
ν

2
‖u‖2

L2(Ω)(1.1)

subject to the state equations

Ay + a0y = u in Ω,

y = 0 on Γ(1.2)

and subject to the control constraints

a ≤ u(t, x) ≤ b for a.a. x ∈ Ω,(1.3)

where Ω is a bounded domain and Γ is the boundary of Ω; A denotes a second order
elliptic operator of the form

Ay(x) = −
2∑

i,j=1

Di(aij(x)Djy(x)),

where Di denotes the partial derivative with respect to xi and a and b are real numbers.
Moreover, ν > 0 is a fixed positive number. We denote the set of admissible controls
by Uad:

Uad = {u ∈ L2(Ω) : a ≤ u ≤ b a.e. in Ω}.

∗Received by the editors July 16, 2003; accepted for publication (in revised form) December 24,
2003; published electronically October 8, 2004. This research was supported by the DFG Research
Center “Mathematics for Key Technologies” (FZT 86) in Berlin.

http://www.siam.org/journals/sicon/43-3/43160.html
†Technische Universität Berlin, Fakultät II Mathematik und Naturwissenschaften, Straße des 17.

Juni 136, D-10623 Berlin, Germany (cmeyer@math.tu-berlin.de).
‡Johann Radon Institute for Computational and Applied Mathematics (RICAM), Austrian

Academy of Sciences, Altenbergerstraße 69, A-4040 Linz, Austria (arnd.roesch@oeaw.ac.at).

970



SUPERCONVERGENCE IN OPTIMAL CONTROL PROBLEMS 971

We discuss here the full discretization of the control and the state equations by a
finite element method. The asymptotic behavior of the discretized problem is studied,
and superconvergence results are established.

The approximation of the discretization for semilinear elliptic optimal control
problems is discussed in Arada, Casas, and Tröltzsch [1]. The optimal control problem
(1.1)–(1.3) is a linear-quadratic counterpart of such a semilinear problem. Our aim
is to construct controls ũ which have an approximation order of h2. This higher
convergence order is the difference between our work and [1].

The discretization of optimal control problems by piecewise constant functions is
well investigated; we refer to Falk [7] and Geveci [8]. Piecewise constant and piecewise
linear discretization in space are discussed for a parabolic problem in Malanowski [12].
Theory and numerical results for elliptic boundary control problems are contained in
Casas and Tröltzsch [5] and Casas, Mateos, and Tröltzsch [4].

Piecewise linear control discretizations for elliptic optimal control problems are
studied by Casas and Tröltzsch; see [5]. In an abstract optimization problem, piece-
wise linear approximations are investigated in Rösch [14]. In all papers, the conver-
gence order is h or h3/2.

A quadratic convergence result is proved by Hinze [10]. In that approach only the
state equation is discretized. The control is obtained by a projection of the adjoint
state to the set of admissible controls.

In this paper, we combine the advantages of the different approaches. After
solving a fully discretized optimal control problem, a control ũ is calculated by the
projection of the adjoint state ph in a postprocessing step. Although the approxima-
tion of the discretized solution is only of order h, we will show that this postprocessing
step improves the convergence order to h2.

The paper is organized as follows: In section 2 the discretizations are introduced
and the main results are stated. Section 3 contains auxiliary results. The proofs of
the superconvergence results are placed in section 4. The paper ends with numerical
experiments shown in section 5.

2. Discretization and superconvergence results. Throughout this paper,
Ω denotes a convex bounded open subset in R

2 of class C1,1. The coefficients aij of
the operator A belong to C0,1(Ω̄) and satisfy the ellipticity condition

m0|ξ|2 ≤
2∑

i,j=1

aij(x)ξiξj ∀(ξ, x) ∈ R
2 × Ω̄, m0 > 0.

Moreover, we require aij(x) = aji(x) and yd ∈ Lp(Ω) for some p > 2. For the function
a0 ∈ L∞(Ω), we assume a0 ≥ 0. Next, we recall some results from Bonnans and Casas
[2].

Lemma 2.1 (see [2]). For every p > 2 and every function g ∈ Lp(Ω), the solution
y of

Ay + a0y = g in Ω, y|Γ = 0,

belongs to H1
0 (Ω)∩W 2,p(Ω). Moreover, there exists a positive constant c independent

of a0 such that

‖y‖W 2,p(Ω) ≤ c‖g‖Lp(Ω).
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Next, we introduce the adjoint equation

Ap + a0p = y − yd in Ω,

p = 0 on Γ.(2.1)

Due to Lemma 2.1, the state equation and the adjoint equation admit unique solutions
in H1

0 (Ω) ∩W 2,p(Ω) if yd ∈ Lp(Ω) for p > 2. This space is embedded in C0,1(Ω̄).
We call the solution y of (1.2) for a control u an associated state to u and write

y(u). In the same way, we call the solution p of (2.1) corresponding to y(u) an
associated adjoint state to u and write p(u).

Introducing the projection

Π[a,b](f(x)) = max(a,min(b, f(x))),

we can formulate the necessary and sufficient first order optimality condition for (1.1)–
(1.3).

Lemma 2.2. A necessary and sufficient condition for the optimality of a control
ū with corresponding state ȳ = y(ū) and adjoint state p̄ = p(ū), respectively, is that
the equation

ū(x) = Π[a,b]

(
−1

ν
p̄

)
(2.2)

holds.
Since the optimal control problem is strictly convex, we obtain the existence of a

unique optimal solution. The optimality condition can be formulated as a variational
inequality (3.11). A standard pointwise a.e. discussion of this variational inequality
leads to the above formulated projection formula; see [12].

We are now able to introduce the discretized problem. We define a finite element
based approximation of the optimal control (1.1)–(1.3). To this aim, we consider a
family of triangulations (Th)h>0 of Ω̄. With each element T ∈ Th, we associate two
parameters ρ(T ) and σ(T ), where ρ(T ) denotes the diameter of the set T and σ(T ) is
the diameter of the largest ball contained in T . The mesh size of the grid is defined
by h = maxT∈Th

ρ(T ). We suppose that the following regularity assumptions are
satisfied.

(A1) There exist two positive constants ρ and σ such that

ρ(T )

σ(T )
≤ σ,

h

ρ(T )
≤ ρ

hold for all T ∈ Th and all h > 0.
(A2) Let us define Ω̄h = ∪T∈Th

T , and let Ωh and Γh denote its interior and its
boundary, respectively. We assume that Ω̄h is convex and that the vertices of Th

placed on the boundary of Γh are points of Γ. From [13, estimate (5.2.19)], it is
known that

|Ω \ Ωh| ≤ Ch2,

where |.| denotes the measure of the set. Next, to every boundary triangle T of Th we
associate another triangle T̂ with curved boundary as follows: The edge between the
two boundary nodes of T is substituted by the corresponding curved part of Γ. We
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denote by T̂h the union of these curved boundary triangles with the interior triangles
to Ω of Th, such that Ω̄ = ∪T̂∈T̂h

T̂ . Moreover, we set

Uh = {u ∈ L∞(Ω) : u|T̂ is constant on all T̂ ∈ T̂h}, Uad
h = Uh ∩ Uad,

Vh = {yh ∈ C(Ω̄) : yh ∈ P1 ∀T ∈ Th, and yh = 0 on Ω̄ \ Ωh},

where P1 is the space of polynomials of degree less than or equal to 1. For each
uh ∈ Uh, we denote by yh(uh) the unique element of Vh that satisfies

a(yh(uh), vh) =

∫
Ω

uhvh dx ∀vh ∈ Vh,(2.3)

where a : Vh × Vh → R is the bilinear form defined by

a(yh, vh) =

∫
Ω

⎛⎝a0(x)yh(x)vh(x) +

2∑
i,j=1

aij(x)Diyh(x)Djvh(x)

⎞⎠ dx.

In other words, yh(uh) is the approximated state associated with uh. Because of
yh = vh = 0 on Ω̄\Ωh, the integrals over Ω can be replaced by integrals over Ωh. The
finite dimensional approximation of the optimal control problem is defined by

inf J(uh) =
1

2
‖yh(uh) − yd‖2

L2(Ω) +
ν

2
‖uh‖2

L2(Ω), uh ∈ Uad
h .(2.4)

The adjoint equation is discretized in the same way:

a(ph(uh), vh) =

∫
Ω

(yh(uh) − yd)vh dx ∀vh ∈ Vh.(2.5)

The approximation order of the solutions of (2.4) in the L2-sense is investigated in
[1].

We will go a different way. For our superconvergence result we need an additional
assumption for ū. We know already that the associated adjoint state p̄ belongs to a
space W 2,p(Ω) for a certain p > 2. The optimal control ū is obtained by the projection
formula (2.2). Therefore, we can classify the triangles Ti in two sets K1 and K2:

K1 = {Ti : ū is only Lipschitz continuous on Ti}, K2 = {Ti : ū ∈ W 2,p(Ti)}.

This classification is correct: W 2,p(Ω) is embedded in C0,1(Ω̄). Moreover, the projec-
tion operator is continuous from C0,1(Ω̄) to C0,1(Ω̄). Clearly, the number of triangles
in K1 grows for decreasing h. Nevertheless, the following additional assumption is
fulfilled in many practical cases.

(A3) |K1| ≤ c · h.
Let ū be the optimal solution of (1.1)–(1.3). Next, we denote by Si the centroid

of the triangle Ti. We define a piecewise constant function by the values of ū(Si):

wh(x) = ū(Si) if x ∈ Ti.(2.6)

It is easy to verify that wh ∈ Uad
h .

Now we are able to formulate our first superconvergence result.
Theorem 2.3. Assume that the assumptions (A1)–(A3) hold. Let uh be the

solutions of (2.4). Then the estimate

‖uh − wh‖L2(Ω) ≤ ch2(2.7)
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holds true.
The proof of Theorem 2.3 is contained in section 4.
Moreover, we can construct controls in a postprocessing step. We start with the

solution uh of (2.4). The control ũ is calculated by a projection of the discrete adjoint
state ph(uh) to the admissible set

ũ(x) = Π[a,b]

(
−1

ν
(ph(uh))(x)

)
.

Theorem 2.4. Assume that the assumptions (A1)–(A3) hold. Let ũ be the control
constructed above. Then the estimate

‖ū− ũ‖L2(Ω) ≤ ch2(2.8)

holds true.
The proof of Theorem 2.4 is also derived in section 4.

3. Auxiliary results. First, we recall some well-known results for finite element
method approximations [6]. We start with the so-called Aubin–Nitsche lemma.

Lemma 3.1. Let (A1) and (A2) be fulfilled and u ∈ L2(Ω). Then we have

‖y(u) − yh(u)‖L2(Ω) ≤ ch2‖u‖L2(Ω),(3.1)

‖p(u) − ph(u)‖L2(Ω) ≤ ch2(‖u‖L2(Ω) + ‖yd‖L2(Ω)).(3.2)

Next, we prove an estimate for the numerical integration.
Lemma 3.2. Let f be a function belonging to H2(Ti) for all i in a certain index

set I. Then the estimates∣∣∣∣∫
Ti

(f(x) − f(Si)) dx

∣∣∣∣ ≤ ch2
√
|Ti||f |H2(Ti)

and

∑
i∈I

∣∣∣∣∫
Ti

(f(x) − f(Si)) dx

∣∣∣∣ ≤ ch2

(∑
i∈I

|f |2H2(Ti)

)1/2

are valid.
Proof. The proof is almost standard. First, we remark that |.|H2(Ti) denotes

the H2-seminorm. Next, we transform the integral to an integral over the reference
element by Ex̂ = x and apply the Bramble–Hilbert lemma:∣∣∣∣∫

Ti

(f(x) − f(Si)) dx

∣∣∣∣ =
|Ti|
|T̂ |

∣∣∣∣∫
T̂

(f(Ex̂) − f(Si)) dx̂

∣∣∣∣
≤ c|Ti|

⎛⎝∫
T̂

∑
|α|=2

|Dα
x̂f(Ex̂)|2 dx̂

⎞⎠1/2

≤ ch2|Ti|

⎛⎝ |T̂ |
|Ti|

∫
Ti

∑
|α|=2

|Dα
xf(x)|2 dx

⎞⎠1/2

≤ ch2
√
|Ti||f |H2(Ti).
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This implies

∑
i∈I

∣∣∣∣∫
Ti

(f(x) − f(Si)) dx

∣∣∣∣ ≤ ch2

(∑
i∈I

|f |2H2(Ti)

)1/2

by the Cauchy–Schwarz inequality.
Lemma 3.3. Let wh be the functions defined by (2.6). In addition, we assume

that the assumptions (A1)–(A3) are fulfilled. Then the estimate

‖yh(ū) − yh(wh)‖L2(Ω) ≤ ch2‖p̄‖W 2,p(Ω)(3.3)

holds true.
Proof. We start with the transformation

‖yh(ū) − yh(wh)‖2
L2(Ω) = (yh(ū) − yh(wh), yh(ū) − yh(wh))L2(Ω)

= (ph(ū) − ph(wh), ū− wh)L2(Ω)

=

∫
K1

(ph(ū) − ph(wh))(ū− wh) dx

+

∫
K2

(ph(ū) − ph(wh))(ū− wh) dx.(3.4)

It remains to estimate these two integrals. The K1-part can be estimated by the
following arguments: The function p̄ belongs to W 2,p(Ω) with p > 2. Hence, we have

‖ū‖C0,1(Ω̄) ≤
1

ν
‖p̄‖C0,1(Ω̄) ≤ c‖p̄‖W 2,p(Ω).

Because of ū(Si) = wh(Si) and the fact that wh is constant on Ti, this implies |ū(x)−
wh(x)| ≤ c‖p̄‖W 2,p(Ω) · |x− Si| ≤ ch‖p̄‖W 2,p(Ω). Consequently, we obtain∣∣∣∣∫

K1

(ph(ū) − ph(wh))(ū− wh) dx

∣∣∣∣ ≤ ∑
Ti∈K1

∫
Ti

|(ph(ū) − ph(wh))(ū− wh)| dx

≤
∑

Ti∈K1

ch‖p̄‖W 2,p(Ω)‖ph(ū) − ph(wh)‖C(Ω̄)

∫
Ti

dx

≤ ch‖p̄‖W 2,p(Ω)‖ph(ū) − ph(wh)‖C(Ω̄)

∫
K1

dx

≤ ch2‖p̄‖W 2,p(Ω)‖ph(ū) − ph(wh)‖C(Ω̄)(3.5)

by means of assumption (A3). For a triangle Ti of the K2-part we have for an arbitrary
function vh ∈ Vh ∫

Ti

whvh dx =

∫
Ti

ū(Si)vh dx =

∫
Ti

ū(Si)vh(Si) dx.

This is a formula for the numerical integration of ūvh. Consequently, we obtain by
Lemma 3.2 ∣∣∣∣∫

K2

(ū− wh)vh dx

∣∣∣∣ ≤ ∑
Ti∈K2

∣∣∣∣∫
Ti

(ū− ū(Si))vh dx

∣∣∣∣
≤ ch2

( ∑
Ti∈K2

|ūvh|2H2(Ti)

)1/2

.(3.6)
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Next, we divide each triangle Ti of K2 in an “active” part (Ai) and an “inactive” part
(Ii) with Ai ∪ Ii = Ti. The optimal control ū is constant on the active component Ai

(ū = a or ū = b). Therefore, the seminorm is 0 on these parts. On the inactive parts
Ii, we have

ū = −1

ν
p̄.

Therefore, we can estimate

|ūvh|H2(Ti) = |ūvh|H2(Ii) =
1

ν
|p̄vh|H2(Ii) ≤ c|p̄vh|H2(Ti).

Hence, we can continue by

∣∣∣∣∫
K2

(ū− wh)vh dx

∣∣∣∣ ≤ ch2

( ∑
Ti∈K2

|ūvh|2H2(Ti)

)1/2

≤ ch2

( ∑
Ti∈K2

|p̄vh|2H2(Ti)

)1/2

≤ ch2

⎛⎝ ∑
Ti∈K2

∑
|α|,|β|=1

‖Dα+β p̄vh‖2
L2(Ti)

+ ‖Dαp̄Dβvh‖2
L2(Ti)

⎞⎠1/2

≤ ch2‖p̄‖W 2,p(Ω)‖vh‖H1
0 (Ω)(3.7)

by means of Hölder’s inequality in the last step. Next, we set vh = ph(ū) − ph(wh)
and obtain∣∣∣∣∫

K2

(ū− wh)(ph(ū) − ph(wh)) dx

∣∣∣∣ ≤ ch2‖p̄‖W 2,p(Ω)‖ph(ū) − ph(wh)‖H1
0 (Ω).(3.8)

Inserting (3.5) and (3.8) in (3.4), we get

‖yh(ū) − yh(wh)‖2
L2(Ω) ≤ ch2‖p̄‖W 2,p(Ω)(‖ph(ū) − ph(wh)‖C(Ω̄) + ‖ph(ū) − ph(wh)‖H1

0 (Ω)).

We benefit now from the fact that ph(ū) and ph(wh) are the solutions of the discretized
adjoint equation (2.5). Hence, we have

‖ph(ū) − ph(wh)‖C(Ω̄) + ‖ph(ū) − ph(wh)‖H1
0 (Ω) ≤ c‖yh(ū) − yh(wh)‖L2(Ω)

with a positive constant c independent of h. The C-estimate can be obtained as
follows: Take the adjoint equation (2.1) and the discretized adjoint equation (2.5), but
with a right-hand side fh ∈ Vh instead of y − yd. Then we find for the corresponding
solutions z and zh of the continuous and discretized adjoint equation

‖zh‖C(Ω̄) ≤ ‖zh − z‖C(Ω̄) + ‖z‖C(Ω̄)

≤ ch‖fh‖L2(Ω) + c‖z‖H2(Ω)

≤ ch‖fh‖L2(Ω) + c‖fh‖L2(Ω).

Substituting fh = yh(ū) − yh(wh) and zh = ph(ū) − ph(wh) delivers the desired
estimate. For the estimate of the first expression, we refer to Braess [3].
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Finally, we get

‖yh(ū) − yh(wh)‖L2(Ω) ≤ ch2‖p̄‖W 2,p(Ω),

which is exactly inequality (3.3).
Corollary 3.4. Assume that the assumptions of Lemma 3.3 are fulfilled. Then,

we have

‖ph(ū) − ph(wh)‖L2(Ω) ≤ ch2‖p̄‖W 2,p(Ω).(3.9)

By means of Lemma 3.1, we obtain

‖p̄− ph(wh)‖L2(Ω) ≤ ch2(‖p̄‖W 2,p(Ω) + ‖yd‖L2(Ω)).(3.10)

Lemma 3.5. The following variational inequalities are necessary and sufficient
for the optimality of the unique solutions of (1.1)–(1.3) and (2.4), respectively.

(p̄ + νū, u− ū)L2(Ω) ≥ 0 ∀u ∈ Uad,(3.11)

(ph(uh) + νuh, ζh − uh)L2(Ω) ≥ 0 ∀ζh ∈ Uad
h .(3.12)

The variational inequality (3.11) is an equivalent formulation for the projection
formula (2.2).

Next, we derive a variational inequality for the function wh. First, formula (3.11)
is true for all u ∈ Uad. Therefore, we have pointwise a.e.

(p̄(x) + νū(x)) · (u− ū(x)) ≥ 0 ∀u ∈ [a, b].

We apply this formula for x = Si and u = uh(Si). This is correct because of the
continuity of ū, p̄, and uh in these points. We arrive at

(p̄(Si) + νū(Si)) · (uh(Si) − ū(Si)) ≥ 0 ∀Si.

Due to (2.6), this is equivalent to

(p̄(Si) + νwh(Si)) · (uh(Si) − wh(Si)) ≥ 0 ∀Si.

We integrate this formula over Ti and add up over all i

(p̂ + νwh, uh − wh)L2(Ω) ≥ 0(3.13)

with

p̂(x) = p̄(Si) if x ∈ Ti.

Moreover, we can test inequality (3.12) with the function wh and get

(ph(uh) + νuh, wh − uh)L2(Ω) ≥ 0.(3.14)

We add these two inequalities and obtain

(p̂− ph(uh) + ν(wh − uh), uh − wh)L2(Ω) ≥ 0.

This is equivalent to

ν‖wh − uh‖2
L2(Ω) ≤ (p̂− ph(uh), uh − wh)L2(Ω).(3.15)
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4. Superconvergence properties. Inequality (3.15) is the starting point for
the proofs of the superconvergence results. Now, we are ready to prove Theorem 2.3.

Proof. For the right-hand side of (3.15), we find

(p̂− ph(uh), uh − wh)L2(Ω) = (ph(wh) − ph(uh), uh − wh)L2(Ω)

+ (p̄− ph(wh), uh − wh)L2(Ω)

+ (p̂− p̄, uh − wh)L2(Ω).(4.1)

Next we estimate these three terms. We start with

(ph(wh) − ph(uh), uh − wh)L2(Ω) = (yh(wh) − yh(uh), yh(uh) − yh(wh))L2(Ω) ≤ 0.
(4.2)

The second term can be estimated by formula (3.10):

(p̄− ph(wh), uh − wh)L2(Ω) ≤ ch2(‖p̄‖W 2,p(Ω) + ‖yd‖L2(Ω)) · ‖wh − uh‖L2(Ω).(4.3)

The third term represents again a formula for the numerical integration. Using that
uh and wh are constant on each triangle Ti, we obtain by Lemma 3.2

(p̂− p̄, uh − wh)L2(Ω) =
∑
i

∫
Ti

(p̂(x) − p̄(x))(uh(x) − wh(x)) dx

=
∑
i

(uh(Si) − wh(Si))

∫
Ti

(p̄(Si) − p̄(x)) dx

≤
∑
i

ch2|uh(Si) − wh(Si)|
√
|Ti| · |p̄|H2(Ti)

≤ ch2 · ‖wh − uh‖L2(Ω) · ‖p̄‖W 2,p(Ω).(4.4)

Inserting (4.2)–(4.4) in (4.1), we get

(p̂− ph(uh), uh − wh)L2(Ω) ≤ ch2(‖p̄‖W 2,p(Ω) + ‖yd‖L2(Ω)) · ‖wh − uh‖L2(Ω).

Next, we combine this inequality with (3.15)

ν‖wh − uh‖2
L2(Ω) ≤ ch2(‖p̄‖W 2,p(Ω) + ‖yd‖L2(Ω)) · ‖wh − uh‖L2(Ω).

This formula is equivalent to

‖wh − uh‖L2(Ω) ≤ ch2(‖p̄‖W 2,p(Ω) + ‖yd‖L2(Ω)),

which was the assertion of Theorem 2.3.
Theorem 2.3 means that the values of the numerical solution uh in the centroids

already have a quadratic convergence rate. By the projection of the associated adjoint
state ph(uh), we obtain an admissible control ũ that has a quadratic convergence order
with respect to the L2-norm. This was the assertion of Theorem 2.4.

Proof. We start with the result of Theorem 2.3

‖wh − uh‖L2(Ω) ≤ ch2(‖p̄‖W 2,p(Ω) + ‖yd‖L2(Ω)).

This inequality implies

‖ph(wh) − ph(uh)‖L2(Ω) ≤ c‖wh − uh‖L2(Ω) ≤ ch2(‖p̄‖W 2,p(Ω) + ‖yd‖L2(Ω)).
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From Corollary 3.4, we know formula (3.10):

‖p̄− ph(wh)‖L2(Ω) ≤ ch2(‖p̄‖W 2,p(Ω) + ‖yd‖L2(Ω)).

Therefore, we obtain by the triangle inequality

‖p̄− ph(uh)‖L2(Ω) ≤ ch2(‖p̄‖W 2,p(Ω) + ‖yd‖L2(Ω)).

The projection operator Π[a,b] is Lipschitz continuous with constant 1 from L2(Ω) to
L2(Ω). Finally, we get

‖ū− ũ‖L2(Ω) ≤ ch2(‖p̄‖W 2,p(Ω) + ‖yd‖L2(Ω)).

The superconvergence result is proved.
Corollary 4.1. By the arguments of the proof of Theorem 2.4, we get another

result. We find for the L∞-error

‖ū− ũ‖L∞(Ω) ≤ ch(‖p̄‖W 2,p(Ω) + ‖yd‖L2(Ω)).

Proof. From formula (3.3)

‖yh(wh) − yh(ū)‖L2(Ω) ≤ ch2‖p̄‖W 2,p(Ω)

and the inequality

‖yh(wh) − yh(uh)‖L2(Ω) ≤ c‖wh − uh‖L2(Ω) ≤ ch2(‖p̄‖W 2,p(Ω) + ‖yd‖L2(Ω)),

we get by the triangle inequality

‖yh(ū) − yh(uh)‖L2(Ω) ≤ ch2(‖p̄‖W 2,p(Ω) + ‖yd‖L2(Ω)).

This inequality implies

‖ph(ū) − ph(uh)‖L∞(Ω) ≤ c‖yh(ū) − yh(uh)‖L2(Ω) ≤ ch2(‖p̄‖W 2,p(Ω) + ‖yd‖L2(Ω)).

Denoting the solution of (2.5) with ȳ instead of yh(uh), by p̄h, we continue with

‖p̄− ph(uh)‖L∞(Ω) ≤ ‖p̄− p̄h‖L∞(Ω) + ‖p̄h − ph(ū)‖L∞(Ω)(4.5)

+ ‖ph(ū) − ph(uh)‖L∞(Ω).

The first term can be estimated by ch‖p̄‖H2(Ω) (see [3]). For the second term, we use
the argumentation of Lemma 3.1 with zh = ph(ū) − ph(uh) and fh = yh(ū) − ȳ:

‖p̄− ph(uh)‖L∞(Ω) ≤ ch‖p̄‖H2(Ω) + c‖yh(ū) − ȳ‖L2(Ω) + ch2(‖p̄‖W 2,p(Ω) + ‖yd‖L2(Ω))

≤ ch‖p̄‖H2(Ω) + ch2(‖p̄‖W 2,p(Ω) + ‖yd‖L2(Ω))

≤ ch(‖p̄‖W 2,p(Ω) + ‖yd‖L2(Ω)).

The properties of the projection operator imply the assertion.
Corollary 4.2. The first estimate can be improved if all data are sufficiently

smooth:

‖p̄− p̄h‖L∞(Ω) ≤ ch2| lnh|3/2‖p̄‖W 2,∞(Ω)

(see Braess [3]). In this case, formula (4.5) implies

‖ū− ũ‖L∞(Ω) ≤ ch2| lnh|3/2(‖p̄‖W 2,∞(Ω) + ‖yd‖L2(Ω)).
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5. Numerical tests. We have tested the convergence theory by two examples.
In both cases, the Laplace operator −∆ was chosen for the elliptic operator A. The
first example exactly fits the presented theory.

Both optimization problems were solved numerically by a primal-dual active set
strategy; see, for instance, [11]. The discretization was already described in section
2: The control function u is discretized by piecewise constant functions, whereas the
state y and the adjoint state p were approximated by piecewise linear functions. We
used uniform meshes. The additional numerical effort for the calculation of ũ is very
small. We have only to evaluate the pointwise projection of the function − 1

ν ph to the
interval [a, b].

In contrast to this, the numerical evaluation of the L2-norm ‖ū− ũ‖L2(Ω) and the
graphical representation are not so simple. Therefore, we briefly sketch these aspects.
We want to point out that this additional effort is only needed to confirm the theo-
retical results. This effort is not necessary for the computation of the approximated
optimal control.

For the computation of the L2-norms ‖ū−uh‖L2(Ω) and ‖ū−ũ‖L2(Ω), respectively,

we introduce sets K̃1, K̃2, analogous to the sets K1 and K2:

K̃1 = {Ti : ũ is only Lipschitz continuous on Ti}, K̃2 = {Ti : ũ ∈ C∞(Ti)}.

Moreover, we set M1 = K1 ∪ K̃1, M2 = K2 ∩ K̃2. The numerical evaluation of
‖ū− ũ‖L2(Ω) differs on the sets M1 and M2. Therefore, we split the L2-norm up into

‖ū− ũ‖2
L2(Ω) = ‖ū− ũ‖2

L2(M1)
+ ‖ū− ũ‖2

L2(M2)
.

In our examples, the part ū|K2 ∈ C∞(K2) is smooth. Thus, ‖ū − ũ‖L2(M2) can be
evaluated with sufficient accuracy applying an appropriate quadrature formula. In
contrast to this, the difference ū− ũ belongs only to C0,1(Ti) for all triangles Ti ∈ M1.
Hence, an arbitrary accurate quadrature formula would only admit an error of order h.
Therefore, we introduce a subgrid of a significantly smaller mesh size in each triangle
Ti ∈ M1 and evaluate the norm ‖ū − ũ‖L2(M1) on this subgrid to ensure sufficient
accuracy. We want to point out that this subgrid is only used for the evaluation of
the norm ‖ū− ũ‖L2(M1) with a sufficient high accuracy.

Example 1. In this example, we investigate the Laplace equation with homoge-
neous Dirichlet boundary conditions. Therefore, we choose a0 ≡ 0 in (1.2). Thus, the
state equation is given by

−∆y = u in Ω,

y = 0 on Γ.
(5.1)

Now, we define the optimal state by

ȳ = ya − yg

with an analytical part ya = sin(π x1) sin(π x2) and a less smooth function yg. The
function yg is defined as the solution of

−∆yg = g in Ω,

yg = 0 on Γ.
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The function g is given by

g(x1, x2) =

⎧⎨⎩
uf (x1, x2) − a if uf (x1, x2) < a,
0 if uf (x1, x2) ∈ [a, b],
uf (x1, x2) − b if uf (x1, x2) > b

with uf (x1, x2) = 2π2 sin(π x1) sin(π x2). Due to the state equation (5.1), we obtain
for the exact optimal control ū

ū(x1, x2) =

⎧⎨⎩
a if uf (x1, x2) < a,
uf (x1, x2) if uf (x1, x2) ∈ [a, b],
b if uf (x1, x2) > b.

For the optimal adjoint state p̄, we find

p̄(x1, x2) = −2π2 ν sin(π x1) sin(π x2).

The desired state is given by

yd(x1, x2) = ȳ + ∆p̄ = ya − yg + 4π4 ν sin(π x1) sin(π x2).

It is easy to see that these functions fulfill the necessary and sufficient first order
optimality conditions. Moreover, the sets with

−1

ν
p̄ = a or − 1

ν
p̄ = b

are a finite number (here two) of curves γi. Hence, the measure of the set K1 is
bounded by the total length of these curves

|K1| ≤ 2h
∑

|γi|,

and assumption (A3) is fulfilled. We chose ν = 1 for the numerical calculations.
Figures 5.1 and 5.2 show the numerical solutions ũ for h = 0.04 and h = 0.02. As

described above, the function ũ is obtained by the pointwise projection Π[a,b](− 1
ν ph)

in a postprocessing step. Therefore, ũ contains sharp breaks on the subset K̃1. To
visualize these breaks, we introduce new mesh points in all triangles Ti ∈ K̃1. No-
tice that these new grid points are only used for the graphical presentation of the
projection.

Figures 5.3 and 5.4 show the convergence behavior of ‖ū − uh‖L2(Ω) and ‖ū −
ũ‖L2(Ω), respectively, for h = 0.04, 0.02, 0.01, and 0.005. In the figures, ū is denoted
by uopt.

As one can see, the theoretical predictions are fulfilled and one obtains quadratic
convergence for ‖ū− ũ‖L2(Ω). Furthermore, the absolute value of the error is signifi-
cantly reduced by the projection, as Table 5.1 shows.

Theoretical results with respect to the L∞(Ω)-norm were addressed in Corollaries
4.1 and 4.2. Again, we used finer subgrids for the numerical evaluation of the norms
(see Figures 5.5 and 5.6).

Example 2. A Neumann boundary problem is studied in this example. In this
case, the theoretical results do not exactly fit the problem. The Lax–Milgram the-
orem implies the existence of weak solutions (ȳ, p̄ ∈ H1(Ω)) for the state equation
and the adjoint equation. The W 2,p-regularity of the solution of the adjoint equation
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Fig. 5.1. ũ at h = 0.04.
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Fig. 5.2. ũ at h = 0.02.
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Fig. 5.3. ‖ū− uh‖L2(Ω).
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Fig. 5.4. ‖ū− ũ‖L2(Ω).

Table 5.1

h/
√

2 ‖ū− uh‖L2(Ω) ‖ū− ũ‖L2(Ω) ‖uh − wh‖L2(Ω) ‖ū− uh‖L∞(Ω) ‖ū− ũ‖L∞(Ω)

0.04 0.34312 0.04856 0.05335 1.61552 0.13760
0.02 0.17155 0.01221 0.01342 0.81633 0.03513
0.01 0.08556 0.00306 0.00335 0.40975 0.00884
0.005 0.04281 0.00077 0.00084 0.20485 0.00221

is obtained by a result of Grisvard [9, Theorem 4.4.1.2]. For this special structure
(Laplace operator, homogeneous Neumann data, Ω = Ωh), the proofs of our main re-
sults can be adapted. A general discussion of Neumann boundary conditions requires
more detailed investigations. We discuss here the problem

−∆y + c y = u in Ω,

∂ny = 0 on Γ,
(5.2)

where ∂n denotes the normal derivative with respect to the outward normal vector.
Again, we construct the optimal state ȳ by ȳ = ya − yg, with an analytical part
ya(x1, x2) = cos(π x1) cos(π x2). The function yg is now determined by the equation

−∆yg + c yg = g in Ω,

∂nyg = 0 on Γ,
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Fig. 5.5. ‖ū− uh‖L∞(Ω).
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Fig. 5.6. ‖ū− ũ‖L∞(Ω).

with the inhomogenity

g(x1, x2) =

⎧⎨⎩
uf (x1, x2) − a if uf (x1, x2) < a,
0 if uf (x1, x2) ∈ [a, b],
uf (x1, x2) − b if uf (x1, x2) > b

and uf (x1, x2) = (2π2 + c) cos(π x1) cos(π x2). The optimal control ū is given by
(5.2):

ū(x1, x2) =

⎧⎨⎩
a if uf (x1, x2) < a,
uf (x1, x2) if uf (x1, x2) ∈ [a, b],
b if uf (x1, x2) > b.

The optimal adjoint state is defined by

p̄(x1, x2) = −(2π2 + c) ν sin(π x1) sin(π x2).

Moreover, the desired state yd is chosen as

yd(x1, x2) = ȳ + ∆p̄− c p̄

= ya − yg + (4π4 ν + 4π2 ν c + ν c2) sin(π x1) sin(π x2).

Again, it is easy to see that these functions fulfill the necessary and sufficient first order
optimality conditions. Assumption (A3) can be verified with the same arguments as
in Example 1. In the numerical test, we chose ν = c = 1. The projected function ũ
for h = 0.04 and h = 0.02 is shown in Figures 5.7 and 5.8. For the visualization of
this projection we introduced again new grid points.

Figures 5.9 and 5.10 illustrate that we obtain the same convergence results for
this Neumann boundary example.

Comparable with the first example, the absolute error is considerable reduced by
the projection, as Table 5.2 shows.

The convergence behavior of the L∞(Ω)-errors is illustrated in Figures 5.11 and
5.12.

Figures 5.13 and 5.14 show the convergence behavior of ‖uh−wh‖L2(Ω) (analyzed
in Theorem 2.3) for the two examples.
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Fig. 5.7. ũ at h = 0.04.
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Fig. 5.8. ũ at h = 0.02.
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Fig. 5.9. ‖ū− uh‖L2(Ω).
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Fig. 5.10. ‖ū− ũ‖L2(Ω).

Table 5.2

h/
√

2 ‖ū− uh‖L2(Ω) ‖ū− ũ‖L2(Ω) ‖uh − wh‖L2(Ω) ‖ū− uh‖L∞(Ω) ‖ū− ũ‖L∞(Ω)

0.04 0.36168 0.10517 0.10659 1.84963 0.21285
0.02 0.17610 0.02632 0.02657 0.89765 0.05352
0.01 0.08744 0.00656 0.00663 0.44174 0.01340
0.005 0.04366 0.00164 0.00166 0.21905 0.00336
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Fig. 5.11. ‖ū− uh‖L∞(Ω).
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Fig. 5.12. ‖ū− ũ‖L∞(Ω).
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Fig. 5.13. ‖uh − wh‖L2(Ω) for Example 1.
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Fig. 5.14. ‖uh − wh‖L2(Ω) for Example 2.
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Abstract. In this paper, we study the approximate controllability and noncontrollability for
a class of nonlinear degenerate integrodifferential control systems. Based on the property of finite
propagation for the disturbances, we prove noncontrollability. We also establish sufficient conditions
for approximate controllability of the system in L2(Ω). Moreover, we prove the global existence and
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1. Introduction. In this paper, we study the control system⎧⎪⎨⎪⎩
∂

∂t
y(x, t) + Ly +

∫ t

0

f(y(x, s))ds = m(x)u(x, t) in QT ,

y(x, t) = 0 on ∂Ω × (0, T ), y(x, 0) = y0(x) in Ω,

(1.1)

where

Ly =: −div(|∇y(x, t)|p−2∇y(x, t)), p > 2,

QT = Ω × (0, T ), Ω ⊂ R3, is a bounded domain with smooth boundary ∂Ω, u is a
control input, m is the characteristic function of an open set ω ⊂ Ω, while f : R → R
is a given function.

Integrodifferential control systems of the type considered here arise in a variety
of applications ranging from heat flow in material with memory to wave propagation.
For p = 2, (1.1) becomes a standard integrodifferential equation which has a vast
literature (see Fitzgibbon [4], Heard [6], Hussain [7], Webb [13]). In this case (p = 2),
solutions have the property of infinite propagation of disturbances; i.e., a solution with
nontrivial nonnegative initial data becomes positive after the initial time. For p > 2,
(1.1) degenerates if ∇y = 0. This degenerate equation appears in some nonlinear
models with concentration dependent mobility. Just as the porous medium equation,
solutions of (1.1) have the property of finite propagation. Such a property and the
degenerative nature of (1.1) present a significant challenge to many investigators and
have been the subject of intensive study in the last two decades. So far, a series of fine
theories has been established for this p-Laplacian equation, namely, f ≡ 0 in (1.1);
see Dibenedetto [3], Gao and Yin [5], Kalashnikov [8], Wu et al. [14], and Yin [15, 16]
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for reference. However, to our knowledge, little is known for the nonlinear degenerate
integrodifferential equation (1.1).

The goal of this paper is to study the noncontrollability and approximate con-
trollability of the system (1.1). The problem of controllability in systems of partial
differential equations, including integrodifferential equations for the case p = 2, has
been studied by many researchers; we refer to the work of Balachandran, Balasubra-
maniam, and Dauer [1], Balachandran and Dauer [2], Teresa [10], Teresa and Zuazua
[11], Wang and Wang [12], and Zuazua [17] for reference, fundamental theory, and
recent development. In this paper, we are concerned with the degenerate case, i.e.,
p > 2.

To give readers an overview of results in the subsequent sections, we outline our
main theorems below, beginning with the following definition.

Definition 1.1. A function y is called a generalized solution of (1.1) in QT if
the following conditions are fulfilled:

(1) y ∈ L∞(0, T ;W 1,p
0 (Ω)) and ∂y

∂t ∈ L2(QT ).
(2) For any ϕ ∈ C1(Q̄T ) with ϕ(x, t) = 0 on ∂Ω × (0, T ), the following equality

holds: ∫
QT

∂y

∂t
ϕdxdt +

∫
QT

|∇y|p−2∇y · ∇ϕdxdt

+

∫
QT

∫ t

0

f(y(x, s))dsϕdxdt =

∫
QT

muϕdxdt.

(3) ess limt→0+

∫
Ω
|∇(y(x, t) − y0(x))|pdx = 0.

If for any T > 0 the control system (1.1) admits a generalized solution in QT , we
say that (1.1) has a global solution.

In order to obtain the global existence of a generalized solution, the following
assumption is needed.

(H1) f(·) is Lipschitz continuous in R with a Lipschitz constant K.
Theorem 1.1. Suppose condition (H1) holds. Then for y0 ∈ W 1,p

0 (Ω) and u ∈
Lq(QT ) with q > 3, there exists a unique global solution y(x, t) = y(x, t;u) of problem
(1.1).

Now we define the controllability and noncontrollability of the system (1.1).
We say that system (1.1) is approximately controllable in L2(Ω) at time T > 0 if

the following holds: “For any y0 ∈ W 1,p(Ω), the set of reachable states at time T

E(T ) = {y(x, T ); y is the solution of (1.1) with u ∈ L2(QT )}

is dense in L2(Ω).” In other words, we say that system (1.1) is approximately con-
trollable in L2(Ω) at time T > 0 if and only if for any y1 ∈ L2(Ω) and for all ε > 0,
there exists a control function u ∈ L2(QT ) such that

‖y(·, T ;u) − y1‖L2(Ω) < ε.(1.2)

We say that system (1.1) is noncontrollable at time T > 0 if for every y0 ∈
W 1,p(Ω) there exists a function y1(x) ∈ L∞(Ω) and ε0 > 0 such that

‖y(x, T ) − y1(x)‖Lδ(Ω) > ε0

for any δ ≥ 1, where y(x, t) is a generalized solution of (1.1) with y(x, 0) = y0(x).
The following two theorems give the noncontrollability and controllability results.
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(H2) supp m(x) ⊂ supp y0 ⊂ Ω, f(0) ≤ 0.
Theorem 1.2. Suppose conditions (H1) and (H2) hold. If y0 ≥ 0, then the

system (1.1) is noncontrollable.
Remark 1.1. The condition f(0) ≤ 0 is necessary; that is, if f(0) > 0, then

Theorem 1.2 fails.
Theorem 1.3. Suppose condition (H1) is fulfilled. If m(x) ≡ 1 in Ω, then for

any T > 0, (1.1) is approximately controllable in L2(Ω) at time T .
Remark 1.2. It is easy to see that m(x) ≡ 1 means ω = Ω.
We shall prove these theorems in sections 2, 3, and 4, respectively.

2. Global existence and uniqueness. In this section, we discuss the global
existence and uniqueness of solutions of (1.1). First, for any T > 1, consider the
perturbed system⎧⎪⎨⎪⎩

∂y

∂t
+ Lny +

∫ t

0

f(y(x, s))ds = m(x)u(x, t) in QT ,

y(x, t) = 0 on ∂Ω × (0, T ), y(x, 0) = y0(x) in Ω,

(2.1)

where

Lny = −div

((
|∇y|2 +

1

n

)(p−2)/2

∇y

)
.(2.2)

For f, u,m, y0 given above and z ∈ L2(0, T ;W 1,p(Ω)), we can find fk ∈ C2(R),
uk ∈ C2(QT ), mk ∈ C2(Ω), and y0k ∈ C2

0 (Ω) such that∫
QT

[∫ t

0

fk(z(x, s))ds−
∫ t

0

f(z(x, s))ds

]2

dxdt → 0,

‖y0k − y0‖W 1,p(Ω) → 0, ‖mkuk −mu‖q,QT
→ 0,

where q is defined in Theorem 1.1. By the classical theory of parabolic equations (see
[9, p. 452]), we know that for any z ∈ L2(0, T ;W 1,p(Ω)), the problem⎧⎪⎨⎪⎩

∂y

∂t
+ Lny +

∫ t

0

fk(z(x, s))ds = mk(x)uk(x, t) in QT ,

y(x, t) = 0 on ∂Ω × (0, T ), y(x, 0) = y0k(x) in Ω

(2.3)

has one and only one classical solution yk.
Lemma 2.1. Let z ∈ L2(0, T ;W 1,p(Ω)) and yk(x, t) be a solution of (2.3). Then

‖yk‖Lp(0,T ;W 1,p(Ω)) ≤ C,(2.4)

∥∥∥∥∂yk∂t

∥∥∥∥
L2(QT )

≤ C,(2.5)

‖Lnyk‖L∞(0,T ;W−1,p′ (Ω)) ≤ C,(2.6)

where 1
p + 1

p′ , and C is a constant depending on T, p, |Ω|, ‖u‖2,QT
, ‖z‖L2(0,T ;W 1,p(Ω)),

and ‖y0‖W 1,p(Ω).
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Moreover, if ‖z‖L2(0,T ;W 1,p(Ω)) ≤ C∗ (C∗ is to be determined later), then there
are positive constants t1 ≤ T such that

‖yk‖L∞(0,t1;W 1,p(Ω)) ≤ C∗,(2.7)

∥∥∥∥∂yk∂t

∥∥∥∥
L2(Qt1 )

≤ C∗,(2.8)

‖Lnyk‖L∞(0,t1;W−1,p′ (Ω)) ≤ C∗.(2.9)

Proof. Multiplying (2.3) by ∂yk

∂t and integrating the resulting relation over Qt =
Ω × (0, t), we have∫

Qt

(
∂yk
∂t

)2

dxdτ +

∫
Qt

(
|∇yk|2 +

1

n

)(p−2)/2

∇yk · ∇∂yk
∂t

dxdτ

≤
{∫

Qt

[∫ τ

0

fk(z(x, s))ds

]2

dxdτ +

∫
Qt

u2
kdxdτ

}
+

1

2

∫
Qt

(
∂yk
∂t

)2

dxdτ.

(2.10)

Letting ε > 0 (0 < ε < 1/2), we choose ‖uk‖2
2,Qt

≤ ‖u‖2
2,Qt

+ ε and∫
Qt

[∫ τ

0

fk(z(x, s))ds

]2

dxdτ ≤
∫
Qt

[∫ τ

0

f(z(x, s))ds

]2

dxdτ + ε.

Use condition (H1) and apply Hölder’s and Poincaré’s inequalities to get∫
Qt

[∫ τ

0

f(z(x, s))ds

]2

dxdτ ≤ 2t2
∫
Qt

[K2z2(x, τ) + f2(0)]dxdτ

≤ 2t
3p−2

p |Ω|
p−2
p K2‖z‖2

L2(0,t;W 1,p(Ω)) + 2t3|Ω|f2(0).

It follows from (2.10) that

1

2

∫
Qt1

(
∂yk
∂t

)2

dxdτ +

∫
Qt1

(
|∇yk|2 +

1

n

)(p−2)/2

∇yk · ∇∂yk
∂t

dxdτ

≤ ‖u‖2
2,Qt

+ 2t
3p−2

p |Ω|
p−2
p K2‖z‖2

L2(0,t;W 1,p(Ω)) + 2t3|Ω|f2(0) + 1.

(2.11)

Since∫
Qt

(
|∇yk|2 +

1

n

)(p−2)/2

∇yk · ∇∂yk
∂t

dxdτ =
1

p

∫
Qt

d

dτ

[(
|∇yk|2 +

1

n

)p/2
]
dxdτ,

we get from (2.11) that∫
Qt

(
∂yk
∂t

)2

dxdτ +

∫
Ω

(
|∇yk(x, t)|2 +

1

n

)p/2

dx

≤ p[‖u‖2
2,Qt

+ 2|Ω|(K2t
3p−2

p ‖z‖2
L2(0,T ;W 1,p(Ω)) + f2(0)t3) + ‖∇y0‖pp,Ω + 1].

(2.12)
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This yields (2.4) and (2.5). To prove (2.6), we need only to use (2.4) and notice that∣∣∣∣∣
(
|∇yk|2 +

1

n

)(p−2)/2

∇yk

∣∣∣∣∣
p/(p−1)

≤
(
|∇yk|2 +

1

n

)p/2

.

From (2.12), we can select t1 > 0 so small that∫
Qt

(
∂yk
∂t

)2

dxdτ +

∫
Ω

(
|∇yk(x, t)|2 +

1

n

)p/2

dx

≤ p(‖u‖2
2,QT

+ ‖∇y0‖pp,Ω + 2) =: C∗

(2.13)

for all t ∈ [0, t1]. This completes the proof.
Lemma 2.2. Assume that all conditions of Theorem 1.1 hold. Then there exists

a unique generalized solution y(x, t) of (2.1).
Proof. For convenience, set Y = L2(0, T ;W 1,p(Ω)). First, for any z ∈ Y , we

prove the existence of a solution for the following problem:⎧⎨⎩
∂

∂t
y(x, t) + Lny +

∫ t

0

f(z(x, s))ds = m(x)u(x, t) in QT ,

y(x, t) = 0 on ∂Ω × (0, T ), y(x, 0) = y0(x) in Ω.
(2.14)

In fact, there exist sufficient smooth functions fk, mk, uk, and y0k, which satisfy∫
QT

[∫ t

0

fk(z(x, s))ds−
∫ t

0

f(z(x, s))ds

]2

dxdt → 0,

‖y0k − y0‖W 1,p(Ω) → 0, ‖mkuk −mu‖q,QT
→ 0.

Let yk be the solution of (2.3). According to Lemma 2.1 we see that there exist a
function y ∈ L∞(0, T ;W 1,p(Ω)) and a subsequence {yki} of {yk} such that as ki → ∞,

yki
(x, t) → y(x, t) a.e. for (x, t) ∈ QT ;

yki
→ y, weakly-* in L∞(0, t1;W

1,p(Ω));

∂yki

∂t
→ ∂y

∂t
, weakly in L2(Qt1);

Lnyki → η, weakly-* in L∞(0, t1;W
−1,p′

(Ω)).

It remains to show that η = Lny. For this purpose, we define a functional

Fn(y) =
1

p

∫
Ω

(
|∇y|2 +

1

n

)p/2

dx.

Then, Fn(·) is a convex functional on W 1,p(Ω), and F ′
n(y) = Lny is a monotone

operator. For any g ∈ C∞
0 (QT ), we have∫ t1

0

[Fn(g) − Fn(yki
)]dt ≥

∫ t1

0

〈Lnyki
, g − yki

〉dt,
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where 〈·, ·〉 denotes the dual product of W 1,p(Ω) and W−1,p′
(Ω). After a limiting

process in the inequality above, we obtain∫ t1

0

[Fn(g) − Fn(y)]dt ≥
∫ t1

0

〈η, g − y〉dt,

which implies η = F ′
n(y) immediately. Thus, y = y(x, t) is a generalized solution of

(2.14) in Qt1 .

We can use a similar argument to obtain a solution of (2.14) on (0, T ). In fact, for
the initial function y(·, t1) ∈ W 1,p(Ω), we can get a solution y ∈ L∞(t1, t2;W

1,p(Ω));
that is, we have a solution y ∈ L∞(0, t2;W

1,p(Ω)). Continue this procedure to obtain
a function y ∈ L∞(0, T ;W 1,p(Ω)), which is the solution of (2.14).

For t1(0 < t1 < 1), since ‖y‖L∞(0,t1;W 1,p(Ω)) ≤ C∗, we have ‖y‖L2(0,t1;W 1,p(Ω)) ≤
C∗. We now introduce a set

Y0(0, t1) = {y ∈ Y | ‖y‖L2(0,t1;W 1,p(Ω)) ≤ C∗},

where C∗ is as given in Lemma 2.1. It is easy to see that Y0(0, t1) is a bounded convex
closed set in the Banach space L2(0, t1;W

1,p(Ω)).

From the discussion above, we know that for any z ∈ Y0(0, t1), there is a y ∈
Y0(0, t1), which is the solution of problem (2.14). Now define a map F : Y0(0, t1) →
L2(0, t1;W

1,p(Ω)) by y = F (z). Obviously, F (Y0(0, t1)) ⊂ Y0(0, t1). We will show
that F has a fixed point y, which is a solution of (2.1).

We need only to prove that F is a continuous compact map. To this end, let
zk1

, zk2
∈ Y0(0, t1), yk1

, yk2
be solutions of (2.14) corresponding to zk1

and zk2
, re-

spectively. Then⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

∂

∂t
(yk1

− yk2
) + (Lnyk1 − Lnyk2)

=

∫ t

0

[f(zk2
(x, s)) − f(zk1

(x, s))]ds in Qt1 ,

(yk1 − yk2)(x, t) = 0 on ∂Ω × (0, t1), (yk1 − yk2)(x, 0) = 0 in Ω.

(2.15)

Observe that

∫
Qt1

[(
|∇yk1

|2 +
1

n

) p−2
2

∇yk1
−
(
|∇yk2

|2 +
1

n

) p−2
2

∇yk2

]
· ∇(yk1

− yk2
)dxdt

≥
(

1

n

) p−2
2

∫
Qt1

|(∇yk1 −∇yk2)|2dxdt.

Multiply (2.15) by yk1
− yk2

and integrate in Qt1 to derive

∫
Ω

(yk1
(x, t1) − yk2

(x, t1))
2dx +

(
1

n

) p−2
2

∫
Qt1

|∇(yk1
− yk2

)|2dxdt

≤ KC(ε)

∫
Qt1

|zk1 − zk2 |2dxdt + ε

∫
Qt1

(yk1 − yk2)
2dxdt.
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Here we have used condition (H1). By Poincaré’s inequality, we obtain∫
Ω

(yk1(x, t1) − yk2(x, t1))
2dx +

1

2

(
1

n

) p−2
2

∫
Qt1

|∇(yk1 − yk2)|2dxdt

≤ KC(ε)

∫
Qt1

|zk1
(x, t) − zk2

(x, t)|2dxdt.

When ‖zk1
− zk2

‖L2(0,t1;W 1,p(Ω)) → 0, we have

‖yk1 − yk2‖2,Qt1
+ ‖∇(yk1 − yk2)‖2,Qt1

→ 0.

Since ‖yki‖L∞(0,t1;W 1,p(Ω)) ≤ C∗, we have

‖yk1 − yk2‖L2(0,t1;W 1,p(Ω)) → 0.

This implies that F is a continuous map.
To prove that F is a compact map, we need to introduce a new space W (q) =

W 2,1
q (Qt1) (see [9, p. 5]), endowed with the norm

‖y‖W = ‖Dxxy‖q,Qt1
+ ‖Dxy‖q,Qt1

+ ‖Dty‖q,Qt1
+ ‖y‖q,Qt1

.

Suppose {yk} ⊂ F (Y0(0, t1)). Then, there exists {zk} ⊂ Y0(0, t1) such that yk =
F (zk). At the same time, for any natural number k, there exists ak ∈ C1(Q̄T ) such
that ‖(|∇yk|2 + 1

n )(p−2)/2 − ak‖p/(p−2),Qt1
< 1

k . We consider the following problem:⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
∂

∂t
y(x, t) − div

[
ak(x, t)∇y(x, t))

]
vspace.5pc

= m(x)u(x, t) −
∫ t

0

f(zk(x, s))ds =: ũk(x, t) in Qt1 ,

y = 0 on ∂Ω × (0, t1), y(x, 0) = y0(x) in Ω.

Since u ∈ Lq(QT ) and zk ∈ L2(0, T ;W 1,p(Ω)), we have ũk ∈ Lq∗(QT ), where q∗ <
3. From [9, Chapter 4], we know that there exists a solution ỹk ∈ W (q∗) for the
problem above, and ‖ỹk‖W (q∗) ≤ C‖ũk‖q∗,QT

≤ C. According to Sobolev’s embedding
theorem, we have |Dxỹk| ≤ C, and there exists a subsequence {ỹki} ⊂ {ỹk} such that
{ỹki} is a convergent sequence in L2(0, t1;W

1,p(Ω)). Since⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂

∂t
(yk − ỹk) − div

[(
|∇yk|2 +

1

n

) p−2
2

∇(yk − ỹk)

]

= div

[((
|∇yk|2 +

1

n

) p−2
2

− ak

)
∇ỹk

]
,

(yk − ỹk)|∂Ω×(0,t1)
= 0, (yk − ỹk)(x, 0) = 0,

we can obtain

‖ỹk − yk‖L2(0,t1;W 1,p(Ω)) ≤
C

k
.

Thus, {yki
} is a convergent sequence in Y0(0, t1), and F is a compact map.
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Applying Schauder’s fixed point theorem, we know that F has a fixed point y,
which is a solution of (2.1) in Qt1 . Similarly, for the initial function y(·, t1) ∈ W 1,p(Ω),
we get a solution y ∈ Y0(t1, t2), that is, a solution y ∈ Y0(0, t2). By repeating the
discussion above, we obtain a function y ∈ Y0(0, T ), which is a solution of (2.1).

Now, we begin to prove Theorem 1.1.
Proof of Theorem 1.1. Suppose that yn ∈ L2(0, T ;W 1,p(Ω)) is the solution of

problem (2.1). From Lemma 2.1, we see that there exist a function y ∈ Y and a
subsequence {ynk

} of {yn} such that as nk → ∞,

ynk
(x, t) → y(x, t) a.e. (x, t) ∈ QT ;

ynk
→ y, weakly-* in L∞(0, T ;W 1,p(Ω));

∂ynk

∂t
→ ∂y

∂t
, weakly in L2(QT );

Lnk
ynk

→ η, weakly-* in L∞(0, T ;W−1,p′
(Ω)).

Next, we show that η = Ly. To this end, we introduce two functionals

Fn(y) = 1/p

∫
Ω

(
|∇y|2 +

1

n

)p/2

dx, F (y) = 1/p

∫
Ω

(|∇y|2)p/2dx.

It is clear that Fn(·) is a convex functional on W 1,p(Ω), and F ′
n(y) = Lny is a mono-

tone operator. For any g ∈ C∞
0 (QT ), we have∫ T

0

[Fnk
(g) − Fnk

(ynk
)]dt ≥

∫ T

0

〈Lnk
ynk

, g − ynk
〉dt,

where 〈·, ·〉 denotes the dual product of W 1,p(Ω) and W−1,p′
(Ω). After a limiting

process in the inequality above, we obtain∫ T

0

[F (g) − F (y)]dt ≥
∫ T

0

〈η, g − y〉dt,

which implies η = F ′(y) immediately. Thus, y ∈ L2(0, T ;W 1,p
0 (Ω)) is a solution of

(1.1). Furthermore, similar to Lemma 2.1, y ∈ L∞(0, T ;W 1,p
0 (Ω)) is a solution of

(1.1).
Finally, we prove the uniqueness of the generalized solution of (1.1). Set z(x, t) =

e−βty(x, t), where y(x, t) is the solution of problem (1.1) and β > K2T 2+1
2 is a constant.

Then, ⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

∂

∂t
z(x, t) − div(|∇y(x, t)|p−2∇z(x, t)) + βz(x, t)

+ e−βt

∫ t

0

f(y(x, s))ds = e−βtm(x)u(x, t) in QT ,

z = 0 on ∂Ω × (0, T ), z(x, 0) = y0(x) in Ω.
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Let y1(x, t) and y2(x, t) be two generalized solutions of (1.1). Then⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

∂

∂t
(z1 − z2) − div{|∇y1|p−2∇z1 − |∇y2|p−2∇z2} + β(z1 − z2)

+ e−βt

∫ t

0

[f(y1(x, s)) − f(y2(x, s))]ds = 0 in QT ,

(z1 − z2) = 0 on ∂Ω × (0, T ), (z1 − z2)(x, 0) = 0 in Ω.

(2.16)

We proceed to multiply (2.16) by z1 − z2 and integrate in QT . Taking into account
the inequality ∫

Q

{|∇y1|p−2∇z1 − |∇y2|p−2∇z2} · ∇(z1 − z2)dxdt ≥ 0,(2.17)

we obtain∫
Ω

[z1 (x, T ) − z2(x, T )]2dx + β

∫
QT

[z1(x, t) − z2(x, t)]
2dxdt

≤
∫
QT

e−βt

(∫ t

0

Keβs|z1(x, s) − z2(x, s)|ds
)
|z1(x, t) − z2(x, t)|dxdt

≤ 1

2

∫
QT

e−2βt

(∫ t

0

eβsK|z1(x, s) − z2(x, s)|ds
)2

dxdt

+
1

2

∫
QT

|z1(x, t) − z2(x, t)|2dxdt

≤ K2T 2 + 1

2

∫
QT

|z1(x, t) − z2(x, t)|2dxdt.

Since β > K2T 2+1
2 , we have

∫
QT

|z1(x, t) − z2(x, t)|2dxdt ≤ 0. Therefore, y1(x, t) =

y2(x, t), and the proof is complete.

3. Noncontrollability. In this section, we discuss the noncontrollability of sys-
tem (1.1). In order to obtain the noncontrollability, we need to prove that the speed
of propagation for disturbances is finite. First, we prove the following lemma.

Lemma 3.1. Suppose f(0) ≤ 0 and (H1) holds. Let y(x, t) be the solution of (1.1)
with y0(x) ≥ 0 and u(x, t) ≥ 0. Then y(x, t) ≥ 0 in Q.

Proof. Denote y− = max{−y, 0}. Multiplying (1.1) by y− and integrating over
Qt, we obtain

1

2

∫
Ω

y2
−(x, t)dx− 1

2

∫
Ω

y2
−(x, 0)dx +

∫
Qt

|∇y−(x, s)|pdxds

=

∫
Qt

∫ t

0

f(y(x, τ))dτy−(x, s)dxds−
∫
Qt

m(x)u(x, s)y−(x, s)dxds.

Since y0(x) ≥ 0, u(x, t) ≥ 0, we have y2
−(x, 0) = 0 a.e. in Ω and u(x, s)y−(x, s) ≥ 0

a.e. in Qt. Thus

1

2

∫
Ω

y2
−(x, t)dx +

∫
Qt

|∇y−(x, s)|pdxds ≤
∫
Qt

∫ t

0

f(y(x, τ))dτy−(x, s)dxds.(3.1)
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Using f(0) ≤ 0, condition (H1), and Hölder’s inequality, we obtain∫
Qt

∫ t

0

f(y(x, τ))dτy−(x, s)dxds

≤ K

∫
Qt

∫ t

0

|y(x, τ)|dτy−(x, s)dxds + tf(0)

∫
Qt

y−(x, s)dxds

≤ K

(∫
Qt

(∫ t

0

|y−(x, τ)|dτ
)2

dxds

)1/2 (∫
Qt

y2
−(x, s)dxds

)1/2

≤ KT

∫
Qt

y2
−(x, s)dxds.

(3.2)

Substituting (3.2) into (3.1), we have∫
Ω

y2
−(x, t)dx ≤ KT

∫
Qt

y2
−(x, s)dxds.

By Gronwall’s inequality, we get
∫
Ω
y2
−(x, t)dx = 0 immediately, which implies that

y(x, t) ≥ 0.

Now, we turn to prove the property of finite propagation of disturbances. Denote

G = {(x, t) : y(x, t) > 0, t > 0}, G(t) = {x : y(x, t) > 0},
P = ∂G ∩ {(x, t) : t > 0}, P (t) = ∂G(t).

If y(x, t) is continuous, then G and G(t) are open sets of QT and Ω, respectively.
We will call P the interface of the generalized solution y(x, t).

Proposition 3.1. Suppose conditions (H1) and (H2) hold. If y0 ≥ 0 and u ≥ 0,
then there exists a time t∗ > 0 such that supp y(·, t) ⊂ Ω for 0 < t < t∗.

Proof. First, we consider a simple case, namely, supp y0 ⊂ Π3
i=1[αi, βi] ⊂ Ω,

where [αi, βi] for i = 1, 2, 3 is a closed bounded interval in R.

Set z(x, t) = e−βty(x, t), β > KT +KT 2, where K is the Lipschitz constant given
in (H1). Then, suppy(·, t) = suppz(·, t). For each r1 ≥ 0, define

Ω(r1) = {x|x = (x1, x
′) ∈ Ω, x1 ≤ r1}.

We now prove suppy(·, t) ⊂ Ω(α1(t), β1(t)), where

Ω(α1(t), β1(t)) = (Ω \ Ω(α1(t))) ∩ Ω(β1(t))

for some functions α1(t) and β1(t) to be determined later. From (1.1), we have⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

∂

∂t
z(x, t) − div(|∇y(x, t)|p−2∇z(x, t)) + βz(x, t)

= e−βtm(x)u(x, t) − e−βt

∫ t

0

f(y(x, s))ds in QT ,

z(x, t) = 0 on ∂Ω × (0, T ), z(x, 0) = y0(x).

(3.3)

Let ϕ(x, r1) = (x1 − r1)
+, r1 ≥ β1 (given in (H2)), where (·)+ = max{·, 0}, and
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x = (x1, x2, x3). Taking zϕk as a test function, we get from Definition 1.1 that

1

2

∫
Ω

z2(x, t)ϕkdx +

∫
Qt

(eβτ |∇z|)p−2∇z · ∇(zϕk)dxdτ + β

∫
Qt

z2ϕkdxdτ

=

∫
Qt

[
m(x)u(x, τ) −

∫ τ

0

f(eβsz(x, s))ds

]
e−βτzϕkdxdτ +

1

2

∫
Ω

y2
0(x)ϕkdx

≤
∫
Qt

∫ τ

0

[e−β(τ−s)Kz(x, s) + e−βτf(0)]ds(zϕk)dxdτ

≤ K

∫
Qt

∫ τ

0

z(x, s)ds(zϕk)dxdτ =
1

2
K

∫
Qt

d

dτ

[∫ τ

0

z(x, s)ds

]2

ϕkdxdτ

=
1

2
K

∫
Ω

[∫ t

0

z(x, s)ds

]2

ϕkdx ≤ 1

2
KT

∫
Qt

z2ϕkdxds.

(3.4)

Since β > KT , we obtain

1

2

∫
Ω

z2(x, t)ϕkdx +

∫
Qt

(eβτ |∇z|)p−2∇z · ∇(zϕk)dxdτ ≤ 0.(3.5)

Next, observe∫
Qt

(eβτ |∇z|)p−2∇z · ∇(zϕk)dxdτ

=

∫
Qt

|eβτ∇z|p−2|∇z|2ϕkdxdτ + k

∫
Qt

|eβτ∇z|p−2∇z · ∇ϕ · zϕk−1dxdτ

≥
∫
Qt

eβ(p−2)τ |∇z|pϕkdxdτ − k

∫
Qt

eβ(p−2)τ |∇z|p−1 · zϕk−1dxdτ.

From this inequality and (3.5), we have∫
Qt

|∇z(x, τ)|pϕkdxdτ ≤ C1

∫
Qt

|∇z(x, τ)|p−1 · zϕk−1dxdτ.(3.6)

Choose a sufficiently large k such that k − p − p2 > 0. Using Young’s inequality on
the right-hand side of (3.6) with µ = p

p−1 and µ′ = p, we obtain

∫
Qt

|∇z|pϕkdxdτ ≤ 1

2

∫
Qt

|∇z|pϕkdxdτ + C2

∫
Qt

zpϕk−pdxdτ.

This yields ∫
Qt

|∇z(x, τ)|pϕkdxdτ ≤ 2C2

∫
Qt

zp(x, τ)ϕk−pdxdτ.(3.7)

In order to estimate the right-hand side of (3.7), we take zp−1ϕk−p as a test function
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and use an argument similar to that of (3.4) to obtain

1

p

∫
Ω

zp(x, t)ϕk−pdx +

∫
Qt

|eβt∇z|p−2∇z · ∇(zp−1ϕk−p)dxdτ

+ β

∫
Qt

zpϕk−pdxdτ ≤ K

∫
Qt

[∫ τ

0

z(x, s)ds

]
zp−1(x, τ)ϕk−pdxdτ

≤ K

∫
Qt

{∫ t

0

zp(x, s)ds

} 1
p

t(p−1)/pzp−1(x, τ)ϕk−pdxdτ

≤ Kt(2p−1)/p

∫
Ω

{∫ t

0

zp(x, s)ds

} 1
p
{∫ t

0

zp(x, τ)dτ

}(p−1)/p

t1/pϕk−pdx

≤ KT 2

∫
Qt

zp(x, τ)ϕk−pdxdτ.

Taking into account β > KT 2, we have

1

p

∫
Ω

zp(x, t)ϕk−pdx +

∫
Qt

|eβt∇z)|p−2∇z · ∇(zp−1ϕk−p)dxdτ ≤ 0.(3.8)

Since ∫
Qt

|eβτ∇z|p−2∇z · ∇(zp−1ϕk−p)dxdτ

≥ (p− 1)

∫
Qt

e(p−2)βτ |∇z|pzp−2ϕk−pdxdτ

− (k − p)

∫
Qt

e(p−2)βτ |∇z|p−1zp−1ϕk−p−1dxdτ,

we obtain

1

p

∫
Ω

zp(x, t)ϕk−pdx ≤ C3

∫
Qt

|∇z|p−1zp−1ϕk−p−1dxdτ

and thus

sup
τ∈[0,t]

∫
Ω

zp(x, τ)ϕk−pdx ≤ C3p

∫
Qt

|∇z|p−1zp−1ϕk−p−1dxdτ.

Substituting this inequality into (3.7), we find∫
Qt

|∇z|pϕkdxdτ ≤ C4t

∫
Qt

|∇z|p−1zp−1ϕk−p−1dxdτ.(3.9)

Apply Young’s inequality to obtain

C4t

∫
Qt

|∇z|p−1zp−1ϕk−p−1dxdτ

≤ 1

2

∫
Qt

|∇z|pϕkdxdτ + C5t
p

∫
Qt

z(p−1)pϕk−p−p2

dxdτ.
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Combine this inequality and (3.9) to get∫
Qt

|∇z|pϕkdxdτ ≤ 2C5t
p

∫
Qt

z(p−1)pϕk−p−p2

dxdτ.(3.10)

Again, using Sobolev’s embedding theorem, we obtain∫
Qt

z(p−1)pϕk−p−p2

dxdτ ≤ C6‖z‖(p−1)p
1,p,Q(r1)t

,(3.11)

where Q(r1)t = {(x, τ)| x ∈ Ω \ Ω(r1), τ ∈ (0, t)}. Finally, we get from Poincaré’s
inequality that

∫
Qt

|∇z(x, τ)|pϕkdxdτ ≤ C7t
p

(∫
Q(r1)t

|∇z(x, τ)|pdxdτ
)p−1

.(3.12)

Next, define

gk(r1) =

∫
Qt

|∇z(x, τ)|pϕkdxdτ, g0(r1) =

∫
Q(r1)t

|∇z(x, τ)|pdxdτ.

Then

gk(r1) ≤ Ctp(g0(r1))
p−1.

Using Hölder’s inequality, we obtain

g1(r1) ≤
(∫

Qt

|∇z|pϕkdxdτ

) 1
k

(∫
Q(r1)t

|∇z|pdxdτ
) k−1

k

≤ Ct
p
k (g0(r1))

p−2+k
k .

Note that p−2+k
k > 1. Letting p−2+k

k = 1 + θ (θ = p−2
k > 0) and taking into account

g′1(r1) = −g0(r1), we have

g1(r1) ≤ Ct
p
k (−g′1(r1))

1+θ.

This implies

g′1(r1) ≤ −Ct−
p

k(1+θ) (g1(r1))
1

1+θ .(3.13)

If g1(β1) = 0, then ∇z(x, t) = 0 for (x, t) ∈ Q \ Ω(β1)T . Since z(x, t) = 0 on ∂Ω ×
(0, T ), we see that z(x, t) = 0 for (x, t) ∈ Q \ Ω(β1)T . Thus we have supp y(·, t) ⊂
Ω(β1). If g1(β1) > 0, then there exists a maximal interval (β1, β

∗
1) on which g1(r1) > 0

and

(g1(r1)
θ

1+θ )′ =
θ

1 + θ

(
g′1(r1)

[g1(r1)]
1

1+θ

)
≤ −Ct

−p
k(1+θ) .

Integrating the above inequality over (β1, β
∗
1), we obtain

−(g1(β1)
θ

1+θ ) ≤ −C(β∗
1 − β1)t

− p
k(1+θ) ,
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which implies that

β∗
1 ≤ β1 + C(p)t

p
k(1+θ) [g1(β1)]

θ
1+θ ≤ β1 + C(p)t

p
p−2+k =: β1(t),(3.14)

where C(p) is a constant depending only upon p. This shows supp y(·, t) ⊂ Ω(β1(t)).
Similarly, supp y(·, t) ⊂ Ω \ Ω(α1(t)). Hence, supp y(·, t) ⊂ Ω(α1(t), β1(t)).

The discussion in the direction of xi is similar to that for x1. We finally obtain
supp y(·, t) ⊂ Ω(αi(t), βi(t)), i = 1, 2, 3.

Now we treat the general case, that is, suppy0 ⊂ Ω. Obviously, we can select a

finite closed covering D of suppy0 with D = ∪n
j=1D

(j) ⊂ Ω and D(j) = Π3
i=1[α

(j)
i , β

(j)
i ],

where [α
(j)
i , β

(j)
i ] for i = 1, 2, 3, j = 1, 2, . . . , n, is a closed bounded interval in R.

Moreover, we can require that the profile of D(j) is contained in suppy0 (we call it
the inner profile) or the cap set of the profile and the inner of suppy0 is empty (we
call it the outer profile). We are interested in the cuboids which are not contained in
suppy0 only. As a matter of convenience, we denote these cuboids by D(1), . . . , D(n0),
where n0 ≤ n.

For the cuboid D(j) = Π3
i=1[α

(j)
i , β

(j)
i ] (j = 1, 2, . . . , n0), we can also obtain the

finite propagation of the outer profile of D(1). Using the same technique for deriving
(3.14), we can establish the estimate of the speed of finite propagation, and hence the
proof is complete.

Proof of Theorem 1.2. For simplicity, we assume that suppy0 ⊂ Π3
i=1[αi, βi] ⊂ Ω.

We say that the interface P of the generalized solution y reaches ∂Ω “fully” at the
time t if P (t) = ∂Ω. Set

t∗ = inf{t > 0 : P reaches ∂Ω fully}.

Now we estimate the time t∗. For any z = (z1, z2, z3) ∈ ∂Π3
i=1[αi, βi], if zi = αi

or zi = βi, denote the line

li = {x = z + tei : ei is the unit normal of the hyperplane xi = 0}

and the opposite point of z

w(z) =

{
wα(z) = ∂Ω ∩ {x ∈ Ω : xi ≤ αi} ∩ li if zi = αi,
wβ(z) = ∂Ω ∩ {x ∈ Ω : xi ≥ βi} ∩ li if zi = βi.

Set

dz = dist(z, ∂Ω) = |z − w(z)|, d = sup
z∈∂Π3

i=1
[αi,βi]

dz.

In order to ensure that the interface of y reaches ∂Ω, we get from the estimate of the
speed of propagation (3.14) that

C(p)t
p

p−2+k ≥ d

must be fulfilled. This implies that

t∗ ≥ C(p)d
p−2+k

p .(3.15)

Using an argument similar to that in the proof of Proposition 3.1, we can obtain
inequality (3.15) for the general case.
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Thus, for any 0 < t < C(p)d
p−2+k

p and any input control u,

sup{|x− y| : x ∈ supp y(·, t;u), y ∈ ∂Ω} > 0.

This means that we can select a measurable subset D ⊂ Ω\suppy(·, t;u) with positive
measure, such that y = 0 in D, and hence the system (1.1) is noncontrollable. The
proof is complete.

4. Approximate controllability. Under the condition m(x) ≡ 1 in Ω, the
speed of propagation of the disturbances is infinite provided that u(x, t) > 0. In
this section, we will discuss the approximate controllability of (1.1); that is, for all
t1 > 0, for all ε > 0, for all y1 ∈ L2(Ω), there exists a control function u such
that ‖y(·, t1;u) − y1‖ ≤ ε. For this purpose, we set z(x, t) = e−βty(x, t) (β is to be
determined later). Consider the control system⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

∂

∂t
z(x, t) − div(|∇eβtz(x, s)|p−2∇z(x, t)) + βz(x, t)

+ e−βt

∫ t

0

f(eβtz(x, s))ds = e−βtu(x, t) in QT ,

z(x, t) = 0 on ∂Ω × (0, T ), z(x, 0) = y0(x) in Ω.

(4.1)

Obviously, system (1.1) is approximately controllable if and only if system (4.1) is
approximately controllable at time t1. So, we need only to discuss the approximate
controllability of (4.1) at t1.

Remark 4.1. The choice of β depends not only on K but also on t1.
We now introduce a Hilbert space V2(QT ), endowed with the norm

‖y‖
V

= max
t∈(0,T )

‖y(·, t)‖2,Ω + ‖Dxy‖2,QT
.

Define V 1,0
2 (QT ) = V2(QT ) ∩ C(0, T ;L2(Ω)), and set

V =: V
1,1/2
2 (QT ) =

{
z ∈ V 1,0

2 (QT )

∣∣∣∣ lim
h→0

∫ T−h

0

∫
Ω

h−1[z(x, t + h) − z(x, t)]2 = 0

}
.

First, we discuss the approximate controllability of the system⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

∂

∂t
z(x, t) + L̃nz + βz(x, t)

+e−βt

∫ t

0

f(eβtz(x, s))ds = e−βtu(x, t) in QT ,

z(x, t) = 0 on ∂Ω × (0, T ), z(x, 0) = y0(x) in Ω,

(4.2)

where

L̃nz = −div

((
|eβt∇z(x, t)|2 +

1

n

)(p−2)/2

∇z(x, t)

)
;

that is, for any z1 ∈ L2(Ω) and ε > 0, we can find a u ∈ Lp(QT ) such that ‖z(·, t1)−
z1‖2,Ω ≤ ε.
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We endow a new norm to z ∈ V :

|z|2
V

=

(
1

n

)(p−2)/2

‖Dxz‖2
2,QT

+ β‖z‖2
2,QT

for fixed n. Then (V, | · |V ) is a Banach space. Let

Z = {z | |z|
V
≤ C∗},

where C∗ is a constant to be determined later. It is obvious that Z is a bounded
closed convex set in V . For any w ∈ Z, we discuss the approximate controllability of
the system⎧⎪⎨⎪⎩

∂

∂t
z(x, t) + L̃n(w)z + βz + e−βt

∫ t

0

f(eβsw(x, s))ds = u(x, t) in QT ,

z(x, t) = 0 on ∂Ω × (0, T ), z(x, 0) = 0 in Ω,

(4.3)

where

L̃n(w)z =: −div

((
|eβt∇w(x, t)|2 +

1

n

) p−2
2

∇z(x, t)

)
.

From [9, pp. 153–157], we know that for any u ∈ Lp(QT ), there exists a unique
solution z ∈ V with

|z|
V
≤ ‖u‖2,QT

+

∥∥∥∥e−βt

∫ t

0

f(eβsw(x, s))ds

∥∥∥∥
2,QT

.(4.4)

Remark 4.2. If
∫ t

0
f(eβsw(x, s))ds = 0 and z1 = 0, then we can choose u = 0

such that z(x, t1) = 0 = z1 for system (4.3).
For any ϕ0 ∈ L2(Ω), we discuss the following problem:⎧⎨⎩ − ∂

∂t
ϕ(x, t) + L̃n(w)ϕ(x, t) + βϕ(x, t) = 0 in QT ,

ϕ(x, t) = 0 on ∂Ω × (0, T ), ϕ(x, t1) = ϕ0(x) in Ω.

(4.5)

We also know from [9, p. 153] that there exists a unique solution ϕ ∈ V ∩L∞(Q̄) with

| ϕ |
V
≤ ‖ ϕ0‖2,Ω.(4.6)

Remark 4.3. For any θ0 ∈ L2(Ω), if θ is the solution of problem (4.5) with
θ(x, t1) = θ0(x), then∫

Ω

z(x, t1)θ
0(x)dx = −

∫
Qt1

e−βt

∫ t

0

f(eβsw(x, s))dsθ(x, t)dxdt

if and only if u = 0 in (4.3), where z(x, t) and w(x, t) are given in (4.3).
For any given z1 ∈ L2(Ω) and ε > 0, we define a functional on L2(Ω) as follows:

J(ϕ0) =
1

2

∫
Qt1

ϕ2(x, t)dxdt−
∫

Ω

z1(x)ϕ0(x)dx + ε‖ϕ0‖2,Ω

−
∫
Qt1

e−βt

∫ t

0

f(eβsw(x, s))dsϕ(x, t)dxdt,
(4.7)
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where ϕ(x, t) is the solution of (4.5) with ϕ(x, t1) = ϕ0(x).
Lemma 4.1. There exists a unique ϕ̄0 ∈ L2(Ω) such that

J(ϕ̄0) ≤ J(ϕ0) ∀ϕ0 ∈ L2(Ω).

Proof. First, we show that there exists a constant M > 0 such that

J(ϕ0) ≥ −M ∀ϕ0 ∈ L2(Ω).(4.8)

In fact, we need only to consider the case of ‖ϕ0
k‖2,Ω → +∞. Set ϕ̃0

k = ϕ0
k/‖ϕ0

k‖2,Ω

so that ‖ϕ̃0
k‖2,Ω = 1. Let ϕk and ϕ̃k be solutions of (4.5) with ϕk(x, t1) = ϕ0

k(x) and
ϕ̃k(x, t1) = ϕ̃0

k(x), respectively. Then, we have ϕk = ‖ϕ0
k‖2,Ωϕ̃k. So, this implies

J(ϕ0
k)

‖ϕ0
k‖2,Ω

=
1

2

∫
Qt1

(ϕ̃k(x, t))
2dxdt‖ϕ0

k‖2,Ω −
∫

Ω

z1(x)ϕ̃0
k(x)dx + ε‖ϕ̃0

k‖2,Ω

−
∫
Qt1

e−βt

∫ t

0

f(eβsw(x, s))dsϕ̃k(x, t)dxdt.

(4.9)

From this equality, we see that
J(ϕ0

k)

‖ϕ0
k
‖2,Ω

→ +∞ as ‖ϕ0
k‖2,Ω → +∞. Thus (4.8) holds.

According to (4.8), we can choose a minimizing sequence {ϕ0
k}. From the discus-

sion above, we know ‖ϕ0
k‖2,Ω ≤ C. So, there exist ϕ̄0 ∈ L2(Ω) and a subsequence ϕ0

ki

such that ϕ0
ki

→ ϕ̄0 weakly in L2(Ω). Suppose that ϕk and ϕ̄ are solutions of (4.5)
with ϕk(x, t1) = ϕ0

k(x) and ϕ̄(x, t1) = ϕ̄0(x), respectively. Since ϕ0
ki

→ ϕ̄0 weakly in
L2(Ω), then ϕki → ϕ̄ weakly in V . It follows from Sobolev’s embedding theorem that
ϕki

→ ϕ̄ in L2(Qt1). Thus, we have

J(ϕ̄0) ≤ lim
ki→∞

J(ϕ0
ki

) = inf
{
J(ϕ0) | ϕ0 ∈ L2(Ω)

}
.

Since the functional J(·) is strictly convex, the minimum function is unique. Lemma
4.1 is proved.

Lemma 4.2. Suppose ϕ̄0 is the minimum function of functional (4.7), ϕ̄ is the
solution of (4.5) with ϕ̄(x, t1) = ϕ̄0(x), and there exists ϕ0

1 ∈ L2(Ω) such that∫
Ω

z1(x)ϕ0
1(x)dx �= −

∫
Qt1

e−βt

∫ t

0

f(eβsw(x, s))dsϕ1(x, t)dxdt,

where ϕ1 is the solution of (4.5) with ϕ1(x, t1) = ϕ0
1(x). Then, ϕ̄0 �= 0 and for any

θ0 ∈ L2(Ω) and θ, which is the solution of (4.5) with θ(x, t1) = θ0(x), we have∫
Qt1

ϕ̄(x, t) θ(x, t)dxdt =

∫
Ω

z1(x)θ0(x)dx−
∫

Ω

ε
ϕ̄0(x)

‖ϕ̄0‖2,Ω
θ0(x)dx

+

∫
Qt1

e−βt

∫ t

0

f(eβsw(x, s))dsθ(x, t)dxdt.

(4.10)

Proof. First, we define ϕ0
m = 1

mϕ0
1 so that

J(ϕ0
m) =

1

2m2

∫
Qt1

ϕ2
1(x, t)dxdt−

1

m

∫
Ω

z1(x)ϕ0
1(x)dx + ε

1

m
‖ϕ0

1‖2,Ω

− 1

m

∫
Qt1

e−βt

∫ t

0

f(eβsw(x, s))dsϕ1(x, t)dxdt.
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We may assume∫
Ω

z1(x)ϕ0
1(x)dx +

∫
Qt1

e−βt

∫ t

0

f(eβsw(x, s))dsϕ1(x, t)dxdt > 0.

If it is not, we choose ϕ̂0
1(x) = −ϕ0

1(x) so that∫
Ω

z1(x)ϕ̂0
1(x)dx +

∫
Qt1

e−βt

∫ t

0

f(eβsw(x, s))dsϕ̂1(x, t)dxdt > 0.

We can also choose sufficiently large m and sufficiently small ε such that J(ϕ0
m) < 0.

So, J(ϕ̄0) < 0. Since J(0) = 0, we have ϕ̄0 �= 0.
For any θ0 ∈ L2(Ω), set ϕ0

ρ = ϕ̄0 + ρθ0, ρ ∈ (−1, 1). Let ϕρ satisfy (4.5) with
ϕρ(x, t1) = ϕ0

ρ(x). Then ϕρ(x, t) = ϕ̄(x, t) + ρθ(x, t). We carry out the following
calculation:

J(ϕ0
ρ)− J(ϕ̄0) =

1

2

∫
Qt1

[ϕ2
ρ(x, t) − ϕ̄2(x, t)]dxdt

+ ε
1

‖ϕ0
ρ‖ + ‖ϕ̄0‖

∫
Ω

[
(ϕ0

ρ(x))2 − (ϕ̄0(x))2
]
dx

−
∫

Ω

z1(x)ρθ0(x)dx− ρ

∫
Qt1

e−βt

∫ t

0

f(eβsw(x, s))dsθ(x, t)dxdt

= ρ

∫
Qt1

ϕ̄(x, t)θ(x, t)dxdt +
1

2
ρ2

∫
Qt1

θ2(x, t)dxdt

+ ε
1

‖ϕ0
ρ‖ + ‖ϕ̄0‖

∫
Ω

[
2ρϕ̄0(x)θ0(x) + ρ2(θ0(x))2

]
dx

−ρ

∫
Ω

z1(x)θ0(x)dx− ρ

∫
Qt1

e−βt

∫ t

0

f(eβsw(x, s))dsθ(x, t)dxdt.

Dividing the above equality by ρ and letting ρ → 0, since 0 = δJ(ϕ̄0), we obtain
(4.10).

Lemma 4.3. System (4.3) is approximately controllable.
Proof. For any t1 > 0, ε > 0, there exists a unique ϕ̄0, which is the minimum

function of functional (4.7). So there exists a unique solution ϕ̄(x, t) of (4.5) with
ϕ̄(x, t1) = ϕ̄0(x). Now, let u(x, t) = ϕ̄(x, t); that is,⎧⎪⎨⎪⎩

∂

∂t
z(x, t) + L̃n(w)z + βz + e−βt

∫ t

0

f(eβsw(x, s))ds = ϕ̄(x, t) in QT ,

z(x, t) = 0 on ∂Ω × (0, T ), z(x, 0) = 0 in Ω.

(4.11)

Multiplying (4.11) by θ(x, t), where θ(x, t) is the solution of problem (4.5) with
θ(x, t1) = θ0(x), and integrating by parts the resulting relation over Qt1 , we obtain∫

Ω

z(x, t1)θ
0(x) dx +

∫
Qt1

e−βt

∫
0

t

f(eβsw(x, s))dsθ(x, t)dxdt

=

∫
Qt1

ϕ̄(x, t)θ(x, t)dxdt.
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Using (4.10), we have∫
Ω

[
z(x, t1) − z1(x) + ε

ϕ̄0(x)

‖ϕ̄0‖2,Ω

]
θ0(x)dx = 0 ∀ θ0 ∈ L2(Ω).

From this equality, we see that ‖z(·, t1) − z1‖2,Ω ≤ ε.

Corollary 4.1. For y0 ∈ W 1,p(Ω) and w ∈ Z, the system⎧⎪⎨⎪⎩
∂

∂t
z(x, t) + L̃n(w)z + βz + e−βt

∫ t

0

f(eβsw(x, s))ds = u(x, t) in QT ,

z(x, t) = 0 on ∂Ω × (0, T ), z(x, 0) = y0(x) in Ω

(4.12)

is approximately controllable.

Proof. Let z1 and z2 be solutions of the following problems, respectively:⎧⎪⎨⎪⎩
∂

∂t
z1(x, t) + L̃n(w)z1 + βz1 + e−βt

∫ t

0

f(eβsw(x, s))ds = u(x, t) in QT ,

z1(x, t) = 0 on ∂Ω × (0, T ), z1(x, 0) = 0 in Ω,

⎧⎨⎩
∂

∂t
z2(x, t) + L̃n(w)z2(x, t) + βz2 = 0 in QT ,

z(x, t) = 0 on ∂Ω × (0, T ), z2(x, 0) = y0(x) in Ω.

It is easy to see that z(x, t) = z1(x, t) + z2(x, t) is a solution of (4.12). Let

J(ϕ0) =
1

2

∫
Qt1

ϕ2(x, t)dxdt−
∫

Ω

[z1(x) − z2(x, t1)]ϕ
0(x)dx + ε‖ϕ0‖2,Ω

−
∫
Qt1

e−βt

∫ t

0

f(eβsw(x, s))dsϕ(x, t)dxdt.
(4.13)

From Lemma 4.3, we know that there exists ϕ̄ ∈ W 1,1
2 (QT ) (see [9, p. 6]); when u = ϕ̄,

we have

‖z(·, t1) − z1‖2,Ω = ‖z1(·, t1) − (z1 − z2(·, t1))‖2,Ω ≤ ε.

Theorem 4.1. Suppose condition (H1) is fulfilled. Then system (4.2) is approx-
imately controllable at t1.

Proof. From Corollary 4.1, we know that system (4.12) is approximately control-
lable. We define a map F : Z = {z ∈ V | |z|

V
≤ C∗} → Z by F (w) = z for any

w ∈ Z, with z = z(x, t) being the solution of the equation{
∂
∂tz(x, t) + L̃n(w)z(x, t) + βz + e−βt

∫ t

0
f(eβsw(x, s))ds = ϕ̄(x, t) in QT ,

z(x, t) = 0 on ∂Ω × (0, T ), z(x, 0) = y0(x) in Ω,
(4.14)

where ϕ̄ is the solution of problem (4.5) with ϕ̄(x, t1) = ϕ̄0(x), and ϕ̄0 is the minimum
function of the functional (4.13).
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First, we should show that for sufficient large C∗, we have F (Z) ⊂ Z. In fact,
multiplying (4.14) by z and integrating over Qt1 , we have

|z|2
V
≤

[
‖ϕ̄‖2

2,QT
+ ‖y0‖2

2,Ω +
1

2

∫
Qt1

(
e−βt

∫ t

0

f(eβsw(x, s))ds

)2

dxdt

]

≤
[

1

β
‖ϕ̄0‖2

2,Ω + ‖y0‖2
2,Ω + t21

∫
Qt1

(K2w2(x, t) + f2(0))dxdt

]

≤
[

1

β
‖ϕ̄0‖2

2,Ω + ‖y0‖2
2,Ω + T 2‖f(0)‖2

2,QT
+

T 2K2

β
|w|2V

]
≤

[
1

β
‖ϕ̄0‖2

2,Ω + ‖y0‖2
2,Ω + T 2‖f(0)‖2

2,QT
+

T 2K2

β
(C∗)2

]
.

(4.15)

From (4.13), we have

0 > J(ϕ̄0) >
1

2

∫
Qt1

(ϕ̃(x, t))2dxdt‖ϕ̄0‖2
2,Ω −

∫
Ω

[z1(x) − z2(x, t1)]ϕ̄
0(x)dx

−
∫
Qt1

e−βt

∫ t

0

f(eβsw(x, s))dsϕ̄(x, t)dxdt,
(4.16)

where ϕ̃(x, t) is the solution of (4.5) with ϕ̃(x, t1) = ϕ̄0(x)
‖ϕ̄0‖2,Ω

. Since ϕ̃ ∈ V and∫
Ω
ϕ̃2(x, t1)dx = 1, there exists a positive constant c0, which is independent of ϕ̃,

such that

c0 ≤ 1

2

∫
Qt1

ϕ̃2(x, t)dxdt.

From (4.16), we obtain

c0‖ϕ̄0‖ 2
2,Ω < C(η)‖z1 − z2(·, t1)‖2

2,Ω + η‖ϕ̄0‖2
2,Ω

+
1

2

∫
Qt1

[
e−βt

∫ t

0

f(eβsw(x, s))ds

]2

dxdt +
1

2
‖ϕ̄‖2

2,Qt1

≤ C(η)‖z1 − z2(·, t1)‖2
2,Ω + η‖ϕ̄0‖2

2,Ω

+
T 2

2

∫
Qt1

[2K2w2(x, t) + 2f2(x, t, 0)]dxdt +
1

2β
‖ϕ̄0‖2

2,Ω,

(4.17)

where we have used the inequality ‖ϕ̄‖2
2,Qt1

≤ 1
β ‖ϕ̄0‖2

2,Ω. Furthermore, we choose

η = c0
4 and 1

2β ≤ c0
4 so that

‖ϕ̄0‖2
2,Ω ≤ 2

c0

[
C(η)‖z1 − z2(·, t1)‖2

2,Ω +
T 2K2

β
|w|2V + T 2‖f(0)‖2

2,QT

]
≤ 2C(η)

c0
‖z1 − z2(·, t1)‖2

2,Ω +
2T 2

c0
‖f(0)‖2

2,QT
+

2T 2K2

c0β
(C∗)2.

Substituting this inequality into (4.15), we have

|z|2
V
≤ 2C(η)

c0β
‖z1 − z2(·, t1)‖2

2,Ω + ‖y0‖2
2,Ω

+

(
T 2 +

2T 2

c0β

)
‖f(0)‖2

2,QT
+

T 2K2

β

(
1 +

2

c0β

)
(C∗)2.

(4.18)
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We can choose sufficiently large β such that TK2

β (1 + 2
c0β

) = 1
2 . Set

(C∗)2 = 2

[
2C(η)

c0β
‖z1 − z2(·, t1)‖2

2,Ω + ‖y0‖2
2,Ω +

(
T 2 +

2T 2

c0β

)
‖f(0)‖2

2,QT

]
.

Then, from (4.18), we have |z|2
V
≤ (C∗)2. This implies that F (Z) ⊂ Z.

Next, we shall prove that F is a continuous map. Set F = F3 ◦ F2 ◦ F1, where
F1 : Z → L2(Ω), F2 : L2(Ω) → V ∩ L∞(Q̄T ), F3 : V → Z; that is,

F1(w) = ϕ̄0, F2(ϕ̄
0) = ϕ̄, F3(ϕ̄) = z.

From (4.4) and (4.6), it is easy to see that F2 and F3 are continuous maps. So, we
need only to prove that F1 is a continuous map.

Suppose wk ∈ Z, w ∈ Z, and wk → w in Z; we prove that F1(wk) → F1(w) in
L2(Ω). Set ϕ̄0

k = F1(wk), ϕ̄
0 = F1(w); ϕ̄k and ϕ̄ are solutions of (4.5) with ϕ̄k(x, t1) =

ϕ̄0
k(x), ϕ̄(x, t1) = ϕ̄0(x), respectively. We have ‖ϕ̄0

k‖2,Ω ≤ C and ‖ϕ̄k‖V ≤ C. So there
exist subsequences ϕ̄0

ki
of ϕ̄0

k and ϕ̃0 ∈ L2(Ω) such that ϕ̄0
ki

→ ϕ̃0 weakly in L2(Ω),
and ϕ̄ki

→ ϕ̄ weakly in V .
For any ϕ0 ∈ L2(Ω), we have J(ϕ̄0

k, wk) ≤ J(ϕ0, wk) and

J(ϕ̃0, w) ≤ lim
ki→∞

J(ϕ̄0
ki
, wki).

This implies

J(ϕ̃0, w) ≤ lim
ki→∞

J(ϕ̄0
ki
, wki) ≤ lim

ki→∞
J(ϕ0, wki) = J(ϕ0, w).

Thus, ϕ̃0 is the minimal function of J(·, w). According to the uniqueness of the
minimal function for J(·, w), we have ϕ̃0 = ϕ̄0.

Since ϕ̄ki → ϕ̄ weakly in V , so ϕ̄ki → ϕ̄ strongly in L2(Ω). Thus,

limki→∞

[∫
Qt1

ϕ̄2
ki

(x, t)dxdt−
∫

Ω

[z1(x) − z2(x, t1)]ϕ̄
0
ki

(x)dx

−
∫
Qt1

e−βt

∫ t

0

f(eβsw(x, s))dsϕ̄ki(x, t)dxdt

]
=

∫
Qt1

ϕ̄2(x, t)dxdt−
∫

Ω

[z1(x) − z2(x, t1)]ϕ̄
0(x)dx

−
∫
Qt1

e−βt

∫ t

0

f(eβsw(x, s))dsϕ̄(x, t)dxdt.

Thus, from (4.7), we have limki→∞ ‖ϕ̄0
ki
‖2,Ω = ‖ϕ̄0‖2,Ω. Furthermore, we have

limki→∞ ‖ϕ̄0
ki

− ϕ̄0‖2,Ω = 0.
We need to show that limk→∞ ‖ϕ̄0

k − ϕ̄0‖2,Ω = 0. If it is not true, then there
exists a subsequence {ϕ̄0

ki
} such that ϕ̄0

ki
does not converge to ϕ̄0; that is, there

exists a number δ > 0 such that ‖ϕ̄0
ki

− ϕ̄0‖2,Ω ≥ δ for all ki. On the other hand,
‖ϕ̄0

ki
‖2,Ω ≤ C. Using a similar argument as above, we obtain a subsequence {ϕ̄0

k′
i
} of

{ϕ̄0
ki
} with limk′

i
→∞ ‖ϕ̄0

k′
i
− ϕ̄0‖2,Ω = 0. This contradicts ‖ϕ̄0

ki
− ϕ̄0‖2,Ω ≥ δ > 0. So,

limk→∞ ‖ϕ̄0
k − ϕ̄0‖2,Ω = 0. Thus, we have proved the continuity of F1. Therefore, F

is continuous.
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Finally, we prove that F is a compact map. In fact, if {zk} ⊂ F (Z), then there
exists {wk} ⊂ Z such that zk = F (wk). Again, we choose ak ∈ C∞(QT ) such that
‖(|eβt∇wk|2 + 1

n )(p−2)/2 − ak‖p,QT
< 1

k . Now consider the following problem:⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

∂

∂t
z(x, t) − div

[
ak(x, t)∇z(x, t))

]
+ βz(x, t)

= u(x, t) − e−βt

∫ t

0

f(eβswk(x, s))ds =: ũk(x, t) in QT ,

z(x, t) = 0 on ∂Ω × (0, T ), z(x, 0) = y0(x) in Ω.

From [9, Chapter 4], we know that there exists a solution z̃k ∈ W to the above
problem and ‖z̃k‖W ≤ C‖ũk‖p,QT

≤ C. According to Sobolev’s embedding theorem,
there exists a subsequence {z̃ki} ⊂ {z̃k} such that {z̃ki} is a convergent sequence in
(V, | · |V ). Since ‖z̃k − zk‖V ≤ C

k , we conclude that {zki} is a convergent sequence
in V . Thus F : Z → Z is a continuous compact map. By Schauder’s fixed point
theorem, F has a fixed point z, and thus, system (4.14) becomes⎧⎪⎨⎪⎩

∂

∂t
z(x, t) + L̃nz(x, t) + βz + e−βt

∫ t

0

f(eβsz(x, s))ds = ϕ̄(x, t) in QT ,

z(x, t) = 0 on ∂Ω × (0, T ), z(x, 0) = y0(x) in Ω,

and

‖z(·, t1) − z1‖2,Ω ≤ ε.

This proves that (2.1) is approximately controllable.

Now, we give the proof of Theorem 1.3.

Proof. To complete the proof of Theorem 1.3, we need only to prove the following
conclusion: For any ε > 0, there is a N such that n > N implies

‖ yn(·, t1) − y(·, t1) ‖2,Ω < ε,

where y and yn are solutions of problems (1.1) and (2.1), respectively.

In fact, we repeat the argument in section 2 by setting zn = e−βsyn and z = e−βsy,
β > K. From (1.1) and (2.1), we find⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂

∂t
(zn − z) − div

[(
|eβt∇zn(x, t)|2 +

1

n

)(p−2)/2

∇zn(x, t)

−
(
|eβt∇z(x, t)|2 +

1

n

)(p−2)/2

∇z(x, t)

]
+ β(zn − z)

= div

{[(
|eβt∇z(x, t)|2 +

1

n

)(p−2)/2

− |eβt∇z(x, t)|p−2

]
∇z(x, t)

}

+ e−βt

∫ t

0

[f(eβsz(x, s)) − f(eβszn(x, s))]ds in QT ,

(zn − z) = 0 on ∂Ω × (0, T ), (zn − z)(x, 0) = 0 in Ω.

(4.19)
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Multiplying (4.19) by zn − z and integrating in Qt1 , we obtain

1

2
‖ zn(·, t1) − z(·, t1) ‖2

2,Ω

≤
∫
Qt1

[(
|eβt∇z(x, t)|2 +

1

n

)(p−2)/2

− |eβt∇z(x, t)|p−2

]
∇z(x, t)∇(z(x, t) − zn(x, t))dxdt = I.

(4.20)

If 2 < p ≤ 4, we set

Qη = {(x, t) ∈ Qt1 | |eβt∇z(x, t)| ≥ η}.

For any ε > 0, we can find an η > 0 such that

I1 =

∫
Qt1\Qη

[(
|eβt∇z(x, t)|2 +

1

n

)(p−2)/2

− |eβt∇z(x, t)|p−2

]
∇z(x, t)∇(z(x, t) − zn(x, t))dxdt <

ε2

4
,

I2 =

∫
Qη

[(
|eβt∇z(x, t)|2 +

1

n

)(p−2)/2

− |eβt∇z(x, t)|p−2

]
∇z(x, t)∇(z(x, t) − zn(x, t))dxdt

=
p− 2

2

1

n

∫
Qη

(
|eβt∇z(x, t)|2 + θ(x, t)

1

n

)(p−4)/2

∇z(x, t)∇(z(x, t) − zn(x, t))dxdt

≤ p− 2

2

1

n

(
1

η2

)(4−p)/2 ∫
Qη

∇z(x, t)∇(z(x, t) − zn(x, t))dxdt

<
C

n
‖∇z‖2,Qη‖∇(z − zn)‖2,Qη =

C1

n
.

Thus, there exists a number N , such that n > N implies I2 < ε2

4 . So we have

1

2
‖ zn(·, t1) − z(·, t1) ‖2

2,Ω ≤ I = I1 + I2 <
ε2

2
,

that is, ‖zn(·, t1) − z(·, t1)‖2,Ω ≤ ε.
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If p > 4, from (4.20), we have

I =
p− 2

2

1

n

∫
Qt1

(
|eβt∇z(x, t)|2 + θ(x, t)

1

n

)(p−4)/2

∇z(x, t)∇(z(x, t) − zn(x, t))dxdt

≤ p− 2

2

1

n
2(p−4)/2

∫
Qt1

\Q1

|∇z(x, t)||∇(z(x, t) − zn(x, t))|dxdt

+
p− 2

2

1

n
(2eβT )(p−4)/2

∫
Q1

|∇z(x, t)|p−3|∇(z(x, t) − zn(x, t))|dxdt

≤ C21

n
‖∇z‖2,Qt1

‖∇(z − zn)‖2,Qt1

+
C22

n

∫ t1

0

(∫
Ω

|∇z(x, t)|pdx
)(p−3)/p (∫

Ω

|∇(z(x, t) − zn(x, t))|p/3dx
)3/p

dt

≤ C21

n
‖∇z‖2,Qt1

‖∇(z − zn)‖2,Qt1

+
C∗

22

n
‖z‖p−3

L∞(0,T ;W 1,p(Ω))‖z − zn‖L∞(0,T ;W 1,p(Ω))

=
C2

n
.

Thus, there exists a number N such that n > N implies

‖ zn(·, t1) − z(·, t1) ‖2
2,Ω ≤ C

1

n
≤ ε2.

The proof of Theorem 1.3 is complete.
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REFERENCES

[1] K. Balachandran, P. Balasubramaniam, and J. P. Dauer, Controllability of nonlinear
integrodifferential systems in Banach space, J. Optim. Theory Appl., 84 (1995), pp. 83–91.

[2] K. Balachandran and J. P. Dauer, Controllability of Sobolev-type integrodifferential systems
in Banach spaces, J. Math. Anal. Appl., 217 (1995), pp. 335–348.

[3] E. Dibenedetto, Degenerate Parabolic Equations, Springer-Verlag, New York, 1993.
[4] W. E. Fitzgibbon, Semilinear integrodifferential equations in a Banach space, Nonlinear Anal.,

4 (1980), pp. 745–760.
[5] H. Gao and J. Yin, On a class of anisotropic diffusion equations, Systems Sci. Math. Sci., 8

(1995), pp. 311–318.
[6] M. L. Heard, An abstract semilinear hyperbolic Volterra integrodifferential equation, J. Math.

Anal. Appl., 80 (1981), pp. 175–202.
[7] M. A. Hussain, On a nonlinear integrodifferential equation in Banach space, Indian J. Pure

Appl. Math., 19 (1988), pp. 516–529.
[8] A. S. Kalashnikov, Propagation of perturbation in the first boundary-value problem for a

double nonlinear degenerate parabolic equation, J. Soviet Math., 32 (1986), pp. 315–320.
[9] O. A. Ladyzhenskaya, V. A. Solonnikov, and N. N. Ural’tseva, Linear and Quasilinear

Equations of Parabolic Type, AMS, Providence, RI, 1968.
[10] L. De Teresa, Approximate controllability of semilinear heat equation in R

N , SIAM J. Control
Optim., 36 (1998), pp. 2128–2147.

[11] L. De Teresa and E. Zuazua, Approximate controllability of semilinear heat equation in
unbounded domains, Nonlinear Anal., 37 (1999), pp. 1059–1090.



1010 HANG GAO, PEIDONG LEI, AND BO ZHANG

[12] G. Wang and L. Wang, The Carleman inequality and its application to periodic optimal
control governed by semilinear parabolic differential equations, J. Optim. Theory Appl.,
118 (2003), pp. 429–461.

[13] G. F. Webb, An abstract semilinear Volterra integrodifferential equation, Proc. Amer. Math.
Soc., 69 (1978), pp. 255–260.

[14] Z. Wu, J. Zhao, J. Yin, and H. Li, Nonlinear Diffusion Equations, World Scientific, River
Edge, NJ, 2001.

[15] J. Yin, The property of finite speed of propagation of generalized solutions to nonlinear diffusion
equations, Acta Math. Sinica, 34 (1991), pp. 360–364.

[16] J. Yin, Solutions with compact support for nonlinear diffusion equations, Nonlinear Anal., 19
(1992), pp. 309–321.

[17] E. Zuazua, Approximate controllability of semilinear heat equation with globally Lipschitz
nonlinearities, Control Cybernet., 28 (1999), pp. 665–683.



A CONVEX OPTIMIZATION APPROACH TO ARMA(n,m)
MODEL DESIGN FROM COVARIANCE AND CEPSTRAL DATA∗
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Abstract. Methods for determining ARMA(n,m) filters from covariance and cepstral estimates
are proposed. In [C. I. Byrnes, P. Enqvist, and A. Lindquist, SIAM J. Control Optim., 41 (2002),
pp. 23–59], we have shown that an ARMA(n,n) model determines and is uniquely determined by a
window r0, r1, . . . , rn of covariance lags and c1, c2, . . . , cn of cepstral lags. This unique model can
be determined from a convex optimization problem which was shown to be the dual of a maximum
entropy problem. In this paper, generalizations of this problem are analyzed. Problems with co-
variance lags r0, r1, . . . , rn and cepstral lags c1, c2, . . . , cm of different lengths are considered, and by
considering different combinations of covariances, cepstral parameters, poles, and zeros, it is shown
that only zeros and covariances give a parameterization that is consistent with generic data.

However, the main contribution of this paper is a regularization of the optimization problems
that is proposed in order to handle generic data. For the covariance and cepstral problem, if the
data does not correspond to a system of desired order, solutions with zeros on the boundary occur
and the cepstral coefficients are not interpolated exactly. In order to achieve strictly minimum phase
filters for estimated covariance and cepstral data, a barrier-like term is introduced to the optimization
problem. This term is chosen so that convexity is maintained and so that the unique solution will
still interpolate the covariances but only approximate the cepstral lags. Furthermore, the solution
will depend analytically on the covariance and cepstral data, which provides robustness, and the
barrier term increases the entropy of the solution.

Key words. cepstrum, covariance, ARMA, entropy, convex optimization

AMS subject classifications. 94A17, 93E12, 93B15, 90C25

DOI. 10.1137/S0363012901399751

1. Introduction. In this paper some new methods for determining autoregres-
sive (AR), moving average (MA), and ARMA filters from a finite sample of data
are analyzed. These methods are based on an optimization approach to interpola-
tion first introduced in [6] and then extended in various directions in [5, 8, 3, 4]. In
particular, the data is matched using two different sets of characterizing parameters,
that is, covariance lags and cepstral lags. Before going into details, the basic system
identification problem considered here is described.

Let

w(z) =
σ(z)

a(z)

be a real rational function, where z denotes a forward shift operator and

a(z) = a0z
n + a1z

n−1 + · · · + an (a0 > 0),(1.1)

σ(z) = zm + σ1z
m−1 + · · · + σm(1.2)

are stable polynomials, i.e., real polynomials having all their roots in the open unit
disc. Consider the zero-mean stationary process {Yt}∞t=−∞ obtained by passing a

∗Received by the editors December 17, 2001; accepted for publication (in revised form) February
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u � w(z) � y

Fig. 1.1. Shaping filter.

white noise {Ut}∞t=−∞ through a filter with transfer function w(z), as depicted in
Figure 1.1, and let the system come to steady state. Such a process is called an
ARMA(n,m) process, and the corresponding model

a0yt + a1yt−1 + · · · + anyt−n = ut + σ1ut−1 + · · · + σmut−m(1.3)

is called an ARMA(n,m) model. The stable polynomial σ(z) defines the MA part,
or the zeros of the filter, while the stable polynomial a(z) defines the AR part, or
the poles of the filter. Assume that the stochastic process {Yt}∞t=−∞ is observed
for t = 1, . . . , N to generate a string {yt}Nt=1 of data. In system identification the
filter w(z) that “best” matches the data {yt}Nt=1 is chosen in some prescribed class of
models. The class of models that will be considered in this paper is the ARMA(n,m)
filters. It will be assumed that the ARMA filters in the model class will be of fixed
order, but how to choose the model class parameters m and n is not considered in
this paper.

Design of AR, MA, and ARMA filters have a long history, and a number of
different approaches have been used. Most methods minimize some error criterion
over a set of parameterized models determining a model class. These approaches
include, e.g., the maximum likelihood (ML) method [1], prediction error (PE) methods
[18, 23], and others [14, 21, 16]. Even subspace methods [25] are based on optimization,
but there the solution is given analytically by projections. This is appreciated in
applications, but the subspace methods may yield a solution that is outside of the
model class (e.g., nonstable models [10]), which is the main drawback of this approach.
A common problem for the other methods mentioned above is that they may fail to
deliver the global optima in the model class. For the ML and PE methods the error
criterion function is not convex in the model parameters. This may lead to the
minimization procedure getting stuck in a local optima which may be very different
from the optimal solution. Consequently, although these methods are used with great
success, they are not guaranteed to converge to a global optima.

The methods proposed in this paper can be used for system identification per-
formed in two steps. The first step is the estimation of covariances and cepstral
parameters from real data, and the second step determines the model that (approxi-
matively) interpolates the estimated parameters. This is sometimes called estimation
by the method of moments. In this paper we analyze only the second step. The pro-
posed interpolation-based identification methods can be seen as generalizations of the
widely used linear predictive coding (LPC) method [22], also called the maximum en-
tropy method [2], which interpolates a set of covariances with an AR filter. The LPC
method applies exact interpolation of estimated covariances, but as Burg describes
it [2, p. xi], “Maximum entropy spectral analysis is based on choosing the spectrum
which corresponds to the most random or the most unpredictable time series whose
autocorrelation function agrees with the known values.” The LPC filter parameters
can be determined from a linear equation system. In the methods proposed in this
paper the solution is derived from a well-behaved optimization problem. In fact, the
information about the process is used in such a way that full ARMA models can be



MODEL DESIGN FROM COVARIANCE AND CEPSTRAL DATA 1013

designed using a convex error criterion. Since the optimization problems are convex
there are no problems with local optima and there are optimization procedures that
can be guaranteed to converge to the global optima for all initial points.

Next, the interpolation parameters are considered and standard methods for es-
timating them from data are presented.

The covariances of the stochastic process {Yt}∞t=−∞ are defined by the second
order moments

rk
�
= E(YtYt+k), k = 0, 1, . . . .

Taking the Fourier transform of the covariances, the spectral density

Φ(eiθ)
�
=

∞∑
k=−∞

rke
−ikθ

of the process is obtained. We will assume the estimated spectral densities are coercive,
i.e., positive and bounded away from zero on the unit circle. For the sake of reference,
we note that

rk = 〈zk,Φ〉 = 〈z−k,Φ〉, k = 0, 1, 2, . . . ,(1.4)

where 〈·, ·〉 denotes the inner product in the real L2[−π, π] space, i.e.,

〈f, g〉 �
=

1

2πi

∫
|z|=1

f(z)g(z)
dz

z
=

1

2π

∫ π

−π

f(eiθ)g(e−iθ) dθ.(1.5)

If the process is generated by a shaping filter w(z), the spectral density can be
extended to a Laurent series, valid in an annulus around the unit circle, given by

Φ(z)
�
=

∞∑
k=−∞

rkz
−k = w(z)w(z−1).(1.6)

The last equality in (1.6) gives an important relation between the spectral density
and the shaping filter. If all covariances were known, the shaping filter w(z) could be
determined from Φ by spectral factorization [23, 9]. However, only a finite number
of covariances can be estimated, and then the spectral density is not completely
determined. The covariances r0, r1, . . . , rn can be estimated from data using ergodic
estimates. For example, the estimate

r̂k =
1

N

N−k∑
j=1

yjyj+k, k � N,(1.7)

can be used. This particular estimate has the nice property that the matrix of esti-
mated covariances

Rn
�
=

⎡⎢⎢⎢⎢⎣
r̂0 r̂1 . . . r̂n

r̂1 r̂0
. . .

...
...

. . .
. . . r̂1

r̂n . . . r̂1 r̂0

⎤⎥⎥⎥⎥⎦(1.8)
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y � DFT � log | · |2 � IDFT � ĉ

Fig. 1.2. Cepstral estimation.

is positive definite. The set of covariances r̂0, r̂1, . . . , r̂n such that Rn is positive
definite is denoted by Rn. For more about the statistical properties of the estimation
of covariances, the reader is referred to [23, 17].

Since the spectral density is a positive function on the unit circle, its logarithm
is well defined, and it has a Laurent series expansion in a neighborhood of the unit
circle given by

log Φ(z) =

∞∑
k=−∞

ckz
−k.(1.9)

This defines the cepstral coefficients

ck = 〈zk, log Φ〉, k = 0, 1, 2, . . . .(1.10)

A finite window of the cepstrum coefficients can also be estimated directly from data
using ergodic estimates. In particular, taking the DFT of the data {yj}Nj=1, the
absolute value square, the logarithm and the IDFT determines an estimate of the
cepstrum [22, 13] as depicted in Figure 1.2. However, the problem of estimating
cepstral coefficients directly from data is not by far as well analyzed as the problem
of estimating covariances.

Two new design methods are presented in this paper. The first method is a
regularization of the cepstral-covariance matching (CCM) method introduced in [3].
The CCM method determines an ARMA filter that simultaneously interpolates a
finite window of covariances and cepstral lags, if that is possible, using a convex
optimization formulation. In this paper an approximation in the interpolation of the
cepstral parameters is introduced to make the global optima correspond to a stable
minimum phase filter for generic covariance and cepstral estimates.

The second method is based on covariance matching. It is well known that design
of MA models using covariance interpolation constraints lacks solutions for generic co-
variances. In this case some approximation in the covariance interpolation constraints
is necessary, and an approximation similar to the one used for the CCM method is
proposed.

The outline of this paper is as follows. In section 2, the optimization problem
from [3] for determining the covariance and cepstrum interpolating filter is restated
and analyzed. Actually, it is stated in a slightly more general form, allowing for
ARMA(n,m) models, and the relation of poles and zeros to covariances and cepstral
lags is discussed. In section 3, duality theory from mathematical programming is used
for deriving some new optimization problems for solving interpolation problems. In
section 4, a regularization of the CCM filter optimization problem is determined. By
adding a barrier-like term to the objective function, stable minimum phase models are
obtained at the price of approximate cepstral interpolation. It is also shown that the
barrier term increases the entropy of the resulting model. In section 5, a regularization
of an optimization problem derived in section 3 for designing zeros based on covariance
interpolation is determined. By adding the same barrier-like term to this objective
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function, stable minimum phase models are obtained at the price of approximate
covariance interpolation. The barrier term is shown to increase the entropy of the
resulting model. In section 6, a number of experiments are carried out in order to
compare the method to other methods that are also well posed [24, 20].

2. Local coordinates for ARMA models in terms of cepstral and covari-
ance windows. As a preliminary and to fix notation, pertinent facts on a method
introduced in [3, 4] are now reviewed. As described in the introduction, the aim of
this problem is to interpolate the covariances r0, r1, . . . , rn ∈ Rn and the cepstral
coefficients c1, . . . , cm. Therefore, the resulting filter is called a CCM filter [3].

The spectral density corresponding to a stable ARMA(n,m) filter can be param-
eterized as

Φ =
P

Q
,

where P and Q are pseudopolynomials

P (z) = p0 +
1

2
p1(z + z−1) + · · · + 1

2
pm(zm + z−m),(2.1)

Q(z) = q0 +
1

2
q1(z + z−1) + · · · + 1

2
qn(zn + z−n)(2.2)

such that P (z) ∈ D̂+
m and Q(z) ∈ D+

n , where D̂+
m and D+

n are defined next.
Let Dn denote the class of real symmetric pseudopolynomials of degree at most

n which are nonnegative on the unit circle, and let D+
n be the subclass of all D ∈

Dn which are positive on the unit circle. Moreover, let Dn and D+
n be the cor-

responding (n + 1)-vectors of coefficients. In this notation, P ∈ D+
m, Q ∈ D+

n ,
p := (p0, p1, . . . , pm) ∈ D+

m, and q := (q0, q1, . . . , qn) ∈ D+
n . Finally, let D̂+

m and

D̂+

m be the subsets of P ∈ D+
m and p ∈ D+

m, respectively, which have been normalized
so that p0 = 1. Clearly, these are all convex sets.

The following theorem is a generalization of Theorem 3.1 in [3] (see also Theorem
3.1 in [4]) in that it allows for m �= n.

Theorem 2.1. Each ARMA(n,m) model (1.3) such that the polynomials σ and
a are coprime determines and is uniquely determined by its window r0, r1, . . . , rn of
covariance lags and its window c1, c2, . . . , cm of cepstral coefficients.

Consequently, there is a one-to-one correspondence between the n + m + 1 co-
efficients r0, r1, . . . , rn, c1, c2, . . . , cm and the n + m + 1 coefficients a0, a1, . . . , an,
σ1, σ2, . . . , σm, provided σ and a are coprime. The proof is mutatis mutandis the
same as in [3, 4]. The statement that r0, r1, . . . , rn, c1, c2, . . . , cm are uniquely deter-
mined by a0, a1, . . . , an, σ1, σ2, . . . , σm is trivial. The converse statement follows from
the fact that the optimization problem

(P)

[
min ϕ(p,q),

subject to (s.t.) (p,q) ∈ D̂m ×Dn,

]
(2.3)

has a unique solution, which is an interior point whenever the coefficients r0, r1, . . . , rn,
c1, c2, . . . , cm are the exact theoretical ones. Here ϕ : D̂m ×Dn → R is the convex
function

ϕ(p,q)
�
= −

m∑
k=1

ckpk +

n∑
k=0

rkqk +

〈
P, log

P

Q

〉
.(2.4)
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In fact problem (P) is the dual of maximizing the entropy

E(Φ)
�
= 〈1, log Φ〉(2.5)

with covariance and cepstral interpolation constraints, and it has a solution in an

interior point (p̃, q̃) ∈ D̂+

m ×D+
n if and only if the gradient

∂ϕ

∂pk
= −ck +

〈
zk, log

P

Q

〉
, k = 1, . . . ,m,(2.6)

∂ϕ

∂qk
= rk −

〈
zk,

P

Q

〉
, k = 0, 1, . . . , n,(2.7)

equals zero there. This happens precisely when〈
zk, log

P

Q

〉
= ck, k = 1, . . . ,m,(2.8) 〈

zk,
P

Q

〉
= rk, k = 0, 1, . . . , n,(2.9)

which are the cepstral matching conditions (1.10) and the covariance matching con-
ditions (1.4), respectively, when Φ = P/Q.

However, for observed parameters r0, r1, . . . , rn, c1, c2, . . . , cm, which may be cor-
rupted by measurement errors, or are otherwise generic, ϕ may fail to have an interior
minimum. In this case, as shown in [4] using the methods of [6], the condition q̃ ∈ D+

n

will nevertheless be satisfied so that the covariance matching condition (2.9) is ful-

filled, whereas p̃ will be on the boundary of D̂m. In section 4, problem (P) will be

regularized so that approximate cepstral matching is achieved for a p̃ ∈ D̂+

m.
It is clear that the number of covariance lags r0, r1, . . . , rn and cepstral parameters

c1, . . . , cm, respectively, determines the number of poles and zeros of the ARMA(n,m)
filter. This suggests that there is a deeper connection between the poles and the
initial covariance lags, and between the zeros and the initial cepstral coefficients. The
covariances are thus connected to the long-term effects of the filter and the cepstral
parameters to the short-term effects. For example, a MA(m) filter can be determined
as a special case when n = 0, where the zeros are determined using the cepstral
parameters c1, . . . , cm and the gain of the filter is determined by the variance r0. The
MA(m) filter has a finite impulse response—actually the impulse response is zero
for lags larger than m—and thus only shapes the short-term response. In fact, for
minimum phase systems the initial cepstral coefficients are equivalent to the initial
impulse response parameters [4]. In case the long-term effects (i.e., the poles) of an
ARMA(n,m) filter are known, the zeros can be designed by fixing the corresponding
pseudopolynomial Q ∈ D+

n in problem (P). The amplification of the resulting filter
has to be determined a posteriori, using, for example, the variance r0. There is,
however, no guarantee that there exists an ARMA(n,m) filter matching a generic
cepstral sequence.

Using symmetrical arguments, an AR(n) filter can be determined as a special case
when m = 0, where the poles are determined using the covariances r0, r1, . . . , rn ∈ Rn.
This special case corresponds to the well-known LPC method. In case the short-term
effects (i.e., the zeros) of an ARMA(n,m) filter are known, the poles can be designed
by fixing the corresponding pseudopolynomial P ∈ D+

n in problem (P). The resulting
optimization problem is thoroughly analyzed in [6, 11] and provides a solution to a
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problem studied in [15, 7]. The filter designed with this method is called a lattice-
ladder notch (LLN) filter [3], and it will always meet the covariance interpolation
constraints. This problem is the starting point of the next section.

For curiosity it can be noted that the tails of the covariance and autocorrelation
sequences hold similar complementary information. In [15] it was shown that the tail
of the autocorrelation sequence asymptotically satisfies a recursion determined by the
zeros. Similarly, it is well known that the tail of the covariances, and also the impulse
response parameters, satisfies a recursion determined by the poles.

3. Optimization problems for cepstral and covariance interpolation.
Next we consider four ARMA interpolation problems involving different combinations
of covariances, cepstral parameters, poles and zeros as summarized in Table 3.1. By
consistent we mean that there exists a matching ARMA model for each combination
of valid parameters and by local coordinates we mean that the ARMA model locally
depends analytically on the parameters.

Table 3.1

Summary of the interpolation problems.

Interpolation method Consistent Local coord.

Covariance matching with fixed numerator Yes Yes

Covariance matching with fixed denominator No Yes

Cepstral matching with fixed numerator No Yes

Cepstral matching with fixed denominator No Yes

Covariance matching with fixed numerator. Fixing P to be a given constant
pseudopolynomial, the optimization problem (P) is reduced to the problem (P0) to
minimize the strictly convex functional

JP (q)
�
=

n∑
k=0

rkqk − 〈P, logQ〉(3.1)

over all q ∈ D+
n , i.e., the optimization problem introduced in [6]. As shown there,

it has a unique solution q̂ which is an interior point, i.e., q̂ ∈ D+
n . This can be seen

from the fact that

∂JP

∂qk
= rk −

〈
zk,

P

Q

〉
, k = 0, 1, . . . , n,(3.2)

become infinite on the boundary of Dn. Setting the gradient (3.2) equal to zero, it is
seen that Φ̂ = P/Q̂ satisfies the covariance matching condition

〈zk, Φ̂〉 = rk, k = 0, 1, . . . , n,(3.3)

and that it is the unique such interpolant. This is the main result in [6].
In [3, 4] it was shown that this problem is the dual (in the sense of mathematical

programming) of the problem of finding the unique spectral density Φ which minimizes
the linear combination

p0c0 + p1c1 + · · · + pmcm

of the cepstral coefficients

ck
�
= 〈zk, log Φ〉, k = 0, 1, . . . ,m,(3.4)
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Fig. 3.1. Comparison of the region of positive covariance sequences R2 and the region of
positive pseudopolynomials D2.

D2

R2

i.e., the functional

〈P, log Φ〉
subject to the covariance matching condition (3.3). As a special case, we have the
problem to maximize the entropy gain E(Φ) subject to (3.3) which yields the well-
known maximum entropy solution to the covariance extension problem. This duality
is considered in [6].

Covariance matching with fixed denominator. Whereas, for each P ∈ D+
m,

there is one and only one Q ∈ D+
n such that

Φ =
P

Q

matches a prescribed window r0, r1, . . . , rn of covariance lags, in general there does not
exist a Φ with a prescribed denominator Q matching r0, r1, . . . , rm. This is illustrated
by the following example, where Q = 1.

Example 3.1. Consider a MA(2) process defined by σ(z) = z2 + σ1z + σ2, and
the corresponding pseudopolynomial P = σ(z)σ(z−1) normalized so that P ∈ D̂+

2 .
Then, in view of (1.6) and (2.1), p1/2 and p2/2 are the normalized covariances of the
MA(2) process and they take values in the convex region D2 in Figure 3.1, defined
by the curve p1 = 2

√
2p2(1 − p2) and the lines p1 = 1 + p2 and p1 = −1 − p2. The

covariances r0, r1, r2 ∈ R2, normalized so that r0 = 1, correspond to the convex region
R2 restricted by the parabola r2 = 2r2

1 − 1 and the line r2 = 1. It is clear that there
does not exist a MA(2) process with covariances taken arbitrarily in R2. This is a
special case of the fact that sample covariances do not form sufficient statistics for
the MA parameter estimation problem.

Nonetheless, we may consider the optimization problem

(R)

[
min

f ∈ F+

1
2 〈Φ2, Q〉,

s.t. 〈Φ, zk〉 = rk, k = 0, 1, . . . ,m,

]

where f = (f0, f1, . . .) ∈ F+ are the Fourier coefficients,

Φ(z) =

∞∑
k=−∞

fkz
−k, f−k = fk,

to be chosen so that Φ(eiθ) > 0.
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Here the objective function

FQ(f)
�
=

1

2
〈Φ2, Q〉(3.5)

puts a large cost on the peaks of Φ, at least where Q is not small, and this will thus
provide a spectral density without unnecessary poles.

Taking p0, p1, . . . , pm to be the Lagrange multipliers, the Lagrangian becomes

LR
Q(f ,p) =

1

2
〈Φ2, Q〉 −

m∑
k=0

pk(〈Φ, zk〉 − rk)

=

m∑
k=0

pkrk +
1

2
〈Φ2, Q〉 − 〈Φ, P 〉.(3.6)

Clearly inf{LR
Q(f ,p)|f ∈ F+} > −∞ if and only if Q ∈ D+

n . Then f �→ LR
Q(f ,p) has

a unique minimum in f̂ ∈ F+ if and only if

∂LR
Q

∂fk
= 〈zk,ΦQ− P 〉 = 0, k = 0, 1, 2, . . . ,(3.7)

in this point, which in turn holds if and only if

Φ =
P

Q
,

requiring that P ∈ D+
m. Then, the dual functional ψ : D+

m → R becomes

ψ(p)
�
= inf

f ∈ F+
LR
Q(f ,p)

=

n∑
k=0

rkpk − 1

2

〈
1,

P 2

Q

〉
.(3.8)

This is a strictly concave function. Consequently, we have the dual problem

(M)

[
max

p ∈ D+
m

ψ(p)
]
.

If there is a maximizing solution to problem (M) , then the gradient

∂ψ

∂pk
= rk −

〈
zk,

P

Q

〉
, k = 0, 1, . . . ,m,(3.9)

must be zero in this point, enforcing the covariance matching condition

〈zk,Φ〉 = rk, k = 0, 1, . . . ,m.(3.10)

However, unlike (3.2), this gradient is finite on the boundary, and there is no reason
why the optimum might not be there.

Theorem 3.1. If Q ∈ D+
n , then problem (R) has a unique solution. Furthermore,

if the dual function ψ has a maximum p̂ ∈ D+
m, which then must be unique, then

Φ =
P̂

Q

is the unique solution of problem (R).
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Proof. If Q ∈ D+
n , then FQ(f) is strictly convex, and since the feasible region is

the intersection of the convex cone F+ and the linear constraints, problem (R) has
a unique optimum. Let p̂ ∈ D+

m be the unique solution to the dual problem (M), let
P̂ ∈ D+

n be the corresponding pseudopolynomial, and let

f̂k =

〈
zk,

P̂

Q

〉
.

Clearly f̂ ∈ F+. Since the gradient (3.9) is zero for p = p̂, the covariance matching

condition (3.10) is fulfilled for f = f̂ , and, therefore, FQ(f̂) = LR
Q(f̂ , p̂). But by the

construction above,

LR
Q(f̂ , p̂) = inf

f ∈ F+
LR
Q(f , p̂) ≤ LR

Q(f , p̂) ∀f ∈ F+.

Then for any f ∈ F+ which satisfies the covariance matching condition (3.10),

FQ(f) = LR
Q(f , p̂) ≥ FQ(f̂),

which establishes the optimality of f̂ .

Cepstral matching with fixed denominator. An interesting question is whe-
ther a symmetric cepstral matching optimization problem can be formulated. That
is, given a cepstral window

c0, c1, . . . , cm,

consider the optimization problem to find a spectral density Φ which minimizes the
linear combination

q0r0 + q1r1 + · · · + qnrn

of theoretical covariances rk = 〈zk,Φ〉 subject to the cepstral matching constraint

〈zk, log Φ〉 = ck, k = 0, 1, . . . ,m,(3.11)

i.e., the optimization problem

(S)

[
min

g ∈ G
IQ(g),

s.t. 〈log Φ, zk〉 = ck, k = 0, 1, . . . ,m,

]
,

where

IQ(g)
�
= 〈Φ, Q〉(3.12)

and g = (g0, g1, . . .) ∈ G are the Fourier coefficients of the logarithm of the spectral
density

log Φ(z) =

∞∑
k=−∞

gkz
−k, g−k = gk.
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There is a dual optimization problem to problem (S) (see [12]), namely, to find
the supremum of

JQ(p) = p0 +

n∑
k=0

ckpk −
〈
P, log

P

Q

〉
(3.13)

over all p ∈ Dm. Although this function is strictly concave, as is −JP , unlike JP it
may not have an optimum in the open region D+

m. In fact, the gradient

∂JQ

∂pk
= ck −

〈
zk, log

P

Q

〉
, k = 0, 1, . . . , n,(3.14)

is finite on the boundary, by Szegö’s theorem [9], so there is no guarantee that the
stationary point is an interior point.

However, if there is a stationary point p̂ ∈ D+
m at which the gradient (3.14) is

zero, it is unique and

Φ̂ =
P̂

Q

satisfies the cepstral matching condition (3.11).
Theorem 3.2. If Q ∈ D+

n , then problem (S) has a unique solution. Furthermore,
if the function JQ has a maximum p̂ ∈ D+

m, which then must be unique, then

Φ =
P̂

Q

is the unique solution of problem (S).
The proof follows the lines of Theorem 3.1 and is omitted.

Cepstral matching with fixed numerator. It is easy to see that we can
instead prescribe the numerator polynomial P in cepstrum interpolation. In fact, if

Φ =
P

Q

is a coercive spectral density, then so is

Φ−1 =
Q

P
.

Moreover, the cepstral matching condition (3.11) may be written as

〈zk, log Φ−1〉 = −ck, k = 0, 1, . . . , n.(3.15)

Consequently, there is an analogous optimization problem to find a coercive spectral
density Φ minimizing

〈Φ−1, P 〉

subject to (3.15), which has a dual problem to maximize

ĴP (q) = q0 −
n∑

k=0

ckqk −
〈
Q, log

Q

P

〉
.



1022 P. ENQVIST

As before, an interpolant Φ with prescribed numerator P and prescribed cepstral

window (c0, c1, . . . , cn) exists and is then unique if and only if ĴP has a maximum in
D+

n .
In this section some new optimization problems for cepstral and covariance match-

ing have been proposed. However, like the simultaneous covariance and cepstral
matching problem revisited in section 2, these problems do not have the consistency
of problem (P0) in that solutions may not exist (see Table 3.1). It is, therefore, natu-
ral to ask for good approximate solutions, based on the same principles. This will be
done via regularization, a topic to be addressed in the next section.

4. Regularization of problem (P). Since the optimization problem (P) de-
fined in section 2 may have solutions on the boundary of the feasible region for p, a
regularization of that problem is proposed in this section. In order to force the solu-
tion to the interior of the feasible region, the optimization problem (P) is modified
by adding a barrier-like term to the objective function ϕ. In problem (P0), the term
−〈P, logQ〉 of the objective function JP (q) pushes Q from the boundary. By adding
the term β = −〈1, logP 〉 to the objective function ϕ of the problem (P) the optimal
P is forced into the interior of D̂m.

It follows from [6] that β = −〈1, logP 〉 has bounded level sets, is finite for all
P ∈ D̂m, and has a derivative that tends to infinity as P tends to the boundary of
D̂m. It is further strictly convex in P . Since the function values of β are finite at the
boundary, it is not a barrier function from a mathematical programming viewpoint
[19], but since the derivatives of β with respect to P are infinite, it will constrain the
optimum away from the boundary as a barrier function would. It is shown later that
this term will also increase the entropy of the solution.

The regularized optimization problem is formulated as

(Pλ)

[
min ϕλ(p,q),

s.t. (p,q) ∈ D̂m ×Dn

]
,

where the modified objective function is given by

ϕλ(p,q)
�
= −

m∑
k=1

ckpk +

n∑
k=0

rkqk +

〈
P, log

P

Q

〉
− 〈λ, logP 〉.(4.1)

Lemma 4.1. For each λ > 0, the function ϕλ has compact sublevel sets; i.e., for
all µ ∈ R, ϕ−1

λ (−∞, µ] is compact.

Proof. First note that the set D̂m of all p such that P ∈ Dm and p0 = 1 is
compact. In fact, let

σ(z) = σ0z
m + σ1z

m−1 + · · · + σm

be the stable spectral factor of P , i.e., the Schur polynomial σ such that σσ∗ = P .
Then

σ2
0 + σ2

1 + · · · + σ2
m = p0 = 1,

and hence |σk| ≤ 1 for k = 0, 1, . . . ,m. Then it is easy to check that |pk| ≤ 2m for

each k = 0, 1, . . . ,m proving compactness, since D̂m is closed.
Now suppose that (p(k),q(k)) is a sequence in ϕ−1

λ (−∞, µ]. To show that ϕ−1
λ

(−∞, µ] is compact, it suffices to show that (p(k),q(k)) has a subsequence which
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converges to a point in ϕ−1
λ (−∞, µ]. Clearly p(k) ∈ D̂m, which is compact, so it has

a convergent subsequence. As for q(k), we can write

Q(k)(z) = ρkQ̂
(k)(z),

where q̂0 = 1 so that q̂(k) belongs to the compact set D̂n. Therefore, the sequence
q(k) has a convergent subsequence if and only if ρk has. However,

ϕλ(p(k),q(k)) = αk + βkρk − γk log ρk,

where

αk
�
= −

m∑
j=1

cjp
(k)
j + 〈P (k) − λ, logP (k)〉 − 〈P (k), log Q̂(k)〉

is bounded from above and below,

βk
�
=

n∑
j=0

rj q̂
(k)
j = 〈ΦME, Q̂

(k)〉 > 0

and bounded, where ΦME denotes the maximum entropy spectral density with covari-
ances r0, r1, . . . , rn, and

γk
�
= 〈P (k), 1〉 > 0

and bounded. From this we see that ϕλ(p(k),q(k)) would exceed µ if either ρk were
to tend to infinity or to zero. Hence {ρk} is bounded with a convergent subsequence
as claimed.

It is easy to see that ϕλ is strictly convex on its closed convex domain. Therefore,
Lemma 4.1 implies that ϕλ achieves a unique minimum in D̂m×Dn. If this minimum
is located in the interior of D̂m ×Dn, the gradient

∂ϕλ

∂pk
= −ck +

〈
zk, log

P

Q

〉
−
〈
zk,

λ

P

〉
, k = 1, . . . ,m,(4.2)

∂ϕλ

∂qk
= rk −

〈
zk,

P

Q

〉
, k = 0, 1, . . . , n,(4.3)

is zero at this point. The barrier term will make sure that the optimum will occur at
an interior point. This is guaranteed by the following lemma, which is proved along
the lines of Lemma 5.4 in [6].

Lemma 4.2. If λ > 0, the function ϕλ never attains a minimum on the boundary
∂(D̂m ×Dn).

Hence we have the following theorem.

Theorem 4.3. For each λ > 0, problem (Pλ) has a unique solution in D̂+

m×D+
n .

At this point 〈
zk,

P

Q

〉
= rk, k = 0, 1, . . . , n,(4.4) 〈

zk, log
P

Q

〉
= ck + λεk, k = 1, . . . ,m,(4.5)

where εk = 〈zk, 1
P 〉.
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Proof. At the stationary point (p̂, q̂) the gradient is zero,

∂ϕλ

∂pk
= −ck +

〈
zk, log

P̂

Q̂

〉
−
〈
zk,

λ

P̂

〉
= 0, k = 1, . . . ,m,(4.6)

∂ϕλ

∂qk
= rk −

〈
zk,

P̂

Q̂

〉
= 0, k = 0, 1, . . . , n,(4.7)

and at that point

P̂ (z)

Q̂(z)
=

∞∑
k=−∞

Rkz
−k,

where Rk = rk for k = 0, 1, . . . , n, and

log
P̂ (z)

Q̂(z)
=

∞∑
k=−∞

Ckz
−k,

where Ck = ck + λεk for k = 1, . . . ,m, with εk defined by the Laurent series

1

P̂ (z)
=

∞∑
k=−∞

εkz
−k.(4.8)

If we would like to choose λ so that the error λεk in the interpolation of the
cepstral parameter ck is as small as possible, there might seem to exist two ways to
achieve a zero error. The first way is to choose λ = 0, in which case problem (Pλ)

reduces to problem (P). If problem (P) has a solution in the interior of D̂m × D,
the coefficients εk are finite and the error will be zero. But if the solution is at the
boundary, the expansion of 1/P will diverge, and the product λεk will not tend to
zero as λ tends to zero. The other way is to have εk = 0 for k = 1, . . . ,m. This is
accomplished if P is constant, i.e., P = p0. But since the solution then corresponds to
the maximum entropy solution, and this solution does not interpolate generic cepstral
parameters, λ must tend to infinity in order for P to tend to p0. The connection to
entropy is studied after the following example.

Example 4.1. An identification experiment is carried out to study the effect of the
parameter λ on the filters determined by problem (Pλ). A MA(8) filter was driven by
white noise to generate a data sequence of length 512, and from this data the variance
r̂0 was estimated using (1.7) and cepstral parameters were estimated as described in
Figure 1.2. Using problem (Pλ) with m = 8, n = 0, and six different values of λ,
MA(8) filters were determined and the L2 norm of the error, relative to the generating
filter, was calculated. This was repeated for 100 MA(8) filters, and the mean of the
L2 norm of the errors for each value of λ was determined. As depicted in Figure 4.1,
the mean L2 norm of the error decreases as λ decreases, and it is almost constant for
λ < 10−3. This indicates that λ should be chosen small enough but not necessarily
very close to zero. In Table 4.1 the means of the relative cepstral estimation errors
and the means of the relative correction terms λεk, relative to the sums

∑8
�=1 |c�|, are

displayed in percents. It is clear that the estimated cepstral values are approximated
better the smaller the value of λ is and that the correction term is about the same size
as the estimation error for λ around 0.01 − 0.1 and less than 10% of the estimation
error for λ ≤ 0.0001.
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Fig. 4.1. The L2 norm for the errors of the method for different values of λ.

Table 4.1

The means of the relative cepstral estimation errors and the correction terms in percents.

Cepstrum c1 c2 c3 c4 c5 c6 c7 c8

Est. error 2.58 2.31 2.36 2.53 2.59 2.15 2.29 2.33

Corr. terms |λε1| |λε2| |λε3| |λε4| |λε5| |λε6| |λε7| |λε8|
λ = 1 9.51 7.10 5.20 5.24 4.35 5.61 3.16 4.32
λ = 0.1 3.91 3.41 2.54 2.73 2.25 2.85 1.68 2.32
λ = 0.01 1.11 1.12 0.87 1.02 0.86 1.01 0.68 0.90
λ = 0.001 0.38 0.38 0.34 0.38 0.35 0.37 0.31 0.36
λ = 0.0001 0.23 0.22 0.23 0.24 0.22 0.22 0.21 0.23
λ = 0.00001 0.21 0.19 0.20 0.21 0.20 0.20 0.19 0.21

If it is known that the estimated model is in the model class, to get consistent
estimates the parameter λ should tend to zero as the number of data points tends to
infinity and the estimation error tends to zero. In practice, such knowledge about the
estimated model is uncommon, consistency cannot be guaranteed, and it is suggested
that λ tends to some small positive value.

The entropy of a process is defined as in (2.5) (see, for example, [2]). For problem
(P) with fixed Q, the barrier term is equal to −E(Φ) up to a constant. The barrier term
is thus a measure of the entropy of the process. Then λ is a weight that determines how
much the entropy should be maximized relative to the importance of the interpolation.

Next we will show that the entropy of the solution to problem (Pλ) is monotoni-
cally nondecreasing in λ. From this we can see that the price of a decrease in λ is a
decreased entropy.

Proposition 4.1. The entropy of the filter Φλ, which solves problem (Pλ), is a
monotonic nondecreasing function of λ.

Proof. Denote the entropy of the filter Φλ = Pλ/Qλ by E(Φλ) = 〈log(Pλ/Qλ), 1〉.
This is a differentiable function of λ. Then

dE(Φλ)

dλ
=

〈
1

Pλ

dPλ

dλ
, 1

〉
−
〈

1

Qλ

dQλ

dλ
, 1

〉
,(4.9)

and taking the derivative of (4.2) and (4.3) with respect to λ gives〈
1

Pλ

dPλ

dλ
− 1

Qλ

dQλ

dλ
, zk

〉
−
〈

1

Pλ
− λ

P 2
λ

dPλ

dλ
, zk

〉
= 0, k = 1, . . . ,m,(4.10)
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−
〈

1

Qλ

dPλ

dλ
, zk

〉
+

〈
Pλ

Q2
λ

dQλ

dλ
, zk

〉
= 0, k = 0, 1, . . . , n.(4.11)

Taking the linear combination of (4.11) corresponding to Qλ gives

−
〈

dPλ

dλ
, 1

〉
+

〈
Pλ

Qλ

dQλ

dλ
, 1

〉
= 0,(4.12)

and that of (4.10) corresponding to Pλ yields〈
dPλ

dλ
, 1

〉
−
〈
Pλ

Qλ

dQλ

dλ
, 1

〉
−1+

〈
λ

Pλ

dPλ

dλ
, 1

〉
= p0

〈
1

Pλ

dPλ

dλ
+

λ

P 2
λ

dPλ

dλ
− 1

Qλ

dQλ

dλ
− 1

Pλ
, 1

〉
.

(4.13)

Setting p0 = 1, (4.12) and (4.13) yield

−
〈

1

Qλ

dQλ

dλ
, 1

〉
= −1 + λ

〈
1

Pλ

dPλ

dλ
, 1

〉
−
〈

1

Pλ

dPλ

dλ
+

λ

P 2
λ

dPλ

dλ
− 1

Pλ
, 1

〉
,(4.14)

which inserted into (4.9) gives

dE(Φλ)

dλ
=

〈(
1

Pλ
− 1

)(
1 − λ

1

Pλ

dPλ

dλ

)
, 1

〉
.

For λ = 0 this reduces to

dE(Φ0)

dλ
=

〈
1

Pλ
− 1, 1

〉
,

which is nonnegative by Lemma A.1 (see the appendix). We have thus proven that

E(Φλ) is a nondecreasing function in λ for λ = 0. For an arbitrary λ̆ > 0, let λ = λ̆+ λ̃

and c̆k = ck − λ̆ε̆k, where

1

Pλ̆(z)
=

∞∑
k=−∞

ε̆kz
−k.

Also, let ϕ̆λ̃ be given by (4.1) but with the parameters ck replaced by c̆k. Then the
equality

∂ϕλ

∂pk
(Pλ̆, Qλ̆) =

∂ϕ̆λ̃

∂pk
(Pλ̆, Qλ̆) = 0

holds and the argument above applied on ϕ̆λ̃ instead of ϕλ holds for λ̃ = 0; i.e., the

derivative dE(Φλ)
dλ ≥ 0 for λ = λ̆.

What happens to the solution if λ tends to infinity? If λ tends to infinity, the
minimization over p ∈ D̂ will tend to minimize the barrier term −〈1, logP 〉. Taking
R = 1 in the following lemma, which is proven in the appendix, the optimal P is seen
to be P̂ (z) = 1.

Lemma 4.4. Let P,R ∈ D̂+
m; then

−〈R, logR〉 ≤ −〈R, logP 〉.
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Inserting P̂ = 1 into the objective function ϕλ results in a function equivalent to the
maximum entropy objective function JP̂ (q). Consequently, as λ tends to infinity, the
resulting filter tends towards the maximum entropy filter.

Remark 4.1. It is clear from Lemma 4.4 that if a barrier of the form 〈R, logP 〉
is used, where R is in D+

m, the solution will tend to the LLN filter corresponding to
P = R as λ tends to infinity. Such a barrier will also guarantee a unique interior point
solution, but the analogue of Proposition 4.1 does not hold. If an initial estimate R
of P exists, this barrier will improve the solution by merging the information given in
the interpolation parameters and in the initial estimate R.

Standard optimization algorithms can be used to solve problem (Pλ). For exam-
ple, a damped Newton method, similar to the one proposed in [3] for problem (P0),
can be used. The best performance is probably achieved by using a homotopy method
similar to the one presented in [11]. Since the function ϕλ is strictly convex, the global
optimum can always be found. The strict convexity follows by considering the second
derivatives of ϕλ in direction (δp, δq) at (p,q),〈

(QδP − PδQ)2,
1

PQ2

〉
+ λ

〈
(δP )2,

1

P 2

〉
> 0 for δp, δq not both zero.

Since the Hessian is positive definite for λ > 0, ϕλ is strictly convex for all λ > 0.

5. Regularization of problem (M). Next we return to problem (M) intro-
duced in section 3. There is no intrinsic reason why ψ should have a minimum in
D+

m for generic values of the covariance lags, merely satisfying the usual positivity
(Toeplitz) condition. In fact, it was demonstrated in [7, 3, 4] that covariance match-
ing cannot be achieved with arbitrary poles, only with arbitrary zeros, and illustrated
again in Example 3.1.

There is thus a need for a regularization of problem (M). Reformulating problem
(M) as a minimization problem, the same barrier term β that was used for problem
(P) can be used here. To this end, given the window r0, r1, . . . , rm ∈ Rm of covariance
lags and the pseudopolynomial Q ∈ D+

n , for each λ > 0, introduce the regularized
problem

(Mλ)
[

min
p ∈ Dm

ψλ(p)
]
,

where ψλ : Dm → R is given by

ψλ(p)
�
=

1

2

〈
1,

P 2

Q

〉
−

m∑
k=0

rkpk − λ〈1, logP 〉.

It is easy to see that ψλ is strictly convex for each λ > 0, and we know from before
that Dm is convex. Consequently, it follows from the following lemma that problem
(Mλ) has a unique minimum.

Lemma 5.1. For each λ > 0, the function ψλ has compact sublevel sets; i.e., for
all µ ∈ R, ψ−1

λ (−∞, µ] is compact.

Proof. First note as before that the set D̂m is compact. Next suppose that p(k) is
a sequence in ψ−1

λ (−∞, µ]. To show that ψ−1
λ (−∞, µ] is compact, it suffices to show

that p(k) has a subsequence which converges to a point in ψ−1
λ (−∞, µ]. We can write

P (k)(z) = ρkP̂
(k)(z),
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where p̂0 = 1 so that p̂(k) belongs to the compact set D̂m. Therefore, the sequence
p(k) has a convergent subsequence if and only if ρk has. However,

ψλ(p(k)) = αk + βkρk + γkρ
2
k − λ log ρk,

where

αk
�
= −λ〈1, log P̂ (k)〉,

βk
�
= −

n∑
j=0

rj p̂
(k)
j ,

γk
�
=

1

2

〈
1,

(P̂ (k))2

Q

〉
> 0

are all bounded from above and below.
From this we see that ψλ(p(k)) would exceed µ if either ρk were to tend to infinity

or to zero. Hence {ρk} is bounded with a convergent subsequence as claimed.
The barrier term in ψλ ensures that the minimum does not occur on the boundary

∂Dm of Dm but in the interior D+
m. In fact, the following lemma can be proven along

the same lines as Lemma 5.4 in [6].
Lemma 5.2. If λ > 0, the function ψλ never attains a minimum on the boundary

∂Dm.
Since thus the unique minimum of ψλ lies in the interior of Dm, the gradient

∂ψλ

∂pk
=

〈
zk,

P

Q

〉
− rk −

〈
zk,

λ

P

〉
, k = 0, 1, . . . ,m,(5.1)

is zero at this point. Consequently, we have the following theorem.
Theorem 5.3. For each λ > 0, problem (Mλ) has a unique solution in D+

m. At
this point 〈

zk,
P

Q

〉
= rk + λεk, k = 0, 1, . . . ,m,(5.2)

where εk = 〈zk, 1
P 〉.

Proof. This follows immediately from Lemma 5.2 and (5.1).
Example 5.1. Example 4.1 is now revisited and repeated for the MA design

method based on problem (Mλ). The influence of the parameter λ on the filters is
studied by varying the parameter λ and plotting the error of the estimated filter. Using
the same data, covariances were estimated using (1.7), the (Mλ) method was applied,
and the L2 norm for the error of the estimated filters compared to the generating filters
was determined as a function of λ. As depicted in Figure 5.1, the L2 norm of the error
varies in a way very similar to Example 4.1; that is, the L2 norm of the error decreases
as λ decreases, and it is almost constant for λ < 10−3. This indicates that λ should
be chosen small enough but not necessarily very close to zero. It also indicates that
the method corresponding to problem (Pλ) gives better results than that of problem
(Mλ). This suggests that it is better to use cepstra than covariances for estimating
zeros. In Table 5.1, the mean of the relative estimation errors of the covariances
and the mean of the relative values of the correction terms λεk, relative to the sums∑8

�=0 |r�|, are displayed in percents. It is clear that the estimated covariance values
are approximated better the smaller the value of λ is and that the correction term is
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Fig. 5.1. Comparison of the L2 norm for the errors of the two methods for different values of λ.

∼ Pλ∼ Mλ

Table 5.1

The means of the relative covariance estimation errors and correction terms in percents.

Covariance r0 r1 r2 r3 r4 r5 r6 r7 r8

Est. error 2.75 1.80 1.65 1.50 1.57 1.70 1.68 1.89 1.75

Corr. terms |λε0| |λε1| |λε2| |λε3| |λε4| |λε5| |λε6| |λε7| |λε8|
λ = 1 24.88 3.16 2.24 2.10 1.67 1.47 1.59 1.18 1.18
λ = 0.1 5.76 1.17 0.84 0.67 0.64 0.52 0.66 0.43 0.54
λ = 0.01 1.29 0.37 0.30 0.23 0.25 0.19 0.27 0.20 0.28
λ = 0.001 0.45 0.17 0.16 0.15 0.16 0.13 0.18 0.16 0.22
λ = 0.0001 0.33 0.14 0.14 0.14 0.14 0.12 0.17 0.16 0.22
λ = 0.00001 0.32 0.14 0.14 0.14 0.14 0.12 0.17 0.16 0.22

about the same size as the estimation error for λ around 0.1 − 1 and about 10% of
the estimation error for λ ≤ 0.001.

A similar result as in Proposition 4.1 holds here.
Proposition 5.1. The entropy of the filter Φλ, which solves problem (Mλ), is

a monotonic nondecreasing function of λ.
Proof. First note that λ �→ E(Φλ) is a differentiable function. Then

dE(Φλ)

dλ
=

〈
1

Pλ

dPλ

dλ
, 1

〉
.

Moreover, taking the derivative of (5.1) with respect to λ gives〈
dPλ

dλ

1

Q
, zk

〉
−
〈

1

Pλ
, zk

〉
+

〈
λ

dPλ

dλ

1

P 2
λ

, zk
〉

= 0, k = 0, 1, . . . ,m.(5.3)

Now, forming the appropriate linear combination of (5.3) (corresponding to dPλ/dλ)
shows that

dE(Φλ)

dλ
=

〈
1

Pλ

dPλ

dλ
, 1

〉
=

〈
1

Q
+

λ

P 2
λ

,

(
dPλ

dλ

)2
〉
,

which is positive for nonnegative λ. This proves the lemma.
The optimization methods that were suggested for problem (Pλ) should work for

problem (Mλ) as well. Since problem (Mλ) is strictly convex the global optimum
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can always be obtained. The strict convexity can be shown by considering the second
order Fréchet derivative in the direction δp at p

(δp)�∇2
ppψλ(δp) =

〈
(δP )2,

1

Q

〉
+ λ

〈
(δP )2,

1

P 2

〉
> 0

for λ > 0 and nonzero δp. Therefore, the Hessian is positive definite and the objective
function ψλ is strictly convex.

6. Simulations. To illustrate our methods, we conclude with a few simulations
where we fix λ = 0.0005 throughout.

6.1. MA filter design.

Experiment 1. For comparison, Example 2 in [24] is considered. The two meth-
ods were applied to 20 sets of data samples, each of length 400, which were gener-
ated from a MA(6) filter with its zeros located at 0.99e±i(π/4), 0.99e±i(3π/4), and
0.999e±i(π/2). The power spectral densities of the estimated filters using problem
(Pλ) and problem (Mλ) to estimate MA(6) filters are depicted in Figures 6.1 and
6.2, respectively. For comparison, the power spectral density of the generating filter
is included in the graphs as a solid line. It is clear from the figures that the error
is smaller for problem (Pλ) than for problem (Mλ). This suggests again that the
cepstral lags are better than covariance lags for estimating zeros.

To allow comparison to the examples in [24], the experiments are repeated using
enhanced estimates of the interpolation parameters. The covariance estimates are
enhanced using the algorithm in [24] with m = 40. These estimates are determined
by taking the least-squares error prediction of the covariances r0, r1, . . . , rn using the
estimates r̂0, r̂1, . . . , r̂m, given that the true covariances rn+1, rn+2, . . . , rm are zero.
Due to the lack of an analogous enhanced cepstral estimate, the so-called LPC cep-
strum is used. The cepstrum is estimated by first determining a 40th order maximum
entropy AR filter (also called LPC an filter) and using the cepstra that this filter
generates. The results are depicted in Figures 6.3 and 6.4, and they are of a similar
quality to the results obtained in [24].

The results depicted in Figure 6.4 using the enhanced covariance estimates are
of considerably better quality than the results depicted in Figure 6.2. In Table 6.1 it
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Fig. 6.1. Comparison of estimation of MA(6) model using problem (Pλ) (dashed) relative to
the true system (solid), λ = 5e− 4.
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Fig. 6.2. Comparison of estimation of MA(6) model using problem (Mλ) (dashed) relative to
the true system (solid), λ = 5e− 4.
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Fig. 6.3. Comparison of MA(6) filters estimated using problem (Pλ) with the LPC cepstrum
(dashed) relative to the true system (solid), λ = 5e− 4.
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Fig. 6.4. Comparison of MA(6) filters estimated using problem (Mλ) with enhanced covariance
estimates (dashed) relative to the true system (solid), λ = 5e− 4.
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Table 6.1

True covariance values and mean absolute values of the estimation errors and correction terms.

Covariance |r0| |r1| |r2| |r3| |r4| |r5| |r6|
True value 3.838 0 2.878 0 1.917 0 0.959
Est. error 0.366 0.367 0.332 0.345 0.292 0.337 0.266
Enh. est. error 0.205 0.111 0.166 0.076 0.102 0.040 0.059

Corr. terms |λε0| |λε1| |λε2| |λε3| |λε4| |λε5| |λε6|

Ergodic est. 0.157 0.063 0.038 0.057 0.075 0.076 0.049
Enhanced est. 0.018 0.001 0.008 0.001 0.003 0.001 0.004

Table 6.2

True cepstrum values and mean absolute values of the estimation errors and correction terms.

Cepstrum |c1| |c2| |c3| |c4| |c5| |c6|
True value 0 0.998 0 0.463 0 0.331
Est. error 0.040 0.074 0.058 0.075 0.060 0.086
LPC est. error 0.047 0.088 0.036 0.053 0.039 0.089

Corr. terms |λε1| |λε2| |λε3| |λε4| |λε5| |λε6|

Ergodic est. 0.012 0.007 0.013 0.018 0.011 0.006
LPC cepstrum est. 0.002 0.004 0.002 0.004 0.002 0.003

can be seen that indeed the error of the estimated parameters r0, r1, . . . , rn is much
smaller for the enhanced estimate, and the correction terms are also smaller when
using this estimate and quite negligible compared to the estimation errors.

However, the results depicted in Figure 6.3 with the cepstra obtained using the
LPC cepstrum are of a similar quality to that in Figure 6.1. From this it appears that
the LPC cepstrum fails to provide an enhanced estimate of the cepstrum, which is
confirmed by Table 6.2, which is natural since it is not the same cepstrum. The AR
approximation seems to generate a certain amount of regularization to the estimates,
which can be seen from a bit less deep valleys in the spectrum of Figure 6.3 compared
to Figure 6.1, and from smaller correction terms in Table 6.2.

6.2. ARMA filter design.

Experiment 2. In order to test the regularized CCM method, Experiment 1
is amended to provide an ARMA example. As before, 20 sets of data samples of
length 400 are generated, this time using an ARMA filter. The zeros of the ARMA
filter were located at 0.99e±i(π/4), 0.99e±i(3π/4), and 0.999e±i(π/2) and the poles at
0.99e±i(π/6), 0.99e±i(5π/6), and 0.999e±i(2π/5). As depicted in Figure 6.5, the peaks
in the spectrum have a nice fit, but the notches are not reproduced as well. This is
probably due to bad estimates of the cepstral lags. Using a higher order AR model
for generating cepstrum estimates further degraded the results in this sense. If the
experiment is repeated using the true cepstrum instead of the estimated cepstrum,
the result in Figure 6.6 is obtained, and the very nice fit gives a strong indication that
the weak point of the method is the estimation of the cepstrum. Hence the estimation
of the cepstral lags needs to be improved.

Experiment 3. The scalar example in [20] is used here for comparison. Data of
length 500 is generated by passing white noise through the filter w(z) = σ(z)/a(z),
where

σ(z) = z5 − 1.051z4 + 0.0718z3 + 0.05164z2 + 0.5322z − 0.5735
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Fig. 6.5. Comparison of ARMA(6,6) filters estimated using the regularized CCM method
(dashed) relative to the true system (solid), λ = 5e− 4.
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Fig. 6.6. Comparison of ARMA(6,6) filters estimated using the regularized CCM method with
true cepstral lags (dashed) relative to the true system (solid), λ = 5e−4.

and

a(z) = z5 − 0.8713z4 − 1.539z3 + 1.371z2 + 0.6451z − 0.5827.

This was repeated 100 times, and the regularized CCM method was used to design
an ARMA(5,5) filter for each output sequence. As in [20] the average power spectral
density (in decibels) is plotted as a dashed line in Figure 6.7. The true spectral density
is plotted as a solid line, and the dashed-dotted line represents the average estimated
spectral density plus and minus the statistical standard deviations. The quality of the
estimates is similar to the results obtained in [20].

Experiment 4: Speech. In order to show that the regularized CCM method
provides good estimates for practical processes, a speech signal is considered. A sample
of the phoneme “e” of length 200, corresponding to 25 milliseconds for a sampling rate
of 8 kilohertz, is used for the analysis. Since there is no generic value for the orders m
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Fig. 6.7. Comparison of ARMA(5,5) filters estimated using the regularized CCM method
(dashed, λ = 5e−4) with standard deviations (dashed-dotted), relative to the true system (solid).
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Fig. 6.8. Comparison of ARMA(6,6) and ARMA(10,10) filters estimated using the regularized
CCM method (λ = 5e− 4) and the corresponding periodogram for the phoneme “e.”

and n, the regularized CCM method is applied for m = n = 6 and 10, and the results
are depicted in Figure 6.8 plotted against the periodogram of the sample for reference.
It is clear that the ARMA(6,6) filter describes the envelope of the periodogram well,
whereas perhaps the ARMA(10,10) filter is overmodeling in that it models the fine
structure of the signal.
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Appendix.
Lemma A.1. Let P ∈ D̂+

m. Then〈
1

P
− 1, 1

〉
≥ 0.

Proof. Consider the optimization problem

min
{
〈1/P, 1〉 | P ∈ D̂+

m

}
.

Since the function 1/x is convex for positive x, any stationary point is minimal.
Differentiating with respect to pk, we get

∂

∂pk
〈1/P, 1〉 = −〈1/P 2, zk〉, k = 1, . . . ,m,

and it is clear that the gradient is zero if P = 1. The inequality

〈1/P, 1〉 ≥ 〈1/1, 1〉

now follows from the minimality of P = 1, and this proves the lemma.
Proof of Lemma 4.4. Consider the optimization problem

max
{
〈R, logP 〉 | P ∈ D̂+

m

}
.

Since the logarithm is concave for positive arguments, any stationary point is maximal.
Differentiating with respect to pk, we get

∂

∂pk
〈R, logP 〉 =

〈
R,

cos kθ

P

〉
, k = 1, . . . ,m,

and it is clear that the gradient is zero for P = R. The inequality

〈R, logR〉 ≥ 〈R, logP 〉

now follows from the optimality of P = R, and this proves the lemma.
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Abstract. This paper concerns optimal control problems for dynamical systems described by
a parametric family of discrete/finite-difference approximations of continuous-time control systems.
Control theory for parametric systems governed by discrete approximations plays an important role
in both qualitative and numerical aspects of optimal control and occupies an intermediate position in
dynamic optimization: between optimal control of discrete-time (with fixed steps) and continuous-
time control systems. The central result in optimal control of discrete approximation systems is
the approximate maximum principle (AMP), which gives the necessary optimality condition in a
perturbed maximum principle form with no a priori convexity assumptions and thus ensures the sta-
bility of the Pontryagin maximum principle (PMP) under discrete approximation procedures. The
AMP has been justified for optimal control problems of smooth dynamical systems with endpoint
constraints under some properness assumption imposed on the sequence of optimal controls. In this
paper we show, by a series of counterexamples, that the properness assumption is essential for the
validity of the AMP, and that the AMP does not hold, in its expected (lower) subdifferential form,
for nonsmooth problems. Moreover, a new upper subdifferential form of the AMP is established for
ordinary and time-delay control systems. The results obtained surprisingly solve (in both negative
and positive directions) a long-standing and well-recognized question about the possibility of extend-
ing the AMP to nonsmooth control problems, for which the affirmative answer has been expected in
the conventional lower subdifferential form.
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1. Introduction and preliminaries. This paper is devoted to the study of
optimal control problems for discrete approximations of continuous-time control sys-
tems that, viewed as a parametric process with a decreasing discretization step, oc-
cupy an intermediate position between control problems involving discrete-time and
continuous-time systems. As the basic model for our study, we consider discrete
approximations of the following Mayer-type optimal control problem governed by or-
dinary differential equations with endpoint constraints:

(P )

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

minimize J(x, u) := ϕ0(x(t1))

subject to

ẋ(t) = f(t, x(t), u(t)) a.e. t ∈ [t0, t1], x(t0) = x0 ∈ R
n,

u(t) ∈ U a.e. t ∈ [t0, t1],

ϕi(x(t1)) ≤ 0, i = 1, . . . ,m,

ϕi(x(t1)) = 0, i = m + 1, . . . ,m + r,
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over measurable controls u(·) and absolutely continuous trajectories x(·) on the fixed
time interval T := [t0, t1]. It is well known that many other control problems (of
Lagrange and Bolza types, with integral constraints, on variable time intervals, etc.)
reduce to the form of (P ). Observe also that the results of this paper can be easily
extended to control problems with a nonfixed initial vector (i.e., when ϕi in (P )
depend on both endpoints x(t0) and x(t1) for all i = 0, . . . ,m + r) as well as to
problems with continuously time-dependent control sets U = U(t).

Problem (P ) may be treated as an infinite-dimensional optimization problem with
special equality-type dynamic constraints governed by differential operators as well as
with geometric constraints given by arbitrary control sets; this makes it nonsmooth
even under all smooth functional data f and ϕi. On the other hand, it is natu-
ral to explore a different way to study continuous-time problems (P ), which goes
back to Leibnitz and Euler and which consists of approximating (P ) by a family of
discrete-time systems arising when the time-derivative ẋ(t) is replaced with the finite
differences

ẋ(t) ≈ x(t + h) − x(t)

h
as h → 0.

Allowing also perturbations of the endpoint constraints (which is very essential for
variational stability), problem (P ) is replaced in this way by the following family of
discrete-time problems (PN ) depending on the natural parameter N = 1, 2, . . . :

(PN )

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

minimize J(xN , uN ) := ϕ0(xN (t1))

subject to

xN (t + hN ) = xN (t) + hNf(t, xN (t), uN (t)), xN (t0) = x0 ∈ R
n,

uN (t) ∈ U, t ∈ TN :=
{
t0, t0 + hN , . . . , t1 − hN

}
,

ϕi(xN (t1)) ≤ γiN , i = 1, . . . ,m,

|ϕi(xN (t1))| ≤ δiN , i = m + 1, . . . ,m + r,

hN :=
t1 − t0
N

, N ∈ N :=
{
1, 2, . . .

}
,

where γiN → 0 and δiN ↓ 0 as N → ∞ for all i. For each fixed N ∈ N problem (PN )
is finite-dimensional and seems to be simpler than the continuous-time problem (P ).
Indeed, applying well-developed methods of finite-dimensional variational analysis,
it is possible to derive necessary optimality conditions in problems (PN ) even with
nonsmooth data and general dynamic constraints governed by discrete inclusions and
then obtain the corresponding results for optimal control of differential inclusions
by passing to the limit from those for discrete approximations; see [4, 6, 13] for
detailed proofs and discussions. However, this approach has some limitation regarding
necessary optimality conditions of the maximum principle type.

As is well known, the central result of the optimal control theory for continuous-
time problems (P ), the Pontryagin maximum principle (PMP) [11], holds with no
convexity assumptions on the admissible velocity sets f(t, x, U). This specific result,
from the general viewpoint of optimization theory, is strongly due to continuous-
time dynamic constraints in (P ) governed by differential operators. It happens that
continuous-type control systems enjoy a certain hidden convexity, which is deeply
related to the classical Lyapunov theorem on the range convexity of nonatomic vector
measures and eventually leads to the maximum principle form. It is not surprising,
therefore, that an analogue of the maximum principle for optimal control problems
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governed by discrete-time systems does not generally hold without a priori convexity
assumptions. This may create troubles for applications of the PMP in numerical
calculations of nonconvex continuous-time control systems, which inevitably involve
finite-difference approximations via time discretization. To avoid such troubles, it is
sufficient to justify not a full analogue of the PMP, with the exact maximum condition,
but its approximate counterpart, where an error in the maximum condition depends
on the discretization stepsize tending to zero when the latter is decreasing.

The first result of this type in the absence of convexity assumptions was given
by Gabasov and Kirillova [2, 3], under the name of “quasi-maximum principle,” for
parametric discrete systems with smooth cost and dynamics and with no endpoint
constraints. The proof of this result, purely analytic, essentially exploited the uncon-
strained nature of the problem.

The following approximate maximum principle (AMP) for the nonconvex con-
strained problems (PN ) was established by Mordukhovich [4, 5]. The proof in [4, 5] is
geometric based on the discovered finite-difference counterpart of the hidden convexity
property and the separation theorem. Denote

H(t, x, p, u) := 〈p, f(t, x, u)〉, p ∈ R
n,(1.1)

the Hamilton–Pontryagin function for the dynamic constraints under consideration.
Approximate maximum principle. Let the pairs (x̄N , ūN ) be optimal to (PN )

for all N ∈ N, where U is a compact subset of a metric space with the metric d(·, ·),
where f is continuous with respect to its variables and continuously differentiable with
respect to x in a tube containing the optimal trajectories x̄N (t) for large N , and where
each ϕi is continuously differentiable around the limiting point(s) of {x̄N (t1)}. Impose
the following assumptions.

Assumption A. The consistency condition on the perturbation of the equality
constraints, meaning that

lim
N→∞

hN

δiN
= 0 for all i = m + 1, . . . ,m + r.(1.2)

Assumption B. The properness of the sequences of optimal controls {ūN}, which
means that for every increasing subsequence {N} of natural numbers and every se-
quence of mesh points τθ(N) ∈TN satisfying τθ(N) = t0+θ(N)hN , θ(N) = 0, 1, . . . , N−1,
and τθ(N) → t ∈ [t0, t1] one has either

d
(
uN (τθ(N)), uN (τθ(N)+q)

)
→ 0

or

d
(
uN (τθ(N)), uN (τθ(N)−q)

)
→ 0

as N → ∞ with any natural constant q.
Then there are numbers {λiN | i = 0, . . . ,m + r} and a function ε(t, hN ) → 0 as

N → ∞ uniformly in t ∈ TN such that

H(t, x̄N (t), pN (t + hN ), ūN (t)) = max
u∈U

H(t, x̄N (t), pN (t + hN ), u) + ε(t, hN )(1.3)

for all t ∈ TN and

λiN (ϕi(x̄N (t1)) − γiN ) = O(hN ), i = 1, . . . ,m,(1.4)
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λiN ≥ 0, i = 0, . . . ,m, and

m+r∑
i=0

λ2
iN = 1(1.5)

for all N ∈ N, where pN (t), t ∈ TN ∪ {t1}, is the corresponding trajectory of the
adjoint system

pN (t) = pN (t + hN ) + hN
∂H

∂x
(t, x̄N (t), pN (t + hN ), ūN (t)), t ∈ TN ,(1.6)

with the transversality condition

pN (t1) = −
m+r∑
i=0

λiN∇ϕi(x̄N (t1)).(1.7)

Observe that the closer hN is to zero, the more precise the approximate maximum
condition (1.3) and the approximate complementary slackness condition (1.4) are.
This means that the AMP in (PN ) tends to the PMP in (P ) as N → ∞, which
actually justifies the stability of the PMP with respect to discrete approximations
under the assumptions made.

It has been shown in [4, 5] that the consistency condition in (a) is essential for
the validity of the AMP in problems with equality constraints. The first goal of this
paper is to examine the other two significant assumptions made in the above theorem:
the properness condition in Assumption B and the smoothness of the initial data. We
show in section 2 that both of these assumptions are essential for the validity of the
AMP.

Note that the properness of the sequence of optimal controls in Assumption B is a
finite-difference counterpart of the piecewise continuity (or, more generally, of Lebesgue
regular points having full measure) for optimal controls in continuous-time systems.
It turns out that the situation when sequences of optimal controls are not proper
in discrete approximations is not unusual for systems with nonconvex velocities, and
it leads to the violation of the AMP already in the case of smooth problems with
inequality constraints.

The impact of nonsmoothness to the validity of the AMP happens to be even
more striking: The AMP does not hold in the expected conventional subdifferential
form already for minimizing convex cost functions in discrete approximations of lin-
ear systems with no endpoint constraints, as well as for problems with nonsmooth
dynamics. It seems that the AMP is one of very few results on necessary optimality
conditions that do not have expected counterparts in nonsmooth settings.

On the other hand, we derive the AMP in problems (PN ) with nonsmooth func-
tions describing the objective and inequality constraints in a new upper subdifferential
(or superdifferential) form, which is also new for necessary optimality conditions in
continuous-time control systems. The main difference between the conventional sub-
differential form, which does not hold for the AMP but holds for the PMP, and
the new one is that the latter involves upper (not lower) subgradients of nonsmooth
functions in transversality conditions. This form applies to a class of uniformly upper
subdifferentiable functions described in this paper, which particularly contains smooth
and concave continuous functions being closed with respect to taking the minimum
over compact sets. The results obtained solve (in a surprising, unexpected way) a
long-standing and widely discussed question about the possibility of establishing the
AMP for nonsmooth control problems. We also derive the upper subdifferential form
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of the AMP in discrete approximations of control systems with time delays, for which
no results of this type have been known before. The main results of this paper have
been announced in [9].

The rest of the paper is organized as follows. Section 2 contains examples on the
violation of the AMP in smooth problems (PN ) without the properness condition as
well as in problems with nonsmooth cost functions, nonsmooth dynamics, or both. In
section 3 we discuss appropriate tools of nonsmooth analysis, paying attention mainly
to the concepts of upper regularity and uniform upper subdifferentiability, which are
new in the study of minimization problems. Section 4 is devoted to the derivation of
the AMP for the discrete approximation problems (PN ) in the upper subdifferential
form; it contains three slightly different modifications of this result in somewhat
distinct settings. In section 5 we extend the AMP to discrete approximations of
constrained time-delay systems, where the results obtained are new in both smooth
and nonsmooth frameworks. We also present an example on the violation of the AMP
in discrete approximations of functional-differential control systems of neutral type,
even under smoothness assumptions in the absence of endpoint constraints.

Throughout the paper we use standard notation with some special symbols defined
in the text where they are introduced.

2. Counterexamples. Let us start with an example on the violation of the
AMP in discrete approximations of linear control systems with linear cost functions
and linear endpoint inequality constraints but with no properness condition.

Example 2.1 (AMP may not hold in smooth control problems with no proper-
ness condition).There is a two-dimensional linear control problem with an inequality
constraint such that optimal controls in the sequence of its discrete approximations
are not proper and do not satisfy the AMP.

Proof. Let us consider a linear continuous-time optimal control problem (P ) with
a two-dimensional state x = (x1, x2) ∈ R

2 in the following form:⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

minimize ϕ(x(1)) := −x1(1)

subject to

ẋ1 = u, ẋ2 = x1 − at, x1(0) = x2(0) = 0,

u(t) ∈ U := {0, 1}, 0 ≤ t ≤ 1,

x2(1) ≤ −a− 1

2
,

(2.1)

where a > 1 is a given constant. Observe that the only “unpleasant” feature of this
problem is that the control set U = {0, 1} is nonconvex, and hence the feasible velocity
sets f(t, x, U) are nonconvex as well. It is clear that ū(t) ≡ 1 is the unique optimal
solution to problem (2.1) and that the corresponding optimal trajectory is x̄1(t) = t,
x̄2(t) = −a−1

2 t2. Moreover, the inequality constraint is active, since x̄2(1) = −a−1
2 .

Let us now discretize this problem with the stepsize hN := 1
2N , N ∈ N. For

notational convenience we omit the index N in what follows. Thus the discrete ap-
proximation problems (PN ) corresponding to (2.1) are written as⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

minimize ϕ(x(1)) = −x1(1)

subject to

x1(t + h) = x1(t) + hu(t), x1(0) = 0,

x2(t + h) = x2(t) + h
(
x1(t) − at

)
, x2(0) = 0,

u(t) ∈
{
0, 1

}
, t ∈

{
0, h, . . . , 1 − h

}
,

x2(1) ≤ −a− 1

2
+ h2;

(2.2)
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i.e., we put γN := h2
N in the constraint perturbation for (PN ).

To proceed, we compute the trajectories of (2.2) corresponding to u(t) ≡ 1. It is
easy to see that x1(t) = t for this u. To compute x2(t), observe that

[
y(t + h) = y(t) + ht, y(0) = 0

]
=⇒ y(t) =

t2

2
− th

2
.

Indeed, one has by the direct calculation that

y(t) = h
t−h∑
τ=0

τ =
[
put τ = kh

]
= h2

t
h−1∑
k=0

k = h2
t
h

(
t
h − 1

)
2

=
t2

2
− th

2
.

Therefore, for x2(t) corresponding to u(t) ≡ 1 in (2.2) we have

x2(t) = h

t−h∑
τ=0

(
τ − aτ) = −a− 1

2
t2 +

a− 1

2
ht.

By this calculation we see that, for h sufficiently small, x2(t1) no longer satisfies the
endpoint constraint, and thus u(t) ≡ 1 is not a feasible control to problem (2.2) for
all h close to zero. This implies that an optimal control to (2.2) for small h, which
obviously exists, must have at least one switching point s such that u(s) = 0, and
hence the maximum value of the corresponding endpoint x1(1) will be less than or
equal to 1 − h. Put

u(t) :=

{
1, t �= s,
0, t = s,

and show that

x2(t) =

⎧⎪⎨⎪⎩
−a− 1

2
t2 +

a− 1

2
ht, t ≤ s,

−a− 1

2
t2 +

a− 1

2
ht− h(t− s) + h2, t ≥ s + h,

(2.3)

for the corresponding trajectories in (2.2) depending on h and s. We need only justify
the second part of this formula. To compute x2(t) for t ≥ s+h, substitute x1(t) = t−h
into (2.2). It is easy to see that the increment ∆x2(t) compared to the case when
u(t) ≡ 1 is

h

t−h∑
τ=s+h

(−h) = −h(t− h− s) = −h(t− s) + h2,

which justifies (2.3). Now let us specify the parameters of the above control putting
a = 2 and s = 0.5 for all N , i.e., considering the discrete-time function

ū(t) :=

{
1, t �= 0.5,
0, t = 0.5.

Note that the point t = 0.5 belongs to the grid TN for all N due to hN := 1
2N .

Observe that the sequence of these controls does not satisfy the properness property
in Assumption B of the AMP formulated in section 1. It follows from (2.3) that the



APPROXIMATE MAXIMUM PRINCIPLE 1043

corresponding trajectories satisfy the endpoint constraint in (2.2) for all N ∈ N, since
x̄2(1) = − 1

2 t
2 + h2. Moreover, it is clear from the above calculations that the control

ū(t) is optimal to problem (PN ) in (2.2) for any N . Let us show that the sequence of
optimal controls ū(t) does not satisfy the approximate maximum condition (1.3) at
the point of switch.

The adjoint system (1.6) for problem (2.2) with any h is

p(t) = p(t + h) + h
∂f

∂x

∗
(t, x̄1, x̄2, ū)p(t + h),

where the Jacobian matrix ∂f/∂x and its adjoint/transposed one equal

∂f

∂x
=

(
0 0
1 0

)
,

∂f

∂x

∗
=

(
0 1
0 0

)
.

Thus we have the adjoint trajectories

p1(t) = p1(t + h) + hp2(t + h) and p2(t) ≡ const,

where (p1, p2) satisfy the transversality condition (1.7) with the corresponding
sign/nontriviality conditions (1.5) written as

p1(1) = λ0, p2(1) = −λ1; λ0 ≥ 0, λ1 ≥ 0, λ2
0 + λ2

1 = 1.

This implies that p1(t) is a linear nondecreasing function. The corresponding Hamilton–
Pontryagin function (1.1) equals

H(t, x(t), p(t + h), u(t)) = p1(t + h)u(t) + terms not depending on u.

Examining the latter expression and taking into account that the optimal controls
are equal to one for all t but t = 0.5, we conclude that the approximate maximum
condition (1.3) holds only if p1(t) is either nonnegative or tends to zero everywhere
except t = 0.5. Observe that p1(t) ≡ 0 yields λ1 = λ2 = 0, which contradicts the
nontriviality condition. Hence p1(t) must be positive away from t = 0. Therefore,
a sequence of controls having a point of switch not tending to zero as h ↓ 0 cannot
satisfy the approximate maximum condition at this point. This shows that the AMP
does not hold for the sequence of optimal controls to (2.2) built above.

Many examples of this type can be constructed based on the above idea, which es-
sentially means the following. Take a continuous-time problem with active inequality
constraints and nonconvex admissible velocity sets f(t, x, U). It often happens that
after the discretization the “former” optimal control becomes not feasible in discrete
approximations, and the “new” optimal control in the sequence of discrete-time prob-
lems has a singular point of switch (thus making the sequence of optimal controls not
proper), where the approximate maximum condition does not hold.

The next example demonstrates that the AMP may be violated in problems of
minimizing nonsmooth cost functions in linear systems with no endpoint constraint.

Example 2.2 (AMP may not hold for linear systems with nonsmooth and convex
cost functions). There is a one-dimensional control problem of minimizing a non-
smooth and convex cost function over a linear system with no endpoint constraints
such that a proper sequence of optimal controls to discrete approximations does not
satisfy the AMP.
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Proof. Consider the following sequence of one-dimensional optimal control prob-
lem (PN ), N ∈ N, for discrete-time systems:⎧⎪⎪⎨⎪⎪⎩

minimize ϕ(xN (1)) := |xN (1) − r|
subject to
xN (t + hN ) = xN (t) + hNuN (t), xN (0) = 0,
uN (t) ∈ U :=

{
0, 1

}
, t ∈ TN :=

{
0, hN , . . . , 1 − hN

}
,

(2.4)

where r is a positive irrational number less than 1 whose choice will be specified
below. The dynamics in (2.4) is a discretization of the simplest ODE control system
ẋ = u. Observe that, since r is irrational and hN is rational, we have x̄N (1) �= r for
the endpoint of an optimal trajectory to (2.4) as N ∈ N, while obviously x̄(1) = r
for optimal solutions to the continuous-time counterpart. It is also clear that for
sufficiently small hN an optimal control to (2.4) will be neither uN (t) ≡ 0 nor uN (t) ≡
1, but it will have at least one point of switch.

Suppose that for some subsequence Nk → ∞ one has x̄Nk
(1) > r; put {Nk} = N

without loss of generality. Let us show that in this case the approximate maximum
condition does not hold at points t ∈ TN for which ūN (t) = 1. Indeed, we have

H(x̄N (t), pN (t + hN ), u) = pN (t + hN )u and pN (t) ≡ −1

for the Hamilton–Pontryagin function and the adjoint trajectory in (1.6) and (1.7),
since x̄N (1) > r along the optimal solution to (2.4). Thus

max
u∈U

H(x̄N (t), pN (t + hN ), u) = 0 for all t ∈ TN ,

while H(x̄N (s), pN (s + hN ), ūN (s)) = −1

at the points s ∈ TN of control switch, where ūN (s) = 1 regardless of hN .
Let us specify the choice of r in (2.4) ensuring that x̄N (1) > r along some sub-

sequence of natural numbers. We claim that x̄N (1) > r if r ∈ (0, 1) is an irrational
number whose decimal representation contains infinitely many digits from the set
{5, 6, 7, 8, 9}; e.g., r = 0.676676667 . . . . Indeed, put hN := 10−N , which is a subse-
quence of hN = N−1 as required in (2.4). It is easy to see that in this case the set
of all reachable points at t = 1 is the set of rational numbers between 0 and 1 with
exactly N digits in the fractional part of their decimal representations. In particular,
for N = 3 this set is {0, 0.001, 0.002, . . . , 0.999, 1}. Therefore, by the construction of
r, the closest point to r from the reachable set is greater than r, and such a point
must be the endpoint of the optimal trajectory x̄N (1).

It remains to show that one always can choose a sequence of optimal control to
(2.4) satisfying the properness condition. Taking r as above, we denote by s(N) ∈ TN

the point of the grid closest to r. It is easy to see that the control

ūN (t) :=

{
1, t ≤ s(N),
0, t ≥ s(N) + hN

is optimal to (2.4) for each N ∈ N, and the sequence {ūN} satisfies the properness
condition.

Example 2.2 contradicts the AMP with the transversality condition in the con-
ventional subdifferential form, which is

−pN (t1) ∈ ∂ϕ(x̄N (t1))
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for problems with no endpoint constraints. In our example the function ϕ(x) = |x−r|
is convex, and hence the subdifferential ∂ is understood in the sense of convex analysis.
Note that we actually showed that the subdifferential agrees with the gradient

∂ϕ(x̄N (1)) =
{
∇ϕ(x̄N (1))

}
=
{
1
}

for all N ∈ N

along the optimal trajectories in (2.4) due to the choice of r. Since any reasonable
(lower) subdifferential for nonsmooth functions must reduce to the convex subdiffer-
ential for convex ones, Example 2.2 proves that there is no hope for an extension of
the AMP in the conventional subdifferential form to problems with nonsmooth costs.

The next example, complemented to Example 2.2, shows that the AMP fails even
for problems with differentiable but not continuously differentiable cost functions.

Example 2.3 (AMP may not hold for linear systems with differentiable, but
not C1, cost functions). There is a one-dimensional control problem of minimizing
a Fréchet differentiable but not continuously differentiable cost function over a linear
system with no endpoint constraints such that a proper sequence of optimal controls
to discrete approximations does not satisfy the AMP.

Proof. Consider the same control system as in (2.4) and construct a minimizing
function ϕ(x) satisfying the above requirements. Let ψ(x) be a C1 function with the
properties

ψ(x) ≥ 0, ψ(x) = ψ(−x), ψ(x) ≡ 0 if |x| > 2,
|∇ψ(x)| ≤ 1 for all x, and ∇ψ(−1) = a > 0.

Define the cost function ϕ(x) by

ϕ(x) :=
(
x− 1

9

)2

+

∞∑
n=1

10−2n−3ψ

(
102n+3

(
x−

n∑
k=1

10−k

)
− 1

)
,

which is continuously differentiable around every point but x = 1
9 , where it is dif-

ferentiable and attains its absolute minimum at x = 1
9 . As in Example 2.2, we put

hN := 10−N , and then the point x = 1
9 cannot be reached by discretization. It is not

hard to check that the endpoint of the optimal trajectory x̄N for each N is

x̄N (1) =

N∑
k=1

10−k with ∇ϕ(x̄N (1)) = a + εN ,

where εN ↓ 0 as N → ∞. Proceeding as in Example 2.2, with the same sequence
of optimal controls, we have H(x̄N (t), pN (t + hN ), u) ≡ −au, and the approximate
maximum condition (1.3) does not hold at those points where ūN (t) = 1.

The last example in this section concerns systems with nonsmooth dynamics.
We actually consider a finite-difference analogue of minimizing an integral functional
over a one-dimensional control system, which is equivalent to a two-dimensional op-
timal control problem of the Mayer type. The discrete “integrand” in this problem is
nonsmooth with respect to the state variable x; it happens to be continuously differen-
tiable with respect to x along the optimal process {x̄N (·), ūN (·)} under consideration
but not uniformly in N . Thus the example below demonstrates that the uniform
smoothness assumption on f in a tube containing optimal trajectories is essential for
the validity of the AMP formulated in section 1.

Example 2.4 (violation of AMP for control problems with nonsmooth dynam-
ics). The AMP does not hold in discrete approximations of a minimization problem
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for an integral functional over a one-dimensional linear control system with no end-
point constraints such that the integrand is linear with respect to the control variable
while convex and nonsmooth with respect to the state one. Moreover, the integrand in
this problem happens to be C1 with respect to the state variable along the sequence of
optimal solutions to the discrete approximations (PN ) for all N ∈ N but not uniformly
in N .

Proof. First we consider the following continuous-time optimal control problem:⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
minimize J(x, u) :=

∫ t1

0

(
u(t) + |x(t) − t2/2|

)
dt

subject to
ẋ = tu, x(0) = 0,

u(t) ∈ U :=
{
1, c

}
, 0 ≤ t ≤ t1,

(2.5)

where the terminal time t1 and the number c > 1 will be specified below. It is obvious
that the optimal control to (2.5) is ū(t) ≡ 1 and the corresponding optimal trajectory
is x̄(t) = t2/2.

Discretizing (2.5), we get the sequence of finite-difference control problems⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

minimize J(xN , uN ) := hN

∑
t∈TN

(
uN (t) + |xN (t) − t2/2|

)
subject to
xN (t + hN ) = xN (t) + hN tuN (t), xN (0) = 0,

uN (t) ∈ U =
{
1, c

}
, t ∈ TN :=

{
khN

}N−1

k=0
.

(2.6)

Let us first show that ūN (t) ≡ 1 remains the (unique) optimal control to (2.6)
if the stepsize hN is sufficiently small and (t1, c) are chosen appropriately. Indeed,
similarly to Example 2.1 we compute the trajectory to (2.6) corresponding to the
control uN (t) ≡ 1 as

xN (t) =
t2

2
− thN

2
for all N ∈ N.

The value JN (1) of the cost functional at uN (t) ≡ 1 equals

JN (1) = t1 + h2
N

∑
t∈TN

t

2
= t1 +

t21hN

4
+ o(hN ).(2.7)

If we replace uN (t) = 1 by uN (t) = c at some point t ∈ TN , then the increment of the
summation hN

∑
t∈TN

uN (t) equals (c− 1)hN . Hence

J(xN , uN ) = hN

∑
t∈TN

uN (t) + hN

∑
t∈TN

|xN (t) − t2/2| > hN

∑
t∈TN

uN (t) ≥ t1 + (c− 1)hN

for any feasible control uN (t) to (2.6), which is not uN (t) ≡ 1. Comparing the latter
with (2.7), we conclude that the control uN (t) ≡ 1 is optimal to (2.6) if (t1)

2/4 < c−1
and N is sufficiently large.

Let us finally show that for t1 > 2 and c > t2/4 + 1 (e.g., for t1 = 3 and
c = 4) the sequence of optimal controls ūN ≡ 1 does not satisfy the approximate
maximum condition (1.3) at points t ∈ TN sufficiently close to t = t1/2. Compute the
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Hamilton–Pontryagin function (1.1) as a function of t ∈ TN and u ∈ U at the optimal
trajectory x̄N (t) corresponding to the optimal control under consideration with the
adjoint trajectory pN (t) to (1.6). Reducing (2.6) to the standard Mayer form and
taking into account that x̄N (t) < t2/2 for all t ∈ TN due to the above formula for the
trajectory of (2.6) corresponding to uN (t) ≡ 1, we get

H(t, x̄N (t), pN (t + hN ), u) = tpN (t + hN )u− u− |x̄N (t) − t2/2|
= (tpN (t + hN ) − 1)u + (x̄N (t) − t2/2),

where pN (t) satisfies the equation

pN (t) = pN (t + hN ) + hN , pN (t1) = 0,

whose solution is pN (t) = t1 − t. Therefore,

H(t, x̄N (t), pN (t + hN ), u) =
(
t(t1 − t + hN ) − 1

)
u + O(hN )

= (−t2 + t1t− 1)u + O(hN ).

The multiplier −t2 + t1t− 1 is positive in the neighborhood of t = t1/2 if its discrim-
inant t21 − 4 is positive. Thus u = c, but not u = 1, provides the maximum to the
Hamilton–Pontryagin function around t = t1/2 if hN is sufficiently small.

Observe that the constructions in Examples 2.2 and 2.4 are actually based on the
same idea. The crucial point in Example 2.2 (and similarly in Example 2.3) is that,
due to the incommensurability of the reachable set and the ideal point of minimum
xN (1) = r, the endpoint of the optimal trajectory x̄N (1) turns out to be in the
zone, where the discontinuous derivative of the cost function has the “wrong sign.” A
similar situation is in Example 2.4, but in this case the function ∂H

∂x is discontinuous
with respect to x, and the optimal trajectory in the discrete problem deviates to the
“wrong side” of the ideal (continuous-time) optimal trajectory.

3. Uniformly upper subdifferentiable functions. In this section we present
some tools of nonsmooth analysis needed for the formulation and proofs of the main
positive results of the paper: the AMP for ordinary and time-delay systems in the new
upper subdifferential form. Results in this form are definitely nontraditional in opti-
mization, since they concern minimization problems for which lower subdifferential
constructions are usually employed. However, we saw in the preceding section that
results of the conventional lower type simply do not hold for the AMP. In sections 4
and 5 we are going to employ upper subdifferential constructions for nonsmooth min-
imization problems of optimal control, which happen to work for a special class of
uniformly upper subdifferentiable functions we describe and discuss in this section.

Given an extended-real-valued function ϕ : R
n → R := [−∞,∞] finite at x̄, we

first define its Fréchet upper subdifferential by

∂̂+ϕ(x̄) :=

{
x∗ ∈ R

n
∣∣∣ lim sup

x→x̄

ϕ(x) − ϕ(x̄) − 〈x∗, x− x̄〉
‖x− x̄‖ ≤ 0

}
.(3.1)

This construction is known also as the “Fréchet superdifferential” or the “viscosity
superdifferential”; it is extensively used in the theory of viscosity solutions. The set
(3.1) is symmetric to the (lower) Fréchet subdifferential

∂̂+ϕ(x̄) = −∂̂(−ϕ)(x̄),
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which is widely used in variational analysis under the name of “regular” or “strict”
subdifferential; see, e.g., [12, 14]. The upper subdifferential (3.1) is our primary
generalized differential construction in this paper. This set is closed and convex but
may be empty for many functions useful in minimization. In fact, both ∂̂+ϕ(x̄) and

∂̂ϕ(x̄) are nonempty simultaneously if and only if ϕ is Fréchet differentiable at x̄ in
which case

∂̂+ϕ(x̄) = ∂̂ϕ(x̄) =
{
∇ϕ(x̄)

}
.

Following [5], we define the basic upper subdifferential of ϕ at x̄ by

∂+ϕ(x̄) :=
{
x∗ ∈ R

n
∣∣ ∃ xk → x̄ with ϕ(xk) → ϕ(x̄)

and ∃ x∗
k ∈ ∂̂+ϕ(xk) with x∗

k → x∗
}

and call ϕ upper regular at x̄ if ∂+ϕ(x̄) = ∂̂+ϕ(x̄). This class includes, in partic-
ular, all strictly differentiable functions as well as proper concave functions. In the
concave case ∂̂+ϕ(x̄) reduces to the upper subdifferential of convex analysis, which is

nonempty whenever x̄ ∈ ri(domϕ). Moreover, ∂̂+ϕ(x̄) �= ∅ if ϕ is upper regular at
x̄ and Lipschitz continuous around this point. In the latter case the upper regularity
of ϕ agrees with the subdifferential regularity of −ϕ at the same point in the sense
of [12]. It is interesting to observe that, for Lipschitzian upper regular functions, the
Fréchet upper subdifferential (3.1) agrees with Clarke’s generalized gradient ∂ϕ(x̄) of
[1]. Indeed, one has

∂ϕ(x̄) = co ∂+ϕ(x̄)

if ϕ is Lipschitz continuous around x̄; see, e.g., [5, Theorem 2.1]. Since ∂+ϕ(x̄) =

∂̂+ϕ(x̄) for upper regular functions and since ∂̂+ϕ(x̄) is always convex, we arrive at

∂ϕ(x̄) = ∂̂+ϕ(x̄).
Let us now define a class of functions for which we obtain an extension of the

AMP to nonsmooth control problems in the next section.
Definition 3.1 (uniform upper subdifferentiability). A function ϕ : R

n → R is
uniformly upper subdifferentiable around a point x̄, where it is finite, if there is a
neighborhood V of x̄ such that for every x ∈ V there exists x∗ ∈ R

n with the following
property: Given any ε > 0, there is η > 0 for which

ϕ(v) − ϕ(x) − 〈x∗, v − x〉 ≤ ε‖v − x‖(3.2)

whenever v ∈ V with ‖v − x‖ ≤ η.
It is easy to check that the class of uniformly upper subdifferentiable functions

includes all continuously differentiable functions and concave continuous functions,
and also is closed with respect to taking the minimum over compact sets. The uni-
form upper subdifferentiability property of ϕ around x̄ is actually a localization of the
so-called weak convexity property for −ϕ in the sense of [10], which has been broadly
used in numerical optimization. Note that if ϕ is Lipschitz continuous and differen-
tiable at some point, it may not be uniformly upper subdifferentiable around it, for
example, ϕ(x) = x2 sin(1/x) for x �= 0 with ϕ(0) = 0. The following result shows, in
particular, that uniformly upper subdifferential functions enjoy upper regularity and
fully describe the set of x∗ satisfying (3.2).
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Proposition 3.2 (upper regularity of uniformly upper subdifferentiable func-
tions). Let ϕ be uniformly upper subdifferentiable around x̄. Then it is upper regu-
lar at x̄ and Lipschitz continuous around this point, and property (3.2) holds for all

x∗ ∈ ∂̂+ϕ(x) with x around x̄.
Proof. Denote by G(x) the set of x∗ for which (3.2) holds. This set is nonempty

and, as directly follows from (3.2), it is closed, convex, and bounded for all x ∈ V . One

can immediately observe from the comparison of (3.1) and (3.2) that G(x) ⊂ ∂̂+ϕ(x).

Let us show that in fact G(x) = ∂̂+ϕ(x) whenever x ∈ V .
It follows from the results of [10, section 1.1] that ϕ is locally Lipschitzian around

x̄ and directionally differentiable on V in any direction, and its directional derivative
admits the representation

ϕ′(x;w) = min
{
〈x∗, w〉

∣∣ x∗ ∈ G(x)
}

for all x ∈ V, w ∈ R
n.(3.3)

As is well known, the Fréchet upper subdifferential (3.1) of a locally Lipschitzian
function ϕ at x is representable as

∂̂+ϕ(x) =

{
x∗ ∈ R

n
∣∣∣ 〈x∗, w〉 ≥ lim sup

τ↓0

ϕ(x + τw) − ϕ(x)

τ
for all w ∈ R

n

}
.

Comparing the latter with (3.3), we get G(x) = ∂̂+ϕ(x) for all x ∈ V . Furthermore,
it is not hard to show directly from the definition that the mapping G : V →→ R

n is
closed-graph on any compact subset of V . Finally taking into account the construction
of the basic subdifferential, we conclude that ∂+ϕ(x) = ∂̂+ϕ(x) for all x ∈ V .

Note that Proposition 3.2 is in accordance with [12, Theorem 9.16], which gives a
characterization of the simultaneous Lipschitz continuity and subdifferential regularity
of a function on an open set via the existence of the classical directional derivative
and its upper semicontinuity with respect to directions. Note also that we need an
extra requirement on the uniform upper subdifferentiability in Definition 3.1, which
essentially restricts the class of functions suitable for applications to the AMP in the
upper subdifferential form, due to the parametric nature of finite-difference systems
viewed as a process as N → ∞. In particular, the Lipschitz continuity and upper
regularity are not needed for upper subdifferential results related to the necessary
optimality condition for fixed solutions in various problems of constrained optimization
and optimal control; cf. [7, 8].

4. AMP in upper subdifferential form. This is a central section of the pa-
per, which collects the main positive results on the fulfillment of the AMP in the upper
subdifferential form for the discrete approximation problems (PN ). We derive three
closely related versions of the AMP in somewhat different settings of (PN ). The first
version applies to problems with no endpoint constraints and establishes the upper
subdifferential form of the AMP with no properness requirement on the sequence of
optimal controls and with an error estimate as ε(t, hN ) = O(hN ) in the approximate
maximum condition. The second result, with a different proof, is the major version of
the AMP for the constrained nonsmooth problems (PN ), which extends the one for-
mulated in section 1. The last version of the AMP concerns discrete approximation
problems in the case of incommensurability of the time interval t1 − t0 and the dis-
cretization step hN . This version is basic for the extension of the AMP to time-delay
systems obtained in the next section.

Let us start with the upper subdifferential form of the AMP for problems with
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no endpoint constraints. Throughout this section impose the following standing as-
sumptions on the mapping f and the control set U :

(H1) f = f(t, x, u) is continuous with respect to all its variables and continuously
differentiable with respect to the state variable x in some tube containing optimal
trajectories for all u from the compact set U in a metric space and for all t ∈ TN

uniformly in N ∈ N.
Theorem 4.1 (AMP for problems with no endpoint constraints). Let the pairs

(x̄N , ūN ) be optimal to problems (PN ) with ϕi = 0 for all i = 1, . . . ,m + r. Assume
in addition to (H1) that ϕ0 is uniformly upper subdifferentiable around the limiting
point(s) of the sequence {x̄N (t1)}, N ∈ N. Then for every sequence of upper subgra-

dients x∗
N ∈ ∂̂+ϕ0(x̄N (t1)) there is ε(t, hN ) → 0 as N → ∞ uniformly in t ∈ TN such

that the approximate maximum condition (1.3) holds for all t ∈ TN , where each pN (t)
satisfies the adjoint system (1.6) with the transversality condition

pN (t1) = −x∗
N for all N ∈ N.(4.1)

Moreover, ε(t, hN ) = O(hN ) in (1.3) if ϕ0 is locally concave around x̄N (t1) uniformly
in N while ∂f(·, u, t)/∂x is locally Lipschitz around x̄N (t) with a constant uniform in
u ∈ U , t ∈ TN , N ∈ N .

Proof. Considering a sequence of optimal solutions (x̄N , ūN ) to (PN ), we suppose
that x̄N (t) belong to the uniform neighborhoods in the assumptions made for all
N ∈ N. It follows from the uniform upper subdifferentiability of ϕ0 by Proposition 3.2
that ∂̂+ϕ0(x̄N (t1)) �= ∅ and that inequality (3.2) holds for any x∗ ∈ ∂̂+ϕ0(x̄N (t1)) as

N → ∞. Now taking an arbitrary sequence of x∗
N ∈ ∂̂+ϕ0(x̄N (t1)), we get

ϕ0(x) − ϕ0(x̄N (t1)) ≤ 〈x∗
N , x− x̄N (t1)〉 + o(‖x− x̄N (t1)‖),(4.2)

where

o(‖x− x̄N (t1)‖)
‖x− x̄N (t1)‖

→ 0

as x → xN (t1) uniformly in N . Moreover, one can clearly eliminate o, i.e., put
o(‖x−x̄N (t1)‖) ≡ 0 if ϕ0 is assumed to be uniformly locally concave. Letting pN (t1) :=
−x∗

N as in (4.1), we derive from (4.2) that

J(xN , uN ) − J(x̄N , ūN ) ≤ −
〈
pN (t1),∆xN (t1)

〉
+ o(‖∆xN (t1)‖)(4.3)

with ∆xN (t) := xN (t) − x̄N (t) for all feasible processes (xN , uN ) to (PN ) whenever
xN (t1) is sufficiently close to x̄N (t1). From the identity

〈
pN (t1),∆xN (t1)〉 =

∑
t∈TN

〈pN (t + hN ) − pN (t),∆xN (t)〉

+
∑
t∈TN

〈pN (t + hN ),∆xN (t + hN ) − ∆xN (t)〉
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and (4.3) we get

0 ≤ J(xN , uN ) − J(x̄N , ūN ) ≤ −
〈
pN (t1),∆xN (t1)

〉
+ o(‖∆xN (t1)‖)

= −
∑
t∈TN

〈pN (t + hN ) − pN (t),∆xN (t)〉

−hN

∑
t∈TN

〈
pN (t + hN ),

∂f

∂x
(t, x̄N , ūN )∆xN (t)

〉
−hN

∑
t∈TN

∆uH(t, x̄N (t), pN (t + hN ), ūN (t)) + hN

∑
t∈TN

ηN (t) + o(‖∆xN (t1)‖),

(4.4)

where the remainder ηN (t) is computed by

ηN (t)=

〈
∂H

∂x
(t, x̄N (t), pN (t + hN ), uN (t))− ∂H

∂x
(t, x̄N (t), pN (t + hN ), ūN (t)),∆xN (t)

〉
+ o(‖∆xN (t)‖)

(4.5)

with o(‖∆xN (t)‖) uniform in N due to (H1), and where

∆uH(t, x̄N (t), pN (t + hN ), ūN (t)) := H(t, x̄N (t), pN (t + hN ), uN (t))
−H(t, x̄N (t), pN (t + hN ), ūN (t)).

One can easily see that o(‖∆xN (t)‖) = O
(
‖∆xN (t)‖2

)
in (4.5), uniformly in N , under

the additional Lipschitzian assumption on ∂f(·, u, t)/∂x in the theorem.
Now let us consider needle variations of the optimal controls ūN in the form

uN (t) =

{
v if t = τ,
ūN (t) if t ∈ TN \ {τ},(4.6)

where v ∈ U and τ = τ(N) ∈ TN as N ∈ N. All the controls (4.6) are feasible
to the discrete problems with no endpoint constraints. The trajectory increments
corresponding to the needle variations (4.6) satisfy

∆xN (t) = 0 for t = t0, . . . , τ and |∆xN (t)| = O(hN ) for t = τ + hN , . . . , t1.

Taking this into account and substituting (4.6) into (4.4), we get

0 ≤ J(xN , uN ) − J(x̄N , ūN )

≤ −hN∆uH(τ, x̄N (τ), pN (τ + hN ), ūN (τ)) + o(hN ),(4.7)

where one obviously has o(hN ) = O(h2
N ) under the additional concavity and Lip-

schitzian assumptions made in the theorem. Arguing by contradiction, we derive from
(4.7) the approximate maximum condition (1.3), with the specification of ε(t, hN )
under the additional assumptions, and complete the proof of the theorem.

Remark 4.1 (upper versus lower subdifferential forms of transversality condi-
tions). The main difference between the conventional (lower) subdifferential form,
which is not actually fulfilled in the case of the AMP, and the upper subdifferential
form of Theorem 4.1 is that the transversality condition (4.1) holds for every upper

subgradient x∗
N ∈ ∂̂+ϕ0(x̄N (t1)) instead of just for some lower subgradient in the
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conventional transversality conditions for continuous-time and discrete-time (with a
fixed step) systems. In particular, for discrete-time systems with convex velocity sets
both lower and upper subdifferential forms of the (exact) discrete maximum principle
hold; see [8], where the upper subdifferential/superdifferential form of the discrete
maximum principle has been established under milder assumptions on ϕ0 in compar-
ison with Theorem 4.1. If ϕ0 is Lipschitz continuous and upper regular and hence
∂̂+ϕ0(x̄) = ∂ϕ0(x̄), which is the case for uniformly upper subdifferential functions by
Proposition 3.2, there is indeed a dramatic difference between the upper subdifferen-
tial form of transversality conditions and a well-recognized form in terms of the Clarke
subdifferential: Instead of establishing the fulfillment transversality for just some el-
ement of ∂ϕ0(x̄(t1)) we establish it for the whole set. A similar situation takes place
for continuous-time systems, where the upper subdifferential form of transversality
in the maximum principle can be proved, in problems with no endpoint constraints,
in the line of arguments of Theorem 4.1. Observe, however, that there is a more
subtle lower subdifferential form of transversality conditions for continuous-time and
discrete-time (of a fixed step) systems that involves basic/limiting subgradients but
not Clarke ones; see [5, 14]. This form is generally independent of the upper sub-
differential form of transversality conditions. Note that the major drawback of the
upper subdifferential form is that it applies to a restrictive class of functions. But, as
seen in section 2, there is no alternative to this form for the AMP.

Next let us consider a sequence of the discrete approximation problems (PN ) with
endpoint constraints of the inequality and equality types. We are going to derive an
extension of the AMP formulated in section 1 to these problems involving nonsmooth
functions that describe the cost and inequality constraints. The following upper sub-
differential version of the AMP for constrained problems imposes the uniform up-
per subdifferentiability property on the cost and inequality constraint functions, the
properness assumption on the sequence of optimal controls, and the consistency con-
dition on perturbations of the equality constraints. As seen in section 2, all three
requirements are essential.

The proof of the AMP for constrained problems is substantially different from the
one in Theorem 4.1 and much more involved, although it employs the same approach
to handle nonsmoothness. The major part of the proof goes back to the smooth setting
and is based on a finite-difference counterpart of the hidden convexity properties for
sequences of discrete approximations.

Before formulating and proving the theorem, we need an auxiliary result that
actually reflects the hidden convexity property in the nonsmooth setting under con-
sideration. Let us first recall some definitions from [4, 5]. Given a sequence of feasible
solutions (xN , uN ) to (PN ), we say that the inequality constraint

ϕi(xN (t1)) ≤ γiN with i ∈
{
1, . . . ,m

}
is essential for xN along a subsequence M of natural numbers if ϕi(xN (t1)) − γiN =
O(hN ) as hN → 0; i.e., there is Ki ≥ 0 such that

−KihN ≤ ϕi(xN (t1)) − γiN ≤ 0 as N → ∞, N ∈ M.

This constraint is inessential for xN along M if for any K > 0 there is N0 ∈ N such
that

ϕi(xN (t1)) − γiN ≤ −KhN for all N ≥ N0, N ∈ M.
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Note that the notion of essential constraints in sequences of discrete approxima-
tions corresponds to the notion of active constraints in nonparametric optimization
problems. Without loss of generality we suppose that for the sequence of optimal
trajectories x̄N to (PN ) under consideration the first l ∈ {1, . . . ,m} inequality con-
straints are essential while the other m− l constraints are inessential along all natural
numbers, i.e., with M = N .

Assume now that ∂̂+ϕi(x̄N (t1)) �= ∅ for all i = 0, . . . , l and N ∈ N sufficiently

large and fix some sequence of upper subgradients x∗
iN ∈ ∂̂+ϕi(x̄N (t1)) for such i and

N . Denote by ∆τ,vx̄N (t1) the endpoint increment generated by the needle variation
(4.6) of the optimal control ūN with some τ ∈ TN and v ∈ U . Form the set

SN :=
{
(s0, . . . , sl) ∈ R

n
∣∣ si =

〈
x∗
iN ,∆τ,vx̄N (t1)

〉
, τ ∈ TN , v ∈ U

}
(4.8)

along the fixed sequences of the above upper subgradients x∗
iN and consider the neg-

ative orthant in Rl+1 given by

R
l+1
< :=

{
(x0, . . . , xl) ∈ R

l+1
∣∣ xi < 0 for all i = 0, . . . , l

}
.

The following result is due to the hidden convexity property of finite-difference sys-
tems established in [4, 5] with the adjustment to nonsmoothness via uniform upper
subdifferentiability.

Lemma 4.2 (hidden convexity). Let (x̄N , ūN ) be a sequence of optimal solutions
to problems (PN ) with no equality constraints and with the inequality constraints such
that the first l ∈ {1, . . . ,m} of them are essential for the sequence of x̄N while the other
are inessential for this sequence. In addition to (H1) assume that each ϕi, i = 0, . . . , l,
is uniformly upper subdifferentiable around the limiting point(s) of {x̄N (t1)}, N ∈ N,
and that

(H2) the sequence of optimal controls {ūN} is proper.
Then there is a sequence of (l + 1)-dimensional quantities of order o(hN ) as hN ↓ 0
such that (

coSN + o(hN )
)
∩ R

l+1
< = ∅ for large N ∈ N,(4.9)

where coSN stands for the convex hull of the set SN in (4.8) built upon the given

sequences of upper subgradients x∗
iN ∈ ∂̂+ϕi(x̄N (t1)), i = 0, . . . , l.

Proof. It follows the proof of Lemma 3 in [4] based on the hidden convexity
property of Theorem 1 therein (respectively, [5, Lemma 16.2 and Theorem 15.1]).
The only essential difference is that the equalities

ϕi(x̄N (t1)) − ϕi(x̄N (t1)) −
〈
∇ϕi(x̄N (t1)),∆xN (t1)

〉
+ o(‖∆xN (t1)‖) = 0, i = 0, . . . , l,

in the smooth case of [4, 5] are replaced with the inequalities

ϕi(x̄N (t1)) − ϕi(x̄N (t1)) −
〈
x∗
iN ,∆xN (t1)

〉
+ o(‖∆xN (t1)‖) ≤ 0, i = 0, . . . , l,

due to the uniform upper subdifferentiability of ϕi. Compare this proof to the proof
of Theorem 4.1.

Based on Lemma 4.2, we get the following extension of the AMP to finite-
difference problems with nonsmooth inequality and smooth equality constraints.

Theorem 4.3 (AMP for problems with endpoint constraints). Let the pairs
(x̄N , ūN ) be optimal to problems (PN ), where the first l ∈ {1, . . . ,m} inequality con-
straints are essential for x̄N , N ∈ N. In addition to (H1) and (H2) assume that
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ϕi are uniformly upper subdifferentiable around the limiting point(s) of {x̄N (t1)} for
i = 0, . . . , l and continuously differentiable around them for i = m+1, . . . ,m+ r, and
that

(H3) the consistency condition (1.2) holds for the perturbations δiN of the equality
constraints.

Then for any sequences of upper subgradients x∗
iN ∈ ∂̂+ϕi(x̄N (t1)), i = 0, . . . , l,

there are numbers {λiN | i = 0, . . . , l,m+1, . . . ,m+r} and a function ε(t, hN ) → 0 as
N → ∞ uniformly in t ∈ TN such that the approximate maximum condition (1.3) is
fulfilled with the adjoint trajectory pN (t) to (1.6) satisfying the transversality condition

pN (t1) = −
l∑

i=0

λiNx∗
iN −

m+r∑
i=m+1

λiN∇ϕi(x̄N (t1))(4.10)

along with

ϕi(x̄N (t1)) − γiN = O(hN ) for i = 1, . . . , l,(4.11)

λiN ≥ 0 for i = 0, . . . , l, and

l∑
i=0

λ2
iN +

m+r∑
i=m+1

λ2
iN = 1.(4.12)

Proof. Let us first consider the case of inequality constraints, i.e., when ϕi = 0
for the indices i = m + 1, . . . ,m + r in (PN ). Take arbitrary sequences of x∗

iN ∈
∂̂+ϕi(x̄N (t1)) as i = 0, . . . , l. By Lemma 4.2 we apply the separation theorem to the
convex sets in (4.9). It follows from the structures of these sets that there are λiN ≥ 0
for i = 0, . . . , l and all N sufficiently large satisfying λ2

0N + · · · + λ2
lN = 1 and

l∑
i=0

〈
x∗
iN ,∆τ,vx̄N (t1)

〉
+ o(hN ) ≥ 0

for any τ ∈ TN and v ∈ U . Then considering the trajectory pN (t) of the adjoint
system (1.6) with the transversality condition

p(t1) = −
l∑

i=0

λiNx∗
iN

and arguing as in the proof of Theorem 4.1, we get the inequality

hN

[
H(τ, x̄N (τ), pN (τ + hN ), v) −H(τ, x̄N (τ), pN (τ + hN ), ūN (τ))

]
+ o(hN ) ≤ 0

held for all τ ∈ TN and v ∈ U . This easily implies the approximate maximum
condition (1.3). Since (4.11) just means that the inequality constraints are essential
for x̄N as i = 1, . . . , l, we arrive at all the conclusions of the theorem for the case of
inequality constraints. Observe that the result obtained ensures the fulfillment of the
AMP with zero multipliers corresponding to inessential inequality constraints.

Next let us consider the general case of (PN ) when the equality constraints are
present as well. Each equality constraint ϕiN (x) ≤ δN can be obviously represented
as the two inequality constraints

ϕ+
iN (x) := ϕi(x) − δiN ≤ 0, ϕ−

iN (x) := −ϕi(x) − δiN ≤ 0(4.13)
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for i = m+ 1, . . . ,m+ r. Let us show that if one of the constraints (4.13) is essential
for x̄N along some subsequence M ⊂ N, then the other is inessential along the same
subsequence under the consistency condition (1.2). Indeed, suppose for definiteness
that the constraint ϕ+

iN (x̄N (t1)) ≤ 0 is essential for some i ∈ {m+1, . . . ,m+r} along
M. Then by (1.2) we have

ϕ−
iN (x̄N (t1)) = −ϕi(x̄N (t1)) + δiN − 2δiN = −ϕ+

iN (x̄N (t1)) − 2δiN ≤ KhN , N ∈ M,

for any K > 0 as N → ∞, which means that the constraint ϕ−
iN (x̄N (t1)) ≤ 0 is

inessential. Since ϕi is assumed to be C1 for i = m + 1, . . . ,m + r, both ϕ+
iN and

ϕ−
iN are uniformly upper subdifferentiable around the reference points. Applying

now the inequality case of the theorem that has been already proved, we find either
λ+
iN or λ−

iN corresponding to one of the essential constraints ϕ+
iN (x̄N (t1)) ≤ 0 and

ϕ−
iN (x̄N (t1)) ≤ 0, respectively. Finally putting

λiN := λ+
iN or λiN := −λ−

iN , i = m + 1, . . . ,m + r,

depending on which of these constraints is essential, we complete the proof of the
theorem.

Note that both Theorems 4.1 and 4.3 concern the discrete approximation prob-
lems (PN ) with t1− t0 = NhN , i.e., when the time interval and the discretization step
are commensurable. Of course, it is not always the case in applications. Moreover, to
extend the AMP to time-delay systems in the next section, we reduce them to systems
with no delays but with incommensurable t1− t0 and hN . To proceed in this way, one
needs to use modifications of the above results in the case of incommensurability. Let
us present the corresponding modification of Theorem 4.1 for problems with no end-
point constraints. For simplicity we use the notation f(t, xN , uN ) := f(t, xN (t), uN (t))
and consider the following sequences of discrete approximations with the grid

TN :=
{
t0, t0 + hN , . . . , t1 − h̃N − hN

}
, hN :=

t1 − t0
N

,

h̃N := t1 − t0 − hN

[
t1 − t0
hN

]
,

where [a] stands as usual for the greatest integer less than or equal to the real number
a. The modified problems are written as

(P̃N )

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

minimize J(xN , uN ) := ϕ(xN (t1))

subject to

xN (t + hN ) = xN (t) + hNf(t, xN , uN ), t ∈ TN , xN (t0) = x0 ∈ R
n,

xN (t1) = xN (t1 − h̃N ) + h̃Nf(t1 − h̃N , xN , uN ),

uN (t) ∈ U, t ∈ TN .

Theorem 4.4 (AMP for problems with incommensurability). Let the pairs

(x̄N , ūN ) be optimal to problems (P̃N ). Assume in addition to (H1) that ϕ is uni-
formly upper subdifferentiable around the limiting point(s) of the sequence {x̄N (t1)},
N ∈ N. Then for every sequence of upper subgradients x∗

N ∈ ∂̂+ϕ(x̄N (t1)) there is
ε(t, hN ) → 0 as N → ∞ uniformly in t ∈ TN such that the approximate maximum
condition

H(t, x̄N , pN , uN ) = max
u∈U

H(t, x̄N , pN , u) + ε(t, hN )
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holds for all t ∈ T̃N := TN ∪ {t1 − h̃N}, where the Hamilton–Pontryagin function is
defined by

H(t, xN , pN , u) :=

{〈
pN (t + hN ), f(t, xN , u)

〉
if t ∈ TN ,〈

pN (t), f(t− h̃N , xN , u)
〉

if t = t1 − h̃N ,

and where each pN (t) satisfies the adjoint system⎧⎪⎨⎪⎩
pN (t) = pN (t + hN ) + hN

∂f

∂x

∗
(t, x̄N , ūN )pN (t + hN ), t ∈ TN ,

pN (t1 − h̃N ) = pN (t1) + h̃N
∂f

∂x

∗
(t1 − h̃N , x̄N , ūN )pN (t1)

with the transversality condition pN (t1) = −x∗
N .

Proof. It is similar to the proof of Theorem 4.1 with the modification of the
increment formula for the minimizing functional,

0 ≤ J(xN , uN ) − J(x̄N , ūN ) ≤ −
〈
pN (t1),∆xN (t1)

〉
+ o(‖∆xN (t1)‖)

= −
∑
t∈TN

〈pN (t + hN ) − pN (t),∆xN (t)〉

−〈pN (t1) − pN (t1 − h̃N ),∆xN (t1 − h̃N )〉

−hN

∑
t∈TN

〈
pN (t + hN ),

∂f

∂x
(t, x̄N , ūN )∆xN (t)

〉
− h̃N

〈
pN (t1),

∂f

∂x
(t1 − h̃N , x̄N , ūN )∆xN (t1 − h̃N )

〉
−hN

∑
t∈T̃N

∆uH(t, x̄N , pN , ūN ) + hN

∑
t∈T̃N

ηN (t) + o(‖∆xN (t1)‖),

where ∆uH and ηN (t) are defined as above. Substituting now the adjoint trajectory
into this formula and using the needle variation (4.6), we arrive at the conclusions of
the theorem.

Similar to the proof of Theorem 4.3 we can get its modification to the case of
incommensurability with the transversality and related conditions (4.10)–(4.12).

5. AMP for discrete approximations of delay systems. This section is
devoted to the extension of the AMP in the upper subdifferential form to finite-
difference approximations of time-delay control systems. Actually we are not familiar
with any previous results on the AMP for optimal control problems with delays, so
the results obtained below seem to be new even for smooth-delay problems.

We mainly pay attention to discrete approximations of the following time-delay
problem with no endpoint constraints:

(D)

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

minimize J(x, u) := ϕ(x(t1))

subject to

ẋ(t) = f(t, x(t), x(t− θ), u(t)) a.e. t ∈ [t0, t1],

x(t) = c(t), t ∈ [t0 − θ, t0],

u(t) ∈ U a.e. t ∈ [t0, t1]

over measurable controls and absolute continuous trajectories, where θ > 0 is the
constant time delay, and where c : [t0 − θ, t0] → R

n is a given function defining the
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initial “tail” condition that is necessary to start the delay system. Based on the
above constructions for nondelayed systems, one can derive similar results for delay
systems with endpoint constraints. We may also extend the results obtained to more
complicated delay systems involving variable delays, set-valued tail conditions, etc.
On the other hand, we show in the end of this section that the AMP does not hold for
discrete approximations of functional-differential systems of neutral type that contain
time delays not only in state variables but in velocity variables as well.

Let us build discrete approximations of the time-delay problem (D) based on the
Euler finite-difference replacement of the derivative. In the case of time-delay systems
we need to ensure that the point t− θ belongs to the discrete grid when t does. It can
be achieved by defining the discretization step as hN := θ

N in contrast to hN = t1−t0
N

for the nondelayed problems (PN ). In such a scheme the length of the time interval
t1 − t0 is generally no longer commensurable with the discretization step hN .

To this end we consider the following sequences of discrete approximations of the
delay problem (D) with the grid on the main interval [t0, t1] given by

TN :=
{
t0, t0 + hN , . . . , t1 − h̃N − hN

}
, hN :=

θ

N
, h̃N := t1 − t0 − hN

[
t1 − t0
hN

]
but also involving the grid T0N on the initial interval [t0 − θ, t0] as follows:

(DN )

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

minimize J(xN , uN ) := ϕ(xN (t1))

subject to

xN (t + hN ) = xN (t) + hNf(t, xN (t), xN (t−NhN ), uN (t)), t ∈ TN ,

xN (t1) = xN (t1 − h̃N ) + h̃Nf(t1 − h̃N , xN (t1 − h̃N ), uN (t1 − h̃N )),

xN (t) = c(t), t ∈ T0N :=
{
t0 − θ, t0 − θ + hN , . . . , t0

}
,

uN (t) ∈ U, t ∈ TN .

To derive the AMP for the sequence of problems (DN ), we reduce these prob-
lems to the ones without delays and employ the results of section 4. This follows
the “method of steps” developed by Warga [15] in the case of delay problems for
continuous-time systems. Our assumptions on the initial data of (P ) are similar to
those in section 4 for nondelay systems. A counterpart of (H1) is formulated as follows:

(H) f = f(t, x, y, u) is continuous with respect to all its variables and continuously
differentiable with respect to (x, y) in some tube containing optimal trajectories for

all u from the compact set U in a metric space and for all t ∈ T̃N := TN ∪ {t1 − h̃N}
uniformly in N ∈ N.

For convenience we introduce the notation

ξN (t) := (xN (t), xN (t− θ)), ξ̄N (t) := (x̄N (t), x̄N (t− θ)),

f(t, ξN , uN ) := f(t, xN (t), xN (t− θ), uN (t)),

f(t, ξ̄N , uN ) := f(t, x̄N (t), x̄N (t− θ), uN (t))

in which terms the adjoint system to (DN ) is written as

pN (t) = pN (t + hN ) + hN
∂f

∂x

∗
(t, ξ̄N , ūN )pN (t + hN )

+hN
∂f

∂y

∗
(t + θ, ξ̄N , ūN )pN (t + θ + hN ) for t ∈ TN ,

pN (t1 − h̃N ) = pN (t1) + h̃N
∂f

∂x

∗
(t1 − h̃N , ξ̄N , ūN )pN (t1)
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along the optimal processes (x̄N , ūN ) to the delay problems for each N ∈ N. Intro-
ducing the corresponding Hamilton–Pontryagin function

H(t, xN , yN , pN , u) :=

{〈
pN (t + hN ), f(t, xN , yN , u)

〉
if t ∈ TN ,〈

pN (t), f(t− h̃N , xN , yN , u)
〉

if t = t1 − h̃N
(5.1)

with yN (t) = xN (t− θ), we rewrite the adjoint system as

(5.2)⎧⎪⎪⎨⎪⎪⎩
pN (t) = pN (t + hN ) + hN

[
∂H

∂x
(t, ξ̄N , pN , ūN ) +

∂H

∂y
(t + θ, ξ̄N , pN , ūN )

]
, t ∈ TN ,

pN (t1 − h̃N ) = pN (t1) + h̃N
∂H

∂x
(t1 − h̃N , ξ̄N , pN , ūN ).

Theorem 5.1 (AMP for delay systems). Let the pairs (x̄N , ūN ) be optimal to
problems (DN ). Assume in addition to (H) that ϕ is uniformly upper subdifferentiable
around the limiting point(s) of the sequence {x̄N (t1)}, N ∈ N. Then for every sequence

of upper subgradients x∗
N ∈ ∂̂+ϕ(x̄N (t1)), the approximate maximum condition

H(t, ξ̄N , pN , ūN ) = max
u∈U

H(t, ξ̄N , pN , u) + ε(t, hN ), t ∈ T̃N ,(5.3)

holds with the Hamilton–Pontryagin function (5.1) and with some ε(t, hN ) → 0 as

hN → 0 uniformly in t ∈ T̃N , where the adjoint trajectory pN satisfies (5.2) and the
transversality relations

pN (t1) = −x∗
N , pN (t) = 0 as t > t1.(5.4)

Proof. Let us reduce the delay discrete approximation problems to the ones with
no delay by the following multistep procedure. Denote

y1N (t) := xN (t− hN ), t ∈ {t0 + 2hN , . . . , t1 − h̃N},
y1N (t) := cN (t− hN ), t ∈ {t0 − θ + hN , . . . , t0 + hN},
y2N (t) := y1N (t− hN ), t ∈ {t0 − θ + 2hN , . . . , t1 − h̃N},

...

yNN (t) := yN−1,N (t− hN ), t ∈ {t0, . . . , t1 − h̃N},

and observe that the values of y1N (t1), . . . , yNN (t1) can be defined arbitrarily, since
they do not enter either the adjoint system or the cost function. To match the setup
of Theorem 4.1, define

y1N (t1) := xN (t1 − h̃N ), y2N (t1) := y1N (t1 − h̃N ), . . . , yNN (t1) := yN−1,N (t1 − h̃N ).

After the change of variables one has

yNN (t) =

{
xN (t− θ), t ∈ {t0 + θ + hN , . . . , t1 − h̃N},
c(t− θ), t ∈ {t0, . . . , t0 + θ}.

The original system in (DN ) is thereby reduced, for each N ∈ N, to the following
nondelayed system of dimension R

(N+1)n:{
zN (t + hN ) = zN (t) + hNg(t, zN , uN ), t ∈ TN ,

zN (t1) = zN (t1 − h̃N ) + h̃Ng(t1 − h̃N , zN , uN ),
(5.5)
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with the state vector zN (t) := (xN (t), y1N (t), . . . , yNN (t))∗ (the star stands for trans-
posing) and with the mapping g(t, zN , uN ) given by

g(t, zN (t), uN (t)) :=

⎛⎜⎜⎜⎜⎜⎜⎜⎝

f(t, xN (t), yNN (t), uN (t))

xN (t) − y1N (t)

hN
. . . . . .

yN−1,N (t) − yNN (t)

hN

⎞⎟⎟⎟⎟⎟⎟⎟⎠
,

where hN should be replaced by h̃N for t = t1 − h̃N in the last formula.
Let us apply Theorem 4.1 to minimizing the same functional as in (DN ) on the

feasible pairs (zN , uN ) of the nondelayed system (5.5). The adjoint system in this
problem, with respect to the new adjoint variable q ∈ R

(N+1)n, has the form⎧⎪⎨⎪⎩
qN (t) = qN (t + hN ) + hN

∂g

∂z

∗
(t, z̄N , ūN )q(t + hN ), t ∈ TN ,

qN (t1 − h̃N ) = qN (t1) + h̃N
∂g

∂z

∗
(t1 − h̃N , z̄N , ūN )qN (t1)

(5.6)

with the transversality condition

qN (t1) = −(x∗
N , 0, . . . , 0)∗ for x∗

N ∈ ∂̂+ϕ(x̄N (t1)).(5.7)

Computing the matrix ∂g
∂z , we get

∂g∗

∂z
=

1

hN

⎛⎜⎜⎜⎜⎜⎝
hN

∂f∗

∂x
1 . . . 0 0

0 −1 . . . 0 0
. . . . . . . . . . . . . . .

hN
∂f∗

∂yNN
0 . . . 0 −1

⎞⎟⎟⎟⎟⎟⎠ .

Taking this into account and performing elementary calculations, we arrive at the
adjoint system (5.2) and the transversality relations (5.4) for the first component pN (t)

of the adjoint trajectory qN (t) satisfying (5.6) and (5.7). Denoting by H̃(t, zN , qN , u)
the Hamilton–Pontryagin function (5.1) to the nondelayed system (5.5), one has

H̃(t, z̄N , qN , u) =
〈
qN (t + hN ), g(t, z̄N , u)

〉
=
〈
pN (t + hN ), f(t, ξ̄N , u)

〉
+ r(t, z̄N , qN , hN )

= H(t, ξ̄N , pN , u) + r(t, z̄N , qN , hN ), t ∈ TN ,

and similarly for t = t1 − h̃N , where H is given in (5.1), and where the remainder
r(t, z̄N , qN , hN ) does not depend on u. Finally applying the approximate maximum
condition (1.3) from Theorem 4.1 to system (5.5), we arrive at (5.3) and complete the
proof of the theorem.

Note that in the case of continuously differentiable cost functions ϕ around x̄N (t1)
uniformly in N , the transversality relations (5.4) reduce to

pN (t1) = −∇ϕ(x̄N (t1)), pN (t) = 0 as t > t1.
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Similarly to the proof of Theorem 5.1 we can deduce from Theorem 4.3 its delay
counterpart for discrete approximation problems with endpoint constraints. In this
result we add assumptions (H2) and (H3) to those in (H) and replace the transversality
relations (5.4) in Theorem 5.1 with the conditions (4.10)–(4.12) with pN (t) = 0 as
t > t1.

Finally in this section, we consider optimal control problems for finite-difference
approximations of the so-called functional-differential systems of neutral type

ẋ(t) = f(t, x(t), x(t− θ), ẋ(t− θ), u(t)) a.e. t ∈ [t0, t1],(5.8)

which contain time delays not only in state but also in velocity variables. A finite-
difference counterpart of (5.8) with the stepsize h and with the grid T := {t0, t0 +
h, . . . , t1 − h} is

x(t + h) = x(t) + hf

(
t, x(t), x(t− θ),

x(t− θ + h) − x(t− θ)

h
, u(t)

)
, t ∈ T,(5.9)

and the adjoint system is given by

p(t) = p(t + h) + h
∂f

∂x

∗
(t, ξ̄, ū)p(t + h) + h

∂f

∂y

∗
(t + θ, ξ̄, ū)p(t + θ + h)

+h
∂f

∂z

∗
(t + θ − h, ξ̄, ū)p(t + θ) − h

∂f

∂z

∗
(t + θ, ξ̄, ū)p(t + θ + h), t ∈ T,(5.10)

where (x̄, ū) is an optimal solution to the neutral analogue of problems (DN ) and
where

ξ̄(t) :=

(
x̄(t), x̄(t− θ),

x̄(t− θ + h) − x̄(t− θ)

h

)
, t ∈ T.

It has been proved in [8] that optimal solutions to problems like (DN ) for discrete
systems of the neutral type (5.9) satisfy the exact discrete maximum principle with
transversality conditions in the upper subdifferential form provided that the velocity
sets f(t, x, y, z, U) are convex around ξ̄(t). What about an analogue of the AMP with
no convexity assumptions on the velocity sets? The following example shows that the
AMP is not fulfilled for finite-difference neutral systems, in contrast to ordinary and
delay ones, even in the case of smooth cost functions.

Example 5.1 (AMP does not hold for neutral systems). There is a two-dimen-
sional control problem of minimizing a linear function over a smooth neutral system
with no endpoint constraints such that some sequence of optimal controls to discrete
approximations does not satisfy the AMP regardless of the stepsize and a mesh point.

Proof. Consider the following parametric family of discrete optimal control prob-
lems with the parameter h > 0:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

minimize J(x1, x2, u) := x2(2)

subject to

x1(t + h) = x1(t) + hu(t), t ∈ T :=
{
0, h, . . . , 2 − h

}
,

x2(t + h) = x2(t) + h

(
x1(t− 1 + h) − x1(t− 1)

h

)2

− hu2(t), t ∈ T,

x1(t) ≡ x2(t) ≡ 0, t ∈ T0 := {−1, . . . , 0},
|u(t)| ≤ 1, t ∈ T.

(5.11)



APPROXIMATE MAXIMUM PRINCIPLE 1061

It is easy to see that

x2(1) = −h

1−h∑
t=0

u2(t)

and

J(x1, x2, u) := x2(2) = x2(1) + h

2−h∑
t=1

(
x1(t− 1 + h) − x1(t− 1)

h

)2

− h

2−h∑
t=1

u2(t)

= −h

1−h∑
t=0

u2(t) + h

1−h∑
t=0

u2(t) − h

2−h∑
t=1

u2(t) = −h

2−h∑
t=1

u2(t).

Thus the control

ū(t) =

{
0, t ∈ {0, . . . , 1 − h},
1, t ∈ {1, . . . , 2 − h},

is the only optimal control to (5.11) for any h. The corresponding trajectory is

x̄1(t) =

{
0, t ∈ {0, . . . , 1 − h},
t− 1, t ∈ {1, . . . , 2 − h}; x̄2(t) =

{
0, t ∈ {0, . . . , 1 − h},
−t + 1, t ∈ {1, . . . , 2 − h}.

Computing the partial derivatives of f in (5.11), we get

∂f

∂x
=

(
0 0
0 0

)
,

∂f

∂y
=

(
0 0
0 0

)
,

and

∂f

∂z
(t + 1) =

1

h

(
0 0

2(x1(t + h) − x1(t)) 0

)
.

Hence the adjoint system (5.10) reduces to

p1(t) = p1(t + h) + 2(x̄1(t) − x̄1(t− h))p2(t + 1) − 2(x̄1(t + h) − x̄1(t))p2(t + 1 + h),
p2(t) ≡ const, t ∈ {0, . . . , 2 − h},

with the transversality conditions

p1(2) = 0, p2(2) = −1; p1(t) = p2(t) = 0 for t > 2.

The solution of this system is

p1(t) ≡ 0, p2(t) ≡ −1 for all t ∈ {0, . . . , 2 − h}.

Thus the Hamilton–Pontryagin function along the optimal solution is

H(t, x̄1, x̄2, p1, p2, u) = p1(t + h)u + p2(t + h)

{(
x1(t− 1 + h) − x1(t− 1)

h

)2

− u2

}
= u2 for all t ∈ {0, . . . , 1 − h}.

This shows that the optimal control ū(t) = 0 does not provide the approximate
maximum to the Hamilton–Pontryagin function regardless of h and the mesh point
t ∈ {0, . . . , 1 − h}. Note at the same time that another sequence of optimal controls
with ū(t) = 1 for all t ∈ {0, . . . , 2− h} satisfies the exact discrete maximum principle
regardless of h.
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Abstract. We present second-order optimality conditions (sufficient and necessary) and the
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1. Introduction and preliminaries. Second-order optimality conditions in
terms of the generalized second-order derivatives are very useful in various problems
connected with optimization. See, for instance, [BZ], [CC], [CHN], [GZ], [HSN], [K],
[Ma], [Q], [R1], [R2], [RW], [Y1], and references therein.

Much attention has been focused on C1,1 functions (i.e., continuously differen-
tiable functions with a locally Lipschitz gradient) which appear in, e.g., the augmented
Lagrange method, the penalty function method, and the proximal point method.

Second-order optimality conditions (both sufficient and necessary) can be classi-
fied into two groups. One type assumes the existence of some second-order derivatives
(which are defined, for example, as lim); see, e.g., the classical result in smooth analy-
sis or the generalized results given in [BZ], [JY]. The other type uses the second-order
derivatives which exist always (they are defined, for example, as lim inf or lim sup)
[CC], [YJ], [Pa2]. On the contrary, the conditions of the first type are often tighter
than those of the second. These advantages and disadvantages are compared, for
example, in [Y1, section 5].

At this point we should say that we restrict our considerations to the second type
of second-order optimality conditions.

By the process of elimination of strict convergence given in the title of this paper,
we mean that some results (see [CC] and notice that it has been cited 37 times so far
by Web of Science) presented in terms of Cominetti–Correa generalized second-order
directional derivatives can be given in tighter form in such a way that, from the formal
point of view, we wipe out the strict convergence y → x in second-order conditions
expressed by means of Cominetti–Correa derivatives (compare Theorems 3.1 and 3.2,
Theorems 5.1 and 5.3, Theorems 6.1 and 6.4, and Theorems 7.1 and 7.5).

This process was started in [Pa2] for second-order sufficient optimality conditions.
In section 3, we present a new, more precise proof of this improved result.

Connections among generalized second-order directional derivatives introduced
by Cominetti–Correa and those introduced in [Pa1] are established in section 4.
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1064 DUŠAN BEDNAŘÍK AND KAREL PASTOR

Section 5 is devoted to the characterization of convexity via generalized second-
order derivatives (we note that convexity plays an important role not only in opti-
mization theory).

A new (to the best of our knowledge) necessary second-order optimality condition
introduced in section 6 is tighter than the ones in [YJ]. We finish our elimination
process by studying certain minimax problems in section 7.

2. Survey of derivatives. Let X be a real Banach space with the norm ‖ · ‖,
with X∗ the topological dual space of X, and let 〈x∗, x〉 be a canonical pair, where
x∗ ∈ X∗, x ∈ X. SX denotes the set {x ∈ X : ‖x‖ = 1}.

In fact, our results use only f ′l
+(x;u, v) and f ′u

+ (x;u, v) (see below for definitions).
Since we want to compare our results with those obtained before in terms of other
generalized second-order directional derivatives, we give a survey of their definitions
for the sake of completeness. On the other hand, there is maybe a pitfall that one
might be caught in the mire of definitions. Therefore it might be helpful to skim
section 2 during the first reading, then study it more carefully during the next.

Let us note, also on account of applications, that the calculus with f ′l
+(x;u, v)

and f ′u
+ (x;u, v) feels more comfortable than the calculus with some other generalized

second-order directional derivatives.
For a function f : X → R, we denote the first-order directional derivative of f at

x ∈ X in the direction v ∈ X by

f ′(x; v) = lim
t↓0

f(x + tv) − f(x)

t
,

and the upper and lower Clarke directional derivatives of f at x ∈ X in the direction
v ∈ X, respectively, by

f◦(x; v) = lim sup
y→x,t↓0

f(y + tv) − f(y)

t
,

f◦(x; v) = lim inf
y→x,t↓0

f(y + tv) − f(y)

t
.

As in [CC], we define the Cominetti–Correa upper and lower generalized second-
order directional derivatives at x ∈ X in the direction (u, v) ∈ X×X by, respectively,

f∞(x;u, v) = lim sup
y→x, s,t↓0

f(y + tu + sv) − f(y + tu) − f(y + sv) + f(y)

st
,

f∞(x;u, v) = lim inf
y→x, s,t↓0

f(y + tu + sv) − f(y + tu) − f(y + sv) + f(y)

st
.

Considering a C1,1 function f : X → R, the generalized upper and lower second-
order directional derivatives of f at x ∈ X in direction (u, v) ∈ X ×X in the sense of
Michel–Penot [MP] are given, respectively, as follows:

f�u(x;u, v) = sup
z∈X

lim sup
t↓0

〈�f(x + tz + tu) −�f(x + tz), v〉
t

,

f�l(x;u, v) = inf
z∈X

lim inf
t↓0

〈�f(x + tz + tu) −�f(x + tz), v〉
t

,
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where the symbol �f(x) denotes the Gâteaux derivative of f at x.
We note that for a set-valued mapping F : R � R, it is natural to denote

lim inf
t↓0

F (t) = lim inf
t↓0

inf{a : a ∈ F (t)}.

Similarly for lim sup. In [Pa1], there were introduced the following lower generalized
second-order directional derivatives:

f ′L(x;u, v) = lim inf
t↓0

〈∂cf(x + tu) − ∂cf(x), v〉
t

,

f∗L(x;u, v) = lim inf
y→x,t↓0

〈∂cf(y + tu) − ∂cf(y), v〉
t

,

where f is Lipschitz near x ∈ X, (u, v) ∈ X ×X, and the symbol ∂cf(x) stands for
the Clarke subdifferential [Cl1] at x defined by

∂cf(x) = {x∗ ∈ X∗ : 〈x∗, v〉 ≤ f◦(x; v) ∀v ∈ X}.

One has that it holds

f◦(x; v) = max{〈x∗, v〉 : x∗ ∈ ∂cf(x)},

f◦(x; v) = min{〈x∗, v〉 : x∗ ∈ ∂cf(x)}.

Dually to f ′L(x;u, v), we can define

f ′U (x;u, v) = lim sup
t↓0

〈∂cf(x + tu) − ∂cf(x), v〉
t

.

Let us recall that a locally Lipschitz function f : X → R is said to be regular at
x ∈ X provided that f ′(x; v) = f◦(x; v) for every v ∈ X. It is natural to define the
following upper and lower generalized derivatives at x ∈ X in the direction (u, v) ∈
X ×X for a function f : X → R which is regularly locally Lipschitz near x by means
of

f ′u(x;u, v) = lim sup
t↓0

f ′(x + tu; v) − f ′(x; v)

t

and

f ′l(x;u, v) = lim inf
t↓0

f ′(x + tu; v) − f ′(x; v)

t
.

Finishing the survey of generalized derivatives used in the paper, we recall some
of their properties and the relationships among them.

If f is regularly locally Lipschitz near x ∈ X, and u, v ∈ X, then it holds that
[CC]

f∞(x;u, v) = lim sup
y→x,t↓0

f ′(y + tu; v) − f ′(y; v)

t
,(1)
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f∞(x;u, v) = lim inf
y→x,t↓0

f ′(y + tu; v) − f ′(y; v)

t
.(2)

Thus, if f is continuously differentiable near x, then

f∞(x;u, v) = lim sup
y→x,t↓0

〈�f(y + tu) −�f(y), v〉
t

,

f∞(x;u, v) = lim inf
y→x,t↓0

〈�f(y + tu) −�f(y), v〉
t

.(3)

Further, for each continuously differentiable function f near x ∈ X, one has

f ′u(x;u, v) = lim sup
t↓0

〈�f(x + tu) −�f(x), v〉
t

and

f ′l(x;u, v) = lim inf
t↓0

〈�f(x + tu) −�f(x), v〉
t

.(4)

Lemma 2.1 (see [Pa1, Proposition 2.1]). Let f : X → R be a C1,1 function,
x ∈ X, and let (u, v) ∈ X ×X. Then

f ′L(x;u, v) ≥ f�l(x;u, v) ≥ f∗L(x;u, v).

Lemma 2.2 (see [Pa1, Proposition 3.1]). Let f : X → R be a continuously
differentiable function, x, u, v ∈ X. Then

f∞(x;u, v) ≤ f ′L(x;u, v).

3. Sufficient optimality conditions. Cominetti and Correa published the fol-
lowing result in 1990.

Theorem 3.1 (see [CC, Proposition 5.2]). Let f : R
n → R be a C1,1 function

near x̂ ∈ R
n. If �f(x̂) = 0 and it holds that

f∞(x̂;h, h) > 0 ∀h ∈ SRn ,(5)

then f attains a strict local minimum at x̂.
As was shown in [Pa2, Theorem 3], the conclusion of Theorem 3.1 does not change

when we wipe out the strict convergence in (5), as shown in the following. (Compare
also with (3) and (4).)

Theorem 3.2. Let f : R
n → R be a C1,1 function near x̂ ∈ R

n. If �f(x̂) = 0
and it holds that

f ′l(x̂;h, h) > 0 ∀h ∈ SRn ,(6)

then f attains a strict local minimum at x̂.
The following example illustrates the advantage of Theorem 3.2.
Example 3.3. Consider a function f : R → R such that

f(x) =

{ ∫ ‖x‖
0

t( 5
4 + sin ln t)dt if x 
= 0,

0 if x = 0.
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It easy to show that f is a C1,1 function, �f(0) = 0, and f ′l(0; 1, 1) =
f ′l(0;−1,−1) = 1

4 . On the other hand, f∞(0; 1, 1) = 5
4 −

√
2 < 0. For the calcu-

lus, see [BP, Example]. So, Theorem 3.2 can be used to test strict local minimum at
0 in contrast to Theorem 3.1.

Now, we provide a new proof of Theorem 3.2 which appears to be more precise
than those given in [Pa2]. Analogously, as in [DR, p. 229], we can prove Lemma 3.4.

Lemma 3.4. Let f : R
n → R be Lipschitz near x̂ ∈ R

n, and let

lim inf
t↓0

f(x̂ + th) − f(x̂)

t
> 0 ∀h ∈ SRn .

Then f attains a strict local minimum at x̂.
Lemma 3.5. Let T : X → X∗ be Lipschitz near 0 and T (0) = 0. Then a function

g : X → R,

g(x) =

⎧⎨⎩
〈
Tx,

x

‖x‖

〉
for x 
= 0,

0 for x = 0,

is also Lipschitz near 0.
Proof. There exist δ > 0 and L > 0 satisfying

‖Tx− Ty‖ ≤ L‖x− y‖ ∀x, y ∈ B(0, δ),

where B(x, r) = {y ∈ X : ‖y−x‖ ≤ r} for an x ∈ X and r > 0. We fix x, y ∈ B(0, δ).
If x 
= 0 and y 
= 0, then let us calculate

‖g(x) − g(y)‖ =

∥∥∥∥〈Tx,
x

‖x‖

〉
−
〈
Ty,

y

‖y‖

〉∥∥∥∥
=

∥∥∥∥〈Tx,
x

‖x‖

〉
−
〈
Ty,

x

‖x‖

〉
+

〈
Ty,

x

‖x‖

〉
−
〈
Ty,

y

‖y‖

〉∥∥∥∥
≤ ‖Tx− Ty‖ + ‖Ty‖

∥∥∥∥ x

‖x‖ − y

‖y‖

∥∥∥∥
≤ L‖x− y‖ + L‖y‖

∥∥∥∥x‖y‖ − x‖x‖ + x‖x‖ − y‖x‖
‖x‖‖y‖

∥∥∥∥
= L‖x− y‖ + L

∥∥∥∥ (‖y‖ − ‖x‖)x + ‖x‖(x− y)

‖x‖

∥∥∥∥
≤ L‖x− y‖ + L

∥∥∥∥ (‖y‖ − ‖x‖)
‖x‖ x

∥∥∥∥ + L‖x− y‖

≤ 3L‖x− y‖.

In the other cases (i.e., x = 0, y 
= 0 or x = 0, y = 0), the above formula ‖g(x) −
g(y)‖ ≤ 3L‖x− y‖ follows immediately.

Proof of Theorem 3.2. Without any loss of generality, we can assume that x̂ = 0
and f(0) = 0.

Since �f(0) = 0, one can rewrite condition (6) as

lim inf
t↓0

〈�f(th), h〉
t

> 0 ∀h ∈ SRn .(7)
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Let us consider a function g : X → R such that

g(x) =

⎧⎨⎩
〈
�f(x),

x

‖x‖

〉
for x 
= 0,

0 for x = 0.

The function x → �f(x) is Lipschitz near 0. Subsequently, g is also Lipschitz
near 0 by Lemma 3.5. Using condition (7), we have

lim inf
t↓0

g(0 + th) − g(0)

t
= lim inf

t↓0

〈�f(th), h〉
t

> 0 ∀h ∈ SRn .

Due to Lemma 3.4, g attains a strict local minimum at 0, i.e., there exists δ > 0
such that 〈

�f(x),
x

‖x‖

〉
> 0(8)

for every x ∈ B(0, δ). We fix x ∈ B(0, δ), x 
= 0. Applying the Lagrange mean value
theorem, we get η ∈ (0, 1) satisfying

f(x) − f(0) = 〈�f(ηx), x〉 =

〈
�f(ηx),

ηx

‖ηx‖

〉
‖x‖ > 0,

where the previous inequality follows from (8). Therefore, f attains a strict local
minimum at 0.

Unfortunately, as shown by the following counterexample, Theorem 3.2 is not
true for an arbitrary continuously differentiable function.

Example 3.6. Define f : R
2 → R, partially in polar coordinates, as shown by

the following:
1. f(x, y) = (y − x

3
2 )2 if (x, y) ∈

{
(x, y) ∈ R

2, x ≥ 0, x
3
2 ≤ y ≤ x

3
2 + 1

}
;

2. f(x, y) = 1 if (x, y) ∈
{
(x, y) ∈ R

2, x ≥ 0, x
3
2 + 1 ≤ y

}
;

3. f(r sinϕ, r cosϕ) = f̂(r, ϕ) =
(
r − sin2 ϕ

cos3 ϕ

)2
if ϕ ∈

(
0, π

2

)
and r > sin2 ϕ

cos3 ϕ ;

4. f(r sinϕ, r cosϕ) = f̂(r, ϕ) = r2 if ϕ ∈
[
3
2π, 2π

]
;

5. f(−x, y) = f(x, y).
For the main parts of the domain of f , see Figure 3.1.
First, we show that f is continuously differentiable near 0. Due to the symmetry

of f, it suffices to calculate for the following subsets of the domain of f :
1. M1 =

{
(x, y) ∈ R

2, x ≥ 0, x
3
2 < y < x

3
2 + 1

}
. Then

�f(x, y) =
[
−3x

1
2

(
y − x

3
2

)
, 2

(
y − x

3
2

)]
.(9)

2. M2 =
{
(r cosϕ, r sinϕ) ∈ R

2, ϕ ∈ (0, π
2 ), r > sin2 ϕ

cos3 ϕ

}
. Then

�f̂(r, ϕ) =

[
2

(
r − sin2 ϕ

cos3 ϕ

)
,−2

(
r − sin2 ϕ

cos3 ϕ

)
2 sinϕ cos2 ϕ + 3 sin3 ϕ

cos4 ϕ

]
.

3. M3 =
{
(r cosϕ, r sinϕ) ∈ R

2, ϕ ∈
[
3
2π, 2π

]
, r > 0

}
. Then

�f̂(r, ϕ) = [2r, 0].
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Fig. 3.1. The division of the domain in Example 3.6.

4. M4 = {(x, y) ∈ R
2, x ≥ 0, y = x

3
2 }. Then

�f(x, y) = (0, 0).

Analyzing the previous calculation, one has that f is continuously differentiable
near 0 (but is not a C1,1 function near 0).

Now let us verify that f ′l
+(0)(h, h) > 0 whenever h = (cosϕ, sinϕ) for ϕ ∈ (0, 2π].

Setting x = r cosϕ, y = r sinϕ in (9) and using symmetry again, we obtain

f ′l
+(0)(h, h) = 2 sin2 ϕ > 0

whenever h = (cosϕ, sinϕ) for ϕ ∈ (0, π).
Finally, for h = (cosϕ, sinϕ), ϕ ∈ [π, 2π],

f ′l
+(0)(h, h) = 2.

On the other hand, for every (x, y) ∈
{
(x, y) ∈ R

2, x ≥ 0, y = x
3
2

}
, it holds that

f(x, y) = 0. It implies that the function f does not attain a strict local minimum at
0.

4. Relations among derivatives. In order to generalize Lemma 2.2, we will
employ the notion of minimal cusco mapping.

A set-valued mapping F from a topological space A into nonempty subsets of a
Hausdorff locally convex space Y is called cusco if F (t) is compact and convex for
each t ∈ A and F is upper-semicontinuous (i.e., {t ∈ A : F (t) ⊂ U} is an open subset
for each open subset U of Y ).

Furthermore, F is said to be minimal cusco on A if its graph does not contain
the graph of any other cusco on A. The Clarke subdifferential of a regularly locally
Lipschitz function [Mo] or maximal monotone operator (see, e.g., [Ph]) are the well-
known examples of minimal cusco mappings. We recall several basic facts concerning
this notion.

As a particular case of a more general result given in [J, Corollary 4.1], the
following lemma holds.
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Lemma 4.1. Let D ⊂ R be an open set, and let F : D � R be minimal cusco.
Then the set {x ∈ D : F is single-valued at x} is dense in D.

We note that f : A → R∪{+∞} (A is a topological space) is a lower-semicontinuous
function provided that {x ∈ A : f(x) ≤ r} is closed in A for every r ∈ R. By a lower
hull of a densely defined function f from A into R ∪ {+∞}, we mean

l(f) = max{h : A → R ∪ {+∞} : (h ≤ f̄) and h is lower-semicontinuous},

where f̄ : A → R ∪ {+∞} coincides with f on the domain of f and f̄(x) = +∞
otherwise.

Lemma 4.2 (see [PB, section 2]). Let A be a topological space and let F : A � R

be minimal cusco. Then for arbitrary densely defined selections s and s′, it holds that

l(s) = l(s′).

For more details about subdifferential mapping x � ∂cf(x) in terms of minimal
cusco, see, e.g., [BM].

Now, we state the relationships among some generalized second-order directional
derivatives mentioned in section 2.

By the analogous way as in [Cl2, the lemma near Theorem 2.3.7], we can obtain
the following.

Lemma 4.3. Let f : X → R be a regularly locally Lipschitz function on an open
subset containing the line segment [x, y]. Then the function g : [0, 1] → R defined by
g(t) := f(x + t(y − x)) is regularly locally Lipschitz on (0, 1), and we have

∂cg(t) = 〈∂cf(x + t(y − x)), y − x〉.

Proposition 4.4. Let f : X → R be a regularly locally Lipschitz function,
x, h ∈ X. Then

f ′L(x;h, h) = f ′l(x;h, h).(10)

Proof. In order to prove (10), we want to show that

lim inf
t↓0

f◦(x + th;h) − f◦(x;h)

t
≥ lim inf

t↓0

f◦(x + th;h) − f◦(x;h)

t
.(11)

Recall that by Lemma 4.3 the set-valued mapping F : t � 〈∂cf(x + th), h〉, t ∈ R, is
minimal cusco. Further on, we will use the notation

F◦(t) := min〈∂cf(x + th), h〉 = f◦(x + th;h),

F ◦(t) := max〈∂cf(x + th), h〉 = f◦(x + th;h), t ∈ R.

Assuming that f◦(x;h) = 0, we can rewrite (11) as the following:

lim inf
t↓0

F◦(t)

t
≥ lim inf

t↓0

F ◦(t)

t
.(12)

Let us suppose for now that we have proved the following claim.
Claim. If 0 < ε < t < 1, then there exists a sequence {tn}∞n=1 such that tn → t

and

F ◦(tn)

tn
≤ F◦(t)

t
+

ε

t
for every n ∈ N.
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Now, let {tn}∞n=1 be a sequence such that tn ↓ 0, 0 < t2n < tn < 1 and which
realizes the lim inf on the left-hand side of (12), i.e.,

lim
n→∞

F◦(tn)

tn
= lim inf

t↓0

F◦(t)

t
.

Due to the claim above, for each n ∈ N, there exists a sequence {tnk}∞k=1 such that
limk→∞ tnk = tn and such that, for each k ∈ N,

F ◦(tnk )

tnk
≤ F◦(tn)

tn
+

t2n
tn

=
F◦(tn)

tn
+ tn.

Now, for each n ∈ N, we can find kn ∈ N such that tnkn
↓ 0 as n → ∞, and

F ◦(tnkn
)

tnkn

≤ F◦(tn)

tn
+ tn ∀n ∈ N.(13)

Letting n → ∞ in (13), we obtain

lim inf
t↓0

F ◦(t)

t
≤ lim inf

n→∞

F ◦(tnkn
)

tnkn

≤ lim
n→∞

(
F◦(tn)

tn
+ tn

)
= lim inf

t↓0

F◦(t)

t
.

Proof of the claim. Suppose, on the contrary, that there are 0 < ε < t < 1 and
δ > 0 such that

F ◦(t′)

t′
>

F◦(t)

t
+

ε

t
for every t′ > 0 such that ‖t′ − t‖ < δ.(14)

Obviously there is δ′ > 0 such that 0 < δ′ ≤ δ, and for any t′ > 0, ‖t′ − t‖ < δ′

we have by (14)

F ◦(t′) > (F◦(t) + ε)
t′

t
≥ (F◦(t) + ε) − ε

2
= F◦(t) +

ε

2
.(15)

Let A ⊂ R denote a set of single valuedness of F which is dense according to Lemma
4.1. Now consider a densely defined selection s, s′ of the mapping F , where s(y) :=
F (y) for every y ∈ A and

s′(y) =

{
s(y) if y ∈ A,
F◦(t) if y = t

(notice that by (15) t 
∈ A). Then it follows from (15) that

l(s′)(t) = F◦(t) < F◦(t) +
ε

2
≤ l(s)(t),

which contradicts Lemma 4.2.
From (2) and Proposition 4.4, one can derive the extension of Lemma 2.2.
Corollary 4.5. Let f : X → R be a regularly locally Lipschitz function, x, h ∈

X. Then

f∞(x;h, h) ≤ f ′L(x;h, h).

Using lim inf and lim sup calculus, Proposition 4.4 and Corollary 4.5 imply the
following.

Corollary 4.6. Let f : X → R be a regularly locally Lipschitz function, x, h ∈
X. Then

f ′U (x;h, h) = f ′u(x;h, h),

f∞(x;h, h) ≥ f ′U (x;h, h).
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5. Characterization of convexity. A former characterization of convexity via
the Cominetti–Correa lower generalized second-order directional derivative given in
[CC] for continuously differentiable and twice C-differentiable functions was proved
under a more relaxed condition (when f is regularly locally Lipschitz) in [Y2, Theorem
4.1].

Theorem 5.1. Let f : X → R be a regularly locally Lipschitz function. Then the
following conditions are equivalent:

(i) f is convex;
(ii) f∞(x;h, h) ≥ 0 ∀x, h ∈ X.

A characterization of convexity for arbitrary locally Lipschitz functions was ob-
tained in [Pa1, Theorem 1.3].

Theorem 5.2. Let f : X → R be a locally Lipschitz function. Then the following
conditions are equivalent:

(i) f is convex;
(ii) f∗L(x;h, h) ≥ 0 ∀x, h ∈ X;
(iii) f ′L(x;h, h) ≥ 0 ∀x, h ∈ X.

Now, Theorem 5.2 and Proposition 4.4 imply the following.

Theorem 5.3. Let f : X → R be a regularly locally Lipschitz function. Then the
following conditions are equivalent:

(i) f is convex;
(ii) f ′l(x;h, h) ≥ 0 ∀x, h ∈ X.

With respect to formula (2), we eliminate the strict convergence y → x in condi-
tion (ii) of Theorem 5.1 to obtain Theorem 5.3.

We note that the calculus with f ′l(x;h, h) is more simple than the calculus with
f∞(x;h, h).

Example 5.4. Let the convex function f be defined by

f(x) =

{
x2 if x ≥ 0,
−x if x < 0.

Conditions given in Theorems 5.1 and 5.3 are satisfied. Indeed,

f∞(x;h, h) =

{
2 if x > 0, h ∈ R, h 
= 0,
0 otherwise,

and

f ′l(x;h, h) =

{
2 if x = 0, h > 0 or x > 0, h ∈ R, h 
= 0,
0 otherwise.

Another characterization of convexity for regularly locally Lipschitz functions in
terms of generalized parabolic second-order directional derivatives is given in [HN,
Theorem 3.3] (see also [Ch, Theorem 2.4] and [Y2, Theorem 4.1]).

6. Necessary optimality conditions. We begin this section by recalling two
second-order necessary conditions.

Theorem 6.1 (see [CC]). Let f : X → R attain a local minimum at x̂ ∈ X.
Then

f∞(x̂;h, h) ≥ 0 ∀h ∈ X.(16)
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Theorem 6.2 (see [YJ]). Let f : X → R be a C1,1 function and let f attain a
local minimum at x̂ ∈ X. Then

f�u(x̂;h, h) ≥ 0 ∀h ∈ X.(17)

It was shown in [YJ] that condition (17) is tighter than condition (16) for C1,1

functions.
For the proof of the following new second-order necessary condition, we use the

Lebourg mean value theorem.
Theorem 6.3 (see [L]). Let f : X → R be Lipschitz on an open convex set

U ⊂ X, x, y ∈ U . Then there exists a point u ∈ (x, y) with the property

f(y) − f(x) ∈ 〈∂cf(u), y − x〉.

Theorem 6.4. Let f : X → R be a locally Lipschitz function and let f attain a
local minimum at x̂. Then

f ′U (x̂;h, h) ≥ 0 ∀h ∈ X.(18)

Proof. Inequality (18) is true for h = 0 because f ′U (x̂, 0, 0) = 0. Now, we fix
arbitrary h ∈ X, h 
= 0. By Theorem 6.3, for every t > 0, there exist 0 < λ(t) < t
and p ∈ ∂cf(x̂ + λ(t)h) satisfying

f(x̂ + th) − f(x̂) = 〈p, th〉.

Since x̂ is a local minimum of f , one has 0 ∈ ∂cf(x̂) and, moreover, it holds that
f(x̂ + th) − f(x̂) ≥ 0 for every sufficiently small t > 0. Thus

f ′U (x̂;h, h) ≥ 0.

Lemma 2.1 and the calculus for lim sup and lim inf yield that (18) is tighter
than (17) for C1,1 functions. Moreover, using Corollary 4.6, we have that (18) is also
tighter than (16) for regularly locally Lipschitz functions. (Compare formula (1) and
Corollary 4.6 to see our process of elimination of strict convergence.)

We illustrate the results by giving examples.
Example 6.5. Consider a function f : R → R,

f(x) = [max{x, 0}]2 ∀x ∈ R.

We can verify (see also [Y1, Example 5.2]) that f is C1,1, 0 is a (local) minimum of
f , �f(0) = 0, and that for every h ∈ R,

f∞(0;h, h) = f�u(0;h, h) = 2h2 ≥ 0.

Further, one has that it holds that

f ′U (0;h, h) = f ′u(0;h, h) =

{
2h2 if h ≥ 0,
0 if h < 0.

Thus, (16), (17), and (18) hold, but (18) is tighter than (16) and (17) because

f ′U (0;h, h) < f∞(0;h, h) = f�u(0;h, h)

for each h < 0.
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Example 6.6. Let f : R → R be defined as

f(x) =

⎧⎨⎩
∫ ‖x‖

0

t

(
−4

3
+ sin(ln t)

)
dt if x 
= 0,

0 if x = 0.

It can be shown (see also Example 3.3) that f is C1,1, �f(0) = 0,

f∞(0;h, h) = −4

3
h2 +

√
2h2 ≥ 0 ∀h ∈ R,

and

f ′U (0;h, h) = f ′u(0;h, h) = −1

3
h2 < 0 for h 
= 0.

Condition (18) excludes the possibility so that 0 may be a local minimum of f in
contrast to condition (16).

It remains an open problem whether Corollary 4.6 is true also for arbitrary locally
Lipschitz functions (a positive answer would mean that (18) is tighter than (16) not
only for regularly locally Lipschitz functions).

7. Max-functions. In [CC, pp. 800–802], there was considered a finite family
of C2 functions fi : X → R for i ∈ I = {1, . . . , n} and the mapping f : X → R given
by

f(x) = max{fi(x) : i ∈ I}.(19)

Before we recall the result stated in [CC], we denote I(x) = {i ∈ I : fi(x) = f(x)},
D2g(x;u, v) as the usual second-order directional derivative at x with respect to the
directions u, v. Finally, say that index i ∈ I is essential at x if there exists a net
xα → x with I(xα) = {i}, and denote by I∗(x) the set of essential indexes at x.

Theorem 7.1 (see [CC, Proposition 3.8]). With the above notation we have

f∞(x;u, v) ≥ max
i∈I∗(x)

D2fi(x;u, v) ∀u, v ∈ X.

Now, we weaken assumptions setting on the regularity of functions fi. Let fi :
X → R, i ∈ I = {1, . . . , n} be a collection of regular, locally Lipschitz functions. Let
us consider a max-function f : X → R defined as in (19). We recall some known
results.

Lemma 7.2. The max-function f is locally Lipschitz provided that each of the
functions fi, i ∈ I, is locally Lipschitz.

Proof. We can express the max-function f as the composition f(x) =
g(f1(x), . . . , fn(x)), where g : R

n → R and g(λ1, . . . , λn) = max{λi : i ∈ I}. Clearly
g is locally Lipschitz. Thus the composition of g and the maps x → (f1(x), . . . , fn(x)),
which are locally Lipschitz from X into R

n, must in turn also be locally
Lipschitz.

Lemma 7.3. The max-function f is regular provided that each of the functions
fi, i ∈ I, is regular.

Proof. We can use an idea from the previous proof and [CLSW, Theorem
4.5].
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Now, again put I(x) := {i ∈ N : fi(x) = f(x)} for x ∈ X. We say that a locally
Lipschitz function g : X → R has a directional second-order derivative at x ∈ X along
a vector h ∈ SX if there exists a finite limit

lim
t↓0

g◦(x + th;h) − g◦(x;h)

t
.

Remark 7.4. Note that if g : X → R is a C2 function at x ∈ X, then it has a
directional second-order derivative along h ∈ SX for every h ∈ SX .

Theorem 7.5. Suppose that functions fi : X → R, i ∈ I, are regularly locally
Lipschitz and that each has a directional second-order derivative at x ∈ X along
h ∈ SX . If f is defined as in (19), then the following inequality holds:

f ′u(x;h, h) ≥ max
i∈I(x)

f ′u
i (x;h, h).

For the proof of this main result of section 7, we use Lemma 7.6.
Lemma 7.6. In the situation of Theorem 7.5, for every i ∈ I(x), there exists a

sequence {tn}+∞
n=1 such that tn ↓ 0 and for any n ∈ N we have

f ′(x + tnh;h) ≥ f ′
i(x + tnh;h).(20)

Proof. Due to Lemma 7.3 the max-function has a directional derivative because of
regularity. Also notice that fi(x) = f(x) since i ∈ I(x). Now suppose on the contrary
that there is a δ > 0 such that

f ′(x + th;h) < f ′
i(x + th;h)(21)

for every t ∈ (0, δ).
The condition (21) implies that for every t ∈ (0, δ), we have

(fi − f)′(x + th;h) > 0.

Hence, a function t → (fi − f)(x+ th) is increasing on (0, δ), which is contrary to the
definition of f .

Proof of Theorem 7.5. Fix an arbitrary i ∈ I(x). By Lemma 7.6, there is a
sequence {tn}+∞

n=1 such that tn ↓ 0 and which holds condition (20). Notice also that

f◦(x;−h) = f ′(x;−h) ≥ f ′
i(x;−h) = f◦

i (x;−h).

As a consequence we obtain

(fi)◦(x;h) ≥ f◦(x;h).(22)

Now, with respect to (20) and (22), we have for any n ∈ N

f◦(x + tnh;h) − f◦(x;h)

tn
≥ f◦

i (x + tnh;h) − (fi)◦(x;h)

tn
.(23)

By our assumption, the limit on the right side exists for n → +∞. Thus, by passing
to the limit, we come to an inequality,

f ′U (x;h, h) ≥ f ′u
i (x;h, h).

Using Lemma 7.3 and Corollary 4.6 on the left side of (23) and the fact that i ∈ I(x)
was arbitrary on the right side, one has

f ′u(x;h, h) ≥ max
i∈I(x)

f ′u
i (x;h, h).

With respect to Remark 7.4, Theorem 7.5 generalizes Theorem 7.1 (according to
formula (1), also in an elimination sense).
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ROBUST ROOT-CLUSTERING OF A MATRIX IN INTERSECTIONS
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Abstract. This paper considers robust stability analysis for a matrix affected by unstructured
complex uncertainty. A method is proposed to compute a bound on the amount of uncertainty
ensuring robust root-clustering in a combination (intersection and/or union) of several possibly non-
symmetric half planes, discs, and outsides of discs. In some cases to be detailed, this bound is not
conservative. The conditions are expressed in terms of linear matrix inequalities (LMIs) and derived
through Lyapunov’s second method. As a distinctive feature of the approach, the Lyapunov matrices
proving robust root-clustering (one per subregion) are not necessarily positive definite but have pre-
scribed inertias depending on the number of roots in the corresponding subregions. As a special case,
when root-clustering in a single half plane, disc, or outside of a disc is concerned, the whole clustering
region reduces to only one convex subregion, and the corresponding unique Lyapunov matrix has to
be positive definite as usual.

Key words. robust stability analysis, unstructured uncertainty, matrix root-clustering, D-
stability radius, inertia of a matrix, LMIs
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1. Introduction. Robust stability has been raising much interest in the last
three decades. Indeed, in a linear state-space context, it matters to attest whether
an uncertain state matrix has its eigenvalues in the open left half plane (OLHP) for
continuous-time analysis or in the open unit disc (OUD) for discrete-time analysis.
More precisely, assuming nominal stability, it can be useful to estimate the maximal
size of the uncertainty domain for which stability is preserved.

The way to estimate this size obviously depends on the structure of the uncer-
tainty. The structured (parametric) case should be distinguished from the unstruc-
tured (nonparametric) one as pointed out in one of the first contributions due to Patel
and Toda [20]. The present contribution is restricted to an unstructured uncertainty,
namely, the so-called norm-bounded uncertainty [22]. In this context, the maximal
acceptable size of uncertainty was clearly defined, in continuous time, as the stability
radius [13]. Such a stability radius was shown to equal the reciprocal of the H∞-norm
of a strictly proper transfer in [16] and thus also appears to be the reciprocal of the
maximal structured singular value µ [9] along frequency. The discrete-time counter-
part is described in [19]. In these references, the computation of the stability radius
could be carried out with iterative resolutions of Riccati equations [6, 7]. Another
technique consists in computing µ while sweeping frequencies. With the emergence
of convex optimization over linear matrix inequalities (LMIs), the stability radius can
be computed owing to the LMI version of the bounded real lemma [1].
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It is also important to distinguish between the complex stability radius and the
real one. The former concerns a complex uncertainty and can be computed with
LMI software as just mentioned. The latter takes the realness of the uncertainty into
account (what is more discerning to analyze practical plants in automatic control) and
is a bit more difficult to obtain, involving a one-dimensional sweeping over the second
largest singular value of a parametrized matrix [23, 12]. The present contribution is
restricted to the complex case.

When further performances are required, such as transient ones, it might be
shrewd to consider a more sophisticated region for the state matrix root-clustering,
different from the OLHP or the OUD. Based on the notions of Ω-regions and gen-
eralized Lyapunov equations (GLEs) due to Gutman and Jury [10], Yedavalli has
proposed significant robustness bounds [31] (later improved by other authors), but
the results are still conservative. The reader is also invited to see [29]. Moreover,
the considered regions are usually connected, which might not be suitable for plants
with separate dynamics or with specified robust damping ratios. One of the first at-
tempts to consider unions of regions is provided in [2]. The concept of DU -stability
(root-clustering in some region DU whose form encompasses many unions of possible
disjoint and nonsymmetric subregions) enables more general results [3]. However,
these results remain quite conservative.

This paper is an attempt to consider sophisticated clustering regions by extending
the notion of a complex stability radius to some combinations (unions and/or inter-
sections) of half planes, discs, and exteriors of discs. Besides, the conservatism of the
previously proposed methods is reduced. In some typical cases to be further detailed,
the exact value of the complex radius is reached.

The paper is organized as follows: section 2 states the problem, presenting the
clustering regions and extending the concept of a complex D-stability radius to the
case where D is some combination of regions. Section 3 introduces the notion of ∂D-
regularity of a nominal matrix, which is the nonmembership of the matrix eigenvalues
to a geometric curve ∂D. Such a property can often be checked through the derivation
of a Lyapunov matrix which is not necessarily positive definite but is just nonsingular
with constant inertia. When D-stability is concerned, the Lyapunov matrix is required
to be strictly positive or negative definite. In section 4, the considered matrix is
affected by an additive norm-bounded uncertainty. Based upon the notion of ∂D-
regularity, a method to reach the complex D-stability radius is proposed. In some
cases to be detailed, the exact value is obtained. Numerical examples are provided in
section 5 before the conclusion.

Notation. M ′ denotes the transpose conjugate of matrix M . Hence, s′ is the
conjugate of complex number s. MH is the Hermitian matrix M + M ′. The 2-norm
of M induced by the Euclidean vector norm (maximal singular value) is denoted by
||M ||2. In is the identity matrix of order n, and O is a null matrix of appropriate
dimensions. Matrix inequalities are considered in the sense of Löwner, i.e., > 0 (resp.,
< 0) means positive (resp., negative) definite. The symbol i denotes the imaginary
unit and λ(A) denotes the spectrum of square matrix A. I and C are the imaginary
axis and the unit circle, respectively. At last, the vector In(M) = [n+ n− n0] is the
inertia of a square matrix M if n+, n−, n0 are the numbers of eigenvalues of M with
positive, negative, and zero real part, respectively.

2. Problem statement. First, the form of the uncertain matrix to be analyzed
is given. Then, the clustering region is introduced. At last, the problem to be solved
is stated.
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2.1. The uncertain matrix. The considered matrix reads

Ac = A + B∆C ∈ C
n×n.(1)

In the above expression, ∆ is constant, unknown, and assumed to belong to B(ρ), the
ball of all matrices ∆ ∈ C

q×r satisfying ||∆||2 ≤ ρ. Matrices A ∈ C
n×n, B ∈ C

n×q,
and C ∈ C

r×n are perfectly known. Such a description is referred to as norm-bounded
uncertainty [22].

Remark 1. In this work, all the matrices are assumed to be complex. However, in
practice, when transient performances of a linear state-space model are to be analyzed,
state matrix Ac is real. In that case, ∆ is then real and B(ρ) must be restricted to
real matrices. Actually, this restriction is more difficult to take into account and this
case is not investigated in the paper although some interesting results exist [23, 12].

2.2. Clustering region D. Consider the following geometric curves:⎧⎨⎩
∂Dk =

{
s ∈ C|fk(s) = rk00

+ (rk10
s)H + rk11

s′s = 0
}

∀k ∈ {1, . . . ,m}.
{rk00 , rk10 , rk11} ∈ R × C × R

(2)

Relevant curves are lines or circles. Each curve ∂Dk enables us to define an associated
region:

Dk = {s ∈ C | fk(s) < 0} ∀k ∈ {1, . . . ,m}.(3)

Clearly, Dk denotes either one side or the other side of the boundary ∂Dk. It can
then be a half plane, a disc, or the outside of a disc. It is an open region (i.e., not
including ∂Dk) in order to encompass the concept of asymptotic stability for linear
time invariant (LTI) systems. Dk can actually correspond to the scalar case of regions
defined in [21] or to a special case of second order Ω-regions [10].

Also define the region D as a combination, i.e., any union and/or intersection of
the various subregions Dk. Such a formulation of D clearly enables a very large choice
of clustering regions.

2.3. Problem statement. This contribution aims at computing the complex
D-stability radius.

More precisely, assume that A is D-stable, i.e., that the whole of its spectrum lies
in D. Define rD as the largest value of ρ, the radius of B(ρ), such that Ac defined
in (1) remains D-stable for any ∆ ∈ B(ρ). Such a value is the so-called complex
D-stability radius. A lower bound ρ� of rD, as tight as possible, is to be computed.
For this purpose, the concept of ∂D-regularity is introduced in the next section.

3. ∂D-regularity. In this section, only nominal matrices are considered. The
concepts of matrix ∂D-regularity and matrix ∂D-singularity are introduced. A nec-
essary and sufficient condition for matrix ∂D-regularity to be satisfied when ∂D is
defined as in (2) is expressed in terms of an LMI. After preliminary notions and as-
sumptions in subsection 3.1, subsection 3.2 presents this condition through a first
theorem. In subsection 3.3, the distribution of the matrix eigenvalues with respect to
the boundary ∂D is connected to the inertia of the solution to the LMI, owing to a
second theorem. Subsection 3.4 is devoted to a discussion of these theorems.

3.1. Preliminaries.
Definition 1. Let ∂D be any curve in the complex plane; then matrix A ∈ C

n×n

is called
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• ∂D-singular when λ(A) ∩ ∂D �= ∅;
• ∂D-regular when λ(A) ∩ ∂D = ∅.

Remark 2. Assume that ∂D is a boundary separating two open regions D and
D̄C (then C = D∪ ∂D∪D̄C). Matrix A is D-stable if and only if it is ∂D-regular and
the whole of its spectrum lies in D. Otherwise, it is D-unstable.

Now assume that ∂D here reduces to only one curve as defined in (2), i.e.,

∂D = {s ∈ C | f(s) = r00 + (r10s)
H + r11s

′s = 0}.(4)

In parallel with the work of Hill [11], we state two theorems in the next two parts.
The result provided in [11] is based on Ostrowski and Schneider’s theorem [18] and
on Frobenius’s theorem. Our contribution is more part of the framework relevant to
Lyapunov’s second method [17] and its extensions to root-clustering [10].

3.2. LMI condition for ∂D-regularity.
Theorem 1. Let A and ∂D be, respectively, a complex square matrix of dimension

n and a curve of the complex plane as defined in (4). Matrix A is ∂D-regular if and
only if there exists a Hermitian matrix P ∈ C

n×n such that

F (A,P ) = r00P + (r10PA)H + r11A
′PA < 0.(5)

Proof. Some arguments are inspired from [14, 8].
Sufficiency. First assume that there exists a suitable P such that (5) holds. Also

assume that A has n̄ ≤ n distinct eigenvalues. It suffices to prove the nonmembership
of these n̄ eigenvalues to ∂D. Let λj denote the jth eigenvalue of A. There exists a
nonzero vector vj such that Avj = λjvj , so it follows that

v′jF (A,P )vj < 0 ∀j ∈ {1, . . . , n̄}

⇔ r00v
′
jPvj + (r10v

′
jPAvj)

H + r11v
′
jA

′PAvj < 0 ∀j ∈ {1, . . . , n̄}

⇔ (r00 + (r10λj)
H + r11λ

′
jλj)(v

′
jPvj) < 0 ∀j ∈ {1, . . . , n̄},

which implies

f(λj) = r00 + (r10λj)
H + r11λ

′
jλj �= 0 ∀j ∈ {1, . . . , n̄},

and hence

λj /∈ ∂D ∀j ∈ {1, . . . , n̄} ⇔ λi /∈ ∂D ∀i ∈ {1, . . . , n}.

Matrix A is then ∂D-regular.
Necessity. Now assume that A is ∂D-regular. Then

f(λi) �= 0 ∀i ∈ {1, . . . , n}.(6)

It means that f(λi) is either strictly positive or strictly negative. Define matrix Λ as

Λ = diag{λi}
i=1,...,n

=

[
Λ1 O

O Λ2

]
,
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where Λ1 ∈ C
n− contains the various λi for which f(λi) > 0 and Λ2 ∈ C

n+ contains
those for which f(λi) < 0. With

I =

[
−In− O

O In+

]
,(7)

it holds that

F (Λ, I) = r00

[
−In− O

O In+

]
+

(
r10

[
−Λ1 O

O Λ2

] )H

+ r11

[
−Λ′

1Λ1 O

O Λ′
2Λ2

]
< 0.(8)

Let J be the Jordan canonical form of A. There exists a sequence of full rank
matrices Tl such that [8]

lim
l→∞

(TlJ T−1
l ) = Λ(9)

(for example, if J is a single Jordan block
[ λ 1

0 λ

]
, Tl equals

[ 1
l

0
0 1

]
). Since F is

continuous with respect to its first argument, from (8) it follows that

lim
l→∞

F (TlJ T−1
l , I) < 0.(10)

Let T denote Tl for a sufficiently large l < ∞ (i.e., such that T −1 exists) so that

F (T J T −1, I) < 0.

Applying congruence on the previous inequality leads to

T ′F (T J T −1, I)T = F (J , T ′IT ) < 0.

Now assume that V denotes a matrix such that J = V AV −1. Left and right multi-
plying the previous inequality, respectively, by V ′ and V leads to (5) with

P = V ′T ′IT V.(11)

Note that if there exists a matrix V such that Λ = V AV −1 (or, equivalently, Λ = J ),
then the above reasoning stands with Tl = In ∀l. This completes the proof.

3.3. Root-distribution and the inertia of P .
Theorem 2. Let A and ∂D be, respectively, a complex square matrix of dimension

n and a curve of the complex plane as defined in (4). Matrix A is ∂D-regular with n+

eigenvalues in D and n− eigenvalues outside D if and only if any Hermitian solution
P to LMI (5) has inertia In(P ) = [n+, n−, 0].

Proof. Some possible expression of P is given by (11). Since inertia is invariant
under congruence, In(P ) = In(I) = [n+, n−, 0], where I is as defined in (7). The
question is to know if it is possible that there exists some other solution to LMI (5)
with a different inertia. If it is possible, by continuity of the convex set of solutions,
there exists a singular X such that

F (A,X) < 0.

Let J be a Jordan canonical form similar to A and V be the associated similarity
matrix. By congruence, it follows that

F (J , Z) < 0,
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where Z = (V ′)−1XV −1 is also a singular matrix. Taking the sequence of full rank
matrices Tl introduced in (9) into account enables us to deduce

F

(
lim
l→∞

(T−1
l ΛTl), Z

)
< 0,

which by continuity of F with respect to its first argument leads to

lim
l→∞

F (T−1
l ΛTl, Z) < 0.

Once again, let T denote Tl for a sufficiently large value of l < ∞ so that

F (T −1ΛT , Z) < 0.

Applying congruence on the previous inequality leads to

F (Λ, Y ) < 0,(12)

where

Y =

[
Y1 Y3

Y ′
3 Y2

]
= (T ′)−1ZT −1

is singular. At this stage a distinction is made between two cases:
• r11 = 0. In this case, D and D̄C are half planes. By Schur factorization, there

exists a unitary matrix U such that Y = U ′SU , where S is a diagonal matrix whose
diagonal entries are the eigenvalues of Y . With no loss of generality, Y being singular,
the first diagonal entry is assumed to be zero. By congruence, one gets

F (UΛU ′, S) < 0.

The previous inequality never holds since the first diagonal entry of the left member
is zero. Hence, in this case, Y or X cannot be singular, and the inertia of the solution
is invariant.

• r11 �= 0. In this case, first note that ∂D can be defined another way:

∂D =

{
s ∈ C | f(s) = r̃00 + r11

(
s′ +

r10
r11

)(
s +

r′10
r11

)
= 0

}
(13)

with

r̃00 = r00 −
r10r

′
10

r11
.

Note that r̃00
r11

is strictly negative; otherwise, ∂D reduces to ∅. In terms of matrix
inequality, it leads to rewriting (12) as follows:

F̃ (Λ̃, Y ) = r̃00Y + r11Λ̃
′Y Λ̃ < 0,

where Λ̃ = Λ+
r′10
r11

In is ∂D̃-regular, ∂D̃ being the circle centered around the new origin

and of radius
√
−r̃00/r11. Two diagonal blocks can be extracted from the previous

inequality: {
F̃ (Λ̃1, Y1) < 0,

F̃ (Λ̃2, Y2) < 0.
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Clearly, Λ̃1 = Λ1 +
r′10
r11

In− and Λ̃2 = Λ2 +
r′10
r11

In+
are such that Λ̃2 is D̃-stable and

Λ̃1 has its whole spectrum outside D̃. It is clear, from the beginning of the proof,
that there exists a Hermitian matrix Ỹ1 < 0 such that F̃ (Λ̃1, Ỹ1) < 0. It will now be
shown that any other solution Y1 remains negative definite by continuity, i.e., never
becomes singular. First note that since Λ̃1 has its spectrum outside of the disc D̃, it
can be inverted and it follows that

r11Y1 + r̃00(Λ̃
−1
1 )′Y1Λ̃

−1
1 < 0.

Assume that Y1 is negative semidefinite. Achieve Schur factorization of Y1 such that
Y1 = U ′

1S1U1. The diagonal entries of S1 are negative, excepting the first one which
is zero. By congruence, it follows that

S1 +
r̃00
r11

U1(Λ̃
−1
1 )′U ′

1S1U1Λ̃
−1
1 U ′

1 < 0.

Since r̃00
r11

< 0, the first diagonal entry of the left-hand side member is positive or zero,
and thus inequality never holds. Y1 is then necessarily strictly negative definite.

In the same way, there also exists some Hermitian matrix Ỹ2 > 0 such that
F̃ (Λ̃2, Ỹ2) < 0. Is it possible that, by continuity, some other solution Y2 becomes
singular, i.e., positive semidefinite? Assume that such a Y2 exists and by Schur fac-
torization Y2 = U ′

2S2U2 (S2 is diagonal with the first diagonal entry zero and the
other ones positive) and by congruence we have

F̃ (U2Λ̃2U
′
2, S2) < 0.

Since Λ̃2 and S2 are diagonal matrices and since the first diagonal entry of S2 is zero,
then the first diagonal entry of the left-hand side member is positive or zero, which
leads to a contradiction. Thus, Y2 is necessarily strictly positive definite.
Now, coming back to Y , using Schur complement, one gets

In(Y ) = In

([
Y1 O

O Y2 − Y ′
3Y

−1
1 Y3

])
.

Clearly, since Y2 > 0 and Y1 < 0, none of the diagonal blocks of the above matrix can
be singular. Hence, In(Y ) = In(X) = In(P ) and the proof is complete.

As mentioned in subsection 3.1, our result is an alternative to results by Hill [11].
However, our result is summarized under the form of one single theorem valid both
for any line and any circle. It does not require any preliminary mathematical lemma
except Sylvester’s well-known theorem (In(H) = In(MHM ′) for any nonsingular ma-
trix M). Although it is formulated as in Lyapunov’s framework, the proofs basically
require simple algebraic manipulations which, the authors hope, will help extension
to other curves. In that sense, it is closer to the result of [14]. Nevertheless, some
differences are pointed out in the discussion provided in the next subsection.

Corollary 1. Let A and ∂D be, respectively, a complex square matrix of dimen-
sion n and a curve of the complex plane as defined in (4). Also let D and D̄C be the
regions defined by f(s) < 0 and f(s) > 0, respectively. Matrix A is D-stable (resp.,
D̄C-stable) if and only if there exists a Hermitian positive (resp., negative) definite
matrix P ∈ C

n×n such that (5) holds.
Proof. The proof follows directly from Theorem 2 considering inertia In(P ) =

[n 0 0] (resp., In(P ) = [0 n 0]).
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As special cases, D can be the OLHP or the OUD. In those cases, Lyapunov’s
theorem [17] and Stein’s theorem [26] are, respectively, recovered.

Remark 3. Since any solution to (5) is necessarily nonsingular, there is no need
to specify it as a constraint, and (5) is a simple LMI in P easy to test with various
existing LMI software. Note that the nonstrict LMI cannot be considered here because
it would allow ∂D-singularity.

3.4. Discussion. With appropriate changes, the above proof could be adapted
to any second order Ω-transformable region. In that sense, this could be seen as a
special case of [14]. However, although [14, Theorem 1] seems suitable to prove the
first statement in Theorem 1, we do not agree with the proof of [14, Theorem 2]
related to the inertia of P . Indeed after having proven that some solution P to an
LMI exists and has expression [14, equation (6)], it is claimed that for any choice
of the negative definite right member of the associated equality, the solution to this
equality keeps the same expression. We do not agree with that point. Perhaps the
same doubt led Jury to achieve a special proof for the nonsingularity of the solution
of a GLE [15, Theorem 3.16]. The notion of Ω-transformability was required to prove
this nonsingularity (see also [10, Theorem 12]). It could at first sight directly be
derived from [14, Theorem 2], but we also think that this special proof was necessary.

Going on with Ω-transformability, it is interesting to see that although trans-
formability seemed to be required to prove the nonsingularity of the solution to a
GLE [10], we show here that, owing to the notion of ∂D-regularity (rather than just
D-stability), D and D̄C are considered altogether (the reader is here reminded of the
fact that D-stability and D̄C-stability are only special cases of ∂D-regularity as stated
in Corollary 1). As a consequence, the outside of a disc is a non-Ω-transformable re-
gion for which it is impossible to find a singular solution to a corresponding GLE.
Otherwise, it would be in contradiction with Remark 3. In other words, any solution
to a GLE attesting matrix root-clustering is necessarily nonsingular (existence and
uniqueness of the solution to a GLE is another problem; see [10]). The outside of
the disc is then a region for which Ω-transformability is not required to guarantee the
nonsingularity of the solution to a corresponding GLE. It is what was illustrated by
an example proposed in [28].

Apart from our doubt of the proof of [14, Theorem 2], we would like to add that
this contribution seems to have been overlooked. Actually, [14, Theorem 1] is nothing
but an LMI test for matrix root-clustering in an Ω-region. In 1971, such a test was not
tractable from a computational point of view (at about the same time, Willems was
just beginning to warn the control community about the great interest in handling
LMIs [30]). For this reason, it mattered to “convert” this LMI test into a GLE [10].
Now that LMIs have become classical tools, although some significant contributions
enabled us to test matrix root-clustering via LMI conditions [8], many authors should
remember the pioneer work [14].

Furthermore, if solving an LMI is not an obstacle, results in [14] can be used to
consider problem 85 formulated by Wang in the electronic book proposed by Blondel
and Megretski [5]. In problem 85, the analysis of root-clustering in Ω-transformable
regions of order greater than 2 is concerned and expressed in terms of GLEs. Of
course, it is an interesting challenge from a mathematical point of view. At first sight,
as far as root-clustering analysis is concerned, the LMI approach, as used in this
paper or in [14], could be exploited to solve the problem and the GLE approach
could seem useless. However, it is not really true because the problem is not purely
theoretical. When problems involving very high dimensions are to be solved, the LMI
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approach generates heavy computations and can lead to numerical failure while some
P actually exists. This is why the GLE approach preserves all its interest. Solving a
GLE requires choosing a right-hand side member in order to get a simple linear system.
Thus it is important to be sure that this member can be arbitrarily chosen and will
always lead to a unique nonsingular solution P . Such a possible arbitrary choice is
probably strongly related to Ω-transformability and that is exactly the point presented
in problem 85. To sum up this part of the discussion, for low-dimensional problems,
the LMI approach might enable us to be free of the transformability assumption and
of GLEs, but for high-dimensional problems, those notions are still fundamental.

Chapter 17 of [4] describes the guardian map as an alternative tool for checking
D-stability or ∂D-regularity. The guardian map is a mapping ν such that ν(A) �= 0
if A ∈ A and ν(A) = 0 if A /∈ A. For example, the mapping ν(A) = det A guards
the sets of nonsingular matrices, and ν(A) = det H(p) guards the sets of Hurwitz
stable matrices, where H(p) is the Hurwitz matrix of characteristic polynomial p(s) =
det (sI − A). As shown in [4], checking properties like robust regularity or stability
then amounts to computing eigenvalues of matrices related to guardian maps. Our
approach can be viewed as an alternative to guardian map techniques, in the sense
that the robustness certificate for regularity or stability is the existence of a Lyapunov
matrix with given inertia solving a given LMI.

4. Complex D-stability radius. In this section, the uncertain case is studied.
First, a necessary and sufficient condition for the uncertain Ac defined in (1) to be ∂D-
regular when ∂D complies with (4) is given. This condition is then used to compute the
D-stability radius when D is some combination of regions as defined in subsection 2.2.

Theorem 3. Let Ac and ∂D be, respectively, an uncertain matrix as defined
in (1) and a geometric curve as defined in (4). Assume that nominal matrix A is
∂D-regular. Matrix Ac is robustly ∂D-regular against the ball B(ρ) if and only if there
exists some Hermitian matrix P with inertia In(P ) = [n+, n−, 0] such that

Q(P, γ) =

[
r00P + (r10PA)H + r11A

′PA + C ′C r10PB + r11A
′PB

r′10B
′P + r11B

′PA r11B
′PB − γIq

]
< 0(14)

with γ = ρ−2. In this event, Ac keeps n+ eigenvalues inside D and n− outside D.
Proof. First assume that r11 = 0. Then ∂D is a line. By appropriate rotation

and shifting, it can be transformed into the imaginary axis ∂D̂ = I. Apply the same
mapping on matrices A, and then the necessary and sufficient condition for the new
matrix Âc = Â + B∆C to be ∂D̂-regular can be deduced from Lemma 1 recalled in
the appendix. Indeed, consider Lemma 1. Condition (14) corresponds to (28) with A
substituted by Â and

M =

[
C ′C O

O −γIq

]
,(15)

which is equivalent to (27). It follows that

(C(iωI − Â)−1B)′(C(iωI − Â)−1B) < γIq ∀ω ∈ R.(16)

In the same way, if r11 �= 0, then ∂D is a circle. With appropriate scaling and shifting,
∂D can be transformed into the unit circle ∂D̂ = C. Apply the same mapping on
matrix A in order to get the new matrix Â. Uncertain matrix Âc = Â+B∆C has to
be C-regular, which can be tested owing to Lemma 2 given in the appendix. Condition
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(14) is equivalent to (30) with A = Â and M given by (15), which is equivalent to
(29). It follows that

(C(eiωI − Â)−1B)′(C(eiωI − Â)−1B) < γIq ∀ω ∈ R.(17)

Both cases then lead to the equivalent condition

⇔ ||C(sIn − Â)−1B||2 <
√
γ = ρ−1 ∀s ∈ ∂D̂.

Using classical arguments on singular values yields

[inf{||∆||2|∆ ∈ C
q×r and det(Iq − ∆C(sIn − Â)−1B) = 0}]−1 < ρ−1 ∀s ∈ ∂D̂,

which is the definition of the structured singular value. Using properties of det(.), the
rewriting of the above expression leads to

[inf{||∆||2|∆ ∈ C
q×r and det(sIn − (Â + B∆C)) = 0}]−1 < ρ−1 ∀s ∈ ∂D̂ ⇔

η−1(s) = [inf{||∆||2|∆ ∈ C
q×r and s ∈ λ(Â + B∆C)}]−1 < ρ−1 ∀s ∈ ∂D̂(18)

⇔ η(s) > ρ ∀s ∈ ∂D̂.

The above inequality shows that any uncertain matrix ∆ inducing the ∂D̂-singularity
of matrix Âc is such that ||∆||2 > ρ. As a consequence, Âc is ∂D̂-regular over B(ρ).
Because each eigenvalue of A is implicitly subject to the same mapping as A, the
root-distribution of A with respect to ∂D is the same as the root-distribution of Â
with respect to ∂D̂. From the block (1, 1) in (14), it can be seen that P guarantees the
∂D-regularity of A. By virtue of Theorem 2, the root-distribution of A with respect
to ∂D is given by the inertia of P . Since Ac never becomes ∂D-singular over B(ρ),
the inertia of P gives the root-distribution of Ac over B(ρ).

The value of ρ obtained when minimizing γ under LMI constraints (14) is the
largest acceptable value of ρ. Thus, it is what can be called the complex ∂D-regularity
radius. It will be denoted by �∂D in what follows.

Now come back to region D defined as a combination of several regions Dk (see
subsection 2.2). Referring to previous works on stability radii [13, 23], the complex
D-stability radius can also be defined as follows:

rD = inf{||∆||2 |∆ ∈ C
q×r : A + B∆C is D-unstable}.(19)

The complex ∂D-regularity of a complex matrix A (not necessarily D-stable) is here
defined by

�∂D = inf{||∆||2 |∆ ∈ C
q×r : λ(A + B∆C) ∩ ∂D �= ∅},(20)

where ∂D is the boundary of D. The formulation of rD implicitly assumes that A
is D-stable. That is the basic difference from the formulation of �∂D for which no
assumption of nominal D-stability is made. For this reason, it follows that

A is D-stable ⇒ �∂D = rD.(21)

Also define the set ∂U by

∂U =

m⋃
k=1

∂Dk.(22)
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It is clear that ∂D ⊂ ∂U . Hence, Ac has no eigenvalue on ∂D if it has no eigenvalue
on ∂U , so we have

�∂U = min
k∈{1,...,m}

�∂Dk
≤ �∂D.(23)

Moreover, if ∂U = ∂D, the above inequality becomes an equality. Besides, if A is
assumed to be D-stable and if ∂U ∩ D = ∅, it can be assessed that

�∂U = rD.(24)

To make the previous reasoning clear, it is illustrated by Figures 1 and 2 where region
D is hatched.

Figure 1 shows the two cases where ∂D is either different from ∂U (then �∂D �=
�∂U ) or equal to ∂U (then �∂D = �∂U ). Figure 2 highlights the fact that if A is
D-stable, and if ∂U ∩ D is empty, then �∂U equals rD.

From the previous reasoning, the next theorem is deduced.
Theorem 4. Let Ac, D, ∂D be, respectively, an uncertain matrix as defined in

(1), a clustering region as defined in subsection 2.2, and its boundary. Then Ac is
robustly ∂D-regular against B(ρ) if there exist m Hermitian matrices Pk, k = 1, . . . ,m,
such that

Qk(Pk, γ) < 0 ∀k ∈ {1, . . . ,m},(25)
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where

Qk(Pk, γ) =

[
rk00Pk + (rk10PkA)H + rk11A

′PA + C ′C rk10PB + rk11A
′PB

r′k10
B′P + rk11

B′PA rk11
B′PB − γIq

]

and γ = ρ−2.
In this event, Ac keeps the same number of eigenvalues inside D for any ∆ ∈ B(ρ).
Moreover, if the boundary of D can be identified with the union of the boundaries

of all subregions (i.e., ∂D = ∂U), then condition (25) is also necessary.
Proof. LMI system (25) is found feasible if and only if Ac is ∂Dk-regular for any

k in {1, . . . ,m}, by virtue of Theorem 3. Hence, it is equivalent to ∂U-regularity.
Another consequence of Theorem 3 is that Ac has the same root-distribution as A
with respect to ∂Dk (and a fortiori with respect to ∂D). This proves the first and
second statements in Theorem 4. Besides, if ∂U = ∂D as in the right part of Figure
1, then ∂U-regularity is equivalent to ∂D-regularity, which proves the third state-
ment.

In light of this theorem, the following statements, which can be seen as corollaries,
can be formulated:

• γ can be minimized under LMI constraints (25) down to γ�, and then ρ� =
(γ�)−1/2 actually equals �∂U . It is the largest robust ∂D-regularity bound
provided by this approach. If A is D-stable, then ρ� is a robust D-stability
bound.

• If ∂U = ∂D, then ρ� equals �∂D, the complex ∂D-regularity radius.
• If A is D-stable and if ∂U ∩ D = ∅, then ρ� equals both �∂D and rD, the

complex D-stability radius.

5. Numerical illustration. In this section, we propose a simple illustration
of the presented technique in order to highlight its relevance. Computations are
performed on a PC Pentium 1.7 MHz with Matlab LMI Control Toolbox.

5.1. First example. This model is borrowed from [25]. The lateral dynamic of
an aircraft is modeled by state and input matrices:

A0 =

⎡⎢⎢⎢⎣
−0.3400 0.0517 0.0010 −0.9970 0.0000

0.0000 0.0000 1.0000 0.0000 0.0000
−2.6900 0.0000 −1.1500 0.7380 0.0000

5.9100 0.0000 0.1380 −0.5060 0.0000
−0.3400 0.0517 0.0010 0.0031 0.0000

⎤⎥⎥⎥⎦ ;

B0 =

⎡⎢⎢⎢⎣
0.0755 0.0000 0.0246
0.0000 0.0000 0.0000
4.4800 5.2200 −0.7420

−5.0300 0.0998 0.9848
0.0755 0.0000 0.0246

⎤⎥⎥⎥⎦ .

A static state feedback control law associated with matrix

K =

⎡⎣ −3.9063 −0.2869 0.0006 −1.5109 −1.8135
0.8077 −2.4178 −0.9356 −0.2877 −0.0296

−21.5282 −1.2212 −0.0424 −10.1518 −11.1581

⎤⎦
is applied to the previous model so that

λ(A = A0 + B0K) = {−0.5;−2 ± 2i;−3 ± 2i}.(26)
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Fig. 3. Pole migration of closed-loop aircraft model with norm-bounded complex uncertainty.

Matrix A is assumed to be subject to an additive uncertainty, but no particular
structure of this uncertainty is considered, so B and C are both assumed to equal I5

in (1) or, equivalently, Ac = A+ ∆. To analyze the robustness of the pole location in
the presence of the uncertainty, D is chosen as the union of 5 discs Dk, k = 1, . . . , 5,
centered around the nominal eigenvalues given by (26) and all of radius 0.5. In [2],
a robust D-stability bound is computed: ρ� = 0.0729. This value is improved owing
to our approach. Indeed, since D2 and D3 (resp., D4 and D5) are symmetric to each
other with respect to the real axis, it is only required to compute three values, namely,
�∂D1

, �∂D2
= �∂D3

, �∂D4
= �∂D5

. After 2.58s of computation time, we have

ρ� = min
k∈{1,2,4}

�∂Dk
= min{0.3012; 0.1433; 0.1262} = 0.1262 = r∂D.

The bound of [2] is then increased by 73%. If many spectra are plotted for various
values of complex ∆ as in the first example, Figure 3 is obtained (to proceed, it suffices
to generate many random complex matrices using standard Matlab functions such
as rand and to scale its entries so that its 2-norm is a random value in the range
[0; ρ�]). It might seem that the bound is a bit conservative, but this example is not
trivial, and since ∆ is of dimension (5 × 5), it is hard to generate a random instance
of ∆ that corresponds to the worst case. However, the pole migration is not very
far from ∂D, especially from ∂D4 and ∂D5, and since A is D-stable and since the
five open subregions are disjoint (which implies that ∂U ∩ D = ∅), ρ� actually equals
rD. Hence, in this case, the exact value of the complex D-stability radius is obtained,
without conservatism.

Computing ρ� leads to deriving five Lyapunov matrices Pk, i = 1, . . . , 5. Each
matrix Pk is such that In(Pk) = [1, 4, 0] since, for any ∆ ∈ B(ρ�), Ac has one root
inside Dk and four roots outside Dk.

5.2. Second example. This example is simpler but involves a clustering region
that is of interest for the analysis of some plant models. It is inspired by [27] and is
relevant to the short-period approximation of the F-16 dynamics (see [27] for further
details). The open-loop model is

A0 =

[
−1.0188 0.0905

4.0639 −0.7701

]
; B0 =

[
−0.0021
−0.1692

]
.
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Fig. 4. Pole migration of closed-loop model with norm-bounded complex uncertainty.

A static state feedback control law associated with a matrix K is applied such that
the spectrum of the closed-loop state matrix

A = A0 + B0K =

[
−1.1319 0.8790
−4.9643 −2.8683

]
is σ(A) = {−2 ± 1.9i}. We aim at analyzing the nonfragility induced by K. More
precisely, assuming that K can be affected by an additive uncertainty ∆, the uncertain
closed-loop state matrix Ac is given by expression (1) with B = B0 and C = I2. The
transient performances are supposed to be preserved when the spectrum of Ac remains
in the clustering region D defined by the intersection of the OLHP, the ring centered
around the origin and of interior and exterior radii 2.47 and 3.05, and the symmetric
horizontal strip with a half width equaling 2.15. Such a region is the so-called good
ride quality region of an aircraft [27]. The present approach can be used to compute
the D-stability radius in 1.52s:

ρ� = �∂D = rD = 2.39.

Plotting the spectrum of Ac for many random instances of ∆ highlights the relevance
of our approach to computing this nonfragility criterion (see Figure 4).

6. Conclusion. In this paper, the concept of matrix ∂D-regularity, i.e., absence
of eigenvalues along a curve ∂D of the complex plane, was used to compute, through
a Lyapunov approach, a robust D-stability bound, i.e., a bound on an uncertainty
affecting a matrix ensuring that the eigenvalues of the uncertain matrix remain inside
a subregion D of the complex plane.

An original point in the paper is the wide class of allowed clustering regions
since D can be a combination (i.e., the union and/or intersection) of several possibly
nonsymmetric half planes, discs, and outsides of discs. Such an originality in the choice
of the region is made possible by using Lyapunov matrices which are not necessarily
positive definite but preserve their inertia over the uncertainty domain. When root-
clustering in a single disc, a half plane, or the outside of a disc is to be analyzed, the
Lyapunov matrix has to be strictly positive or negative definite. The computed bound
proves to be not very conservative. When the boundaries of various subregions do
not intersect D, this bound turns out to be the exact complex D-stability radius, that
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is, the largest bound on a complex uncertainty preserving D-stability, thus enabling
efficient robust matrix root-location analysis. The bound is deduced from the solution
of a very simple LMI problem.

As an extension of our work, a parametric structured uncertainty could therefore
be very easily taken into account, especially through a polytopic description. Another
challenge is the use of such an approach in a design context. More precisely, the
question is to know if the inertia of various Lyapunov matrices Pk can be discerningly
exploited to distribute the poles in various subregions while determining a control law.

Appendix. Two lemmas are here provided to the reader. They are exploited in
the proof of Theorem 3.

Lemma 1 (see [24]). Given A ∈ C
n×n, B ∈ C

n×m, and M = M ′ ∈ C
(n+m)×(n+m),

with det(iωI −A) �= 0 ∀ω ∈ R (i.e., A is I-regular), the following two statements are
equivalent:

(i) [
(iωI −A)−1B

I

]′
M

[
(iωI −A)−1B

I

]
< 0 ω ∈ R.(27)

(ii) There exists a matrix P = P ′ ∈ C
n×n such that

M +

[
A′P + PA PB

B′P O

]
< 0.(28)

The above lemma is known as the Kalman–Yakubovich–Popov lemma [30]. It is
expressed here with complex matrices.

Lemma 2 (see [24]). Given A ∈ C
n×n, B ∈ C

n×m, and M = M ′ ∈ C
(n+m)×(n+m),

with det(eiωI−A) �= 0 ∀ω ∈ R (i.e., A is C-regular), the following two statements are
equivalent:

(i) [
(eiωI −A)−1B

I

]′
M

[
(eiωI −A)−1B

I

]
< 0 ω ∈ R ∪∞.(29)

(ii) There exists a matrix P = P ′ ∈ C
n×n such that

M +

[
A′PA− P PB

B′P B′PB

]
< 0.(30)

The above lemma is the discrete-time counterpart of the Kalman–Yakubovich–
Popov lemma.
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1. Introduction. We deal with the following infinite-horizon optimal control
problem (P):

ẋ(t) = f(x(t), u(t)), u(t) ∈ U ;(1.1)

x(0) = x0;(1.2)

maximize J(x, u) =

∫ ∞

0

e−ρtg(x(t), u(t))dt.(1.3)

Here x(t) = (x1(t), . . . , xn(t)) ∈ R
n and u(t) = (u1(t), . . . , um(t)) ∈ R

m are the
current values of the system’s states and controls; U is a nonempty convex compactum
in R

m; x0 is a given initial state; and ρ ≥ 0 is a discount parameter. The functions
f : G × U �→ R

n, g : G × U �→ R
1, the matrix ∂f/∂x = (∂f i/∂xj)i,j=1,...,n, and

the gradient ∂g/∂x = (∂g/∂x1, . . . , ∂g/∂xn) are assumed to be continuous on G×U .
Here G is an open set in R

n such that x0 ∈ G. As usual an admissible control in
system (1.1) is identified with an arbitrary measurable function u : [0,∞) �→ U . A
trajectory corresponding to a control u is a Carathéodory solution x to (1.1), which
satisfies the initial condition (1.2). We assume that, for any control u, a trajectory x
corresponding to u exists on [0,∞) and takes values in G (due to the continuous
differentiability of f , the trajectory x is unique). Any pair (u, x), where u is a control
and x the trajectory corresponding to u, will be called an admissible pair.

Problems of this type naturally arise in the studies on optimization of economic
growth (see [1], [2], [14], [23], [27], [33], [39]). Progress in this field of economics was
initiated by Ramsey in the 1920s [35].
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Our basic assumptions are the following.
(A1) There exists a C ≥ 0 such that

〈x, f(x, u)〉 ≤ C(1 + ‖x‖2) for all x ∈ G and all u ∈ U.

(A2) For each x ∈ G, the function u �→ f(x, u) is affine, i.e.,

f(x, u) = f0(x) +

m∑
i=1

fi(x)ui for all x ∈ G and all u ∈ U,

where fi : G �→ R
n, i = 0, 1, . . . ,m, are continuously differentiable.

(A3) For each x ∈ G, the function u �→ g(x, u) is concave.
(A4) There exist positive-valued functions μ and ω on [0,∞) such that μ(t) → 0,

ω(t) → 0 as t → ∞, and for any admissible pair (u, x),

e−ρt max
u∈U

|g(x(t), u)| ≤ μ(t) for all t > 0;

∫ ∞

T

e−ρt|g(x(t), u(t))|dt ≤ ω(T ) for all T > 0.

Assumption (A1) is conventionally used in existence theorems in the theory of
optimal control (see [19], [22]). Assumptions (A2) and (A3) imply that problem (P)
is “linear-convex” in control; the “linear-convex” structure is important for the imple-
mentation of approximation techniques. The second condition in (A4) implies that the
integral (1.3) converges absolutely for any admissible pair (u, x), which excludes any
ambiguity in interpreting problem (P). As shown in [13, Theorem 3.6], assumptions
(A1)–(A4) guarantee the existence of an admissible optimal pair in problem (P).

In this paper, we develop first-order necessary optimality conditions for prob-
lem (P). Note that, for infinite-horizon optimal control problems without a discount-
ing factor (ρ = 0), the Pontryagin maximum principle was stated in [34]. For problems
involving a positive discounting factor (ρ > 0), a general statement on the Pontryagin
maximum principle was given in [24]. However, both statements establish the “core”
relations of the Pontryagin maximum principle only and do not suggest any analogue
of the transversality conditions, which constitute an immanent component of the Pon-
tryagin maximum principle for classical finite-horizon optimal control problems with
nonconstrained terminal states. The issue of transversality conditions for problem (P)
is the focus of our study.

Introduce the Hamilton–Pontryagin function H : G× [0,∞)×U ×R
n ×R

1 �→ R
1

and the Hamiltonian H : G× [0,∞) × R
n × R

1 �→ R
1 for problem (P):

H(x, t, u, ψ, ψ0) = 〈f(x, u), ψ〉 + ψ0e−ρtg(x, u);

H(x, t, ψ, ψ0) = sup
u∈U

H(x, t, u, ψ, ψ0).

The Pontryagin maximum principle involves an admissible pair (u∗, x∗) and a pair
(ψ,ψ0) of adjoint variables associated with (u∗, x∗); here ψ is a solution to the adjoint
equation

ψ̇(t) = −
[
∂f(x∗(t), u∗(t))

∂x

]∗
ψ(t) − ψ0e−ρt ∂g(x∗(t), u∗(t))

∂x
(1.4)
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on [0,∞), and ψ0 is a nonnegative real; (ψ,ψ0) is said to be nontrivial if

‖ψ(0)‖ + ψ0 > 0.(1.5)

We shall use the following definition. We shall say that an admissible pair (u∗, x∗)
satisfies the core Pontryagin maximum principle (in problem (P)), together with a
pair (ψ,ψ0) of adjoint variables associated with (u∗, x∗), if (ψ,ψ0) is nontrivial and
the following maximum condition holds:

H(x∗(t), t, u∗(t), ψ(t), ψ0) = H(x∗(t), t, ψ(t), ψ0) for a.a. t ≥ 0.(1.6)

Of special interest is the case where problem (P) is not abnormal, i.e., when the
Lagrange multiplier ψ0 in the core Pontryagin maximum principle does not vanish.
In this case we do not lose generality if we set ψ0 = 1. Accordingly, we define the
normal-form Hamilton–Pontryagin function H̃ : G × [0,∞) × U × R

n �→ R
1 and the

normal-form Hamiltonian H̃ : G× [0,∞) × R
n �→ R

1 as follows:

H̃(x, t, u, ψ) = H(x, t, u, ψ, 1) = 〈f(x, u), ψ〉 + e−ρtg(x, u);

H̃(x, t, ψ) = H(x, t, ψ, 1) = sup
u∈U

H̃(x, t, u, ψ).

Given an admissible pair (u∗, x∗), introduce the normal-form adjoint equation

ψ̇(t) = −
[
∂f(x∗(t), u∗(t))

∂x

]∗
ψ(t) − e−ρt ∂g(x∗(t), u∗(t))

∂x
.(1.7)

Any solution ψ to (1.7) on [0,∞) will be called an adjoint variable associated with
(u∗, x∗). We shall say that an admissible pair (u∗, x∗) satisfies the normal-form core
Pontryagin maximum principle together with an adjoint variable ψ associated with
(u∗, x∗) if the following normal-form maximum condition holds:

H̃(x∗(t), t, u∗(t), ψ(t)) = H̃(x∗(t), t, ψ(t)) for a.a. t ≥ 0.(1.8)

In the context of problem (P), [24] states the following (see also [17]).
Theorem 1. If an admissible pair (u∗, x∗) is optimal in problem (P), then

(u∗, x∗) satisfies relations (1.4)–(1.6) of the core Pontryagin maximum principle to-
gether with some pair (ψ,ψ0) of adjoint variables associated with (u∗, x∗).

Qualitatively, this formulation is weaker than the corresponding statement known
for finite-horizon optimal control problems with nonconstrained terminal states. In-
deed, consider the following finite-horizon counterpart of problem (P).

Problem (PT ):

ẋ(t) = f(x(t), u(t)), u(t) ∈ U ;

x(0) = x0;

maximize JT (x, u) =

∫ T

0

e−ρtg(x(t), u(t))dt;

here T > 0 is a fixed positive real. The classical theory [34] says that if an admissible
pair (u∗, x∗) is optimal in problem (PT ), then (u∗, x∗) satisfies the core Pontryagin
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maximum principle together with some pair (ψ,ψ0) of adjoint variables associated
with (u∗, x∗), and, moreover, (ψ,ψ0) satisfies the transversality conditions

ψ0 = 1, ψ(T ) = 0.(1.9)

In Theorem 1 any analogue of the transversality conditions (1.9) is missing.
There were numerous attempts to find specific situations in which the infinite-

horizon Pontryagin maximum principle holds together with additional boundary con-
ditions at infinity (see [12], [15], [16], [21], [26], [31], [36], [38]). However, the major
results were established under rather severe assumptions of linearity or full convexity,
which made it difficult to apply them to particular meaningful problems (see, e.g.,
[28] discussing the application of the Pontryagin maximum principle to a particular
infinite-horizon optimal control problem).

In this paper we follow the approximation approach suggested in [9], [10], and [11].
We approximate problem (P) by a sequence of finite-horizon optimal control prob-
lems {(Pk)} (k = 1, 2, . . .) whose horizons go to infinity. Problems (Pk) (k = 1, 2, . . .)
impose no constraints on the terminal states; in this sense, they inherit the structure
of problem (P); on the other hand, problems (Pk) are not plain “restrictions” of prob-
lem (P) to finite intervals like problem (PT ): the goal functionals in problems (Pk)
include special penalty terms associated with a certain control optimal in problem (P).
This approach allows us to find limit forms of the classical transversality conditions
for problems (Pk) as k → ∞ and formulate conditions that complement the core
Pontryagin maximum principle and hold with a necessity for every admissible pair
optimal in problem (P). The results presented here generalize [9], [10], [11], and [12].

Earlier, a similar approximation approach was used to derive necessary optimality
conditions for various nonclassical optimal control problems (see, e.g., [3], [4], [5],
[7], [32], and also survey [6]). Based on relevant approximation techniques and the
methodology presented here, one can extend the results of this paper to more complex
infinite-horizon problems of optimal control (e.g., problems with nonsmooth data). In
this paper, our primary goal is to show how the approximation approach allows us to
resolve the major singularity emerging due to the unboundedness of the time horizon.
Therefore, we restrict our consideration to the relatively simple nonlinear infinite-
horizon problem (P), which is smooth, “linear-convex” in control, and free from any
constraints on the system’s states.

Finally, we note that the suggested approximation methodology, appropriately
modified, can be used directly in analysis of particular nonstandard optimal control
problems with infinite time horizons (see, e.g., [8]).

2. Transversality conditions: Counterexamples. Considering problem (P)
as the “limit” of finite-horizon problems (PT ) whose horizons T tend to infinity, one
can expect the following “natural” transversality conditions for problem (P):

ψ0 = 1, lim
t→∞

ψ(t) = 0;(2.1)

here (ψ,ψ0) is a pair of adjoint variables satisfying the core Pontryagin maximum
principle together with an admissible pair (u∗, x∗) optimal in problem (P). The
relations

ψ0 = 1, lim
t→∞

〈ψ(t), x∗(t)〉 = 0(2.2)

represent alternative transversality conditions for problem (P), which are frequently
used in economic applications (see, e.g., [14]).
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The interpretation of (2.2) as transversality conditions for problem (P) is also
motivated by Arrow’s statement on sufficient conditions of optimality (see [1], [2],
and [36]), which (under some additional assumptions) asserts that if (2.2) holds for
an admissible pair (u∗, x∗) and a pair (ψ,ψ0) of adjoint variables, jointly satisfy-
ing the core Pontryagin maximum principle, then (u∗, x∗) is optimal in problem (P),
provided the superposition H(x, t, ψ(t), ψ0) is concave in x. Another type of transver-
sality condition formulated in terms of stability theory was proposed in [38]. In [12],
global behavior of the adjoint variable associated with an optimal admissible pair
was characterized in terms of appropriate integral functionals. In this paper, we con-
centrate on the derivation of pointwise transversality conditions of types (2.1) and
(2.2).

Note that, generally, for infinite-horizon optimal control problems neither trans-
versality condition (2.1) nor (2.2) is valid. For the case of no discounting (ρ = 0), illus-
trating counterexamples were given in [24] and [37], and for problems with discounting
(ρ > 0), some examples were given in [12] and [31]. In particular, [31] presents an
example showing that an infinite-horizon optimal control problem with a positive dis-
count can be abnormal; i.e., in the core Pontryagin maximum principle, the Lagrange
multiplier ψ0 may necessarily vanish (which contradicts both (2.1) and (2.2)).

Here, we provide further counterexamples for problem (P) in the case where
discount parameter ρ is positive.

Example 1 shows that for problem (P), the limit relation in (2.1) may be violated,
whereas the alternative transversality conditions (2.2) may hold.

Example 1. Consider the optimal control problem

ẋ(t) = u(t) − x(t), u(t) ∈ U = [0, 1];

x(0) =
1

2
;

maximize J(x, u) =

∫ ∞

0

e−t ln
1

x(t)
dt.

We set G = (0,∞) and treat the above problem as problem (P). Assumptions (A1)–
(A4) are, obviously, satisfied. For an arbitrary trajectory x, we have e−t/2 ≤ x(t) < 1

for all t ≥ 0. Hence, (u∗, x∗), where u∗(t)
a.e.
= 0 and x∗(t) = e−t/2 for all t ≥ 0, is the

unique optimal admissible pair. The Hamilton–Pontryagin function is given by

H(x, t, u, ψ, ψ0) = (u− x)ψ − ψ0e−t lnx.

Let (ψ,ψ0) be an arbitrary pair of adjoint variables such that (u∗, x∗) satisfies
the core Pontryagin maximum principle together with (ψ,ψ0). The adjoint equation
(1.4) has the form

ψ̇(t) = ψ(t) + ψ0e−t 1

x∗(t)
= ψ + 2ψ0,

and the maximum condition (1.6) implies

ψ(t) ≤ 0 for all t ≥ 0.(2.3)

Assume ψ0 = 0. Then ψ(0) < 0 and ψ(t) = etψ(0) → −∞ as t → ∞; i.e., the limit
relation in (2.1) does not hold. Let ψ0 > 0. Without loss of generality (or multiplying
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both ψ and ψ0 by 1/ψ0), we assume ψ0 = 1. Then ψ(t) = (ψ(0) + 2)et − 2. By
(2.3), only two cases are admissible: (a) ψ(0) = −2 and (b) ψ(0) < −2. In case (a)
ψ(t) ≡ −2, and in case (b) ψ(t) → −∞ as t → ∞. In both situations the limit relation
in (2.1) is violated. Note that ψ(t) ≡ −2 (t ≥ 0) and ψ0 = 1 satisfy (2.2).

The next example is complementary to Example 1; it shows that for problem (P),
the limit relation in (2.2) may be violated, whereas (2.1) may hold.

Example 2. Consider the following optimal control problem:

ẋ(t) = u(t), u(t) ∈ U =

[
1

2
, 1

]
;(2.4)

x(0) = 0;

maximize J(x, u) =

∫ ∞

0

e−t(1 + γ(x(t)))u(t)dt.(2.5)

Here γ is a nonnegative continuously differentiable real function such that

I =

∫ ∞

0

e−tγ(t)dt < ∞.(2.6)

We set G = R
1. Clearly, assumptions (A1)–(A3) are satisfied. Below, we specify

the form of γ and show that assumption (A4) is satisfied too.

The admissible pair (u∗, x∗), where u∗(t)
a.e.
= 1 and x∗(t) = t for all t ≥ 0, is

optimal. Indeed, let (u, x) be an arbitrary admissible pair. Observing (2.4), we find
that ẋ(t) > 0 for a.a. t ≥ 0. Taking τ(t) = x(t) for a new integration variable in (2.5),
we get dτ = u(t)dt and

t(τ) =

∫ τ

0

1

u(t(s))
ds for all τ ≥ 0.

As far as ∫ τ

0

1

u(t(s))
ds ≥ τ,

we get

J(x, u) =

∫ ∞

0

e−t(1 + γ(x(t)))u(t)dt =

∫ ∞

0

e−
∫ τ
0

1
u(t(s))ds(1 + γ(τ))dτ

≤
∫ ∞

0

e−τ (1 + γ(τ))dτ = J(u∗, x∗).

Hence, (u∗, x∗) is an optimal admissible pair. It is easy to see that there are no other
optimal admissible pairs. The Hamilton–Pontryagin function has the form

H(x, t, u, ψ, ψ0) = uψ + ψ0e−t(1 + γ(x))u.

Let (ψ,ψ0) be an arbitrary pair of adjoint variables such that (u∗, x∗) satisfies
the core Pontryagin maximum principle together with (ψ,ψ0). The adjoint equation
(1.4) has the form

ψ̇(t) = −ψ0γ̇(t)e−t.
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If ψ0 = 0, then the maximum condition (1.6) implies ψ(t) ≡ ψ(0) > 0; hence,
ψ(t)x∗(t) = ψ(0)t → ∞ as t → ∞, and the limit relation in (2.2) is violated.

Suppose ψ0 > 0, or, equivalently, ψ0 = 1. Then, due to (1.4), we have

ψ(t) = ψ(0) −
∫ t

0

γ̇(s)e−sds.

The limit relation in (2.2) has the form limt→∞ tψ(t) = 0. Let us show that one can
define γ so that the latter relation is violated; i.e., for any ψ(0) ∈ R

1,

p(t) �→ 0 as t → ∞,(2.7)

where p(t) = tψ(t). We represent p(t) as follows:

p(t) = tψ(0) − t

∫ t

0

γ̇(s)e−sds = tψ(0) − t

[
γ(s)e−s|t0 +

∫ t

0

γ(s)e−sds

]
= tψ(0) − tγ(t)e−t + tγ(0) − tI(t),

where

I(t) =

∫ t

0

γ(s)e−sds.

Introducing ν(t) = γ(t)e−t, rewrite

I(t) =

∫ t

0

ν(s)ds;(2.8)

p(t) = tψ(0) − tν(t) + tν(0) − tI(t).(2.9)

Due to (2.6),

lim
t→∞

I(t) = I.(2.10)

Now let us specify the form of ν. For each natural k, we fix a positive εk < 1/2
and denote by Δk the εk-neighborhood of k. Clearly, Δk ∪ Δj = ∅ for k �= j. We set

ν(k) =
1

k
for k = 1, 2, . . . ;

ν(t) = 0 for t /∈ ∪∞
k=1 Δk;

ν(t) ∈
[
0,

1

k

]
for t ∈ Δk (k = 1, 2, . . .).

Moreover, we require that

∞∑
k=j

∫
Δk

ν(t)dt ≤ 1

j2
.(2.11)

This can be achieved, for example, by letting 2εk
k ≤ ak

k2 , where
∑∞

k=1 ak = 1, ak > 0.
Indeed, in this case

∞∑
k=j

∫
Δk

ν(t)dt ≤
∞∑
k=j

2εk
k

≤
∞∑
k=j

ak
k2

≤ 1

j2

∞∑
k=j

ak ≤ 1

j2
;
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i.e., (2.11) holds. Note that, for j = 1, the left-hand side in (2.11) equals I (see (2.6));
thus, (2.11) implies that assumption (2.6) holds.

Another fact following from (2.11) is that

lim
t→∞

t(I − I(t)) = 0.(2.12)

Indeed, by (2.8), I(j + εj) =
∑j

k=1

∫
Δk

ν(t)dt; hence, due to (2.11),

I − I(j + εj) =

∞∑
k=j+1

∫
Δk

ν(t)dt ≤ 1

(j + 1)2
.

For t ∈ [j + εj , j + 1 + εj+1], we have I(j + εj) ≤ I(t) ≤ I; therefore, for t ≥ 1,

0 ≤ I − I(t) ≤ 1

(j + 1)2
≤ 1

(t− εj+1)2
≤ 1

(t− 1/2)2
,

which yields (2.12). The given definition of ν is equivalent to defining γ by

γ(k) =
ek

k
for k = 1, 2, . . . ;

γ(t) = 0 for t /∈ ∪∞
k=1 Δk;(2.13)

γ(t) ∈
[
0,

ek

k

]
for t ∈ Δk (k = 1, 2, . . .)

and requiring (2.11). Let us show that assumption (A4) is satisfied. Let (u, x) be
an arbitrary admissible pair. By (2.4), t/2 ≤ x(t) ≤ t for all t ≥ 0. Hence, by the

definition of ν, we have ν(x(t)) ≤
(
t
2 − 1

)−1
= 2

(t−2) for all t > 2. Hence,

0 ≤ e−ρt max
u∈U

[(1 + γ(x(t))u] ≤ μ(t) = e−ρt +
2

(t− 2)
→ 0 as t → ∞.

Thus, the first condition in (A4) holds. Furthermore, introducing the integration
variable τ(t) = x(t), we get∫ ∞

T

e−t(1 + γ(x(t)))u(t)dt =

∫ ∞

x(T )

e−
∫ τ
0

1
u(t(s))ds(1 + γ(τ))dτ

≤
∫ ∞

x(T )

e−τ (1 + γ(τ))dτ ≤ ω(T )

=

∫ ∞

T
2

e−t(1 + γ(t))dt → 0 as T → ∞.

Hence, the second condition in (A4) holds. We stated the validity of assumption (A4).
By the definition of γ, for t ∈ Δk, k = 1, 2, . . . , we have

0 ≤ tν(t) ≤ k + εk
k

≤ 1 +
1

k
.

Hence,

0 ≤ tν(t) ≤ 2 for all t ≥ 0;(2.14)
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i.e., the function tν(t) is bounded. Furthermore, kν(k) = 1, and due to (2.13) for
any sequence tk → ∞ such that tk ∈ [k, k + 1] \ (Δk ∪ Δk+1), we have tkν(tk) = 0.
Therefore, limt→∞ tν(t) does not exist.

Using ν(0) = 0, we specify (2.9) as

p(t) = tψ(0) − tν(t) − tI(t).(2.15)

If ψ(0) > I, then, in view of (2.10), limt→∞ t(ψ(0) + I(t)) = ∞, which implies
limt→∞ p(t) = ∞, since tν(t) is bounded. Similarly, we find that if ψ(0) < I, then
limt→∞ p(t) = −∞. Let, finally, ψ(0) = I. Then,

lim
t→∞

t(ψ(0) − I(t)) = lim
t→∞

t(I − I(t)) = 0,

as follows from (2.12). Thus, in the right-hand side of (2.15) the sum of the first and
third terms has the zero limit at infinity, whereas the second term, tν(t), has no limit
at infinity, as we noted earlier. Consequently, p(t), the left-hand side in (2.15), has
no limit at infinity. We showed that (2.7) holds for every ψ(0) ∈ R

1.
Thus, the limit relation in the transversality conditions (2.2) is violated. Note that

setting ψ0 = 1 and ψ(0) = I, we make the adjoint variable ψ satisfy the transversality
conditions (2.1). Indeed, in this case ψ(t) = p(t)/t = ψ(0)− I− ν(t) for all t > 0, and
the conditions ψ(0) = I and (2.14) imply that ψ(t) → 0 as t → ∞.

Examples 1 and 2 show that assumptions (A1)–(A4) are insufficient for the valid-
ity of the core Pontryagin maximum principle together with the transversality condi-
tions (2.1) or (2.2) as necessary conditions of optimality in problem (P). Below, we
find mild additional assumptions that guarantee that necessary conditions of optimal-
ity in problem (P) include the core Pontryagin maximum principle and transversality
conditions of type (2.1) or of type (2.2).

3. Basic constructions. In this section, we define a sequence of finite-horizon
optimal control problems {(Pk)} (k = 1, 2, . . .) with horizons Tk → ∞; we treat
problems (Pk) as approximations to the infinite-horizon problem (P).

Let us describe the data defining problems (Pk) (k = 1, 2, . . .). Given a control
u∗ optimal in problem (P), we fix a sequence of continuously differentiable functions
zk : [0,∞) → R

m (k = 1, 2, . . .) and a sequence of positive σk (k = 1, 2, . . .) such that

sup
t∈[0,∞)

‖zk(t)‖ ≤ max
u∈U

‖u‖ + 1;(3.1)

∫ ∞

0

e−(ρ+1)t‖zk(t) − u∗(t)‖2dt ≤ 1

k
;(3.2)

sup
t∈[0,∞)

‖żk(t)‖ ≤ σk < ∞;(3.3)

σk → ∞ as k → ∞

(obviously, such sequences exist). Next, we take a monotonically increasing sequence
of positive Tk such that Tk → ∞ as k → ∞ and

ω(Tk) ≤
1

k(1 + σk)
for all k = 1, 2, . . . ;(3.4)

recall that ω is defined in (A4). For every k = 1, 2, . . . , we define problem (Pk) as
follows.
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Problem (Pk):

ẋ(t) = f(x(t), u(t)), u(t) ∈ U ;

x(0) = x0;

maximize Jk(x, u) =

∫ Tk

0

e−ρtg(x(t), u(t))dt− 1

1 + σk

∫ Tk

0

e−(ρ+1)t‖u(t) − zk(t)‖2dt.

By Theorem 9.3.i of [19], for every k = 1, 2, . . . there exists an admissible pair (uk, xk)
optimal in problem (Pk).

The above-defined sequence of problems, {(Pk)} (k = 1, 2, . . .), will be said to be
associated with the control u∗.

We are ready to formulate our basic approximation lemma.

Lemma 1. Let assumptions (A1)–(A4) be satisfied; let u∗ be a control optimal in
problem (P); let {(Pk)} (k = 1, 2, . . .) be the sequence of problems associated with u∗;
and for every k = 1, 2, . . . , let uk be a control optimal in problem (Pk). Then, for
every T > 0, it holds that uk → u∗ in L2([0, T ],Rm) as k → ∞.

Proof. Take a T > 0. Let k1 be such that Tk1
≥ T . For every k ≥ k1, we have

Jk(xk, uk) =

∫ Tk

0

e−ρt

[
g(xk(t), uk(t)) − e−t ‖uk(t) − zk(t)‖2

1 + σk

]
dt

≤
∫ Tk

0

e−ρtg(xk(t), uk(t))dt−
e−(ρ+1)T

1 + σk

∫ T

0

‖uk(t) − zk(t)‖2dt,

where xk is the trajectory corresponding to uk. Hence, introducing the trajectory x∗
corresponding to u∗ and taking into account the optimality of uk in problem (Pk),
optimality of u∗ in problem (P), assumption (A4), and conditions (3.2) and (3.4), we
find that, for all sufficiently large k,

e−(ρ+1)T

1 + σk

∫ T

0

‖uk(t) − zk(t)‖2dt ≤
∫ Tk

0

e−ρtg(xk(t), uk(t))dt− Jk(x∗, u∗)

≤
∫ Tk

0

e−ρtg(xk(t), uk(t))dt− J(x∗, u∗)

+ ω(Tk) +

∫ ∞

0

e−(ρ+1)t

1 + σk
‖u∗(t) − zk(t)‖2dt

≤
∫ Tk

0

e−ρtg(xk(t), uk(t))dt− J(x∗, u∗) +
2

k(1 + σk)

≤ J(xk, uk) − J(x∗, u∗) +
3

k(1 + σk)
≤ 3

k(1 + σk)
.

Hence,

‖uk − zk‖2
L2 ≤ 3e(ρ+1)T

k
.
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Then, in view of (3.2),

‖uk − u∗‖L2 ≤
(∫ T

0

‖u∗(t) − zk(t)‖2dt

)1/2

+

(∫ T

0

‖uk(t) − zk(t)‖2dt

)1/2

≤
(
e(ρ+1)T

k

)1/2

+

(
3e(ρ+1)T

k

)1/2

= (1 +
√

3)

(
e(ρ+1)T

k

)1/2

.

Therefore, for any ε > 0, there exists a k2 ≥ k1 such that ‖uk − u∗‖L2 ≤ ε for all
k ≥ k2.

Now, based on Lemma 1, we derive a limit form of the classical Pontryagin maxi-
mum principle for problems (Pk) (k = 1, 2, . . .), which leads us to the core Pontryagin
maximum principle for problem (P).

We use the following formulation of the Pontryagin maximum principle [34] for
problems (Pk) (k = 1, 2, . . .). Let an admissible pair (uk, xk) be optimal in prob-
lem (Pk) for some k. Then there exists a pair (ψk, ψ

0
k) of adjoint variables associated

with (uk, xk) such that (uk, xk) satisfies relations (1.4)–(1.6) of the core Pontryagin
maximum principle (in problem (Pk)) together with (ψk, ψ

0
k) and, moreover, ψ0

k > 0
and the transversality condition

ψk(Tk) = 0(3.5)

holds; recall that ψk is a solution on [0, Tk] to the adjoint equation associated with
(uk, xk) in problem (Pk), i.e.,

ψ̇k(t)
a.e.
= −

[
∂f(xk(t), uk(t))

∂x

]∗
ψk(t) − ψ0e−ρt ∂g(xk(t), uk(t))

∂x
,(3.6)

and the core Pontryagin maximum principle satisfied by (uk, xk), together with
(ψk, ψ

0
k), implies that the following maximum condition holds:

Hk(xk(t), t, uk(t), ψk(t), ψ
0
k)

a.e.
= Hk(xk(t), t, ψk(t), ψ

0
k);(3.7)

here Hk and Hk, given by

Hk(x, t, u, ψ, ψ
0) = 〈f(x, u), ψ〉 + ψ0e−ρtg(x, u) − ψ0e−(ρ+1)t ‖u− zk(t)‖2

1 + σk
;(3.8)

Hk(x, t, ψ, ψ
0) = sup

u∈U
Hk(x, t, u, ψ, ψ

0),

are, respectively, the Hamilton–Pontryagin function and the Hamiltonian in prob-
lem (Pk); note that in [34] it is shown that (3.6) and (3.7) imply

d

dt
Hk(xk(t), t, ψk(t), ψ

0
k)

a.e.
=

∂Hk

∂t
(xk(t), t, uk(t), ψk(t), ψ

0
k).(3.9)

Lemma 2. Let assumptions (A1)–(A4) be satisfied; let (u∗, x∗) be an admissible
pair optimal in problem (P); let {(Pk)} (k = 1, 2, . . .) be the sequence of problems
associated with u∗; for every k = 1, 2, . . . , let (uk, xk) be an admissible pair optimal
in problem (Pk); for every k = 1, 2, . . . , let (ψk, ψ

0
k) be a pair of adjoint variables

associated with (uk, xk) in problem (Pk) such that (uk, xk) satisfies relations (3.6)
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and (3.7) of the core Pontryagin maximum principle in problem (Pk) together with
(ψk, ψ

0
k); and for every k = 1, 2, . . . , one has ψ0

k > 0, and the transversality condition
(3.5) holds. Finally, let the sequences {ψk(0)} and {ψ0

k} be bounded and

‖ψk(0)‖ + ψ0
k ≥ a (k = 1, 2, . . .)(3.10)

for some a > 0. Then there exists a subsequence of {(uk, xk, ψk, ψ
0
k)}, denoted again

as {(uk, xk, ψk, ψ
0
k)}, such that

(i) for every T > 0,

uk(t) → u∗(t) for a.a. t ∈ [0, T ] as k → ∞;(3.11)

xk → x∗ uniformly on [0, T ] as k → ∞;(3.12)

(ii)

ψ0
k → ψ0 as k → ∞(3.13)

and for every T > 0,

ψk → ψ uniformly on [0, T ] as k → ∞,(3.14)

where (ψ,ψ0) is a nontrivial pair of adjoint variables associated with (u∗, x∗);
(iii) (u∗, x∗) satisfies relations (1.4)–(1.6) of the core Pontryagin maximum prin-

ciple in problem (P) together with (ψ,ψ0);
(iv) the stationarity condition holds:

H(x∗(t), t, ψ(t), ψ0) = ψ0ρ

∫ ∞

t

e−ρsg(x∗(s), u∗(s))ds for all t ≥ 0.(3.15)

Proof. Lemma 1 and the Ascoli theorem (see, e.g., [19]) imply that, selecting a
subsequence if needed, we get (3.11) and (3.12) for every T > 0. By assumption,
the sequence {ψ0

k} is bounded; therefore, selecting a subsequence if needed, we obtain
(3.13) for some ψ0 ≥ 0.

Now, our goal is to select a subsequence of {(uk, xk, ψk)} such that for every
T > 0, (3.14) holds and (ψ,ψ0) is a nontrivial pair of adjoint variables associated
with (u∗, x∗) (we do not change notation after the selection of a subsequence).

Consider the sequence {ψk} restricted to [0, T1]. Observing (3.6), taking into
account the boundedness of the sequence {ψk(0)} (see the assumptions of this lemma),
using the Gronwall lemma (see, e.g., [25]), and selecting if needed a subsequence
denoted further as {ψ1

k}, we get that ψ1
k → ψ1 uniformly on [0, T1] and ψ̇1

k → ψ̇1

weakly in L1[0, T1] as k → ∞ for some absolutely continuous ψ1 : [0, T1] → R
n; here

and in what follows L1[0, T ] = L1([0, T ],Rn) (T > 0).
Now consider the sequence {ψ1

k} restricted to [0, T2]. Taking if necessary a sub-

sequence {ψ2
k} of {ψ1

k}, we get that ψ2
k → ψ2 uniformly on [0, T2] and ψ̇2

k → ψ̇2

weakly in L1[0, T2] as k → ∞ for some absolutely continuous ψ2 : [0, T2] → R
n whose

restriction to [0, T1] coincides with ψ1.
Repeating this procedure sequentially for [0, Ti] with i = 3, 4, . . . , we find that

there exist absolutely continuous ψi : [0, Ti] → R
n (i = 1, 2, . . .) and ψi

k : [0, Ti] → R
n

(i, k = 1, 2, . . .) such that for every i = 1, 2, . . . , the restriction of ψi+1 to [0, Ti]
is ψi, the restriction of the sequence {ψi+1

k } to [0, Ti] is a subsequence of {ψi
k}, and,

moreover, ψi
k → ψ uniformly on [0, Ti] and ψ̇i

k → ψ̇i weakly in L1[0, Ti] as k → ∞.
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Define ψ : [0,∞) �→ R
n so that the restriction of ψ to [0, Ti] is ψi for every

i = 1, 2, . . . . Clearly, ψ is absolutely continuous. Furthermore, without changing
notation, for every i = 1, 2, . . . and every k = 1, 2, . . . , we extend ψi

k to [0,∞) so

that the extended function is absolutely continuous and, moreover, the family ψ̇i
k

(i, k = 1, 2, . . .) is bounded in L1[0, T ] for every T > 0. Since Ti → ∞ as i → ∞, for
every T > 0, we get that ψk

k converges to ψ uniformly on [0, T ] and ψ̇k
k → ψ̇ weakly

in L1[0, T ] as k → ∞. Simplifying notation, we again write ψk instead of ψk
k and note

that for ψk, (3.6) holds (k = 1, 2, . . .). Thus, for every T > 0, we have (3.14) and also
get that ψ̇k → ψ̇ weakly in L1[0, T ] as k → ∞. These convergences together with
equalities (3.6) and convergences (3.11) and (3.12) (holding for every T > 0) yield
that ψ solves the adjoint equation (1.4). Thus, (ψ,ψ0) is a pair of adjoint variables
associated with (u∗, x∗) in problem (P). The nontriviality of (ψ,ψ0) (see (1.5)) is
ensured by (3.10).

For every k = 1, 2, . . . , consider the maximum condition (3.7) and specify it as

〈f(xk(t), uk(t)), ψk(t)〉 + ψ0
ke

−ρtg(xk(t), uk(t)) − ψ0
ke

−(ρ+1)t ‖uk(t) − zk(t)‖2

1 + σk

a.e.
= max

u∈U

[
〈f(xk(t), u), ψk(t)〉 + ψ0

ke
−ρtg(xk(t), u) − ψ0

ke
−(ρ+1)t ‖u− zk(t)‖2

1 + σk

]
.

Taking into account that Tk → ∞ and σk → ∞ as k → ∞ and using convergences
(3.13), (3.14), (3.11), and (3.12) (holding for every T > 0), we obtain the maximum
condition (1.6) as the limit of (3.7). Thus, (u∗, x∗) satisfies the core Pontryagin
maximum principle together with the pair (ψ,ψ0) of adjoint variables associated with
(u∗, x∗).

Now we specify (3.9) using the form of Hk (see (3.9)). We get

d

dt
Hk(xk(t), t, ψk(t), ψ

0
k)

a.e.
=

∂Hk

∂t
(xk(t), t, uk(t), ψk(t), ψ

0
k)

a.e.
= −ψ0

kρe
−ρt

[
g(xk(t), uk(t))+(ρ+1)e−(ρ+1)t ‖uk(t)−zk(t)‖2

1 + σk

]

+ 2ψ0
ke

−(ρ+1)t 〈uk(t) − zk(t), żk(t)〉
1 + σk

.

Take an arbitrary t > 0 and an arbitrary k such that Tk > t and integrate the last
equality over [t, Tk] taking into account the boundary condition (3.5). We arrive at

Hk(xk(t), t, ψk(t), ψ
0
k) = ψ0

ke
−ρTk max

u∈U

[
g(xk(Tk), u) − e−ρTk

‖u− zk(Tk)‖2

1 + σk

]

− ψ0
kρ

∫ Tk

t

e−ρsg(xk(s), uk(s))ds

+ ψ0
k(ρ + 1)

∫ Tk

t

e−(ρ+1)s ‖uk(s) − zk(s)‖2

1 + σk
ds

+ 2ψ0
k

∫ Tk

t

e−(ρ+1)s 〈uk(s) − zk(s), żk(s)〉
1 + σk

ds.
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Now, we take the limit using convergences (3.13), (3.14), (3.11), and (3.12) (holding
for every T > 0) and also estimates (3.1)–(3.3). We end up with (3.15).

Corollary 1 below specifies Lemma 2 for the case where the Pontryagin maximum
principle for problems (Pk) (k = 1, 2, . . .) is taken in the normal form. We use the
following formulation of the normal-form Pontryagin maximum principle for prob-
lems (Pk) (k = 1, 2, . . .). Let an admissible pair (uk, xk) be optimal in problem (Pk)
for some k. Then there exists an adjoint variable ψk associated with (uk, xk) such
that (uk, xk) satisfies the normal-form core Pontryagin maximum principle (in prob-
lem (Pk)) together with ψk, and the transversality condition (3.5) holds; here ψk is
a solution on [0, Tk] of the normal-form adjoint equation associated with (uk, xk) in
problem (Pk), i.e.,

ψ̇k(t)
a.e.
= −

[
∂f(xk(t), uk(t))

∂x

]∗
ψk(t) − e−ρt ∂g(xk(t), uk(t))

∂x
,(3.16)

and the fact that (uk, xk) satisfies the normal-form core Pontryagin maximum prin-
ciple, together with ψk, implies that the following maximum condition holds:

H̃k(xk(t), t, uk(t), ψ(t)) = H̃k(xk(t), t, ψk(t)) for a.a. t ∈ [0, Tk];(3.17)

here H̃k and H̃k, given by

H̃k(x, t, u, ψ) = 〈f(x, u), ψ〉 + e−ρtg(x, u) − e−(ρ+1)t ‖u− zk(t)‖2

1 + σk
;

H̃k(x, t, ψ) = sup
u∈Ũ

H̃k(x, t, ũ, ψ),

are, respectively, the normal-form Hamilton–Pontryagin function and normal-form
Hamiltonian in problem (Pk).

Corollary 1. Let assumptions (A1)–(A4) be satisfied; let (u∗, x∗) be an admis-
sible pair optimal in problem (P); let {(Pk)} (k = 1, 2, . . .) be the sequence of problems
associated with u∗; for every k = 1, 2, . . . , let (uk, xk) be an admissible pair optimal
in problem (Pk); and for every k = 1, 2, . . . , let ψk be an adjoint variable associ-
ated with (uk, xk) in problem (Pk) such that (uk, xk) satisfies relations (3.16) and
(3.17) of the normal-form core Pontryagin maximum principle in problem (Pk) to-
gether with ψk, and the transversality condition (3.5) holds. Finally, let the sequence
{ψk(0)} be bounded. Then there exists a subsequence of {(uk, xk, ψk)}, denoted again
as {(uk, xk, ψk)}, such that

(i) for every T > 0, (3.11) and (3.12) hold;
(ii) for every T > 0, (3.14) holds where ψ is an adjoint variable associated with

(u∗, x∗) in problem (P);
(iii) (u∗, x∗) satisfies relations (1.7) and (1.8) of the normal-form core Pontryagin

maximum principle in problem (P) together with ψ;
(iv) the normal-form stationarity condition holds:

H̃(x∗(t), t, ψ(t)) = ρ

∫ ∞

t

e−ρsg(x∗(s), u∗(s))ds for all t ≥ 0.(3.18)

Corollary 2. Let assumptions (A1)–(A4) be satisfied and let (u∗, x∗) be an
admissible pair optimal in problem (P). Then there exists a pair (ψ,ψ0) of adjoint
variables associated with (u∗, x∗) such that

(i) (u∗, x∗) satisfies relations (1.4)–(1.6) of the core Pontryagin maximum prin-
ciple together with (ψ,ψ0), and

(ii) (u∗, x∗) and (ψ,ψ0) satisfy the stationarity condition (3.15).
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Proof. Let {(Pk)} (k = 1, 2, . . .) be the sequence of problems associated with u∗,
and for every k = 1, 2, . . . , let (uk, xk) be an admissible pair optimal in problem (Pk).
In accordance with the classical formulation of the Pontryagin maximum principle,
for every k = 1, 2, . . . , there exists a pair (ψk, ψ

0
k) of adjoint variables associated

with (uk, xk) in problem (Pk) such that (uk, xk) satisfies the core Pontryagin max-
imum principle together with (ψk, ψ

0
k) and for every k = 1, 2, . . . , ψ0

k > 0, and the
transversality condition (3.5) holds.

Since ψ0
k > 0, the value ck = ‖ψk(0)‖ + ψ0

k is positive. We keep the notation ψk

and ψ0
k for the normalized elements ψk/ck and ψ0

k/ck, thus achieving ‖ψk(0)‖+ψ0
k = 1

and, clearly, preserving the transversality condition (3.5) and the fact that (uk, xk)
satisfies the core Pontryagin maximum principle (in problem (Pk)) together with
(ψk, ψ

0
k) (k = 1, 2, . . .). Now, the sequences {ψk(0)} and {ψ0

k} are bounded and (3.10)
holds with a = 1. Thus, the sequence {(uk, xk, ψk, ψ

0
k)} satisfies all the assumptions of

Lemma 2. By Lemma 2 there exists a subsequence of {(uk, xk, ψk, ψ
0
k)}, denoted again

as {(uk, xk, ψk, ψ
0
k)}, such that for the pairs (ψk, ψ

0
k) of adjoint variables, convergences

(3.13) and (3.14) hold with an arbitrary T > 0; the limit element (ψ,ψ0) is a nontrivial
pair of adjoint variables associated with (u∗, x∗) in problem (P); (u∗, x∗) satisfies the
core Pontryagin maximum principle in problem (P) together with (ψ,ψ0); and, finally,
(u∗, x∗) and (ψ,ψ0) satisfy the stationarity condition (3.15).

It is easy to see that in the framework of problem (P) the necessary optimality
conditions given by Corollary 2 are equivalent to those stated in [31]. Indeed, relation
(3.15) implies the asymptotic stationarity condition introduced in [31]:

lim
t→∞

H(x∗(t), t, ψ(t), ψ0) = 0;(3.19)

on the other hand, if in problem (P), (u∗, x∗) satisfies the core Pontryagin maximum
principle together with (ψ,ψ0), then (3.19) implies (3.15). One can, however, an-
ticipate that beyond setting (P) (for example, for problems with nonsmooth data),
condition (3.15) complementing the core Pontryagin maximum principle can be sub-
stantially stronger than (3.19).

Note that in the problem considered in Example 1 the usage of the core Pontryagin
maximum principle (Theorem 1) does not lead to the specification of an optimal
control, whereas it can be shown that the latter control is determined uniquely if one
applies the core Pontryagin maximum principle together with (3.15) (Corollary 2).

As an example given in [31] shows, under the assumptions of Corollary 2, the
nontriviality condition (1.5) can hold with ψ0 = 0; i.e., problem (P) can be abnormal.
Below we find additional assumptions excluding abnormality of problem (P).

4. Normal-form maximum principle with positive adjoint variables. In
this section, we suggest an assumption that excludes abnormality of problem (P), i.e.,
ensures that for problem (P), the normal-form Pontryagin maximum principle (see
section 1) provides a necessary condition of optimality. Moreover, the basic result
of this section formulated in Theorem 2 states that all the coordinates of the adjoint
variable ψ in the Pontryagin maximum principle are necessarily positive-valued. Based
on Theorem 2, we formulate conditions ensuring that the core Pontryagin maximum
principle is complemented by the transversality conditions discussed in section 2. The
proof of Theorem 2 is based on Corollary 1.

In what follows, the notation a > 0 (respectively, a ≥ 0) for a vector a ∈ R
n

designates that all coordinates of a are positive (respectively, nonnegative). Similarly,
the notation A > 0 (respectively, A ≥ 0) for a matrix A designates that all elements
of A are positive (respectively, nonnegative).
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The assumption complementing (A1)–(A4) is the following.
(A5) For every admissible pair (u, x) and for a.a. t ≥ 0, one has

∂g(x(t), u(t))

∂x
> 0 and

∂f i(x(t), u(t))

∂xj
≥ 0 for all i, j : i �= j.

In typical models of regulated economic growth the coordinates of the state vec-
tor x represent positive-valued production factors. Normally it is assumed that the
utility flow and the rate of growth of every production factor increase as all the pro-
duction factors grow. In terms of problem (P), this implies that the integrand g(x, u)
in the goal functional (1.3), together with every coordinate of the right-hand side
f(x, u) of the system equation (1.1), is monotonically increasing in every coordinate
of x. These monotonicity properties (specified so that g(x, u) is strictly increasing in
every coordinate of x) imply that assumption (A5) is satisfied. Note that the utility
flow and the rates of growth of the production factors are normally positive, implying
g(x, u) > 0 and f(x, u) > 0. The latter assumptions as well as the assumption x > 0
mentioned earlier appear in different combinations in the formulations of the results
of this section.

The next theorem strengthens Theorem 1 under assumption (A5) and some pos-
itivity assumptions for f .

Theorem 2. Let assumptions (A1)–(A5) be satisfied. There exists a u0 ∈ U such
that f(x0, u0) > 0, and for every admissible pair (u, x), it holds that f(x(t), u(t)) ≥ 0
for a.a. t ≥ 0. Let (u∗, x∗) be an admissible pair optimal in problem (P). Then there
exists an adjoint variable ψ associated with (u∗, x∗) such that

(i) (u∗, x∗) satisfies relations (1.7) and (1.8) of the normal-form core Pontryagin
maximum principle together with ψ;

(ii) (u∗, x∗) and ψ satisfy the normal-form stationarity condition (3.18);
(iii)

ψ(t) > 0 for all t ≥ 0.(4.1)

Proof. Let {(Pk)} (k = 1, 2, . . .) be the sequence of problems associated with u∗
and for every k = 1, 2, . . . , let (uk, xk) be an admissible pair optimal in problem (Pk).
In accordance with the classical formulation of the normal-form Pontryagin maximum
principle, for every k = 1, 2, . . . , there exists an adjoint variable ψk associated with
(uk, xk) in problem (Pk) such that (uk, xk) satisfies the normal-form core Pontryagin
maximum principle (in problem (Pk)) together with ψk and for every k = 1, 2, . . . ,
the transversality condition (3.5) holds.

Observing assumption (A5), the adjoint equation resolved by ψk (see (3.16)), and
transversality condition (3.5) for ψk, we easily find that ψk(t) > 0 for all t sufficiently
close to Tk. Let us show that

ψk(t) > 0 for all t ∈ [0, Tk).(4.2)

Suppose the contrary. Then, for some k, there exists a τ ∈ [0, Tk) such that at
least one coordinate of the vector ψk(τ) vanishes. Let ξ be the maximum of all such
τ ∈ [0, Tk), and let i ∈ {1, 2, . . . , n} be such that ψi

k(ξ) = 0. Then,

ψk(t) > 0 for all t ∈ (ξ, Tk)(4.3)

and for all t ∈ [ξ, Tk], we have

ψi
k(t) = −

∫ t

ξ

〈
∂f i(xk(s), uk(s))

∂x
, ψk(s)

〉
ds−

∫ t

ξ

e−ρs ∂g
i(xk(s), uk(s))

∂x
ds.(4.4)
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The latter equation and assumption (A5) imply that there is an ε > 0 such that
ψi
k(t) < 0 for all t ∈ (ξ, ξ+ε), which contradicts (4.3). The contradiction proves (4.2).

Let us show that the sequence {ψk(0)} is bounded. The equation for ψk (see
(3.16)) and maximum condition (3.17) yield

d

dt
H̃k(xk(t), t, ψk(t))

a.e.
=

∂H̃k

∂t
(xk(t), t, ũk(t), ψk(t))

a.e.
= −ρe−ρtg(xk(t), uk(t)) + (ρ + 1)e−(ρ+1)t ‖uk(t) − zk(t)‖2

1 + σk

+ 2e−(ρ+1)t 〈uk(t) − zk(t), żk(t)〉
1 + σk

.

Integrating over [0, Tk] and using the transversality condition (3.5), we arrive at

H̃k(x0, 0, ψk(0)) = e−ρTk max
u∈U

[
g(xk(Tk), u) − e−Tk

‖u− zk(Tk)‖2

1 + σk

]

+ ρ

∫ Tk

0

e−ρtg(xk(t), uk(t))dt

− (ρ + 1)

∫ Tk

0

e−(ρ+1)t ‖uk(t) − zk(t)‖2

1 + σk
dt

− 2

∫ Tk

0

e−(ρ+1)t 〈uk(t) − zk(t), żk(t)〉
1 + σk

dt.

This, together with (3.1)–(3.3), implies that H̃k(x0, 0, ψk(0)) ≤ M for some M > 0
and all k = 1, 2, . . . . Hence, by virtue of

〈f(x0, u0), ψk(0)〉 + g(x0, u0) −
‖u0 − zk(0)‖2

1 + σk
≤ H̃k(x0, 0, ψk(0)),

we have

〈f(x0, u0), ψk(0)〉 ≤ M + |g(x0, u0)| + (2|U | + 1)2,

where |U | = maxu∈U ‖u‖. The latter estimate, assumption f(x0, u0) > 0, and (4.2)
yield that the sequence {ψk(0)} is bounded.

Therefore, the sequence {(uk, xk, ψk)} satisfies all the assumptions of Corol-
lary 1. By Corollary 1, there exists a subsequence of {(uk, xk, ψk)}, denoted again as
{(uk, xk, ψk)}, such that for every T > 0, one has convergence (3.14) for the adjoint
variables ψk, where the limit element ψ is an adjoint variable associated with (u∗, x∗)
in problem (P); (u∗, x∗) satisfies the normal-form core Pontryagin maximum principle
in problem (P) together with ψ; and, finally, (u∗, x∗) and ψ satisfy the normal-form
asymptotic stationarity condition (3.18). Thus, for (u∗, x∗) and ψ, statements (i)
and (ii) are proved.

From (3.14) and (4.2) it follows that ψ(t) ≥ 0 for all t ≥ 0. Assumption (A5) and
the fact that ψ solves the adjoint equation (1.7) imply (4.1), thus proving (iii).

Now, we formulate conditions coupling the normal-form core Pontryagin maxi-
mum principle and the transversality conditions discussed in section 2.
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Corollary 3. Let the assumptions of Theorem 2 be satisfied and

f(x∗(t), u∗(t)) ≥ a1 for a.a. t ≥ 0,(4.5)

where a1 > 0. Then there exists an adjoint variable ψ associated with (u∗, x∗) such
that statements (i), (ii), and (iii) of Theorem 2 hold true and, moreover, ψ satisfies
the transversality condition

lim
t→∞

ψ(t) = 0.(4.6)

Proof. By Theorem 2, there exists an adjoint variable ψ associated with (u∗, x∗)
such that statements (i), (ii), and (iii) of Theorem 2 hold true. Let us prove (4.6).
From (3.15) and (4.5) we get

lim
t→∞

〈a1, ψ(t)〉 ≤ lim
t→∞

max
u∈U

〈f(x∗(t), u), ψ(t)〉 = 0;

the latter, together with (4.1), implies (4.6).
Corollary 4. Let the assumptions of Theorem 2 be satisfied, and let

x0 ≥ 0;(4.7)

g(x∗(t), u∗(t)) ≥ 0 for a.a. t ≥ 0;(4.8)

and

∂f(x∗(t), u∗(t))

∂x
≥ A for a.a. t ≥ 0,(4.9)

where A is a matrix of order n such that A > 0. Then there exists an adjoint variable ψ
associated with (u∗, x∗) such that statements (i), (ii), and (iii) of Theorem 2 hold true
and, moreover, ψ satisfies the transversality condition

lim
t→∞

〈x∗(t), ψ(t)〉 = 0.(4.10)

Proof. By Theorem 2, there exists an adjoint variable ψ associated with (u∗, x∗)
such that statements (i), (ii), and (iii) of Theorem 2 hold true. Let us prove (4.10).
The system equation (1.1) and normal-form adjoint equation (1.7) yield

d

dt
〈x∗(t), ψ(t)〉 = 〈f(x∗(t), u∗(t)), ψ(t)〉(4.11)

−
〈
x∗(t),

[
∂f(x∗(t), u∗(t))

∂x

]∗
ψ(t)

〉

− e−ρt

〈
x∗(t),

∂g(x∗(t), u∗(t))

∂x

〉
for a.a. t ≥ 0.

From (4.7), assumption (A5), and (4.8), it follows that

−e−ρt

〈
x∗(t),

∂g(x∗(t), u∗(t))

∂x

〉
≤ 0 ≤ e−ρtg(x∗(t), u∗(t)).
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Taking this into account and using assumption (A5), the normal-form maximum con-
dition (1.8), and assumption (4.9), we continue (4.11) as follows:

d

dt
〈x∗(t), ψ(t)〉 ≤ 〈f(x∗(t), u∗(t)), ψ(t)〉

−
〈
x∗(t),

[
∂f(x∗(t), u∗(t))

∂x

]∗
ψ(t)

〉
+ e−ρtg(x∗(t), u∗(t))

≤ −〈Ax∗(t), ψ(t)〉 + H̃(x∗(t), t, ψ(t)) for a.a. t ≥ 0.

Therefore, by (4.9), for some θ > 0, we have

d

dt
〈x∗(t), ψ(t)〉 ≤ −θ〈x∗(t), ψ(t)〉 + α(t),

where

α(t) = H̃(x∗(t), t, ψ(t)) → 0 as t → ∞

(see (3.18)). Then, taking into account (4.7) and (4.1), we get

0 ≤ 〈x∗(t), ψ(t)〉 ≤ e−θt〈x0, ψ(0)〉 + e−θt

∫ t

0

eθsα(s)ds.(4.12)

Furthermore,

α̇(t) =
d

dt
H̃(x∗(t), t, ψ(t)) =

∂

∂t
H̃(x∗(t), t, u∗(t), ψ(t))

= −ρe−ρtg(x∗(t), u∗(t)) ≤ 0 for a.a. t ≥ 0

(here we used (4.8)). Therefore,∫ t

0

eθsα(s)ds =
1

θ
[eθtα(t) − α(0)] +

1

θ

∫ t

0

eθsα̇(s)ds ≤ 1

θ
(eθtα(t) − α(0)).

Substituting this estimate into (4.12), we get

0 ≤ 〈x∗(t), ψ(t)〉 ≤ e−θt〈x0, ψ(0)〉 + e−θt 1

θ
[eθtα(t) − α(0)] → 0 as t → ∞.

The next theorem is, to a certain extent, an inversion of Theorem 2. It adjoins
works treating the Pontryagin maximum principle as a key component in sufficient
conditions of optimality. Within the finite-horizon setting, this line of analysis was
initiated in [30]. In [1] the approach was extended to infinite-horizon optimal control
problems.

Theorem 3. Let assumptions (A1)–(A5) be satisfied, x0 ≥ 0, and for every
admissible pair (u, x), it holds that f(x(t), u(t)) ≥ 0 and g(x(t), u(t)) ≥ 0 for a.a.
t ≥ 0. Let (u∗, x∗) be an admissible pair satisfying (4.9) with some A > 0, and there
exists an adjoint variable ψ associated with (u∗, x∗) such that statements (i), (ii),
and (iii) of Theorem 2 hold true. Finally, let the set G be convex and the function
x �→ H̃(x, t, ψ(t)) : G �→ R

1 be concave for every t ≥ 0. Then, the admissible pair
(u∗, x∗) is optimal in problem (P).
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We omit the proof, which is similar to the proofs given in [2] and [36].
Combining Corollary 4 and Theorem 3, we arrive at the following optimality

criterion for problem (P).
Corollary 5. Let assumptions (A1)–(A5) be satisfied, x0 ≥ 0, and there exists

a u0 ∈ U such that f(x0, u0) > 0. For every admissible pair (u, x) it holds that
f(x(t), u(t)) ≥ 0, g(x(t), u(t)) ≥ 0, and ∂f(x(t), u(t))/∂x ≥ A for a.a. t ≥ 0 with some
A > 0. Let, finally, the set G be convex and the function x �→ H̃(x, t, ψ) : G �→ R

1

be concave for every t ≥ 0 and for every ψ > 0. Then, an admissible pair (u∗, x∗)
is optimal in problem (P) if and only if there exists an adjoint variable ψ associated
with (u∗, x∗) such that statements (i), (ii), and (iii) of Theorem 2 hold true and the
transversality condition (4.10) is satisfied.

5. Case of dominating discount. In [12], infinite-horizon necessary optimal-
ity conditions involving the normal-form core Pontryagin maximum principle and an
integral characterization of global behavior of the adjoint variable were stated for
problems with sufficiently large (dominating) discount factors; in this work the con-
trol system was assumed to be linear. In this section, we consider problem (P) for
the nonlinear control system (1.1) and apply the approximation scheme developed
in section 3 in the case of the dominating discount. If system (1.1) is linear, the
basic statement of this section (Theorem 4) leads to a formulation of the Pontryagin
maximum principle (Corollary 7), which is stronger than that given in [12].

Following [12], we posit the next growth constraint on g.
(A6) There exist a κ ≥ 0 and an r ≥ 0 such that∥∥∥∥∂g(x, u)

∂x

∥∥∥∥ ≤ κ(1 + ‖x‖r) for all x ∈ G and for all u ∈ U.

Given an admissible pair (u, x), we denote by Y(u,x) the normalized fundamental
matrix for the linear differential equation

ẏ(t) =
∂f(x(t), u(t))

∂x
y(t);(5.1)

more specifically, Y(x,u) is the n× n matrix-valued function on [0,∞) whose columns

yi (i = 1, . . . , n) are the solutions to (5.1) such that yji (0) = δi,j (i, j = 1, . . . , n),
where δi,i = 1 and δi,j = 0 for i �= j; for every t ≥ 0, ‖Y(u,x)(t)‖ stands for the
standard norm of Y(u,x)(t) as a linear operator in R

n. Similarly, given an admissible
pair (u, x), we denote by Z(u,x) the normalized fundamental matrix for the linear
differential equation

ż(t) = −
[
∂f(x(t), u(t))

∂x

]∗
z(t).

Note that

[Z(u,x)(t)]
−1 = [Y(u,x)(t)]

∗.(5.2)

We introduce the following growth assumption.
(A7) There exist a λ ∈ R

1, a C1 ≥ 0, a C2 ≥ 0, and a C3 ≥ 0 such that for every
admissible pair (u, x), one has

‖x(t)‖ ≤ C1 + C2e
λt for all t ≥ 0

and

‖Y(u,x)(t)‖ ≤ C3e
λt for all t ≥ 0.
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It is easily seen that assumption (A6) implies that there exist a C4 ≥ 0 and a
C5 ≥ 0 such that for every admissible pair (u, x), one has

|g(x(t), u(t))| ≤ C4 + C5‖x(t)‖r+1 for all t ≥ 0.(5.3)

Furthermore, (A7) and (5.3) imply that

e−ρt|g(x(t), u(t))| ≤ C6e
−ρt + C7e

−(ρ−(r+1)λ)t

holds for every admissible pair (u, x) with C6 ≥ 0 and C7 ≥ 0 not depending on
(u, x). Therefore, if ρ > 0, then assumptions (A6) and (A7) imply (A4), provided
ρ > (r + 1)λ. The latter inequality implies that the discount parameter ρ in the goal
functional (1.3) dominates the growth parameters r and λ (see (A6) and (A7)), which
is a counterpart of a condition assumed in [12].

The proof of the next result is based on Corollary 1.
Theorem 4. Let assumptions (A1)–(A4), (A6), and (A7) be satisfied and let

ρ > (r + 1)λ. Let (u∗, x∗) be an admissible pair optimal in problem (P). Then there
exists an adjoint variable ψ associated with (u∗, x∗) such that

(i) (u∗, x∗) satisfies relations (1.7) and (1.8) of the normal-form core Pontryagin
maximum principle together with ψ;

(ii) (u∗, x∗) and ψ satisfy the normal-form stationarity condition (3.18);
(iii) for every t ≥ 0, the integral

I∗(t) =

∫ ∞

t

e−ρs[Z∗(s)]
−1 ∂g(x∗(s), u∗(s))

∂x
ds,(5.4)

where Z∗ = Z(u∗,x∗), converges absolutely and

ψ(t) = Z∗(t)I∗(t).(5.5)

Proof. Let {(Pk)} (k = 1, 2, . . .) be the sequence of problems associated with u∗
and for every k = 1, 2, . . . , let (uk, xk) be an admissible pair optimal in problem (Pk).
In accordance with the classical formulation of the normal-form Pontryagin maximum
principle, for every k = 1, 2, . . . , there exists an adjoint variable ψk associated with
(uk, xk) in problem (Pk) such that (uk, xk) satisfies the normal-form core Pontryagin
maximum principle (in problem (Pk)) together with ψk and for every k = 1, 2, . . . ,
the transversality condition (3.5) holds.

Let us show that the sequence {ψk(0)} is bounded. Using the standard represen-
tation of the solution ψk to the linear normal-form adjoint equation (3.16) with the
zero-boundary condition (3.5) through the fundamental matrix Zk = Z(uk,xk) of the
corresponding linear homogeneous equation (see, e.g., [25]), we get

ψk(0) =

∫ Tk

0

e−ρs[Zk(s)]
−1 ∂g(xk(s), uk(s))

∂x
ds.

Therefore, due to (5.2),

‖ψk(0)‖ ≤
∫ Tk

0

e−ρs‖Y(xk,uk)(s)‖
∥∥∥∥∂g(xk(s), uk(s))

∂x

∥∥∥∥ ds,
and due to assumptions (A6) and (A7),

‖ψk(0)‖ ≤
∫ Tk

0

(C8e
−(ρ−λ)s + C9e

−(ρ−(r+1)λ)s)ds,
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where C8 ≥ 0 and C9 ≥ 0 do not depend on k. Now the assumption ρ > (r + 1)λ
implies that the sequence {ψk(0)} is bounded.

Therefore, the sequence {(uk, xk, ψk)} satisfies all the assumptions of Corol-
lary 1. By Corollary 1, there exists a subsequence of {(uk, xk, ψk)}, denoted again
as {(uk, xk, ψk)}, such that for every T > 0, one has convergences (3.11) and (3.12)
for the admissible pairs (uk, xk) and convergence (3.14) for the adjoint variables ψk,
where the limit element ψ is an adjoint variable associated with (u∗, x∗) in prob-
lem (P); (u∗, x∗) satisfies the normal-form core Pontryagin maximum principle in
problem (P) together with ψ; and, finally, (u∗, x∗) and ψ satisfy the normal-form
stationarity condition (3.18). Thus, for (u∗, x∗) and ψ, statements (i) and (ii) are
proved.

Consider the integral I∗(t) in (5.4) for an arbitrary t ≥ 0. Convergences (3.11)
and (3.12) imply

Zk(s) → Z∗(s) for all s ≥ 0.(5.6)

Hence,

I∗(t) = lim
T→∞

∫ T

t

e−ρs[Z∗(s)]
−1 ∂g(x∗(s), u∗(s))

∂x
ds

= lim
T→∞

lim
k→∞

∫ T

t

e−ρs[Zk(s)]
−1 ∂g(xk(s), uk(s))

∂x
ds.

Furthermore, from (5.2) and (A7) it follows that for all s ≥ 0,

e−ρt‖[Zk(s)]
−1‖

∥∥∥∥∂g(xk(s), uk(s))

∂x

∥∥∥∥ ≤ C10e
−(ρ−λ)s + C11e

−(ρ−(r+1)λ)s

with some positive C10 and C11. Therefore, I∗(t) converges absolutely. Let us prove
(5.5). Integrate the adjoint equation for ψk (see (3.16)) over [t, Tk] assuming that k is
large enough (i.e., Tk ≥ t) and taking into account the transversality condition (3.5).
We get

ψk(t) = Zk(t)

∫ Tk

t

e−ρsZ−1
k (s)

∂g(xk(s), uk(s))

∂x
ds.(5.7)

Convergences (3.11) and (3.12) (holding for every T > 0) imply that xk(s) → x∗(s) for
all s ≥ 0 and uk(s) → u∗(s) for a.a. s ≥ 0. The latter convergences, convergences (5.6)
and (3.14), and the absolute convergence of the integral I∗(t) yield that the desired
equality (5.5) is the limit of (5.7) with k → ∞. Statement (iii) is proved.

Now we recall some facts from the stability theory (see [18], [20]).
Consider a linear differential equation

ẋ(t) = A(t)x(t).(5.8)

Here t ∈ [0,∞), x ∈ R
n, and the components of the real n× n matrix function A are

measurable and bounded.
Let x be a nonzero solution to (5.8). Then, a number

λ = lim sup
t→∞

1

t
ln ‖x(t)‖
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is said to be the Lyapunov characteristic number of x. Note that the characteristic
number λ was defined by A. M. Lyapunov with the opposite sign [29].

The Lyapunov characteristic number of any nonzero solution to (5.8) is finite.
The set of the characteristic numbers for all nonzero solutions to (5.8) is called the
Lyapunov spectrum of (5.8). The Lyapunov spectrum of (5.8) has no more than n el-
ements. A fundamental system x1, . . . , xn of solutions to (5.8) is said to be normal if
the sum of their characteristic numbers is minimal in the set of all fundamental sys-
tems of solutions to (5.8). A normal fundamental system always exists. If x1, . . . , xn is
a normal fundamental system of solutions to (5.8), then the characteristic numbers for
x1, . . . , xn cover the Lyapunov spectrum of (5.8) (for different xj and xk the Lyapunov
characteristic numbers may coincide). Any normal fundamental system contains the
same number ns of solutions to (5.8) with characteristic number λs, 1 ≤ s ≤ l, l ≤ n,
from the Lyapunov spectrum of (5.8).

Let σ =
∑l

s=1 nsλs be the sum of all numbers λ1, . . . , λl from the Lyapunov
spectrum of (5.8) taken according to their multiplicity. Equation (5.8) is called regular
if

σ = lim inf
t→∞

1

t

∫ t

0

trA(s)ds,

where trA(s) is the trace of matrix A(s). If (5.8) is regular, then for every ε > 0, the
Cauchy matrix (s, t) �→ K(s, t) for (5.8) satisfies

‖K(s, t)‖ ≤ κ1e
λ̄(s−t)+εs for all t ≥ 0 and all s ≥ t,(5.9)

where λ̄ is the maximum element in the Lyapunov spectrum of (5.8) and κ1 ≥ 0 is a
constant depending only on ε (see [20]).

Corollary 6. Let the assumptions of Theorem 4 be satisfied, let the linear
differential equation

ẏ(t) =
∂f(x∗(t), u∗(t))

∂x
y(t)(5.10)

be regular, and let λ ≥ λ̄, where λ̄ is the maximum element in the Lyapunov spectrum
of (5.10). Then for every ε > 0, it holds that

‖ψ(t)‖ ≤ κ2(e
−ρt+εt + e−(ρ−rλ)t+εt) for all t ≥ 0,(5.11)

where κ2 ≥ 0 is a constant depending only on ε.
Proof. By (5.5) and (5.2),

ψ(t) =

∫ ∞

t

e−ρs[[Y∗(t)]
∗]−1[Y∗(s)]

∗ ∂g(x∗(s), u∗(s))

∂x
ds

=

∫ ∞

t

e−ρs[Y∗(s)[Y∗(t)]
−1]∗

∂g(x∗(s), u∗(s))

∂x
ds

=

∫ ∞

t

e−ρs[K(s, t)]∗
∂g(x∗(s), u∗(s))

∂x
ds,

where Y∗ = Y(u∗,x∗) is a normalized fundamental solution matrix of (5.10) and
K(s, t) = Y∗(s)[Y∗(t)]

−1 is the Cauchy matrix of (5.10). Hence, by (A6), (A7), and
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(5.9), for any 0 < ε < min{ρ− λ, ρ− (r + 1)λ}, we have

‖ψ(t)‖ ≤
∫ ∞

t

e−ρs‖[K(s, t)]∗‖
∥∥∥∥∂g(x∗(s), u∗(s))

∂x

∥∥∥∥ ds
≤ C12

∫ ∞

t

e−ρseλ̄(s−t)eεs(1 + erλs)ds

≤ κ2(e
−ρt+εt + e−(ρ−rλ)t+εt),

where C12 ≥ 0 and κ2 ≥ 0 depend only on ε. Hence, estimate (5.11) holds for any
ε > 0.

Note that if ρ > 0, then Corollary 6 implies the validity of both (2.1) and (2.2).
Now, let us consider the situation where the control system (1.1) is linear and

stationary. Problem (P) is specified as follows.
Problem (P1):

ẋ(t) = Fx(t) + u(t), u(t) ∈ U ;(5.12)

x(0) = x0;

maximize J(x, u) =

∫ ∞

0

e−ρtg(x(t), u(t))dt;

here F is a real n× n matrix.
Let λF be the maximum of the real parts of the eigenvalues of F . Then λF is the

maximal number from the Lyapunov spectrum of the linear homogenous differential
equation corresponding to (5.12), and for any ε > 0, we have

‖eFt‖ ≤ C13e
(λF +ε)t for all t ≥ 0.

Here, eFt is the exponential of matrix F and C13 ≥ 0 is a constant depending only
on ε (see [20]). A standard representation of a solution to (5.12) through the matrix
exponential eFt (see [25]) implies that for any ε > 0 and for any admissible trajectory x
of system (5.12), it holds that

‖x(t)‖ ≤ C14 + C15e
(λF +ε)t for all t ≥ 0,

where C14 ≥ 0 and C15 ≥ 0 depend only on ε. Thus, for an arbitrary λ > λF ,
assumption (A7) is satisfied. The latter observation and the fact that every linear
stationary equation is regular [20] imply the following specification of Corollary 6 for
problem (P1).

Corollary 7. Let assumptions (A3), (A4), and (A6) be satisfied and let ρ >
(r + 1)λF . Let (u∗, x∗) be an admissible pair optimal in problem (P1). Then there
exists an adjoint variable ψ associated with (u∗, x∗) such that

(i) (u∗, x∗) satisfies relations (1.7) and (1.8) of the normal-form core Pontryagin
maximum principle together with ψ;

(ii) (u∗, x∗) and ψ satisfy the normal-form stationarity condition (3.18);
(iii) for every ε > 0, it holds that

‖ψ(t)‖ ≤ κ3(e
−ρt+εt + e−(ρ−rλF )t+εt) for all t ≥ 0,

where κ3 ≥ 0 is a constant depending only on ε.
Note that if ρ > 0, then Corollary 7 implies the validity of both (2.1) and (2.2).
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Abstract. This paper is concerned with a stochastic linear-quadratic (LQ) control problem in
the infinite time horizon where the control is constrained in a given, arbitrary closed cone, the cost
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conditions involving linear matrix inequalities (LMIs). Next, the issue of well-posedness of the un-
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algebraic Riccati equations (EAREs), along with the notion of their stabilizing solutions, are intro-
duced for the first time. Optimal feedback control as well as the optimal value are explicitly derived
in terms of the stabilizing solutions to the EAREs. Moreover, several cases when the stabilizing
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1. Introduction. Linear-quadratic (LQ) control, pioneered by Kalman [17] for
deterministic systems and extended to stochastic systems by Wonham [31, 32] and
Bismut [5], constitutes, in both theory and applications, an extremely important class
of control problems. In recent years, there has been considerable renewed interest in
stochastic LQ control. In particular, the notion of mean-square stabilizability and de-
tectability was introduced in [12]. On the other hand, initiated by Chen, Li, and Zhou
[10], extensive research has been carried out in the so-called indefinite stochastic LQ
control, where, quite contrary to the conventional belief, the cost weighting matrices
are allowed to be indefinite; see [11, 2, 1, 33]. Moreover, this new theory has found
applications in financial portfolio selection; see [35, 19, 18]. For systematic accounts
of the deterministic and stochastic LQ theory, refer to [4] and [34], respectively.

A key assumption in the LQ theory at large, deterministic and stochastic alike,
is that the control variable is unconstrained. This assumption renders the feedback
control constructed via the Riccati equation automatically admissible, and in turn
(along with the underlying LQ structure) makes possible the elegant explicit solution
to the optimal LQ control problem. Because of this, the whole conventional LQ
approach would collapse in the presence of any control constraint.
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On the other hand, from a practical point of view, LQ control with control con-
straints is a well-defined and sensible problem. For example, in many real applications
the control variable is required to take only nonnegative values. The mean-variance
portfolio selection problem with short-selling prohibition exemplifies such problems.
Other applications include models in medicine, chemistry, and economics where sys-
tem inputs are inherently constrained.

There have been some attempts in dealing with deterministic LQ problems with
positive controls or, more general, with controls contained in a given cone. For ex-
ample, controllability for linear system ẋ = Ax+Bu with positive/conic controls was
studied in [26, 7, 25, 14, 8, 22]. These papers investigated the necessary and sufficient
conditions of different types of controllability (null-controllability, global controllabil-
ity, differential controllability, etc.). Later, conic stabilization was addressed in [23].
In a recent work on positive feedback stabilization [30], a stabilizing positive feedback
controller was derived based on the pole placement technique.

Deterministic continuous-time LQ optimal control problems with positive con-
trollers were studied in [21, 9, 13]. Discrete-time versions can be found in [27, 28].
In these works, however, only some necessary and sufficient conditions for optimality
were derived based on Pontryagin’s maximum principle and/or Bellman’s dynamic
programming, and some numerical schemes were suggested. The special LQ struc-
ture was not fully taken advantage of, and no explicit result comparable to those of
unconstrained control was obtained.

As for the constrained stochastic LQ control, to the best of our knowledge it
has never been studied by anyone else in the literature. A related, albeit specific,
problem is the mean-portfolio selection model with no-shorting constraint solved in
Li, Zhou, and Lim [18], which was formulated as a stochastic LQ control problem
with positive controls in a finite time horizon. The approach developed in [18] is
nevertheless rather ad hoc (via the Hamilton–Jacobi–Bellman equation and viscosity
solution theory) and by no means suggests a remedy for a more general problem.
More recently, a stochastic LQ control problem with conic control constraint, random
coefficients, as well as possibly singular cost weighting matrices in a finite time horizon
was solved by Hu and Zhou [15], with explicit solutions based on Tanaka’s formula
and the backward stochastic differential equation theory.

In this paper, we study stochastic LQ control in the infinite time horizon, where
the control variable is constrained in a cone (which includes the problem with positive
controls as a special case). Moreover, the problem is allowed to be indefinite in the
sense that the cost weighting matrices are possibly indefinite. A main assumption of
the paper is that the state variable is scalar-valued. Note that this assumption is valid
in many meaningful practical applications, in particular in the area of finance where
the one-dimensional wealth process is typically taken as the state. The investigation
in this paper centers around several key issues associated with the problem, namely,
conic stabilizability, well-posedness, and optimality. Conic stabilizability refers to the
question of whether the system can be stabilized by a control satisfying the given conic
constraint. It arises from the infinity of the time horizon under consideration, and is
quite different from the normal stabilizability for unconstrained control. In this paper
we will derive simple necessary and sufficient conditions for the conic stabilizability.
The second issue, well-posedness of the LQ problem, becomes an issue because the
problem is indefinite. To ensure well-posedness the problem data must coordinate
well, which will be characterized in this paper by the nonemptiness of certain sets in
the real space. Finally, for optimality, we aim to obtain explicit solutions comparable
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to those classical unconstrained-control counterparts. To this end, we will introduce,
for the first time in this paper, two algebraic equations termed the extended algebraic
Riccati equations (EAREs) along with the notion of their stabilizing solutions. Then
it will be shown that the existence of the stabilizing solutions is sufficient for the
existence of optimal feedback control of the constrained LQ problem, and explicit
forms of the optimal feedback control as well as the optimal cost value will be derived
in terms of the stabilizing solutions. Furthermore, several important cases, including
that of the definite LQ control, will be discussed where stabilizing solutions to the
EAREs do exist, and algorithms for computing these solutions will be presented. To
demonstrate the theoretical results obtained, numerical examples will be given.

The rest of the paper is organized as follows. In section 2, the constrained stochas-
tic LQ control problem is formulated and conic stabilizability of the system defined.
As a prelude to the main analysis, two technical lemmas are presented in section 3.
The subsequent three sections, sections 4, 5, and 6, are devoted to the three major
issues, namely, stabilizability, well-posedness, and optimality, respectively. Numerical
examples are reported in section 7. Finally, section 8 concludes the paper.

2. Problem formulation.
Notation. We make use of the following basic notation in this paper:

Rn : the set of n-dimensional column vectors.
R : = R1.
Rn

+ : the subset of Rn consisting of elements with nonnegative components.
Rm×n : the set of all m× n matrices.
Sn×n : the set of all n× n symmetric matrices.

|v| : =
√
v′v, v ∈ Rn.

x+ : = max{x, 0}, x ∈ R.
x− : = max{−x, 0}, x ∈ R.
M ′ : the transpose of a matrix M .
M > 0 : the square matrix M is positive definite.
M ≥ 0 : the square matrix M is positive semidefinite.
E[x] : the expectation of a random variable x.

Let (Ω,F ,P;Ft) be a given filtered probability space with a standard Ft-adapted,
k-dimensional Brownian motion w(t) ≡ (w1(t), w2(t), . . . , wk(t))

′ on [0,+∞). Let
Γ ⊆ Rm be a given closed cone; i.e., Γ is closed, and if u ∈ Γ, then αu ∈ Γ ∀α ≥ 0.
Typical examples of such a cone are Γ = Rm

+ , Γ = {u ∈ Rm|Mu ≤ 0}, and Γ =
{u ∈ Rm|Mu = 0}, where M ∈ Rn×m, or the so-called second-order cone (cf., e.g.,
[20, p. 221]) Γ = {(t, u) ∈ R × Rm−1|t ≥ |u|}. Next, for M ∈ Sm×m if there is
δ > 0 so that K ′MK ≥ δ|K|2 ∀0 	= K ∈ Γ, then we denote M |Γ > 0. Similarly we
write M |Γ ≥ 0 if K ′MK ≥ 0 ∀K ∈ Γ. Clearly M > 0 (respectively, M ≥ 0) implies
M |Γ > 0 (respectively, M |Γ ≥ 0). Finally, define the following Hilbert space:

L2
F (Γ) =

{
φ(·, ·) : [0,+∞) × Ω → Γ

∣∣∣φ(·, ·) is Ft-adapted, measurable,

and E

∫ +∞

0

|φ(t, ω)|2dt < +∞
}

with the norm ‖φ(·, ·)‖ := (E
∫ +∞
0

|φ(t, ω)|2dt) 1
2 .
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Consider the Itô stochastic differential equation (SDE)⎧⎪⎪⎪⎨⎪⎪⎪⎩
dx(t) = [Ax(t) + Bu(t)]dt +

k∑
j=1

[Cjx(t) + Dju(t)]dwj(t), t ∈ [0,∞),

x(0) = x0 ∈ R,

(1)

where A,Cj ∈ R and B,Dj ∈ R1×m. A process u(·) is called a control (with conic
constraint) if u(·) ∈ L2

F (Γ).
Definition 2.1. A control u(·) ∈ L2

F (Γ) is called (mean-square, conic) stabilizing
with respect to x0 if the corresponding state x(·) of (1) with the initial state x0 satisfies
limt→+∞ E|x(t)|2 = 0.

Definition 2.2. System (1) is said to be (mean-square, conic) stabilizable if
there is a feedback control of the form u(t) = K+x

+(t) + K−x
−(t), where K+ and

K− are constant vectors with K+ ∈ Γ and K− ∈ Γ, which is (mean-square, conic)
stabilizing with respect to every initial state x0.

Now, for any x0 ∈ R, we define the set of admissible controls

Ux0
:= {u(·) ∈ L2

F (Γ)|u(·) is stabilizing with respect to x0}.(2)

If u(·) ∈ Ux0
and x(·) is the corresponding solution of (1), then (x(·), u(·)) is called

an admissible pair (with respect to x0). For each (x0, u(·)) ∈ R × Ux0
the associated

cost to system (1) is

J(x0;u(·)) := E

∫ +∞

0

[Qx(t)2 + u(t)′Ru(t)]dt,(3)

where Q ∈ R and R ∈ Sm×m. Note that here Q and R are not assumed to be
nonnegative/positive semidefinite. As a result, J(x0;u(·)) is not necessarily bounded
below.

The indefinite LQ control problem with conic constraint entails minimizing the
cost functional (3), for a given x0, subject to (1) and u(·) ∈ Ux0 . Such a problem is
denoted as problem (LQ). An admissible control u(·) ∈ Ux0 is called optimal (with
respect to x0) if u(·) achieves the infimum of (3), and in this case problem (LQ) is
also referred to as attainable (with respect to x0).

The value function V is defined as

V (x0) := inf
u(·)∈Ux0

J(x0;u(·)), x0 ∈ R,(4)

where V (x0) is set to be +∞ in the case when Ux0 is empty.
Definition 2.3. Problem (LQ) is called well-posed if

V (x0) > −∞ ∀x0 ∈ R.(5)

It is well known that V is a continuous, though not necessarily differentiable,
function when problem (LQ) is well-posed. Also note that a well-posed problem is
not necessarily attainable with respect to any x0 (see Example 6.2).
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3. Two lemmas. In this section we present two lemmas that are useful in what
follows.

Lemma 3.1 (Tanaka’s formula). Let X(t) be a continuous semimartingale. Then

dX+(t) = 1(X(t)>0)dX(t) +
1

2
dL(t),

dX−(t) = −1(X(t)≤0)dX(t) +
1

2
dL(t),

(6)

where L(·) is an increasing continuous process, called the local time of X(·) at 0,
satisfying ∫ t

0

|X(s)|dL(s) = 0, P-a.s.(7)

In particular, X+(t) and X−(t) are semimartingales.
Proof. See, for example, [24, Chapter VI, Theorem 1.2 and Proposition 1.3].
Lemma 3.2. Let constants N+, N− ∈ R be given. Then for any admissible pair

(x(·), u(·)) with respect to x0, we have, for every t ≥ 0,

E

∫ t

0

[Qx(s)2 + u(s)′Ru(s)]ds

= N+(x+
0 )2 + N−(x−

0 )2 − E[N+x
+(t)2] − E[N−x

−(t)2]

+ E

∫ t

0

⎧⎨⎩Qx(s)2 +

⎛⎝2A +

k∑
j=1

C2
j

⎞⎠N+x
+(s)2 +

⎛⎝2A +

k∑
j=1

C2
j

⎞⎠N−x
−(s)2

+ u(s)′

⎡⎣R + 1(x(s)>0)N+

k∑
j=1

D′
jDj + 1(x(s)≤0)N−

k∑
j=1

D′
jDj

⎤⎦u(s)

+ 2

⎛⎝B +
k∑

j=1

CjDj

⎞⎠u(s)N+x
+(s) − 2

⎛⎝B +

k∑
j=1

CjDj

⎞⎠u(s)N−x
−(s)

⎫⎬⎭ ds.

(8)

Proof. Let x(·) be the solution of (1) under an arbitrary u(·) ∈ Ux0 . By
Lemma 3.1, we have

dx+(t) = 1(x(t)>0)[Ax(t) + Bu(t)]dt + 1(x(t)>0)

k∑
j=1

[Cjx(t) + Dju(t)]dwj(t)

+
1

2
dL(t),

dx−(t) = −1(x(t)≤0)[Ax(t) + Bu(t)]dt− 1(x(t)≤0)

k∑
j=1

[Cjx(t) + Dju(t)]dwj(t)

+
1

2
dL(t).



STOCHASTIC LQ CONTROL WITH CONIC CONTROL CONSTRAINT 1125

In the above equations, L(·) is the local time as specified in Lemma 3.1. Applying
Itô’s formula, we get

d[N+x
+(t)2]

= 2N+x
+(t)

⎧⎨⎩1(x(t)>0)[Ax(t)+Bu(t)]dt+1(x(t)>0)

k∑
j=1

[Cjx(t)+Dju(t)]dwj(t)+
1

2
dL(t)

⎫⎬⎭
+ 1(x(t)>0)N+

k∑
j=1

[Cjx(t) + u(t)′D′
j ][Cjx(t) + Dju(t)]dt

=

⎧⎨⎩N+[2Ax+(t)2+2Bu(t)x+(t)+1(x(t)>0)

k∑
j=1

(Cjx(t)+u(t)′D′
j)(Cjx(t)+Dju(t))]

⎫⎬⎭dt

+N+

k∑
j=1

[2Cjx
+(t)2 + 2Dju(t)x+(t)]dwj(t)

=

⎡⎣⎛⎝2A +

k∑
j=1

C2
j

⎞⎠N+x
+(t)2 + 2Bu(t)N+x

+(t) + 2

k∑
j=1

CjDju(t)N+x
+(t)

+ 1(x(t)>0)N+u(t)′
k∑

j=1

D′
jDju(t)

⎤⎦dt +

⎡⎣N+(t)

k∑
j=1

(2Cjx
+(t)2+2Dju(t)x+(t))

⎤⎦dwj(t),

(9)

where we have used the fact that x+(t)dL(t) = 0 by virtue of (7). Similarly, for the
constant N− ∈ R,

d[N−x
−(t)2]

=

⎧⎨⎩N−

⎡⎣2Ax−(t)2−2Bu(t)x−(t)+1(x(t)≤0)

k∑
j=1

(Cjx(t)+u(t)′D′
j)(Cjx(t)+Dju(t))

⎤⎦⎫⎬⎭ dt

+ N−

k∑
j=1

[2Cjx
−(t)2 − 2Dju(t)x−(t)]dwj(t)

=

⎡⎣⎛⎝2A +

k∑
j=1

C2
j

⎞⎠N−x
−(t)2 − 2Bu(t)P−x

−(t) − 2

k∑
j=1

CjDju(t)N−x
−(t)

+ 1(x(t)≤0)N−u(t)′
k∑

j=1

D′
jDju(t)

⎤⎦dt+
⎡⎣N−(t)

k∑
j=1

(2Cjx
−(t)2−2Dju(t)x−(t))

⎤⎦dwj(t).

(10)

Fix t ≥ 0 and define a sequence of stopping times

τn := inf

⎧⎪⎨⎪⎩r ∈ [0, t] :

∫ r

0

∣∣∣∣∣∣N+(s)

k∑
j=1

(2Cjx
+(s)2 + 2Dju(s)x+(s))

∣∣∣∣∣∣
2

ds

+

∫ r

0

∣∣∣∣∣∣N−(s)

k∑
j=1

(2Cjx
−(s)2 − 2Dju(s)x−(s))

∣∣∣∣∣∣
2

ds ≥ n

⎫⎪⎬⎪⎭ , n = 1, 2, . . . ,
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where inf ∅ := t. It is clear that τn ↑ t as n → +∞, due to E
∫ t

0
(|x(s)|2 + |u(s)|2)ds <

+∞. Now, summing up (9) and (10), taking integration from 0 to τn and then,
taking expectation, we obtain (8) with t replaced by τn. Thus, (8) follows by sending
n → +∞ together with Fatou’s lemma.

4. Conic stabilizability. In this section we address the issue of the conic sta-
bilizability of system (1). Notice that conic stabilizability is different from the usual
stabilizability with unconstrained controls, for clearly the former requires more strin-
gent conditions. Here we will give a complete characterization of conic stabilizability
in terms of simple conditions involving linear matrix inequalities (LMIs).

Introduce a pair of functions F+, F− from Γ to R:

F+(K) := 2A +

k∑
j=1

C2
j + 2

⎛⎝B +

k∑
j=1

CjDj

⎞⎠K + K ′
k∑

j=1

D′
jDjK,(11)

and

F−(K) := 2A +

k∑
j=1

C2
j − 2

⎛⎝B +

k∑
j=1

CjDj

⎞⎠K + K ′
k∑

j=1

D′
jDjK.(12)

Theorem 4.1. The following assertions are equivalent.
(i) System (1) is mean-square conic stabilizable.
(ii) There exist K+ ∈ Γ and K− ∈ Γ such that F+(K+) < 0 and F−(K−) < 0. In

this case the feedback control u(t) = K+x
+(t) + K−x

−(t) is stabilizing.
(iii) There exist K+ ∈ Γ and K− ∈ Γ such that

⎛⎜⎜⎝2A +
k∑

j=1

C2
j + 2

⎛⎝B +

k∑
j=1

CjDj

⎞⎠K+ K ′
+D

′

DK+ −I

⎞⎟⎟⎠ < 0,(13)

⎛⎜⎜⎝2A +

k∑
j=1

C2
j − 2

⎛⎝B +

k∑
j=1

CjDj

⎞⎠K− K ′
−D

′

DK− −I

⎞⎟⎟⎠ < 0,(14)

where D ∈ Rm×m satisfies D′D =
∑k

j=1 D
′
jDj. In this case the feedback control

u(t) = K+x
+(t) + K−x

−(t) is stabilizing.
Proof. Take a feedback control u(t) = K+x

+(t) + K−x
−(t) and consider the

corresponding state x(·) with an initial state x0. Note that by standard SDE theory
(cf., e.g., [16]) such x(·) uniquely exists. Moreover,

E sup
0≤t≤T

|x(t)|pdt < +∞ ∀T > 0 ∀p ≥ 0.(15)
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Making use of (9) with N+ = 1 and u(t) = K+x
+(t) + K−x

−(t), we obtain

dx+(t)2 =

⎡⎣2A +

k∑
j=1

C2
j + 2

⎛⎝B +

k∑
j=1

CjDj

⎞⎠K+ + K ′
+

k∑
j=1

D′
jDjK+

⎤⎦x+(t)2dt

+
k∑

j=1

(2Cj + 2DjK+)x+(t)2dwj(t)

= F+(K+)x+(t)2dt +

k∑
j=1

(2Cj + 2DjK+)x+(t)2dwj(t).

Taking integration and then expectation yields (after a localization argument as in
the proof of Lemma 3.2)

dE[x+(t)2]

dt
= F+(K+)E[x+(t)2],(16)

where the expectation of the Itô integral vanishes due to (15). Similarly, we have

dE[x−(t)2]

dt
= F−(K−)E[x−(t)2].(17)

Hence, the equivalence between the assertions (i) and (ii) is evident noting that
limt→+∞ E|x(t)|2 = 0 if and only if limt→+∞ E|x+(t)|2 = 0 and limt→+∞ E|x−(t)|2 =
0.

Finally, the equivalence between the assertions (ii) and (iii) follows from Schur’s
lemma [6].

Conditions (13) and (14) are in terms of LMIs. On the other hand, some of the
conic constraint can also be expressed as LMIs, e.g., when Γ = Rm

+ or when Γ is
a second-order cone. Hence, Theorem 4.1(iii) provides an easy way of numerically
checking the stabilizability of system (1) due to the availability of many LMI solvers.
Note that in general there may exist many feasible solutions to LMIs.

Denote the two sets of feedback gains as

K+ := {K ∈ Γ|F+(K) < 0}, K− := {K ∈ Γ|F−(K) < 0}.

Then Theorem 4.1 implies the following
Theorem 4.2. System (1) is conic stabilizable if and only if K+ 	= ∅ and K− 	= ∅.
Corollary 4.1. If 2A +

∑k
j=1 C

2
j < 0, then system (1) is conic stabilizable.

Proof. In this case 0 ∈ K+ ∩ K−.
Proposition 4.1. We have the following results.
(i) K+ and K− are convex sets if Γ is a convex set.

(ii) K+ and K− are bounded if
∑k

j=1 D
′
jDj |Γ > 0.

Proof. (i) Define the following operator M+ from Γ to S(m+1)×(m+1):

M+(K) =

⎛⎜⎜⎝2A +

k∑
j=1

C2
j + 2

⎛⎝B +

k∑
j=1

CjDj

⎞⎠K K ′D′

DK −I

⎞⎟⎟⎠ ,

where D′D =
∑k

j=1 D
′
jDj . By Theorem 4.1, K+ can be equivalently represented as

K+ = {K ∈ Γ|M+(K) < 0}. Thus the convexity of K+ follows from that of Γ together
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with the fact that the operator M+ is affine. Similarly we can show the convexity
of K−.

(ii) If K+ is unbounded, then there is a sequence {Kn} ⊂ K+ so that |Kn| → +∞.

Since
∑k

j=1 D
′
jDj |Γ > 0, we have K ′

n

∑k
j=1 D

′
jDjKn ≥ δ|Kn|2 → +∞ as n → +∞,

where δ > 0 is some constant. Therefore F+(Kn) → +∞ as n → +∞. This contra-
dicts F+(Kn) < 0 ∀n. Hence K+ is bounded. Similarly, K− is bounded.

5. Well-posedness. Since the cost weighting matrices Q and R are allowed
to be indefinite, the well-posedness of the problem is no longer automatic or trivial
(as opposed to the classical definite case when Q ≥ 0 and R > 0). In fact, the well-
posedness for an indefinite LQ control problem is a prerequisite for the optimality and
is an interesting problem in its own right. In this section we will carry out an extensive
investigation on the well-posedness and some related issues, including necessary and
sufficient conditions for the well-posedness in terms of the nonemptiness of certain
sets.

5.1. Representation of value function. In this subsection we present the
following representation result, which is a key to many results of this paper.

Proposition 5.1. Problem (LQ) is well-posed if and only if the value function
can be represented as

V (x0) = P+(x+
0 )2 + P−(x−

0 )2 ∀x0 ∈ R(18)

for some P+, P− ∈ R.
Proof. We prove only the “only if” part, as the “if” part is evident.
Assume that problem (LQ) is well-posed. Fix any x > 0, y > 0. Since V (y) >

−∞, for any ε > 0 there is uε(·) ∈ Uy along with the corresponding state xε(·) (with
the initial state y) satisfying

V (y) ≥ J(y;uε(·)) − ε = E

∫ +∞

0

[Qxε(t)2 + uε(t)′Ruε(t)]dt− ε.(19)

Now, as x > 0, the linearity of the dynamics (1) and the conic control constraint
ensure that xuε(·) ∈ Uxy with the corresponding state xxε(·). Hence it follows from
(19) that

V (y) ≥ 1

x2
E

∫ +∞

0

[Q|xxε(t)|2 + (xuε(t))′R(xuε(t))]dt− ε ≥ 1

x2
V (xy) − ε.(20)

Sending ε → 0 we obtain

V (xy) ≤ V (y)x2 ∀x > 0, y > 0.(21)

Similarly, one can show that

V (xy) ≤ V (−y)x2 ∀x < 0, y > 0.(22)

Now for any x > 0, by (21) we have V (x) ≤ V (1)x2. On the other hand, (21)
also implies V (1) = V (x 1

x ) ≤ 1
x2V (x). So we have shown that

V (x) = V (1)x2 ∀x > 0.(23)

Similarly, in view of (22) we can prove that

V (x) = V (−1)x2 ∀x < 0.(24)
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Finally, the continuity of the value function along with (23) yields

V (0) = 0.(25)

The desired result (18) thus follows from (23)–(25) with P+ := V (1) and
P− := V (−1).

Remark 5.1. The preceding proposition, which suggests the form of the value
function when the underlying LQ problem is well-posed, is crucial for all the main
results in this paper. In fact, the proofs for the stabilizability in the previous section,
the characterization of the well-posedness in this section, and the optimality in the
next section are all inspired by this result. This also explains why one needs to apply
Tanaka’s formula to evaluate dx+(t) and dx−(t), as we have seen in the previous
section and will continue to see in the subsequent sections.

Remark 5.2. We saw that the value function for the constrained LQ problem is
not smooth.

5.2. Characterization of well-posedness. Define the following functions from
R to R ∪ {−∞}:

Φ+(P ) := inf
K∈Γ

⎡⎣K ′

⎛⎝R + P

k∑
j=1

D′
jDj

⎞⎠K + 2

⎛⎝B +
k∑

j=1

CjDj

⎞⎠PK

⎤⎦ ,

Φ−(P ) := inf
K∈Γ

⎡⎣K ′

⎛⎝R + P

k∑
j=1

D′
jDj

⎞⎠K − 2

⎛⎝B +

k∑
j=1

CjDj

⎞⎠PK

⎤⎦ .

Remark 5.3. Since 0 ∈ Γ, we must have

Φ+(P ) ≤ 0 Φ−(P ) ≤ 0 ∀P ∈ R.(26)

On the other hand, Φ+(P ) and Φ−(P ) have finite values if (R+P
∑k

j=1 D
′
jDj)|Γ > 0.

Indeed, in this case there exist constants α1 = α1(P ) > 0 and α2 = α2(P ) > 0 such
that

K ′

⎛⎝R + P

k∑
j=1

D′
jDj

⎞⎠K + 2

⎛⎝B +

k∑
j=1

CjDj

⎞⎠PK ≥ α1|K|2 − α2|K|

= α1|K|
(
|K| − α2

α1

)
∀K ∈ Γ.

If |K| > α2

α1
, then the above expression is positive. Taking (26) into consideration

we conclude

Φ+(P ) = inf
K∈Γ,|K|≤α2

α1

⎡⎣K ′

⎛⎝R + P

k∑
j=1

D′
jDj

⎞⎠K + 2

⎛⎝B +

k∑
j=1

CjDj

⎞⎠PK

⎤⎦ > −∞.

Hence, Φ+(P ) is finite. The same is true for Φ−(P ).
Next, we define the following two sets:

P+ :=

⎧⎨⎩P ∈ R

∣∣∣∣∣∣
⎛⎝2A +

k∑
j=1

C2
j

⎞⎠P + Q + Φ+(P ) ≥ 0,

⎛⎝R + P

k∑
j=1

D′
jDj

⎞⎠∣∣∣∣∣∣
Γ

≥ 0

⎫⎬⎭ ,

P− :=

⎧⎨⎩P ∈ R

∣∣∣∣∣∣
⎛⎝2A +

k∑
j=1

C2
j

⎞⎠P + Q + Φ−(P ) ≥ 0,

⎛⎝R + P

k∑
j=1

D′
jDj

⎞⎠∣∣∣∣∣∣
Γ

≥ 0

⎫⎬⎭ .
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The following is the main result of the section, which characterizes the well-posedness
of problem (LQ) by the nonemptiness of the sets P+ and P−.

Theorem 5.1. Assume that system (1) is conic stabilizable. Then problem (LQ)
is well-posed if and only if P+ 	= ∅ and P− 	= ∅. Moreover, in this case

V (x0) ≥ P+(x+
0 )2 + P−(x−

0 )2 ∀x0 ∈ R, ∀P+ ∈ P+, P− ∈ P−.(27)

Proof. First we prove the “if” part. For any x0 ∈ R let x(·) be the solution of (1)
under an arbitrary u(·) ∈ Ux0 . Pick any P+ ∈ P+ and P− ∈ P−. By Lemma 3.2, we
have

E

∫ t

0

[Qx(s)2 + u(s)′Ru(s)]ds

= P+(x+
0 )2 + P−(x−

0 )2 − E[P+x
+(t)2] − E[P−x

−(t)2]

+ E

∫ t

0

⎧⎨⎩Qx(s)2 +

⎛⎝2A +

k∑
j=1

C2
j

⎞⎠P+x
+(s)2 +

⎛⎝2A +

k∑
j=1

C2
j

⎞⎠P−x
−(s)2

+ u(s)′

⎡⎣R + 1(x(s)>0)P+

k∑
j=1

D′
jDj + 1(x(s)≤0)P−

k∑
j=1

D′
jDj

⎤⎦u(s)

+ 2

⎛⎝B +
k∑

j=1

CjDj

⎞⎠u(s)P+x
+(s) − 2

⎛⎝B +

k∑
j=1

CjDj

⎞⎠u(s)P−x
−(s)

⎫⎬⎭ ds.

(28)

Denote by ψ(x(s), u(s)) the integrand on the right-hand side of (28) and fix s ∈ [0, t].
If x(s) > 0, then write u(s) = Kx(s) (note that K may depend on s). Since u(s) ∈ Γ
and Γ is a cone, we have K ∈ Γ. Hence at s, bearing in mind that 1(x(s)≤0) = 0, we
have

ψ(x(s), u(s))

= Qx(s)2 +

⎛⎝2A +

k∑
j=1

C2
j

⎞⎠P+x(s)2 + K ′

⎡⎣R + P+

k∑
j=1

D′
jDj

⎤⎦Kx(s)2

+ 2

⎛⎝B +

k∑
j=1

CjDj

⎞⎠KP+x(s)2

=

⎡⎣⎛⎝2A+

k∑
j=1

C2
j

⎞⎠P+ + Q + K ′

⎛⎝R + P+

k∑
j=1

D′
jDj

⎞⎠K + 2

⎛⎝B +

k∑
j=1

CjDj

⎞⎠KP+

⎤⎦x(s)2

≥

⎡⎣⎛⎝2A +

k∑
j=1

C2
j

⎞⎠P+ + Q + Φ+(P+)

⎤⎦x(s)2

≥ 0.
(29)

If x(s) < 0, then write u(s) = −Kx(s). Again K ∈ Γ. An argument similar to that
above yields

ψ(x(s), u(s)) ≥

⎡⎣⎛⎝2A +
k∑

j=1

C2
j

⎞⎠P− + Q + Φ−(P−)

⎤⎦x(s)2 ≥ 0
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at s. Finally, if x(s) = 0 at s, then

ψ(x(s), u(s)) = u(s)′

⎡⎣R + P−

k∑
j=1

D′
jDj

⎤⎦u(s) ≥ 0.

The preceding analysis shows that it always holds that ψ(x(s), u(s)) ≥ 0 ∀s ∈ [0, t].
Consequently, it follows from (28) that

E

∫ t

0

[Qx(s)2 + u(s)′Ru(s)]ds ≥ P+(x+
0 )2 + P−(x−

0 )2 − E[P+x
+(t)2]

− E[P−x
−(t)2].

Letting t → +∞ and noting that u(·) is conic stabilizing, we obtain

J(x0;u(·)) = lim
t→+∞

E

∫ t

0

[Qx(s)2 + u(s)′Ru(s)]ds

≥ P+(x+
0 )2 + P−(x−

0 )2.

Since u(·) ∈ Ux0
is arbitrary, we conclude V (x0) ≥ P+(x+

0 )2 +P−(x−
0 )2 > −∞. Hence

problem (LQ) is well-posed.
To prove the “only if” part, suppose that the LQ problem is well-posed. Then by

Proposition 5.1 the value function has the following representation:

V (x) = P+(x+)2 + P−(x−)2 ∀x ∈ R.

We want to show that P+ ∈ P+, P− ∈ P−. To this end, applying the optimality
principle of dynamic programming and noting the time-invariance of the underlying
system, we obtain

P+(x+
0 )2 + P−(x−

0 )2

≤ E

{∫ h

0

[Qx(t)2 + u(t)′Ru(t)]dt + P+[x+(h)]2 + P−[x−(h)]2

}
∀h > 0, ∀u(·) ∈ Ux0 , ∀x0 ∈ R.

(30)

Using the above and applying Lemma 3.2, we obtain

E

∫ h

0

ψ(x(s), u(s))ds ≥ 0 ∀h > 0, ∀u(·) ∈ Ux0
, ∀x0 ∈ R,(31)

where, as before, the mapping ψ is defined via the integrand on the right-hand side
of (28). Set x0 > 0 and take the following control

u1(t) :=

{
K, 0 ≤ t < 1,
K+x

+(t) + K−x
−(t), t ≥ 1,

where K ∈ Γ is arbitrarily fixed and K+x
+(t)+K−x

−(t) is a conic stabilizing feedback
control which exists due to the stabilizability assumption. Clearly u1(·) ∈ Ux0 , and
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let x1(·) be the corresponding state. Since x1(s) → x0 and u1(s) → K as s → 0,
P-a.s., we have

ψ(x1(s), u1(s))

→

⎡⎣⎛⎝2A +

k∑
j=1

C2
j

⎞⎠P+ + Q

⎤⎦x2
0 + 2

(
B +

∑k
j=1 CjDj

)
KP+x0

+ K ′

⎛⎝R + P+

k∑
j=1

D′
jDj

⎞⎠K as s → 0, P-a.s.

Thus appealing to (31), the dominated convergence theorem yields

0 ≤ 1

h
E

∫ h

0

ψ(x1(s), u1(s))ds

→

⎡⎣⎛⎝2A +
k∑

j=1

C2
j

⎞⎠P+ + Q

⎤⎦x2
0 + 2

(
B +

∑k
j=1 CjDj

)
KP+x0

+ K ′

⎛⎝R + P+

k∑
j=1

D′
jDj

⎞⎠K as h → 0.

Letting x0 → 0 we obtain K ′(R+P+

∑k
j=1 D

′
jDj)K ≥ 0. The arbitrariness of K ∈ Γ

then implies (R+P+

∑k
j=1 D

′
jDj)|Γ ≥ 0. On the other hand, take x0 > 0 and consider

the following feedback control

u2(t) :=

{
Kx+(t) + K̃x−(t), 0 ≤ t < 1,
K+x

+(t) + K−x
−(t), t ≥ 1,

where K ∈ Γ and K̃ ∈ Γ are arbitrarily fixed. Let x2(·) be the state under u2(·).
Noting x2(s) → x0 and u2(s) = Kx+

2 (s)+K̃x−
2 (s) → Kx0 as s → 0, P-a.s., we obtain

ψ(x2(s), u2(s))

→

⎡⎣⎛⎝2A +
k∑

j=1

C2
j

⎞⎠P+ + Q + K ′

⎛⎝R + P+

k∑
j=1

D′
jDj

⎞⎠K + 2

⎛⎝B +
k∑

j=1

CjDj

⎞⎠KP+

⎤⎦x2
0

as s → 0, P-a.s.

An analysis similar to the preceding one leads to⎛⎝2A +
k∑

j=1

C2
j

⎞⎠P+ +Q+K ′

⎛⎝R + P+

k∑
j=1

D′
jDj

⎞⎠K+2

⎛⎝B +

k∑
j=1

CjDj

⎞⎠KP+ ≥ 0.

Since K ∈ Γ is arbitrary, we arrive at (2A +
∑k

j=1 C
2
j )P+ + Q + Φ+(P+) ≥ 0. So far

we have shown P+ ∈ P+. Similarly, we can prove P− ∈ P−.
Finally, the inequality (27) has been proved in the proof of the “if” part.
Remark 5.4. From the above proof we see that the stabilizability assumption is

in fact not necessary for the “if” part of the theorem.
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Remark 5.5. The above theorem tells that the positive definiteness or positive
semidefiniteness of Q and R are not necessary for problem (LQ) to be well-posed.

Corollary 5.1. If R|Γ ≥ 0 and Q ≥ 0, then problem (LQ) is well-posed.
Proof. In this case 0 ∈ P+ ∩ P−.
Proposition 5.2. P+ and P− are both convex sets (hence they are both inter-

vals). Moreover, if system (1) is stabilizable and problem (LQ) is well-posed, then P+

and P− each has a finite maximum element.
Proof. The convexity of P+ and P− are clear noticing that the functions Φ+(P )

and Φ−(P ) are concave in P . To prove the existence of the finite maximum elements,
we note that Proposition 5.1 provides

V (x0) = P ∗
+(x+

0 )2 + P ∗
−(x−

0 )2 ∀x0 ∈ R(32)

for some P ∗
+, P

∗
− ∈ R. Moreover, the proof of Theorem 5.1 implies P ∗

+ ∈ P+ and
P ∗
− ∈ P−. Hence it follows from (27) that P ∗

+ and P ∗
− are the maximum elements of

P+ and P−, respectively.
Remark 5.6. Proposition 5.2 indicates that if system (1) is stabilizable and prob-

lem (LQ) is well-posed, then the infimum value of problem (LQ) or, equivalently, the
P+ and P− in the representation of the value function as stipulated in Proposition 5.1
can be obtained by solving the following two mathematical programming problems,
respectively:

maximize P

subject to

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

⎛⎝2A +
k∑

j=1

C2
j

⎞⎠ P + Q + Φ+(P ) ≥ 0,

⎛⎝R + P
k∑

j=1

D′
jDj

⎞⎠∣∣∣∣∣∣
Γ

≥ 0,

(33)

and

maximize P

subject to

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

⎛⎝2A +
k∑

j=1

C2
j

⎞⎠ P + Q + Φ−(P ) ≥ 0,

⎛⎝R + P
k∑

j=1

D′
jDj

⎞⎠∣∣∣∣∣∣
Γ

≥ 0.

(34)

5.3. An algorithm. Theorem 5.1 stipulates that it suffices to check the non-
emptiness of P+ and P− or the feasibility of the problems (33) and (34) in order to
verify the well-posedness of a given LQ problem. However, it is sometimes hard to
check numerically the aforementioned feasibility because, on one hand, the functions
Φ+(·) and Φ−(·) in general do not have analytical forms, and on the other hand, the

constraint (R+P
∑k

j=1 D
′
jDj)|Γ ≥ 0 is usually very hard to verify for a general cone

Γ (except second-order cones for which the constraint can be reformulated as an LMI;
see [29, Theorem 1]).

In this subsection we give an algorithm that can check the well-posedness more
directly. First we need a lemma.
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Lemma 5.1. Assume that problem (LQ) is well-posed. Given K+ ∈ K+ and

K− ∈ K−, set P̃+ := −Q+K′
+RK+

F+(K+) and P̃− := −Q+K′
−RK−

F−(K−) . Then

P+ ≤ P̃+ ∀P+ ∈ P+ and P− ≤ P̃− ∀P− ∈ P−.(35)

Proof. By their definitions P̃+ and P̃− satisfy, respectively,⎛⎝2A +

k∑
j=1

C2
j

⎞⎠ P̃++Q+K ′
+

⎛⎝R + P̃+

k∑
j=1

D′
jDj

⎞⎠K++2

⎛⎝B +

k∑
j=1

CjDj

⎞⎠K+P̃+ = 0

(36)

and⎛⎝2A +
k∑

j=1

C2
j

⎞⎠ P̃−+Q+K ′
−

⎛⎝R + P̃−

k∑
j=1

D′
jDj

⎞⎠K−−2

⎛⎝B +

k∑
j=1

CjDj

⎞⎠K−P̃− = 0.

(37)

Take a feedback control u(t) = K+x
+(t) +K−x

−(t), which is stabilizing by Theorem
4.1 (bearing in mind the definitions of K+ and K−), and let x(·) be the corresponding
state with x(0) = x0. Then a similar calculation as in (28) yields

E

∫ t

0

[Qx(s)2 + u(s)′Ru(s)]ds

= P̃+(x+
0 )2 + P̃−(x−

0 )2 − E[P̃+x
+(t)2] − E[P̃−x

−(t)2] + E

∫ t

0

ψ(x(s), u(s))ds,

(38)

where ψ(x(s), u(s)) is as the integrand on the right-hand side of (28), with P+ and P−
replaced by P̃+ and P̃−, respectively. However, u(s) = K+x(s) whenever x(s) > 0;
hence

ψ(x(s), u(s))

=

⎡⎣⎛⎝2A+
k∑

j=1

C2
j

⎞⎠P̃+ + Q+K ′
+

⎛⎝R+P̃+

k∑
j=1

D′
jDj

⎞⎠K+ + 2

⎛⎝B+

k∑
j=1

CjDj

⎞⎠KP̃+

⎤⎦x(s)2

= 0

in view of (36). Similarly, based on (37) one can show that ψ(x(s), u(s)) = 0 whenever
x(s) ≤ 0. It then follows from (38) that

E

∫ t

0

[Qx(s)2 + u(s)′Ru(s)]ds = P̃+(x+
0 )2 + P̃−(x−

0 )2 − E[P̃+x
+(t)2] − E[P̃−x

−(t)2].

Since u(·) is stabilizing, we have

J(x0;u(·)) = lim
t→+∞

E

∫ t

0

[Qx(s)2 + u(s)′Ru(s)]ds = P̃+(x+
0 )2 + P̃−(x−

0 )2.
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By virtue of Theorem 5.1, we conclude

P̃+(x+
0 )2 + P̃−(x−

0 )2 = J(x0;u(·))
≥ V (x0) ≥ P+(x+

0 )2 + P−(x−
0 )2 ∀P+ ∈ P+, ∀P− ∈ P−.

This proves (35).
We now assume that (1) is conic stabilizable. According to Theorem 4.1 there

exist K+ ∈ Γ and K− ∈ Γ such that F+(K+) < 0 and F−(K−) < 0. Take δ > 0
sufficiently small with δ < min{−F+(K+),−F−(K−)}. Calculate

P
(1)
+ := min

F+(K)≤−δ

{
− Q + K ′RK

F+(K)

}
, P

(1)
− := min

F−(K)≤−δ

{
− Q + K ′RK

F−(K)

}
.(39)

In view of Lemma 5.1, P
(1)
+ (respectively, P

(1)
− ) is a (very tight) upper bound of

P+ (respectively, P−) under the well-posedness assumption. As a consequence, if

problem (LQ) is well-posed, then it is necessary that (R + P
(1)
+

∑k
j=1 D

′
jDj)|Γ ≥ 0

and (R + P
(1)
−

∑k
j=1 D

′
jDj)|Γ ≥ 0. Now, calculate

P (0) := min
(R+P

∑k

j=1
D′

j
Dj)|Γ≥0

P.(40)

Then we know that points of P+ (respectively, P−), if any, must lie between P (0)

and P
(1)
+ (respectively, P

(1)
− ). Inspired by the above discussion, we have the following

algorithm.
Step 1. Apply Theorem 4.1(iii) to obtain K+, K− ∈ Γ with F+(K+) < 0 and

F−(K−) < 0. Set δ := min{ε,−F+(K+),−F−(K−)}, where ε is a very small
number allowed by the computer.

Step 2. Calculate P
(1)
+ and P

(1)
− via (39). If either (R + P

(1)
+

∑k
j=1 D

′
jDj)|Γ < 0 or

(R+P
(1)
−

∑k
j=1 D

′
jDj)|Γ < 0 holds, stop, and problem (LQ) is not well-posed.

Step 3. Calculate P (0) via (40).

Step 4. If there exists a P ∈ [P (0), P
(1)
+ ) satisfying L+(P ) ≥ 0, then go to Step 5;

otherwise, stop, and problem (LQ) is not well-posed.

Step 5. If there exists a P ∈ [P (0), P
(1)
− ) satisfying L−(P ) ≥ 0, then stop, and problem

(LQ) is well-posed; otherwise, stop, and problem (LQ) is not well-posed.

5.4. Well-posedness margin. In view of Remark 5.5, problem (LQ) may still
be well-posed when R is indefinite or even negative definite. That said, it is clear that
R cannot be too negative for the well-posedness. Therefore, it is interesting to study
the range of R over which problem (LQ) is well-posed, given that all the other data
is fixed. Specifically, define

r∗ := inf{r ∈ R
∣∣ problem (LQ) is well-posed for any R ∈ Sm×m with R > rI},

(41)

where inf ∅ := +∞. The value r∗ is called the well-posedness margin. By its very
definition, r∗ has the following interpretation: Problem (LQ) is well-posed if the
smallest eigenvalue of R, λmin(R), is such that λmin(R) > r∗, and is not well-posed
if the largest eigenvalue of R, λmax(R), is such that λmax(R) < r∗.

It follows from Theorem 5.1 that, provided that system (1) is stabilizable, the
well-posedness margin r∗ can be obtained by solving the following nonlinear program
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(with P and r being the decision variables):

minimize r

subject to

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎛⎝2A +
k∑

j=1

C2
j

⎞⎠ P + Q + Φ+(P, r) ≥ 0,

⎛⎝2A +
k∑

j=1

C2
j

⎞⎠ P + Q + Φ−(P, r) ≥ 0,

⎛⎝rI + P
k∑

j=1

D′
jDj

⎞⎠∣∣∣∣∣∣
Γ

≥ 0,

(42)

where

Φ+(P, r) := inf
K∈Γ

⎡⎣K ′

⎛⎝rI + P
k∑

j=1

D′
jDj

⎞⎠K + 2

⎛⎝B +
k∑

j=1

CjDj

⎞⎠PK

⎤⎦ ,

Φ−(P, r) := inf
K∈Γ

⎡⎣K ′

⎛⎝rI + P

k∑
j=1

D′
jDj

⎞⎠K − 2

⎛⎝B +

k∑
j=1

CjDj

⎞⎠PK

⎤⎦ .

Notice, again, that it is hard to solve the preceding mathematical program as, in
addition to the difficulty associated with the last constraint, Φ+(P, r) and Φ+(P, r)
in general do not have analytical forms. In the following, we provide an explicit lower
bound of r∗.

Theorem 5.2. Assume that system (1) is stabilizable. Then r̄ := max{r̄+, r̄−}
is a lower bound of the well-posedness margin, where

r̄+ :=

⎧⎪⎪⎨⎪⎪⎩
λQ

infK∈K+
{F+(K) − λK ′K} if Q ≥ 0,

λQ

supK∈K+
{F+(K) − λK ′K} if Q < 0

(43)

and

r̄− :=

⎧⎪⎪⎨⎪⎪⎩
λQ

infK∈K−{F−(K) − λK ′K} if Q ≥ 0,

λQ

supK∈K−{F−(K) − λK ′K} if Q < 0,

(44)

with λ := infK∈Γ,|K|=1 K
′∑k

j=1 D
′
jDjK ≥ 0.

Proof. Suppose problem (LQ) is well-posed with R = −rI, r ∈ R. Then P+ 	= ∅.
Since system (1) is stabilizable, we can take a K ∈ K+. It follows from Lemma 5.1

that P := −Q+rK′K
F+(K) is an upper bound of the nonempty set P+. Because (rI +

P+

∑k
j=1 D

′
jDj)|Γ ≥ 0 ∀P+ ∈ P+, we conclude (rI + P

∑k
j=1 D

′
jDj)|Γ ≥ 0, which is

equivalent to r + PK ′∑k
j=1 D

′
jDjK ≥ 0 for any K ∈ Γ, |K| = 1. Hence r + Pλ ≥ 0.

Substituting P = −Q+rK′K
F+(K) we obtain r ≥ λQ

F+(K)−λK′K . Since K ∈ K+ is arbitrary,

we easily obtain that r ≥ r̄+. Similarly, we have r ≥ r̄−. Our analysis implies that
problem (LQ) is not well-posed whenever the largest eigenvalue of R, λmax(R), is such
that λmax(R) < r̄. Hence r̄ is a lower bound of the well-posedness margin r∗.



STOCHASTIC LQ CONTROL WITH CONIC CONTROL CONSTRAINT 1137

6. Optimality. This section is devoted to solving the optimal LQ control prob-
lem under consideration. We will first introduce two algebraic equations, in the spirit
of the classical Riccati equation (for the unconstrained LQ problem), along with the
notion of the so-called stabilizing solution. Then the optimality of problem (LQ) is
addressed via the stabilizing solutions of the two algebraic equations.

We impose the following assumptions on the rest of the paper.
Assumption 6.1. System (1) is conic stabilizable.
Assumption 6.2. Problem (LQ) is well-posed.

6.1. Extended algebraic Riccati equations. In this subsection we define
the two algebraic equations that play a key role in solving problem (LQ). Denote

R := {P ∈ R|(R + P
∑k

j=1 D
′
jDj)|Γ > 0} and consider the following two functions

from R to R:

ξ+(P ) := arg min
K∈Γ

⎡⎣K ′

⎛⎝R + P

k∑
j=1

D′
jDj

⎞⎠K + 2

⎛⎝B +

k∑
j=1

CjDj

⎞⎠PK

⎤⎦ ,

ξ−(P ) := arg min
K∈Γ

⎡⎣K ′

⎛⎝R + P

k∑
j=1

D′
jDj

⎞⎠K − 2

⎛⎝B +

k∑
j=1

CjDj

⎞⎠PK

⎤⎦ .

Note that the minimizers above are uniquely achievable due to a similar argument in
Remark 5.3 and the fact that Γ is closed. Moreover, it is evident that both ξ+(·) and
ξ−(·) are continuous on R.

Define a pair of functions L+ and L− from R to R:

L+(P ) :=

⎛⎝2A +

k∑
j=1

C2
j

⎞⎠P + Q + Φ+(P ),

L−(P ) :=

⎛⎝2A +

k∑
j=1

C2
j

⎞⎠P + Q + Φ−(P ).

The two equations

L+(P ) = 0,

⎛⎝R + P

k∑
j=1

D′
jDj

⎞⎠∣∣∣∣∣∣
Γ

> 0,(45)

L−(P ) = 0,

⎛⎝R + P

k∑
j=1

D′
jDj

⎞⎠∣∣∣∣∣∣
Γ

> 0(46)

are called extended algebraic Riccati equations (EAREs). Note that the constraint

(R+P
∑k

j=1 D
′
jDj)|Γ > 0 is part of each of the two equations; so the EAREs are not

exactly equations in a strict sense. Also, being an algebraic equation, each of them
may admit more than one solution, or may admit no solution at all. Note that the
EAREs introduced here both reduce to the same stochastic algebraic Riccati equation
extensively studied in [2].

Definition 6.1. A solution P of the EARE (45) (respectively, (46)) is called a
stabilizing solution if ξ+(P ) ∈ K+ (respectively, ξ−(P ) ∈ K−).
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It should be noted that the EAREs may not admit any stabilizing solution (see
Proposition 6.1).

Before we conclude this subsection, we will present several lemmas.
Lemma 6.1. We have the inequalities

(P2 − P1)[F+(ξ+(P2)) − F+(ξ+(P1))] ≤ 0,(47)

(P2 − P1)[F−(ξ−(P2)) − F−(ξ−(P1))] ≤ 0,(48)

L+(P2) − L+(P1) ≤ (P2 − P1)F+(ξ+(P1)),(49)

L−(P2) − L−(P1) ≤ (P2 − P1)F−(ξ−(P1))(50)

for any P1, P2 ∈ R.
Proof. Denoting v1 := ξ+(P1) and v2 := ξ+(P2), we have

v′2

⎛⎝R + P1

k∑
j=1

D′
jDj

⎞⎠ v2 + 2

⎛⎝B +

k∑
j=1

CjDj

⎞⎠P1v2 − Φ+(P1) ≥ 0,

v′1

⎛⎝R + P2

k∑
j=1

D′
jDj

⎞⎠ v1 + 2

⎛⎝B +

k∑
j=1

CjDj

⎞⎠P2v1 − Φ+(P2) ≥ 0.

Then, adding the two inequalities, we get

⎡⎣v′2
⎛⎝R + P1

k∑
j=1

D′
jDj

⎞⎠ v2 + 2

⎛⎝B +

k∑
j=1

CjDj

⎞⎠P1v2

⎤⎦− Φ+(P2)

≥ Φ+(P1) −

⎡⎣v′1
⎛⎝R + P2

k∑
j=1

D′
jDj

⎞⎠ v1 + 2

⎛⎝B +

k∑
j=1

CjDj

⎞⎠P2v1

⎤⎦ .

Recall that the infimum in Φ+(Pi) is achieved by vi, i = 1, 2; hence the above yields

(P2 − P1)

⎡⎣v′2 k∑
j=1

D′
jDjv2 + 2

⎛⎝B +

k∑
j=1

CjDj

⎞⎠ v2

⎤⎦
≤ (P2 − P1)

⎡⎣v′1 k∑
j=1

D′
jDjv1 + 2

⎛⎝B +

k∑
j=1

CjDj

⎞⎠ v1

⎤⎦ .

This is equivalent to (47). Similarly we can prove (48).
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Next, we calculate

L+(P2) − L+(P1)

=

⎛⎝2A +

k∑
j=1

C2
j

⎞⎠ (P2 − P1) + Φ+(P2) − Φ+(P1)

≤

⎛⎝2A +
k∑

j=1

C2
j

⎞⎠ (P2 − P1) + v′1

⎛⎝R + P2

k∑
j=1

D′
jDj

⎞⎠ v1

+ 2

⎛⎝B +

k∑
j=1

CjDj

⎞⎠P2v1 − Φ+(P1)

= (P2 − P1)

⎡⎣⎛⎝2A +

k∑
j=1

C2
j

⎞⎠+ v′1

k∑
j=1

D′
jDjv1 + 2

⎛⎝B +

k∑
j=1

CjDj

⎞⎠ v1

⎤⎦
= (P2 − P1)F+(ξ+(P1)).

This proves (49). Similarly we can show (50).
Lemma 6.2. Assume that P1 ∈ R and P2 ≥ P1. If ξ+(P1) ∈ K+ (respectively,

ξ−(P1) ∈ K−), then ξ+(P2) ∈ K+ (respectively, ξ−(P2) ∈ K−).
Proof. Since P2 ≥ P1 it follows from (47) of Lemma 6.1 that

F+(ξ+(P2)) − F+(ξ+(P1)) ≤ 0.

As F+(ξ+(P1)) < 0 we have F+(ξ+(P2)) < 0, implying ξ+(P2) ∈ K+. Similarly we
can prove the assertion for K−.

Lemma 6.3. If there exists P
(0)
+ ∈ R (respectively, P 0

− ∈ R) with ξ+(P
(0)
+ ) ∈ K+

(respectively, ξ−(P 0
−) ∈ K−), then L+(·) (respectively, L−(·)) is strictly decreasing on

[P
(0)
+ ,+∞) (respectively, [P 0

−,+∞)).

Proof. Take P2 > P1 ≥ P
(0)
+ . It follows from Lemma 6.2 that F+(ξ+(P1)) < 0.

On the other hand, it is clear that P1, P2 ∈ R. Hence Lemma 6.1 yields

L+(P2) − L+(P1) ≤ (P2 − P1)F+(ξ+(P1)) < 0.

This proves that L+(P2) < L+(P1). We can prove the assertion for L−(P ) in a similar
manner.

6.2. Optimality of the LQ problem via EAREs. In this subsection we prove
that stabilizing solutions of (45) and (46), if any, lead to a complete and explicit
solution to problem (LQ).

Theorem 6.2. If the EAREs (45) and (46) admit stabilizing solutions P ∗
+ and

P ∗
− respectively, then the feedback control

u∗(t) = ξ+(P ∗
+)x+(t) + ξ−(P ∗

−)x−(t)(51)

is optimal for problem (LQ) with respect to any initial state x0. Moreover, the value
function is

V (x0) = P ∗
+(x+

0 )2 + P ∗
−(x−

0 )2 ∀x0 ∈ R.(52)



1140 XI CHEN AND XUN YU ZHOU

Proof. Since P ∗
+ solves (45), we have

P ∗
+ = −

Q + ξ+(P ∗
+)′Rξ+(P ∗

+)

F+(ξ+(P ∗
+))

.

Similarly,

P ∗
− = −

Q + ξ−(P ∗
−)′Rξ−(P ∗

−)

F−(ξ−(P ∗
−))

.

Moreover, ξ+(P ∗
+) ∈ K+, ξ−(P ∗

−) ∈ K− as both P ∗
+ and P ∗

− are stabilizing solutions.
Thus the proof of Lemma 5.1 yields V (x0) ≤ J(x0;u

∗(·)) = P ∗
+(x+

0 )2 + P ∗
−(x−

0 )2.
On the other hand, P ∗

+ ∈ P+ and P ∗
− ∈ P−. Hence it follows from Theorem 5.1

that V (x0) ≥ P ∗
+(x+

0 )2 + P ∗
−(x−

0 )2. Therefore, V (x0) = J(x0;u
∗(·)) = P ∗

+(x+
0 )2 +

P ∗
−(x−

0 )2.
The above proof has also shown the following result.
Corollary 6.1. If the EAREs (45) and (46) admit stabilizing solutions P ∗

+ and
P ∗
−, respectively, then P ∗

+ = max{P |P ∈ P+} and P ∗
− = max{P |P ∈ P−}. As a

result, (45) and (46) each has at most one stabilizing solution.
Corollary 6.1 guarantees that any stabilizing solution is the maximal solution of

the respective EAREs. This result is in parallel with the unconstrained case (see, e.g.,
[3, Theorem 2.3]).

Note that the converse of Theorem 6.2 is not necessarily true. The following
example shows that the existence of a solution to the EAREs is not necessary for the
LQ problem to be attainable with respect to any initial state.

Example 6.1. Consider the LQ problem

minimize J(x0;u(·)) = E

∫ +∞

0

[|x(t)|2 − |u(t)|2]dt

subject to

{
dx(t) = [−x(t) + u(t)]dt + [−x(t) + u(t)]dw(t),
x(0) = x0,

(53)

where all the variables are scalar-valued and Γ = R. This example was originally
discussed in [33, Example 6.1, p. 817]. It was verified in [33] that the system is
stabilizable, and the LQ problem is attainable with respect to any x0 (in fact there
are infinitely many optimal feedback controls). But both EAREs (45) and (46) in this
case reduce to −p + 1 = 0, −1 + p > 0, which clearly admits no solution at all.

In spite of the preceding remarks and example, the following result shows that
under an additional assumption, the EAREs indeed admit stabilizing solutions if
problem (LQ) is attainable.

Theorem 6.3. Assume that there exist P+ ∈ P+ and P− ∈ P− such that (R +

P
∑k

j=1 D
′
jDj)|Γ > 0 for P = P+, P−. If problem (LQ) is attainable with respect to

any x0 ∈ R, then the EAREs (45) and (46) admit stabilizing solutions P ∗
+ and P ∗

−,
respectively. Moreover, any optimal control with respect to a given x0 must be unique
and represented by the feedback control (51).

Proof. The proof of Proposition 5.2 yields that, under Assumptions 6.1 and 6.2,
the value function can be represented as (32), where P ∗

+ and P ∗
− are the maximum

elements of P+ and P−, respectively. Moreover, by the assumption we have⎛⎝R + P ∗
+

k∑
j=1

D′
jDj

⎞⎠∣∣∣∣∣∣
Γ

> 0,

⎛⎝R + P ∗
−

k∑
j=1

D′
jDj

⎞⎠∣∣∣∣∣∣
Γ

> 0.(54)
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Now, for any x0 ∈ R let x∗(·) be the solution of (1) under an optimal control u∗(·) ∈
Ux0 which exists by the attainability assumption. Then a similar calculation to that
of (28) leads to

E

∫ t

0

[Qx∗(s)2 + u∗(s)′Ru∗(s)]ds

= P ∗
+(x+

0 )2 + P ∗
−(x−

0 )2 − E[P ∗
+x

∗+(t)2] − E[P ∗
−x

∗−(t)2] + E

∫ t

0

ψ(x∗(s), u∗(s))ds,

(55)

where ψ(x∗(s), u∗(s)) is the same as the integrand on the right-hand side of (28), with
P+ and P− replaced by P ∗

+ and P ∗
−, respectively. Letting t → +∞ and noting that

u∗(·) is stabilizing, we obtain

V (x0) ≡ J(x0;u
∗(·)) = lim

t→+∞
E

∫ t

0

[Qx∗(s)2 + u∗(s)′Ru∗(s)]ds

= P ∗
+(x+

0 )2 + P ∗
−(x−

0 )2 + E

∫ +∞

0

ψ(x∗(s), u∗(s))ds.

Recalling that V (x0) = P ∗
+(x+

0 )2 + P ∗
−(x−

0 )2 and that ψ(x∗(s), u∗(s)) ≥ 0 (via the
same proof of Theorem 5.1), we conclude

ψ(x∗(s), u∗(s)) = 0, a.e. s ∈ [0,+∞), P-a.s.

Fix s ∈ [0,+∞), satisfying the above equality. If x∗(s) > 0, then we can write
u∗(s) = K(s)x∗(s), where K(s) ∈ Γ. Going through the same analysis as in (29), we
obtain

0 = ψ(x∗(s), u∗(s))

=

⎡⎣⎛⎝2A +
k∑

j=1

C2
j

⎞⎠P ∗
+ + Q + K(s)′

⎛⎝R + P ∗
+

k∑
j=1

D′
jDj

⎞⎠K(s)

+ 2

⎛⎝B +
k∑

j=1

CjDj

⎞⎠K(s)P ∗
+

⎤⎦x∗(s)2

≥

⎡⎣⎛⎝2A +

k∑
j=1

C2
j

⎞⎠P ∗
+ + Q + Φ+(P ∗

+)

⎤⎦x∗(s)2

≥ 0.

Thus, all the inequalities above become equalities and, noting that x∗(s) 	= 0, one
has K(s) = ξ+(P ∗

+) and L+(P ∗
+) = 0. As a result, u∗(s) ≡ K(s)x∗(s) = ξ+(P ∗

+)x∗(s)
at s when x∗(s) > 0. Similarly, we can prove that u∗(s) = −ξ−(P ∗

−)x∗(s) at s when
x∗(s) ≤ 0, and L−(P ∗

−) = 0. To summarize, we have shown that any optimal control
u∗(·) can be represented by (51), and hence the uniqueness of optimal control follows.
On the other hand, we have also proved that P ∗

+ and P ∗
− are solutions to the EAREs

(45) and (46), respectively. Moreover, they must be stabilizing solutions because
u∗(·), which is now represented by (51), is a stabilizing control.

Remark 6.1. Theorem 6.3 shows that the existence of stabilizing solutions to the
EAREs (45) and (46) is almost necessary for the attainability of problem (LQ). The
only exception, as also demonstrated by Example 6.1, is the “singular” case when
(R + P

∑k
j=1 D

′
jDj)|Γ = 0 for all elements P in at least one of the sets P+ and P−.
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6.3. Existence of stabilizing solutions to EAREs. Theorem 6.2 asserts that
if one can find stabilizing solutions to the EAREs, then the original optimal LQ control
can be solved completely and explicitly in terms of obtaining the optimal feedback
control as well as the value function. The next natural questions are, then, when
do the EAREs admit stabilizing solutions, and how do we find them? These are the
issues that we are going to address in this subsection. Indeed, we will identify and
discuss three cases when the EAREs do have the stabilizing solutions.

Theorem 6.4. If there exist P
(0)
+ , P

(0)
− satisfying

L+(P
(0)
+ ) ≥ 0,

⎛⎝R + P
(0)
+

k∑
j=1

D′
jDj

⎞⎠∣∣∣∣∣∣
Γ

> 0,(56)

L−(P
(0)
− ) ≥ 0,

⎛⎝R + P
(0)
−

k∑
j=1

D′
jDj

⎞⎠∣∣∣∣∣∣
Γ

> 0,(57)

and

F+(ξ+(P
(0)
+ )) < 0, F−(ξ−(P

(0)
− )) < 0,(58)

then the EAREs (45) and (46) admit unique stabilizing solutions P ∗
+ and P ∗

−, respec-
tively.

Proof. If L+(P
(0)
+ ) = 0, then P

(0)
+ is the stabilizing solution to (45) and we are

done. So let us assume that L+(P
(0)
+ ) ≡ (2A +

∑k
j=1 C

2
j )P

(0)
+ + Q + Φ+(P

(0)
+ ) > 0,

namely,

F+(ξ+(P
(0)
+ ))P

(0)
+ + Q + ξ+(P

(0)
+ )′Rξ+(P

(0)
+ ) > 0.

Since F+(ξ+(P
(0)
+ )) < 0, we have

P
(0)
+ < −

Q + ξ+(P
(0)
+ )′Rξ+(P

(0)
+ )

F+(ξ+(P
(0)
+ ))

:= P
(1)
+ .(59)

By Lemma 6.2, we have ξ+(P
(1)
+ ) ∈ K+ because P

(1)
+ > P

(0)
+ . Moreover,

L+(P
(1)
+ ) ≡

⎛⎝2A +

k∑
j=1

C2
j

⎞⎠P
(1)
+ + Q + Φ+(P

(1)
+ )

≤

⎛⎝2A +
k∑

j=1

C2
j

⎞⎠P
(1)
+ + Q + ξ+(P

(0)
+ )′

⎛⎝R + P
(1)
+

k∑
j=1

D′
jDj

⎞⎠ ξ+(P
(0)
+ )

+ 2

⎛⎝B +
k∑

j=1

CjDj

⎞⎠P
(1)
+ ξ+(P

(0)
+ )

= 0,

(60)
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where the last inequality was due to the very definition of P
(1)
+ . Now, if L+(P

(1)
+ ) = 0,

then P
(1)
+ is the stabilizing solution of (45). If L+(P

(1)
+ ) < 0, then, noting that L+(·)

is a strictly decreasing (by Lemma 6.3) continuous function on the interval [P
(0)
+ , P

(1)
+ ]

along with L+(P
(0)
+ ) > 0, we conclude that there exists a unique P ∗

+ ∈ (P
(0)
+ , P

(1)
+ )

such that L+(P ∗
+) = 0. Clearly (R+P ∗

+

∑k
j=1 D

′
jDj)|Γ > 0, and ξ+(P ∗

+) ∈ K+ thanks
to Lemma 6.2. Hence P ∗

+ is the stabilizing solution of (45).
The proof for the existence of the stabilizing solution to the EARE (46) is com-

pletely analogous. Finally, the uniqueness of the stabilizing solutions follows from
Corollary 6.1.

Theorem 6.5. If there exist P
(0)
+ , P

(0)
− satisfying

L+(P
(0)
+ ) > 0,

⎛⎝R + P
(0)
+

k∑
j=1

D′
jDj

⎞⎠∣∣∣∣∣∣
Γ

> 0,(61)

and

L−(P
(0)
− ) > 0,

⎛⎝R + P
(0)
−

k∑
j=1

D′
jDj

⎞⎠∣∣∣∣∣∣
Γ

> 0,(62)

then the EAREs (45) and (46) admit unique stabilizing solutions P ∗
+ and P ∗

−, respec-
tively.

Proof. Take K+ ∈ K+, which exists by the stabilizability assumption. Set

P
(1)
+ := −

Q + K ′
+RK+

F+(K+)
.(63)

It follows from Lemma 5.1 that P
(1)
+ ≥ P

(0)
+ since P

(0)
+ ∈ P+. Hence⎛⎝R + P

(1)
+

k∑
j=1

D′
jDj

⎞⎠∣∣∣∣∣∣
Γ

> 0.

Moreover,

L+(P
(1)
+ ) ≡

⎛⎝2A +

k∑
j=1

C2
j

⎞⎠P
(1)
+ + Q + Φ+(P

(1)
+ )

≤

⎛⎝2A +
k∑

j=1

C2
j

⎞⎠P
(1)
+ + Q + K ′

+

⎛⎝R + P
(1)
+

k∑
j=1

D′
jDj

⎞⎠K+

+ 2

⎛⎝B +

k∑
j=1

CjDj

⎞⎠P
(1)
+ K+

= 0.

(64)

Applying Lemma 6.1 and noting that L+(P
(0)
+ ) > 0 we get

0 < L+(P
(0)
+ ) − L+(P

(1)
+ ) ≤ (P

(0)
+ − P

(1)
+ )F+(ξ+(P

(1)
+ )).(65)
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Hence F+(ξ+(P
(1)
+ )) < 0 or ξ+(P

(1)
+ ) ∈ K+. Now set

P
(2)
+ := −

Q + ξ+(P
(1)
+ )′Rξ+(P

(1)
+ )

F+(ξ+(P
(1)
+ ))

.(66)

Again by Lemma 5.1 we obtain P
(2)
+ ≥ P

(0)
+ and, therefore, (R+P

(2)
+

∑k
j=1 D

′
jDj)|Γ >

0. On the other hand, the fact that L+(P
(1)
+ ) ≤ 0 can be rewritten as P

(2)
+ ≤ P

(1)
+ in

view of the relation (66). Moreover, analysis similar to that for P
(1)
+ above leads to

L+(P
(2)
+ ) ≤ 0, and ξ+(P

(2)
+ ) ∈ K+ or F+(ξ+(P

(2)
+ )) < 0.

In general, we construct iteratively the following sequence:

P
(i+1)
+ := −

Q + ξ+(P
(i)
+ )′Rξ+(P

(i)
+ )

F+(ξ+(P
(i)
+ ))

, i = 1, 2, . . . .(67)

An induction argument shows that P
(0)
+ ≤ · · · ≤ P

(i+1)
+ ≤ P

(i)
+ · · · ≤ P

(1)
+ , (R +

P
(i)
+

∑k
j=1 D

′
jDj)|Γ > 0, L+(P

(i)
+ ) ≤ 0, and ξ+(P

(i)
+ ) ∈ K+, i = 1, 2, . . . . Since the

sequence {P (i)
+ } is decreasing with a lower bound P

(0)
+ , there exists P ∗

+ ∈ R so

that P ∗
+ = limi→∞ P

(i)
+ . Moreover it is clear that (R + P ∗

+

∑k
j=1 D

′
jDj)|Γ ≥ (R +

P
(0)
+

∑k
j=1 D

′
jDj)|Γ > 0. On the other hand, L+(P ∗

+) ≤ 0 since each L+(P
(i)
+ ) ≤ 0.

Thus an argument similar to (65) yields ξ+(P ∗
+) ∈ K+ or F+(ξ+(P ∗

+)) < 0. As a

result, we can pass the limit in (67) to obtain P ∗
+ = −Q+ξ+(P∗

+)′Rξ+(P∗
+)

F+(ξ+(P∗
+

)) , which is

equivalent to L+(P ∗
+) = 0. This shows that P ∗

+ is the stabilizing solution to (45).
Similarly we can prove that (46) admits the stabilizing solution.

Remark 6.2. Recall that Theorem 5.1 characterizes the well-posedness of problem
(LQ) by the nonemptiness of the sets P+ and P−. Theorems 6.4 and 6.5 spell out
two important cases when the EAREs (45) and (46) have stabilizing solutions and,
therefore, problem (LQ) can be completely solved with explicit solutions. These two
cases are specified in terms of the existence of certain “special elements” of the sets
P+ and P−. Specifically, the case with Theorem 6.4 is one when each of P+ and
P− has a “stabilizing element” in the sense that (58) holds. On the other hand,
Theorem 6.5 asserts that the nonemptiness of the interiors of P+ and P− is sufficient
for the existence of stabilizing solutions to the EAREs. In view of the fact that
the nonemptiness of P+ and P− is the minimum requirement for the underlying LQ
problem to be meaningful, the sufficient conditions respectively given in Theorems
6.4 and 6.5 are very mild indeed.

Remark 6.3. The proof of Theorem 6.5 constitutes an algorithm for finding the
stabilizing solutions to the EAREs. In fact it is given by the iterative scheme (67)
with an initial point (63). On the other hand, although the proof of Theorem 6.4 has
not given an explicit algorithm for computing the stabilizing solutions, one can use a
middle-point algorithm to find them based on the proof. Alternatively, one may use

the same iterative scheme (67) with the initial point, P
(1)
+ , given by (59). It can be

proved, using almost the same analysis as that in the proof of Theorem 6.5, that the
constructed sequence converges to the desired point, P ∗

+. The only argument that
needs to be modified is that for proving ξ+(P ∗

+) ∈ K+. In this case, ξ+(P ∗
+) ∈ K+ is

seen from the fact that P ∗
+ ≥ P

(0)
+ and ξ+(P

(0)
+ ) ∈ K+ as well as from Lemma 6.2.

Finally we present the results on the definite case Q ≥ 0 and R|Γ ≥ 0 (including
the so-called singular case when R is allowed to be singular).
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Theorem 6.6. Assume Q ≥ 0 and R|Γ ≥ 0. Then the EAREs (45) and (46)
admit unique stabilizing solutions P ∗

+ and P ∗
−, respectively, under one of the following

additional conditions:
(i) Q > 0 and R|Γ > 0.

(ii) Q = 0, R|Γ > 0, and 2A +
∑k

j=1 C
2
j 	= 0.

(iii) Q > 0, R|Γ ≥ 0, and
∑k

j=1 D
′
jDj |Γ > 0.

Proof. (i) In this case P
(0)
+ = P

(0)
− = 0 satisfy the assumption of Theorem 6.5.

(ii) If 2A +
∑k

j=1 C
2
j < 0, then take P

(0)
+ = P

(0)
− = 0. We see that L+(P

(0)
+ ) =

L−(P
(0)
− ) = Q = 0 and F+(ξ+(P

(0)
+ )) = F−(ξ−(P

(0)
− )) = 2A +

∑k
j=1 C

2
j < 0. Thus

the assumption of Theorem 6.4 is satisfied.
If 2A+

∑k
j=1 C

2
j > 0, due to the stabilizability assumption there is 0 	= K+ ∈ K+.

Set P
(1)
+ := −K′

+RK+

F+(K+) . As F+(K+) < 0, R|Γ > 0, and K+ 	= 0, we have P
(1)
+ > 0.

Define

P
(i+1)
+ := −

ξ+(P
(i)
+ )′Rξ+(P

(i)
+ )

F+(ξ+(P
(i)
+ ))

, i = 1, 2, . . . .(68)

Then an analysis similar to that in the proof of Theorem 6.5 leads to 0 ≤ · · · ≤
P

(i+1)
+ ≤ P

(i)
+ · · · ≤ P

(1)
+ , (R + P

(i)
+

∑k
j=1 D

′
jDj)|Γ > 0, L+(P

(i)
+ ) ≤ 0, and ξ+(P

(i)
+ ) ∈

K+, i = 1, 2, . . . . Hence there exists P ∗
+ ≥ 0 so that P ∗

+ = limi→∞ P
(i)
+ . Moreover

(R+P ∗
+

∑k
j=1 D

′
jDj)|Γ ≥ R|Γ > 0. Note that at this point we can no longer apply the

same argument as that used in the proof of Theorem 6.5 to conclude F+(ξ+(P ∗
+)) < 0,

because the element 0, which substitutes the point P
(0)
+ of Theorem 6.5, does not

satisfy L+(0) > 0. To get around this, let us suppose F+(ξ+(P ∗
+)) = 0 (recall that

it always holds that F+(ξ+(P ∗
+)) ≤ 0 since F+(ξ+(P

(i)
+ )) < 0). Multiplying (68) by

F+(ξ+(P
(i)
+ )) and then passing to the limit, we obtain ξ+(P ∗

+)′Rξ+(P ∗
+) = 0, resulting

in ξ+(P ∗
+) = 0. Thus F+(ξ+(P ∗

+)) = 2A+
∑k

j=1 C
2
j > 0, which is a contradiction. This

proves that F+(ξ+(P ∗
+)) < 0. The rest of the proof is the same as that of Theorem

6.5.
(iii) First note that for any P > 0,

0 ≥ Φ+(P )

≥ inf
K∈Γ

K ′RK + P inf
K∈Γ

⎡⎣K ′
k∑

j=1

D′
jDjK + 2

⎛⎝B +

k∑
j=1

CjDj

⎞⎠K

⎤⎦
= P inf

K∈Γ

⎡⎣K ′
k∑

j=1

D′
jDjK + 2

⎛⎝B +

k∑
j=1

CjDj

⎞⎠K

⎤⎦ .

Hence limP→0+ Φ+(P ) = 0. Since Q > 0, we have, by the definition of L+(·), that

there exists P
(0)
+ > 0 so that L+(P

(0)
+ ) > 0. On the other hand, it is clear that

(R + P
(0)
+

∑k
j=1 D

′
jDj)|Γ ≥ P

(0)
+

∑k
j=1 D

′
jDj

∣∣∣
Γ
> 0. Consequently Theorem 6.5 ap-

plies.
One may be curious about what happens if Q = 0, R|Γ > 0, and 2A+

∑k
j=1 C

2
j = 0

(refer to Theorem 6.6(ii)). It turns out that in this case the EAREs never admit
stabilizing solutions.
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Proposition 6.1. Neither (45) nor (46) admits any stabilizing solution when

Q = 0, R|Γ > 0, and 2A +
∑k

j=1 C
2
j = 0.

Proof. By Assumption 6.1, there exists 0 	= K+ ∈ K+ and 0 	= K− ∈ K− since
F+(0) = F−(0) = 0. Denote Kε

+ := εK+ and Kε
− := εK− for ε ∈ (0, 1]. Then Kε

+ ∈ Γ
and Kε

− ∈ Γ.

For any fixed P+ > 0, set ε := min
{−P+F+(K+)

2K′
+
RK+

, 1
}
∈ (0, 1]. Then

L+(P+) = Φ+(P+)

≤ (Kε
+)′

⎛⎝R + P+

k∑
j=1

D′
jDj

⎞⎠Kε
+ + 2P+

⎛⎝B +

k∑
j=1

CjDj

⎞⎠Kε
+

≤ ε

⎧⎨⎩εK ′
+RK+ + P+

⎡⎣K ′
+

k∑
j=1

D′
jDjK+ + 2

⎛⎝B +

k∑
j=1

CjDj

⎞⎠K+

⎤⎦⎫⎬⎭
≤ ε

[
−P+F+(K+)

2K ′
+RK+

(K ′
+RK+) + P+F+(K+)

]
=

ε

2
P+F+(K+)

< 0.

This implies that there exists no positive solution to the EARE (45).

Next, for any fixed P+ < 0 with (R + P+

∑k
j=1 D

′
jDj)|Γ > 0, set

ε := min

{
−|P+|F−(K−)

2K ′
−RK−

, 1

}
∈ (0, 1].

Then

L+(P+) = Φ+(P+)

≤ (Kε
−)′

⎛⎝R + P+

k∑
j=1

D′
jDj

⎞⎠Kε
− + 2P+

⎛⎝B +

k∑
j=1

CjDj

⎞⎠Kε
−

≤ ε

⎧⎨⎩εK ′
−RK− + |P+|

⎡⎣K ′
−

k∑
j=1

D′
jDjK− − 2

⎛⎝B +

k∑
j=1

CjDj

⎞⎠K−

⎤⎦⎫⎬⎭
≤ ε

[
−|P+|F−(K−)

2K ′
−RK−

(K ′
−RK−) + |P+|F−(K−)

]
=

ε

2
|P+|F−(K−)

< 0.

Hence there is no negative solution to the EARE (45).
Finally, when P+ = 0, we do have L+(P+) = 0 but F+(ξ+(P+)) = F+(0) = 0. So

P+ = 0 is not a stabilizing solution either.
Similarly, we can prove the nonexistence of a stabilizing solution to (46).
Although the conclusion of Proposition 6.1 does not necessarily lead to the nonex-

istence of optimal feedback control for the corresponding LQ problem (refer to sec-
tion 6.2), the following example shows that the latter could indeed occur.
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Example 6.2. Consider the LQ problem

minimize J(x0;u(·)) = E

∫ +∞

0

r|u(t)|2dt

subject to

{
dx(t) = [ax(t) + bu(t)]dt + cx(t)dw(t),
x(0) = x0,

(69)

where all the variables are scalar-valued, Γ = R, 2a + c2 = 0, b > 0, and r > 0. It is
easy to verify that the problem is stabilizable and well-posed. Take a feedback control
uε(t) = −εxε(t) for ε > 0. Under this control the state satisfies

E|xε(t)|2 = e(2a+c2−2bε)tx2
0 = e−2bεtx2

0.

Hence uε is stabilizing. Moreover, the cost under this control is

J(x0;u
ε(·)) = ε2r2E

∫ +∞

0

|xε(t)|2dt =
r2x2

0

2b
ε.

Letting ε → 0 we see that V (x0) = 0 ∀x0 ∈ R. Note that this value cannot be

attained if x0 	= 0, for whenever E
∫ +∞
0

r|u∗(t)|2dt = 0 it is necessary that u∗(t) = 0,
a.e. t ≥ 0. However, this control, u∗(t), is not stabilizable when x0 	= 0. In other
words, the LQ problem is not attainable with respect to x0 	= 0.

Remark 6.4. Theorem 6.6(i),(ii) and Proposition 6.1 together with Example 6.2
give a complete answer to the question of optimality for problem (LQ) in the classical
definite case Q ≥ 0 and R|Γ > 0. Moreover, Theorem 6.6(iii) addresses the case
when R is possibly singular. Note that this case occurs often in financial applications
(where typically R = 0).

Remark 6.5. In view of Theorem 6.2, under the respective assumptions of The-
orems 6.4, 6.5, and 6.6, problem (LQ) has the optimal feedback control (51) and the
value function (52). Moreover, as per Remark 5.6, in these cases the stabilizing so-
lutions P ∗

+ and P ∗
− can also be obtained, in addition to the preceding algorithms, by

solving the mathematical programs (33) and (34) if the corresponding constraints are
tractable.

7. Numerical examples. To numerically calculate the optimal solution to prob-
lem (LQ) one needs to carry out two steps: the first is to check the conic stabiliz-
ability and the well-posedness, and the second is to find the stabilizing solutions to
the EAREs. The procedures for the first step are depicted in sections 4 and 5.3,
whereas that for the second part is described in section 6. Here we give an example
to illustrate the whole process (where we used the computing tool Scilab to carry out
all the calculations).

Example 7.1. Consider problem (LQ) with m = k = 3, Γ = R3
+, and the

dynamics coefficients as follows:

A = 2.00, B = (−50 − 100 200),
C1 = −0.84, D1 = (6.85 − 8.78 0.68),
C2 = −3.78, D2 = (11.22 13.24 14.53),
C3 = 0.849, D3 = (−1.98 − 5.44 − 2.32).

The eigenvalues of
∑3

j=1 D
′
jDj are 1.5880509, 126.23912, and 547.84943. So

∑3
j=1 D

′
jDj

is positive definite in this case. The cost parameters are

Q = 10, R =

⎛⎝0 0 0
0 −5.0 0
0 0 4.0

⎞⎠ .
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Hence this is an indefinite LQ problem.
To solve this problem, we first apply Theorem 4.1(iii) (note that in this example

the constraint K ∈ R3
+ is also an LMI) to obtain stabilizing feedback gains

K+ =

⎛⎝0.5435353
0.5307289
0.0701460

⎞⎠ , K− =

⎛⎝0.0816967
0.0562570
0.7185273

⎞⎠ .

Next we use the algorithm in section 5.3 to find out that problem (LQ) is well-

posed. Furthermore, when P
(0)
+ = P

(0)
− = 0.1, the eigenvalues of R+0.1∗

∑3
j=1 D

′
jDj

are 1.641309, 10.293806, and 54.632545; hence R+0.1∗
∑3

j=1 D
′
jDj > 0. On the other

hand, L+(0.1) = 1.6073676 > 0 and L−(0.1) = 4.0651986 > 0. According to Theorem
6.5, problem (LQ) has an optimal feedback control. Now we use the algorithm given
in the proof of Theorem 6.5 to obtain the optimal control and optimal value. First,

set the initial values P
(1)
+ and P

(1)
− by using K+, K− and formulas similar to (63),

respectively. They are

P
(1)
+ = 1.1814412, P

(1)
− = 13.167238.

By the iterative formula (67), we obtain

P ∗
+ = 0.1225762, ξ+(P ∗

+) =

⎛⎝0.2889240
0.4918755

0

⎞⎠ ,

P ∗
− = 0.1561608, ξ−(P ∗

−) =

⎛⎝ 0
0

0.5875815

⎞⎠ .

Therefore, the optimal feedback control is

u∗(t) =

⎛⎝0.2889240
0.4918755

0

⎞⎠x+(t) +

⎛⎝ 0
0

0.5875815

⎞⎠x−(t),

with the optimal cost

J∗(x0) = 0.1225762 ∗ (x+
0 )2 + 0.1561608 ∗ (x−

0 )2.

In the next example we demonstrate the calculation of a lower bound of the
well-posedness margin (refer to section 5.4).

Example 7.2. Using the same values of the coefficients A, B, Cj , Dj , j = 1, 2, 3,
and Q as in Example 7.1, we want to compute a lower bound of the well-posedness
margin r∗.

According to Theorem 5.2, we first calculate λ = 176.7313. Next we have r̄+ =
−9.434553 and r̄− = −6.4967141. Hence, the lower bound of the well-posedness
margin is r̄ = −6.4967141. Note that, as seen in Example 7.1, the problem is still
well-posed when one of the eigenvalues of R is −5.

8. Conclusion. In this paper, we studied an indefinite stochastic LQ control
problem in the infinite time horizon with conic control constraint. Several key is-
sues, including conic stabilizability, well-posedness, and optimality were addressed
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with complete solutions. In particular, two algebraic equations, the EAREs, were
newly introduced, in lieu of the classical algebraic Riccati equation, whose stabiliz-
ing solutions give rise to the explicit forms of the optimal feedback control and the
value function. It was also seen that the representation of the value function given
by Proposition 5.1 served as the technical key to all the main results of this paper,
which motivated the utilization of the cerebrated Tanaka formula.

It should be stressed again that the approach of this paper crucially depended
on the special structure of the problem. One main assumption is that the state of
the system is one-dimensional. While the conclusion of Proposition 5.1 appears to
hold, mutatis mutandis, for the problem with multidimensional state variable, it seems
that an analogy of Lemma 3.2, if any, would be far more complicated. This makes
the multidimensional problem very challenging. Another structural property of the
model is that the dynamics of the system is homogeneous (in state and control) and
the cost contains no first-order term of the state variable as well as no control-state
cross term. As a result, our approach will fail, say, for the case when there is no state
and control dependent noise, and with fixed variance. Solving these kinds of problems
calls for different techniques. Finally, an even more difficult problem is the stochastic
LQ control with state constraint.

Acknowledgment. We thank the three anonymous reviewers for their careful
reading of an earlier version of the paper and for their constructive comments that
led to an improved version.
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1. Introduction. Optimal portfolio hedging under Log-Normal price dynamics
is introduced and solved in the seminal work in the early 1970s by Merton (see, e.g.,
[6, 7]). More precisely, suppose that the asset market prices are governed by the SDE

dS(t) = S(t)adt + S(t)σ.dB(t),(1.1)

where, for any t, vector (valued random variable) S(t) = {S1(t), . . . , Sm(t)} is a vec-
tor, i.e., a one-dimensional array of asset prices, where vector a = {a1, . . . , am} ∈ R

m

is the vector of appreciation rates of the corresponding assets, σ = {{σ1,1, . . . , σ1,n}, . . . ,
{σm,1, . . . , σm,n}} ∈ R

m ×R
n is the (volatility) matrix, i.e., a two-dimensional array,

and B(t) = {B1(t), . . . , Bn(t)} is a vector of n independent Brownian motions. So,
m is the number of tradable assets, while n is the number of independent sources
of randomness. In (1.1) the multiplication of two vectors of the same length, such
as S(t)a, is done componentwise, the multiplication of a vector by a matrix of the
same length (a length of a matrix is the number of rows), such as S(t)σ, is done
by multiplying a component of vector S(t) by a row of matrix σ, while the “dot”
product between a matrix and a vector, such as σ.dB(t), is the usual linear-algebra-
matrix–vector multiplication; also one can check easily that in such a framework
(S(t)σ).dB(t) = S(t)(σ.dB(t)).

What exactly a and σ are, whether they are constants or only t-dependent func-
tions, or whether they depend possibly in a complicated way on other quantities or
on other random events, will make a great deal of difference below. For example, if
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some of the assets are stock-options, then the evolution of their prices depends on the
evolution of underlying stock-prices (in addition to time). Later in this work we shall
be very precise about such dependencies.

An investor has a cash account, whose balance at time t, denoted by C(t), is
obeying the equation

dC(t) = rC(t)dt + dc(t),(1.2)

where r is the interest rate and where, much more importantly, the dc(t) are the
cumulative cash transactions in (dc(t) > 0), or outside (dc(t) < 0) of the cash account
as a consequence of selling and buying assets during the time interval dt (see [8]).

The total wealth, or designated wealth for this investment exercise, shall be de-
noted by X(t). It represents the cash value of the whole assets-portfolio, plus the
balance in the cash account. The problem is to design a trading, or more precisely, a
portfolio hedging strategy. A trading or hedging strategy is going to be any vector-
valued function Π(t) = {Π1(t),Π2(t), . . . ,Πm(t)}, where Πj(t) = Πj(t,X, .) is the
cash value, positive or negative, depending on whether it is a long or short position,
of the investment in the jth asset considered for trading.

So, the total portfolio value, i.e., the total wealth, is equal to

X(t) = C(t) +

m∑
i=1

Πi(t).(1.3)

It can be derived (see section 7.3.1 of [8]) that

dXΠ(t) = dX(t) = (Π(t).(a− r) + rX(t))dt + Π(t).σ.dB(t),(1.4)

where, by definition, a− r = {a1, . . . , am} − r = {a1 − r, . . . , am − r}. This equation
is referred to as the wealth evolution SDE. Notice that unless a and σ (or even r) are
either constants or functions of t only, the first-order SDE (1.4) is not closed, and its
solution will depend on some other equations as well.

The objective of the investor/trader is to maximize the expected value of the
utility ψ of the final total wealth:

v(t,X, .) = sup
Π=Π(t,X,.)

Et,X,.ψ(XΠ(T )) = max
Π

Et,X,.ψ(XΠ(T )) = Et,X,.ψ(XΠ�

(T )),

(1.5)

where Et,X,. is the conditional expectation under the condition that at time t the
total portfolio value was equal to X, and under some other conditions generically
denoted as “.”. Also, most often, the class of utility functions considered is HARA
class: U = {ψγ , 0 < γ < ∞}, where

ψγ(X) =
X1−γ

1 − γ
(1.6)

for 0 < γ �= 1, while for γ = 1

ψ1(X) = log(X).(1.7)

The value function v, corresponding to a HARA utility ψγ , will be denoted vγ . Al-
though we shall not do that in this work, one can solve problems when the class of
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admissible portfolio rules Π in (1.5) is constrained in some of the convenient ways (see
[8, Chapters 7 and 8]).

It is the celebrated result of Merton that, if a and σ (and r) are functions of t
only (or constants), then for any γ ∈ (0,∞), the value function vγ(t,X, .) = vγ(t,X)
can be computed explicitly as the unique solution of the Monge–Ampère-type PDE

−1

2
(a(t)−r(t)).(σ(t).σ(t)

T
)
−1

.(a(t)−r(t))

(
∂vγ(t,X)

∂X

)2

+X
∂2vγ(t,X)

∂X2
r(t)

vγ(t,X)

∂X

+
∂vγ(t,X)

∂t

∂2vγ(t,X)

∂X2
= 0

(1.8)

together with the terminal condition

vγ(T,X) = ψγ(X)(1.9)

and such that
∂2vγ(t,X)

∂X2 < 0. The solution is equal to

vγ(t,X) =
f(t)X1−γ

1 − γ
=

e
(γ−1)

∫T
t (a(τ)−r(τ)).(σ(τ).σ(τ)T )

−1
.(a(τ)−r(τ))+2γr(τ)dτ

−2γ X1−γ

1 − γ
(1.10)

for γ �= 1. (If γ = 1, another formula holds; see, e.g., [8] and also below.) Equation
(1.8) is already quite interesting: notice that if γ ≥ 1, the solution vγ(t,X) → −∞,
when X → 0, while vγ(t, 0) = 0 for 0 < γ < 1—either way, a boundary value cannot
be imposed at X = 0 due to the degeneracy of the equation. Furthermore, the Merton
optimal portfolio hedging strategy Π�

γ is equal to

Π�
γ(t,X) = −

∂vγ(t,X)
∂X (σ(t).σ(t)

T
)
−1

.(a(t) − r(t))
∂2vγ(t,X)

∂X2

=
X(σ(t).σ(t)

T
)
−1

.(a(t) − r(t))

γ
= XP �

γ (t)

(1.11)

for any γ ∈ (0,∞), where

P �
γ (t) =

(σ(t).σ(t)
T
)
−1

.(a(t) − r(t))

γ
(1.12)

is the optimal investment per unit wealth. Of course, above it is assumed that the
matrix σ(t).σ(t)

T
is invertible. There will be similar assumptions below which we

shall consider self-evident without specifying them explicitly. In [8] the author extends
Merton’s theory to the case when the underlying asset price dynamics is much more
general, yielding complicated Monge–Ampère-type PDEs. The general methodology
introduced there will be applied here on a new asset price dynamics, i.e., to the case
of momentum asset price dynamics. The Monge–Ampère-type PDEs considered here
will have an additional degeneracy feature; as a matter of fact, we shall consider
equations that can be called hypoelliptic Monge–Ampère-type PDEs. No theory for
such equations exists today.

A model for momentum asset price dynamics was introduced in [8] as

dY (t) = Z(t)dt + σ0db(t),

dZ(t) =

(
2π

p

)2

(e− Y (t))dt,
(1.13)
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where Y (t) is the price of the considered security at time t, where Z(t) is the trend
(or “price velocity”), and where b(t) is a scalar Brownian motion. A Markov process
{Y (t), Z(t)} is called the Price/Trend process. The parameters of the model are
σ0 (the price-diffusion), e (the price-equilibrium), and p (the price-dynamics period).
Notice that in that model Z(t) is not the appreciation rate—Z(t)/Y (t) is—and that
σ0 is not the volatility—σ0/Y (t) is. Notice that if σ0 = 0, then (1.13) is equivalent
to the second-order ODE

Y ′′(t) +

(
2π

p

)2

Y (t) =

(
2π

p

)2

e,(1.14)

which is the classical model for (undamped) oscillations around an equilibrium e, with
a period of oscillations being equal to p.

Since in the optimal portfolio hedging it is much more convenient to work with
appreciation rates (growth rates or maybe, more concisely, momentum) and volatili-
ties, we shall introduce below a simple modification of the model (1.13); i.e., we shall
introduce the Price/Momentum process.

2. SDE model: Price/Momentum process. We modify here the Price/Trend
system (1.13) into a Price/Momentum system; i.e., we postulate that the value of a
market-index, or an underlying stock-price if options hedging is attempted (see below),
is governed (in the short-run) by

dY (t) = Y (t)A(t)dt + Y (t)σdb(t),

dA(t) =
1

Y (t)

(
2π

p

)2

(e− Y (t))dt
(2.1)

for 0 < t < T , with an initial condition

Y (0) = Y0,

A(0) = A0,
(2.2)

where Y (t) is the price or value of the asset at time t, while A(t) is the growth rate or,
more concisely, momentum. Notice that, unfortunately, in real trading the momentum
A(t) is not going to be observable—only the current price Y (t) is. So, A(t) would have
to be estimated; i.e., one would have to compute E[A(t)|Y (s), s ≤ t]. Actually, it is
not difficult, using the Liptser and Shiryaev theory of optimal filtering of conditionally
Gaussian processes (see, e.g., [8] and references given there) that if A(0) ∼ N [m0, g0],
then m(t) = E[A(t)|Y (s), s ≤ t] can be computed from the equation

dm(t) =

(
2π

p

)2
(e− Y (t))

Y (t)
dt +

g2
0

σ2 + tg2
0

(
dY (t)

Y (t)
−m(t)dt

)
,

m(0) = m0.

(2.3)

Knowing m(t) as opposed to knowing A(t) would ideally have to be taken into account
when computing an optimal hedging strategy. We shall not do that and we shall
simply assume that A(t), along with Y (t), are observable or, equivalently, that g0 = 0.

The model (2.1) is somewhat different from (1.13) and indeed may seem a bit
arbitrary. Possibly the best defense are the Monte-Carlo experiments. For example,
a single trajectory in the phase plane, for e = 50, p = 60/365, Y0 = 50, A0 = 3, and
0 < t < T = 2p, looks like
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Notice that the momentum A(t) is smooth, while the price Y (t) is not.

It is not difficult to see that the infinitesimal generator of the Markov process
{Y (t), A(t)}t is equal to

A =
1

2
σ2Y 2 ∂2

∂Y 2
+ AY

∂

∂Y
+

e− Y

Y

(
2π

p

)2
∂

∂A
.(2.4)

Operator A is quite interesting in {{Y,A}, Y > 0}. Indeed, e−Y
Y changes sign at

Y = e, and therefore A is backward parabolic in Y < e, and forward parabolic in
Y > e. As a matter of fact, operator A is hypoelliptic in {{Y,A}, Y > 0} (see [3]).
Indeed, let a first-order differential operator X1 be defined as

X1 =
1√
2
σY

∂

∂Y
.(2.5)

Then

X1
2 =

(
1√
2
σY

∂

∂Y

)(
1√
2
σY

∂

∂Y

)
=

1

2
σ2Y

∂

∂Y
+

1

2
σ2Y 2 ∂2

∂Y 2
.(2.6)

Therefore, if X0 is a differential operator defined as

X0 = A−X1
2 =

(
A− 1

2
σ2

)
Y

∂

∂Y
+

e− Y

Y

(
2π

p

)2
∂

∂A
,(2.7)

then A = X1
2 + X0. Notice that at Y = e, Span[X0, X1] �= T(Y,A)R

2. Nevertheless
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the commutator can be computed to be

[X0, X1] = X0X1 −X1X0 =

((
A− 1

2
σ2

)
Y

∂

∂Y
+

e−Y

Y

(
2π

p

)2
∂

∂A

)(
1√
2
σY

∂

∂Y

)

−
(

1√
2
σY

∂

∂Y

)((
A− 1

2
σ2

)
Y

∂

∂Y
+

e− Y

Y

(
2π

p

)2
∂

∂A

)
=

1√
2
σ
e

Y

(
2π

p

)2
∂

∂A
,

(2.8)

and therefore, for any Y �= 0 (see [3]),

Span[Lie[X0, X1]][Y,A] = Span[X0, X1, [X0, X1]][Y,A]

= Span

[
∂

∂Y
,
∂

∂A

]
[Y,A] = T(Y,A)R

2,
(2.9)

and consequently the Hörmander condition holds in {Y > 0}, and operator A is hy-
poelliptic there. From the applied point of view, the importance of hypoellipticity lies
in the (numerical) solvability of the boundary value problems that will follow, as well
as for the computational strategy. We notice, however, that in regard to the theoreti-
cal solvability of some of the problems below hypoelliptic Monge–Ampère-type PDEs
are too difficult and still beyond the current theoretical reach. We hope that these
applied considerations may provide some guidance to the theoretical investigations as
well.

3. Optimal momentum portfolio hedging problem. Now consider an index
(or underlying stock) with value (price) Y (t) obeying the dynamics (2.1) or, a bit more
generally, the dynamics

dY (t) = Y (t)A(t)dt + Y (t)σy(t, Y (t), A(t)).dB(t),

dA(t) =
1

Y (t)

(
2π

p

)2

(e− Y (t))dt,
(3.1)

where the vector-valued function σy(t, Y,A) = {σy,1(t, Y,A), . . . , σy,n(t, Y,A)} ∈ R
n

is the vector-volatility of the considered index, and B(t) = {B1(t), . . . , Bn(t)} is the
vector of n independent Brownian motions. Now in addition to the index, consider a
set of tradable assets with prices S(t) = {S1(t), . . . , Sm(t)} obeying the dynamics

dS(t) = S(t)as(t, Y (t), A(t))dt + S(t)σs(t, Y (t), A(t)).dB(t),(3.2)

where the vector-valued function as(t, Y,A) = {as,1(t, Y,A), . . . , as,m(t, Y,A)} ∈ R
m

is the vector of appreciation rates of the corresponding assets, and σs(t, Y,A) ∈ R
m×

R
n is the (volatility) matrix. If the index is tradable (indeed there are securities that

represent indices; for example, qqq), then it can be represented also as one of the
equations in system (3.2). So, the above model attempts to describe a situation when
a dominant security or an index, exhibiting a momentum price dynamics described by
SDE system (3.1), is driving a number of additional securities considered for trading,
whose price dynamics obeys the SDE system (3.2).

Also, we consider the cash account evolving according to (1.2). In such a frame-
work the wealth evolution equation (1.4) still holds, now written more explicitly as

dX(t) = (Π(t,X(t), Y (t), A(t)).(as(t, Y (t), A(t)) − r) + rX(t))dt

+ Π(t,X(t), Y (t), A(t)).σs(t, Y (t), A(t)).dB(t).
(3.3)
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In particular, the trading strategies are going to be vector-valued functions of time t,
wealth X, index-value Y , and index-momentum A: Π(t,X, Y,A). System (3.1), (3.3)
is then a closed stochastic system to be controlled ((3.2) is hidden in (3.3)).

For any fixed trading strategy Π, the stochastic process MΠ ={t,X(t),Y (t),A(t)}t
is a Markov process. We compute its infinitesimal generator ∂MΠ. To this end, using
Itô’s chain rule, we get after some calculus (we shall use an alternative notation for

partial derivatives: for example, ϕ(0,1,1,0) = ϕ(0,1,1,0)(t,X, Y,A) = ∂2ϕ(t,X,Y,A)
∂X ∂Y )

dϕ=ϕ(1,0,0,0)dt+ϕ(0,1,0,0)dX(t)+ϕ(0,0,1,0)dY (t)+ϕ(0,0,0,1)dA(t)+
1

2
ϕ(0,2,0,0)(dX(t))

2

+
1

2
ϕ(0,0,2,0)(dY (t))

2
+ϕ(0,1,1,0)dX(t)dY (t)=

(
ϕ(1,0,0,0)+ϕ(0,1,0,0)(Π.(as−r)

+ rX(t))+ϕ(0,0,1,0)Y (t)A(t)+ϕ(0,0,0,1) 1

Y (t)

(
2π

p

)2

(e−Y (t))+
1

2
ϕ(0,2,0,0)

Π.σs.σs
T .Π+

1

2
ϕ(0,0,2,0)Y (t)

2
σy.σy+ϕ(0,1,1,0)Y (t)Π.σs.σy

)
dt+ϕ(0,1,0,0)Π.σs.dB(t)

+ϕ(0,0,1,0)Y (t)σy.dB(t)=(ϕ(1,0,0,0)+BΠ(t)ϕ)dt + ϕ(0,1,0,0)Π.σs.dB(t)

+ϕ(0,0,1,0)Y (t)σy.dB(t),

(3.4)

and therefore, for any fixed hedging strategy Π, operator ∂MΠ is identified to be

∂MΠ =
∂

∂t
+ BΠ(t) =

∂

∂t
+ (Π(t,X, Y,A).(as(t, Y,A) − r) + rX)

∂

∂X
+ Y A

∂

∂Y

+
1

Y

(
2π

p

)2

(e− Y )
∂

∂A
+

1

2
Π(t,X, Y,A).σs(t, Y,A).σs(t, Y,A)

T
.Π(t,X, Y,A)

∂2

∂X2

+
1

2
Y 2σy(t, Y,A).σy(t, Y,A)

∂2

∂Y 2
+ Y Π(t,X, Y,A).σs(t, Y,A).σy(t, Y,A)

∂2

∂X∂Y
.

(3.5)

Under appropriate conditions on Π, similarly as in the case of operator A above,
operators BΠ(t) are hypoelliptic in the semi-infinite domain {{X,Y,A}, X > 0, Y >
0}, and so is ∂MΠ in

QT = {{t,X, Y,A}, t < T,X > 0, Y > 0}.(3.6)

This means, in particular, that for such a fixed hedging strategy Π, if ϕ is the
solution of the linear hypoelliptic PDE

∂MΠϕ = 0(3.7)

in QT , together with the terminal condition

ϕ(T,X, Y,A) = ψ(X,Y,A)(3.8)

for some given function ψ, then, due to the hypoellipticity of ∂MΠ, we have that
ϕ ∈ C∞(QT ), and moreover

ϕ(t,X, Y,A) = Et,X,Y,Aψ(X(T ), Y (T ), A(T )).(3.9)
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The objective of the investor/trader is to, for a given utility function ψ, maximize the
expected value of the utility of the final total wealth, i.e., to find an optimal hedging
strategy Π�(t,X, Y,A) such that

v(t,X, Y,A) = sup
Π

Et,X,Y,Aψ(XΠ(T )) = max
Π

Et,X,Y,Aψ(XΠ(T )) =Et,X,Y,Aψ(XΠ�

(T )).

(3.10)

Above Et,X,Y,A is the conditional expectation under the condition that at time t
the total portfolio value was equal to X, the index had a value Y , and the index-
momentum was equal to A. Function v(t,X, Y,A) is the value function.

4. From the HJB to the first Monge–Ampère PDE. The standard for-
malism for solving the stochastic control problem (3.10) is to attempt to solve the
associated Hamilton–Jacobi–Bellman (HJB) PDE characterizing the value function
v = ϕ = ϕ(t,X, Y,A):

Max[∂MΠϕ] = Max

[
ϕ(1,0,0,0) + ϕ(0,1,0,0)(Π.(as − r) + rX) + ϕ(0,0,1,0)Y A

+ϕ(0,0,0,1) 1

Y

(
2π

p

)2

(e− Y ) +
1

2
ϕ(0,2,0,0)Π.σs.σs

T .Π +
1

2
ϕ(0,0,2,0)Y 2σy.σy

+ϕ(0,1,1,0)Y Π.σs.σy

]
= 0

(4.1)

in the domain QT (see (3.6)), with the terminal condition

ϕ(T,X, Y,A) = ψ(X).(4.2)

We notice that (4.1) is very much degenerate, if considered in the usual way, as a
backward “parabolic” equation. Indeed, the linear operator under the max above is

only hypoelliptic (due to the term ϕ(0,0,0,1) 1
Y ( 2π

p )
2
(e− Y ), whose coefficient changes

sign at Y = e, and due to the absence of the second-order term ϕ(0,0,0,2)). There
are additional, less consequential, sources of degeneracies in (4.1), such as the fact
that max is taken over all the strategies—think of Π = 0 or, less dramatically,
think of any Π proportional to X (as a matter of fact the optimal Π, the one for
which the max in (4.1) is realized, and therefore the consequential one, is going to
be such). Yet another already explicit degeneracy is at Y = 0, due to the term
1
2ϕ

(0,0,2,0)(t,X, Y,A)Y 2σy(t, Y,A).σy(t, Y,A). These degeneracies account for lack of
the boundary condition there. All of those degeneracies, and especially the first one,
yield that (4.1) is beyond what is understood in the theory of HJB PDEs today.
Our understanding of such equations is based on their equivalence to some simpler
equations to be derived below, on their numerical solutions, and on stochastic repre-
sentations. We rewrite (4.1) by extracting from the max all the terms independent
of Π:

0 = Max[∂MΠϕ]

= ϕ(1,0,0,0) + rXϕ(0,1,0,0) +ϕ(0,0,1,0)Y A+ϕ(0,0,0,1) 1

Y

(
2π

p

)2

(e−Y )

+
1

2
ϕ(0,0,2,0)Y 2σy.σy + MaxF (Π),

(4.3)
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where

F (Π) = ϕ(0,1,0,0)Π.(as − r) +
1

2
ϕ(0,2,0,0)Π.σs.σs

T .Π + ϕ(0,1,1,0)Y Π.σs.σy.(4.4)

Since F is quadratic in Π, to find Π� such that MaxΠ F (Π) = F (Π�), we just need to
solve the equation ∇F (Π) = 0, yielding

Π�(t,X, Y,A) = −ϕ(0,1,0,0)

ϕ(0,2,0,0)
(σs.σs

T )
−1

.(as − r) − ϕ(0,1,1,0)

ϕ(0,2,0,0)
Y (σs.σs

T )
−1

.σs.σy

= −ϕ(0,1,0,0)

ϕ(0,2,0,0)
(as − r).(σs.σs

T )
−1 − ϕ(0,1,1,0)

ϕ(0,2,0,0)
Y σy.σs

T .(σs.σs
T )

−1
.

(4.5)

We are going to use both expressions in (4.5). Going back to the HJB PDE (4.3), we
get (after multiplying by ϕ(0,2,0,0))

ϕ(0,2,0,0)ϕ(1,0,0,0) + rXϕ(0,2,0,0)ϕ(0,1,0,0) + ϕ(0,2,0,0)ϕ(0,0,1,0)Y A

+ϕ(0,2,0,0)ϕ(0,0,0,1) 1

Y

(
2π

p

)2

(e− Y ) +
1

2
ϕ(0,2,0,0)ϕ(0,0,2,0)Y 2σy.σy

+ϕ(0,2,0,0)ϕ(0,1,0,0)Π�.(as − r) +
1

2
ϕ(0,2,0,0)2Π�.σs.σs

T .Π�

+ϕ(0,2,0,0)ϕ(0,1,1,0)Y Π�.σs.σy = 0.

(4.6)

We also want to plug (4.5) back into (4.6). To this end, we prepare the formulas

ϕ(0,2,0,0)ϕ(0,1,0,0)Π�.(as − r)

= ϕ(0,1,0,0)
(
− ϕ(0,1,0,0)(as − r).(σs.σs

T )
−1

−ϕ(0,1,1,0)Y σy.σs
T .(σs.σs

T )
−1)

.(as − r)

= −ϕ(0,1,0,0)2(as − r).(σs.σs
T )

−1
.(as − r)

−ϕ(0,1,0,0)ϕ(0,1,1,0)Y σy.σs
T .(σs.σs

T )
−1

.(as − r)

(4.7)

as well as

1

2
ϕ(0,2,0,0)2Π�.σs.σs

T .Π�

=
1

2
ϕ(0,2,0,0)2

(
−ϕ(0,1,0,0)

ϕ(0,2,0,0)
(as−r).(σs.σs

T )
−1−ϕ(0,1,1,0)

ϕ(0,2,0,0)
Y σy.σs

T .(σs.σs
T )

−1
)
.σs.σs

T

.

(
−ϕ(0,1,0,0)

ϕ(0,2,0,0)
(σs.σs

T )
−1

.(as−r)−ϕ(0,1,1,0)

ϕ(0,2,0,0)
Y (σs.σs

T )
−1

.σs.σy

)
=

1

2
ϕ(0,1,0,0)2(as−r).(σs.σs

T )
−1

.(as−r)+ϕ(0,1,0,0)ϕ(0,1,1,0)Y (as−r).(σs.σs
T )

−1
.σs.σy

+
1

2
ϕ(0,1,1,0)2Y 2σy.σs

T .(σs.σs
T )

−1
.σs.σy

(4.8)

and

ϕ(0,2,0,0)ϕ(0,1,1,0)Y Π�.σs.σy

=ϕ(0,1,1,0)Y
(
−ϕ(0,1,0,0)(as−r).(σs.σs

T )
−1−ϕ(0,1,1,0)Y σy.σs

T .(σs.σs
T )

−1)
.σs.σy

=−Yϕ(0,1,1,0)ϕ(0,1,0,0)(as−r).(σs.σs
T )

−1
.σs.σy−ϕ(0,1,1,0)2Y 2σy.σs

T .(σs.σs
T )

−1
.σs.σy.

(4.9)
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Using (4.7)–(4.9), (4.6) becomes

ϕ(0,2,0,0)ϕ(1,0,0,0)+rXϕ(0,2,0,0)ϕ(0,1,0,0)+ϕ(0,2,0,0)ϕ(0,0,1,0)Y A

+ϕ(0,2,0,0)ϕ(0,0,0,1) 1

Y

(
2π

p

)2

(e−Y )

+
1

2
ϕ(0,2,0,0)ϕ(0,0,2,0)Y 2σy.σy−ϕ(0,1,0,0)2(as−r).(σs.σs

T )
−1

.(as−r)

−ϕ(0,1,0,0)ϕ(0,1,1,0)Yσy.σs
T .(σs.σs

T )
−1
.(as−r)+

1

2
ϕ(0,1,0,0)2(as−r).(σs.σs

T )
−1
.(as−r)

+ϕ(0,1,0,0)ϕ(0,1,1,0)Y (as−r).(σs.σs
T )

−1
.σs.σy+

1

2
ϕ(0,1,1,0)2Y 2σy.σs

T .(σs.σs
T )

−1
.σs.σy

−Y ϕ(0,1,1,0)ϕ(0,1,0,0)(as−r).(σs.σs
T )

−1
.σs.σy

−ϕ(0,1,1,0)2Y 2σy.σs
T .(σs.σs

T )
−1

.σs.σy =0,

and consequently

ϕ(0,2,0,0)ϕ(1,0,0,0) + rXϕ(0,2,0,0)ϕ(0,1,0,0) + ϕ(0,2,0,0)ϕ(0,0,1,0)Y A

+ϕ(0,2,0,0)ϕ(0,0,0,1) 1

Y

(
2π

p

)2

(e− Y )

+
1

2
ϕ(0,2,0,0)ϕ(0,0,2,0)Y 2σy.σy −

1

2
ϕ(0,1,0,0)2(as − r).(σs.σs

T )
−1

.(as − r)

−ϕ(0,1,0,0)ϕ(0,1,1,0)Y σy.σs
T .(σs.σs

T )
−1

.(as − r)

− 1

2
ϕ(0,1,1,0)2Y 2σy.σs

T .(σs.σs
T )

−1
.σs.σy = 0

(4.10)

in the domain QT (see (3.6)), together with the terminal condition (4.2), and such
that

ϕ(0,2,0,0)(t,X, Y,A) < 0.(4.11)

So, the solution of the HJB PDE (4.1) solves the Monge–Ampère-type PDE (4.10).
Equation (4.10) is simpler than (4.1), but it is still fully nonlinear, and strongly de-
generate, if considered as backward parabolic. In much the same way as in (4.1),

the most interesting term in (4.10) is ϕ(0,2,0,0)ϕ(0,0,0,1) 1
Y ( 2π

p )
2
(e − Y )—the coeffi-

cient changes sign at Y = e, and (4.10) has no second-order term ϕ(0,0,0,2). Indeed,
it yields a sort of a “hypoellipticity” of the Monge–Ampère equation (4.10). Also,
other degeneracies are explicit now; at X = 0 the degeneracy is due to the term
rXϕ(0,1,0,0)(t,X, Y,A)ϕ(0,2,0,0)(t,X, Y,A), and similarly at Y = 0. Consequently, the
boundary condition is not imposed at X = 0 and Y = 0. Only the terminal condition
(4.2) is imposed. One can compare (4.10) and (1.8)—they are analogous, (4.10) being
so much more complicated.

5. From the first Monge–Ampère PDE to the reduced Monge–Ampère
PDE. So far, we could have worked with pretty much any wealth-utility function
ψ(X). For example, the nonconcave or even the discontinuous utility function ψ(X)
(such a problem arises, for example, if one attempts to maximize a probability of
reaching a certain wealth by the given deadline) would contradict (4.11), which would
cause the terminal condition (4.2) to not be taken in a continuous way. Nevertheless,
everything would work just fine, at least from the point of view of numerical solutions



OPTIMAL MOMENTUM HEDGING 1161

and stochastic control, i.e., financial implications. On the other hand, from now on,
the most fruitful study will be very much dependent on restricting our attention to
the HARA class U = {ψγ(X), γ > 0} (see (1.6) and (1.7)). Furthermore, we shall
have to restrict ourselves to the subclass U1 = {ψγ(X), γ ≥ 1}. This is not a serious
disadvantage considering the importance of U1—for the most reasonable investing one
indeed has to use utilities ψγ for large γ’s, since otherwise the investment decisions
would be too aggressive and consequently too risky.

How do we solve (4.10), (4.2)? Similarly as was already introduced in [8] and
inspired by (1.10), in the case of HARA utility, we seek the solution of (4.10), (4.2)
in the form

ϕ(t,X, Y,A) =
X1−γf(t, Y,A)

1 − γ
(5.1)

if γ �= 1, or

ϕ(t,X, Y,A) = f(t, Y,A) + log(X)(5.2)

in the case γ = 1. ϕ being the value function, we call f the reduced value func-
tion. Plugging (5.1) into (4.10), after symbolic simplifications (see [8] for a similar
computation), we arrive at the Monge–Ampère-type PDE for f(t, Y,A):

MA[f ] = −p2(γ − 1)σy(t, Y,A).σs(t, Y,A)T .(σs(t, Y,A).σs(t, Y,A)T )
−1

.σs(t, Y,A).σy(t, Y,A)

f (0,1,0)(t, Y,A)
2
Y 3 − p2(γ−1)

(
2rγ+(as(t, Y,A)−r).(σs(t, Y,A).σs(t, Y,A)T )

−1
.(as(t, Y,A)−r)

)
f(t, Y,A)2Y + f(t, Y,A)

(
Y
(
2Y

(
Aγ − (γ − 1)σy(t, Y,A).σs(t, Y,A)T

.(σs(t, Y,A).σs(t, Y,A)T )
−1

.(as(t, Y,A) − r)
)
f (0,1,0)(t, Y,A)

+ γ(σy(t, Y,A).σy(t, Y,A)f (0,2,0)(t, Y,A)Y 2 + 2f (1,0,0)(t, Y,A))
)
p2

+ 8π2(e− Y )γf (0,0,1)(t, Y,A)
)

= 0

(5.3)

in the semi-infinite domain ΩT,∞ = {{t, Y,A}, t < T, Y > 0}, together with the
terminal condition

f(T, Y,A) = 1(5.4)

in the case 0 < γ �= 1, or in the case γ = 1

Y (as(t, Y,A) − r).(σs(t, Y,A).σs(t, Y,A)
T
)
−1

.(as(t, Y,A) − r)p2

+Y (σy(t, Y,A).σy(t, Y,A)f (0,2,0)(t, Y,A)Y 2 + 2Af (0,1,0)(t, Y,A)Y

+ 2(r + f (1,0,0)(t, Y,A)))p2 + 8π2(e− Y )f (0,0,1)(t, Y,A) = 0

(5.5)

in the same domain ΩT,∞, together with the terminal condition

f(T, Y,A) = 0.(5.6)

So, as in Merton’s case, the variable X is eliminated. We refer to (5.3)–(5.4) as the
reduced Monge–Ampère PDE of optimal portfolio hedging. Equations (5.5)–(5.6), on
the other hand, are linear.

Due to the term 8π2(e − Y )γf (0,0,1)(t, Y,A)f(t, Y,A), which changes sign, as
before, at Y = e, we can describe (5.3) as the “hypoelliptic Monge–Ampère PDE.”
Equation (5.3) is also degenerate at Y = 0, but this is much less interesting, if not for
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other reasons then because this degeneracy can and will be eliminated by truncation
of the considered domain.

Also, plugging (5.1) as well as (5.2) into (4.5), we get the optimal portfolio hedging
rule

Π�
γ(t,X, Y,A) =

X

γ

(
(σs(t, Y,A).σs(t, Y,A)

T
)
−1

.(as(t, Y,A) − r)

+
fγ

(0,1,0)(t, Y,A)

fγ(t, Y,A)
Y σy(t, Y,A).σs(t, Y,A)

T
.(σs(t, Y,A).σs(t, Y,A)

T
)
−1

)
(5.7)

in the case γ �= 1, and

Π�
1(t,X, Y,A) = X(σs(t, Y,A).σs(t, Y,A)

T
)
−1

.(as(t, Y,A) − r)(5.8)

in the case γ = 1. So, the case γ = 1 (as always) is trivial: not only is the “reduced
Monge–Ampère PDE” (5.5) linear but it actually does not need to be solved—(5.8)
does not depend on f1. On the other hand, if γ �= 1, the optimal hedging strategy
(5.7) is given in terms of the solution fγ = f of the reduced Monge–Ampère PDE
(5.3). Nevertheless, we see that not only was one of the variables (X) eliminated, but
also the optimal portfolio rule Π� was computed in terms of f and its first derivative
f (0,1,0), while before, if (4.10) was used, the optimal portfolio rule Π� (see (4.5))
was computed using first derivative ϕ(0,1,0,0), and second derivatives ϕ(0,2,0,0) and
ϕ(0,1,1,0), of the value function ϕ. Also, since ϕ ∼ X1−γ , the value function ϕ is
extremely flat for large values of X when γ 
 1. In practice, those are the values of
interest for γ, since otherwise very aggressive trading strategies are inferred (see [8]).
By studying the reduced value function f instead of the value function ϕ, one of the
practical consequences is that we can compute the solution of the optimal portfolio
hedging problem for large values of γ.

We further emphasize that the optimal portfolio rule Π�(t,X, Y,A) is again pro-
portional to the wealth:

Π�
γ(t,X, Y,A) = XP �

γ (t, Y,A),(5.9)

where

P �
γ (t, Y,A) =

1

γ

(
(σs(t, Y,A).σs(t, Y,A)

T
)
−1

.(as(t, Y,A) − r)

+
fγ

(0,1,0)(t, Y,A)

fγ(t, Y,A)
Y σy(t, Y,A).σs(t, Y,A)

T
.(σs(t, Y,A).σs(t, Y,A)

T
)
−1

)
(5.10)

is the optimal investment per unit of wealth. It is interesting to compare the computed
strategy P �

γ (t, Y,A) with the Merton strategy (1.12). To that end write P �
γ (t, Y,A) =

M�
γ (t, Y,A) + Sγ(t, Y,A), where

M�
γ (t, Y,A) =

(σs(t, Y,A).σs(t, Y,A)
T
)
−1

.(as(t, Y,A) − r)

γ
(5.11)

is Merton’s strategy (1.12) as applied directly in the present problem, while

Sγ(t, Y,A) =
1

γ

fγ
(0,1,0)(t, Y,A)

fγ(t, Y,A)
Y σy(t, Y,A).σs(t, Y,A)

T
.(σs(t, Y,A).σs(t, Y,A)

T
)
−1

(5.12)
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for γ �= 1 and S1(t, Y,A) = 0 is the correction provided by this methodology, assuming
we can compute fγ .

It turns out that (5.3)–(5.4) is (numerically) solvable in the case γ > 1. Of
course, if numerical solution is attempted, then the semi-infinite domain ΩT,∞ has to
be truncated. So define

ΩT = {{t, Y,A}, tmin < t < T, ymin < Y < ymax, amin < A < amax}(5.13)

for some 0 < ymin < e < ymax < ∞ and −∞ < amin < 0 < amax < ∞. The good
understanding of the hypoelliptic operator A above is now quite important, since its
properties are propagated into (5.3). We need to identify the

(
A + ∂

∂t

)
-hypoelliptic

boundary of ΩT—the set of all points on the boundary ∂ΩT that can possibly be
reached by the process (recall (3.1)) {t, Y (t), A(t)} starting inside ΩT . This is where
the terminal/boundary condition is imposed. Since the time is running forward, the
process obviously cannot exit at t = tmin, but furthermore, more interestingly, due to
the degeneracy, the process also cannot exit ΩT at {{t, Y, amin}, tmin < t < T, ymin <
Y < e}, just as well as it cannot exit at {{t, Y, amax}, tmin < t < T, e < Y < ymax}.
Therefore, the

(
A + ∂

∂t

)
-hypoelliptic boundary of ΩT , or ∂A+ ∂

∂t
ΩT , which is the

same ∂MAΩT , has two components: {t < T} ∩ ∂MAΩT (the complement of which
was described above), where the lateral boundary condition is imposed, and {t =
T} ∩ ∂MAΩT , where the terminal condition f = 1 is imposed.

What would be a good (artificial) lateral boundary condition for f on {t < T} ∩
∂MAΩT ? The simple choice is the Dirichlet condition f = 1. Nevertheless such a
choice is shown to be a poor choice (see [8]). It turns out that a very useful property
of the solution f is that it satisfies the inequality 0 < f < 1 in ΩT,∞. Consequently
a nonlinear (“noninterfering”) boundary condition

∂f

∂ν
= −αf(1 − f)(5.14)

on {t < T} ∩ ∂MAΩT , where ν is the exterior unit normal, and where α > 0 is a
constant chosen experimentally in such a way to minimize the interference of the
boundary condition with a solution (see [8]), is introduced. The condition (5.14)
makes sense since, for example, the condition 0 < f < 1 in ΩT,∞ (not just ΩT )
implies that f is flat whenever taking values close to 0 or 1. The nonlinear boundary
condition (5.14) was not studied in the context of Monge–Ampère PDEs as of yet (see,
e.g., [2], [5]). Nevertheless the numerical calculations, some of which are showcased
below, suggest very convincingly that the problem (5.3), (5.4), (5.14) is well posed.

Of course, by solving problem (5.3), (5.4), (5.14) in the truncated domain ΩT , as
opposed to solving problem (5.3), (5.4) in ΩT,∞, we introduce a small error—it is an
approximate solution to the original problem. In the rest of the paper we shall ignore
the difference.

Thereby the extension of Merton’s theory to momentum trading is complete: the
optimal trading strategy is given by (5.7), where f = fγ , the reduced value function,
is computed as an appropriate solution of (5.3), (5.4), (5.14).

6. The simplest example: A single-stock portfolio. Consider the simplest
case: a single stock whose price obeys (3.1) is considered for trading. More precisely,
let it be in (3.1)–(3.2), m = n = 1,

σy(t, Y,A) = {s}, σs(t, Y,A) = {{s}}, as(t, Y,A) = {A}.(6.1)
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In other words, the stock-price dynamics is described by the system

dY (t) = Y (t)A(t)dt + Y (t){s}.dB(t),(6.2)

dA(t) =
1

Y (t)

(
2π

p

)2

(e− Y (t))dt(6.3)

and then again, as a tradable asset,

dS(t) = S(t){A(t)}dt + S(t){{s}}.dB(t),(6.4)

where s > 0 is constant volatility, e > 0 is constant price-equilibrium, and p > 0 is
constant price-period. Also, Y (t) and A(t) are scalar-valued, while S(t) and B(t) are
1-vector-valued. B(t) = {B1(t)} is the one-dimensional “vector” Brownian motion.
Of course, (6.2) and (6.4) are redundant; the purpose of having them both is to use
the general framework above.

Then, from (5.7), the optimal portfolio rule is given by (we shall allow a bit of
abuse of notation here: P �

γ =
{
P �
γ

}
, M�

γ =
{
M�

γ

}
, Sγ = {Sγ})

Π�
γ(t,X, Y,A) = X{P �

γ (t, Y,A)} =
X

γ

{
A− r

s2
+

Y fγ
(0,1,0)(t, Y,A)

fγ(t, Y,A)

}
(6.5)

for γ �= 1, and Π�
1(t,X, Y,A) = X{P �

1 (t, Y,A)} = X
{

A−r
s2

}
, where the reduced value

function f = fγ is the solution of the reduced Monge–Ampère PDE (5.3), which now
simplifies to

−p2(γ − 1)s2f (0,1,0)(t, Y,A)
2
Y 3 − p2(γ − 1)

(
(A− r)

2

s2
+ 2rγ

)
f(t, Y,A)

2
Y

+ f(t, Y,A)(p2s2γf (0,2,0)(t, Y,A)Y 3 + 2p2(A + r(γ − 1))f (0,1,0)(t, Y,A)Y 2 + 2p2γ

f (1,0,0)(t, Y,A)Y + 8π2(e− Y )γf (0,0,1)(t, Y,A)) = 0

(6.6)

in ΩT , together with boundary conditions (5.4) and (5.14). As before, we can write
P �
γ = M�

γ + Sγ , where

M�
γ (t, Y,A) =

A− r

γs2
(6.7)

is the classical Merton’s strategy, while

Sγ(t, Y,A) =
Y fγ

(0,1,0)(t, Y,A)

γfγ(t, Y,A)
(6.8)

is the momentum correction provided by this methodology. Many numerical exper-
iments were performed. Here are some results. For example, if s = 0.4, e = 50,
p = 2/12, r = 0.025, γ = 50, T = 30/365, ymin = 36.6709, ymax = 65.2239,
amin = −8.85934, amax = 11.8334, α = 0.05, then the reduced value function
f = fγ(t, Y,A), for fixed stock-price Y , for fixed momentum A, and for fixed time t,
looks like
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In particular, one can use the previous three figures to examine the validity of
the artificial boundary condition (5.14); one can also try to examine the expected
(hypoelliptic) C∞-regularity of the solution. No PDE theory exists today to support
such an expectation for equations such as (6.6). Next, we compare the strategy
M�

γ (t, Y,A) with the new optimal momentum strategy P �
γ (t, Y,A) for a couple of

fixed times (these are contour plots; dark means low relative value, and in this case
short-selling, while light means a long position; see (6.7)):

t = 0.
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t = 0.0410959
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We can conclude that the two strategies are quite a bit different long before
the time of investment-success evaluation (T ), and then, as time goes by, those two
strategies converge. Finally, how much better is the new momentum strategy? We
attempted to answer this question by means of Monte-Carlo experiments. For exam-
ple, with initial condition {Y (0), A(0)} = {50, 3}, a very typical outcome looked like
this:
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where plotted are the wealth and investment-positions evolutions corresponding to
strategy M�

γ (blue-light), and corresponding to the strategy P �
γ (red-dark); price and
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momentum trajectories. One can notice that the investment position corresponding
to P �

γ is more aggressive in the beginning of the investment period and as time goes
by converges to the one corresponding to the strategy M�

γ .
We postpone the more precise comparison based on extensive Monte-Carlo exper-

iments until the end of the final section, when we compare these two strategies with
three additional ones, involving also options.

7. Optimal hedging and pricing of European and American options
in momentum markets. Now we consider a portfolio of an option, European or
American, and the corresponding underlying stock. Let T0 be the expiration time
for the option, while T ≤ T0 is the time when, as before, we stop the trading and
measure a level of success or failure. Let k be the option strike price, and let r be the
interest rate. For simplicity, we assume no dividends are paid, although everything
that precedes and follows can be modified for either continuous or instantaneous
dividend-paying underlying. One tracks the stock-price Y (t) and the price-momentum
A(t) while trading stocks and options. We assume that the underlying stock-price
has volatility s(t, Y,A), equilibrium e, and period p. More precisely, in (3.1), let
m = n = 2, and let

dY (t) = Y (t)A(t)dt + Y (t){s(t, Y (t), A(t)), 0}.dB(t),(7.1)

dA(t) =
1

Y (t)

(
2π

p

)2

(e− Y (t))dt,(7.2)

identifying

σy(t, Y,A) = {s(t, Y,A), 0}.(7.3)

Now, since we allow volatility s = s(t, Y,A) to depend also on the momentum A, there
is no reason to expect that the option price V does not depend on A. So, denote the
option price as V = V (t, Y,A). Under such a scenario, the tradable assets—the stock
and the option—have a vector-price S(t) = {S1(t), S2(t)} = {Y (t), V (t, Y (t), A(t))}
with the dynamics

dS(t) = d{Y (t), V (t, Y (t), A(t))} = {Y (t), V (t, Y (t), A(t))}
{
A(t),

1

V (t, Y (t), A(t))(
1

2
Y (t)

2
V (0,2,0)(t, Y (t), A(t))s(t, Y (t), A(t))

2
+

4π2(e− Y (t))V (0,0,1)(t, Y (t), A(t))

p2Y (t)

+A(t)Y (t)V (0,1,0)(t, Y (t), A(t))+V (1,0,0)(t, Y (t), A(t))

)}
dt+ {Y (t), V (t, Y (t), A(t))}⎛⎝ s(t, Y (t), A(t)) 0

Y (t)s(t, Y (t), A(t))V (0,1,0)(t, Y (t), A(t))

V (t, Y (t), A(t))
ε

⎞⎠ .dB(t) = S(t)as(t, Y (t), A(t))dt

+ S(t)σs(t, Y (t), A(t)).dB(t)

(7.4)

for ε = 0. This follows directly from Itô’s chain rule. On the other hand, we shall
assume that ε > 0; i.e., we shall augment the option-price dynamics with an additional
layer of randomness. This is motivated/justified by the well-known fact that, due
to the reduced liquidity of options compared to the underlying stock, the relative
difference between bid and ask prices for options is much more significant than for
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the stocks. The assumption ε > 0 is also of technical significance, and it will be
further justified below by the beauty and by the consistency with the usual theory of
the results obtained.

So, we identify the coefficients in (3.2) as

as(t, Y,A) =

{
A,

1

V (t, Y,A)

(
1

2
Y 2V (0,2,0)(t, Y,A)s(t, Y,A)

2

+
4π2(e− Y )V (0,0,1)(t, Y,A)

p2Y
+ AY V (0,1,0)(t, Y,A) + V (1,0,0)(t, Y,A)

)}(7.5)

and

σs(t, Y,A) =

⎛⎝ s(t, Y,A) 0

Y s(t, Y,A)V (0,1,0)(t, Y,A)

V (t, Y,A)
ε(t, Y,A)

⎞⎠ .(7.6)

We are in a position now to apply the general theory, and in particular formulas
(5.7) and (5.8), which now read as

Π�
γ(t,X, Y,A)={(X(2p2Y s(t, Y,A)

2
V (t, Y,A)

2
f (0,1,0)(t, Y,A)ε(t, Y,A)

2

+f(t, Y,A)(2p2rY V (t, Y,A)V (0,1,0)(t, Y,A)s(t, Y,A)
2−V (0,1,0)(t, Y,A)

(Y (Y 2V (0,2,0)(t, Y,A)s(t, Y,A)
2

+ 2rY V (0,1,0)(t, Y,A)

+ 2V (1,0,0)(t, Y,A))p2 + 8π2(e− Y )V (0,0,1)(t, Y,A))s(t, Y,A)
2

+ 2p2(A− r)V (t, Y,A)
2
ε(t, Y,A)

2
)))

/(2p2γf(t, Y,A)s(t, Y,A)
2
V (t, Y,A)

2
ε(t, Y,A)

2
),

(X(−2rY V (t, Y,A)p2 + Y (Y 2V (0,2,0)(t, Y,A)s(t, Y,A)
2

+ 2rY V (0,1,0)(t, Y,A) + 2V (1,0,0)(t, Y,A))p2

+ 8π2(e− Y )V (0,0,1)(t, Y,A)))/(2p2Y γV (t, Y,A)ε(t, Y,A)
2
)}

(7.7)

for γ �= 1, where f = fγ , the reduced value function, is the solution of the reduced
Monge–Ampère PDE (5.3), which now becomes

f(t, Y,A)(Y (2Y (A + r(γ − 1))f (0,1,0)(t, Y,A) + γ(Y 2f (0,2,0)(t, Y,A)s(t, Y,A)
2

+ 2f (1,0,0)(t, Y,A)))p2 + 8π2(e− Y )γf (0,0,1)(t, Y,A)) −
(
(γ − 1)(

4p4Y 4f (0,1,0)(t, Y,A)
2
s(t, Y,A)

4
+
(
f(t, Y,A)

2(
p4Y 6V (0,2,0)(t, Y,A)

2
s(t, Y,A)

6

+ 4p2Y 3V (0,2,0)(t, Y,A)(Y (rY V (0,1,0)(t, Y,A) + V (1,0,0)(t, Y,A))p2

− p2rY V (t, Y,A) + 4π2(e− Y )V (0,0,1)(t, Y,A))s(t, Y,A)
4

+ 4
(
rY 2V (t, Y,A)

2
(2γε(t, Y,A)

2
+ r)p4 − 2rY V (t, Y,A)(Y (rY

V (0,1,0)(t, Y,A)+V (1,0,0)(t, Y,A))p2 +4π2(e−Y )V (0,0,1)(t, Y,A))p2

+ (Y (rY V (0,1,0)(t, Y,A)+V (1,0,0)(t, Y,A))p2 +4π2(e−Y )V (0,0,1)(t, Y,A))
2)

s(t, Y,A)
2

+ 4p4(A− r)
2
Y 2V (t, Y,A)

2
ε(t, Y,A)

2))/
(V (t, Y,A)

2
ε(t, Y,A)

2
)
))

/(4p2Y s(t, Y,A)
2
) = 0

(7.8)

in ΩT , together with boundary conditions (5.4) and (5.14), while in the case γ = 1,
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the formula is complete—nothing is left to compute:

Π�
1(t,X, Y,A)={(X(2p2rY V (t, Y,A)V (0,1,0)(t, Y,A)s(t, Y,A)

2 − V (0,1,0)(t, Y,A)

(Y (Y 2V (0,2,0)(t, Y,A)s(t, Y,A)
2

+ 2rY V (0,1,0)(t, Y,A)

+ 2V (1,0,0)(t, Y,A))p2 + 8π2(e− Y )V (0,0,1)(t, Y,A))s(t, Y,A)
2

+ 2p2(A− r)V (t, Y,A)
2
ε(t, Y,A)

2
))/(2p2s(t, Y,A)

2
V (t, Y,A)

2
ε(t, Y,A)

2
),

(X(−2rY V (t, Y,A)p2 + Y (Y 2V (0,2,0)(t, Y,A)

s(t, Y,A)
2

+ 2rY V (0,1,0)(t, Y,A) + 2V (1,0,0)(t, Y,A))p2

+ 8π2(e− Y )V (0,0,1)(t, Y,A)))/(2p2Y V (t, Y,A)ε(t, Y,A)
2
)}.

(7.9)

In various places in (7.7)–(7.9) a linear (hypoelliptic) differential operator of funda-
mental importance appears. Indeed, let operator H be defined as

H[V ](t, Y,A) = V (1,0,0)(t, Y,A) +
1

2
Y 2V (0,2,0)(t, Y,A)s(t, Y,A)

2
+ rY V (0,1,0)(t, Y,A)

− rV (t, Y,A)+
4π2(e− Y )V (0,0,1)(t, Y,A)

Y p2
.

(7.10)

The importance of H can be deduced immediately by its comparison with the
classical Black–Scholes operator L:

L[V ](t, Y ) = V (1,0)(t, Y ) +
1

2
Y 2V (0,2)(t, Y )s(t, Y )

2
+ rY V (0,1)(t, Y ) − rV (t, Y ).

(7.11)

H is a momentum version of L—if there is no momentum-dependence, L = H,
since V (0,0,1) = 0. H is not backward-parabolic like L but only hypoelliptic, due
to the term 4π2(e − Y )V (0,0,1)(t, Y,A)

/(
Y p2

)
and due to the absence of V (0,0,2) in

(7.10). Now using (7.10), after some work (7.7)–(7.9) simplify quite significantly: the
optimal portfolio rule is equal to

Π�
γ(t,X, Y,A) = X

{
Q�

γ(t, Y,A),
H[V ](t, Y,A)

γε(t, Y,A)
2
V (t, Y,A)

}
=

X

γ

{
A− r

s(t, Y,A)
2

+
Y f (0,1,0)(t, Y,A)

f(t, Y,A)
− H[V ](t, Y,A)

ε(t, Y,A)
2
V (t, Y,A)

Y V (0,1,0)(t, Y,A)

V (t, Y,A)
,

H[V ](t, Y,A)

ε(t, Y,A)
2
V (t, Y,A)

}
(7.12)

for γ �= 1, where f = fγ , the reduced value function, is the solution of the reduced
Monge–Ampère PDE

− p2(γ − 1)s(t, Y,A)
2
f (0,1,0)(t, Y,A)

2
Y 3

− p2(γ − 1)

(
(A− r)

2

s(t, Y,A)
2 + 2rγ +

(H[V ](t, Y,A))
2

ε(t, Y,A)
2
V (t, Y,A)

2

)
f(t, Y,A)

2
Y + f(t, Y,A)(p2s(t, Y,A)

2
γf (0,2,0)(t, Y,A)Y 3 + 2p2(A + r(γ − 1))

f (0,1,0)(t, Y,A)Y 2 + 2p2γf (1,0,0)(t, Y,A)Y + 8π2(e− Y )γf (0,0,1)(t, Y,A)) = 0

(7.13)
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in ΩT , together with boundary conditions (5.4) and (5.14), while in the case γ = 1

Π�
1(t,X, Y,A) = X

{
Q�

1(t, Y,A),
H[V ](t, Y,A)

ε(t, Y,A)
2
V (t, Y,A)

}
= X

{
A− r

s(t, Y,A)
2 − H[V ](t, Y,A)

ε(t, Y,A)
2
V (t, Y,A)

Y V (0,1,0)(t, Y,A)

V (t, Y,A)
,

H[V ](t, Y,A)

ε(t, Y,A)
2
V (t, Y,A)

}
.

(7.14)

Notice that in the above, for comparison purposes below, we have introduced the
notation Q�

γ(t, Y,A), as opposed to P �
γ (t, Y,A) from the previous section.

In (7.12) and (7.14) the quantity H[V ]
/(

ε2V
)

has a very prominent role: it is,
modulo X/γ, the optimal investment in the option. Therefore, one can think of it as
an option trading opportunity or, more precisely, option-underpricing (if positive, it
implies a long position in the option, as a consequence of the option being cheap, and
vice versa). So, let us define the option trading opportunity ω as

ω =
L[V ]

ε2V
(7.15)

if there is no momentum-dependence, or ω = H[V ]
/(

ε2V
)

in momentum markets.
This definition now makes it very natural to define a fair price of a European op-

tion (cf. [4] and references given there) as a function V for which option-underpricing
ω is equal to zero, i.e., for which the Black–Scholes PDE

L[V ] = 0(7.16)

(or H[V ] = 0, a hypoelliptic Black–Scholes PDE) holds.
Furthermore (let η = ηk(Y ) denote the option-payoff), a fair price of an American

option in a way does not always exist; it is a function V ≥ η, for which option-
underpricing ω is either equal to zero (the fair price does exist; implying L[V ] = 0),
or it is less than zero (option-underpricing ω is negative, i.e., the option is overpriced
and therefore it is not rational to trade in such an option—it is rational to exercise
it; implying L[V ] ≤ 0), or put all together, for which

Max[L[V ], η − V ] = 0(7.17)

or Max[H[V ], η−V ] = 0 in momentum markets. Equation (7.17) is the Black–Scholes
obstacle problem (see [8] for many other equivalent formulations of obstacle problems).
In the rest of the paper, for simplicity, we shall consider European options only.

Consider the simplest possible example. Let all the data be the same as in the
previous section. In particular, that means that the assumed underlying volatility is
constant, and therefore H = L. Additionally, let the considered option have a strike
price k = 50, and the expiration date T0 = 60/365. Let also the above-discussed
bid/ask indeterminacy be modeled by ε = 1/2. We shall also need an option-pricing
formula V (t, Y,A) = V (t, Y ). We choose

V (t, Y )=Vγ,κ,ε(t, Y )=
1

2
e

(
γκε2+r

)
(t−T0)

((
erfc

(
2 log

(
Y
k

)
− (2r− s2)(t−T0)

2
√

2
√
s2(T0 − t)

)
− 2

)
k

+

(
erf

(
2 log

(
Y
k

)
− (s2 + 2r)(t− T0)

2
√

2
√
s2(T0 − t)

)
+ 1

)
er(T0−t)Y

)
.

(7.18)
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The pricing formula Vγ,κ,ε(t, Y ) was computed as a solution of

L[V ](t, Y )

γε2V (t, Y )
= κ(7.19)

with the usual Black–Scholes terminal condition

V (T0, Y ) = ηk(Y ) = Max[0, Y − k].(7.20)

Notice the difference between k, the strike price, and κ (Kappa) appearing in (7.19)
and throughout below. Of course, for κ = 0 the solution Vγ,0,ε(t, Y ) of (7.19)–(7.20)
is the Black–Scholes fair option price, and according to the above, it would yield an
optimal option investment of κ = 0. We choose κ = 0.15, which means we do a case
study when an optimal option investment is constant and equal to 15% of the available
wealth, and we are interested in seeing how such an optimal option investment, in such
a badly priced option market, is hedged. It might be interesting to compare Vγ,0,ε and
Vγ,κ,ε, i.e., to see how badly the option is priced. For example, for t = T/2 = 15/365,

45 50 55 60
Y

2

4

6

8

10

So, in order that under the risk-avoidance parameter γ = 50 it is optimal to invest
15% of the available wealth in the considered option, and under all of the other above
conditions, the option needs to be quite a bit underpriced.

We present the results of numerical computations. The optimal trading strategy
(7.12) is now equal to

Π�
γ(t,X, Y,A)=X

{
Q�

γ(t, Y,A),
κ

γ

}
=
X

γ

{
A−r

s2
+

Y f (0,1,0)(t, Y,A)

f(t, Y,A)
− κ

Y V (0,1)(t, Y )

V (t, Y )
, κ

}
,

(7.21)

where the reduced value function f is the solution of (7.13), which now reduces to

− p2(γ − 1)s2f (0,1,0)(t, Y,A)
2
Y 3 − p2(γ − 1)

(
(A− r)

2

s2
+ 2rγ + (γεκ)

2

)
f(t, Y,A)

2
Y

+ f(t, Y,A)(p2s2γf (0,2,0)(t, Y,A)Y 3 + 2p2(A + r(γ − 1))f (0,1,0)(t, Y,A)Y 2

+ 2p2γf (1,0,0)(t, Y,A)Y + 8π2(e− Y )γf (0,0,1)(t, Y,A)) = 0.

(7.22)

For the purpose of comparison of various strategies later, let us introduce also the
notation

J�
γ (t, Y,A) =

1

γ

(
A− r

s2
− κ

Y V (0,1)(t, Y )

V (t, Y )

)
(7.23)
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and

B�
γ(t, Y,A) = −κ

γ

Y V (0,1)(t, Y )

V (t, Y )
.(7.24)

Notice that B�
γ is the “Black–Scholes hedging strategy.” Also notice, as it is going

to be transparent on a sample trajectory below, that B�
γ is not a riskless strategy,

since the options pricing formula V (t, Y ) is not correct; i.e., it does not satisfy the
Black–Scholes PDE (7.16). Therefore, strictly speaking, B�

γ is not the Black–Scholes
hedging strategy—it is just given by the same formula as the right one, when the
correct options pricing formula is used. So, eventually we shall compare strategies{
Q�

γ ,
κ
γ

}
,
{
P �
γ , 0

}
,
{
J�
γ ,

κ
γ

}
,
{
M�

γ , 0
}
, and

{
B�

γ ,
κ
γ

}
. Notice also that (7.22) and (6.6)

are somewhat different when κε �= 0.

The solution of (7.22) looks like (for fixed time)

t = 0

60Y
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40
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Y

Compare this with the similar figure in the previous section: the present reduced
value function is smaller than the one there, which implies that the current value
function is bigger. Of course, the expected payoff is bigger now, since we have an
additional opportunity—we have the opportunity to trade in options, as well. Next,
we compare strategies B�

γ(t, Y,A) and J�
γ (t, Y,A), which do not depend on any nu-

merical computations, and Q�
γ(t, Y,A), which depends on the reduced value function

above, for several fixed times (compare also with the similar plots in the previous
section):

t = 0.
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t = 0.0410959
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Finally, those three strategies {Q�
γ ,

κ
γ }, {J�

γ ,
κ
γ }, and {B�

γ ,
κ
γ } were applied (in ad-

dition to two strategies already applied: {P �
γ , 0} and {M�

γ , 0}) on some 10000 market
trajectories (actually, 10452 trajectories were needed to select 10000 of them which
stay inside ΩT ). A very typical one looks like (the same one is in the previous section)
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Stock Price Trajectory
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where, looking on the right from the top, the wealth trajectories correspond to
{Q�

γ ,
κ
γ }, {P �

γ , 0}, {J�
γ ,

κ
γ }, {M�

γ , 0}, and {B�
γ ,

κ
γ }. The average profit returns by these

strategies were 15.767%, 13.176%, 11.138%, 8.605%, and 2.545%, respectively (a profit
of 15.767% over 30 days yields a profit of 493.765% over a year).

Finally, as the most precise strategy-comparison gauge, the empirical cumulative
distribution functions F {Q�

γ ,
κ
γ }(X), F {P�

γ ,0}(X), F {J�
γ ,

κ
γ }(X), F {M�

γ ,0}(X), F {B�
γ ,

κ
γ }(X),

where F (X) = 1
N

∑N
i=1 χ{X≥Xi(T )}, and where χA is the characteristic function of an
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event A, look like (recall that N = 10000, out of 10452; from the right to the left)
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Abstract. We consider the problem of determining a strategy that is efficient in the sense that
it minimizes the expectation of a convex loss function of the hedging error for the case when prices
change at discrete random points in time according to a geometric Poisson process. The intensities
of the jump process need not be fully known by the investor. The solution algorithm is based
on dynamic programming for piecewise deterministic control problems, and its implementation is
discussed as well.

Key words. geometric Poisson process, piecewise deterministic control problems, incomplete
information, incomplete markets, efficient hedging, Bayesian approach
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1. Introduction. This paper concerns the problem of hedging a future liability.
Depending on the hedging criterion, various approaches have been considered in the
literature. A mathematically attractive criterion, related to mean-variance hedging,
is the quadratic criterion. This criterion leads to the mathematical problem of appro-
ximating an L2-random variable by stochastic integrals. Starting from the work by
Föllmer and Sondermann [9] and Schweizer [22], much research has been dedicated to
this criterion so that this topic can by now be considered as a well-studied one (for
a survey with extensive literature see [24]). For more general criteria the approaches
are in a sense in common with utility maximization. They are mainly the so-called
martingale approach (see, e.g., [3], [16], [13], [21]) and approaches based on optimal
stochastic control.

One of the main goals in the present paper is to study the hedging problem in the
context of incomplete/partial information on the underlying price evolution model.
The various approaches mentioned above have, to some extent, also been applied to
the case of incomplete information. For the quadratic/mean variance approach and
under a martingale measure see, e.g., [23] and [10]. The martingale approach for the
case of incomplete information was first considered in [18]. For more recent studies see,
e.g., [4], [14], [26]; they concern mainly diffusion-type models where the uncertainty
is in the stock appreciation rates that are supposed to be unknown constants and
treated, from the Bayesian point of view, as random variables with a given prior
distribution. For a more typically stochastic control approach see [20]. In the present
paper we concentrate on the stochastic control approach that can indeed be viewed
as a rather general approach for problems with partial information.

Stochastic control methods, in particular the method of dynamic programming
(DP), have been applied mainly to diffusion-type models, and here DP leads to HJB-

∗Received by the editors February 24, 2003; accepted for publication (in revised form) March 2,
2004; published electronically December 1, 2004.

http://www.siam.org/journals/sicon/43-4/42316.html
†Department of Financial and Actuarial Mathematics, 8-10 Wiedner Hauptstrasse, 1040 Vienna,

Austria (michael.kirch@gmx.net). Current address: Goldman Sachs, Peterborough Court, 133 Fleet
Street, London EC4A 2BB (michael.kirch@gs.com). The research of this author was partially sup-
ported by the EU RTM-project Dynstoch (IMP, Fifth Framework Programme).

‡Dipartimento di Matematica Pura ed Applicata, Universitá di Padova, 7 Via Belzoni, 35131 -
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type equations; much current research is going on concerning analytical solutions to
these equations. Diffusion-type models lead to continuous trajectories for the prices.
In reality, prices change at discrete random points in time, and, in addition, they
move at fixed increments (multiples of tick size). In this paper we consider a price
evolution model that possesses these features, namely a geometric Poisson process
(see also [15]). In order to concentrate better on the main issues, we consider a
rather simple such model with a single risky asset and assume that the liability to
be hedged is adapted to the filtration generated by the underlying price evolution.
The approach can, however, be extended to markets with many assets, not all of
them available for hedging, and with a liability that may be adapted to the filtration
generated by all these assets. Furthermore, the simple geometric Poisson process can
be extended to include compound Poisson processes. This simple model is also a
natural generalization of the successful binomial (or Cox–Ross–Rubinstein) model, in
which prices change at fixed proportions either up or down. While in the binomial
model the changes occur at fixed points in time; here they occur more realistically at
random points in time. In any case, an important test for a model is to check whether
it is able to reproduce option prices observed in the market. The simple model (1)
passes this test surprisingly well: it is able to reproduce both the smile observed in a
foreign exchange market and the skew observed in equity markets.

A geometric Poisson process is driven by random jump processes that are char-
acterized by their intensities. We assume the intensities to be constant in time, but,
since one of our purposes is to highlight the problem of model uncertainty, we allow for
the possibility that these intensities are not fully known to the investor. Taking the
Bayesian point of view, they are considered as random variables with a distribution
that is continuously updated on the basis of the information coming from observing
the actual price evolution. This allows us to capture some of the most important
features while keeping complexity low.

In the setting as described above, the market is incomplete, and so it is not
possible to obtain for any given claim a self-financing and perfect hedging strategy.
As a hedging criterion we consider here the expected value of a convex loss function
applied to the hedging error and call a hedging strategy that minimizes this criterion
efficient (or optimal). Notice that this includes the quadratic criterion and also the
well-known shortfall risk criterion (see, e.g., [2], [8]).

For our geometric Poisson models, the DP approach of stochastic control leads
to Bellman equations for piecewise deterministic processes (see, e.g., [5], [25], [6], [1])
that are studied here both under full as well as partial information on the underlying
price evolution model.

In summary, we consider the following optimization problem where, letting all the
prices be discounted with respect to the nonrisky asset, Xt denotes the (for simplicity
scalar) price process, Vt is the value process corresponding to a self-financing and
predictable investment strategy ξt, and F (XS) is the claim for a fixed maturity S.
The processes N+

t and N−
t are jump processes where the intensity need not be fully

known, a, b are given positive constants, and l(·) is an increasing and convex loss
function: ⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

dXt = Xt−
[
(ea − 1)dN+

t + (e−b − 1)dN−
t

]
,

dVt = ξtXt−
[
(ea − 1)dN+

t + (e−b − 1)dN−
t

]
,

E {l (F (XS) − VS)} −→ min.
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The outline of the paper is as follows. In section 2 we describe more precisely the
problem setup and obtain some preliminary results. The DP approach for piecewise
deterministic processes is studied, in the context of our problem, in section 3 and is
extended to the case of incomplete information in section 4, more precisely in sub-
section 4.2. Since, in the context of our model, the incomplete information concerns
uncertainty about the intensities of the driving Poisson processes, in subsection 4.1
we recall some facts about the Bayesian approach to uncertain intensities. The com-
putation of real-size problems needs some approximations to be introduced. These
are discussed in section 5, where also an example is given to better illustrate the
approximation procedure itself.

2. Problem setup. We examine efficient strategies in the situation where, con-
sidering for simplicity only a single risky asset, its price follows a geometric Poisson
process, i.e.,

Xt = x0e
aN+

t −bN−
t(1)

for two independent Poisson processes N+, N− with intensities λ+, λ− defined on a
filtered probability space (Ω,F ,Ft, P ) and constants a, b > 0. To keep the presen-
tation as simple as possible, we shall assume that all processes/values are already
discounted; i.e. we implicitly assume the short rate rt to be equal to zero. The
more realistic case of rt > 0 would not change the essence of the results but would
considerably complicate the presentation.

For a hedging strategy ξ, where ξt denotes the number of units of the risky asset
held in the portfolio at time t, and an initial capital V0, we define the associated
wealth process by

Vt = V0 +

∫ t

0

ξsdXs,(2)

thereby enforcing ξ to be self-financing. Although we shall not pursue this here,
transaction costs may be easily incorporated by subtracting from the right-hand side
in (2) the total amount of transaction costs incurred up to time t. In order to keep
the results below as general as possible, we shall consider ξt to be real valued. We
say that a strategy ξ is admissible for initial capital V0 if it is predictable and the
associated wealth process satisfies

Vt ≥ −c, t ∈ [0, S], P -a.s.(3)

for some fixed c ≥ 0 and a given time horizon S. Let AV0
denote the class of all

admissible strategies for initial capital V0 ≥ −c.
We denote by τn the time of the nth jump

τn = inf{t ≥ 0 | N+
t + N−

t = n},
τ̂n := τn ∧ S.

Proposition 2.1. We have ξ ∈ AV0
if and only if ξ is predictable and satisfies

ξt ∈
[
− c + Vτ̂n

Xτ̂n(ea − 1)
,

c + Vτ̂n

Xτ̂n(1 − e−b)

]
, t ∈ (τ̂n, τ̂n+1], n = 0, 1, . . . , P -a.s.(4)

Proof. First, observe that

(0, S] =
⋃

n=0,1,...

(τ̂n, τ̂n+1], P -a.s.
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holds; i.e., condition (3) is satisfied if and only if it is satisfied on every interval
(τ̂n, τ̂n+1].

Since X is a pure jump process, we obtain from (2)

Vt = Vτ̂n + ξt(Xτ̂n+1∧t −Xτ̂n), t ∈ (τ̂n, τ̂n+1]

=

⎧⎨⎩
Vτ̂n for t ∈ (τ̂n, τ̂n+1),
Vτ̂n + ξtXτ̂n(ea − 1) for t = τ̂n+1, N+

t −N+
t− = 1,

Vτ̂n + ξtXτ̂n(e−b − 1) for t = τ̂n+1, N−
t −N−

t− = 1.

Hence condition (3) is satisfied if and only if (4) holds.
Next, we examine efficient hedging strategies for a given European claim with

maturity S and payoff F (XS) ≥ −c, assuming F (·) is a continuous function.
Let M denote the family of all equivalent martingale measures for X. The super-

hedge price for the option F at time t < S admits the representation

Fu,d := sup
Q∈M

EQ[F (XS)|N+
t = u,N−

t = d];(5)

see [7] and [17]. It does not depend on t since, given t, we can find a measure P ′ equiv-
alent to P such that N i has constant intensity λi S

S−t , i = +,−. The name superhedge
price is derived from the fact that, if the capital/wealth available to an investor at
time t is Vt ≥ Fu,d, then there exists a self-financing strategy (see (2)) such that the
capital/wealth at maturity satisfies VS ≥ F (XS) a.s. Clearly, the model specified by
(1) is incomplete. Especially, it can be shown that the superhedge price for a Euro-
pean call option with payoff F (XS) = (XS −K)+ is given by x0 for any maturity S
and strike K (see, e.g., [11]). This price allows for arbitrage for the seller of the option.
This example illustrates that superhedging may not be appropriate in model (1).

A feasible efficient strategy depends on the investors attitude towards risk. For
our purposes, this attitude is incorporated in the choice of a loss function l such that
l is increasing, convex, and l(z) = 0 for z ≤ 0. A typical choice is l(z) = zp for
z ≥ 0. Here the parameter p ≥ 1 corresponds directly to the investor’s degree of risk
aversion. We shall assume that

E[l(F (XS) + c)] < ∞(6)

holds.
As introduced in [8], an efficient hedging strategy ξ∗ is a solution to the optimiza-

tion problem

J∗
0 := min

ξ∈AV0

E

[
l

(
F (XS) − V0 −

∫ S

0

ξsdXs

)]
.(7)

The main reason for this criterion is that, since the market is incomplete, no perfect
replication is possible. On the other hand, superreplication is neither appropriate nor
economical, and so one tolerates some risk that one wants to minimize while taking
into account the investor’s attitude towards risk. The minimal risk J∗ is called the
value function (or optimal cost-to-go function). More generally, the value function at
time t is given by

J∗(v, u, d, t) = min
ξ∈Av,u,d,t

E

[
l

(
F (XS) − v −

∫ S

t

ξsdXs

)
|N+

t = u, N−
t = d

]
,(8)
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where Av,u,d,t denotes the class of admissible strategies on the interval [t, S] given
Vt = v, N+

t = u, and N−
t = d. The value J∗(v, u, d, t) represents the optimal minimal

value at time t over the remaining period when the current information corresponds
to Vt = v, N+

t = u, and N−
t = d. In line with the comment after (5) notice also that,

if at any time t one has v ≥ Fu,d with Fu,d as in (5), then J∗ ≡ 0. The optimization
problem as such is therefore meaningful only if v < Fu,d. In what follows we shall
consider for v the entire closed interval [−c, Fu,d] since we want to obtain the hedging
strategy also for v = Fu,d. In this situation, and up to the first jump after t, the
interval in (4) is given by

Iv,u,d :=

[
− c + v

x0eau−bd(ea − 1)
,

c + v

x0eau−bd(1 − e−b)

]
.(9)

We gather two facts about the structure of the model in the next lemma.
Lemma 2.2.

(i) The number Nt := N+
t +N−

t of jumps up to time t is a Poisson process with
intensity λ = λ+ + λ−.

(ii) For any nonnegative function f we have

E[f(N+
τ̂u+d+1

, N−
τ̂u+d+1

, τ̂u+d+1)| N+
t = u, N−

t = d]

=

∫ S−t

0

{
λ+f(u + 1, d, t + s) + λ−f(u, d + 1, t + s)

}
e−λsds

+ e−λ(S−t)f(u, d, S).

(10)

Remark 1. The expression in (10) represents the expected value of f , taking into
account that there may be a next jump either upwards or downwards or no further
jump at all and given that at the current time t one has observed u jumps upwards
and d downwards.

Proof. Only item (ii) requires a proof. To simplify notation, we assume, without
loss of generality, u = d = t = 0. Let τ+

1 (respectively, τ−1 ) denote the time of the
first jump up (respectively, down). We then have

E[f(N+
τ̂1
, N−

τ̂1
, τ̂1), τ1 ≤ S] = E[f(1, 0, τ+

1 ), τ+
1 < τ−1 , τ+

1 ≤ S]

+E[f(0, 1, τ−1 ), τ−1 < τ+
1 , τ−1 ≤ S]

= E[f(1, 0, τ+
1 ) P [τ+

1 < τ−1 , τ+
1 ≤ S| τ+

1 ] ]

+E[f(0, 1, τ−1 ) P [τ−1 < τ+
1 , τ−1 ≤ S| τ−1 ] ]

=

∫ S

0

f(1, 0, t) P [t < τ−1 ]P [τ+
1 ∈ dt]

+

∫ S

0

f(0, 1, t) P [t < τ+
1 ]P [τ−1 ∈ dt]

=

∫ S

0

f(1, 0, t) e−λ−tλ+e−λ+tdt

+

∫ S

0

f(0, 1, t) e−λ+tλ−e−λ−tdt.

Adding to this expression the term

E[f(N+
τ̂1
, N−

τ̂1
, τ̂1), τ1 > S] = e−λSf(0, 0, S),

we arrive at (10).
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3. Known intensities. We first examine the structure of the efficient strategy
in the case where the investor has no doubt regarding the true values of the jump
intensities λ+, λ−.

3.1. The PD-DP equation. In our situation, the state space is given by

E = {(v, u, d, t) | v ≥ −c, u, d ∈ N, t ∈ [0, S]}.

Let C(E) denote the class of all functionals J on E such that (v, t) �→ J(v, u, d, t) is
continuous for all u, d ∈ N. We endow C(E) with the supremum norm

||J || = sup
(v,u,d,t)∈E

|J(v, u, d, t)|.

The process X is piecewise deterministic. Hence problem (8) is a piecewise deter-
ministic control problem. We only remark that, although the price process X is
piecewise constant, the optimal control will, in general, not be piecewise constant.
This is due to the fact that if X remains constant from time t to time t+ s, the time
horizon changes, and thus the optimal strategy needs to be adapted.

For J : E → R
+, we define the operator T mapping J to TJ : E → R

+ by

(TJ)(v, u, d, t)(11)

=

∫ S−t

0

e−λs · min
ζ∈Iv,u,d

{
λ+J(v + ζx0e

au−bd(ea − 1), u + 1, d, t + s)
+λ−J(v + ζx0e

au−bd(e−b − 1), u, d + 1, t + s)

}
ds

+ e−λ(S−t)l(F (x0e
au−bd) − v),

where Iv,u,d is as in (9). In (11) one takes the min over the present control actions
of the expectation of the optimal cost-to-go function at the next jump time, where
one of the two possibilities may occur: a jump upwards for which the value process
changes to v+ ζx0e

au−bd(ea − 1) or a jump downwards (see also the proof of Lemma
3.2 and the explicit expressions (20) and (21) of J1 and J2 after its proof). From the
proof of the next lemma it follows that the integral in (11) is well defined: indeed,
the integrand is given by the continuous function ĝ defined in (12).

Lemma 3.1. The operator T : C(E) → C(E) is a contraction with contraction
constant 1 − e−λS.

Proof. 1. We first demonstrate that, for J ∈ C(E), the integral in (11) is well
defined and TJ ∈ C(E). Let

g(ζ, v, s) = λ+J(v + ζx0e
au−bd(ea − 1), u + 1, d, t + s)

+λ−J(v + ζx0e
au−bd(e−b − 1), u, d + 1, t + s)

denote the function inside the curly brackets in (11). This function is continuous on[
− c + Fu,d

x0eau−bd(ea − 1)
,

c + Fu,d

x0eau−bd(1 − e−b)

]
× [−c, Fu,d] × [0, T ];

hence it is also bounded on this domain. The multifunction v �→ Iv,u,d is continuous.
Applying Proposition D.3 (c) of [12], we obtain that the function

ĝ(v, s) = min
z∈Iv,u,d

g(z, v, s)(12)

is continuous.
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2. The proof that T is a contraction is inspired by Theorem 3.2 of [1]. For ξ :
[0, S − t] → Iv,u,d, let

(TξJ)(v, u, d, t) = e−λ(S−t)l(F (x0e
au−bd) − v)

+

∫ S−t

0

e−λs
{
λ+J(v + ξ(s)x0e

au−bd(ea − 1), u + 1, d, t + s)

+λ−J(v + ξ(s)x0e
au−bd(e−b − 1), u, d + 1, t + s)

}
ds.

We then have

||TξJ − TξJ
′|| ≤ (1 − e−λS)||J − J ′||.

Due to the continuity of J , there exists ξ : [0, S − t] → Iv,u,d such that

TξJ = TJ.

Hence we obtain

TJ ′ − TJ ≤ TξJ
′ − TξJ

≤ (1 − e−λS)||J ′ − J ||.

By symmetry we can conclude that

|TJ ′ − TJ | ≤ (1 − e−λS)||J ′ − J ||.

Given n ∈ N, let

J0 = 0, and, for h ≤ n, Jh = TJh−1,(13)

and let (ξns )s∈[0,S] be the strategy induced by computing Jn(V0, 0, 0, 0) via (13) and
(11). More precisely, this strategy is defined as follows. By induction over h ≤ n− 2
we define ξn on each interval (τ̂h, τ̂h+1]: For s ∈ [0, τ̂1] let v = V0 and

(14)

ξns := arg min
ζ∈Iv,0,0

{
λ+Jn−1(v+ζx0(e

a−1), 1, 0, s)+λ−Jn−1(v+ζx0(e
−b−1), 0, 1, s)

}
.

It was shown in [8] that the mapping v �→ Jn(v, u, d, t) is decreasing and strictly
convex on (−c, Fu,d). Hence the minimum in (14) and (15) below is assumed at a
unique point ζ.

Suppose we defined the strategy ξns for all s ≤ τ̂h. At time t = τ̂h, we observed
u = N+

t jumps up and d = N−
t jumps down with u+d = h, and we have some capital

v = Vτ̂h available. For s ∈ (τ̂h, τ̂h+1], we define

ξns := arg min
ζ∈Iv,u,d

{
λ+Jn−u−d−1(v + ζx0e

au−bd(ea − 1), u + 1, d, s)(15)

+λ−Jn−u−d−1(v + ζx0e
au−bd(e−b − 1), u, d + 1, s)

}
.

We have thus defined the strategy ξnt for t ∈ [0, τ̂n−1]. On the event {τn−1 > S},
this is sufficient. For the general case, we set ξnt = 0 for t ∈ (τ̂n−1, S]; i.e., we transfer
all funds to the cash account after the (n− 1)st jump happened prior to S.
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Clearly, the strategy ξn thus defined satisfies ξn ∈ AV0
. The associated wealth

process

V n
t := V0 +

∫ t

0

ξns dXs(16)

is constant from time τ̂n−1 on.
By analogy to (8), we define a new value function

J∗,n(v, u, d, t) = min
ξ∈Av,u,d,t

E[l(F (XS) − V ξ
S ), τu+d+n > S|N+

t = u, N−
t = d],(17)

where

V ξ
S = v +

∫ S

t

ξsdXs.

The difference is that for J∗,n(v, u, d, t) we take the expectation on the event that less
than n jumps occur on the interval (t, S].

We have now defined three functions J∗, Jn, and J∗,n via (8), (13), and (17).
Of these, J∗ is the value function associated with problem (7). The function Jn is
defined as the nth iteration of the dynamic programming operator associated with
problem (7). Hence, a priori, Jn is not a value function. However, J∗,n is the value
function for the problem obtained from (7) by replacing Ω by Ω ∩ {τn > S}. In the
next lemma, we demonstrate that Jn and J∗,n coincide. Consequently, we obtain for
t = 0 the equality

(18)
Jn

0 := Jn(V0, 0, 0, 0) = E[l(F (XS)−V n
S ), τn > S] = min

ξ∈AV0

E[l(F (XS)−V ξ
S ), τn > S]

with V n defined as in (16). This is remarkable in that it gives a new interpretation
for Jn as a value function to problem (17) which is related to the original problem in
a simple intuitive way.

Lemma 3.2. We have Jn = J∗,n.
Proof. Essentially, the assertion is an application of the DP principle, Proposition

2.1, and (10).
For n = 0, 1, the assertion is immediate, see also (20).
Assume J∗,n−1 = Jn−1 holds for n − 1 ∈ N. We now demonstrate the assertion

for n. Conditioning the right-hand side of (17) on τ̂u+d+1, we obtain from the DP
principle that

J∗,n(v, u, d, t)

= min
ξ∈Av,u,d,t

E[J∗,n−1(Vτ̂u+d+1
, N+

τ̂u+d+1
, N−

τ̂u+d+1
, τ̂u+d+1)|N+

t = u, N−
t = d]

= min
ξ∈Av,u,d,t

E[Jn−1(Vτ̂u+d+1
, N+

τ̂u+d+1
, N−

τ̂u+d+1
, τ̂u+d+1)|N+

t = u, N−
t = d].

Due to (10) and Proposition 2.1, the right-hand side of the previous equation
evaluates to

min
ξ∈Av,u,d,t

∫ S−t

0

e−λs

{
λ+Jn−1(v + ξsx0e

au−bd(ea − 1), u + 1, d, t + s)

+λ−Jn−1(v + ξsx0e
au−bd(e−b − 1), u, d + 1, t + s)

}
ds

+ e−λ(S−t)l(F (x0e
au−bd) − v)
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=

∫ S−t

0

e−λs min
ζ∈Iv,u,d

{
λ+Jn−1(v + ζx0e

au−bd(ea − 1), u + 1, d, t + s)

+λ−Jn−1(v + ζx0e
au−bd(e−b − 1), u, d + 1, t + s)

}
ds

+ e−λ(S−t)l(F (x0e
au−bd) − v),

= (TJn−1)(v, u, d, t) = Jn(v, u, d, t)(19)

which proves the assertion for n.
We have explicit expressions for the first two iterations of T :

J1(v, u, d, t) = e−λ(S−t)l(F (x0e
au−bd) − v),(20)

J2(v, u, d, t) = J1(v, u, d, t)(21)

+ (S − t) min
ζ∈Iv,u,d

{
λ+ J1(v + ζx0e

au−bd(ea − 1), u + 1, d, t)
+λ− J1(v + ζx0e

au−bd(e−b − 1), u, d + 1, t)

}
,

where we have used the fact that J1 depends on t only through the factor given by
the exponential function. Obtaining an explicit expression of Jn(v, u, d, t) becomes
difficult, if not impossible, for n > 2, unless one makes some simplifying assumptions
that would, however, lead to a suboptimal solution. In section 5 we shall therefore
describe a computable approximation approach and show its convergence.

Theorem 3.3.

(i) The value function J∗ is the unique fixed point of T , i.e.,

J∗ = TJ∗,(22)

and we have

||Jn − J∗|| ≤ eλS(1 − e−λS)n||J1||.(23)

(ii) The following strategy ξ∗ is efficient: For s ∈ (τ̂u+d, τ̂u+d+1] and v = Vτu+d
,

let ξ∗s be given by the unique solution to the deterministic optimization problem
embedded in the computation of (TJ∗)(u, d, v, t) according to (11), i.e.,

ξ∗s := arg min
ζ∈Iv,u,d

{
λ+J∗(v + ζx0e

au−bd(ea − 1), u + 1, d, s)

+λ−J∗(v + ζx0e
au−bd(e−b − 1), u, d + 1, s)

}
.

Proof. From (18) we obtain

Jn
0 ≤ J∗

0 ≤ Jn
0 + E[l(F (XS) + c), τn ≤ S].(24)

Due to estimates (24) and (6), we have

lim
n↑∞

Jn(v, 0, 0, t) = J∗(v, 0, 0, t)(25)

uniformly in v and t. Since N+, N− are stationary Markov processes, we obtain
Jn(v, u, d, t) → J∗(v, u, d, t) uniformly in v and t for all u, d. This implies J∗ ∈ C(E);
i.e., J∗ is in the domain of T . Application of the DP principle implies that J∗ is a
fixed point of T (alternatively, this follows from (25) and Lemma 3.1).

For item (ii), we obtain from the DP principle

J∗(v, u, d, t) = min
ξ∈Av,u,d,t

E

[
J∗
(
v +

∫ τu+d+1

t

ξsdXs, N
+
τu+d+1

, N−
τu+d+1

, τu+d+1

) ∣∣∣∣
N+

t = u, N−
t = d

]
.
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Due to (10), the right-hand side of the previous equation evaluates to

min
ξ∈Av,u,d,t

∫ S−t

0

e−λs

{
λ+J∗(v + ξsx0e

au−bd(ea − 1), u + 1, d, t + s)

+λ−J∗(v + ξsx0e
au−bd(e−b − 1), u, d + 1, t + s)

}
ds

+ e−λ(S−t)l(F (x0e
au−bd) − v).

The minimum is achieved by the strategy ξ∗ prescribed in item (ii) (see also (19)).
This proves optimality of the strategy ξ∗, and we obtain again the fixed-point equation

J∗(v, u, d, t) = (TJ∗)(v, u, d, t).

Remark 2. In computing the approximating strategy ξn, (23) gives a handle on
the distance between the value of the nth iteration Jn

0 and the optimal value J∗
0 .

However, from an economic point of view, one is equally interested in the expected
loss incurred from implementing the strategy ξn associated with this iteration, i.e.,
in the term E[l(F (XS) − V n

S )], where, we recall from (16), V n
t is the wealth process

associated with the strategy ξn. This can be estimated via

Jn
0 ≤ E[l(F (XS) − V n

S )] ≤ Jn
0 + E[l(F (XS) + c), τn ≤ S](26)

which follows from (18). In section 5, we examine the numerical implementation of
the problem in more detail.

4. Uncertain intensities.

4.1. Bayesian updating. In this section, we assume λ+ and λ− are constant
but unknown to the investor; i.e., the true probability distribution P = Pλ+,λ− is
unknown to the investor. In modeling this situation we take the Bayesian point of
view, thereby assuming that λ+ and λ− are random variables to which the investor
assigns some (prior) distributions π+

0 (dλ+) and π−
0 (dλ−). Let (Ω,F , P ) denote the

given probability space where P = Pλ+,λ− . On Ω := R
2
+×Ω, the subjective probability

measure of the investor is thus given by

P (dω) = π+
0 (dλ+)π−

0 (dλ−)Pλ+,λ−(dω).

We consider two filtrations on Ω:
(i) The filtration (Ft) generated by the processes N+ and N−. This is the

information available to the investor.
(ii) Let G0 denote the σ-algebra generated by λ+ and λ−. We then define the

filtration Gt = Ft ∨ G0 as the filtration corresponding to “full information.”
We have that, with respect to the filtration (Ft), N is a Cox process, whereas,

with respect to the filtration (Gt), N is a Poisson process with intensity λ+ + λ−.
We define P0 via

dP

dP0

∣∣∣∣
Gt

= e−(λ++λ−−2)t(λ+)N
+
t (λ−)N

−
t =: Lt.

Under P0, the random quantities λ+, λ−, N+, and N− are independent: N+ and
N− are standard Poisson processes; i.e., both have known intensity one. The random
variables λi have distribution πi

0 under P0 for i = +,−. Let

Lt(f) := E0[Lt f(λ+, λ−)| Ft]

=

∫ ∞

0

∫ ∞

0

f(λ+, λ−)e−(λ++λ−−2)t(λ+)N
+
t (λ−)N

−
t π+

0 (dλ+)π−
0 (dλ−)
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and put

πi
t(dλ) :=

e−λtλNi
tπi(dλ)∫∞

0
e−λtλNi

tπi(dλ)
, i = +,−.(27)

We then have the relation (filter equation)

E[f(λ+, λ−)| Ft] =
Lt(f)

Lt(1)
=

∫ ∫
f(λ+, λ−)π+

t (dλ+)π−
t (dλ−),(28)

and πi
t(dλ

i) is the posterior distribution of λi, i = +,−.
Recall that the density of the gamma distribution with shape parameter α and

scale parameter β can be given in the form

γ(λ |α, β) =
βα

Γ(α)
λα−1e−βλ.

We conclude from (27) that, if the prior distribution πi
0 for λi is a gamma dis-

tribution with parameters αi
0 and β0, then the posterior distribution πt at time t is

again a gamma distribution with parameters

αi
t = αi

0 + N i
t , βt = β0 + t(29)

for i = +,−. Furthermore, the distribution of λ = λ+ + λ− at time 0 is gamma with
parameters α0 = α+

0 + α−
0 and β0. At time t, the posterior distribution of λ is again

gamma with βt as in (29) and

αt = α+
t + α−

t = α0 + Nt.(30)

We can calculate by means of (28)

λi
t := E[λi| Ft] =

αi
t

βt
, i = +,−.(31)

4.2. The PD-DP equation. The observed process X is still piecewise deter-
ministic. Hence problem (8) is still a piecewise deterministic control problem. In the
case of uncertain intensities, if X remains constant from time t to time t+ s, this not
only changes the time to maturity, but it also reveals additional information regarding
the true intensities.

Let

p+(u, d, t, s) :=

(
β0 + t

β0 + t + s

)α0+u+d
α+

0 + u

β0 + t + s
,

p−(u, d, t, s) :=

(
β0 + t

β0 + t + s

)α0+u+d
α−

0 + d

β0 + t + s
,

p0(n, t) :=

(
β0 + t

β0 + S

)α0+n

.

Lemma 4.1. For any nonnegative function f , we have

E[f(N+
τ̂u+d+1

, N−
τ̂u+d+1

, τ̂u+d+1)| N+
t = u, N−

t = d]

=

∫ S−t

0

{
p+(u, d, t, s)f(u + 1, d, t + s) + p−(u, d, t, s)f(u, d + 1, t + s)

}
ds

+ p0(u + d, t)f(u, d, S).

(32)
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Proof. Since N is a Poisson process with intensity λ+ + λ− with respect to the
filtration (Gt), we obtain from (10)

E[f(N+
τ̂u+d+1

, N−
τ̂u+d+1

, τ̂u+d+1)| N+
t = u, N−

t = d]

= E[E[f(N+
τ̂u+d+1

, N−
τ̂u+d+1

, τ̂u+d+1)| Gt]| N+
t = u, N−

t = d]

= E

[ ∫ S−t

0

{
λ+f(u + 1, d, t + s) + λ−f(u, d + 1, t + s)

}
e−λsds

+ e−λ(S−t)f(u, d, S)| N+
t = u, N−

t = d

]
.

Due to (28) and (29), the last expression is given by∫ ∫
γ(λ+ |α+

0 + u, β0 + t)γ(λ− |α−
0 + d, β0 + t)dλ+dλ−

·
[ ∫ S−t

0

{
λ+f(u + 1, d, t + s) + λ−f(u, d + 1, t + s)

}
e−λsds + e−λ(S−t)f(u, d, S)

]
.

Applying Fubini’s theorem to integrate first over λ+, λ− and then over s, we arrive
at the right-hand side of (32).

In the case of uncertain intensities, the DP operator T maps J : E → R
+ to

TJ : E → R
+ defined by

(TJ)(v, u, d, t)(33)

=

∫ S−t

0

min
ζ∈Iv,u,d

{
p+(u, d, t, s)J(v + ζx0e

au−bd(ea − 1), u + 1, d, t + s)
+ p−(u, d, t, s)J(v + ζx0e

au−bd(e−b − 1), u, d + 1, t + s)

}
ds

+ p0(u + d, t)l(F (x0e
au−bd) − v).

Let

Ek = {(v, u, d, t) | v ≥ −c, u, d ∈ N, u + d ≤ k, t ∈ [0, S]}(34)

and

(T kJ)(v, u, d, t) :=

{
(TJ)(v, u, d, t), u + d ≤ k − 1,
0, u + d = k.

(35)

Lemma 4.2. For every k ∈ N, the operator T k : C(Ek) → C(Ek) is a contraction
with contraction constant

1 − p0(k, 0) = 1 −
(

β0

β0 + S

)α0+k

,

and T k has a unique fixed point in C(Ek).
Proof. 1. It follows as in Lemma 3.1 that T kJ ∈ C(Ek) for J ∈ C(Ek).
2. For ξ : [0, S − t] → Iv,u,d with values denoted, as previously, by ζ, let

(TξJ)(v, u, d, t) = p0(u + d, t)l(F (x0e
au−bd) − v)

+

∫ S−t

0

{
p+(u, d, t, s)J(v + ζ(s)x0e

au−bd(ea − 1), u + 1, d, t + s)

+ p−(u, d, t, s)J(v + ζ(s)x0e
au−bd(e−b − 1), u, d + 1, t + s)

}
ds.
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We then have

||TξJ − TξJ
′||Ek ≤

∣∣∣∣∣∣∣∣ ∫ S−t

0

{p+(u, d, t, s) + p−(u, d, t, s)}ds
∣∣∣∣∣∣∣∣
Ek

||J − J ′||Ek

= ||1 − p0(u + d, t)||Ek ||J − J ′||Ek

=

∣∣∣∣∣∣∣∣1 −
(

β0 + t

β0 + S

)α0+u+d ∣∣∣∣∣∣∣∣
Ek

||J − J ′||Ek

≤
(

1 −
(

β0

β0 + S

)α0+k )
||J − J ′||Ek .

Due to the continuity of J , there exists ξ : [0, S−t] → Iv,u,d such that, for u+d ≤ k−1,

TξJ = T kJ.

Hence we obtain

T kJ ′ − T kJ ≤ TξJ
′ − TξJ ≤

(
1 −
(

β0

β0 + S

)α0+k )
||J ′ − J ||Ek .

By symmetry we can conclude that

||T kJ ′ − T kJ ||Ek ≤
(

1 −
(

β0

β0 + S

)α0+k
)
||J ′ − J ||Ek .

Corollary 4.3. For k ∈ N, a fixed point J∗
k of T k coincides with a fixed point

J∗ of T on the set Ek.
Proof. Let G = J∗ on Ek−1 and G = 0 on Ek \ Ek−1. It follows from (35) that

G is a fixed point of T k. Due to Lemma 4.2, this implies G = J∗
k .

Remark 3. While the case of uncertain intensities follows in large part along the
lines of known intensities, Lemma 4.2 highlights a major difference: The operator T
is no longer a contraction on C(E). This is due to the fact that, as the number of
observed jumps increases, the estimated probability that no more jumps occur prior
to S tends to zero. But it is exactly this probability that makes T a contraction; see
also [1] for the case without model uncertainty.

For practical purposes, however, this poses no difficulties since (see Corollary 4.3)
we can instead work with the contraction T k, and for this see section 5, especially
Lemma 5.1.

We conclude this section by showing Theorem 4.5 below by which it follows that,
despite the fact that in the present setting the operator T is no longer a contraction,
this operator has a unique fixed point. Furthermore, an efficient strategy exists in
complete analogy to the case of known intensities.

As in (13), we define

J0 = 0, and, for h ≤ n, Jh = TJh−1.(36)

Again, we obtain explicit expressions for the first two iterations of T (compare
with (20) and (21)):

J1(v, u, d, t) = p0(u + d, t) l(F (x0e
au−bd) − v),(37)

J2(v, u, d, t) = J1(v, u, d, t) +
S − t

β0 + S
(38)

· min
ζ∈Iv,u,d

{
(α+

0 + u) J1(v + ζx0e
au−bd(ea − 1), u + 1, d, t)

+ (α−
0 + d) J1(v + ζx0e

au−bd(e−b − 1), u, d + 1, t)

}
.
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In (38), we see directly how the observed jumps affect the optimal strategy: The
larger the number u of upward jumps in comparison to the number of downward
jumps d, the higher the a posteriori probability that the next jump will be upwards.
Concerning the explicit computation of the exact values of Jn(v, u, d, t) for n > 2 the
same comments apply as after (21).

We define the strategy ξn analogous to (14) and (15) in which λi is replaced by
pi (i = +,−).

Lemma 4.4. We have

Jn(v, u, d, t) = min
ξ∈Av,u,d,t

E[l(F (XS) − V ξ
S ), τu+d+n > S|N+

t = u, N−
t = d].

Proof. The proof proceeds exactly as in Lemma 3.2, with the exception that (10)
is replaced by (32).

Theorem 4.5.

(i) The value function J∗ is the unique fixed point of T , i.e.,

J∗(v, u, d, t) = (TJ∗)(v, u, d, t), (v, u, d, t) ∈ E.(39)

(ii) The following strategy ξ∗ is efficient: For s ∈ (τ̂u+d, τ̂u+d+1] and v = Vτu+d
,

let ξ∗s = ζu,d,v,t,∗(s), where the latter is given by the deterministic optimization
problem embedded in the computation of (TJ∗)(u, d, v, t), i.e.,

ζ∗s := arg min
ζ∈Iv,u,d

{
p+(u, d, t, s− t)J∗(v + ζx0e

au−bd(ea − 1), u + 1, d, s)

+ p−(u, d, t, s− t)J∗(v + ζx0e
au−bd(e−b − 1), u, d + 1, s)

}
.

Proof. We first prove (i), i.e., the uniqueness of the fixed point. Consider two
fixed points Ja and Jb of T . Due to Corollary 4.3 and Lemma 4.2, we obtain

Ja(v, u, d, t) = Jb(v, u, d, t), (v, u, d, t) ∈ Ek−1.

Since k is arbitrary, this implies Ja = Jb on E.
As in (24), we obtain

Jn
0 ≤ J∗

0 ≤ Jn
0 + E[l(F (XS) + c), τn ≤ S].(40)

From (40) and the uniqueness of the fixed point we obtain item (i) as in the proof of
Theorem 3.3.

Similarly, (ii) follows from the DP principle and (32). Especially, this implies that
J∗ is a fixed point of T .

For a version of the estimate (23) in the case of uncertain intensities, we refer to
Lemma 5.1.

We also have the following analogue to the estimate (26):

Jn
0 ≤ E[l(F (XS) − V n

S )] ≤ Jn
0 + E[l(F (XS) + c), τn ≤ S].(41)

5. Algorithmic implementation: Interpolation of the value function.
Due to Theorem 3.3 (respectively, 4.5), the value Jn

0 converges to the optimal value
and the strategy ξn to the efficient strategy in the sense of the estimate (26), respec-
tively (41). In order to compute Jn

0 and ξn for reasonably large values of n, we
need to discretize the problem in the dimensions wealth and time (v, t) and then
to interpolate it in the same variables. In this section, we provide Lemma 5.1 to
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control the error incurred from both this interpolation and stopping after the nth
iteration. To this effect, in order to include also the case of uncertain intensities, we
shall consider the operator T k in (35) for some fixed k ≤ n instead of T . This will
lead to a fixed contraction constant 1 − p0(k, 0) (see Lemma 4.2) also for the case of
uncertain intensities and thus also for this case to the same upper bound in Lemma
5.1 below that goes to zero for n → ∞.

For the case of unknown intensities we shall examine an approximation Jn
k of Jn

defined recursively via

J0
k = 0, and, for h ≤ n, Jh

k = T kJh−1
k ,(42)

and restrict the arguments v and t to (v, t) ∈ S := [−c, Fk] × [0, S] with

Fk := max{Fu,d| u + d ≤ k − 1};(43)

see (5). Notice in fact that, if at any time v ≥ Fk, then superhedging is possible, and
this leads to an optimal value J∗ = 0. Since for v = Fk we are interested also in the
optimal strategy, in what follows we shall thus require that v ≤ Fk, i.e., v ∈ [−c, Fk].

For the case of known intensities we shall use the same approximations as in (42),
and all that follows holds in the same way also for this case by simply putting k = n.

Consider then some finite grid G ⊂ S containing the extremal points of S and
denote by D(Ek) the Banach space of cadlag functions on Ek endowed with the
Skorokhod norm || · ||Ek . Define the operator T k

G : D(Ek) → D(Ek) via

(T k
G H)(v, u, d, t) :=

⎧⎨⎩
(TH)(v, d, u, t) if (v, t) ∈ G, u + d ≤ k − 1,
0 if u + d = k or v > Fk,
cadlag interpolation else.

Notice that, although for v = Fk we have the possibility of superhedging, in our
calculations we need to consider also this value in order to obtain the corresponding
(superhedging) strategy. Due to our interpolation approximations, this strategy will,
however, turn out to be only approximately superhedging.

Due to Corollary 4.3, we have

T k
G J∗ =

⎧⎨⎩
J∗(v, d, u, t) if (v, t) ∈ G, u + d ≤ k − 1,
0 if u + d = k or v > Fk,
cadlag interpolation else.

Due to the continuity of J∗, we have

ε(G) := ||J∗ − T k
G J∗||Ek−1 → 0(44)

for

sup
(v,t)∈S

min
(v′,t′)∈G

(|v − v′| + |t− t′|) → 0.

We approximate the optimal value J∗ by the value Hn
k defined recursively via

H1
k = J1

k , Hn
k = T k

G Hn−1
k for n ≥ k.(45)

This value can be achieved by some strategy ξ̃n defined in analogy to (14)–(16) and,
similarly, for the case of uncertain intensities.
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With relation (44), the next lemma provides a handle on the error.
Lemma 5.1. We have

||J∗ −Hn
k ||Ek−1 ≤ 1

1 − κ

(
κn||J1

k ||Ek−1 + ε(G)
)
,(46)

where κ is given by
(i) κ = 1 − e−λS in the case of known intensities,
(ii) κ = 1 − p0(k, 0) in the case of uncertain intensities.
Proof. 1. It follows by an immediate extension to the case of cadlag interpolations

of the proof of Lemma 3.1 (respectively, Lemma 4.2) that the operator T k
G : D(Ek) →

D(Ek) is a contraction with contraction constant κ. Especially, T k
G has a fixed point

H∗
k ∈ D(Ek). Noticing that H1

k(v, u, d, t) = p0(u + d, t)l(F (x0e
au−bd) − v) and that,

consequently,

||H2
k(v, u, d, t) −H1

k(v, u, d, t)||Ek−1 = ||T k
GH

1
k(v, u, d, t) −H1

k(v, u, d, t)||Ek−1

≤
∣∣∣∣∣
∫ S−t

0

{p+(u, d, t, s) + p−(u, d, t, s)}ds
∣∣∣∣∣ ||H1

k ||Ek−1 ,

one obtains

||Hn
k −H∗

k ||Ek−1 ≤ κn

1 − κ
||J1

k ||Ek−1 .

2. We have

||J∗ −H∗
k ||Ek−1 ≤ ||J∗ − T k

G J∗||Ek−1 + ||T k
G J∗ − T k

G H∗
k ||Ek−1

≤ ε(G) + κ||J∗ −H∗
k ||Ek−1 ,

namely,

||J∗ −H∗
k ||Ek−1 ≤ 1

1 − κ
ε(G).

3. Due to

||J∗ −Hn
k ||Ek−1 ≤ ||J∗ −H∗

k ||Ek−1 + ||Hn
k −H∗

k ||Ek−1 ,

the estimate (46) follows from 1 and 2.
By analogy to (26) and (41) we now have

Hn
k ≤ E[l(F (XS) − Ṽ n

S )] ≤ Hn
k + E[l(F (XS) + c), τk ≤ S],

where Ṽ n
t is the wealth process associated with the strategy ξ̃n.

Remark 4. The just-described algorithm hinges upon the specific form given to
the operator T k in (35) for the case u+ d = k. Variants are possible, and they imply
slight variants also for the algorithm with advantages and disadvantages.

5.1. Example. Here we consider a simple example to illustrate the interpolation
algorithm described above in this section. The example is as follows.

Consider the geometric Poisson price model (1) with x0 = 1 and suppose that
a, b are such that ea = 2, e−b = 1

2 . For the case of known intensities of the driving
Poisson processes we let them be given by λ+ = λ− = 1, so that λ = 2. For the case

of unknown intensities we choose α+
0 = α−

0 = β0 = 1 so that λ
+

0 = λ
−
0 = 1.
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Take a claim of the form F (XS) = (XS − 1)+, a time horizon of S = 2, and put
c = 0.5. The superhedge price for F is (see the comment after (5)) Fu,d ≡ x0 = 1.
Let the loss function be of the form l(z) = [max(z, 0)]p for p = 2. The optimization
criterion is then

J∗
0 := inf

ξ∈AV0

E

{[
max

((
x0e

au−bd − 1
)+ − VS , 0

)]2}
,(47)

and it is of the type of shortfall risk minimization. The interval of admissible values
for ξ on [0, τ̂1] is given by (see (9))

Iv,u,d =

[
−c + v

2u−d
, 2

c + v

2u−d

]
.(48)

Since we have Fu,d ≡ x0 = 1, also for Fk in (43) one has Fk ≡ 1. This implies
that, for the given data, (v, t) ∈ S := [− 1

2 , 1] × [0, 2]. Consider then the following
grid that, for the purpose of illustrating the procedure in the simplest possible way, is
chosen to be very coarse. More precisely, G ⊂ S is obtained as follows: partition the
time interval [0, 2] into L = 2 subintervals T0 := [t0 = 0, t1 = 1], T1 := [t1 = 1, t2 = 2]
and the wealth-value interval [− 1

2 , 1] into M = 3 subintervals V0 := [v0 = − 1
2 , v1 =

0], V1 := [v1 = 0, v2 = 1
4 ], V2 := [v2 = 1

4 , v3 = 1]. The reason why we consider v2 = 1
4

and not, say, v2 = 1
2 is that at v = 1

2 the optimal values are already equal to zero.
Even though we are still far from the superhedge value of v = 1, this happens because
we restrict ourselves to the event that no more than k jumps can occur.

5.1.1. Known intensities. We shall compute the values for Hn
k according to

(45) (as well as (42)) for tuples (vj , u, d, ti) with i ∈ {0, 1}, j ∈ {0, 1, 2}, and u+ d ≤
k − 1. In fact, this last restriction for u and d and the sufficiency of considering only
values of v ≤ 1 come from the definition of the operator T k

G. On the other hand, since
we perform a cadlag interpolation, we do not need to consider the upper end point
ti = 2 of the time interval; i.e., it suffices to have i ∈ {0, 1}.

First we recall from (42) that, for our example,

(49)

J1
k (vj , u, d, ti) = e−2(2−ti)

[
max

{(
2u−d − 1

)+ − vj , 0
}]2

, i ∈ {0, 1}, j ∈ {0, 1, 2},

and notice that (see by analogy the motivation for (21))

J1
k (vj , u, d, ti + s) = e2sJ1

k (vj , u, d, ti).(50)

The recursions (45) now become, always for the case of our example and recalling
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that we consider cadlag interpolations,

(51) Hn
k (vj , u, d, ti) =

(
T k
GH

n−1
k

)
(vj , u, d, ti)

= J1
k (vj , u, d, ti) +

∫ S−ti

0

e−2s

min
ζ∈Ivj,u,d

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

L−1∑
l=0

M−1∑
m=0

1{Tl}(ti + s) 1{Vm}(vj + ζx0e
au−bd(ea − 1))

Hn−1
k (vm, u + 1, d, tl)

+
L−1∑
l=0

M−1∑
m=0

1{Tl}(ti + s) 1{Vm}(vj + ζx0e
au−bd(e−b − 1))

Hn−1
k (vm, u, d + 1, tl)

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
ds

= J1
k (vj , u, d, ti) +

L−1∑
l=0

1{ti≤tl}γi,l

min
ζ∈Ivj,u,d

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

M−1∑
m=0

1{Vm}(vj + ζx0e
au−bd(ea − 1))Hn−1

k (vm, u + 1, d, tl)

+
M−1∑
m=0

1{Vm}(vj + ζx0e
au−bd(e−b − 1))Hn−1

k (vm, u, d + 1, tl)

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭
,

where we have used the fact that∫ S−ti

0

e−2s1[tl,tl+1)(ti + s) ds =

L−1∑
l=0

1{ti≤tl}
e2ti

2

[
e−2tl − e−2tl+1

]
so that γi,l := e2ti

2

[
e−2tl − e−2tl+1

]
, in particular γ0,0 = 1−e−2

2 γ0,1 = e−2γ0,0. Since
J1
k satisfies property (50), we have that for n = 2 the above recursions (51) simplify

to become

(52)

H2
k(vj , u, d, ti) = J1

k (vj , u, d, ti)

+(S − ti) · min
ζ∈Ivj,u,d

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

M−1∑
m=0

1{Vm}(vj + ζx0e
au−bd(ea − 1))J1

k (vm, u + 1, d, ti)

+
M−1∑
m=0

1{Vm}(vj + ζx0e
au−bd(e−b − 1))J1

k (vm, u, d + 1, ti)

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭
.

Always in order to illustrate the procedure in the simplest possible way, we shall
now consider the case of k = n = 3 with the objective of computing the values for
H3

3 (0, 0, 0, 0) and H3
3 ( 1

4 , 0, 0, 0) as well as the corresponding minimizing strategy ξ3
s

for s ∈ [0, 2].
For this purpose we first compute J1

3 (vj , u, d, ti) for vj ∈ {−1
2 , 0,

1
4 , 1}, ti ∈ {0, 1},

and u+ d ≤ 2. This can be easily done on the basis of (49) noticing that these values
are zero for all tuples (vj , u, d, ti) with u ≤ d and vj ≥ 0 and this is, thanks to (50),
independently of ti.
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One then proceeds to compute H2
3 (vj , u, d, ti) for vj ∈ {−1

2 , 0,
1
4 , 1}, ti ∈ {0, 1},

and u + d = 1. Notice that the computation of these values leads then also to the
minimizing strategy for s ∈ (τ̂1, τ̂2]. Since by (48) we have I− 1

2 ,u,d
= {0}, no min-

imization is required for the computation of H2
3 (− 1

2 , u, d, ti), and so, for this case of
vj = − 1

2 , the minimizing strategy is ξs ≡ 0 when s ∈ (τ̂1, τ̂2]. From (52) we now have

H2
3

(
−1

2
, 1, 0, 0

)
= J1

3

(
−1

2
, 1, 0, 0

)
+ 2

{
J1

3

(
−1

2
, 2, 0, 0

)
+ J1

3

(
−1

2
, 1, 1, 0

)}
=

109

4
e−4.

With similar calculations one obtains H2
3 (− 1

2 , 0, 1, 0) = 5
4e

−4, and, from here, by (50)
H2

3 (− 1
2 , 1, 0, 1) = 59

4 e−2 and H2
3 (− 1

2 , 0, 1, 1) = 3
4e

−2.
Moving on to vj = 0, we have that I0,u,d =

[
− c

2u−d , 2 c
2u−d

]
�= {0} so that this

time one has to perform also the minimization according to (52). For this purpose
notice that the partition {Vm}Mm=1 of the wealth-value interval induces a partition of
I0,u,d characterized by the fact that the right-hand side in (52) remains constant for
all values of ζ in a same subinterval of the partition. We thus have

H2
3 (0, 1, 0, 0) = J1

3 (0, 1, 0, 0)

+ 2 min
{

1{ζ=− 1
4}
[
J1

3 (− 1
2 , 2, 0, 0) + J1

3 ( 1
4 , 1, 1, 0)

]
,

1{ζ∈(− 1
4 ,0)}

[
J1

3 (− 1
2 , 2, 0, 0) + J1

3 (0, 1, 1, 0)
]
,

1{ζ=0}
[
J1

3 (0, 2, 0, 0) + J1
3 (0, 1, 1, 0)

]
,

1{ζ∈(0, 18 )}
[
J1

3 (0, 2, 0, 0) + J1
3 (− 1

2 , 1, 1, 0)
]
,

1{ζ∈( 1
8 ,

1
8 )}
[
J1

3 ( 1
4 , 2, 0, 0) + J1

3 (− 1
2 , 1, 1, 0)

]
,

1{ζ= 1
2}
[
J1

3 (1, 2, 0, 0) + J1
3 (− 1

2 , 1, 1, 0)
]}

= e−4 + 2 min
{
49
4 e−4, 49

4 e−4, 9e−4, 37
4 e−4, 125

16 e−4, 17
4 e−4

}
= 19

2 e−4,

where the min is achieved for ζ = 1
2 so that, for this case of vj = 0, the minimizing

strategy is ξ3
s = 1

2 when s ∈ (τ̂1, τ̂2] ∩ [0, 1]. Analogously, one obtains H2
3 (0, 1, 0, 1) =

21
4 e−2 where, thanks to (50), the minimizing value of ζ is the same as before so that
we have again ξ3

s = 1
2 for vj = 0 also when s ∈ (τ̂1, τ̂2]∩ [(1, 2]. By similar calculations

one then obtains

H2
3 (0, 0, 1, 0) = H2

3 (0, 0, 1, 1) = 0 with minimizing ζ = 0,

H2
3 ( 1

4 , 1, 0, 0) = 145
16 e−4 with minimizing ζ = 3

8 ,

H2
3 ( 1

4 , 1, 0, 1) = 77
16e

−2 with minimizing ζ = 3
8 ,

H2
3 ( 1

4 , 0, 1, 0) = H2
3 ( 1

4 , 0, 1, 1) = 0 with minimizing ζ any ζ ∈
[
− 1

2 , 1
]
,

H2
3 (1, 1, 0, 0) = 8e−4 with minimizing ζ = 0,

H2
3 (1, 1, 0, 1) = 4e−2 with minimizing ζ = 0.
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At this point one can finally compute

H3
3 (0, 0, 0, 0) = J1

3 (0, 0, 0, 0)

+
∑1

l=0 γ0,l min
{

1{ζ=− 1
2}
[
H2

3 (− 1
2 , 1, 0, tl) + H2

3 ( 1
4 , 0, 1, tl)

]
,

1{ζ∈(− 1
2 ,0)}

[
H2

3 (− 1
2 , 1, 0, tl) + H2

3 (0, 0, 1, tl)
]
,

1{ζ=0}
[
H2

3 (0, 1, 0, tl) + H2
3 (0, 0, 1, tl)

]
,

1{ζ∈(0, 14 )}
[
H2

3 (0, 1, 0, tl) + H2
3 (− 1

2 , 0, 1, tl)
]
,

1{ζ∈[ 14 ,1)}
[
H2

3 ( 1
4 , 1, 0, tl) + H2

3 (− 1
2 , 0, 1, tl)

]
,

1{ζ=1}
[
H2

3 (1, 1, 0, tl) + H2
3 (− 1

2 , 0, 1, tl)
]}

= 7e−4(1 − e−2),

where the min is achieved for ζ = 1 both when tl = 0 and when tl = 1 so that, for
vj = 0, the minimizing strategy is ξ3

s = 1 when s ∈ [0, τ̂1]∩ [0, 2]. Peforming analogous
calculations one obtains that H3

3 ( 1
4 , 0, 0, 0) = 221

32 e−4(1 − e−2), which is slightly less
than the value for H3

3 (0, 0, 0, 0), and the min here is achieved for any ζ ∈ [0, 1
2 ] when

tl = 0 and for ζ = 3
4 when tl = 1. This implies that, for vj = 1

4 , the minimizing
strategy is ξ3

s ∈ [0, 1
2 ] when s ∈ (0, τ̂1] ∩ [0, 1] and ξ3

s = 3
4 when s ∈ (0, τ̂1] ∩ (1, 2].

Summarizing, we have obtained for the (approximating) minimizing strategy the
following expression where, due to the right continuous interpolation, the strategy is
the same for all values v of the wealth belonging to a same subinterval of the partition
{Vm} and given by the value computed in its lower end point. We have in fact

ξ3
s =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1 if s ∈ [0, τ̂1] ∩ [0, 2] and V0 = 0,

any ζ ∈ [0, 1
2 ] if s ∈ [0, τ̂1] ∩ [0, 1] and V0 = 1

4 ,

ζ = 3
4 if s ∈ [0, τ̂1] ∩ (1, 2] and V0 = 1

4 ,

ζ = 3
8 if s ∈ (τ̂1, τ̂2] ∩ [0, 2], u = 1, d = 0, Vτ̂1 ∈ [ 14 , 1),

ζ = 0 if s ∈ (τ̂1, τ̂2] ∩ [0, 2], u = 1, d = 0, Vτ̂1 ≥ 1,

0 if s ∈ (τ̂1, τ̂2] ∩ [0, 2], u = 0, d = 1, Vτ̂1 < 0,

0 if s ∈ (τ̂1, τ̂2] ∩ [0, 2], u = 0, d = 1, Vτ̂1 ∈ [0, 1
4 ),

any ζ ∈ [− 1
2 , 1] if s ∈ (τ̂1, τ̂2] ∩ [0, 2], u = 0, d = 1, Vτ̂1 = 1

4 ,

0 if s > τ̂2.

5.1.2. Uncertain intensities. We choose α+
0 = α−

0 = β0 = 1 so that λ
+

0 =

λ
−
0 = 1. We start from the expression for J1

k that is given here by (see (42))

(53)

J1
k (vj , u, d, ti)
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=

(
ti + 1

3

)u+d+2 [
max

{(
2u−d − 1

)+ − vj , 0
}]2

, i ∈ {0, 1}, j ∈ {0, 1, 2},

for which, analogously to (50), we have

J1
k (vj , u, d, t + s) =

(
t + s + 1

t + 1

)u+d+2

J1
k (vj , u, d, t).(54)

On the other hand, the recursions (45) become

(55)

Hn
k (vj , u, d, ti) = J1

k (vj , u, d, ti)

+

∫ S−ti

0

min
ζ∈Ivj,u,d

{
L−1∑
l,m=0

1{Tl}(ti + s)

(
1 + ti
1 + tl

)1+u+d
1 + u

1 + tl

· 1{Vm}(vj + ζx0e
au−bd(ea − 1))Hn−1

k (vm, u + 1, d, tl)

+

L−1∑
l,m=0

1{Tl}(ti + s)

(
1 + ti
1 + tl

)1+u+d
1 + d

1 + tl

· 1{Vm}(vj + ζx0e
au−bd(e−b − 1))Hn−1

k (vm, u, d + 1, tl)

}

= J1
k (vj , u, d, ti) +

L−1∑
l=0

1{ti≤tl}

· min
ζ∈Ivj,u,d

{
γu
i,l

L−1∑
m=0

1{Vm}(vj + ζx0e
au−bd(ea − 1))Hn−1

k (vm, u + 1, d, tl)

+ γd
i,l

L−1∑
m=0

1{Vm}(vj + ζx0e
au−bd(e−b − 1))Hn−1

k (vm, u, d + 1, tl)

}

having put ⎧⎪⎪⎨⎪⎪⎩
γu
i,l = (tl+1 − tl)

(
1+ti
1+tl

)1+u+d
1+u
1+tl

,

γd
i,l = (tl+1 − tl)

(
1+ti
1+tl

)1+u+d
1+d
1+tl

.

Due to (54) the relations (55) simplify slightly for n = 2 but not anymore as much as
in (52).

At this point the procedure parallels mostly the one described in the previous
subsection for known values of the intensities and the calculations are similar.

Note added in proof. Improvements and extensions to the contents of section
5 can be found in [19].
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LINEAR QUADRATIC GAUSSIAN BALANCING FOR
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Abstract. In this paper, we study the existence of linear quadratic Gaussian (LQG)–balanced
realizations for discrete-time infinite-dimensional systems. LQG-balanced realizations are those for
which the smallest nonnegative self-adjoint solutions of the control and filter Riccati equations are
equal. We show that the control (filter) Riccati equation has a nonnegative self-adjoint solution if
and only if the system is output (input) stabilizable. Our main result is that the transfer function
of a discrete-time linear system has an approximately controllable and observable LQG-balanced
realization iff it has an input and output stabilizable realization. The corresponding control and
filter Riccati equations have unique nonnegative self-adjoint solutions. Moreover, approximately
controllable and observable LQG-balanced realizations are unique up to a unitary state-space trans-
formation. Finally, we show that the spectrum of the product of the smallest nonnegative self-adjoint
solutions of the control and filter Riccati equations is independent of the particular realization.

Key words. balanced realization, discrete-time system, infinite-dimensional system, LQG-
balanced realization, normalized factorization, Riccati equations

AMS subject classifications. 47A48, 47N70, 93B28, 93C55
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1. Introduction. Simple models are normally preferred over complex ones in
control systems design. Sometimes it is obvious how to construct a simple model for a
physical system, but sometimes the characteristics essential to the controller design of
a physical system are not obvious. One way to obtain a simple model in this last case
is to first obtain a sophisticated model that takes into account every aspect that could
be of interest and then perform model reduction on this sophisticated model. A simple
model reduction procedure was introduced by Moore [7] and is now a textbook subject
(see, e.g., Zhou and Doyle [17, Chapter 7]). The method proposed by Moore consists
of truncating a balanced realization. A balanced realization (also called Lyapunov-
balanced or internally balanced) is a realization for which the controllability and
observability gramians are equal and diagonal. This procedure is applicable only
to stable systems. Alternatively for unstable systems one can use truncations of a
linear quadratic Gaussian (LQG)–balanced realization, which for rational transfer
functions always exists. A LQG-balanced realization is a realization for which the
smallest nonnegative self-adjoint solutions of the standard LQG control and filter
Riccati equations are equal and diagonal. This method was proposed by Verriest
[13], [14] and further developed by Jonckheere and Silverman [5]. For an alternative
treatment see Mustafa and Glover [8]. The discrete-time case was considered by
Hoffmann, Prätzel-Wolters, and Zerz [4].

In the case that the system is infinite-dimensional, the model/controller approxi-
mation becomes essential. One would like to use the methods of balanced truncation
and LQG-balanced truncation in this case, too. The existence of Lyapunov-balanced
and LQG-balanced realizations for irrational transfer functions, however, is nontrivial.
Sufficient conditions for the existence of Lyapunov-balanced realizations were proved
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by Young [15], [16]. The purpose of this article is to give necessary and sufficient
conditions for the existence of LQG-balanced realizations for discrete-time infinite-
dimensional systems.

The proof is based on the correspondence between the Riccati equations of the
plant and the Lyapunov equations of a certain closed-loop system and the result of
Young on the existence of Lyapunov-balanced realizations. Although discrete-time
systems have bounded operators, a number of features make the infinite-dimensional
case more complicated than the finite-dimensional case. One is that input and output
stabilizability, the natural infinite-dimensional generalizations of stabilizability and
detectability, are not sufficient to obtain unique solutions of the control Riccati equa-
tion. Another is that it is not a priori clear that the natural factorization generated
by the closed-loop system is coprime. These uniqueness and coprime properties were
key features in the finite-dimensional proofs. Consequently, we have been forced to
develop different proofs, predominantly algebraic, to get around these complications.
We exploit the factorization idea previously used by Meyer and Franklin [6] (see also
Ober and McFarlane [9]) for the finite-dimensional continuous-time case.

This article is organized as follows. We begin by reviewing the known finite-
dimensional theory on discrete-time LQG-balancing in section 2. In section 3 we
review the relevant theory of discrete-time infinite-dimensional systems and, in par-
ticular, the linear quadratic regulator problem for this class of systems. Some of our
results appear to be new. The previous standard results (e.g., Halanay and Ionescu
[3]) assume a type of “exponential” stabilizability that is too strong for our purposes.
In section 4 we review the relevant theory on Lyapunov-balanced realizations for
discrete-time infinite-dimensional systems. The key result on the connection between
normalized factorizations and the linear quadratic regulator theory is developed in
section 5. In section 6 we define the LQG-characteristic values and show that they
are system invariants. In section 7 we derive many algebraic relations between the
solutions of the control and filter Riccati equations and the Lyapunov equations of
the closed-loop system. The often tedious algebraic proofs are relegated to the ap-
pendix. Finally, all the results from the previous sections are linked up in section 8
to prove our main result: an input and output stabilizable discrete-time system pos-
sesses an approximately controllable and observable LQG-balanced realization. These
realizations are unique up to a unitary state-space transformation. This represents an
elegant generalization of the finite-dimensional theory under minimal assumptions.

2. LQG-balanced realizations: The finite-dimensional case. In this sec-
tion we review some of the results on finite-dimensional LQG-balanced realizations.
We consider systems of the form

xn+1 = Axn + Bun, x(0) = x0, yn = Cxn + Dun,(2.1)

where A,B,C,D are matrices of compatible dimensions. For simplicity we consider
the linear quadratic regulator (LQR) problem for the cost functional

J(x0, u) :=

∞∑
n=0

‖un‖2 + ‖yn‖2,

where y is given in terms of x0 and u by (2.1). The LQR problem consists of finding
for a given x0 that u for which J(x0, u) is minimal. As is well known, this problem
has a unique solution when (A,B,C,D) is minimal: the optimal input umin is given
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by the state feedback umin
n = −(I + D∗D + B∗QB)−1(D∗C + B∗QA)xn, where Q is

the unique nonnegative solution of the Riccati equation

A∗QA−Q + C∗C = (C∗D + A∗QB)(I + D∗D + B∗QB)−1(D∗C + B∗QA),

and the optimal cost is given by J(x0, u
min) = 〈x0, Qx0〉. By duality the optimal filter

cost is given by 〈x0, Px0〉, where P is the unique nonnegative solution of the Riccati
equation

APA∗ − P + BB∗ = (BD∗ + APC∗)(I + DD∗ + CPC∗)−1(DB∗ + CPA∗).

The quantity 〈x0, Px0〉 can be interpreted as a measure of the difficulty of reconstruct-
ing the initial state x0 from noisy measurements. The eigenvalues of the product PQ
are similarity invariants. It was shown by Fuhrmann and Ober [2] that the square roots
of the eigenvalues of PQ (called the LQG-characteristic values) are the singular val-
ues of a certain Hankel operator associated with the system. These invariants can be
interpreted as a measure of how important the subspace generated by the eigenvector
is for the compensator design. This can be seen from the LQG-balanced realization.
An LQG-balanced realization is a realization of the plant such that P = Q = Λ,
where Λ is the diagonal matrix containing the LQG-characteristic values. Let λi be
the square root of an eigenvalue of PQ with eigenvector xi of length one. Then, in
the LQG-balanced realization, the optimal cost with initial condition xi is λi and
the difficulty of reconstructing this initial state from noisy measurements is also λi.
The idea behind LQG-balanced truncation is to restrict the system to the subspace
generated by the eigenvectors corresponding to the largest eigenvalues. Since this
subspace is most important for compensator design, the system obtained by LQG-
balanced truncation seems to be a reasonable approximation. There is a bound on
the distance between a plant and an LQG-balanced truncation of the plant in terms
of the discarded LQG-characteristic values; see Mustafa and Glover [8, section 8.4.5].

The existence of LQG-balanced realizations in the finite-dimensional case is easily
proved as follows:

1. Start with a minimal realization (A,B,C,D) and compute the solutions Q
and P of the Riccati equations.

2. Write P 1/2QP 1/2 = UΛ2U∗ with Λ diagonal.
3. Let T := Q1/2UΛ−1/2.

Then it is easily seen that (TAT−1, TB,CT−1, D) is an LQG-balanced realization.
In the infinite-dimensional case this proof no longer works. The main problem is

that the singular value decomposition performed at Step 2 cannot always be made in
the infinite-dimensional case. (One has to assume a compactness condition.) Even
if it can, then usually the singular values form a sequence with zero as limit point
and the operator Λ−1/2 mentioned at the third step is unbounded. Because of this
unboundedness, it is unclear whether the expressions TAT−1 and TB make sense.
To avoid these problems we take a different approach, mentioned in the introduction:
we use the known result for the existence of Lyapunov-balanced realizations. In this
article we consider only the existence of LQG-balanced realizations. The study of the
properties of truncated LQG-balanced realizations will be done elsewhere. In slight
contrast with the definition above we will call a realization LQG-balanced if P = Q.
We do not require that they are diagonal, since this is not always possible in infinite
dimensions.

3. Discrete-time infinite-dimensional systems. In this section we review
that part of the theory of discrete-time infinite-dimensional systems that we need in
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this article. Discrete-time infinite-dimensional systems have been treated in a number
of texts (e.g., [1], [3], [12]). However, the standard treatments of the linear quadratic
theory assume the strong concept of power stabilizability, i.e., the existence of an
F such that ‖(A + BF )n‖ ≤ Mλn for some constants M > 0, 0 < λ < 1 and all
positive integers n. Unfortunately, this concept is not suitable for a nice theory of
LQG-balanced realizations. Thus in this section we reexamine the basic concepts
under weaker stabilizability assumptions.

A discrete-time infinite-dimensional system or simply a system is a quadruple of
bounded operators (A,B,C,D) ∈ L(X)×L(U,X)×L(X,Y )×L(U, Y ), where X,U, Y
are separable Hilbert spaces. For an input u and initial condition x0, the state x and
output y of the system are defined by

xn+1 = Axn + Bun x(0) = x0 yn = Cxn + Dun.(3.1)

The observability map C of a discrete-time system (A,B,C,D) is defined by

(Cx)i := CAix, i ∈ N.(3.2)

The discrete-time system (A,B,C,D) is said to be approximately observable if ker C =
{0} (see Curtain and Zwart [1]). There are many generalizations of the finite-
dimensional concept of observability to an infinite-dimensional setting, and the con-
cept of approximate observability is one. Our main use of approximate observability
is that realizations may, without loss of generality, be assumed to be approximately
controllable and observable. This may not always be the case for other generalizations
of observability. Here, approximately controllable and observable plays the role that
minimal plays in finite dimensions.

The discrete-time system (A,B,C,D) is said to be output stable if the image of C
is contained in l2(N;Y ). The observability gramian LC of an output stable system is
defined as LC := C∗C. We now give an alternative characterization of output stability
in terms of solutions of a certain Lyapunov equation.

Lemma 3.1. Let (A,B,C,D) be a discrete-time system. The following are equiv-
alent statements:

1. The system is output stable.
2. The observation Lyapunov equation

A∗LA− L + C∗C = 0(3.3)

has a nonnegative self-adjoint solution.
If one (and hence both) of these hold, then the observability gramian is the smallest
nonnegative self-adjoint solution of the observation Lyapunov equation.

Proof. We first show that 1 implies 2. It is easily seen that the observability
gramian is given by the formula LC =

∑∞
i=0 A

∗iC∗CAi, and substituting this into the
observation Lyapunov equation shows that it is a solution.

That 2 implies 1 is proved as follows. Suppose that the observation Lyapunov
equation has a nonnegative self-adjoint solution L. Then multiplying (3.3) from the
left with A∗n and from the right with An and summing from n = 0 to N gives

N∑
n=0

A∗nC∗CAn =

N∑
n=0

A∗nLAn −
N∑

n=0

A∗n+1LAn+1

= L−A∗N+1LAN+1 ≤ L.
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Letting N → ∞ shows that LC is a bounded map and so C is bounded. That LC is
smaller than any other nonnegative self-adjoint solution of the observation Lyapunov
equation is obvious from the above inequality.

The following result shows that strong stability implies the uniqueness of solutions
of Lyapunov equations. We remind the reader that an operator A is called strongly
(or asymptotically) stable if for all x ∈ X we have Anx → 0 as n → ∞.

Lemma 3.2. Let (A,B,C,D) be output stable and let A be strongly stable. Then
the observability gramian is the unique nonnegative self-adjoint solution of the obser-
vation Lyapunov equation (3.3).

Proof. According to Lemma 3.1 the observability gramian is a nonnegative self-
adjoint solution of the observation Lyapunov equation, so we only have to show that
it is the unique nonnegative self-adjoint solution. Let L be a nonnegative self-adjoint
solution of the observation Lyapunov equation. Then, as in the proof of Lemma 3.1,
we have for all N ∈ N

N∑
n=0

A∗nC∗CAn =

N∑
n=0

A∗nLAn −
N∑

n=0

A∗n+1LAn+1 = L−A∗N+1LAN+1.

We then have for all x, y ∈ X〈
N∑

n=0

A∗nC∗CAnx, y

〉
= 〈Lx, y〉 − 〈LAN+1x,AN+1y〉.

Letting N → ∞ and using that A is strongly stable, we have for all x, y ∈ X

〈LCx, y〉 = 〈Lx, y〉.

This implies that L = LC . Since L was an arbitrary nonnegative self-adjoint solution,
this implies that LC is the unique nonnegative self-adjoint solution of the observation
Lyapunov equation.

A discrete-time system (A,B,C,D) is called output stabilizable if there exists an
F ∈ L(X,U) such that (A + BF, 0, [F ;C + DF ], 0) is output stable. (Note that we
use the notation [−;−] for a block column vector and [−,−] for a block row vector.)
Output stabilizability is a necessary and sufficient condition for the solvability of the
LQR problem. To show this we first review some well-known results on the LQR
problem in infinite dimensions. For a system (A,B,C,D) with input, state, and
output related by (3.1), we consider the cost functional

J(x0, u) :=

∞∑
n=0

‖un‖2 + ‖yn‖2.

The well-known linear quadratic regulator problem is as follows. Find a sequence
umin such that J(x0, u

min) ≤ J(x0, u) for all sequences u. A system is said to sat-
isfy the finite cost condition if for every initial state x0 there exists a u such that
J(x0, u) < ∞. Just as in the finite-dimensional case one can prove that if the finite
cost condition is satisfied, then there exists a unique optimal control umin; we actu-
ally have J(x0, u

min) < J(x0, u) for all other sequences u and J(x0, u
min) = 〈x0, Qx0〉,

where Q is the smallest nonnegative self-adjoint solution of the control algebraic Ric-
cati equation (CARE) associated with the system (A,B,C,D),

A∗QA−Q + C∗C = (C∗D + A∗QB)(S + B∗QB)−1(D∗C + B∗QA),(3.4)
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where S := I + D∗D. Moreover, umin can be given by a state feedback. All of this
can be found, for example, in Curtain and Zwart [1, Exercise 6.34]. The operator Q
is called the optimal cost operator. The following lemma gives conditions that are
equivalent to the finite cost condition.

Lemma 3.3. The following statements about a discrete-time system (A,B,C,D)
are equivalent:

1. The discrete-time system is output stabilizable.
2. The discrete-time system satisfies the finite cost condition.
3. The CARE (3.4) of the discrete-time system has a nonnegative self-adjoint

solution.
Proof. Suppose the discrete-time system is output stabilizable. Then there exists

an F such that (A+BF, 0, [F ;C +DF ], 0) is output stable; denote the observability
map of this system by CF . Add the equation u := Fx to (3.1). Call the solution
(u, x, y) of this set of equations ū, x̄, ȳ. Then [ū, ȳ] = CFx0 and since CF is bounded
we see that [ū, ȳ] has finite l2 norm. That is, J(x0, ū) < ∞ and the system satisfies
the finite cost condition.

An outline of the proof that 2 implies 3 can be found in Curtain and Zwart [1,
Exercise 6.34].

For 3 implies 1, we will show that the feedback F := −(B∗QB+I+D∗D)−1(D∗C+
B∗QA), where Q is a solution of the CARE (3.4), is output stabilizing. We will do
this by showing that Q is a solution of the observation Lyapunov equation of the
system (A + BF, 0, [F ;C + DF ], 0). We want to show that Q satisfies

(A + BF )∗Q(A + BF ) −Q + [F ∗, C∗ + F ∗D∗]

[
F

C + DF

]
= 0.

This is equivalent to

A∗QA−Q + C∗C + F ∗(B∗QB + I + D∗D)F(3.5)

+ F ∗(B∗QA + D∗C) + (A∗QB + C∗D)F = 0.

Substituting for F in (3.5) we obtain

A∗QA−Q + C∗C = (C∗D + A∗QB)(S + B∗QB)−1(D∗C + B∗QA),

which is precisely CARE (3.4).
The controllability map B of a discrete-time system (A,B,C,D) is defined for

finitely nonzero U -valued sequences u by

Bu :=

∞∑
i=0

AiBu−i−1.(3.6)

The discrete-time system (A,B,C,D) is said to be approximately controllable if
kerB∗ = {0}. The discrete-time system (A,B,C,D) is said to be input stable if
B extends to a bounded map from l2(Z−;U) to X. The controllability gramian
LB of an input stable system is defined as LB := BB∗. A discrete-time system
(A,B,C,D) is called input stabilizable if there exists an L ∈ L(Y,X) such that
(A + LC, [L,B + LD], 0, 0) is input stable. The following dual results of the results
proven earlier hold.

Lemma 3.4. Let (A,B,C,D) be a discrete-time system. The following are equiv-
alent statements:
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1. The system is input stable.
2. The control Lyapunov equation

ALA∗ − L + BB∗ = 0(3.7)

has a nonnegative self-adjoint solution.
If one (and hence both) of the above holds, then the controllability gramian is the
smallest nonnegative self-adjoint solution of the control Lyapunov equation.

Lemma 3.5. Let (A,B,C,D) be input stable and let A∗ be strongly stable. Then
the controllability gramian is the unique nonnegative self-adjoint solution of the control
Lyapunov equation (3.7).

Lemma 3.6. The following statements about a discrete-time system (A,B,C,D)
are equivalent:

1. The discrete-time system is input stabilizable.
2. The dual system (A∗, C∗, B∗, D∗) satisfies the finite cost condition.
3. The filter algebraic Riccati equation (FARE)

APA∗ − P + BB∗ = (BD∗ + APC∗)(R + CPC∗)−1(DB∗ + CPA∗),(3.8)

where R := I + DD∗, of the discrete-time system has a nonnegative self-
adjoint solution.

We now give a condition under which CARE (3.4) has a unique nonnegative
self-adjoint solution.

Lemma 3.7. Let (A,B,C,D) be an input and output stabilizable discrete-time
system. Let Q be a nonnegative self-adjoint solution of the CARE (3.4), and assume
that AQ := A − B(S + B∗QB)−1(D∗C + B∗QA) is strongly stable. Then Q is the
unique nonnegative self-adjoint solution of CARE (3.4).

Proof. For the proof we need the following algebraic relations, which are proved
in the appendix (Lemmas 10.3 and 10.4). Suppose Q1 and P1 are nonnegative self-
adjoint solutions of the CARE and FARE, respectively, and define AQ1

similar to AQ

above and AP1 := A− (BD∗ +AP1C
∗)(R+CP1C

∗)−1C. Then the following relation
holds:

(I + P1Q1)AQ1 = AP1(I + P1Q1).(3.9)

The following algebraic relation is also proven in the appendix (Lemma 10.4). If Q1

and Q2 are nonnegative self-adjoint solutions of the CARE, and if AQ1
and AQ2

are
defined similarly as AQ above, then

Q1 −Q2 = A∗
Q2

(Q1 −Q2)AQ1 .(3.10)

With induction it follows that for all n ∈ N we have

Q1 −Q2 = A∗n
Q2

(Q1 −Q2)A
n
Q1

.(3.11)

Using these facts we now prove the statement. Since (A,B,C,D) is input stabilizable,
there exists a nonnegative self-adjoint solution P of the FARE (3.8). Since AQ is
assumed to be strongly stable and (3.9) shows that AP is similar to AQ, we have that

AP is strongly stable. Now let Q̃ be an arbitrary nonnegative self-adjoint solution
of the CARE. According to (3.9), AQ̃ is similar to the strongly stable operator AP

and hence is strongly stable. Since AQ̃ is strongly stable there exists for every x ∈ X
a real number cx such that for every n ∈ N we have ‖An

Q̃
x‖ ≤ cx. By the uniform
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boundedness theorem this implies that there exists a real number c such that for every
n ∈ N we have ‖An

Q̃
‖ ≤ c. Using (3.11) with Q1 = Q and Q2 = Q̃ we have for all

x ∈ X and n ∈ N

‖(Q− Q̃)x‖ = ‖A∗n
Q̃

(Q− Q̃)An
Qx‖ ≤ ‖A∗n

Q̃
‖ ‖Q− Q̃‖ ‖An

Qx‖ ≤ c ‖Q− Q̃‖ ‖An
Qx‖.

Since AQ is strongly stable, the right-hand side converges to zero as n → ∞. This

implies that the left-hand side is zero and so Q̃ = Q.
The input-output map D of a discrete-time system (A,B,C,D) is defined for

finitely nonzero U -valued sequences u by

(Du)k :=

∞∑
i=0

CAiBuk−i−1 + Duk.(3.12)

The discrete-time system (A,B,C,D) is said to be input-output stable if D extends
to a bounded map from l2(Z;U) to l2(Z;Y ).

We define the transfer function G of a system (A,B,C,D) by

G(z) = D +

∞∑
i=0

CAiBzi+1(3.13)

for those z for which the sum converges absolutely. Note that it converges absolutely
for |z| < 1/r(A) (r(A) denotes the spectral radius of A) and it is equal to D +
Cz(I−zA)−1B for those z. It is obvious that the transfer function of a system can be
constructed from the input-output map and vice versa; in this sense transfer functions
and input-output maps are equivalent notions. Given a transfer function G we call
any system (A,B,C,D) such that (3.13) holds a realization of the transfer function.
We note that the functions that appear as transfer functions of discrete-time infinite-
dimensional systems are exactly the operator-valued functions that are analytic on
some disc centered at the origin.

The (time-domain) Hankel operator Γ of a system is defined as Γ := CB, where
C and B are the observability and controllability maps of the system, respectively. It
is easily seen that the Hankel operator does not depend on the particular realization
but only on the input-output map.

4. Lyapunov-balanced realizations. In this section we review some results
from Young [15], [16] and Ober and Wu [10] and translate them in terms more suit-
able for our purposes. The following result on the existence of Lyapunov-balanced
realizations was proved by Young [15], [16]. We recall that an input and output stable
system is called Lyapunov balanced if its controllability and observability gramians
are equal (again, we do not require them to be diagonal).

Lemma 4.1. Every transfer function that has a bounded Hankel operator has an
approximately controllable and observable Lyapunov-balanced realization. Moreover,
approximately controllable and observable Lyapunov-balanced realizations are unique
up to a unitary transformation.

The next corollary gives an alternative condition for the existence of Lyapunov-
balanced realizations.

Corollary 4.2. A transfer function has a Lyapunov-balanced realization if and
only if it has a realization that is both input and output stable.

Proof. Since a Lyapunov-balanced realization is input and output stable, one
implication is immediate. If the transfer function has a realization such that both
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its controllability map B and observability map C are bounded, then its Hankel
operator Γ = CB is bounded and Lemma 4.1 shows that it has a Lyapunov-balanced
realization.

The following result was proved by Ober and Wu [10].
Lemma 4.3. Let (A,B,C,D) be Lyapunov-balanced and approximately control-

lable and approximately observable. Then A and A∗ are strongly stable.
Combining Lemmas 4.3, 3.2, and 3.5 we have the following corollary.
Corollary 4.4. The gramian of an approximately controllable and approxi-

mately observable Lyapunov-balanced realization is the unique nonnegative self-adjoint
solution of both the control and the observation Lyapunov equation.

5. Normalized factorizations. In this section we generalize a result of Meyer
and Franklin [6] on the connection between normalized factorizations and linear
quadratic regulator theory to the infinite-dimensional case. This result will allow
us to relate LQG-balanced realizations to Lyapunov-balanced realizations of a nor-
malized factorization of the given transfer function.

Given an output stabilizable discrete-time system (A,B,C,D) with optimal cost
operator Q we form the optimal closed-loop system

Ǎ := A + BF, B̌ := BW−1/2, Č := [F ;C + DF ], Ď := [I;D]W−1/2,(5.1)

where

W := S + B∗QB, S := I + D∗D, F := −W−1(D∗C + B∗QA).

We first remark that the F above is the optimal state feedback operator for the LQR
problem. We obtain the optimal closed-loop system from the system (A,B,C,D)
by choosing u = Fx + W−1/2ǔ and considering ǔ as the input of this new system
and [u; y] as the output. This amounts to closing the loop by the optimal state
feedback operator, considering the input and output of the plant as the new output
and prefiltering the new input.

Our first result in this section states that the optimal cost operator of the plant
equals the observability gramian of the optimal closed-loop system.

Lemma 5.1. Let (A,B,C,D) be an output stabilizable discrete-time system. De-
note its optimal cost operator by Q and define its optimal closed-loop system by (5.1).
Denote the observability gramian of the optimal closed-loop system by LC . Then
Q = LC .

Proof. From the discussion above it is obvious that if ǔ = 0, then the output of
the optimal closed-loop system is [umin; ymin], the optimal input and output of the
plant. From this it follows that

〈LCx0, x0〉 = 〈Cx0, Cx0〉 = ‖
[

umin

ymin

]
‖2 = J(x0, u

min) = 〈Qx0, x0〉.

Since this holds for all x0 in the state space we have Q = LC .
The next lemma shows that the observability gramian of the optimal closed-loop

system satisfies two additional equations.
Lemma 5.2. Let (A,B,C,D) be an output stabilizable discrete-time system. De-

note its optimal cost operator by Q and define its optimal closed-loop system (Ǎ, B̌, Č, Ď)
by (5.1). Denote the observability gramian of the optimal closed-loop system by LC .
Then

B̌∗LCB̌ + Ď∗Ď = I,(5.2)
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B̌∗LCǍ + Ď∗Č = 0.(5.3)

Proof. The equations (5.2) and (5.3) are readily verified using (5.1) and the fact
that Q = LC from Lemma 5.1.

An input-output map D is called inner if it maps l2(Z;U) into l2(Z;Y ) and
satisfies D∗D = I. In the next lemma we give necessary and sufficient conditions on
a realization for the input-output map to be inner.

Lemma 5.3. Let (A,B,C,D) be an output stable realization of the input-output
map D. Denote the observability gramian of this system by LC . If

B∗LCB + D∗D = I

and

B∗LCA + D∗C = 0,

then D is inner. If the system (A,B,C,D) is approximately controllable, then these
conditions are also necessary.

Proof. We take uk equal to u at the kth position and zero elsewhere and compute

(Duk)m =

⎧⎨⎩
0, m < k,
Du, m = k,
CAm−k−1Bu, m > k.

We define vi similar to uk above and compute for k > i

〈(Duk)n, (Dvi)n〉 =

⎧⎨⎩
0, n < k,
〈Du,CAk−i−1Bv〉, n = k,
〈CAn−k−1Bu,CAn−i−1Bv〉, n > k.

We then compute

〈Duk,Dvi〉 =

∞∑
n=−∞

〈(Duk)n, (Dvi)n〉

= 〈Du,CAk−i−1Bv〉 +

∞∑
n=k+1

〈CAn−k−1Bu,CAn−i−1Bv〉

= 〈u,D∗CAk−i−1Bv〉 +

∞∑
n=k+1

〈u,B∗A∗n−k−1C∗CAn−k−1AAk−i−1Bv〉

= 〈u, (D∗C + B∗LCA)Ak−i−1Bv〉.

By the assumptions we thus have 〈Duk,Dvi〉 = 0 for k > i. Then obviously 〈Duk,Dvi〉
= 0 for k �= i.

For k = i we have

〈Duk,Dvi〉 =

∞∑
n=−∞

〈(Duk)n, (Dvi)n〉

= 〈Du,Dv〉 +

∞∑
n=k+1

〈CAn−k−1Bu,CAn−k−1Bv〉

= 〈D∗Du, v〉 +

∞∑
j=0

〈B∗A∗jC∗CAjBu, v〉 = 〈(D∗D + B∗LCB)u, v〉.
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By the assumptions we thus have 〈Duk,Dvi〉 = 〈u, v〉 for k = i.
Let u and v be finitely nonzero sequences. Then

u =

n∑
k=−n

ukek, v =

n∑
i=−n

viei,

where uk, vi ∈ U and ej is the element of l2(Z;U) with a 1 at the jth position and
zeros elsewhere. Then

〈Du,Dv〉 =

n∑
k=−n

n∑
i=−n

〈D(ukek),D(viei)〉 =

n∑
j=−n

〈D(ujej),D(vjej)〉

=

n∑
j=−n

〈uj , vj〉 = 〈u, v〉.

From the above we have for every finitely nonzero sequence u that ‖Du‖ = ‖u‖. Since
the set of finitely nonzero sequences is dense in l2(Z;U) this implies that D has a
continuous extension to a map from l2(Z;U) to l2(Z;Y ), and so D is stable. Further,
since this extension satisfies 〈Du,Dv〉 = 〈u, v〉, we must have D∗D = I, and so D is
inner.

Suppose that D is inner and the realization is approximately controllable. Since
D is inner we have for all i < 0 that 〈Du0,Dvi〉 = 〈u0, vi〉 = 0, where u0 and
vi are defined as above. From the above we see that this implies that 〈u, (D∗C +
B∗LCA)A−i−1Bv〉 = 0. Since this holds for all u ∈ U we must have (D∗C +
B∗LCA)A−i−1Bv = 0 for all v ∈ U and i < 0. This implies that for finitely nonzero
U -valued sequences z we have (D∗C + B∗LCA)Bz = 0. Since the system is approx-
imately controllable, the set of elements of the form Bz is dense in the state space,
and so D∗C +B∗LCA = 0 on a dense set and by continuity on the whole state space.

Since D is inner we have 〈Du0,Dv0〉 = 〈u0, v0〉, where u0 and v0 are as above.
This implies that 〈(D∗D + B∗LCB)u, v〉 = 〈u, v〉 for all u, v ∈ U and hence D∗D +
B∗LCB = I.

Combining Lemmas 5.2 and 5.3 we have the following.
Corollary 5.4. Let (A,B,C,D) be an output stabilizable discrete-time system.

Then the input-output map of its optimal closed-loop system is inner.
We can recover the system (A,B,C,D) from its optimal closed-loop system as

follows.
Lemma 5.5. Let (A,B,C,D) be an output stabilizable discrete-time system. Let

(Ǎ, B̌, Č, Ď) be its optimal closed-loop system defined by (5.1). Partition Č and Ď in
the obvious way as Č = [Č1; Č2] and Ď = [Ď1; Ď2]. Then Ď1 is boundedly invertible
and

A := Ǎ− B̌Ď−1
1 Č1, B := B̌Ď−1

1 , C := Č2 − Ď2Ď
−1
1 Č1, D := Ď2Ď

−1
1 .(5.4)

Proof. That Ď1 is boundedly invertible is obvious from its definition. The iden-
tities (5.4) follow from simple algebraic manipulations.

To relate the input-output maps of the plant and its optimal closed-loop system
we first study the series interconnection of two systems.

Consider two systems (A1, B1, C1, D1) and (A2, B2, C2, D2) such that the output
space of the first system and the input space of the second system are equal. Define
the series interconnection of these two systems as the system we obtain by choosing



LQG-BALANCING 1207

the input of the second system equal to the output of the first system. Obviously,
the input-output map of the series interconnection is D2D1, the composition of the
input-output maps of the first and second systems. A realization of this series inter-
connection is the following:

A =

[
A1 0

B2C1 A2

]
, B =

[
B1

B2D1

]
, C =

[
D2C1, C2

]
, D = D2D1.

If we apply the invertible state space transformation[
I 0
I I

]
to this realization we obtain another realization of the series interconnection, namely,

As =

[
A1 0

A2 + B2C1 −A1 A2

]
, Bs =

[
B1

B2D1 −B1

]
,(5.5)

Cs =
[
D2C1 + C2, C2

]
, Ds = D2D1.

We first use the series interconnection to obtain a result about the invertibility of
input-output maps.

Lemma 5.6. Let (A,B,C,D) be a system with input-output map D. If D is
boundedly invertible, then the input-output map D̃ of the system

(A−BD−1C,BD−1,−D−1C,D−1)

satisfies D̃D = I = DD̃. Thus in this case the input-output map D has an inverse.
Proof. Using (5.5) we see that the series interconnection of the two given systems

has a realization

As =

[
A 0
0 A−BD−1C

]
, Bs =

[
B
0

]
, Cs =

[
0, −D−1C

]
, Ds = I.

From this we see that CsA
k
sBs = 0 for all k ≥ 0 and so the input-output map of the

series interconnection is the identity. This implies that D̃D = I. The other equality
mentioned follows from interconnecting the systems in the opposite order.

We now state the relation between the input-output map of a plant and its optimal
closed-loop system.

Lemma 5.7. Let (Ǎ, B̌, [Č1; Č2], [Ď1; Ď2]) be a system such that Ď1 is boundedly
invertible. Denote its input-output map by [M;N ]. Define the system (A,B,C,D) by
(5.4) and denote its input-output map by D. Then D = NM−1.

Proof. The realization (Ǎ, B̌, [Č1; Č2], [Ď1; Ď2]) of [M;N ] gives us (by Lemma
5.6) the following realization (A1, B1, C1, D1) of M−1:

A1 = Ǎ− B̌Ď−1
1 Č1, B1 = B̌Ď−1

1 , C1 = −Ď−1
1 Č1, D1 = Ď−1

1 .

It also gives us the realization (A2, B2, C2, D2) of N :

A2 = Ǎ, B2 = B̌, C2 = Č2, D2 = Ď2.

Using (5.5) we obtain the following realization of the series interconnection which has
input-output map NM−1:

As =

[
Ǎ− B̌Ď−1

1 Č1 0
0 Ǎ

]
=

[
A 0
0 Ǎ

]
, Bs =

[
B̌Ď−1

1

0

]
=

[
B
0

]
,
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Cs =
[
Č2 − Ď2Ď

−1
1 Č1, Č2

]
=

[
C, Č2

]
, Ds = Ď2Ď

−1
1 = D,

where we have used (5.4). It follows that Ds = D and CsA
k
sBs = CAkB for all k ≥ 0.

This implies that NM−1 = D.
We call an input-output map [M;N ] a right factor of the input-output map D if

M−1 is the input-output map of a system, D = NM−1 and M and N are stable. We
call the factor normalized if [M;N ] is inner. From Lemmas 5.5 and 5.7 and Corollary
5.4 we have the following.

Corollary 5.8. Let (A,B,C,D) be an output stabilizable discrete-time system.
Then the input-output map of its optimal closed-loop system is a normalized right
factor of the input-output map of the plant.

We next state a result about the uniqueness of a normalized right factor. We
remark that we can interpret an operator V in L(U) as a map V from l2(Z;U) into
itself by (Vu)k = V uk.

Lemma 5.9. If the input-output map of a system has a normalized right factor
[M;N ], then all normalized right factors of this input-output map are {[MV ;NV ] :
V ∈ L(U) unitary}.

Proof. Let [M;N ] be an arbitrary normalized right factor of D. Since [M;N ] is
normalized we have

M∗M + N ∗N = I.

Multiplying this equality with M−∗ from the left and M−1 from the right we obtain

I + D∗D = M−∗M−1.

Since the left-hand side of this equation does not depend on the particular factor,
we have for two normalized factors [M1;N1] and [M2;N2] of D that M−∗

1 M−1
1 =

M−∗
2 M−1

2 , which implies

M∗
2M−∗

1 = M−1
2 M1.(5.6)

The operator on the right-hand side of (5.6) is the input-output map of some system
(namely, the series interconnection of the systems corresponding to M1 and M−1

2 ).
Define uk to be the sequence equal to u at the kth position and zero elsewhere. Then
M−1

2 M1uk is equal to zero at the positions i with i < k. The operator on the left-
hand side of (5.6) is the adjoint of the input-output map of some system (namely, the
series interconnection of the systems corresponding to M2 and M−1

1 ). This implies
that M∗

2M−∗
1 uk is zero at the positions i with i > k.

Since M∗
2M−∗

1 = M−1
2 M1 we must have that M−1

2 M1uk is equal to zero at all
positions except possibly the kth one. Thus M−1

2 M1 is a constant operator V , and
so M1 = M2V .

We have N1 = DM1 = DM2V = N2V .
It remains to be proved that V is unitary. We have that V = M−1

2 M1 and so
V ∗ = M∗

1M−∗
2 = M−1

1 M2 = V −1 by (5.6). This proves that V is unitary.
In the finite-dimensional case the transfer function of the optimal closed-loop

system is known to be a normalized coprime factorization. In the infinite-dimensional
case this is an open problem.

6. Some algebraic relations. In section 5 we proved that the optimal cost
operator equals the observability gramian of the optimal closed-loop system. This
can also be interpreted as follows. The smallest nonnegative self-adjoint solution of
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the control algebraic Riccati equation equals the smallest nonnegative self-adjoint
solution of the observation Lyapunov equation of a certain closed-loop system. In
this section we show that a similar result holds for all nonnegative self-adjoint solu-
tions of the control algebraic Riccati equation. We also study the relation between
nonnegative self-adjoint solutions of the filter algebraic Riccati equation of the plant
and nonnegative self-adjoint solutions of the control Lyapunov equation of the closed-
loop system.

The CARE closed-loop system (Ǎ, B̌, Č, Ď) associated with an output stabilizable
discrete-time system (A,B,C,D) and a nonnegative self-adjoint solution Q of the
CARE (3.4) is defined by (5.1). For the special case that Q is the smallest nonnegative
self-adjoint solution of the CARE (3.4) the CARE closed-loop system is equal to the
optimal closed-loop system defined earlier.

Lemma 5.5 holds in this more general case, which is obvious from its proof.
Lemma 6.1. Let (A,B,C,D) be a discrete-time system such that its CARE (3.4)

has a nonnegative self-adjoint solution Q. Let (Ǎ, B̌, Č, Ď) be its CARE closed-loop
system defined by (5.1). Partition Č and Ď in the obvious way as Č = [Č1; Č2] and
Ď = [Ď1; Ď2]. Then Ď1 is boundedly invertible and (5.4) holds.

This lemma implies that the input-output map of the CARE closed-loop system
is a factor of the input-output map of the plant by Lemma 5.7. If Q is not the
smallest nonnegative self-adjoint solution of the CARE, the factorization need not be
normalized (see, e.g., [11, Example 3.1.2]).

We now show that if a system is approximately controllable or observable, then
its CARE closed-loop system is too.

Lemma 6.2. Let (A,B,C,D) be an output stabilizable discrete-time system and
let Q be a nonnegative self-adjoint solution of its CARE (3.4). If (A,B,C,D) is
approximately controllable, then its CARE closed-loop system is too. If (A,B,C,D)
is approximately observable, then its CARE closed-loop system is too.

Proof. As is well known, a system (Ǎ, B̌, Č, Ď) is approximately controllable (ob-
servable) iff (Ǎ + B̌KČ, B̌, Č, Ď) is approximately controllable (observable). With
K = −W 1/2[I, 0] we see that the CARE closed-loop system is approximately control-
lable (observable) iff (A, B̌, Č, Ď) is approximately controllable (observable). Obvi-
ously (A, B̌) = (A,BW−1/2) is approximately controllable iff (A,B) is approximately
controllable and (A, Č) = (A, [F ;C + DF ]) is approximately observable if (A,C) is
(but not only if).

In the next four lemmas we prove a correspondence between the Riccati equations
of a system and the Lyapunov equations of its CARE closed-loop system. Because
this requires some extensive algebraic manipulations we have relegated some of the
proofs to the appendix.

Lemma 6.3. Let (A,B,C,D) be an output stabilizable discrete-time system and
let Q be a nonnegative self-adjoint solution of its CARE (3.4). Let (Ǎ, B̌, Č, Ď) be its
CARE closed-loop system defined by (5.1). Then

B̌∗QB̌ + Ď∗Ď = I,(6.1)

B̌∗QǍ + Ď∗Č = 0,(6.2)

and Q is a solution of the observation Lyapunov equation of (Ǎ, B̌, Č, Ď):

Ǎ∗QǍ−Q + Č∗Č = 0.(6.3)
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Proof. The equations (6.1) and (6.2) are readily verified using (5.1). Equation
(6.3) is more complicated and the proof is given in the appendix.

Lemma 6.4. Let (Ǎ, B̌, [Č1; Č2], [Ď1, Ď2]) be a discrete-time system such that Ď1

is boundedly invertible and define the discrete-time system (A,B,C,D) by (5.4). If
the nonnegative self-adjoint operator Q satisfies (6.2) and (6.3), then Q is a solution
of the CARE (3.4) of (A,B,C,D).

Proof. See the appendix.
Lemma 6.5. Let (A,B,C,D) be an input and output stabilizable discrete-time

system and let Q be a nonnegative self-adjoint solution of its CARE (3.4) and P be
a nonnegative self-adjoint solution of its FARE (3.8). Let (Ǎ, B̌, Č, Ď) be its CARE
closed-loop system defined by (5.1). Define L := (I + PQ)−1P . Then L is a solution
of the control Lyapunov equation of (Ǎ, B̌, Č, Ď):

ǍLǍ∗ − L + B̌B̌∗ = 0.(6.4)

Proof. See the appendix for the proof.
Lemma 6.6. Let (Ǎ, B̌, [Č1; Č2], [Ď1, Ď2]) be a discrete-time system such that Ď1

is boundedly invertible and define the discrete-time system (A,B,C,D) by (5.4). If
the nonnegative self-adjoint operators Q and L satisfy (6.1), (6.2), (6.3), and (6.4)
and I−QL is boundedly invertible, then L(I−QL)−1 is a solution of the FARE (3.8)
of (A,B,C,D).

Proof. See the appendix for the proof.
If Q and P are the smallest nonnegative self-adjoint solutions of their respective

Riccati equations, then the operator L := (I + PQ)−1P defined in Lemma 6.5 is
actually the smallest nonnegative self-adjoint solution of the Lyapunov equation (6.4).
To prove this we first prove the following lemma. We note that the Hankel norm of
an input-output map is the norm of the associated Hankel operator.

Lemma 6.7. Let (A,B,C,D) be an input and output stabilizable discrete-time
system. Then the Hankel norm of the input-output map of the optimal closed-loop
system (5.1) is strictly smaller than one.

Proof. Denote the optimal cost operators by P and Q, the gramians of the
optimal closed-loop system by LB and LC , and the Hankel operator of the opti-
mal closed-loop system by Γ. From Lemma 5.1 it follows that Q = LC . From
Lemma 6.5 we know that (I + PQ)−1P is a solution of the control Lyapunov equa-
tion and hence by Lemma 3.4 we have LB ≤ (I + PQ)−1P . This implies that

L
1/2
C LBL

1/2
C ≤ Q1/2(I + PQ)−1PQ1/2 = (I + Q1/2PQ1/2)−1Q1/2PQ1/2. Now ‖Γ‖ =

‖ΓΓ∗‖ = r(ΓΓ∗) = r(CBB∗C∗) = r(C∗CBB∗) = r(LCLB) = r(L
1/2
C LBL

1/2
C ) ≤

r((I + Q1/2PQ1/2)−1Q1/2PQ1/2). Next we show that if X is a nonnegative self-
adjoint operator, then (I + X)−1X < I. Since X < I + X we have (I + X)−1X =
(I + X)−1/2X(I + X)−1/2 < (I + X)−1/2(I + X)(I + X)−1/2 = I. Finally, we apply
this last result with X := Q1/2PQ1/2 to obtain ‖Γ‖ ≤ r((I + X)−1X) < 1.

Lemma 6.7 has the following corollary.
Corollary 6.8. Let (A,B,C,D) be an input and output stabilizable discrete-

time system. Let LB and LC denote the gramians of an input and output stable
realization of the input-output map of the optimal closed-loop system (5.1). Then
r(LBLC) < 1.

We now show for an approximately observable system that if Q and P are the
smallest nonnegative self-adjoint solutions of their respective Riccati equations then
the operator L := (I + PQ)−1P defined in Lemma 6.5 is actually the smallest non-
negative self-adjoint solution of the Lyapunov equation (6.4).
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Lemma 6.9. Let (A,B,C,D) be an approximately observable input and output
stabilizable discrete-time system. Let Q and P denote the optimal cost operators of
the system and its dual, respectively. Define L := (I + PQ)−1P . Then L is the
controllability gramian of the optimal closed-loop system (5.1).

Proof. We have by Lemma 5.1 that Q = LC , the observability gramian of the
optimal closed-loop system, and by Lemma 6.5 that L = (I + PQ)−1P is a solu-
tion of the control Lyapunov equation of the optimal closed-loop system. Since the
control Lyapunov equation of the optimal closed-loop system has a nonnegative self-
adjoint solution, the optimal closed-loop system is input stable and has a controlla-
bility gramian LB which satisfies LB ≤ L. From Lemma 6.8 we know that I −LCLB

is boundedly invertible and hence by Lemma 6.6 we have that P̃ := LB(I−LCLB)−1

is a solution of the FARE (3.8) of the system (A,B,C,D). We thus have P ≤ P̃ .
Note that approximate observability ensures that Q = LC > 0. Since Q is positive
and thus has dense range we have P̃ ≥ P iff Q1/2P̃Q1/2 ≥ Q1/2PQ1/2. This is true
iff

I −Q1/2(I + P̃Q)−1P̃Q1/2 = (I + Q1/2P̃Q1/2)−1

≤ (I + Q1/2PQ1/2)−1 = I −Q1/2(I + PQ)−1PQ1/2.

This is true iff Q1/2(I + P̃Q)−1P̃Q1/2 ≥ Q1/2(I +PQ)−1PQ1/2 and again using that
Q has dense range this is true iff (I + P̃Q)−1P̃ ≥ (I + PQ)−1P . We conclude that
L = (I + PQ)−1P ≤ (I + P̃Q)−1P̃ = LB . Since we already had LB ≤ L, we must
have L = LB .

7. LQG-characteristic values. In this section we show that the spectrum of
the product of the optimal cost operators of a system and its dual does not depend
on the realization but only on the input-output map. This generalizes the result from
finite-dimensional theory that the eigenvalues of PQ are similarity invariants. We
define the LQG-characteristic values of an input and output stabilizable discrete-time
system to be the square roots of the spectral values of the product of the optimal cost
operators P and Q. We first prove the following lemma on the spectrum of PQ.

Lemma 7.1. Let (A,B,C,D) be an approximately observable input and output
stabilizable discrete-time system. Let Q and P denote the optimal cost operators of
the system and its dual, respectively, and let LB and LC denote the gramians of the
optimal closed-loop system (5.1). Then λ ∈ σ(PQ) iff λ/(1 + λ) ∈ σ(LBLC).

Proof. From Lemmas 5.1 and 6.9 we have that LBLC = (I + PQ)−1PQ, from
which it follows that PQ = (I − LBLC)−1LBLC . Let λ ∈ C − {−1} and define
µ := λ/(1 + λ), then λ = µ/(1 − µ). We have

λI − PQ =
µ

1 − µ
I − LBLC(I − LBLC)−1

=
1

1 − µ

[
µI − (1 − µ)LBLC(I − LBLC)−1

]
=

1

1 − µ
[µ(I − LBLC) − (1 − µ)LBLC ] (I − LBLC)−1

=
1

1 − µ
(µI − LBLC)(I − LBLC)−1.

This shows that λ ∈ σ(PQ) iff µ = λ/(1 + λ) ∈ σ(LBLC).

The following lemma gives the desired result.
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Lemma 7.2. Let (Ai, Bi, Ci, D) with i = 1, 2 be two approximately observable
input and output stabilizable discrete-time systems. Let Qi and Pi denote the optimal
cost operators of the system and its dual, respectively. If the two systems have the
same input-output map, then the spectra of P1Q1 and P2Q2 are equal, with the possible
exception of zero.

Proof. Denote the gramians of the optimal closed-loop system of (Ai, Bi, Ci, D)
by LBi

and LCi
. Then according to Lemma 7.1, the lemma would be proved if

the nonzero elements in the spectrum of LB1
LC1

equal the nonzero elements in the
spectrum of LB2LC2 . Since the input-output map of both optimal closed-loop systems
is a normalized factor of the input-output map of the plant by Lemma 5.8, there
exists a unitary V such that [M2;N2] = [M1;N1]V by Lemma 5.9. For the Hankel
operators of the optimal closed-loop systems this implies Γ2 = Γ1V , which implies
that Γ2Γ

∗
2 = Γ1Γ

∗
1. Since for arbitrary bounded operators S and T we have that the

nonzero elements in the spectrum of ST equal the nonzero elements in the spectrum
of TS, we have that the nonzero elements in the spectrum of LBLC = BB∗C∗C equal
the nonzero elements in the spectrum of ΓΓ∗ = CBB∗C∗. This shows that the nonzero
elements in the spectrum of LB1

LC1
equal the nonzero elements in the spectrum of

LB2LC2
.

8. LQG-balanced realizations. In this section we prove the existence and
some properties of LQG-balanced realizations. We first show that the input-output
map of the optimal closed-loop system has a Lyapunov-balanced realization.

Lemma 8.1. Let (A,B,C,D) be an output stabilizable discrete-time system. Then
the input-output map of the optimal closed-loop system has an approximately control-
lable and approximately observable Lyapunov-balanced realization.

Proof. Lemma 5.8 shows that the optimal closed-loop system is input-output
stable. This implies that the Hankel operator of the optimal closed-loop system is
bounded and Lemma 4.1 then shows that the input-output map of the optimal closed-
loop system has a Lyapunov-balanced realization.

From this Lyapunov-balanced realization we can construct a LQG-balanced real-
ization of the plant.

Theorem 8.2. Let (A,B,C,D) be an input and output stabilizable discrete-time
system. Then the input-output map of the system (A,B,C,D) has a LQG-balanced
realization.

Proof. Denote the approximately controllable and approximately observable
Lyapunov-balanced realization of the input-output map of the optimal closed-loop
system by (Ǎ, B̌, Č, Ď). Denote the equal controllability and observability gramians
of this realization by L. Define

As := Ǎ− B̌Ď−1
1 Č1, Bs := B̌Ď−1

1 , Cs := Č2 − Ď2Ď
−1
1 Č1, Ds := Ď2Ď

−1
1 .

Then (As, Bs, Cs, Ds) is a realization of the input-output map of (A,B,C,D) accord-
ing to Lemma 5.7. Since the input-output map of the optimal closed-loop system is
inner (Corollary 5.8) and (Ǎ, B̌, Č, Ď) is approximately controllable we know from
Lemma 5.3 that B̌∗LB̌ + Ď∗Ď = I and B̌∗LǍ + Ď∗Č = 0. From Lemma 6.4 we see
that L is a solution of the CARE of the system (As, Bs, Cs, Ds). From Corollary 6.8 we
know that I−L2 is boundedly invertible, and Lemma 6.6 now tells us that L(I−L2)−1

is a solution of the FARE of the system (As, Bs, Cs, Ds). From Lemma 4.3 we know
that Ǎ is strongly stable. Using Lemma 3.7 we see that this implies that L is the
unique nonnegative self-adjoint solution of the CARE of the system (As, Bs, Cs, Ds).
Assume that the FARE of the system (As, Bs, Cs, Ds) has two nonnegative self-adjoint
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solutions, P1 and P2. From Lemma 6.5 we see that (I +P1L)−1P1 and (I +P2L)−1P2

are solutions of the control Lyapunov equation of the optimal closed-loop system of
(As, Bs, Cs, Ds), which is the balanced realization (Ǎ, B̌, Č, Ď). From Corollary 4.4
we see that (I + P1L)−1P1 = (I + P2L)−1P2, which implies that P1 = P2. We recall
that if a system (A1, B1, C1, D1) has a solution Q to its CARE and P to its FARE
and S is a boundedly invertible operator, then the system (SAS−1, SB,CS−1, D)
has a solution S−∗QS−1 to its CARE and SPS∗ to its FARE. It is easily seen that
I − L2 is a nonnegative operator (for example, using that the Hankel operator has
norm smaller than one), from which it follows that S := (I − L2)−1/4 is well defined.
Define (Al, Bl, Cl, Dl) = (SAsS

−1, SBs, CsS
−1, Ds). Then the system (Al, Bl, Cl, Dl)

has L(I − L2)−1/2 as the unique solution to both its CARE and its FARE.
We now prove that LQG-balanced realizations are essentially unique.
Lemma 8.3. Let (A,B,C,D) be an approximately controllable and approximately

observable LQG-balanced realization. Then all approximately controllable and approx-
imately observable LQG-balanced realizations of the same input-output map are given
by {(TAT−1, TB,CT−1, D) : T ∈ L(X) unitary}.

Proof. It is obvious that the given realizations are indeed LQG balanced; it re-
mains to be proved that these are all approximately controllable and approximately
observable LQG-balanced realizations. Let (A1, B1, C1, D1) and (A2, B2, C2, D2) be
two approximately controllable and approximately observable LQG-balanced realiza-
tions of the same input-output map. Let Q1 and Q2 be the optimal cost opera-
tors of the respective systems. Define Si := (I + Q2

i )
1/4 and (Ab

i , B
b
i , C

b
i , D

b
i ) =

(SiAiS
−1
i , SiBi, CiS

−1
i , Di) for i = 1, 2. Then (Ab

i , B
b
i , C

b
i , D

b
i ) has Qb

i := Qi(I +
Q2

i )
−1/2 as its optimal cost operator and P b

i := Qi(I + Q2
i )

1/2 as the optimal cost
operator of its dual system. Let (Ǎb

i , B̌
b
i , Č

b
i , Ď

b
i ) be the optimal closed-loop sys-

tem of (Ab
i , B

b
i , C

b
i , D

b
i ). Using Lemmas 5.1 and 6.9 we see that they are Lyapunov-

balanced realizations with gramians Li := Qi(I + Q2
i )

−1/2. According to Corollary
5.8 the input-output maps of (Ǎb

1, B̌
b
1, Č

b
1, Ď

b
1) and (Ǎb

2, B̌
b
2, Č

b
2, Ď

b
2) are normalized

factors of the input-output map of (A1, B1, C1, D1) (which equals the input-output
map of (A2, B2, C2, D2)). By Lemma 5.9 there exists an operator V such that
[M2;N2] = [M1;N1]V . It is easily seen that (Ǎb

1, B̌
b
1V, Č

b
1, Ď

b
1V ) is a Lyapunov-

balanced realization of [M1;N1]V = [M2;N2]. From Lemma 6.2 it follows that both
(Ǎb

1, B̌
b
1V, Č

b
1, Ď

b
1V ) and (Ǎb

2, B̌
b
2, Č

b
2, Ď

b
2) are approximately controllable and approxi-

mately observable Lyapunov-balanced realizations of the input-output map [M2;N2].
From Lemma 4.1 it follows that there exists a unitary T such that

(TǍb
1T

−1, T B̌b
1V, Č

b
1T

−1, Ďb
1V ) = (Ǎb

2, B̌
b
2, Č

b
2, Ď

b
2).

Using (5.4) for i = 1, 2 we see that

(TAb
1T

−1, TBb
1, C

b
1T

−1, Db
1) = (Ab

2, B
b
2, C

b
2, D

b
2).

It now follows that

(S−1
2 TS1A1S

−1
1 T−1S2, S

−1
2 TS1B1, C1S

−1
1 T−1S2, D1) = (A2, B2, C2, D2).

To complete the proof that (A1, B1, C1, D1) and (A2, B2, C2, D2) are unitarily equiv-
alent we prove that S−1

2 TS1 = T or equivalently TS1T
−1 = S2. Since (I + Q2

i )
−1 =

I − [Qi(I + Q2
i )

−1/2]2 = I − L2
i we have Si = (I + Q2

i )
−1/4 = (I − L2

i )
1/4 and since

L2 = TL1T
−1 we then have

S2 = (I − L2
2)

1/4 = T (I − L2
1)

1/4T−1 = TS1T
−1.
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This proves that all approximately controllable and approximately observable LQG-
balanced realizations of the same input-output map are unitarily equivalent.

The following lemma states what the proof of Theorem 8.2 already indicated,
namely, that the filter and control Riccati equations of an approximately controllable
and approximately observable LQG-balanced realization have unique nonnegative self-
adjoint solutions.

Lemma 8.4. Let (A,B,C,D) be an approximately controllable and approximately
observable LQG-balanced realization. Then both the CARE (3.4) and the FARE (3.8)
of (A,B,C,D) have a unique nonnegative self-adjoint solution.

Proof. As in the proof of Lemma 8.3 we construct the approximately controllable
and approximately observable realization (Ab, Bb, Cb, Db) and the approximately con-
trollable and approximately observable Lyapunov-balanced realization (Ǎb, B̌b, Čb, Ďb).
From Lemma 4.3 we know that Ǎb is strongly stable. Lemma 3.7 shows that the CARE
of (Ab, Bb, Cb, Db) has a unique nonnegative self-adjoint solution. Obviously this im-
plies that the CARE of (A,B,C,D) has a unique nonnegative self-adjoint solution.
From Lemma 4.4 we know that the control Lyapunov equation of (Ǎb, B̌b, Čb, Ďb) has
a unique nonnegative self-adjoint solution. As in the proof of Theorem 8.2, it follows
that the FARE of (Ab, Bb, Cb, Db) and hence the FARE of (A,B,C,D) has a unique
nonnegative self-adjoint solution.

9. Conclusions. We have proved the existence of LQG-balanced realizations for
the class of transfer functions that are analytic on some disc centered at the origin and
have a (infinite-dimensional) realization that is both input and output stabilizable.
We have also proved that approximately controllable and approximately observable
LQG-balanced realizations are essentially unique and that the Riccati equations of
approximately controllable and approximately observable LQG-balanced realizations
have unique nonnegative self-adjoint solutions. Analogous continuous-time results and
error bounds for truncations of LQG-balanced realizations will be given elsewhere.

10. Appendix.

10.1. Miscellaneous results on Riccati operators.

Lemma 10.1. Let P and Q be nonnegative self-adjoint operators. Define

AP := A− (BD∗ + APC∗)(R + CPC∗)−1C,(10.1)

AQ := A−B(S + B∗QB)−1(D∗C + B∗QA),(10.2)

A := A−BS−1D∗C.(10.3)

where S := I + D∗D and R := I + DD∗. Then

AP (I + PC∗R−1C) = A = (I + BS−1B∗Q)AQ,(10.4)

AQ = (I + BS−1B∗Q)−1AP (I + PC∗R−1C),(10.5)

AP = (I + BS−1B∗Q)AQ(I + PC∗R−1C)−1.(10.6)
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Proof. We prove that AP (I+PC∗R−1C) = A. The equality A = (I+BS−1B∗Q)AQ

is proved similarly. By writing out AP in full we have

AP (I + PC∗R−1C)

= A(I + PC∗R−1C) − (BD∗ + APC∗)(R + CPC∗)−1C(I + PC∗R−1C)

= A(I + PC∗R−1C) − (BD∗ + APC∗)(R + CPC∗)−1(R + CPC∗)R−1C

= A + APC∗R−1C − (BD∗ + APC∗)R−1C = A−BD∗R−1C

= A−BS−1D∗C,

since D∗R−1 = S−1D∗. This completes the proof of (10.4). Equations (10.5) and
(10.6) easily follow from (10.4).

Note that in the above lemma we have not assumed that P and Q are solutions
of the Riccati equations.

We now prove that the Riccati equations can be written in several different but
equivalent versions.

Lemma 10.2.

1. P is a nonnegative self-adjoint solution of

APP (I + C∗R−1CP )A∗
P − P + BS−1B∗ = 0,(10.7)

where AP is defined by (10.1), iff it is a nonnegative self-adjoint solution of

AP (I + C∗R−1CP )−1A∗ − P + BS−1B∗ = 0,(10.8)

where A is defined by (10.3).
2. P is a nonnegative self-adjoint solution of (10.7) iff it is a nonnegative self-

adjoint solution of the FARE (3.8).
3. Q is a nonnegative self-adjoint solution of

A∗
Q(I + QBS−1B∗)QAQ −Q + C∗R−1C = 0,(10.9)

where AQ is defined by (10.2), iff it is a nonnegative self-adjoint solution of

A∗Q(I + BS−1B∗Q)−1A−Q + C∗R−1C = 0,(10.10)

where A is defined by (10.3).
4. Q is a nonnegative self-adjoint solution of (10.9) iff it is a nonnegative self-

adjoint solution of the CARE (3.4).
Proof. We shall prove the equivalence of the filter equations; the equivalence of

the control equations is similar.
1. The equations (10.7) and (10.8) are equivalent iff the following holds:

AP (I + C∗R−1CP )−1A∗ = APP (I + C∗R−1CP )A∗
P .(10.11)

We use Lemma 10.1 (which tells us that A = AP (I + PC∗R−1C)) to write the left-
hand side of (10.11) as

AP (I + PC∗R−1C)P (I + C∗R−1CP )−1(I + C∗R−1CP )A∗
P ,

which is indeed equal to the right-hand side of (10.11).
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2. To prove the equivalence of (10.7) and (3.8) we substitute in (10.7) for AP

from (10.1) and for (I + C∗R−1CP )A∗
P , we substitute A∗ (using (10.4)) and then

substitute (10.3) for A. We then get

(A− (BD∗ + APC∗)(R + CPC∗)−1C)P (A∗ − C∗DS−1B∗) − P + BS−1B∗ = 0.

Rewriting this gives

APA∗ − P + BB∗ = (BD∗ + APC∗)(R + CPC∗)−1CPA∗

− (BD∗ + APC∗)(R + CPC∗)−1CPC∗DS−1B∗ + APC∗DS−1B∗

− BS−1B∗ + BB∗.

We now focus on the last two lines of this last equation. We note that I − S−1 =
D∗DS−1 and we can thus rewrite these last two lines as

−(BD∗ + APC∗)(R + CPC∗)−1CPC∗DS−1B∗ + APC∗DS−1B∗ + BD∗DS−1B∗,

and this can be rewritten as

(BD∗ + APC∗)(R + CPC∗)−1[−CPC∗ + R + CPC∗]DS−1B∗.

Noting that RDS−1 = D, we see that this is equal to

(BD∗ + APC∗)(R + CPC∗)−1DB∗.

This completes the proof of the equivalence of (10.7) and (3.8).
We now show that the known relationship between AQ and AP extends to the

infinite-dimensional case.
Lemma 10.3. Let (A,B,C,D) be an input and output stabilizable discrete-time

system, let Q be a nonnegative self-adjoint solution of its CARE (3.4), and let P be a
nonnegative self-adjoint solution of its FARE (3.8). Define AP and AQ by (10.1) and
(10.2), respectively. Then

(I + PQ)AQ = AP (I + PQ).

Proof. We use FARE (10.7) to write

P = APP (I + C∗R−1CP )A∗
P + BS−1B∗,

which leads to

I + PQ = I + APP (I + C∗R−1CP )A∗
PQ + BS−1B∗Q

and so

(I + PQ)AQ = (I + BS−1B∗Q)AQ + APP (I + C∗R−1CP )A∗
PQAQ.

We use (10.5) to write the right-hand side as

AP (I + PC∗R−1C) + APP (I + C∗R−1CP )A∗
PQAQ.

Rearranging gives

AP + APP [C∗R−1C + (I + C∗R−1CP )A∗
PQAQ],
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and using (10.5) again we obtain

AP + APP [C∗R−1C + A∗
Q(I + QBS−1B∗)QAQ].

According to CARE (10.9), the term in square brackets equals Q. So the above is
equal to AP (I + PQ).

We now prove a relation concerning the difference of two solutions of a Riccati
equation.

Lemma 10.4. Let (A,B,C,D) be an output stabilizable discrete-time system and
let Q1 and Q2 be nonnegative self-adjoint solutions of its CARE (3.4). Define AQ1

and AQ2 similarly to (10.2). Then

Q1 −Q2 = A∗
Q2

(Q1 −Q2)AQ1
.

Proof. Subtract the form (10.9) of the CARE for Q1 and Q2 to obtain

Q1 −Q2 = A∗
Q1

(I + Q1BS−1B∗)Q1AQ1 −A∗
Q2

(I + Q2BS−1B∗)Q2AQ2 .(10.12)

According to Lemma 10.1 (say with P = I) we have

AQ2 = (I + BS−1B∗Q2)
−1AP (I + PC∗R−1C)(10.13)

= (I + BS−1B∗Q2)
−1(I + BS−1B∗Q1)AQ1

.

Combining (10.12) and (10.13) we obtain

Q1 −Q2 = A∗
Q2

(I + Q2BS−1B∗)Q1AQ1
−A∗

Q2
Q2(I + BS−1B∗Q1)AQ1

= A∗
Q2

(Q1 −Q2)AQ1 .

10.2. Proofs for section 6. In this section we prove the relationships between
the CARE and the FARE of a system and the control and observation Lyapunov
equations of its CARE closed-loop system (Lemmas 6.3, 6.4, 6.5, and 6.6).

Lemma 10.5. Suppose that the system (Ǎ, B̌, [Č1; Č2], [Ď1; Ď2]) is such that Ď1

is boundedly invertible and that there exists a nonnegative self-adjoint operator V such
that

B̌∗V Ǎ + Ď∗Č = 0.(10.14)

Define the system (A,B,C,D) by (5.4) and S := I +D∗D and R := I +DD∗. Then
1. Ǎ = A−B(S + B∗V B)−1(D∗C + B∗V A) and
2. Ǎ∗V Ǎ− V + Č∗Č = Ǎ∗(I + V BS−1B∗)V Ǎ− V + C∗R−1C.

Proof. We first prove the equality

SČ1 = −(B∗V Ǎ + D∗C).(10.15)

From (10.14) and (5.4) we obtain

Ď∗
1B

∗V Ǎ + Ď∗
1Č1 + Ď∗

2Č2 = 0.

Thus

Č1 = −B∗V Ǎ−D∗Č2 = −B∗V Ǎ−D∗(C + DČ1)

and this yields (10.15):

SČ1 = (I + D∗D)Č1 = −B∗V Ǎ−D∗C.
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We now prove the first equality stated in the lemma. We take the equality just proved
(10.15) and substitute Ǎ = A + BČ1 to obtain

SČ1 = −(B∗V (A + BČ1) + D∗C).

Thus

(S + B∗V B)Č1 = −(B∗V A + D∗C).

We now solve for Č1 and substitute to obtain

Ǎ = A + BČ1 = A−B(S + B∗V B)−1(B∗V A + D∗C).

We now prove the equality

Č∗Č = Ǎ∗V BS−1B∗V Ǎ + C∗R−1C.(10.16)

We have

Č∗Č = Č∗
1 Č1 + Č∗

2 Č2

and substituting for Č2 from (5.4) gives

Č∗Č = Č∗
1 Č1 + (C + DČ1)

∗(C + DČ1).

Finally, substituting for Č1 from (10.15) and simplifying gives the result.
The second equality stated in the lemma follows easily from (10.16).

Proof of Lemma 6.3. We only have to prove (6.3). Noting (6.2), we apply Lemma
10.5 with V := Q to the CARE closed-loop system. Since Ǎ defined by (5.1) equals
AQ defined by (10.2), we have

Ǎ∗QǍ−Q + Č∗Č = A∗
Q(I + QBS−1B∗)QAQ −Q + C∗R−1C.

Since Q is a solution of the CARE (3.4) of (A,B,C,D) the right-hand side of this
equation is zero by Lemma 10.2 and we have shown (6.3).

Proof of Lemma 6.4. By assumption, there exists a nonnegative self-adjoint Q
such that B̌∗QǍ + Ď∗Č = 0. We apply Lemma 10.5 with V := Q to obtain Ǎ = AQ

given by (10.2) and

Ǎ∗QǍ−Q + Č∗Č = A∗
Q(I + QBS−1B∗)QAQ −Q + C∗R−1C.

The left-hand side of this equation is zero since by assumption Q satisfies (6.3). This
proves that the right-hand side is zero, and Lemma 10.2 now shows that Q is a solution
of the CARE of the system (A,B,C,D).

Lemma 10.6. Let a system (Ǎ, B̌, [Č1; Č2], [Ď1; Ď2]) with Ď1 boundedly invertible
be given and assume that a nonnegative self-adjoint operator V exists such that

B̌∗V B̌ + Ď∗Ď = I.

Define the system (A,B,C,D) by (5.4). Then we have
1. B∗V B + S = Ď−∗

1 Ď−1
1 and

2. B̌B̌∗(I + V BS−1B∗) = BS−1B∗.
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Proof. 1. The given equation for V translates to

Ď∗
1B

∗V BĎ1 + Ď∗
1Ď1 + Ď∗

1D
∗DĎ1 = I,

and multiplying from the left with Ď−∗
1 and from the right with Ď−1

1 gives the result.
2. The first equality implies that (S+B∗V B)−1 = Ď1Ď

∗
1 and so B(S+B∗V B)−1B∗

= B̌B̌∗. Hence

B̌B̌∗(I + V BS−1B∗) = B(S + B∗V B)−1B∗(I + V BS−1B∗)

= B(S + B∗V B)−1(S + B∗V B)S−1B∗ = BS−1B∗,

which proves the second equality.
We now prove Lemma 6.5.
Proof of Lemma 6.5. We remark that L = (I + PQ)−1P = P (I + QP )−1 and so

we have to show that

ǍP (I + QP )−1Ǎ∗ − P (I + QP )−1 + B̌B̌∗ = 0.(10.17)

Recalling that Ǎ = AQ from (5.1) and (10.2) and using Lemmas 10.1 (10.5) and 10.3
we can substitute Ǎ = (I + BS−1B∗Q)−1AP (I + PC∗R−1C) and (I + QP )−1Ǎ∗ =
A∗

P (I + QP )−1 to obtain for the left-hand side of (10.17)

(I + BS−1B∗Q)−1AP (I + PC∗R−1C)PA∗
P (I + QP )−1 − P (I + QP )−1 + B̌B̌∗

= (I + BS−1B∗Q)−1[AP (I + PC∗R−1C)PA∗
P − (I + BS−1B∗Q)P

+ (I + BS−1B∗Q)−1B̌B̌∗(I + QP )](I + QP )−1.

We now apply Lemma 10.6 with V := Q to obtain (I+BS−1B∗Q)−1B̌B̌∗ = BS−1B∗,
and so we obtain for the left-hand side of (10.17)

(I + BS−1B∗Q)−1[AP (I + PC∗R−1C)PA∗
P − (I + BS−1B∗Q)P

+ BS−1B∗(I + QP )](I + QP )−1.

The term in square brackets is zero according to the FARE (10.7) and we have proved
(10.17).

Proof of Lemma 6.6. We first recall from the proof of Lemma 6.4 that Ǎ = AQ,
where AQ is defined by (10.2), and that (10.6) holds with AQ = Ǎ. Define P :=
L(I − QL)−1 and define AP by (10.1). The second step in the proof is establishing
the identity

(I − LQ)AP = Ǎ(I − LQ)(10.18)

or by (10.6) the equivalent identity

(I − LQ)(I + BS−1B∗Q)Ǎ = Ǎ(I − LQ)(I + PC∗R−1C).(10.19)

Since P = L(I −QL)−1 = (I − LQ)−1L the right-hand side of (10.19) is equal to

Ǎ− ǍLQ + ǍLC∗R−1C.

We substitute Q− C∗R−1C = Ǎ∗(I + QBS−1B∗)QǍ (this identity holds because Q
is a solution of the CARE; see (10.9)) to obtain for the right-hand side of (10.19)

Ǎ− ǍLǍ∗(I + QBS−1B∗)QǍ.
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The control Lyapunov equation tells us that ǍLǍ∗ = L− B̌B̌∗ and so the right-hand
side of (10.19) is equal to

Ǎ− L(I + QBS−1B∗)QǍ + B̌B̌∗(I + QBS−1B∗)QǍ.

Substituting B̌B̌∗(I + QBS−1B∗) = BS−1B∗ from Lemma 10.6 with V = Q we
obtain for the right-hand side of (10.19)

Ǎ− L(I + QBS−1B∗)QǍ + BS−1B∗QǍ,

which is equal to the left-hand side of (10.19). This proves (10.18). We now make the
third and last step of the proof that P is a solution of the FARE. We start with the
control Lyapunov equation

ǍLǍ∗ − L + B̌B̌∗ = 0

and substitute Ǎ = (I−LQ)AP (I−LQ)−1 from (10.18) and Ǎ∗ = (I+C∗R−1CP )A∗
P (I+

QBS−1B∗)−1 from (10.6) to obtain

(I − LQ)AP (I − LQ)−1L(I + C∗R−1CP )A∗
P (I + QBS−1B∗)−1 − L + B̌B̌∗ = 0.

We multiply by (I − LQ)−1 from the left and by (I + QBS−1B∗) from the right to
obtain

APP (I +C∗R−1CP )A∗
P −P (I +QBS−1B∗) + (I −LQ)−1B̌B̌∗(I +QBS−1B∗) = 0.

We again use the fact that B̌B̌∗(I + QBS−1B∗) = BS−1B∗ to obtain

APP (I + C∗R−1CP )A∗
P − P − PQBS−1B∗ + (I − LQ)−1BS−1B∗ = 0.(10.20)

Using that P = (I − LQ)−1L we see that the sum of the two last terms of the left-
hand side of (10.20) equals BS−1B∗. This proves that P is a solution of the equivalent
version (10.7) of the FARE.
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1. Introduction. The aim of this paper is to study the existence of Nash equi-
librium points for a two-player nonzero-sum stochastic differential game. The game
is governed by a stochastic differential equation with two controls and two payoffs.

This problem can be found, for instance, in Friedman [7] and in a series of papers
by Bensoussan and Frehse [2], [3], [4]. All these papers make the assumption that
feedback is continuous.

We are interested in studying the problem assuming that the controls take values
in compact sets. In this case one cannot expect a Nash equilibrium among continuous
feedback, and the Hamiltonian functions associated with the game are nonsmooth.

We consider a simple multidimensional model problem taking two players, affine
dynamics, affine payoff functions, and compact control sets.

The loss of continuity of the feedback, due to the hard constraints, leads us to
consider a parabolic system strongly coupled by discontinuous terms. In fact, from
the usual necessary condition satisfied by the value of the Nash equilibrium feedback
in terms of the Hamilton–Jacobi theory, we reduce ourselves to studying the existence
of a sufficiently regular solution to a system of nonlinear parabolic equations which
contains the Heaviside graph. By this regularity result, we are able to construct Nash
equilibrium feedback whose optimality is proved by using the verification approach in
the sense of [2], [3], [4].

The motivation for studying games in compact control sets comes from stan-
dard nonlinear control theory; this seems a natural assumption in many applications.
In particular, Nash equilibria for nonzero-sum deterministic differential games were
recently studied by Olsder [12] and Cardaliaguet and Plaskacz [5].

2. Statement of the problem. Let Ω be a bounded smooth domain in RN .
Let X be a process which satisfies the following stochastic differential equation

dX(s) = f(s,X(s), u1(s,X(s)), u2(s,X(s)))ds + σ(s,X(s))dw,(2.1)

X(t) = x,(2.2)

s ∈ [t, T ], x ∈ Ω ⊂ RN .
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MURST national project “Analisi e controllo di equazion di evoluzione deterministiche e stocastiche.”
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Italy (mannucci@math.unipd.it).
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For each s, X(s) represents the state evolution of a system controlled by two players.
The ith player acts by means of a feedback control function ui : (t, T ) × RN → Ui ⊂
Rki , where i = 1, 2.

Let Ui :≡ {ui Borel-measurable applications (t, T )×RN → Ui ⊂ Rki}, i = 1, 2, be
the set of the control functions ui with values ui(s,X) in Ui. The term σ(s,X(s))dw
represents the “noise,” where w is an N -dimensional standard Brownian motion and
σ is an N×N matrix. We assume that σ does not depend on the control variables u1,
u2 and that σ and σ−1 are bounded and Lipschitz on X. The function f(s,X, u1, u2)
is called the dynamic of the game (2.1).

We refer to [7] for the definitions about stochastic processes, stochastic differential
equations and functional spaces.

A control function ui ∈ Ui will be called admissible if it is adapted to the filtration
defined on the probability space.

It is possible to prove, using Girsanov’s theorem, that, under convenient assump-
tions on f , for all (u1, u2) ∈ U1 × U2 admissible controls, there exists a unique weak
solution to the problem (2.1), (2.2) (see, for example, [4], [9], [6, Chapter 4]).

For any choice of admissible controls u1, u2 we have the following payoff functions:

Ji(t, x, u1, u2) = Etx

{∫ τ

t

li(s,X(s), u1(s,X(s)), u2(s,X(s)))ds + gi(T,X(T ))

}
,

i = 1, 2,(2.3)

where τ ≡ T ∧ inf{s ≥ t,X(s) /∈ Ω}, Etx is the expectation under the probability
Ptx, li and gi are prescribed functions (the assumptions will be specified later), and
X = X(s) is the unique weak solution of (2.1)–(2.2) corresponding to (u1, u2) ∈ U1×U2

admissible controls.
Each player wants to maximize his own payoff.
Definition 2.1. A pair of admissible controls (u1, u2) ∈ U1 × U2 is called the

Nash equilibrium point of the differential game (2.1)–(2.2), with payoff (2.3), if

J1(t, x, u1, u2) ≥ J1(t, x, u1, u2),(2.4)

J2(t, x, u1, u2) ≥ J2(t, x, u1, u2),(2.5)

for all (t, x) ∈ (0, T ) × Ω and for all (u1, u2) ∈ U1 × U2 admissible controls.
The functions

V1(t, x) :≡ J1(t, x, u1, u2), V2(t, x) :≡ J2(t, x, u1, u2)(2.6)

are a value of the Nash equilibrium point (u1, u2).
We define the pre-Hamiltonians Hi(t, x, p, u1, u2) : (0, T )×RN×RN×U1×U2 →

R, i = 1, 2:

H1(t, x, p, u1(t, x), u2(t, x)) :≡ p · f(t, x, u1(t, x), u2(t, x))(2.7)

+ l1(t, x, u1(t, x), u2(t, x)),

H2(t, x, p, u1(t, x), u2(t, x)) :≡ p · f(t, x, u1(t, x), u2(t, x))

+ l2(t, x, u1(t, x), u2(t, x)).

We set

a =
1

2
σσ∗

(σ∗ is the transpose of σ) to be the matrix with elements ah,k, h, k = 1, . . . , N .
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If the value functions V1, V2 ∈ C1,2, we can apply Itô’s formula; changing the
time variable (T − t → t), we get that V1, V2 solve, in ΩT :≡ (0, T )×Ω, the following
nonlinear parabolic system coupled by the Nash equilibrium problem:

∂V1(t, x)

∂t
−

N∑
h,k=1

ahk(t, x)
∂2V1(t, x)

∂xh∂xk
(2.8)

= max{u1∈U1}H1(t, x,∇xV1(t, x), u1(t, x), u2(t, x))

= H1(t, x,∇xV1(t, x), u1(t, x), u2(t, x)),

∂V2(t, x)

∂t
−

N∑
h,k=1

ahk(t, x)
∂2V2(t, x)

∂xh∂xk
(2.9)

= max{u2∈U2}H2(t, x,∇xV2(t, x), u1(t, x), u2(t, x))

= H2(t, x,∇xV2(t, x), u1(t, x), u2(t, x)),

u1(t, x) ∈ argmax{u1∈U1}H1(t, x,∇xV1(t, x), u1(t, x), u2(t, x)),(2.10)

u2(t, x) ∈ argmax{u2∈U2}H2(t, x,∇xV2(t, x), u1(t, x), u2(t, x)),(2.11)

V1 = g1(t, x), V2 = g2(t, x) on ∂pΩT ,(2.12)

where ∂pΩT :≡
(
(0, T ) × ∂Ω

)
∪
(
{t = 0} × Ω

)
. (Here and in the following we write,

for the sake of brevity, argmaxui∈Ui
Hi, which means argmaxui(t,x)∈Ui

Hi).
The functions

H1(t, x,∇xV1(t, x), u1(t, x), u2(t, x))

= max{u1∈U1}H1(t, x,∇xV1(t, x), u1(t, x), u2(t, x)),

H2(t, x,∇xV1(t, x), u1(t, x), u2(t, x))

= max{u2∈U2}H2(t, x,∇xV2(t, x), u1(t, x), u2(t, x))

are called the Hamiltonian functions associated with the game (2.1)–(2.3).
We want to outline here the classical procedure used in Friedman’s book [7] to

prove the existence of a Nash equilibrium point u1, u2.
1. Suppose that, for any fixed p ∈ RN , there exist u∗

1, u
∗
2 such that

u∗
1(t, x, p) ∈ argmax{u1∈U1}H1(t, x, p, u1(t, x), u∗

2(t, x)),

u∗
2(t, x, p) ∈ argmax{u2∈U2}H2(t, x, p, u

∗
1(t, x), u2(t, x))

are measurable in (t, x) ∈ ΩT and continuous in p.(2.13)

2. Solve the parabolic system

∂V1(t, x)

∂t
−

N∑
h,k=1

ahk(t, x)
∂2V1(t, x)

∂xh∂xk

= H1(t, x,∇xV1, u
∗
1(t, x,∇xV1), u

∗
2(t, x,∇xV2)),(2.14)

∂V2(t, x)

∂t
−

N∑
h,k=1

ahk(t, x)
∂2V2(t, x)

∂xh∂xk

= H2(t, x,∇xV2, u
∗
1(t, x,∇xV1), u

∗
2(t, x,∇xV2)),

V1 = g1(t, x), V2 = g2(t, x) on ∂pΩT .
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3. Prove that the pair of functions (u1, u2) with values

u1(t, x) :≡ u∗
1(t, x,∇xV1(t, x)),

u2(t, x) :≡ u∗
2(t, x,∇xV2(t, x))

is a Nash equilibrium point (see Definition 2.1).
Therefore to obtain Nash equilibrium points for the associated stochastic differ-

ential game, we look for a “sufficiently regular” solution of system (2.14).
A similar procedure is used, in the elliptic case, by Bensoussan and J. Frehse [2],

[3], [4] to study systems of Bellman equations.
We want to emphasize that the results of Friedman and Bensoussan and J. Frehse

on the existence of classical solutions and of Nash equilibrium points are obtained
under the assumption that there exist some feedback

u∗
1 ∈ argmax{u1∈U1}H1(t, x, p, u1, u

∗
2), u∗

2 ∈ argmax{u2∈U2}H2(t, x, p, u
∗
1, u2)

that are continuous in p (see, for example, assumption (D) [7, section 17, p. 497]). If
we assume that the sets Ui, i = 1, 2, are compact, the assumption on the continuity
of the feedback can be too restrictive.

Weaker assumptions on the regularity of the feedback can be found in [8] and [9].
In this paper we consider a model problem with U1, U2 compact sets in R, affine

dynamics of the game, and affine payoff.
Let us list the assumptions:

U1 = U2 = [0, 1],(2.15)

f(x, u1(t, x), u2(t, x)) : Ω × U1 × U2 → RN ,(2.16)

f(x, u1(t, x), u2(t, x)) = f1(x)u1(t, x) + f2(x)u2(t, x),

fi(x) : Ω → RN , fi(x) ∈ C1(Ω), i = 1, 2,

li(x, u1(t, x), u2(t, x)) : Ω × U1 × U2 → R,(2.17)

li(x, u1(t, x), u2(t, x)) = li(x)ui(t, x), i = 1, 2,

li(x) : Ω → RN , li(x) ∈ C1(Ω), i = 1, 2,

gi(t, x) ∈ H1+α(ΩT ), α ∈ (0, 1), i = 1, 2,(2.18)

ahk(t, x) ∈ C2(ΩT ),

ν|ξ|2 ≤
N∑

h,k=1

ahk(t, x)ξhξk ≤ µ|ξ|2, ν, µ > 0,(2.19)

for all (t, x) ∈ ΩT and for all ξ ∈ RN .

Taking into account the affine structure of f and l in (2.16)–(2.17), the functions H1

and H2 in (2.7) become

H1(x, p, u1(t, x), u2(t, x)) =
(
p · f1(x) + l1(x)

)
u1(t, x) + p · f2(x)u2(t, x),

H2(x, p, u1(t, x), u2(t, x)) =
(
p · f2(x) + l2(x)

)
u2(t, x) + p · f1(x)u1(t, x).(2.20)
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From (2.15) and (2.20), for any fixed p, we have

u1(t, x) ∈ argmax{u1∈U1}H1(x, p, u1(t, x), u2(t, x))

= argmax{u1(t,x)∈[0,1]}
(
p · f1(x) + l1(x)

)
u1(t, x) + p · f2(x)u2(t, x)

= Heav
(
p · f1(x) + l1(x)

)
,(2.21)

where Heav(η) is the Heaviside graph defined as Heav(η) = 1 if η > 0, Heav(η) = 0 if
η < 0, and Heav(0) = [0, 1].

Analogously

u2(t, x) ∈ Heav
(
p · f2(x) + l2(x)

)
.(2.22)

From (2.20), (2.21), (2.22), the Hamiltonian functions assume the form

H1(x, p, u1(t, x), u2(t, x)) ≡ max{u1∈U1}H1(x, p, u1(t, x), u2(t, x))

=
(
p · f1(x) + l1(x)

)
+

+ p · f2(x)u2(t, x),(2.23)

H2(x, p, u1, u2) ≡ max{u2∈U2}H2(x, p, u1(t, x), u2(t, x))

=
(
p · f2(x) + l2(x)

)
+

+ p · f1(x)u1(t, x),(2.24)

where we denoted by (h)+ the positive part of the function h.
Taking, for any fixed p,

u∗
1(t, x, p) ∈ Heav

(
p · f1(x) + l1(x)

)
,(2.25)

u∗
2(t, x, p) ∈ Heav

(
p · f2(x) + l2(x)

)
,(2.26)

we have that u∗
1, u

∗
2 do not satisfy (2.13) because they are not continuous in p. Hence,

in this case, we cannot use the results of [7].
From (2.25), (2.26), the parabolic system (2.8), (2.9) becomes

∂V1

∂t
−

N∑
h,k=1

ahk
∂2V1

∂xh∂xk
∈
(
∇xV1 · f1(x) + l1(x)

)
Heav(∇xV1 · f1(x) + l1(x))

+ ∇xV1 · f2(x)Heav(∇xV2 · f2(x) + l2(x)) in ΩT ,(2.27)

∂V2

∂t
−

N∑
h,k=1

ahk
∂2V2

∂xh∂xk
∈
(
∇xV2 · f2(x) + l2(x)

)
Heav(∇xV2 · f2(x) + l2(x))

+ ∇xV2 · f1(x)Heav(∇xV1 · f1(x) + l1(x)) in ΩT ,(2.28)

V1(t, x) = g1(t, x), V2(t, x) = g2(t, x) on ∂pΩT .(2.29)

This is a uniformly parabolic system strongly coupled by the Heaviside graph con-
taining the first order derivatives of the unknown functions.

Equations (2.27) and (2.28) are to be interpreted in the following way:

∂V1

∂t
−

N∑
h,k=1

ahk
∂2V1

∂xh∂xk
=

(
∇xV1 · f1 + l1

)
h1(t, x) + ∇xV1 · f2h2(t, x),

∂V2

∂t
−

N∑
h,k=1

ahk
∂2V2

∂xh∂xk
=

(
∇xV2 · f2 + l2

)
h2(t, x) + ∇xV2 · f1h1(t, x),

h1(t, x) ∈ Heav(∇xV1 · f1(x) + l1(x)), h2(t, x) ∈ Heav(∇xV2 · f2(x) + l2(x)).
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Following the previous scheme, first we investigate the existence of a solution V1, V2

of (2.27)–(2.29). Next, if we find sufficient regularity, it will be possible to prove the
existence of a Nash equilibrium point.

In section 3 we provide an existence result for a solution V1, V2 in H1+α(ΩT ) ∩
W 1,2

q (ΩT ) of the system (2.27)–(2.29), and in section 4 we prove the existence of a
Nash equilibrium point.

3. Existence of a solution to the parabolic system. We give the following
definition.

Definition 3.1. (V1, V2) is a strong solution of the system (2.27)–(2.29) if
(a) V1(t, x), V2(t, x) ∈ H1+α(ΩT ) ∩W 1,2

q (ΩT ) for some α ∈ (0, 1), q > N + 2;
(b) equations (2.27)–(2.28) hold almost everywhere and (2.29) holds.
Theorem 3.2. Under assumptions (2.15)–(2.19), taking Heav(η) = 1 if η > 0,

Heav(η) = 0 if η < 0, and Heav(0) = [0, 1], there exists at least a strong solution
(V1, V2) of the parabolic system (2.27)–(2.29).

Proof. Let us consider the approximating problems obtained by replacing the
Heaviside graph Heav(η) with smooth functions Hn:

Hn(η) ∈ C∞(R), Hn(η) ∈ L∞(R),

Hn(η) = 0 if η ≤ 0, Hn(η) = 1 if η ≥ 1

n
,

H ′
n ≥ 0,(3.1)

Hn(η) → Heav(η) in Lp(K), p > 1, K ⊂ R is any compact of R,

Hn(η) → Heav(η) in C0 outside a neighbourhood of η = 0.

We denote by V1n, V2n the solution of the problem

∂V1n

∂t
−

N∑
h,k=1

ahk
∂2V1n

∂xh∂xk
=

(
∇xV1n · f1 + l1

)
Hn(∇xV1n · f1 + l1)

+ ∇xV1n · f2Hn(∇xV2n · f2 + l2) in ΩT ,(3.2)

∂V2n

∂t
−

N∑
h,k=1

ahk
∂2V2n

∂xh∂xk
=

(
∇xV2n · f2 + l2

)
Hn(∇xV2n · f2 + l2)

+ ∇xV2n · f1Hn(∇xV1n · f1 + l1) in ΩT ,(3.3)

V1n = g1, V2n = g2 in ∂pΩT .(3.4)

From [11, Theorem 7.1, p. 596] on quasi-linear parabolic systems with smooth coef-
ficients, there exists an unique solution of problem (3.2)–(3.4), V1n(t, x), V2n(t, x) ∈
H2+α(ΩT ).

At this point, regarding the terms Hn(∇xV1n · f1 + l1) + f2Hn(∇xV2n · f2 + l2)
and Hn(∇xV2n · f2 + l2) + f1Hn(∇xV1n · f1 + l1) in (3.2)–(3.3) as bounded uniformly
on n, from [11, Theorem 9.1, p. 341], we find an uniform estimate in W 1,2

q :

‖V1n‖(2)
q,ΩT

+ ‖V2n‖(2)
q,ΩT

≤ C(‖Hn‖q,ΩT
, ‖g1‖(2−1/q)

q,∂pΩT
, ‖g2‖(2−1/q)

q,∂pΩT
) ≤ C,(3.5)

where C is independent of n and q > 1.
By means of an embedding theorem (see, for example, [11, Chapter 2, Lemma 3.3]),

taking q > N + 2, we obtain

|V1n|(1+α)
ΩT

+ |V2n|(1+α)
ΩT

≤ C, α = 1 − N + 2

q
,(3.6)

where C is independent of n.
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We can now extract two subsequences, which we denote again by V1n, V2n such
that

Vin → Vi in C0(ΩT ), i = 1, 2,(3.7)

∂Vin

∂xh
→ ∂Vi

∂xh
in C0(ΩT ), i = 1, 2, h = 1, . . . N.

From the weak precompactness of the unit ball of W 2,1
q , we have

∂Vin

∂t
⇀

∂Vi

∂t
weakly in L2(ΩT ), i = 1, 2,(3.8)

∂2Vin

∂xh∂xk
⇀

∂2Vi

∂xh∂xk
weakly in L2(ΩT ), i = 1, 2, h, k = 1, . . . N.

From (3.7), (3.8)

V1(t, x), V2(t, x) ∈ H1+α(ΩT ) ∩W 1,2
q (ΩT ), with α = 1 − N + 2

q
.(3.9)

Now we have to prove that V1, V2 solve (2.27)–(2.28) almost everywhere in ΩT .
From assumptions (3.1) and (3.8), the two sequences Hn(∇xV1n·f1+l1), Hn(∇xV2n·

f2+ l2) are uniformly bounded in L2(ΩT ), and hence we can extract two subsequences
such that

Hn(∇xV1n · f1 + l1) ⇀ h1(t, x) weakly in L2(ΩT ),(3.10)

Hn(∇xV2n · f2 + l2) ⇀ h2(t, x) weakly in L2(ΩT ).

We now show that hi(t, x) ∈ Heav(∇xVi · fi + li) almost everywhere i = 1, 2. To do
this let us consider the following sets:

Pi :≡ {(t, x) ∈ ΩT : ∇xVi(t, x) · fi(x) + li(x) > 0},

Ni :≡ {(t, x) ∈ ΩT : ∇xVi(t, x) · fi(x) + li(x) < 0},

Zi :≡ {(t, x) ∈ ΩT : ∇xVi(t, x) · fi(x) + li(x) = 0},

i = 1, 2.

From (3.7), we have that, for a sufficiently large n, ∇xVin(t, x) · fi(x) + li(x) > 0 for
all (t, x) ∈ Pi. Hence, from (3.1), we obtain that

Hn(∇xVin(t, x) · fi(x) + li(x)) → 1 = Heav(∇xVi(t, x) · fi(x) + li(x))

for all (t, x) ∈ Pi, i = 1, 2.
Analogously, in Ni, for a sufficiently large n, ∇xVin(x, t) · fi(x) + li(x) < 0, and

hence

Hn(∇xVin(x, t) · fi(x) + li(x)) ≡ 0 = Heav(∇xVi(x, t) · fi(x) + li(x))

for all (t, x) ∈ Ni, i = 1, 2.
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In Zi, from the assumptions on Hn (see (3.1)), we have that 0 ≤ hi ≤ 1 almost
everywhere, and hence

h1(t, x) ∈ Heav(∇xV1(t, x) · f1(x) + l1(x)) almost everywhere in ΩT ,(3.11)

h2(t, x) ∈ Heav(∇xV2(t, x) · f2(x) + l2(x)) almost everywhere in ΩT .(3.12)

At this point, from (3.7), (3.8), (3.10), (3.11), (3.12), we obtain that V1, V2 satisfy
(2.27)–(2.28) almost everywhere in ΩT and from the regularity of the functions V1,
V2, we have that V1(t, x) = g1(t, x), V2(t, x) = g2(t, x) for all (t, x) ∈ ∂pΩT .

Remark 3.1. If we choose W (η) ∈ Heav(η), we are not able to solve the problem

∂V1

∂t
−

N∑
h,k=1

ahk
∂2V1

∂xh∂xk
=

(
∇xV1 · f1 + l1

)
W (∇xV1 · f1 + l1)

+ ∇xV1 · f2 W (∇xV2 · f2 + l2),(3.13)

∂V2

∂t
−

N∑
h,k=1

ahk
∂2V2

∂xh∂xk
=

(
∇xV2 · f2 + l2

)
W (∇xV2 · f2 + l2)

+ ∇xV2 · f1 W (∇xV1 · f1 + l1),(3.14)

because we cannot exclude that meas{(t, x) ∈ ΩT : ∇xVi · fi(x) + li(x) = 0} > 0, i =
1, 2. Hence we cannot prove that

Hn(∇xVin · fi + li) ⇀ W (∇xVi · fi + li), i = 1, 2,

but only that

Hn(∇xVin · fi + li) ⇀ hi ∈ Heav(∇xVi · fi + li), i = 1, 2.

4. Existence of a Nash equilibrium point. We now prove the following.
Theorem 4.1. Suppose that the assumptions of Theorem 3.2 hold. Let (V1, V2)

be a strong solution of the parabolic system (2.27)–(2.29); then any admissible control
(u1, u2) such that

u1(t, x) ∈ Heav(∇xV1(t, x) · f1(x) + l1(x)),(4.1)

u2(t, x) ∈ Heav(∇xV2(t, x) · f2(x) + l2(x))(4.2)

is a Nash equilibrium point for the stochastic differential game (2.1)–(2.2) with payoff
(2.3).

Proof. The existence of a strong solution (V1, V2) of the parabolic system (2.27)–
(2.29) is stated by Theorem 3.2.

To prove that ui(t, x) ∈ Heav(∇xVi(t, x) · fi(x) + li(x)), i = 1, 2, are the values of
a Nash equilibrium point, as in Definition 2.1, we have to show that

J1(t, x, u1, u2) ≥ J1(t, x, u1, u2),

J2(t, x, u1, u2) ≥ J2(t, x, u1, u2)(4.3)

for all (u1, u2) ∈ U1 × U2 admissible controls.
Let us denote

v1(t, x) :≡ J1(t, x, u1, u2),(4.4)

v2(t, x) :≡ J2(t, x, u1, u2).
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Using a generalization of Itô’s formula applied to functions in W 1,2
q (see, for example,

[1, Theorem 4.1, p. 126]), we have that the couple (v1, v2) solves the following parabolic
system (here and in the following we omit, for the sake of brevity, the dependence on
the variables (t, x)):

∂v1

∂t
−

N∑
h,k=1

ahk
∂2v1

∂xh∂xk
= H1(x, t,∇xv1, u1, u2)(4.5)

= (∇xv1f1 + l1)u1 + ∇xv1f2u2 in ΩT ,

∂v2

∂t
−

N∑
h,k=1

ahk
∂2v2

∂xh∂xk
= H2(x, t,∇xv2, u1, u2)(4.6)

= (∇xv2 · f2 + l2)u2 + ∇xv2f1u1 in ΩT ,

v1 = g1(t, x), v2 = g2(t, x) on ∂pΩT .(4.7)

From (4.1), (4.2), we have

∂v1

∂t
−

N∑
h,k=1

ahk
∂2v1

∂xh∂xk
∈ (∇xv1 · f1 + l1)Heav(∇xV1 · f1 + l1)

+ ∇xv1 · f2Heav(∇xV2 · f2 + l2) in ΩT ,(4.8)

∂v2

∂t
−

N∑
h,k=1

ahk
∂2v2

∂xh∂xk
∈ (∇xv2 · f2 + l2)Heav(∇xV2 · f2 + l2)

+ ∇xv2 · f1Heav(∇xV1 · f1 + l1) in ΩT ,

v1 = g1(t, x), v2 = g2(t, x) on ∂pΩT .(4.9)

Let us now fix (u1, u2) ∈ U1 × U2 admissible controls and denote

w1(t, x) :≡ J1(t, x, u1, u2),(4.10)

w2(t, x) :≡ J2(t, x, u1, u2).

The couple (w1, w2) solves the following parabolic system:

∂w1

∂t
−

N∑
h,k=1

ahk
∂2w1

∂xh∂xk
= H1(x, t,∇xw1, u1, u2)(4.11)

= (∇xw1f1 + l1)u1 + ∇xw1f2u2 in ΩT ,

∂w2

∂t
−

N∑
h,k=1

ahk
∂2w2

∂xh∂xk
= H2(x, t,∇xw2, u1, u2)(4.12)

= (∇xw2 · f2 + l2)u2 + ∇xw2f1u1 in ΩT ,

w1 = g1(t, x), w2 = g2(t, x) on ∂pΩT ,(4.13)

w1, w2 ∈ W 1,2
q (ΩT ).

From the expressions (2.20) of H1, H2, taking into account (2.10), (2.11), we have
that, for any p fixed,

(pf1 + l1)u1(t, x) ≤ (pf1 + l1)u1(t, x),(4.14)

(pf2 + l2)u2(t, x) ≤ (pf2 + l2)u2(t, x).
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Consider now the functions z1 :≡ v1 − w1, z2 :≡ v2 − w2. From systems (4.5)–(4.7)
and (4.11)–(4.13) we have

∂z1

∂t
−

N∑
h,k=1

ahk
∂2z1

∂xh∂xk
= (∇xv1 · f1 + l1)u1 + ∇xv1 · f2u2

− (∇xw1 · f1 + l1)u1 −∇xw1 · f2u2 in ΩT ,(4.15)

∂z2

∂t
−

N∑
h,k=1

ahk
∂2z2

∂xh∂xk
= (∇xv2 · f2 + l2)u2 + ∇xv2 · f1u1

− (∇xw2 · f2 + l2)u2 −∇xw2 · f1u1 in ΩT ,

z1 = z2 = 0 on ∂pΩT .

Taking into account (4.14), we obtain

∂z1

∂t
−

N∑
h,k=1

ahk
∂2z1

∂xh∂xk
≥ (∇xv1 · f1 + l1)u1 + ∇xv1 · f2u2

− (∇xw1 · f1 + l1)u1 −∇xw1 · f2u2

= ∇xz1 ·
(
f1u1 + f2u2

)
in ΩT ,(4.16)

∂z2

∂t
−

N∑
h,k=1

ahk
∂2z2

∂xh∂xk
≥ (∇xv2 · f2 + l2)u2 + ∇xv2 · f1u1

− (∇xw2 · f2 + l2)u2 −∇xw2 · f1u1

= ∇xz2 ·
(
f2u2 + f1u1

)
in ΩT ,(4.17)

z1 = z2 = 0 on ∂pΩT .

Equations (4.16), (4.17) are no longer coupled and the terms f1u1 +f2u2, f2u2 +f1u1

are known and bounded. Hence we can apply an extension of the maximum principle
to parabolic equations whose coefficients are in L∞ (see, for example, [10, Chapter 7]),
obtaining

z1(t, x) ≥ 0, z2(t, x) ≥ 0 in ΩT .(4.18)

Taking into account (4.4) and (4.10), from (4.18) we obtain (4.3), i.e., the result.
Remark 4.1. The results proved in section 3 and 4 hold true even if we take

M > 2 players and if we take the functions f and l linear and dependent explicitly on
t, i.e.,

f(t, x, u1, u2) = f1(t, x)u1 + f2(t, x)u2 + f3(t, x),

l1(t, x, u1, u2) = l1(t, x)u1 + h1(t, x),

l2(t, x, u1, u2) = l2(t, x)u2 + h2(t, x).

The only difference is the appearance in (2.27)–(2.28), as source terms, of the functions
f3(t, x) + h1(t, x) and f3(t, x) + h2(t, x), respectively.
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Remark 4.2. In [12], Olsder studied the Nash equilibria of the following nonzero-
sum deterministic differential game with open-loop bang-bang controls:

ẋ = (1 − x)u1 − xu2,

with payoff

J1 =

∫ T

t

(c1x− u1) ds, J2 =

∫ T

t

(c2(1 − x) − u2) ds,

and controls subject to

0 ≤ ui(t) ≤ 1.

Because of the hard constraints, also in this case, the optimal controls contain Heavi-
side functions.

Remark 4.3. If we change the control sets taking U1 = U2 = [−1, 1], as done in
[5] in the deterministic case, the optimal feedback equilibria are

u1 ∈ sign
(
p · f1 + l1

)
,

u2 ∈ sign
(
p · f2 + l2

)
,

where sign(η) = 1 if η > 0, sign(η) = −1 if η < 0, and sign(0) = [−1, 1].
The Hamiltonian functions take the form

H1(x, p, u1, u2) =
∣∣p · f1(x) + l1(x)

∣∣ + p · f2(x)u2,

H2(x, p, u1, u2) =
∣∣p · f2(x) + l2(x)

∣∣ + p · f1(x)u1,

and also in this case our method can be applied.

Acknowledgments. The author would like to thank Martino Bardi, who stated
the problem, for his helpful comments and suggestions. The author thanks the referees
for their useful remarks.
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Abstract. This paper gives an abstract sufficient condition on Riesz basis with parentheses
property for the generators of C0-groups in Hilbert spaces whose eigenvalues are comprised of some
finite unification of separable sets after taking the algebraic multiplicities into account. The con-
dition is then applied to the closed-loop system of a serially connected string system under joint
damping feedbacks to show that there is a family of generalized eigenfunctions that form a Riesz
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1. Introduction. The Riesz basis property of linear infinite-dimensional sys-
tems ẋ(t) = Ax(t) in Hilbert spaces is usually studied in the context of stability.
The property is also closely related to the moment method, a powerful method in
the study of controllability of hyperbolic systems [1], [19], [25]. Being the basis of
frequency analysis, Riesz basis generation is one of the fundamental properties for
vibrating systems. The verification of Riesz basis generation usually solves another
difficult problem, the so-called spectrum-determined growth condition. The Riesz
basis property also offers insight into the solution under the expansion of nonhar-
monic Fourier series. A recent interesting result [10] says that when A generates a
C0-group and the one-dimensional control operator b is unbounded but admissible
[23], then under conditions that the eigenvalues are simple and separable, system
ẋ(t) = Ax(t) + bu(t) is exactly controllable if and only if ẋ(t) = Ax(t) is a Riesz
spectral system [4].

Let us recall that a sequence {Yi}∞i=1 in H is called a basis if any element Y ∈ H
has a unique representation

Y =

∞∑
i=1

αiYi(1)

with respect to the norm of H. It is called a Riesz basis for H if
(a) span{Yi} = H and
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(b) there exist positive constants m and M such that for an arbitrary positive
integer n and arbitrary scalars αi, i = 1, 2, . . . , n, one has

m

n∑
i=1

| αi |2≤
∥∥∥∥∥

n∑
i=1

αiYi

∥∥∥∥∥
2

≤ M

n∑
i=1

| αi |2 .

Furthermore, a basis {Yi}∞i=1 up to normalization is called a Riesz basis with paren-
theses if (1) converges unconditionally in H only after putting some of its items in
parentheses in a way that is independent of Y (see [20]). We refer the reader to [25]
for more details on Riesz bases. The Riesz basis property was confirmed for Euler–
Bernoulli equations in [8], [5] for one beam and in [6] for two connected beams by
the methods of perturbation. General results by perturbation methods to general
collocated systems can be found in [7]. The perturbation methods, however, are not
applicable to string equations [18]. For the Riesz basis property of one string equations
under boundary feedbacks, we refer to [21], [22] and the references therein. Two con-
nected strings under joint feedbacks were discussed recently in [24], where a sufficient
condition was developed with the help of the basis property of functions of expo-
nentials in L2 space under the basic condition that the eigenvalues are algebraically
simple and separable.

In this article, we develop an abstract sufficient condition on the Riesz basis
with parentheses property for generators of C0-groups in Hilbert spaces. The distinct
contributions of this paper are that (a) the functions of exponentials formulated by
eigenvalues are not necessarily Riesz basis in L2(0, T ) but are Riesz basis on their
closed span in L2(0, T ) for some T > 0; (b) the eigenvalues are allowed to be al-
gebraically multiple; (c) the eigenvalues are comprised of some finite unification of
separable sets after taking the algebraic multiplicities into account; (d) the result
can be used to deal with the Riesz basis (with parentheses) property of N-connected
string equations under joint linear feedback controls. The main tool used in this pa-
per, which is different from Levin and Golovin’s theorem [1] used in [24], is the notion
of generalized divided difference (GDD) introduced very recently in [2] and [3].

The paper is organized as follows. In section 2, we give an abstract sufficient
condition on the Riesz basis with parentheses property for generators of C0-groups in
Hilbert spaces. Section 3 is devoted to the application of a serially connected string
equation under joint damping feedbacks. It is shown that the associated system
operator generates a C0-group, and its root subspace is complete in the state space.
Moreover, there is a family of generalized eigenfunctions that forms a Riesz basis
with parentheses in the state space. The spectrum-determined growth condition is
concluded as a consequence.

2. A sufficient condition on the Riesz basis with parentheses. Assume
that B is a discrete operator in a separable Hilbert space H (that is, there is a
µ ∈ σ(B) such that (µ−B)−1 is compact in H). Let us recall that a nonzero Y ∈ H
is called a generalized eigenvector of B, corresponding to an eigenvalue µ, if there is
a positive integer n such that (µ − B)nY = 0. The number (denoted by naµ) of all
linearly independent generalized eigenvectors is called the algebraic multiplicity of µ.
µ is said to be algebraically simple if naµ = 1. It is well known in functional analysis
that each eigenvalue of a discrete operator must have finite algebraic multiplicity. A
nonzero Y ∈ H is called an eigenvector of B if (µ−B)Y = 0. The number (denoted
by ngµ) of all linearly independent eigenvectors is called the geometric multiplicity of
µ. µ is said to be geometrically simple if ngµ = 1. Suppose that σ(B) = {µn}n∈Z,
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where (and henceforth) Z stands for some set of integers and each µn is of algebraic
multiplicity mn. Thus we have a set of complex exponentials associated with µn:

En(t) = {eµnt, teµnt, . . . , tmn−1eµnt}.

The Riesz basis property of {En(t)} in L2(0, T ) has been studied extensively by former
Soviet mathematicians (Levin, Pavlov, Nikolskǐi, and many others), and necessary
and sufficient conditions are already available in the literature [1], [9], [25] for the
case that the {µn} are separable (a set Ω of complex plane is called separable if
infa,b∈Ω,a�=b |a − b| > 0). It was shown recently in [24] that the Riesz basis property
of {En(t)} in L2(0, T ) is closely related to the Riesz basis generation of the root
subspace of A, provided that each eigenvalue is algebraically simple (mn = 1). Since
it is difficult to check the algebraic multiplicity and the separability of the eigenvalues
in applications, we have to generalize the results of [24] in order to deal with the cases
where the eigenvalues are not simple and separable. For this purpose, we need the
help of the concept of generalized divided difference (GDD) introduced in [2] and [3].

Definition 2.1. Let µk, k = 1, 2, . . . ,m, be arbitrary complex numbers (not
necessarily different). The GDD of order zero of the function eµt corresponding to
the point µ1 is defined as [µ1](t) = eµ1t. GDD of the order n − 1, n ≤ m of eµt

corresponding to {µk, k = 1, 2, . . . , n} is defined by

[µ1, µ2, . . . , µn](t) =

⎧⎪⎨⎪⎩
[µ1, µ2, . . . , µn−1](t) − [µ2, µ3, . . . , µn](t)

µ1 − µn
, µ1 �= µn,

∂

∂µ
[µ, µ2, . . . , µn−1](t)|µ=µ1

, µ1 = µn.

The following formula is valid for any {µk}nk=1:

[µ1, µ2, . . . , µn](t)=

∫ 1

0

dτ1

∫ τ1

0

dτ2 . . .

∫ τn−2

0

dτn−1t
n−1et[µ1+τ1(µ2−µ1)+···+τn−1(µn−µn−1)].

(2)
And hence if Reµn ≤ Reµn−1 ≤ · · · ≤ Reµ1, then

|[µ1, µ2, . . . , µn](t)| ≤ tn−1eReµ1t ∀ t ≥ 0.(3)

Note that if µi = µ, i = 1, 2, . . . , n, then

[µ1, µ2, . . . , µi](t) = ti−1eµt, 1 ≤ i ≤ n.

Generally, if there are m number of different elements in {µ1, µ2, . . . , µn},
{µ1, µ2, . . . , µn} = {ν1, ν2, . . . , νm}, each νk repeats nk times,

∑m
k=1 nk = n. Then by

Lemma 3.1 of [3], the GDD [µ1, µ2, . . . , µn](t) is the linear combination of functions
tj−1eνkt, 1 ≤ j ≤ nk, 1 ≤ k ≤ m, and the coefficients of the leading terms tnk−1eνkt are
not equal to zero. The latter implies conversely that for any 1 ≤ k ≤ nm, tk−1eνmt is
also the linear combination of [µ1](t), [µ1, µ2](t), . . . , [µ1, µ2, . . . , µn](t). In particular,
we have the following proposition.

Proposition 2.2. Let {µ1, µ2, . . . , µn} = {ν1, ν2, . . . , νm}, νi �= νj , i �= j, 1 ≤ i,
j ≤ m, and each νj repeat nj times,

∑m
j=1 nj = n. Then any φ(t) =

∑m
j=1 e

νjt
∑nj

i=1

aijt
i−1 can be represented as

φ(t) =

n∑
i=1

Gi[µ1, µ2, . . . , µi](t),

where G1 =
∑m

j=1 a1j .
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Let Ω = {µk}k∈Z be a sequence in C. Suppose Ω is a union of N separable sets Ωj

(each µk is assigned according to its multiplicity): Ω =
⋃N

j=1 Ωj and supk |Reµk| < ∞.
Suppose that {µk} have been ordered in such a way that {Imµk} forms a nondecreasing
sequence [2]. Define

D+(Ω) = lim
r→∞

n+(r)

r
,

where

n+(r) = sup
x∈R

#{Im(Ω) ∩ [x, x + r)}.

Let δ = minj [infa,b∈Ωj ,a�=b |a−b|]. For any x ∈ R, suppose that there are M balls with
radius δ/3, which covers the compact region Ω(x) = {µ||Reµ| ≤ supk |Reµk|, Imµ ∈
[x, x + 1]} of C. Note that M is independent of x by unit shift. Then there are at
most NM number of µk inside Ω(x). Hence, for any r > 0, we have

n+(r) = sup
x∈R

#{Im(Ω)∩ [x, x+ r)} ≤ sup
x∈R

#{Im(Ω)∩ [x, x+([r]+1))} ≤ ([r]+1)NM,

where [r] denotes the maximal integer not exceeding r. Therefore, D+(Ω) ≤ NM . In
particular,

D+(Ω) < ∞.(4)

For any µ∈C, denote by Dµ(r) a disk with center µ and radius r. Let Gp(r), p =
1, 2, . . . , be the connected components of the union ∪µ∈ΩDµ(r) and write Ωp(r) =
{µj,p} for the subsequence of Ω in Gp(r), Ωp(r) = Ω ∩ Gp(r). Then Lemma 1 of [2]
says that, for any r < r0 = δ/(2N), the number of Ωp(r) is less than or equal to N .
Set

Ωp(r) = {µj,p}, j = 1, 2, . . . ,Mp(r) ≤ N.(5)

Denote by

εp(Ω, r) = {[µ1,p], [µ1,p, µ2,p], . . . , [µ1,p, µ2,p, . . . , µMp,p]}

the family of GDD corresponding to Ωp(r). Then the following result, which is The-
orem 3 of [2], characterizes the basis property of εp(Ω, r) in L2 space.

Proposition 2.3. Assume that Ω = {µk}k∈Z is defined as above. Then for any
2πD+(Ω) < T < ∞ the family εp(Ω, r) forms a Riesz basis in the closed subspace of
L2(0, T ) spanned by itself.

With these preliminary results, we come to the proof of the abstract result which
links the Riesz basis property of the corresponding family of GDD in L2 space and that
of the root subspace of associated operators in cases that the eigenvalues are comprised
of some finite unification of separable sets after taking the algebraic multiplicities into
account.

Lemma 2.4. Let H be a separable Hilbert space. Suppose {en(t)}n∈Z forms a
Riesz basis in the closed subspace spanned by itself in L2(0, T ), T > 0. Then for any
φ ∈ L2(0, T ;H), φ(t) =

∑
n∈Z

en(t)φn, there exist constants C1, C2 > 0 such that

C1

∑
n∈Z

‖φn‖2
H ≤ ‖φ‖2

L2(0,T ;H) ≤ C2

∑
n∈Z

‖φn‖2
H.(6)
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Proof. Take some orthonormal basis {ψn} of H, and for almost all t ∈ [0, T ]
expand φ as

φ(t) =
∑
n∈Z

〈φ(t), ψn〉Hψn, t ∈ [0, T ] a.e.

Then

‖φ(t)‖2
H =
∑
n∈Z

| 〈φ(t), ψn〉H |2 ∀t ∈ [0, T ] a.e.(7)

Since for any m ∈ Z, 〈φ(t), ψm〉H ∈ span{en(t)}n∈Z and

〈φ(t), ψm〉H =
∑
n∈Z

〈φn, ψm〉Hen(t) ∀ m ∈ Z in L2(0, T ).(8)

By assumption,

C1

∑
n∈Z

| 〈φn, ψm〉H |2 ≤
∫ T

0

| 〈φ(t), ψm〉H |2 dt ≤ C2

∑
n∈Z

| 〈φn, ψm〉H |2(9)

for some constants C1, C2 > 0 that depend on {en(t)}. Hence it follows from (7) that

C1

∑
m∈Z

∑
n∈Z

| 〈φn, ψm〉H |2 ≤
∑
m∈Z

∫ T

0

| 〈φ(t), ψm〉H |2 dt

=

∫ T

0

‖φ(t)‖2
Hdt ≤ C2

∑
m∈Z

∑
n∈Z

| 〈φn, ψm〉H |2 .(10)

Note that

φn =
∑
m∈Z

〈φn, ψm〉Hψm, ‖φn‖2 =
∑
m∈Z

|〈φn, ψm〉H|2.(11)

Then (6) follows from (10).
Assume further that B generates a C0-group on H and that its root subspace

(the closed subspace spanned by all generalized eigenvectors of B) is complete in H:
Sp(B) = H. Suppose

σ(B) =
⋃
p∈Z

Ω(p), Ω(p) = {νpj }N
p

j=1, Reνp1 ≥ Reνp2 ≥ · · · ≥ ReνpNp , νni �= νmj ,

unless m = n, i = j. Assume that each νpj has algebraic multiplicity mp
j and that

both the number Np of Ω(p) and mp
j have uniform upper bound; i.e., there exists an

N > 0 such that supp[N
p max1≤j≤Np mp

j ] ≤ N . Set m̃p
0 = 0, m̃p

l =
∑l

q=1 m
p
q , l =

1, . . . , Np. Arranging Ω(p) again according to multiplicity, we obtain a new set Λp =

{{µp
i+m̃p

j−1
}m

p
j

i=1}N
p

j=1,

µp
i+m̃p

j−1
= νpj , 1 ≤ i ≤ mp

j , 1 ≤ j ≤ Np.(12)
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Hence we write (accounted by multiplicity) σ(B) =
⋃

p∈Z
Λp. Make the family of

GDD be as follows:

Ep(t) = {[µp
1](t), [µ

p
1, µ

p
2](t), . . . , [µ

p
1, µ

p
2, . . . , µ

p
m̃p

Np
](t)}.(13)

Now we are in a position to prove the main result of this section.
Theorem 2.5. If there exists a T > 0 such that the family of GDD {Ep(t)}∞1

defined by (13) forms a Riesz basis in the closed subspace spanned by itself in L2(0, T ),
then

(a)

S∞(B) =

{
x ∈ H|x =

∑
p∈Z

Np∑
j=1

Pνp
j
x

}
= H,(14)

where Pνp
j

denotes the eigen-projection of B corresponding to eigenvalue νpj ;

(b) there are constants M1,M2 > 0 such that

M1

∑
p∈Z

∥∥∥∥∥
Np∑
j=1

Pνp
j
x

∥∥∥∥∥
2

≤ ‖x‖2 ≤ M2

∑
p∈Z

∥∥∥∥∥
Np∑
j=1

Pνp
j
x

∥∥∥∥∥
2

∀ x ∈ H;(15)

(c) the spectrum-determined growth condition holds:

ω(B) = inf{ω|there exists M > 1 such that ‖eBt‖ ≤ Meωt} = S(B) = sup
ν∈σp(B)

Reν.

Proof. We first prove (15). Since B generates a C0-group, there are M,ω > 0
such that

‖eBt‖ ≤ Meω|t| ∀ t ∈ R.

Take x0 ∈ S∞(B), x0 =
∑

p∈Z

∑Np

j=1 Pνp
j
x0. Then

eBtx0 =
∑
p∈Z

Np∑
j=1

eν
p
j t

mp
j∑

i=1

(B − νpj )i−1

(i− 1)!
ti−1

Pνp
j
x0 =
∑
p∈Z

Np∑
j=1

eν
p
j t

mp
j∑

i=1

apijt
i−1,(16)

where we set apij =
(B−νp

j )i−1

(i−1)! Pνp
j
x0. By Proposition 2.2, we can write

eBtx0 =
∑
p∈Z

Np∑
j=1

mp
j∑

i=1

Gp
i+m̃p

j−1
(x0)[µ

p
1, µ

p
2, . . . , µ

p
i+m̃p

j−1
](t).(17)

Further, by assumption and Lemma 2.4, there are constants C1, C2 > 0 such that

C1

∑
p∈Z

Np∑
j=1

mp
j∑

i=1

‖Gp
i+m̃p

j−1
(x0)‖2 ≤

∫ T

0

‖eBtx0‖2dt ≤ C2

∑
p∈Z

Np∑
j=1

mp
j∑

i=1

‖Gp
i+m̃p

j−1
(x0)‖2.

(18)
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In particular,

C1

∑
p∈Z

‖Gp
1(x0)‖2

= C1

∑
p∈Z

∥∥∥∥∥
Np∑
j=1

Pνp
j
x0

∥∥∥∥∥
2

≤
∫ T

0

‖eBtx0‖2dt ≤ M2

2ω
(e2ωT − 1)‖x0‖2.

(19)

Next, since Sp(B) = H, Sp(B) ⊂ S∞(B) = H, we see that (19) holds for all x0 ∈ H.
Setting M1 = C1

2ω
M2 (e2ωT − 1)−1, we obtain the first inequality of (15). Finally,

from (18),

C1

Np∑
j=1

mp
j∑

i=1

‖Gp
i+m̃p

j−1
(x0)‖2 ≤

∫ T

0

‖eBtx0‖2dt ≤ M2

2ω
(e2ωT − 1)‖x0‖2 as x0 ∈ S∞(B).

In particular, by letting x0 =
∑Np

j=1 Pνp
j
x ∈ S∞(B), p ≥ 1, x ∈ H, we obtain

C1

Np∑
j=1

mp
j∑

i=1

‖Gp
i+m̃p

j−1
(x)‖2 = C1

Np∑
j=1

mp
j∑

i=1

‖Gp
i+m̃p

j−1
(x0)‖2

≤
∫ T

0

‖eBtx0‖2dt ≤ M2

2ω
(e2ωT − 1)

∥∥∥∥∥
Np∑
j=1

Pνp
j
x

∥∥∥∥∥
2

∀ x ∈ H.

(20)

Hence, from (18) and (20), we see that for any x ∈ H

‖x‖2 =
1

T

∫ T

0

‖e−BteBtx‖2dt ≤ M2e2ωT

T

∫ T

0

‖eBtx‖2dt

≤ M2e2ωT

T

M2

2ω
(e2ωT − 1)C−1

1 C2

∑
p∈Z

∥∥∥∥∥
Np∑
j=1

Pνp
j
x

∥∥∥∥∥
2

.

(21)

Setting M2 = C2M
4e2ωT (2ωTC1)

−1
(e2ωT − 1) yields the second inequality of (15).

To show (14), we need to show that S∞(B) is a closed subspace of H. By virtue
of Theorem 3.5 of [13], it suffices to show that there exists M0 > 0 such that

∥∥∥∥∥
Ñ∑

p=M̃

Np∑
j=1

Pνp
j
x

∥∥∥∥∥
2

≤ M0‖x‖2 ∀x ∈ H and integers M̃, Ñ .

Let x =
∑Ñ

p=M̃

∑Np

j=1 Pνp
j
z, z ∈ H. Then

∑Np

j=1 Pνp
j
x =
∑Np

j=1 Pνp
j
z. From (15)

M1

M2
‖x‖2 ≤ M1

Ñ∑
p=M̃

∥∥∥∥∥
Np∑
j=1

Pνp
j
x

∥∥∥∥∥
2

= M1

Ñ∑
p=M̃

∥∥∥∥∥
Np∑
j=1

Pνp
j
z

∥∥∥∥∥
2

≤ ‖z‖2 ∀ z ∈ H,
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and hence

∥∥∥∥∥
Ñ∑

p=M̃

Np∑
j=1

Pνp
j
z

∥∥∥∥∥
2

≤ M2

M1
‖z‖2 ∀z ∈ H, Ñ > 1.

Equation (14) is thus proved. Finally, since Reµp
1 ≥ Reµp

2 ≥ · · · ≥ Reµp
i+m̃p

j−1
, it

follows from (3) that

|[µp
1, µ

p
2, . . . , µ

p
i+m̃p

j−1
](t)| ≤ tNeS(B)t ∀ t ≥ 1.(22)

From (15), (16), (17), and (22), we get

‖eBtx0‖2 ≤ M2

∑
p∈Z

∥∥∥∥∥
Np∑
j=1

Pνp
j
eBtx0

∥∥∥∥∥
2

=M2

∑
p∈Z

∥∥∥∥∥
Np∑
j=1

eν
p
j t

mp
j∑

i=1

(B − νpj )i−1

(i− 1)!
ti−1

Pνp
j
x0

∥∥∥∥∥
2

= M2

∑
p∈Z

∥∥∥∥∥
Np∑
j=1

mp
j∑

i=1

Gp
i+m̃p

j−1
(x0)[µ

p
1, µ

p
2, . . . , µ

p
i+m̃p

j−1
](t)

∥∥∥∥∥
2

≤ M2

∑
p∈Z

Np∑
j=1

mp
j∑

i=1

‖Gp
i+m̃p

j−1
(x0)‖2Nt2Ne2S(B)t ∀ x0 ∈ H.

This, together with (20) and (15), gives

‖eBtx0‖2 ≤ Ct2Ne2S(B)t
∑
p∈Z

∥∥∥∥∥
Np∑
j=1

Pνp
j
x0

∥∥∥∥∥
2

≤ CM−1
1 t2Ne2S(B)t‖x0‖2,

where C is a constant. The proof is complete.

3. Application to an N-connected string equation. In this section, we are
concerned with the following system of N + 1 serially connected strings under joint
feedback controls:

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

ytt(x, t) − c2i yxx(x, t) = 0, i− 1 < x < i, i = 1, 2, . . . , N + 1,

y(0, t) = y(N + 1, t) = 0,

y(i−, t) = y(i+, t),

c2i yx(i−, t) − c2i+1yx(i+, t) = kiyt(i, t), i = 1, . . . , N,

y(x, 0) = y0(x), yt(x, 0) = y1(x),

(23)

where t > 0, ki ∈ R, ci > 0, i = 1, 2, . . . , N .
Let the underlying state Hilbert space H = H1

0 (0, N + 1) × L2(0, N + 1). Define
an inner product in H as
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〈(f1, g1), (f2, g2)〉H =

N+1∑
i=1

∫ i

i−1

[c2i f
′
1(x)f ′

2(x)+g1(x)g2(x)]dx ∀ (f1, g1), (f2, g2) ∈ H.

(24)

Introduce operator A in H:

A(f, g) = (g(x), c2i f
′′(x)), i−1 < x < i, i = 1, 2, . . . , N+1, ∀ (f, g) ∈ D(A),(25)

where

D(A) = {(f, g) ∈ H |f, g ∈ H1
0 (0, N + 1), f |[j−1,j] ∈ H2(j − 1, j), 1 ≤ j ≤ N + 1,

c2i f
′(i−) − c2i+1f

′(i+) = kig(i), 1 ≤ i ≤ N}
(26)

with f |[a,b] denoting the restriction of f on [a, b]. Set Y (t) = (y(·, t), yt(·, t)), Y0 =
(y0(·), y1(·)). Then system (23) can be written as an evolutionary equation in H:

⎧⎨⎩
dY (t)

dt
= AY (t), t > 0,

Y (0) = Y0.

(27)

Throughout the paper, we always make the following assumption on the string system
(23):

|ki| �= ci + ci+1, i = 1, 2, . . . , N.(28)

Note that this condition is very minor. It holds for almost all constants ci, ki.
Theorem 3.1. Under condition (28), the operator A defined by (25) and (26)

generates a C0-group on H.
Proof. For any (f1, g1), (f2, g2) ∈ H, define a new inner product of the following

in H:

〈(f1, g1), (f2, g2)〉∗ =

N+1∑
i=1

∫ i

i−1

[
Ai(x) · cif

′
1(x) + g1(x)

2
· cif

′
2(x) + g2(x)

2

+Bi(x) · cif
′
1(x) − g1(x)

2
· cif

′
2(x) − g2(x)

2

]
dx,(29)

where Ai(x), Bi(x), defined on [i− 1, i], i = 1, 2, . . . , N + 1, are positive differentiable
functions to be determined later. It is obvious that the norm induced by the new
inner product is equivalent to that induced by (24). We claim that, under this new
inner product, A is a densely defined m-dissipative operator and hence generates a
C0-group in H (see [17]). Indeed, for any (f, g) ∈ D(A), (f, g) �= 0,
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Re 〈A(f, g), (f, g)〉∗ =

N+1∑
i=1

Re

∫ i

i−1

[
Ai(x) · cig

′(x) + c2i f
′′(x)

2
· cif

′(x) + g(x)

2

+Bi(x) · cig
′(x) − c2i f

′′(x)

2
· cif

′(x) − g(x)

2

]
dx

=
N+1∑
i=1

Re

∫ i

i−1

{
ciAi(x) ·

[
cif

′(x) + g(x)

2

]′
·
[
cif ′(x) + g(x)

2

]

− ciBi(x) ·
[
cif

′(x) − g(x)

2

]′
·
[
cif ′(x) − g(x)

2

]}
dx

=
N+1∑
i=1

[
ciAi(x)

2

∣∣∣∣cif ′(x) + g(x)

2

∣∣∣∣2
∣∣∣∣∣
i

i−1

− ci
2

∫ i

i−1

A′
i(x)

∣∣∣∣cif ′(x) + g(x)

2

∣∣∣∣2 dx
−ciBi(x)

2

∣∣∣∣cif ′(x) − g(x)

2

∣∣∣∣2
∣∣∣∣∣
i

i−1

+
ci
2

∫ i

i−1

B′
i(x)

∣∣∣∣cif ′(x) − g(x)

2

∣∣∣∣2 dx
]

= I1 + I2,
(30)
where

I2 =

N+1∑
i=1

ci
2

∫ i

i−1

[
B′

i(x)

∣∣∣∣cif ′(x) − g(x)

2

∣∣∣∣2 −A′
i(x)

∣∣∣∣cif ′(x) + g(x)

2

∣∣∣∣2
]
dx

≤ M ‖(f, g)‖2
∗

(31)

with M being a positive constant, and

I1 = −1

2

N+1∑
i=1

ci

[
Bi(x)

∣∣∣∣cif ′(x) − g(x)

2

∣∣∣∣2
∣∣∣∣∣
i

i−1

−Ai(x)

∣∣∣∣cif ′(x) + g(x)

2

∣∣∣∣2
∣∣∣∣∣
i

i−1

]

= −1

2

{
c1

[
A1(0)

∣∣∣∣c1f ′(0) + g(0)

2

∣∣∣∣2 −B1(0)

∣∣∣∣c1f ′(0) − g(0)

2

∣∣∣∣2
]

+ cN+1

[
BN+1(N + 1)

∣∣∣∣cN+1f
′(N + 1) − g(N + 1)

2

∣∣∣∣2
−AN+1(N + 1)

∣∣∣∣cN+1f
′(N + 1) + g(N + 1)

2

∣∣∣∣2
]

+

N∑
i=1

[
ciBi(i)

∣∣∣∣cif ′(i−) − g(i−)

2

∣∣∣∣2 + ci+1Ai+1(i)

∣∣∣∣ci+1f
′(i+) + g(i+)

2

∣∣∣∣2
− ciAi(i)

∣∣∣∣cif ′(i−) + g(i−)

2

∣∣∣∣2 − ci+1Bi+1(i)

∣∣∣∣ci+1f
′(i+) − g(i+)

2

∣∣∣∣2
]}

= −1

2
[c1I

′
1 + cN+1I

′
2 + I ′3].

(32)
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From the first boundary condition of (23), we obtain⎧⎪⎨⎪⎩
c1f

′(0) − g(0)

2
=

c1f
′(0) + g(0)

2
,

cN+1f
′(N + 1) − g(N + 1)

2
=

cN+1f
′(N + 1) + g(N + 1)

2
.

(33)

Substituting (33) into (32) yields

I ′1 = A1(0)

∣∣∣∣c1f ′(0) + g(0)

2

∣∣∣∣2 −B1(0)

∣∣∣∣c1f ′(0) − g(0)

2

∣∣∣∣2
= [A1(0) −B1(0)]

∣∣∣∣c1f ′(0) + g(0)

2

∣∣∣∣2 ,
I ′2 = BN+1(N + 1)

∣∣∣∣cN+1f
′(N + 1) − g(N + 1)

2

∣∣∣∣2(34)

−AN+1(N + 1)

∣∣∣∣cN+1f
′(N + 1) + g(N + 1)

2

∣∣∣∣2
= [BN+1(N + 1) −AN+1(N + 1)]

∣∣∣∣cN+1f
′(N + 1) − g(N + 1)

2

∣∣∣∣2 .
Now we choose A1(x), B1(x), AN+1(x), BN+1(x) so that A1(0) ≥ B1(0), BN+1(N +1)
≥ AN+1(N + 1). This implies I ′1 ≥ 0, I ′2 ≥ 0. Similarly, from the third boundary
condition of (23) we obtain

cif
′(i−) − g(i−)

2
− cif

′(i−) + g(i−)

2
=

ci+1f
′(i+) − g(i+)

2
− ci+1f

′(i+) + g(i+)

2
,

ci

[
cif

′(i−) − g(i−)

2
+
cif

′(i−) + g(i−)

2

]
−ci+1

[
ci+1f

′(i+) − g(i+)

2
+
ci+1f

′(i+) + g(i+)

2

]
= −ki

[
cif

′(i−) − g(i−)

2
− cif

′(i−) + g(i−)

2

]
;

(35)

that is,(
1 1

ci + ki −ci+1

)( cif
′(i−)−g(i−)

2
ci+1f

′(i+)+g(i+)
2

)
=

(
1 1

−ci + ki ci+1

)( cif
′(i−)+g(i−)

2
ci+1f

′(i+)−g(i+)
2

)
.

(36)

Under condition (28),(
cif

′(i−)+g(i−)
2

ci+1f
′(i+)−g(i+)

2

)
=

(
1 1

−ci + ki ci+1

)−1(
1 1

ci + ki −ci+1

)( cif
′(i−)−g(i−)

2
ci+1f

′(i+)+g(i+)
2

)

=

(
ci+1−ci−ki

−ki+ci+ci+1

2ci+1

−ki+ci+ci+1

2ci
−ki+ci+ci+1

ci−ci+1−ki

−ki+ci+ci+1

)(
cif

′(i−)−g(i−)
2

ci+1f
′(i+)+g(i+)

2

)
.

(37)
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Thus,∣∣∣∣cif ′(i−) + g(i−)

2

∣∣∣∣2
=

∣∣∣∣ ci+1 − ci − ki
−ki + ci + ci+1

· cif
′(i−) − g(i−)

2
+

2ci+1

−ki + ci + ci+1
· ci+1f

′(i+) + g(i+)

2

∣∣∣∣2
≤ 2

[(
ci+1 − ci − ki
−ki + ci + ci+1

)2 ∣∣∣∣cif ′(i−) − g(i−)

2

∣∣∣∣2
+

(
2ci+1

−ki + ci + ci+1

)2 ∣∣∣∣ci+1f
′(i+) + g(i+)

2

∣∣∣∣2
]
.

(38)

Similarly,∣∣∣∣ci+1f
′(i+) − g(i+)

2

∣∣∣∣2 ≤ 2

[(
2ci

−ki + ci + ci+1

)2 ∣∣∣∣cif ′(i−) − g(i−)

2

∣∣∣∣2
+

(
ci − ci+1 − ki
−ki + ci + ci+1

)2 ∣∣∣∣ci+1f
′(i+) + g(i+)

2

∣∣∣∣2
]
.

(39)

Next, substituting (38) into (32) produces

I ′3 =

N∑
i=1

[
ciBi(i)

∣∣∣∣cif ′(i−) − g(i−)

2

∣∣∣∣2 + ci+1Ai+1(i)

∣∣∣∣ci+1f
′(i+) + g(i+)

2

∣∣∣∣2
− ci+1Bi+1(i)

∣∣∣∣ci+1f
′(i+) − g(i+)

2

∣∣∣∣2 − ciAi(i)

∣∣∣∣cif ′(i−) + g(i−)

2

∣∣∣∣2
]

≤
N∑
i=1

[
ciBi(i) − 2ciAi(i)

(
ci+1 − ci − ki
−ki + ci + ci+1

)2

− 2ci+1Bi+1(i)

(
2ci

−ki + ci + ci+1

)2
] ∣∣∣∣cif ′(i−) − g(i−)

2

∣∣∣∣2
+

[
ci+1Ai+1(i) − 2ciAi(i)

(
2ci+1

−ki + ci + ci+1

)2

− 2ci+1Bi+1(i)

(
ci − ci+1 − ki
−ki + ci + ci+1

)2
] ∣∣∣∣ci+1f

′(i+) + g(i+)

2

∣∣∣∣2 .

(40)

Choosing Ai(i), Ai+1(i), Bi(i), Bi+1(i), i = 1, . . . , N, properly so that I ′3 ≥ 0, we get

Re 〈A(f, g), (f, g)〉∗ ≤ M ‖(f, g)‖2
∗ ∀ (f, g) ∈ D(A).(41)

That is, A− λ is dissipative for any λ ≥ M . Referring to Lemma 3.3 below, we can
take real λ > M,λ ∈ ρ(A) so that A−λ satisfies all conditions of the Lumer–Phillips
theorem (see, e.g., [17, p. 14]). Therefore, A − λ generates a C0-semigroup on H
and so does A. Meanwhile, it is seen also that the above analysis is still valid after
exchanging ki with −ki under the condition (28).
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We accomplish the proof by showing that −A also generates a C0-semigroup on
H. To this end, consider the following equation:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

ztt(x, t) − c2i zxx(x, t) = 0, i− 1 < x < i, i = 1, 2, . . . , N + 1,

z(0, t) = z(N + 1, t) = 0,

z(i−, t) = z(i+, t),

c2i zx(i−, t) − c2i+1zx(i+, t) = −kizt(i, t), i = 1, . . . , N,

z(x, 0) = z0(x), zt(x, 0) = z1(x).

(42)

System (42) can be written as an evolutionary equation in H:

⎧⎨⎩
dZ(t)

dt
= BZ(t), t > 0,

Z(0) = Z0 = (z0, z1),

(43)

where Z(t) = (z(·, t), zt(·, t)) and B is given by

⎧⎪⎪⎨⎪⎪⎩
B(f, g) = (g(x), c2i f

′′(x)), i− 1 < x < i, i = 1, 2, . . . , N + 1, ∀ (f, g) ∈ D(A),

D(B) = {(f, g) ∈ H|f, g ∈ H1
0 (0, N + 1), f |[j−1,j] ∈ H2(j − 1, j), 1 ≤ j ≤ N + 1,

c2i f
′(i−) − c2i+1f

′(i+) = −kig(i), 1 ≤ i ≤ N}.
(44)

Since the assumption (28) is also valid for system (42), it follows from the result
justified that B generates a C0-semigroup on H. Hence for any Z(0) ∈ D(B) there
exists a unique classical solution Z(t) to (43), since such a Z(t) is well defined; that
is to say, both z(·, t) and zt(·, t) make sense for any t ≥ 0. Let

W (t) = (w1(·, t), w2(·, t)) = (z(·, t),−zt(·, t)).

Then it is seen that

Ẇ (t) = −AW (t), W (0) = (z0,−z1).(45)

On the other hand, it is seen that (z0, z1) ∈ D(B) if and only if (z0,−z1) ∈ D(A) =
D(−A). We thus have proved that for any W (0) ∈ D(−A) there exists a unique
classical solution to (45). Since ρ(−A) �= ∅ from Lemma 3.3 below, it follows from
Theorem 1.3 of [17, p. 102] that −A generates a C0-semigroup on H. Therefore, A
generates a C0-group on H.

Remark 3.2. It should be pointed out that the proof of Theorem 3.1 is similar to
the approach used in [16]. However, since (23) and the equations studied in [16] are
not always equivalent (see, e.g., [14]), we cannot transform (23) into the form of the
latter. That is why we start directly from (23).
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Lemma 3.3. Under condition (28), A is a discrete operator, and hence the spec-
trum σ(A) of A consists of isolated eigenvalues only, and each eigenvalue is geomet-
rically simple.

Proof. Let λ ∈ C. For any given (f, g) ∈ H, find a pair (u, v) ∈ D(A) so that

(λ−A)(u, v) = (f, g).(46)

We then have that v = λu− f and u satisfies the following equation:⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

λ2u− c2iu
′′ = λf + g ∀ x ∈ (i− 1, i), i = 1, 2, . . . , N + 1,

u(0) = u(N + 1) = 0,

u(i−) = u(i+),

c2iu
′(i−) − c2i+1u

′(i+) = λkiu(i) − kif(i), i = 1, . . . , N.

(47)

Solving (47) for u(x) produces

u(x)=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

a1

(
e

λ
c1

x − e−
λ
c1

x
)
−
∫ x

0

e
λ
c1

(x−s) − e−
λ
c1

(x−s)

2λc1
(λf+ g)(s)ds, x ∈ (0, 1),

ai1e
− λ

ci
x

+ ai2e
λ
ci

x −
∫ x

i−1

e
λ
ci

(x−s) − e
− λ

ci
(x−s)

2λci
(λf + g)(s)ds,

x ∈ (i− 1, i), i = 2, . . . , N,

aN+1

[
e

λ
cN+1

(x−(N+1)) − e
− λ

cN+1
(x−(N+1))

]
−
∫ x

N

e
λ

cN+1
(x−s) − e

− λ
cN+1

(x−s)

2λcN+1
(λf + g)(s)ds, x ∈ (N,N + 1),

(48)

where a1, aN+1, ai1, ai2, i = 2, 3, . . . , N , are constants depending on λ. Substituting
u(x) into the boundary condition of (47), we see that a1, aN+1, ai1, ai2, i = 2, 3, . . . , N ,
satisfy the following algebraic system of equations:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

a1(e
λ
c1 − e−

λ
c1 ) − a21e

− λ
c2 − a22e

λ
c2 =

1

λ
(f11 + g11),

a1c1(e
λ
c1 +e−

λ
c1 )+a21e

− λ
c2 (−k1+c2)+a22e

λ
c2 (−k1 − c2) =

c1
λ

(f12+g12) − k1f(1),

ai1e
− iλ

ci + ai2e
iλ
ci − ai+1,1e

− iλ
ci+1 − ai+1,2e

iλ
ci+1 =

1

λ
(fi1 + gi1),

−ai1cie
− iλ

ci + ai2cie
iλ
ci + ai+1,1e

− iλ
ci+1 (−ki + ci+1) + ai+1,2e

iλ
ci+1 (−ki − ci+1)

=
ci
λ

(fi2 + gi2) − kif(i), i = 2, . . . , N − 1,

aN1e
−Nλ

cN + aN2e
Nλ
cN − aN+1(e

− λ
cN+1 − e

λ
cN+1 ) =

1

λ
(fN1 + gN1),

−aN1cNe
−Nλ

cN + aN2cNe
Nλ
cN + aN+1[e

− λ
cN+1 (−kN − cN+1) − e

λ
cN+1 (−kN + cN+1)]

=
cN
λ

(fN2 + gN2) − kNf(N),

(49)
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where ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

fi1 =

∫ i

i−1

e
λ
ci

(i−s) − e
− λ

ci
(i−s)

2ci
λf(s)ds

=

∫ 1

0

e
λ
ci

(1−s) − e
− λ

ci
(1−s)

2ci
λf(i− 1 + s)ds,

fi2 =

∫ i

i−1

e
λ
ci

(i−s)
+ e

− λ
ci

(i−s)

2ci
λf(s)ds,

gi1 =

∫ i

i−1

e
λ
ci

(i−s) − e
− λ

ci
(i−s)

2ci
g(s)ds,

gi2 =

∫ i

i−1

e
λ
ci

(i−s)
+ e

− λ
ci

(i−s)

2ci
g(s)ds

=

∫ 1

0

e
λ
ci

(1−s)
+ e

− λ
ci

(1−s)

2ci
g(i− 1 + s)ds,

i = 1, 2, . . . , N.

(50)

Consider the determinant of the coefficients matrix ∆(λ) = [∆1(λ),∆2(λ)], where⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∆1(λ) =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

e
λ
c1 − e−

λ
c1 −e−

λ
c2 −e

λ
c2

c1(e
λ
c1 + e−

λ
c1 ) (−k1 + c2)e

− λ
c2 (−k1 − c2)e

λ
c2

0 e−
2λ
c2 e

2λ
c2

0 −c2e
− 2λ

c2 c2e
2λ
c2

...
...

...
0 0 0

⎞⎟⎟⎟⎟⎟⎟⎟⎠
,

∆2(λ) =

⎛⎜⎜⎜⎜⎜⎜⎝

0 0 · · · 0
0 0 · · · 0

−e−
2λ
c3 −e

2λ
c3 · · · 0

(−k2 + c3)e
− 2λ

c3 (−k2 − c3)e
2λ
c3 · · · 0

...
...

... 0
0 0 · · · θ

⎞⎟⎟⎟⎟⎟⎟⎠ ,

(51)

with θ = −e
− λ

cN+1 (kN + cN+1) + e
λ

cN+1 (kN − cN+1). Taking e
λ
c1 out of the first col-

umn, e−
λ
c2 from the second column, e2 λ

c2 from the third column of ∆(λ), and so on,
we obtain

e
−λ
∑N+1

i=1
1
ci det(∆(λ))

= det

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 −1 0 0 · · · 0 0
c1 −k1 + c2 0 0 · · · 0 0
0 0 1 −1 · · · 0 0
0 0 c2 −k2 + c3 · · · 0 0
...

...
...

...
...

...
...

0 0 0 0 · · · 1 1
0 0 0 0 · · · cN kN − cN+1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
+ o(1)

= −
N∏
j=1

(−kj + cj + cj+1) + o(1) as Reλ −→ +∞.

(52)
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Hence, if condition (28) holds, det(∆(λ)) is an entire function not identical to zero.
Additionally, when det(∆(λ)) �= 0, the system of equations (49) admits a solution
a1, aN+1, ai1, ai2, i = 2, . . . , N ,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

a1 =
1

det(∆(λ))

[
N∑
i=1

∆2i−1,1(λ)
fi1 + gi1

λ
− ∆2i,1(λ)

[
ci(fi2 + gi2)

λ
− kif(i)

]]
,

aN+1

=
1

det(∆(λ))

[
N∑
i=1

−∆2i−1,2N (λ)
fi1 + gi1

λ
+ ∆2i,2N (λ)

[
ci(fi2 + gi2)

λ
− kif(i)

]]
,

al1

=
1

det(∆(λ))

[
N∑
i=1

−∆2i−1,2(l−1)(λ)
fi1+gi1

λ
+∆2i,2(l−1)(λ)

[
ci(fi2 + gi2)

λ
−kif(i)

]]
,

al2

=
1

det(∆(λ))

[
N∑
i=1

∆2i−1,2l−1(λ)
fi1 + gi1

λ
− ∆2i,2l−1(λ)

[
ci(fi2 + gi2)

λ
− kif(i)

]]
,

l = 2, . . . , N,
(53)

where ∆ij(λ), 1 ≤ i, j ≤ 2N , is the algebraic cofactor of ith row and jth column of
the matrix ∆(λ).

From the discussion above and the Sobolev embedding theorem, we see that under
the condition (28), for any λ ∈ ρ(A), (λ − A)−1 is compact and (u, v) = (λ − A)−1

(f, g) is given by (48) with the coefficients a1, aN+1, ai1, ai2, i = 2, 3, . . . , N , in (53).
Therefore, the spectrum σ(A) of A consists of isolated eigenvalues only, and λ ∈ σ(A)
if and only if det(∆(λ)) = 0.

Moreover, it is seen from (48) and (53) that for any λ ∈ ρ(A), (λ − A)−1 is of
the form

(λ−A)−1(f, g) =
G(λ, (f, g))

det(∆(λ))
∀ (f, g) ∈ H,(54)

where G(λ, (f, g)) is an H-valued entire function with order at most 1. The order of
det(∆(λ)) is just 1 (see [25]).

Finally, simple computations show that the rank of the matrix ∆(λ) is less than
its order by one. Hence, each eigenvalue of A is geometrically simple.

Theorem 3.4. Under condition (28), the root subspace of A is complete in H:
Sp(A) = H.

Proof. From Theorem 3.1, A generates a C0-group and so does A∗. Hence
R(λ,A∗) is uniformly bounded along the negative real axis as λ → −∞. Notice that
(λ−A∗)−1(f, g) = G∗(λ, (f, g))/det(∆(λ)) ∀ (f, g) ∈ H, and the eigenvalues of A are
symmetric about the real axis. Taking ρ2 = ρ = 1, n = 2, γ1 = {λ| arg λ = π}, we see
that all conditions of Theorem 4 of [24] are satisfied. The result follows.

Finally, we go to the main result of this section: the Riesz basis generation of
the root subspace of operator A. Before doing this, we introduce the concept of a
sine-type function.



1250 BAO-ZHU GUO AND YU XIE

Recall that an entire function f is called exponential type (see, e.g., [25]) if there
are constants C,D > 0 such that

|f(z)| ≤ CeD|z|

for all complex numbers z. The function of exponential type f is called sine-type if
the following two conditions are satisfied [1, Definition II.1.27]:

(a) The zeros of f lie in a strip {z ∈ C||Imz| ≤ h} for some h > 0.
(b) There are c1, c2 > 0, y0 ∈ R such that for all x ∈ R, c1 ≤ |f(x + iy0)| ≤ c2.
The class of sine-type functions was first introduced in [11] to deal with prob-

lems of interpolation by entire functions and in studying Riesz basis in L2 space.
The distribution of the zeros of a sine-type function is given by the next important
proposition (Proposition II.1.28 in [1]; see also [12]).

Proposition 3.5. Let f be a sine-type function. Its set of zeros (a multiple
zero is repeated in a number of times equal to its multiplicity) is a finite unification
of separable sets. Consequently, the multiplicities of zeros of sine-type functions are
uniformly upper bounded.

Now let

F (z) = det(∆(z)).(55)

Then the zeros of F consist of eigenvalues of A. (However, the multiplicity as zero of
F may be different from algebraic multiplicity as eigenvalue of A.) Since A generates
a C0-group, all zeros of F lie in a strip parallel to the imaginary axis. From (51)
and (52), it is seen that F (iz) is a function of exponential type, and |F (iz)| has
positive lower and upper bound along a straight line parallel to the real axis in the
lower half complex plane. Therefore, F (iz) is a sine-type function. It then follows
from Proposition 3.5 that the zeros of F (iz) can be decomposed into a finite union of
separable sets (accounted according to their multiplicity as zeros of F ). Furthermore,
since each λn ∈ σ(A) is geometrically simple, the algebraic multiplicity of λn is equal
to the order of R(λ,A) at λn (see [15]), which is less than or equal to the multiplicity
of λn as the zero of F by the decomposition (54). Therefore, from Proposition 3.5, we
know that for all λn ∈ σ(A) the algebraic multiplicity mn of each is uniformly upper
bounded:

sup
λn∈σ(A)

mn < ∞.(56)

Thus the eigenvalues of A can be decomposed into a finite union of separable sets
(accounted according to their algebraic multiplicity as eigenvalues of A):

eigenvalues of A = Λ =
N⋃

n=1

Λn, inf
i �=j,λi,λj∈Λn

|λi − λj | > 0 ∀ 1 ≤ n ≤ N.(57)

Let δ = min1≤n≤N infi �=j,λi,λj∈Λn |λi − λj | > 0. Then for any r < r0 = δ/(2N),

by the discussion in section 2, there exist Λp = {λj,p}M
p

j=1,M
p ≤ N, p ∈ Z, the pth

connected component of intersection of Λ with
⋃

n∈Z
Dλn(r), where Dλn(r) is the

circle centered at λn with radius r such that

σ(A) =
⋃
p∈Z

Λp.(58)
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We may assume without loss of generality that {λn} are arranged so that Imλn are
nondecreasing and Reλ1,p ≥ Reλ2,p ≥ · · · ≥ ReλMp,p. Form a family of GDD as
follows:

Ep(Λ, r) = {[λ1,p](t), [λ1,p, λ2,p](t), . . . , [λ1,p, λ2,p, . . . , λMp,p](t)}, p ∈ Z.

It is seen from (4) that D+(Λ) < ∞. From Proposition 2.3, for any T > 2πD+(Λ),
the family of GDD {Ep(Λ, r)}p∈Z forms a Riesz basis in the closed subspace spanned
by itself in L2(0, T ). Specifically, suppose that each Λp = {λp

j}N
p

1 has Np different

elements and that each appears mpj times,
∑Np

j=1 mpj = Mp. Since Mp ≤ N , all
conditions of Theorem 2.5 are satisfied. We thus have proved the following result on
the Riesz basis generation of the root subspace of A.

Theorem 3.6. Under condition (28), the operator A defined by (25) and (26)
has the following properties:

(a) There exists ε > 0 such that σ(A) =
⋃

p∈Z
{λp

i }N
p

i=1 (the multiplicity is not

accounted), where supp N
p < ∞, |λp

i − λq
j | ≥ ε ∀p, q ∈ Z, p �= q, 1 ≤ i ≤ Np,

1 ≤ j ≤ Nq.
(b) The algebraic multiplicity mpi of λp

i ∈ σ(A) is uniformly upper bounded:

sup
p∈Z,1≤i≤Np

mpi < ∞.

(c)

Y =
∑
p∈Z

Np∑
i=1

Pλp
i
Y ∀ Y ∈ H,(59)

where Pλp
i

is the eigen-projection of A corresponding to λp
i .

(d) There are constants M1,M2 > 0 such that

M1

∑
p∈Z

∥∥∥∥∥
Np∑
i=1

Pλp
i
Y

∥∥∥∥∥
2

≤ ‖Y ‖2 ≤ M2

∑
p∈Z

∥∥∥∥∥
Np∑
i=1

Pλp
i
Y

∥∥∥∥∥
2

∀ Y ∈ H.(60)

(e) The spectrum-determined growth condition holds:

ω(A) = S(A).

Remark 3.7. Assertion (e) in Theorem 3.6 was proved in [14], [16] by completely
different arguments, while in this article it becomes an immediate consequence of
Riesz basis generation. It should be mentioned that if condition (28) is not satisfied,
there may be cases like σ(A) = ∅ when, e.g., N = 1, c1 = c2 = 2, k1 = 4. In this
case, we certainly could not talk about a Riesz basis. Finally, we point out that the
method presented in this paper can be applied to system (23) with different boundary
conditions as well.

The property expressed by (59) and (60) is nothing other than the Riesz basis
with parentheses [20]. Further, if we know that the eigenvalues of A are separable,
the Riesz basis with parentheses reduces the usual Riesz basis. Unfortunately, it is
not clear whether or not separability holds.
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Abstract. Stability analysis is developed for uncertain nonlinear switched systems. While be-
ing asymptotically stable and homogeneous of degree q < 0, these systems are shown to approach
the equilibrium point in finite time. Restricted to second order systems, this feature is additionally
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1. Introduction. Finite time stability of asymptotically stable homogeneous
systems has been well recognized for only continuous vector fields [16]. Extending
this result to switched systems presents a formidable problem and requires proceeding
differently because a smooth homogeneous Lyapunov function, whose existence was
proven in [27] for continuous asymptotically stable homogeneous vector fields, can no
longer be brought into play.

In the present work the finite time stability property is established for homoge-
neous asymptotically stable switched systems of homogeneity degree q < 0. Exempli-
fied with a second order system, the finite time stability is additionally demonstrated
to remain in force regardless of inhomogeneous perturbations. This fundamental prop-
erty forms a basis for subsequent robust synthesis of globally stabilizing controllers
of uncertain nonlinear minimum phase systems of uniform m-vector relative degree
(2, . . . , 2)T (see [9] for the relative degree concept).

The strategy of the discontinuous controllers constructed is to drive the system
to the zero dynamics manifold in finite time and maintain it there in spite of the
parameter uncertainties and external disturbances, both with a priori known norm
bounds. Desired robustness properties are thus provided and asymptotic stability of
the closed-loop system is guaranteed.

The sliding mode control technique has long been recognized as a powerful con-
trol method to counteract nonvanishing external disturbances and unmodelled dy-
namics [32, 33]. In contrast to this standard technique, the present synthesis does
not rely on the generation of sliding modes, while exhibiting an infinite number of
switches on a finite time interval. This phenomenon, called the Fuller phenomenon,
is now fully understood from optimal control theory [13, 34] where it has been exten-
sively exploited for higher (greater than 1) relative degree systems to attain optimal
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performance. A controller which exhibits the Fuller phenomenon is referred to as a
chattering controller [34] that has become standard in the literature.

Typically, optimal chattering controllers appear to minimize a degenerate quad-
ratic criterion, viewed over an infinite horizon under instant control constraints and
dependent upon the output of the system. Due to this, the input-output stability
property is only guaranteed while admitting instability of the overall system. In or-
der to ensure asymptotic stability of the closed-loop system, suboptimal (twisting,
supertwisting, and others) chattering control algorithms, also referred to as second
order sliding mode control algorithms, have subsequently been developed for SISO
(Single Input-Single Output) systems (see the very recent survey [12] and references
therein). While retaining useful robustness features against matching disturbances,
these algorithms have greatly reduced undesired high-frequency oscillations of the
closed-loop system compared to those caused by their standard sliding mode counter-
parts (see [3, 4] for further details).

Until recently, attempts to extend the aforementioned algorithms to MIMO (Multi
Input-Multi Output) systems were hampered by the lack of suitable analysis tools for
switched systems and, consequently, the lack of consistent control synthesis method-
ology. In the present work chattering control synthesis is constructively developed for
uncertain nonlinear MIMO systems, regardless of whether the optimal performance is
achieved. To facilitate the exposition, the model chosen for treatment is confined to
that of uniform m-vector relative degree (2, . . . , 2)T . A possible extension of chatter-
ing control synthesis to MIMO systems of higher relative degree does not seem trivial
and is beyond the scope of the paper.

Attractive features of the chattering controllers proposed are illustrated by appli-
cation to finite time stabilization of a servo-motor. It should be noted that allowing
relatively strong Coulomb friction in this application precludes the use of continuous
regulators. Indeed, the closed-loop system in that case would have a nontrivial set of
equilibrium points and it would therefore be driven to a wrong endpoint. As opposed
to continuous controllers, the chattering controllers are demonstrated to be capable
of providing the desired system performance in spite of significant uncertainties in
the system description as is typically the case in control of electromechanical systems
with complex backlash/friction phenomena.

The paper is organized as follows. Basic definitions are given in section 2. Finite
time stability of nonautonomous switched systems is proven in section 3. Perturbation
analysis of second order homogeneous switched systems is developed in section 4.
Chattering control synthesis and its interpretation in an electromechanical application
are proposed in section 5. Finally, section 6 presents some conclusions.

2. Basic definitions. The model of a nonautonomous switched system in ques-
tion is given by

ẋ = ϕ(x, t),(2.1)

where x = (x1, . . . , xn)T is the state vector, t ∈ R is the time variable, and the
function ϕ = (ϕ1, . . . , ϕn)T is piece-wise continuous. Recall that the function ϕ :
Rn+1 → Rn is piece-wise continuous iff Rn+1 is partitioned into a finite number
of domains Gj ⊂ Rn+1, j = 1, . . . , N , with disjoint interiors and boundaries ∂Gj

of measure zero such that ϕ is continuous within each of these domains and for all
j = 1, . . . , N it has a finite limit ϕj(x, t) as the argument (x∗, t∗) ∈ Gj approaches a
boundary point (x, t) ∈ ∂Gj .
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Throughout, the precise meaning of the differential equation (2.1) with a piece-
wise continuous right-hand side is defined in the sense of Filippov [10].

Definition 2.1. Given the differential equation (2.1) let us introduce for each
point (x, t) ∈ Rn × R the smallest convex closed set Φ(x, t) which contains all the
limit points of ϕ(x∗, t) as x∗ → x, t = const, and (x∗, t) ∈ Rn+1 \ (∪N

j=1∂Gj). An
absolutely continuous function x(·), defined on an interval I, is said to be a solution
of (2.1) if it satisfies the differential inclusion

ẋ ∈ Φ(x, t)(2.2)

almost everywhere on I.
By Theorem 8 of [10, p. 85], system (2.1) has a solution for arbitrary initial

conditions x(t0) = x0 ∈ Rn. This solution is locally defined on some time interval
[t0, t1); however, generally speaking it is nonunique.

It is worth noticing that the above model (2.1) admits a sliding motion on the

boundary set N =
⋃N

j=1 ∂Gj with an infinite number of switches on a finite time
interval. Thus, a larger class of switched systems is captured in comparison to that
of [8, 22, 23] where infinitely fast switching is explicitly ruled out.

Along with the differential equation (2.1), we deal with its perturbed version

ẋ = ϕ(x, t) + ψ(x, t),(2.3)

where ψ is a piece-wise continuous function whose components ψi, . . . , ψn are locally
uniformly bounded within a ball Bδ, centered at the origin with radius δ; i.e.,

|ψi(x, t)| ≤ Mi, i = 1, . . . , n,(2.4)

for almost all (x, t) ∈ Bδ × R and some constants Mi ≥ 0, fixed a priori. The above
equation is further viewed as a differential equation with rectangular uncertainties. A
solution concept for such an uncertain differential equation is introduced as follows.

Definition 2.2. An absolutely continuous function x(·), defined on an interval I,
is said to be a solution of the uncertain differential equation (2.3) with the rectangular
uncertainty constraints (2.4) iff it is a solution of (2.3) on the interval I in the sense
of Definition 2.1 for some piece-wise continuous function ψ subject to (2.4).

As a matter of fact, the differential equation (2.1) with no uncertain term ψ is
particularly represented in the form of (2.3), (2.4) with Mi = 0 for all i = 1, . . . , n.

It should be pointed out that an uncertain system (2.3) with uncertainty con-
straints (2.4) can be represented as a differential inclusion of the form

ẋ ∈ Φ(x, t) + Ψ,(2.5)

where Φ(x, t) is the same as it appears in Definition 2.1, Ψ is the Cartesian product
of the intervals Ψi = [−Mi,Mi], i = 1, . . . , n, and the set

Φ(x, t) + Ψ = {φ + ψ : φ ∈ Φ(x, t), ψ ∈ Ψ}.

If ϕ(x, t) = ϕ(x) is time-independent, the uncertain system (2.3), (2.4) is governed by
the autonomous differential inclusion (2.5), in spite of the presence of the uncertain
time-varying term ψ(x, t).

Stability of a switched system (2.1) with possibly nonuniquely defined trajectories
and stability of an uncertain system (2.3), (2.4) to be uniform in the uncertainty are
introduced by means of the corresponding differential inclusion. In turn, stability of
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a differential inclusion (2.2) is defined as follows. Suppose x = 0 is an equilibrium
point of the differential inclusion (2.2) and x(·, t0, x0) denotes a solution x(·) of (2.2)
under the initial conditions x(t0) = x0.

Definition 2.3. The equilibrium point x = 0 of the differential inclusion (2.2)
is stable (uniformly stable) iff for each t0 ∈ R, ε > 0, there is δ = δ(ε, t0) > 0,
dependent on ε and possibly dependent on t0 (respectively, independent of t0) such
that each solution x(·, t0, x0) of (2.2) with the initial data x0 ∈ Bδ exists on the semi-
infinite time interval [t0,∞) and satisfies the inequality

‖x(t, t0, x
0)‖ < ε for all t ∈ [t0,∞).

Definition 2.4. The equilibrium point x = 0 of the differential inclusion (2.2)
is said to be (uniformly) asymptotically stable if it is (uniformly) stable and the con-
vergence

lim
t→∞

‖x(t, t0, x
0)‖ = 0(2.6)

holds for all solutions of (2.2) initialized within some Bδ (uniformly in the initial data
t0 and x0, and all the solutions x(·, t0, x0)). If the above convergence remains in force
for all solutions of (2.2) regardless of the choice of the initial data (and, respectively,
for each δ > 0 the convergence is uniform in t0 and x0 ∈ Bδ, and all x(·, t0, x0)), the
equilibrium point is said to be globally (uniformly) asymptotically stable.

Definition 2.5. The equilibrium point x = 0 of the differential inclusion (2.2) is
said to be globally (uniformly) finite time stable if, in addition to the global (uniform)
asymptotical stability, the limiting relation

x(t, t0, x
0) = 0(2.7)

holds for each solution x(·, t0, x0) and all t ≥ t0 + T (t0, x
0), where the settling time

function

T (t0, x
0) = sup

x(·,t0,x0)

inf{T ≥ 0 : x(t, t0, x
0) = 0 for all t ≥ t0 + T}(2.8)

is such that

T (t0, x
0) < ∞ for all t0 ∈ R and x0 ∈ Rn

(respectively, T (Bδ) = supt0∈R, x0∈Bδ
T (t0, x

0) < ∞ for each δ > 0).
In application to the uncertain system (2.3), (2.4) the above definitions are spec-

ified as follows. In order to emphasize that these definitions require such a system
to be uniformly stable not only in the initial data but also in the uncertainty, the
corresponding system will be referred to as equiuniformly stable. Suppose that x = 0
is an equilibrium point of the uncertain system (2.3), (2.4) (i.e., x = 0 is a solution
of (2.3) for some function ψ0, admissible in the sense of (2.4)) and let xψ(·, t0, x0) de-
note a solution x(·) of (2.2) for some admissible function ψ under the initial conditions
x(t0) = x0.

Definition 2.6. The equilibrium point x = 0 of the uncertain system (2.3), (2.4)
is equiuniformly stable iff for each t0 ∈ R, ε > 0, there is δ = δ(ε) > 0, dependent on
ε and independent of t0 and ψ, such that each solution xψ(·, t0, x0) of (2.3), (2.4) with
the initial data x0 ∈ Bδ exists on the semi-infinite time interval [t0,∞) and satisfies
the inequality

‖xψ(t, t0, x
0)‖ < ε for all t ∈ [t0,∞).
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Definition 2.7. The equilibrium point x = 0 of the uncertain system (2.3), (2.4)
is said to be equiuniformly asymptotically stable if it is equiuniformly stable and the
convergence

lim
t→∞

‖xψ(t, t0, x
0)‖ = 0(2.9)

holds for all solutions of (2.3), (2.4) initialized within some Bδ, uniformly in the initial
data t0 and x0, and all the solutions xψ(·, t0, x0). If this convergence remains in force
for each δ > 0, the equilibrium point is said to be globally equiuniformly asymptotically
stable.

Definition 2.8. The equilibrium point x = 0 of the uncertain system (2.3),
(2.4) is said to be globally equiuniformly finite time stable if, in addition to the global
equiuniform asymptotical stability, the limiting relation

xψ(t, t0, x
0) = 0(2.10)

holds for each solution xψ(·, t0, x0) and all t ≥ t0 + T (t0, x
0), where the settling time

function

T (t0, x
0) = sup

xψ(·,t0,x0)

inf{T ≥ 0 : xψ(t, t0, x
0) = 0 for all t ≥ t0 + T}(2.11)

is such that

T (Bδ) = sup
t0∈R, x0∈Bδ

T (t0, x
0) < ∞ for each δ > 0.

In the present paper, we focus our analysis on the global equiuniform finite time
stability of switched systems. The concept of homogeneity, studied earlier in [15, 35]
and [27] for continuously differentiable and, respectively, continuous vector fields,
plays a central role in our analysis. This concept is now generalized for differential
inclusions and, particularly, for nonautonomous switched systems.

Definition 2.9. The differential inclusion (2.2) (the differential equation (2.1)
or the uncertain system (2.3), (2.4)) is called locally homogeneous of degree q ∈ R with
respect to dilation (r1, . . . , rn), where ri > 0, i = 1, . . . , n, if there exist a constant
c0 > 0, called a lower estimate of the homogeneity parameter, and a ball Bδ ⊂ Rn,
called a homogeneity ball, such that any solution x(·) of (2.2) (respectively, that of
(2.1) or (2.3), (2.4)), evolving within the ball Bδ, generates a parameterized set of
solutions xc(·) with components

xc
i (t) = crixi(c

qt)(2.12)

and parameter c ≥ c0.
Definition 2.10. A piece-wise continuous function ϕ : Rn+1 → Rn is called

locally homogeneous of degree q ∈ R with respect to dilation (r1, . . . , rn), where ri > 0,
i = 1, . . . , n, if there exist a constant c0 > 0 and a ball Bδ ⊂ Rn such that

ϕi(c
r1x1, . . . , c

rnxn, c
−qt) = cq+riϕi(x1, . . . , xn, t)(2.13)

for all c ≥ c0 and almost all (x, t) ∈ Bδ × R.
The global homogeneity concept for the differential inclusion (2.2) and that for

the piece-wise continuous function ϕ are formally introduced by setting δ = ∞ in the
above definitions.
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It is worth noting that Definitions 2.9 and 2.10 are consistent in the sense that
homogeneity of the function ϕ ensures homogeneity of the corresponding differential
equation (2.1).

Lemma 2.11. Let a piece-wise continuous function ϕ be locally homogeneous of
degree q ∈ R with respect to dilation (r1, . . . , rn). Then the corresponding differential
equation (2.1) is locally homogeneous of the same degree q ∈ R with respect to the
same dilation (r1, . . . , rn).

Proof. Let x(·) be a solution of (2.1), evolving within Bδ. Then it is straightfor-
ward to verify that due to (2.13), the function xc(·) with components (2.12) is also a
solution of (2.1) for all c ≥ c0. Thus, the differential equation (2.1), whose right-hand
side is locally homogeneous in the sense of Definition 2.10, is also locally homogeneous
in the sense of Definition 2.9. Lemma 2.11 is proved.

To this end, we present conditions for the uncertain system (2.3), (2.4) to be
locally homogeneous.

Lemma 2.12. Let the following conditions be satisfied:
1. a piece-wise continuous function ϕ is locally homogeneous of degree q ∈ R

with respect to dilation (r1, . . . , rn);
2. components ψi, i = 1, . . . , n, of a piece-wise continuous function ψ are locally

uniformly bounded by constants Mi ≥ 0;
3. Mi = 0 whenever q + ri > 0.

Then the uncertain differential equation (2.3) with the uncertainty constraints (2.4) is
locally homogeneous of degree q ∈ R with respect to dilation (r1, . . . , rn).

Proof. Let x(·) = (x1(·), . . . , xn(·))T be a solution of (2.3) under some piece-wise
continuous function ψ, satisfying (2.4), and let x(·) evolve within a ball Bδ where
the homogeneity condition (2.13) holds almost everywhere for all c ≥ c0. Then it
is straightforward to verify that for arbitrary c ≥ max(1, c0) the function xc(·) with
components xc

i (t) = crixi(c
qt), i = 1, . . . , n, is a solution of (2.3) with the piece-wise

continuous function ψ = ψc whose components are as follows:

ψc
i (x, t) = cq+riψi(c

−r1x1, . . . , c
−rnxn, c

qt).

Since by condition 3 of the lemma one has cq+ri ≤ 1 whenever Mi > 0, the function
ψc is also admissible in the sense of (2.4).

Thus, any solution of the uncertain differential equation (2.3), evolving within
a homogeneity ball Bδ, generates a parameterized set of solutions xc(t) with the
parameter c large enough. Hence, (2.3), (2.4) is locally homogeneous of degree q ∈ R
with respect to dilation (r1, . . . , rn). Lemma 2.12 is proved.

3. Finite time stability of homogeneous systems. Finite time stability of
continuous autonomous systems has recently been studied in [7]. When continuous, a
globally homogeneous time-invariant vector field ϕ(x) of degree q < 0 with respect to
dilation (r1, . . . , rn) is known to be globally finite time stable whenever it is globally
asymptotically stable. The proof of this fact, given in [16], is based on the result from
[27] that an autonomous continuous homogeneous system, if asymptotically stable,
possesses a homogeneous Lyapunov function. However, the existence of a homoge-
neous Lyapunov function is no longer guaranteed for systems governed by differential
inclusions (even the converse of Lyapunov’s second theorem has not been successfully
extended to this case). Therefore, the global finite time stability of these systems is
established by going through a different route, which is closely related to rescaling of
the time and state variables.
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Going through this route allows one to additionally obtain an upper estimate

T (t0, x
0) ≤ τ(x0, ER) +

1

1 − 2q
(δR−1)qs(δ)(3.1)

of the settling-time function (2.8) via the reaching-time functions

τ(x0, ER) = sup
x(·,t0,x0)

inf{T ≥ 0 : x(t, t0, x
0) ∈ ER for all t0 ∈ R, t ≥ t0 + T}(3.2)

and

s(δ) = sup
x0∈Eδ

τ(x0, E 1
2 δ

),(3.3)

where ER denotes an ellipsoid of the form

ER =

⎧⎨⎩x ∈ Rn :

√√√√ n∑
i=1

( xi

Rri

)2

≤ 1

⎫⎬⎭ ,(3.4)

ER is located within a homogeneity ball, δ ≥ c0R, and c0 > 0 is a lower estimate of
the homogeneity parameter.

Theorem 3.1. Let the differential inclusion (2.2) be locally homogeneous of
degree q < 0 with respect to dilation (r1, . . . , rn) and let the equilibrium point x = 0 of
(2.2) be globally uniformly asymptotically stable. Then the differential inclusion (2.2)
is globally uniformly finite time stable, and an upper estimate of the settling-time
function (2.8) is given by (3.1).

Proof. Due to the global uniform asymptotic stability of (2.2), all the trajectories
of the differential inclusion, initialized within a compact set, are uniformly steered
toward an arbitrarily small ellipsoid (3.4). Then the condition

x(t) ∈ ER for t ≥ t0 + τ(x0, ER)(3.5)

holds for an arbitrary solution x(·) of (2.2) initialized with x(t0) = x0, where the
ellipsoid ER has been assumed to be small enough to be located within a homogeneity
ball.

Furthermore, given an a priori fixed δ ≥ c0R, where c0 > 0 is a lower estimate
of the homogeneity parameter, there exists s(δ) > 0 such that for each initial time
moment t̃0 and all the solutions x̃(·) with x̃(t̃0) ∈ Eδ one has x̃(t) ∈ E 1

2 δ
for t ≥

t̃0 + s(δ). Since the function xc(·), whose components (2.12) are specified with c =
δR−1 ≥ c0, is a solution of (2.2) by homogeneity, and, in addition, xc(t̃0) ∈ Eδ at
t̃0 = c−q(t0 + τ(x0, ER)), it follows that

xc(t) ∈ E 1
2 δ

for t ≥ c−q(t0 + τ(x0, ER)) + s(δ).(3.6)

The latter relation, rewritten in terms of x(t) by means of (2.12) subject to c = δR−1,
is represented as follows:

x(t) ∈ E 1
2R

for t ≥ t1 = t0 + τ(x0, ER) + (δR−1)qs(δ).(3.7)

Now, by applying the same derivation to a solution of (2.2) with x(t1) ∈ E 1
2R

,
one obtains

x(t) ∈ E 1
4R

for t ≥ t2 = t1 + 2q(δR−1)qs(δ).(3.8)
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In general, the following relations are derived:

x(t) ∈ E2−(i+1)R for t ≥ ti+1 = ti + 2qi(δR−1)qs(δ), i = 1, 2, . . . ,(3.9)

by iterating on i. Since λ = 2q < 1 by virtue of q < 0, the convergence of the time
instants tk, k = 1, 2, . . . , to a finite limit takes place:

lim
k→∞

tk = t0 + τ(x0, ER) + lim
k→∞

k−1∑
i=0

λi(δR−1)qs(δ)

= t0 + τ(x0, ER) + lim
k→∞

1 − λk

1 − λ
(δR−1)qs(δ)(3.10)

= t0 + τ(x0, ER) +
1

1 − λ
(δR−1)qs(δ) < ∞.

Hence, relations (3.9) result in

x(t) ∈
∞⋂
i=1

E2−iR = {0} for t ≥ t0 + τ(x0, ER) +
1

1 − 2q
(δR−1)qs(δ),(3.11)

thereby establishing both the required finite time convergence property for the locally
homogeneous differential inclusion (2.2) and the upper estimate (3.1) of the settling-
time function (2.8). Theorem 3.1 is thus proved.

Remark 1. For a globally homogeneous differential inclusion (2.2) one can choose
δ0 = c0R0 and R0 sufficiently large to guarantee that x(t, t0, x

0) ∈ ER0 for all t ≥ t0.
Then τ(x0, ER0

) = 0, and the upper estimate (3.1) of the settling-time function (2.8)
is simplified to

T (t0, x
0) ≤ cq0

1 − 2q
s(δ0)(3.12)

with δ0 = δ0(x
0) dependent on x0.

An important corollary of Theorem 3.1 is obtained if the differential inclusion (2.2)
is generated by an uncertain differential equation (2.3) with piece-wise continuous
functions ϕ and ψ, which are locally homogeneous and locally uniformly bounded,
respectively.

Theorem 3.2. Let the following conditions be satisfied:
1. the right-hand side of an uncertain differential equation (2.3) consists of a

locally homogeneous piece-wise continuous function ϕ of degree q < 0 with respect to
dilation (r1, . . . , rn) and a piece-wise continuous function ψ whose components ψi,
i = 1, . . . , n, are locally uniformly bounded by constants Mi ≥ 0 within a homogeneity
ball;

2. Mi = 0 whenever q + ri > 0;
3. the uncertain system (2.3), (2.4) is globally equiuniformly asymptotically sta-

ble around the origin.
Then the uncertain system (2.3), (2.4) is globally equiuniformly finite time stable and
its settling-time function (2.11) is estimated as (3.1).

Proof. By Lemma 2.12, conditions 1 and 2 of the theorem guarantee that the
uncertain system (2.3), (2.4) is locally homogeneous of degree q < 0 with respect to
dilation (r1, . . . , rn). Thus, coupled to condition 3 of the theorem, these conditions
ensure that Theorem 3.1 is applicable to the uncertain system (2.3), (2.4). By applying
Theorem 3.1 to this system, the proof of Theorem 3.2 is completed.
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Apparently, Remark 1 remains valid for an uncertain system (2.3), (2.4), the
right-hand side of which consists of a globally homogeneous piece-wise continuous
function ϕ of degree q < 0 and a globally uniformly bounded piece-wise continuous
function ψ.

4. Stability analysis of uncertain second order systems. The aim of this
section is to illustrate, by means of a simple example, that the finite time stability of
an autonomous switched system remains in force regardless of some nonlinear time-
varying perturbations.

A second order switched system of the form

ẋ = y, ẏ = −a signx− b sign y(4.1)

is presently under study. Due to the discontinuous functions signx and sign y that
appear in the right-hand side of (4.1), solutions of this system are defined in the Filip-
pov sense. By Definition 2.1, these solutions do not depend on how the discontinuous
functions are specified on the switching lines, which is why there is no need to specify
the function sign at 0.

System (4.1) turns out to be globally uniformly finite time stable if the inequalities

a > b > 0(4.2)

hold for the parameters of the system.
Theorem 4.1. Let the parameters of the switched system (4.1) be such that

condition (4.2) is satisfied. Then system (4.1) is globally uniformly finite time stable
around the origin.

Proof. First, let us note that no motion appears on the axes x = 0 and y = 0
except the origin x = y = 0, which proves to be the only equilibrium point of the
switched system (4.1). Indeed, if x(t) = 0 on a trajectory of (4.1), then it follows
from the first equation of (4.1) that y(t) = 0 along the trajectory. In turn, if y(t) = 0
on a trajectory of (4.1), then due to the parameter subordination (4.2), the second
equation of (4.1) fails to hold for x 	= 0.

Next, let us prove that system (4.1) is globally uniformly asymptotically sta-
ble. For this purpose, let us introduce the function V (x, y) = a|x| + 1

2y
2, which is

Lipschitz continuous, radially unbounded, and positive definite. The time derivative
V̇ (x(t), y(t)) of the composite function V (x(t), y(t)), computed along the trajectories
of system (4.1), is as follows:

V̇ (x(t), y(t)) = −b|y(t)|(4.3)

everywhere but on the vertical axis y where x = 0 and the function V (x, y) is not
differentiable. Since no sliding motion appears on the vertical axis except the origin
x = y = 0, where V̇ (x(t), y(t)) = 0, relation (4.3) remains in force for almost all t.

As mentioned before, the trajectories of (4.1) cross the switching lines x = 0
and y = 0 everywhere except the origin x = y = 0 so that all the system trajec-
tories are uniquely continuable on the right. Hence, the extended version [1, 28] of
Krasovskii–LaSalle’s invariance principle [17, 18, 19] is applicable to the switched sys-
tem (4.1). Since the equilibrium point x = y = 0 is the only trajectory of (4.1) on the
invariance manifold y = 0 where V̇ (x(t), y(t)) = 0, this system is globally uniformly
asymptotically stable by the aforementioned extension of the invariance principle.
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Moreover, it is straightforwardly verified that the right-hand side of system (4.1)
is globally homogeneous of degree q = −1 with respect to dilation (2, 1). By ap-
plying Theorem 3.1 it follows that the autonomous switched system (4.1) is globally
uniformly finite time stable around the origin. Theorem 4.1 is proved.

Remark 2. It is of interest to note that under the parameter subordination

b ≥ a > 0,(4.4)

opposite to (4.2), system (4.1) is not even asymptotically stable. Indeed, the velocity
vectors in the case of (4.4) are normal to and directed toward each other while ap-
proaching the horizontal axis x from different sides. By Definition 2.1, it follows that
the trajectories of (4.1) cannot leave this axis. Thus, the horizontal axis consists of
equilibrium points of system (4.1), which is why (4.1) is not asymptotically stable.

Along with system (4.1), we shall also study its nonlinear time-varying perturba-
tion of the form

ẋ = y, ẏ = −a signx− b sign y − hx− py + ω(x, y, t),(4.5)

where h and p are parameters of the linear gain, and ω(x, y, t) is a piece-wise contin-
uous nonlinear perturbation, uniformly bounded

|ω(x, y, t)| ≤ M(4.6)

for all continuity points (x, y, t) and some M > 0. If the bound M is small enough,
namely,

0 < M < b < a−M,(4.7)

and the linear gain is nonpositive, i.e.,

h ≥ 0, p ≥ 0,(4.8)

the uncertain system (4.5), (4.6) proves to be globally equiuniformly asymptotically
stable. The global equiuniform finite time stability of this system can then be demon-
strated by invoking Theorem 3.2, which turns out to be applicable to the uncer-
tain system (4.5), (4.6) because its nominal model (4.1) has a globally homogeneous
right-hand side of degree q = −1 with respect to dilation r = (2, 1), thus satisfying
condition 2 of Theorem 3.2. Summarizing, the following result is in force.

Theorem 4.2. Let conditions (4.7), (4.8) be satisfied. Then the uncertain
switched system (4.5), (4.6) is globally equiuniformly finite time stable around the
origin.

The qualitative behavior of system (4.5) is depicted in Figure 1. Due to the
parameter subordination (4.7), the velocity vectors of (4.5) point toward the same
region in the switching lines

S1 = {(x, y) ∈ R2 : x > 0, y = 0},
S2 = {(x, y) ∈ R2 : x = 0, y < 0},

(4.9)
S3 = {(x, y) ∈ R2 : x < 0, y = 0},
S4 = {(x, y) ∈ R2 : x = 0, y > 0},

regardless of uncertainty (4.6) affecting the system. Hence, the uncertain system
(4.5)–(4.8) and, particularly, its unperturbed version (4.1) rotate around the origin
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Fig. 1. Phase portrait of the second order switched system (4.5).

x = y = 0, while approaching the origin in a finite time. Thus, both the nominal
system (4.1) and its uncertain counterpart (4.5)–(4.8) exhibit chattering modes with
an infinite number of switches on a finite time interval. These systems do not generate
sliding motions anywhere except the origin. If a trajectory starts there at any given
finite time, there appears the so-called sliding mode of the second order (see [4, 11,
12, 20, 21] for advanced results on second order sliding modes).

4.1. Proof of Theorem 4.2. We break the proof into several simple steps.
1. Equiuniform stability. To demonstrate that the uncertain system (4.5)–(4.8)

is equiuniformly stable we introduce the Lyapunov function

Ṽ (x, y) = a|x| + 1

2
(y2 + hx2).(4.10)

Similar to (4.3), the time derivative of Ṽ (x, y) along the trajectories (xω(·), yω(·)) of
the uncertain system is negative semidefinite:

˙̃V (xω(t), yω(t)) = −b|yω(t)| − py2
ω(t) + yω(t)ω(xω(t), yω(t), t)

(4.11)
≤ −(b−M)|yω(t)|

for almost all t. It follows that the uncertain system (4.5)–(4.8) is equiuniformly
stable. Indeed, due to (4.11) the positive definite function (4.10) does not increase
along the solutions of (4.5)–(4.8). Thus, initialized in an arbitrarily small vicinity

Dε = {(x, y) ∈ R2 : Ṽ (x, y) ≤ ε}(4.12)

of the origin, the uncertain system (4.5)–(4.8) cannot leave this vicinity, regardless of
which admissible uncertainty ω affects the system.
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2. Semiglobal Lyapunov functions. Our next goal is to construct a parameterized
family of local Lyapunov functions VR(x, y), R > 0, such that each VR(x, y) is well-
posed on the corresponding compact set

DR = {(x, y) ∈ R2 : Ṽ (x, y) ≤ R}.(4.13)

In other words, VR(x, y) is to be positive definite on DR whereas its time deriva-
tive, computed along the trajectories of the uncertain system (4.5)–(4.8) with initial
conditions within DR, is to be equiuniformly negative definite in the sense that

V̇R(x, y) ≤ −WR(x, y)(4.14)

for all (x, y) ∈ DR and some WR(x, y), positive definite on DR.
Parameterized Lyapunov functions VR(x, y), R > 0, with the properties above

are constructed by combining the aforegiven Lyapunov function (4.10), whose time
derivative along the system motion is only semidefinite, with the indefinite function
U(x, y) = xy:

VR(x, y) = Ṽ (x, y) + κRU(x, y) = a|x| + 1

2
(y2 + hx2) + κRxy,(4.15)

where the weight parameter κR > 0 is chosen small enough, namely,

κR < min

{
1,

2a2

R
,

a(b−M)

a
√

2R + pR

}
.(4.16)

Apparently, the function VR(x, y), thus constructed, is positive definite on com-
pacta (4.13) because (4.13) implies that |x| ≤ R

a , |y| ≤
√

2R, and therefore

a|x| + 1

2
(y2 + hx2) + κRxy ≥ a|x| + 1

2
(y2 + hx2) − 1

2
κRx

2 − 1

2
κRy

2

(4.17)

≥
(
a− R

2a
κR

)
|x| + 1

2
(1 − κR)y2 +

1

2
hx2 > 0

for all (x, y) ∈ DR \ {(0, 0)} and κR > 0, satisfying (4.16).
Moreover, the time derivative of (4.15), computed along the trajectories of the

uncertain system (4.5)–(4.8) with the initial conditions within DR, is equiuniformly
negative definite. Indeed, differentiating the auxiliary function U(x, y) = xy along
the trajectories of the uncertain system (4.5)–(4.8) yields

U̇(xω(t), yω(t)) = y2
ω(t) − a|xω(t)| − bxω(t) sign yω(t) − hx2

ω(t)

− pxω(t)yω(t) + xω(t)ω(xω(t), yω(t), t)

≤ y2
ω(t) − |xω(t)|[a + b signxω(t) sign yω(t)(4.18)

−ω(xω(t), yω(t), t) signxω(t)] − pxω(t)yω(t)

≤ y2
ω(t) − (a− b−M)|xω(t)| − pxω(t)yω(t).

Then, by employing (4.11) and (4.18) one has

V̇R(xω(t), yω(t)) ≤ −(b−M)|yω(t)|
(4.19)

+κRy
2
ω(t) − κR(a− b−M)|xω(t)| − κRpxω(t)yω(t).
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Since due to (4.11) all possible solutions of (4.5)–(4.8), initialized at t0 ∈ R within
the compact set (4.13), are a priori estimated by

sup
t∈[t0,∞)

Ṽ (xω(t), yω(t)) ≤ R,(4.20)

it follows that

V̇R(xω(t), yω(t)) ≤ −
[
b−M − κR

(√
2R +

pR

a

)]
|yω(t)|

(4.21)
−κR(a− b−M)|xω(t)| ≤ −cR[|yω(t)| + |xω(t)|],

where cR = min{b−M − κR(
√

2R + pR
a ), κR(a− b−M)} > 0 by virtue of (4.16).

To this end, (4.21) results in

V̇R(xω(t), yω(t)) ≤ −KRVR(xω(t), yω(t)),(4.22)

where

KR =
2acR

max{2a2 + hR, a
√

2R + 2κRR}
> 0

and the upper estimate

VR(x, y) ≤ 2a2 + hR

2a
|x| + a

√
2R + 2κRR

2a
|y|

of the Lyapunov function (4.15) on compacta (4.13) has been used. Thus, the desired
equiuniform negative definiteness (4.14) is obtained with WR(x, y) = KRVR(x, y).

3. Global equiuniform asymptotic stability. Since the differential inequality (4.22)
holds on the solutions of the uncertain system (4.5)–(4.8), initialized within the com-
pact set (4.13), the function VR(xω(t), yω(t)) exponentially decays

VR(xω(t), yω(t)) ≤ VR(xω(t0), yω(t0))e
−KR(t−t0)(4.23)

on these solutions with the decay rate KR, independent of the uncertainty ω. While
being viewed on compacta (4.13), the functions VR(x, y) and Ṽ (x, y) are equivalent
in the sense that

LRṼ (x, y) ≤ VR(x, y) ≤ MRṼ (x, y)(4.24)

for all (x, y) ∈ DR and positive constants LR, MR, satisfying

LR < min

{
2a2 −RκR

2a2
, 1 − κR

}
, MR > max

{
2a2 + RκR

2a2
, 1 + κR

}
.(4.25)

The above relations (4.23) and (4.24), coupled together, ensure that the function
Ṽ (x, y) exponentially decays

Ṽ (xω(t), yω(t)) ≤ L−1
R MRṼ (xω(t0), yω(t0))e

−KR(t−t0)

(4.26)
≤ L−1

R MRRe−KR(t−t0)

on the solutions of (4.5)–(4.8), equiuniformly in the uncertainty ω and the initial data,
located within an arbitrarily large set (4.13). Clearly, this proves that the uncertain
system (4.5)–(4.8) is globally equiuniformly asymptotically stable.
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4. Global equiuniform finite time stability. Due to (4.6) the piece-wise continuous
uncertainty ω(x, y, t)− hx− py is locally uniformly bounded, whereas the right-hand
side of the nominal model (4.1) is piece-wise continuous and globally homogeneous of
degree q = −1 with respect to dilation r = (2, 1). Hence, the condition q + r2 ≤ 0,
required by Theorem 3.2, is satisfied, and Theorem 3.2 is applicable to the globally
equiuniformly asymptotically stable uncertain system (4.5)–(4.8). By applying The-
orem 3.2, the uncertain system (4.5)–(4.8) is thus globally equiuniformly finite time
stable. The proof of Theorem 4.2 is completed.

5. Chattering control synthesis. The present section investigates the capa-
bility of a nonlinear system of the form

ż = g(z, ξ, ξ̇, t),
(5.1)

ξ̈ = f(z, ξ, ξ̇, t) + u

to be globally asymptotically stabilizable in spite of significant model uncertainties
with a priori known norm bounds. Hereafter, t ∈ R is the time variable, z ∈ Rn,
ξ, ξ̇ ∈ Rm are the state components, u ∈ Rm is the input, ξ ∈ Rm is the output, and
the nonlinear functions g and f have appropriate dimensions and involve the system
uncertainties whose influence on the control process should be rejected.

The above system often arises in practice, e.g., to describe controlled electrome-
chanical plants. It can be obtained via a nonlinear change of state coordinates and a
feedback transformation from a general affine control system

ẋ = a(x, t) + b(x, t)u, x ∈ Rn+2m, u ∈ Rm,
(5.2)

y = h(x, t), y ∈ Rm,

of uniform m-vector relative degree (2, . . . , 2)T with the involutive distribution

B = span{b1, . . . , bm},

the span of the columns of b(x) (see [9] for details).
The following assumptions on system (5.1) are made throughout.

1. The functions g(z, ξ, ξ̇, t) and f(z, ξ, ξ̇, t) are piece-wise continuous in all the
arguments, and, in addition, the function g(z, ξ, ξ̇, t) is continuous in (ξ, ξ̇) locally
around (ξ, ξ̇) = 0 for almost all z and t.

2. The function g(z, ξ, ξ̇, t) satisfies the linear growth condition

‖g(z, ξ, ξ̇, t)‖ ≤ k(ξ, ξ̇, t)(1 + ‖z‖)(5.3)

in z everywhere in its domain (i.e., (5.3) can only be violated on the set where g
undergoes discontinuities) with some continuous function k(ξ, ξ̇, t).

3. The system

ż = g(z, 0, 0, t)(5.4)

has 0 as a globally uniformly asymptotically stable equilibrium.
Solutions of the state and zero dynamics differential equations (5.1) and (5.4),

both with piece-wise continuous right-hand sides, are defined in the sense of Filip-
pov according to Definition 2.1. Under assumption 1 on (5.1) the existence of a
solution (possibly nonunique) of either equation with an arbitrary initial condition is
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guaranteed by Theorem 8 of [10, p. 85]. Other assumptions are made for technical
reasons. Assumption 2 is introduced to avoid the destabilizing effect of the peaking
phenomenon (a detailed treatment of the peaking phenomenon in the continuous set-
ting can be found in [29]). Assumption 3 means that (5.1) is a globally uniformly
minimum phase system. The role of this notion is well known from the theory of
smooth fields [9] and it is now under study for switched nonautonomous systems.

System (5.1) is operating under uncertainty conditions that imply imperfect
knowledge of the nonlinearities f and g. The nonlinear gain g cannot destabilize
the closed-loop system because of the minimum phase hypothesis, which is why no
more information is required for this gain. The destabilizing term

f(z, ξ, ξ̇, t) = fnom(z, ξ, ξ̇, t) + f b(z, ξ, ξ̇, t)(5.5)

typically consists of a nominal part fnom to be handled through nonlinear damping
and an uncertain bounded gain f b to be rejected. It is assumed that the nominal part
fnom is known a priori, whereas the components f b

j , j = 1, . . . ,m, of the bounded

gain f b are upper estimated:

|f b
j (z, ξ, ξ̇, t)| ≤ Fj < ∞ for almost all (z, ξ, ξ̇, t) ∈ Rn+2m+1(5.6)

by constants Fj , also known a priori. Apart from this, both functions fnom and f b

are assumed to be piece-wise continuous.
The following switched control law

u(z, ξ, ξ̇, t) = −fnom(z, ξ, ξ̇, t) − µξ̇ − νξ − β sign ξ − γ sign ξ̇,(5.7)

with the parameter gains

µ = diag(µj), ν = diag(νj), β = diag(βj), γ = diag(γj)

subject to

µj ≥ 0, νj ≥ 0, βj − Fj > γj > Fj , j = 1, . . . ,m,(5.8)

is proposed to stabilize the uncertain system (5.1), (5.5), (5.6) whose state (z, ξ, ξ̇) is
available for measurements. Hereafter, the notation diag is used to denote a diagonal
matrix of an appropriate dimension; sign ξ with a vector ξ = (ξ1, . . . , ξm)T stands for
the column vector (sign ξ1, . . . , sign ξm)T .

In what follows, the switched control law (5.7), (5.8) is proven to exhibit chattering
modes, while driving the uncertain system (5.1) to the zero dynamics manifold ξ =
ξ̇ = 0 in finite time. Desired stability properties are thus imposed on the closed-loop
system.

Theorem 5.1. Let assumptions 1–3 be satisfied and let the uncertain system
(5.1), (5.5), (5.6) be driven by the state feedback (5.7) such that condition (5.8) holds.
Then the closed-loop system (5.1), (5.5)–(5.8) is globally equiuniformly asymptotically
stable.

Proof. The closed-loop system (5.1) driven by (5.7) is represented as follows:

ż = g(z, ξ, ζ, t),(5.9)

ξ̇j = ζj , ζ̇j = f b
j (z, ξ, ζ, t) − νjξj − µjζj − βj sign ξj − γj sign ζj ,(5.10)

j = 1, . . . ,m.
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Due to assumption 1, Theorem 8 of [10, p. 85] is applicable to system (5.9), (5.10),
and by applying this theorem, the system has a local solution for all initial data and
uncertainties (5.6). Let us demonstrate that each solution of (5.9), (5.10) is globally
continuable on the right.

Similarly to (4.11), the time derivative of the function Vj(ξj , ζj) = βj |ξj |+ 1
2 (ζ2

j +

νjξ
2
j ), j = 1, . . . ,m, computed along the trajectories of the corresponding subsystem

(5.10), is negative semidefinite:

V̇j(ξj(t), ζj(t)) ≤ −(γj − Fj)|ζj(t)|.(5.11)

As in the proof of Theorem 4.1, it follows that each solution of subsystem (5.10)
subject to (5.6) is uniformly bounded in t.

In turn, for given continuous, uniformly bounded functions ξ(t), ζ(t), all possible
solutions of subsystem (5.9) remain bounded on any finite time interval due to the
linear growth assumption (5.3) (assumption 2) on the right-hand side of (5.9). Indeed,
an arbitrary solution z(·) of (5.9) is a priori estimated as

‖z(t)‖ ≤ ‖z(t0)‖ +

∫ t

t0

k(ξ(t), ζ(t), t)(1 + ‖z(t)‖)dt,(5.12)

and by applying Bellman–Gronwall’s lemma to the integral inequality (5.12), z(·) is
bounded on any finite time interval (t0, t1).

Thus, all possible solutions of the overall uncertain system (5.6), (5.9), (5.10)
remain bounded on any finite time interval, and by property B of Theorem 9 of [10,
p. 86], these solutions are globally continuable on the right.

Next let us observe that due to the uniform boundedness (5.6) of the uncertain
terms f b

j (z, ξ, ζ, t), j = 1, . . . ,m, and by virtue of the parameter subordination (5.8),
each subsystem (5.10) satisfies all the conditions of Theorem 4.2, and by applying this
theorem, (5.10) is globally equiuniformly finite time stable. It follows that starting
from a finite time moment, the overall uncertain system (5.6), (5.9), (5.10) evolves in
the chattering mode on the zero dynamics manifold ξ = ζ = 0, where its behavior is
governed by the zero dynamics equation (5.4).

Now, to complete the proof, it remains to note that by assumption 3, the zero
dynamics (5.4) is globally uniformly asymptotically stable. Coupled to the global
equiuniform finite time stability of (5.10), this ensures that the closed-loop system
(5.9), (5.10) is globally equiuniformly asymptotically stable, too. The proof of Theo-
rem 5.1 is thus completed.

5.1. Application to friction electromechanical systems. A simple physical
interpretation of the chattering controller (5.7) is revealed by its application to the
servo-motor governed by

jξ̈ = u− F (ξ̇) + ω(t), ξ, u ∈ R1.(5.13)

In the above equation, ξ denotes displacement, u is the control input, j is the inertia, ω
is the external disturbance involving the transmitted torque (as a matter of fact, this
function can be state-dependent; however, for simplicity it is viewed as an integrable
function of time, computed along the system trajectories), and F (ξ̇) is the friction
force governed by the classical model

F (ξ̇) = αv ξ̇ + αc sign ξ̇(5.14)
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with the viscous friction coefficient αv > 0 and the Coulomb friction level αc > 0.
Solutions of the state equation (5.13) are defined in the sense of Filippov, and by
virtue of Definition 2.1, there is no need to specify the above friction model on the
discontinuity manifold ξ̇ = 0.

Since the phenomenon of friction is not yet completely understood and it is hard
to model, the uncertain term ω(t) has been incorporated into the motor equation
(5.13) to account for destabilizing model discrepancies such as the Stribeck effect and
backlash, whose upper bounds are computed experimentally (see, e.g., [2]). Thus, an
upper bound F0 > 0 for the magnitude of the uncertain term is normally known a
priori:

|ω(t)| ≤ F0 for all t.(5.15)

Motivated by application requirements, the control objective is to stabilize the
servo-motor in finite time in spite of the uniformly bounded external disturbances
whose influence on the control process should be rejected.

It is worth noting that continuous control algorithms do not admit even asymp-
totic stabilization of (5.13), (5.14) due to the presence of the discontinuous term
αc sign ξ̇, corresponding to the Coulomb friction in (5.14). Indeed, the servo-motor
(5.13), (5.14) enforced by an arbitrary continuous controller u has a nontrivial set
of equilibrium points around the position ξ = 0 (see, e.g., [25]), thereby yielding
an inappropriate solution to the stabilization problem. Thus, continuous controllers,
particularly those especially developed in [6, 16] to stabilize frictionless oscillators in
finite time, become unable to asymptotically stabilize the servo-motor (5.13), (5.14)
with a nonzero Coulomb level αc.

Hence, in order to attain asymptotic stability of the servo-motor (5.13), (5.14)
with a nontrivial Coulomb friction level, discontinuous controllers have to be brought
into play. Since standard sliding mode controllers are capable only of providing ulti-
mate boundedness of the second order dynamic system in question [24], the chattering
control algorithm (5.7), specified for the servo-motor (5.13), (5.14) by

u = −µξ̇ − νξ − β sign ξ − γ sign ξ̇,(5.16)

is chosen to stabilize the servo-motor in finite time. Due to the presence of the
Coulomb friction, the subordination rule (5.8) for the parameters of the closed-loop
system (5.13), (5.14), (5.16) is modified as follows:

µ, ν ≥ 0, β − F0 > αc + γ > F0,(5.17)

where µ, ν, β, γ are the parameter gains, αc is the Coulomb level of the friction force
(5.14), and F0 is the upper bound (5.15) for the external disturbances.

In the particular case of µ = ν = 0 and β > γ > 0, the above controller (5.16)
is nothing more than the so-called twisting controller from [20]. Adding a linear
part with nonzero µ and ν into this twisting algorithm allows one to reduce the
convergence time of the controller without enlarging the amplitude of switching used
in the controller. Furthermore, in contrast to the twisting algorithm the pure switched
position feedback

u = −β sign ξ(5.18)

is admitted by the proposed control law (5.16) when µ = ν = γ = 0. The switched
position controller (5.18) still stabilizes the servo-motor (5.13), (5.14) in finite time
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while rejecting the external disturbance (5.15) only when the upper bound F0 is
smaller than the Coulomb friction level αc.

The performance of the chattering controller (5.16) and that of its position feed-
back version (5.18) were studied in [26] by simulation. In this study, a servo-motor was
required to move from an initial static position to the origin ξ = 0, ξ̇ = 0, while the
external disturbance was composed by the backlash model from [30] and the Stribeck
friction force from Tustin’s model [31].

As predicted by the theory, both closed-loop systems were driven to the origin
in finite time in spite of the presence of backlash and Stribeck effect whereas better
performance (settling time) was yielded by the state feedback controller. Thus, to
decrease the settling time one should utilize a chattering state feedback controller
(5.16) and increase the parameter gains of the controller. This may, however, excite
unmodelled high-frequency dynamics of the system, thereby limiting the achievable
performance.

6. Conclusions. Finite time stability of uncertain switched systems has been
studied. These systems were shown to be globally equiuniformly finite time stable
whenever they are globally equiuniformly asymptotically stable and homogeneous of
degree q < 0. Restricted to second order systems, the finite time stability feature
was additionally demonstrated to remain in force regardless of some inhomogeneous
perturbations.

Based on these tools, discontinuous control algorithms have been developed to
globally asymptotically stabilize uncertain minimum phase systems of uniform m-
vector relative degree (2, . . . , 2)T . The stabilizing strategy was to drive the system
to the zero dynamics manifold in a finite time and maintain it there in spite of the
parameter uncertainties and external disturbances. Desired robustness properties were
thus provided and asymptotic stability of the closed-loop system was guaranteed.

The controllers constructed do not rely on the generation of sliding motions on
the switching manifolds but on their intersections, thus exhibiting the so-called second
order sliding modes [11] with an infinite number of switches on a finite time interval.
In analogy to optimal control theory [34], such controllers have been referred to as
chattering controllers regardless of whether the optimal performance is achieved.

Attractive features of chattering controllers have been illustrated by application
to a servo-motor. The controllers were demonstrated to be capable of providing the
desired system performance in spite of significant uncertainties in the system descrip-
tion, as is typically the case in control of electromechanical systems with complex
hard-to-model nonlinear phenomena.
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Abstract. Consider the standard, one dimensional, nonlinear filtering problem for diffusion
processes observed in small additive white noise: dXt = b(Xt)dt + dBt, dY ε

t = γ(Xt)dt + εdVt,
where B·, V· are standard independent Brownian motions. Denote by qε1(·) the density of the law
of Ξ1 conditioned on σ(Y ε

t : 0 ≤ t ≤ 1). We provide “quenched” large deviation estimates for the
random family of measures qε1(x)dx: there exists a continuous, explicit mapping J̄ : R

2 → R such
that for almost all B·, V·, J̄ (·, X1) is a good rate function, and for any measurable G ⊂ R,

− inf
x∈Go

J̄ (x,X1) ≤ lim inf
ε→0

ε log

∫
G

qε1(x)dx ≤ lim sup
ε→0

ε log

∫
G

qε1(x)dx ≤ − inf
x∈Ḡ

J̄ (x,X1).

Key words. nonlinear filtering, large deviations
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1. Introduction and statement of results. Consider the following one di-
mensional filtering problem, where the signal process X· and the observation process
Y ε
· , parametrized by a “small noise intensity” ε, are

dXt = b(Xt)dt + dBt, X0 ∼ p0(·),
dY ε

t = h(Xt)dt + εdVt.(1.1)

Here, B·, V· are independent standard one dimensional Brownian motions, and the
functions b, h, p0 satisfy the following assumptions:1

(A-1) b, h, b′, h′ are Lipschitz functions,
(A-2) h′(·) ≥ h0 > 0,
(A-3) | log p0(x) − log p0(y)| ≤ c(1 + |x| + |y|)|x− y|, x, y ∈ R, and

p0 is uniformly bounded.

For technical reasons, we need to impose the following additional restriction:

(A-4) h′b, h′h, h′′, hb are Lipschitz functions and lim|x|→∞ h′′(x) = 0.

(A-4) implies that, outside large compacts, the observation function h is essentially
linear. Let Ω1 = Ω2 = C([0, 1]; R), Ω = Ω1 × Ω2, Fi be the Borel σ-algebra on Ωi,
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1Due to the one dimensional nature of our model, no generality is lost in assuming the diffusion
coefficient of the signal process to be one. Indeed, if the signal process satisfies dΞt = β(Ξt)dt +
σ(Ξt)dBt, with σ uniformly bounded away from zero, then the transformation Xt = Ḡ(Ξt), with

Ḡ(x) =
∫ x

0
(1/σ)(u)du, allows one to rewrite the problem in the form (1.1).
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i = 1, 2, and F be the Borel σ-algebra on Ω; let P1, P2 denote the Wiener measure on
Ω1,Ω2, and P = P1 ⊗ P2. We define Bt(ω) = ω1(t), Vt(ω) = ω2(t), 0 ≤ t ≤ 1. The
pair (B, V ) is then distributed according to P . The solution (X,Y ε) of the SDE (1.1)
is then an F-measurable, C([0, 1]; R2)-valued, random variable.

Let µε
t (·) denote the conditional law of Xt conditioned on Yε

t = σ{Y ε
s , 0 ≤ s ≤ t},

which we consider as an F-measurable map from Ω to M1(R), the space of probability
measures on R. Note that µε

t is in fact measurable with respect to the ε-dependent
σ-algebra Yε

t ⊂ F .
It is known that µε

t is absolutely continuous, with µε
t (dx) = qεt (x)dx, and that

as ε → 0, the conditional law µε
1(dx) = qε1(x)dx of X1, given Yε

1 , converges to the
Dirac measure δX1

. (All these facts can be found, e.g., in [7].) In particular, X1 is
measurable with respect to the limiting σ-algebra Y0

1 , since h is one-to-one. It is known
from the results of Picard [7] that the conditional law µε

1 has a variance of order ε and
can be well approximated by a Gaussian law, which is given by an extended Kalman
filter.

Our goal in this paper is to establish a large deviations result in the following
sense. Let G be a measurable subset of R. By the above remarks, we know that
on the event {X1 �∈ G}, µε

1(G) → 0, P -almost surely. It turns out that it goes to
zero at exponential speed, i.e., roughly like exp[−c1(G)/ε]. What is the value of
c1(G) = − lim ε logµε

1(G) (if this limit exists), the “rate function” that tells us at
which speed the quantity P (X1 ∈ G | Yε

1) goes to zero, whenever X1 �∈ G? Clearly
c1(G) must depend on X1 (at least intuitively through its distance to G), and we shall
see that this is indeed the case. There is no surprise in the fact that c1(·) is random,
since it tells us at which exponential speed the random measures µε

1 converge to the
random measure µ0

1 = δX1 . Our results show that c1 does not depend on anything
else, in the sense that, conditionally on σ(X1), it is P -almost surely constant.

We call our result “quenched” (borrowing that terminology from the theory of
random media), meaning that the randomness of the observation process is frozen.
One could also discuss a “semiquenched” large deviations statement by computing
the P1-almost sure limit (if it exists) of

ε log

∫ ∫
G

qε1(x + X1)dxdP2,

while an “annealed” large deviations result would describe the asymptotic behavior
of

ε logE

∫
G

qε1(x + X1)dx.

Finally, one could also consider large deviations questions at the level of the con-
ditional measure itself, for example questions concerning the rate of decay of prob-
abilities of the form P (qε1(x)dx ∈ A), with A a measurable subset of the space of
probability measures on R. We hope to study all these elsewhere.

Let us now state our result. Define

J̄ (x,X1) =

∫ x

X1

(h(y) − h(X1))dy.

Our main result is the following theorem. For standard definitions concerning the
large deviation principle (LDP), see [3]. For a set G ⊂ R, we denote by Go its interior
and by Ḡ its closure.
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Theorem 1.1. Assume (A-1)–(A-4). Then the family of (random) probability
measures qε1(x)dx satisfies a quenched LDP (on the space R equipped with the stan-
dard Euclidean norm) with continuous good rate function J̄ (·, X1). That is, for any
measurable set G ⊂ R,

− inf
x∈Go

J̄ (x,X1) ≤ lim inf
ε→0

ε log

∫
G

qε1(x)dx ≤ lim sup
ε→0

ε log

∫
G

qε1(x)dx

≤ − inf
x∈Ḡ

J̄ (x,X1), P − a.s.(1.2)

In fact, we have the estimate, valid for any fixed compact set K0 ⊂ R,

lim
ε→0

sup
x∈K0

|ε log qε1(x) + J̄ (x,X1)| = 0, P − a.s.(1.3)

(It will be obvious from the proof that the fixed time 1 can be replaced by any
fixed time t ∈ (0,∞); that is, the statement of Theorem 1.1 remains true with qεt and
Xt replacing qε1 and X1.)

Remarks.
1. In the particular case h(x) = x, Theorem 1.1 can be deduced from the results

of [10].
2. The reader could wonder why the statement (1.2) is equivalent to the large

deviations principle on R for P -almost ω, since in (1.2), the null set on which the
statement does not hold true may depend on G. Note, however, that once the in-
equalities in (1.2) hold true for each interval G = (a, b) on a set of full measure Ωa,b,
we can set

Ω′ = ∩a,b∈QΩa,b

and conclude that P (Ω′) = 1 while (1.2) holds true for all ω ∈ Ω′ and all open
intervals G with rational endpoints. Since the latter are a base for the topology on R,
one concludes (see, e.g., [3, Theorem 4.1.11]) that the full LDP holds for each ω ∈ Ω′.

We conclude this introduction with some comments about previous work and
possible applications and extensions of our result. Our motivation for the study of
the large deviations of the optimal filter is their utility in a variety of applications
such as tracking (see [9]) or the study of the filter memory length (see [1]). In the one
dimensional linear observation case studied in [10], precise pointwise estimates can be
derived by comparison with the linear filtering problem, whose (Gaussian) solution is
known explicitly. In contrast, here, the main tool used in the proof of Theorem 1.1
is the representation, due to Picard [7], of the density qε1 in terms of an auxiliary
suboptimal filter, and the availability of good estimates on the performance of this
suboptimal filter. These results are not available in the general multidimensional
case. When they are, e.g., in the setup discussed in [8], we believe our analysis can
be carried through. Hence, while our result is presently limited to one dimension,
we expect that its multidimensional extension to the case where the dimensions of
the state and observation coincide, and the observation function is one-to-one, could
be deduced from the results of [8]. Extension to the case where the dimension of the
observation is smaller than the dimension of the state (which is the most relevant case
for applications) would require completely new additional ideas, since the result would
be of a completely different nature (the limiting measure is no longer necessarily a
Dirac measure, and even when it is, the convergence to the Dirac measure is at
different speeds for different coordinates).
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We finally note that Hijab [4] has derived a (path) quenched large deviations for
the conditional density for systems in which both the signal and the observation noises
are small. This is related, by a time change, to looking at short times (of order εT )
of the filtering equations

dXε
t =

1

ε
b̄(Xε

t )dt + dBt, Xε
0 = x,

dY ε
t = h(Xε

t )dt + εdVt.

(Hijab’s results are not stated in this way, but are equivalent to the description given
here. Note that his setup is more general than ours in that it applies to the multi-
dimensional setup and allows for general regular diffusion coefficients.) Hijab’s results
are not directly comparable with the LDP we derive here because of the different time
interval on which they apply, and also because of the different type of conditioning.
(His statement looks at the conditional density as a continuous functional of the
observation trajectory, and considers the LDP when this trajectory is frozen. It is
thus not directly applicable as a quenched statement.)

We refer the reader to [5] for a general introduction to stochastic calculus and
stochastic differential equations, and to [6] for an exposition of nonlinear filtering
theory.

Convention. Throughout the paper, when relevant, we make explicit on what
parameters constants depend, even if the actual value of the constant may change
from line to line. When nothing explicit is mentioned, i.e., a generic constant C is
used, it is understood that it may depend on the trajectories {X·}, {V·}, but not on
ε. For ∞ > t > 0, we use the notation ||f ||t = sups≤t |f(s)|, with ||f || := ||f ||1/ε.
Finally, we use θt to denote the shift operator, e.g., θtm̃(·) = m̃(t + ·).

2. Picard’s formulation and a path integral. The filtering problem we are
going to analyze is (1.1), and the assumptions (A-1)–(A-4) will be assumed to hold
throughout the paper. We also note that since nothing is changed (in terms of the
filtering problem) by adding a constant to the observation function h, we may and
will assume throughout the paper that h(0) = 0.

It is known from the results of Picard [7] that the conditional law qε1(x)dx has
a small variance, and that there exist finite dimensional filters that provide good
approximations of the unknown state. We shall now recall the formula derived by
Picard [7] for qε1(x), which was used there to study approximate filters. It will be an
essential tool for our large deviation results.

Define the approximate filter

dMε
t = b(Mε

t )dt +
1

ε
(dY ε

t − h(Mε
t )dt),

with Mε
0 = 0, and let m̄s = Mε

1−s and m̃s = m̄εs, s ∈ [0, 1/ε].
One of the main contributions of Picard in [7, Proposition 4.2] was to express the

conditional density qε1(x) in terms of the law of an auxiliary process {X̄x
1−t, 0 ≤ t ≤ 1},

which fluctuates backward in time, starting at time 1 from the position x, around the
trajectory of the approximate filter Mε

· . Performing a time change and a Girsanov
transformation, Picard’s result can be rewritten as follows.2 Define the process

dZ̃ε,x
s =

[
−h(Z̃ε,x

s ) + m̃sh
′(Z̃ε,x

s ) − εb(Z̃ε,x
s )
]
ds +

√
εdW̃s, Z̃ε,x

0 = x,

2For completeness, and since the computations involved are somewhat lengthy, we present the
derivation in an appendix at the end of the paper.
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with W̃ a standard Brownian motion, independent of B·, V·. Throughout, we let E

and P denote expectations and probabilities with respect to the law of the Brownian
motion W̃·. Then a version of the conditional density of X1, given Yε

1 , is given by

qε1(x) =
ρε1(x)∫

R
ρε1(x)dx

,(2.1)

where

ρε1(x) := e−F (x,m̃0)/εE

[
exp

(
Iε(Z̃

ε,x
1/ε, 0) +

∫ 1/ε

0

g1(Z̃
ε,x
s , m̃s)ds +

1

ε

∫ 1/ε

0

g2(Z̃
ε,x
s , m̃s)ds

)]
,

(2.2)

and

F (z,m) =

∫ z

0

(h(y) − h(m))dy −mh(z) + h(m)z,

Iε(z,m) = log p0(z) +
1

ε
F (z,m),

g1(z,m) = −mh′(z)b(z) +
mh′′(z)

2
+ h(z)b(z) − h′(z)

2
− εb′(z) − h(z)b(m),

g2(z,m) = h(z)h(m) − h2(m)

2
−mh(z)h′(z) +

m2h′(z)2

2
.

Note that assumptions (A-1)–(A-4) ensure that, for each given m, g1(·,m), g2(·,m)
are Lipschitz functions with Lipschitz constant uniformly bounded for m in compacts.

It is important to note that, above and throughout the paper, expressions of the
form E(·) may still be random, due to their possible dependence on B·, V·. Thus, any
equality between such expressions is to be understood in an almost sure sense. We
will not explicitly mention this in what follows.

Equipped with (2.2), one is tempted to apply standard tools of large deviations
theory, viz. the large deviations principle for Z̃ε,x

· and Varadhan’s lemma, to the
analysis of the exponential rate of decay of the P expectation in (2.2). This temptation
is quenched when one realizes that, in fact, the rate of growth of ρε1 is exponential
in 1/ε2, and it is only after normalization that one can hope to obtain the relevant
1/ε asymptotics. This fact, unfortunately, makes the analysis slightly more subtle.
In the next section, we present several lemmas, whose proof is deferred to section 4,
and show how to deduce Theorem 1.1 from these lemmas. Before closing this section,
however, we state the following easy a priori estimates. Recall that, according to our
convention, ||X||1 = sups≤1 |Xs|.

Lemma 2.1. ||X||1 < ∞, P -almost surely,

|||m̃||| := lim sup
ε→0

sup
t∈[0,1/ε]

|m̃t| < ∞, P − a.s.,

and for Tε = log(1/ε), |||m̃X ||| := sups∈[0,Tε] |m̃s −X1|,

lim sup
ε→0

|||m̃X ||| = 0, P − a.s.(2.3)

Further, there exists a constant CV,X depending only on {X·, V·} such that

sup
s∈[0,Tε]

|m̃s −X1| ≤ CV,X/
√
Tε, P − a.s.
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Proof of Lemma 2.1. The statement that ||X||1 < ∞ is part of the statement
concerning existence of solutions to the SDE (1.1). Next, we prove that

lim sup
ε→0

sup
t≤1

|Mε
t | < ∞.(2.4)

Indeed, fix constants C = C(||X||1) and ε0 such that h(y)− h(x) + supε≤ε0 εb(x) < 0
for all x ≥ C and |y| ≤ ||X||1 (this is always possible because b, h are Lipschitz and
h′ > h0). Define the stopping times τ0 = 0, θ0 = 0 and

τi = inf{t > θi−1 : Mε
t = C}, θi = inf{t > τi : Mε

t = C + 1}.

By definition, Mε
t ≤ C + 1 for t ∈ [τi, θi], while for t ∈ [θi, τi+1] it holds that for all

ε < ε0,

Mε
t = Mε

θi +

∫ t

θi

[
b(Mε

s ) +
1

ε
(h(Xs) − h(Mε

s ))

]
ds + Vt − Vθi ≤ C + 1 + 2||V ||1.

We conclude that supt≤1 M
ε
t ≤ C+1+2||V ||1 < ∞ for all ε < ε0. A similar argument

shows that inft≤1 M
ε
t ≥ −(C + 1 + 2‖V ‖1).

To see the stated convergence of m̃s to X1, recall that Xt and Vt are almost surely
Hölder(η) continuous for all η < 1/2. Fix t0 = 1 − 2εTε, t1 = 1 − εTε, δε = 1/

√
Tε,

and write Yt = Mε
t −X1. With these notations,

Yt = Yt0 +

∫ t

t0

[
b(Mε

s ) +
h(Xs) − h(X1)

ε

]
ds +

1

ε

∫ t

t0

(h(X1) − h(Mε
s ))ds + (Vt − Vt0).

By the first part of the lemma, it holds that |Yt0 | ≤ C. We first show that for some
τ ∈ (t0, t1) it holds that |Yτ | ≤ δε. Indeed, assume without loss of generality that
Yt0 > δε. Then, by the Hölder property of X· and V·, it holds that

sup
t∈(t0,t1)

|Vt − Vt0 | ≤ C(εTε)
η, sup

t∈(t0,t1)

|Xt −Xt0 | ≤ C(εTε)
η.

Hence, if a τ as defined above does not exist, then necessarily, using the Lipschitz
continuity of h,

−C ≤ C1εTε

(
1 +

(εTε)
η

ε

)
− h0δεTε + C1(εTε)

η,

which is clearly impossible unless ε ≥ ε0 for some ε0 > 0. Now, for τ < t ≤ 1 we
claim that it is impossible that Yt > 2δε. Indeed, let θ′ = inf{τ < t ≤ 1 : Yt = 2δε}.
Repeating the argument above, we now obtain that if such a θ′ exists, it must hold
that for some θ < 2εTε,

δε ≤ C1θ + C1
θη+1

ε
+ C1θ

η − h0δεθ

ε
,

which again is impossible, unless ε ≥ ε′0, for some ε′0 > 0. The case of Yt < −2δε for
some t > t0 being handled similarly, the conclusion follows.
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3. Auxiliary lemmas and proof of Theorem 1.1. Let us set Jε(x) :=
ρε1(x)eF (x,m̃0)/ε and

L̄ε(x, t) = exp

(∫ t

0

(
g1(Z̃

ε,x
s , m̃s) +

1

ε
g2(Z̃

ε,x
s , m̃s)

)
ds

)
(3.1)

and

Lε(x, t) = exp(Iε(Z̃
ε,x
t , 0))L̄ε(x, t).(3.2)

Although both L̄ε(x, t) and Lε(x, t) depend on the path m̃·, we omit this dependence
when no confusion occurs, while Lε(x, t,m·) will denote the quantity Lε(x, t) with m̃·
replaced by m·, and similarly for L̄ε.

The following are the auxiliary lemmas alluded to above. The proof of the first,
Lemma 3.1, is standard, combining large deviations estimates for solutions of SDEs
(see, e.g., [2, Theorem 2.13, p. 91]) with Varadhan’s lemma (see, e.g., [3, Theo-
rem 4.3.1, p. 137]), and is omitted.

Lemma 3.1 (finite horizon LDP). Fix T < ∞ and a compact K ⊂⊂ R. Define

IT (x, z) := sup
φ∈H1:φ0=x,φT =z

∫ T

0

g2(φs, X1)ds−
1

2

∫ T

0

[
φ̇s + h(φs) −X1h

′(φs)
]2

ds.

Then, uniformly in x, z ∈ K, P -almost surely,

lim sup
δ→0

lim sup
ε→0

∣∣∣ε log E

[
L̄ε(x, T )1{|Z̃ε,x

T
−z|<δ}

]
− IT (x, z)

∣∣∣ = 0.

It is worth noting the following simpler representation of IT (x, z):

IT (x, z) = sup
φ∈H1:φ0=x,φT =z

[
X1(h(z) − h(x)) − h(X1)(z − x)

− 1

2

∫ T

0

[
φ̇s − (h(X1) − h(φs))

]2
ds

]
.(3.3)

From this representation, the following is immediate:

IT (X1, X1) = 0,(3.4)

and, with VT (x) := IT (x,X1), it holds that

VT (x) →T→∞ −X1h(x) + h(X1)x.(3.5)

This, and standard large deviations considerations, give the next result.
Corollary 3.2. Fix a compact set K ⊂⊂ R. Then uniformly in x, z ∈ K,

P -almost surely,

lim sup
T→∞

lim sup
δ→0

lim sup
ε→0

∣∣∣ε log E

[
L̄ε(x, T )1{|Z̃ε,x

T
−z|<δ/2}1{|Z̃ε,x

T/2
−X1|<δ/2}

]
− h(X1)x + h(x)X1 − IT/2(X1, z)

∣∣∣
= lim sup

T→∞
lim sup

δ→0
lim sup

ε→0

∣∣∣ε log E

[
L̄ε(x, T )1{|Z̃ε,x

T
−z|<δ/2}1{|Z̃ε,x

T/2
−X1|<δ/2}

]
− IT (x, z)

∣∣∣
= lim sup

T→∞
lim sup

δ→0
lim sup

ε→0

∣∣∣ε log E

[
L̄ε(x, T )1{|Z̃ε,x

T
−z|<δ/2}

]
− IT (x, z)

∣∣∣ = 0.
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The key to the proof of Theorem 1.1 is a localization procedure that allows one
to restrict attention to compact (in time and space) subsets. A first coarse step in
that direction is provided by the next two lemmas.

Lemma 3.3 (coarse localization 1). For each η > 0 there exist constants M1 =
M1(|||m̃|||, η, |X1|) and ε00 = ε00(|||m̃|||, η, |X1|) such that, for all ε < ε00,∫

ρε1(x)1{|x|>M1/
√
ε}dx ≤ e−η/ε inf

|x|<1
ρε1(x) ≤ e−η/ε

∫
ρε1(x)1{|x|≤M1/

√
ε}dx,

P − a.s.(3.6)

Lemma 3.4 (coarse localization 2). For each η > 0 and M1, ε00 as in Lemma 3.3,
there exist constants Mi = Mi(|||m̃|||, η, |X1|), i = 2, 3, with M3 ≤ M2 and ε0 =
ε0(|||m̃|||, η, |X1|) < ε00, such that for all ε < ε0, uniformly in |x| ≤ M1/

√
ε,

Jε(x) ≤ 2E

[
Lε

(
x,

1

ε

)
1{||Z̃ε,x||≤M3/ε}

]
,(3.7)

and uniformly in |z| ≤ M3/ε, T < 1/ε,

E

[
Lε

(
z,

1

ε
− T, θT m̃

)]
≤ 2E

[
Lε

(
z,

1

ε
− T, θT m̃

)
1{||Z̃ε,z||1/ε−T≤M2/ε}

]
.(3.8)

The following comparison lemma is also needed.
Lemma 3.5. There exists a function g : R+ 
→ R+, depending on |||m̃|||, |X1|, η

only, with g(δ) →δ→0 0, and an ε1 = ε1(|||m̃|||, X1, η) < ε0 such that for all ε < ε1,
t ∈ [1/2ε, 1/ε], and |x|, |y| ≤ M3/ε, |x− y| < δ,

ε log

(
E(Lε(x, t, θ

1/ε−tm̃)1{||Z̃ε,x||t≤M2/ε})

E(Lε(y, t, θ1/ε−tm̃)1{||Z̃ε,y||t≤M2/ε})

)
≤ g(δ),(3.9)

and there exists a constant C1(|||m̃|||, X1, η) such that, for all ε < ε1,

sup
t∈[1/2ε,1/ε]

ε

∣∣∣∣∣∣log

⎛⎝ E

[
Lε(x, t, θ

1/ε−tm̃)1{||Z̃ε,x||t≤M2/ε}

]
E

[
Lε(X1, t, θ1/ε−tm̃)1{||Z̃ε,X1 ||t≤M2/ε}

]
⎞⎠∣∣∣∣∣∣ ≤ C1(1 + |x|).(3.10)

The last step needed in order to carry out the localization procedure is the fol-
lowing.

Lemma 3.6 (localization). Fix a sequence Tε as in Lemma 2.1. Then there
exist constants Ci = Ci(|||m̃|||,M1,M2,M3, X1) > 0, i ≥ 2, and ε2 = ε2(|||m̃|||,
M1,M2,M3, X1) < ε1 such that, for all ε < ε2, |x| ≤ M1/

√
ε, |z| ≤ M3/ε, δ < 1, and

1 ≤ T ≤ Tε,

E

[
L̄ε(x, T )1{|Z̃ε,x

T
−z|<δ}1{||Z̃ε,x||T≤M3/ε}

]
≤ exp

(
C2

ε
−

C3(|z| − |x|)2+
ε

+
C4(|x| + |z|)

ε

)
,(3.11)

and, uniformly for |z −X1| < 1, |x−X1| < 1,

E

[
L̄ε(x, T )1{|Z̃ε,x

T
−z|<δ}1{||Z̃ε,x||T≤M3/ε}

]
≥ exp

(
−C2

ε

)
.(3.12)
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We may now proceed to the proof of Theorem 1.1, as a consequence of the above
lemmas. Fix an η > 0 as in Lemma 3.3, and for δ > 0, T > 0 to be chosen below,
with T < Tε, Tε as in Lemma 2.1, define

J̃ε(x) = E

(
Lε

(
x,

1

ε

)
1{||Z̃ε,x||T≤M3/ε,||Z̃ε,x||≤M2/ε}

)

=

M3/εδ∑
i=−M3/εδ

E

(
Lε

(
x,

1

ε

)
1{||Z̃ε,x||≤M2/ε,||Z̃ε,x||T≤M3/ε,|Z̃ε,x

T
−iδ|≤δ/2}

)

=:

M3/εδ∑
i=−M3/εδ

J̃ε,T (x, iδ).(3.13)

Set Zε,x
T = σ(Z̃ε,x

t , t ≤ T ). Using the Markov property, and the fact that M3 < M2,
one may write, for |z| < M3/ε,

J̃ε,T (x, z) = E

[
L̄ε(x, T )1{|Z̃ε,x

T
−z|≤δ/2}1{||Z̃ε,x||T≤M3/ε}

·E
(
Lε

(
Z̃ε,x
T ,

1

ε
− T, θT m̃

)
1{||Z̃ε,x||≤M2/ε} | Z

ε,x
T

)]
.(3.14)

Applying (3.9) and the Markov property, it follows that on the event {|Z̃ε,x
T − z| ≤

δ/2} ∩ {||Z̃ε,x||T ≤ M3/ε}, one has for ε < ε1, and |x| ≤ M1/
√
ε, |z| ≤ M3/ε,

E

(
Lε

(
Z̃ε,x
T ,

1

ε
− T, θT m̃

)
1{||Z̃ε,x||≤M2/ε} | Z

ε,x
T

)
= E

(
Lε

(
Z̃ε,x
T ,

1

ε
− T, θT m̃

)
1{supT≤t≤1/ε |Z̃ε,x

t |≤M2/ε} | Z
ε,x
T

)
≤ eg(δ)/εE

(
Lε

(
z,

1

ε
− T, θT m̃

)
1{sup0≤1/ε−T |Z̃ε,z

t |≤M2/ε}

)
= eg(δ)/εE

(
Lε

(
z,

1

ε
− T, θT m̃

)
1{||Z̃ε,z||1/ε−T≤M2/ε}

)
.

Substituting in (3.14), one concludes that for all ε < ε1 and |x| ≤ M1/
√
ε, |z| ≤ M3/ε,

J̃ε,T (x, z)e−g(δ)/ε ≤ E

[
L̄ε(x, T )1{|Z̃ε,x

T
−z|≤δ/2}1{||Z̃ε,x||T≤M3/ε}

]
(3.15)

· E

[
Lε

(
z,

1

ε
− T, θT m̃

)
1{||Z̃ε,z||1/ε−T≤M2/ε}

]
:= Ĵε,T (x, z) ≤ J̃ε,T (x, z)eg(δ)/ε.

Next, using (3.10) in the first inequality and Lemma 3.6 in the second, it follows that
for all ε < ε2; T ∈ (1, Tε), Tε as in Lemma 2.1; and some constants Ci independent
of T , ε,
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Ĵε,T (x, z) ≤ E

[
L̄ε(x, T )1{|Z̃ε,x

T
−z|≤δ/2}1{||Z̃ε,x||T≤M3/ε}

]
· E

[
Lε

(
X1,

1

ε
− T, θT m̃

)
1{||Z̃ε,X1 ||1/ε−T≤M2/ε}

]
eC1(|z|+1)/ε

≤ exp

(
C2

ε
−

C3(|z| − |x|)2+
ε

+
C5(|x| + |z|)

ε

)
· E

[
Lε

(
X1,

1

ε
− T, θT m̃

)
1{||Z̃ε,X1 ||1/ε−T≤M2/ε}

]
.(3.16)

Similarly, for all ε < ε2 and |x−X1| ≤ 1, |z −X1| ≤ 1,

Ĵε,T (x, z) ≥ exp

(
−C2

ε

)
E

[
Lε

(
X1,

1

ε
− T, θT m̃

)
1{||Z̃ε,X1 ||1/ε−T≤M2/ε}

]
.(3.17)

We next note that, due to the quadratic growth of F (x,X1) as |x| → ∞, there exists
a compact set K1, depending on |||m|||, X1, η, Ci only, such that

sup
(x,z)∈(K1×K1)c

C2

ε
−

C3(|z| − |x|)2+
ε

+
C5(|x| + |z|)

ε
− F (x,X1)

ε

≤ −F (X1, X1)

ε
− C2

ε
.(3.18)

Thus, using (3.16) in the first inequality, (3.18) in the second, and (3.17) in the third,

sup
|x|≤M1/

√
ε,|z|≤M3/ε,

(x,z)∈(K1×K1)c

Ĵε,T (x, z)e−F (x,X1)/ε

≤ E

[
Lε

(
X1,

1

ε
− T, θT m̃

)
1{||Z̃ε,X1 ||1/ε−T≤M2/ε}

]
· sup

|x|≤M1/
√

ε,|z|≤M3/ε,

(x,z)∈(K1×K1)c

exp

(
C2

ε
−

C3(|z| − |x|)2+
ε

+
C5(|x| + |z|)

ε
− F (x,X1)

ε

)

≤ E

[
Lε

(
X1,

1

ε
− T, θT m̃

)
1{||Z̃ε,X1 ||1/ε−T≤M2/ε}

]
exp

(
−C2

ε
− F (X1, X1)

ε

)
≤ Ĵε,T (X1, X1)e

−F (X1,X1)/ε.(3.19)

It follows by substituting (3.19) into (3.15) that for all ε small enough and any T ∈
(0, Tε),

sup
|x|≤M1/

√
ε,|z|≤M3/ε

J̃ε,T (x, z)e−F (x,X1)/ε ≤ e2g(δ)/ε sup
x∈K1,z∈K1

J̃ε,T (x, z)e−F (x,X1)/ε.

(3.20)

We may, by enlarging K1 if necessary, assume also that [−1, 1] ⊂ K1. With η and
K1 as above, next choose T large enough, δ small enough (with g(δ) < η/8), and
ε3(δ, T, η, |||m̃|||, |||m̃X |||, X1) < ε2 such that, for all ε < ε3, the following hold:

• The errors in the expression in Corollary 3.2 and in (3.5) are each bounded
above by η/8, uniformly in x, z ∈ K1.

• |F (x, m̃0) − F (x,X1)| ≤ η/8, uniformly in x ∈ K1 (which is possible by
Lemma 2.1 and the uniform continuity of F (x, ·) for x in compacts).
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• ε log 2 ≤ η/8.
• ε log(2M3/εδ) ≤ η/8.

Hence, for x ∈ K1 and all ε < ε3,

ε log ρε1(x) = −F (x, m̃0) + ε log E

(
Lε

(
x,

1

ε

))
by (2.2)

≤ −F (x, m̃0) + ε log E

(
Lε

(
x,

1

ε

)
1{||Z̃ε,x||≤M3/ε}

)
+ ε log 2 by (3.7)

≤ −F (x,X1) + ε log E

(
Lε

(
x,

1

ε

)
1{||Z̃ε,x||≤M3/ε}

)
+

η

4
by ε < ε3

≤ −F (x,X1) + ε log J̃ε(x) +
η

4
by (3.13)

≤ −F (x,X1) + ε log sup
z∈K1

J̃ε,T (x, z) +
η

2
by (3.13) and (3.20)

≤ −F (x,X1) + sup
z∈K1

[
ε log E(L̄ε(x, T )1{|Z̃ε,x

T
−z|≤δ/2})

+ ε log E

(
Lε

(
z,

1

ε
− T, θT m̃

)
1{||Z̃ε,z||1/ε−T≤M2/ε}

)]
+

5η

8
by (3.15)

≤ −F (x,X1) + sup
z∈K1

[
h(X1)x− h(x)X1 + IT/2(X1, z)

+ ε log E

(
Lε

(
z,

1

ε
− T, θT m̃

)
1{||Z̃ε,z||1/ε−T≤M2/ε}

)]
+

7η

8
by Corollary 3.2

≤ h(X1)x− h(x)X1 − F (x,X1) + η

+ sup
z∈K1

[
IT/2(X1, z) + ε log E

(
Lε

(
z,

1

ε
− T, θT m̃

))]
=: −J̄ (x,X1) + η + Cε,(3.21)

where Cε depends only on ε, and not on x, and is defined by the last equality. Similarly,
for all x ∈ K1 and all ε < ε3,

ε log ρε1(x) = −F (x, m̃0) + ε log E

(
Lε

(
x,

1

ε

))
by (2.2)

≥ −F (x, m̃0) + ε log E

(
Lε

(
x,

1

ε

)
1{||Z̃ε,x||T≤M3/ε,||Z̃ε,x||≤M2/ε}

)
≥ −F (x,X1) + ε log E

(
Lε

(
x,

1

ε

)
1{||Z̃ε,x||T≤M3/ε,||Z̃ε,x||≤M2/ε}

)
− η

4
by ε < ε3

= −F (x,X1) + ε log J̃ε(x) − η

4
by definition

≥ −F (x,X1) + ε log sup
z∈K1

J̃ε,T (x, z) − η

4
by definition
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≥ −F (x,X1) + sup
z∈K1

[
ε log E(L̄ε(x, T )1{|Z̃ε,x

T
−z|≤δ/2})

+ ε log E

(
Lε

(
z,

1

ε
− T, θT m̃

)
1{||Z̃ε,z||1/ε−T≤M2/ε}

)]
− 5η

8
by (3.15)

≥ −F (x,X1) + sup
z∈K1

[
h(X1)x− h(x)X1 + IT/2(X1, z)

+ ε log E

(
Lε

(
z,

1

ε
− T, θT m̃

)
1{||Z̃ε,z||1/ε−T≤M2/ε}

)]
− 7η

8
by Corollary(3.2)

≥ h(X1)x− h(x)X1 − F (x,X1) − η

+ sup
z∈K1

[
IT/2(X1, z) + ε log E

(
Lε

(
z,

1

ε
− T, θT m̃

))]
= −J̄ (x,X1) − η + Cε,(3.22)

where Cε is the same as in (3.21). Since J̄ (·, X1) is continuous and J̄ (X1, X1) = 0, it
follows from (3.22) that

lim inf
ε→0

ε log

∫
R

ρε1(x)dx− Cε ≥ −2η.(3.23)

On the other hand, for ε < ε3,

ε log

∫
R

ρε1(x)dx ≤ ε log(1 + e−η/ε) + ε log

∫
|x|≤M1/

√
ε

ρε1(x)dx by Lemma 3.3

≤ ε log(1 + e−η/ε) + ε log 2 + ε log

(
2M3

εδ

)
+ sup

|x|≤M1/
√
ε,|z|≤M3/ε

ε log
(
J̃ε,T (x, z)e−F (x,X1)/ε

)
by Lemma 3.4 and (3.13)

≤ 5η

8
+ sup

x,z∈K1

ε log
(
J̃ε,T (x, z)e−F (x,X1)/ε

)
by (3.20)

≤ 5η

8
+ ε log

(
sup
x∈K1

ρε1(x)

)
≤ 2η + Cε − inf

x
J̄ (x,X1) = 2η + Cε(3.24)

by (3.21) and J̄ (x,X1) ≥ 0.

Consider now an open ball B(x0, r) ⊂ R. Then, using (3.24) in the first inequality
and (3.22) in the last,

lim inf
ε→0

ε log

∫
B(x0,r)

qε1(x)dx = lim inf
ε→0

[
ε log

∫
B(x0,r)

ρε1(x)dx− ε log

∫
R

ρε1(x)dx

]

≥ lim inf
ε→0

[
ε log

∫
B(x0,r)

ρε1(x)dx− Cε − 2η

]
≥ −J̄ (x0, X1) − 3η.
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Since η is arbitrary, one deduces that

lim inf
ε→0

ε log

∫
B(x0,r)

qε1(x)dx ≥ −J̄ (x0, X1).(3.25)

To see the complementary upper bound for the ball B(x0, r), enlarge K1 if neces-
sary so that B(x0, r) ⊂ K1 (decreasing ε3 above as a byproduct). Then, using (3.23)
in the first inequality and (3.21) in the last,

lim sup
ε→0

ε log

∫
B(x0,r)

qε1(x)dx = lim sup
ε→0

[
ε log

∫
B(x0,r)

ρε1(x)dx− ε log

∫
R

ρε1(x)dx

]

≤ lim sup
ε→0

[
ε log

∫
B(x0,r)

ρε1(x)dx− Cε + 2η

]
≤ − sup

x∈B(x0,r)

J̄ (x,X1) + 3η + lim sup
ε→0

ε log(2r).

Since η is arbitrary, the above, (3.25), and the continuity of J̄ (·, X1) imply that

lim
r→0

lim sup
ε→0

ε log

∫
B(x0,r)

qε1(x)dx = lim
r→0

lim inf
ε→0

ε log

∫
B(x0,r)

qε1(x)dx = J̄ (x0, X1).

Next, [3, Theorem 4.1.11], the above, Remark 2 following Theorem 1.1, and the
continuity of J̄ (·, X1) imply that the weak LDP holds for the sequence of (random)
measures µε

1(dx) = qε1(x)dx on R. To prove the full large deviations principle, it
remains, by [3, Lemma 1.2.8], to prove the exponential tightness of the sequence µε

1.
That is, for each given L we must find a constant CL such that

lim sup
ε→0

ε log

∫
[−L,L]c

qε1(x)ds < −L.(3.26)

Since the proof of (3.26) uses some estimates from the proof of Lemma 3.3, to avoid
repetitions we postpone it to the end of section 4.

Finally, we note that (1.3) is an immediate consequence of the estimates (3.21),
(3.22), (3.24), and (3.23).

4. Proofs of auxiliary lemmas. Throughout this section, C denotes a positive
constant that depends on |||m̃|||, |||m̃X |||, CV,X , X only, and whose value may change
from line to line.

Proof of Lemma 3.3. The right-hand inequality is a trivial consequence of the
left-hand one. To prove the latter, we first need an upper bound for the left-hand side
of (3.6). A subsequent, easily derived lower bound on the middle term will conclude
the proof. Define the function

H(x) =

∫ x

0

h(y)dy.(4.1)

We note that

Iε(Z̃
ε,x
1/ε, 0) − F (x, m̃0)

ε
=

1

ε

(
H(Z̃ε,x

1/ε) −H(x)
)

+ log p0(Z̃
ε,x
1/ε) +

m̃0h(x)

ε
.
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We first rewrite the Z̃ε,x
t equation as

Z̃ε,x
t = x +

∫ t

0

[−h(Z̃ε,x
s ) + g(s, Z̃ε,x

s )]ds +
√
εW̃t,

and next deduce from Itô’s formula that

H(Z̃ε,x
1/ε) −H(x)

=

∫ 1/ε

0

[
− h2(Z̃ε,x

s ) + (hg)(s, Z̃ε,x
s ) +

ε

2
h′(Z̃ε,x

s )

]
ds +

√
ε

∫ 1/ε

0

h(Z̃ε,x
s )dW̃s.

It now follows from (2.2) and the (uniform in m in compacts) linear growth of g1(z,m)
and g2(z,m) in z that for some C (depending on |||m̃||| and X only) and all ε ≤ 1,
δ > 0,

ρε1(x) ≤ exp

[
C

ε2
+

m̃0h(x)

ε

](
E

[
p0(Z̃

ε,x
1/ε)
] 1+δ

δ

) δ
1+δ

×
(

E exp

[
1 + δ√

ε

∫ 1/ε

0

h(Z̃ε,x
s )dW̃s −

1 + δ

ε

∫ 1/ε

0

h2(Z̃ε,x
s )ds +

C

ε

∫ 1/ε

0

|Z̃ε,x
s |ds

]) 1
1+δ

.

Now, provided δ < 1, we have 1 + δ > (1+δ)2

2 , and thus there exists a p > 1 and a
p′ > 0 such that

1 + δ =
p(1 + δ)2

2
+ p′.

Thus, with q = p/(p− 1),(
E exp

[
1 + δ√

ε

∫ 1/ε

0

h(Z̃ε,x
s )dW̃s −

(1 + δ)2p

2ε

∫ 1/ε

0

h2(Z̃ε,x
s )ds

− p′

ε

∫ 1/ε

0

h2(Z̃ε,x
s )ds +

C

ε

∫ 1/ε

0

|Z̃ε,x
s |ds

]) 1
1+δ

≤
(

E exp

[
p(1 + δ)√

ε

∫ 1/ε

0

h(Z̃ε,x
s )dW̃s −

(1 + δ)2p2

2ε

∫ 1/ε

0

h2(Z̃ε,x
s )ds

]) 1
p(1+δ)

×
(

E exp

[
−p′q

2ε

∫ 1/ε

0

h2(Z̃ε,x
s )ds +

Cq

ε

∫ 1/ε

0

|Z̃ε,x
s |ds

]) 1
q(1+δ)

=

(
E exp

[
−p′q

2ε

∫ 1/ε

0

h2(Z̃ε,x
s )ds +

Cq

ε

∫ 1/ε

0

|Z̃ε,x
s |ds

]) 1
q(1+δ)

.

Since h(z)2 ≥ h2
0z

2 (recall that h(0) = 0!), there exist C(δ) > 0, C1(δ) such that
p′qh(z)2/2 − Cq|z| ≥ C(δ)z2 − C1(δ), and hence, with C2(δ) = C + C1(δ)δ/p(1 + δ)
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(all constants here being positive and depending on |||m̃|||, X only!),

ρε1(x) ≤ exp

[
C2(δ)

ε2
+

m̃0h(x)

ε

](
E

[
p0(Z̃

ε,x
1/ε)
] 1+δ

δ

) δ
1+δ

×
(

E exp

[
−C(δ)

ε

∫ 1/ε

0

|Z̃ε,x
s |2ds

]) δ
q(1+δ)

≤ exp

[
C3(δ)

ε2

](
E exp

[
−C(δ)

ε

∫ 1/ε

0

|Z̃ε,x
s |2ds

]) δ
q(1+δ)

.

(4.2)

It thus remains to estimate the last factor in the above right-hand side. Define τ =
inf{t > 0 : |Z̃ε,x

s | < x/2} and fix η > 0. We claim that for some η > 0 small enough,
it holds that for some Cη > 0, x0 and all |x| ≥ x0,

P(τ < η) ≤ exp

[
−Cηx

2

ε

]
.(4.3)

Assume (4.3), which will be proved below, and note that on the event {τ ≥ η} we
have that infs∈(0,η] |Z̃ε,x

s | > x/2. We deduce from (4.2)

ρε1(x) ≤ exp

[
C3(δ)

ε2

]
×
(

exp

[
−Cηx

2

ε

]
+ exp

[
− C(δ)x2ηδ

4q(1 + δ)ε

])
,(4.4)

from which one easily concludes the bound

ρε1(x) ≤ exp

[
C4(δ)

ε2
− Cx2

ε

]
(4.5)

for some constants C4(δ) and C depending on δ, |||m̃|||, X only.
On the other hand, define the event

AC =

{
sup

t∈(0,1/ε)

√
ε|W̃t| ≤ C

}
.

Then there exists a constant C3 > 0 depending on C such that P(AC) ≥ C3. Note
that on the event AC , because h′(·) > 0 and h, b are Lipschitz, Gronwall’s inequality
implies that sup|x|≤1,s≤1/ε |Z̃ε,x

s | ≤ C ′ for some constant C ′ depending on C, m̃,X
only. Thus, on the event AC ,∣∣∣∣∣Iε(Z̃ε,x

1/ε, 0) +

∫ 1/ε

0

g1(Z̃
ε,x
s , m̃s)ds +

1

ε

∫ 1/ε

0

g2(Z̃
ε,x
s , m̃s)ds

∣∣∣∣∣ ≤ C4

ε2
,

where C4 depends only on m̃,X and the constants in Assumptions (A-1)–(A-4). Hence
(cf. (2.2)), there exists a constant C2 (again, depending on the same quantities only)
such that, uniformly in |x| < 1,

ρε1(x) ≥ exp

[
−C2

ε2

]
.(4.6)

Equations (4.6) and (4.5) complete the proof of the lemma, once we prove (4.3).
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Toward this end, assume without loss of generality that x> 0, and set ĥ =
2 supy>0 h

′(y). Using the Itô formula, one has

Z̃ε,x
t eĥt

= x +

∫ t

0

(
ĥZ̃ε,x

s − h(Z̃ε,x
s ) + m̃sh

′(Z̃ε,x
s ) − εb(Z̃ε,x

s )
)
eĥsds +

√
ε

∫ t

0

eĥsdW̃s.
(4.7)

Hence, denoting C3 = |||m̃||| supx h
′(x), it follows that the event {τ < η} is contained

in the event{
sup

t∈(0,η)

∣∣∣∣√ε

∫ t

0

eĥsdW̃s

∣∣∣∣ ≥ x− C3
eĥη − 1

ĥ
− xeĥη

2

}
⊂
{

sup
t∈(0,η)

∣∣∣∣√ε

∫ t

0

eĥsdW̃s

∣∣∣∣≥ x

4

}
=:B

if one chooses η small enough and x large enough. We have that

P(B) ≤ 4 exp

(
−Cx2

ε

)
for some constant C, which completes the proof of (4.3).

Proof of Lemma 3.4. We prove only (3.7), the proof of (3.8) being similar. All we
need to show is that for all ε ≤ ε0, |x| ≤ M1/

√
ε, and some M2,

E

[
Lε

(
x,

1

ε

)
1{‖Z̃ε,x‖>M2/ε}

]
≤ E

[
Lε

(
x,

1

ε

)
1{‖Z̃ε,x‖≤M2/ε}

]
.(4.8)

We first bound the left-hand side of (4.8) for ε ≤ 1. Recall the function H introduced
in (4.1), and apply Itô’s formula to develop H(Z̃ε,x

t ) between t = 0 and t = 1/ε,
obtaining

logLε

(
x,

1

ε

)
− H(x)

ε
= − 1

2ε

∫ 1/ε

0

|h(Z̃ε,x
t ) − h(m̃t)|2dt−

1

2ε

∫ 1/ε

0

|h(Z̃ε,x
t )|2dt

+
1√
ε

∫ 1/ε

0

h(Z̃ε,x
t )dW̃t +

∫ 1/ε

0

g3,ε(Z̃
ε,x
t , m̃t)dt + log p0(Z̃

ε,x
1/ε),

where

g3,ε(z,m) = g1(z,m) − b(z)h(z) +
1

2
h′(z) +

1

2ε
m2(h′(z))2.

Note that log p0(·) is bounded above, and

|g3,ε(z, m̃t)| ≤ C

(
1

ε
+ |z|

)
.

Now since, for any p > 1,

E

[
exp

(
−p2

2ε

∫ 1/ε

0

|h(Z̃ε,x
t )|2dt +

p√
ε

∫ 1/ε

0

h(Z̃ε,x
t )dW̃t

)]
= 1,
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it follows from Hölder’s inequality that for any q > p > 1 satisfying 1/p + 1/q = 1,

e−H(x)/ε
E

[
Lε

(
x,

1

ε

)
1{‖Z̃ε,x‖>M2/ε}

]
≤
(

E

[
1{‖Z̃ε,x‖>M2/ε} exp

(
C

∫ 1/ε

0

(
1

ε
+ |Z̃ε,x

t |2
)
dt

)
(4.9)

× exp

(
− q

2ε

∫ 1/ε

0

|h(Z̃ε,x
t ) − h(m̃t)|2dt +

p

2ε

∫ 1/ε

0

|h(Z̃ε,x
t )|2dt

)])1/q

,

where C > 0. However, note that, due to h′ ≥ h0, there exists a constant C depending
on |||m̃||| such that

sup
z∈R,|m|≤|||m̃|||

|z|2 − q

2
|h(z) − h(m)|2 +

p

2
|h(z)|2 ≤ C.

Substituting this into (4.9), one deduces that

e−H(x)/ε
E

[
Lε

(
x,

1

ε

)
1{‖Z̃ε,x‖>M2/ε}

]
≤
(

E

[
1{‖Z̃ε,x‖>M2/ε} exp

(
C

ε2

)])1/q

.

(4.10)

(Recall that the value of C may change from line to line!)
We prove below that, provided M2 is large enough, there exists a c > 0 such that

E

[
1{‖Z̃ε,x‖>M2/ε}

]
≤ exp

(
− c

ε3

)
.(4.11)

Combined with (4.10), this implies that, uniformly in |x| ≤ M1/
√
ε,

E

[
Lε

(
x,

1

ε

)
1{‖Z̃ε,x‖>M2/ε}

]
≤ exp

(
− c

ε3

)
.(4.12)

To see (4.11), let H = sup |h′|, define θ0 = 0, and let

τi = inf

{
t > θi−1 : |Z̃ε,x

t | > M2

2ε

}
, θi = inf

{
t > τi : |Z̃ε,x

t | < M2

4ε

}
.

Setting f(z,m) = −h(z) + mh′(z) − εb(z), we have that, for |z| ∈ [M2/4ε,M2/ε],
t ≤ 1/ε, and ε small enough, it holds that h0M2/8ε ≤ |f(z, m̃t)| ≤ 2HM2/ε and
signf(z, m̃t) = −sign(z). Then, choosing η = (16H)−1 for each i, it holds that

P

(
θi − τi < η, sup

t∈[τi,θi]

|Z̃ε,x
t | < M2

ε

)
≤ P

(√
ε sup

0≤t≤η
|Wt| ≥

M2

4ε
− 2HηM2

ε

)
≤ P

(√
ε sup

0≤t≤η
|Wt| ≥

M2

8ε

)
(4.13)

≤ exp

(
−cM2

2

ε3η

)
.

Similarly

P

(
θi − τi ≥ η, |Z̃ε,x

τi+η| ≥
M2

2ε

)
≤ P

(√
εWη ≥ h0M2η

8ε

)
≤ exp

(
−cM2

2 η

ε3

)(4.14)
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and

P

(
sup

t∈[τi,(τi+η)∧θi]

|Z̃ε,x
t | > M2

ε

)
≤ P

(√
ε sup

0≤t≤η
|Wt| ≥

M2

2ε

)
≤ exp

(
−cM2

2

ε3η

)
.

(4.15)

Hence, using (4.13), (4.14), and (4.15),

E

[
1{‖Z̃ε,x‖>M2/ε}

]
≤ 1

εη

(
exp

(
−cM2

2

ε3η

)
+ exp

(
−cM2

2

ε3

)
+ exp

(
−cM2

2 η

ε3η

))
,

completing the proof of (4.11).
We now turn to the lower bound of the right-hand side of (4.8). Let, with M ′

1 =
M1 + 1,

ε0 = 1 ∧
(
M2

M ′
1

)2

.

For ε ≤ ε0, {
‖Z̃ε,x‖ ≤ M ′

1√
ε

}
⊂
{
‖Z̃ε,x‖ ≤ M2

ε

}
,

so that for some c′ > 0

E

[
Lε

(
x,

1

ε

)
1{‖Z̃ε,x‖≤M2/ε}

]
≥ E

[
Lε

(
x,

1

ε

)
1{‖Z̃ε,x‖≤M ′

1/
√
ε}

]
≥ exp

(
− c′

ε5/2

)
P

(
‖Z̃ε,x‖ ≤ M ′

1√
ε

)
.

(4.16)

Finally (4.8) follows from (4.12), (4.16), and the estimate

P

(
‖Z̃ε,x‖ ≤ M ′

1√
ε

)
≥ P

(√
ε‖W̃‖ ≤ C

)
≥ c′′ > 0.

Proof of Lemma 3.5. Note first that because of (A-4), there exists a constant
κ = κ(|||m̃|||) such that for all z �∈ [−κ, κ], all ε < 1/κ, all |m| ≤ |||m̃|||, and all z′,

∆(z, z′,m) = −h(z) + h(z′) + m[h′(z) − h′(z′)] − ε[b(z) − b(z′)]

satisfies sign(∆(z, z′,m)) = sign(z′ − z), while |∆(z, z′,m)| ≥ h0|z − z′|/2.
Assume, without loss of generality, that x < y. Fix, for δ given, a smooth, even,

nonnegative function c(z) such that c(|z|) is nonincreasing, c(z) =
√
δ for |z| ≤ κ, and

c(z) = 0 for |z| > 2κ, with ||c′|| ≤ 10
√
δ. Define next the diffusions

dξ1
s = [−h(ξ1

s ) + m̃sh
′(ξ1

s ) − εb(ξ1
s ) + c(ξ1

s )1{τ>s}]ds +
√
εdBs, ξ1

0 = x,

dξ2
s = [−h(ξ2

s ) + m̃sh
′(ξ2

s ) − εb(ξ2
s )]dt +

√
εdBs, ξ2

0 = y,

where B is a Brownian motion independent of the process m̃, and τ = min{t : ξ1
t =

ξ2
t } ∧ 1/ε. Note that ξ2 coincides in distribution with Z̃ε,y, whereas the law of ξ1
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is absolutely continuous with respect to the law of Z̃ε,x with the Radon–Nikodym
derivative given by

(4.17)

Λ = exp

(
1

ε

∫ τ

0

c(ξ1
s )dξ

1
s − 1

2ε

∫ τ

0

c2(ξ1
s )ds−

1

ε

∫ τ

0

c(ξ1
s )g(s, ξ

1
s )ds

)
= exp

(
1

ε
[c̄(ξ1

τ ) − c̄(ξ1
0)] − 1

2ε

∫ τ

0

c2(ξ1
s )ds−

1

ε

∫ τ

0

c(ξ1
s )g(s, ξ

1
s )ds−

1

2

∫ τ

0

c′(ξ1
s )ds

)
,

where g(s, z) = −h(z) + m̃sh
′(z) − εb(z) and c̄(z) =

∫ z

0
c(y)dy.

Next, note that with ζs = ξ1
s − ξ2

s , and using that x < y, it holds that ζs ≤ 0 for
all s, while by definition, |ζ0| ≤ δ. Hence, by the definition of c(·) and of κ, it holds
that for all δ < δ1(κ, |||m|||),

dζs
ds

≥ −h0ζs
2

+
c(ξ1

s )1s<τ

2
,

from which one concludes that ζs ≥ −δe−hs/2. In particular, this implies that for all
such δ,

∫ τ

0

c(ξ1
s )1{τ>s}ds =

∫ τ

0

c(ξ1
s )ds ≤ Cδ

for some constant C = C(κ, |||m̃|||). Since c(z) = 0 for |z| > 2κ, and since |g(s, z)| is
bounded uniformly in s ≤ 1/ε and |z| ≤ 2κ (by a bound that depends only on |||m̃|||),
the last inequality implies that

∣∣∣∣∫ τ

0

c(ξ1
s )g(s, ξ

1
s )ds

∣∣∣∣ ≤ Cδ,

again for some constant C depending on κ, |||m̃||| only. Finally, note that

∫ τ

0

c2(ξ1
s )ds ≤

√
δ

∫ τ

0

c(ξ1
s )ds ≤ Cδ3/2,

and that |c̄(z)| ≤ 2κ
√
δ. Substituting back into (4.17) and recalling that κ = κ(|||m̃|||),

one concludes the existence of a constant C2 = C2(|||m̃|||) such that for all δ < δ1,

e−C2

√
δ/ε ≤ Λ ≤ eC2

√
δ/ε.(4.18)

Therefore, with EB denoting expectation with respect to B·, and using the bound
on Λ in the second inequality, and the Lipschitz property of g1, g2 together with
the exponential decay of ζs in the third, and omitting the dependence on θ1/ε−tm̃
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everywhere, it holds, for all t > 1/2ε, that

(4.19)

ELε(x, t) ≤ 2ELε(x, t)1{||Z̃ε,x||<M2/ε}

= 2EB

(
1{||ξ1||<M2/ε}Λ

−1 exp

(
Iε(ξ

1
t , 0) +

∫ t

0

(
g1(ξ

1
s , m̃s) +

1

ε
g2(ξ

1
s , m̃s)

)
ds

))
≤ 2EB

(
1{||ξ2||<(M2+1)/ε} exp

(
C2

√
δ

ε
+ Iε(ξ

2
t + ζt, 0)

+

∫ t

0

(
g1(ξ

2
s + ζs, m̃s) +

1

ε
g2(ξ

2
s + ζs, m̃s)

)
ds

))
≤ 2EB

(
exp

(
C3

√
δ

ε
+ Iε(ξ

2
t , 0) +

∫ t

0

(
g1(ξ

2
s , m̃s) +

1

ε
g2(ξ

2
s , m̃s)

)
ds

))

= 2E

(
exp

(
C3

√
δ

ε
+ Iε(Z̃

ε,y
t , 0) +

∫ t

0

(
g1(Z̃

ε,y
s , m̃s) +

1

ε
g2(Z̃

ε,y
s , m̃s)

)
ds

))

= 2 exp

(
C3

√
δ

ε

)
ELε(y, t)

≤ 4 exp

(
C3

√
δ

ε

)
E

(
1{||Z̃ε,y||<M2/ε}Lε(y, t)

)
,

yielding (3.9) for x < y and δ < δ1, with g(δ) = C3

√
δ. Further, the same computation

gives

4E

(
Lε(x, t)1{||Z̃ε,x||<M2/ε}

)
≥ exp

(
−C3

√
δ

ε

)
E

(
Lε(y, t)1{||Z̃ε,y||<M2/ε}

)
,

yielding, by exchanging the roles of x and y, (3.9) for x > y and δ < δ1 with the
same g(δ). Finally, for δ > δ1, iterate this procedure to obtain (3.9) with g(δ) =
C3

√
δ ∧ δ1�δ/δ1�. Substituting y = X1 into the latter version of (3.9) then gives

(3.10).
Proof of Lemma 3.6. Throughout the proof, we fix once and for all the sequence

Tε. All constants Ci used in the proof may depend on the choice of the sequence but
not explicitly on ε.

We begin with the proof of (3.11). Using Girsanov’s theorem, one finds that with
Z̄ε,x
t = x +

√
εW̃t,

E

[
L̄ε(x, T )1{|Z̃ε,x

T
−z|<δ}1{||Z̃ε,x||T≤M3/ε}

]
= E

[
1{|Z̄ε,x

T
−z|<δ}1{||Z̄ε,x||T≤M3/ε}

· exp

(
1

ε

∫ T

0

[
−h(Z̄ε,x

s ) + m̃sh
′(Z̄ε,x

s ) − εb(Z̄ε,x
s )
]
dZ̄ε,x

s

− 1

ε

∫ T

0

(
[h(Z̄ε,x

s ) − h(m̃s)]
2

2
+

b2(Z̄ε,x
s )ε2

2
+ εb(Z̄ε,x

s )h(Z̄ε,x
s )

− εh′(Z̄ε,x
s )b(Z̄ε,x

s )m̃s − εg1(Z̄
ε,x
s , m̃s)

)
ds

)]
.(4.20)
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We consider the different terms in (4.20) separately. Note first that one may, exactly
as in the course of the proof of Lemma 3.5, move from starting point x to starting
point X1 in the right-hand side of (4.20), with the effect of picking up a term bounded
by exp(C|x|/ε) and widening the allowed region where Z̄ε,x

T need to be; namely, for
all Tε ≥ T > 1, the right-hand side of (4.20) is bounded by

exp

(
C1 + C2|x|

ε

)
E

[
1{|Z̄ε,X1

T
−z|<δ+|x|+|X1|}1{||Z̄ε,X1 ||T≤|x|+(M3+1)/ε}

· exp

(
1

ε

∫ T

0

[
−h(Z̄ε,X1

t ) + m̃sh
′(Z̄ε,X1

s ) − εb(Z̄ε,X1
s )

]
dZ̄ε,X1

s

)]
.(4.21)

An integration by parts gives that

−
∫ T

0

h(Z̄ε,X1

t )dZ̄ε,X1

t = −J̄ (Z̄ε,X1

T , X1) − h(X1)(Z̄
ε,X1

T −X1) +
ε

2

∫ T

0

h′(Z̄ε,X1

t )dt,

and hence, on the event {|Z̄ε,X1

T − z| < δ + |x| + |X1|}, it holds that

−
∫ T

0

h(Z̄ε,X1

t )dZ̄ε,X1

t ≤ −C(|z| − |x| − |X1| − δ)2+ + C.(4.22)

Similarly, with B(z) =
∫ z

X1
b(x)dx,∫ T

0

b(Z̄ε,X1
s )dZ̄ε,X1

s = B(Z̄ε,X1

T ) − ε

2

∫ T

0

b′(Z̄ε,X1
s )ds ≤ C(|z|2 + |x|2 + 1).(4.23)

Finally, rewrite∫ T

0

m̃sh
′(Z̄ε,X1

s )dZ̄ε,X1
s = X1

∫ T

0

h′(Z̄ε,X1
s )dZ̄ε,X1

s +

∫ T

0

(m̃s −X1)h
′(Z̄ε,X1

s )dZ̄ε,X1
s .

The first stochastic integral in the above expression is handled exactly as in (4.23), and
substituting into (4.21) one concludes that the right-hand side of (4.20) is bounded
by

exp

(
C + C(|x| + |z|) − C(|z| − |x|)2+

ε

)
E

[
exp

(
1

ε

∫ T

0

(m̃s −X1)h
′(Z̄ε,X1

s )dZ̄ε,X1
s

)]

≤ exp

(
C + C(|x| + |z|) − C(|z| − |x|)2+

ε
+

1

2ε

∫ Tε

0

C|m̃s −X1|2ds
)

≤ exp

(
C + C(|x| + |z|) − C(|z| − |x|)2+

ε

)
,

where in the last inequality we have used the last part of Lemma 2.1. This completes
the proof of (3.11).

The proof of (3.12) proceeds along similar lines. The starting point is the change
of measure leading to (4.20). Define the function

Ψt =

⎧⎪⎨⎪⎩
x + 2(X1 − x)t, t ≤ 1

2 ,

X1, T − 1
2 > t ≥ 1

2 ,

z + 2(z −X1)(t− T ), T ≥ t ≥ T − 1
2 .
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Let D denote the event

D :=

{
sup
t≤T

|Z̄ε,x
t − Ψt| <

√
ε

}
.

We will prove below that, for |x − X1| ≤ 1 and T < Tε, there exists a constant C
independent of T and ε such that

P(D) ≥ e−C/ε.(4.24)

We can clearly bound the right-hand side of (4.20) from below by

E

[
1{|Z̄ε,x

T
−z|<δ}1{||Z̄ε,x||T≤M3/ε}1D

· exp

(
1

ε

∫ T

0

[
−h(Z̄ε,x

t ) + m̃sh
′(Z̄ε,x

s ) − εb(Z̄ε,x
s )
]
dZ̄ε,x

s

− 1

ε

∫ T

0

(
[h(Z̄ε,x

t ) − h(m̃t)]
2

2
+

b2(Z̄ε,x
t )ε2

2
+ εb(Z̄ε,x

s )h(Z̄ε,x
s )

− εh′(Z̄ε,x
s )b(Z̄ε,x

s )m̃s − εg1(Z̄
ε,x
s , m̃s)

)
ds

)]
.

We now assume that (4.24) and |z −X1| ≤ 1 hold. Then using the same integration
by parts as in the proof of the upper bound, one concludes that the right-hand side
of (4.20) is bounded from below by

E

[
1D exp

(
−C

ε
+

1

ε

∫ T

0

(m̃s −X1)h
′(Z̄ε,x

s )dZ̄ε,x
s

)]
.(4.25)

However, since

Var

(∫ T

0

(m̃s −X1)h
′(Z̄ε,x

s )dZ̄ε,x
s

)
≤ Cε,

one gets, using Chebyshev’s inequality, that

P

[∫ T

0

(m̃s −X1)h
′(Z̄ε,x

s )dZ̄ε,x
s < −c

]
≤ exp

(
−C2c

2

ε

)
.

Hence,

P

[∫ T

0

(m̃s −X1)h
′(Z̄ε,x

s )dZ̄ε,x
s < −c|D

]
≤

exp
(
−C2c

2

ε

)
P(D)

≤ 1

2

if c is chosen large, where in the last inequality we used (4.24). In particular, it follows
that

E

[
exp

(
1

ε

∫ T

0

(m̃s −X1)h
′(Z̄ε,x

s )dZ̄ε,x
s

) ∣∣∣∣∣D
]
≥ exp

(
−C

ε

)
for some C > 0. Substituting back into (4.25), the required lower bound follows.
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It thus remains only to prove (4.24). This, however, is immediate from a martin-
gale argument: first, perform the change of measure making St := Z̄ε,x

t − Ψt into a
Brownian motion of variance ε. Then, for 1 ≤ T ≤ Tε,

P(D) = E

(
1{supt≤T |St|≤

√
ε} exp

(
−1

ε

∫ T

0

Ψ̇tdSt −
1

2ε

∫ T

0

Ψ̇t
2
dt

))
.

Integrating the stochastic integral by parts and using that Ψ̇(t) = 0 for t ∈ (1/2, T −
1/2), (4.24) follows, which completes the proof of the lemma.

Proof of (3.26). We let η > 0 as before. Note first that, by (4.5) and (4.6), there
is a constant M depending on |||m̃||| only such that

lim sup
ε→0

ε log

∫
[−M/

√
ε,M/

√
ε]c

qε1(x)dx = −∞.(4.26)

We may and will in what follows assume that M = M1, where M1 is defined in
Lemma 3.3, and we use M3 and M2 as in Lemma 3.4.

Next, set ε4 such that ε4 log 2 < η/8 and ε log(2M3/εδ) ≤ η/8 for ε < ε4. Re-
peating the arguments in (3.21), without using the compact set K1, one has for ε < ε4

and |x| ≤ M1/
√
ε,

ε log ρε1(x) ≤ −F (x, m̃0) + ε log J̃ε(x) +
η

4
as in (3.21)

≤ −F (x, m̃0) + ε log sup
|z|≤M3/ε

Ĵε,T (x, z) +
η

2
by (3.13) and (3.15)

≤ −F (x, m̃0) +
η

2
+ C2 − C3(|z| − |x|)2+ + C5(|x| + |z|)

+ ε log E

[
Lε

(
X1,

1

ε
− T, θT m̃

)
1{||Z̃ε,X1 ||1/ε−T≤M2/ε}

]
.(4.27)

A similar argument shows that for |x−X1| < 1 and some constant C6 depending only
on X, |||m̃|||,

ε log ρε1(x) ≥ −F (X1, X1) − C6

+ ε log E

[
Lε

(
X1,

1

ε
− T, θT m̃

)
1{||Z̃ε,X1 ||1/ε−T≤M2/ε}

]
.(4.28)

Fixing now an L, and using as in (3.18) the uniform quadratic growth of F (x,m) as
|x| → ∞ and |m| < |||m̃|||, one finds a compact set KL such that

sup
|m|<|||m̃|||

sup
x∈(KL)c,z∈R

C2

ε
−

C3(|z| − |x|)2+
ε

+
C5(|x| + |z|)

ε
− F (x,m)

≤ −F (X1, X1) −
C6 + L

ε
,(4.29)

and hence, from (4.27) and (4.28), for x ∈ (KL)c ∩ [−M1/
√
ε,M1/

√
ε],

ε log ρε1(x) ≤ inf
|y−X1|≤1

ε log ρε1(y) − L.(4.30)
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Hence,

(4.31)

lim sup
ε→0

ε log

∫
(KL)c

qε1(x)dx = lim sup
ε→0

ε log

∫
(KL)c∩[−M1/

√
ε,M1/

√
ε]

qε1(x)dx by (4.26)

≤ lim sup
ε→0

[
ε log

∫
(KL)c∩[−M1/

√
ε,M1/

√
ε]

ρε1(x)dx− ε log

∫
[X1−1,X1+1]

ρε1(x)dx

]

≤ lim sup
ε→0

[
ε log

(
2M1√

ε

)
+ inf

|y−X1|≤1
ε log ρε1(y) − L− inf

|y−X1|≤1
ε log ρε1(y)ε log 2

]
by (4.30)

≤ −L .

This completes the proof.

Appendix. Derivation of (2.1). We first recall Picard’s theorem [7, Proposi-
tion 4.2]: under the assumptions of the current paper and with the same notation, a
version of the conditional unnormalized density is given by

q̃(1, x) = exp

{
1

2ε2

∫ 1

0

h2(m̄s)ds−
1

ε
F (x, m̃0)

}
Ẽ
′ [exp ρy,x1 ] ,(A.1)

where

ρx,y1 = log p0(X̄
x
1 ) +

1

ε
F (X̄x

1 , 0) − 1

ε

∫ 1

0

h(m̄s)dX̄
x
s − 1

ε

∫ 1

0

h(X̄x
s )b(m̄s)ds

+
1

ε

∫ 1

0

m̄sh
′(X̄x

s )dX̄x
s +

1

2ε

∫ 1

0

m̄sh
′′(X̄x

s )ds

+
1

ε

∫ 1

0

[
b(X̄x

s )(h(X̄x
s ) − h(m̄s)) −

1

2
h′(X̄x

s ) − εb′(X̄x
s )

]
ds,

dX̄x
s = −1

ε
(h(X̄x

s ) − h(m̄s))ds− b(X̄x
s )ds + dWs, X̄x

0 = x,

W· is a Brownian motion, and Ẽ
′ denotes expectation with respect to this Brownian

motion. Performing a time change t 
→ εt and setting W̃t = 1√
ε
Wεt, we have that W̃t

is again a standard Brownian motion and, with X̄ε,x
t = X̄x

εt,

ρx,y1 = log p0(X̄
ε,x
1/ε) +

1

ε
F (X̄ε,x

1/ε, 0) − 1

ε

∫ 1/ε

0

h(m̃s)dX̄
ε,x
s −

∫ 1/ε

0

h(X̄ε,x
s )b(m̃s)ds

+
1

ε

∫ 1/ε

0

m̃sh
′(X̄ε,x

s )dX̄ε,x
s +

1

2

∫ 1/ε

0

m̃sh
′′(X̄ε,x

s )ds

+

∫ 1/ε

0

[
b(X̄ε,x

s )(h(X̄ε,x
s ) − h(m̃s)) −

1

2
h′(X̄ε,x

s ) − εb′(X̄ε,x
s )

]
ds,

dX̄ε,x
s = −(h(X̄ε,x

s ) − h(m̃s))ds− εb(X̄ε,x
s )ds +

√
εdW̃s , X̄ε,x

0 = x,

and

q̃(1, x) = exp

{
1

2ε

∫ 1/ε

0

h2(m̃s))ds−
1

ε
F (x, m̃0)

}
Ẽ [exp ρy,x1 ] ,(A.2)

where the expectation now is with respect to the Brownian motion W̃t.
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Observe next that, by Girsanov’s theorem, the law of the process X̄ε,x
t is abso-

lutely continuous with respect to that of the process Z̃ε,x
t , with the Radon–Nikodym

derivative given by

eΛ = exp

[
1

ε

∫ 1/ε

0

[h(m̃s) − m̃sh
′(Z̃ε,x

s )]dZ̃ε,x
s

− 1

2ε

∫ 1/ε

0

[h(Z̃ε,x
s ) − h(m̃s) + εb(Z̃ε,x

s )]2ds

+
1

2ε

∫ 1/ε

0

[h(Z̃ε,x
s ) − m̃sh

′(Z̃ε,x
s ) + εb(Z̃ε,x

s )]2ds

]
.

(A.3)

Hence, with E denoting expectations with respect to the Brownian motion W̃t ap-
pearing in the definition of Z̃ε,x

t , (A.2) transforms to

q̃(1, x) = exp

{
1

2ε

∫ 1/ε

0

h2(m̃s))ds−
1

ε
F (x, m̃0)

}
E exp[Λ1(x)],

where

Λ1(x) = Λ + log p0(Z̃
ε,x
1/ε) +

1

ε
F (Z̃ε,x

1/ε, 0) − 1

ε

∫ 1/ε

0

h(m̃s)dZ̃
ε,x
s −

∫ 1/ε

0

h(Z̃ε,x)b(m̃s)ds

+
1

ε

∫ 1/ε

0

m̃sh
′(Z̃ε,x

s )dZ̃ε,x
s +

1

2

∫ 1/ε

0

m̃sh
′′(Z̃ε,x

s )ds

+

∫ 1/ε

0

[
b(Z̃ε,x

s )(h(Z̃ε,x
s ) − h(m̃s)) −

1

2
h′(Z̃ε,x

s ) − εb′(Z̃ε,x
s )

]
ds

= log p0(Z̃
ε,x
1/ε) +

1

ε
F (Z̃ε,x

1/ε, 0) +

∫ 1/ε

0

g1(Z̃
1/ε
s , m̃s)ds +

1

ε

∫ 1/ε

0

g2(Z̃
1/ε
s , m̃s)ds.

Since
∫ 1/ε

0
h2(m̃s)ds does not depend on x, taking

ρε1(x) = q̃(1, x) exp

{
− 1

2ε

∫ 1/ε

0

h2(m̃s))ds

}

gives a version of the unnormalized conditional density that coincides with
(2.2).
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Abstract. We find a sufficient condition which does not involve global convexity, guaranteeing
well-posedness in a strong sense of the minimization of a multiple integral on the Sobolev space
W 1,1(Ω; R

m) with boundary datum equal to zero. In particular we apply our result to some noncon-
vex problems recently studied: functionals depending only on the gradient and radially symmetric
functionals.
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1. Introduction. We consider well-posedness properties of the problem of min-
imizing the integral

J(u) =

∫
Ω

L(x, u(x), Du(x)) dx(1.1)

in some class of vector-valued Sobolev functions with boundary datum equal to zero.

There are at least two different concepts of well-posedness. We recall that a
minimization problem is called Tikhonov well-posed if there exists a unique minimizer
to which every minimizing sequence converges. On the other hand, a problem is
well-posed by perturbations if the solution depends continuously on the problem’s
data: the idea is to embed the given minimization problem J defined by (1.1) in
a suitable family of problems of the same kind depending on a parameter which
varies in a convenient topological space A. In this manner, the functional that we
are minimizing corresponds to a fixed parameter a ∈ A, and we can denote it by
Ja. For every sequence an ∈ A such that an → a we consider the corresponding
functional Jan

, assuming that inf Ja and inf Jan are finite. We say that a sequence un

is asymptotically minimizing for Jan if Jan(un) − inf Jan → 0. Now, more precisely,
well-posedness by perturbations of Ja means that Ja has a unique minimizer u0, that
any asymptotically minimizing sequence converges to u0, and that inf Jan → inf Ja for
any an → a . We observe in particular that if a minimization problem is well-posed
by perturbations, it is also Tikhonov well-posed. See section 4 for rigorous definitions,
[12] for a survey, and [24]. In our context we deal with perturbations of the integrand
(see Corollary 4.12) and, in section 5, with perturbations of the boundary data, as
was done in [8] and [23].

In the recent work [15] Ioffe and Zaslavski proved a variational principle, thanks
to which it is possible to show that well-posedness by perturbations with respect to
a suitable topology on the space of the integrands is a generic property. Moreover,
in [22] a stronger result is proved: the set of ill-posed problems of the calculus of
variations is not only of the first category, but it is also σ-porous.

∗Received by the editors November 6, 2003; accepted for publication (in revised form) May 12,
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Surprisingly, the classical hypotheses of convexity and superlinearity at infinity are
not needed generically to have well-posedness, and therefore existence and uniqueness
of the minimizer, for an integral functional.

In this context it is useful to find a characterization of well-posed problems, or at
least some sufficient conditions which imply well-posedness without involving global
convexity. We note that uniqueness of the solution does not imply well-posedness of
classical problems of the calculus of variations: examples of ill-posed problems with
a unique solution can be found in [8].

There are not many well-posedness results in the classical calculus of variations;
however, results on this subject are proved in [4], [8], [12], [23], and [24] with respect
to different types of perturbations.

In [4] a Tikhonov well-posed one-dimensional integral functional is considered. In
particular it is proved that under suitable hypotheses this is enough to get the strong
convergence in some Sobolev space of the asymptotically minimizing sequences corre-
sponding to perturbations of the integrand with respect to the variational convergence
not involving the derivative.

In [23] sufficient and necessary conditions are obtained for well-posedness by per-
turbations of the boundary data for integral functionals depending only on the gra-
dient. The integrand is assumed to be continuous in the one-dimensional case and,
moreover, to have polynomial growth in the multidimensional one.

We find a sufficient condition of local character for Tikhonov well-posedness of
an integral functional defined on the Sobolev space W 1,1

0 (Ω; Rm) by extending some
results of [18] and [21]. More precisely we extend the definition of strict convexity at
a point given by Sychev for continuous functions to the case of lower semicontinuous
functions. Then we use this local definition to generalize the results of Visintin in [21]
without global strict convexity assumptions, and to get new well-posedness results.
We also remark that results analogous to the ones contained in [21] were obtained by
Olech in [17].

The strategy of the proof is completely different from that in [18]; in fact, we in-
vestigate the geometric properties of the point at which the function is strictly convex,
and this fact allows us to drop out the hypothesis of continuity of the integrand. This
is remarkable because in this way it is possible to consider integrands also assuming
the value +∞ and therefore to treat problems with constraints.

Well-posedness by perturbations of the same problem follows from [19], where the
equivalence between Tikhonov well-posedness and well-posedness by perturbations is
proved under suitable hypotheses.

This paper is organized as follows. After introducing in section 2 definitions and
preliminaries, in section 3 we state some properties of convex and strictly convex
functions at a point. In fact we require these hypotheses on the integrand in order to
get well-posedness of the integral functional.

In particular, Lemma 3.4 is useful because it relates different hypotheses made
in the literature in order to obtain strong convergence of a sequence which is only
weakly convergent.

In section 4 we obtain the main result, Corollary 4.11, which establishes in par-
ticular that if the integrand is strictly convex at the point Du(x) for almost every
x ∈ Ω (where u is the minimizer), then the minimizing sequences are in fact strongly
convergent to u in W 1,1

0 (Ω; Rm). This is a consequence of Theorem 4.2, which par-
tially extends Theorem 2 of [18] to lower semicontinuous integrands. In other words
we get that every coercive integral functional with a unique minimizer u is Tikhonov
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well-posed and well-posed by perturbations if the integrand is strictly convex at the
point Du(x) for almost every x ∈ Ω. Moreover, as a consequence of the representa-
tion formula for the relaxed functional given, for instance, in [16], we give a sufficient
condition for well-posedness which depends only on the problem’s data, namely, on
the integrand L and on its convex regularization with respect to the last variable,
denoted by L∗∗. More precisely in Theorem 4.13 we prove that an integral functional
is Tikhonov well-posed if it has a unique minimizer and it is strictly convex at every
point belonging to the set where the integrands L and L∗∗ coincide.

Finally, in section 5, we apply our results to study well-posedness of two classes of
integral functionals. The first is the case of integrands depending only on the gradient,
and with linear boundary datum: for this class we extend a previous result of [8] and
we prove stability of the solution by perturbations of the boundary data. The second
is the case of radially symmetric functionals, treated, for instance, in [7] and [10].
For this class we prove that the hypotheses which ensure existence and uniqueness
of the solution guarantee also well-posedness in the sense of Tikhonov and therefore
also well-posedness by perturbations with respect to the bounded Hausdorff topology
(which we review in section 4).

2. Definitions and preliminaries. As we said in the introduction, very few
results, not only regarding well-posedness but also existence and uniqueness of the
minimizer of an integral functional, are known without the classical hypotheses of
convexity and superlinearity of the integrand. As is well known, these hypotheses
guarantee lower semicontinuity of the functional (1.1) and compactness of its sublevel
sets with respect to the weak topology of the relevant Sobolev space.

Since we aim to avoid the global convexity requirement and to replace it with a
local property, we start with the following definition, which is equivalent to the one
given in [18] in the case of continuous functions.

Definition 2.1. Let U be a closed convex subset of R
n and u0 ∈ U . We say that

a function f : R
n → R ∪ {+∞} is convex at u0 with respect to the set U if

m∑
i=1

cif(vi) ≥ f(u0)(2.1)

for every m > 0, and for every vi �= u0 and ci > 0 such that vi ∈ U ,
∑m

i=1 ci = 1,
and

∑m
i=1 civi = u0.

If inequality (2.1) is always strict, we say that the function f is strictly convex
at u0 with respect to U .

It is very easy to find examples of convex and strictly convex functions at a point
which are not globally convex: e.g., the function x �→

√
|x| is convex at the point 0

with respect to R.

In the case that U = R
n we do not specify the set with respect to which f is

convex.

Remark 2.2. In the definition of strict convexity at a point we require

(a)
∑m

i=1 cif(vi) > f(u0) for every m > 0, and for every vi �= u0 and ci > 0 such
that

∑m
i=1 ci = 1 and

∑m
i=1 civi = u0. We observe that it would be equivalent to

require that

(b)
∑m

i=1 cif(vi) > f(u0) for every m > 0, for every vi, i = 1, . . . ,m, such that
there exists at least some vj �= u0, and for every ci > 0 such that

∑m
i=1 ci = 1 and∑m

i=1 civi = u0.
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The existence theory of minimizers for nonconvex integrands is based on the idea
of relaxation (see, e.g., [16]). In this context we recall the definition of the convex
regularization, or the second conjugate, of a given function f .

Definition 2.3. Let f : R
n → R ∪ {+∞}. The convex regularization of f (or

second conjugate of f) is the function f∗∗ defined by

f∗∗(x) = sup{g(x) | g : R
n → R ∪ {+∞}, g l.s.c. and convex, g ≤ f}.

If the function f∗∗ is proper, the following equality holds (see Proposition 3.2 of [13]):

co(epif) = epif∗∗.(2.2)

Here co denotes the closed convex hull. See [13] for further properties of f∗∗.

3. Properties of convex functions at a point. In this section we collect some
general results about convex and strictly convex functions at a point that we will need
later in the case of integrands arising in the calculus of variations.

We begin with a lemma which establishes a formula for computing the convex
regularization of the restriction to an arbitrary closed ball of a given function defined
on R

n, useful in characterizing the points where f and f∗∗ coincide, according to the
following corollary. In the following we denote by fr the function defined on R

n by
setting fr = f on the closed ball B(u0, r) with center u0 and radius r and fr = +∞
otherwise.

Lemma 3.1. Let f : R
n → [0,+∞] be lower semicontinuous. Then the following

formula holds:

(fr)
∗∗(u) = min

{
m∑
i=1

cif(vi)

∣∣∣∣∣m ∈ N; ci > 0; vi ∈ B(u0, r);

m∑
i=1

ci = 1;

m∑
i=1

civi = u

}
(3.1)
for every u0 ∈ R

n and for every r > 0.
Proof. Fix u0 ∈ R

n and r > 0. Since f is lower semicontinuous, then fr is lower
semicontinuous too. In addition fr is a superlinear function. From [13, Lemma 3.3,
p. 280], it follows that formula (3.1) holds.

A direct consequence of the preceding lemma is the following corollary.
Corollary 3.2. Let f : R

n → [0,+∞] be lower semicontinuous. Then f is
convex at u0 ∈ R

n if and only if f(u0) = f∗∗(u0).
Proof. Suppose that f is convex at u0 ∈ R

n. Fix r > 0 and let m ∈ N, ci > 0,
and vi ∈ B(u0, r) such that

∑m
i=1 ci = 1 and

∑m
i=1 civi = u0. Then by the definition

of convexity at a point we get f(u0) ≤
∑m

i=1 cif(vi). Passing to the infimum on the
convex combinations of points lying in B(u0, r) and using Lemma 3.1, we obtain the
inequality f(u0) ≤ (fr)

∗∗(u0). Passing to the limit for r → +∞ (see, for instance,
[13, Lemma 3.1, p. 329]), we get f(u0) ≤ f∗∗(u0). Since f∗∗ ≤ f , we conclude that
f(u0) = f∗∗(u0).

The other implication follows immediately from Lemma 3.1.
We now recall the definition of an extreme point, since we will need this concept

in what follows.
Definition 3.3. Let C be a convex subset of R

n and let z ∈ C. We say that
z is an extreme point of C if λx + (1 − λ)y = z for λ ∈ (0, 1) and x, y ∈ C imply
x = y = z.

It’s easy to verify that

z is an extreme point of C ⇐⇒ C \ {z} is convex.(3.2)
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The next lemma shows the relation between strict convexity of a function at a point u0

and extremality of the corresponding point of (u0, f(u0)) with respect to the epigraph
of the second conjugate of f .

One implication is always true: if the point (u0, f
∗∗(u0)) is extremal for epif∗∗,

then the function f is strictly convex at the point u0.

The converse does not hold in general, although it is true that the point (u0, f(u0))
is extremal for the epigraph of the convex regularization of the function f restricted
to any closed ball of center u0 and arbitrary radius.

Lemma 3.4. Let f : R
n → [0,+∞] be lower semicontinuous and proper. Then

the following hold:

1. If (u0, f
∗∗(u0)) is an extreme point of epif∗∗, then f is strictly convex at u0.

2. If f is strictly convex at u0, then (u0, f(u0)) is an extreme point of epi(fr)
∗∗

for all r > 0.

Proof. Suppose that (u0, f
∗∗(u0)) is an extreme point of epif∗∗. By Remark 5.3

of [10] we get f(u0) = f∗∗(u0).

Let vi ∈ R
n, ci > 0 for i = 1, . . . ,m such that

∑m
i=1 civi = u0. Since f∗∗ ≤ f we

have that (vi, f(vi)) ∈ epif∗∗, and by the convexity of epif∗∗ it follows that

m∑
i=1

cif(vi) ≥ f(u0).

If the equality occurs, we get vi = u0 for every i, because (u0, f(u0)) is an extreme
point. This implies that f is strictly convex at u0.

Conversely, suppose that f is strictly convex at u0. By definition we immediately
obtain that also fr is strictly convex at u0 for every r > 0. According to (3.2) it’s
enough to prove that the set epi(fr)

∗∗ \ (u0, f(u0)) is a convex set. We will show that

(i) co(epifr) \ (u0, f(u0)) is a convex set;
(ii) co(epifr) is closed.

Then the thesis will follow from the equality epi(fr)
∗∗ = co(epifr).

Let us first prove assertion (i). Fix (v, s), (w, t) ∈ co(epifr) \ (u0, f(u0)) and let
λ ∈ (0, 1). Since (v, s) and (w, t) are in the convex envelope of a subset of R

n+1, by
Carathéodory’s theorem (see [11, p. 42]) they can be written as a convex combination
of (n + 2) points of epifr:

(v, s) =

n+2∑
i=1

ci(vi, si); (w, t) =

n+2∑
i=1

di(wi, ti).(3.3)

Now consider the point λ(v, s) + (1 − λ)(w, t). Certainly this point is in co(epifr) by
the definition of a convex envelope. We have to prove that it is not (u0, f(u0)).
For this purpose assume that λv + (1 − λ)w = u0; we are going to show that
λs + (1 − λ)t �= f(u0). From (3.3) we get

n+2∑
i=1

λcivi + (1 − λ)diwi = u0;(3.4)

i.e., u0 is a convex combination of the points vi and wi, which are not all equal to
u0.
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Recalling the strict convexity at the point u0 and Remark 2.2, by (3.4) it follows
that

f(u0) <

n+2∑
i=1

λcif(vi) + (1 − λ)dif(wi)

≤
n+2∑
i=1

λcisi + (1 − λ)diti

= λs + (1 − λ)t.

We obtain therefore that λ(v, s) + (1 − λ)(w, t) is in co(epifr) \ {(u0, f(u0))} and
assertion (i) is proved.

Now, it is enough to show that assertion (ii) holds.
Since fr is lower semicontinuous and superlinear, (ii) is a consequence of [13,

Lemma 3.3, p. 280] and the proof is complete.
Remark 3.5. As we observed before, the converse of the first statement of the

previous lemma is not true in general. Consider, for instance, the function f : R → R

defined by

f(x) =

{
|x| if |x| ≤ 1,
1 if |x| > 1.

Clearly f is strictly convex at 0, but (0, 0) is not extremal for epif∗∗ = R× [0,+∞].

4. Well-posedness results. In this section we obtain a sufficient condition that
guarantees well-posedness of the minimization problem of an integral functional. First
of all we recall the definition of a normal integral.

Definition 4.1. Let g : Ω × R
m × R

l → [−∞,+∞], with Ω an open subset of
R

n. We say that g is a normal integrand if
(i) for almost every x ∈ Ω, g(x, ·, ·) is lower semicontinuous;
(ii) there exists a Borel function ĝ : Ω×R

m×R
l → [−∞,+∞] such that ĝ(x, ·, ·) =

g(x, ·, ·) for almost every x ∈ Ω.
More precisely we consider the problem cited in the introduction of minimizing

the functional

J(u) =

∫
Ω

L(x,Du(x)) dx(4.1)

in the class of functions u ∈ W 1,1
0 (Ω; Rm).

We always assume that Ω is an open and bounded subset of R
n and that L :

Ω × R
nm → [0,+∞] is a normal integrand possibly taking the value +∞. When the

integrand is not summable, we define J(u) = +∞.
In order to study the semicontinuity of (4.1) at a point and the convergence of

minimizing sequences, we also deal with the more general functional

G(u, ξ) =

∫
Ω

g(x, u(x), ξ(x)) dx,(4.2)

where g : Ω × R
m × R

l → [0,+∞] is a normal integrand, u ∈ L1(Ω; Rm), and ξ ∈
L1(Ω; Rl). In the rest of the paper we will denote by ⇀ the weak convergence in the
spaces L1(Ω; Rm) and W 1,1(Ω; Rm).
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Now we are able to state a partial generalization of Theorem 2 of [18] to the case
of lower semicontinuous integrands.

Theorem 4.2. Let L1 : Ω × R
l → [0,+∞] be a normal integrand and let J1 be

defined by J1(ξ) :=
∫
Ω
L1(x, ξ(x)) dx. Consider ξh, ξ0 ∈ L1(Ω; Rl) and suppose that

the function v �→ L1(x, v) is strictly convex at the point ξ0(x) for almost every x ∈ Ω.
If ξh ⇀ ξ0 in L1(Ω; Rl) and J1(ξh) → J1(ξ0), then

‖ξh − ξ0‖ → 0 in L1(Ω; Rl).

We will apply Theorem 4.2 in order to obtain well-posedness results in the two
senses mentioned in the introduction, namely, Tikhonov well-posedness and well-
posedness by perturbations. We also remark that the integrand can assume the value
+∞: we emphasize that in this way Theorem 4.2 can be applied also to constrained
problems. The strategy of the proof is different from the one adopted by Sychev in
[18] for the case of Carathéodory integrands. In fact Sychev’s proof is based on the
compactness (which fails in our hypotheses) of the union of the subdifferentials with
respect to the last variable evaluated at some special points.

First we prove a semicontinuity result, using the equality furnished by Corollary
3.2, and then, extending some results of [21], we obtain Theorem 4.2.

Results of strong convergence implied by weak were obtained also in [21] and
in [17]. We remark that Theorem 3 of [21] is a special case of Theorem 4.2 under
the more restrictive hypothesis of global strict convexity. The proof of Theorem 3
of [21] relies on Theorem 1 of the same paper, which states that a sequence weakly
convergent to an extreme point of the convex hull of the whole sequence is in fact
strongly convergent. The proof of Theorem 3 is thus reduced to show that from
strict convexity, the extremality of the corresponding point for the epigraph of the
second conjugate follows. If we do not require global strict convexity, but only strict
convexity at a point, as we saw in Remark 3.5, this point is in general not extremal
for epif∗∗. Moreover, it is not easy to check the extremality of a point for epif∗∗,
since it is already difficult to calculate f∗∗. But reviewing the proof of Theorem 1
of [21] it turns out that for some special sequences the thesis is still valid under less
restrictive hypotheses (see Lemma 4.5).

Before proving Theorem 4.2, we need some preliminary lemmas.
Lemma 4.3. Let g : Ω × R

m × R
l → [0,+∞] be a normal integrand and let G be

defined as in (4.2). Consider uh, u0 ∈ L1(Ω; Rm), ξh, ξ0 ∈ L1(Ω; Rl), and suppose that
the function v �→ g(x, u0(x), v) is convex at the point ξ0(x) for almost every x ∈ Ω.

If ‖uh − u0‖ → 0 in L1(Ω; Rm) and ξh ⇀ ξ0 in L1(Ω; Rl), then

lim inf G(uh, ξh) ≥ G(u0, ξ0).

Proof. First of all, by the convexity at the point ξ0(x) and by Corollary 3.2, we
obtain

g∗∗(x, u0(x), ξ0(x)) = g(x, u0(x), ξ0(x))

for almost every x ∈ Ω, where g∗∗ is the convex regularization of g with respect to the
last variable. We also note that by standard facts (see, for instance, [13, Proposition
1.3, p. 238]) the function (x, u, v) �→ g∗∗(x, u, v) is a normal integrand, and therefore
the functional

Ĝ(u, ξ) :=

∫
Ω

g∗∗(x, u(x), ξ(x)) dx



WELL-POSEDNESS OF NONCONVEX INTEGRAL FUNCTIONALS 1305

is well defined and takes values in [0,+∞].
Moreover Ĝ verifies

Ĝ(u, ξ) ≤ G(u, ξ)

for every u ∈ L1(Ω; Rm) and ξ ∈ L1(Ω; Rl). Finally we observe that Ĝ is sequentially
lower semicontinuous with respect to the weak topology at every point because g∗∗ is
convex with respect to the last variable, so

lim inf
n→+∞

G(uh, ξh) ≥ lim inf Ĝ(uh, ξh) ≥ Ĝ(u0, ξ0) = G(u0, ξ0),

and this concludes the proof.
If g and L1 are normal integrands as before, and u ∈ L1(Ω; Rm), ξ ∈ L1(Ω; Rl),

we write

g ◦ (u, ξ) and L1 ◦ ξ

for the maps x �→ g(x, u(x), ξ(x)) and x �→ L1(x, ξ(x)), respectively.
Lemma 4.4. Let g : Ω × R

m × R
l → [0,+∞] be a normal integrand and let

uh, u0 ∈ L1(Ω; Rm), ξh, ξ0 ∈ L1(Ω; Rl). Suppose that the function v �→ g(x, u0(x), v)
is convex at the point ξ0(x) for almost every x ∈ Ω.

If ‖uh − u0‖L1 → 0, ξh ⇀ ξ0, and G(uh, ξh) → G(u0, ξ0), then g ◦ (uh, ξh) ⇀
g ◦ (u0, ξ0) in L1(Ω; R).

Proof. Using Lemma 4.3 the proof goes exactly as that of Lemma 3 of [21], since
the only property that is used there is the semicontinuity of the functional G at the
point (u0, ξ0) and not the semicontinuity at every point.

Lemma 4.5. Assume that ξh ⇀ ξ and L1 ◦ ξh ⇀ L1 ◦ ξ in L1(Ω; Rl), where L1 is
defined as above. Set K(x) = epiL1(x, ·) and C(x, r) = B(ξ(x), r)×R for almost every
x ∈ Ω. Suppose that (ξ(x), L1(x, ξ(x))) is an extremal point of co(K(x)∩C(x, r)) for
almost every x ∈ Ω and for all 0 < r < R for some fixed R > 0.

Then ξh → ξ strongly in L1(Ω; Rl).
Proof. Without loss of generality we can suppose that ξ(x) = 0 and L1(x, ξ(x)) =

0 for almost every x ∈ Ω; in fact it is always possible to reduce the problem to this
case simply by substituting epiL∗∗

1 (x, ·) with the set epiL∗∗
1 (x, ·)− (ξ(x), L1(x, ξ(x))).

Mimicking the proof of Theorem 1 of [21], fix any ε such that 0 < ε < R.
Set

wε
h(x) =

{
ξh(x) if |ξh(x)| ≤ ε,

0 otherwise

and tεh(x) =

{
L(x, ξh(x)) if |ξh(x)| ≤ ε,

0 otherwise.

From the definition, we have (wε
h(x), tεh(x)) ∈ K(x) for almost every x ∈ Ω.

Define also vεh = ξh −wε
h and sεh = L1 ◦ ξh − tεh; it follows that also (vεh(x), sεh(x))

is in K(x) for almost every x ∈ Ω.
Since wε

h is bounded in the L∞-norm, there exists a subsequence wε
h′ and wε such

that wε
h′ ⇀ wε in L1(Ω); hence vεh′ ⇀ −wε := vε in L1(Ω). Moreover, by hypothesis,

we also have

tεh ⇀ 0 and sεh ⇀ 0.

As in Theorem 1 of [21] we get (vε,0)
2 + (wε,0)

2 = (0, 0) almost everywhere in Ω
and (vε(x), 0), (wε(x), 0) ∈ co[K(x) ∩ C(0, r)] for almost every x ∈ Ω. Since (0, 0) is
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an extremal point of co[K(x) ∩ C(0, r)], it follows that vε = wε = 0 and the whole
sequence vεh converges.

From now on, exactly as in [21] we obtain that ‖ξh‖ → 0.
Now we are able to prove the theorem stated at the beginning of this section.
Proof of Theorem 4.2. From Lemma 3.4, the point (ξ0(x), L1(x, ξ0(x))) is extremal

for epi(L1)
∗∗
r (x, ·), where (L1)r(x, ·) is the function L1(x, ·) restricted to the closed

ball of center ξ0(x) and radius r for every r > 0.
Consider the sequence (ξh, L1 ◦ ξh). By Lemma 4.4 we have

(ξh, L1 ◦ ξh) ⇀ (ξ0, L1 ◦ ξ0)

in L1(Ω; Rm) × L1(Ω; R). Then the conclusion follows from Lemma 4.5.
Theorem 4.2 can be applied to the functional (4.1).
Corollary 4.6. Let L : Ω×R

nm → [0,+∞] be a normal integrand and let J be
defined as in (4.1).

Let uh, u ∈ W 1,1
0 (Ω; Rm) be such that Duh ⇀ Du in L1(Ω; Rnm).

Suppose that the function v �→ L(x, v) is strictly convex at the point Du(x) for
almost every x ∈ Ω and further that J(uh) → J(u). Then

‖Duh −Du‖ → 0

in L1(Ω; Rmn).
Now we apply Theorem 4.2 to the special case of minimizing sequences in order

to obtain a sufficient condition for Tikhonov well-posedness of a nonconvex inte-
gral functional. Finally, using the results of [19] we will also get a corollary about
well-posedness by perturbations. More precisely, we deal with perturbations of the
integrand, and in this framework it is reasonable to use the so-called variational con-
vergences. In particular our result deals with the bounded Hausdorff convergence. See
[1], [2], [3] for the properties of this convergence. We start by giving the definitions
that we need.

Let X be a normed space.
Definition 4.7. We say that the problem of minimizing J : X → (−∞,+∞] is

Tikhonov well-posed if it satisfies the following conditions:
1. There exists a unique global minimum point x0 for J .
2. If xh is any minimizing sequence, i.e., a sequence in X such that J(xh) →

J(x0), then ‖xh − x0‖ → 0.
Let Jh : X → (−∞,+∞] be a sequence of functions. We say that Jh is equicoer-

cive if there exists φ : [0,+∞) → R such that

lim
y→+∞

φ(y) = +∞ and Jh(x) ≥ φ(|x|)

for every x ∈ X.
Now we give the definition of well-posedness by perturbations for an abstract

global minimization problem (see [24]).
We consider metric spaces X and A, a fixed point a0 ∈ A, and B(a0, R), a

given ball around a0 with positive radius R in A. We are given the proper extended
real-valued functions

J : X → (−∞,+∞], F : B(a0, R) ×X → (−∞,+∞]

such that

J(x) = F (a0, x), x ∈ X.
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The corresponding value function is given by

V (a) = inf{F (a, x) |x ∈ X}, a ∈ A.

Definition 4.8. The problem of minimizing J on X is called well-posed by
perturbations (with respect to the embedding defined by F ) if and only if

1. V (a) > −∞ for all a ∈ B(a0, R);
2. there exists a unique global minimizer x0 for J ;
3. for every sequence ah → a0 in A such that

F (ah, xh) − V (ah) → 0 as n → +∞(4.3)

we have xh → x0 in X.
Sequences as in (4.3) will be called asymptotically minimizing corresponding to

the sequence ah.
Now for A,C ⊂ X, the excess of A on C is given by

e(A,C) := sup
x∈A

d(x,C),

with the convention that e(A,C) = 0 if A = ∅ and e(A,C) = +∞ if C = ∅. Then the
ρ-Hausdorff distance between A and C is defined by

hausρ(A,C) := max{e(A ∩B(0, ρ), C), e(C ∩B(0, ρ), A)}.

Definition 4.9. For ρ ≥ 0, the ρ-(Hausdorff) distance between f, g : X →
R ∪ {+∞} is

hausρ(f, g) := hausρ(epif, epig),

where the unit ball of X × R is the set B(0, 1) := {(x, α) : ‖x‖ ≤ 1, |α| ≤ 1}.
Definition 4.10. Let f, fh : X → [−∞,+∞] be lower semicontinuous functions.

We say that fh converges to f with respect to the bounded Hausdorff convergence (or
in the sense of Attouch–Wets), and we write f = τaw − lim fh if and only if

∃ρ0 > 0 such that hausρ(f, fh) → 0 as h → +∞ ∀ρ > ρ0.

Examples of sequences of functionals of the calculus of variations converging with
respect to the bounded Hausdorff convergence can be found in [9]. Now we are able
to prove the main results of the paper, which are in fact corollaries of Theorem 4.2.

Corollary 4.11. Let L and J be defined as in Corollary 4.6. Suppose that J is
coercive having a unique minimum point u0 ∈ W 1,1

0 (Ω; Rm).
Moreover, assume that v �→ L(x, v) is strictly convex at the point Du0(x) for

almost every x ∈ Ω . Then J is Tikhonov well-posed in W 1,1
0 (Ω; Rm).

Equivalently, if uh ∈ W 1,1
0 (Ω; Rm) is any minimizing sequence, then

‖uh − u0‖ → 0 in W 1,1
0 (Ω; Rm).

Proof. Let uh ∈ W 1,1
0 (Ω; Rm) be a minimizing sequence for J . Up to subse-

quences, from the coercivity hypothesis it follows that uh is weakly convergent in
W 1,1

0 (Ω; Rm) to a function v. Since the functional J is lower semicontinuous, v is a
minimizer of J , and therefore we get v = u0.
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Now, applying Theorem 4.2, we obtain that the weakly convergent sequence Duh

is actually strongly convergent in L1(Ω; Rnm) to Du0, and therefore

‖uh − u0‖ → 0 in W 1,1
0 (Ω; Rm).

See, for instance, [11] for the hypotheses which ensure coercivity of an integral
functional.

The last corollary is about well-posedness by perturbations, and it follows directly
from Theorem 3.5 of [19].

Corollary 4.12. Let L,Lh : Ω × R
nm → [0,+∞] be normal integrands and let

J be defined as in (4.1). Suppose that J is coercive having a unique minimum point
u0 ∈ W 1,1

0 (Ω; Rm).
Moreover, assume that v �→ L(x, v) is strictly convex at the point Du0(x) for

almost every x ∈ Ω. Consider the sequence Jh defined by Jh(u) :=
∫
Ω
Lh(x,Du(x)) dx

on W 1,1
0 (Ω, R

m). Assume that
(i) Jh → J with respect to the bounded Hausdorff convergence on W 1,1

0 (Ω; Rm);
(ii) Jh is equicoercive.

Then

‖uh − u0‖ → 0 in W 1,1
0 (Ω; Rm)

for every asymptotically minimizing sequence uh.
In some cases it is possible to put some natural topology on the space of inte-

grands and to relate the convergence of the sequence of integrands with the bounded
Hausdorff convergence of the sequence of the associated integral functionals. Results
on this subject can be found in [9] for quadratic integrals of elliptic type and in [19]
and [20] in a more general setting.

We observe that the condition imposed on the integrand in Corollary 4.11 is very
precise but not easy to check: if we want to know that the integral functional is well-
posed, we first have to find out the minimizer u0 and then prove that the integrand
is strictly convex at the point Du0(x). But under the conditions that allow us to
represent J∗∗ as an integral functional, it is possible to state a result which is less
precise but depends only on the integrand L and on L∗∗, the convex regularization of
L with respect to the second variable.

We shall deal with scalar functions; therefore we can use the fact that J∗∗(u) is
given by

∫
Ω
L∗∗(x,Du(x)) dx. Hence, from now on, we consider only the case m = 1

and the functional J defined on the space W 1,1
0 (Ω; R) by (4.1).

Let us introduce the following set of points:

M(x) := {z ∈ R
n |L(x, z) = L∗∗(x, z)}.

Theorem 4.13. Let L and J be as in Corollary 4.6, with m = 1. Assume that
L(x, ·) has superlinear growth and that it is strictly convex at z for every z ∈ M(x)
for almost every x ∈ Ω. Suppose moreover that J has a unique minimizer on the
space W 1,1

0 (Ω; R).
Then J is Tikhonov well-posed on W 1,1

0 (Ω; R).
Proof. Let u be the unique minimizer for J . By Remark (iv) following Theorem

5.2 of [11], we obtain

L(x,Du(x)) = L∗∗(x,Du(x))

for almost every x ∈ Ω, i.e., Du(x) ∈ M(x) for almost every x, and therefore L(x, ·)
is strictly convex at Du(x) . The thesis then follows from Corollary 4.11.
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5. Two classes of well-posed functionals.

5.1. Functionals depending only on the gradient. In the papers [5], [6],
[8], [14] the following problem of minimizing a functional of the gradient under linear
boundary conditions is studied:

(Pa) Minimize

∫
Ω

L(Du(x))dx subject to u ∈ ua + W 1,1
0 (Ω).

Here Ω ⊂ R
n is open, bounded, and with piecewise C1 boundary, and ua(x) :=

〈a, x〉, where a ∈ R
n and 〈·, ·〉 denotes the standard scalar product in R

n. The
function L : R

n → R is supposed to be lower semicontinuous and bounded from
below. Moreover the function L satisfies the growth condition

(G) L(y) ≥ Φ(|y|) for any y ∈ R
n,

where Φ : [0,+∞) → R is such that limt→+∞
Φ(t)
t = +∞.

In particular the paper [8] studies the continuous dependence of the solutions on
the boundary data. For this purpose we need to introduce the problem

(P ∗∗
a ) Minimize

∫
Ω

L∗∗(Du(x)) dx subject tou ∈ ua + W 1,1
0 (Ω).

As is well known (see Chapter X of [13]), it turns out that

inf Pa = L∗∗(a)|Ω|(5.1)

and that the function ua is a minimizer. The following theorem, which is a particular
case of Theorem 4.1 of [8], holds.

Theorem 5.1. Let L be lower semicontinuous satisfying the growth condition
(G). Suppose that L(a) = L∗∗(a) and that (a, L∗∗(a)) belongs to the relative interior
of a proper face F1 of an n-dimensional face F of epiL∗∗, and let {ak}k∈N be any
sequence such that (ak, L

∗∗(ak)) belongs to the relative interior of F for any k ∈ N

and limk→+∞ ak = a.
(i) If any sequence uk of solutions of Pak

converges strongly to ua in W 1,1
0 (Ω),

then dim(F1) = 0 and so (a, L∗∗(a)) is an extreme point of epiL∗∗.
(ii) If (a, L∗∗(a)) is an extreme point of epiL∗∗, then any sequence uk of solutions

of P ∗∗
ak

converges strongly to ua in W 1,1
0 (Ω).

The previous theorem can be improved using the results of section 4. We establish
the strong convergence also of asymptotically minimizing sequences without imposing
constraints on the position of the sequence ak with respect to epiL∗∗, and, according
to the definition given in the introduction, this means that problem (Pa) is well-posed
by perturbations of the boundary data.

Theorem 5.2. Let L : R
n → R be lower semicontinuous, bounded from below,

and satisfying the growth condition (G). Suppose that (a, L∗∗(a)) is an extreme point
of epiL∗∗.

Then any asymptotically minimizing sequence of Pak
converges strongly to ua in

W 1,1(Ω).
Proof. Since (a, L∗∗(a)) is an extreme point of epiL∗∗ and L is lower semicontin-

uous, it follows that L(a) = L∗∗(a) by Lemma 3.2. Then by [6] problem (Pa) has the
only solution ua. Let ak be a sequence in R

n such that ak → a. We observe that
problem (Pak

) is equivalent to the following one:

(P̂ak
) Minimize Gk(u) :=

∫
Ω

L(Du(x) + ak)dx subject to u ∈ W 1,1
0 (Ω).
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In fact
∫
Ω
L(Du(x))dx =

∫
Ω
L(Dv(x)+a)dx, where u ∈ ua +W 1,1

0 (Ω) and v = u−ua,

v ∈ W 1,1
0 (Ω). In this manner we do not move the set on which we consider the

minimization problems, and we can apply the previous results.
Now, if vk is an asymptotically minimizing sequence for Gk and uk := vk + uak

,
then there exists a sequence εk → 0 such that

Gk(vk) ≤ inf Gk + εk = L∗∗(ak)|Ω| + εk,(5.2)

where the equality is a well-known fact in the calculus of variations as previously noted
in (5.1). We observe that L∗∗ is convex and finite, since L is finite, and therefore it
is continuous at the point a. Hence the last quantity in (5.2) is bounded and this
implies, by condition (G) and the Dunford–Pettis theorem, that the sequence Dvk is
weakly compact in L1(Ω).

Let Dvkh
be a weakly convergent subsequence and let U be its weak limit.

We aim to prove that there exists v ∈ W 1,1
0 (Ω) such that U = Dv.

Since the sequence Dvkh
is weakly convergent, there exists M > 0 such that

‖Dvkh
‖L1 ≤ M.

If the dimension of the space is n = 1, we are done. If n > 1, by the Sobolev
embedding theorem (see, for instance, [11, p. 25]) we obtain

‖vkh
‖
L

n
n−1

≤ C

for a suitable constant C > 0. Since n
n−1 > 1 there exists a further subsequence of

vkh
, which we still denote by vkh

, weakly convergent to a function v in L1(Ω). We
shall prove that Dv = U . To this purpose consider any function ψ ∈ C∞

c (Ω). By the
definition of a weak derivative (denoted by ∂i), the equality∫

Ω

vkh
(x)∂iψ(x) dx = −

∫
Ω

∂ivkh
(x)ψ(x) dx

holds for every i ∈ {1, . . . , n}. Now, the right-hand side converges to
∫
Ω
v(x)∂iψ(x) dx,

whereas the left-hand side converges to −
∫
Ω
Ui(x)ψ(x) dx, and therefore∫

Ω

v(x)∂iψ(x) dx = −
∫

Ω

Ui(x)ψ(x) dx(5.3)

by the uniqueness of the limit. Since (5.3) holds for every i ∈ {1, . . . , n} and for every
ψ ∈ C∞

c (Ω), we get that U = Dv, and hence the function v is in W 1,1(Ω). In order
to obtain that v ∈ W 1,1

0 (Ω) it is enough to observe that vkh
∈ W 1,1

0 (Ω), vkh
⇀ v in

W 1,1(Ω) and W 1,1
0 (Ω) is weakly closed.

Now define the functional

G∗∗(v) :=

∫
Ω

L∗∗(Dv + a) dx.

As a direct consequence of the Jensen inequality we know that

inf
v∈W 1,1

0 (Ω)

∫
Ω

L∗∗(Dv + a) dx = L∗∗(a)|Ω|.(5.4)

Since the functional G∗∗ is lower semicontinuous on W 1,1
0 (Ω) with respect to the weak

convergence, by (5.4) we obtain
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inf Pa = L∗∗(a)|Ω|

≤
∫

Ω

L∗∗(Dv + a)dx

≤ lim inf

∫
Ω

L(Dvkh
(x) + akh

)

≤ lim inf L∗∗(akh
)|Ω| + εkh

= L∗∗(a)|Ω|.

Then the function v = 0 because ua is the unique minimizer of Pa.
Now using the fact that (a, L∗∗(a)) is an extreme point of epiL∗∗, by Lemma 3.4

and Theorem 4.2 of the preceding section, the subsequence Dvkh
is actually strongly

convergent to 0.
Since from any subsequence of Dvk we can extract a strongly convergent subse-

quence with limit 0, then the whole sequence is strongly convergent to 0.
This means that the sequence uk is strongly convergent to the function ua, and

this completes the proof.

5.2. Radially symmetric functionals. In this section we consider the well-
posedness of the variational problem

Minimize

∫
B(0,R)

[L(|Du(x)|) + h(u(x))] dx subject to u ∈ W 1,1
0 (B(0, R)),(5.5)

where B(0, R) is the ball of R
n of radius R centered at the origin; the function

L : [0,+∞[ → [0,+∞] is lower semicontinuous and h : R → [0,+∞[ is a convex
function.

Problems of this kind arise in various fields as nonlinear elasticity, fluid dynamics,
and optimal design. We refer to [7] and [10] for results about existence and uniqueness
of minimizers, and we remark that well-posedness was not considered there.

In order to prove well-posedness of (5.5) we need an elementary result about
convergence of sequences.

Lemma 5.3. Let {ah}, {bh} be two sequences and let a, b ∈ [0,+∞) such that
(i) ah ≥ 0, bh ≥ 0 for every n;
(ii) there exist a, b ≥ 0 such that lim(ah + bh) = a + b;
(iii) lim inf ah ≥ a; lim inf bh ≥ b.

Then lim ah = a and lim bh = b.
The proof of Lemma 5.3 is trivial, so we omit it.
Applying the results of [7] and Corollary 4.11 we obtain the following theorem.
Theorem 5.4. Assume that

(h1) L : [0,+∞[ → [0,+∞] is lower semicontinuous and has superlinear growth;
(h2) h : R → [0,+∞[ is convex and monotonic;

and that either h or L∗∗ is strictly monotonic. Then problem (5.5) is well-posed in
the sense of Tikhonov on the space W 1,1

0 (B(0, R)).
Proof. One of the steps of the proof of Theorem 5 of [7] consists in showing that

if u is a solution of the minimum problem, then (Du(x), L∗∗(Du(x))) is an extremal
point of epiL∗∗ for almost every x ∈ B(0, R). Thus by Lemma 3.4 we deduce that L
is strictly convex at the point Du(x) for almost every x ∈ Ω.

Now let uh be a minimizing sequence; we want to apply Lemma 5.3 with ah =∫
Ω
L(|Duh(x)|) dx and bh =

∫
Ω
h(uh(x)) dx. All the hypotheses are satisfied; in fact

(i) is obvious; (ii) follows directly from the definition of minimizing sequence, with
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a =
∫
Ω
L(|Du(x)|) dx and b =

∫
Ω
h(u(x)) dx; and (iii) comes from Lemma 4.3. We

therefore obtain ∫
Ω

L(|Duh(x)|) dx →
∫

Ω

L(|Du(x)|) dx.

Then the thesis follows from Corollary 4.11 of the preceding section.
We remark that, applying Corollary 4.12, the problem defined by (5.5) is also

well-posed by perturbations with respect to the bounded Hausdorff convergence.
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Exposé n. 12.

[10] G. Crasta, Existence, uniqueness, and qualitative properties of minima to radially symmetric
non-coercive non-convex variational problems, Math. Z., 235 (2000), pp. 569–589.

[11] B. Dacorogna, Direct Methods in the Calculus of Variations, Appl. Math. Sci. 78, Springer-
Verlag, Berlin, 1988.

[12] A. L. Dontchev and T. Zolezzi, Well-posed Optimization Problems, Lecture Notes in Math.
1543, Springer-Verlag, Berlin, 1993.

[13] I. Ekeland and R.Temam, Convex Analysis and Variational Problems, North-Holland, Ams-
terdam, 1976.

[14] G. Friesecke, A necessary and sufficient condition for non-attainment and formation of mi-
crostructure almost everywhere in scalar variational problems, Proc. Roy. Soc. Edinburgh
Sect. A, 124 (1994), pp. 437–471.

[15] A. D. Ioffe and A. J. Zaslavski, Variational principles and well-posedness in optimization
and calculus of variations, SIAM J. Control. Optim., 38 (2000), pp. 566–581.

[16] P. Marcellini, Nonconvex integrals of the calculus of variations, in Methods in Nonconvex
Analysis (Varenna, 1989), Lecture Notes in Math., Springer-Verlag, Berlin, pp. 16–57.

[17] C. Olech, The Lyapunov Theorem: Its Extensions and Applications, Lecture Notes in Math.
1446, Springer-Verlag, Berlin, 1990.

[18] M. A. Sychev, Necessary and sufficient conditions in semicontinuity and convergence theorems
with a functional, Mat. Sb., 186 (1995), pp. 847–877.

[19] S. Villa, AW -convergence and well-posedness of non convex functions, J. Convex Anal., 10
(2003), pp. 351–364.

[20] S. Villa, Wellposedness under perturbations of integral functionals, ESAIM Control Optim.
Calc. Var., submitted.

[21] A. Visintin, Strong convergence results related to strict convexity, Comm. Partial Differential
Equations, 9 (1984), pp. 439–466.

[22] A. J. Zaslavski, Well posedness and porosity in the calculus of variations without convexity
assumptions, Nonlinear Anal., 53 (2003), pp. 1–22.

[23] T. Zolezzi, Wellposed problems of the calculus of variations for nonconvex integrals, J. Convex
Anal., 2 (1995), pp. 375–383.

[24] T. Zolezzi, Well posedness criteria in optimization with application to the calculus of varia-
tions, Nonlinear Anal., 25 (1995), pp. 437–453.



NULL CONTROLLABILITY AND THE
ALGEBRAIC RICCATI EQUATION IN BANACH SPACES∗

J. M. A. M. VAN NEERVEN†

SIAM J. CONTROL OPTIM. c© 2005 Society for Industrial and Applied Mathematics
Vol. 43, No. 4, pp. 1313–1327

Abstract. By a recent result of Priola and Zabczyk, a null controllable linear system

y′(t) = Ay(t) +Bu(t)

in a Hilbert space E is null controllable with vanishing energy if and only if it is null controllable
and the only positive self-adjoint solution of the associated algebraic Riccati equation

XA+A∗X −XBB∗X = 0

is the trivial solution X = 0. In this paper we extend this result to Banach spaces with an ele-
mentary proof which uses only reproducing kernel Hilbert space techniques. We also show that null
controllability with vanishing energy implies null controllability.
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Let A be the generator of a C0-semigroup on a real Banach space E and let B
be a bounded linear operator from a real Hilbert space H into E. The pair (A,B) is
said to be null controllable with vanishing energy if for all x ∈ E and all ε > 0 there
exists a time t > 0 and a function u ∈ L2(0, t;H) satisfying ‖u‖L2(0,t;H) < ε such that
the mild solution yu,x of the linear control problem

y′(s) = Ay(s) + Bu(s) (s ∈ [0, t]),

y(0) = x
(0.1)

satisfies yu,x(t) = 0. The pair (A,B) is said to be null controllable in finite time
if there exists a fixed time t0 > 0 such that for all x ∈ E there exists a function
u ∈ L2(0, t0;H) such that the mild solution of the problem (0.1) satisfies yu,x(t0) = 0.

For Hilbert spaces E, Priola and Zabczyk recently proved that a pair (A,B),
which is null controllable in finite time, is null controllable with vanishing energy if
and only if the only positive self-adjoint solution to the algebraic Riccati equation

XA + A∗X −XBB∗X = 0

is the trivial solution X = 0 [10]. One of the main ingredients of the proof is the
fact that a certain differential Riccati equation is solved in terms of a minimal energy
functional. In this paper we extend the Priola–Zabczyk result to Banach spaces with a
different proof which is based on reproducing kernel Hilbert space techniques, and we
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show that null controllability with vanishing energy in fact implies null controllability
in finite time. Our approach relies upon the identification of the space Ht of points
that are reachable in time t as the reproducing kernel Hilbert space associated with
the operator Qt ∈ L(E∗, E) defined by

Qtx
∗ :=

∫ t

0

S(s)BB∗S∗(s)x∗ ds (x∗ ∈ E∗).

The square norm ‖h‖2
Ht

can be interpreted as the minimal energy needed to reach
the state h ∈ Ht in time t starting from the origin. The basic problem is then to
understand how this minimal energy varies with h and t. Our main result in this
direction is Theorem 2.5, which describes the instantaneous rate of change of the
minimal energy along curves in Ht as time progresses. It is used to obtain an explicit
positive symmetric solution X(t) for a differential Riccati equation. As in [10], the
weak operator limit X = limt→∞ X(t) then turns out to be the maximal positive
symmetric solution of the algebraic Riccati equation, and null controllability with
vanishing energy is equivalent to the condition that X = 0.

For more information about null controllability and Riccati equations as well as
applications to various control systems we refer to [1, 2, 3, 4, 7, 8, 12, 13].

1. Reachable states and reproducing kernels. The mild solution of the
problem (0.1) will be denoted by yu,x. Thus,

yu,x(s) := S(s)x +

∫ s

0

S(s− r)Bu(r) dr (s ∈ [0, t]).

An element h ∈ E is reachable in time t if there exists a control u ∈ L2(0, t;H) such
that yu,0(t) = h. The collection Ht of all elements that are reachable in time t is a
linear subspace of E which is a Hilbert space with norm

‖h‖2
Ht

:= inf
{
‖u‖2

L2(0,t;H) : u ∈ L2(0, t;H), yu,0(t) = h
}
.

Thus, ‖h‖2
Ht

is the minimal energy needed to steer the system from 0 to h in time t.
Notice that Ht equals the range of the operator Lt ∈ L(L2(0, t;H), E) defined by

Ltf :=

∫ t

0

S(t− s)Bf(s) ds.

It is easy to check that L∗
tx

∗ = B∗S∗(t−·)x∗ for all x∗ ∈ E∗. Consequently, Lt ◦L∗
t =

Qt, where Qt ∈ L(E∗, E) is defined by

Qtx
∗ :=

∫ t

0

S(s)BB∗S∗(s)x∗ ds.(1.1)

It follows from this that Ht can be identified with the reproducing kernel Hilbert
space of Qt. Denoting the inclusion operator Ht ↪→ E by it, we have the operator
identity

it ◦ i∗t = Qt.(1.2)

Moreover, by general results on reproducing kernel Hilbert spaces, the range of i∗t is
dense in Ht.
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We insert a simple result on controls with minimal energy. It will not be needed
in what follows and is included for reasons of completeness only. We write Λt for the
Lt when we regard it as an operator from L2(0, t;H) onto Ht.

Proposition 1.1 (control with minimal energy). For all h ∈ Ht we have
ΛtΛ

∗
th = h and ‖Λ∗

th‖2
L2(0,t;H) = ‖h‖2

Ht
.

Upon identifying h ∈ Ht with ith ∈ E, we have Lt(Λ
∗
th) = h. Thus, the lemma

states that the control Λ∗
th steers 0 to h in time t with minimal energy.

Proof. For all x∗ ∈ E∗ we have Λ∗
t i

∗
tx

∗ = L∗
tx

∗ = B∗S∗(t− ·)x∗. Hence,

itΛtΛ
∗
t i

∗
tx

∗ = LtΛ
∗
t i

∗
tx

∗ =

∫ t

0

S(t− s)BB∗S∗(t− s)x∗ ds = Qtx
∗ = iti

∗
tx

∗.

Since it is injective and the range of i∗t is dense in Ht, this implies that ΛtΛ
∗
th = h

for all h ∈ Ht. This proves the first assertion. The second follows from

‖Λ∗
t i

∗
tx

∗‖2
L2(0,t;H) = ‖L∗

tx
∗‖2

L2(0,t;H) = 〈LtL
∗
tx

∗, x∗〉 = 〈Qtx
∗, x∗〉 = ‖i∗tx∗‖2

Ht

and another density argument.
It will be helpful to recall some elementary facts about the spaces Ht; for the

proofs we refer to [9, 13]. The inequality 〈Qtx
∗, x∗〉 � 〈Qt+sx

∗, x∗〉, valid for all
x∗ ∈ E∗, t > 0 and s � 0, implies that Ht ⊆ Ht+s (as subsets of E) with a contractive
inclusion mapping

it,t+s : Ht ↪→ Ht+s, it,t+sh = h (h ∈ Ht).

Moreover, S(s) restricts to a contraction from Ht into Ht+s. We will denote this
restriction by St,t+s(s). Thus,

St,t+s(s) : Ht → Ht+s, St,t+s(s)h = S(s)h (h ∈ Ht).

2. Null controllability. The pair (A,B) is said to be null controllable in finite
time if there exists a time t0 > 0 such that for any x ∈ E there exists a control
u ∈ L2(0, t0;H) such that yu,x(t0) = 0. If we want to stress the role of t0, we say that
(A,B) is null controllable in time t0.

From the trivial identity yu,x(t0) = S(t0)x + yu,0(t0) we see that (A,B) is null
controllable in time t0 if and only if

S(t0)x ∈ Ht0 for all x ∈ E.

As an operator from E into Ht0 , we shall denote S(t0) by Σ(t0). Thus,

S(t0) = it0 ◦ Σ(t0).(2.1)

If (A,B) is null controllable in time t0, then (A,B) is null controllable in time t for
all t � t0. Indeed, from S(t0)x ∈ Ht0 and the fact that S(t − t0) maps Ht0 into Ht

we see that S(t)x ∈ Ht for all x ∈ E. As subsets of E, the spaces of reachable points
agree:

Ht = Ht0 with equivalent norms.

The inclusion Ht0 ↪→ Ht always holds. To prove the converse inclusion Ht ↪→ Ht0 , we
first note that (1.1) implies the operator identity

Qt = Qt0 + S(t0)Qt−t0S
∗(t0) (t � t0).(2.2)
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Using this identity, for all t � t0 and x∗ ∈ E∗ we have

〈Qtx
∗, x∗〉 = 〈Qt0x

∗, x∗〉 + 〈Qt−t0S
∗(t0)x

∗, S∗(t0)x
∗〉

= 〈Qt0x
∗, x∗〉 + 〈Qt−t0Σ

∗(t0)i
∗
t0x

∗,Σ∗(t0)i
∗
t0x

∗〉
� 〈Qt0x

∗, x∗〉 + ‖Qt−t0‖ · ‖Σ(t0)‖2 · ‖i∗t0x
∗‖2

Ht0

=
(
1 + ‖Qt−t0‖ · ‖Σ(t0)‖2

)
· 〈Qt0x

∗, x∗〉.

The inclusion Ht ↪→ Ht0 now follows from [9, Proposition 1.1]. In general, Ht0 and
Ht will be different as Hilbert spaces, and for this reason we will distinguish between
these spaces carefully.

For the rest of this section we fix t0 > 0 and assume that the pair (A,B) is null
controllable in time t0.

Since (A,B) is null controllable in any time t � t0, for t � t0 we define Σ(t) as
S(t), regarded as an operator from E into Ht. Notice that ‖Σ(t)x‖2

Ht
is the minimal

energy to steer from x to 0 in time t. The function t �→ ‖Σ(t)x‖2
Ht

is nonincreasing
on [t0,∞): this follows from

‖Σ(t + s)x‖2
Ht+s

= ‖St,t+s(s)Σ(t)x‖2
Ht+s

� ‖Σ(t)x‖2
Ht

.(2.3)

By a similar argument, for each t � t0 the function s �→ ‖it,t+sΣ(t)x‖2
Ht+s

is non-

increasing on [0,∞). The main result of this section, Theorem 2.5, will show that
this function is in fact differentiable at s = 0, and its derivative will be computed
explicitly.

To prepare for the proof we need a series of lemmas. The first uses the identity

i∗t+s = it,t+si
∗
t + it,t+sΣ(t)QsΣ

∗(t)i∗t ,(2.4)

which follows from (2.2) by using (1.2), (2.1), the trivial identity it = it+s ◦ it,t+s, and
the injectivity of it+s.

Lemma 2.1. For all h ∈ Ht0 the function t �→ i∗t0,tit0,th is continuous on the
interval [t0,∞).

Proof. Fix t′ � t � t0 arbitrary. Since ‖it0,t‖ � 1, for all h ∈ Ht0 we have

‖i∗t0,t′it0,t′h− i∗t0,tit0,th‖Ht0
= ‖i∗t0,t(i

∗
t,t′it,t′ − I)it0,th‖Ht0

� ‖(i∗t,t′it,t′ − I)it0,th‖Ht .

Hence it suffices to prove that limt′−t↓0 ‖i∗t,t′it,t′g − g‖Ht = 0 for all g ∈ Ht. We first
take g = i∗tx

∗ with x∗ ∈ E∗. Then by (2.4),

i∗t,t′it,t′g = i∗t,t′
(
i∗t′x

∗ − it,t′Σ(t)Qt′−tΣ
∗(t)i∗tx

∗) = g − i∗t,t′it,t′Σ(t)Qt′−tΣ
∗(t)g.

Since the range of i∗t is dense in Ht, a limiting argument shows that this identity holds
for all g ∈ Ht. Using (2.3), for all g ∈ Ht we have

‖i∗t,t′it,t′g − g‖Ht = ‖i∗t,t′it,t′Σ(t)Qt′−tΣ
∗(t)g‖Ht

� ‖Σ(t)‖2 ‖Qt′−t‖ ‖g‖Ht
� ‖Σ(t0)‖2 ‖Qt′−t‖ ‖g‖Ht

.

Since limt′−t↓0 ‖Qt′−t‖ = 0, this proves that limt′↓t ‖i∗t,t′it,t′g − g‖Ht = 0.
The adjoint T ∗ of a C0-semigroup T on a Banach space X may fail to be strongly

continuous on X∗. To overcome this problem, one defines

X� :=
{
x∗ ∈ X∗ : lim

t↓0
‖T ∗(t)x∗ − x∗‖ = 0

}
.
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This is a norm closed, weak∗-dense, S∗-invariant subspace of X∗, and the restricted
semigroup T� = T ∗∣∣

X� is strongly continuous on X�. If X is reflexive, then X� is
norm closed and weakly dense in X∗, and therefore we have X� = X∗.

Lemma 2.2. For all t � t0 the space Ht is S-invariant and the restricted semi-
group St := S|Ht is strongly continuous on Ht.

Proof. Invariance follows from the fact that S(s) maps Ht into Ht+s and the fact
that both Ht and Ht+s equal Ht0 as subsets of E.

Let δ > 0 be arbitrary and fixed. For all x∗ ∈ E∗ and s ∈ [0, δ] we have

‖S∗
t (s)i∗tx

∗‖2
Ht

= ‖i∗tS∗(s)x∗‖2
Ht

= 〈Qt+sx
∗, x∗〉 − 〈Qsx

∗, x∗〉
� 〈Qt+sx

∗, x∗〉

= 〈Qtx
∗, x∗〉 +

∫ s

0

〈BB∗S∗(t + r)x∗, S∗(t + r)x∗〉 dr

= ‖i∗tx∗‖2
Ht

+

∫ s

0

〈BB∗S∗(r)Σ∗(t)i∗tx
∗, S∗(r)Σ∗(t)i∗tx

∗〉 dr

�
(

1 + δ · ‖BB∗‖ · ‖Σ(t)‖2 · sup
r∈[0,δ]

‖S(r)‖2

)
· ‖i∗tx∗‖2

Ht
.

Hence,

lim sup
s↓0

‖St(s)‖ �
(

1 + δ · ‖BB∗‖ · ‖Σ(t)‖2 · sup
r∈[0,δ]

‖S(r)‖2

)
.

On the other hand, for all h ∈ Ht and x∗ ∈ E∗ we have

lim
s↓0

[St(s)h− h, i∗tx
∗]Ht = lim

s↓0
〈S(t)ith− ith, x

∗〉 = 0.

It follows that St is weakly continuous. By a general result from semigroup theory,
this implies that St is strongly continuous.

We note two immediate consequences of this lemma.
Lemma 2.3. For all x ∈ E the function t �→ Σ∗(t)Σ(t)x is continuous on the

interval [t0,∞).
Proof. By the observations preceding Lemma 2.2, the adjoint semigroup S∗

t is
strongly continuous. The lemma now follows from the identity

Σ∗(t)Σ(t)x = Σ∗(t0)S
∗
t0(t− t0)i

∗
t0,tit0,tSt0(t− t0)Σ(t0)x

and Lemmas 2.1 and 2.2.
Lemma 2.4. For all h ∈ Ht we have Σ∗(t)h ∈ E�.
Proof. This follows from

lim
s↓0

‖S∗(s)Σ∗(t)h− Σ∗(t)h‖ = lim
s↓0

∥∥Σ∗(t)
(
S∗
t (s)h− h

)∥∥ = 0,

where we used again the strong continuity of S∗
t .

We are now ready for the main result of this section, which describes the instanta-
neous rate of the change of the minimal energy along curves in the space of reachable
states as time progresses.
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Theorem 2.5 (rate of change of minimal energy). Let the pair (A,B) be null
controllable in time t0. Fix t � t0 and let f : [0,∞) → Ht be differentiable at 0. The
function φ : [0,∞) → [0,∞) defined by

φ(s) := ‖it,t+sf(s)‖2
Ht+s

is differentiable at 0, with derivative

φ′(0) = 2[f ′(0), f(0)]Ht
− ‖B∗Σ∗(t)f(0)‖2

H .

Notice that the first term on the right-hand side accounts for the speed and
direction of leaving f(0), while the second term describes the energy savings resulting
from the extra time available.

Proof. Upon writing f(s) = f(0) + sf ′(0) + g(s) with lims↓0 g(s)/s = 0 we have

lim
s↓0

1

s

[
‖f(s)‖2

Ht
− ‖f(0)‖2

Ht

]
= lim

s↓0

1

s

[
2[sf ′(0) + g(s), f(0)]Ht

+ ‖sf ′(0) + g(s)‖2
Ht

]
= 2[f ′(0), f(0)]Ht

.

Consequently, it remains to prove that

lim
s↓0

1

s

[
‖it,t+sf(s)‖2

Ht+s
− ‖f(s)‖2

Ht

]
= −‖B∗Σ∗(t)f(0)‖2

H .

Let x∗ ∈ E∗ be fixed. Noting that

‖i∗t+sx
∗‖2

Ht+s
− ‖i∗tx∗‖2

Ht
= 〈Qt+sx

∗, x∗〉 − 〈Qtx
∗, x∗〉 = 〈QsΣ

∗(t)i∗tx
∗,Σ∗(t)i∗tx

∗〉,

from identity (2.4) we have

‖it,t+si
∗
tx

∗‖2
Ht+s

− ‖i∗tx∗‖2
Ht

= ‖i∗t+sx
∗‖2

Ht+s
− ‖i∗tx∗‖2

Ht

− 2[i∗t+sx
∗, it,t+sΣ(t)QsΣ

∗(t)i∗tx
∗]Ht+s

+ ‖it,t+sΣ(t)QsΣ
∗(t)i∗tx

∗‖2
Ht+s

= 〈QsΣ
∗(t)i∗tx

∗,Σ∗(t)i∗tx
∗〉

− 2[i∗tx
∗,Σ(t)QsΣ

∗(t)i∗tx
∗]Ht

+ ‖it,t+sΣ(t)QsΣ
∗(t)i∗tx

∗‖2
Ht+s

.

By approximation, for all s � 0 we obtain

‖it,t+sf(s)‖2
Ht+s

− ‖f(s)‖2
Ht

= 〈QsΣ
∗(t)f(s),Σ∗(t)f(s)〉

− 2[f(s),Σ(t)QsΣ
∗(t)f(s)]Ht + ‖it,t+sΣ(t)QsΣ

∗(t)f(s)‖2
Ht+s

.

Next, for any y� ∈ E� we have, by strong continuity,

lim
s↓0

1

s
Qsy

� = lim
s↓0

1

s

∫ s

0

S(r)BB∗S∗(r)y� dr = BB∗y�.
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Hence, using the continuity of f at 0, the fact that lim sups↓0
1
s‖Qs‖ < ∞, and the

fact that Σ∗(t)f(0) ∈ E� by Lemma 2.4, we obtain

lim sup
s↓0

∥∥∥∥1

s
QsΣ

∗(t)f(s) −BB∗Σ∗(t)f(0)

∥∥∥∥
� lim sup

s↓0

∥∥∥∥1

s
QsΣ

∗(t)f(s) − 1

s
QsΣ

∗(t)f(0)

∥∥∥∥
+ lim sup

s↓0

∥∥∥∥1

s
QsΣ

∗(t)f(0) −BB∗Σ∗(t)f(0)

∥∥∥∥
� ‖Σ∗(t)‖ · lim sup

s↓0

(
1

s
‖Qs‖

)
· lim sup

s↓0
‖f(s) − f(0)‖

+ lim sup
s↓0

∥∥∥∥1

s
QsΣ

∗(t)f(0) −BB∗Σ∗(t)f(0)

∥∥∥∥ = 0.

It follows that

lim
s↓0

1

s
QsΣ

∗(t)f(s) = BB∗Σ∗(t)f(0).

As a consequence,

lim
s↓0

1

s

[
〈QsΣ

∗(t)f(s),Σ∗(t)f(s)〉 − 2[f(s),Σ(t)QsΣ
∗(t)f(s)]Ht

+ ‖it,t+sΣ(t)QsΣ
∗(t)f(s)‖2

Ht+s

]
= lim

s↓0

〈
1

s
QsΣ

∗(t)f(s),Σ∗(t)f(s)

〉
− 2 lim

s↓0

[
f(s),Σ(t)

(
1

s
QsΣ

∗(t)f(s)

)]
Ht

+ lim
s↓0

s

∥∥∥∥it,t+sΣ(t)

(
1

s
QsΣ

∗(t)f(s)

)∥∥∥∥2

Ht+s

= 〈BB∗Σ∗(t)f(0),Σ∗(t)f(0)〉 − 2[f(0),Σ(t)BB∗Σ∗(t)f(0)]Ht
+ 0

= −‖B∗Σ∗(t)f(0)‖2
H ;

in the next to last step we used that ‖it,t+s‖ � 1.
For the convenience of those readers familiar with the Hilbert space formalism as

used, e.g., in [10], we add a reformulation of Theorem 2.5 for Hilbert spaces E. In this
setting we identify E and its dual in the usual way and identify Qt with a positive
self-adjoint operator on E. As is well known, the reproducing kernel Hilbert space of
Qt is then given by

it(Ht) = ImQ
1/2
t .(2.5)

In what follows we identify it(Ht) and Ht and abuse notation by regarding both Q
1/2
t

and Qt as operators from E to Ht whenever this is convenient. Denoting the closure

of Ht in E by Et, it follows from (2.5) and a standard argument that Q
1/2
t is unitary

as an operator from Et to Ht.
By (2.5), the pair (A,B) is null controllable in time t0 if and only if ImS(t0) ⊆

ImQ
1/2
t0 . Since the restriction of Q

1/2
t0 to Et0 is injective, the inverse Q

−1/2
t0 is well-

defined on the linear subspace Ht0 of E. Then by null controllability, the operator
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Γ(t0) := Q
−1/2
t0 S(t0) is well-defined as a bounded operator from E to Et0 . For all

h = Q
1/2
t0 y ∈ Ht0 we have

[Γ(t0)x, h]E = [S(t0)x, y]E = [x, S∗(t0)y]E = [x, S∗(t0)Q
−1/2
t0 h]E .

Since Ht0 is dense in Et0 we see that Γ∗(t0) := (Γ(t0))
∗ is the unique extension of

S∗(t0)Q
−1/2
t0 to a bounded operator from Et0 to E.

Corollary 2.6. Let the pair (A,B) be null controllable in time t0. Fix t � t0
and let g : [0,∞) → Et be differentiable at 0. The function φ : [0,∞) → [0,∞) defined
by

φ(s) := ‖Q1/2
t g(s)‖2

Ht+s
(2.6)

is differentiable at 0, with derivative

φ′(0) = 2[g′(0), g(0)]E − [QΓ∗(t)g(0),Γ∗(t)g(0)]E .

Note some further abuse of notation in (2.6), where Q
1/2
t g(s) is regarded as an

element of Ht+s.

Proof. Let f : [0,∞) → Ht be defined by f(s) = Q
1/2
t g(s). Since Q

1/2
t is unitary

as an operator from Et to Ht, f is differentiable at 0 with derivative f ′(0) = Q
1/2
t g′(0).

Let Q := BB∗. By Theorem 2.5,

φ(s) := ‖it,t+sf(s)‖2
Ht+s

= ‖Q1/2
t g(s)‖2

Ht+s

is differentiable at 0 with derivative

φ′(0) = 2[f ′(0), f(0)]Ht
− ‖B∗Σ∗(t)f(0)‖2

H

= 2[Q
1/2
t g′(0), Q

1/2
t g(0)]Ht

− [QΓ∗(t)g(0),Γ∗(t)g(0)]E

= 2[g′(0), g(0)]E − [QΓ∗(t)g(0),Γ∗(t)g(0)]E .

(2.7)

In the second identity of (2.7) we used that Γ∗(t) extends S∗(t)Q
−1/2
t on Et and that

for all h = Qty ∈ Ht we have

[B∗Σ∗(t)h,B∗Σ∗(t)h]H = [QΣ∗(t)i∗t y,Σ
∗(t)i∗t y]E = [Q∗S(t)y, S∗(t)y]E ,

recalling that we identify Qty = iti
∗
t y and i∗t y. In the third identity of (2.7) we used

that Q
1/2
t is unitary from Et to Ht.

3. Null controllability with vanishing energy. Following Priola and Zabczyk
[10] we call the pair (A,B) null controllable with vanishing energy if for all ε > 0 and
x ∈ E there exists a time t > 0 and a control u ∈ L2(0, t;H) with yu,x(t) = 0
and ‖u‖L2(0,t;H) < ε. Clearly, null controllability with vanishing energy implies null
controllability with bounded energy.

Theorem 3.1. If the pair (A,B) is null controllable with vanishing energy, then
it is null controllable in finite time.

Proof. For n = 1, 2, . . . , let En denote the set of all x ∈ E for which there
exists a control u ∈ L2(0, n;H) with yu,x(n) = 0 and ‖u‖L2(0,n;H) � 1. Notice that⋃

n�1 En = E.
We claim that each En is closed. To see this, fix n � 1 and let limk→∞ xk = x

in E with all xk ∈ En. We must check that x ∈ En. For each k we choose a
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control uk ∈ L2(0, n;H) with yuk,xk(n) = 0 and ‖uk‖L2(0,n;H) � 1. After passing
to a subsequence, we may assume that there exists a control u ∈ L2(0, n;H) with
‖u‖L2(0,n;H) � 1 such that limk→∞ uk = u weakly in L2(0, n;H). Then for all x∗ ∈ E∗

we have

〈yu,x(n), x∗〉 = 〈S(n)x, x∗〉 +

∫ n

0

[u(s), B∗S∗(n− s)x∗]H ds

= lim
k→∞

(
〈S(n)xk, x

∗〉 +

∫ n

0

[uk(s), B
∗S∗(n− s)x∗]H ds

)
= lim

k→∞
〈yuk,xk(n), x∗〉 = 0.

Hence yu,x(n) = 0 and x ∈ En.
By the Baire category theorem, at least one En0 has a nonempty interior. Fix an

arbitrary x0 in the interior of En0 and consider the set En0
−x0. This is a neighborhood

of 0 consisting of elements that can be steered to 0 in time n0. By linearity it follows
that every x ∈ E can be steered to 0 in time n0. This means that the pair (A,B) is
null controllable in time n0.

Recall that if (A,B) is null controllable in time t0, then for all t � t0 the square
norm ‖Σ(t)x‖2

Ht
is the minimal energy to steer from x to 0 in time t. Hence the

following observation is a straightforward consequence of (2.3) and the above theorem.
Corollary 3.2. The following assertions are equivalent:
1. The pair (A,B) is null controllable with vanishing energy.
2. The pair (A,B) is null controllable in finite time and limt→∞ ‖Σ(t)x‖Ht

= 0
for all x ∈ E.

We proceed with two simple examples of systems that are null controllable with
vanishing energy.

Example 3.3. If (A,B) is null controllable in finite time and the semigroup S
generated by A is strongly stable, i.e., if limt→∞ S(t)x = 0 for all x ∈ E, then (A,B)
is null controllable with vanishing energy. Indeed, if (A,B) is null controllable in time
t0, then for all t � t0 we have

‖Σ(t)x‖Ht
= ‖it0,tΣ(t0)S(t− t0)x‖Ht � ‖Σ(t0)‖ ‖S(t− t0)x‖.

Example 3.4. The range of B is a Hilbert space with norm

‖Bh‖rangeB = inf
{
‖h′‖H : Bh′ = Bh

}
.

With this norm, the range of B equals the reproducing kernel Hilbert space of the
operator BB∗. Accordingly we shall denote the range of B by HBB∗ . If S restricts
to a C0-semigroup SB on HBB∗ , then it follows from [6, Theorem 3.5] that the reach-
able spaces Ht for the pair (A,B) coincide with the reproducing kernel space of the
operators Rt ∈ L(HBB∗) defined by

Rth :=

∫ t

0

SB(s)S∗
B(s)h ds (h ∈ HBB∗),

and the pair (SB , IB) is null controllable for all times t > 0. Here IB denotes the
identity operator on HBB∗ . It follows from the same reference that for all h ∈ rangeB
and t > 0 we have an estimate

‖ΣB(t)h‖2
Ht

� 1

t2

∫ t

0

‖SB(s)h‖2
HBB∗ ds (h ∈ HBB∗).
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Here, ΣB(t) denotes SB(t), regarded as an operator from HBB∗ into Ht. In particular
the pair (SB , IB) is null controllable with vanishing energy if the semigroup SB is
uniformly bounded on HBB∗ .

In [10], under the assumption that E is a Hilbert space it was shown by control
theoretic methods that a pair (A,B) which is null controllable in finite time is null
controllable with vanishing energy if and only if the algebraic Riccati equation

XA + A∗X −XBB∗X = 0(3.1)

admits X = 0 as its only positive self-adjoint solution. A solution of (3.1) is a bounded
operator X ∈ L(E) such that

〈XAx, y〉 + 〈Xx,Ay〉 − 〈XBB∗Xx, y〉 = 0 for all x, y ∈ D(A).(3.2)

In this identity the brackets denote the scalar product of E.

In this section we shall prove an extension of this result to Banach spaces E.
It shares with [10] the strategy of first solving a differential Riccati equation and
obtaining the final characterization from a maximality argument, but both steps are
accomplished in a completely different way. In the Banach space setting, a solution of
(3.1) is a bounded operator X ∈ L(E,E∗) such that (3.2) holds for all x, y ∈ D(A);
this time the brackets denote the duality pairing between E∗ and E. The notions
of positivity and self-adjointness extend as follows: we call X ∈ L(E,E∗) positive if
〈Xx, x〉 � 0 for all x ∈ E and symmetric if 〈Xx, y〉 = 〈Xy, x〉 for all x, y ∈ E.

We begin with a result which states that the operator function t �→ Σ∗(t)Σ(t)
solves, in some appropriate sense, the differential Riccati equation

d

dt
X(t) = X(t)A + A∗X(t) −X(t)BB∗X(t)

on the interval [t0,∞).

In the Hilbert space literature, existence of a solution is usually derived from a
fixed point argument. Here, we obtain it as a direct consequence of Theorem 2.5.

Proposition 3.5. Let the pair (A,B) be null controllable in time t0. For all
x, y ∈ D(A) the function t �→ 〈Σ∗(t)Σ(t)x, y〉 is differentiable on the interval [t0,∞),
with derivative

d

dt
〈Σ∗(t)Σ(t)x, y〉

= 〈Σ∗(t)Σ(t)Ax, y〉 + 〈Σ∗(t)Σ(t)x,Ay〉 − 〈BB∗Σ∗(t)Σ(t)x,Σ∗(t)Σ(t)y〉.

Proof. Since both BB∗ and Σ∗(t)Σ(t) are symmetric operators, by polarization
it suffices to prove that for all x ∈ D(A) and t � t0 we have

d

dt
〈Σ∗(t)Σ(t)x, x〉 = 2〈Σ∗(t)Σ(t)Ax, x〉 − 〈BB∗Σ∗(t)Σ(t)x,Σ∗(t)Σ(t)x〉.

For this, in turn, it suffices to prove right differentiability. Indeed, by Lemma 2.3 the
functions 〈Σ∗(t)Σ(t)x, x〉 and 2〈Σ∗(t)Σ(t)Ax, x〉 − 〈BB∗Σ∗(t)Σ(t)x,Σ∗(t)Σ(t)x〉 are
continuous functions of t ∈ [t0,∞), and by elementary calculus a continuous function
that is right differentiable with continuous right derivative is differentiable; cf. [13].



NULL CONTROLLABILITY AND THE RICCATI EQUATION 1323

Fix x ∈ D(A) and t � t0. By Theorem 2.5 applied to f(s) = Σ(t)S(s)x we have

lim
s↓0

1

s

(
〈Σ∗(t + s)Σ(t + s)x, x〉 − 〈Σ∗(t)Σ(t)x, x〉

)
= lim

s↓0

1

s

(
‖it,t+sΣ(t)S(s)x‖2

Ht+s
− ‖Σ(t)x‖2

Ht

)
= 2[Σ(t)Ax,Σ(t)x]Ht − ‖B∗Σ∗(t)Σ(t)x‖2

H

= 2〈Σ∗(t)Σ(t)Ax, x〉 − 〈BB∗Σ∗(t)Σ(t)x,Σ∗(t)Σ(t)x〉.

Remark 3.6. In the special case where E is a Hilbert space, instead of using
Theorem 2.5 we could apply Corollary 2.6 to the Et-valued function g(s) := Γ(t)S(s);

note that Q
1/2
t g(s) = Σ(t)S(s)x = f(s).

From Proposition 3.5 we obtain the following.
Proposition 3.7. Let the pair (A,B) be null controllable in time t0. For all

x, y ∈ E the limit limt→∞〈Σ∗(t)Σ(t)x, y〉 exists, and the operator X ∈ L(E,E∗)
defined by

〈Xx, y〉 := lim
t→∞

〈Σ∗(t)Σ(t)x, y〉(3.3)

defines a positive symmetric solution of the algebraic Riccati equation

XA + A∗X −XBB∗X = 0.

Proof. For all x ∈ E we have 〈Σ∗(t)Σ(t)x, x〉 = ‖Σ(t)x‖2
Ht

, which is a nonincreas-
ing function of t � t0. In particular, for all x ∈ E the limit limt→∞〈Σ∗(t)Σ(t)x, x〉
exists. Since each Σ∗(t)Σ(t) is positive and symmetric, by polarization it follows
that for all x, y ∈ E the limit limt→∞〈Σ∗(t)Σ(t)x, y〉 exists, and then (3.3) defines a
positive and symmetric operator X.

Since t �→ Σ∗(t)Σ(t) solves the differential Riccati equation, a standard argument
implies that X solves the algebraic Riccati equation.

Our next aim is to show that the weak operator limit X = limt→∞ Σ∗(t)Σ(t) is in
fact the maximal symmetric solution of the algebraic Riccati equation. More precisely
we have the following.

Theorem 3.8. Let the pair (A,B) be null controllable at time t0 > 0. If Y is
a symmetric solution of the algebraic Riccati equation, then for all x ∈ E we have
〈Y x, x〉 � 〈Xx, x〉.

Proof. Fix t � t0 and x ∈ E, and let u ∈ L2(0, t;H) be any control steering x
to 0 in time t:

yu,x(t) = S(t)x +

∫ t

0

S(t− s)Bu(s) ds = 0.

We will show that the function fu : [0, t] → R defined by

fu(s) :=

∫ s

0

‖u(r)‖2
H dr + 〈Y yu,x(s), yu,x(s)〉

is nondecreasing. To prove this we shall show that fu is almost everywhere differen-
tiable with nonnegative derivative.

Let us first consider the function gu(s) := 〈Y yu,x(s), yu,x(s)〉. In order to show
that gu is differentiable we introduce a regularization operator as follows. For λ > 0
large enough, put Eλ := λ(λ−A)−1 and define

gu,λ(s) := 〈Y Eλy
u,x(s), Eλy

u,x(s)〉.
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Then, by the symmetry of Y and the fact that this operator solves the algebraic
Riccati equation,

g′u,λ(s) = 2

〈
Y Eλy

u,x(s),
d

ds
Eλy

u,x(s)

〉
= 2

〈
Y Eλy

u,x(s),
d

ds

(
S(s)Eλx +

∫ s

0

S(s− r)EλBu(r) dr

)〉
= 2

〈
Y Eλy

u,x(s), A

(
S(s)Eλx +

∫ s

0

S(s− r)EλBu(r) dr

)
+ EλBu(s)

〉
= 〈Y BB∗Y Eλy

u,x(s), Eλy
u,x(s)〉 + 2〈Y Eλy

u,x(s), EλBu(s)〉
=: Gu,λ(s).

From limλ→∞ Eλ = I strongly we have limλ→∞ gu,λ = gu and

lim
λ→∞

Gu,λ = 〈Y BB∗Y yu,x(s), yu,x(s)〉 + 2〈Y yu,x(s), Bu(s)〉

uniformly on [0, t] (notice that yu,x is continuous on [0, t]). The closedness of the first
derivative now implies that gu is differentiable, with derivative

g′u(s) = 〈Y BB∗Y yu,x(s), yu,x(s)〉 + 2〈Y yu,x(s), Bu(s)〉.

It follows that fu is almost everywhere differentiable, with derivative

f ′
u(s) = ‖u(s)‖2

H + 〈Y BB∗Y yu,x(s), yu,x(s)〉 + 2〈Y yu,x(s), Bu(s)〉
= ‖u(s)‖2

H + ‖B∗Y yu,x(s)‖2
H + 2[B∗Y yu,x(s), u(s)]H

� ‖u(s)‖2
H + ‖B∗Y yu,x(s)‖2

H − 2‖B∗Y yu,x(s)‖H‖u(s)‖H
=

(
‖u(s)‖H − ‖B∗Y yu,x(s)‖H

)2
,

which is nonnegative.
By what has been shown so far, we have

‖u‖2
L2(0,t;H) =

∫ t

0

‖u(r)‖2
H dr =

∫ t

0

‖u(r)‖2
H dr + 〈Y yu,x(t), yu,x(t)〉

= fu(t) � fu(0) = 〈Y yu,x(0), yu,x(0)〉 = 〈Y x, x〉.

Taking the infimum over all admissible controls we obtain

‖Σ(t)x‖2
Ht

� 〈Y x, x〉.

Finally, letting t → ∞, this gives

〈Xx, x〉 = lim
t→∞

‖Σ(t)x‖2
Ht

� 〈Y x, x〉.

The preceding two results may now be combined to prove the following character-
ization of null controllability with vanishing energy, which extends the corresponding
Hilbert space result of [10] to Banach spaces.

Theorem 3.9. The following assertions are equivalent:
1. The pair (A,B) is null controllable with vanishing energy.
2. The pair (A,B) is null controllable in finite time and the only positive sym-

metric solution of the algebraic Riccati equation XA + A∗X −XBB∗X = 0
is the trivial solution X = 0.
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Proof. We will use Corollary 3.2.
(1)⇒(2): Let Y be any positive symmetric solution of the algebraic Riccati equa-

tion. Then for all x ∈ E we have

0 � 〈Y x, x〉 � 〈Xx, x〉 = lim
t→∞

‖Σ(t)x‖2
Ht

= 0,

which implies that Y = 0.
(2)⇒(1): Since X = limt→∞ Σ∗(t)Σ(t) is a positive symmetric solution of the

algebraic Riccati equation, it follows that limt→∞ ‖Σ(t)x‖2
Ht

= 〈Xx, x〉 = 0 for all
x ∈ E.

Under additional spectral assumptions (which are satisfied, e.g., if S is eventually
compact), it is shown in [10] that the pair (A,B) is null controllable with vanishing
energy if and only if sup{Reλ : λ ∈ σ(A)} � 0. This result is applied in [11], where
it is used to obtain necessary and sufficient conditions for the validity of Liouville’s
theorem for the Ornstein–Uhlenbeck operator associated with the pair (A,B).

As an application of Theorem 3.9 we give a sufficient condition for null control-
lability with vanishing energy in the symmetric case.

Theorem 3.10. Let the pair (A,B) be null controllable at time t0 > 0. Assume
furthermore that

• (nondegeneracy) B has dense range,
• (BB∗-symmetry) S(t)BB∗ = BB∗S∗(t) for all t � 0.

If the limit Q∞ := limt→∞ Qt exists in the weak operator topology, then (A,B) is null
controllable with vanishing energy.

Without any nondegeneracy condition on B, the assumptions of the theorem
imply that S restricts to a strongly stable C0-semigroup of contractions SB on the
range of B [6, Theorem 4.5]. By Examples 3.3 and 3.4, the pair (SB , IB) is null
controllable with vanishing energy.

Proof. We shall use the fact that Q∞ := limt→∞ Qt exists in the weak operator
topology if and only if there exists a positive symmetric solution in L(E∗, E) of the
Lyapunov equation

AY + Y A∗ + BB∗ = 0

and that in this case Q∞ is the minimal positive symmetric solution of this equation
[6, Theorem 4.4]. In this context, a bounded operator Y ∈ L(E∗, E) is called positive
if 〈Y x, x〉 � 0 for all x ∈ E and symmetric if 〈Y x, y〉 = 〈Y y, x〉 for all x, y ∈ E.

Assume now that X ∈ L(E,E∗) is a positive symmetric solution of the algebraic
Riccati equation. We have to show that X = 0.

Since B is assumed to have dense range, it is an easy consequence of the Hahn–
Banach theorem that BB∗ is injective and has dense range as well. From this it
follows that Q∞ is injective and has dense range [5, Lemma 5.2].

By the same argument as in the proof of [6, Theorem 4.5], the assumption
S(t)BB∗ = BB∗S(t) implies that the semigroup St on Ht is self-adjoint for all t � t0.
Moreover, for all x ∈ D(A) we have Σ(t)x ∈ D(At) and AtΣ(t)x = Σ(t)Ax. Similarly,
for all h ∈ D(A∗

t ) we have Σ∗(t)h ∈ D(A∗) and A∗Σ∗(t)h = Σ∗(t)A∗
th. Using these

facts, for all x, y ∈ D(A) we obtain

〈Xx,Ay〉 = lim
t→∞

〈Σ∗(t)Σ(t)x,Ay〉 = lim
t→∞

〈Σ∗(t)A∗
tΣ(t)x, y〉

= lim
t→∞

〈Σ∗(t)AtΣ(t)x, y〉 = lim
t→∞

〈Σ∗(t)Σ(t)Ax, y〉 = 〈XAx, y〉.
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It follows that Xx ∈ D(A∗) and A∗Xx = XAx. Thus, A∗X = XA. Similarly one
proves that AQ∞ = Q∞A∗. As X and Q∞ are symmetric and solve the algebraic
Riccati equation and the Lyapunov equation, respectively, for all x∗, y∗ ∈ D(A∗) we
obtain

0 = 〈A∗XQ∞x∗, Q∞y∗〉 + 〈XAQ∞x∗, Q∞y∗〉 − 〈XBB∗XQ∞x∗, Q∞y∗〉
= 〈XQ∞A∗x∗, Q∞y∗〉 + 〈XAQ∞y∗, Q∞x∗〉 − 〈XBB∗XQ∞x∗, Q∞y∗〉
= −〈XBB∗x∗, Q∞y∗〉 − 〈XBB∗XQ∞x∗, Q∞y∗〉
= −〈Q∞XBB∗x∗, y∗〉 − 〈Q∞XBB∗XQ∞x∗, y∗〉.

Thus,

〈Q∞XBB∗(I + XQ∞)x∗, y∗〉 = 0(3.4)

for all x∗, y∗ ∈ D(A∗). Since D(A∗) is weak∗-dense, it follows that

Q∞XBB∗(I + XQ∞)x∗ = 0(3.5)

for all x∗ ∈ D(A∗). Furthermore, by the symmetry of Q∞, X, and BB∗, from (3.4)
we obtain

〈(I + Q∞X)BB∗XQ∞y∗, x∗〉 = 0

for all x∗, y∗ ∈ D(A∗). Since D(A∗) is weak∗-dense, it follows that

(I + Q∞X)BB∗XQ∞y∗ = 0(3.6)

for all y∗ ∈ D(A∗). Taking y∗ = x∗ and subtracting (3.5) and (3.6), we find

BB∗XQ∞x∗ = Q∞XBB∗x∗

for all x∗ ∈ D(A∗). Hence, by (3.6),

(I + Q∞X)Q∞XBB∗x∗ = 0

for all x∗ ∈ D(A∗). Since D(A∗) is weak∗-dense and BB∗ is weak∗-to-weakly contin-
uous and has weakly dense range, this implies that

(I + Q∞X)Q∞X = 0

or, equivalently, P (I − P ) = 0, where P := −Q∞X. Thus, P is a projection in E.
For any x ∈ kerP we have Q∞Xx = 0 and therefore Xx = 0 by the injectivity

of Q∞.
For any x ∈ ker (I − P ) we have −Q∞Xx = x and therefore

0 � 〈Xx, x〉 = −〈Xx,Q∞Xx〉 = −〈Q∞Xx,Xx〉 � 0

by the positivity of Q∞. It follows that 〈Q∞Xx,Xx〉 = ‖i∗∞Xx‖2
H∞

= 0, where i∞ :
H∞ ↪→ E denotes the reproducing kernel Hilbert space of Q∞. Since Q∞ = i∞ ◦ i∗∞
is injective, i∗∞ is injective, and we conclude that Xx = 0.

Combining the facts just proved, we obtain that Xx = 0 for all x ∈ E, i.e.,
X = 0.
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It is worthwhile to point out that Theorem 3.10 is not covered by Example 3.3,
since the existence of Q∞ does not imply strong stability of the semigroup S.

Example 3.11. Let E = R
2 and S(t) =

(
e−t 0
0 1

)
. The semigroup S is not strongly

stable. Taking H = R and Bh = (h, 0), the limit Q∞ = limt→∞ Qt exists: we have

lim
t→∞

Qt = lim
t→∞

∫ t

0

(
e−2s 0

0 0

)
ds =

( 1
2 0
0 0

)
.

Let us finally observe that in Theorem 3.10 the condition on existence of Q∞ is
not a necessary one (take E = H = R, B = I, and S(t) = I), nor can it be dropped
(take E = H = R, B = I, and S(t) = etI).

Acknowledgment. The author thanks Professors Jerzy Zabczyk and Ben Goldys
for stimulating discussions and kind hospitality.
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Boston, Boston, MA, 1993.

[4] R. Curtain and H. Zwart, An Introduction to Infinite-Dimensional Linear Systems Theory,
Texts Appl. Math. 21, Springer-Verlag, New York, 1995.

[5] B. Goldys, F. Gozzi, and J. M. A. M. van Neerven, On closability of directional gradients,
Potential Anal., 18 (2003), pp. 289–310.

[6] B. Goldys and J. M. A. M. van Neerven, Transition semigroups of Banach space valued
Ornstein-Uhlenbeck processes, Acta Appl. Math., 76 (2003), pp. 283–330.

[7] I. Lasiecka and R. Triggiani, Control Theory for Partial Differential Equations: Continuous
and Approximation Theories. I, Encyclopedia Math. Appl. 74, Cambridge University Press,
Cambridge, UK, 2000.

[8] I. Lasiecka and R. Triggiani, Control Theory for Partial Differential Equations: Continu-
ous and Approximation Theories. II, Encyclopedia Math. Appl. 75, Cambridge University
Press, Cambridge, UK, 2000.

[9] J. M. A. M. van Neerven, Nonsymmetric Ornstein-Uhlenbeck semigroups in Banach spaces,
J. Funct. Anal., 155 (1998), pp. 495–535.

[10] E. Priola and J. Zabczyk, Null controllability with vanishing energy, SIAM J. Control Op-
tim., 42 (2003), pp. 1013–1032.

[11] E. Priola and J. Zabczyk, Liouville Theorems in Finite and Infinite Dimensions, Preprint
9/2003, Scuola Normale Superiore, Pisa, 2003.
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Abstract. This paper is a contribution to the valuation of derivative securities in a stochastic
volatility framework, which is a central problem in financial mathematics. The derivatives to be
priced are of European type with the payoff depending on both the stock and the volatility. The val-
uation approach uses utility-based criteria under the assumption of exponential risk preferences. This
methodology yields the indifference prices as solutions to second order quasilinear PDEs. Two sets
of price bounds are derived that highlight the important ingredients of the utility approach, namely,
nonlinear pricing rules with dynamic certainty equivalent characteristics, and pricing measures de-
pending on correlation and the Sharpe ratio of the traded asset. The problem is further analyzed by
asymptotic methods in the limit of the volatility being a fast mean-reverting process. The analysis
relates the traditional market-selected volatility risk premium approach and the preference-based
valuation techniques.
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1. Introduction. We study the utility indifference pricing mechanism for Eu-
ropean derivative contracts in financial markets with uncertain volatility. As is well
known, in such incomplete markets, there are many possible no-arbitrage pricing (or
“risk-neutral”) measures and typically an interval of arbitrage-free option prices. The
traditional pricing methodology is that the market selects a pricing probability mea-
sure that is reflected in the prices of liquidly traded derivative contracts (for example,
at-the-money call options). Indifference pricing is an alternative mechanism whereby
a no-arbitrage price is selected according to investment optimality criteria of a risk-
averse investor. Our analysis, using bounds and asymptotic approximations, sheds
some light on the relation between the two. Specifically, Theorem 3.2 shows that the
nonlinear utility pricing rule lies between a linear no-arbitrage pricing rule and an
insurance-type certainty equivalent pricing rule.

Stochastic volatility models are popular because they capture the deviation of
stock price data from the Black–Scholes geometric Brownian motion model in a par-
simonious way. They were originally introduced in the late 1980’s by Hull and White
[22] and others for option pricing. Much of their success derives from their predicted
option prices exhibiting the implied volatility skew that is observed in many options
markets. See [17], for example, for details.

However, a market with stochastic volatility is incomplete in that volatility is a
source of uncertainty that is not traded. Therefore, enforcement of no arbitrage does
not lead to a unique derivative pricing rule. The usual way to “close” the model is
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to assume the market chooses a pricing measure which is implicit in the prices of
liquidly traded options. The indifference pricing mechanism is an alternative in which
the price is uniquely (and endogenously) determined at the cost of depending on the
preferences of the pricer. It has been studied in various incomplete market problems,
for example, when there are transaction costs [6, 11, 21] or nontraded assets [10, 31],
and under exponential utilities [33].

Our analysis is presented as follows. In section 2, we describe the mechanism in the
context of a standard stochastic volatility model and characterize the indifference price
in terms of solutions of related Hamilton–Jacobi–Bellman (HJB) equations. We derive
a quasilinear PDE (2.32) that the pricing function satisfies. In addition, a specific
measure, Q in Definition 2.7, emerges as a natural “prior” pricing measure, and the
indifference price can be characterized as a worst-case expected payoff, penalized by
relative entropy with respect to this prior (section 2.1).

In section 3, we derive two sets of bounds for the indifference price by analy-
sis of the associated HJB equations. Section 4 presents asymptotic approximations
that relate the indifference price to a particular no-arbitrage price. Finally, section 5
concludes and lists some remaining questions about the mechanism for future inves-
tigation.

2. Indifference prices. We assume a dynamic market setting with two assets,
a riskless bond B, and a stock S. The stock price is modeled as a diffusion process
satisfying

dSs = µSs ds + σ(Ys, s)Ss dW
1
s , s ≥ 0,(2.1)

with µ > 0. The volatility coefficient of the stock is driven by the stochastic factor
Y ∈ R which is modeled as a correlated diffusion satisfying

dYs = b(Ys, s) ds + a(Ys, s) (ρ dW 1
s + ρ′dW 2

s ),(2.2)

with ρ ∈ (−1, 1) the correlation coefficient and ρ′ =
√

1 − ρ2.
The processes W 1 and W 2 are independent standard Brownian motions defined on

a probability space (Ω,F , (Fs),P), where Fs is the augmented σ-algebra generated by
((W 1

u ,W
2
u); 0 ≤ u ≤ s). We assume that a riskless bond with maturity T is available

for trading, yielding constant interest rate r = 0. The case r �= 0 can be treated
using standard discounting arguments and it is not presented herein. The derivative
to be priced is of European type with payoff g(ST , YT ) at expiration T . We make the
following assumptions throughout.

Assumption 1.

1. The volatility function σ(·) and the diffusion coefficient a(·, ·) are smooth and
bounded above and below away from zero.

2. The drift coefficient b(·, ·) in (2.2) is Lipschitz continuous on R × [0, T ].
3. The payoff function g(·, ·) is smooth and bounded.

Under these assumptions, (2.1) and (2.2) have a unique solution with Ss ≥ 0
P-a.s., s ≥ 0 a.e. The assumption on the payoff excludes put options (whose payoff
has discontinuous first derivative) and call options (which are unbounded). Handling
these issues will require regularization methods (see, for example, [19]) which we do
not address in this paper.

The utility-based valuation method relies on the comparison of maximal expected
utilities corresponding to investment opportunities with and without the derivative. In
both settings, trading takes place between the bond and the stock, and the objective
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is to maximize the terminal utility of wealth. The investor starts, at time t ≥ 0,
with initial endowment x and dynamically rebalances his portfolio allocations, say, π0

s

and πs, representing the amounts invested at time s ≥ t in the bond and the stock
accounts. It is assumed that no intermediate consumption or infusion of extraneous
funds is allowed. The total current wealth satisfies

Xs = π0
s + πs, t ≤ s ≤ T,(2.3)

and thus solves the state controlled diffusion equation{
dXs = µπs ds + σ(Ys, s)πs dW

1
s , t ≤ s ≤ T,

Xt = x.
(2.4)

The above equation can be easily derived from (2.1) and the budget constraint
(2.3) (see Merton [30]). Note that because the coefficients in (2.1) are linear in
S, the latter does not appear explicitly in (2.4). Moreover, the budget constraint
results in eliminating the first control variable π0

s . The single control variable πs

is called admissible if it is Fs-measurable and satisfies the integrability constraint

E
∫ T
t
σ(Ys, s)

2π2
s ds < +∞. The set of admissible policies is denoted by A .

The next task is to introduce and analyze the three fundamental optimal in-
vestment problems via which the indifference prices for the writer and the buyer of
the derivative will be constructed. Throughout the analysis, it is assumed that the
individual preferences are modeled via an exponential utility function

U(x) = −e−γx, x ∈ R,(2.5)

with risk-aversion parameter γ > 0, and that they remain the same, independently of
whether the derivative is written, bought, or not traded at all. The first is the classi-
cal Merton portfolio optimization problem, appropriately modified to accommodate
stochastic volatility. Its value function is

V (x, y, t) = sup
A

E(−e−γXT | Xt = x, Yt = y),(2.6)

where X and Y solve (2.4) and (2.2), respectively. The investor seeks to maximize
his terminal expected utility.

If the derivative with payoff g(ST , YT ) is written, the writer’s value function is

uw(x, S, y, t) = sup
A

E(−e−γ(XT−g(ST ,YT )) | Xt = x, St = S, Yt = y),(2.7)

and if the derivative is bought, the buyer’s value function is

ub(x, S, y, t) = sup
A

E(−e−γ(XT +g(ST ,YT )) | Xt = x, St = S, Yt = y).(2.8)

It is immediate that

uw(x, S, y, t; g) = ub(x, S, y, t;−g).(2.9)

The payoffs in (2.7) and (2.8) reflect, respectively, the obligation of the writer and
the compensation of the buyer at expiration T .

A fundamental assumption is that both the writer and the buyer optimize over
the same set of admissible strategies . Moreover, the traditional no-bankruptcy con-
straint Xs ≥ 0 a.e. t ≤ s ≤ T is not imposed herein due to the fact that exponential
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utilities may allow for negative wealth levels. Imposing such constraints affects signif-
icantly the nature of the indifference prices and, in most cases, yields prices that are
considerably high and not applicable. For models with transaction costs, such issues
were studied by Constantinides and Zariphopoulou [6, 7].

We next review the definition of indifference prices (see Hodges and Neuberger
[21]). The writer’s indifference price of the European claim g(ST , YT ) is defined as
the amount hw = hw(x, S, y, t), such that the writer is indifferent to the following
two scenarios: optimize the utility payoff without writing the derivative and optimize
the utility payoff with the liability g(ST , YT ) at expiration, but with an initial com-
pensation hw(x, S, y, t) at the time of inscription t. Similarly, the indifference buyer’s
price of the European claim g(ST , YT ) is defined as the amount hb = hb(x, S, y, t)
such that the buyer is indifferent to the following two scenarios: optimize the utility
payoff without buying the derivative and optimize the utility payoff with the payoff
g(ST , YT ) at expiration, but with the initial cost hb(x, S, y, t) at the time of inscription
t.

Definition 2.1. The indifference prices hw and hb are defined by

V (x, y, t) = uw
(
x + hw(x, S, y, t), S, y, t

)
,(2.10)

V (x, y, t) = ub
(
x− hb(x, S, y, t), S, y, t

)
.(2.11)

The above definition allows for derivative prices that depend on the investor’s
wealth, as reflected in their x-argument. Such dependence might look like an undesir-
able feature given the wealth-independent prices that arbitrage-free theory yields in
complete markets. As the calculations below show, the choice of exponential utility
leads to wealth-independent prices, at least for the case of European claims and in
the absence of trading constraints. Wealth independence, however, might not hold
for other choices of risk preferences and/or trading constraints. In such situations,
universality may be achieved by relaxing the notion of indifference price to reservation
prices. The latter prices are defined as wealth-independent price bounds for which
the price equalities (2.10) and (2.11) hold as inequalities (see, for example, [6, 7]).

The value functions V , uw, and ub, whose arguments will yield the indifference
prices, may be studied via their associated HJB equations. Although these equations
are fully nonlinear, the convenience of the exponential utility function allows us to
construct classical solutions after an initial separation of variables. It follows from a
standard viscosity solution argument that these solutions coincide with the respective
value functions.

To facilitate the presentation, we introduce the following operators and Hamilto-
nians:

A(S,y)u =
1

2
σ(y, t)2S2uSS + ρσ(y, t)a(y, t)SuSy(2.12)

+
1

2
a(y, t)2uyy + µSuS + b(y, t)uy,

A(y)u =
1

2
a(y, t)2uyy + b(y, t)uy,(2.13)

H(S,y)(uxx, uxy, uxS , ux) = max
π

(
1

2
σ(y, t)2π2uxx + π(ρσ(y, t)a(y, t)uxy

+σ(y, t)2SuxS + µux)

)
,(2.14)

H(y)(uxx, uxy, ux) = max
π

(
1

2
σ(y, t)2π2uxx + π(ρσ(y, t)a(y, t)uxy + µux)

)
.(2.15)
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Note that A(S,y) is the infinitesimal generator of the Markov process (S, Y ), and A(y)

is the infinitesimal generator of Y , which is a Markov process by itself in our stochastic
volatility models.

The HJB equation associated with the value function uw defined in (2.7) is

ut + A(S,y)u + H(S,y)(uxx, uxy, uxS , ux) = 0,(2.16)

u(x, S, y, T ) = −e−γ(x−g(S,y)),

on D = R×R
+ ×R× [0, T ]. The relevant PDE for ub, defined in (2.8), is the same as

(2.16), with the sign of g changed in the terminal condition. For V , defined in (2.6),
we simply set g to zero and remove the S-derivatives from the equation (i.e., A(S,y)

and H(S,y) are replaced by A(y) and H(y), respectively).
In the theorems below, we produce a closed form expression for the value function

V and we provide regularity results for uw,b. The proofs are based on the construction
of a candidate solution that is actually smooth and therefore a classical solution of
the HJB equation. We readily identify it also as the unique viscosity solution and,
from there, by a standard argument, with the value function. The intermediate step
is required because classical verification theorems require polynomial growth (in x)
restrictions on the value functions, which do not hold with exponential utility.

For convenience, we introduce

L(S,y)u = A(S,y)u− ρ
µ

σ(y, t)
a(y, t)uy,(2.17)

L(y)u = A(y)u− ρ
µ

σ(y, t)
a(y, t)uy,(2.18)

M(GS , Gy, G) =
1

2
σ(y, t)2S2G

2
S

G
+ ρσ(y, t)a(y, t)S

GSGy

G
+

1

2
ρ2a(y, t)2

G2
y

G
.(2.19)

Theorem 2.2. The value function V is given by

V (x, y, t) = −e−γxf(y, t)
1

1−ρ2 ,(2.20)

where f solves

ft + L(y)f =
1

2
(1 − ρ2)

µ2

σ(y, t)2
f(2.21)

in y ∈ R, t < T , with f(y, T ) = 1 for y ∈ R.
Proof. We first consider a candidate solution of the form Ṽ (x, y, t) = −e−γxF (y, t).

This form is suggested by the scaling properties of the exponential utility. We recall
that V solves the HJB equation (2.16) for g = 0 which reduces to

Vt + H(y)(Vxx, Vxy, Vx) + A(y)u = 0,(2.22)

with V (x, y, T ) = −e−γx. Evaluating this equation at the candidate solution Ṽ yields
that F must satisfy the quasilinear equation

Ft + L(y)F =
1

2

µ2

σ(y, t)2
F +

1

2
ρ2a(y, t)2

F 2
y

F
,(2.23)

with F (y, T ) = 1. A power transformation F = fδ for δ = 1
1−ρ2 yields that f must

solve the linear PDE (2.21), with f(y, T ) = 1. The fact that the linear equation
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(2.21) has a unique smooth and bounded solution follows from Assumption 1 on
the coefficients (see [26, Theorem 2.9.10], for example). We then deduce that the
candidate Ṽ satisfies the HJB equation (2.22), with terminal value −e−γx, and it
is also smooth. Therefore, it is a classical solution of (2.22). To conclude, we use
uniqueness results for viscosity solutions of the HJB equation. This approach has
become by now familiar in incomplete market models (see [34] for an overview).

Following the arguments of Theorems 4.1 and 4.2 in [13], we deduce that the
value function V defined in (2.6) is the unique viscosity solution of (2.22). Uniqueness
holds in the class of functions that are concave and of exponential growth in the wealth
argument and are uniformly bounded in the variable y. (We note that in the model
analyzed in [13], market incompleteness was generated by stochastic labor income
modeled as a correlated diffusion. The two associated HJB equations have similar
nonlinearities, and the technical arguments work under rather minor modifications.)
We next observe that the candidate Ṽ is smooth and therefore a viscosity solution of
(2.22). Moreover, the assumptions on the model coefficients yield that it belongs to the
class of viscosity solutions in which uniqueness holds. Therefore, Ṽ ≡ V and the result
follows. Note that classical verification results (for instance, [14, Theorem III.8.1])
require more stringent polynomial growth conditions on the candidate solution, a
requirement that is bypassed by the viscosity arguments.

Definition 2.3. Let P be the historical measure. We define an equivalent mea-
sure P̃ by

dP̃

dP
= exp

(
−
∫ T

0

µ

σ(Ys, s)
dW 1

s − 1

2

∫ T

0

µ2

σ(Ys, s)2
ds

)
.

By Girsanov’s theorem, the dynamics of (S, Y ) under P̃ are

dSs = σ(Ys, s)Ss dW̃
1
s ,(2.24)

dYs =

(
b(Ys, s) − ρ

µ

σ(Ys, s)
a(Ys, s)

)
ds + a(Ys, s) (ρ dW̃ 1

s + ρ′dW̃ 2
s ),(2.25)

where W̃ 1
s = W 1

s +
∫ s
0

µ
σ(Yu,u) du and W̃ 2

s = W 2
s are independent P̃-Brownian motions.

The measure P̃ is often known as the minimal martingale measure [16].

From the formula (2.20) for V , the Feynman–Kac representation of the solution

to (2.21), and the definition of the measure P̃, we obtain the following proposition.

Proposition 2.4. The solution f of (2.21) admits the probabilistic representation

f(y, t) = E
P̃

(
e
−
∫ T

t

µ2(1−ρ2)

2σ(Ys,s)2
ds | Yt = y

)
,(2.26)

where the process Y satisfies (2.25). The value function V is then given by

V (x, y, t) = −e−γx

(
E

P̃

(
e
−
∫ T

t

µ2(1−ρ2)

2σ(Ys,s)2
ds | Yt = y

)) 1
1−ρ2

.(2.27)

Theorem 2.5. The writer’s value function uw is given by

uw(x, S, y, t) = −e−γxG(S, y, t),(2.28)
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where G ∈ C2,2,1(R+ × R × [0, T ]) is the unique bounded solution of the quasilinear
equation

Gt + L(S,y)G =
1

2

µ2

σ(y, t)2
G + M(GS , Gy, G),(2.29)

with G(S, y, T ) = eγg(S,y).
Proof. We look at a candidate solution of the form ũ(x, S, y, t) = −e−γxG(S, y, t).

Straightforward calculations in (2.16) imply that G must satisfy the quasilinear equa-
tion (2.29). Note that G must be positive as u is negative.

A logarithmic transformation G = eφ gives that φ should solve a quasilinear
equation with quadratic nonlinearity, namely,

φt + L(S,y)φ +
1

2
a(y)2(1 − ρ2)φ2

y =
µ2

2σ(y)2
,(2.30)

with φ(S, y, T ) = γg(S, y). Equation (2.30) is the familiar HJB equation of a quadratic
cost stochastic control problem (see Fleming and Rishel [15, section VI.5]). Under
Assumption 1, we obtain that φ is bounded, φ ∈ C2,2,1(R+ × R × [0, T ]), and that
it is the unique solution in this class (see, for example, Ladyzenskaja, Solonnikov,
and Uralceva [27], Fleming and Rishel [15], or Pham [32]). This in turn yields the
same properties for G. Following similar arguments as in the proof of Theorem 2.2 to
identify ũ as the unique viscosity solution of (2.16) and therefore the value function,
we conclude that uw = ũ.

We note that even though a simple power transformation can linearize the re-
duced equation (2.23) in the one dimensional case, quasilinear equations of the form
(2.29) cannot be linearized in higher dimensional settings unless the nonlinearity is a
quadratic in ∇G, where ∇ denotes the gradient with respect to the spatial variables,
and there are no cross-derivative terms. Of course under a logarithmic transformation,
one may reduce (2.29) to (2.30).

Before we construct the indifference prices, we introduce some convenient nota-
tion.

Lemma 2.1. Let

L(y, t) =
1

ρ′
a(y, t)

fy(y, t)

f(y, t)
,(2.31)

with f given in (2.26). Then under Assumption 1, L is smooth, and bounded.
Proof. From (2.21), f is positive, smooth, and bounded for fixed t < T under

Assumption 1. To establish that fy(y, t) is also smooth and bounded, it suffices to
differentiate (2.21) with respect to y and use the relevant probabilistic representation
of fy.

Theorem 2.6. (i) The writer’s indifference price hw is the unique C2,2,1(R+ ×
R × [0, T ]) bounded solution of the pricing equation

hw
t + L(S,y)hw + ρ′a(y, t)L(y, t)hw

y +
1

2
γ(1 − ρ2)a(y, t)2(hw

y )2 = 0(2.32)

with hw(S, y, T ) = g(S, y).
(ii) The buyer’s indifference price satisfies

hw(S, y, t; g) = −hb(S, y, t;−g)(2.33)
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and solves

hb
t + L(S,y)hb + ρ′a(y, t)L(y, t)hb

y −
1

2
γ(1 − ρ2)a(y, t)2(hb

y)
2 = 0(2.34)

with hb(S, y, T ) = g(S, y).
Proof. We discuss only the arguments for hw. To this end, we first observe that

the pricing equality (2.10) together with the representations (2.20) and (2.28) of the
value functions V and uw yield that hw is given by

hw(S, y, t) =
1

γ
ln

G(S, y, t)

f(y, t)1/(1−ρ2)
,(2.35)

and as such is independent of x. Direct substitution shows that hw solves the claimed
quasilinear equation (2.32). It also satisfies the terminal condition hw(S, y, T ) =
g(S, y). In (2.32), the coefficient of the additional hw

y term is smooth and bounded by
Lemma 2.1. The uniqueness and regularity results for hw follow from an appropriate
adaptation of Theorem 4.1 in Pham [32], which utilizes that (2.32), like (2.30) for φ,
is the HJB equation of a quadratic cost control problem. The parity property (2.33)
follows from the definition of the indifference prices and the properties of the value
functions uw and ub.

The indifference price equation (2.32) indicates that a new measure, defined below,
emerges from the utility-based valuation.

Definition 2.7. We define Q by

dQ
dP

= exp

(
−
∫ T

0

µ

σ(Ys, s)
dW 1

s +

∫ T

0

L(Ys, s) dW
2
s

− 1

2

∫ T

0

(
µ2

σ(Ys, s)2
+ L(Ys, s)

2

)
ds

)
.

In the language of stochastic volatility models, the function −L is a particular
market price of volatility risk (and Q a particular equivalent martingale measure),
as described in section 4.1.1. In fact, Q is the minimal relative entropy martingale
measure, as we discuss in section 2.1.

It is worth observing that the price equation (2.32) does not have a zeroth order
term or drift terms in S. It does not have a nonlinear term involving hS either. This is
an immediate consequence of the assumptions of zero interest rate and that the stock
is tradeable. We also observe that the only place where the risk-aversion coefficient γ
appears is in front of the non-linear term that directly reflects market incompleteness.
The latter has also a fixed sign with respect to γ which, in turn, yields the following
intuitive result.

Theorem 2.8. The writer’s (resp., buyer’s) indifference price is nondecreasing
(resp., nonincreasing) with respect to the risk-aversion parameter γ. As γ → 0, the
writer’s and buyer’s indifference prices satisfy

lim
γ↓0

hw,b(S, y, t) = EQ(g(ST , YT ) | St = S, Yt = y),(2.36)

where the measure Q is defined above.
Proof. We denote by hγ1 and hγ2 the writer’s indifference prices corresponding to

risk-aversion coefficients γ1 and γ2 with γ1 < γ2. Straightforward calculations show
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that hγ1 is a subsolution of the indifference pricing equation that hγ2 satisfies and that
hγ1(S, y, T ) = hγ2(S, y, T ). Using classical comparison results for (2.32), we conclude.

We observe that as γ → 0, the indifference pricing equation (2.32) formally con-
verges to the linear equation

h0
t + L(S,y)h0 + ρ′a(y, t)L(y, t)h0

y = 0(2.37)

with terminal condition h0(S, y, T ) = g(S, y). Under Assumption 1, the latter has a
unique smooth (and thus viscosity) solution given by the Feynman–Kac formula

h0(S, y, t) = EQ(g(ST , YT ) | St = S, Yt = y).(2.38)

The stability properties of viscosity solutions (see Lions [29, Proposition I.3]) yield
that {hγ(S, y, t)} converges, along subsequences, to the viscosity solution of (2.37)
and, by uniqueness, we conclude.

The analogous result for the buyer’s price follows from similar calculations.
Expressions such as (2.38) have also been obtained in other utility-based pricing

approaches [9, 25, 24]. It is well known that the indifference price (buyer’s or writer’s)
of α > 0 derivative contracts with bounded payoff g, written h(α; γ) as a function of
the quantity and risk-aversion parameter, satisfies

h(α; γ) = αh(1;αγ),

as is clear in the current context from the PDEs (2.32) and (2.34) by replacing g by
αg in the terminal condition and making the change of variable h = αh′. Therefore,
taking the limit of zero risk-aversion is analogous to taking the limit of the price per
unit h(α; γ)/α as α goes to zero (with γ > 0 fixed). This is how the “fair” price
is defined in [9], and the measure Q that arises in its characterization is labeled the
neutral pricing measure in [24]. In the next section, we also point out that Q is in
fact the minimal relative entropy measure.

2.1. Interpretation via relative entropy penalization. One way to inter-
pret the utility-based valuation mechanism is in terms of relative entropy penalization.
This is a specific example of the well-known connection between exponential utility
and entropy as discussed, for example, in [12, 33].

Recall that Q denotes the probability measure under which the dynamics of (S, Y )
are

dSs = σ(Ys, s)Ss dW
Q(1)
s ,(2.39)

dYs =

(
b(Ys, s) − ρ

µ

σ(Ys, s)
a(Ys, s) + ρ′a(Ys, s)L(Ys, s)

)
ds

+a(Ys, s) (ρ dWQ(1)
s + ρ′dWQ(2)

s ),

where W
Q(1)
s = W 1

s +
∫ s
0

µ
σ(Yu,u) du and W

Q(2)
s = W 2

s −
∫ s
0
L(Yu, u) du are independent

Q-Brownian motions. Note that Q is already a “risk-neutral” martingale measure
because S is a Q-martingale.

Then, let P
(λ) be any equivalent local martingale measure, which, in this context,

is parameterized by an adapted process, λ, say, with
∫ T
0
λ2
s ds < ∞ a.s., such that

dP
(λ)

dQ = exp

(
−
∫ T

0

λs dW
Q(2)
s − 1

2

∫ T

0

λ2
s ds

)
.
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That is, defining W
λ(2)
s = W

Q(2)
s +

∫ s
0
λu du, (WQ(1),Wλ(2)) are independent Brow-

nian motions under P
(λ), and the dynamics of (S, Y ) are described by (2.39) and

dYs =

(
b(Ys, s) − ρ

µ

σ(Ys, s)
a(Ys, s) + ρ′a(Ys, s)(L(Ys, s) − λs)

)
ds

+a(Ys, s) (ρ dWQ(1)
s + ρ′dWλ(2)

s ).

We can think of Q as a prior risk-neutral measure, and we define the relative entropy
Ht(P

(λ) | Q) between the conditional laws on the process {(Ss, Ys), t ≤ s ≤ T} starting
at the same point (S, y) at time t as follows. First, let (ξs) denote the Radon–Nikodym
process

ξs = EQ

(
dP

(λ)

dQ | Fs

)
.

We then define

Ht(P
(λ) | Q) = EP(λ) (ln(ξT /ξt) | Ft) .

By direct calculation, this is a quadratic penalization on the “additional” volatility
risk premium λ:

Ht(P
(λ) | Q) =

1

2
EP(λ)

(∫ T

t

λ2
s ds | Ft

)
.(2.40)

We denote by Mf the set of λ with

EP(λ)

(∫ T

0

λ2
s ds

)
< ∞,

which guarantees finiteness of the relative entropies Ht(P
(λ) | Q).

Therefore, we can interpret the writer’s indifference pricing mechanism as choos-
ing a measure which tries to maximize the derivative’s expected payout but is con-
strained from deviating too far from the prior in terms of relative entropy:

hw = sup
λ∈Mf

[
EP(λ) (g(ST , YT ) | Ft) −

1

γ
Ht(P

(λ) | Q)

]
.(2.41)

This is because the HJB equation associated with this stochastic control problem is
(2.32), as follows from using the formula (2.40). Notice that the upshot of the utility
mechanism is to identify the prior Q which does not depend on the risk-aversion γ
or the claim g being priced. The relative entropy arises naturally as the dual of the
exponential utility, and γ−1 weights the penalty term.

In [12], the writer’s indifference price (at time t = 0) is characterized as

hw = sup
Q∈Pf

[
EQ(g(ST , YT )) − 1

γ
H0(Q | P)

]
− sup

Q∈Pf

[
− 1

γ
H0(Q | P)

]
(2.42)

(their equation (5.6)) under quite general conditions. The set Pf consists of measures
Q that are absolutely continuous with respect to P, such that the wealth process X
is a (Q,F)-local martingale, and H0(Q | P) < ∞. In (2.42), the indifference price
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is given as the difference between the solutions of two optimization problems, with
P as the prior measure. Our expression (2.41) gives the indifference price under our
diffusion stochastic volatility models as the solution of a single optimization problem
with prior (risk-neutral) measure Q (which arises from the solution of the Merton
problem).

In fact, it is easy to show from the associated HJB equations that Q is the minimal
relative entropy martingale measure (see Fritelli [20]) solution of

sup
Q∈Pf

(−H0(Q | P))

and that

H0(Q | P) = − 1

1 − ρ2
ln f |t=0,

sup
Q∈Pf

[
EQ(g(ST , YT )) − 1

γ
H0(Q | P)

]
=

1

γ
lnG |t=0,

which connects (at time t = 0) our expression (2.35) with (2.42), which is taken from
[12].

Relative entropy minimization has been extensively used for calibration from mar-
ket data, with additional constraints that some benchmark derivative contracts are
priced exactly [2, 4]. The prior measure Q will also emerge later in section 3.1 in
obtaining bounds for the indifference prices.

3. Indifference price spreads. The indifference pricing equations (2.32) and
(2.34) do not in general have explicit solutions. Given that risk aversion is taken
into account in the utility-based valuation, one would naturally expect to recover
indifference prices in terms of the so-called certainty equivalent pricing rule. This is
in fact the classical risk-based pricing device used in the de facto incomplete insurance
market (see, for example, Bowers et al. [3]). However, as simple calculations show,
indifference prices do not correspond to straightforward generalizations of certainty
equivalents given that they result from an interplay between dynamic optimization
among investment opportunities and risk monitoring. We note that classical arbitrage-
free financial markets use a risk-neutral measure and incomplete insurance markets
use the historical one.

In what follows we aim at addressing some of the above issues by looking at
price bounds. We derive bounds on the indifference prices that involve characteristics
of linear and nonlinear prices, namely, expected payoffs, certainty equivalents, and
related pricing measures.

Proposition 3.1. Let P̃ be the minimal martingale measure described in Defini-
tion 2.3, and define

R(y, t) =
1

2γ

(
µ

σ(y, t)

)2

,

with µ/σ(y, t) being the (time-varying) Sharpe ratio of the traded stock, and

ζ(S, y, t) =
1

γ(1 − ρ2)
ln E

P̃

(
e
−γ(1−ρ2)

∫ T

t
R(Ys,s) ds | St = S, Yt = y

)
.
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(i) The writer’s indifference price hw satisfies

hw(S, y, t) ≤ 1

γ
ln E

P̃

(
e
γ
(
g(ST ,YT )−

∫ T

t
R(Ys,s) ds

)
| St = S, Yt = y

)
− ζ(S, y, t),(3.1)

hw(S, y, t) ≥ E
P̃

(
g(ST , YT ) −

∫ T

t

R(Ys, s) ds | St = S, Yt = y

)
− ζ(S, y, t).(3.2)

(ii) The buyer’s indifference price hb satisfies

hb(S, y, t) ≤ E
P̃

(
g(ST , YT ) +

∫ T

t

R(Ys, s) ds | St = S, Yt = y

)
+ ζ(S, y, t),

hb(S, y, t) ≥ − 1

γ
ln E

P̃

(
e
−γ
(
g(ST ,YT )+

∫ T

t
R(Ys,s) ds

)
| St = S, Yt = y

)
+ ζ(S, y, t).

Proof. We first present the arguments for the derivation of the lower bound (3.2).
We recall that

h(S, y, t) =
1

γ
ln

G(S, y, t)

V (y, t)
=

1

γ
ln

G(S, y, t)

f(y, t)1/(1−ρ2)
(3.3)

and that G solves (2.29). Because ρ2 ≤ 1 and G > 0, we easily conclude that G is a
supersolution of

Ḡt + L(S,y)Ḡ =
1

2

µ2

σ(y, t)2
Ḡ +

1

2
a2(y, t)

Ḡ2
y

Ḡ
+ ρσ(y, t)a(y, t)S

ḠSḠy

Ḡ
+

1

2
σ2(y, t)S2 Ḡ

2
S

Ḡ

(3.4)

and, thus,

G(S, y, t) ≥ Ḡ(S, y, t).(3.5)

The solution Ḡ to (3.4) can be derived via an exponential transformation Ḡ = eφ̄,
with φ̄ solving

φ̄t + L(S,y)φ̄ =
µ2

2σ2(y, t)
, φ̄(S, y, T ) = γg(S, y).(3.6)

Under the boundedness assumptions on the coefficients and payoff, (3.6) has a unique
classical solution, and φ̄ has the probabilistic representation

φ̄(S, y, t) = γE
P̃

(
g(ST , YT ) −

∫ T

t

R(Ys, s) ds | St = S, Yt = y

)
.(3.7)

Combining G ≥ eφ̄ with (3.3) and (2.26) gives the lower bound (3.2) for the writer’s
indifference price hw.

Following similar arguments, we can derive the upper bound for the indifference
price. In fact, from (2.19), M(GS , Gy, G) ≥ 0, so (2.29) yields

Gt + L(S,y)G ≥ µ2

2σ2(y, t)
G.



1340 RONNIE SIRCAR AND THALEIA ZARIPHOPOULOU

Therefore, G is a subsolution to

Ĝt + L(S,y)Ĝ =
µ2

2σ2(y, t)
Ĝ, Ĝ(S, y, T ) = eγg(S,y).(3.8)

This in turn yields G(S, y, t) ≤ Ĝ(S, y, t), and, in view of the probabilistic represen-
tation of the solution of (3.8), gives

G(S, y, t) ≤ E
P̃

(
e
γ
(
g(ST ,YT )−

∫ T

t
R(Ys,s) ds

)
| St = S, Yt = y

)
.

The upper bound (3.1) follows easily. Part(ii) can be derived from the parity formula
(2.33).

3.1. Alternative bounds. We continue with the derivation of alternative reser-
vation prices. We stress that the bounds derived below have rather natural and desir-
able properties. The lower bound is given by an arbitrage-free–type price of the payoff
g. This price corresponds to the limiting case γ → 0 described in Theorem 2.8. The
upper bound is given in terms of a certainty-equivalent–type price of the payoff g. It
corresponds to what the writer would charge under a pricing device based entirely on
static certainty equivalent valuation without taking into account dynamic rebalancing
and optimal investments. It is important to observe that all bounds are expressed in
terms of the same measure Q.

Theorem 3.2. Let Q be the measure introduced in Definition 2.7.
(i) The writer’s indifference price satisfies

EQ

(
g(ST , YT ) | St = S, Yt = y

)
≤ hw(S, y, t)

≤ 1

γ
ln EQ

(
eγg(ST ,YT ) | St = S, Yt = y

)
.(3.9)

(ii) The buyer’s indifference price satisfies

− 1

γ
ln EQ

(
e−γg(ST ,YT ) | St = S, Yt = y

)
≤ hb(S, y, t)

≤ EQ

(
g(ST , YT ) | St = S, Yt = y

)
.

Proof. We first construct appropriate sub- and supersolutions of (2.29). In par-
ticular, we look for sub- and supersolutions of the separable form M(y, t)N(S, y, t).
Inserting the above function in (2.29) yields⎧⎪⎪⎪⎨⎪⎪⎪⎩

N

(
Mt + L(y)M − 1

2
ρ2a2(y, t)

M2
y

M
− µ2

2σ2(y, t)
M

)

+ M

(
Nt + L(S,y)N + (1 − ρ2)a2(y, t)

My

M
Ny −M(NS , Ny, N)

)
= 0,

where M was defined in (2.19), and with M(y, T )N(S, y, T ) = eγg(S,y). Next, we
choose M and N to solve, respectively,

Mt + L(y)M =
µ2

2σ2(y, t)
M +

1

2
ρ2a2(y, t)

M2
y

M
,(3.10)
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with M(y, T ) = 1, and

Nt + L(S,y)N + (1 − ρ2)a2(y, t)
My

M
Ny = M(NS , Ny, N),(3.11)

with N(S, y, T ) = eγg(S,y). We observe that M and F solve the same equations, (3.10)
and (2.23), and satisfy the same terminal condition. By uniqueness, we deduce that
M ≡ F or, equivalently,

M(y, t) = f(y, t)1/(1−ρ2),(3.12)

with f solving (2.21). Therefore, we can write the solution of (2.29) as G(S, y, t) =

f(y, t)1/(1−ρ2)N(S, y, t), with N solving (3.11). It is worth observing that N solves
the quasilinear equation (3.11) that is similar to (2.29) but with two modifications;
namely, (3.11) does not have a potential term, and, also, its first derivative coefficient

contains the extra term (1 − ρ2)a2(y, t)
My(y,t)
M(y,t) .

Because of (3.12), we have

My(y, t)

M(y, t)
=

1

1 − ρ2

fy(y, t)

f(y, t)
,(3.13)

which is smooth and bounded as observed in Lemma 2.1. Therefore, (3.11) can be
written as {

Nt + L(S,y)N + ρ′a(y, t)L(y, t)Ny = M(NS , Ny, N),

N(S, y, T ) = eγg(S,y),
(3.14)

where L(y, t) was introduced in (2.31). Observing that M(NS , Ny, N) ≥ 0 and that
ρ2 ≤ 1, by arguments similar to the ones used in the derivation of the lower and upper
bounds, (3.2) and (3.1), respectively, we readily deduce that

N
¯
(S, y, t) ≤ N(S, y, t) ≤ N̄(S, y, t),(3.15)

where N
¯

and N̄ solve, respectively,

N̄t + L(S,y)N̄ + ρ′a(y, t)L(y, t)N̄y = 0,(3.16)

with N̄(S, y, T ) = eγg(S,y), and

N
¯ t + L(S,y)N

¯
+ ρ′a(y, t)L(y, t)N

¯ y =
1

2
a2(y, t)

N
¯

2
y

N
¯

+ ρa(y, t)σ(y, t)S
N
¯SN

¯ y

N
¯

(3.17)

+
1

2
σ2(y, t)S2N

¯SS ,

with N
¯
(S, y, T ) = eγg(S,y). The linear equation (3.16) has a unique classical solution

under Assumption 1, and the Feynman–Kac formula yields

N̄(S, y, t) = EQ

(
eγg(ST ,YT ) | St = S, Yt = y

)
,(3.18)

with Q given in Definition 2.7. Using an exponential transformation N
¯
(S, y, t) =

ek(S,y,t) gives that k must solve

kt + L(S,y)k + ρ′a(y, t)L(y, t)ky = 0,
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with k(S, y, T ) = γg(S, y), which has a unique classical solution under our assump-
tions. The same then follows for (3.17). The probabilistic representation for k is

k(S, y, t) = EQ

(
γg(ST , YT ) | St = S, Yt = y

)
.

Using (3.12) and (3.3), we deduce

1

γ
lnN

¯
(S, y, t) ≤ hw(S, y, t) ≤ 1

γ
ln N̄(S, y, t),

which yields the desired upper and lower bounds (3.9).
From these bounds, we easily obtain the following bounds on the price spread.
Proposition 3.3. The price spread hw − hb is bounded by

0 ≤ hw − hb ≤ 1

γ
ln
[
EQ

(
e−γg(ST ,YT ) | St = S, Yt = y

)
EQ

(
eγg(ST ,YT ) | St = S, Yt = y

)]
.

4. Fast mean-reverting stochastic volatility. We now study the indifference
price using asymptotic approximations. In this section, we assume the European
contract is a claim on ST only and not on YT . That is, g = g(ST ), as is usually the
case.

4.1. Stochastic volatility framework. For clarity of exposition, we take the
volatility-driving process (Yt) to be an Ornstein–Uhlenbeck (OU) process, namely,

dYt = α(m− Yt) dt + β (ρ dW 1
t + ρ′dW 2

t ),

where α is the rate of mean-reversion, m the long-run mean, and β the volatility
of the volatility factor Y , which we shall call the “v-vol.” In terms of the previous
notation, we have b(y) = α(m − y) and a(y) = β. The process admits a unique
invariant distribution, N (m, ν2), where ν2 = β2/(2α). We also define at this stage
the density of this distribution Φ(y) and the average 〈·〉 with respect to this density:

〈χ〉 =

∫
χΦ.

In particular, we denote by σ̄ the long-run (root-mean-square) volatility

σ̄ =
√
〈σ2〉.(4.1)

The utility-based pricing equation (2.32) describes the indifference price h as the
solution of a quasilinear differential equation depending on the risk-aversion parame-
ter γ, the level of the volatility driving process y, and the parameters of this model
α, β,m, ρ as well as the function σ(·). Given a fully specified model and parameters
estimated from data, we could compute the utility price by numerically discretiz-
ing (2.32). Another approach is to use asymptotic approximations that are exact in
some limit in which the problem simplifies. These can be used in certain parame-
ter ranges which may be valid in some markets. They also give a deeper analytical
understanding of the pricing mechanism and its relationship to modeling assumptions.

The limit we focus on here is fast mean-reversion of the volatility process, meaning
that α is large. We write

α = 1/ε, 0 < ε << 1,
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and we are interested in the limit ε ↓ 0 with the variance of the invariant distribution
ν2 fixed. This implies the scaling β =

√
2 ν/

√
ε. The choice of scaling is natural,

because it allows us to pick up the effects of both mean-reversion and v-vol in the
correction (first order) term of the approximation (4.10) below.

Evidence of a rapidly mean-reverting volatility factor in the S&P 500 is presented
in the empirical study [18] of high-frequency data. Another recent empirical study [1]
has found evidence of a fast volatility scale in exchange rate dynamics. Chernov et
al. [5] propose and give evidence from data for two-factor stochastic volatility models
in which one factor mean-reverts on a short time-scale. For present purposes, the
method of this section can be regarded as yielding an approximation whose validity
will depend on specific market conditions, in particular over time horizons when other
slower factors can be considered effectively constant. The extension to incorporate
slower scales using mixed singular and regular perturbation techniques is the subject
of future investigation.

This method was previously used for no-arbitrage derivative pricing and hedging
problems in Fouque, Papanicolaou, and Sircar [17]. The arguments were extended
for stochastic control problems in [23]. We summarize the main findings from the
former for no-arbitrage pricing and hedging European claims in order to compare the
analogous results for the indifference pricing mechanism.

4.1.1. No-arbitrage pricing of European claims. Let P (S, y, t) be the pric-
ing function for a European claim with payoff g(ST ). By no-arbitrage arguments, this
price is given by

P (S, y, t) = E
(λm){g(ST ) | St = S, Yt = y},(4.2)

where the expectation is taken with respect to the equivalent martingale measure
P

(λm), and λm is the market price of volatility risk. We assume that λm = λm(Yt)
in that it is a bounded function of Yt only and therefore that (S, Y ) is also a Markov
process under P

(λm), which justifies the notation in (4.2). This premium is implicit in
the prices of liquidly traded options or the market-set implied volatility skew. Under
the measure P

(λm), the dynamics of (S, Y ) can be written

dSt = σ(Yt)St dW
�
t ,

dYt =

[
1

ε
(m− Yt) −

ν
√

2√
ε

(
ρ

µ

σ(Yt)
− ρ′λm(Yt)

)]
dt +

ν
√

2√
ε

(ρ dW �
t + ρ′dZ�

t ) ,

where (W �
t ) and (Z�

t ) are independent P
(λm)-Brownian motions.

We make the following assumption.
Assumption 2. The market price of volatility risk function λm(·) is smooth and

bounded.
The analysis of [17, Chapter 5] leads to the following approximation for P in the

limit of fast mean-reversion:

P (S, y, t) ≈ P (0)(S, t) + P̃ (1)(S, t),(4.3)

where P (0)(S, t) is the Black–Scholes pricing function for the claim using the long-
run average volatility parameter σ̄ which is related to the original stochastic volatility
model through (4.1). In other words, P (0)(S, t) solves the Black–Scholes PDE problem

LBS(σ̄)P (0) = 0; t < T,(4.4)

P (0)(S, T ) = g(S),
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where

LBS(σ̄) =
∂

∂t
+

1

2
σ̄2S2 ∂2

∂S2
,(4.5)

the Black–Scholes differential operator at volatility level σ̄. Under Assumptions 1 and
2, P (0) is smooth and bounded with bounded derivatives.

The correction term P̃ (1) accounting for stochastic volatility effects is given by

P̃ (1)(S, t) = −(T − t)
(
V2S

2P
(0)
SS + V3S

3P
(0)
SSS

)
(4.6)

for some constants V2 and V3 related to the original parameters and the functions σ
and λm by formulas given below. In the case of smooth payoff g, we have the following
convergence result, shown in [17]. We use the order notation

f(ε) = O(g(ε)), as ε ↓ 0 ⇒ lim
ε↓0

f(ε)

g(ε)
= c,

for some constant c independent of ε, and f(ε) = o(g(ε)) if c = 0.
Proposition 4.1. Under Assumptions 1 and 2, for a fixed point (S, y, t),

|P (S, y, t) − (P (0)(S, t) + P̃ (1)(S, t))| = O(ε).(4.7)

For the case of call and put options when the payoff is only C0, the following
convergence result is proved in [19] using a regularization technique.

Proposition 4.2. Under Assumptions 1 and 2, for a fixed point (S, y, t),

|P (S, y, t) − (P (0)(S, t) + P̃ (1)(S, t))| = o(ε| log ε|1+p)

for any p > 0.
In Theorem 4.3 below, we prove the analogue of (4.7) for smooth and bounded g

and the indifference pricing mechanism.
We note the following points about the approximation (4.3).
• To this level, namely, zeroth plus first order of approximation, the price is

insensitive to the present level of the stochastic volatility process σ(Yt).
• The group parameters V2 and V3 are related to the original model as follows:

V2 =
ν√
2α

(
2ρ〈σψ′

1〉 −
〈(µρ

σ
+ ρ′λm

)
ψ′

1

〉)
,(4.8)

V3 =
ρν√
2α

〈σψ′
1〉,(4.9)

where ν2 = β2/(2α) and ψ1(y) is a solution of the Poisson equation (4.23)
below. In practice, these relations are not used and V2 and V3 are estimated
directly from the market-implied volatility skew and then can be used for
pricing American and exotic claims to the same order of approximation.

• The formulas (4.8) and (4.9) show that V2 and V3 are of order 1/
√
α and

so are small under the assumption of fast mean-reversion. Moreover, V3 is
zero when ρ = 0 and in the case of nonzero correlation, the third-derivative
term describes the leverage effect. In the case of equities, ρ is typically neg-
ative and returns distributions are asymmetric with a fatter left tail. The
second-derivative term contains effects due to the extra kurtosis of stochastic
volatility models over geometric Brownian motion, and the market price of
volatility risk λm.
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• Finally, the approximation is robust in the sense that it does not depend on
specification of σ or λm within the class of functions described in Assumptions
1 and 2.

4.2. Approximation of indifference prices and interpretation. The main
result of this section is the following theorem.

Theorem 4.3. Let h denote either the writer’s or the buyer’s indifference price,
defined in (2.10) and (2.11). Under Assumption 1, for a fixed point (S, y, t),

|h(S, y, t) − (P (0)(S, t) − (T − t)(V3S
3P

(0)
SSS + V

(0)
2 S2P

(0)
SS ))| = O(ε).(4.10)

Here, V3 is defined in (4.9) and V
(0)
2 denotes V2 defined in (4.8), with λm = 0.

Comparing with the no-arbitrage fast mean-reverting stochastic volatility approx-
imation (4.6), we see from (4.8) that to this order of approximation, the (writer’s or
buyer’s) utility indifference price is exactly the no-arbitrage price in which there is
zero risk premium from the second Brownian motion (λm(·) ≡ 0). In particular, the
risk-aversion coefficient γ does not appear in these first two terms of the approxima-
tion.

The intuition for this is best understood from the relative entropy formulation of
the indifference pricing mechanism discussed in section 2.1. Given a prior risk-neutral
measure Q under which the volatility is fast mean-reverting, the utility pricer does
not use his freedom to deviate from this belief up to the level of accuracy we have
computed. In particular, he would have to choose a very large volatility risk premium
λ in (2.41) for the asymptotics to lead to a different approximation in the first two
terms, and this is penalized heavily by the entropy.

4.3. Expansions for indifference prices. To produce an asymptotic expan-
sion for the indifference price, one may either analyze the indifference price equation
(2.32) directly or, alternatively, approximate the value functions V and u involved
in the pricing mechanism and, subsequently, approximate h via (2.10). We choose
to proceed in the latter way because it also gives, as an intermediate output, useful
results for the optimization problems that are interconnected with the utility-based
prices.

We recall that the value functions u and V of the writer and the plain investor,
respectively, can be written u(x, S, y, t) = −e−γxG(S, y, t), with G solving (2.29), and
V (x, y, t) = −e−γxF (y, t), with F solving (2.23), and that the indifference price is
given by

h(S, y, t) =
1

γ
ln

G(S, y, t)

F (y, t)
.(4.11)

It is convenient to work with the logarithmic transformations of G and F . To this
end, we set

G = eφ, F = eψ,(4.12)

where φ(S, y, t) solves (2.30) and ψ(y, t) solves

ψt + L(y)ψ +
1

2
a(y)2(1 − ρ2)ψ2

y −
µ2

2σ(y)2
= 0,(4.13)

with ψ(y, T ) = 0. In the latter case, we could as easily work with f , which solves
the linear equation (2.21), but since we will need the expansion for φ, it is simpler to
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construct that and then obtain the expansion for ψ by setting g ≡ 0 and removing
the S dependence.

The first two terms of the asymptotic expansions of φ and ψ in powers of
√
ε are

summarized in the following proposition, which is proven in the following sections.
Proposition 4.4. Under Assumption 1, for a fixed point (S, y, t) the following

hold.
(i) The first two terms of the expansion for φ, solution of (2.30), lead to the

approximation

|φ(S, y, t) − (φ(0)(S, t) + φ̃(1)(S, t))| = O(ε),(4.14)

where

φ(0)(S, t) = γP (0)(S, t) − µ2

2σ2
�

(T − t),(4.15)

φ̃(1)(S, t) = −γ(T − t)

[
V3S

3P
(0)
SSS(S, t) + V

(0)
2 S2P

(0)
SS (S, t) +

µ3C4

γ

]
.(4.16)

Here, V3 is defined in (4.9), V
(0)
2 denotes V2 defined in (4.8), with λm = 0, C4 is a

market constant, C4 = ρν√
2α

〈ψ
′
2

σ 〉, with ψ2 defined below in (4.24), and

σ̄2 = 〈σ2〉, 1

σ2
�

=

〈
1

σ2

〉
.(4.17)

(ii) The first two terms of the expansion for ψ, solution of (4.13), lead to the
approximation

|ψ(S, y, t) − (ψ(0)(S, t) + ψ̃(1)(S, t))| = O(ε),(4.18)

where

ψ(0)(S, t) = − µ2

2σ2
�

(T − t), ψ̃(1)(S, t) = −(T − t)µ3C4.

Before we give the proof of Proposition 4.4, we introduce some convenient nota-
tion.

4.4. Operator notation. We write (2.30) in the compact form

Lεφ +
ν2

ε
(1 − ρ2)φ2

y =
µ2

2σ(y)2
,(4.19)

where we define

Lε =
1

ε
L0 +

1√
ε
L1 + L2,

L0 = ν2 ∂2

∂y2
+ (m− y)

∂

∂y
,(4.20)

L1 =
√

2 ρν

(
σ(y)S

∂2

∂S∂y
− µ

σ(y)

∂

∂y

)
,

L2 =
∂

∂t
+

1

2
σ(y)2S2 ∂2

∂S2
.

We notice that
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1. L0 is the infinitesimal generator of the OU process with unit rate of mean-
reversion;

2. L1 takes derivatives in y and so kills any function that does not depend on
y; and

3. L2 = LBS(σ(y)), where LBS(·) is the Black–Scholes differential operator as
a function of the volatility level defined in (4.5).

4.5. Proof of Proposition 4.4. We first describe an expansion of the form

φ(S, y, t) = φ(0)(S, y, t) +
√
εφ(1)(S, y, t) + εφ(2)(S, y, t)

+ ε3/2φ(2)(S, y, t) − Zε(S, y, t),(4.21)

and write an equation for the error term Zε.

We define φ(0) and
√
εφ(1) = φ̃(1) by (4.15) and (4.16), respectively. In particular,

φ(0) and φ(1) do not depend on y, and, by the smoothness assumptions on g, they are
also smooth.

We define φ(2) by

φ(2)(S, y, t) = −1

2
ψ1(y)S

2φ
(0)
SS +

µ2

2
ψ2(y),(4.22)

where ψ1 and ψ2 are solutions of the Poisson equations

L0ψ1 = σ(y)2 − σ̄2,(4.23)

L0ψ2 =
1

σ(y)2
− 1

σ2
�

.(4.24)

The average volatilities σ̄ and σ� are defined in (4.17) and are finite as σ is bounded.
The expressions (4.15), (4.16), and (4.22) are motivated by a formal expansion. Fi-
nally, we define φ(3)(S, y, t) by

φ(3)(S, y, t) =
ρν√

2

[
ψ3(y)(S

3φ
(0)
SSS + 2S2φ

(0)
SS) − µψ4(y)S

2φ
(0)
SS − µψ5(y)

]
,(4.25)

where ψ3, ψ4, and ψ5 are solutions of the Poisson equations

L0ψ3 = σ(y)ψ′
1(y) − 〈σψ′

1〉,(4.26)

L0ψ4 =
ψ′

1(y)

σ(y)
−
〈
ψ′

1

σ

〉
,(4.27)

L0ψ5 =
ψ′

2(y)

σ(y)
−
〈
ψ′

2

σ

〉
.(4.28)

Here, φ(3) has been chosen to be a solution of

L0φ
(3) + L1φ

(2) + L2φ
(1) = 0,

which is a Poisson equation (in y). Its solvability condition (see [17, section 5.2.2]) is

〈L2φ
(1) + L1φ

(2)〉 = 0,(4.29)

which is satisfied because that is how φ(1) and φ(2) were chosen.
Lemma 4.1. The functions φ(2) and φ(3) are smooth as functions of S and t and

can be chosen to be at most logarithmically growing in y at infinity.
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Proof. As shown in [19, Appendix C], the boundedness assumption on σ implies
that we can choose ψ1 and ψ2 to be at most logarithmically growing at infinity:

|ψ1,2(y)| ≤ c(1 + ln(1 + |y|))

for some constant c. In particular, the derivatives ψ′
1,2 are bounded, and the right-

hand sides of (4.26)–(4.28) are therefore bounded. Then we can also choose ψ3, ψ4,
and ψ5 to be at most logarithmically growing at infinity. Since φ(0)(S, t) and φ(1)(S, t)
are smooth, the result follows from the explicit expressions (4.22) and (4.25).

We assume hereon that φ(2) and φ(3) are chosen to be at most logarithmically
growing in y at infinity.

Inserting the expansion (4.21) into the PDE (2.30), we obtain the following equa-
tion and terminal condition for Zε:

LεZε + 2ν2(1 − ρ2)(φ(2)
y +

√
εφ(3)

y )Zε
y − ν2

ε
(1 − ρ2)(Zε

y)
2 = εJ,(4.30)

Z ε(S, y, T ) = εK(S, y).(4.31)

In this calculation, we have used the fact that φ(0), φ(1), φ(2), and φ(3) satisfy

L0φ
(0) + ν2(1 − ρ2)(φ(0)

y )2 = 0, L0φ
(1) + L1φ

(0) = 0,

L0φ
(2) + L1φ

(1) + L2φ
(0) =

µ2

2σ(y)2
,(4.32)

as well as the solvability condition (4.29) for (4.32).
In (4.30) and (4.31), the source term J and terminal data K are given by

J = L1φ
(3) + L2φ

(2) +
√
εL2φ

(3) + ν2(1 − ρ2)
(
φ(2)
y +

√
εφ(3)

y

)2

,(4.33)

K = φ(2)(S, y, T ) +
√
εφ(3)(S, y, T ).(4.34)

From Lemma 4.1, it follows that J and K are smooth and at most logarithmically
growing in y at infinity. Notice that Zε is the unique classical solution of a quasilinear
parabolic PDE problem. Defining

θ(S, y, t) = 2ν2(1 − ρ2)
(
φ(2)
y +

√
εφ(3)

y

)
,(4.35)

we can write (4.30) as

L̂εZε = εJ +
ν2

ε
(1 − ρ2)(Zε

y)
2,(4.36)

where L̂ε = Lε + θ(S, y, t) ∂
∂y is a linear parabolic operator. Notice that θ is bounded.

Lemma 4.2. Let Z̄ε(S, y, t) be the unique classical solution of the linear PDE
problem

L̂εZ̄ε = εJ,(4.37)

Z̄ε(S, y, T ) = εK(S, y).

Then Zε ≤ Z̄ε.
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Proof. The result follows from the nonnegativity of the nonlinear term in (4.36)
and classical comparison results for linear parabolic equations.

Lemma 4.3. Define Zε(S, y, t) by Zε = − ln q̄ε, where q̄ε(S, y, t) is the unique
classical solution of the linear PDE problem

L̂εq̄ε + εJq̄ε = 0,(4.38)

q̄ε(S, y, T ) = e−εK(S,y).

Then Zε ≥ Zε.
Proof. We first observe that qε = e−Zε

satisfies

L̂εqε + εJqε =
1

2qε

(
ρν

√
2√

ε
qεy + σ(y)SqεS

)2

,(4.39)

with terminal condition

qε(S, y, T ) = e−εK(S,y).

By the nonnegativity of the nonlinear term on the right-hand side of (4.39) and
classical comparison results for linear parabolic equations, the result follows.

We next need to show that the upper and lower bounds go to zero with ε.
Lemma 4.4. At fixed (S, y, t),

Z̄(S, y, t) = O(ε).

Proof. We can write the probabilistic representation of (4.37),

Z̄ε(S, y, t) = E
�

(
εK(ŜT , ŶT ) − ε

∫ T

t

J(Ŝu, Ŷu, u) du | Ŝt = S, Ŷt = y

)
,(4.40)

in terms of the processes (Ŝ, Ŷ ) defined by

dŜ = σ(Ŷ )Ŝ
(
ρ dB̂1 + ρ′dB̂2

)
,

dŶ =
1

ε

(
(m− Ŷ ) −

√
2ε

ρνµ

σ(Ŷ )
+ εθ(Ŝ, Ŷ , t)

)
dt +

ν
√

2√
ε

dB̂1,(4.41)

on some probability space (Ω̂, F̂ , (F̂t), P̂
�) where B̂1 and B̂2 are independent Brownian

motions and where E
� denotes expectation with respect to P̂

�. This is because the
infinitesimal generator of (Ŝ, Ŷ ) is L̂ε.

We recall that J(S, y, t) and K(S, y) are at most logarithmically growing as func-
tions of y and are bounded as functions of (S, t). Then the expectation (4.40) can be
bounded by a combination of terms of the form εE�{χ(Ŷu) | Ŝt = S, Ŷt = y}, with
t < u ≤ T , for some logarithmically growing functions χ. Using Lemma 4.6 below, for
ε sufficiently small, the terms E

�{χ(Ŷu) | Ŝt = S, Ŷt = y} are bounded independent
of ε. The result follows from (4.40).

Lemma 4.5. At fixed (S, y, t),

Z(S, y, t) = O(ε).
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Proof. The solution of (4.38) has the probabilistic representation, via the Feynman–
Kac formula

q̄ε(S, y, t) = E
�

{
exp

(
−εK(ŜT , ŶT ) + ε

∫ T

t

J(Ŝu, Ŷu, u) du

)
| Ŝt = S, Ŷt = y

}
,

where (Ŝ, Ŷ ) were defined in the previous lemma. From the properties of J and K,
this can be bounded above by

E
�

{
exp

(
εχ(ŶT , T ) + ε

∫ T

t

χ(Ŷu, u) du

)
| Ŝt = S, Ŷt = y

}

for some functions χ at most logarithmically growing in Ŷ . From the ε-independent
exponential moments of Ŷ given in Lemma 4.6 below, it follows that

q̄ε(S, y, t) = 1 + O(ε)

for fixed (S, y, t). The result follows from Zε = − ln q̄ε.
Lemma 4.6. For Ŷ defined in (4.41), there exist some ε0 > 0 and a constant

C(t, T, v, y), independent of ε, such that for any t ≤ s ≤ T and 0 < ε < ε0,

E
�{evŶs | Ŝt = S, Ŷt = y} < C(t, T, v, y).

Proof. The proof is a modification of [8, Proposition 2]. We first rewrite (4.41) as

dŶt =

(
1

ε
(m− Ŷt) −

ν
√

2√
ε

Λ(Ŝ, Ŷ , t)

)
dt +

ν
√

2√
ε

dB̂1
t ,

with

Λ(S, y, t) =
ρµ

σ(y)
−
√
ε
θ(S, y, t)

ν
√

2
,

where θ was defined in (4.35). Since θ is bounded, for any ε0 > 0 and 0 < ε < ε0, Λ
is bounded independent of ε.

Next, using Girsanov’s theorem, we define an equivalent measure P̂ under which
Ŷ is a standard OU process. Introducing Ŵ 1

t = B̂1
t −
∫ t
0

Λ(Ŝu, Ŷu, u) du, we define P̂

by

dP̂
�

dP̂
= M

(Λ)
T ,

where

M (Λ)
s = e

−
∫ s

t
Λ(Ŝu,Ŷu,u)dŴ 1

u− 1
2

∫ s

t
Λ(Ŝu,Ŷu,u)2du

.

Then Ŵ 1 is a P̂-Brownian motion and M (Λ) is a (P̂, (F̂t))-martingale.
Now we have

E
�{evŶs | Ŝt = S, Ŷt = y} = E{evŶsM (Λ)

s | Ŝt = S, Ŷt = y},(4.42)
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where E denotes the expectation under P̂. We rewrite (4.42) as

E{evŶsM (Λ)
s | Ŝt = S, Ŷt = y} = E

{
evŶse

1
2

∫ s

t
Λ(Ŝu,Ŷu,u)2du

√
M

(2Λ)
s | Ŝt = S, Ŷt = y

}
,

and, using the Cauchy–Schwarz inequality, we deduce that

E
�{evŶs | Ŝt = S, Ŷt = y} ≤

√
E

{
e2vŶse

∫ s

t
Λ(Ŝu,Ŷu,u)2du | Ŝt = S, Ŷt = y

}
,(4.43)

since M (2Λ) is a martingale with expected value equal to one. Therefore,

E
�{evŶs | Ŝt = S, Ŷt = y} ≤ e

1
2 (s−t)||Λ||2∞

√
E

{
e2vŶs | Ŝt = S, Ŷt = y

}
.(4.44)

Under P̂, the dynamics of Ŷ are given by

dŶt =
1

ε
(m− Ŷt) dt +

ν
√

2√
ε

dŴ 1
t .

That is, it is an autonomous standard OU process. From [8, Lemma 2], there exists
a constant c(v, y) such that for any t ≤ s ≤ T and ε > 0 we have

E{evŶs | Ŝt = S, Ŷt = y} ≤ c(v, y).

The result follows by setting

C(t, T, v, y) = e
1
2 (T−t)||λ||2∞

√
c(2v, y).

Combining these results, we have

O(ε) = − ln q̄ε(S, y, t) ≤ Zε(S, y, t) ≤ Z̄ε(S, y, t) = O(ε)

for fixed (S, y, t). It follows that

Zε(S, y, t) → 0 as ε ↓ 0,

and part (i) of Proposition 4.4 follows from (4.21).

The proof of convergence of the approximation (4.18) for the solution ψ of (4.13)
is a simpler version of the preceding, setting g ≡ 0 and thereby removing the S-
dependences.

4.6. Proof of Theorem 4.3. From (4.11) and (4.12), we have that

h(S, y, t) =
1

γ
(φ(S, y, t) − ψ(S, y, t)).

Using (4.14) and (4.18) and the triangle inequality trivially leads to (4.10), completing
the proof.
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5. Conclusions. The practical implications of the preceding analysis are pricing
spreads in section 3 that can be tuned by the pricer’s risk aversion; robust asymptotic
approximations in section 4 that do not require precise specification of a stochas-
tic volatility model; and analytical results for the problem of optimizing a portfolio
consisting of dynamic positions in a liquid underlying asset combined with a static
position in a derivative security. Such a problem is important in incomplete markets
when investors would like to use derivatives to “trade volatility” indirectly but cannot
rebalance frequently because of high transaction costs. Our results herein are applied
to this problem in work in preparation.

Many questions about the utility pricing mechanism remain for future investiga-
tion: the implications for hedging derivative risk; the effect on implied volatilities,
especially the term-structure, or variation with time-to-maturity; the multidimen-
sional problem, meaning both the case of multifactor stochastic volatility models
(where perhaps one factor is slow and another is fast mean-reverting), and the case
of options on a basket of stocks. Mathematically, the main challenge is in extending
the present analysis to the important cases of unbounded and nonsmooth payoffs.

REFERENCES

[1] S. Alizadeh, M. Brandt, and F. Diebold, Range-based estimation of stochastic volatility
models, J. Finance, 57 (2002), pp. 1047–1092.

[2] M. Avellaneda, The minimum-entropy algorithm and related methods for calibrating asset-
pricing models, Doc. Math., extra volume III (1998), pp. 545–563.

[3] N.L. Bowers, H.U. Gerber, J.C. Hickman, and D.A. Jones, Actuarial Mathematics, 2nd
ed., Society of Actuaries, Schaumburg, IL, 1997.

[4] R. Carmona and L. Xu, Calibrating Arbitrage-Free Stochastic Volatility Models by Relative
Entropy Method, Technical report, CEOR, Princeton University, Princeton, NJ, 1997.

[5] M. Chernov, R. Gallant, E. Ghysels, and G. Tauchen, Alternative models for stock price
dynamics, J. Econometrics, 116 (2003), pp. 225–257.

[6] G.M. Constantinides and T. Zariphopoulou, Bounds on prices of contingent claims in
an intertemporal economy with proportional transaction costs and general preferences,
Finance Stoch., 3 (1999), pp. 345–369.

[7] G.M. Constantinides and T. Zariphopoulou, Bounds on derivative prices in an intertem-
poral setting with proportional transaction costs and multiple securities, Math. Finance,
11 (2001), pp. 331–346.

[8] P. Cotton, J.-P. Fouque, G. Papanicolaou, and K.R. Sircar, Stochastic volatility correc-
tions for interest rate derivatives, Math. Finance, 14 (2004), pp. 173–200.

[9] M.H.A. Davis, Option pricing in incomplete markets, in Mathematics of Derivative Securities,
M.A.H. Dempster and S.R. Pliska, eds., Cambridge University Press, Cambridge, UK,
1997, pp. 216–226.

[10] M.H.A. Davis, Optimal Hedging with Basis Risk, Technical report, Vienna University of Tech-
nology, Vienna, Austria, 2000.

[11] M.H.A. Davis, V. G. Panas, and T. Zariphopoulou, European option pricing with transac-
tion costs, SIAM J. Control Optim., 31 (1993), pp. 470–493.

[12] F. Delbaen, P. Grandits, T. Rheinlander, D. Samperi, M. Schweizer, and C. Striker,
Exponential hedging and entropic penalties, Math. Finance, 12 (2002), pp. 99–123.

[13] D. Duffie and T. Zariphopoulou, Optimal investment with undiversifiable income risk,
Math. Finance, 3 (1993), pp. 135–148.

[14] W.H. Fleming and H.M. Soner, Controlled Markov Processes and Viscosity Solutions,
Springer-Verlag, New York, 1993.

[15] W.H. Fleming and R.W. Rishel, Deterministic and Stochastic Optimal Control, Springer-
Verlag, New York, 1975.

[16] H. Foellmer and M. Schweizer, Hedging of contingent claims under incomplete information,
in Applied Stochastic Analysis, M.H.A. Davis and R.J. Elliott, eds., Gordon and Breach,
London, 1990.

[17] J.-P. Fouque, G. Papanicolaou, and K.R. Sircar, Derivatives in Financial Markets with
Stochastic Volatility, Cambridge University Press, Cambridge, UK, 2000.



UTILITY PRICES UNDER RANDOM VOLATILITY 1353

[18] J.-P. Fouque, G. Papanicolaou, K.R. Sircar, and K. Solna, Short time-scale in S&P 500
volatility, J. Computat. Finance, 6 (2003), pp. 1–23.

[19] J.-P. Fouque, G. Papanicolaou, K.R. Sircar, and K. Solna, Singular perturbations in
option pricing, SIAM J. Appl. Math., 63 (2003), pp. 1648–1665.

[20] M. Fritelli, The minimal entropy martingale measure and the valuation problem in incom-
plete markets, Math. Finance, 10 (2000), pp. 39–52.

[21] S. Hodges and A. Neuberger, Optimal replication of contingent claims under transaction
costs, Rev. Futures Markets, 8 (1989), pp. 222–239.

[22] J. Hull and A. White, The pricing of options on assets with stochastic volatilities, J. Finance,
42 (1987), pp. 281–300.

[23] M. Jonsson and K.R. Sircar, Partial hedging in a stochastic volatility environment, Math.
Finance, 12 (2002), pp. 375–409.

[24] J. Kallsen, Utility-based derivative pricing in incomplete markets, in Mathematical Finance
Finance Bachelier Congress 2000, Springer-Verlag, New York, 2000, pp. 313–338.

[25] I. Karatzas and S. Kou, On the pricing of contingent claims under constraints, Ann. Appl.
Probab., 6 (1996), pp. 321–369.

[26] N.V. Krylov, Controlled Diffusion Processes, Springer-Verlag, New York, 1980.
[27] O.A. Ladyzenskaja, V.A. Solonnikov, and N.N. Uralceva, Linear and Quasilinear Equa-

tions of Parabolic Type, Transl. Math. Monogr. 23, AMS, Providence, RI, 1968.
[28] P.-L. Lions, Optimal control of diffusion processes and Hamilton-Jacobi-Bellman equations.

Part 1: The dynamic programming principle and applications, Comm. Partial Differential
Equations, 8 (1983), pp. 1101–74.

[29] P.-L. Lions, Optimal control of diffusion processes and Hamilton-Jacobi-Bellman equations.
Part 2: Viscosity solutions and uniqueness, Comm. Partial Differential Equations, 8 (1983),
pp. 1229–76.

[30] R. C. Merton, Lifetime portfolio selection under uncertainty: The continuous-time case, Rev.
Econom. Statist., 51 (1969), pp. 247–257.

[31] M. Musiela and T. Zariphopoulou, An example of indifference prices under exponential
preferences, Finance Stoch., 8 (2004), pp. 229–239.

[32] H. Pham, Smooth solutions to optimal investment models with stochastic volatilities and port-
folio constraints, Appl. Math. Optim., 46 (2002), pp. 55–78.

[33] R. Rouge and N. ElKaroui, Pricing via utility maximization and entropy, Math. Finance,
10 (2000), pp. 259–276.

[34] T. Zariphopoulou, Stochastic control methods in asset pricing, in Handbook of Stochastic
Analysis and Applications, D. Kannan and V. Lakshmikanathan, eds., Marcel Dekker,
New York, 2001.



NEUMANN BOUNDARY CONTROL OF HYPERBOLIC EQUATIONS
WITH POINTWISE STATE CONSTRAINTS∗

BORIS S. MORDUKHOVICH† AND JEAN-PIERRE RAYMOND‡

SIAM J. CONTROL OPTIM. c© 2005 Society for Industrial and Applied Mathematics
Vol. 43, No. 4, pp. 1354–1372

Abstract. We consider optimal control problems for hyperbolic equations with controls in Neu-
mann boundary conditions with pointwise constraints on the control and state functions. Focusing on
the multidimensional wave equation with a nonlinear term, we derive new necessary optimality con-
ditions in the form of a pointwise Pontryagin maximum principle for the state-constrained problem
under consideration. Our approach is based on modern methods of variational analysis that allow
us to obtain refined necessary optimality conditions with no convexity assumptions on integrands in
the minimizing cost functional.
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1. Introduction. This paper is concerned with optimal control problems for
hyperbolic equations with controls in Neumann boundary conditions in the presence
of pointwise constraints on the control and state functions. It is well known that
state-constrained control problems are among the most challenging and difficult in
dynamic optimization; see, e.g., [2, 3, 4, 7, 9, 17, 22, 25] and their references for state-
constrained problems governed by parabolic and elliptic partial differential equations.
To the best of our knowledge, such optimal control problems have not been studied
yet for semilinear hyperbolic equations with controls in Neumann boundary conditions,
which is the objective of this paper. For problems with no state constraints we refer
to [18], where an optimal control problem for a semilinear hyperbolic equation with
controls in Neumann boundary conditions has been studied.

Let Ω be an open bounded domain in R
N , with a boundary Γ of class C2, and

let T be a positive time. We mainly pay attention to the following optimal control
problem governed by the semilinear wave equation: minimize

J(y, u) =

∫
Ω

f(x, y(T ))dx +

∫
Q

g(x, t, y)dxdt +

∫
Σ

h(s, t, u)dsdt

over admissible pairs (y, u) satisfying⎧⎪⎨⎪⎩
ytt − ∆y + Φ(·, y) = 0 in Q : = Ω × (0, T ),

∂νy = u on Σ : = Γ × (0, T ),

y(0) = y0, yt(0) = y1 in Ω,

(1.1)

under the pointwise constraints on control and state functions

u ∈ Uad ⊂ L2(Σ), y ∈ C ⊂ C([0, T ];L2(Ω)).
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We denote this problem by (P) and write it as

inf{J(y, u) | (y, u) satisfies (1.1), u ∈ Uad, y ∈ C}.(P)

Assumptions on the nonlinear function Φ, as well as on the integrands f , g, and h,
are presented and discussed in section 2. The initial state (y0, y1) ∈ H1(Ω)×L2(Ω) is
fixed. Note that the main constructions and results of the paper can be extended to
hyperbolic equations governed by more general strongly elliptic operators in (1.1)—not
just by the Laplacian ∆—with time-independent and regular coefficients.

As mentioned above, we are not familiar with any publications concerning state-
constrained control problems with Neumann boundary controls for hyperbolic equa-
tions. Some results for distributed controls in state-constrained hyperbolic systems
are obtained in [7, 9, 28, 29]. Our preceding paper [21] deals with necessary opti-
mality conditions for state-constrained problems governed by the wave equation with
Dirichlet boundary controls.

It has been well recognized that Neumann and Dirichlet boundary conditions are
essentially different in both parabolic and hyperbolic dynamical settings. While for
parabolic equations the Dirichlet boundary value problem is considerably more dif-
ficult than the Neumann one, this is not the case for the hyperbolic dynamics; see,
e.g., [11, 12, 13, 15, 17, 22, 24] and the references therein. On the contrary, the funda-
mental regularity theory for hyperbolic equations with Dirichlet boundary conditions
has come first; cf. [11] and [13]. The sharp regularity results developed by Lasiecka
and Triggiani for hyperbolic equations with Neumann boundary conditions [13] play
a crucial role in this paper.

The main goal of this paper is to establish necessary optimality conditions for
the state-constrained Neumann boundary control problem (P), which will be derived
under rather mild and natural assumptions. In contrast to the Dirichlet case [21],
where the dynamics is linear and the initial condition is in L2(Ω)×H−1(Ω), here we
consider the nonlinear dynamics in (1.1) and we require stronger regularity assump-
tions on the initial state: (y0, y1) ∈ H1(Ω) × L2(Ω) in (1.1). On the other hand, the
Neumann case provides more regularity of the corresponding solutions to the bound-
ary value problem in (1.1), which eventually allows us to entirely avoid the convexity
assumptions—on the integrands in the cost functional J(y, u)—that play a crucial
role in the Dirichlet control problem considered in [21]. Moreover, in this paper we
are able to establish necessary optimality conditions for (P) in the pointwise form of
the Pontryagin maximum principle in contrast to the weaker integral form of [21].

Our approach to deriving necessary optimality conditions in the Neumann prob-
lem (P) is completely different from the one in [21] developed for the Dirichlet case.
Instead of reducing the original problem to an abstract optimization problem and then
using a suitable version of the Lagrange multiplier rule as in [21], we now employ per-
turbation methods of modern variational analysis involving penalizing state constraints
and then passing to the limit from necessary optimality conditions in unconstrained
approximating problems. In the case of optimal control problems governed by ordi-
nary differential systems with even nonsmooth data this approach was developed in
the 1970s; see, e.g., [5, 20, 27]. For problems governed by partial differential equa-
tions the situation is more complicated, and the first results have been obtained in
the 1990s for bounded controls [2, 4]; see also [17] and the references therein. As
mentioned in [9, page 595], versions of the maximum principle for unbounded control
operators in the case of problems governed by partial differential equations were dis-
covered by Fattorini [8] and independently by Raymond and Zidani in [25]. Based on
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Ekeland’s variational principle [6] and the approach developed in [25], we derive nec-
essary optimality conditions for the original state-constrained hyperbolic problem (P)
in the pointwise form of the maximum (actually minimum) principle of Pontryagin’s
type. Note that the approach developed in this paper allows us to obtain necessary
optimality conditions for a more general version of problem (P), where the integrand
h also depends on the state variable y. We are not going to pursue this issue here for
simplicity.

The rest of the paper is organized as follows. In section 2 we present and discuss
the basic assumptions used throughout the paper and then formulate the main result
giving necessary conditions for optimal solutions to (P). Section 3 is devoted to the
proper definitions of solutions and the subsequent analysis of the state system (1.1) and
in the corresponding adjoint system appearing in the necessary optimality conditions.

Section 4 contains preparatory material allowing us to derive in the conclud-
ing section necessary optimality conditions in the pointwise maximum principle form
for approximating problems with no state constraints. Namely, we obtain the so-
called increment formula for the minimizing functional with respect to diffuse/needle
variations of controls. This technique, which is well known for the case of ordinary
differential equations (see, e.g., [10, 20]), requires a more delicate analysis in the case
of partial differential equations. Following the constructions developed in [25] for the
control of parabolic equations, we obtain an increment formula for approximating
hyperbolic problems based on suitable Taylor expansions of the problem data with
respect to diffuse perturbations of reference controls.

In the final section 5 we give the proof of the main result of this paper that in-
volves the three major steps of variational analysis: (a) perturbation of the original
state-constrained problem by a family of approximating problems with no state con-
straints by using Ekeland’s variational principle in an appropriate metric space, (b)
deriving necessary optimality conditions in the approximating problems that provide
suboptimality conditions for the original problem, and finally (c) passing to the limit
from the approximating problems to obtain the desired necessary conditions for the
reference optimal solution to the state-constrained problem (P).

2. Basic assumptions and statement of the main theorem. Throughout
the paper we use standard notation. For the reader’s convenience we recall that
M([0, T ];L2(Ω)) is the space of measures on [0, T ] with values in L2(Ω), which is the
topological dual of C([0, T ];L2(Ω)). The topological dual of

C0(]0, T ];L2(Ω)) :=
{
y ∈ C([0, T ];L2(Ω)) | y(0) = 0

}
is denoted by Mb(]0, T ];L2(Ω)), and, similarly, the topological dual of

C0(]0, T [;L2(Ω)) =
{
y ∈ C([0, T ];L2(Ω)) | y(0) = 0, y(T ) = 0

}
is denoted by Mb(]0, T [;L2(Ω)). Note that, according to the usual notation, the space
C0(]0, T ];L2(Ω)) (respectively C0(]0, T [;L2(Ω))) consists of continuous mappings on
the interval ]0, T ] (respectively ]0, T [), vanishing at infinity. In what follows we identify
]0, T ] and ]0, T [ with (0, T ] and (0, T ), respectively.

It is well known that every measure µ ∈ Mb(]0, T ];L2(Ω)) can be identified
with a measure µ̃ ∈ M([0, T ];L2(Ω)) such that µ̃({0}) = 0 and µ̃|]0,T ] = µ, where
µ̃|]0,T ] denotes the restriction of µ̃ to ]0, T ]. Therefore, if y ∈ C([0, T ];L2(Ω)) and
µ ∈ Mb(]0, T ];L2(Ω)), we still use the notation

〈y, µ〉C([0,T ];L2(Ω)),Mb(]0,T ];L2(Ω)) for 〈y, µ̃〉C([0,T ];L2(Ω)),M([0,T ];L2(Ω)).
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Since we have to deal with equations satisfied in the sense of distributions in Q (see,
e.g., (2.4)), it is also convenient to identify Mb(]0, T ];L2(Ω)) with a subspace of
Mb(Ω×]0, T ]); this identification follows from the continuous and dense imbedding
C0(Ω×]0, T ]) ↪→ C0(]0, T ];L2(Ω)). Therefore, if µ ∈ Mb(]0, T ];L2(Ω)), the notation
µ|Q—the restriction of µ to Q—is meaningful if µ is considered as a bounded measure
on Ω×]0, T ] = Ω×(0, T ], and so µ|Ω×{T} stands for µ({T}). The same kind of notation
is used in the paper in similar settings. For z ∈ L2(Q) we denote by zt (respectively
by ztt) the derivative (respectively, the second derivative) of z in t in the sense of
distributions in Q.

Given a Banach space Z, the duality pairing between Z and Z ′ is denoted by
〈·, ·〉Z,Z′ . When there is no ambiguity, we sometimes write 〈·, ·〉 instead of 〈·, ·〉Z,Z′ .
To emphasize a specific kind of regularity of solutions to the hyperbolic equations
under consideration, we may write, e.g., that (y, yt) ∈ C([0, T ];X) × C([0, T ];Y ) is a
solution to (1.1) instead of just indicating that y is a solution to this system.

For the definition of the space BV ([0, T ]; (H1(Ω))′)—the space of functions of
bounded variation on [0, T ] with values in (H1(Ω))′—we refer to [1, 19]. If p ∈
BV ([0, T ]; (H1(Ω))′), one can define p(t−) and p(t+) for every t ∈ (0, T ) and also p(0+)
and p(T−), while the values p(0) and p(T ) may be generally different from p(0+) and
p(T−). There is a unique Radon measure on [0, T ] with values in (H1(Ω))′, denoted
by dtp, such that the restriction of dtp to (0, T ) is the vector-valued distributional
derivative of p in (0, T ) with dtp({0}) = (p(0+) − p(0)) and dtp({T}) = (p(T ) −
p(T−)). Moreover, identifying p with its representative right-hand side continuous in
(0, T ), one has

p(0+) = p(0) + dtp({0}) and p(t) = p(0) + dtp([0, t]) for every t ∈]0, T ].

Recall that if {pn} is a bounded sequence in BV ([0, T ]; (H1(Ω))′), then there is a
subsequence {pnk

} and a function p ∈ BV ([0, T ]; (H1(Ω))′) such that

pnk
(t) → p(t) weakly in (H1(Ω))′ for almost every (a.e.) t ∈ [0, T ].

Note that this convergence may hold for every t ∈ [0, T ] if the above representative
right-hand side continuous in (0, T ) is not specified; see [1, Theorem 3.5] and [19,
Proposition 16.1]. In particular,

pnk
(T ) → p(T ) weakly in (H1(Ω))′.

Now let us formulate the standing basic assumptions on the initial data of prob-
lem (P) that are needed throughout this paper.

(A1) For every y ∈ R, Φ(·, ·, y) is measurable in Q. For a.e. pair (x, t) ∈ Q,
Φ(x, t, ·) is of class C1 on R. Moreover, one has

Φ(·, 0) ∈ L1(0, T ;L2(Ω)), |Φ′
y(x, t, y)| ≤ M in Q× R,(2.1)

where M is a positive constant.

(A2) For every y ∈ R, f(·, y) is measurable in Ω with f(·, 0) belonging to L1(Ω).
For a.e. x ∈ Ω, f(x, ·) is a function of class C1 on R. Moreover, there is a constant
C > 0 such that

|f ′
y(x, y)| ≤ C(1 + |y|) whenever (x, y) ∈ Ω × R.



1358 BORIS S. MORDUKHOVICH AND JEAN-PIERRE RAYMOND

(A3) For every y ∈ R, g(·, ·, y) is measurable in Q with g(·, 0) belonging to L1(Q).
For a.e. (x, t) ∈ Q, g(x, t, ·) is of class C1. Moreover, there is a constant C > 0
such that

|g′y(x, t, y)| ≤ C(1 + |y|) whenever (x, t, y) ∈ Q× R.

(A4) For every u ∈ R, h(·, ·, u) is measurable on Σ with h(·, 0) belonging to L1(Σ).
For a.e. (s, t) ∈ Σ, h(s, t, ·) is of class C1. Moreover, there is a constant C > 0 such
that

|h′
u(s, t, u)| ≤ C(1 + |u|) whenever (s, t, u) ∈ Σ × R.

(A5) The state constraint set C ⊂ C([0, T ];L2(Ω)) is closed and convex with
int C �= ∅. We suppose that the function defined by ŷ0(x, t) := y0(x) belongs to the
interior of C (y0 denotes the initial state).

(A6) The control set Uad is given in the form

Uad := {u ∈ L2(Σ) | u(s, t) ∈ K(s, t) a.e. on Σ},

where K is a measurable multifunction whose values are nonempty and closed sub-
sets of R.

Of course, we suppose as usual that the set of feasible pairs (y, u) to (P) is
nonempty, i.e., there is u ∈ Uad such that J(yu, u) < ∞ and yu ∈ C, where yu is
the weak solution of system (1.1) corresponding to u; see section 3.

Observe that the above basic assumptions do not impose any convexity require-
ments on the integrands in the cost functional with respect to either state or control
variables, as well as on the control set Uad. This is different from the setting of [21]
for the corresponding Dirichlet problem. The reason is that the Neumann boundary
value problem offers more regularity in comparison with the Dirichlet one and allows
us to employ powerful variational methods to prove necessary optimality conditions
that do not rely on weak convergences. These methods applied to the Dirichlet bound-
ary value problem definitely require full convexity for the limiting procedures to end
up with pointwise results. On the other hand, in this paper we do not establish any
existence theorems for optimal solutions, in contrast to [21]. In fact, in the Neumann
setting under consideration it would be enough to assume convexity only with respect
to control variables to justify the existence of optimal solutions by the so-called direct
method. The stronger convexity assumptions imposed in [21] with respect to both
state and control variables are due to the lack of regularity in the Dirichlet setting
and are needed not only for the existence of optimal solutions but also for the proof
of necessary optimality conditions as given in [21].

To formulate our main result, let us define the Hamiltonian function

H(s, t, u, p, λ) := pu + λh(s, t, u)

for the control problem (P). The following theorem gives necessary conditions for
optimal solutions to (P) that are a version of the Pontryagin maximum principle in
pointwise form for the Neumann boundary control problem under consideration. Note
that it is more convenient in our case to formulate this result with the minimum (not
maximum) condition.

Theorem 2.1 (pointwise necessary optimality conditions). Let (ȳ, ū) be an op-
timal solution to problem (P) satisfying assumptions (A1)–(A6). Then there ex-

ist λ ∈ R
+, µ ∈ Mb(]0, T ];L2(Ω)), and a measurable subset Σ̃ ⊂ Σ such that
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LN (Σ \ Σ̃) = 0,

(λ, µ) �= 0, 〈µ, z − ȳ〉 ≤ 0 for all z ∈ C, and(2.2)

H(s, t, ū(s, t), p(s, t), λ) = min
u∈K(s,t)

H(s, t, u, p(s, t), λ) for all (s, t) ∈ Σ̃,(2.3)

where LN denotes the N -dimensional Lebesgue measure, and p is the corresponding
solution to the adjoint system⎧⎪⎨⎪⎩

ptt − ∆p + Φ′
y(·, ȳ)p = λg′y(x, t, ȳ) + µ|Q in Q,

∂νp = 0 on Σ,

p(T ) = y0, pt(T ) = −λf ′
y(x, ȳ(T )) − µ|Ω×{T} in Ω.

(2.4)

The proof of Theorem 2.1 is conducted in section 5. The definitions of solutions
to the state and adjoint systems in this theorem are given and discussed in the next
section.

3. Analysis of the state and adjoint systems. Let us start with the Neu-
mann boundary value problem for the linear wave equation⎧⎪⎨⎪⎩

ytt − ∆y = φ in Q,

∂νy = u on Σ,

y(0) = y0, yt(0) = y1 in Ω.

(3.1)

The following fundamental regularity result is established by Lasiecka and Triggiani
[13]. Note that this result involves the space C1([0, T ]; (H1/2(Ω))′) for weak solutions
to (3.1) as stated in [14].

Lemma 3.1 (basic regularity). Assume that (φ, u, y0, y1) ∈ L1(0, T ;L2(Ω)) ×
L2(Σ)×H1(Ω)×L2(Ω) and let y(φ, u, y0, y1) ∈ C([0, T ];L2(Ω))∩C1([0, T ]; (H1(Ω))′)
be the unique weak solution to the linear Neumann boundary value problem (3.1).
Then the mapping u �→ y(0, u, 0, 0) is bounded from L2(Σ) to C([0, T ];H1/2(Ω)) ∩
C1([0, T ]; (H1/2(Ω))′), and it is also bounded from L2(Σ) to H3/5−ε(Q) for all ε > 0.
Furthermore, the mapping (φ, y0, y1) �→ y(φ, 0, y0, y1) is bounded from L1(0, T ;L2(Ω))×
H1(Ω) × L2(Ω) to C([0, T ];H1(Ω)) ∩ C1([0, T ];L2(Ω)).

Next we consider the Neumann boundary value problem for the linear wave equa-
tion with possibly nonsmooth data:⎧⎪⎨⎪⎩

ytt − ∆y + ay = φ in Q,

∂νy = u on Σ,

y(0) = y0, yt(0) = y1 in Ω,

(3.2)

where the nonsmooth coefficient a(x, t) belongs to L∞(Q). The following estimate of
solutions to the homogeneous problem in (3.2) is needed in what follows.

Lemma 3.2 (solution estimate for the homogeneous Neumann problem). Assume
that u = 0 and that (φ, y0, y1) ∈ L1(0, T ;L2(Ω)) × H1(Ω) × L2(Ω). Equation (3.2)
admits a unique weak solution in C([0, T ];L2(Ω))∩C1([0, T ]; (H1(Ω))′). This solution
satisfies the estimate

‖y‖C([0,T ];H1(Ω)) + ‖yt‖C([0,T ];L2(Ω)) ≤ C(‖φ‖L1(0,T ;L2(Ω)) + ‖y0‖H1(Ω) + ‖y1‖L2(Ω)),

where the constant C may depend on ‖a‖L∞(Q) and ‖φ‖L1(0,T ;L2(Ω)), but it is invariant
with respect to all a(x, t) having the same L∞(Q)-norm.
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Proof. The proof is standard. It is sufficient to multiply the first equation in (3.2)
by yt, to integrate it over Ω, and then to use Gronwall’s lemma (see, for example, [18,
page 184]).

Lemma 3.3 (compactness of the solution operator). Assume that (φ, y0, y1) =
(0, 0, 0) and that u ∈ L2(Σ). Equation (3.2) admits a unique weak solution y(u) in
C([0, T ];L2(Ω)) ∩ C1([0, T ]; (H1(Ω))′). The mapping u �→ (y(u), yt(u)) is a bounded
operator from L2(Σ) into C([0, T ];H1/2(Ω))×C([0, T ]; (H1/2(Ω))′), and the mapping
u �→ y(u) is a compact operator from L2(Σ) into C([0, T ];L2(Ω)).

Proof. The existence and uniqueness of the corresponding solution to (3.2) can
be deduced from the well-known result for (3.1) by using a fixed point method in
L2(0, t̄;L2(Ω)) as t̄ is sufficiently small and then by iterating the process n times with
nt̄ > T ; cf. [23] for more details. Moreover, in this way we get the estimate

‖y‖C([0,T ];H1/2(Ω)) + ‖yt‖C([0,T ];(H1/2(Ω))′) ≤ C‖u‖L2(Σ),

where C depends on an upper bound for the norm ‖a‖L∞(Q) but not on a(·) itself.
Now the compactness result follows from [26, Corollary 5].

Our next goal is to study the Neumann boundary value problem (1.1), which is
labelled as the state system for convenience. We first recall the notion of weak solutions
to the Neumann problem in (1.1) that is appropriate for the purposes of this paper.

Definition 3.4 (weak solutions to the state system). A function (y, yt) ∈
C([0, T ];L2(Ω)) × C([0, T ]; (H1(Ω))′) is a weak solution to system (1.1) if∫

Q

−Φ(·, y)z dxdt
(3.3)

=

∫
Q

yϕ dxdt− 〈yt(0), z(0)〉(H1(Ω))′,H1(Ω) +

∫
Ω

y(0)zt(0) dx +

∫
Σ

zu dsdt,

for all ϕ ∈ L1(0, T ;L2(Ω)), where z solves the homogeneous Neumann boundary
value problem ⎧⎪⎨⎪⎩

ztt − ∆z = ϕ in Q,

∂νz = 0 on Σ,

z(T ) = 0, zt(T ) = 0 in Ω.

(3.4)

The advantage of the above definition is that it allows us to establish the existence,
uniqueness, and regularity of weak solutions to the original state system under the
standing assumptions made in section 2.

Theorem 3.5 (existence, uniqueness, and regularity of weak solutions to the
state system). For every (u, y0, y1) ∈ L2(Σ) ×H1(Ω) × L2(Ω) the state system (1.1)
admits a unique weak solution (y, yt) in C([0, T ];L2(Ω)) × C([0, T ]; (H1(Ω))′). This
solution belongs to C([0, T ];H1/2(Ω))×C([0, T ]; (H1/2(Ω))′) and satisfies the estimate

‖y‖C([0,T ];H1/2(Ω)) + ‖yt‖C([0,T ];(H1/2(Ω))′) ≤ C(‖u‖L2(Σ) + ‖y0‖H1(Ω) + ‖y1‖L2(Ω) + 1)

with some constant C > 0. Moreover, the mapping (u, y0, y1) �→ y is continuous from
(u, y0, y1) ∈ L2(Σ)×H1(Ω)×L2(Ω) into C([0, T ];H1/2(Ω))∩C1([0, T ]; (H1/2(Ω))′).

Proof. The existence of solutions in the space C([0, t̄ ];L2(Ω))∩C1([0, t̄ ]; (H1(Ω))′)
with t̄ sufficiently small can be obtained by a standard fixed point method. Then
assumption (A1) and the estimates in Lemmas 3.2 and 3.3 allow us to ensure the ex-
istence of solutions in the space given in the theorem. The proof of uniqueness is also
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standard and is omitted for brevity. The estimate of (y, yt) in C([0, T ];H1/2(Ω)) ∩
C1([0, T ]; (H1/2(Ω))′) follows from the estimate of y in C([0, T ];L2(Ω)) due to the
basic Lemma 3.1. To justify the continuity of the mapping (u, y0, y1) �→ y from
(u, y0, y1) ∈ L2(Σ) ×H1(Ω) × L2(Ω) into C([0, T ];H1/2(Ω)) ∩ C1([0, T ]; (H1/2(Ω))′),
we again use assumption (A1) and the corresponding estimates for the linearized
system (3.2) presented in Lemmas 3.2 and 3.3.

Next we consider the adjoint system given by⎧⎪⎨⎪⎩
ptt − ∆p + ap = µ|Q in Q,

∂νp = 0 on Σ,

p(T ) = 0, pt(T ) = −µ|Ω×{T} in Ω,

(3.5)

where µ ∈ Mb(]0, T ];L2(Ω)), where µ|Q and µ|Ω×{T} denote the restriction of µ to Q
and to Ω × {T}, respectively, and where a ∈ L∞(Q).

In order to introduce and justify an appropriate definition of solutions to the
adjoint system (3.5), we need the following lemma that is certainly of independent
interest.

Lemma 3.6 (divergence formula). The space

W := {�V ∈ (L2(Q))N+1 | div(�V ) ∈ Mb(]0, T [;L2(Ω))}

endowed with the norm ‖�V ‖W := ‖�V ‖(L2(Q))N+1 + ‖div(�V )‖Mb(]0,T [;L2(Ω)) is a Ba-

nach space. There exists a unique continuous operator γνQ
from W into H−1/2(∂Q)

satisfying

γνQ
(�V ) = γ0(�V ) · νQ

for every �V ∈ (C1(Q))N+1 and such that the divergence formula∫
Q

�V · ∇φ + 〈φ,div(�V )〉C([0,T ];L2(Ω)),Mb(]0,T [;L2(Ω))

(3.6)
= 〈γνQ

(�V ), γ0(φ)〉H−1/2(∂Q),H1/2(∂Q)

holds for all φ ∈ H1(Q).
Proof. It is easy to see that the space W is Banach. Let Λ be a continuous

extension operator from H1/2(∂Q) into H1(Q) that is a bounded linear operator from
H1/2(∂Q) into H1(Q) satisfying

γ0Λϕ = ϕ for all ϕ ∈ H1/2(∂Q).

Taking �V ∈ (C1(Q))N+1, observe that the functional

ϕ �−→
∫
Q

�V · ∇Λϕ + 〈Λϕ,div(�V )〉C([0,T ];L2(Ω)),Mb(]0,T [;L2(Ω))

is linear and bounded on H1/2(∂Q). Denoting this functional by γνQ
(�V ), we directly

verify that

γνQ
(�V ) = γ0(�V ) · νQ,
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and that the divergence formula (3.6) is satisfied. This means that γνQ
(�V ) does not

depend on the extension operator Λ. Furthermore, one has∣∣∣∣∫
Q

�V · ∇Λϕ + 〈Λϕ,div(�V )〉C([0,T ];L2(Ω)),Mb(]0,T [;L2(Ω))

∣∣∣∣ ≤ C‖ϕ‖H1/2(∂Q)‖�V ‖W ,

which implies that

‖γνQ
(�V )‖H−1/2(∂Q) ≤ C‖�V ‖W for all �V ∈ (C1(Q))N+1.

Since (C1(Q))N+1 is dense in W , the proof is complete.
Next take (p, pt) ∈ L2(0, T ;H1(Ω))×L2(0, T ;L2(Ω)) and assume that the combi-

nation ptt−∆p, calculated in the sense of distributions on Q, belongs to Mb(]0, T [;L2(Ω)).
Employing Lemma 3.6, we define the normal trace on ∂Q of the vectorfield (−∇p, pt)
as an element of H−1/2(∂Q). Then one has the estimate

‖γνQ
(−∇p, pt)‖H−1/2(∂Q)

≤ C(‖p‖L2(0,T ;H1(Ω)) + ‖pt‖L2(Q) + ‖ptt − ∆p‖Mb(]0,T [;L2(Ω))),

where the constant C > 0 is independent of p. Since Ω×{0} is an open subset in ∂Q,
the restriction of γνQ

(−∇p, pt) to Ω × {0} belongs to H−1/2(Ω). Thus we get

γνQ
(−∇p, pt)|Ω×{0} = pt(0) ∈ H−1/2(Ω).

Note that this result can be improved. We are going to show in Theorem 3.8 that a
properly defined solution p to (3.5) actually has the property pt(0) ∈ L2(Ω).

Now we are ready to introduce an appropriate notion of weak solutions to the
adjoint system (3.5) and justify their basic properties needed in what follows.

Definition 3.7 (weak solutions to the adjoint system). A function p ∈ L∞(0, T ;
L2(Ω)) is a weak solution to (3.5) if

〈y(ϕ), µ〉C([0,T ];L2(Ω))×Mb(]0,T ];L2(Ω)) −
∫
Q

pϕ dxdt = 0(3.7)

for all ϕ ∈ L1(0, T ;L2(Ω)), where y(ϕ) is the solution to⎧⎪⎨⎪⎩
ytt − ∆y + ay = ϕ in Q,

∂νy = 0 on Σ,

y(0) = 0, yt(0) = 0 in Ω.

(3.8)

The next theorem establishes the existence, uniqueness, and regularity of weak
solutions to the adjoint system under the standing assumptions made.

Theorem 3.8 (existence, uniqueness, and regularity of weak solutions to the
adjoint system). The adjoint system (3.5) admits a unique weak solution (p, pt) ∈
L∞(0, T ;H1(Ω))×L∞(0, T ;L2(Ω)). This solution satisfies pt ∈ BV ([0, T ]; (H1(Ω))′),
p ∈ Cw([0, T ];H1(Ω)), and

pt(τ) ∈ L2(Ω) whenever τ ∈ {t ∈ [0, T ] | µ({t}) = 0},

which implies that pt(0) ∈ L2(Ω) (Cw([0, T ];H1(Ω)) denotes the space of continuous
functions from [0, T ] into H1(Ω) endowed with its weak topology). Moreover, one has
the estimate

‖p‖L∞(0,T ;H1(Ω)) + ‖pt‖L∞(0,T ;L2(Ω)) ≤ C‖µ‖Mb(]0,T ];L2(Ω)),(3.9)
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where C depends on ‖a‖L∞(Q) but is invariant with respect to the functions a(x, t)
having the same norm in the space L∞(Q).

Proof. Observe that p = 0 when the pair (p, pt) ∈ L∞(0, T ;H1(Ω))×L∞(0, T ;L2(Ω))
satisfies (3.7) with µ = 0. This implies that the adjoint system (3.5) cannot admit
more than one weak solution. To prove the existence of a weak solution, we develop an
approximation procedure. First build a sequence {µn} ⊂ L1(0, T ;L2(Ω)) satisfying

lim
n→∞

∫
Q

yµn dxdt = 〈y, µ|]0,T [〉C([0,T ];L2(Ω)),Mb(]0,T [;L2(Ω))

for all y ∈ C([0, T ];L2(Ω)), and(3.10)

‖µn‖L1(0,T ;L2(Ω)) = ‖µ|]0,T [‖Mb(]0,T [;L2(Ω)).

To define µn, we follow the construction in the appendix of [24]. Let µ̄ be the extension
of µ|]0,T [ by zero to R, let {ρn} be a sequence of nonnegative symmetric mollifiers on
R with their supports in (−1/n, 1/n), and let S0 and ST be the functions on R defined
by S0(t) := −t and ST (t) := 2T − t. Given n ≥ 2, we set

µ̄n(A) := (µ̄ ∗ ρn)(A) + (µ̄ ∗ ρn)(S0(A)) + (µ̄ ∗ ρn)(ST (A))

for every Borel subset A in R, and then construct the desired measure by

µn :=
‖µ‖Mb(]0,T [;L2(Ω))

‖µ̄n|]0,T [‖Mb(]0,T [;L2(Ω))
µ̄n|]0,T [.

Following [24, appendix], one can verify both relations formulated in (3.10).
Considering now the unique solution pn to the system⎧⎪⎨⎪⎩

ptt − ∆p + ap = µn in Q,

∂νp = 0 on Σ,

p(T ) = 0, pt(T ) = −µ|Ω×{T} in Ω

(3.11)

and applying Lemma 3.2, we get the estimate

‖pn‖L∞(0,T ;H1(Ω)) + ‖pnt‖L∞(0,T ;L2(Ω)) + ‖pn(0)‖H1(Ω) + ‖pnt(0)‖L2(Ω)
(3.12)

≤ C‖µ‖Mb(]0,T ];L2(Ω))

with a constant C > 0 independent of n, where pnt stands for the derivative of pn
with respect to t in (0, T ) in the sense of vector-valued distributions. Denoting by
pntt the corresponding derivative of pnt with respect to t in (0, T ) and using (3.11),
we arrive at

pntt = πn + µn ∈ L∞(0, T ; (H1(Ω))′) + Mb(]0, T [;L2(Ω)) ⊂ Mb(]0, T [; (H1(Ω))′),

where the operator πn is defined by

〈πn, y〉L∞(0,T ;(H1(Ω))′),L1(0,T ;H1(Ω)) :=

∫
Q

(∇pn · ∇y − apny) dxdt.

Therefore, in addition to (3.12), the sequences {pntt} and {pnt} are bounded in the
spaces Mb(]0, T [; (H1(Ω))′) and BV ([0, T ]; (H1(Ω))′), respectively. Observing that
Mb(]0, T [; (H1(Ω))′) is the dual of a separable Banach space, we select weak∗ conver-
gent subsequences of the above sequences. The same sequential compactness property
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holds also for the space BV ([0, T ]; (H1(Ω))′); see section 2. In this way we find
p ∈ L∞(0, T ;H1(Ω)) with pt ∈ L∞(0, T ;L2(Ω)) ∩ BV ([0, T ]; (H1(Ω))′) and a sub-
sequence {pn} converging to p in the weak∗ topology of L∞(0, T ;H1(Ω)) and such
that the corresponding subsequence {pnt} converges weak∗ in L∞(0, T ;L2(Ω)) to pt.
Furthermore, since γνQ

(−∇pn, pnt) is bounded in L2(∂Q), we can also deduce that
the sequence of γνQ

(−∇pn, pnt) converges to γνQ
(−∇p, pt) in the weak topology of

L2(∂Q). Taking into account the relations

γνQ
(−∇pn, pnt)|Ω×{T} = µ|Ω×{T} and γνQ

(−∇pn, pnt)|Σ = 0,

one gets that γνQ
(−∇p, pt)|Σ = −∂νp = 0 and that

γνQ
(−∇pn, pnt)|Ω×{0} = pnt(0) ⇀ γνQ

(−∇p, pt)|Ω×{0} = pt(0)

in the weak topology of L2(Ω). Finally, by passing to the limit in the equality

〈y(ϕ), µn〉C([0,T ];L2(Ω)),Mb(]0,T ];L2(Ω)) −
∫
Q

pnϕ = 0,

where y(ϕ) is the solution of (3.8), we conclude that (p, pt) is the desired weak solution
to the adjoint system (3.5). The proof of the theorem is complete.

The last result of this section gives a useful Green-type relationship between the
corresponding solutions of the (linearized) state and adjoint systems.

Theorem 3.9 (Green formula). Assume that (φ, y0, y1) = (0, 0, 0) and that u ∈
L2(Σ), let y be the corresponding weak solution to system (3.2), and let p satisfy (3.5).
Then

〈y, µ〉C([0,T ];L2(Ω)),Mb(]0,T ];L2(Ω)) −
∫
Q

pϕ =

∫
Σ

up ds dt.(3.13)

Proof. This formula can be proved for the pair (y, pn), where pn is the solution
to the approximating adjoint system (3.11). Passing there to the limit as n → ∞, we
obtain the desired Green formula (3.13) as formulated in the theorem.

4. Diffuse perturbations and increment formula. As mentioned in sec-
tion 1, our approach to deriving necessary optimality conditions in the original state-
constrained problem (P) includes an approximation procedure to penalize the state
constraints. In this way we arrive at a family of Neumann boundary control problems
for hyperbolic equations with pointwise (or hard) constraints on the control variable
but with no state constraints. Although the latter approximating problems are essen-
tially easier than the initial state-constrained problem (P), they still require a delicate
variational analysis. As is well known in the control theory for ordinary differential
equations, a key element in obtaining maximum-type conditions for problems with
hard constraints on control but not on state variables is the so-called increment for-
mula for the minimizing cost functional with respect to needle variations of reference
controls; see, e.g., [10, 20]. In this section we obtain some counterparts of such results
for the hyperbolic control problems under consideration, by using the so-called diffuse
perturbations first introduced in [16] and then developed in [2, 3, 4, 25]; see also the
references therein. Here we follow the construction developed in [25].

Given a reference control ū ∈ Uad, an admissible control u ∈ Uad, and a number
ρ ∈ (0, 1), a diffuse perturbation of ū is defined by

uρ(s, t) :=

{
ū(s, t) on Σ \ Eρ,

u(s, t) on Eρ,
(4.1)
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where Eρ is a measurable subset of Σ. The next theorem can be viewed as an increment
formula for the cost functional J(y, u) with respect to diffuse perturbations of the
reference control. Note that it also contains the corresponding Taylor expansion for
state trajectory of (1.1), which is an essential ingredient of the increment formula.

Theorem 4.1 (increment formula). Given arbitrary controls ū, u ∈ Uad and a
number ρ ∈ (0, 1), we consider the diffuse perturbation defined in (4.1) and the weak
solutions ȳ and yρ of system (1.1) corresponding to ū and uρ, respectively. Then there
exists a measurable subset Eρ ⊂ Σ such that the following hold:

LN (Eρ) = ρLN (Σ),(4.2) ∫
Eρ

(h(s, t, ū) − h(s, t, u)) dsdt = ρ

∫
Σ

(h(s, t, ū) − h(s, t, u)) dsdt,(4.3)

yρ = ȳ + ρz + ρrρ with lim
ρ→0

‖rρ‖C([0,T ];L2(Ω)) = 0,(4.4)

J(yρ, uρ) = J(ȳ, ū) + ρ∆J + o(ρ) with ∆J := J ′
y(ȳ, ū)z + J(ȳ, u) − J(ȳ, ū),(4.5)

where z is the weak solution to the system⎧⎨⎩
ztt − ∆z + Φ′

y(·, ȳ)z = 0 in Q,
∂νz = ū− u on Σ,
z(0) = 0, zt(0) = 0 in Ω.

(4.6)

The proof of the theorem given below relies on the following technical lemma,
which follows from [25, Lemma 4.1].

Lemma 4.2 (diffuse perturbations). Let ū, u ∈ Uad. For every ρ ∈ (0, 1) there is
a sequence of measurable subsets En

ρ in Σ such that

LN (En
ρ ) = ρLN (Σ),(4.7) ∫

En
ρ

(h(s, t, ū) − h(s, t, u)) dsdt = ρ

∫
Σ

(h(s, t, ū) − h(s, t, u)) dsdt,(4.8)

1

ρ
χEn

ρ
⇀ 1 weak∗ in L∞(Σ) as n → ∞,(4.9)

where χE stands for the characteristic function of the set E.
Proof of Theorem 4.1. The existence of the subsets Eρ satisfying (4.2) and (4.3)

is an easy consequence of Lemma 4.2. The main issue is to justify the Taylor expan-
sion (4.4) for the trajectories yρ of (1.1) corresponding to the diffuse control pertur-
bations. One clearly sees that (4.4) and (4.3) imply the increment formula (4.5) due
to the construction of diffuse perturbations.

To prove (4.4), we pick a number ρ ∈ (0, 1), take the sets En
ρ from Lemma 4.2,

and build the diffuse control perturbations

un
ρ (s, t) :=

{
ū(s, t) on Σ \ En

ρ ,

u(s, t) on En
ρ .

Let ynρ be the solution of (1.1) corresponding to un
ρ and let z be the (unique) weak

solution of (4.6). It is easy to see that for all n the function ξnρ := (ynρ − ȳ)/ρ − z is
the unique weak solution to the system⎧⎪⎨⎪⎩

ξtt − ∆ξ + anρξ = fn
ρ in Q,

∂νξ = wn
ρ on Σ,

ξ(0) = 0, ξt(0) = 0 in Ω,
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with the following data:

anρ :=

∫ 1

0

Φ′
y(·, ȳ+θ(ynρ−ȳ)) dθ, fn

ρ := (Φ′
y(·, ȳ)−anρ )z, wn

ρ :=

(
1 − 1

ρ
χEn

ρ

)
(u−ū).

Denote by ξn,1ρ the solution to⎧⎪⎨⎪⎩
ξtt − ∆ξ + anρξ = fn

ρ in Q,

∂νξ = 0 on Σ,

ξ(0) = 0, ξt(0) = 0 in Ω,

by ξn,2ρ the solution to ⎧⎨⎩
ξtt − ∆ξ + anρξ = 0 in Q,
∂νξ = wn

ρ on Σ,
ξ(0) = 0, ξt(0) = 0 in Ω,

and by ζnρ the solution to ⎧⎨⎩
ζtt − ∆ζ + aζ = 0 in Q,
∂νζ = wn

ρ on Σ,
ζ(0) = 0, ζt(0) = 0 in Ω,

where a(x, t) := Φ′
y(x, t, ȳ(x, t)). One clearly has

(ξn,2ρ − ζnρ )tt − ∆(ξn,2ρ − ζnρ ) + anρ (ξn,2ρ − ζnρ ) = (a− anρ )ζnρ in Q,

∂ν(ξ
n,2
ρ − ζnρ ) = 0 on Σ,

(ξn,2ρ − ζnρ )(0) = 0, (ξn,2ρ − ζnρ )t(0) = 0 in Ω.

By Lemma 3.2, we find a constant C > 0, independent of n and ρ, ensuring the
following estimates for all n = 1, 2, . . . and 0 < ρ < 1:

‖ξn,2ρ − ζnρ ‖C([0,T ];L2(Ω)) ≤ C‖a− anρ‖L1(0,T ;L2N (Ω))‖ζnρ ‖L∞(0,T ;L2N/(N−1)(Ω))
(4.10)

≤ C‖a− anρ‖L1(0,T ;L2N (Ω))‖ζnρ ‖L∞(0,T ;H1/2(Ω)),

‖ξn,1ρ ‖C([0,T ];L2(Ω)) ≤ C‖fn
ρ ‖L1(0,T ;L2(Ω)),(4.11)

where ‖ζnρ ‖L∞(0,T ;L2N/(N−1)(Ω)) are uniformly bounded due to Lemma 3.1. Tak-
ing (4.9) into account, we conclude that for all 0 < ρ < 1 the sequence of wn

ρ converges
to zero in the weak topology of L2(Σ) and, by Lemma 3.3, the sequence of ζnρ converges
to zero in C([0, T ];L2(Ω)). Thus there is an integer n(ρ) such that

‖ζn(ρ)
ρ ‖C([0,T ];L2(Ω)) ≤ ρ for all 0 < ρ < 1.(4.12)

Observe further that u
n(ρ)
ρ converge to ū in L2(Σ) as ρ ↓ 0. It follows now from

Theorem 3.5 that y
n(ρ)
ρ converge to ȳ in C([0, T ];L2(Ω)) as ρ ↓ 0. Invoking assumption

(A1), one has that f
n(ρ)
ρ converge to zero in L1(0, T ;L2(Ω)) and that (a − a

n(ρ)
ρ )

converge to zero in L1(0, T ;L2N (Ω)) as ρ ↓ 0. This, together with (4.10)–(4.12),
implies that

lim
ρ→0

‖ξn(ρ)
ρ ‖C([0,T ];L2(Ω)) ≤ lim

ρ→0
(‖ξn(ρ),1

ρ ‖C([0,T ];L2(Ω)) + ‖ξn(ρ),2
ρ

−ζn(ρ)
ρ ‖C([0,T ];L2(Ω)) + ‖ζn(ρ)

ρ ‖C([0,T ];L2(Ω))) = 0.

Finally, setting Eρ := E
n(ρ)
ρ , uρ := u

n(ρ)
ρ , and 1

ρrρ := ξ
n(ρ)
ρ , we end the proof of the

theorem.
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5. Proof of necessary optimality conditions. As mentioned, in the proof of
our main theorem we are going to use Ekeland’s variational principle [6], which is one
of the most powerful tools of nonlinear analysis and is especially important in applica-
tions of variational methods. In the framework of deriving necessary optimality con-
ditions for the state-constrained problem (P), Ekeland’s variational principle allows
us to perform an efficient strong approximation of the given optimal solution to the
original problem by some functions that happen to be optimal solutions to perturbed
optimal control problems with no state constraints. To accomplish this procedure, we
first describe a complete metric space and a lower semicontinuous functional, which
are suitable for the application of Ekeland’s principle to our problem.

Given ū ∈ Uad and a fixed positive number k, we define the set

Uad(ū, k) := {u ∈ Uad | |u(s, t) − ū(s, t)| ≤ k for a.e. (s, t) ∈ Σ}

and endow this set with the metric, which goes back to Ekeland’s seminal paper [6],

d(v, u) := LN ({(s, t) | v(s, t) �= u(s, t)}),

where LN (Ω) denotes as before the N -dimensional Lebesgue measure of Ω ⊂ R
N .

Observe that if {un} ⊂ Uad(ū, k) and u ∈ Uad(ū, k) are such that limn→∞ d(un, u) = 0,
then the sequence {un} strongly converges to u in the norm of L2(Σ). The next result
provides more information about this space and about the cost functional of (P) on
it, where yu stands for the weak solution of (1.1) corresponding to u.

Lemma 5.1 (proper setting for Ekeland’s principle). The metric space (Uad(ū, k), d)
is complete, and the mapping u �→ (yu, J(yu, u)) is continuous from (Uad(ū, k), d) into
C([0, T ];L2(Ω)) × R.

Proof. The completeness of the space (Uad(ū, k), d) is a well-known fact; cf. [6, 25].
Let us prove the continuity statement of the lemma based on the regularity of weak
solutions to the state system (1.1) established in section 3.

Take {un} ⊂ Uad(ū, k) and u ∈ Uad(ū, k) such that the control sequence {un}
converges to u in the above d-metric as n → ∞. Denote by y and by yn the weak
solutions of (1.1) corresponding to u and to un, respectively. Since un → u strongly
in L2(Σ), the corresponding trajectories yn converge to y in C([0, T ];L2(Ω)) by The-
orem 3.5. Furthermore, it follows from the estimates in assumptions (A2)–(A4) that
the sequence of values J(yn, un) converges to J(y, u) as n → ∞, which ensures the
desired continuity.

Now using the classical results in the geometry of Banach spaces presented, e.g.,
in [17, Chapter 2] (see Theorem 2.18 and Proposition 2.20 therein), we conclude by
the separability of C([0, T ];L2(Ω)) that there is an equivalent norm | · |C([0,T ];L2(Ω))

on this space such that it is Gâteaux differentiable at any nonzero point and its dual
norm on M([0, T ];L2(Ω))—denoted by | · |M([0,T ];L2(Ω))—is strictly convex. Given the
constraint set C ⊂ C([0, T ];L2(Ω)) in the original problem (P), we define the distance
function

dC(x) := inf
z∈C

|x− z|C([0,T ];L2(Ω))(5.1)

via the new norm | · |C([0,T ];L2(Ω)) on C([0, T ];L2(Ω)). Since C is convex, the distance
function (5.1) is also convex, and it is Lipschitz continuous on C([0, T ];L2(Ω)) with
rank 1. As is well known,

|ξ|M([0,T ];L2(Ω)) ≤ 1 whenever ξ ∈ ∂dC(x) with x ∈ C;
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moreover, one has

|ξ|M([0,T ];L2(Ω)) = 1 for every ξ ∈ ∂dC(x) and x �∈ C,

where ∂dC stands for the subdifferential of convex analysis. Taking into account that
the dual norm | · |M([0,T ];L2(Ω)) is strictly convex on M([0, T ];L2(Ω)), we conclude
that the subdifferential ∂dC(x) is a singleton, and hence dC is Gâteaux differentiable
at x for every x /∈ C.

Let (ȳ, ū) be an optimal solution to the original problem (P). Using the distance
function (5.1), we define the penalized functional by

Jk(y, u) :=

[(
J(y, u) − J(ȳ, ū) +

1

k2

)+
]2

+ d2
C(y), k = 1, 2, . . . ,

where J is the cost functional in (P). Since Jk(ȳ, ū) = k−4, one has that

Jk(ȳ, ū) < inf{Jk(y, u) | u ∈ Uad(ū, k
1/3), (y, u) satisfies (1.1)} +

1

k2
,

for all k, i.e., (ȳ, ū) is a 1
k2 -optimal solution to the penalized problem.

Notice that the functional Jk is smooth at points where it does not vanish, in the
sense that it is Gâteaux differentiable at such points; cf. [20] in the case of control sys-
tems governed by ordinary differential equations. This follows from the construction
of Jk, assumptions (A2)–(A4), and the above property of (5.1). Ekeland’s principle
allows us to strongly approximate (ȳ, ū) by a pair (yk, uk) satisfying (1.1) in such a
way that (yk, uk) is an exact solution to some perturbed optimal control problem for
system (1.1) with the same control constraints and no state constraints.

Proof of Theorem 2.1. We divide the proof of this theorem into the three major
steps.

Step 1. Approximating problems via Ekeland’s principle. Given an optimal so-
lution (ȳ, ū) to the original problem (P), we fix a natural number k = 1, 2, . . . and
get from Lemma 5.1 that the metric space (Uad(ū, k

1/3), d) is complete, and that the
functional u �−→ Jk(yu, u) is lower semicontinuous (even continuous) on this space.
By the Ekeland variational principle [6] we find an admissible control uk satisfying

uk ∈ Uad(ū, k
1/3), d(uk, ū) ≤ 1

k
, and

(5.2)

Jk(yk, uk) ≤ Jk(yu, u) +
1

k
d(uk, u) for all u ∈ Uad(ū, k

1/3),

where yk and yu are the weak solutions of (1.1) corresponding to uk and u, respectively.
The latter means that, for all natural numbers k, uk is an optimal solution to the
perturbed problem

inf

{
Jk(y, u) +

1

k

∣∣∣∣u ∈ Uad(ū, k
1/3), (y, u) satisfies (1.1)

}
.(Pk)

Step 2. Necessary conditions in approximating problems. First take an arbitrary
u0 ∈ Uad and construct the following modification of ū feasible to (Pk) by

u0k(s, t) :=

{
u0(s, t) if |u0(s, t) − ū(s, t)| ≤ k1/3,

ū(s, t) otherwise.
(5.3)
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Then, given any 0 ≤ ρ < 1, we define diffuse perturbations of the optimal control uk

in (Pk) as

uk
ρ(s, t) :=

{
uk(s, t) on Σ \ Ek

ρ ,

u0k(s, t) on Ek
ρ .

(5.4)

Theorem 4.1 ensures the existence of measurable sets Ek
ρ ⊂ Σ for which LN (Ek

ρ ) =

ρLN (Σ),

ykρ = yk + ρzk + ρrkρ , lim
ρ→0

‖rkρ‖C([0,T ];L2(Ω)) = 0, and(5.5)

J(ykρ , u
k
ρ) = J(yk, uk) + ρ∆Jk + o(ρ),(5.6)

where ykρ is the weak solution of (1.1) corresponding to uk
ρ, where zk is the weak

solution to ⎧⎪⎨⎪⎩
ztt − ∆z + Φ′

y(·, yk)z = 0 in Q,

∂νz = uk − u0k on Σ,

z(0) = 0, zt(0) = 0 in Ω,

and where ∆Jk is defined by

∆Jk :=

∫
Q

g′y(·, yk)zk dxdt +

∫
Ω

f ′
y(·, yk(T ))zk dx +

∫
Σ

(h(·, u0k) − h(·, uk)) dsdt.

Since each uk
ρ is clearly feasible for (Pk), from (5.2) and the construction of the

metric d, we deduce that

lim
ρ→0

Jk(yk, uk) − Jk(y
k
ρ , u

k
ρ)

ρ
≤ 1

k
LN (Σ).(5.7)

Observe that Jk(yk, uk) �= 0 for all k due to the optimality of uk in (Pk) and the
structure of Jk. Hence Jk is Gâteaux differentiable at (yk, uk) by the discussion above.
Then it easily follows from (5.6) and (5.7) that

−λk∆Jk − 〈µk, zk〉 ≤
1

k
LN (Σ),(5.8)

where the multipliers λk and µk are computed by

λk :=
(J(yk, uk) − J(ȳ, ū) + 1

k2 )+

Jk(yk, uk)
, µk :=

⎧⎨⎩
dC(yk)∇dC(yk)

Jk(yk, uk)
if yk �∈ C,

0 otherwise.

Observe that µk ∈ M([0, T ];L2(Ω)). Now let pk be the (unique) weak solution to the
adjoint system⎧⎨⎩

ptt − ∆p + Φ′
y(·, yk)p = λkg

′
y(·, yk) + µk|Q in Q,

∂νp = 0 on Σ,
p(T ) = 0, pt(T ) = −λkf

′
y(·, yk(T )) − µk|Ω×{T} in Ω,

(5.9)
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where µk|Q and µk|Ω×{T} are the restrictions of µk to Q and Ω × {T}, respectively.
Employing the Green formula in Theorem 3.9, we have

λk

∫
Q

g′y(x, t, yk)zk dxdt + λk

∫
Ω

f ′
y(x, yk(T ))zk(T ) dx + 〈µk, zk〉

=

∫
Q

pk(zktt − ∆zk + Φ′
y(·, yk)zk) dxdt +

∫
Σ

pk∂νzk dsdt

=

∫
Σ

pk(uk − u0k) dsdt.

The latter implies, by (5.8) and the definition of ∆Jk, that∫
Σ

(λkh(s, t, uk) + pkuk) dsdt ≤
∫

Σ

(λkh(s, t, u0k) + pku0k) dsdt +
1

k
LN (Σ)(5.10)

for every k = 1, 2, . . . , which gives necessary optimality conditions for the solutions
uk to the approximating problems (Pk).

Step 3. Passing to the limit. To conclude the proof of the theorem, we need to
pass to the limit in the above relations for the optimal solutions uk to (Pk) as k → ∞.
First observe that

λ2
k + |µk|2M([0,T ];L2(Ω)) = 1 for all k = 1, 2, . . . .

Invoking basic functional analysis, we find an element (λ, µ̄) ∈ R ×M([0, T ];L2(Ω)),
with λ ≥ 0, and a subsequence of (λk, µk), still indexed by k, such that

λk → λ in R and µk ⇀ µ̄ weak∗ in M([0, T ];L2(Ω)).

Furthermore, Theorem 3.8 ensures the estimate

‖pk‖L∞(0,T ;H1(Ω)) + ‖pkt‖L∞(0,T ;L2(Ω))

≤ C(‖µ‖M([0,T ];L2(Ω)) + ‖g′y(·, yk)‖L1(0,T ;L2(Ω)) + ‖f ′
y(·, yk(T ))‖L2(Ω)).

Since the sequences {λk} ⊂ R, {µk} ⊂ M([0, T ];L2(Ω)), {yk} ⊂ C([0, T ];L2(Ω)), and
{uk} ⊂ L2(Σ) are bounded, the sequence {(pk, pkt)} is bounded in L∞(0, T ;H1(Ω))×
L∞(0, T ;L2(Ω)). Then there is a subsequence of {(pk, pkt)} converging to some (p, pt)
in the weak∗ topology of L∞(0, T ;H1(Ω))×L∞(0, T ;L2(Ω)) and a subsequence of {yk}
converging to some ȳ ∈ L∞(0, T ;L2(Ω)) in the weak∗ topology of L∞(0, T ;L2(Ω)).
We already know that {uk} tends to ū in L2(Σ). Employing standard arguments, we
prove that (ȳ, ȳt) is the solution of (1.1) corresponding to ū, and that (p, pt) is the
(unique) weak solution of (2.4) corresponding to ȳ.

We choose (λ, µ) = (λ, µ̄|]0,T ]) as the multipliers for the necessary optimality con-
ditions stated in Theorem 2.1. Taking into account assumption (A5) on the convexity
and nonempty interiority of the set C, one has the necessary condition (2.2) for the
limiting multipliers (λ, µ). In particular, let us verify that (λ, µ) �= 0. Suppose the
contrary, which gives

lim
k→∞

|µk|2M([0,T ];L2(Ω)) = 1.(5.11)

By assumption (A5) we have ŷ0 ∈ int C. Thus there exists a ball B(ŷ0, ρ) in C([0, T ];L2(Ω))
centered at ŷ0 with radius ρ > 0 such that B(ŷ0, ρ) ⊂ C. Using (5.11) and taking any
k = 1, 2, . . . , we find zk ∈ B(0, ρ) satisfying

〈zk, µk〉C([0,T ];L2(Ω)),M([0,T ];L2(Ω)) =
ρ

2
|µk|M([0,T ];L2(Ω)).
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Since ŷ0 + zk ∈ C, one has by definition of µk that

〈ŷ0 + zk − yk, µk〉C([0,T ];L2(Ω)),M([0,T ];L2(Ω)) ≤ 0 for all k = 1, 2, . . . .

Passing to the limit as k → ∞, we get

ρ

2
+ 〈ŷ0 − ȳ, µ̄〉C([0,T ];L2(Ω)),M([0,T ];L2(Ω)) ≤ 0.

Remember that ȳ(x, 0) = ŷ0(x, 0) and µ = µ̄|]0,T ]; therefore

〈ŷ0 − ȳ, µ̄〉C([0,T ];L2(Ω)),M([0,T ];L2(Ω)) = 〈ŷ0 − ȳ, µ〉C([0,T ];L2(Ω)),Mb(]0,T ];L2(Ω)),

which implies that

〈ŷ0 − ȳ, µ〉C([0,T ];L2(Ω)),Mb(]0,T ];L2(Ω)) ≤ −ρ

2
< 0.

The latter contradicts the assumption on (λ, µ) = 0 and thus justifies the nontriviality
condition in the theorem.

It remains to verify the minimum condition (2.3). To do this, recall that uk → ū
strongly in L2(Σ). Passing to the limit as k → ∞ in (5.10), we get∫

Σ

(λh(s, t, ū) + pū) dsdt ≤
∫

Σ

(λh(s, t, u0) + pu0) dsdt for all u0 ∈ Uad.(5.12)

Finally, taking into account the structure of Uad in (A6) and employing the standard
arguments (see, e.g., [25, section 5.2]), we derive the pointwise condition (2.3) from
the integral one in (5.12).
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Abstract. We investigate the problem of optimization of a terminal cost function for a system
depending on a control, and on two disturbances for which a priori set membership is known. The
disturbances are of different natures: One becomes known to the controller at the current time (we
called it observable) while the other remains unknown. No state measurements are available. The
problem can be viewed as a differential game of min-max type where the controller aims at mini-
mization of the objective function by a strategy which depends only on the observable disturbance.
Since the state of the system is not exactly known due to the presence of an unobservable distur-
bance, we reformulate the problem through a set-valued dynamics describing the evolution of the
current set estimation of the state. To reduce the complexity of the problem, we pass to a suboptimal
problem where the evolution of the state estimation is restricted to a prescribed collection of sets.
The main result of the paper is a characterization of the value function of this problem through a
Hamilton–Jacobi inequality in terms of Dini derivatives, which implies a convergent scheme for nu-
merical computations. As necessary auxiliary tools, we provide new results on evolution and viability
of tubes in a given collection of sets that may be of independent interest.
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sets
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1. Introduction. We consider the system

ẋ = f(x, u, y, v), x(0) = e ∈ E0,(1)

where x ∈ Rn is the state, u ∈ U is the control, and y ∈ Y and v ∈ V (y) are
disturbances (U , Y , and V (y) are given subsets of finite dimensional spaces E0 ⊂ Rn).
The main concern of the paper is the optimal control problem where the controller
wants to minimize (by choosing u) the cost

g(T, x(T ))(2)

against the worst case of disturbances y and v and initial state e ∈ E0. We distinguish
two types of disturbance:

• observable uncertainty y, for which the current realization y(t) ∈ Y becomes
known to the controller;

• unobservable uncertainty v ∈ V (y), for which the realization of v(t) ∈ V (y(t))
remains unknown.
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Thus we consider a min-max problem or a differential game where the second
player wants to maximize (by choosing e, y, and v) the cost (2) while the first player—
the controller—wants to minimize it (by choosing u). The information available to the
controller implies that the control u should be considered in a feedback form which
may depend on the current and the past values of y, but not on v.

For every given open-loop control u(·) and observable uncertainty y(·), the unob-
servable uncertainty v(·) gives rise to a differential inclusion

ẋ ∈ f(x, u(t), y(t), V (y(t))), x(0) ∈ E0,(3)

whose solution is a time-dependent tube providing the deterministic estimation of the
trajectory. Notice that a (set-valued) tube starting from E0 is involved even in the
case of precisely known initial state x(0), due to the unobservable uncertainty.

Let us formulate the problem in a more precise way. Let U[t,θ] be the set of all
open-loop admissible controls on the interval [t, θ], that is, the measurable functions
with values in U . Similarly, Y[t,θ] denotes the set of all measurable selections of Y on
[t, θ], and V[t,θ](y(·)) denotes the set of all measurable selections of the mapping V (y(·))
(for a given y(·)) on the same interval. The suppositions formulated in section 4 will
imply that for any t ∈ [0, T ), e ∈ Rn, u ∈ U[t,T ], y ∈ Y[t,T ], and v ∈ V[t,T ](y) system
(1) has a unique solution on [t, T ] starting from e, denoted by x[t, e;u, y, v](·).

To make use of the dynamic programming principle, we consider problem (1), (2)
also for an arbitrary initial time t and initial set E, instead of the fixed t = 0 and
E = E0. The optimal control for initial time t and initial compact set E is sought as
a nonanticipative strategy (called also a Varaiya–Roxin–Elliot–Kalton strategy [17];
cf. the definition in section 4), α : Y[t,T ] �→ U[t,T ]. The guaranteed result obtained by
using the strategy α for initial data (t, E) is

I(t, E;α)
def
= sup{g(T, x[t, e;α(y), y, v](T )); e ∈ E, y ∈ Y[t,T ], v ∈ V[t,T ](y)}.

Then

I(t, E)
def
= inf

α
I(t, E;α)(4)

is the minimal guaranteed (lower) value that can be achieved starting from the set E
at time t.

As previous works indicate (see [7, 8, 6]), the optimal control problem in the case
of incomplete/inexact information is qualitatively different compared with the perfect
information case, since the corresponding Hamilton–Jacobi–Isaacs (HJI) equation for
the value function becomes, essentially, infinite dimensional. It is shown in [8] that the
problem with incomplete measurement can be reformulated as a problem with com-
plete information in the information space, which, however, is infinite dimensional.1

In contrast, in the present paper we reformulate the problem as such with complete
information, but for a dynamic system in the estimation space, which, in principle, is
also infinite dimensional, but in some cases can be equivalently replaced by a finite
dimensional one. In this case the corresponding HJI equation is finite dimensional.
(A finite dimensional HJI equation was derived in [30] for a specific game on the
plane where the state information is incomplete by employing the certainty equiva-
lence principle [7, 9].) If this is not the case, one can still formulate a “suboptimal”

1We stress the fact that the state is partially measured in these papers, while we suppose that
the disturbance in the equation is partially measured, while state measurements are not available.
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version of the problem by restricting the consideration to an estimation space, which
is a finitely parametrized collection of sets. To develop the technique for passing to
such a “suboptimal” problem and its analysis is one of our main goals.

To pass to a finitely parametrized estimation we recall in section 2 the concept of
solution tubes in a given collection of compact sets developed in [29]. We restrict the
presentation to more special collections than in [29] which are more convenient for the
present paper, but we add some necessary new facts. In particular, we prove in section
2.2 the continuous dependence of the solution tubes on data, which is essential for the
subsequent analysis. For y(·) fixed, (3) can be considered as a controlled differential
inclusion whose solution tube takes values in the given collection. Therefore the next
step is to develop the viability theory for collections of sets and controlled differential
inclusions. In section 3 we extend some of our results from [28] to the case of controlled
inclusions and to the concept of viability with a target introduced in [27], which is
essential for the control problem considered here. To maintain the flow of the paper
some technical proofs are postponed until the last section.

With the appropriate viability theory at hand, we cope with problem (2), (1)
in section 4. We can consider the end time T as fixed but, in fact, in section 4 the
end time is determined by a terminal condition, which, if certainly reached (that is,
reached for all possible realizations of the unobservable uncertainty), then the control
process terminates and the performance index is evaluated. This formulation includes
minimal time problems.

Our main result extends that of [10], the latter concerning the “classical” case
where unobservable uncertainty is not present and the initial state is precisely known.
We prove that the value function of the problem is the unique minimal Dini su-
persolution of the respective HJI equation. The epigraph of the value function is
characterized also as the maximal set that for every y ∈ Y is a viability domain (in a
specified collection of sets) for an auxiliary controlled inclusion depending on y. This
makes it possible to apply an appropriate modification of the viability kernel algo-
rithm (see [31, 11]) for numerical calculation. The applicability of such a modification
is, in principle, shown in [25] (where, however, a discrete-time problem in a somewhat
different setting is considered) including numerical schemes and examples. In the last
part of section 4 we also discuss the suppositions and possible extensions.

We mention that the material in sections 2 and 3 is aimed at solving the control
problem formulated above, but the results presented there could also be useful for
other control/estimation problems for continuous-time uncertain systems.

2. Solution tubes in a collection of sets. The reachable set of a differential
inclusion (the latter interpreted as an uncertain system, as in (3)) is the minimal
guaranteed estimation of the current state. Therefore, to calculate reachable sets is
a cornerstone of the deterministic estimation and control of uncertain systems (see,
e.g., [21]) and a lot of work has been done toward developing numerical approxima-
tion methods (see, e.g., the surveys [15, 24]). Since the geometry of the reachable sets
could be rather complicated, specific subclasses of sets are usually used as approxima-
tion tools: boxes, polyhedral sets, ellipsoids (see [12, 22, 13, 23]), box or polyhedral
complexes (see [31, 19, 11, 20]), etc. In some cases convergence results are obtained,
but usually, to achieve a good approximation, one has to use rather complex approx-
imating sets. On the other hand, in problems of control of uncertain systems and
differential games, where the state estimation is just an auxiliary tool, one has to
employ only fairly simple sets. (The associated HJI equation, for example, has the
dimension of the state estimators, and therefore the latter should not be too large.)
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In such cases the issue of approximation is not that relevant. A different problem
arises: to obtain inclusions of the reachable set in sets from a prescribed collection E ,
that is, to replace the solution tube X(t) of the differential inclusion by a tube E(t)
with values in E . In doing this, one has to ensure at least X(t) ⊂ E(t), but two more
properties are also desirable: (i) the Markov property of the evolution of E(·), which,
together with X(t) ⊂ E(t), requires invariance of the tube E(t) with respect to the
differential inclusion, and (ii) minimality.

In this section we modify some results from our paper [29] (where more biblio-
graphical data and examples are provided) and establish some new ones needed in
the subsequent sections.

2.1. Definitions and main suppositions. We shall use the following notation:
B is the Euclidean unit ball in Rn, comp(Rn) is the set of all nonempty compact

subsets of Rn, dist(X,Y )
def
= supx∈X infy∈Y |x−y| is the distance from X ∈ comp(Rn)

to Y ∈ comp(Rn), |X| = dist(X, {0}), and H(X,Y ) = max{dist(X,Y ),dist(Y,X)}
is the Hausdorff distance between X and Y . Multiplication of a set with a scalar
and summation of sets are understood in the usual (Minkowski) sense. For a set X,
f(X) stays for {f(x); x ∈ X}. For a given closed X ⊂ Rn, the set of all Hausdorff
continuous mappings X �→ comp(Rn) is a complete metric cone (with respect to the
Minkowski operations), which will be denoted by C(X; comp(Rn)).

Definition. A set-valued map E(·) : [0, T ] ⇒ Rn is called a tube. Throughout
this paper it would be convenient to use the term “tube” only for mappings E(·) that
have nonempty compact values and a closed graph. A tube is Lipschitz continuous if
there is a constant L such that

H(E(s), E(t)) ≤ L|t− s| for every s, t ∈ [0, T ].

We consider a differential inclusion

ẋ ∈ F (x, t), x ∈ Rn, t ∈ [0, T ],(5)

supposing the following.
Condition A. F : Rn × [0, T ] ⇒ Rn is a set-valued mapping with nonempty

convex, compact values, measurable in t for every fixed x, and locally Lipschitz con-
tinuous in x uniformly with respect to t. Moreover, F satisfies the linear growth
condition

|F (x, t)| ≤ a(1 + |x|) ∀x ∈ Rn, t ∈ [0, T ].

As usual, a solution to (5) is any absolutely continuous function that satisfies (5)
for a.e. t. Given a set of initial states E0 ⊂ Rn, the solution tube of (5) on [0, T ] is
defined as

X(s)
def
= X[0, E0](s)

def
= {x(s); x(·) – solution of (5) on [0, s] with x(0) ∈ E0}.

This is the unique minimal tube that starts from E0 at t = 0 and is invariant with
respect to (5), the latter meaning that

∀s ∈ [0, T ) ∀x(·) – solution of (5) on [s, T ] with x(s) ∈ X(s)

⇒ x(t) ∈ X(t) ∀t ∈ [s, T ].

Here and below, “minimal,” when applied to sets, means “minimal with respect to
inclusion”; when applied to tubes, minimality is meant with respect to the partial
ordering in which E1(·) ≺ E2(·) if and only if E1(t) ⊂ E2(t) for every t ∈ [0, T ].
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Definition. Let E be a given collection of compact sets in Rn. The tube E(·) :
[0, T ] �→ comp(Rn) is called the solution tube of (5) in the collection E if and only if
E(·) is a minimal invariant tube with values in E .

The above definition meets the requirements (i) and (ii) formulated in the pream-
ble of this section and extends the usual concept of a solution tube. Clearly, X[0, E0](·)
is the unique solution tube in the collection E = comp(Rn), starting from E0. To
ensure the existence of a solution tube in a more general collection E we introduce
the following conditions for E .

Condition B.1. The collection E consists of nonempty compact sets and is closed
in the Hausdorff metric. For every compact Z there is some E ∈ E containing Z.

Condition B.2. There exists a constant LE such that for each ε > 0 and each
E ∈ E there exists E′ ∈ E for which E + εB ⊂ E′ ⊂ E + εLEB.

Obviously Conditions B.1 and B.2, together with the Zorn lemma, imply that for
every Z ∈ comp(Rn) there exists a minimal element of E containing Z.

Condition B.3. For every Z ∈ comp(Rn) there is a unique minimal element of E
containing Z.

The last condition is not necessary for many of the considerations below, including
the existence, but it is convenient in the context of the optimal control problem
investigated in the present paper.

2.2. Existence and continuity of the solution tubes.
Theorem 2.1 (adapted from [29]). Suppose that Conditions A and B.1–B.3 are

fulfilled. Then for every E0 ∈ E inclusion (5) has a unique solution tube in E starting
from E0, it satisfies the growth estimation

E(t) ⊂ E0 + (1 + |E0|)(e2a(LE+1)t − 1)B,(6)

and is Lipschitz continuous with Lipschitz constant 2a(1 + LE)(1 + |E0|)e2a(1+LE)T .
Corollary 2.2. For every E0 ∈ E inclusion (5) has a unique solution tube in E

on [0,+∞), starting from E0. The solution tube is contained in every invariant tube
of (5) starting from E0 and taking values in E.

In the next sections we shall need the following continuity property of the solution
tubes. Let us consider a sequence of differential inclusions of the form

ẋ ∈ F k
0 (x, s) + Bk(x, s)uk(s),(7)

where F k
0 : Rn × [tk, T ] ⇒ Rn, uk : [tk, T ] �→ U , U is a subset of a finite dimensional

space, and Bk is a matrix function with appropriate size.
Proposition 2.3. Let the following conditions be fulfilled:

(i) For every k = 0, 1, . . . , the mapping F k(x, s)
def
= F k

0 (x, s) + Bk(x, s)uk(s)
satisfies Condition A with the growth constant a independent of k; Bk are measurable
in s, locally Lipschitz continuous in x, uniformly in s; U is compact; the functions
uk(·) are measurable; and the collection E satisfies Condition B.

(ii) tk ∈ [0, T ] and Ek
0 ∈ E, k = 0, 1, . . . , are such that limk→+∞ tk = t0,

liminfk→+∞ dist(E0
0 , E

k
0 ) = 0 and uk(·) converges L1-weakly to u0(·); for every com-

pact set Z

liminf
k→+∞

∫ T

0

sup
x∈Z

[dist(F 0
0 (x, s), F k

0 (x, s)) + |Bk(x, s) −B0(x, s)|] ds = 0.

Let Ek(·) : [tk, T ] �→ E be the solution tube in E of (7), k = 0, 1, . . . , starting from
Ek

0 at time tk. Then there is a subsequence of {Ek(·)} that converges uniformly to
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some tube E(·) : [t0, T ] �→ E. Every such limit tube E(·) is Lipschitz continuous, and
E0(t) ⊂ E(t) for all t ∈ [t0, T ].

Proof. To avoid the obvious extension/restriction technicalities needed to cope
strictly with the case tk 
= t0, we assume that tk = t0 in the proof below. Since the
growth constant a is the same for all k, from Theorem 2.1 it follows that the tubes
Ek(·) are equi-Lipschitz, and therefore, also equibounded. According to the Arzelà–
Ascoli theorem applied to the space C([t, T ]; E), there is a subsequence uniformly
converging to a tube E(·). To avoid multiple indexes, we suppose that the whole
sequence is convergent and that the two “liminf” in supposition (ii) of the proposition
are “lim.” We shall prove that E(·) is an invariant tube for (7) with k = 0, which
implies the claim of the proposition according to Corollary 2.2.

To prove the invariance of E(·), we take an arbitrary τ ∈ [t0, T ) and an arbitrary
trajectory x(·) of (7) with k = 0, starting from a point x0

0 ∈ E(τ). Then we define
the Carathéodory selection

ψk(x, s) = PFk
0 (x,s)(ẋ(s) −B0(x(s), s)u0(s))

of F k
0 (where PZ(y) is the projection of y on the convex compact set Z) and consider

the equation

ẋk(s) = ψk(xk(s), s) + Bk(xk(s), s)uk(s), xk(τ) = x0
k,

where x0
k is chosen from Ek(τ) in such a way that |x0

0−x0
k| ≤ dist(E(τ), Ek(τ))

def
= ρk.

Thus ρk → 0. Moreover, obviously

|ψk(xk(s), s) − (ẋ(s) −B0(x(s), s)u0(s))| ≤ dist(F 0
0 (x(s), s), F k

0 (xk(s), s))

≤ H(F 0
0 (x(s), s), F 0

0 (xk(s), s)) + dist(F 0
0 (xk(s), s), F

k
0 (xk(s), s))

= H(F 0
0 (x(s), s), F 0

0 (xk(s), s)) + γk(s),

where γk
def
=

∫ T

τ
γk(s) ds → 0 due to (ii) and the uniform boundedness of xk(·). For

the same reason,

δk
def
=

∫ T

τ

|Bk(xk(s), s) −B0(xk(s), s)|ds → 0.

Then we have

|xk(s) − x(s)|

≤ ρk + γk +

∫ s

τ

H(F 0
0 (x(θ), θ), F 0

0 (xk(θ), θ)) dθ

+

∣∣∣∣∫ s

τ

[Bk(xk(θ), θ)uk(θ) −B0(x(θ), θ)u0(θ)] dθ

∣∣∣∣
≤ ρk + γk +

∫ s

τ

L|xk(θ) − x(θ)|dθ + δk +

∫ s

τ

L|xk(θ) − x(θ)||U |dθ

+

∣∣∣∣∫ s

τ

[B0(x(θ), θ)(uk(θ) − u0(θ))] dθ

∣∣∣∣ ,
where |U | def

= dist(U, {0}), L is the Lipschitz constant of F 0
0 (·, s), and B0(·, s) in a

compact set Z that contains all xk(s). Since the last term is continuous and tends to
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zero with k, the Gronwall inequality implies that xk(s) → x(s). From the invariance
of Ek(·) we have xk(s) ∈ Ek(s) for every s ∈ [τ, T ], and therefore x(s) ∈ E(s).
This proves the invariance of E(·), and thus the claim of the theorem thanks to
Corollary 2.2.

Remark 2.4. In the case of single-valued F k
0 and E0, the above theorem holds

without the supposition that the second summand in (7) is linear in u. An example
showing that Proposition 2.3 is false for nonaffine inclusions (even with single-valued
F k

0 and convex compact-valued fk
1 (x, s, U)) is given in the next subsection.

2.3. Particular cases and examples. Every collection of closed sets E can be
represented as consisting of sublevel sets of a parametric family of Lipschitz functions.
Namely, if we define

ϕ(E, x) = dist(x,E), E ∈ E , x ∈ Rn,

and denote P = E , then obviously

E ∈ E ⇔ ∃p ∈ P : E = E(p), where E(p)
def
= {x ∈ Rn; ϕ(p, x) ≤ 0}.(8)

For practical reasons, however, we are mainly interested in collections E that admit a
parameterization as in (8) with a set P being a subset of a finite dimensional space,
as in the examples below, which are especially convenient and easy for calculation.

(a) Let us fix a finite or countable subset L = {l1, l2, . . . } of the unit sphere
∂B ⊂ Rn such that the convex cone spanned by L coincides with Rn. With every
Z ∈ comp(Rn) we associate the sequence of numbers p(Z) = (p1, p2, . . . ), where

pi = maxz∈Z〈li, z〉. Denote P
def
= {p(Z); Z ∈ comp(Rn)}.

It is easy to check that the corresponding collection EL
def
= {E(p); p ∈ P} satisfies

Conditions B.1–B.3. It may consist of all convex compact subsets of Rn (if L is dense
in ∂B), of all “boxes” (if L = {±ei}ni=1 with {ei}i—an orthogonal basis in Rn), and
of all polyhedrons with given normal vectors to the faces.

(b) The following is an alternative collection E that satisfies Conditions B.1–B.3.
Let us fix the points z1, . . . , zN ∈ Rn, N ≥ 1, and define

E def
=

{ ⋂
i=1,...,N

(zi + siB), s = (s1, . . . , sN ) ∈ S

}
,

where S is the set of those s for which the intersection is nonempty. For every
Z ∈ comp(Rn), the unique minimal element from E that contains Z has

si = dist(Z, zi).

(c) Similarly, as in the collection in (b), instead of translated sublevel sets of the
Euclidean norm, one may use sublevel sets of a collection of other functions defined
in Rn, caring that Conditions B.1–B.3 are satisfied. Such a collection may involve
nonconvex sets and may be “adapted” to a given differential inclusion in such a way
that reachable sets initiated from elements of the collection are well approximated
(locally in time) by other elements of the collection.

Example 2.5 (proof of the negative claim in Remark 2.4). Consider the system

ẋ1 = u1, ẋ2 = u2
1 + (1 + x2

3)u2 − 1, ẋ3 = 0,(9)

U = {(u1, u2); −1 ≤ u1 ≤ 1, 0 ≤ u2 ≤ 1 − u2
1}.
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Notice that the right-hand side of the corresponding differential inclusion is convex
and compact for every x. Let us consider the collection E = comp(Rn) and the initial
element E0 = (0, 0, [−1, 1]). Define the sequence uk

1 on [0, 1] such that uk
1 switches

alternatively between −1 and 1 at times t = i/k, i = 0, 1, . . . , k − 1, and define

uk
2 ≡ 0. Then Ek(t) = (xk

1(t), 0, [−1, 1]) with xk
1(t) =

∫ t

0
uk

1(s) ds is a solution tube

of (9). Obviously xk
1(·) → 0 and Ek(·) → E0 (since uk

1 converges weakly to zero,
(uk

1)2 ≡ 1, and x2(0) = 0). The last set, however, is neither a solution tube nor
contains such a tube starting from E0. Indeed, if E0 is a solution tube, then u1 must
be identically zero. Then the solution tube of (9) becomes{

(0, (1 + x2
3)

∫ t

0

u2(s) ds− t, x3); x3 ∈ [−1, 1]

}
,

and the second component cannot be identically zero independently of x3 ∈ [−1, 1],
no matter what the control u2 is. This proves the negative claim in Remark 2.4.
The solution tube E(t) = (0, 0, [−1, 1]) is, in fact, realized by the Young measure
µ(t) = 0.5δ−1 +0.5δ1, where δu is the atomic measure concentrated at u. Any control
u(t), however, that realizes the same trajectory as µ has to depend on its initial state
x3, which is “unknown” in the context of the solution tubes.

3. Viability theory for collections of sets and solution tubes. The theory
developed in the previous section extends the usual notion of trajectory of a control
system to the notion of a solution tube (in a collection of sets) of an uncertain control
system (controlled differential inclusion). Then the problem arises of how to build
a viability theory for solution tubes similarly to the way it has been done for usual
trajectories [2].

General theories for set-valued dynamical systems (in metric spaces) were devel-
oped in [3, 26, 4]. In particular, the viability theory was extended to more general
dynamics in metric spaces in [16, 18, 4]. The dynamics of the solution tubes in a
given collection of sets, however, does not fit within the above-mentioned framework.
A relevant notion for contingency and viability for collections of sets was developed
in [28], but it concerns standard (certain) control systems, where only the initial state
is uncertain. Below we extend this theory in two directions: (i) to uncertain control
systems, and (ii) to the concept of “viability with a target” introduced in [27].

3.1. Viability domains and kernels. Let a collection of compact sets E in Rn

be fixed and let Z ∈ comp(Rn).
Definition. A mapping L(·) ∈ C(Z, comp(Rn)) is called a (continuous) contingent

field to E at Z if

lim inf
h→0+

inf
Ẽ∈E

sup
x∈Z

dist

(
L(x),

Ẽ − x

h

)
= 0.

The set of all contingent fields to E at Z will be denoted by TE(Z). The following
lemma is a straightforward consequence of the definition.

Lemma 3.1. The (set-valued) mapping L(·) ∈ C(Z; comp(Rn)) belongs to TE(Z)
if and only if there are sequences hk → 0+, γk → 0, and Ek ∈ E such that

(I + hkL(·))(Z) ⊂ Ek + hkγkB ∀k

(here and below, I is the identity mapping).
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In the particular case of the collection EK = {{x}; x ∈ K} of all single points
from a given set K ⊂ Rn, the set TE(Z) is nonempty if and only if Z = {x} is a
singleton and every contingent field is single-valued. In fact, the contingent field at
{x} is defined at the single point x only, and therefore can be identified with a vector
l ∈ Rn. It is straightforward that l ∈ TEK

({x}) if and only if l ∈ TK(x), where TK(x)
is the usual (Bouligand) contingent cone2 to K at x (see, e.g., [5]). In the case of
collections that do not consist only of singletons, we use the term contingent field (in
contrast to “contingent vector”) to stress that mappings defined on Z are considered
“tangent” objects, rather than constant vectors only. All properties of the contingent
fields (similar to those for contingent vectors) obtained in [28, Proposition 1] in the
case of single-valued fields apply also to set-valued fields.

Below M will be another (possibly empty) collection of compact sets in Rn

that will be interpreted later as a “target.” Let L be a family of mappings from
C(Rn; comp(Rn)). Then L|Z will denote the set of restrictions of the mappings from
L to the set Z ∈ comp(Rn).

Definition. The collection E is called a viability domain with target M for L if

TE(E) ∩ L|E 
= ∅ ∀E ∈ cl(E) \M.

Obviously E is a viability domain if and only if cl(E) is a viability domain.
The following proposition plays a key role in the whole theory.3 It claims that

the sequences γk in Lemma 3.1 can be chosen to a certain extent independent of the
particular E , E, and L. The idea of the proof is the same as that of Lemma 2 in [28],
obtained in the case of a family of single-valued fields L and M = ∅. However, the
suppositions in [28] are too restrictive in the present context, so the proof below is
technically rather different from that in [28].

We shall use the notation

ρ(E,M)
def
= inf

M∈M
dist(E,M).

Definition. The subset E ′ of E is inclusion-complete (in E) if the inclusions E ∈ E ′,
E′ ⊂ E, and E′ ∈ E together imply E′ ∈ E ′.

Proposition 3.2. Let the closed collections E and M of compact sets and the
closed convex family L ⊂ C(Rn; comp(Rn)) be given. Suppose that E satisfies Condi-
tions B.1–B.3 and that for every Z ∈ comp(Rn), the family L|Z is equi-Lipschitz and
uniformly bounded.

Then for every number R there exist positive numbers β, c, and C such that for
every h ∈ (0, β], for every E ′ ⊂ E which is a closed inclusion-complete viability domain
with target M for L, and for every E ∈ E ′, for which E ⊂ RB and ρ(E,M) > ch,
there exist L(·) ∈ L and Ẽ ∈ E ′, with Ẽ ⊂ (R + 1)B, such that

(I + hL(·))(E) ⊂ Ẽ + Ch2B.

The proof is given in section 5.

2TK(x) is defined as the set of those l ∈ Rn for which lim infh→0+
1
h

dist(x+ hl,K) = 0.
3To our knowledge the proposition below is new also in the “classical” case of a collection of

singletons and single-valued fields (in fact, vectors). Its claim seems to provide one deep reason for
the Euler discretizability of Hamilton–Jacobi equations associated with optimal control, despite the
fact that the derivatives in these equations do not exist in the classical sense and the solution can
be even discontinuous.
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If a collection E ⊂ comp(Rn) is not a viability domain for L, then it may happen
that it contains a collection E ′ ⊂ E which is a viability domain.

Theorem 3.3. Let E, M, and L be as in Proposition 3.2. Then there exists a
(possibly empty) closed collection E0 ⊂ E which is a viability domain for L with target
M and which contains every other viability domain in E with target M.

Definition. The (possibly empty) collection E0 ⊂ E obtained in the above the-
orem is called the viability kernel of E with target M for L and will be denoted by
ViabL(E ;M).

Proof. If no subset of E is a viability domain (below, we skip mentioning L and
M), then ViabL(E ;M) = ∅. Otherwise we denote

E0
def
= cl ∪E ′,

where the union is taken with respect to all viability domains included in E . However,
the collection E0 would not change if we take in the above union only the closed
inclusion-complete viability domains E ′. Indeed, the viability property is invariant
with respect to taking closure or completing a collection E ′ by adding to it all subsets
of elements of E ′ that belong to E .

We shall prove that E0 is a viability domain with target M. Take an arbitrary
E0 ∈ E0\M. Let us denote R = dist(E0, 0)+1 and let β, c, and C be the corresponding
numbers from Proposition 3.2. Let h ∈ (0, 1] be arbitrary, but such that 2ch ≤
ρ(E0,M).

By the definition of E0 there is a viability domain E ′
h ⊂ E0 and Eh ∈ E ′

h such
that H(Eh, E0) ≤ hmin{1, ch}. We have dist(Eh, 0) ≤ dist(E0, 0) + 1 ≤ R and
ρ(Eh,M) ≥ ρ(E0,M) − ch ≥ ch. Then we can apply Proposition 3.2 to obtain
Lh(·) ∈ L and Ẽh ∈ E ′

h such that

(I + hLh(·))(Eh) ⊂ Ẽh + Ch2B.

Let D be a Lipschitz constant of the mappings from L|Y , where Y = E0 + B. Then

(I + hLh(·))(E0) ⊂ (I + hLh(·))(Eh) + (1 + D)ch2B ⊂ Ẽh + [(1 + D)c + C]h2B
= Ẽh + C1h

2B

with C1 = (1 + D)c + C. Since Lh are equi-Lipschitz and uniformly bounded
on Y , there is a sequence hk → 0 such that Lhk

converges to some L ∈ L|Y in
C(Y ; comp(Rn)). Then

(I + hkL(·))(E0) ⊂ Ẽhk
+ C1h

2B + hk‖L(·) − Lhk
(·)‖C(Y ;comp(Rn))B.

Since Ẽhk
∈ E ′

hk
⊂ E0, the last relation implies that L(·) ∈ TÊ(Ê) according to Lemma

3.1. Thus E0 is a viability domain with target M.
The following lemma is another direct consequence of Proposition 3.2.
Lemma 3.4. Let E, M, and L be as in Proposition 3.2, but with a compact

family L. Let Ek ∈ E, k = 1, 2, . . . , be a sequence of closed inclusion-complete viability
domains with target M for L. Then the Kuratowski upper limit of {Ek} is a viability
domain with target M for L.

3.2. Existence of a viable solution tube. In this subsection we address the
key issue of the viability theory specified below in Theorem 3.5 in the present frame-
work of collections of sets and solution tubes: the existence of a solution tube in a
viability domain.
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We consider a specific family of mappings L ⊂ C(Rn; comp(Rn)) having the
affine form

L = {F0(·) + B(·)u; u ∈ U},(10)

where F0 ∈ C(Rn; comp(Rn)), U ⊂ Rr, and B(·) is an (n×r)-matrix function. Below
in this section we suppose that

E ⊂ comp(Rn) is a collection satisfying Conditions B.1–B.3;(11)

is convex and compact, B(·) is locally Lipschitz continuous;(12)

Fu(x)
def
= F0(x) + B(x)u satisfies Condition A uniformly in u ∈ U.(13)

With the family L we associate the controlled differential inclusion

ẋ ∈ F0(x) + B(x)u(t), u(t) ∈ U.(14)

Let us denote by U[s,τ ] the set of all measurable u(·) : [s, τ ] �→ U . According to
Corollary 2.2, for every s ≥ 0, every E ∈ E , and every u(·) ∈ U[s,+∞), inclusion (14)
has a unique solution tube Eu(·)[s,E](·) in the collection E on [0,+∞), starting from
E at time s. Similarly, as before, the solution tube in comp(Rn) will be denoted by
Xu(·)[s,E](·).

The following definition adapts the terminology from [2].
Definition. Let E ′ and M be given closed subsets of E . The collection E ′ enjoys the

viability property with target M with respect to (14) if and only if for every E ∈ E ′\M
there exists u(·) ∈ U[0,+∞) such that the solution tube Eu(·)(·) = Eu(·)[0, E](·) either
satisfies Eu(·)(t) ∈ E ′ for all t ≥ 0, or there is T > 0 such that Eu(·)(t) ∈ E ′ on [0, T ]
and Eu(·)(T ) ∈ M.

Theorem 3.5. Let Conditions (11)–(13) hold. The closed inclusion-complete
collection E ′ ⊂ E enjoys the viability property with target M with respect to (14) if
and only if it is a viability domain with target M.

The proof of this result is rather technical; therefore it is postponed to section 5.
Remark 3.6. We mention that in the “classical” viability theory (that is, with

single-valued F0) affineness with respect to u is not required. Without asserting
that Theorem 3.5 does not hold under weaker assumptions for the dependence of
Fu on u, we point out that in the case of a nonlinear dependence on u, some un-
desirable irregularities may take place. For example, in the “classical” case the
intersection of a monotone decreasing sequence of viability domains is a viability
domain, too. This is not the case for Example 2.5 in section 2.3. The collection

E ′
α = {([−a, a], 0, [−1, 1]); a ∈ [0, α]} ⊂ E def

= comp(R3) is easily seen to be a viability
domain (with ∅ as a target) if α > 0. On the other hand, it was shown there that

E ′
0

def
= ∩αE ′

α = {(0, 0, [−1, 1]} fails to enjoy the viability property. We shall comment
further on this effect in section 4.3.

3.3. Dini derivative and viability. In this subsection, E will always be a
closed collection of nonempty compact sets in Rn and J : E → R will be a lower
semicontinuous function (abbreviated as l.s.c.). Let E ∈ E be fixed and let F : E �→
comp(Rn) be a set-valued field on E.

Definition. We define the lower Dini derivative of J at E in the direction of the
field F as

D−
E J(E;F )

def
= liminf

h,δ→0+
inf

{
J(E′) − J(E)

h
; E′ ∈ E , (I + hF )(E) ⊂ E′ + hδB

}
.
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Remark 3.7. If J is Lipschitz and the collection E satisfies Condition B.1, then
one can equivalently take δ = 0 in the above definition.

For E and J as above, we define as usual

epiJ
def
= {(E, ν); E ∈ E , ν ∈ R : J(E) ≤ ν} ⊂ E × R,

which is also a closed collection of compact sets.
The following lemma follows easily from the definitions.
Lemma 3.8. For every E ∈ E and F : E �→ comp(Rn), the following two

conditions are equivalent:
(i) D−

E J(E;F ) ≤ 0;
(ii) (F, 0) ∈ Tepi J(E, J(E)).

Let M ⊂ E be closed and let L be a closed family of mappings L : Rn ⇒ Rn

such that, for every Z ∈ comp(Rn), the family L|Z is equi-Lipschitz and uniformly
bounded. As a consequence of the above lemma, we obtain that

inf
L∈L

D−
E J(E;L|E) ≤ 0 ∀E ∈ E \M

is a necessary condition for the collection epiJ to be a viability domain for L × {0}
with a target M×R. The next lemma implies that the “inf” in the above inequality
is attained.

Lemma 3.9. For every fixed E ∈ E, the mapping

L → D−
E J(E;L)(15)

defined in the space C(E; comp(Rn)) of continuous set-valued fields on E is l.s.c.

Proof. Let Lk → L, that is, ρk
def
= supx∈E H(L(x), Lk(x)) → 0. There exist

sequences hk, δk, and E′
k ∈ E such that 0 < hk, δk ≤ 1/k,

(I + hkLk)(E) ⊂ E′
k + hkδkB and

J(E′
k) − J(E)

hk
≤ D−

E J(E;Lk) +
1

k
.(16)

Then

(I + hkL)(E) ⊂ E′
k + hkρkB + hkδkB.

From here and the second relation in (16),

D−
E J(E;L) ≤ liminf

k→+∞

(
D−

E J(E;Lk) +
1

k

)
,

which proves the lemma.
Corollary 3.10. epiJ is a viability domain with a target M× R for L × {0}

if and only if

min
L∈L

D−
E J(E;L|E) ≤ 0 ∀E ∈ E \M.

Notice that we have replaced “inf” with “min” in the above inequality, meaning that
the infimum is attained.
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4. Optimal control in the presence of observable and unobservable un-
certainties. We consider the minimization problem for (1), (2) formulated in the
introduction. In addition we introduce a set M ⊂ [0, T ] × Rn, which will deter-
mine the termination time of the control process, as described below. The following
suppositions will hold for the rest of the section.

Condition C.1. U , Y , and V̄ are compact subsets of finite dimensional vector
spaces, U is convex, and the mapping y → V (y) ⊂ V̄ is compact valued and Lipschitz
continuous.

Condition C.2. The function f : Rn × U × Y × V̄ �→ Rn has the form

f(x, u, y, v) = f0(x, y, v) + B(x, y)u,

where f0 and B are continuous, locally Lipschitz in x uniformly with respect to the
other variables. The sets f0(x, y, V (y)) are convex. f has linear growth with respect
to x, uniformly in u, y, v.

The admissible sets U[t,θ], Y[t,θ], and V[t,θ](y(·)) are defined in the introduction.
We recall the notion of nonanticipative strategy on [t, θ]. This is any mapping α :
Y[t,θ] �→ U[t,θ] that satisfies the nonanticipativity condition

∀ y1, y2 ∈ Y[t,θ], ∀ τ ∈ (t, θ]

if y1(s) = y2(s) for a.e. s ∈ [t, τ ], then α(y1)(s) = α(y2)(s) for a.e. s ∈ [t, τ ].

Let A[t,θ] denote the set of all such strategies on [t, θ].
Let us consider first the case of a fixed-end time T discussed in the introduc-

tion. With the system (1) and any fixed u ∈ U[t,T ] and y ∈ Y[t,T ], we associate the
differential inclusion

ẋ ∈ f(x, u(s), y(s), V (y(s))).(17)

Similarly, as before, we denote by Xu,y[t, E](·) the solution tube of (17) in comp(Rn),
starting from the set E at time t. Moreover, for a compact set Z ⊂ Rn we define
G : comp(Rn) �→ R as

G(T,Z) = sup
z∈Z

g(T, z).

Then, obviously, definition (4) is equivalent to

I(t, E) = inf
α∈A[t,T ]

sup
y∈Y[t,T ]

G(T,Xα(y),y[t, E](T )).(18)

In this formulation of the original problem there is no unobservable uncertainty. We
passed to a problem with complete information (here y is an observable disturbance)
but over the solution tubes to differential inclusion (17).

Because of the complexity of the problem so obtained, we can restrict the con-
sideration to the solution tubes of (17) in a given collection of sets E instead of the
whole comp(Rn). Thus we come up with the more general problem, formulated below
in the case of a target that determines the termination time. We also suppose the
following condition.

Condition C.3. The collection E satisfies Conditions B.1–B.3. The set M ⊂
[0,+∞)×Rn is closed and contains t×Rn for every t ≥ T . The function g(·) : M �→ R
is l.s.c. Moreover, the following property holds: For every (t, x0) ∈ M with t < T ,
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for every s ∈ (t, T ], y ∈ Y[t,T ], and u ∈ U[t,T ], the inclusion (17) has a trajectory x(·)
with x(t) = x0 for which g(s, x(s)) ≥ g(t, x0).

Formulation of the general problem. Let Conditions C.1–C.3 be satisfied. For
any fixed u ∈ U[t,T ] and y ∈ Y[t,T ], we denote by Eu,y[t, E](·) the solution tube in
the collection E starting from E ∈ E at time t. We define also the target collection

M def
= {(t, E); E ∈ E , (t, E) ⊂ M}, which is nonempty since (T, E) ⊂ M, closed, and

inclusion complete in E . For a given tube E(·) ∈ C([0, T ]; E) the termination time is
determined as

T (E(·)) = min{t ≥ 0; (t, E(t)) ∈ M}.

We consider the following minimization problem for the initial pair (t, E) 
∈ M:

IE(t, E)
def
= inf

α∈A[t,T ]

sup
y∈Y[t,T ]

G(τ, E(τ)),

where E(·) def
= Eα(y),y[t, E](·), τ = T (E(·)).

(19)

If (t, E) ∈ M, then by definition IE(t, E) = G(t, E). The role of the last part of
Condition C.3 is to ensure that once the target is achieved, the continuation of the
process would not lead to a better guaranteed result. This supposition is obviously
fulfilled in the case M = {T} × E (fixed-end time) or G(t, E) = t (minimal time
problem). Obviously we have IE(t, E) ≥ Icomp(Rn)(t, E). The difference between
these two values is the price for the simplification we make by passing to the collection
E . In some cases, however, equality may take place even for simple subcollections of
comp(Rn), as shown by a discrete-time example in [25].

4.1. Some basic properties. The proof of the following dynamic programming
principle adapts standard arguments.

Proposition 4.1. Under Conditions C.1–C.3, for every E ∈ E, t ∈ [0, T ), and
s ∈ (t, T ],

IE(t, E) = inf
α∈A[t,s]

sup
y∈Y[t,s]

IE(τ, E(τ)),

where E(·) def
= Eα(y),y[t, E](·), τ

def
= min{s, T (E(·))}.

Proposition 4.2. Under Conditions C.1–C.3, the value function IE : [0, T ] × E
is l.s.c.

Proposition 4.3. Under Conditions C.1–C.3, for every (t, E) ∈ [0, T )×E there
is α ∈ A[t,T ] for which the infimum in (19) is attained (that is an optimal strategy).

Proof. The proof of the second proposition4 follows from the proof of Proposition
4.2, applied for (tk, Ek) ≡ (t, E).

Let the sequence {(tk, Ek)}, with tk ∈ [0, T ] and Ek ∈ E , converge to (t, E). By
the definition of IE , there is αk ∈ A[tk,T ] such that

sup
y∈Y[tk,T ]

{G(τ, E(τ)); E(·) = Eαk(y),y[tk, Ek](·), τ = T (E(·))} ≤ IE(tk, Ek) +
1

k
.(20)

4The existence of an optimal strategy can be obtained also by a slight modification of part 3 of
the proof of Theorems 4.5 and 4.7 below. However, we give here a direct proof (not involving the
viability theory), which applies also to Proposition 4.2.
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We fix an infinite subset N0 ⊂ N such that limk∈N0
IE(tk, Ek) = liminfk∈N IE(tk, Ek).

We fix also some ȳ ∈ Y . For an arbitrary y ∈ Y[t,T ] define yk ∈ Y[tk,T ] either by
restricting y to [tk, T ] (if t < tk) or by concatenating ȳ on [tk, t) (if t > tk). Then we
denote by S(y) the set of all L2-weak limits of the sequence {αk(yk)}k∈N0 . Below we
utilize the following form of the Cardaliaguet–Plaskacz lemma (see [10]).

Lemma 4.4. Let S : Y[t,T ] ⇒ U[t,T ] be a set-valued mapping with nonempty
L2-weakly compact images, having the following nonanticipativity property:

For every θ ∈ (t, T ], if y′, y′′ ∈ Y[t,T ] and y′(s) = y′′(s) almost everywhere in
[t, θ], then, for every u′ ∈ S(y′), there exists u′′ ∈ S(y′′) such that u′(s) = u′(s)
almost everywhere in [t, θ].

Then there exists α ∈ A[t,T ] such that α(y) ∈ S(y) for every y ∈ Y[t,T ].
Clearly our set S(y) is L2-weakly closed and thus also L2-weakly compact, since

it is contained in the L2-weakly compact set U[t,T ]. To prove the nonanticipativity of
S we take y′, y′′, and u′ as in Lemma 4.4. Denoting by y′k and y′′k the corresponding
extensions/restrictions defined above, we have αk(y

′
k)(s) = αk(y

′′
k )(s) for a.e. s ∈ [t, θ],

since αk is nonanticipative. If N′ ⊂ N0 is the subsequence of αk(y
′
k) convergent to

u′, then we define u′′ as an arbitrary L2-weak limit of {αk(y
′′
k )}N′ . Then u′′ ∈ S(y′′)

and clearly u′′(s) = u′(s) a.e. in [t, θ].
From Lemma 4.4 we obtain an α(·) ∈ A[t,T ] which is a selection of S. In particular,

for every y ∈ Y[t,T ], we fix an infinite subset Ny ⊂ N0 such that {αk(yk)}k∈Ny

converges L2-weakly to α(y).
Let us fix an arbitrary y ∈ Y[t,T ]. For the corresponding restricted/extended yk ∈

Y[tk,T ] we have, according to Proposition 2.3, that solution tubes Eαk(yk),yk
[tk, Ek](·)

converge uniformly along some subsequence N′ ⊂ Ny to a tube E(·) in E , and

Eα(y),y[t, E](s) ⊂ E(s). Let Ek(·)
def
= Eαk(yk),yk

[tk, Ek](·), τk
def
= T (Ek(·)). De-

note τ0 = liminfk∈N′ τk. Then from the closedness and the inclusion-completeness of

M, we have that τ̂
def
= T (Eα(y),y[t, E](·)) ≤ τ0. From the lower semicontinuity and

inclusion-monotonicity of G, and then by the choice of Ny ⊃ N′ and (20),

G(τ0, Eα(y),y[t, E](τ0)) ≤ G(τ0, E(τ0)) ≤ limsup
k∈N′

G(τk, Ek(τk))

≤ lim
k∈N′

(
IE(tk, Ek) +

1

k

)
= liminf

k→+∞
IE(tk, Ek).

Since τ̂ ≤ τ0, the last part of Condition C.3 and the above inequality imply

G(τ̂ , Eα(y),y[t, E](τ̂)) ≤ G(τ0, Eα(y),y[t, E](τ0)) ≤ liminf
k→+∞

IE(tk, Ek).

Since y ∈ Y[t,T ] was chosen arbitrarily, this completes the proof.

4.2. Characterizations of the value function. The first theorem below gives
a characterization of the value function as the unique minimal Dini supersolution of
the associated HJI equation. Define the extended closed collection of compact sets Ê
in R × Rn as

Ê def
= {(t, E); t ≥ 0, E ∈ E}.

Theorem 4.5. Under Conditions C.1–C.3, the value function IE is the unique
minimal l.s.c. solution of the differential inequality



1388 MARC QUINCAMPOIX AND VLADIMIR M. VELIOV

sup
y∈Y

min
u∈U

D−
Ê J(t, E; (1, f(·, u, y, V (y)))) ≤ 0 ∀ (t, E) ∈ Ê \M,(21)

with the side condition

J(t, E) ≥ G(t, E) ∀ (t, E) ∈ M.(22)

That is,

IE(t, E) = min{J(t, E); J – l.s.c. solution of (21), (22)}.

Remark 4.6. We can write “min” instead of “inf” in (21) thanks to Lemma 3.9.
In parallel with Theorem 4.5 we shall prove also the next theorem, which extends

the result in [10], the latter concerning the case of complete information (the distur-
bance v is not present). It shows that one can apply for calculation of IE an extension,
similar to that in [27], of the viability kernel algorithm [31, 11].

Theorem 4.7. Under Conditions C.1–C.3, denote

E∗ def
= Ê × R, M∗ def

= {(t, E, ν); (t, E) ∈ M, ν ≥ G(t, E)}.

Define E∗
1 = E∗, and recursively,

E∗
k+1 =

⋂
y∈Y

ViabLy (E∗
k ;M∗),(23)

where Ly
def
= {(1, f(·, u, y, V (y)), 0); u ∈ U}. Then

epi IE = E∞
def
=

⋂
k

E∗
k .

Proof. We prove Theorems 4.5 and 4.7 in parallel.
1. First we shall prove that IE is an l.s.c. solution of (21), (22). The function

IE is l.s.c. according to Proposition 4.2 and satisfies (22) as an equality by definition.
To prove that it satisfies (21) we shall employ the dynamic programming principle
in Proposition 4.1. Fix (t, E) ∈ Ê \ M and an arbitrary y ∈ Y . Since M is closed,

there exists a sequence hk → 0+ such that for the sequence tk
def
= t + hk we have

(tk, Eu,y[t, E](tk)) 
∈ M for every u ∈ U[t,tk] and y ∈ Y[t,tk]. Then T (Eu,y[t, E](·)) > tk.
According to Proposition 4.1 there is αk ∈ A[t,tk] such that

IE(t, E) ≥ sup
y∈Y[t,tk]

IE(tk, Eα(y),y[t, E](tk)) −
hk

k
.

For y ∈ Y , denote uk(·)
def
= αk(y)(·) (here the function y is identified with the constant

value y), and Ek(·) = Euk,y[t, E](·). We have

IE(t, E) ≥ IE(tk, Ek(tk)) −
hk

k
.(24)

Denote Êk
def
= (tk, Ek(tk)) ∈ Ê and

ūk =
1

hk

∫ tk

t

uk(τ) dτ.
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Since U is compact we may assume that for some ū ∈ U and for a subsequence, we

have βk
def
= |ūk − ū| → 0. Thanks to the structural and convexity assumptions in C.1

and C.2, one can prove in a standard way that there is a constant C such that

H(Xuk(·),y[t, E](tk), (I + hkf(·, ū, y, V ))(E)) ≤ Chk(hk + βk).

Since Xuk(·),y[t, E](tk) ⊂ Ek(tk), we obtain

(I + hk(1, f(·, ū, y, V )))(t, E) ⊂ Êk + Chk(hk + βk)B.

This together with (24) implies

D−
Ê J(t, E; (1, f(·, ū, y, V ))) ≤ 0.

Then

min
u∈U

D−
Ê J(t, E; (1, f(·, u, y, V ))) ≤ 0,

which gives (21), since y ∈ Y was arbitrarily chosen.
2. Now we shall prove that every l.s.c. solution J of (21), (22) satisfies the inclusion

epiJ ⊂ E∗
∞

def
=

⋂
k

E∗
k .(25)

Thanks to (21), (22), and the definition of M∗, we obtain from Corollary 3.10 that
epiJ is a viability domain with target M∗ for each family Ly with y ∈ Y . Thus

epiJ ⊂
⋂
y∈Y

ViabLy
(E∗

1 ;M∗) = E∗
2 .

Repeating the same argument, we obtain that epiJ ⊂ E∗
k for every k ≥ 1; hence (25).

3. It remains to prove that E∗
∞ ⊂ epi IE , which, in view of point 2, implies also

the minimality of IE . To do this we consider the auxiliary differential inclusion⎛⎝ ṫ
ẋ
ν̇

⎞⎠ ∈

⎛⎝ 1
f(x, u(s), y(s), V (y(s)))

0

⎞⎠,(26)

which corresponds to the set-valued fields Ly involved in Theorem 4.7. Moreover, we
fix an arbitrary (t, E, ν) ∈ E∗

∞.
3.1. We shall prove that for every y(·) ∈ Y[t,T ] there exists u(·) ∈ U[t,T ] such

that the corresponding solution tube s → (s,E(s), ν) of (26), starting from (t, E, ν)
at time s = t, satisfies

(s,E(s), ν) ∈ E∗
∞ as long as s < T (E(·)) or ν < G(s,E(s)).(27)

Since for a fixed y ∈ Y we have Ek+1 ⊂ ViabLy (Ek;M∗) ⊂ Ek, one can write

E∞ =
⋂
k

ViabLy
(Ek;M∗).

Since ViabLy (Ek;M∗) is a viability domain with target M∗ for Ly, Lemma 3.4 implies
the same for E∗

∞. Thus, for every fixed y ∈ Y the collection E∗
∞ is a viability domain
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with target M∗ for (26). Then for the fixed (t, E, ν) ∈ E∗
∞ and for every piecewise

constant function y(·) ∈ Y[t,T ] there exists u(·) ∈ U[t,T ] such that the corresponding
solution tube (s,E(s), ν) of (26) belongs to E∗

∞, as long as the target M∗ is not
reached. With the definition of the set M∗ in mind, we obtain (27).

For any y(·) ∈ Y[t,T ] we denote by S(y(·)) the set of all u(·) ∈ U[t,T ] for which
(27) is satisfied. We have already proved that S(y(·)) is nonempty for all piecewise
constant y(·) ∈ Y[t,T ]. We shall prove that the mapping S has a closed graph with
respect to the L2-weak topology in Y[t,T ] × U[t,T ].

Let (yk, uk) → (y0, u0) weakly, and let (·, Ek(·), ν) be the solution tube of (26)
corresponding to uk(·) and yk(·). Thanks to Conditions C.1–C.3, we may apply
Proposition 2.3 and obtain that the solution tube (·, E0(·), ν) corresponding to y0(·)
and u0(·) is contained in a uniform limit of a subsequence of (·, Ek(·), ν). Denote this
limit by (·, E(·), ν). Let s be such that

s < T (E0(·)) or ν < G(s,E0(s)).

From the inclusion-completeness of M and the inclusion monotonicity of G, we obtain
that the same inclusion holds also for E(s). From the closedness of M and the lower
semicontinuity of G, we conclude that the above inequality is satisfied also by Ek(s).
Then from (27) (applied to Ek(s)) and the closedness of E∗

0 , we have (s,E(s), ν) ∈ E∗
0 .

Moreover, if a set E∗
k is inclusion-complete in E∗, then ViabLy

(E∗
k ;M∗) is inclusion-

complete, too, and also an arbitrary intersection of inclusion-complete collections is
inclusion-complete. This implies inductively that E∗

∞ is inclusion-complete in E∗.
Then the inclusion (s,E(s), ν) ∈ E∗

∞ obtained above, together with E0(s) ⊂ E(s) and
(s,E0(s), ν) ∈ E∗, imply (s,E0(s), ν) ∈ E∗

∞ on [t, T (E0)]. Thus (27) is satisfied by u0

and (y, u0) ∈ graphS. This proves the closedness of graphS in the L2-weak topology
in Y[t,T ] × U[t,T ].

From the closedness of graphS, together the compactness of U [t, T ] and the proven
fact that S(y) 
= ∅ for the piecewise constant functions y, we obtain that S(y) 
= ∅ for
every y ∈ Y[t,T ].

3.2. To apply Lemma 4.4 to the mapping S, we first notice that S(y(·)) is L2-
weakly closed (thanks to closedness of graphS) and therefore it is L2-weakly compact,
since S(y(·)) ⊂ U[t,T ]. Thanks to the claim in part 3.1, it is straightforward to prove
that the mapping S(·) satisfies the nonanticipativity property in Lemma 4.4. Then
there exists a nonanticipative selection α(·) of S(·).

3.3. Let y ∈ Y[t,T ] be arbitrary, and let (·, Ey(·), ν) be the solution tube of (26)

corresponding to u(·) def
= α(y)(·) and y(·). Since u(·) ∈ S(y(·)), we have that (27) is

fulfilled for Ey. The set of those s for which

s < T (Ey(·)) or ν < G(s,Ey(s))

is bounded by T due to the definition of M, and its supremum, τ̄y, satisfies

τ̄y ≥ T (Ey(·)) and ν ≥ G(τ̄y, Ey(τ̄y)).

The first inequality and the last part of Condition C.3 give

G(τy, Ey(τy)) ≤ G(τ̄y, Ey(τ̄y)),

where τy
def
= T (Ey(·)). Then

IE(t, E) ≤ sup
y∈Y[t,T ]

G(τy, Ey(τy)) ≤ sup
y∈Y[t,T ]

G(τ̄y, Ey(τ̄y)) ≤ ν.
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This means (t, E, ν) ∈ epi IE , and proves E∗
∞ ⊂ epi IE .

Remark 4.8 (on the implementation of Theorems 4.5 and 4.7). The last theorem
shows that finding the value IE is equivalent to the determination of suitable viability
kernels. Notice that the viability kernels in (23) involve the complete information
systems Ly only. The latter systems, however, are set-valued and the numerical
algorithms developed in [31, 11, 27] (the last of which concerns also the case of viability
with a target) are not directly applicable. At a conceptual level, we may summarize
the algorithm for finding the viability kernel ViabL(E ;M) of a family of set-valued
fields L, with target M in the collection E (see subsection 3.1) as follows. For h > 0
and a natural number k, we define recursively

Eh
i+1 := {E ∈ Eh

i \M; ∃L ∈ L,∃Ẽ ∈ Eh
i , (I + hL)(E) ⊂ Ẽ + ch2B} ∪M, Eh

0 = E ,

where c ≥ λM/2, and λ and M are local Lipschitz constant and bound for all L ∈ L,
respectively. Then

ViabL(E ;M) = lim
h→0+

⋂
i

Eh
i .

The above procedure should be applied to the family Ly = {(1, f(·, u, y, V (y)), 0); u ∈
U} in (23) for each y ∈ Y .

The state-space discretization which certainly should be involved in a constructive
procedure for approximating the viability kernel, as well as the corresponding conver-
gence analysis, will not be discussed in the present paper.5 Clearly, the algorithm has
a high computational complexity, and to make it implementable, one has to choose a
simple finitely parameterized collection E .

We mention that Theorem 4.5 can also be used as a base for a numerical solution.
The possibility of convergent time discretization is provided by the uniformity result
in Proposition 3.2. In [25] we demonstrate the solvability of a discrete-time Hamilton–
Jacobi–Bellman inequality of similar type, where sets of intervals were used for the
collection E . Essentially, the approach based on Theorem 4.5 coincides with a partic-
ular realization of the viability kernel algorithm.

4.3. Final discussions. 1. Since the control problem considered above includes
minimal time problems, clearly the value function can be discontinuous, unless appro-
priate controllability conditions are fulfilled. If g is locally Lipschitz and the problem
with fixed-end time is considered, then IE is Lipschitz, provided that the solution
tubes in E depend in a certain Lipschitz-like way on the data. Such dependence is
established for some special collections in [29, Theorem 2].

2. Even in the case of a Lipschitz continuous value function, it may happen that
(21) is not satisfied as an equality. To show this we adapt an example from [10]:

ẋ = u− y, u, y ∈ [−1, 1], g(x) = −|x|.

Here we may take E = R1, since there are no unobservable uncertainties. From the
consideration in [10], it follows that IE(t, x) = −|x|. The expression in the left-hand
side of (21) equals zero for x 
= 0. For x = 0, however,

sup
y∈[−1,1]

inf
u∈[−1,1]

D−IE(t, x;u− y) = sup
y∈[−1,1]

inf
u∈[−1,1]

−|u− y|

= sup
y∈[−1,1]

−(1 + |y|)=−1 < 0.

5We refer to [31] for a state-space discretization technique and to [28] for a convergence analysis
that could also be useful in the present context.
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3. The consideration of the differential game in section 4 involves two conditions
that need some more discussion. The first is Condition B.3, which significantly re-
stricts the class of collections E . In our opinion, the above theory can be developed
also under weaker conditions for E (cf. [29]) which do not imply uniqueness of the
solution tubes (in particular, including collections of ellipsoids). Such a considera-
tion, however, would involve another “inf” (over the set of solution tubes, in the case
of nonuniqueness) in the formulation (19) of the problem, and would bring essential
technical complications that we choose to avoid in the present exposition.

The second “questionable” assumption is that equation (1) has the affine struc-
ture required in C.2. This assumption is, at least to a certain extent, essential. In
particular, without affineness the existence of optimal strategy (Proposition 4.3) fails,
even if the set f(x, U, y, v) is convex. A counterexample can easily be constructed for
the system in Example 2.5, section 2.3.

5. Proofs. In the proof of Proposition 3.2, we shall use the following lemma.
Lemma 5.1. Let the collection E satisfy Conditions B.1–B.3, and let E ′ ⊂ E be

inclusion-complete. Then for every Z ∈ comp(Rn) and E ∈ E ′ there exists E∗ ∈ E ′

such that

dist(Z,E∗) ≤ dist(Z,E) and dist(E∗, Z) ≤ (LE + 1)dH(Z, E) + LE dist(Z,E),

where

dH(Z, E) = inf
E∈E

H(Z,E).

Proof. Let E′
0 ∈ E be such that H(Z,E′

0) = dH(Z, E). From Condition B.2 (with
ε = dH(Z, E)) there is E0 ∈ E such that

Z ⊂ E′
0 + dH(Z, E)B ⊂ E0 ⊂ E′

0 + LEdH(Z, E)B.

Then

Z ⊂ E0 ⊂ E′
0 + LEdH(Z, E)B ⊂ Z + (LE + 1)dH(Z, E)B.(28)

Denote Z ′ = PE(Z) (as before, PE is the projection mapping over E). Since Z ′ ⊂
Z + dist(Z,E)B ⊂ E0 + dist(Z,E)B, according to Condition B.2 there is Ẽ ∈ E such
that

Z ′ ⊂ E0 + dist(Z,E)B ⊂ Ẽ ⊂ E0 + LE dist(Z,E)B.(29)

We define E∗ = E ∩ Ẽ. Condition B.3 implies that the intersection of elements of
E is also an element of E . Hence E∗ ∈ E , but also E∗ ⊂ E ∈ E ′, and the inclusion-
completeness of E ′ implies E∗ ∈ E ′.

Since Z ′ is contained both in E and in Ẽ, we have also Z ′ ⊂ E∗. Thus

dist(Z,E∗) ≤ dist(Z,Z ′) = dist(Z,E).

Moreover, from (29) and (28),

dist(E∗, Z) ≤ dist(Ẽ, Z) ≤ dist(E0, Z) + LE dist(Z,E)

≤ (LE + 1)dH(Z, E) + LE dist(Z,E).

Now we prove Proposition 3.2.
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Proof. 1. Let us fix the number R. Let L and M be a Lipschitz constant and a
bound of L|(R+2)B. We define

C = eL(3 + LM) + M, c = M + 3, β = [M(LE + 1) + LE + 1]−1.(30)

2. Let us fix an arbitrary E ′ as in the formulation of the proposition. We fix also
an arbitrary h ∈ (0, β]. According to Lemma 3.1, for every E ∈ E ′ \ M there exist
some LE(·) ∈ L, σ(E) ∈ (0, h2] and E′ ∈ E ′ such that

(I + σ(E)LE(·))(E) ⊂ E′ + hσ(E)B.(31)

If E ∈ M∩ E ′, we define σ(E) = 0.
For Z ⊂ Rn we denote similarly, as above,

ρ(Z, E ′) = inf
E′∈E′

dist(Z,E′).

For an arbitrary Z ∈ comp(Rn), consider

α(Z) = sup{σ(E); E ∈ E ′, dist(Z,E) ≤ ρ(Z, E ′) + hσ(E), and(32)

dist(E,Z) ≤ (LE + 1)dH(Z, E ′) + LEρ(Z, E ′) + σ(E)}.

First we shall prove that the set in the braces is nonempty. Let Ek ∈ E ′ be such that
dist(Z,Ek) ≤ ρ(Z, E ′)+1/k, k = 1, 2, . . . . According to Lemma 5.1, there are E∗

k ∈ E ′

such that

dist(Z,E∗
k) ≤ dist(Z,Ek) ≤ ρ(Z, E ′) +

1

k
,

dist(E∗
k , Z) ≤ (LE + 1)dH(Z, E) + LE dist(Z,Ek)

≤ (LE + 1)dH(Z, E) + LE

(
ρ(Z, E ′) +

1

k

)
.

The last inequality implies that the sequence E∗
k is bounded; therefore it has a con-

vergent subsequence (indexed again by k) with limit E∗ which belongs to E ′ since
the latter is closed. Passing to a limit in the above two inequalities, we obtain (since
dH(Z, E) ≤ dH(Z, E ′))

dist(Z,E∗) ≤ ρ(Z, E ′) and dist(E∗, Z) ≤ (LE + 1)dH(Z, E ′) + LEρ(Z, E ′).

Thus σ(E∗) belongs to the set in the right-hand side of (32). Moreover, if E∗ 
∈ M,
then α(Z) ≥ σ(E∗) > 0.

Then for every compact Z there exists F(Z) ∈ E ′ such that

dist(Z,F(Z)) ≤ ρ(Z, E ′) + hσ(F(Z)),(33)

dist(F(Z), Z) ≤ (LE + 1)dH(Z, E ′) + LEρ(Z, E ′) + σ(F(Z)),(34)

σ(F(Z)) ≥ 1

2
α(Z).(35)

3. Let us fix an arbitrary E0 ∈ E ′ such that E0 ⊂ RB and ρ(E0,M) > ch. We
define a sequence E0, E1, . . . of elements of E ′ by

σk = σ(Ek), Zk = (I + σkLEk
(·))(Ek), Ek+1 = F(Zk).

We terminate the sequence at σN−1, ZN−1, EN if at least one of the following condi-
tions fails to be fulfilled:
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(i)
∑N

i=0 σi ≤ h;
(ii) EN ⊂ (R + 1)B;
(iii) EN 
∈ M.
From (31) and from the definition of Zk, we obtain, respectively,

ρ(Zk, E ′) ≤ ρ((I + σkLEk
(·))(Ek), E ′) ≤ hσk,(36)

H(Zk, Ek) ≤ Mσk, dH(Zk, E ′) ≤ Mσk.(37)

We shall prove that (ii) and (iii) cannot fail earlier than (i). Suppose that Ei ⊂
(R+ 1)B for all i = 0, . . . , k < N , and let (i) be fulfilled for N . Then from (34), (36),
and (37) we have

Ek+1 = F(Zk) ⊂ Zk + (LE + 1)dH(Zk, E ′)B + LEρ(Zk, E ′)B + σk+1B
⊂ Ek + σkMB + (LE + 1)σkMB + LEhσkB + σk+1B
⊂ Ek + [(LE + 2)M + LE ]σkB + σk+1B.

From here and (i), we obtain, inductively,

Ek+1 ⊂ E0 + [(LE + 2)M + LE + 1]

N∑
i=0

σiB ⊂ E0 +
h

β
B ⊂ (R + 1)B.(38)

Hence (ii) is satisfied as long as (i) holds.
Using (33) and (36), we obtain

Zk ⊂ F(Zk) + (ρ(Zk, E ′) + hσk+1)B ⊂ Ek+1 + (σk + σk+1)hB.(39)

From (37) and (39),

Ek ⊂ Zk + MσkB ⊂ Ek+1 + ((M + 1)σk + σk+1)B

and, inductively,

E0 ⊂ EN + (M + 2)

N∑
i=0

σiB ⊂ EN + h(M + 2)B.

If we assume that (iii) fails at N , then

ρ(E0,M) ≤ ρ(EN ,M) + dist(E0, EN ) ≤ h(M + 2) + ρ(EN ,M) ≤ ch.(40)

This contradicts the choice of E0 with ρ(E0,M) > ch; therefore (iii) is fulfilled as
long as (i) holds.

4. We shall prove that there is a smallest number N for which (i) fails. If such N
does not exist, then

∑∞
i=0 σi is finite. In particular, σk → 0, and according to (35),

α(Zk) ≤ 2σk+1 → 0. Since Ek and Zk are uniformly bounded (in the sets (R + 1)B
and (R+ 2)B, correspondingly), there is a convergent subsequence (indexed again by
k) Ek → Ē ∈ E ′ and Zk → Z̄ ∈ comp(Rn). Since, from (40), we have

ρ(Ek,M) ≥ ρ(E0,M) − (M + 2)h ≥ (c− (M + 2))h = h,

we obtain ρ(Ē,M) ≥ h; therefore σ(Ē) > 0. Since α(Zk) → 0, we have α(Zk) ≤ σ(Ē)
for all sufficiently large k. Hence from the definition of α(Zk), we obtain that for all
sufficiently large k at least one of the following relations holds:

dist(Zk, Ē) > ρ(Zk, E ′) + hσ(Ē),

dist(Ē, Zk) > (LE + 1)dH(Zk, E ′) + LEρ(Zk, E ′) + σ(Ē).



OPTIMAL CONTROL OF UNCERTAIN SYSTEMS 1395

Passing to a limit, we obtain that dist(Z̄, Ē) ≥ hσ(Ē) > 0 or dist(Ē, Z̄) ≥ σ(Ē) > 0.
On the other hand, passing to the limit in the inequality H(Zk, Ek) ≤ σkM , we obtain
Ē = Z̄. This contradiction proves the existence of a smallest number N for which (i)
fails.

5. If N is the number defined above, then

N−1∑
i=0

σi ≤ h, h <

N∑
i=0

σi ≤ h + h2.(41)

From (39) we have

Zk = (I + σkLEk
(·))(Ek) ⊂ Ek+1 + h(σk + σk+1)B.

Now we shall apply Lemma 4 of [28] for the sets Ek and S = RB, and for δ = 1. The

conditions are fulfilled since M
∑N−1

i=0 σi ≤ Mh ≤ 1 (see (30)). The lemma gives(
I +

N−1∑
i=0

σiLEi
(·)

)
(E0)

⊂ EN + eL
∑N−1

i=0 σi

(
h

(
N−1∑
i=0

σi +

N∑
i=1

σi

)
+ LM

(
N−1∑
i=0

σi

)2 )
B

⊂ EN + h2eL(3 + LM)B.

Denote

Lh(·) =
1∑N−1

i=0 σi

N−1∑
i=0

σiLEi(·) ∈ L.

Then (
I +

(
N−1∑
i=0

σi

)
Lh(·)

)
(E0) ⊂ EN + h2eL(3 + LM)B.

Using (41), we obtain

(I + hLh(·))(E0) ⊂ EN + h2eL(3 + LM)B +

(
h−

N−1∑
i=0

σi

)
MB

⊂ EN + (h2eL(3 + LM) + σNM)B
⊂ EN + (h2eL(3 + LM) + h2M)B
= EN + Ch2B,

according to the definition of C. Notice that EN ⊂ (R + 1)B according to (38). The
proof is complete since EN ∈ E ′.

The proof of Theorem 3.5 follows.
Proof. 1. Let E ′ enjoy the viability property with target M. Let us fix an arbitrary

E ∈ E ′ \M. There exists u(·) ∈ U[0,+∞) such that E(t)
def
= Eu(·)[0,E](t) ∈ E ′ on some

interval [0, T ] with T > 0. Then

Xu(·)[0, E](t) ⊂ E(t) ∈ E ′ ∀t ∈ [0, T ].(42)
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Let us define ū ∈ U as an arbitrary element from the set

Limsup
h→0+

1

h

∫ h

0

u(s) ds

and let hk → 0+ be the subsequence corresponding to ū. In a standard way, we obtain
that

H(Xū[0, E](hk), (I + hkFū(·))(E)) ≤ C1h
2
k,

where C1 is independent of k. On the other hand, it is also standard to prove (thanks
to the convexity of F0(x) and the linear dependence on u) that

H(Xu(·)[0, E](hk), Xū[0, E](hk)) ≤ C2h
2
k + C3hk

∣∣∣∣∣ū− 1

hk

∫ hk

0

u(s) ds

∣∣∣∣∣ = C2h
2
k + hkγk

with γk → 0. Then

(I + hkFū(·))(E) ⊂ Xu(·)[0, E](hk) + hk[(C1 + C2)hk + γk]B,

which, together with (42) and Lemma 3.1, implies that Fū(·) ∈ TE′(E). Thus E ′ is a
viability domain with target M.

2. Now let E ′ ⊂ E be an inclusion-complete viability domain with target M. We
fix an arbitrary E0 ∈ E ′. According to Theorem 2.1, there is a number R > 1 such
that Eu(·)[0, E0](t) ⊂ (R − 1)B for every u(·) ∈ U[0,1] and t ∈ [0, 1]. By a standard
argument there exist constants S and h∗ > 0 (depending only on the growth constant
a and on the Lipschitz constant of Fu on RB) such that

H(Xu(·)[0, Z](h), (I + hFu(·)(·))(Z)) ≤ Sh2

for every Z ⊂ RB and h ∈ [0, h∗]. Moreover, the mapping Xu(·)[0, Z](·) is Lipschitz
continuous on [0, h∗] with a Lipschitz constant Lx (depending on the data like S),

provided that Z ⊂ RB. We define also the constants D
def
= LE(Lx + 1) (where LE is

the constant from Condition B.2 for E).
We apply Proposition 3.2 with the above number R and the fixed E ′. There exist

positive β, c, and C such that for every h ∈ (0, β] and for every E ∈ E ′, such that
E ⊂ RB and ρ(E,M) ≥ ch, there exists u = u[E, h] ∈ U and Ẽ = Ẽ[E, h] ∈ E ′ for
which

(I + hFu(·))(E) ⊂ Ẽ + Ch2B.

Now we start proving the existence of a “viable” solution tube from E0 with
target M. Clearly, if E0 ∈ M, there is nothing to prove. Below we shall let the
positive number h vary between 0 and a number h̄ chosen in such a way that h̄ ≤ β,
ch̄ < ρ(E0,M), h̄ ≤ h∗, 2h̄ ≤ 1, and (C + S)h̄ ≤ 1.

For a fixed (for the moment) h ∈ (0, h̄], we define

t0 = 0, t′0 = 0, uh(t′0) = ū, Yh(t′0) = E0,

where ū is an arbitrarily fixed element of U . Then we perform the following recursive
construction starting with i = 1, and supposing that

(i) t′i−1 + h + (C + S)h2 ≤ 1;
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(ii) Ei−1 ⊂ RB;
(iii) ρ(Ei−1,M) ≥ ch;
(iv) Yh(t′i−1) ⊂ Ei−1 ⊂ E ′.
Define

ti = t′i−1 + h, t′i = ti + (C + S)h2, uh(t) = u[Ei−1, h], Yh(t) = Xuh
[ti−1, Ei−1](t)

for t ∈ [t′i−1, ti], which is possible thanks to (i)–(iii). Then, again using (ii),

Yh(ti) ⊂ (I + hFuh
(·))(Ei−1) + Sh2B ⊂ Ẽ[Ei−1, h] + h2(C + S)B.(43)

Then we extend uh(·) and the mapping Yh for t ∈ (ti, t
′
i] by the formula

uh(t) = ū, Yh(t) =
⋃

y∈Yh(ti)

(
t′i − t

t′i − ti
y +

t− ti
t′i − ti

PẼ[Ei−1,h](y)

)
,

where, as before, P is the projection operator. Obviously Yh(t′i) = PẼ[Ei−1,h](Yh(ti)) ⊂
Ẽ[Ei−1, h]. It is easy to check that the mapping Yh is Lipschitz continuous with con-
stant 1 on [ti, t

′
i], thanks to the inclusion (43) (this is, in fact, proven in [1], where the

above “linear” interpolation was proposed). Thus Yh is now Lipschitz on [0, t′i] with
constant L′

x = max{Lx, 1}, thanks to (ii). Moreover,

H(Yh(t′i−1), Yh(t′i)) ≤ Lxh + (C + S)h2.

Since, according to (iv), Yh(t′i−1) ⊂ Ei−1, Conditions B.2 and B.3 together imply that
the minimal element Ei from E that contains Yh(t′i) satisfies

Yh(t′i) ⊂ Ei ⊂ Ei−1 + LE(Lxh + (C + S)h2)B ⊂ Ei−1 + hDB.(44)

Since Yh(t′i) ⊂ Ẽ[Ei−1, h] ∈ E ′ ⊂ E , we have Ei ⊂ Ẽ[Ei−1, h], and since the collection
E ′ is inclusion-complete in E , we obtain that Ei ∈ E ′. Thus we ensure (iv) for the
next step.

This completes the description of the construction. Thanks to the suppositions
for h̄, one can perform at least one step. One can repeat the same procedure as long as
the relations (i)–(iii) hold. Thus the procedure terminates when one of these relations
is violated; let i = N = N(h) be the last integer for which (i)–(iii) still hold (as
obviously exists, since (i) is violated for i > 1/h). Inclusion (44) implies that either
t′N ≥ 1, or Nh ≥ 1/D, or ρ(EN ,M) ≤ ch. In each case, when h → 0, the sequence

t′N(h) has a strictly positive lower limit T , and either T ≥ T0
def
= min{1, 1/D} or

ρ(Eh
N(h),M) → 0 for a subsequence (here we add the superscript h to Ei to indicate

the dependence on h).
The sequence Yh(·) is equi-Lipschitz (with Lipschitz constant L′

x) and uniformly
bounded; therefore there exists a subsequence (for which also t′N(h) → T ) converging

to some Lipschitz tube Y (·) on [0, T ]. Because of (iv) and the closedness of E ′, we
obtain that Y (t) ⊂ E ′ for every t ∈ [0, T ].

Since meas(∪i[ti, t
′
i]) ≤ const.h and on every [t′i−1, ti] the tube Yh is invariant with

respect to (14) with u(t) = uh(t), one can prove that Y (·) is an invariant tube of (14)
for some u0(·) ∈ U[0,T ] (which is an L1-weak limit of a subsequence of uh(·)). This
is proven in detail in [28, Lemma 7]. Thus we obtain that Y (·) is an invariant tube
in E ′ starting from E0; therefore it contains the solution tube Eu0(·)(·) in E starting
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from E0 (see Corollary 2.2). From the inclusion-completeness of E ′, we conclude that
Eu0(·)(·) is a tube in E ′, and since it is the solution tube in the larger collection E , it
is the solution tube also in E ′.

If T < 1 and Eu0(·)(T ) 
∈ M, then by the definition of R, we see that Eu(·)[T,
Eu0(·)(T )](t) ⊂ (R − 1)B for every u(·) ∈ U[T,1] and t ∈ [T, 1]. Therefore the same
construction can be repeated with the same constants. Thus in a finite number of
steps, the solution tube Eu0(·)(·) will either satisfy Eu0(·)(t) ∈ M for some t ∈ [0, 1] or
will be defined on [0, 1]. This, together with the growth condition and the estimation
in Theorem 2.1, implies the claim of the theorem.
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Abstract. We consider the linear heat equation with Dirichlet boundary conditions in a bounded
domain of R

n, n ≥ 1, and with a control acting on a lower-dimensional time-dependent manifold
of dimension k ≤ n − 1. We analyze the approximate controllability problem. This problem is
equivalent to a suitable uniqueness or unique continuation property of solutions of the heat equation
without control. More precisely, it consists of proving that the unique solution of the Dirichlet
problem vanishing on the time-dependent manifold is identically zero. This uniqueness problem,
however, does not fit in the class of classical Cauchy problems and therefore, the existing tools based
on power series expansions, Carleman inequalities, and doubling properties do not seem to apply. We
give sufficient conditions on the time-dependent manifold for this uniqueness property to hold. The
techniques we employ combine the Fourier series representation and the time analyticity of solutions
and allow us to reduce the problem to a uniqueness question for the eigenfunctions of the Laplacian.
We then apply well-known results on the nodal sets of these eigenfunctions.

We also analyze the asymptotic behavior of the control when the time-oscillation of the manifold
supporting the control increases. When the frequency of oscillation tends to infinity we prove that
the controls converge to an approximate control for the same heat equation but on a manifold of
dimension k+1 that is independent of time. This is done under suitable time-periodicity assumptions
on the original manifold and confirms the fact that increasing time-oscillations of the support of the
control increases the efficiency of the control mechanism.

Key words. approximate controllability, heat equation, lower-dimensional manifold
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1. Introduction. This paper is devoted to a study of the properties of approx-
imate controllability for the linear, constant coefficient heat equation in a bounded
domain of R

n, n ≥ 1, with Dirichlet boundary conditions and with a control acting
on a time-dependent lower-dimensional manifold of dimension k ≤ n− 1.

The main novelty of the analysis carried out in this paper lies precisely in the fact
that the control acts on a lower-dimensional manifold that moves in time.

The problem under consideration is rather natural. Indeed, in the ultimate goal of
optimally controlling a given system with the minimal amount of control it is natural
to consider controls located, for instance, in a single point or on a finite collection of
points. This is the so-called pointwise control problem (see Lions [L3]). However, in
that case the system may easily fail to be controllable. That is the case, for instance,
when the support of the control is located on a nodal set of an eigenfunction of
the Laplacian. As a consequence of that, the property of pointwise controllability,
even if it holds on some geometric configurations (when the support is chosen in an
appropriate way), is extremely sensitive to the location of the controller.
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On the contrary, when the control is located on an open subset of the domain,
approximate controllability holds as a consequence of Holmgren’s uniqueness theo-
rem without any geometric restriction. In fact, in that case, a much stronger prop-
erty, the so-called null-controllability property, holds (see [FI], [LR], or [FZ] among
others).

The case where the control is supported on a manifold of dimension k ≤ n− 1 is
an intermediate situation between the problem of pointwise control and the control
on an open subset. However, when the support of the control is independent of time
the situation is quite similar to the one encountered when dealing with the pointwise
control problem: If the manifold is contained on the nodal set of some eigenfunction,
the approximate controllability property fails.

Berggrem [B] pointed out that a possible way of enhancing the control property
when the control was supported in a manifold of dimension k ≤ n − 1 was to make
this support oscillate in time more and more. In [B] some numerical evidence of this
fact for the one-dimensional (1-d) case was also given.

This paper is devoted to analytically investigating this issue. We consider, in
particular, the following two problems.

Problem 1: To give sufficient conditions on a time-dependent manifold to ensure
the approximate controllability of the heat equation.

Problem 2: To analyze the asymptotic limit of the controllers when the time-
frequency of the oscillations of their supports tends to infinity.

Let us briefly describe the results we obtain and the techniques we employ. Con-
cerning the first problem, using the time-analyticity of solutions of the heat equation
and the Fourier development of solutions, under suitable assumptions on the time-
evolution of the manifolds where the control is supported, the problem is reduced to
a unique continuation question on the eigenfunctions of the Laplacian that we solve
applying classical results on its nodal sets. At this point, it should be noted that we
do not fully use the existing results on the size of the nodal sets of eigenfunctions
([DF], [L], [JL]) whose consequences in the context of approximate control of the heat
equation remain to be investigated.

Once the heat equation is known to be approximately controllable (i.e., once
Problem 1 is solved) the control can be characterized as the minimum of a suitable
quadratic functional over the set of solutions of the adjoint heat equation as in [FPZ].

We then address Problem 2. More precisely, assuming that the manifold in which
the control is located is time-periodic and that it satisfies the requirements of Problem
1 to guarantee approximate controllability, we investigate the behavior of the controls
as the time-frequency (described by a parameter 1/ε) tends to infinity. The control
then undergoes a homogenization process (see [DN] and [Z1] for similar situations in
different problems). In the limit we get controls distributed on a time-independent
manifold of dimension k+1 modulated by a density factor varying along the manifold.
This result does show indeed that time oscillations on the support of the control
enhance the controllability properties.

The proof of this second result uses the characterization of controls as minima of
suitable quadratic functionals, Γ-convergence arguments, and a careful analysis of the
behavior as ε → 0 of traces of solutions of the heat equation along rapidly oscillating
manifolds.

Let us now state more precisely the problems we shall address and introduce the
notation we shall employ.
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2. Problem formulation. Let Ω be a bounded smooth domain of R
n (n =

1, 2, 3), ∂Ω its boundary, T > 0, Q = Ω × (0, T ), and Σ = ∂Ω × (0, T ). We consider
the linear heat equation with an interior control f(x, t) which acts in an open subset
ω ⊂ Ω: ⎧⎨⎩

ut − ∆u = f(x, t)χω(x) in Q,
u = 0 on Σ,
u(x, 0) = u0(x) in Ω.

(2.1)

Here χω represents the characteristic function of the region ω.
Given any T > 0 and any open subset ω ⊂ Ω, the following approximate control-

lability property is known to hold: For any initial data u0 ∈ L2(Ω), any final data
u1 ∈ L2(Ω), and any α > 0 there exists a control f(x, t) ∈ L2(ω × (0, T )) such that
the solution u of system (2.1) satisfies

‖u(x, T ) − u1‖L2(Ω) ≤ α.(2.2)

Moreover, it is known (see [FPZ]) that the optimal control (the one with minimal
L2-norm) can be obtained by minimizing a suitable continuous, convex, and coercive
functional over the space of solutions of the following adjoint system endowed with
the L2-norm of its datum at t = T :⎧⎨⎩

−ϕt − ∆ϕ = 0 in Ω × (0, T ),
ϕ(T ) = ϕ0 in Ω,
ϕ = 0 on ∂Ω × (0, T ).

(2.3)

On the other hand, it is well known that the approximate controllability property
above is equivalent to the following uniqueness property of (2.3): If ϕ = 0 in ω×(0, T ),
then ϕ ≡ 0. In this case, this uniqueness property does hold as a consequence of
Holmgren’s theorem.

This paper is devoted to analyzing these questions when the open subset ω of Ω is
replaced by a lower dimensional continuous manifold γ(t) ⊂ Ω. In fact, in view of the
fact that, in practice, the support of the control needs to be very small compared to
the total size of the domain Ω it is very natural to consider the control to be located
in such lower-dimensional manifolds. When the manifold γ ⊂ Ω is independent of
time the corresponding control system reads as follows:⎧⎨⎩

ut − ∆u = f(x, t)δγ(x) in Q,
u = 0 on Σ,
u(x, 0) = u0(x) in Ω,

(2.4)

where δγ(x) represents the Dirac measure on γ. Here γ can be a point, a curve if
n ≥ 2, or a surface if n = 3, for instance. When γ is a point we consider it as a
manifold of dimension zero.

It turns out that the approximate controllability property of system (2.4) depends
on the location of γ. Indeed, the problem of approximate controllability for system
(2.4) can be reduced to a uniqueness problem for the adjoint system (2.3):

ϕ = 0 on γ ⇒ ϕ ≡ 0.

Using the Fourier series representation of solutions of system (2.3) it can be shown
that these properties hold if and only if the only eigenfunction of the Laplacian with
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homogeneous Dirichlet boundary conditions and vanishing on γ is the identically zero
one. In what follows, the manifolds γ for which this spectral property is satisfied will
be referred to as strategic manifolds.

The property of γ being strategic is difficult to establish in practice since it is
extremely unstable. For example, if Ω = (0, 1) with n = 1, then γ = x0 ∈ Ω is
strategic if and only if it is irrational. In general, k-dimensional manifolds in Ω with
k < n are generically strategic. But, by the contrary, γ fails to be strategic if it is
contained in a nodal set of any of the eigenfunctions of the Laplacian. Consequently,
controllability properties over low-dimensional manifolds are hard to use in practice.
At this point it is worth noting that the strategic property for a k-dimensional manifold
is obviously more likely to hold when the dimension k is larger.

To overcome this difficulty one may consider controls supported on moving (in
time) manifolds {γ(t)}0≤t≤T .

The main advantage of moving controls is that it is easy to construct families
{γ(t)}0≤t≤T for which the strategic property holds for γ(t) a.e. in t ∈ [0, T ]. For
example, this is the case in the 1-d example above when we assume that the control
is located at a point that moves continuously in time. In this case, γ(t) is irrational,
and therefore strategic, a.e. in t ∈ [0, T ]. Therefore, the approximate controllability is
likely to hold for such moving controls. A previous result in this direction is given in
[K] where the approximate controllability for the 1-d case is proved when considering
two pointwise moving controls that meet at a time t0 > 0.

However, even if the system can be controlled from a one-parameter family of
lower-dimensional manifolds {γ(t)}0≤t≤T , the control is expected to be singular be-
cause it acts in a very small part of the domain. Indeed, as it was pointed out in [B]
for the 1-d case, the control exhibits, in general, a highly oscillatory behavior in time.

To improve the efficiency of these moving controls, the possibility of increasing
the time oscillations of the curve {γ(t)}0≤t≤T was suggested in [B]. More precisely,
a highly oscillating periodic family of manifolds of the form {γ(t/ε)}0≤t≤T was con-
sidered, {γ(t)}0≤t being a 2π−periodic in time family of manifolds. We refer to these
controls as rapidly oscillating controllers. As ε → 0 the control acts at any point of
the range of {γ(s)}s∈[0,2π) for an increasing number of times. In this way, as ε → 0,
the controls are likely to be close, in some sense, to a control acting on the open set
ω defined as the interior set of P = range {γ(s)}s∈[0,2π) with respect to the relative
topology, which, typically, contains a manifold of dimension k + 1. As we mentioned
above, controls acting on higher dimensional manifolds are likely to be more efficient.
In the particular case k = n− 1, the limit set (as ε → 0) ω is an open subset of Ω and
the limit system is approximately controllable. Thus, in general, rapidly oscillating
controllers should provide a more efficient way to control the system.

This paper is devoted to rigorously proving that both ideas presented before are
correct. First we provide several controllability results of the heat equation for a large
class of lower-dimensional moving controls and second, we prove the convergence of
rapidly oscillating controllers as ε → 0 to a certain class of controllers distributed on
a k + 1-dimensional manifold.

The rest of this paper is divided into four more sections. In section 3 we give the
main approximate controllability results in this paper. We distinguish the case of one
space dimension and the multidimensional one. We also state the main results on the
asymptotic behavior of the controls on rapidly oscillating control regions. Section 4
is devoted to analyzing the problem of unique continuation which is equivalent to the
approximate controllability one. We distinguish again the 1-d and the multidimen-
sional cases. In section 5 we prove the convergence results for the rapidly oscillating
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controllers as the oscillation parameter ε goes to zero. Finally, in section 6 we provide
some comments and extensions.

3. Main results. In this paper we restrict ourselves to the case where Ω is an
open set of R

n in dimensions n = 1, 2, 3, but the techniques we employ and the results
we get can be easily generalized to higher dimensions.

We consider system (2.4) with a moving control⎧⎪⎨⎪⎩
ut − ∆u = f(x, t)δγ(t)(x) in Q,

u = 0 on Σ,

u(x, 0) = u0(x) in Ω.

(3.1)

We assume that γ(t) satisfies the following hypotheses:
1. γ(t) is a Lipschitz-continuous k-dimensional manifold in Ω with 0 ≤ k ≤ n−1

for all t ∈ [0, T ].
2. The set γ = {γ(t)}0≤t≤T is a time-continuous family of manifolds in the sense

of the following definition.
Definition 3.1. We say that {γ(t)}0≤t≤T is a Cs (s ≥ 0) (resp., analytic)

family of k-dimensional manifolds when γ(t) is a Lipschitz-continuous k-dimensional
manifold for all t ∈ [0, T ] and there exists a finite family of functions {ψα(x, t)}Aα=1,
A ≥ 1 being independent of t, such that

1. ψα : Vα × [0, T ] ⊂ R
k × [0, T ] → {γ(t)}0≤t≤T , where Vα are compact sets of

R
k, for any α = 1, . . . , A, and

{γ(t)}0≤t≤T ⊂
A⋃

α=1

ψα(Vα, t) for all 0 ≤ t ≤ T.

2. ψα(y, t) ∈ C([0, T ];W 1,∞(Vα)) for all α = 1, . . . , A.
3. for any fixed y ∈ Vα, ψα(y, t) is Cs (resp., analytic) in the time variable t.

Remark 3.1. 1. Note that a Cs family of k-dimensional manifolds may be con-
stituted by manifolds γ(t) which are not Cs. More precisely, the condition of being
of class Cs refers only to the regularity on the time variable.

2. The assumption on the Lipschitz-continuity in space of the manifolds γ(t) is
the minimal one to define the surface measure σ on γ(t) (see [N, Chap. 4, sect. 7]).
Thus, the measure of γ(t), arising below, and the integral on γ(t) are well defined for
any t ∈ [0, T ].

3. The measure of γ(t) ⊂ Ω is finite for all t ∈ [0, T ]. Moreover, hypothesis 2 in
Definition 3.1 ensures the time-continuity of the total measure of γ(t). Therefore the
measure of γ(t) is in fact uniformly bounded in t ∈ [0, T ].

4. The case k = 0 corresponds to that in which, for each t ∈ [0, T ], γ(t) is
reduced to a single point or a finite number of points. For instance, when γ(t) = {x(t)}
for all t ∈ [0, T ] the control in (3.1) takes the form f(t)δx=γ(t) and f is independent
of x.

In Figure 1 we show some examples of time-continuous families of manifolds that
satisfy the hypotheses in Definition 3.1.

The control f(x, t) (resp., f(t) if k = 0) in (3.1) is assumed to belong to
L2(0, T ;L2(γ(t))) (resp., L2(0, T )), i.e.,∫ T

0

∫
γ(t)

|f(x, t)|2dσ dt < ∞
(

resp.,

∫ T

0

|f(t)|2dt < ∞
)
.(3.2)
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Ω 

t γ (t) 

Ω 

t 
γ (t) 

ω 
(a) (b)

 Ω

t γ (t) 

 Ω

t γ (t) 

(c) (d)

Fig. 1. Examples of time-continuous families of manifolds that illustrate Definition 3.1: (a)
and (b), single point (k = 0) with nonregular and regular in time trajectories, respectively; (c) and
(d), curves (k = 1) with regular in time trajectories. Note that in case (d) the parametrization of
γ(t), for each t ∈ [0, T ], is a closed curve that requires at least two charts. Thus we have to consider
A = 2 in Definition 3.1.

Then, system (3.1) is well defined in different Sobolev spaces depending on the
space dimension n and the dimension k of the manifold γ(t). We introduce the spaces

H−1 =

{
H−1(Ω) if n− k = 1,
L2(Ω) if n− k > 1,

H0 =

{
L2(Ω) if n− k = 1,
H1

0 (Ω) if n− k > 1,

H1 =

{
H1

0 (Ω) if n− k = 1,
H2 ∩H1

0 (Ω) if n− k > 1,
(3.3)

and we denote by H ′
i, i = 1, 2, 3, their duals. Recall that we are assuming the space

dimension n = 1, 2, 3. Similar results can be proved for higher dimensions. But the
choice of Hi, i = 1, 2, 3, has to be suitably modified for n ≥ 4.

The term f(x, t)δγ(t) on the right-hand side of (3.1) clearly satisfies

f(x, t)δγ(t) ∈ L2(0, T ;H ′
1).(3.4)

Indeed, if we denote by 〈·, ·〉 the duality pairing between L2(0, T ;H1) and its dual we
have

〈f(x, t)δγ(t), ϕ〉 =

⎧⎨⎩
∫ T

0

∫
γ(t)

f(x, t)ϕ(x, t)dσ dt if k ≥ 1,∫ T

0
f(t)ϕ(γ(t), t)dt, if k = 0,

(3.5)
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which is well defined under the assumptions above on γ(t), since∣∣∣∣∣
∫ T

0

∫
γ(t)

f(x, t)ϕ(x, t)dσ dt

∣∣∣∣∣ ≤ ‖f‖L2(0,T ;L2(γ(t)))‖ϕ‖L2(0,T ;L2(γ(t))) if k ≥ 1,∣∣∣∣∣
∫ T

0

f(t)ϕ(γ(t), t)dt

∣∣∣∣∣ ≤ ‖f‖L2(0,T )‖ϕ‖L2(0,T ;L∞(Ω)), if k = 0,

and

‖ϕ‖L2(0,T ;L2(γ(t)))

≤
{
C(γ)‖ϕ‖L2(0,T ;L∞) ≤ C(γ)‖ϕ‖L2(0,T ;H2∩H1

0 ) if n = 3 and k = 1,

C(γ)‖ϕ‖L2(0,T ;H1
0 (Ω)) if n = 2, 3 and n− k = 1,

‖ϕ‖L2(0,T ;L∞(Ω)) ≤
{
C(γ)‖ϕ‖L2(0,T ;H1

0 ) if n = 1,

C(γ)‖ϕ‖L2(0,T ;H2∩H1
0 ) if n = 2, 3.

(3.6)

Here we have used the Sobolev embeddings

H1
0 (Ω) ⊂ C(Ω̄) if n = 1,

H2 ∩H1
0 (Ω) ⊂ C(Ω̄) if n = 2, 3 and n− k > 1,

and the trace theorem (see [N, Chap. 4, sect. 7]), in the case n = 2, 3 and n− k = 1,
guaranteeing that

‖ ϕ|γ(t) (·, t)‖L2(γ(t)) ≤ C(γ(t))‖ϕ(·, t)‖H1
0 (Ω) for n = 2, 3 and n− k = 1.

The constant C(γ(t)) depends only on the measure of γ(t). Thus, in view of the as-
sumptions on γ, it can be chosen to be uniformly bounded in t ∈ [0, T ]. Consequently
(3.6) holds and therefore (3.4) holds too.

It is at this point where defining H1 distinguishing the value of n− k is needed.
The same can be said about the assumptions we have made on the manifold γ.

We now define the weak solution of system (3.1) by transposition (see [LM]). Let
ψ ∈ L2(0, T ;H−1) and consider the adjoint heat equation⎧⎨⎩

−ϕt − ∆ϕ = ψ in Q,
ϕ = 0 on Σ,
ϕ(x, T ) = 0 in Ω.

(3.7)

Note that the unique solution of (3.7) belongs to the class

ϕ ∈ C([0, T ];H0) ∩ L2(0, T ;H1).

Multiplying the equation in (3.1) by ϕ and integrating by parts we obtain formally
the following identity:∫ T

0

∫
γ(t)

fϕdσ dt +

∫
Ω

u0ϕ(0)dx =

∫ T

0

∫
Ω

uψdx dt if k ≥ 1,∫ T

0

f(t)ϕ(γ(t), t)dt +

∫
Ω

u0ϕ(0)dx =

∫ T

0

∫
Ω

uψdx dt if k = 0.
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This motivates the following definition: We say that u is a solution of (3.1), in the
sense of transposition, if

〈fδγ(t), ϕ〉 + 〈u0, ϕ(0)〉0 =

∫ T

0

〈u, ψ〉−1dt ∀ψ ∈ L2(0, T ;H−1),(3.8)

where 〈·, ·〉 (resp., 〈·, ·〉0, 〈·, ·〉−1) is the duality pairing between L2(0, T ;H1) (resp., H0,
H−1) and its dual space L2(0, T ;H ′

1) (resp., H ′
0, H−1).

It is easy to see that for any initial data u0 ∈ H ′
0 there exists a unique solution

of (3.1) in the sense of transposition in the class

u ∈ C ([0, T ] ;H ′
0) .(3.9)

For example, if we consider the case n−k > 1 (the case n−k = 1 is even simpler),
then H−1 = L2(Ω) and ψ ∈ L2(0, T ;L2(Ω)). The solution ϕ of system (3.7) is in the
class ϕ ∈ L2(0, T ;H2 ∩H1

0 (Ω)) ∩ C([0, T ];H1
0 (Ω)), and then the map

ψ → (ϕ(x, t), ϕ(x, 0))

is linear and continuous from L2(0, T ;L2(Ω)) to L2(0, T ;H2∩H1
0 (Ω))×H1

0 (Ω). There-
fore, for any initial data u0 ∈ H−1(Ω), the left-hand side of (3.8) is linear and contin-
uous from ψ ∈ L2(0, T ;L2(Ω)) to R. Then, there exists a unique u ∈ L2(0, T ;L2(Ω))
satisfying (3.8), i.e., a solution of (3.1) in the sense of transposition. Moreover, it is
easy to see that this solution u satisfies the first equation in system (3.1) in the sense
of distributions, and then we deduce that ut ∈ L2(0, T ; (H2∩H1

0 (Ω))′). Consequently,

u ∈ C([0, T ] ;H−1(Ω)),

and (3.9) holds for n− k > 1.
We consider the following approximate controllability problem for system (3.1):

given u0, u1 ∈ H ′
0 and α > 0, to find a control f ∈ L2(0, T ;L2(γ(t))) such that the

solution u = u(x, t) of (3.1) satisfies

‖u(T ) − u1‖H′
0
≤ α.(3.10)

For the sake of clarity we divide the rest of this section into two subsections where
we state separately the results for the 1-d case and those for higher space dimensions.

3.1. The one-dimensional case. We assume that Ω = (0, L) with L > 0. Let
γ : [0, T ] → Ω be any continuous curve. The following theorem holds.

Theorem 3.1. Let γ(t) : [0, T ] → Ω be a nonconstant continuous curve satisfying
at least one of the following conditions:

1. There exists an open subinterval U ⊂ [0, T ] where γ is not analytic at any
point t ∈ U .

2. There exists t1 ∈ (0, T ) where t → γ(t) is not analytic and a subinterval
(t1, t2) ⊂ (0, T ) where γ is analytic and can be extended analytically to a
subinterval (t0, t2) with t1 ∈ (t0, t2).

3. γ can be extended analytically to a curve γ̄(t) : (−∞, T ] → R satisfying one
of the following conditions:
(a) γ̄(t) meets the boundary of Ω, i.e., there exists t0 ∈ (−∞, T ] such that

γ̄(t0) ∈ ∂Ω.
(b) The set of accumulation points of γ̄(t) as t → −∞ contains at least one

point x0 ∈ Ω such that x0/L is irrational.
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(c) The set of accumulation points of γ̄(t) as t → −∞ is reduced to a unique
x0 ∈ Ω, and there exists a sequence tn → −∞ such that

lim
tn→−∞

(γ̄(tn) − x0)
−1etn(λ3−λ2) = 0,(3.11)

where λ3 − λ2 = 5π2/L2 is the difference between the third and second
eigenvalues of the Laplace operator in Ω.

Then, for any T > 0, system (3.1) is approximately controllable.

Remark 3.2. The conditions on γ in Theorem 3.1 above do not characterize all
possible curves for which approximate controllability holds. However, they may be
considered sharp in different senses:

1. Condition 1 is sharp in the sense that if γ is analytic in one interval (t0, t1) ⊂
[0, T ], then the approximate controllability may fail. We can consider, for
example, a curve γ(t) = x0 with x0 nonstrategic, i.e., x0/L rational.

2. Condition 2 is sharp in the sense that if γ : (t1, t2) → Ω is analytic but
cannot be extended analytically to a subinterval (t0, t2) with t1 ∈ (t0, t2), then
approximate controllability may fail (see example 1 in section 4.1 below).

3. Condition 3 is sharp in the sense that if γ : [0, T ] → Ω is analytic but cannot
be extended analytically to t ∈ (−∞, T ], then approximate controllability
may fail (see example 2 in section 4.1 below).

4. Condition 3 is also sharp in the sense that if γ : [0, T ] → Ω is analytic and can
be extended analytically to γ̄ : (−∞, T ] → Ω in such a way that the set of
accumulation points of γ̄(t) as t → −∞ is reduced to an unique nonstrategic
point x0 ∈ Ω that does not satisfy (3.11), then approximate controllability
may fail (see example 3 in section 4.1 below).

We give now a number of examples showing that the conditions in Theorem 3.1
cover a large class of curves.

Examples.

1. Weierstrass-type functions. Let γ(t) : [0, T ] → Ω be a C1 function with
nowhere defined second derivative. Then γ(t) is Lipschitz and satisfies con-
dition 1 above. A function with this property can be constructed integrating
the classical Weierstrass example of a continuous function that is nowhere
differentiable (see [Pu, Chap. 4, sect. 7], for example).

2. Piecewise analytic curves. Let γ1, γ2 : [0, T ] → Ω be two analytic curves
that meet at time t0, i.e., there exists t0 ∈ (0, T ), where γ1(t0) = γ2(t0) and
γ′
1(t0) �= γ′

2(t0). Then γ : [0, T ] → Ω defined as follows:

γ(t) =

{
γ1(t) if t ∈ [0, t0],
γ2(t) if t ∈ [t0, T ]

satisfies condition 2 in Theorem 3.1 (see Figure 1(a)).
3. Constant velocity curves. Let γ(t) = x0 + αt with x0 ∈ Ω (see Figure 2(a)).

Then clearly γ satisfies condition 3(a) in Theorem 3.1.
4. Periodic analytic curves. Let γ : R → Ω be any nonconstant periodic analytic

curve (see Figure 1(b)). In this case, the set of accumulation points of γ(t) as
t → −∞ is the range of γ over a period, which is an interval, and therefore it
contains infinitely many points such that x0/L is irrational. Then γ satisfies
condition 3(b) in Theorem 3.1.
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Ω 

t γ (t) 

Ω 

t γ (t) 

(a) (b)

Fig. 2. Trajectories of γ for which the approximate controllability property holds.

5. Curves that converge to a unique point as t → −∞ and satisfy (3.11). For
example, let γ(t) = x0 +β/t with x0 ∈ Ω and let β be chosen in order to have
γ(t) ∈ Ω for all t ∈ [0, T ]. Then γ satisfies condition 3(c) in Theorem 3.1 (see
Figure 2(b)).

3.2. The higher dimensional case. The situation is now more complex. We
only consider nonconstant (in time) analytical families of k-dimensional manifolds
{γ(t)}0≤t≤T satisfying, in particular, the following hypothesis:

{γ(t)}0≤t≤T can be extended to an analytical family {γ̄(t)}−∞<t≤T

s.t. γ̄(t) ⊂ Ω ∀t ∈ (−∞, T ).
(3.12)

Thus we are considering only the analogue of case 3 in the statement of Theorem
3.1.

In order to state our result let us introduce the eigenvalue problem associated to
system (2.4): {

−∆w(x) = λw(x), x ∈ Ω
w(x) = 0, x ∈ ∂Ω.

(3.13)

The associated eigenvalues will be denoted by

0 < λ1 < λ2 < · · · < λj < · · ·

each one with finite multiplicity l(j) ≥ 1.
We also introduce the following sets associated to the families {γ(t)}0≤t≤T satis-

fying (3.12).
Definition 3.2. Let {γ(t)}0≤t≤T be a family satisfying (3.12). We define the

set of “accumulation points” of {γ(t)}0≤t≤T as

P =
{
x ∈ Ω s.t. ∃tn → −∞, xn ∈ γ̄(tn) with xn → x

}
,(3.14)

and for each x ∈ P , the set of “accumulation directions”

Dx =

{
v ∈ Sn−1 s.t. ∃tn → −∞, xn ∈ γ̄(tn) with xn → x, xn−x

‖xn−x‖ → v

and limtn→−∞ ‖xn − x‖−1
ectn = 0 ∀c > 0

}
.

(3.15)
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Remark 3.3. Observe that Dx contains only those directions v for which ‖xn − x‖
converges to zero more slowly than any exponential as tn → −∞. As indicated in
Remark 3.2, in the 1-d case approximate controllability fails for some curves that
converge to a unique accumulation point more rapidly than a certain exponential.

The following result reduces the approximate controllability property of system
(3.1) to a suitable unique continuation property for the eigenfunctions of (3.13).

Theorem 3.2. Assume that {γ(t)}0≤t≤T satisfies the hypothesis (3.12), and con-
sider the sets P and Dx introduced in Definition 3.2. Assume also that the following
spectral unique continuation property holds for the eigenfunctions of (3.13):

The only eigenfunction w of (3.13) that satisfies
w(x0 + µv) = 0, ∀x0 ∈ P, ∀v ∈ Dx0 , and ∀µ ∈ R s.t. x0 + µ̄v ∈ Ω̄,
∀µ̄ ∈ [0, µ], is the trivial one.

(3.16)

Then, for any T > 0 system (2.4) is approximately controllable.
We observe that there are two special situations where the spectral unique con-

tinuation property (3.16) holds trivially:
1. P is not included in the zero set of any of the eigenfunctions of (3.13).
2. P is included in the zero set of some of the eigenfunctions of (3.13) but there

exists x0 ∈ P for which Dx0
contains an open set of Sn−1. Indeed, in this

case if

w(x0+µv) = 0, ∀x0 ∈ P, ∀v ∈ Dx0 , and ∀µ ∈ R s.t. x0+µ̄v ∈ Ω, ∀µ̄ ∈ [0, µ],

then w = 0 on an open set of Ω and, by classical unique continuation for
eigenfunctions (Holmgren’s theorem), w ≡ 0.

Now, we give some examples where one of the above situations holds and therefore
the approximate controllability property is satisfied.
Examples.

1. Stationary control. Assume that the control is located on a time-independent
k-dimensional manifold γ. In this case, property (3.12) holds trivially. The
set P coincides with γ, and Dx is empty for all x ∈ P . Therefore, the unique
continuation property (3.16) is satisfied if and only if γ is not included in the
nodal set of any of the eigenfunctions of (3.13).

2. Time-periodic n − 1-dimensional manifolds. Assume that {γ(t)}0≤t≤T is a
nonconstant periodic (in time) analytic (in time) family of n− 1-dimensional
manifolds. Then, {γ(t)}0≤t≤T satisfies property (3.12), and the set P is the
range of γ(t) over a period [0, p], i.e.,⋃

t∈[0,p]

γ(t) = P ⊂ Ω.

We observe that the dimension of P is n generically. However, this is not
always the case. For example, if n = 2 we may consider Ω = (−1, 1)× (−1, 1)
and γ(t) the subinterval [0, 1

2 + 1
4 sin(t)] in the axis y = 0.

When the dimension of P is n, it contains an open set of Ω. In this
case, the unique continuation property (3.16) is a consequence of the unique
continuation property for the eigenfunctions of (3.13).

We observe that, in general, the dimension of the set P is larger for pe-
riodic moving controls than for stationary ones. Therefore, the uniqueness
property is much more likely to hold for moving controls.
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3. Pointwise control in 2-d. We assume that n = 2, for instance, and k = 0.
Here the control is localized on a continuous curve γ(t) ⊂ Ω× [0, T ]. Consider
the spiral curve around any point x0 ∈ Ω:

γ(t) = x0 +
β

T + 1 − t
(cos t, sin t), β > 0.

Here the parameter β must be chosen small enough to guarantee that γ(t) ∈ Ω
for all t ∈ (−∞, T ]. In this case, γ(t) is analytic and satisfies (3.12), and we
have P = {x0} and Dx0 = S1. Therefore, the unique continuation property
(3.16) holds.

3.3. Rapidly oscillating controllers. Finally, we consider the case of rapidly
oscillating controllers, i.e., where the control is located on a k-dimensional manifold
{γ(t/ε)}0≤t≤T with ε > 0 a small parameter and {γ(t)}0≤t a time-dependent periodic
and analytic family of k-dimensional manifolds. To simplify the presentation, we
restrict ourselves to the case k = n− 1.

We assume without loss of generality that γ(t) is periodic of period 2π.
We also assume that the range of γ(t) over a period [0, p], i.e.,

⋃
t∈[0,p] γ(t) = P ⊂

Ω has dimension n. As we pointed out in example 2 above (section 3.2) this is not
always the case. However, for the purposes of this section, it is natural to consider
the case where the supports of the controls scan a larger area.

In this case, system (3.1) reads as follows:⎧⎨⎩
ut − ∆u = f(x, t)δγ(t/ε)(x) in Q,
u = 0 on Σ,
u(x, 0) = u0(x) in Ω.

(3.17)

We observe that, by hypothesis, the dimension of P (the range of γ(t) over a
period) is n and it contains an open set of Ω. Therefore, the unique continuation
property (3.16) is a consequence of the unique continuation property for the eigen-
functions of the Laplace operator, and the approximate controllability of system (2.4)
holds.

Let us introduce the limit problem⎧⎨⎩
ut − ∆u = f(x, t)mγ(x) in Q,
u = 0 on Σ,
u(x, 0) = u0(x) in Ω,

(3.18)

where mγ(x) is the limit of δγ(t/ε)(x) in the L∞(0, T ;H ′
1) weak-* topology as ε → 0.

As we will see, this limit measure mγ(x) is supported in the nonempty open set ω ⊂ Ω
defined as the interior set of P .

The following theorem holds.
Theorem 3.3. Let us assume that {γ(t)}t≤T is a nonconstant periodic analytic

family of (n− 1)-dimensional manifolds and ε > 0 is a small parameter.
Given T > 0, u0, u1 ∈ H ′

0, and α > 0, there exists a sequence of approximate
controls fε ∈ L2(0, T ;L2(γ(t/ε))) (resp., fε ∈ L2(0, T ) if n = 1 and k = 0) of system
(3.17), satisfying (3.10), which is uniformly bounded in L2(0, T ;L2(γ(t/ε))) (resp.,
L2(0, T )).

Moreover, the controls fε can be chosen such that they strongly converge in the
following sense:

fε(x, t)δγ(t/ε)(x) → f(x, t)mγ(x) in L2(0, T ;H ′
1) as ε → 0,(3.19)
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where f is an approximate control for the limit system (3.18) so that (3.10) holds.
The measure mγ(x) is the limit of δγ(t/ε) in the L∞(0, T ;H ′

1) weak-* topology
as ε → 0. This limit measure mγ is supported in the nonempty subset ω ⊂ Ω, the
interior set of P , and it is characterized by∫

ω

ϕ(x)mγ(x) dσ =
1

2π

∫ 2π

0

∫
γ(s)

ϕ(x) dσ ds ∀ϕ ∈ H1 if k ≥ 1, i.e., n ≥ 2∫
ω

ϕ(x)mγ(x) dσ =
1

2π

∫ 2π

0

ϕ(γ(s)) ds ∀ϕ ∈ H1 if k = 0.(3.20)

Here σ denotes the surface measure of ω. In the case k = n− 1, ω is an open subset
of Ω and dσ = dx.

On the other hand, with the above controls, the solutions uε of (2.4) converge
strongly in C([0, T ];H ′

0) as ε → 0 to the solution u of the limit problem (3.18). This
solution u satisfies (3.10).

Remark 3.4. 1. As a consequence of the statement in Theorem 3.3, system (3.18)
is approximately controllable. In fact, Theorem 3.3 guarantees that the control of
(3.18) may be achieved as the limit (when ε → 0) of the controls of (2.4) in the sense
of (3.19).

Note, however, that one could prove directly the approximate controllability of
(3.18) since the limit control f acts on an open set of Ω.

2. It is worth noting that for the limit system (3.18), where the control is located
on an open subset of Ω, a stronger controllability property is known to hold: the
so-called null-controllability property. This means that if u1 = 0, then the control
can be chosen to be exact, i.e., the solution of system (3.18) will satisfy u(x, T ) ≡ 0.
Whether this null-controllability property holds for the approximate systems (2.4)
and the possible convergence of the controls as ε → 0 are open problems.

3. When k < n−1, the set P will not contain an open subset of Ω but, generically,
a k + 1-dimensional manifold. Therefore, the approximate controllability property of
both the approximate systems and the limit system will depend on whether the set
ω, the interior of P with respect to the relative topology, belongs to the nodal set of
any of the eigenfunctions of the Laplace operator.

If this approximate controllability property holds, then the analogue to Theorem
3.3 still holds. The limit density mγ is then supported on the manifold ω of dimension
k + 1 < n and takes the form

mγ(x) = g(x)δω(x),

where g(x) is a density function defined on ω by (3.20).
4. In [B] the numerical approximation of the 1-d case Ω = (0, 1) and γ(t) =

x0 + δ cos(t) is addressed. Using the standard formal asymptotic expansion method
in homogenization and the limit in the sense of distributions of the measure δγε(t),
the author obtains the first order approximation of a limit control when both ε and δ
tend to zero (ε � δ). This first order approximation consists of two steady distributed
controls, concentrated at the points x = x0 ± δ, which depend only on the time
variable t.

Here we prove that, when ε → 0, δ > 0 being fixed, the sequence of controls
can be chosen to converge, in the sense stated in the above theorem, to a nonsteady
distributed control (see (3.22) in example 1 below) acting on the range of γ(t) over
a period. Namely, the control may vary in x and t. The control obtained in [B]
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corresponds to the first order approximation (as δ → 0) of the limit control, given in
(3.22) below, obtained as the limit when ε → 0 (see [B] for details).

The result above proves that, to some extent, the approximate controls depend
continuously on ε. As ε → 0 the transition is made from controls supported on a
manifold of dimension n− 1 to controls with support in an open subset of Ω.

We finish this section by showing several examples of limit densities mγ(x) in
some particular cases.
Examples.

1. Pointwise control, case 1. We assume that γ(t) is reduced to a unique point
at each time t ∈ [0, T ]. The trajectory of the control x = x(t) is included in a simple
curve ω ⊂ Ω, and the control moves forward and backward scanning the curve ω (see
Figure 3(a)).

In this case, the integral in (3.20) can be simplified, studying separately the
closed intervals where γ(s) is one-to-one {Ih}Hh=1. Note that the whole interval [0, 2π]
is divided into the subintervals Ih. Indeed, if there is a subinterval I ⊂ (0, 2π) such

that I is not included in
⋃H

h=1 Ih, then γ(s) must be constant on I and then constant
everywhere because of the analyticity of γ.

Note also that the number H of subintervals Ih ⊂ [0, 2π] must be finite because of
the analyticity of γ. Indeed, at the extremes of Ih, the control has a returning point
where its trajectory changes direction and γ′ vanishes. If there are infinitely many
intervals Ih, there are infinitely many points in a period [0, 2π] where γ′ vanishes.
Thus, γ(t) must be constant, and this is in contradiction with the hypotheses on γ(t).

Let ωh = γ(Ih) ⊂ Ω and let γ−1
h : ωh → Ih be the inverse function of ψ in each

one of the sets ωh. Then,

1

2π

∫ 2π

0

ϕ(γ(s)) ds =
1

2π

H∑
h=1

∫
Ih

ϕ(γ(s))
1

|γ′(s)| |γ
′(s)| ds

=
1

2π

H∑
h=1

∫
ωh

ϕ(x)
1∣∣γ′(γ−1
h (x))

∣∣dωh.(3.21)

Then,

mγ(x) =

⎧⎨⎩
1
2π

∑H
h=1

1
|γ′(γ−1

h (x))|δωh
if n ≥ 2,

1
2π

∑H
h=1

1
|γ′(γ−1

h (x))|χωh
if n = 1.

Note that mγ is defined over the whole curve ω since ∪hωh = ω.
The function mγ(x) is singular at the extremes of the intervals Ih since γ′(s) = 0

for some points s ∈ [0, 2π]. For example, in the 1-d case studied in [B], Ω = (0, 1),
γ(t) = x0 + δ cos(t), and

mγ(x) =

{
1

π
√

δ2−(x−x0)2
if |x− x0| < δ,

0 otherwise,
(3.22)

which is singular at x = x0 ± δ. Observe, however, that mγ(x) ∈ L1(Ω) since the
integral in (3.21) is well defined for all ϕ ∈ H1 (see Figure 3).

2. Pointwise control, case 2. Now we assume that the trajectory of the control
follows a simple closed curve without any returning point. This is only possible if
n ≥ 2 (see Figure 4(a)). In this case, γ : [0, 2π) → Ω is one-to-one and γ′(s) �= 0 for
any s ∈ [0, 2π). Then, we have



1414 CARLOS CASTRO AND ENRIQUE ZUAZUA

Ω 

t 
γ (t) 

ω 

Ω 

t 

ω 
Ω 

γ 

ω 

m 

(a) (b) (c)

Fig. 3. The sequence of controls acting on curves γ(t/ε), with γ(s) periodic (see (a)), converge
as ε→ 0 to a control acting in the whole interval ω (see (b)) with a density mγ(x) which is singular
at the extremes of ω (see (c)).

 Ω

t γ (t) 

 Ω

t 

ω 

(a) (b)

Fig. 4. The pointwise control located on a periodic circular trajectory in time (see (a)) con-
verges, as the period goes to zero, to a control acting on the lateral boundary of the space-time
cylinder ω × [0, T ] (see (b)).

mγ(x) =
1

2π

1

|γ′(γ−1(x))|δω(x).

In particular, if γ follows a circular trajectory of radius R around (x0, y0) ∈ Ω ⊂ R
2,

γ(t) = (x0, y0) +R(cos(t), sin(t)), then |γ′(γ−1(x))| = R and mγ is given by mγ(x) =
Rδω(x) (see Figure 4).

3. Control on a curve in dimension n = 2. Let γ(t) be a curve for any t ∈ [0, T ].
To simplify the presentation, we assume that {γ(t)}0≤t≤T can be described by a unique
chart ψ : V × [0, T ] → {γ(t)}0≤t≤T , where V is an open and bounded subinterval
of R.

The measure mγ satisfies (3.20). It can be computed studying separately the
closed time intervals {Ih}Hh=1, where ψ(y, s) : V × Ih → Ω is one-to-one. Let ωh =
ψ(V, Ih) ⊂ Ω and ψ−1

h : ωh → V × Ih be the inverse function of ψ. Then,

∫ 2π

0

∫
γ(s)

ϕ(x) dσ ds =

H∑
h=1

∫
Ih

∫
V

ϕ(ψ(y, s))

∣∣∣∂ψ∂y ∣∣∣∣∣∣∂ψ∂y × ∂ψ
∂s

∣∣∣
∣∣∣∣∂ψ∂y × ∂ψ

∂s

∣∣∣∣ dy ds

=
H∑

h=1

∫
ωh

ϕ(x)

∣∣∣∂ψ∂y (ψ−1
h (x))

∣∣∣∣∣∣∂ψ∂y (ψ−1
h (x)) × ∂ψ

∂s (ψ−1
h (x))

∣∣∣dx.(3.23)



CONTROL OF THE HEAT EQUATION FROM A MANIFOLD 1415

 Ω

t γ (t) 

 Ω

t γ (t) 
ε 

 Ω

t 

ω 

(a) (b) (c)

Fig. 5. The control located on a curve with periodic trajectory in time (see (a)) converges, as
the period goes to zero (see (b)), to a control acting on a 2-d domain ω for all time (see (c)).

Then,

mγ(x) =
1

2π

H∑
h=1

∣∣∣∂ψ∂y (ψ−1
h (x))

∣∣∣∣∣∣∂ψ∂y (ψ−1
h (x)) × ∂ψ

∂s (ψ−1
h (x))

∣∣∣χωh
.

Note that mγ is defined over the whole ω since ∪hωh = ω, which is a 2-d set (see
Figure 5).

4. Unique continuation for the adjoint system. It is well known that the
approximate controllability of system (2.4) is a consequence of the following unique
continuation property for the adjoint system: If ϕ ∈ C([0, T ];H0) solves⎧⎨⎩

−ϕt − ∆ϕ = 0 in Q,
ϕ = 0 on Σ,
ϕ(x, T ) = ϕ0(x) in Ω,

(4.1)

can we guarantee that

ϕ(x, t) = 0 ∀t ∈ [0, T ] and ∀x ∈ γ(t) ⇒ ϕ ≡ 0?(4.2)

In fact, as we will see later on, when this unique continuation property is satisfied, the
control can be built as a minimizer of a quadratic, convex, continuous, and coercive
functional in a Hilbert space, associated with the adjoint system (4.1).

This section is devoted to analyzing this uniqueness problem. We divide it into
two subsections where we study separately the 1-d case and the higher dimensional
one.

4.1. The one-dimensional case.
Lemma 4.1. Assume that Ω = (0, L) and γ : [0, T ] → Ω is a continuous curve

which satisfies the hypotheses in the statement of Theorem 3.1. Then the unique
continuation property (4.2) holds for the solutions of the adjoint problem (4.1).

As we stated in Remark 3.2, the conditions in Theorem 3.1 are sharp in different
senses. This is so because these conditions are sharp in the context of Lemma 4.1.
We present now three examples that illustrate this fact. After these examples we give
the proof of Lemma 4.1.

Example 1. This example shows that condition 2 in Theorem 3.1 is sharp in the
sense that if γ : (t1, T ] → Ω cannot be extended analytically for t < t1, then the
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unique continuation property (4.2) for the solutions of the adjoint problem (4.1) may
fail.

We consider Ω = (0, 1) and the solution of the backward system (4.1) given by

ϕ(x, t) = eλ2(t−T ) sin(
√
λ2x) + eλ4(t−T ) sin(

√
λ4x) = e4π2(t−T ) sin(2πx)

+ e16π2(t−T ) sin(4πx).

For any t ∈ [0, T ] the points x = x(t) ∈ Ω for which ϕ(x, t) = 0 are characterized by

0 = sin(2πx) + e12π2(t−T ) sin(4πx) = sin(2πx)(1 + e12π2(t−T )2 cos(2πx)).

Thus, ϕ(x(t), t) = 0 if and only if x(t) = 1/2 ∈ Ω (for any t ∈ [0, T ]) or x(t) ∈ Ω is
any of the two roots of the equation

cos(2πx(t)) = −1

2
e−12π2(t−T ) for t ∈ (t1, T ],(4.3)

where t1 is defined as t1 = T − (log 2)/(12π2). Note that for t < t1 the right-hand
side term in (4.3) is smaller than −1 and therefore (4.3) has no roots for t < t1.

We define γ(t) as follows:

γ(t) =

{
1/2 if t ∈ [0, t1],

x(t) = 1
2π arccos(− 1

2e
−12π2(t−T )) with x(t) ∈ (0, 1

2 ] if t ∈ [t1, T ].

Clearly γ(t) is a continuous curve for which ϕ(γ(t), t) = 0 for all t ∈ [0, T ]. Moreover,
γ(t) is analytic in t ∈ [0, t1)∪ (t1, T ] and it is easy to see (differentiating in (4.3)) that

lim
t→t1
t>t1

γ′(t) = ∞.

This means that γ : (t1, T ] → Ω cannot be analytically extended for t < t1.
Thus, we have obtained a curve γ(t) for which the unique continuation property

(4.2) fails and that shows that condition 2 in Theorem 3.1 is sharp in the sense
described above.

Example 2. This example shows that condition 3 is sharp in the sense that if
γ cannot be extended analytically to a curve γ̄ : (−∞, T ] → Ω, then the unique
continuation property (4.2) may fail.

We consider Ω = (0, 1) and the solution of the backwards system (4.1) given by

ϕ(x, t) = c1e
λ1(t−T ) sin(

√
λ1x) + eλ2(t−T ) sin(

√
λ2x) = c1e

π2(t−T ) sin(πx)

+ e4π2(t−T ) sin(2πx),

with c1 a constant to be chosen later.
For any t ∈ [0, T ] the points x = x(t) ∈ Ω for which ϕ(x, t) = 0 are characterized

by

0 = c1 sin(πx) + e3π2(t−T ) sin(2πx) = sin(πx)(c1 + e3π2(t−T )2 cos(πx)).

Thus, ϕ(x(t), t) = 0 if and only if x(t) ∈ Ω is a root of

cos(πx(t)) = −c1
2
e−3π2(t−T ).(4.4)
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We choose c1 ∈ (0, 2) in such a way that (4.4) has a unique root x(t) ∈ Ω for t ∈ [0, T ];
i.e., the right-hand side of (4.4) is greater than −1.

Clearly γ(t) is a continuous curve for which ϕ(γ(t), t) = 0 for all t ∈ [0, T ].
Moreover, γ(t) is analytic in t ∈ [0, T ] but cannot be extended to an analytic curve
γ̄ : (−∞, T ] → Ω. In fact, its analytic extension is defined implicitly by (4.4), which
has no roots if t is very (negatively) large.

Thus, we have obtained a curve γ(t) for which the unique continuation property
(4.2) fails and that shows that condition 3 in Theorem 3.1 is sharp in the sense
described above.

Example 3. This example shows that condition 3 is also sharp in the sense that
it is possible to construct solutions of the adjoint heat equation (4.1) that vanish at
curves γ(t) that do not satisfy (3.11). We consider Ω = (0, 1) and the solution of the
backward system (4.1) given by

ϕ(x, t) = eλ2(t−T ) sin(
√
λ2x) − eλ3(t−T ) sin(

√
λ3x) = e4π2(t−T ) sin(2πx)

− e9π2(t−T ) sin(3πx).

It is easy to check that ϕ satisfies the following properties:

ϕ(1/2, t) > 0 if t ≤ T,

ϕ(2/3, t) < 0 if t ≤ T,

∂ϕ

∂x
(x, t) < 0 if x ∈ [1/2, 2/3] and t ≤ T.

Therefore, for any t ≤ T , ϕ(x, t) has a unique zero in x ∈ (1/2, 2/3) at the point γ(t),
i.e.,

ϕ(γ(t), t) = 0 for all t ≤ T.

On the other hand, by the analytic version of the implicit function theorem (see [H,
p. 43], for example), the function t → γ(t) is analytic in t ∈ (−∞, T ].

Moreover, as ϕ(γ(t), t) = 0 for all t ∈ (−∞, T ],

sin(2πγ(t)) = e5π2(t−T ) sin(3πγ(t)) → 0 as t → −∞.

Therefore γ(t) → 1/2 as t → −∞ and, by the Taylor expansion of sin(2πx) and
sin(3πx) near x = 1/2, we easily deduce that

γ(t) ∼ 1

2
− 1

2π
e5π2(t−T ) as t → −∞.

In this way we have constructed an example of a nontrivial solution of (4.1) that
vanishes at a nonconstant curve γ(t) that does not satisfy (3.11).

Proof of Lemma 4.1. We divide the proof into different parts depending on the
hypothesis we make on γ.

Part 1. Assume that γ satisfies hypothesis 1 in the statement of Theorem 3.1.
Then there exists an open set U ⊂ (0, T ) such that γ : U → Ω is not analytic at
any point t ∈ U . In this case, we prove the unique continuation property (4.2) by
contradiction.

Assume that there exists a nontrivial solution ϕ ∈ C([0, T ];H0) of the heat equa-
tion (4.1) such that ϕ(γ(t), t) = 0 for all t ∈ U . As the Laplace operator generates an
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analytic semigroup (see, for example, [P, p. 211]), the solution ϕ : Ω× (−∞, T ) → R

of system (4.1) is analytic. By the analytic version of the implicit function theorem
either ∂ϕ

∂x (γ(t0), t0) = 0 or there exists a unique solution x = γ̂(t) of ϕ(x, t) = 0 near
(x, t) = (γ(t0), t0) with γ̂ analytic. The latter is in contradiction with the hypothesis
on x = γ(t). Therefore, ∂ϕ

∂x (γ(t0), t0) = 0 and this is true for all t0 ∈ U .
As γ(t) is a noncharacteristic curve of the heat equation, Holmgren’s uniqueness

theorem asserts that the only solution ϕ of the heat equation with Cauchy data
ϕ(γ(t0), t0) = ∂ϕ

∂x (γ(t0), t0) = 0 on γ is ϕ ≡ 0. This is in contradiction with the
hypothesis.

Part 2. Assume that γ satisfies hypothesis 2 in the statement of Theorem 3.1.
Then there exists t1 ∈ (0, T ) where γ(t) is not analytic and a subinterval (t1, t2) ⊂
(0, T ) where γ is analytic and can be extended analytically to a subinterval (t0, t2)
with t1 ∈ (t0, t2).

We continue γ(t) analytically to γ̄ : (t0, t2) → R. Observe that the composition
ϕ(γ̄(t), t) is analytic and therefore, in view of the fact that ϕ(γ̄(t), t) = ϕ(γ(t), t) = 0
for t ∈ (t1, t2),

ϕ(γ̄(t), t) = 0 ∀t ∈ (t0, t2).(4.5)

Let ω be the open region of (x, t) ∈ R×(t0, t1) limited by the curves x = γ(t), x = γ̄(t)
and the horizontal line t = t0. Note that ϕ vanishes at those parts of the boundary
of ω constituted by γ and γ̄.

Multiplying the adjoint heat equation (4.1) by the solution ϕ and integrating we
easily obtain the following:

0 =

∫ γ(t)

γ̄(t)

(−ϕt − ϕxx)ϕ dx = −1

2

d

dt

∫ γ(t)

γ̄(t)

|ϕ|2dx +

∫ γ(t)

γ̄(t)

|ϕx|2dx

≥ −1

2

d

dt

∫ γ(t)

γ̄(t)

|ϕ|2dx.(4.6)

Thus, the function Φ(t) =
∫ γ(t)

γ̄(t)
|ϕ|2dx is increasing and positive and vanishes at t = t1

because γ and γ̄ coincide for t = t1. Therefore,∫ γ(t)

γ̄(t)

|ϕ|2dx = 0 ∀t ∈ [t0, t1],

and we deduce that ϕ must be zero in the open nonempty set ω. By Holmgren’s
uniqueness theorem we deduce that ϕ ≡ 0.

Part 3. Assume that γ satisfies hypothesis 3(a) in the statement of Theorem 3.1.
Then, γ is analytic and can be extended analytically to a curve γ̄(t) : (−∞, T ] → R

such that γ̄(t) meets the boundary of Ω, i.e., there exists t0 ∈ (−∞, T ] such that
γ̄(t0) ∈ ∂Ω.

The solution ϕ of (4.1) can be extended to all x ∈ R by odd extension and
periodicity. The resulting ϕ satisfies the adjoint system (4.1) on R×(−∞, T ). Observe
that the composition ϕ(γ̄(t), t) is analytic and therefore

ϕ(γ̄(t), t) = 0 ∀t ∈ (−∞, T ].(4.7)

By hypothesis, γ̄ meets the boundary of Ω at t0 ∈ (−∞, T ] and γ(t0) must be one of
the extremes of Ω, say, x = 0. Let ω be the open region of (x, t) ∈ R×(t0−α, t0) with



CONTROL OF THE HEAT EQUATION FROM A MANIFOLD 1419

α > 0, bounded by γ̄ and the axis x = 0. Note that ω cannot be an empty set because,
in this case, γ̄ and the axis x = 0 would coincide over the interval (t0 − α, t0) and,
by the analyticity of γ̄, they would coincide everywhere. This situation is excluded in
our hypothesis on γ̄.

Note also that ϕ vanishes on the subset of the boundary of ω constituted by x = 0
and γ̄. Then we can argue as in Part 2 above to prove that ϕ ≡ 0 on ω and, therefore,
ϕ ≡ 0.

Part 4. Assume that γ satisfies either hypothesis 3(b) or 3(c) in the statement of
Theorem 3.1.

Let ϕ ∈ C([0, T ];H0) be a solution of (4.1) with ϕ(γ(t), t) = 0 for all t ∈ [0, T ].
Obviously, this solution can be extended naturally to all t ≤ T , and the extension is
analytic.

On the other hand, by hypothesis, γ can be also extended to an analytic curve
γ̄ : (−∞, T ] → Ω. Therefore, the composition ϕ(γ̄(t), t) is still analytic in t ∈ (−∞, T ].

Now observe that γ̄ and γ coincide in t ∈ [0, T ]. Therefore, ϕ(γ̄(t), t) = ϕ(γ(t), t) =
0 for any t ∈ [0, T ] and by the unique continuation of analytic functions we deduce
that

ϕ(γ̄(t), t) = 0 ∀t ∈ (−∞, T ].(4.8)

Let us introduce the Fourier representation of ϕ

ϕ(x, t) =

∞∑
j=1

cje
−λj(T−t)wj(x),

where

0 < λ1 < λ2 < · · · < λj < · · ·

are the eigenvalues of (3.13), wj(x) is the eigenfunction associated to λj , and cj is
the Fourier coefficients. We choose {wj(x)}j≥1 to be orthonormal in H1

0 (Ω). Observe
that ϕ(T ) = ϕ0 ∈ H0 = H1

0 (Ω) and this implies that∑
j≥1

|cj |2 < ∞.

From (4.8) we have

0 = ϕ(γ̄(t), t) =

∞∑
j=1

cje
−λj(T−t)wj(γ̄(t)) ∀t ∈ (−∞, T ].(4.9)

We have to prove that this implies that cj = 0 for all j ≥ 1. We proceed by induction
in j. We consider the case j = 1. Multiplying the series in (4.9) by eλ1(T−t) we obtain

c1w1(γ̄(t)) +

∞∑
j=2

cje
(λ1−λj)(T−t)wj(γ̄(t)) = 0 ∀t ∈ (−∞, T ].(4.10)



1420 CARLOS CASTRO AND ENRIQUE ZUAZUA

The second term on the left-hand side converges to zero as t → −∞. Indeed,∣∣∣∣∣∣
∞∑
j=2

cje
(λ1−λj)(T−t)wj(γ̄(t))

∣∣∣∣∣∣
2

≤

∥∥∥∥∥∥
∞∑
j=2

cje
(λ1−λj)(T−t)wj

∥∥∥∥∥∥
2

L∞(Ω)

≤ C

∥∥∥∥∥∥
∞∑
j=2

cje
(λ1−λj)(T−t)wj

∥∥∥∥∥∥
2

H1
0 (Ω)

= C

∞∑
j=2

e2(λ1−λj)(T−t)|cj |2,

(4.11)

which converges to zero as t → −∞. Consequently, the first term in (4.10) converges
to zero, as t → −∞, too.

Assume that γ satisfies hypothesis 3(b) or 3(c) in the statement of Theorem 3.1.
Let x0 ∈ Ω be an accumulation point of γ̄(t) as t → −∞, and consider tn → −∞ such
that

γ̄(tn) → x0.

Passing to the limit as (xn, tn) → (x0,−∞) in (4.10) we obtain

c1w1(x0) = 0.(4.12)

As the zeros of the first eigenfunction w1 lie on the boundary of Ω we deduce that
c1 = 0.

Now we complete the induction argument in j. Assume that cj = 0 for all j < J ,
J ≥ 2, and let us prove that cJ = 0. First of all, we observe that (4.9) reads as follows:

0 = ϕ(γ̄(t), t) =

∞∑
j=J

cje
−λj(T−t)wj(γ̄(t)) ∀t ∈ (−∞, T ].(4.13)

Multiplying now the series in (4.13) by eλJ (T−t) we obtain

cJwJ(γ̄(t)) +

∞∑
j=J+1

cje
(λJ−λj)(T−t)wj(γ̄(t)) = 0 ∀t ∈ (−∞, T ].(4.14)

Once again, it is easy to see that the second term on the left-hand side converges to
zero as t → −∞.

Let x0 ∈ Ω be an accumulation point of γ̄(t), as t → −∞, and consider tn → −∞
such that

γ̄(tn) → x0.

Passing to the limit as (xn, tn) → (x0,−∞) in (4.10) we obtain

cJwJ(x0) = 0.(4.15)

Now we distinguish the cases where γ satisfies hypothesis 3(b) or 3(c) in the statement
of Theorem 3.1.

Assume that γ satisfies hypothesis 3(b). Then we can choose x0 in such a way
that x0/L is irrational. As the zeros of the eigenfunctions wj lie on points x ∈ Ω such
that x/L is rational, we deduce that cJ = 0.
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On the other hand, if γ satisfies hypothesis 3(c) in the statement of Theorem 3.1,
then (4.15) is not enough to guarantee that cJ = 0 because the eigenfunction wJ may
vanish at x0.

Multiplying (4.14) by (γ̄(t) − x0)
−1 we obtain

0 =
cJwJ(γ̄(tn))

γ̄(tn) − x0
+

∞∑
j=J+1

e(λJ−λj)(T−tn)

γ̄(tn) − x0
cjwj(γ̄(tn)).(4.16)

Due to (4.15), the first term on the right-hand side of (4.16) converges to cJw
′
J(x0)

as tn → −∞.
On the other hand, following the argument in (4.11) we easily find the following

bound for the second term in (4.16):∣∣∣∣∣∣
∞∑

j=J+1

e(λJ−λj)(T−tn)

γ̄(tn) − x0
cjwj(γ̄(tn))

∣∣∣∣∣∣
2

≤
∞∑

j=J+1

e−2(T−tn)(λJ+1−λJ )

|γ̄(tn) − x0|2
|cj |2

≤ e−2(T−tn)(λ3−λ2)

|γ̄(tn) − x0|2
∞∑

j=J+1

|cj |2,

which converges to zero as tn → −∞ by the hypothesis (3.11).
Therefore, passing to the limit as tn → −∞ in (4.16) we obtain

cJw
′
J(x0) = 0.(4.17)

From (4.15), (4.17), and the fact that the eigenfunction wJ satisfies a linear second
order ordinary differential equation we deduce that cJ = 0.

4.2. The higher-dimensional case. The following lemma reduces the unique
continuation problem (4.2) to a certain unique continuation property for the eigen-
functions of (3.13).

Lemma 4.2. Assume that {γ(t)}0≤t≤T is an analytic family of k-dimensional
manifolds on Ω which satisfies the hypothesis (3.12). Let us consider the set of ac-
cumulation points P , and for each x ∈ P , the set of accumulation directions Dx, as
defined in Definition 3.2. If the spectral unique continuation property (3.16) holds,
then the unique continuation property (4.2) for the solutions of the adjoint problem
(4.1) holds as well.

Proof. Let ϕ ∈ C([0, T ];H0) be a solution of (4.1) with ϕ(x, t) = 0 for all (x, t) ∈
{γ(t)}0≤t≤T . Obviously, this solution can be extended naturally to all t ≤ T by solving
(4.1). As the Laplace operator generates an analytic semigroup (see, for example, [P,
p. 211]), the solution ϕ : Ω × (−∞, T ) → R of system (4.1) is analytic.

On the other hand, the family {γ(t)}0≤t≤T can be extended to an analytic
family of manifolds {γ̄(t)}−∞<t≤T . Let {ψα(y, t)}Aα=1 be a family of charts for
{γ̄(t)}−∞<t≤T , as in Definition 3.1. Then, for any y ∈ Vα, ψα(y, t) is analytic in
t and therefore, the composition ϕ(ψα(y, t), t) is still analytic in t.

Thus, the fact that ϕ(x, t) = 0 for all (x, t) ∈ {γ(t)}0≤t≤T implies that ϕ(ψα(y, t), t)
vanishes for t ∈ [0, T ] and y ∈ Vα with α ∈ A. Therefore, by the analyticity of
ϕ(ψα(y, t), t) we have that

ϕ(ψα(y, t), t) = 0 ∀t ∈ (−∞, T ] and ∀y ∈ Vα with α = 1, . . . , A,(4.18)
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i.e.,

ϕ(x, t) = 0 ∀(x, t) ∈ {γ̄(t)}−∞<t≤T .(4.19)

Let us introduce the Fourier representation of ϕ:

ϕ(x, t) =

∞∑
j=1

e−λj(T−t)

l(j)∑
k=1

cj,kwj,k(x),

where

0 < λ1 < λ2 < · · · < λj < · · ·

are the eigenvalues of (3.13), {l(j)}j≥1 is their multiplicity, and {wj,k(x)}k=1,...,l(j) is a
system of linear independent eigenfunctions associated to λj . We choose {wj,k(x)}j,k≥1

to be an orthonormal basis of H0. Observe that ϕ(T ) = ϕ0 ∈ H0 and this implies
that ∑

j,k

|cj,k|2 < ∞.

From (4.19) we have

0 = ϕ(x, t) =
∞∑
j=1

e−λj(T−t)

l(j)∑
k=1

cj,kwj,k(x) ∀(x, t) ∈ {γ(t)}−∞<0≤T .(4.20)

We have to prove that this implies that cj,k = 0 for all j ≥ 1 and k = 1, . . . , l(j). We
proceed by induction in j.

First, we consider the case j = 1. Observe that the first eigenvalue of the Laplace
operator λ1 is simple. Then l(1) = 1 and we have to prove only that c1,1 = 0. Observe
also that, from the spectral unique continuation property (3.16), it suffices to prove
that

c1,1w1,1(x0 + µv) = 0 ∀x0 ∈ P, ∀v ∈ Dx0
,

and ∀µ ∈ R s.t. x0 + µ̄v ∈ Ω ∀µ̄ ∈ [0, µ].(4.21)

Moreover, by the analyticity of the eigenfunction c1,1w1,1, this is equivalent to
proving that the function Gx0,v,1(µ) = c1,1w1,1(x0 + µv) satisfies

Gx0,v,1(0) =
drGx0,v,1

dµr
(0) = 0 ∀r ≥ 1, ∀x0 ∈ P, and ∀v ∈ Dx0 .(4.22)

We use an induction argument in r. We start by proving that Gx0,v,1(0) = c1,1w1,1(x0) =
0.

Multiplying the series in (4.20) by eλ1(T−t) and taking into account that λ1 is
simple we obtain

c1,1w1,1(x) +

∞∑
j=2

e(λ1−λj)(T−t)

l(j)∑
k=1

cj,kwj,k(x) = 0 ∀(x, t) ∈ {γ(t)}−∞<t≤T .(4.23)
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The second term on the left-hand side converges to zero as t → −∞ uniformly in
x ∈ Ω. Indeed,∣∣∣∣∣∣

∞∑
j=2

e(λ1−λj)(T−t)

l(k)∑
k=1

cj,kwj,k(x)

∣∣∣∣∣∣
2

≤

∥∥∥∥∥∥
∞∑
j=2

e(λ1−λj)(T−t)

l(k)∑
k=1

cj,kwj,k

∥∥∥∥∥∥
2

L∞(Ω)

≤ C

∥∥∥∥∥∥
∞∑
j=2

e(λ1−λj)(T−t)

l(k)∑
k=1

cj,kwj,k

∥∥∥∥∥∥
2

H1

= C

∞∑
j=2

e2(λ1−λj)(T−t)

l(k)∑
k=1

|cj,k|2,

which converges to zero as t → −∞.
Consider now x0 ∈P and v ∈Dx0

. There exists a sequence (xn, tn)∈{γ̄(t)}−∞<t≤T

such that

xn → x0,
xn − x0

‖xn − x0‖
→ v, and tn → −∞.(4.24)

Passing to the limit as (xn, tn) → (x0,−∞) in (4.23) we obtain

Gx0,v,1(0) = c1,1w1,1(x0) = 0.(4.25)

Now we complete the induction argument on r to prove (4.22). We assume that
drGx0,v,1

dµr (0) = 0 for r ≤ R − 1. Then, from the Taylor expansion of Gx0,v,1 at
µ = 0 we have

dRGx0,v,1

dµR
(0) = lim

µ→0

R! Gx0,v,1(µ)

µR
= lim

µn→0

R! Gx0,vn,1(µn)

µR
n

,(4.26)

where we can choose xn and vn as in (4.24) and µn = ‖xn − x0‖.
On the other hand, we have

(4.27)∣∣∣∣ Gx0,vn,1(µn)

µR
n

∣∣∣∣2 =

∣∣∣∣c1,1 w1,1(xn)

‖xn − x0‖R

∣∣∣∣2 =

∣∣∣∣∣∣
∞∑
j=2

e(λ1−λj)(T−tn)

‖xn − x0‖R
l(j)∑
k=1

cj,kwj,k(xn)

∣∣∣∣∣∣
2

≤

∥∥∥∥∥∥
∞∑
j=2

e(λ1−λj)(T−tn)

‖xn − x0‖R
l(j)∑
k=1

cj,kwj,k

∥∥∥∥∥∥
2

L∞

≤ C

∥∥∥∥∥∥
∞∑
j=2

e(λ1−λj)(T−tn)

‖xn − x0‖R
l(j)∑
k=1

cj,kwj,k

∥∥∥∥∥∥
2

H1

= C

∞∑
j=2

e2(λ1−λj)(T−tn)

‖xn − x0‖2R

l(j)∑
k=1

|cj,k|2 ≤ C
e−2(λ2−λ1)(T−tn)

‖xn − x0‖2R

∞∑
j=2

l(j)∑
k=1

|cj,k|2,

which converges to zero as tn → −∞ since the factor

e−2(λ2−λ1)(T−tn)

‖xn − x0‖2R
=

(
e−

λ2−λ1
R (T−tn)

‖xn − x0‖

)2R

converges to zero as tn → −∞, i.e., as µ → 0, due to the hypothesis on the accumu-
lation directions given in (3.15).
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Here we see why we include only “nonexponential directions” in the definition of
Dx0 in (3.15).

This concludes the proof of (4.22). From (4.22) we deduce (4.21) and then

c1,1 = 0.

Following an induction argument in j we easily obtain

drGx0,v,j

dµr
(0) = 0 ∀j and ∀x0 ∈ P, ∀v ∈ Dx0

,(4.28)

where Gx0,v,j(µ) =
∑l(j)

k=1 cj,kwj,k(x0 + µv).
From (4.28) and the analyticity of the eigenfunctions wj,k we have

l(j)∑
k=1

cj,kwj,k(x0 + µv) = 0 ∀j, ∀x0 ∈ P, ∀v ∈ Dx0 , and ∀µ ∈ R s.t. [x0, x0 + µv]∈Ω.

(4.29)

On the other hand, taking into account the fact that
∑l(j)

k=1 cj,kwj,k is an eigenfunction
and by the unique continuation hypothesis (3.16) for the eigenfunctions we obtain

l(j)∑
k=1

cj,kwj,k ≡ 0 ∀j ≥ 1.

Therefore cj,k = 0 for all k = 1, . . . , l(j) because of the linear independence of wj,k.
This concludes the proof of the lemma.

5. Averaging of rapidly oscillating controls. In this section we prove
Theorem 3.3. We introduce the variational approach of the HUM method to charac-
terize the controls fε of (3.17) of minimal norm (see [L1] and [L2]). Then we pass to
the limit, as ε → 0, in these equations to obtain the limit control. The main ingredient
to establish the convergence is Lemma 5.1 below. The proof of Theorem 3.3 will be
given after the proof of Lemma 5.1.

Lemma 5.1. Let {γ(t)}0≤t≤T be an analytic 2π-periodic family of k-dimensional
manifolds. Consider a sequence u0

ε ⇀ u0 that weakly converges in H0. Let uε, u be
the solutions of the homogeneous system (3.1) with f = 0, and initial data u0

ε, u0

respectively. Let γε(t) = γ(t/ε). Then∫ T

0

∫
γε(t)

|uε(x, t)|2 dσ dt →
∫ T

0

〈u(x, t)mγ(x), u(x, t)〉1dt if k ≥ 1,∫ T

0

|uε(γε(t), t)|2 dt →
∫ T

0

〈u(x, t)mγ(x), u(x, t)〉1 if k = 0,(5.1)

where mγ(x) is the weak-* limit of δγ(t/ε) in L∞(0, T ;H ′
1), and 〈·, ·〉1 denotes the

duality pairing between H1 and its dual.
The density mγ(x) does not depend on the time variable t; it is supported on the

nonempty open set ω, defined as the interior set, with respect to the relative topology,
of the range of {γ(t)}0≤t≤2π, and it is characterized by (3.20).
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Moreover, if ϕ ∈ C∞
0 (Ω × (0, T )), then∫ T

0

∫
γε(t)

uε(x, t)ϕ(x, t) dσ dt →
∫ T

0

〈u(x, t)mγ(x), ϕ(x, t)〉1dt if k ≥ 1,∫ T

0

uε(γε(t), t)ϕ(x, t)dt →
∫ T

0

〈u(x, t)mγ(x), ϕ(x, t)〉1dt if k = 0.(5.2)

Proof of Lemma 5.1. To simplify the presentation we consider the case k ≥ 1.
The case k = 0 is analogous.

The sequence uε(x, t) of solutions of the homogeneous system (3.1) with f = 0
and initial data u0

ε can be written in the Fourier representation

uε(x, t) =

∞∑
j=1

e−λjt

l(j)∑
k=1

cεj,kwj,k(x).

We assume that (wj,k)j,k≥1 constitute an orthonormal basis in H0. Analogously, the
solution u(x, t) of the homogeneous system (2.4) with f = 0 and initial data u0, is

u(x, t) =

∞∑
j=1

e−λjt

l(j)∑
k=1

cj,kwj,k(x).

Due to the weak convergence of the initial data u0
ε ⇀ u0 in H0 we have∑

j,k≥1

|cεj,k|2 ≤ C,
∑
j,k≥1

|cj,k|2 ≤ C,(5.3)

with C independent of ε. Moreover,

cεj,k → cj,k as ε → 0 ∀j, k ≥ 1.

Let us prove the convergence result stated in (5.1). To avoid the singularity of the
solution uε at t = 0 we divide the left-hand side integral in (5.1) into two parts:∫ T

0

∫
γε(t)

|uε(x, t)|2 dσ dt =

∫ δ

0

∫
γε(t)

|uε(x, t)|2 dσ dt

+

∫ T

δ

∫
γε(t)

|uε(x, t)|2 dσ dt(5.4)

with δ > 0 to be chosen later.
We first estimate the first integral in (5.4). By classical estimates on the heat

kernel (see [CH, p. 44]) we know that

‖uε(·, t)‖L∞(Ω) ≤ Ct−
n
2q

∥∥u0
ε

∥∥
Lq(Ω)

with C a constant that does not depend on ε. Therefore the first integral in (5.4) can
be estimated by∫ δ

0

∫
γε(t)

|uε(x, t)|2 dσ dt ≤ C
∥∥u0

ε

∥∥2

Lq(Ω)

∫ δ

0

t−
n
q

∫
γε(t)

dσ dt

≤ C
∥∥u0

ε

∥∥2

Lq(Ω)
max
t∈[0,δ]

(meas (γ(t/ε)))

∫ δ

0

t−
n
q dt

= C
∥∥u0

ε

∥∥2

Lq(Ω)

δ1−n
q

1 − n
q

max
t∈[0,2π]

meas (γ(t)).
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We set q = 2 if n = 1 and q = 4 if n = 2, 3. Then, by the continuous Sobolev
embeddings H1

0 (Ω) → L∞(Ω) if n = 1 and H1
0 (Ω) → L4(Ω) for n = 2, 3 we easily

deduce the estimate∫ δ

0

∫
γε(t)

|uε(x, t)|2 dσ dt ≤ C(δ, n, γ)
∥∥u0

ε

∥∥2

H0
(5.5)

with C(δ, n, γ) independent of ε and such that

C(δ, n, γ) → 0 as δ → 0.

Note that the estimate above holds since the manifold γ is time-periodic and
consequently

max
t∈[0,δ]

(meas γ(t/ε)) = max
t∈[0,2π]

(meas γ(t/ε)) < ∞

as ε → 0.

Thus, to prove the convergence result stated in (5.1), it suffices to show that the
second integral in (5.4), for δ > 0 fixed, tends to

∫ T

δ

〈u(x, t)mγ(x, t), u(x, t)〉1dt

as ε → 0. Indeed, once this is proved, (5.1) is obtained passing to the limit, as δ → 0,
in (5.4).

We have

∫ T

δ

∫
γε(t)

|uε(x, t)|2 dσ dt =

∫ T

δ

∫
γε(t)

∞∑
j,i=1

l(j)∑
k=1

l(i)∑
m=1

e−(λi+λj)tcεj,kc
ε
i,mwj,k(x)wi,m(x)dσ dt

=

∞∑
j,i=1

l(j)∑
k=1

l(i)∑
m=1

∫ T

δ

∫
γε(t)

e−(λi+λj)tcεj,kc
ε
i,mwj,k(x)wi,m(x)dσ dt.

Now we take the limit as ε → 0,

lim
ε→0

∫ T

δ

∫
γε(t)

|uε(x, t)|2 dσ dt

= lim
ε→0

∞∑
j,i=1

l(j)∑
k=1

l(i)∑
m=1

∫ T

δ

∫
γε(t)

e−(λi+λj)tcεj,kc
ε
i,mwj,k(x)wi,m(x) dσ dt

=

∞∑
j,i=1

l(j)∑
k=1

l(i)∑
m=1

cj,kci,m lim
ε→0

∫ T

δ

∫
γε(t)

e−(λi+λj)twj,k(x)wi,m(x) dσ dt.(5.6)

Interchanging the sum and the limit is justified because of the dominated convergence
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theorem. Indeed, each term of the series can be bounded above as follows:∣∣∣∣∣cεj,kcεi,m
∫ T

δ

∫
γε(t)

e−(λi+λj)twj,k(x)wi,m(x) dσ dt

∣∣∣∣∣
≤ |cεj,kcεi,m| max

t∈[δ,T ]

∣∣∣∣∣
∫
γε(t)

wj,k(x)wi,m(x) dσ

∣∣∣∣∣
∫ T

δ

e−(λi+λj)tdt

≤

⎛⎝ ∞∑
i=1

l(i)∑
m=1

|cεi,m|2
⎞⎠ max

t∈[0,2π]

∣∣∣∣∣
∫
γ(t)

wj,k(x)wi,m(x) dσ

∣∣∣∣∣ e−(λi+λj)δ − e−(λi+λj)T

λi + λj

≤ ‖uε
0‖2

H0
max

t∈[0,2π]

∣∣∣∣∣
∫
γ(t)

wj,k(x)wi,m(x) dσ

∣∣∣∣∣ e−(λi+λj)δ

λi + λj

≤ C max
t∈[0,2π]

∣∣∣∣∣
∫
γ(t)

wj,k(x)wi,m(x) dσ

∣∣∣∣∣ e−(λi+λj)δ

λi + λj
,(5.7)

since, by hypothesis, the sequence of initial data u0
ε is uniformly bounded in H0 (see

(5.3)). Now, by the Hölder inequality and the trace theorem,∣∣∣∣∣
∫
γ(t)

wj,k(x)wi,m(x) dσ

∣∣∣∣∣ ≤ ‖wj,k‖L2(γ(t))‖wi,m‖L2(γ(t))

≤ C(γ(t))‖wj,k‖H1
‖wi,m‖H1

,(5.8)

where C(γ(t)) is a constant that depends only on the measure of γ(t). Note that, in
view of the hypothesis on γ(t), this constant can be chosen independently of time;
i.e., there exists C(γ) independent of t such that C(γ(t)) ≤ C(γ) for all t ∈ [0, 2π].
Moreover, taking into account the normalization of the eigenfunctions in H0, we have

‖wj,k‖H1
≤ C

√
λj ‖wj,k‖H0

= C
√
λj ,

and the terms in (5.7) can be bounded above by

C(γ)

√
λj

√
λi

λj + λi
e−(λj+λi)δ ≤ C(γ)e−(λj+λi)δ(5.9)

with C(γ) a constant that does not depend on ε, i, j, k,m. The sum of all these terms
in i, j, k,m is finite due to the well-known asymptotic behavior of the eigenvalues of
the Laplace operator. Indeed,

∑
i,j≥1

l(i)∑
m=1

l(j)∑
k=1

e−(λi+λj)δ =

⎛⎝∑
i≥1

l(i)∑
m=1

e−λiδ

⎞⎠2

.

The last sum is finite. Recall that the number of eigenvalues less than a constant λ,
including multiplicity, is asymptotically equal to λ|Ω|/4π if n = 2, and λ3/2|Ω|/6π2 if
n = 3 (see [CoH, p. 442]). Then, for example, in the case n = 3 we have

∑
i≥1

l(i)∑
m=1

e−λiδ =

∞∑
k=1

∑
k−1≤λi≤k

l(i)e−λiδ ≤ C

∞∑
k=1

k3/2e−(k−1)δ < ∞.
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Once we have checked (5.6), we pass to the limit in each one of the terms in the
right-hand side of (5.6). Then,

lim
ε→0

∫ T

δ

∫
γε(t)

e−(λi+λj)twj,k(x)wi,m(x) dσ dt

= lim
ε→0

∫ T

δ

〈δγε(t), e
−(λi+λj)twj,k(x)wi,m(x)〉1

=

∫ T

δ

〈mγ(x, t), e−(λj+λi)twj,k(x)wi,m(x)〉1 dt

=

∫ T

δ

〈e−λitwi,m(x)mγ(x, t), e−λjtwj,k(x)〉1 dt,

where mγ(x, t) is the weak-* limit of δγε(t) in L∞(0, T ;H1) and 〈·, ·〉1 is the duality
pairing between H1 and its dual space.

Thus,

lim
ε→0

∫ T

δ

∫
γε(t)

|uε(x, t)|2dσ dt

=
∞∑

j,i=1

l(j)∑
k=1

l(i)∑
m=1

cj,kci,m

∫ T

δ

〈e−λitwi,m(x)mγ(x, t), e−λjtwj,k(x)〉1 dt

=

∫ T

δ

〈u(x, t)mγ(x, t), u(x, t)〉1dt

for all δ > 0.
It remains to prove that the limit density mγ(x, t) does not depend on the time

variable t and that it is supported on the region ω, constituted by the range of γ(t)
over the period t ∈ [0, 2π]. In fact, the limit density mγ is characterized by∫ T

0

〈mγ , ϕ〉1dt = lim
ε→0

∫ T

0

∫
γ(t/ε)

ϕ(x, t)dσ dt ∀ϕ(x, t) ∈ L1(0, T ;H1).

Taking into account that C∞
0 (Ω)×C∞

0 (0, T ) is sequentially dense in C∞
0 (Ω× (0, T )),

which is dense in L1(0, T ;H1), mγ is also characterized by∫ T

0

〈mγ , ϕ〉1dt = lim
ε→0

∫ T

0

∫
γ(t/ε)

ϕ(x)ψ(t)dσ dt ∀ϕ(x) ∈ H1, ψ(t) ∈ L1(0, T ).

Note that F (s) =
∫
γ(t/ε)

ϕ(x)dσ is a 2π-periodic function and then F (s/ε) con-

verges weakly to its average in L2
loc as ε → 0. Therefore,

lim
ε→0

∫ T

0

∫
γε(t)

ϕ(x)ψ(t) dσ dt =
1

2π

∫ 2π

0

∫
γ(s)

ϕ(x) dσ ds

∫ T

0

ψ(t) dt.(5.10)

This last integral can be written as an integral over the region ω × (0, T ), where
ω is the interior set of the range of {γ(t)}t∈[0,2π]. The control is weighted by a
suitable density function mγ , supported on ω, and independent of the time variable
t. Moreover, this limit mγ(x) is characterized by∫

ω

ϕ(x)mγ(x) dσ =
1

2π

∫ 2π

0

∫
γ(s)

ϕ(x) dσ ds ∀ϕ ∈ H1.(5.11)
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Note that mγ depends, roughly, on the time derivative of γ(t) over a period [0, 2π].
The proof of (5.2) is similar. We have to take into account only that C∞

0 (Ω) ×
C∞

0 (0, T ) is sequentially dense in C∞
0 (Ω × (0, T )) and then it suffices to check (5.2)

for test functions in separated variables. This concludes the proof of the lemma.
Proof of Theorem 3.3. We first restrict ourselves, without loss of generality, to

the case where u0 = 0 and ‖u1‖H0
≥ α.

Given ε > 0, system (3.1) is approximately controllable. Indeed according to
Lemma 4.2 and, in view of the assumptions on the curve γ(t), the unique continuation
property (4.2) holds for γε(t) = γ(t/ε) for all ε > 0. Then the control that makes
(3.10) hold is given by fε = ϕε(γε(t), t), where ϕε solves (4.1), the initial data ϕ0

ε

being the minimizer of the functional

Jε(ϕ
0) =

1

2

∫ T

0

∫
γε(t)

|ϕ(x, t)|2 dσdt + α
∥∥ϕ0

∥∥
H0

− 〈u1, ϕ0〉H′
0,H0

(5.12)

over H0. Note, in particular, that the coercivity of this functional is guaranteed by
the unique continuation property (4.2) (see [FPZ]).

The adjoint system associated to the limit system (3.18) is also given by (4.1)
and the corresponding functional associated to (3.18) is given by

J(ϕ0) =
1

2

∫ T

0

∫
ω

|ϕ(x, t)|2mγ(x)dσdt + α
∥∥ϕ0

∥∥
H0

− 〈u1, ϕ0〉H′
0,H0

,(5.13)

where ϕ is the solution of (4.1) with final data ϕ0. Recall that Theorem 3.3 is stated
for the particular case k = n − 1 to simplify the presentation. In the general case
(0 ≤ k ≤ n− 1), the first term in (5.13) would be

1

2

∫ T

0

〈ϕ(x, t)mγ(x), ϕ(x, t)〉1 dt,(5.14)

and the rest of this proof could be adapted in a straightforward manner. Note that
when k = n − 1, the weak limit of δγε(t) is supported in an open subset ω ⊂ Ω and
then we can write (5.14) as in (5.13).

We set

Mε = inf
ϕ0∈H0

Jε(ϕ
0).(5.15)

For each ε > 0 the functional Jε achieves its minimum Mε in H0. This is a consequence
of the unique continuation property (4.2) which allows us to prove the coercivity
of Jε for each ε > 0. This unique continuation property is obtained applying the
result of Lemma 4.2 to the curve γε(t) = γ(t/ε), which satisfies the hypotheses of
Lemma 4.2.

Lemma 5.2 below establishes that the coercivity of Jε is in fact uniform in ε.
Moreover, if f(t) = ϕε(γ(t/ε), t), where ϕε solves (4.1) with data ϕ0

ε, the solution of
(2.4) satisfies (3.10).

Lemma 5.2. We have

lim inf
‖ϕ0‖H0

→∞
ε→0

Jε(ϕ
0)

‖ϕ0‖H0

≥ α.(5.16)

Furthermore, the minimizers {ϕ0
ε}ε≥0 are uniformly bounded in H0.
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Proof of Lemma 5.2. Let us consider sequences εj → 0 and ϕ0
εj ∈ H0 such that

‖ϕ0
εj‖H0 → ∞ as j → ∞.
Let us introduce the normalized data

η0
εj =

ϕ0
εj

‖ϕ0
εj‖H0

and the corresponding solutions of (4.1):

ηεj =
ϕεj

‖ϕ0
εj‖H0

.

We have

Ij =
Jεj (ϕ

0
εj )

‖ϕ0
εj‖H0

=
1

2
‖ϕ0

εj‖H0

∫ T

0

∫
γεj

(t)

|ηεj (x, t)|2dσdt + α− 〈u1, ψ0
εj 〉H′

0,H0
.

We distinguish the following two cases:

Case 1. lim infj→∞
∫ T

0

∫
γεj

(t)
|ηεj (x, t)|2dγεdt > 0. In this case, we have clearly

lim infj→∞ Ij = ∞.

Case 2. lim infj→∞
∫ T

0

∫
γεj

(t)
|ηεj (x, t)|2dγεdt = 0. In this case we argue by con-

tradiction. Assume that there exists a subsequence, still denoted by the index j, such
that ∫ T

0

∫
γεj

(t)

|ηεj (x, t)|2dσdt → 0(5.17)

and

lim inf
j→∞

Ij < α.(5.18)

By extracting a subsequence, still denoted by the index j, we have

η0
εj ⇀ η0 weakly in H0

and therefore

ηεj ⇀ η weakly-* in L∞(0, T ;H0),

where η is the solution of (4.1) with initial data η0. By Lemma 5.1 we have

η = 0 in γε(t) × (0, T ).

Now, recall that, by hypothesis, γε is a strategic curve and then Lemma 4.2 establishes
that η0 = 0. Thus

η0
εj ⇀ 0 weakly in H0

and therefore

lim inf
j→∞

Ij ≥ lim inf
j→∞

(α− 〈u1, η0
εj 〉H′

0,H0
) = α
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since u1
j converges strongly in H0. This is in contradiction with (5.18) and concludes

the proof of (5.16).
On the other hand, it is obvious that Iε ≤ 0 for all ε > 0. Thus, (5.16) implies

the uniform boundedness of the minimizers in H0.
Concerning the convergence of the minimizers we have the following lemma.
Lemma 5.3. The minimizers ϕ0

ε of Jε converge strongly in H0 as ε → 0 to the
minimizer ϕ0 of J in (5.13) and Mε converges to

M = inf
ϕ0∈H0

J(ϕ0).(5.19)

Moreover, the corresponding solutions ϕε of (4.1) converge in C([0, T ];H0) to the
solution ϕ as ε → 0.

Proof of Lemma 5.3. We adapt a classical argument in Γ-convergence (see [DM]).
By extracting a subsequence, which we still denote by ε, we have

ϕ0
ε ⇀ η0 weakly in H0

as ε → 0. It is sufficient to check that ϕ0 = η0 or, equivalently, that η0 is the
minimizer of J , i.e.,

J(η0) ≤ J(ϕ0) ∀ϕ0 ∈ H0.(5.20)

We know that

ϕε ⇀ η weakly-* in L∞(0, T ;H0),

where η is the solution of (4.1) with initial data ψ0. By Lemma 5.1 we deduce that

J(η0) = lim
ε→0

Jε(ϕ
0
ε).(5.21)

On the other hand, for each ϕ0 ∈ H0 we have

lim
ε→0

Jε(ϕ
0
ε) ≤ lim

ε→0
Jε(ϕ

0).(5.22)

Observe also that for ϕ0 ∈ H0 fixed, Lemma 5.1 ensures that

lim
ε→0

Jε(ϕ
0) = J(ϕ0).(5.23)

Combining (5.21)–(5.23) it is easy to see that (5.20) holds.
This concludes the proof of the weak convergence of the minimizers and it also

shows that

lim inf
ε→0

Mε ≥ M = J(ϕ̄0) = lim sup
ε→0

Jε(ϕ
0) ≥ lim sup

ε→0
Jε(ϕ

0
ε) = lim sup

ε→0
Mε.(5.24)

Therefore we deduce that Mε → M .
Observe that (5.19), combined with the weak convergence of ϕ0

ε in H0, implies
that

lim
ε→0

(
1

2

∫ T

0

∫
γε(t)

|ϕε(x, t)|2dσ dt + α
∥∥ϕ0

ε

∥∥
H0

)
=

1

2

∫ T

0

∫
ω

|ϕ|2mγ(x)dωdt + α
∥∥ϕ0

∥∥
H0

,

since the last term in Jε(ϕ̄
0
ε), which is linear in ϕ̄0

ε, passes trivially to the limit.
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This identity, combined with the weak convergence of ϕ0
ε to ϕ0 in H0 and Lemma

5.1, implies that

ϕ0
ε → ϕ0 strongly in H0.(5.25)

Therefore, we have

ϕε → ϕ strongly in C([0, T ];H0).

This concludes the proof of Theorem 3.3 when u0 = 0 and ‖u1‖L2(Ω) ≥ α.
Let us consider now the case where u0 is nonzero. We set v1 = v(T ) where v

is the solution of (2.4) with f = 0. Now observe that the solution u of (2.4) can be
written as u = v+w where w is the solution of (2.4) with zero initial data that satisfies
w(T ) = u(T ) − v1. In this way, the controllability problem for u can be reduced to
a controllability problem for w with zero initial data w0 = 0. This is the problem we
solved. The proof is now complete.

Remark 5.1. The proof guarantees that the coercivity property (5.16) is also true
for the limit functional J . This fact could also be proved arguing directly on J . In this
case we would use the corresponding unique continuation property for the solutions
of the adjoint limit system.

6. Further results and open problems. Let us describe briefly some gener-
alizations and open problems related with the results in this paper.

1. In this paper we have restricted ourselves to space dimensions n ≤ 3. However,
only the results for space dimension n = 1, which was treated separately, are based on
arguments that cannot be generalized to higher dimensions. The proofs given for the
cases n = 2, 3 do not depend on the dimension and can be easily generalized to any
space dimension n, for it is sufficient to make an appropriate choice of the Sobolev
spaces (3.3) where system (3.1) is well-posed.

2. As we mentioned in the introduction, when the control acts on an open
nonempty subset of the domain Ω for all 0 ≤ t ≤ T the heat equation is null-
controllable. The problem of null-controllability for a system with a singular control
concentrated on the curve γ is completely open. It is well known that the null-
controllability of system (3.1) is equivalent to the following observability inequality
for the solutions of the adjoint system (4.1):∫

Ω

|ϕ(x, 0)|2dx ≤ C

∫ T

0

∫
γ(s)

|ϕ(x, t)|2dσ ds ∀ϕ solution of (4.1).(6.1)

This observability inequality is much stronger than the unique continuation prop-
erty (4.2). The arguments and techniques developed in this paper do not allow us
to obtain (6.1). In recent years, Carleman estimates have been used systematically
as the most efficient tool to obtain observability inequalities (see [FI] and [FZ]), but
they do not seem to be sufficient to obtain quantitative results as (6.1) when γ(t) is
of dimension k ≤ n− 1.

3. The results of this paper (Theorem 3.3) show that increasing the time-
oscillations of the control region improves the controllability properties of the heat
equation. It would be interesting to further analyze this property in the context of
the cost of controlling the system. In other words, the initial and final data u0, u1

being fixed, as well as α > 0, it would be interesting to analyze the size of the minimal
control allowing us to achieve (3.10) and its behavior as ε → 0. This was done in [FZ]
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in the case of controls acting on open subsets of Ω independent of the time. But the
techniques in [FZ], based on the use of Carleman inequalities, do not seem to apply
in the present situation.

4. The results in Theorem 3.3 are also valid when considering controls that simul-
taneously guarantee the approximate control condition (2.2) and the exact control of
a finite-dimensional projection (see [Z2] for details). In this case, the proof is very
similar. We only have to replace the term α

∥∥ϕ0
∥∥
H0

by α
∥∥(I − πE)ϕ0

∥∥
H0

in both the

functionals Jε and J , given in (5.12) and (5.13), respectively. Here, I represents the
identity and πE the orthogonal projection of H0 on a finite-dimensional subspace E.
It is not difficult to see that the arguments in the proof of Theorem 3.3 can be easily
adapted to this situation.

5. The main ingredients to prove the approximate controllability results of this
paper, and in particular Theorem 3.2, are the Fourier decomposition of solutions and
the time-analyticity of the underlying semigroup. Therefore, we can easily extend the
results to more general equations where these two properties hold. This is the case,
for instance, in equations of the form

ρ(x)ut − div (A(x)∇u) = 0,

with Dirichlet, Neuman, or mixed boundary conditions.
The situation is more complex when considering time-dependent coefficients.

Then, in general, it is not possible to write the solutions in Fourier series. How-
ever, there are some particular cases where a certain decomposition is still possible.
For example, consider the heat equation

ρ(t)ut − ∆u = 0

with 0 < ρm ≤ ρ(t) ≤ ρM < ∞ and some boundary conditions. With the change of
variable

s(t) =

∫ t

0

ρ−1(r)dr,

the equation is transformed into the constant coefficient heat equation

us − ∆u = 0,

for which a Fourier decomposition is known. Coming back to the original variable t
we obtain a decomposition of the solutions that allows us to adapt the results of this
paper.

But the problem is completely open for general linear equations with coefficients
depending on both space and time.

6. The techniques used in this paper cannot be adapted to the semilinear case.
Indeed, the approximate controllability of the semilinear heat equation is usually de-
rived from the approximate controllability of the linearized equation with a potential.
As this potential depends on both the space and time variables, our techniques do
not apply, as pointed out above.

7. The techniques used in this paper cannot be adapted to wave or plate equations
since the time-analyticity of the solutions fails. For the wave equation there are some
partial controllability results, for the 1-d case, when the control acts on a point that
follows particular time-dependent trajectories (see [K2]).
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Abstract. The spectral factorization problem of a scalar coercive spectral density is considered
in the framework of the Callier–Desoer algebra of distributed parameter system transfer functions.
Criteria are given for the infinite product representation of a meromorphic coercive spectral density
of finite order and for the convergence of infinite product representations of spectral factors, i.e., for
the convergence of the symmetric extraction method for solving the spectral factorization problem of
such spectral density. These convergence criteria are applied to the solution of the linear-quadratic
optimal control problem by spectral factorization for a specific class of semigroup Hilbert state-space
systems with a Riesz-spectral generator. The speed of convergence of the symmetric extraction
method is also considered. As an example a damped vibrating string model is handled.

Key words. distributed parameter systems, spectral factorization, coercivity, meromorphic
function, entire function, finite order, infinite product, symmetric extraction, convergence analysis
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1. Introduction. The spectral factorization problem plays a central role in the
framework of the fractional representation approach (which is also known in the lit-
erature as the “factorization approach”) for feedback control system design; see, e.g.,
[8], [35]. In addition, spectral factorization constitutes an essential step in the so-
lution of the linear-quadratic (LQ) optimal control problem for infinite-dimensional
state-space systems; see, e.g., [9], [10], [18], [33], [36] and the references therein. The
spectral factorization problem is also used as a main tool for solving linear operator
inequalities (Lur’e equations); see, e.g., [16], [19]. As far as the LQ-optimal con-
trol problem is concerned, it is shown in [9] and [10] that the latter is solvable by
spectral factorization for C0-semigroup Hilbert state-space systems with bounded ob-
servation and control operators and with finite-dimensional output and input spaces.
The philosophy developed in those papers has been extended, e.g., in [33] and [36]
to C0-semigroup Hilbert state-space systems with unbounded observation and control
operators. In those references, the authors analyze spectral factorization problems of
operator-valued Popov functions, giving an H∞ spectral factor and showing notably
the existence of solutions to related operator Riccati equations. However, they do not
develop any method to perform the spectral factorization iteratively, which is done
here similarly as on the heat diffusion model dealt with in [10].

Fundamental questions concerning the spectral factorization problem have been
studied in the literature: in particular the existence and multiplicity of spectral factors
and the continuity of the spectral factorization mapping have been analyzed; see,
e.g., [12], [23], [22] and the references therein. As far as computational questions are
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concerned, several methods have been developed and analyzed for the approximate
computation of spectral factors or solutions of related operator Riccati equations
for distributed parameter systems; see, e.g., the references cited in [9], [10], and
[36]. The LQ-control based normalized coprime fraction spectral factorization problem
considered in [10] was solved by an ad hoc iterative symmetric extraction method for a
one-dimensional heat diffusion model, involving only elementary rational factors with
real poles and zeros (first order case). The symmetric extraction method of spectral
factorization was also studied in detail for multivariable finite-dimensional state-space
systems in [4].

The major aim of this paper is to extend this method to a class of single-variable
distributed parameter (i.e., in particular infinite-dimensional state-space) systems, in-
cluding standard models like heat diffusion or wave propagation, and thereby involving
the symmetric extraction of elementary rational factors with complex conjugate poles
and zeros (second order case) as well. More specifically, this paper is devoted to the
description and the convergence analysis of the symmetric extraction method for the
spectral factorization of a scalar coercive spectral density, which is assumed to be a
meromorphic function of finite order (see, e.g., [27]), in the framework of the Callier–
Desoer algebra of distributed parameter system transfer functions (see, e.g., [5], [6],
[11], [17]). Criteria for the infinite product representation of a meromorphic coercive
spectral density of finite order and for the convergence of the symmetric extraction
method of spectral factorization are developed, which extend some previous partial
results (see [8], [10]). These criteria are mainly based on the knowledge of the com-
parative asymptotic behavior of the spectral density poles and zeros. Some comments
concerning the speed of convergence of such a method are also given. Moreover, the
symmetric extraction method is shown to work for the spectral factorization of a
coprime fraction (coercive) spectral density. The analysis is performed in the frame-
work of C0-semigroup Hilbert state-space systems, whose infinitesimal generator is a
Riesz-spectral operator, with eigenvalues satisfying some asymptotic conditions, and
with transfer function in the Callier–Desoer algebra. The results are illustrated by an
example, namely, the LQ-control based normalized coprime fraction spectral factor-
ization problem for a vibrating string model. Some of these results were reported in
[13], [14].

The methodology for the convergence analysis of the symmetric extraction method
of spectral factorization which is used here is based on entire function theory; see, e.g.,
[37], [3], [26]. In particular, Hadamard’s theorem on the infinite product representa-
tion of entire functions of finite order plays a central role here. Basically the analysis
developed in this paper uses the material which is contained in [37] and which is
paramount for the proof of a related important result, viz., Akhiezer’s theorem, con-
cerning the spectral factorization of entire functions of exponential type; see, e.g., [25,
p. 567], [3, Theorem 7.5.1, p. 125].

Related results dealing with matrix-valued functions can also be found, e.g., in
[29] and [30, Theorem 2.1]. These contributions do not deal with the symmetric case,
whereas the present paper does. In addition, e.g., in [29], the starting point of the
analysis is the function to be factorized (requiring a realization step in the analysis).
Here the starting point of the analysis is basically a system transfer function, the
main objective being to apply the methodology in a system theoretic framework.

The paper is organized as follows. Some preliminaries concerning the frequency
domain framework, and properties of coercive spectral densities and invertible spectral
factors are given in section 2. Fundamental results concerning the representation
of a meromorphic coercive spectral density of finite order as an infinite product of
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elementary rational spectral densities are developed in section 3. These results are
used in section 4 in order to establish spectral criteria for the convergence of the
symmetric extraction method for the computation of a spectral factor. Section 5
is devoted to the implementation of this method for solving the LQ-optimal control
based spectral factorization problem for a vibrating string model. Finally, section 6
contains some concluding remarks and perspectives.

2. Preliminary concepts and results. The analysis of the symmetric extrac-
tion method of spectral factorization is performed in the framework of the Callier–
Desoer transfer function algebra (see, e.g., [5], [6], [11], [17, section 7.1]). The latter
is briefly described below.

Let σ ≤ 0. An impulse response f is said to be in A(σ) if for t < 0, f(t) = 0,
and for t ≥ 0, f(t) = fa(t) + fsa(t), where the regular functional part fa ∈ L1

σ, i.e.,
exp(−σ·) fa(·) is in L1(0,∞), and the singular atomic part fsa :=

∑∞
i=0 fiδ(. − ti),

where t0 = 0, ti > 0 for i = 1, 2, . . . , and fi ∈ C for i = 0, 1, . . . with
∑∞

i=0 |fi| exp(−σti) <
∞. The norm of a distribution f in A(σ) is defined by

||f ||A(σ) :=

∫ ∞

0

|fa(t)| e−σt dt +

∞∑
i=0

|fi| e−σti .

The Laplace transform of a distribution f is denoted by f̂ , and the class of Laplace
transforms of elements in A(σ) is denoted by Â(σ). The norm of f̂ in Â(σ) is defined
by

||f̂ ||Â(σ) := ||f ||A(σ) .

An impulse response f is said to be in A−(σ) if f ∈ A(σ1) for some σ1 < σ. We
write A− for A−(0). A(σ) and A− are convolution algebras. By Â−(σ) and Â− we
denote the classes of Laplace transforms of elements in A−(σ) and A−, respectively.
Then Â− is our selected class of distributed proper-stable transfer functions. It con-
tains the multiplicative subset Â∞

− of transfer functions that are bounded away from

zero at infinity in C+, i.e., that are biproper-stable. The Callier–Desoer algebra B̂
of possibly unstable transfer functions consists of those f̂ such that f̂ = n̂d̂−1 with
n̂ ∈ Â− and d̂ ∈ Â∞

− . A transfer function is in B̂ if and only if it is the sum of a
completely unstable strictly proper rational function and a stable transfer function in
Â−; hence d̂ above can always be chosen biproper-stable rational; see [11], [17].

Definition 2.1. A complex–valued function f is said to be (1) parahermitian
if f(s) ≡ f∗(s) := f(−s), (2) real if f(s) ≡ f(s), and (3) real parahermitian if
f(s) ≡ f(s) and f(s) ≡ f∗(s).

A function F̂ is said to be a (real) spectral density if F̂ is (real) parahermi-
tian such that F̂ = F̂∗ = Ĝ∗ + Ĝ, where Ĝ is in Â−, and F̂ is nonnegative on
the imaginary axis, i.e., F̂ (jω) ≥ 0 for all ω ∈ R. A spectral density F̂ is said
to be coercive if there exists η > 0 such that F̂ (jω) ≥ η for all ω ∈ R. A
transfer function R̂ in Â− is said to be a spectral factor of a spectral density F̂
if F̂ (jω) = R̂∗(jω)R̂(jω) for all ω ∈ R. A spectral factor R̂ is said to be invertible if
R̂−1 is in Â−.

A spectral density is also called a Popov function in the literature; see, e.g., [36]
and the references therein. It is known that a spectral density has an invertible
spectral factor if and only if it is coercive, and that spectral factors are unique up
to multiplication by a constant of modulus one (see, e.g., [8], [9], [12]); furthermore,
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to coercive real spectral densities correspond real spectral factors unique up to the ±
sign. Moreover, a coercive spectral density F̂ such that F̂ (∞) = 1, i.e., F̂ = Ĝ∗ + Ĝ
with Ĝ = G0 + Ĝa ∈ Â− and Re G0 = 2−1, has a unique invertible standard spectral
factor R̂ = 1 + R̂a ∈ Â−, i.e., such that R̂(∞) = 1. The following properties will be
needed for the analysis of the following sections, especially in the proof of Theorem 3.4.
The proof of the following lemma can be found in [8].

Lemma 2.2 (algebraic properties of coercive spectral densities).
(a) If F̂ is a coercive (real) spectral density, then so is its inverse F̂−1.
(b) If F̂ and Ĝ are coercive (real) spectral densities, then so is their product F̂ ·Ĝ.
Remark 2.1. All impulse responses f considered below have no delayed impulses

(delays); i.e., their singular atomic part is of the form fsa = f0δ(·).
In this paper we are essentially interested in meromorphic spectral densities. Re-

call that a function f is said to be meromorphic (in C) if there exists a countable
set S ⊂ C such that S has no limit point, f is holomorphic in Sc, and f has a pole
at each point of S; see, e.g., [31, p. 241]. In particular a meromorphic coercive real
spectral density F̂ with a meromorphic inverse has a countable set of zeros Z ⊂ C

and a countable set of poles P ⊂ C such that Z and P have no limit points, there
exists a vertical strip Sδ, δ > 0, such that Z ∩ Sδ = ∅ and P ∩ Sδ = ∅, and for any
z ∈ Z and any p ∈ P, −z, z, −z are in Z and −p, p, −p are in P.

In addition, the order of a meromorphic function is defined as follows (see, e.g.,
[27, Chapters VI and VIII]): For a meromorphic function f , with no poles at s = 0,
define the counting function N(r, f) and the proximity function m(r, f), where r ≥ 0,
respectively, by

N(r, f) :=

∫ r

0

n(t, f)

t
dt,

where n(t, f) denotes the number of poles of f (counting their multiplicities) in the
closed disk {s ∈ C : |s| ≤ t}, and

m(r, f) :=
1

2π

∫ 2π

0

log+ |f(rejθ)| dθ,

where log+ x := max{0, log x} and f is assumed to have no poles on the circle
{s ∈ C : |s| = r}. The function T which is given by

T (r) := T (r, f) := m(r, f) + N(r, f)

is called the characteristic function of f . Observe that T is positive and monotonically
increasing for r > 0. The order of f is defined to be the order of its characteristic
function T , viz.,

ρ := lim sup
r→∞

log T (r)

log r
.

In particular, for an entire function f , let M(r) be its maximum modulus defined by

M(r) := max{|f(s)| : |s| = r};

then the functions T and log M are of the same order, viz.,

ρ = lim sup
r→∞

log log M(r)

log r



SPECTRAL FACTORIZATION BY SYMMETRIC EXTRACTION 1439

(see, e.g., [27, p. 216] and [37]). Thus an entire function f is of finite order if and
only if there exists a constant k > 0 such that max{|f(s)| : |s| = r} ≤ exp(rk)
for r large (see, e.g., [37]). Moreover, the sum, the product, and the quotient of two
meromorphic functions of finite order are meromorphic functions of finite order as
well; see, e.g., [27, p. 216]. The following concept will be very useful for the analysis
of meromorphic spectral densities of finite order.

Definition 2.3. A paraconjugate symmetric (ps-)family M with countably
many defining parameters µn ∈ M is a countable family of complex numbers (ρl),
containing (µn) as a subfamily, such that (a) M is paraconjugate symmetric, i.e., the
ρl’s are either real such that ρl = µn and −µn ∈ R, with µn < 0, or complex nonreal
such that ρl = µn, µn,−µn and −µn ∈ C, with Re µn < 0, Im µn > 0, n ∈ N,
(b) the defining parameters may be finitely repeated in M, i.e., (µn) (or, equivalently,
(ρl)) does not contain any constant subfamily, and (c) all the points ρl of M are lo-
cated outside a vertical strip containing the imaginary axis in its interior, i.e., there
exists some κ > 0 such that, for all n, |Re µn| ≥ κ.

It turns out that there is a strong connection between meromorphic real spectral
densities and real parahermitian entire functions; see Lemma 2.5 below. This result
is based on the following additional lemma concerning the infinite product represen-
tation of real parahermitian entire functions, which also will be needed in the proof
of Theorem 3.4.

Lemma 2.4 (infinite product representation of real parahermitian entire func-
tions).

(1) Consider a ps-family M with defining parameters µn. Assume that

∞∑
n=1

1

|µn|2
< ∞.(2.1)

Then there exists an entire function P of finite order such that P has a zero at each
point of M and no other zero in C, and such that (a) P has a product factorization
of the form

P (s) =
∞∏

n=1

Pn(s),(2.2)

where

Pn(s) = 1 −
(

s

µn

)2

, with µn ∈ R such that µn < 0,(2.3)

and

Pn(s) =

(
1 −

(
s

µn

)2
) (

1 −
(

s

µn

)2
)
, with µn ∈ C\R such that Re µn < 0,

(2.4)

whence, for all ω ∈ R, P (jω) ≥ 0. Moreover, the convergence of the infinite product
in (2.2) is uniform and absolute on closed discs D(r) := {s ∈ C : |s| ≤ r}, and
(b) P is real parahermitian, whence for all s ∈ C, P (s) = P (−s), and there exists
δ > 0 such that, for all s ∈ Sδ, P (s) 	= 0.
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(2) Let f be a real parahermitian entire function having zeros in C as described
in part (1); then f(s) has the product representation

f(s) = eg(s) P (s),(2.5)

where P (s) is as in part (1) and g(s) is a real parahermitian entire function. If in
addition f is of finite order ρ, then g(s) is a polynomial of degree δ[g] ≤ ρ.

Proof. See, e.g., [37, pp. 54–57] for more detail.
Assume that M =: (ρl)

∞
l=1 . Let p be the least nonnegative integer such that∑∞

l=1
1

|ρl|p+1 < ∞. It follows from (2.1) that p is 0 or 1. Then

P (s) :=
∞∏
l=1

E

(
s

ρl
, p

)
,(2.6)

where

E

(
s

ρl
, p

)
=

(
1 − s

ρl

)
e

ps
ρl for p = 0, 1

is the canonical product of genus p associated with the sequence (ρl)
∞
l=1. By the

reasoning of [37, pp. 55–56] it is an entire function, which has a zero at each point ρl
and no other zeros in C. Moreover, the convergence of its infinite product is uniform
and absolute on closed discs D(r), whence it can be reordered arbitrarily. Now as the
factors E( s

ρl
, p) can be grouped to form factors of the form (2.3) or (2.4) that have

real coefficients and are invariant when s is exchanged for −s, there holds that in
either case (i.e., p = 0 or p = 1), P (s) is real parahermitian and can be rewritten as

P (s) =

∞∏
n=1

Pn(s) = P (−s),(2.7)

where the Pn’s are the polynomial functions given by (2.3)–(2.4). In addition, the

entire function P is of finite order ρ ≤ 2 (i.e., |P (s)| ≤ e|s|
ρ+ε

for |s| large [37, pp. 63–
64], for any ε > 0). Indeed by [37, pp. 65–66], the exponent of convergence of the
zeros ρl of the canonical product in (2.2)–(2.4) is the greatest lower bound of the
nonnegative numbers α such that

∑∞
l=1 |ρl|−α < ∞. By (2.1) it is less than or equal

to 2. Then, by [37, Theorem 6, p. 69], the entire function P is of order ρ ≤ 2. Finally,
the function P (s) satisfies all conclusions of part (1) of the lemma.

Part (2) follows by the reasoning around Weierstrass’s factorization theorem [37,
pp. 55–57] and the reasoning of the proof of part (1). The last statement concerning
an entire function f of finite order follows by Hadamard’s theorem; see, e.g., [37,
Theorem 9, p. 74].

Remark 2.2. Let f be a real parahermitian entire function of finite order ρ < 2
with zeros as in part (1) of Lemma 2.4, whence for some δ > 0, for all s ∈ Sδ,
f(s) 	= 0, and for all ω ∈ R, f(jω) ≥ 0. Then f has a product factorization of the
form

f(s) = kP (s),(2.8)

where k is a positive constant and P (s) is of the form (2.2)–(2.4).
Indeed, f has the product factorization (2.5), where the entire function g is a

polynomial of degree δ[g] ≤ ρ < 2. Since g is a real coefficient polynomial function of
(−s2), it should be a constant c, such that (2.8) holds with k = ec.
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It follows from the lemma above that a coercive real spectral density that is a
meromorphic function of finite order can be written as a ratio of two real parahermitian
entire functions of finite order, provided that its poles tend to infinity sufficiently fast:
see the following lemma.

Lemma 2.5. Consider a coercive real spectral density F̂ given by F̂ = F̂∗ =
Ĝ∗ + Ĝ, where Ĝ ∈ Â− is such that Gsa = G0δ(·) for some G0 ∈ C, whence F̂ is
holomorphic in some open vertical strip containing the imaginary axis Sδ := {s ∈ C :
Re s ∈ (−δ, δ)}, where δ > 0. Assume that F̂ is a meromorphic function of finite
order. Let the poles of F̂ form a ps-family P with defining parameters pn and let

∞∑
n=1

1

|pn|2
< ∞.

Then F̂ can be written as a fraction

F̂ (s) =
N(s)

D(s)
,

where the denominator D and numerator N are real parahermitian entire functions
of finite order, such that D(s) = D(−s), N(s) = N(−s), and the zeros and poles of
F̂ are those of N and D, respectively.

Proof. Let the ps-family P be given by P =: (πl). By Lemma 2.4 part (1),
there exists a real parahermitian entire function D of finite order such that D has
a zero at each pole πl of F̂ and no other zeros in C. Now, as in the proof of [31,
Theorem 15.12, p. 327], consider the function N := F̂ D, which is obviously real
parahermitian and such that F̂ = N D−1. Moreover, the singularities of N at the
points πl are removable, whence N can be extended such that it is holomorphic in C,
i.e., entire, and N and D have no common zeros in C. Finally, N = F̂ D is of finite
order, since so are F̂ and D.

Remark 2.3. (α) The converse of Lemma 2.5 obviously holds: any coercive real
spectral density whose poles satisfy the condition above and which can be written as
a fraction as in the statement of Lemma 2.5 is a meromorphic function of finite order.

(β) The proof above contains the essential arguments of the proofs of [31, The-
orems 15.11 and 15.12, pp. 326–327]). Lemma 2.5 will be used in the proof of
Lemma 4.7.

(γ) Related results concerning the canonical representation of any meromorphic
function of finite order are given in [27, pp. 218–221].

Later on, after having transformed the spectral density under study, we shall also
need the following auxiliary technical result.

Lemma 2.6 (entire coercive real spectral density of finite order without zeros).
Let F̂ be a coercive real spectral density given by F̂ = F̂∗ = Ĝ∗ + Ĝ, where Ĝ ∈ Â− is
such that Gsa = G0δ(·) for some G0 ∈ C. Assume that

F̂ is an entire function of finite order without zeros.(2.9)

In addition, assume that the limit of F̂ at infinity exists on the imaginary axis such
that

F̂ (±j∞) := lim
|ω|→∞

F̂ (jω) = 1,(2.10)
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(or, equivalently, Re G0 = 2−1). Then F̂ is a constant function, i.e., F̂ (s) = 1,
for all s ∈ C.

Proof. By Hadamard’s theorem [37, Theorem 9, p. 74], F̂ has the form

F̂ (s) = eg(s),(2.11)

where g(s) is a polynomial, i.e., g(s) =
∑n

k=0 gks
k. One has F̂ (0) = eg(0) = eg0 is real

and positive. Hence g0 = log(F̂ (0)) is real. Moreover, as F̂ is real, i.e., F̂ (s) = F̂ (s),
there holds by (2.11) and the continuity of g(s) that there exists a unique integer l

such that g(s) = g(s) + jl2π, which for s = 0 reads Im(g0) = lπ, whence l = 0 as

g0 is real. Thus g(s) = g(s), i.e., g is a real polynomial or, equivalently, g has real
coefficients.

In addition there holds that F̂ is real parahermitian, whence F̂ (s) = F̂ (−s). A
similar reasoning using (2.11) shows then that g is a real polynomial in s2, whence it
can be rewritten as a real polynomial h in −s2, i.e.,

g(s) =
m∑

k=0

g2ks
2k =

m∑
k=0

h2k(−s2)k =: h(−s2) ∈ R[−s2] with h2k = (−1)kg2k.

Observe now that, by the structure of F̂ , its coercivity, and (2.10), F̂ (jω) is a real
positive uniformly continuous function on ω ∈ R (i.e., the extended real line) and
bounded as well as bounded away from zero on R. Hence log(F̂ (jω)) is a real uniformly
continuous function on ω ∈ R and bounded above and below on R; moreover, by
(2.10), lim|ω|→∞ log(F̂ (jω)) = 0. Furthermore, there holds that log(F̂ (jω)) = h(ω2)
for all ω ∈ R, whence lim|ω|→∞ h(ω2) = 0 with h(ω2) ∈ R[ω2]. As a consequence,

the polynomial h(ω2) is identical to log(F̂ (jω)) on ω ∈ R, bounded there above and
below, and zero at infinity. Hence h(ω2) must reduce to a constant polynomial which
is identically zero, i.e., g(s) ≡ 0. Thus F̂ (s) ≡ 1.

Remark 2.4. (α) Often (2.11) reads F̂ (s) = keg(s), where k is a positive constant.
Then with k = ec, where c ∈ R, one gets F̂ (s) = eg(s)+c, where g(s)+c is a polynomial.
Hence (2.11) holds without loss of generality.

(β) Assumption (2.9) is realized for a meromorphic coercive real spectral density
of finite order for which, “after the removal of the poles and zeros,” there remains an
entire function of finite order without zeros, or, equivalently, “after the removal of the
poles” there remains an entire function of finite order (see Lemmas 2.5 and 2.4 (part
2)).

(γ) In Lemma 2.6, the assumption that the order of the spectral density F̂ (as an
entire function) is finite cannot be omitted. This fact is illustrated by the following
simple example. Consider the function F̂ given by

F̂ (s) := exp

(
2 · sinh s

s

)
.

Observe that F̂ is a coercive real spectral density of the form F̂ = Ĝ∗ + Ĝ, where
Ĝ = G0 + Ĝa ∈ Â− and Re G0 = 2−1. Indeed, let R̂ be the function defined by

R̂(s) := exp (ĝ(s)) , where ĝ(s) :=
1 − e−s

s
.

Then ĝ belongs to Â− as the Laplace transform of the function of finite support
g := χ

[0,1]
; i.e., g(t) = 1 if 0 ≤ t ≤ 1 and g(t) = 0 elsewhere. Moreover, ĝ is strictly
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proper, i.e., ĝ(∞) = 0, where ĝ(∞) should be interpreted as the limit of ĝ(s) as
|s| → ∞ in any right half-plane strictly containing the closed right half-plane. Hence
R̂ is in Â− together with its inverse R̂−1 = exp (−ĝ(s)), since they are exponentials of
elements of a Banach algebra, viz., Â(σ) ⊂ Â−, σ < 0; moreover, R̂(±j∞) = 1. Since
F̂ (s) = R̂(−s)·R̂(s), it follows that F̂ is a coercive real spectral density with invertible
standard real spectral factor R̂ . In addition, ĝ is an entire function, whence R̂ is an
entire function without zeros, and so is F̂ . However, F̂ is not a constant function.
Observe that there is no contradiction with Lemma 2.6, since F̂ is of infinite order.
Indeed, the function 2 · sinh s

s is an entire function which is not a polynomial. Hence,

in view of Hadamard’s theorem (see, e.g., [37, p. 74]), F̂ cannot be of finite order.

3. Meromorphic spectral densities of finite order. The main objective of
this section is to show that, under certain conditions, a coercive real spectral density
that is a meromorphic function of finite order can be written as an infinite product of
coercive real rational spectral densities. First it is shown that, under certain technical
conditions, such an infinite product is necessarily a coercive real spectral density.

3.1. Product of rational spectral densities.

Theorem 3.1 (infinite product of coercive rational spectral densities). Consider
a function F̂ given, for all s in some vertical strip symmetric with respect to the
imaginary axis, by an infinite product of pole-zero pairs of the form

F̂ (s) =

∞∏
n=1

F̂n(s),(3.1)

where the elementary factors F̂n are coercive real rational spectral densities, which are
given either by

F̂n(s) =
z2
n − s2

p2
n − s2

,(3.2)

where zn and pn ∈ R, with zn and pn < 0, or by

F̂n(s) =
(z2

n − s2)(z2
n − s2)

(p2
n − s2)(p2

n − s2)
,(3.3)

where zn and pn ∈ C\R, with Re zn and Re pn < 0. Consider the standard invertible
(real) spectral factors R̂n of the spectral densities F̂n, which are such that R̂n(∞) = 1
and which are given by

R̂n(s) =
zn − s

pn − s
(3.4)

(first order factor) when F̂n is defined by (3.2) and by

R̂n(s) =
(zn − s)(zn − s)

(pn − s)(pn − s)
(3.5)

(second order factor) when F̂n is defined by (3.3), respectively. Assume that there
exists a constant σ < 0 such that R̂n and R̂−1

n are in Â(σ), for all n, with

∞∑
n=1

||(Rn)a||A(σ) < ∞(3.6)
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and

∞∑
i=1

||(R−1
n )a||A(σ) < ∞.(3.7)

Then the following assertions hold:
(a) The infinite product in (3.1) converges to F̂ in the Banach algebra

L̂∆(σ) := {f̂ = f̂− + f̂+ : (f−)∗ and f+ ∈ A(σ)}

equipped with the norm

||f̂ ||σ := ||f ||σ := ||(f−)∗||A(σ) + ||f+||A(σ);

(b) The function F̂ is a coercive real spectral density such that F̂ = F̂∗ = Ĝ∗ + Ĝ,
where Ĝ is in Â(σ) ⊂ Â−.

Proof. (a) The proof goes along the lines of [10, proof of Theorem 5].
(b) It follows from assertion (a) and from the fact that every elementary factor

F̂n is real parahermitian and positive semidefinite on the imaginary axis, that F̂ is a
real spectral density of the form F̂ = Ĝ∗ + Ĝ for some Ĝ in Â(σ). Finally observe
that, by the fact that there exists a constant σ < 0 such that R̂n and R̂−1

n are in Â(σ)
for all n, every elementary factor spectral density F̂n is coercive such that, for some
η > 0,

∏N
n=1 F̂n(jω) ≥ η for all ω ∈ R and for all N ≥ 1. Hence the spectral density

F̂ is coercive.
Remark 3.1. Convergence in the L̂∆(σ)-norm implies convergence in the sup-

norm on a vertical strip without singularities containing the jω-axis in its interior.
This result leads to a criterion for the convergence of an infinite product of coercive

rational spectral densities, which is based on the knowledge of the spectrum, i.e., more
precisely, on the knowledge of the comparative asymptotic behavior of the spectral
density poles and zeros, pn and zn, as n tends to infinity; see Corollary 3.3 below.
The proof of this spectral criterion is based on the following preliminary result.

Lemma 3.2 (estimates of ||(Rn)a||A(σ) and ||(R−1
n )a||A(σ)). Consider the rational

elementary factors R̂n, n = 1, 2, . . . , given by (3.4)–(3.5), and assume that there exists
a constant σ < 0 such that 2 · |σ| ≤ min(|Re pn|, |Re zn|) for all n. Then R̂n and R̂−1

n

are in Â(σ) for all n and the following inequalities hold for all n: when R̂n is given
by (3.4), then

||(Rn)a||A(σ) ≤ 2
|zn − pn|

|pn|
,

and

||(R−1
n )a||A(σ) ≤ 2

|zn − pn|
|zn|

,

and when R̂n is given by (3.5), then

||(Rn)a||A(σ) ≤ 4
|zn − pn|
|Re pn|

(
1 +

|zn − pn|
|Re pn|

)
,

and

||(R−1
n )a||A(σ) ≤ 4

|zn − pn|
|Re zn|

(
1 +

|zn − pn|
|Re zn|

)
.
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Proof. For the case of a first order factor, see [10, Fact 1]. Concerning the case
of a second order factor, we derive only the inequality for (Rn)a. The other one can
be proved similarly. Now, for all t ≥ 0,

(Rn)a(t) = (pn − zn) · epnt + (pn − zn) · epnt +
|pn − zn|2
(pn − pn)

· (epnt − epnt),

whence, upon noting that |pn − pn| = 2|Im pn| and |epnt − epnt| = 2 · eRe pnt ·
| sin (Im pnt)|, one obtains

|(Rn)a(t)| ≤ 2 |zn − pn| · eRe pnt + |zn − pn|2 · t · eRe pnt.

By using the assumption that |Re pn| ≥ 2 · |σ|, one gets

||eRe pnt||A(σ) =

∫ ∞

0

e(Re pn−σ)tdt = |Re pn − σ|−1 ≤ 2

|Re pn|
,

and

||t · eRe pnt||A(σ) =

∫ ∞

0

t · e(Re pn−σ)tdt = |Re pn − σ|−2 ≤ 4

|Re pn|2
.

As a result one gets

||(Rn)a||A(σ) ≤ 4
|zn − pn|
|Re pn|

(
1 +

|zn − pn|
|Re pn|

)
.

Corollary 3.3 (spectral criterion for the convergence of an infinite product of
coercive rational spectral densities). Consider a function F̂ given by (3.1)–(3.3) for

all s in some vertical strip symmetric with respect to the imaginary axis. Let R̂n,
n = 1, 2, . . . , be the rational elementary factors defined by (3.4)–(3.5), with 2 · |σ| ≤
min(|Re pn|, |Re zn|), for all n, for some σ < 0. Now assume that

∞∑
n=1

|zn − pn|
|Re pn|

< ∞,(3.8)

and

∞∑
n=1

|zn − pn|
|Re zn|

< ∞.(3.9)

Then the conclusions of Theorem 3.1 hold.
Proof. Consider the series

∞∑
n=1

|zn − pn|
|Re pn|

(
1 +

|zn − pn|
|Re pn|

)
.

By (3.8) the sequence (
|zn − pn|
|Re pn|

)∞

n=1
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is in l1, hence also in l∞, and thus also in l2. Therefore the series above converges,
and in view of Lemma 3.2, (3.6) holds. Moreover, by similar arguments (3.7) holds.
Hence the conclusion follows by Theorem 3.1.

Remark 3.2. The conclusions of Corollary 3.3 still hold if conditions (3.8) and
(3.9) are replaced, respectively, by

|zn − pn|
|Re pn|

= O

(
1

nα

)
(3.10)

and

|zn − pn|
|Re zn|

= O

(
1

nα

)
(3.11)

for some exponent α > 1.

3.2. Product representation of meromorphic spectral densities. The fact
that a coercive real spectral density F̂ has an infinite product representation of the
form (3.1)–(3.3) is not automatically satisfied in applications. Typically one should
check this by using the Weierstrass factorization theorem for entire functions and
related results; see, e.g., [37, Chapter 2, part 1], [26, section 7.1, p. 343], and the
references therein. This was done in [10, p. 765] for a heat diffusion example. In
the following theorem, conditions on the poles and zeros of a meromorphic spectral
density of finite order are derived, under which this methodology can be used.

Theorem 3.4 (criterion for the infinite product representation of a meromorphic
coercive spectral density of finite order). Let F̂ be a coercive real spectral density given
by F̂ = F̂∗ = Ĝ∗ + Ĝ, where Ĝ ∈ Â− is such that Gsa = G0δ(·) for some G0 ∈ C;
whence F̂ is holomorphic in some open vertical strip containing the imaginary axis,
namely, Sδ, where δ > 0. Assume that the limit of F̂ at infinity exists in this vertical
strip such that

F̂ (∞) := lim
|s|→∞; s∈Sδ

F̂ (s) = lim
|ω|→∞; −δ<σ<δ

F̂ (σ + jω) = 1,(3.12)

(or, equivalently, Re G0 = 2−1). In addition, assume that F̂ is a meromorphic
function of finite order such that

(1) the poles of F̂ form a ps-family P with defining parameters pn,
(2) the zeros of F̂ form a ps-family Z with defining parameters zn, and
(3)

∞∑
n=1

1

|pn|2
< ∞ and

∞∑
n=1

1

|zn|2
< ∞.(3.13)

Assume that the set of zeros (poles, respectively) of F̂ consists of countably many
real zeros (poles, respectively) and countably many complex zeros (poles, respectively)
such that its zeros and poles can be associated by a one-to-one relationship, leading to
elementary factors of the form (3.17)–(3.18). Finally, assume that conditions (3.8)–
(3.9) hold.

Then (a) F̂ can be written as a fraction

F̂ (s) =
N(s)

D(s)
,(3.14)
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where the denominator D and numerator N are real parahermitian entire functions
of finite order such that D(s) = D(−s) and N(s) = N(−s) and the zeros and poles
of F̂ are those of N and D, respectively;

(b) the spectral density F̂ admits an infinite product representation of pole-zero
pairs that is of the form

F̂ (s) =

∞∏
n=1

F̂n(s),(3.15)

and the inverse spectral density F̂−1 admits the infinite product representation

F̂ (s)−1 =

∞∏
n=1

F̂n(s)−1,(3.16)

where the elementary factors F̂n are coercive real rational spectral densities that are
given either by

F̂n(s) =
z2
n − s2

p2
n − s2

(3.17)

if zn and pn ∈ R, with zn and pn < 0, or by

F̂n(s) =
(z2

n − s2)(z2
n − s2)

(p2
n − s2)(p2

n − s2)
(3.18)

if zn and pn ∈ C\R, with Re zn and Re pn < 0.
Remark 3.3. (α) Conditions (3.13) are not the most general ones encountered in

the theory of infinite product representation of entire functions; see, e.g., [26, p. 358]
and [37, Theorem 1, pp. 55–56]. However, according to [26], these conditions are ap-
plicable to many problems. In addition these assumptions together with the fact that
a spectral density is parahermitian lead to a simpler structure for the corresponding
infinite product elementary factors.

(β) Concerning the definitions of the elementary factors (3.17)–(3.18), it is natural
and usual to take the upper half-plane zeros and poles in increasing order of real part.
This is done in this way in the application dealt with in this paper; see section 5.

Proof of Theorem 3.4. (a) follows from Lemma 2.5.
(b) Step 1. D and N have the infinite product representations

D(s) = eGD(s) ·
∞∏

n=1

Dn(s),(3.19)

and

N(s) = eGN (s) ·
∞∏

n=1

Nn(s),(3.20)

respectively, where GD and GN are polynomial functions and where Dn and Nn are
the polynomial functions given by

Dn(s) =

{
1 − ( s

pn
)2 if pn ∈ R with pn < 0,

(1 − ( s
pn

)2) · (1 − ( s
pn

)2) if pn ∈ C with Re pn < 0
(3.21)
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and by

Nn(s) =

{
1 − ( s

zn
)2 if zn ∈ R with zn < 0,

(1 − ( s
zn

)2) · (1 − ( s
zn

)2) if zn ∈ C with Re zn < 0,
(3.22)

respectively. Moreover, the convergence of the infinite products is uniform and abso-
lute on any closed disc D(r).

Indeed this follows from the data concerning D and N , where in particular (3.13)
holds, and from Lemma 2.4, part (2).

Step 2. On closed discs D(r) where small neighborhoods of the poles are omitted,
the spectral density F̂ has the infinite product representations

F̂ (s) = eH(s) ·
∞∏

n=1

Nn(s)

Dn(s)
= eH(s) ·

∞∏
n=1

φn ·
∞∏

n=1

F̂n(s),(3.23)

where H := GN −GD is a polynomial function, the F̂n(s) are given by (3.17)–(3.18),
and where the constants φn are given by

φn =

⎧⎪⎪⎨⎪⎪⎩
∣∣∣pn

zn

∣∣∣2 if pn, zn ∈ R with pn and zn < 0,

∣∣∣pn

zn

∣∣∣4 if pn, zn ∈ C\R with Re pn and Re zn < 0.

(3.24)

Moreover, the convergence of the s-dependent products is uniform and absolute
on the aforementioned punctured discs.

Indeed this follows from identity (3.14), from (3.19)–(3.22), and from assumptions
(3.8)–(3.9). First it can be shown that for n sufficiently large, for the case that
pn, zn ∈ R with pn and zn < 0,∣∣∣F̂n(s) − 1

∣∣∣ = O

{∣∣∣∣∣1 −
(
zn
pn

)2
∣∣∣∣∣
}
,

and for the case that pn, zn ∈ C with Re pn and Re zn < 0,∣∣∣F̂n(s) − 1
∣∣∣ = O

{∣∣∣∣∣1 −
∣∣∣∣znpn

∣∣∣∣4
∣∣∣∣∣ + 2

∣∣∣∣∣1 −
(
zn
pn

)2
∣∣∣∣∣
}
.

In addition, observe that F̂ (∞) = 2 ·Re G0; whence, by assumption (3.12), Re G0 =
2−1. Moreover, it follows from (3.13) that |pn| → ∞ and |zn| → ∞ as n → ∞. Finally
by assumptions (3.8)–(3.9) and the inequalities∣∣∣∣1 −

(
zn
pn

)∣∣∣∣ ≤ |zn − pn|
|Re pn|

and ∣∣∣∣1 −
(
pn
zn

)∣∣∣∣ ≤ |zn − pn|
|Re zn|

,

there holds that the spectral density poles and zeros will be asymptotically close (as
n → ∞), i.e.,

lim
n→∞

(
zn
pn

)
= 1 and lim

n→∞

(
pn
zn

)
= 1.
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It then follows easily that

∞∑
n=1

∣∣∣∣∣1 −
(
zn
pn

)2
∣∣∣∣∣ < ∞ and

∞∑
n=1

∣∣∣∣∣1 −
(
pn
zn

)2
∣∣∣∣∣ < ∞.(3.25)

Hence by (3.25), the infinite product
∏∞

n=1 F̂n(s) converges uniformly and absolutely
in any closed disk D(r) where small neighborhoods of the poles are omitted. Next by
(3.25) it can also be shown that the infinite product

∏∞
n=1 φn is well defined. Now,

on closed discs D(r) where small neighborhoods of the poles are omitted, there holds
for any M ∈ N ∏M

n=1 Nn∏M
n=1 Dn

=

M∏
n=1

φn ·
M∏
n=1

Fn.

Hence, as the limits exist for M → ∞ uniformly and absolutely on such discs, Step 2
follows.

Step 3. There holds that

eH(s) ·
∞∏

n=1

φn ≡ 1,(3.26)

whence, in view of (3.23), (3.15) and (3.17)–(3.18) hold.
Indeed observe that the infinite product

∏∞
n=1 F̂n(s) converges uniformly and

absolutely in any closed disk not containing any of its poles and that
∏∞

n=1 F̂n(∞) =

1, such that
∏∞

n=1 F̂n(s) exists at infinity and converges uniformly in the vertical
strip Sδ by Corollary 3.3 and (3.8)–(3.9). Thus

∞∏
n=1

F̂n(s) → 1 as |s| → ∞ in Sδ.(3.27)

Since, by assumption, F̂ (∞) = 1, it follows from (3.23) and (3.27) that

eH(∞) ·
∞∏

n=1

φn := lim
|s|→∞; s∈Sδ

eH(s) ·
∞∏

n=1

φn = 1.(3.28)

Observe that, by Corollary 3.3, the function
∏∞

n=1 F̂n is a coercive real spectral den-
sity; whence, in view of Lemma 2.2, so is the function

eH(s) ·
∞∏

n=1

φn = F̂ (s) ·
( ∞∏

n=1

F̂n(s)

)−1

,

which in addition, as H is a polynomial, is an entire function of finite order without
zeros. Hence, by Lemma 2.6 (see also Remark 2.4 (α)), it follows from (3.28) that
Step 3 holds.

Step 4. Observe that F̂−1 is a meromorphic function of finite order and mutatis
mutandis satisfies the same conditions as F̂ . Hence, by reasoning similar to that
above, (3.16) and (3.17)–(3.18) hold.
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4. Spectral factorization by symmetric extraction.

4.1. Main results. By the proof of [10, Theorem 5], the following result holds.
Theorem 4.1 (criterion for infinite product representation of invertible spectral

factors). Consider a coercive real spectral density F̂ given by (3.1)–(3.3) for all s in

some vertical strip symmetric with respect to the imaginary axis. Let R̂n, n = 1, 2, . . . ,
be the rational elementary factors defined by (3.4)–(3.5). Assume that there exists a
constant σ < 0 such that R̂n and R̂−1

n are in Â(σ), for all n, with

∞∑
n=1

||(Rn)a||A(σ) < ∞(4.1)

and
∞∑
i=1

||(R−1
n )a||A(σ) < ∞.(4.2)

Then the invertible standard spectral factor R̂ in Â− of F̂ is given by the infinite
product representation

R̂(s) =

∞∏
n=1

R̂n(s) = lim
N→∞

N∏
n=1

R̂n(s),(4.3)

where the limit is taken in the framework of the topology induced by the norm || · ||Â(σ)

on the Banach algebra Â(σ).
We are now ready to get a spectral criterion for the convergence of the symmet-

ric extraction method of spectral factorization: it is based on the knowledge of the
comparative asymptotic behavior of the spectral density poles and zeros.

Theorem 4.2 (spectral criterion for the convergence of the symmetric extrac-
tion method). Consider a coercive real spectral density F̂ given by (3.1)–(3.3) for
all s in some vertical strip symmetric with respect to the imaginary axis. Let R̂n,
n = 1, 2, . . . , be the rational elementary factors defined by (3.4)–(3.5), with 2 · |σ| ≤
min(|Re pn|, |Re zn|), for all n, for some σ < 0. Now assume that R̂n is a first order
factor given by (3.4) or a second order factor given by (3.5) satisfying (3.8) and (3.9).
Then (a) the conclusions of Theorem 4.1 hold. In particular, the sequence(

N∏
n=1

R̂n

)
N≥1

(4.4)

of invertible approximate (rational) spectral factors converges to the invertible standard
spectral factor R̂ ∈ Â− of F̂ in the Â(σ) norm, and the sequence(

N∏
n=1

R̂−1
n

)
N≥1

(4.5)

converges to the corresponding inverse spectral factor R̂−1 ∈ Â− ;

(b) with ŴN ∈ L̂∆
+
(σ) ⊂ Â− denoting the approximate spectral factor defined

by

WN :=

N∏
i=1

Ri,
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the spectral factor, inverse spectral factor, and spectral factorization relative errors
can be estimated for all N = 1, 2, . . . , respectively, by the following inequalities:

‖(WN −R) ∗R−1‖σ ≤ expSN+1 − 1 ≤ 2SN+1,(4.6)

where the last inequality holds if

SN+1 := 4

∞∑
i=N+1

|zn − pn|
|Re zn|

(
1 +

|zn − pn|
|Re zn|

)
≤ 1;

‖(W−1
N −R−1) ∗R‖σ ≤ expTN+1 − 1 ≤ 2TN+1,(4.7)

where the last inequality holds if

TN+1 := 4

∞∑
i=N+1

|zn − pn|
|Re pn|

(
1 +

|zn − pn|
|Re pn|

)
≤ 1;

and finally

‖((WN )∗ ·WN − F ) ∗ F−1‖σ ≤ exp(2SN+1) − 1 ≤ 4SN+1,(4.8)

where the last inequality holds if SN+1 ≤ 2−1.
Proof. (a) The conclusion follows directly from Theorem 4.1, by the proof of

Corollary 3.3.
(b) The relative error estimates (4.6)–(4.8) can be derived by following the lines

of the proof of [10, Theorem 5, pp. 766–767] and by using Lemma 3.2.
Remark 4.1. (α) The conclusions of Theorem 4.2 still hold if conditions (3.8) and

(3.9) are replaced by conditions (3.10) and (3.11). Note that this remark is also ap-
plicable to any other result that holds here under these conditions, e.g., Theorem 3.4.

(β) Typically, in applications, e.g., LQ-optimal control or spectral factorization
of a normalized coprime fraction spectral density (see, e.g., [9], [10]) for an infinite-
dimensional (without loss of generality) stable system, the pn’s and pn’s are the poles
of the open-loop transfer function, and the zn’s and zn’s are the poles of the closed-
loop transfer function.

(γ) The symmetric extraction method works very well for the heat diffusion equa-
tion; see [10], [7]. Indeed, in that case, the spectral density zeros and poles are all real,
and the corresponding relative spectral errors |zn−pn|·|pn|−1 and |zn−pn|·|zn|−1 tend
to zero exponentially fast as n tends to infinity, whence (3.10) and (3.11) obviously
hold for α = ∞, i.e., for any α > 1.

(δ) The speed of convergence of the sequences (4.4) and (4.5) towards an invertible
spectral factor R̂ and its inverse R̂−1, respectively, is dictated by the magnitude of
the parameter α of conditions (3.10) and (3.11). The larger it is, the better is the
speed of convergence of the symmetric extraction method. However, this speed of
convergence might not be as good as in the heat equation example mentioned above;
see Example 4.1.

(ε) It is possible to compute absolute and relative error estimates, in the Â(σ)-
norm, for the spectral factor as well as for its inverse, especially when ||(Rn)a||A(σ)

and ||(R−1
n )a||A(σ) are of the order of the general term of a converging power series;

see [10].
Example 4.1. Consider the following coercive spectral density F̂ (s) given by

(3.1) with a countable number of elementary factors of the form (3.3) with complex
conjugate poles and zeros such that
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(1) for some σ < 0

2 · |σ| ≤ min(|Re pn|, |Re zn|), n = 1, 2, . . . ,

(2) for some constants a > 0 and b > 0

pn = −a + j · b · n, n = 1, 2, . . . ,

(3) for n sufficiently large,

|zn − pn| = O(
1

n2
).

Then by Theorem 4.2 any invertible spectral factor of the spectral density F̂ can
be approximated arbitrarily precisely in the Â(σ)-norm, by an invertible approximate
(rational) spectral factor of the form (4.4). Here convergence is achieved but at a much
slower speed (α = 2) than in the heat equation example mentioned above (α = ∞).
Note that, in section 5, a physical example (vibrating string) is chosen to illustrate
the possibility of slow convergence.

Corollary 4.3. Let F̂ be a coercive real spectral density satisfying the assump-
tions of Theorem 3.4. Then F̂ admits an infinite product representation of pole-zero
pairs that is of the form (3.1)–(3.3) for all s in some vertical strip symmetric with
respect to the imaginary axis. Let R̂n, n = 1, 2, . . . , be the rational elementary factors
defined by (3.4)–(3.5), with 2 · |σ| ≤ min(|Re pn|, |Re zn|), for all n, for some σ < 0.

Then the sequence (
N∏

n=1

R̂n

)
N≥1

(4.9)

of invertible approximate (rational) spectral factors converges to the invertible standard
spectral factor R̂ ∈ Â− of F̂ in the Â(σ)-norm, and the sequence(

N∏
n=1

R̂−1
n

)
N≥1

(4.10)

converges to the corresponding inverse spectral factor R̂−1 ∈ Â−.
Proof. The conclusion follows from Theorems 3.4 and 4.2.
We conclude this subsection by yet another spectral criterion for the convergence

of the symmetric extraction spectral factorization method. Its sufficient conditions
are stronger than those established in the previous results. However, they fit specific
classes of systems quite well, as shown in the next subsection.

Theorem 4.4 (spectral criterion for the convergence of the symmetric extraction
method). Let F̂ be a coercive real spectral density given by F̂ = F̂∗ = Ĝ∗ + Ĝ, where
Ĝ ∈ Â− is such that Gsa = G0δ(·) for some G0 ∈ C; whence F̂ is holomorphic
in some open vertical strip containing the imaginary axis, namely, Sδ := {s ∈ C :
Re s ∈ (−δ, δ)}, where δ > 0. Assume that the limit of F̂ at infinity exists in this
vertical strip such that

F̂ (∞) := lim
|s|→∞; s∈Sδ

F̂ (s) = lim
|ω|→∞; −δ<σ<δ

F̂ (σ + jω) = 1,(4.11)
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(or, equivalently, Re G0 = 2−1). In addition, assume that F̂ is a meromorphic
function of finite order and is given by the fraction

F̂ (s) =
N(s)

D(s)
,(4.12)

where the denominator D and numerator N are real parahermitian entire functions
of finite order such that D(s) = D(−s) and N(s) = N(−s).

Moreover, (1) the zeros of D form a ps-family P with defining parameters pn,
(2) the zeros of N form a ps-family Z with defining parameters zn,
(3) one assumes that

∞∑
n=1

1

|pn|2
< ∞,(4.13)

and
(4) the pole-zero absolute error sequence is absolutely summable; i.e.,

∞∑
n=1

|zn − pn| < ∞.(4.14)

Then (a) F̂ admits the infinite product representation of pole-zero pairs (3.1)–(3.3).
(b) In addition, let R̂n, n = 1, 2, . . . , be the rational elementary factors defined by

(3.4)–(3.5), with 2·|σ| ≤ min(|Re pn|, |Re zn|), for all n, for some σ < 0. Then the se-

quence (
∏N

n=1 R̂n)N≥1 of invertible approximate (rational) spectral factors converges

to the exact invertible standard spectral factor R̂ ∈ Â− of F̂ in the Â(σ)-norm, and

the sequence (
∏N

n=1 R̂−1
n )N≥1 converges to the corresponding inverse spectral factor

R̂−1 ∈ Â−.
Proof. In view of Corollary 4.3, it suffices to check that the assumptions of

Theorem 3.4 hold. Since the spectral density F̂ is coercive, there exists some γ > 0
such that, for all n ≥ 1,

|Re zn| ≥ γ.

Therefore by condition (4.14) there holds

∞∑
n=1

|zn − pn|
|Re zn|

< ∞;

i.e., assumption (3.9) holds.
Now observe that

∞∑
n=1

∣∣∣∣ 1

zn
− 1

pn

∣∣∣∣ < ∞.(4.15)

Indeed, for all n ≥ 1 , ∣∣∣∣ 1

zn
− 1

pn

∣∣∣∣ ≤ γ−1 · |zn − pn| · |pn|−1,

where, by (4.13) and (4.14), the sequences (|zn−pn|) and (|pn|−1) are, respectively,
in l1 and in l∞. Whence (4.15) holds. It follows by (4.15) and (4.13) that (3.13)
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holds. Finally observe that, by the holomorphicity of F in the strip Sδ, one has for
all n ≥ 1

|Re pn| ≥ δ.

This together with (4.14) implies

∞∑
n=1

|zn − pn|
|Re pn|

< ∞,

i.e., assumption (3.8) holds. Hence all assumptions of Theorem 3.4 are valid and we
are done.

Remark 4.2. It can be shown that Theorem 4.4 can be applied to the heat
diffusion model studied in [10], [7] (see Remark 4.1 (γ)). Actually this result is
applicable to an important class of semigroup state-space systems in the framework
of the LQ-optimal control problem for such systems. This question is addressed in
the following subsection.

4.2. Semigroup state-space systems. Consider a single-input C0-semigroup
state-space system with bounded control and observation operators (see, e.g., [17],
[28]), viz.,

ẋ(t) = Ax(t) + Bu(t), x(0) = x0, y(t) = Cx(t), t ≥ 0,(4.16)

where x(t) ∈ H, with H a separable Hilbert state-space with inner product 〈· , ·〉,
u(t) ∈ R, y(t) ∈ R

p, and
(1) A : D(A) ⊂ H → H is the generator of a C0-semigroup (eAt)t≥0 ⊂ L(H),
(2) B ∈ L(R,H) is a bounded linear control operator given by

Bu = bu for all u ∈ R , b ∈ H,

(3) C ∈ L(H,Rp) is a bounded linear observation operator.
Furthermore assume that A is a Riesz-spectral operator [17] with discrete spectrum

σ(A) = σp(A) = {λn : n ∈ N} ⊂ C(4.17)

consisting of simple eigenvalues such that

δ := inf { |λn − λm| : n,m ∈ N , n 	= m} > 0(4.18)

and

µ := sup

⎧⎪⎨⎪⎩
∞∑
l=1

l �=n

1

|λl − λn|2
: n ∈ N

⎫⎪⎬⎪⎭ < ∞.(4.19)

Remark 4.3. Since the operator A is the (infinitesimal) generator of a C0-
semigroup of bounded linear operators (eAt)t≥0 on H, it holds (see [17]) that
sup {Re λn : n ∈ N} < ∞.

Finally assume that

(A,B) is exponentially stabilizable and (C,A) is exponentially detectable.(4.20)
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Observe that, by (4.20), there exists some σ < 0 such that the spectrum of A can
be decomposed according to

σ(A) = (σ(A) ∩
o

Cσ−)
·
∪ (σ(A) ∩ C+),(4.21)

where
o

Cσ− denotes the open left half-plane {s ∈ C : Re s < σ} and C+ denotes
the closed right half-plane {s ∈ C : Re s ≥ 0}. The two sets on the right-hand side
of identity (4.21) are disjoint and the unstable spectrum σ(A) ∩ C+ is a finite point
set. Moreover, the following holds.

Lemma 4.5. The nonzero eigenvalues λn, n ∈ N, of A satisfy

∞∑
n=1,λn �=0

1

|λn|2
< ∞.(4.22)

Proof. This follows immediately from (4.19).
Now for system (4.16)–(4.20) consider the LQ-optimal control problem: for any

initial state x0 ∈ H, find a square-integrable control u0 ∈ L2(0,∞; R) which minimizes
the cost functional

J(x0, u) :=

∫ ∞

0

(‖Cx(t)‖2 + ‖u(t)‖2) dt.

It is well known (see, e.g., [17] and the references cited therein) that the optimal
control u0(t) is given by

u0(t) = K0 x0(t), x0(t) = e(A+BK0)tx0,

where the optimal feedback operator K0 ∈ L(H,R) is given by

K0 = −B∗ Q0,

where the operator Q0 ∈ L(H) is the unique nonnegative self-adjoint solution of the
operator Riccati equation on the domain of the operator A:

A∗Q0 + Q0A + C∗C −Q0BB∗Q0 = 0 on D(A),

where Q0(D(A)) ⊂ D(A∗). Moreover, the optimal feedback K0 is stabilizing; i.e.,
the feedback semigroup (e(A+BK0)t)t≥0 is exponentially stable, and K0 ∈ L(H,R) is
also given by

K0 x = 〈k0 , x〉 for all x ∈ H, k0 ∈ H.(4.23)

We have then the following.
Lemma 4.6. Consider the C0-semigroup state-space system given by (4.16)–

(4.20). Let (φn)n∈N be a Riesz basis of eigenvectors of A (corresponding to the
eigenvalues λn) and let (ψn)n∈N be the corresponding biorthogonal dual Riesz basis
of eigenvectors of the adjoint operator A∗. Consider the LQ-optimal feedback opera-
tor K0 ∈ L(H,R) given by (4.23). Then the feedback semigroup generator

Ac := A + BK0 = A + b 〈k0 , ·〉(4.24)
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has a discrete spectrum of eigenvalues λcn, n ∈ N, with

σ(Ac) = σp(Ac) = {λcn : n ∈ N},(4.25)

and corresponding eigenvectors forming a Riesz basis of H. Moreover,

|λcn − λn| = O ( |〈k0, φn〉 · 〈b, ψn〉| ) for n sufficiently large,(4.26)

whence

∞∑
n=1

|λcn − λn| < ∞.(4.27)

Proof. Results (4.25)–(4.26), where {λcn : n ∈ N} is replaced by its closure,
follow by (4.17)–(4.19), [34, Theorem 2.1], and [15, Appendix B, p. 66]. Now in
(4.26) the sequences (〈k0, φn〉) and (〈b, ψn〉) are in l2, whence the product sequence
(〈k0, φn〉 · 〈b, ψn〉) is in l1. Hence (4.27) holds. Furthermore, by Lemma 4.5, (4.22)
holds.

Now as (e(A+BK0)t)t≥0 is exponentially stable and σ(A) is as in (4.21), there
exists some η > 0 and M ∈ N such that for all n ≥ M , min(|Reλn|, |Reλcn|) ≥ η.
This together with (4.27) and (4.22) and arguments similar to those in the proof of
Theorem 4.4, gives

∞∑
n=M

∣∣∣∣ 1

λn
− 1

λcn

∣∣∣∣ < ∞.

Consequently

∞∑
n=1

1

|λcn|2
< ∞.

Hence σp(Ac) cannot have limit points in C, and the last equality of (4.25)
holds.

Remark 4.4. In view of [24, Corollary 4.6], the feedback semigroup generator
Ac given by (4.24) is a Riesz-spectral operator [17, p. 41], whenever its eigenvalues
λcn, n ∈ N are simple. This will be tacitly assumed in what follows.

It is also known (see [9], [10]) that the LQ-optimal control problem can be solved
by the spectral factorization of a specific spectral density, whose spectral factor gives
the state-feedback operator Ko via a Diophantine equation. In the sequel we shall con-
centrate upon that spectral factorization problem. More precisely, assuming that the
operator pair (A,B) is exponentially stabilizable, there exists a stabilizing feedback
operator K ∈ L(H,R), i.e., such that the C0-semigroup (e(A+BK)t)t≥0 is exponen-
tially stable. Moreover, with the spectrum of A as in (4.21), the feedback K = [0 K2]
(K2 = vector) can be chosen such that

σ(A + BK) = (σ(A) ∩
o

Cσ−)
·
∪ Σ,(4.28)

where Σ ⊂
o

Cσ− is a finite set having the same number of elements as σ(A) ∩ C+.
Under these conditions the pair (N̂ , D̂) ∈ Âp×1

− × Â− defined by

(N̂ (s), D̂(s)) := (C(sI −A−BK)−1B, 1 + K(sI −A−BK)−1B)(4.29)
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generates a right fraction of the semigroup state-space system transfer function Ĝ(s) =
C(sI − A)−1B ∈ B̂p×1 with no common zeros in C+, where D̂ is a biproper stable
rational function whose zeros are in σ(A) ∩ C+ and whose poles are in Σ. Moreover,
D̂ equals 1 at infinity.

Now consider the function F̂ (s) defined by

F̂ := N̂∗ N̂ + D̂∗ D̂ = D̂∗ (1 + Ĝ∗ Ĝ) D̂.(4.30)

It is shown in [9, Theorem 3, pp. 70–71] and [10, Theorem 3, pp. 761–762] that F̂ is
a coercive spectral density whose spectral factorization is the main step towards the
solution of the LQ-optimal control problem, i.e., for the computation of the feedback
operator K0. Moreover for the specific case at hand one has the following.

Lemma 4.7. Under the assumptions of Lemma 4.6, let Ĝ(s) = C(sI −A)−1B be
the transfer function of the C0-semigroup state-space system (4.16)–(4.20). Consider
the real function F̂ given by (4.30), where (N̂ , D̂) is the right fraction (4.29) with no
common zeros in C+ of Ĝ(s), where K ∈ L(H,R) is a stabilizing feedback operator
such that (4.28) holds.

Then F̂ is a coercive real spectral density such that F̂ is holomorphic in a vertical
strip Sδ for some δ > 0 and such that F̂ (∞) = 1, i.e., (4.11) holds. Moreover, F̂
is a meromorphic function of finite order ρ ≤ 2 and can be described as a fraction of
real parahermitian entire functions, i.e.,

F̂ (s) =
N(s)

D(s)
,(4.31)

where the functions D = D∗ and N = N∗ are entire functions with countable zero
sets Z[D] and Z[N ], respectively, such that, with P[F̂ ] denoting the set of poles of F̂
and σ < 0 chosen such that (4.21) holds,

Z[D] = P[F̂ ] ⊂ {p,−p : p ∈ (σ(A) ∩
o

Cσ−)
·
∪ Σ},(4.32)

and

Z[N ] = Z[F̂ ] ⊂ {z,−z : z ∈ σ(Ac) = σ(A + BK0)}.(4.33)

Remark 4.5. (α) When the C0-semigroup (eAt)t≥0 is exponentially stable, one

can choose the feedback K to be zero. In this case, the right fraction (N̂ , D̂) defined
by (4.29) is given by (N̂ , D̂) = (Ĝ , 1), and the spectral density reads

F̂ = 1 + Ĝ∗ Ĝ.(4.34)

Furthermore, the denominator entire function D in (4.31) is such that

Z[D] = P[F̂ ] ⊂ {p,−p : p ∈ σ(A)}.(4.35)

(β) In general the inclusions in (4.32) and (4.33) are not equalities. This is
due to the fact that the system is not necessarily approximately controllable and/or
observable, whence the numerator and denominator can be simplified by common zero
cancellations.

In standard examples, like the heat diffusion (see [10]) and the vibrating string
(see below), the spectral density above is obtained (by applying the Laplace transform
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to the PDE describing the system) as a fraction of entire functions where an infinite
number of common zero cancellations may occur.

Proof of Lemma 4.7. Property (4.11) follows directly from (4.30) and (4.29),
which ensure that Ĝ(s) is zero at infinity in Cσ+ and that D̂ equals 1 at infinity. By
[17, Lemma 4.3.10, p. 183], the transfer function Ĝ(s) is given by

Ĝ(s) =

∞∑
n=1

(Cφn) 〈b, ψn〉 (s− λn)−1,(4.36)

which is holomorphic in the resolvent set ρ(A), whose complement σ(A) is a pure
point spectrum of isolated points by (4.18). It follows, using [31, Definition 10.41,
p. 241]), that Ĝ(s) is meromorphic in C with poles contained in σ(A). Thus, upon
noting that in (4.30) D̂ is a biproper rational function, there holds that the spectral
density F̂ given by (4.30) is real parahermitian meromorphic in C, with poles given by
the inclusion in (4.32). Consequently, by Lemma 2.5, F̂ = N/D, where N and D are
real parahermitian entire functions with no common zeros in C; i.e., (4.31) holds with
Z[D] = P[F̂ ] and Z[N ] = Z[F̂ ]. Hence (4.32) follows and we have to show that the
inclusion of (4.33) holds. Now, by [9, Theorem 2, p. 67], the inverse spectral density
F̂−1 can be written as

F̂−1 = Ŵ Ŵ∗,

where

Ŵ (s) = D̂(s)−1 [1 + K0(sI −A−BK0)
−1B] ∈ Â−.

Therefore the zero set of F̂ , i.e., the pole set of F̂−1, satisfies

Z[F̂ ] = P[F̂−1] ⊂ {z,−z : z ∈ σ(A + BK0)},

and the inclusion in (4.33) holds. Finally F̂ is holomorphic in a vertical strip Sδ for
some δ > 0 by its pole structure and because it is coercive.

It remains to be proved that the transfer function Ĝ(s) = C(sI − A)−1B is a
meromorphic function of finite order, whence so will be the spectral density F̂ given
by (4.30). Since C and B are bounded linear operators of finite-rank, and (φn) and
(ψn) are Riesz bases, the sequences ((Cφn)) and (〈b, ψn〉) are in l2. It follows by
(4.36) that

Ĝ(s) =

∞∑
n=1

dn(s− λn)−1,

where the product sequence (dn) := ((Cφn))·〈b, ψn〉) is in l1, i.e., absolutely summable,
and convergence is pointwise. It follows that

|Ĝ(s)| ≤ K

d(s, σ(A))
,(4.37)

for some constant K, where d(s, σ(A)) denotes the distance between s and σ(A),
which is given by

d(s, σ(A)) := inf {|s− λ| : λ ∈ σ(A)}.
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In view of Lemma 4.5, |λn| −→ ∞ as n → ∞. Hence, for any positive real number
R, there exists a nonnegative integer n(R) such that

|λn| > R for all n > n(R).

Because of assumption (4.18), the maximum number of poles of the function Ĝ
in a disc {s ∈ C : |s| ≤ R} of arbitrarily large radius R, namely, n(R), is such that

n(R) = O(R2).(4.38)

Moreover, in the annulus defined by the circles centered at the origin with radii
R and R + 1, respectively, the number of poles of Ĝ is O(R), i.e., is equal to κR for
some constant κ. These poles can be arranged in increasing order of modulus, say,

R0 := R ≤ R1 ≤ · · · ≤ RκR ≤ RκR+1 := R + 1.

This set is formed of at most κR + 2 numbers which are contained in an interval
of length one. So the maximum gap between two consecutive numbers among them
is at least (κR + 1)−1. Now if a point s ∈ C is such that |s| lies in the middle of this
gap, then the distance from s to the nearest pole of Ĝ is at least (2(κR + 1))−1, i.e.,
O(R−1). Hence

d(s, σ(A)) = O

(
1

R

)
on a circle C(0, rR) := {s ∈ C : |s| = rR}, where R < rR < R + 1.

Thus, by inequality (4.37),

|Ĝ(s)| = O(R) on the circle C(0, rR).(4.39)

It follows from (4.38) and (4.39) that the counting and proximity functions of Ĝ
satisfy, respectively,

N(rn, Ĝ) = O(r2
n) and m(rn, Ĝ) = O(log rn) as n → ∞,

where the sequence of points (rn) is such that, for all n, n < rn < n + 1; whence

T (rn) = O
(
r2
n

)
as n → ∞.

Since the characteristic function T (r) := T (r, Ĝ) of Ĝ is a monotonically increas-
ing function of r > 0, it follows that

T (r) = O(r2) as r → ∞.(4.40)

Observe that the order ρ of the meromorphic function Ĝ is the lower bound of all
positive numbers k such that T (r) = O(rk) as r → ∞. Hence, in view of (4.40), the
function Ĝ is of finite order ρ ≤ 2.

We are now ready to show that the symmetric extraction method of spectral
factorization works for such systems.

Theorem 4.8. Let the assumptions of Lemma 4.6 hold. Consider the coercive
real spectral density F̂ given by (4.30), where (N̂ , D̂) is the right-coprime fraction
of the transfer function Ĝ(s) = C(sI − A)−1B, which is given by (4.29) for some
stabilizing feedback operator K ∈ L(H,R) such that (4.28) holds. Then the symmetric
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extraction method of spectral factorization of the spectral density F̂ is convergent, i.e.,
the conclusions (a) and (b) of Theorem 4.4 hold.

Proof. From the initial stabilization procedure described above, it is clear that
one may assume without loss of generality that the open-loop C0-semigroup (eAt)t≥0

is exponentially stable. Hence without loss of generality, poles and zeros of F̂ are a
subset of, respectively, the λn and the λcn mentioned above. The conclusions then
follow directly from Lemmas 4.5–4.7, by using Theorem 4.4.

5. Example: Vibrating string with low damping. The main result of the
last section, viz., Theorem 4.8, is now used in order to apply the symmetric extraction
method to a lowly damped vibrating string model, with the purpose of illustrating a
case of slow convergence.

In what follows z(t, x) denotes the vertical position of a damped vibrating string
at the place x ∈ [0, 1] and time t ≥ 0 that is described by the PDE

ztt(t, x) = zxx(t, x) − 2βzt(t, x) + b(x)u(t),(5.1)

where the damping parameter β ∈ (0, π) (low damping) and for all t ≥ 0, z(t, 0) =
z(t, 1) = 0; moreover, u(t) ∈ R is a scalar input, and b(x) is a window function given
for νi > 0 small and [xi − νi, xi + νi] ⊂ [0, 1] by

b(x) := (2νi)
−1χ[xi−νi,xi+νi](x), x ∈ [0, 1].(5.2)

The scalar output y(t) ∈ R is given by

y(t) :=

∫ 1

0

c(x)z(t, x)dx,(5.3)

where c(x) is a window function which for νo > 0 small and [xo − νo, xo + νo] ⊂ [0, 1]
reads

c(x) := (2νo)
−1χ[xo−νo,xo+νo](x), x ∈ [0, 1].(5.4)

It is moreover assumed that

xi − νi > 0, xo − νo > xi + νi, and xo + νo < 1.(5.5)

In order to show that the theory of subsection 4.2 applies to this example, we first
derive a semigroup state-space model of the form (4.16) for this system. The reader
is referred to [17, Examples 2.2.5 and 2.3.8] and [1, Example 3.5.3] for more detail.
Consider the Hilbert space H = L2(0, 1) with standard scalar product 〈·, ·〉2, which is
antilinear in its second argument. Let A : (D(A) ⊂ H) → H be the generator of a
C0-semigroup (eAt)t≥0 on H given by

Az = z′′, D(A) = {z ∈ H2(0, 1) : z(1) = 0, z(0) = 0} = H2(0, 1) ∩ H1
0(0, 1).

(5.6)

Since A = A∗ < 0, A generates on H an analytic semigroup that is exponentially
stable. Moreover, D[(−A)

1
2 ] equipped with the graph norm of (−A)

1
2 is a Hilbert

space that can be identified with H1
0(0, 1) equipped with the norm ||z′||2 for any

z ∈ H1
0(0, 1) [1, Example 3.5.3]. In this sense it is possible to consider the Hilbert

space

H := D[(−A)
1
2 ] ⊕ H = H1

0(0, 1) ⊕ H,(5.7)
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with scalar product

〈ζ, η〉H := 〈ζ ′1, η′1〉2 + 〈ζ2, η2〉2 ∀ ζ =

[
ζ1

ζ2

]
, η =

[
η1

η2

]
∈ H.(5.8)

Recall now b(·) and c(·) given by (5.2) and (5.4), and define B ∈ L(R,H) and C ∈
L(H,R) by, respectively,

Bu := b(·)u ∀ u ∈ R and Cz := 〈c(·), z(·)〉2 =

∫ 1

0

c(x)z(x)dx ∀ z ∈ H.(5.9)

Consider now A : (D(A) ⊂ H) → H given by

A :=

[
0 I

A −2βI

]
, D(A) = D(A) ⊕ H1

0(0, 1),(5.10)

and B ∈ L(R,H) and C ∈ L(H,R) defined by

Bu :=

[
0

Bu

]
∀ u ∈ R and Cζ :=

[
C 0

] [ ζ1

ζ2

]
∀ ζ ∈ H.(5.11)

Observe that C ∈ L(H,R) because 〈c(·), z(·)〉2 = 〈−
∫ ·
0
c(ξ)dξ, z′(·)〉2 for any z ∈

H1
0(0, 1). It turns out that A is the generator of an exponentially stable C0-semigroup

(eAt)t≥0 of contraction on H [17, Example 2.2.5] and A is a Riesz-spectral operator
[17, Definition 2.3.4, Example 2.3.8]. More precisely, A is a Riesz-spectral operator
that has for k ∈ Z0 countably many complex eigenvalues λk given by

λk = −β + j sign(k)
√

(kπ)2 − β2,(5.12)

with primal Riesz basis of eigenvectors

φk(x) =

[
φk1(x)

φk2(x)

]
=

[
1

λk

]
sign(k) sin(kπx)

λk
x ∈ [0, 1] ∀k ∈ Z0,(5.13)

and dual Riesz basis of eigenvectors

ψk(x) =

[
ψk1(x)

ψk2(x)

]
=

[
1

−λk

]
sign(k) sin(kπx)

j Im(λk)
x ∈ [0, 1] ∀k ∈ Z0,(5.14)

such that

||φk||2H = 1 and ||ψk||2H =
(kπ)2

(kπ)2 − β2
.

Hence by [17, Theorem 2.3.5] the spectrum of A satisfies

σ(A) = {λk : k ∈ Z0},

where the eigenvalues λk are given by (5.12) and the growth constant of the semigroup
(eAt)t≥0 generated by A is given by

ω0 := inf
t>0

(
1

t
log ||eAt||

)
= sup

k∈Z0

Re λk = −β.
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Thus, for σ ∈ (−β, 0], ||eAt|| ≤ M exp(σt) for all t ≥ 0, and for such σ, (eAt)t≥0 is
σ-exponentially stable [17, Definition 5.1.1].

Upon identifying ζ1(t)(·) := z(t, ·) and ζ2(t)(·) := zt(t, ·), the PDE model de-
scribed by (5.1)–(5.5) can be given an infinite-dimensional state-space description of
the form (4.16) on the state-space ζ = [ζ1, ζ2]

T ∈ H given by

ζ̇ = Aζ + Bu(t) and y(t) = Cζ(t),(5.15)

where one uses the mild solution of the state differential equation, viz.,

ζ(t) = eAtζ(0) +

∫ t

0

eA(t−τ)Bu(τ)dτ, t ≥ 0, ζ(0) ∈ H,(5.16)

and where A is a Riesz-spectral operator satisfying condition (4.17).
In addition, it follows from the fact that the semigroup (eAt)t≥0 is exponentially

stable that (4.20) holds. Thus it remains to be proved that (4.18) and (4.19) hold.
Now observe that, for all k, l ∈ Z0 such that k 	= l, there holds

|λk − λl| ≥
√
π2 − β2;

whence (4.18) holds with

δ = inf { |λk − λl| : k, l ∈ Z0 , k 	= l} ≥
√
π2 − β2 > 0.

Finally, for all k, l in Z0 such that k 	= l, there holds

|λl − λk|2 > (lπ)2 − β2 > 0,

when sign(k) 	= sign(l), and

|λl − λk|2 =

(
π2 (k2 − l2)√

(kπ)2 − β2 +
√

(lπ)2 − β2

)2

> π2 (k − l)2 > 0,

when sign(k) = sign(l). It follows that, for all k in Z0,∑
l ∈ Z0
l �=k

1

|λl − λk|2
≤

∑
l ∈ N

1

(lπ)2 − β2
+

1

π2
·
∑
l ∈ Z

l �=k

1

(l − k)2
.

Hence condition (4.19) is satisfied with

µ = sup

⎧⎪⎪⎨⎪⎪⎩
∑
l ∈ Z0
l �=k

1

|λl − λk|2
: k ∈ Z0

⎫⎪⎪⎬⎪⎪⎭ ≤
∑
l ∈ N

1

(lπ)2 − β2
+

1

π2
·
∑
l ∈ Z0

1

l2
< ∞.

In view of Remark 4.5 (α), it follows from the exponential stability of the semi-
group (eAt)t≥0 that the corresponding LQ-optimal control based (coercive) spectral

density F̂ to be factorized can without loss of generality be chosen to be

F̂ = 1 + ĝ∗ ĝ,(5.17)
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where ĝ ∈ Â− is the vibrating string model transfer function, which is given by

ĝ(s) =
sin(

√
ρs(1 − xo))

sin(
√
ρs)

·
sin(

√
ρsνo)√

ρsνo
·
sin(

√
ρsxi)√
ρs

·
sin(

√
ρsνi)√

ρsνi
(5.18)

or, equivalently,

ĝ(s) =
sinh(

√
rs(1 − xo))

sinh(
√
rs)

· sinh(
√
rsνo)√

rsνo
· sinh(

√
rsxi)√
rs

· sinh(
√
rsνi)√

rsνi
,(5.19)

where ρs := −s(2β + s) and rs := −ρs.
Remark 5.1. As the semigroup (eAt)t≥0 generated by A is σ-exponentially stable

for σ ∈ (−β, 0], and B ∈ L(R,H) and C ∈ L(H,R), there holds by [17, Lemma 7.3.1]
that the transfer function given above belongs to the class Â−(σ) and to the class
Â(σ) for σ ∈ (−β, 0]. As the corresponding impulse response g(t) has no impulses,
one has exp(−σ·)g(·) ∈ L1(0,∞), sup Re s≥σ |ĝ(s)| < ∞, and ĝ(s) is zero at infinity in
Cσ+ := {s ∈ C : Re s ≥ σ}.

Now observe that the spectral density F̂ can be written as

F̂ =
N

D
,(5.20)

where N and D are the real parahermitian entire functions given, respectively, by

N(s) := n(−s) · n(s) + d(−s) · d(s) and D(s) := d(−s) · d(s),(5.21)

where d and n are, respectively, the denominator and numerator of the transfer func-
tion ĝ, which are the entire functions given, respectively, by

d(s) :=
sin(

√
ρs)√

ρs
=

sinh(
√
rs)√

rs
,(5.22)

and

n(s) := ĝ(s) d(s),(5.23)

where the zeros of d are exactly the open-loop eigenvalues λk, given by (5.12). Observe
that the numerator N and denominator D of the spectral density F̂ above may have
infinitely many common zeros (see Remark 4.5 (β)). In addition observe that, in
view of (5.21)–(5.22), the entire functions N and D are of finite order (see, e.g., [37,
Example 1, p. 76]).

It follows from the analysis above that, by Theorem 4.8, the spectral factorization
by symmetric extraction of the spectral density F̂ given by (5.20)–(5.22) is convergent;
i.e., the conclusions (a) and (b) of Theorem 4.4 hold.

Numerical results are presented in Table 5.1. These results were obtained for the
following parameter values: β = 2, xi = 0.02, xo = 1− xi = 0.98, and νi = νo = 0.01.
It is found that the closed-loop eigenvalues λcn have numerically a constant real part
equal to −2 and hence are vertically distant from the open-loop ones by |λn − λcn|.
One can observe that the convergence is slow. Moreover, the absolute and relative
errors are overall decreasing in an oscillatory manner. Further numerical evidence
leads us to conjecture that |λn − λcn| is of order n−α, where α is slightly larger than
one.
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Table 5.1

Eigenvalues, eigenvalue errors δn := |λn − λcn| (versus the sequences (1/n) and (1/n2)).

n λn δn n · δn n2 · δn
1 -2+2.42j 1.55e-7 1.55e-7 1.55e-7
2 -2+5.96j 3.26e-7 6.52e-7 1.30e-6
3 -2+9.21j 6.05e-7 1.81e-6 5.44e-6
4 -2+12.41j 9.79e-7 3.92e-6 1.57e-5
5 -2+15.58j 1.43e-6 7.16e-6 3.58e-5
16 -2+50.23j 6.28e-6 1.01e-4 1.62e-3
17 -2+53.37j 6.31e-6 1.07e-4 1.82e-3
18 -2+56.51j 6.25e-6 1.12e-4 2.02e-3
19 -2+59.66j 6.10e-6 1.16e-4 2.22e-3
20 -2+62.80j 5.86e-6 1.17e-4 2.34e-3
21 -2+65.94j 5.56e-6 1.17e-4 2.46e-3
22 -2+69.09j 5.21e-6 1.15e-4 2.53e-3
23 -2+72.23j 4.81e-6 1.11e-4 2.55e-3
24 -2+75.37j 4.38e-6 1.05e-4 2.52e-3
25 -2+78.51j 3.93e-6 9.83e-5 2.46e-3
36 -2+113.08j 4.19e-7 1.51e-5 5.44e-4
37 -2+116.22j 3.01e-7 1.12e-5 4.14e-4
38 -2+119.36j 2.11e-7 8.01e-6 3.04e-4
39 -2+122.51j 1.42e-7 5.56e-6 2.17e-4
40 -2+125.65j 9.26e-8 3.71e-6 1.48e-4

This is theoretically confirmed by the facts that (1) by Lemma 4.6, (5.11), and
(5.14), |λn−λcn| = O(xn

n ), where (xn) is a square-summable sequence, whence α > 1,
and (2) the linearized, i.e., Newton–Raphson, estimate of |λn−λcn| is O( 1

n2 ). Thus as
nonlinear perturbations do not improve the speed of convergence, one has α ∈ (1, 2]:
the situation is comparable with that of Example 4.1.

Notice further that the tail-sums used in (4.6)–(4.8) are here of order 1
nα−1 . Hence

the error analysis of Theorem 4.2 reveals that approximate spectral factorization will
be achieved very slowly, the main reason being the asymptotically linear distribution
of the spectra along a vertical line in the open left half-plane. A better situation is to
be expected when this is not the case, i.e., acceleration by the fact that the real parts
of the closed-loop eigenvalues Re λcn tend to −∞.

6. Conclusion. As we have seen, the symmetric extraction method may be
applied to a wide class of distributed parameter systems, for which its convergence
has been established theoretically.

Another example for which the symmetric extraction method is appropriate is the
beam equation with structural damping (see, e.g., [32, pp. 131–133]), and in this case
one would expect the convergence to be faster, since the real parts of the eigenvalues
tend to −∞. More generally, one would expect the convergence to be faster when
the semigroup is analytic, since in that case the spectrum lies in a sector contained
in some left half-plane; see, e.g., [2].

Other possible techniques for approaching the spectral factorization problem for
distributed parameter systems include a direct approximation of the spectral density
function, but this needs to be treated with caution, since the mapping from spectral
density to spectral factor is discontinuous in the uniform norm (see, e.g., [22]). It
would also be of interest to extend the present methods to multivariable systems (the
finite-dimensional case was analyzed in [4]), but this introduces additional function-
theoretic difficulties.

As a referee has observed, there may be connections between the factorization
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approach taken here and the invariant subspace approach. This could be an interesting
topic for further research, in particular for the special class of Riesz-spectral systems;
see [24].
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Boston, Boston, 1992.

[3] R. P. Boas, Entire Functions, Academic Press, New York, 1954.
[4] F. M. Callier, On polynomial matrix spectral factorization by symmetric extraction, IEEE

Trans. Automat. Control, 30 (1985), pp. 453–464.
[5] F. M. Callier and C. A. Desoer, An algebra of transfer functions of distributed linear time–

invariant systems, IEEE Trans. Circuits Systems, 25 (1978), pp. 651–662.
[6] F. M. Callier and C. A. Desoer, Correction to “An algebra of transfer functions of dis-

tributed linear time–invariant systems,” IEEE Trans. Circuits Systems, 26 (1979), p. 360.
[7] F. M. Callier and L. Dumortier, Partially stabilizing LQ-optimal control for stabilizable

semigroup systems, Integral Equations Operator Theory, 32 (1998), pp. 119–151.
[8] F. M. Callier and J. Winkin, The spectral factorization problem for SISO distributed systems,

in Modelling, Robustness and Sensitivity Reduction in Control Systems, NATO Adv. Sci.
Inst. Ser. F Comput. Systems Sci. 34, R. F. Curtain, ed., Springer-Verlag, Berlin, 1987,
pp. 463–489.

[9] F. M. Callier and J. Winkin, Spectral factorization and LQ-optimal regulation for multi-
variable distributed systems, Internat. J. Control, 52 (1990), pp. 55–75.

[10] F. M. Callier and J. Winkin, LQ-optimal control of infinite-dimensional systems by spectral
factorization, Automatica J. IFAC, 28 (1992), pp. 757–770.

[11] F. M. Callier and J. Winkin, Infinite dimensional system transfer functions, in Analysis and
Optimization of Systems: State and Frequency Domain Approaches to Infinite-Dimensional
Systems, Lecture Notes in Control and Inform. Sci. 185, R. F. Curtain, A. Bensoussan,
and J. L. Lions, eds., Springer-Verlag, Berlin, New York, 1993, pp. 72–101.

[12] F. M. Callier and J. Winkin, The spectral factorization problem for multivariable distributed
parameter systems, Integral Equations Operator Theory, 34 (1999), pp. 270–292.

[13] F. M. Callier and J. Winkin, On spectral factorization by symmetric extraction for dis-
tributed parameter systems, in Proceedings of the 38th IEEE Conference on Decision and
Control, Phoenix, AZ, 1999, pp. 1112–1117.

[14] F. M. Callier and J. Winkin, Spectral factorization by symmetric extraction for distributed
parameter systems, in Proceedings of the International Symposium on the Mathematical
Theory of Networks and Systems, Perpignan, France, 2000; available on CD-ROM, SI21B 2.

[15] R. F. Curtain, Pole assignment for distributed systems by finite-dimensional control, Auto-
matica J. IFAC, 21 (1985), pp. 57–67.

[16] R. F. Curtain, Linear operator inequalities for strongly stable weakly regular linear systems,
Math. Control Signals Systems, 14 (2001), pp. 299–337.

[17] R. F. Curtain and H. Zwart, An Introduction to Infinite-Dimensional Linear Systems The-
ory, Springer-Verlag, Heidelberg, Germany, 1995.

[18] P. Grabowski, The LQ-controller problem: An example, IMA J. Math. Contr. Inform., 11
(1994), pp. 355–368.

[19] P. Grabowski and F. M. Callier, On the circle criterion for boundary control systems in
factor form: Lyapunov stability and Lur’e equations, Internal report 2002/05, University
of Namur, Namur, Belgium, 2002.

[20] G. H. Hardy, A Course of Pure Mathematics, Cambridge Math. Lib. Ser., Cambridge Uni-
versity Press, Cambridge, UK, 1992.

[21] E. Hille, Analytic Function Theory, Vol. I, Ginn, Boston, 1959.
[22] B. Jacob and J. R. Partington, On the boundedness and continuity of the spectral factor-

ization mapping, SIAM J. Control Optim., 40 (2001), pp. 88–106.
[23] B. Jacob, J. Winkin, and H. Zwart, Continuity of the spectral factorization on a vertical

strip, Systems Control Lett., 37 (1999), pp. 183–192.
[24] C. R. Kuiper and H. J. Zwart, Connections between the algebraic Riccati equation and the

Hamiltonian for Riesz-spectral systems, J. Math. Systems, Estim. Control, 6 (1996), pp. 1–
48.



1466 WINKIN, CALLIER, JACOB, AND PARTINGTON

[25] B. Ja. Levin, Distribution of zeros of entire functions, AMS Translations of Mathematical
Monographs 5, AMS, Providence, RI, 1980.

[26] J. E. Marsden, Basic Complex Analysis, W. H. Freeman, New York, 1973.
[27] R. Nevanlinna, Analytic Functions, Springer-Verlag, Berlin Heidelberg, 1970.
[28] A. Pazy, Semigroups of Linear Operators and Applications to Partial Differential Equations,

Appl. Math. Sci. 44, Springer-Verlag, New York, 1983.
[29] C. L. Prather and A. C. M. Ran, A Hadamard factorization theorem for entire matrix valued

functions, Oper. Theory Adv. Appl., 19 (1986), pp. 359–372.
[30] C. L. Prather and A. C. M. Ran, Factorization of a class of meromorphic matrix valued

functions, J. Math. Anal. Appl., 127 (1987), pp. 413–422.
[31] W. Rudin, Real and Complex Analysis, McGraw–Hill, New York, 1974.
[32] D. L. Russell, On mathematical models for the elastic beam with frequency-proportional damp-

ing, in Control and Estimation in Distributed Parameter Systems, SIAM Frontiers Appl.
Math. 11, H. T. Banks, ed., SIAM, Philadelphia, 1992, pp. 125–169.

[33] O. J. Staffans, Quadratic optimal control through coprime and spectral factorizations, Abo
Akademi Reports on Computer Science and Mathematics, 29 (1996), pp. 131–138.

[34] S.-H. Sun, On spectrum distribution of completely controllable linear systems, SIAM J. Control
Optim., 19 (1981), pp. 730–743.

[35] M. Vidyasagar, Control System Synthesis: A Factorization Approach, MIT Press, Cambridge,
MA, 1985.

[36] M. Weiss and G. Weiss, Optimal control of stable weakly regular linear systems, Math. Control
Signals Systems, 10 (1997), pp. 287–330.

[37] R. M. Young, An Introduction to Nonharmonic Fourier Series, Academic Press, New York,
1980.



ERGODIC CONTROL FOR CONSTRAINED DIFFUSIONS:
CHARACTERIZATION USING HJB EQUATIONS∗

VIVEK BORKAR† AND AMARJIT BUDHIRAJA‡

SIAM J. CONTROL OPTIM. c© 2005 Society for Industrial and Applied Mathematics
Vol. 43, No. 4, pp. 1467–1492

Abstract. Recently in [A. Budhiraja, SIAM J. Control Optim., 42 (2003), pp. 532–558] an
ergodic control problem for a class of diffusion processes, constrained to take values in a polyhe-
dral cone, was considered. The main result of that paper was that under appropriate conditions
on the model, there is a Markov control for which the infimum of the cost function is attained. In
the current work we characterize the value of the ergodic control problem via a suitable Hamilton–
Jacobi–Bellman (HJB) equation. The theory of existence and uniqueness of classical solutions, for
PDEs in domains with corners and reflection fields which are oblique, discontinuous, and multivalued
on corners, is not available. We show that the natural HJB equation for the ergodic control problem
admits a unique continuous viscosity solution which enables us to characterize the value function of
the control problem. The existence of a solution to this HJB equation is established via the classical
vanishing discount argument. The key step is proving the precompactness of the family of suitably
renormalized discounted value functions. In this regard we use a recent technique, introduced in
[V. S. Borkar, Stochastic Process Appl., 103 (2003), pp. 293–310], of using the Athreya–Ney–
Nummelin pseudoatom construction for obtaining a coupling of a pair of embedded, discrete time,
controlled Markov chains.
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1. Introduction. In a recent work [10] an ergodic control problem for a class
of constrained diffusion processes, in polyhedral cones, was studied. Such controlled
constrained diffusion processes arise in the heavy traffic analysis of single class open
queuing networks with state dependent arrival and service rates with control in the
marginal service rates (cf. [24]). The study of optimal control of queuing networks in
heavy traffic via the analysis of the control problem for a suitable limit controlled dif-
fusion process is currently an active area of research (cf. [23], [21], [22], [20], [26], [13],
[12], [24], [1]). The control problems considered in the above works (excepting the
last two papers) are somewhat different from that in [10] (and the current work) in
that they correspond to the control of sequencing and routing of jobs in the network.
In the diffusion limit such control problems lead to rather nontrivial singular control
problems with state constraints. In contrast, the current paper (and also [24], [1])
considers the problem of drift control for a diffusion which is constrained to take val-
ues in a polyhedral domain via the action of a suitable Skorohod map. The domain
G ⊂ R

k, which is the state space of the controlled Markov process, is given as an
intersection of N half spaces Gi; i = 1, . . . , N . Associated with each Gi is a vector
di which defines the “direction of constraint” in the relative interior of ∂Gi. At a
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point x ∈ ∂G where several faces meet, there is more than one possible direction
of constraint; in fact, the set of permissible directions is a cone denoted by d(x).
Roughly speaking, the constrained version of a given unrestricted trajectory in R

k is
obtained by pushing back the trajectory, whenever it is about to exit the domain, in
one of the permissible directions of constraint using the minimal force required to keep
the trajectory inside the domain. Precise definitions will be given in section 2. The
constraining mechanism is described via the notion of a Skorohod problem. Under
appropriate conditions on (di)

N
i=1 it follows from the results in [16] that one can define

the “Skorohod map,” denoted as Γ(·), which takes an unrestricted trajectory ψ(·) and
maps it to a trajectory φ(·) .

= Γ(ψ)(·) such that φ(t) ∈ G for all t ∈ (0,∞).
The controlled constrained diffusion process that we will study is obtained as a

solution to the equation

X(t) = Γ

(
X(0) +

∫ ·

0

b(X(s), u(s))ds +

∫ ·

0

σ(X(s))dW (s)

)
(t), t ∈ [0,∞),(1.1)

where W (·) is a standard Wiener process, b : G×U → R
k; σ : G → R

k×k are suitable
coefficients, U is a given control set, and u(·) is a U valued “admissible” control
process. The cost of interest is the ergodic cost criterion

lim sup
T→∞

1

T

∫ T

0

k(X(s), u(s))ds,(1.2)

where the limit above is taken almost surely (a.s.) and k : G × U → R is a suitable
map.

In control theory, one of the most desirable features of a good control is that it
should depend only on the current value of the state and not on the whole history of the
state and/or the control process. Namely, one is interested in obtaining controls u(·)
such that there exists some measurable map v : G → U satisfying u(t) = v(X(t)) a.s.
for all t ∈ [0,∞). Under such a control the solution to (1.1) becomes a Markov process
and for this reason the map v(·) is referred to as a “Markov control.” The main result
of [10] is that, under appropriate conditions on the model (Conditions 2.2, 2.4, 2.5,
and 2.8 in section 2), there is a Markov control for which the infimum of the cost
in (1.2) is attained.

The other important goal in stochastic control theory is the characterization of the
value function of the control problem via a suitable Hamilton–Jacobi–Bellman (HJB)
equation. For unconstrained diffusions this problem has been extensively studied and
we refer the reader to [7] for a detailed account. For the controlled Markov processes
in the present work, the problem is quite challenging since the domain in which the
process is constrained to lie is not smooth (because of the corners where the faces meet)
and the reflection field is oblique, discontinuous, and multivalued at the boundary
points which lie on more than one face. The theory of existence and uniqueness of
classical solutions for PDEs in such domains is not available. However, using the
fundamental ideas of Crandall and Lions [15] and Lions [25], Dupuis and Ishii [17]
have developed an existence and uniqueness theory of viscosity solutions for fully
nonlinear second order elliptic PDEs on such domains. In this work we will show that
the value of the ergodic control problem introduced above can be characterized via
the unique viscosity solution of an appropriate HJB equation. The usual approach
to the HJB equation for the ergodic control is via the “vanishing discount method”
(cf. [14], [9], [7], [4], [27]). In this approach one first studies the value function Vα(x)



ERGODIC CONTROL FOR CONSTRAINED DIFFUSIONS 1469

of the discounted control problem

Vα(x) = inf
u

E

(∫ ∞

0

e−αsk(Xx(s), u(s))ds

)
,(1.3)

where α ∈ (0,∞), the infimum is taken over all admissible controls u, and Xx(·) is
the solution of (1.1) with X(0) ≡ x. For f ∈ C2

b (G) let Lf : G×U → R be defined as

(Lf)(x, u)
.
=

1

2

k∑
i,j=1

ai,j(x)
∂2f

∂xi∂xj
(x) +

k∑
i=1

bi(x, u)
∂f

∂xi
(x), (x, u) ∈ G× U,(1.4)

where aij(x)
.
= σ(x)σT (x). Using results of [17] we will show that the value func-

tion Vα(x) is the unique viscosity solution (see Definition 3.3) of the following HJB
equation:

inf
u∈U

(Lψ(x, u) + k(x, u) − αψ(x)) = 0, x ∈ G,

(1.5)
〈∇ψ(x), di〉 = 0, x ∈ ∂G, i ∈ In(x),

where In(x)
.
= {i ∈ {1, 2, . . . , N} : x ∈ ∂Gi}. We remark that the work [17] con-

siders the case where the domain is bounded; however, by a slight modification the
techniques there can be used to cover the case in the present work.

In order to study the HJB equation of the ergodic control problem, we need to
take the limit as α → 0. The key step in this program is to show that the family

{V α(·) .
= Vα(·) − Vα(0), α ∈ (0,∞)}(1.6)

is precompact in C(G). The classical derivation (see Theorem VI.3.1 of [7]) of such
a result makes use of certain gradient estimates on Vα(x), uniform in α, which we
are unable to prove for the model considered in the present work. Another approach
based on viscosity solutions, taken in [4], proves the above precompactness by making
some strong stability assumptions on the model (a restoring force toward bounded
sets that grows without bound as |x| → ∞) which are not natural for the constrained
diffusion models that arise from the heavy traffic analysis of queuing networks. In
the present work we prove the precompactness of the family in (1.6) by using the
Athreya–Ney–Nummelin pseudoatom construction which was recently introduced in
the context of partially observed ergodic control problems in [5]. The importance of
pseudoatom construction ideas in ergodic control problems has also been pointed out
in [28]. Using this construction, the precompactness of the family of (renormalized)
discounted value functions for a partially observed control problem was proved in [8].
One of the key requirements for the coupling methods used in the above cited works
to work, is the existence of a suitable Lyapunov function for the underlying controlled
Markov processes. For the processes considered in the present work, the existence of
such a Lyapunov function was proved in [2]. Using this Lyapunov function one can
show that a Foster-type drift criterion is satisfied for an appropriate embedded discrete
time controlled Markov chain. This, along with the pseudoatom construction, enables
us to show that the coupling time, for two embedded controlled Markov chains driven
by the same Markov control and independent noise processes but with two different
initial conditions, has finite moments. The above step is the main ingredient to the
proof of the precompactness of (1.6).

Once the precompactness is proved, one can take the limit of (αVα(0), V α(·)),
along a subsequence, as α → 0. Then by stability (under perturbations) properties of
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viscosity solutions it follows that the limit, denoted as (ρ, V (·)), is a viscosity solution
of the HJB equation for the ergodic control problem (see (5.2)). The rest of the
work involves showing that this equation admits a unique solution and that ρ is the
infimum, over all admissible controls, of the cost function in (1.2).

The control problem considered in this work is motivated by average cost per unit
time control problems for open queuing networks in heavy traffic. Consider a stochas-
tic processing network consisting of k service stations each having input streams of
jobs, possibly from outside and from other service stations in the network. The rout-
ing of the jobs in the network is probabilistic but uncontrolled and fixed (see [24]).
More precisely, on completion of service at the ith station a customer is routed to
station j with probability pij . The interarrival times of external streams of customers,
in general, need not be independent, and their probability distribution could be state
dependent. Here the state of the system is given by the vector of queue lengths at
the various stations in the network. The system is “single class” in that the service
rates at a given station do not depend on the customer type; however, the service
rates could be state dependent. Furthermore, a system manager may exercise control
to adjust the marginal service rates. This is the only mode of control in the system.
The goal of the system manager is to control the marginal service rates in order to
minimize a long term average cost per unit time where the cost function could depend
on the queue lengths and the control process. Such a control problem was considered
in [24] under a further restriction that the buffer lengths at all the service stations are
finite. The authors showed that under appropriate assumptions on the arrival, ser-
vice processes, routing probability matrix, and suitable heavy traffic conditions, such
a control problem can be approximated by an ergodic control problem for certain con-
trolled diffusions in compact polyhedral domains with control appearing only in the
drift term. The compactness of the domain is a consequence of assumption of finite
buffers at every station. More precisely, the authors show that the value function for
the suitably scaled queuing network problem converges to the value function of the
diffusion control problem as the scaling parameter approaches its limit. Furthermore,
it is shown that an almost optimal solution for the limiting diffusion control problem
can be used to obtain a near optimal solution to the network control problem when
the network is close to heavy traffic. Thus it becomes of key importance to obtain
methods for computing or numerically approximating controls for the limit diffusion
control problem. In this work we consider the infinite buffer analogue of the control
problem studied in [24]. Since in this setting one does not have the compactness of
the state space which is critically exploited in the analysis of [24], the precise connec-
tion between the ergodic cost problem for the network and the corresponding control
problem for the diffusion is still an open issue. Our goal in the current work is to take
a first step in this direction by studying the properties of the formal diffusion control
problem that arises in the heavy traffic analysis of the above described control prob-
lem. The main result of this work, namely, the characterization of the value function
of the limit control problem as a unique solution of a suitable HJB equation, is the
first step in numerically solving for an almost optimal control for the diffusion control
problem. The eventual goal, of course, is to establish the convergence of the value
function of the network control problem to the value function of the diffusion control
problem and then obtain near optimal controls for the underlying queuing network.
This will be studied in our future work.

The paper is organized as follows. In section 2 we present some preliminary
definitions and known results that will be used in this work. Section 3 is devoted to
showing that the value function of the discounted cost problem is the unique solution
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of the HJB equation in (1.5). In section 4 we present the pseudoatom construction
and use it to show the precompactness of the family in (1.6). In section 5, by taking
the limit as α → 0 we obtain a viscosity solution of the HJB equation for the ergodic
control problem. Finally, we characterize the value function by showing that the
equation admits a unique viscosity solution.

2. Preliminaries and background results. Let G ⊂ R
k be a polyhedral cone

with the vertex at the origin given as the intersection of half spaces Gi, i = 1, . . . , N .
Each half space Gi is associated with a unit vector ni via the relation Gi = {x ∈
R

k : 〈x, ni〉 ≥ 0}, where 〈·, ·〉 denotes the usual inner product in R
k. Denote the

boundary of a set B ⊂ R
k by ∂B. We will denote the set {x ∈ ∂G : 〈x, ni〉 = 0} by

Fi. For x ∈ ∂G, define the set, n(x), of inward normals to G at x by n(x)
.
= {r : |r| =

1, 〈r, x− y〉 ≤ 0, ∀y ∈ G}. With each face Fi we associate a unit vector di such that
〈di, ni〉 > 0. This vector defines the direction of constraint associated with the face
Fi. For x ∈ ∂G define d(x)

.
= {d ∈ R

k : d =
∑

i∈In(x) αidi; αi ≥ 0; ‖d‖ = 1}. We will

denote the collection of all subsets of {1, . . . , N} by Λ.
Let D([0,∞) : R

k) denote the set of functions mapping [0,∞) to R
k that are

right continuous and have limits from the left. We endow D([0,∞) : R
k) with the

usual Skorohod topology. Let DG([0,∞) : R
k)

.
= {ψ ∈ D([0,∞) : R

k) : ψ(0) ∈ G}.
For η ∈ D([0,∞) : R

k) let |η|(T ) denote the total variation of η on [0, T ] with respect
to the Euclidean norm on R

k.
Definition 2.1. Let ψ ∈ DG([0,∞) : R

k) be given. Then (φ, η) ∈ D([0,∞) :
R

k) ×D([0,∞) : R
k) solves the Skorohod problem (SP) for ψ with respect to G and

d if and only if φ(0) = ψ(0), and for all t ∈ [0,∞) (1) φ(t) = ψ(t) + η(t); (2)
φ(t) ∈ G; (3) |η|(t) < ∞; (4) |η|(t) =

∫
[0,t]

I{φ(s)∈∂G}d|η|(s); (5) There exists (Borel)

measurable γ : [0,∞) → R
k such that γ(t) ∈ d(φ(t)) (d|η| almost everywhere (a.e.))

and η(t) =
∫
[0,t]

γ(s)d|η|(s).
On the domain D ⊂ DG([0,∞) : R

k) on which there is a unique solution to the
SP we define the Skorohod map (SM) Γ as Γ(ψ)

.
= φ, if (φ, ψ − φ) is the unique

solution of the SP posed by ψ. The following is the key assumption made in [10] on
the data defining the SP.

Condition 2.2. (a) There exists a compact, convex set B ∈ R
k with 0 ∈ B0 such

that if v(z) denotes the set of inward normals to B at z ∈ ∂B, then for i = 1, 2, . . . , N ,
z ∈ ∂B and |〈z, ni〉| < 1 implies that 〈v, di〉 = 0 for all v ∈ v(z). (b) There exists a
map π : R

k → G such that if y ∈ G, then π(y) = y, and if y 
∈ G, then π(y) ∈ ∂G,
and y − π(y) = αγ for some α ≤ 0 and γ ∈ d(π(y)). (c) For every x ∈ ∂G, there is
n ∈ n(x) such that 〈d, n〉 > 0 for all d ∈ d(x).

An important consequence of the above assumption is the regularity of the SM
in the following sense.

Theorem 2.3 (Dupuis and Ishii [16]). Under Condition 2.2 the SM is well
defined on all of DG([0,∞) : R

k), i.e., D = DG([0,∞) : R
k), and the SM is Lipschitz

continuous in the following sense. There exists a K < ∞ such that for all φ1, φ2 ∈
DG([0,∞) : R

k)

sup
0≤t<∞

|Γ(φ1)(t) − Γ(φ2)(t)| < K sup
0≤t<∞

|φ1(t) − φ2(t)|.(2.1)

In the rest of the paper Condition 2.2 will always be taken to hold. We refer the
reader to [18] for sufficient conditions and examples for which the above condition
holds. We will also assume without loss of generality that K ≥ 1.
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We now introduce the controlled constrained diffusion processes that will be stud-
ied in this paper. Throughout this paper we will assume the relaxed control frame-
work; i.e., there is a compact metric space S such that the control set is U

.
= P(S) (the

space of all probability measures on S endowed with the weak convergence topology).
All topological spaces in this paper will be endowed with their natural Borel σ-field.
For a topological space K, we will denote its Borel σ-field by B(K). The space of all
real, measurable and bounded functions defined on K will be denoted as BM(K), the
subset of BM(K) consisting of continuous functions will be denoted by Cb(K), and the
space of all probability measures on (K,B(K)) will be denoted by P(K). The space
P(K) will be endowed with the weak convergence topology. For A ∈ B(K), IA(·) will
denote the indicator function of the set A. Also, we will denote by C2

b (G) the space
of real valued, bounded and twice continuously differentiable functions on G. By a
filtered probability space (Ω,F , P, (Ft)) we will mean a probability space (Ω,F , P )
endowed by a filtration (Ft)t≥0 satisfying the usual hypothesis. A pair of stochastic
processes (u(·),W (·)) defined on some filtered probability space (Ω,F , P, (Ft)) is said
to be an admissible pair if W (·) is an Ft-standard Wiener process and u(·) is a U
valued, measurable, {Ft} adapted process.

We will consider controlled constrained diffusion processes of the form defined
in (1.1), where for (x, u) ∈ G × U , b(x, u)

.
=

∫
S
b(x, α)u(dα) and the coefficients

σ : G → R
k×k and b : G× S → R

k satisfy the following conditions.
Condition 2.4. There exists r ∈ (0,∞) such that

(i) b is a continuous map and for all x, y ∈ G and α ∈ S

‖b(x, α) − b(y, α)‖ + ‖σ(x) − σ(y)‖ ≤ r‖x− y‖.

(ii) For all x ∈ G and α ∈ S

‖b(x, α)‖ + ‖σ(x)‖ ≤ r.

We will also assume the following nondegeneracy assumption on σ.
Condition 2.5. There exists c0 ∈ (0,∞) such that for all x ∈ G and α ∈ R

k

α′(σ(x)σ′(x))α ≥ c0α
′α.

In the rest of the paper, in addition to Condition 2.2, Conditions 2.4 and 2.5
will also be assumed to hold. Under these conditions, it follows, via the Lipschitz
property of the SM and the usual fixed point arguments, that (1.1) admits a unique
strong solution (cf. Theorem 2.6 of [10]). If X(·) solves (1.1), then (cf. Theorem 3.5.1
of [23]) there exist continuous, increasing Ft adapted processes {Yi(·); 1 ≤ i ≤ N}
such that

X(t) = X(0) +

∫ t

0

b(X(s), u(s))ds +

∫ t

0

σ(X(s))dW (s) +

N∑
i=1

diYi(t)(2.2)

for all t, a.s. Furthermore, Yi(0) = 0 and for all t > 0
∫ t

0
IFi

(X(s))dYi(s) = Yi(t),
a.s., i = 1, . . . , N . The following lemma essentially says that in considering admissi-
ble controls, we can without loss of generality restrict ourselves to controls that are
adapted with respect to the filtration generated by (X(·), Y (·)). The proof is similar
to Theorem 1.2.2, p. 18, of [7] and is therefore omitted.

Lemma 2.6. Let (Ω,F , {Ft}, P ) be a filtered probability space on which is given
an admissible pair (u(·),W (·)). Let X(·) be a solution to (1.1) with the correspond-
ing boundary processes {Yi(·)}Ni=1 as in (2.2). Then there exists an enlargement
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(Ω,F , {F t}, P ) of the above probability space on which is given an {F t} Wiener
process W̃ (·) and P(S) valued measurable stochastic process ũ(·) such that for a.e.

t ∈ [0,∞), ũ(t) is FX,Y
t measurable (ũ is called a feedback control), where FX,Y

t

denotes the P completion of σ{X(s); {Yi(s)}Ni=1; 0 ≤ s ≤ t}, and X(·) solves

X(t) = X(0) +

∫ t

0

b(X(s), ũ(s))ds +

∫ t

0

σ(X(s))dW̃ (s) +

N∑
i=1

diYi(t).

Henceforth, without loss of generality, we will assume that all controls are feedback
controls. Next we introduce Markov controls. We begin with the following definition.

Definition 2.7. Let v : G → U be a measurable map. We say that the equation

X(t) = Γ

(
X(0)+

∫ ·

0

b(X(s), v(X(s)))ds +

∫ ·

0

σ(X(s))dW (s)

)
(t), X(0) ∼ µ,(2.3)

admits a weak solution if there exists a filtered probability space (Ω,F , P, {Ft}) on
which is given an {Ft} Wiener process W (·) and an Ft adapted process X(·) with
continuous paths such that X(0) has the probability law µ and for all t the equality
in (2.3) holds a.s. We say that (2.3) admits a unique weak solution if whenever there
are two sets of such spaces and processes denoted as (Ωi,F i, P i,F i

t ), (W i(·), Xi(·)),
i = 1, 2, then the probability law of X1(·) is the same as that of X2(·).

With an abuse of terminology, the map v will be referred to as a “Markov control.”
Under the standing assumptions of this paper there is a unique weak solution for (2.3),
and denoting the law of the solution process X(·), when X(0) = x a.s., by P v

x it can
be shown that {P v

x }x∈G is a strongly Feller Markov family (cf. Theorem 2.9 of [10]).
We will call a Markov control v a stable Markov control (SMC) if the correspond-

ing Markov family {P v
x }x∈G is positive recurrent and has a unique invariant measure.

We will now present the blanket stability condition, introduced in [10] under which
all Markov controls are stable.

Define

C .
=

{
−

N∑
i=1

αidi : αi ≥ 0; i ∈ {1, . . . , N}
}
.(2.4)

The cone C was used to characterize stability for a certain class of constrained diffusion
processes in [11, 3].

Let δ ∈ (0,∞) be fixed. Define the set

C(δ)
.
= {v ∈ C : dist(v, ∂C) ≥ δ}.(2.5)

The blanket stability condition below, which will be assumed throughout this paper,
stipulates the permissible drifts in the underlying diffusion.

Condition 2.8. There exists a δ ∈ (0,∞) such that for all (x, u) ∈ G × U ,
b(x, u) ∈ C(δ).

Under the assumptions made above the results of [3] show that all Markov controls
are SMC, namely, that the following theorem holds.

Theorem 2.9. The Markov family {P v
x }x∈G defined above is positive recurrent

and admits a unique invariant measure, denoted as ηv.
In this work we are interested in a control problem with an ergodic cost criterion.

Namely, we are interested in minimizing, over the class of all admissible controls, the
cost
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lim sup
t→∞

1

t

∫ t

0

k(X(s), u(s))ds,(2.6)

where X(·) is given as a solution of (2.2) on some filtered probability space with
an admissible pair (u(·),W (·)), the limit above is taken a.s. on the corresponding
probability space, and k : G×U → R is a map defined as follows. For (x, u) ∈ G×U ,
k(x, u)

.
=

∫
S
k(x, α)u(dα), where k is in Cb(G× S).

Under the assumptions made above, the following result on the existence of an
optimal Markov control was proved in [10].

Theorem 2.10. There exists a Markov control v(·) such that if for some µ ∈
P(G), X(·) is the corresponding process solving (2.3) (with v there replaced by v), on
some filtered probability space, with the probability law of X(0) being µ, then

lim sup
T→∞

1

T

∫ T

0

k(X(s), v(X(s)))ds = inf ess inf lim sup
T→∞

1

T

∫ T

0

k(X(s), u(s))ds(2.7)

a.s., where the outside infimum on the right-hand side above is taken over all controlled
processes X(·) with an arbitrary initial distribution and solving (1.1) over some filtered
probability space with some admissible pair (W (·), u(·)).

3. The discounted cost problem. One of the important goals in optimal
control theory is to derive the HJB equation for the value function and characterize
the value function as the unique solution (in an appropriate class) of the PDE.

The classical approach to the HJB equation for the ergodic control is by the
“vanishing discount method” (cf. [14], [9], [7], [4]). In this approach the first step is to
study the value function Vα(x) of the discounted control problem defined via (1.3). In
this section we will characterize the value function Vα(x) via a suitable HJB equation.

With an abuse of notation, for α ∈ S we will write (Lf)(x, δ{α}) merely as
(Lf)(x, α), where δ{α} denotes the probability measure concentrated at the point α.
Thus with this notation, for (x, u) ∈ G × U , (Lf)(x, u) =

∫
S
(Lf)(x, α)u(dα). For

i = 1, 2, . . . , N and f ∈ C2
b (G) let Dif : G → R be defined as (Dif)(x)

.
= 〈di,∇f(x)〉,

x ∈ G. The natural HJB equation associated with the control problem (1.3) is the
one given in (1.5). A theory of classical solutions for such a PDE is not available, and
therefore we will consider solutions in the viscosity sense [15], [25], [17]. We begin
with the following proposition. The proof is identical to Theorem III.2.1 of [7] and,
therefore, is omitted.

Proposition 3.1. Let α∈ (0,∞) and let Vα be defined by (1.3). Then Vα ∈Cb(G).
Now let (Xx(·), Y x(·)) be given as a solution of (2.2) with X(0) ≡ x. Let η

be stopping time with respect to the natural filtration of (Xx(·), Y x(·)). Then one
can prove the following dynamic programming principle, exactly along the lines of
Theorem III.1.3 of [7] (cf. comments above equation (III.1.8) of [7]).

Vα(x) = inf E

(∫ η

0

e−αtk(Xx(t), u(t))dt + e−αηVα(Xx(η))

)
,(3.1)

where the infimum is taken over all feedback controls u. The following lemma will be
useful in controlling the reflection term (Y (·)) in (2.2).

Lemma 3.2. Let (Xx(·), Y x(·)) be given as a solution of (2.2) with X(0) ≡ x.
Then for every m ∈ N, there exists a Cm ∈ (0,∞), which is independent of the initial
condition x, the control process u, and t ∈ (0,∞) such that

sup
i∈{1,2,...,N}

E(Yi(t))
m ≤ Cmt

m
2 .
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Proof. From Lemma 4.2 of [10], there exists a g ∈ C2
b (G) such that

〈∇g(x), di〉 ≥ 1, ∀x ∈ Fi, i ∈ {1, . . . , N}.(3.2)

An application of Itô’s formula yields that for all i ∈ {1, 2, . . . , N}

Yi(t) ≤
∣∣∣∣∫ t

0

(Lg)(X(s), v(X(s)))ds

∣∣∣∣+∣∣∣∣∫ t

0

〈∇g(X(s)), σ(X(s))dW (s)〉
∣∣∣∣+|g(Xt)−g(X0)|.

The result now follows on recalling that g is in C2
b (G) and using the boundedness of b,

σ, Burkholder–Gundy inequalities, the Lipschitz property of the SM, and Gronwall’s
inequality.

Next we say what we mean by the viscosity solution of (1.5). Denote by Sk the
space of k× k real symmetric matrices. Let Fα : G×R×R

k × Sk → R be defined as

Fα(x, r, p,M)
.
= −1

2
Tr(aM) + αr − inf

u∈U
{〈b(x, u), p〉 + k(x, u)}.(3.3)

Also, define Fα,∗ and F ∗
α as maps from G× R × R

k × Sk to R, as follows:

Fα,∗(x, r, p,M) =

{
Fα(x, r, p,M) if x ∈ Go,

Fα(x, r, p,M) ∧ min{−〈di, p〉; i ∈ In(x)} if x ∈ ∂G,
(3.4)

F ∗
α(x, r, p,M) =

{
Fα(x, r, p,M) if x ∈ Go,

Fα(x, r, p,M) ∨ max{−〈di, p〉; i ∈ In(x)} if x ∈ ∂G.
(3.5)

Definition 3.3. We say that φ ∈ Cb(G) is a viscosity solution of (1.5) if and
only if for all x0 ∈ G the following hold.

1. For all ψ ∈ C2(G), such that x0 is a strict maximum point of φ− ψ,

Fα,∗(x0, φ(x0), (Dψ)(x0), (D
2ψ)(x0)) ≤ 0.(3.6)

2. For all ψ ∈ C2(G), such that x0 is a strict minimum point of φ− ψ,

F ∗
α(x0, φ(x0), (Dψ)(x0), (D

2ψ)(x0)) ≥ 0.(3.7)

We now have the following result.
Theorem 3.4. The value function Vα defined via (1.3) is a viscosity solution

of (1.5).
Proof. Let x0 ∈ G and ψ ∈ C2(G) be such that x0 is a strict maximum point

of Vα − ψ. We will show that (3.6) holds with φ there replaced by Vα. Let κ
.
=

ψ(x0) − Vα(x0) and fix u ∈ U . Then

ψ(x0) = Vα(x0) + κ

≤ E

(∫ h

0

e−αsk(Xx0(s), u)ds + e−αhVα(Xx0(h))

)
+ κ

≤ E

(∫ h

0

e−αsk(Xx0(s), u)ds + (e−αh − 1)Vα(Xx0(h)) + ψ(Xx0(h))

)
,

where the first inequality follows from the dynamic programming principle (3.1) and
the second inequality uses the minimality of κ. The above inequality yields

0 ≤ 1

h
E

(∫ h

0

e−αsk(Xx0(s), u)ds

)
+

1

h
E(ψ(Xx0(h)) − ψ(x0))

+
(e−αh − 1)

h
E(Vα(Xx0(h))).
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Taking the limit as h → 0 in the above inequality and using Proposition 3.1 and Itô’s
formula we have that

0 ≤ k(x0, u) + (Lψ)(x0, u) − αVα(x0)

+ lim sup
h→0

N∑
i=1

1

h
E

(∫ h

0

〈di, Dψ(Xx0(s))〉dYi(s)

)
(3.8)

= −Fα(x0, Vα(x0), Dψ(x0), D
2ψ(x0))

+ lim sup
h→0

N∑
i=1

1

h
E

(∫ h

0

〈di, Dψ(Xx0(s))〉dYi(s)

)
.

We will now show that for every i ∈ {1, . . . , N}

〈di, Dψ(x0)〉 < 0 ⇒ lim sup
h→0

1

h
E

(∫ h

0

〈di, Dψ(Xx0(s))〉dYi(s)

)
≤ 0.(3.9)

Clearly (3.8) and (3.9) will prove that (3.6) holds (with φ replaced by Vα). Now
suppose that i ∈ {1, . . . , N} is such that 〈di, Dψ(x0)〉 < 0. Then there exists ε > 0
such that

〈di, Dψ(y)〉 < 0 ∀y ∈ G satisfying |x0 − y| ≤ ε.(3.10)

Now

lim sup
h→0

1

h
E

(∫ h

0

〈di, Dψ(Xx0(s))〉dYi(s)

)
≤ |Dψ|∞ lim sup

h→0

1

h
E(1{sup0≤s≤h |Xx0 (s)−x0|≥ε}Yi(h))

≤ |Dψ|∞ lim sup
h→0

√
E(Y 2

i (h))

√
E(sup0≤s≤h |Xx0(s) − x0|5)

hε5/2

≤ C|Dψ|∞
√

E(Y 2
i (1)) lim sup

h→0

h5/4

hε5/2

= 0

for a suitable constant C, where the second inequality follows on applying the Cauchy–
Schwarz inequality and Chebyshev’s inequality; the final inequality follows on using
the Lipschitz property of the SM, boundedness of drift and diffusion coefficients, and
Burkholder–Gundy inequalities. This proves (3.9) and hence part 1 of Definition 3.3.

Next let ψ ∈ C2(G) be such that x0 is a strict minimum point of Vα − ψ. To
complete the proof we need to show that (3.7) holds with φ there replaced by Vα.
From (3.1) we have that

Vα(x0) = inf E

(∫ ε

0

e−αtk(Xx0(t), u(t))dt + e−αεV (Xx0(ε))

)
.

Let uε(·) be a feedback control such that

Vα(x0) + ε2 ≥ E

(∫ ε

0

e−αtk(Xx0,ε(t), uε(t))dt + e−αεV (Xx0,ε(ε))

)
,



ERGODIC CONTROL FOR CONSTRAINED DIFFUSIONS 1477

where Xx0,ε(·) solves (1.1) with u(·) there replaced by uε(·) and X(0) ≡ x. Let κ be
as before. Then

ψ(x0) = Vα(x0) + κ ≥ E

(∫ ε

0

e−αtk(Xx0,ε(t), uε(t))dt

+ (e−αε − 1)V (Xx0,ε(ε)) + ψ(Xx0,ε(ε))

)
− ε2.

Dividing by ε and taking the limit as ε → 0, we have

0 ≥ lim inf
ε→0

1

ε
E

(∫ ε

0

e−αtk(Xx0,ε(t), uε(t))dt

+ (e−αε − 1)V (Xx0,ε(ε)) + ψ(Xx0,ε(ε)) − ψ(x0)

)
= lim inf

ε→0

1

ε
E

(∫ ε

0

e−αtk(x0, u
ε(t))dt

+

∫ ε

0

(Lψ)(x0, u
ε(t))dt +

N∑
i=1

∫ ε

0

(Diψ)(Xx0,ε(t))dYi(t)

)
− αVα(x0).

The last step follows on using the continuity and/or Lipschitz properties of k, Lψ, σ,
and b and observing that

lim sup
ε→0

E

(
sup

0≤s≤ε
|Xx0,ε(s) − x0|

)p

≤ lim sup
ε→0

sup E

(
sup

0≤s≤ε
|Xx0(s) − x0|

)p

= 0,

where the supremum on the right-hand side is taken over all admissible controls. Thus
we have that

0 ≥ lim inf
ε→0

1

ε
E

(∫ ε

0

k(x0, u
ε(t))dt +

∫ ε

0

(Lψ)(x0, u
ε(t))dt

+

N∑
i=1

∫ ε

0

(Diψ)(Xx0,ε(t))dYi(t)

)
− αVα(x0)

≥ inf
u

(k(x0, u) + (Lψ)(x0, u))−αVα(x0) + lim inf
ε→0

N∑
i=1

1

ε
E

(∫ ε

0

(Diψ)(Xx0,ε(t))dYi(t)

)

= −Fα(x0, Vα(x0), Dψ(x0), D
2ψ(x0)) + lim inf

ε→0

N∑
i=1

1

ε
E

(∫ ε

0

(Diψ)(Xx0,ε(t))dYi(t)

)
.

From the above inequality one can prove part 2 of Definition 3.3 exactly in the way
part 1 was proved from (3.8). This proves the theorem.

Next, we will show that under the standing assumptions of this paper, there is
a unique viscosity solution of (1.5). For n ∈ N, let Bn

.
= {x ∈ G | |x| < n}. Let

ψ ∈ Cb(G) be given. We begin by considering the following equation:

inf
u∈U

(Lφ(x, u) + k(x, u) − αφ(x)) = 0, x ∈ G ∩Bn,

〈∇φ(x), di〉 = 0, x ∈ ∂G ∩Bn, i ∈ In(x),(3.11)

φ(x) = ψ(x), x ∈ ∂Bn.
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Definition 3.5. We say that φ ∈ Cb(G) is a viscosity solution of (3.11) if 1.
and 2. in Definition 3.3 hold for all x0 ∈ G ∩Bn and φ(x) = ψ(x) for all x ∈ ∂Bn.

For x ∈ Bn, let Xx(·) be given as a solution of (1.1) with X(0) ≡ x and some
admissible pair (u(·),W (·)). Let

τn ≡ τn(x)
.
= inf {t : Xx(t) ∈ Bc

n}(3.12)

and define

V n(x)
.
= inf E

(∫ τn

0

e−αsk(Xx(s), u(s))ds + e−ατnψ(Xx(τn))

)
,(3.13)

where the infimum above is taken over all admissible controls.
The existence part of the following result is proved exactly as for Theorem 3.4.

The proof of uniqueness, essentially, follows from results in [17]. A sketch of the
argument is provided in the appendix for the reader’s convenience.

Theorem 3.6. Let α ≥ 0 and let V n(·) be defined via (3.13). Then V n(·) is the
unique viscosity solution of (3.11).

An immediate consequence of the above theorem is the following result.
Theorem 3.7. Let α ∈ (0,∞). Then Vα(·) defined via (1.3) is the unique

viscosity solution of (1.5).
Proof. From Theorem 3.4 we know that Vα(·) is a viscosity solution of (1.5). Now

let Ṽ be another viscosity solution of (1.5). Let τn(x) be defined via (3.12). Define

φ(x)
.
= inf E

(∫ τn(x)

0

e−αsk(Xx(s), u(s))ds + e−ατn(x)Ṽ (Xx(τn(x)))

)
,

where the infimum is taken over all admissible controls. From Theorem 3.6, φ is the
unique viscosity solution of (3.11), with ψ there replaced by Ṽ . However, since Ṽ
solves (1.5), clearly it is also a solution of (3.11) (once more with ψ there replaced by
Ṽ ). Thus we have that φ = Ṽ and so

Ṽ (x) = inf E

(∫ τn(x)

0

e−αtk(Xx(t), u(t))dt + e−ατn(x)Ṽ (Xx(τn(x)))

)
.

Also from (3.1) we have that the above equality holds with Ṽ replaced by Vα. Thus
we have that for x ∈ G and n large enough so that x ∈ Bn,

|Ṽ (x) − Vα(x)| ≤ sup |E(e−ατn(x)Ṽ (Xx(τn(x))) − e−ατn(x)Vα(Xx(τn(x))))|
≤ (|Ṽ |∞ + |Vα|∞) sup

(
E
(
e−ατn(x)

))
,

where the supremum in the above display is taken over all admissible controls. Using
the boundedness of the drift and diffusion coefficients and the Lipschitz property of
the Skorohod map, it follows that sup(E(e−ατn(x))) → 0 as n → ∞. This shows that
Ṽ (x) = Vα(x) for all x ∈ G.

4. The vanishing discount limit. In this section we will show that if Vα is
given via (1.3) and V α(x)

.
= Vα(x)−Vα(0), x ∈ G, then the family {V α; α ∈ (0,∞)} is

precompact in C(G). We begin with the following result, which says that the infimum
of the cost in (1.3) over all admissible controls coincides with the infimum taken over all
Markov controls. For the proof of this result for unconstrained diffusions, see Theorem
II.4.2 of [7]. The result in the setting of constrained diffusions, of the form considered
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in this work, is proved in a similar manner and therefore the proof is omitted. We
refer the reader to [10] where the equivalence of infimum over all admissible controls
and infimum over all Markov controls, under an ergodic cost criterion, is proved for
constrained diffusions of the form considered in this work.

Theorem 4.1. For α ∈ (0,∞) let Vα(·) be defined via (1.3). Then for all x ∈ G

Vα(x) = inf
v

E

(∫ ∞

0

e−αsk(Xx(s), v(Xx(s)))ds

)
,(4.1)

where Xx(·) is given as the unique weak solution of (2.3) with X(0) ≡ x and the
infimum above is taken over all Markov controls v.

We will also need the following “finite time horizon” equicontinuity result. For
M0 ∈ (0,∞) let

EM0

.
= {x ∈ G : |x| ≤ M0}.

Theorem 4.2. Let M,M0, ε ∈ (0,∞). Define

Λ(ε,M,M0)
.
= sup

x1,x2∈EM0
, |x1−x2|≤ε

sup
v

∫ M

0

|Ek(Xx1(s), v(Xx1(s)))

(4.2)
−Ek(Xx2(s), v(Xx2(s)))|ds,

where for i = 1, 2, Xxi(·) is given as the unique weak solution of (2.3) with X(0) ≡ xi

and the inside supremum is taken over all Markov controls v. Then, for all M,M0 ∈
(0,∞), Λ(ε,M,M0) → 0 as ε → 0.

The proof of the above theorem follows from results in [6]. We provide a sketch
in the appendix.

Observe that, from Theorem 4.1, for all x1, x2 ∈ G and α ∈ (0,∞)

|Vα(x1) − Vα(x2)| ≤ sup
v

∣∣∣∣E∫ ∞

0

e−αsk(Xx1(s), v(Xx1(s)))ds

− E

∫ ∞

0

e−αsk(Xx2(s), v(Xx2(s)))ds

∣∣∣∣ ,
where for i = 1, 2, Xxi(·) is given as the unique weak solution of (2.3) with X(0) ≡ xi

and the inside supremum is taken over all Markov controls v. Now fix ε,M0 ∈ (0,∞)
and let M ∈ N0. Suppose that x1, x2 ∈ EM0 and |x1 − x2| ≤ ε. Then the expression
on the right-hand side above can be bounded by

sup
x1,x2∈EM0

sup
v

∣∣∣∣E∫ ∞

M

e−αsk(Xx1(s), v(Xx1(s)))ds

(4.3)

− E

∫ ∞

M

e−αsk(Xx2(s), v(Xx2(s)))ds

∣∣∣∣ + Λ(ε,M,M0).

The main step in the proof of precompactness of {V α; α ∈ (0,∞)} is the following.
Proposition 4.3. For M0 ∈ (0,∞) and M ∈ N, let

Ψ(M,M0)
.
= sup

α∈(0,∞)

sup
x1,x2∈EM0

sup
v

∣∣∣∣E∫ ∞

M

e−αsk(Xx1(s), v(Xx1(s)))ds

− E

∫ ∞

M

e−αsk(Xx2(s), v(Xx2(s)))ds

∣∣∣∣ .
Then, for all M0 ∈ (0,∞), Ψ(M,M0) → 0 as M → ∞.
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In order to prove the above proposition, we will need some stability properties of
the underlying constrained diffusion process. Following [5], we begin by an embedding
of the continuous time control problem in a discrete time control problem. Define

U .
= {θ : [0, 1] → U : θ is a measurable map}.

We endow U with the coarsest topology under which, for every e ∈ L2[0, 1] and f ∈
Cb(S), the map Ψ : U → R defined as Ψ(u)

.
=

∫ 1

0
e(t)

∫
S
f(θ)ut(dθ)dt is continuous.

Let Φ̂ ⊂ P(C([0, 1] : R
k)×U) be the class of all probability measures which correspond

to the probability law of some admissible pair (u(t),W (t))0≤t≤1. It follows from

Chapter 1 of [7] that Φ̂ is a compact metric space.

Let φ ∈ Φ̂ and let (u(t),W (t))0≤t≤1 be the corresponding admissible pair on a
filtered probability space (Ω,F , P, (Ft)). Define

k̂α(x, φ)
.
= E

(∫ 1

0

e−αsk(Xx(s), u(s))ds

)
,(4.4)

where Xx(·) is given as a solution of (1.1) with X(0) ≡ x. Let v be a Markov control.
Define �v : G → Φ̂ as follows. For x ∈ G, �v(x) is defined as the probability law
of {v(Xx(t)),W (t)}0≤t≤1, where W (·) is a Wiener process and Xx(·) is given as the
unique weak solution of (2.3) with X(0) ≡ x.

Setting α̂
.
= e−α we have that for M ∈ N

E

(∫ ∞

M

e−αtk(Xx(t), v(Xx(t)))dt

)
=

∞∑
n=M

E

(
E

(∫ n+1

n

e−αtk(Xx(t), v(Xx(t)))dt | FX
n

))
(4.5)

=

∞∑
n=M

α̂n
E(k̂α(Xx

n , �v(X
x
n))),

where FX
n

.
= σ{X(s) : 0 ≤ s ≤ n} and Xx

n
.
= Xx(n).

Note that {Xx
n} is a controlled Markov chain with control set Φ̂, Markov control

�v, and (controlled) transition probability kernel p̂(x1, φ, dy1) given as follows:∫
G

f(y)p̂(x, φ, dy)
.
= E(f(ξ)), x ∈ G, f ∈ BM(G), φ ∈ Φ̂,(4.6)

where ξ
.
= X(1) and X(·) is given via (1.1) with X(0) ≡ x and the control pair

(u(t),W (t))0≤t≤1 having the probability law φ.

We now introduce a Lyapunov function for the controlled Markov chain {Xx
n}.

This Lyapunov function was constructed in [2].

Theorem 4.4 (see [2]). There exists a function F : G → R such that it is twice
continuously differentiable on G \ {0} and such that the following hold.

(a) There exist c1, c2 ∈ (0,∞) such that c1|x| ≤ F (x) ≤ c2|x| for all x ∈ G.
(b) For all ε > 0 there exists M ∈ (0,∞) such that (x ∈ G, |x| ≥ M) implies

‖D2F (x)‖ ≤ ε.
(c) There exists c ∈ (0,∞) such that Df(x)·r ≤ −c, for r ∈ C(δ) and x ∈ G\{0},

and Df(x) · d ≤ −c, for d ∈ d(x) and x ∈ ∂G \ {0}.
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(d) There exists L ∈ (0,∞) such that supx∈G |Df(x)| ≤ L.

The following theorem is an immediate consequence of the above theorem. For
the sake of completeness we include a sketch in the appendix.

Theorem 4.5. There exist c0, �0,M0 ∈ (0,∞) such that for any admissible pair
(u(·),W (·)) on some filtered probability space (Ω,F , {Ft}, P ), x ∈ G, and Xx(·) given
by (1.1), we have that

E(F (Xx
n+1) | Fn) − F (Xx

n) ≤ −c01Xx
n∈Bc + M01Xx

n∈B ,(4.7)

where B
.
= {x ∈ G | |x| ≤ �0} and Xx

n
.
= Xx(n).

We now introduce a controlled probability transition kernel on H
.
= G×G, with

control set Φ̂ × Φ̂ defined as follows. For x ≡ (x1, x2) ∈ H and φ ≡ (φ1, φ2) ∈ Φ̂ × Φ̂,
let p(x, φ, dy) ∈ P(H) be defined as

p(x, φ, dy)
.
= p̂(x1, φ1, dy1)p̂(x2, φ2, dy2).(4.8)

Let v be a Markov control and for x1, x2 ∈ G, let Xxi(·) be given via (2.3)
with Xxi(0) ≡ xi and driving Wiener process W (i), i = 1, 2. The Wiener processes
W (1) and W (2) are taken to be independent of each other. Denote Xxi(n) by Xxi

n .

It is easy to see that if x
.
= (x1, x2), then {Xx

n}
.
= {(Xx1

n , Xx2
n )} is an H valued

controlled Markov chain, starting at x, with the controlled probability transition
kernel p(x, φ, dy) and the Markov control �v(x) ≡ (�v(x1), �v(x2)). Also, as noted
earlier, for i = 1, 2, Xxi

n is a G valued controlled Markov chain, starting at xi, with
the controlled probability transition kernel p̂(x, φ, dy) and the Markov control �v.

The pseudoatom construction. We will now proceed, as in [5], to adapt the
Athreya–Ney–Nummelin construction of a pseudoatom to the current problem. Let
H

.
= G × G and B be as in the statement of Theorem 4.5. Define B∗ .

= B × B and
let H∗ .

= H × {0, 1} = G×G× {0, 1}.
Let λ denote the Lebesgue measure on G. Define ν ∈ P(H) as

ν(A)
.
=

(λ× λ)(A ∩B∗)

(λ(B))2
.(4.9)

Using the uniform nondegeneracy of the diffusion coefficient in (1.1), it follows that
there exists 0 < δ∗ < 1 such that

p(x, φ,A) ≥ δ∗1B∗(x)ν(A), ∀x ∈ H, A ∈ B(H), φ ∈ Φ̂ × Φ̂.(4.10)

For a set A ∈ B(H) we let A0
.
= A×{0} and A1

.
= A×{1}. For every µ ∈ P(G×G)

we define a µ∗ ∈ P(H∗) as follows. For A ∈ B(H)

µ∗(A0)
.
= (1 − δ∗)µ(AB∗) + µ(A(B∗)c),

(4.11)
µ∗(A1)

.
= δ∗µ(AB∗).

Clearly, µ∗(A0) + µ∗(A1) = µ(A) and if A ⊂ (B∗)c, then µ∗(A0) = µ(A).

Define �∗v : H∗ → Φ̂× Φ̂ as follows. For (x1, x2, i) ∈ H∗, �∗v(x1, x2, i)
.
= �v(x1, x2).

On a suitable probability space (Ω∗,F∗, P ∗), define an H∗ valued controlled Markov
chain Zn ≡ (X∗

n, i
∗
n), where X∗

n ≡ (X1,∗
n , X2,∗

n ), with the control set Φ̂ × Φ̂ and the
Markov control �∗v such that:



1482 V. BORKAR AND A. BUDHIRAJA

(1) The controlled transition kernel of Zn is given as follows. For z ≡ (z, i) ∈ H∗

and φ ∈ Φ̂ × Φ̂

q(z, φ, dy) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
p∗(z, φ, dy) if z ∈ H0 \B∗

0 ,

1

1 − δ∗
(p∗(z, φ, dy) − δ∗ν∗(dy)) if z ∈ B∗

0 ,

ν∗(dy) if z ∈ H1,

(4.12)

where y ≡ (y, j) ∈ H∗.
(2) The initial distributions are given as follows. For A ∈ B(H)

P ∗(Z0 ∈ A0)
.
= ((1 − δ∗)1AB∗(x) + 1A(B∗)c(x)),

P ∗(Z0 ∈ A1)
.
= δ∗1AB∗(x).

The above construction assures that the probability laws of {X∗
n, �

∗
v(X

∗
n)}n∈N0

and {Xx

n, �v(X
x

n)}n∈N0
are the same. Using the Lyapunov function in (4.4) one can

now show, in a similar manner as in Lemma 3.3 of [5], that the hitting time of B∗
1 by

the controlled Markov chain {Zn} has finite moments of all orders. Stability properties
of the underlying (controlled) Markov processes using the Foster-type drift criterion
in (4.7) are quite well studied in the literature. For example, [19] obtained functional
central limit theorems for Markov processes and gives conditions under which the
invariant distribution is a continuous function of its transition kernel. In [30], us-
ing Foster–Lyapunov inequalities the authors obtained criteria for Harris recurrence,
ergodicity, and geometric ergodicity for general Right processes in terms of the under-
lying extended generator. See also [31] for more on regularity properties of Markov
processes that follow from such a drift criterion. The following theorem is another
standard consequence of the drift inequality (4.7) and thus we omit the proof.

Theorem 4.6. Let

τ(x1, x2)
.
= inf{n ∈ N0 : Zn ∈ B∗

1}.

Then there exists an r ∈ (1,∞) such that for every M0 ∈ (0,∞),

sup
xi∈G; |xi|≤M0; i=1,2

sup E
∗(rτ(x1,x2)) < ∞,

where the inner supremum is taken over all Markov controls v.
The main idea in the proof is to show that one can find a small enough δ0 ∈

(0,∞) such that V(y)
.
= eδ0F (y), y ∈ G satisfies the geometric drift condition (V4)

of section 15.2.2 of [29]. (See Theorem 16.3.1 of [29].) Then define V : H∗ → R+

as V(x1, x2, i)
.
= V(x1) + V(x2), where (x1, x2, i) ∈ H∗. And, for n ∈ N0, setting

Γ∗
n

.
= σ(X∗

m, i∗m; m ≤ n), one can check that

E
∗(V(Zn+1) | Γ∗

n) − V(Zn) ≤ −βV(Zn) + 2b

for some β ∈ (0, 1) and b ∈ (0,∞). The result now follows from Theorem 15.2.5 of [29].
We now prove Proposition 4.3.
Proof of Proposition 4.3. Let v be a Markov control and let x1, x2 ∈ EM0 . Using

the discrete time embedding introduced above, one has that∣∣∣∣E∫ ∞

M

e−αsk(Xx1(s), v(Xx1(s)))ds− E

∫ ∞

M

e−αsk(Xx2(s), v(Xx2(s)))ds

∣∣∣∣
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can be rewritten as∣∣∣∣∣
∞∑

n=M

α̂n
E(k̂α(Xx1

n , �v(X
x1
n )) − k̂α(Xx2

n , �v(X
x2
n )))

∣∣∣∣∣ .
From the pseudoatom construction we have that {(Xx1

n , Xx2
n )}n∈N0

has the same
probability law as {(X1,∗

n , X2,∗
n )}n∈N0 . Thus the expression in the above display is the

same as ∣∣∣∣∣
∞∑

n=M

α̂n
E
∗(k̂α(X1,∗

n , �v(X
1,∗
n )) − k̂α(X2,∗

n , �v(X
2,∗
n )))

∣∣∣∣∣ .
Let τ ≡ τ(x1, x2) be as in Theorem 4.6. Then the above expression can be written as∣∣∣∣∣

∞∑
n=M

α̂n
E
∗1τ<n(k̂α(X1,∗

n , �v(X
1,∗
n )) − k̂α(X2,∗

n , �v(X
2,∗
n )))

∣∣∣∣∣
+

∣∣∣∣∣
∞∑

n=M

α̂n
E
∗1τ≥n(k̂α(X1,∗

n , �v(X
1,∗
n )) − k̂α(X2,∗

n , �v(X
2,∗
n )))

∣∣∣∣∣
≡ T1 + T2.

Observing that for m ∈ N, X1,∗
τ+m and X2,∗

τ+m have the same conditional law given

Γ∗
τ , we have that T1 = 0. Next, using the boundedness of k̂α we have that T2 ≤

κE
∗(τ − M)+ for a suitable constant κ. Note that κE

∗(τ − M)+ can be bounded

above by κ sup E
∗(τ2)
M , where the supremum is taken over all x1, x2 ∈ EM0

and Markov
controls v. Combining the above observations we have that Ψ(M,M0) is bounded

above by κ sup E
∗(τ2)
M . The result now follows from Theorem 4.6.

As an immediate consequence of the above proposition we have the following
result.

Theorem 4.7. The family {V α(·) : α ∈ (0, 1)} is precompact in C(G).
Proof. Fix M0 ∈ (0,∞) and let δ > 0 be arbitrary. From Proposition 4.3 we

can find M ∈ N large enough so that Ψ(M,M0) <
δ
2 . Next, from Theorem 4.2 find ε

small enough so that Λ(ε,M,M0) <
δ
2 . Using these bounds in (4.3) we have that for

all x1, x2 ∈ EM0 with |x1 − x2| ≤ ε and α ∈ (0,∞), |Vα(x1) − Vα(x2)| ≤ δ. Since δ
and M0 are arbitrary, the result follows.

Remark 4.8. By imitating the proof of Lemma 3.4 of [5] one can show that there
is a ς ∈ (0,∞) such that for x ∈ G

|V α(x)| ≤ ςF (x)

≤ ςc2|x|,

where the last inequality follows from Theorem 4.4. This shows that if V (·) is any
limit point of V α(·), then |V (x)| ≤ ςc2|x| for all x ∈ G.

5. The HJB equation for the ergodic control problem. Let Vα and V α

be as in the previous section. From (1.3) and the boundedness of k it follows that
supα∈(0,1) αVα(0) < ∞. This, along with Theorem 4.7, implies that there exists a
sequence αn → 0 as n → ∞ and ρ ∈ (0,∞), V ∈ C(G) such that

lim
n→∞

αnVαn(0) = ρ, lim
n→∞

V αn = V,(5.1)
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where the second limit is taken uniformly on compact sets of G.
For ρ∗ ∈ [0,∞), consider the following equation:

inf
u∈U

(Lψ(x, u) + k(x, u) − ρ∗) = 0, x ∈ G,

(5.2)
〈∇ψ(x), di〉 = 0, x ∈ ∂G, i ∈ In(x).

A viscosity solution to the above equation is defined in a similar manner as that
defined for (1.5) in Definition 3.3. We begin with the following result.

Theorem 5.1. Let (V, ρ) be given via (5.1). Then V is a viscosity solution to
(5.2) with ρ∗ = ρ.

Proof. The proof is a slight variation of the arguments in [25], [4]. Let F :
G× R × R

k × Sk → R be defined as

F (x, r, p,M)
.
= −1

2
Tr(aM) + ρ− inf

u∈U
{〈b(x, u), p〉 + k(x, u)}.(5.3)

Define F∗ and F ∗ as maps from G×R×R
k×Sk to R via (3.4) and (3.5), with Fα there

replaced by F . Fix x0 ∈ G and let ψ ∈ C2(G) be such that x0 is a strict maximum
point of V − ψ. We would like to show that

F∗(x0, V (x0), (Dψ)(x0), (D
2ψ)(x0)) ≤ 0.(5.4)

Define Vn(·) .
= Vαn

(·), V n(·) .
= V αn

(·), and Fn(·) .
= Fαn

(·). Using the fact that V n

converges to V uniformly on compacts, we can find an N0 ∈ (0,∞) and a sequence
{xn} ⊂ G such that xn → x0 and xn is a local maximum of Vn(·)−ψ(·) for all n ≥ N0.
From Theorem 3.4 we then have that

Fn(xn, Vn(xn), (Dψ)(xn), (D2ψ)(xn)) ∧ min{−〈Dψ(xn), di〉; i ∈ In(xn)} ≤ 0.(5.5)

Define F̃n : G× R × R
k × Sk → R as

F̃n(x, r, p,M)
.
= −1

2
Tr(aM) + αnr − αnVn(0) − inf

u∈U
{〈b(x, u), p〉 + k(x, u)}.(5.6)

Then from (5.5) we have that

F̃n(xn, V n(xn), (Dψ)(xn), (D2ψ)(xn)) ∧ min{−〈Dψ(xn), di〉; i ∈ In(xn)} ≤ 0.(5.7)

Next note that, as n → ∞, xn → x0, V n(xn) → V (x0), (Dψ)(xn) → (Dψ)(x0), and
(D2ψ)(xn) → (Dψ)(x0). Furthermore, since as n → ∞, F̃n(·) → F (·) uniformly on
compacts, we have that

F̃n(xn, V n(xn), (Dψ)(xn), (D2ψ)(xn)) → F (x0, V (x0), (Dψ)(x0), (D
2ψ)(x0)).

Also the lower semicontinuity property of In(·) implies that

min{−〈Dψ(x0), di〉; i ∈ In(x0)} ≤ lim inf
n→∞

min{−〈Dψ(xn), di〉; i ∈ In(xn)}.

Using the above two displays in (5.5) we have (5.4).
In a similar manner one shows that for all x0 ∈ G and ψ ∈ C2(G), such that x0

is a strict maximum point of V − ψ, we have that

F ∗(x0, V (x0), (Dψ)(x0), (D
2ψ)(x0)) ≥ 0.

This proves the result.
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We now characterize the value of the ergodic cost problem via the solution of (5.2).
We will denote the right-hand side of (2.7) by ρ.

Theorem 5.2. Let (V (·), ρ) be a solution of (5.2). Then ρ = ρ.
Proof. We begin by noting that, for all r ∈ (0,∞), V (·) is a viscosity solution of

inf
u∈U

((L− r)ψ(x, u) + k(x, u) − ρ + rV (x)) = 0, x ∈ G,

(5.8)
〈∇ψ(x), di〉 = 0, x ∈ ∂G, i ∈ In(x).

This, in view of Theorem 3.7, implies that for all x ∈ G

V (x) = inf E

(∫ ∞

0

e−rt(k(Xx(t), u(t)) − ρ + rV (Xx(t)))dt

)
,(5.9)

where the infimum is taken over all admissible pairs (u(·),W (·)).
From the proof of Lemma 4.5 of [3] it follows that for all M ∈ (0,∞)

sup
x∈G, |x|≤M, (u(·),W (·)) admissible t∈[0,∞)

E|Xx(t)| < ∞,(5.10)

where Xx(·) is given as a solution of (1.1) with X(0) ≡ x and the control pair
(u(·),W (·)). From this bound it follows via a slight modification of the proof of
Lemma 6.4 of [10] that

sup
v

∫
G

|x|ηv(dx) < ∞,

where the supremum is taken over all Markov controls.
Next let v : G → U be as in Theorem 2.10 and let ηv be as in Theorem 2.9. Then,

in view of the above observation and Remark 4.8, we have that

r

∫
G

V (x)ηv(dx) + ρ ≤ r

∫
G

(
E

(∫ ∞

0

e−rt(k(Xx(t), v(Xx(t))) + rV (Xx(t)))dt

))
ηv(dx)

=

∫
G

k(x, v(x))ηv(dx) + r

∫
G

V (x)ηv(dx).

Thus we have that

ρ ≤
∫
G

k(x, v(x))ηv(dx) = ρ,(5.11)

where the last equality follows from Theorem 2.10.
Now we prove the reverse inequality. Let (ur(·),W r(·)) be an admissible control

which is optimal for the cost function in (5.9). The existence of such a control follows
via the usual compactness arguments (cf. Chapter 2 of [7]). We denote by Xr(·) the
process defined via (1.1) with X0 ≡ x and (u(·),W (·)) there replaced by (ur(·),W r(·)).
Then for all T ≥ 0

V (x) = E

(∫ T

0

e−rs(k(Xr(t), ur(t)) − ρ + rV (Xr(t)))dt + e−rTV (Xr(T ))

)
.(5.12)

By picking a subsequence if necessary, we can assume, without loss of generality, that
as r → 0, (ur(·),W r(·), Xr(·)) converge weakly to some (u∗(·),W ∗(·), X∗(·)), where
u∗(·), W ∗(·) is an admissible pair and X∗ is the corresponding controlled diffusion
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starting at x. Using the continuity and boundedness of V and k, we then have by
taking the limit as r → 0 in (5.12) that

V (x) = E

(∫ T

0

(k(X∗(t), u∗(t)) − ρ)dt + V (X∗(T ))

)
.

Dividing by T and taking the limit as T → ∞, we have, on recalling that V (z) ≤ ςc2|z|
for all z ∈ G and using (5.10), that

ρ = lim
T→∞

1

T
E

(∫ T

0

k(X∗(t), u∗(t))dt

)
≥ ρ,

where the last inequality once more follows from Theorem 2.10. Combining the above
display with (5.11), we have the result.

As an immediate consequence of the above, we have the following result which is
proved exactly in the same way as Theorem 4.4 of [4].

Theorem 5.3. (V, ρ) given via (5.1) is the unique viscosity solution of (5.2)
satisfying V (0) = 0 and the linear growth condition |V (x)| ≤ c|x| for some c ∈ (0,∞).

Appendix. In this section we sketch the proofs of Theorems 3.6, 4.2, and 4.5.
We begin with Theorem 3.6. The proof is essentially taken from [17]; however, we
reproduce it here for the reader’s convenience. We begin with the following lemma,
which is Lemma 3.1 of [17].

Lemma A.1. Let u ∈ USC(G) and let v ∈ LSC(G). Define w ∈ USC(G × G)
by w(x, y) = u(x) − v(y). For x ∈ G and a real valued function f on G, define

D+f(x)
.
= {p ∈ R

k : f(x + h) ≤ f(x) + 〈p, h〉 + o(|h|) for x + h ∈ G and as h → 0},
D−f(x)

.
= {p ∈ R

k : f(x + h) ≥ f(x) + 〈p, h〉 + o(|h|) for x + h ∈ G and as h → 0},

D2,+f(x)
.
=

{
(p,A) ∈ R

k × Sk : f(x + h) ≤ f(x) + 〈p, h〉

+
1

2
〈Ah, h〉 + o(|h|2) for x + h ∈ G and as h → 0

}
and

D2,−f(x)
.
=

{
(p,A) ∈ R

k × Sk : f(x + h) ≥ f(x) + 〈p, h〉

+
1

2
〈Ah, h〉 + o(|h|2) for x + h ∈ G and as h → 0

}
.

Also define D
2,+

f(x) as the set of points (r, p, A) ∈ R × R
k × Sk for which there is a

sequence {(xn, pn, An)} ⊂ G×R
k ×Sk such that (pn, An) ∈ D2,+f(xn) and such that

xn → x, u(xn) → r, pn → p, and An → A as n → ∞. Similarly define D
2,−

f(x).
Let α, β > 0, p, q ∈ R

n, and x, y ∈ G. Assume that(
p, q, α

(
I −I
−I I

)
+ β

(
I 0
0 I

))
∈ D2,+w(x, y).

Then there are X,Y ∈ Sk for which

−Cα

(
I 0
0 I

)
≤

(
X − βI 0

0 Y − βI

)
≤ Cα

(
I −I
−I I

)
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and

(u(x), p,X) ∈ D
2,+

u(x) and (v(y),−q,−Y ) ∈ D
2,−

v(y),

where C ∈ (1,∞) is an absolute constant.
Proof of Theorem 3.6. As stated above in Theorem 3.6, the proof that V n(·)

defined via (3.13) is a viscosity solution of (3.5) follows exactly as the proof of The-
orem 3.4. Now let V1(·) and V2(·) be two viscosity solutions of (3.5). Let g be as in
Lemma 4.2 of [10] (cf. (3.2)). For γ, β ∈ (0,∞) define

Vγβ(x)
.
= V1(x) − γg(x) + β and Uγβ(x)

.
= V2(x) − γg(x) − β, x ∈ G.

Define F̃α,∗ and F̃ ∗
α as maps from G × R × R

k × Sk to R, via (3.4) and (3.5),
respectively, by replacing the set {−〈di, p〉; i ∈ In(x)} in (3.4) by the set {−〈di, p〉 +
γ; i ∈ In(x)} and in (3.5) by the set {−〈di, p〉−γ; i ∈ In(x)}. Then as in Theorem 2.1
of [17], to every β ∈ (0,∞) there exists a γ ≡ γ(β) ≤ β in (0,∞) such that

F̃α,∗(x, Uγ,β(x), p, A) ≤ 0 for x ∈ G and (p,A) ∈ D2,+Uγ,β(x),(A.1)

F̃ ∗
α(x, Vγ,β(x), p, A) ≥ 0 for x ∈ G and (p,A) ∈ D2,−Vγ,β(x).(A.2)

Now fix a β and the corresponding γ in (0,∞). Suppose that

κ0
.
= max

x∈G∩Bn

(Uγβ(x) − Vγβ(x)) > 0.(A.3)

Then noting that Uγβ(x) − Vγβ(x) ≤ 0 for all x ∈ ∂Bn, it follows through standard
maximum principle arguments that

κ0 = (Uγβ(z) − Vγβ(z)) for some z ∈ ∂G ∩Bn.(A.4)

We now show that (A.4) leads to a contradiction.
Let F be as in (3.3). Then by using the boundedness and Lipschitz property of

the coefficients one can show that the following hold.
• There is a function m1 ∈ C([0,∞)) satisfying m1(0) = 0 such that for all

θ0 ≥ 1, x, y ∈ G ∩Bn, r ∈ R, P ∈ R
k, and X,Y ∈ Sk,

Fα(y, r, p,−Y ) − Fα(x, r, p,X) ≤ m1(|x− y|(|p| + 1) + θ0|x− y|2)

whenever

−θ0

(
I 0
0 I

)
≤

(
X 0
0 Y

)
≤ θ0

(
I −I
−I I

)
.

• There is a neighborhood U of ∂G in G ∩Bn and a function m2 ∈ C([0,∞))
satisfying m2(0) = 0 for which

|F (x, r, p,X) − F (x, r, q, Y )| ≤ m2(|p− q| + ‖X − Y ‖)(A.5)

for x ∈ U , r ∈ R, p, q ∈ R
k, and X,Y ∈ Sk.

Clearly, we can find an open neighborhood V of z (which is as small as we want)
such that

In(x) ⊂ In(z) for x ∈ V ∩ ∂G, V ∩G ⊂ U,(A.6)
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and

〈y − x, ni〉 ≤ θ|x− y| for i ∈ In(z), x ∈ V ∩Gi, and y ∈ V ∩ ∂Gi.(A.7)

Also, from Theorem 4.1 of [17] we can find a family {wε}ε>0 of continuous functions
on V × V and a positive constant θ having the following property: For any ε > 0 and
x, y ∈ V , there are p ≡ p(ε, x, y), q ≡ q(ε, x, y) ∈ R

k such that for all i ∈ In(z), the
following hold (cf. equations (3.15)–(3.19) of [17]):

wε(x, x) = 0, wε(x, y) ≥ θ
|x− y|2

ε
,(A.8)

〈di, p〉 ≥ −|x− y|2
ε

if 〈y − x, ni〉 ≥ −θ|x− y|,(A.9)

〈di, q〉 ≥ −|x− y|2
ε

if 〈y − x, ni〉 ≤ θ|x− y|,(A.10)

|p + q| ≤ |x− y|2
ε

, |q| ≤ |x− y|
ε

,(A.11)

and (
p, q,

1

ε

(
I −I
−I I

)
+

|x− y|2
ε

(
I 0
0 I

))
∈ D2,+wε(x, y).(A.12)

Henceforth, we will write Uγ,β as u and Vγ,β as v. Now fix δ > 0 and define
ũ ∈ USC(G) by

ũ(x)
.
= u(x) − δ

2
|x− z|2.(A.13)

Clearly, z is the unique maximum point of ũ− v. Fix ε > 0 and define φ ∈ USC([V ∩
G] × [V ∩G]) by

φ(x, y)
.
= ũ(x) − v(y) − wε(x, y).

Let (x, y) ≡ (x(ε), y(ε)) ∈ [V ∩G]× [V ∩G] be a maximum point of φ. Then it follows
exactly as in [17] (cf. equation (3.23) of that paper) that as ε → 0,

|x− y|2
ε

→ 0, x, y → z, ũ(x) → ũ(z), and v(y) → v(z).(A.14)

Now let ε be small enough so that x, y ∈ V . Define w(x, y)
.
= ũ(x) − v(y), x, y ∈ G.

Let p
.
= p(ε, x, y), q

.
= q(ε, x, y). From (A.12) it follows that(

p, q,
1

ε

(
I −I
−I I

)
+

|x− y|2
ε

(
I 0
0 I

))
∈ D2,+wε(x, y) ⊂ D2,+w(x, y),

where the last inclusion follows on noting that (x, y) is the maximum point of φ.

Hereafter, denote |x−y|2
ε by κ. From Lemma A.1 one can find matrices X,Y ∈ Sk

such that

−C

ε

(
I 0
0 I

)
≤

(
X 0
0 Y

)
≤ C

ε

(
I −I
−I I

)
+ Cκ

(
I 0
0 I

)
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and

(ũ(x), p,X) ∈ D
2,+

ũ(x) and (v(y),−q,−Y ) ∈ D
2,−

v(y),(A.15)

where C is as in Lemma A.1.
Using (A.13) one has that

(u(x), p + δ(x− z), X + δI) ∈ D
2,+

u(x).(A.16)

Also, using (A.14) we have that for ε small enough and i ∈ In(z)

〈di, p + δ(x− z)〉 + γ ≥ 〈di, p〉 +
γ

2
.(A.17)

Using (A.9), (A.10), and (A.14) we have that for i ∈ In(z) and small enough ε

〈di, p〉 +
γ

2
> 0 if x ∈ ∂Gi, and − 〈di, q〉 −

γ

2
< 0 if y ∈ ∂Gi.(A.18)

From (A.6) we have that

V ∩ ∂G ⊂
⋃

i∈In(z)

∂Gi.(A.19)

Combining (A.19), (A.18), and (A.17) we have that, for small enough ε,

〈di, p + δ(x− z)〉 + γ > 0 if x ∈ ∂G and i ∈ In(x) and(A.20)

〈di,−q〉 − γ < 0 if y ∈ ∂G and i ∈ In(y).

This, along with (A.1), (A.2), (A.16), (A.15), shows that we can find εδ ∈ (0,∞) such
that for all 0 ≤ ε ≤ εδ

Fα(x, u(x), p + δ(x− z), X + δI) ≤ 0 ≤ Fα(y, v(y),−q,−Y ).

Thus we have that

0 ≥ Fα(x, u(x), p + δ(x− z), X + δI) − Fα(y, v(y),−q,−Y )

≥ Fα(x, u(x),−q,X − CκI) − Fα(y, u(x),−q,−Y + CκI)

+α(u(x) − v(y)) −m2(κ + δ|x− z| + δ + Cκ) −m2(Cκ)

≥ α(u(x) − v(y)) −m1(|x− y| + 2Cκ) −m2(κ + δ|x− z| + δ + Cκ) −m2(Cκ),

where the second inequality is obtained from (A.15), while the third inequality is
obtained from (A.16). Taking the limit as ε → 0 we get that α(u(z) − v(z)) ≤ 0,
which contradicts (A.3) and (A.4). This shows that (Uγβ(x) − Vγβ(x)) ≤ 0 for all
x ∈ G ∩Bn. Taking the limit as β → 0, we see that V2(x) ≤ V1(x) for all x ∈ G ∩Bn.
Reversing the roles of V1 and V2, we see that we must have V2(x) = V1(x) for all
x ∈ G ∩Bn.

Sketch of the proof of Theorem 4.2. Let SM
.
= {v : G → U | v is measurable} be

the space of all Markov controls. Let d(·, ·) be the metric on SM introduced in [6] (see
also Theorem II.2.2 of [7]). Then SM is compact under the metric topology of d.

Let Λ(ε,M,M0) be as in the statement of the theorem and arguing via contra-
diction suppose that lim supε→0 Λ(ε,M,M0) 
= 0. Then one can find xn, yn, x ∈ EM0

and vn, v ∈ SM such that xn → x, yn → x, vn → v, and

lim sup
n→∞

∫ M

0

|Ek(Xxn(s), vn(Xxn(s))) − Ek(Xyn(s), vn(Xyn(s)))| ds 
= 0,(A.21)
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where Xxn(·) (and Xyn(·)) are defined via (2.3) with X(0) ≡ xn(resp., yn) and the
Markov control vn. In a manner similar to Theorem II.2.3 of [7] one can show that for
all t ∈ (0,∞) the probability laws of Xxn(t) and Xyn(t) converge in total variation
from the probability law of X(t), where X(·) is defined via (2.3) with X(0) ≡ x. From
this and recalling that k(x, v)

.
=

∫
S
k(x, α)v(dα), where k ∈ Cb(G×S), it then follows

that for all s ∈ (0,∞)

|Ek(Xxn(s), vn(Xxn(s))) − Ek(X(s), vn(X(s)))|

and

|Ek(Xyn(s), vn(Xyn(s))) − Ek(X(s), vn(X(s)))|

converge to 0 as n → ∞. Combining the above displays we have that for all s ∈ (0,∞)

|Ek(Xxn(s), vn(Xxn(s))) − Ek(Xyn(s), vn(Xyn(s)))|

converges to 0 as s → ∞. Finally, an application of the dominated convergence
theorem gives that∫ M

0

|Ek(Xxn(s), vn(Xxn(s))) − Ek(Xyn(s), vn(Xyn(s)))|ds

converges to 0 as n → ∞. This contradicts (A.21), and thus the result follows.
Proof of Theorem 4.5. An application of Itô’s formula gives that

F (Xx
n+1) ≤ F (Xx

n) +

∫ n+1

n

〈DF (Xx(s)), b(Xx(s), u(s))〉ds

+

N∑
i=1

∫ n+1

n

〈DF (Xx(s)), di〉dYi(s)

+
1

2

∫ n+1

n

tr(σ∗(Xx(s))D2F (Xx(s))σ(Xx(s)))ds

+

∫ n+1

n

〈DF (Xx(s)), σ(Xx(s))dW (s)〉.

Conditioning with respect to Fn and using parts (c) and (d) of Theorem 4.4, we
have that

E(F (Xx
n+1) | Fn) − F (Xx

n)
(A.22)

≤ −c +
1

2
E

(∫ n+1

n

tr(σ∗(Xx(s))D2F (Xx(s))σ(Xx(s)))ds | Fn

)
.

Let g̃(x)
.
= 1

2 tr(σ∗(x)D2F (x)σ(x)). From part (b) of Theorem 4.4 we can find �0 ∈
(0,∞) such that |g̃(x)| ≤ c

2 for all x ∈ G such that |x| > 
0
2 . This implies that

1

2

∫ n+1

n

tr(σ∗(Xx(s))D2F (Xx(s))σ(Xx(s)))ds

≤ |g̃|∞1Xx
n∈B +

(
|g̃|∞1

supn≤s≤n+1 |Xx(s)−Xx
n|> �0

2
+

c

2

)
1Xx

n∈Bc .
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From the above display and (A.22) we have that

E(F (Xx
n+1) | Fn) − F (Xx

n)

≤ −c +
(
|g̃|∞E(1

supn≤s≤n+1 |Xx(s)−Xx
n|> �0

2
| Fn) +

c

2

)
1Xx

n∈Bc + |g̃|∞1Xx
n∈B

≤
(
− c

2
+ |g̃|∞

E(supn≤s≤n+1 |Xx(s) −Xx
n | | Fn)

�0/2

)
1Xx

n∈Bc + |g̃|∞1Xx
n∈B .

Using the boundedness of the drift and diffusion coefficients we can find � such that

E

(
sup

n≤s≤n+1
|Xx(s) −Xx

n | | Fn

)
≤ �,

and without loss of generality we can assume that �0 is large enough so that 2|g̃|∞


0

< c
4 .

Using these bounds in the above display, we have that

E(F (Xx
n+1) | Fn) − F (Xx

n) ≤ − c

4
1Xx

n∈Bc + |g̃|∞1Xx
n∈B .

The result now follows on setting c0 = c
4 and M0 = |g̃|∞.
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Abstract. In this work we study multidimensional (nD) linear differential behaviors with a
distinguished independent variable, called “time.” We define in a natural way causality and stability
of input/output structures with respect to this distinguished direction. We make an extension of
some results in the theory of partial differential equations, demonstrating that causality is equivalent
to a property of the transfer matrix which is essentially hyperbolicity of the P c operator defining the
behavior (Bc)0,y . We also quote results which in effect characterize time-autonomy for the general
systems case.

Stability is likewise characterized by a property of the transfer matrix. We prove this result for
the 2D case and for the case of a single equation; for the general case it requires solution of an open
problem concerning the geometry of a particular set in C

n. In order to characterize input/output
stability we also develop new results on inclusions of kernels, freeness of variables, and closure with
respect to S,S′ and associated spaces, which are of independent interest. We also discuss stability
of autonomous behaviors, which we believe to be governed by a corresponding condition.

Key words. stability, causality, partial differential equations, multidimensional systems, be-
havioral approach, hyperbolic systems, input/output structures, time-autonomy.
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1. Introduction. In this paper we are concerned with questions of causality and
stability for systems defined by PDEs. We consider these problems in the framework
of multidimensional (nD) behaviors (note that this is quite distinct from the infinite-
dimensional systems framework of, e.g., [2]). To date, the theory of nD behaviors has
almost entirely considered the independent variables on an equal footing. However,
in an apparent majority of applications, particularly in the case of systems given by
PDEs, one of the independent variables, “time,” is distinguished and plays a special
role. Recent work by Sasane [26, 24, 25] attempts to develop nD behavioral theory in
this less symmetrical and more applicable situation.

This consideration is particularly significant when we discuss a concept such as
stability, which is naturally associated with the passage of “time.” Stability of course
may be divided into two concepts: stability with respect to initial conditions (i.e.,
stability of an autonomous behavior) and input/output stability. The current work
was motivated by consideration of the first concept but has led only to a (partial)
characterization of the second!

We therefore begin our main exposition with a discussion of stability of au-
tonomous behaviors in section 3. Our argument is motivated by the rough principle
that a behavior should be classified as “unstable” only when it contains trajectories
which are unstable (in whatever sense) but for which the corresponding initial con-
ditions (whatever we may mean by these) are, nevertheless, (in some sense) stable.
The two-dimensional (2D) discrete definition of stability by Valcher [33] applies this
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principle. Unfortunately, for PDEs, “initial conditions” is a much harder concept to
understand and work with. Section 3, however, proposes a possible condition for sta-
bility in this sense, which we call the characteristic variety (CV) condition. Roughly,
the idea behind this condition is to classify trajectories as unstable only if they are
both “blowing up” in the time direction and “physically reasonable” in the spatial di-
rection. Section 3.1 brings hyperbolic systems into the discussion, since hyperbolicity
is for certain important classes of systems a consequence of the CV condition. One
particular property of hyperbolic systems is that they are time-autonomous as defined
in [25]; we quote a result from the PDE literature which effectively characterizes this
property for the general systems case.

The remainder of the paper is devoted to input/output stability and also in-
put/output causality, on which the former concept rests. Essentially, a system (or
rather, an input/output structure on a given behavior) is defined as causal if for any
input with zero past, there exists a corresponding output with zero past. Strictly
speaking, this definition only makes sense if the “past” contains an initial condition
set for the zero-input behavior; we therefore restrict our attention to systems for
which this behavior is time-autonomous. Bringing in some important results from
the literature on PDEs, we demonstrate in section 4 that causality is a consequence of
hyperbolicity of the P operator. More strongly, we show that causality is equivalent
to a property of the transfer matrix of the system, which is in turn equivalent to
hyperbolicity of the P c operator in the description of the controllable part.

We then move on to stability, which is defined in terms of trajectories in S or
in S ′ having support in the half-space t ≥ 0. An input/output structure is defined
as stable if any causal output response to an input of this type is also necessarily
of this type. The growth restrictions on these trajectories in the spatial directions
convey the notion that they are “physically reasonable,” and the growth restrictions
in the temporal direction suggest stability. In section 5, we give some background
results from the PDE literature on convolution operators for these special cases; these
results effectively characterize input/output stability in this sense for the special case
p(δ)y = u. The general case requires some “structure theory” for behaviors over S+

(signals of S with support in the half-plane) and its dual space, which we develop in
section 6. For completeness, using the same methodology we also develop analogous
results for the spaces S and S ′. In particular, for n ≤ 2 and for the case where
the P operator is a single polynomial (covering the single-input single-output case in
particular), we characterize inclusion of behaviors over S ′ and freeness of variables
over S (these being essentially dual problems). The more general case for n > 2 is not
proved, since the arguments used depend critically on proving a geometric property
“ideal-convexity” of a particular set (the “bad frequency” set) in C

n. To date, we have
not been able to prove this property for n ≥ 2; this is discussed in section 5.3.

Section 7 finally defines input/output stability, and characterizes it, again for the
cases n ≤ 2 or P equal to a single polynomial (e.g., single-input single-output). It
is shown that an input/output structure is both causal and stable (in terms of tra-
jectories in S with zero past) if and only if the least common denominator of the
transfer matrix satisfies the CV condition introduced in section 3, i.e., if and only
if the system has no controllable unstable poles. Thus it appears that input/output
stability may be equivalent to stability of the zero input behavior, as happens in the
standard one-dimensional (1D) case. We also give a similar sufficient condition for
stability with respect to trajectories in S ′ with zero past; this requires no prior as-
sumptions on the system. Extension of all results to the general nD case requires only
a proof that the set of unstable frequencies is ideal-convex. We summarize in section 8.
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2. Behaviors, classical spaces, and pole structure. We begin by briefly
reviewing some concepts and results from the theory of nD behaviors; see, e.g., [22, 34]
for the 1D case and, e.g., [17, 20, 35, 40] for general background on the continuous
nD case.

2.1. Classical and associated spaces. We consider solutions to behaviors in
the classical spaces from the theory of distributions and so begin by recalling these
and associated spaces. We denote the classical spaces by C∞ (smooth functions),
D′ (distributions), C∞

0 (compactly smooth functions), E ′ (compactly supported dis-
tributions), S (rapidly decreasing functions), and S ′ (tempered distributions). Here
all functions and functionals are taken to be complex-valued. Recall (e.g., [23]) that
rapidly decreasing functions are those functions which decay faster than any polyno-
mial grows; a precise definition is given in section 5.1. The tempered distributions
may be thought of as distributions that grow no faster than some polynomial (see,
e.g., [8, sec. 7.1] for a detailed treatment of S and S ′). Following [4] we also define,
for any of the classical spaces W, the spaces [4],

W+ := {w ∈ W | supp w ⊆ R
n
+},(1)

W− := {w ∈ W | supp w ⊆ R
n
−},(2)

W⊕ := W/W−,(3)

W� := W/W+.(4)

Here R+ := R
n−1 × [0,+∞) and R− := R

n−1 × (−∞, 0].
The spaces S+ and S ′

⊕ will prove particularly important in what follows. It is
clear that any element f ∈ S⊕ may be regarded as an element of the dual of S+,
according to

〈f, φ〉 := 〈f, ι(φ)〉, φ ∈ S+,(5)

where f is any element of S ′ which projects to f, and ι : S+ → S is the natural
inclusion. As noted in [4], S ′

⊕ is in fact equal to the dual space of S+.
Denote by C[s] the polynomial ring in n indeterminates s = s1, . . . , sn with

complex coefficients. We associate with any polynomial matrix R = R(s) ∈ C
g×q

the differential operator R(δ) := R(∂/∂x1, . . . , ∂/∂xn), x1, . . . , xn being independent
variables in the space R

n. This operator maps Wq to Wg for any of the spaces W
listed above (the action on factors W⊕, W� being induced in the obvious way). We
remark that in the theory of PDEs, it is more usual to consider operators in the form
w 	→ R(1/ı)∂)w. For this reason, certain results in the theory of PDEs concerning the
algebraic structure of operators change form in a straightforward way when translated
into the current framework.

Recall also that for any of the classical pairs of dual spaces W,W ′, and any
polynomial matrix R ∈ C[s]g×q, the adjoint matrix R∗(s) := RT (−s) has the property
that

〈R(∂)f, φ〉 = 〈f,R∗(∂)φ〉(6)

for any f ∈ Wq, φ ∈ (W ′)g.

2.2. Behaviors, associated varieties, and time-autonomy. For any of
the spaces W discussed in section 2.1, and for a polynomial matrix R ∈ C[s]g×q,
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denote as usual

kerW R = {w ∈ Wq | R(δ)w = 0},(7)

imW R = {w ∈ Wg | ∃ l ∈ Wq s.t. w = R(∂)l}.(8)

In this situation, we say that R is a kernel representation matrix of the behavior
B = kerR R. W is referred to as the the signal space; the signal space of a behavior is
taken to be D′ unless otherwise specified.

For the operator R(∂) or behavior kerD′ R, the associated system module or
module of formal quantities is defined as M := C[s]1×q/C[s]1×gR. This object is also
standard in PDE theory, and some relationships between M and B are drawn out
in [35]. In particular, the behavior B (for any signal space W) may be identified with
HomC[s](M,W) [13, 17].

Given a polynomial matrix R ∈ C[s]g×q, recall that a universal or minimal left
annihilator is a matrix L ∈ C[s]h×g for some h, such that the rows of L generate the set
of polynomial vectors v with vR = 0. Then the “fundamental principle” of Ehrenpreis–
Palamodov states that imW R = ker L for W = D′ or W = C∞. Equivalently, these
two signal spaces (modules) are injective. This property is a major component of
a very rich relationship between system modules M and behaviors B, introduced
into behavioral theory by Oberst [17]. We will also use standard facts and results
concerning the associated primes of M; see, e.g., [3] for the background here.

Let B = kerD′ R with R ∈ C[s]g×q; denote by V(B) the characteristic variety

V(B) := {ζ ∈ C
n | rank R(ζ) < q}(9)

which is well known to depend only on B and to be equal to the variety of the ideal

ann M := {r ∈ C[s] | rx = 0 for all x ∈ M}.(10)

The points of V(B) are precisely the frequencies ζ for which B admits polynomial
exponential trajectories p(x) exp(〈ζ, x〉), p a polynomial function; see, e.g., [18, 37] for
a discussion in the behavioral context. Since the associated primes of M include the
primes minimal with respect to the property of including ann M,V(B) is equal to the
union of the varieties of the associated primes of M.

We may further consider the projective closure V of a variety V = V(I) for some
ideal I, which is the smallest projective variety containing V according to the inclusion
C

n → PC
n, ζ 	→ (ζ, 1). V is the set of zeros of the homogeneous ideal equal to the

set of all homogeneous polynomials in C[s, z] mapping I under p(s, z) 	→ p(s, 1). The
variety at infinity Ṽ is defined as the intersection of Ṽ with the “hyperplane at infinity”
C

n × 0 ⊆ PC
n (but Ṽ is regarded as an affine variety in C

n). Since the hyperplane
at infinity is defined by the additional equation z = 0, Ṽ may easily be seen to equal
the set of zeros of the principal parts pr(p) of all p ∈ I, where pr(p) is the sum of all
terms of p with the highest total degree. The variety at infinity may be computed,
e.g., using Gröbner bases [3, sec. 15.10.5].

A vector v ∈ R
n\0 is said to be a characteristic direction for M or for ann M,

or for the associated system of PDEs, if v ∈ Ṽ(ann M); otherwise it is said to
be noncharacteristic. Recall now the definition of time-autonomy due to Sasane,
Thomas, and Willems [25].

Definition 2.1. A behavior B is called time-autonomous if any trajectory is
determined by its restriction to the half-space {x ∈ R

n | xn < 0.} The behavior is
autonomous if the characteristic variety is not all of C

n.
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Thus for a behavior B with signal space D′, time-autonomy is equivalent to the
absence of nonzero solutions in D′

+, so means that if a trajectory is zero in the “past”
(Rn

−) it must remain zero in the “future” (Rn
+).

Nonzero solutions over D′
+ or C∞

+ (or more generally in a specified half-space) are
null solutions. The following result characterizing their existence was first proved by
Hormander [6] in the smooth, single polynomial case, and can be found in [15] for the
smooth systems case and [16] for the distributional and smooth systems cases.

Theorem 2.2. A behavior B in (D′)q or in (C∞)q has no null solutions, i.e., is
time-autonomous, if and only if (0, . . . , 0, 1) is a noncharacteristic direction for the
system.

Note. Recent work [27] has also given a characterization of time-autonomy for a
class of 2D systems. Further consideration of how this relates to the above result is
left as a topic for future research.

The (Willems) closure of a submodule N of C[s]1×q with respect to a signal space
W is defined [20] as

N⊥⊥ := {v′ ∈ C[s]1×q | v′(∂)w = 0 for all w ∈ N⊥},(11)

where

N⊥ := {w ∈ Wq | v(∂)w = 0 for all v ∈ N}.(12)

Notice that N ⊆ N⊥⊥ and if N⊥
1 ⊆ N⊥

2 are two behaviors, then N⊥⊥
2 ⊆ N⊥⊥

1 .

2.3. Pole structure. We now recall some results from [37] concerning the pole
structure of nD behaviors. The material on input/output structures etc. may also be
found in many other places in the literature.

Recall first that a (free) input/output structure (x, y) on a behavior B with a
general signal space W is a partition of the system variables into m input variables u
and p output variables y with the properties that

1. the projection of the behavior onto the u variables equals Wm (we say the
variables u are free over W), and

2. the zero-input behavior

B0,y := {(u, y) ∈ B | u = 0}(13)

is autonomous, i.e., has no free variables.
For a given kernel representation, by writing the system equations in the form

P (∂)y = Q(∂)u,

we equivalently have that P has full column rank and the rank of (−Q,P ) is equal
to the rank of Q. When these conditions apply, there is a unique rational function
matrix G with PG = Q, called the transfer matrix.

The controllable part Bc of B defined as the (unique) maximal controllable sub-
behavior of B, possesses the same input/output structures as B and admits the same
transfer matrix with respect to any such input/output structure. We do not define
controllability here but refer the reader to [20]. The zero-input behavior (Bc)0,y of
the controllable part has a special structure.

Lemma 2.3 (see [37, Thm. 5.3]). Let Bc be a controllable behavior with given
input/output structure (u, y). Let M′ be the system module associated to the zero-
input behavior (Bc)0,y. Then the associated primes of M′ are all principal, and the
ideal ann M′ is generated by the least common denominator of the transfer matrix.
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For convenience, we will call a finitely generated module with the property that
its associated primes are all principal a principal module; there is no standard term
as far as we know.

The factor space B/Bc has the structure of an “abstract behavior” as defined
in [21]; it may be realized as any behavior of the form Rc(∂)(B), where Rc is a kernel
representation matrix of Bc. The behavior B/Bc is autonomous and is the natural
analogue of the autonomous part in 1D behavioral theory. It may be identified with
the set of all classes of mutually concatenable trajectories in B [40], and so this
behavior may be called the “obstruction to controllability.”

The pole variety, controllable pole variety, and uncontrollable pole variety of
B (with a specified input/output structure) are defined, respectively, as V(B0,y),
V((Bc)0,y), and V(B/Bc). The points of the uncontrollable variety have an interpre-
tation as input decoupling zeros, as discussed in [39]. The three sets are related as
follows.

Lemma 2.4. We have

V(B0,y) = V((Bc)0,y) ∪ V(B/Bc),(14)

Ṽ(B0,y) = Ṽ((Bc)0,y) ∪ Ṽ(B/Bc).(15)

Proof. Equation (15) is derived in [37] from a standard general result. Equa-
tion (16) must also be a consequence of a standard result, but one that we have not
found, so we derive it here. Let M,M′, and M′′ denote the system modules corre-
sponding, respectively, to the behaviors B0,y,B/Bc, and (Bc)0,y; then M′ ⊆ M with
factor M′′, and it is straightforward from this to see that

ann M ⊆ ann M′ ∩M′′ ⊆ rad ann M,(16)

where rad denotes the radical of an ideal. Write

J := {pr(d) | d ∈ ann M}

and define J ′ and J ′′ analogously with respect to M′ and M′′, respectively. Clearly,
J ⊆ J ′ ∩ J ′′. Moreover, if r ∈ J ′ ∩ J ′′, say, r = pr d1 = pr d2 with d1 ∈ ann M′, d2 ∈
ann M′′, then we find that d1d2 ∈ ann M. We also see that for any two polynomials
p, q ∈ C[s], pr(p) · pr(q) = pr(pq), and so r2 = pr(d1d2) ∈ J, and so r ∈ rad J. This
proves that

J ⊆ J ′ ∩ J ′′ ⊆ rad J.

Consequently, V(J) = V(J ′) ∪ V(J ′′). However, V(J) = J̃ (B0,y), etc., so we have
proved (16).

3. Stability of autonomous behaviors. In this section we consider an au-
tonomous behavior B given by a kernel representation matrix R, which necessarily
has full column rank q. Furthermore, we assume that one of the independent variables
“time” (t) is distinguished; without loss of generality we will always take this to be
the last variable listed in the coordinate system for R

n. Under what conditions should
B be referred to as a “stable” behavior?

Stability in this context should mean that B contains no physically reasonable
trajectories which grow in time at an unacceptably fast rate in some sense (e.g., which
are unbounded). We might call this “stability with respect to the initial conditions.”
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In [20, 30], B was defined to be stable with respect to a cone C ⊆ R
n if every

smooth trajectory of B tends to 0 along every half-line in C. This is characterized
in [20, 30], subject to some minor assumptions, by the condition that no projection
onto the real space of V(B) should lie in the polar cone of C with positive distance
from the boundary of this polar.

Let us consider the heat or diffusion equation in one spatial variable

∂2w

∂x2
=

∂w

∂t
.(17)

This system was used recently by Sasane in [26, 24] to motivate an alternative sig-
nal space to C∞, D′; here we will consider it in a similar spirt. We find that the
characteristic variety of the system (17) or of its behavior B, is

V(B) = {(η, ξ) ∈ C
2 | η2 = ξ},

and the behavior contains trajectories of the form

exp(
(η)x + 
(η2)t) exp(ι�(η)x + ι�(η2)t)

for all η ∈ C. Hence B contains trajectories which are unbounded on the positive t-axis,
corresponding to the choices 
(η2) > 0, and so is unstable in the sense introduced
in [20, 30]. However, note that if 
(η2) > 0, then 
(η) �= 0; i.e., any solution which
is unbounded on the +t-axis is also unbounded (indeed, exponentially growing) on
the x-axis. In other words, the only way to get unbounded temporal behavior in this
system is to start with exponentially growing initial spatial data! Indeed, we would
prefer to consider the heat equation as “stable”; with no external input of heat, heat
should diffuse in time and never blow up. In this paper, we take the view that the
initial data and trajectories which are exponentially growing spatially are physically
unrealistic. With these considerations in mind we introduce the following concept.

Definition 3.1. An autonomous behavior B, or its characteristic variety V =
V(B), is said to satisfy the CV condition if

V ∩ X+ = ∅, | X+ := ıRn−1 × C+,(CV)

where C+ denotes the closed right-half plane. We say that B or V satisfies the weak
CV (WCV) condition if the same holds but for the open right-half plane C

+ instead
of C+. We also say that a polynomial or ideal satisfies the CV condition or satisfies
the WCV condition if the corresponding condition is satisfied by the variety of the
polynomial/ideal.

For later use we also define

X− := ıRn−1 × C−,(18)

where C− denotes the closed left-half plane.
Recalling the description of the points of the characteristic variety in terms of

polynomial exponential trajectories, we note that a behavior satisfies the CV condi-
tion if and only if it contains no polynomial exponential trajectories which are bounded
at t = 0 (corresponding to the spatial frequency components being imaginary) but
which do not decay along the positive t-axis (corresponding to the temporal frequency
components being in C+). This observation applies equally well to both complex and
real-valued trajectories. We therefore think of points of X+ as unstable frequencies.
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Similarly, a behavior satisfies the WCV condition if and only if it contains no poly-
nomial exponential trajectories which are bounded at t = 0 but grow faster than a
polynomial in the +t-direction. Note that the behavior defined by the heat equation
certainly satisfies the WCV condition, as if η is imaginary, then 
(η2) < 0 gives rise
to a trajectory which is exponentially decaying in time.

As a working definition, we consider an autonomous behavior to be stable when
it satisfies the CV condition. This attempts to capture the idea that a behavior is un-
stable when it contains trajectories which are well behaved at t = 0 but do not decay
to 0 as t → +∞. The concept of “stability with respect to initial conditions” also lies
behind the definition of stability for 2D discrete systems given by Valcher [33] (there
is little parallel in the mathematics of the continuous and discrete cases, but the un-
derlying philosophy is the same). As we have seen, in terms of polynomial exponential
trajectories Definition 3.1 seems very appropriate, and by the same considerations the
CV condition is certainly necessary for stability in the general sense we have been in-
dicating. Moreover, since the polynomial exponential solutions of a system are dense
in the smooth solutions, at least in the case of complex coefficients [7, Thm. 7.6.14],
it is not unreasonable to conjecture that the CV condition is also sufficient for this
type of stability. However, this important problem remains open, and we rely on later
sections to fully motivate the CV condition.

Let us cover the other basic classical examples for general n. We have seen that the
behavior of the heat equation satisfies the WCV condition, though it does not satisfy
the CV condition; this holds in any number of spatial dimensions. This behavior of
the wave equation and of the gradient operator also satisfy the WCV condition but
not the CV condition. The kernel of the Laplace operator does not satisfy either.

3.1. Hyperbolic systems. It is also interesting to note that the WCV condition
implies the G̊arding condition, which is necessary for hyperbolicity of an autonomous
system given by a single polynomial. Here is the condition,

{
(ξ) | ∃η ∈ ıRn−1, ξ, η ∈ V} ⊆ R is bounded above.(19)

We now discuss hyperbolicity, giving the definition for the systems case which is
more complex than the better known definition for a single polynomial. The following
definition is identical to one of the equivalent definitions given by Nacinovich [16],
adjusted only in respect of the fact that our systems are defined via P (∂)w = 0,
whereas he uses the more standard P ((1/ı)∂)w = 0. Also we have specialized the
definition to hyperbolicity in a fixed direction.

Definition 3.2. A system P (∂)w = 0, operator P (∂), associated system module
M, or behavior B, is called hyperbolic (in the direction t) if for every associated prime
I of M we can find a constant 0 < c < 1 such that (where 
(η, ξ) denotes the real
part vector of the complex n + 1 tuple (η, ξ))


(ξ) ≤ c|
(η, ξ)| + c−1 for every (η, ξ) ∈ V(I).(20)

The following result, also adapted from [16], links the definition to the more
familiar one for a single polynomial.

Theorem 3.3. Let P ∈ C[s]g×q, and let M be the system module, i.e., M =
C[s]1×q/C[s]1×gP. Suppose that M is principal. Then P (∂) is hyperbolic if and only
if (0, . . . , 0, 1) is a noncharacteristic direction for the system P (∂)y = 0, and the
G̊arding condition (20) holds for the characteristic variety of the system.

Proof. We refer to the remark following [16, Prop. 6.1], which states that when the
associated primes of M are all principal, hyperbolicity is equivalent to the requirement
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that (0, . . . , 0, 1) be noncharacteristic, together with the G̊arding condition for each
variety V(I), I an associated prime of M. Since the number of associated primes is
finite, the latter condition is, however, equivalent to the G̊arding condition for the
characteristic variety itself.

It is easy to see that the conditions of Theorem 3.3 hold in particular when P is a
single polynomial, as expected. Note from Lemma 2.3 that this condition is also met
for the module corresponding to the zero-input behavior of any controllable behavior.

We remark that hyperbolicity is equivalent to solvability of the “noncharacteris-
tic” Cauchy problem in many different formulations [9, 10], which is of great impor-
tance and deserves investigation in the context of control systems theory. Essentially,
hyperbolicity allows the unique continuation of initial data in a large class on t = 0 to
trajectories on the half-space t ≥ 0. We will note in the next section its connections
to causality.

Note also that hyperbolic behaviors are in particular time-autonomous (in the
general case this is a consequence of Theorem 4.2 in the next section). Next, we link
the WCV condition to hyperbolicity.

Lemma 3.4. Let P (∂) be a partial differential operator with kernel B and system
module M. Suppose that M is principal and that B satisfies the WCV condition and
is time-autonomous. Then the system is hyperbolic and therefore admits a solution to
the noncharacteristic Cauchy problem.

In the case where M is principal, the CV property, together with time-autonomy,
is of course a much stronger property than hyperbolicity; for example, in two dimen-
sions the kernel of the operator (∂/∂t−1) is hyperbolic but does not satisfy the WCV
condition. The relationship between these two properties will become clearer when
we examine stable input/output structures. This, however, will require us to consider
causality in the continuous space-time input/output framework.

4. Causal input/output structures. We are interested in this section with
the question of when a given input/output structure is causal. Following Zampieri [38]
for the discrete case (in which the past and future are defined with respect to a cone),
we introduce the following definition of causality.

Definition 4.1. Suppose that (u, y) is an input/output structure on B and B0,y is
time-autonomous. Then the input/output structure is said to be causal (with respect
to C∞) if for any smooth input u with support in R

n
+, there exists a smooth output y

(necessarily unique) with support in R
n
+, such that (u, y) ∈ B.

Causality with respect to D′ may also be defined in the obvious way; where no
solution type is specified, we take causality to be meant in the smooth sense.

Thus causality indicates that for any input u with zero past, there is a corre-
sponding output y (intuitively, the output corresponding to zero initial conditions)
with a past which is determined by that of u, and is therefore also zero. Notice that
this interpretation of Definition 4.1 only makes complete sense if the complementary
half-space R

n
− contains the domain of a complete set of Cauchy data for B0,y, and this

is the reason for insisting a priori that B0,y be time-autonomous. Time-autonomy of
B0,y clearly means that an output trajectory is entirely determined by its value in R

n
−,

together with the input trajectory. Physical systems should of course always be causal
in the intuitive sense, but not all autonomous behaviors arising in the physical context
are time-autonomous. For example, the behavior defined by the heat equation (18)
is not time-autonomous, though in a more restricted and perhaps physically better
motivated sense, it is (see [24]). A general solution of the heat equation is, however,
not uniquely defined by its past!—essentially because an input may be supplied via
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a boundary condition. For time-autonomous B0,y, however, causality in the sense of
Definition 4.1 captures the intuitive concept.

Hyperbolicity is intimately connected to causality. To demonstrate this, we give
some results essentially taken from [16]; these results are very well known in the PDE
community for the case of a single polynomial operator (see, e.g., [9, Thm. 12.5.4]),
in which case the matrix L below is 0.

Theorem 4.2. Let P ∈ C[s]g×q with universal left annihilator matrix L ∈
C[s]h×g. The following are equivalent:

1. P (∂) is hyperbolic.
2. The system

P (∂)y = u(21)

has a unique solution y ∈ (C∞
+ )p for all u ∈ kerC∞

+
L.

3. The system (21) has a unique solution y ∈ (D′
+)p for all u ∈ kerD′

+
L.

Proof. In [16, Thm. 5.1], it is stated that P (∂) is hyperbolic if and only if
Exti

C[s](M, C∞
+ ) = 0, i = 0, 1. For i = 0 this means that P (∂) admits no smooth

null solutions; for i = 1 it means that the sequence

(C′
+)p

P (∂)→ (C∞
+ )g

L(∂)→ (C∞
+ )h

is exact, which together with condition 2 [16, Thm. 5.2] gives the result for distribu-
tions, which establishes the equivalence of 1–3.

Notice that Theorem 4.2 in particular gives a restricted form of the “fundamental
principle”—over C∞

+ or D′
+ when P (or its module) is hyperbolic, the system (21)

has a solution y for given u if and only if u satisfies the necessary “compatibility
conditions.” Indeed, the results of Nacinovich characterize hyperbolicity in terms of
the vanishing of Exti

C[s], as indicated in the proof above.

Moreover, at least in the case of a single polynomial [9, Thm. 12.5.4], hyperbolicity
guarantees the existence of a fundamental solution to the system (21) having support
in R

n
+, and in both smooth and distributional cases the causal input-to-output map

is given simply by convolution with the fundamental solution, which in the current
context we can also refer to as the impulse response. As discussed in [30], hyperbolic
systems are in this sense, therefore, the natural analogue of standard 1D (lumped)
systems.

In [30], Shankar considers causality in a slightly different sense, namely to mean
the existence of a continuous linear shift-invariant map from the set of smooth inputs
with support in some cone contained in R

n
+, to the set of outputs of the same type. For

the system (21) with P equal to a single polynomial p, he proves that the existence
of such a causal input-to-output map guarantees time-autonomy of the zero-input
behavior and thereby (using Theorem 4.2) hyperbolicity of p also.

It is easy to see that hyperbolicity is still sufficient for results of this type when
a Q term is added to the equations.

Corollary 4.3. Let B be a behavior defined by the equations

P (∂)y = Q(∂)u

forming an input/output structure. If P is a hyperbolic operator, then B0,y is time-
autonomous and the input/output structure is causal.

Proof. Suppose that P is hyperbolic. Time-autonomy of B0,y is immediate from
the uniqueness of solutions y given in Theorem 4.2, and causality follows from this
result also.
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It is open to discussion as to whether the converse of Corollary 4.3 holds. The
next lemma shows that under a simple assumption, all the trajectories of B with
support in D′

+ are contained in the controllable part. We will then use this reasoning
to demonstrate that B and Bc have the same causal input/output structures.

Lemma 4.4. Let B be a behavior in (D′)q. If B/Bc is time-autonomous, then
B ∩ (D′)q = Bc ∩ (D′

+)q.
Proof. Suppose that B/Bc is time-autonomous. The inclusion ⊇ is trivial. Now

suppose w ∈ B ∩ (D′
+)q, and let Rc be a kernel representation matrix of Bc. Since

B/Bc is time-autonomous, Rc(∂)w ∈ Rc(∂)(B) ∼= B/Bc must vanish, so w ∈ Bc.
An analogous argument may be used to generalize Zampieri’s Lemma 3.3 and,

hence, other results in [38] from the 2D to nD discrete case.
Corollary 4.5. Let B be a behavior with controllable part Bc and a given

input/output structure (u, y) (which is necessarily an input/output structure on Bc

also). Then the following hold:
1. B0,y is time-autonomous if and only if both B/Bc and (Bc)0,y are.
2. Under the equivalent conditions of claim 1, (u, y) is a causal input/output

structure on B if and only if it is a causal input/output structure on Bc.
Proof.
1. This claim is immediate from Theorem 2.2 together with Lemma 2.4.
2. Suppose that the conditions of claim 1 hold. If (u, y) is causal for Bc, then

it is trivial that it is also causal for B, and the converse follows directly from
Lemma 4.4.

Corollary 4.3, Lemma 4.4, and Corollary 4.5 apply to causality in both the smooth
and distributional senses.

One consequence of Corollary 4.5 is that when causality of an input/output struc-
ture is defined (i.e., when the zero-input behavior is time-autonomous), whether or
not it holds is determined purely by the controllable part of the behavior and therefore
by the transfer matrix. This motivates the following definition.

Definition 4.6. Call a transfer matrix G causal if its least common denominator
is hyperbolic, stable if this polynomial obeys the CV condition, and weakly stable if
this polynomial obeys the WCV condition.

Notice that for n = 1, stability of G agrees with the classical concept, and causality
of G is automatic.

Suppose we are given a behavior B with input/output structure (u, y) and transfer
matrix G. Due to Lemma 2.3, G is causal if and only if (Bc)0,y is hyperbolic. Similarly,
G is stable if and only if (Bc)0,y obeys the CV condition. The following new result
shows that causality of G corresponds to causality of the corresponding input/output
structures when the latter are defined.

Theorem 4.7. Suppose that B is a behavior with an input/output structure such
that B0,y is time-autonomous. Then the input/output structure is causal with respect
to C∞ if and only if the associated transfer matrix is causal. These conditions imply
that the input/output structure is causal with respect to D′.

Proof. Let B be given with B0,y time-autonomous and let P (∂)y = Qc(∂)u be
a description of the controllable part of Bc. Write M for the system module of the
behavior Bc and M′ for the system module of the operator P c(∂), corresponding to
the behavior (Bc)0,y. We have an exact sequence (e.g., [37])

0 → F → M → M′ → 0

for a free submodule F of M, with rank equal to the number of inputs m. From this
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we obtain the long exact sequence in Ext (see, e.g., [3]),

0 → HomC[s](M′, C∞
+ ) → HomC[s](M, C∞

+ )
ρ→ HomC[s](F, C∞

+ )

→ Ext1
C[s](M′, C∞

+ ) → Ext1
C[s](M, C∞

+ ) → 0,(22)

the last “0” term occurring since F is free. Recall that HomC[s](M′, C∞
+ ) is identi-

fied with the C∞
+ solutions in (Bc)0,y and HomC[s](M, C∞

+ ) with the C∞
+ solutions in

Bc. Also, HomC[s](F, C∞
+ ) = (C∞

+ )m and the map ρ is the projection map (u, y) ∈
(C∞

+ )m+p 	→ u. Since Bc is controllable, M is torsionfree [20]. Furthermore, we have
an exact sequence

0 → C∞
+ → C → C∞

� → 0.

Note that C∞
� is the set of restrictions of smooth functions to the set R

n
−; it is therefore

the direct limit as ε 	→ 0 of the sets C∞(Hε) on Hε = {x ∈ R
n, xn < ε} for ε > 0. Since

Hε is convex, C∞(Hε) is known to be an injective module (e.g., [19, Cor. VII.8.4]), and
now C∞

� is injective as the direct limits of injectives (e.g., [11, Thm. (3.46)]). Therefore
C∞
+ has injective dimension 1, and so, M being torsionfree, Ext1

C[s](M, C∞
+ ) = 0 by [36,

Thm. 4.8]. From (22), we now see that the cokernel of ρ equals Ext1
C[s](M′, C∞

+ ).

Suppose now that (x, y) is causal for B. Then by Corollary 4.5, it is also causal for
Bc, so the map ρ is surjective, due to which Ext1

C[s](M′, C∞
+ ) = 0. Also, as B0,y is time-

autonomous, (B)c0,y is time-autonomous by Corollary 4.5, and so Ext0
C[s](M′, C∞

+ ) = 0

also. By Theorem 4.2, P c(∂) is hyperbolic, which means that G is causal.
Conversely, suppose that G is causal. As observed preceding the theorem, P c(∂)

is hyperbolic and so Ext1
C[s](M′, C∞

+ ) vanishes by Theorem 4.2. Thus the map ρ is

surjective, so the variables u are free over C∞
+ , i.e., (u, y) is causal for Bc and so

for B by Corollary 4.5. This converse argument also applies to distributional solu-
tions.

In particular, Theorem 4.7 establishes that causality of a given input/output
structure may be tested (when it is defined) merely by looking at the least common
denominator d of the transfer matrix G. In fact, since the prior condition of time-
autonomy enforces that (Bc)0,y be time-autonomous (by Corollary 4.5) and therefore
that (0, . . . , 0, 1) be noncharacteristic for d, we have that (u, y) is causal if and only if
d satisfies the G̊arding condition. Unfortunately, it is not immediately clear how the
condition may be tested. One possibly tractable necessary and sufficient condition is
given in [16, Prop. 6.1]; M is hyperbolic if and only if (0, . . . , 0,−1) does not appear
in any of the asymptotic cones (at infinity) of the real parts of the varieties of the
associated primes of M; for brevity we omit a precise description.

We remark also that a well-known necessary condition for hyperbolicity of d is
that the principal part of pr(d) of d itself be hyperbolic (e.g., [9, Thm. 12.4.2]). The
G̊arding condition on pr(d) is equivalent to requiring that the roots ζ of pr(d)(ν, ζ)
all be real for any real ν �= 0 (e.g., [9, Thm. 12.4.3]). Any further analysis of compu-
tational issues is outside the scope of this paper.

5. Convolution operators and ideal convexity. Before we tackle the sub-
ject of stable input/output structures, we need to explore two areas of background
material. This first is convolution operators and Fourier transforms on the classical
and other related spaces, as developed by Gindikin and Volevich [4]. This will lead
us to a necessary and sufficient condition for input/output stability of the system
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p(∂)y = u. The second area is “ideal-convexity” of a region in complex space, which
is a necessary property for the extension of certain results from polynomials to ideals
(and thereby general systems).

5.1. Convolution operators on S,S′. The following material is largely taken

from [4, secs. 1.1–1.2]. For s ∈ N and l ∈ R, let C(s)
(l) denote the space of s-times

continuously differentiable functions f on R
n with finite Hölder norm

|f |(s)(l) := sup
x∈Rn,α∈Nn,|α|≤s

(1 + x2)l/2|∂αf(x)|.(23)

Here |α| denotes the total of the components of α, and δα is a shorthand for the
operator p(∂), where p = (sα1

1 sα2
2 , . . . , sαn

n ). The following elementary lemma is not
in [4] but will prove useful.

Lemma 5.1. If f, g ∈ C(s)
l/2 for some s, l, then fg ∈ C(s)

l .

Proof. Suppose that f and g are in C(s)
(l/2). We have

sup
x∈Rn, |α|≤s

(1 + x2)l/2 |∂α(fg)(x)| = sup
x∈Rn, |α|≤s

(1 + x2)l/2

∣∣∣∣∣∣
∑
i≤α

βi,α(∂if)(x)(∂α−ig)(x)

∣∣∣∣∣∣ ,
where the sum on the right-hand side is taken over all multi-indices i which are,
componentwise, less than or equal to α, and βi,α are constants depending only on
i, α. Hence we obtain

sup
x∈Rn, |α|≤s

(1 + x2)l/2 |∂α(fg)(x)| ≤ sup
x∈Rn, |α|≤s

∑
i≤α

(1 + x2)l/2|βi,α| |(∂if)(x)| |(∂α−ig)(x)|

≤ max
|α|≤s

∑
i≤α

|βi,α|
(

sup
x∈Rn

(1 + x2)l/4|(∂if)(x)|
)

×
(

sup
x∈Rn

(1 + x2)l/4|(∂α−ig)(x)|
)
,

which is finite since for any α the sum given is a finite linear combination of terms

which are finite by supposition. Therefore fg ∈ C(s)
(l) as required.

Recall that S is defined as the intersection of all the spaces C(s)
(l) . Also of interest

is the set

L :=
⋂
s

⋃
l

C(s)
(l)(24)

which is the set of all smooth functions, each derivative of which grows no faster than
some power of x (which power may depend on the derivative), and

O :=
⋃
l

⋂
s

C(s)
(l)(25)

the set of all smooth functions, each derivative of which grows no faster than some
power of x which is independent of the derivative. (“M” is used rather than “L”
in [4].) O may be thought of as the set of (at most) slowly growing smooth functions;
its dual space is denoted by O′ and may be thought of as the space of rapidly decreas-
ing distributions. Clearly S ⊆ O ⊆ L ⊆ C∞. We collect some basic facts and results
from [4, sec. 1.1].
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Lemma 5.2.

1. L is a ring with respect to multiplication.
2. S is closed under multiplication by elements of L.
3. F(S) = S, F(S ′) = S ′, and F(O′) = L, where F denotes Fourier transform.
4. Let p be a polynomial. The equation

p(∂)y = u

is uniquely solvable for y ∈ S (resp., O, S ′, O′) for any u ∈ S (resp., O, S ′, O′),
if and only if p has no imaginary roots.

5. Any polynomial p is in L, and the function p(ıζ) of ζ has an inverse in L if
and only if p has no imaginary roots.

Proof. The last claim is not given explicitly in [4]; note that polynomials are
contained in O ⊆ L. That the inverse of p(ıζ) of ζ is in L if and only if p has no
imaginary roots is implicit in the argument of [4, sec. 1.1.5]; we provide an argument
based on their explicit results. By claim 4, the polynomial p has no imaginary roots
if and only if the convolutional equation p(∂)y = u is uniquely solvable for y ∈ O′ for
any u ∈ O′. By [4, Thm. 1.1.5], this holds if and only if there is a fundamental solution
E ∈ O′ with (p(∂)δ) ∗ E = E ∗ (p(∂)δ) = δ, where δ is the Dirac delta and ∗ denotes
convolution. By Fourier transform (use claim 3), this is equivalent to invertibility of
p(ıζ) in L.

5.2. Convolution operators on S+, S′
+. Still following [4], we now introduce

the spaces C(s)
(l)+ of all functions in C(s)

(l) with support in R
n
+ and define S+, S ′

+, S ′
⊕,

etc., as before. O+ and O′
+ are defined analogously. We have that S ′

⊕ is the dual
space of S+ and S ′

+ is dual to S⊕.

Now for any Banach space B of functions (ν, σ) ∈ R
(n−1)+1 with norm φ 	→ |φ|B ,

denote by B+ the space of functions f of (ν, ξ) ∈ R
n−1 × C, ξ = σ + ıρ, with the

following properties:
1. For each ρ ≤ 0, the functions fρ = f(·, ·+ıρ) are in B, and the map (−∞, 0] 	→

B, ρ 	→ fρ is continuous.
2. For each ν ∈ R

n−1, the functions fν = f(ν, ·) are functions holomorphic in
C−.

3. The norm supρ<0 |fρ|B is finite.
A space B− may be defined analogously by changing the sign of ρ in conditions

1 and 3 and changing C− for C+ in condition 2. Note that if f(s) ∈ B+, then
F (−s) ∈ B− and vice versa, provided that B is preserved by the same operation.

Now we define

S+ :=
⋂
s,l

C(s)+
(l) ,(26)

L+ :=
⋂
s

⋃
l

C(s)+
(l) .(27)

Spaces S− and L− may be defined analogously, and again if f(s) ∈ L+, then f(−s) ∈
L− and vice versa.

The interest in these spaces comes from the following collection of points, from [4]
except where proof is given below.
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Lemma 5.3.

1. L+ is closed under multiplication.
2. S+ is closed under multiplication by elements of L+ and this multiplication

rule is associative.
3. F(S+) = S+ and F(O′

+) = L+.
4. Let p be a polynomial. The equation

p(∂)y = u

is uniquely solvable for y ∈ S ′
+ for any u ∈ S ′

+ if and only if p has no roots

in X+ = R
n−1 × C+.

5. The equation

p(∂)y = u

is uniquely solvable for y ∈ S ′
+ for any u ∈ S ′

+ if and only if p has no roots

in R
n−1 × C+.

6. Any polynomial p is in L+ and the function 1/p(ıζ) of ζ is in L+ if and only
if p has no roots in X+.

Proof.
1. Note that multiplication is defined since the elements of L+ are functions. It

follows from Lemma 5.1 that if f, g ∈ C(s)+
(l/2) for some l ∈ R, then fg ∈ C(s)+

(l/2).

Hence if f, g ∈ L+, then for any s there exists l with f, g ∈ C(s)+
(l) , and so

fg ∈ C(s)+
(l) . Therefore fg ∈ L+.

2. The first point is given in [4, sec. 1.2.2], and the second is immediate as
L+, S+ ⊆ C∞.

3. These identities are (21) and (24) in [4, sec. 1].
4. This is Theorem 2(i) in [4, sec. 1.2.5].
5. This is Theorem 2(ii) in [4, sec. 1.2.5].
6. That polynomials are in L+ follows from claim 3, as polynomials are Fourier

transforms of distributions with support at 0, which are therefore in O′
+. Also

from [4, Thm. 2(i), sec. 1.2.5], p has no roots in X+ if and only if p(∂)y = u
is uniquely solvable over O′

+. By [4, Thm. 1, sec. 1.2.5], this is equivalent to
the condition that p(ıζ)−1 ∈ F(O′

+) = L+.
Clearly all the claims of Lemma 5.3 can be “time-reversed” to give corresponding

results for L−,S−,X−, etc.
Claims 4 and 5 of Lemma 5.3 are our first input/output stability results. Claim 4,

for example, states that if the input is both spatially and temporally rapidly decreasing
(the first condition being a reasonable prior assumption on physical signals and the
second meaning that it is “stable”) and has zero past, then there exists a causal
response with the same properties if and only if a certain condition (in fact CV) holds
on p. Moreover, by time-autonomy (which can be assumed a priori), there cannot be
any different causal system response; i.e., all causal responses are stable. Our main
goal in what follows will be to generalize this result to the general system case.

5.3. Ideal convexity. In order to generalize the results in the previous section
to systems, we will need certain properties of polynomials with respect to the set X+

to extend to ideals.
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Definition 5.4. We call a set S ⊆ C
n codimension k−convex, k = 1, . . . , n, if

for any codimension k prime ideal J we have

V(J) ∩ S = ∅ ⇒ ∃ f ∈ J : V(f) ∩ S = ∅.(28)

We say that S is ideal-convex if property (28) holds for any (not necessarily prime)
ideal J.

The first of these properties was introduced in [32], in which it is shown that the
closed unit polydisc is codimension k−convex for all k. Codimension 1–convexity is
trivial, since any prime ideal of codimension 1 in C[s] is principal (it must contain
an irreducible polynomial and so must be equal to the codimension 1 prime ideal
generated by that polynomial). It was also observed in [32] that if S is codimension
k−convex for k = 1, . . . , n, then S is ideal convex; this is essentially due to claim 2 of
the following simple but important result.

Theorem 5.5. Let S ⊆ C
n be one of the sets: ıRn,X+,X−. We have

1. S is codimension n−convex.
2. If the minimal prime divisors of an ideal satisfy (28), then the ideal itself also

does.
3. For n = 2, S is ideal-convex.

Proof.
1. Suppose that J is a maximal ideal with variety not intersecting X+. Both

real and complex coefficient polynomial rings are covered by the following
argument. Let (α1, . . . , αn−1, β) be a point in V(J). Then either 
(αi) �= 0 for
some i = 1, . . . , n−1, or else 
(β) < 0. In the first case, f := (si−αi)(si−αi)

is a suitable polynomial in J, where
−· denotes complex conjugate. In the

second case, f := (sn − β)(sn − β) may be chosen. The argument for X− is
symmetric and that for ıRn similar but simpler.

2. This property holds for arbitrary S. For suppose that I is a given ideal such
that V(I) ∩ S = ∅, and that J1, . . . , Jl are prime divisors of I and satisfy
property (28). Then the product f of the corresponding polynomials fi ∈ Ji
is contained in the intersection of the Ji, which equals the radical of I, and
therefore some power fk of f is in I, and we have V(fk)∩ S = ∅ as required.

3. For n = 2, any nonzero prime ideal has codimension either 1 or n; using
claim 1 we have that property (28) holds for all prime ideals. By claim 2, S
is ideal-convex.

An important open question is whether the sets S in the preceding theorem are
actually ideal-convex for all n. We will see in section 7 that this question has major
implications for input/output stability. Ideal-convexity can also be expressed (see also
Proposition 1 in [28]) as a “(weak) Nullstellensatz”-type result for the localized ring
U−1

C[s], where U is the multiplicatively closed set of all polynomials which do not
vanish anywhere in the given domain.

In [33], Valcher characterizes stability of autonomous behaviors for “square” be-
haviors (those admitting a square kernel representation matrix) and finite-dimensional
behaviors (those for which the corresponding system module has codimension n).
These seem to correspond to principal modules/ideals and maximal ideals, respec-
tively, and we suspect that the generalization of [33] to the nD case hits a problem
analogous to proving ideal-convexity here.

6. Structure theory over S, S′, S+, S′
⊕. In this section, we will develop

some basic but highly nontrivial results concerning the structure of behaviors over S
and S ′, and then S+ and S ′

⊕. The second set of results and proofs follow the structure
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of the first. The results for S and S ′ are also included for independent interest. Many
of the results in this section and section 7 are restricted to the case n = 2; this is due
only to the lack of a proof that the sets S in Theorem 5.5 are ideal-convex for all n.
The material in this section and section 7 is entirely new, barring Theorem 6.1.

We begin by recalling a result on (Willems) closure from [36], which, however, we
state in the most general form as indicated in that paper.

Theorem 6.1. Let W be a module over C[s] and N a submodule of C[s]1×q for
some q. Suppose that N = ∩t

i=1Ni is an irredundant decomposition of N in C[s]1×q,
where Ni is a Ji-primary submodule of C[s]1×q for some prime ideals J1, . . . , Jt. Let
the components be ordered so that for some r ∈ 0, . . . , t, J1, . . . , Jr each annihilate
some nonzero element of W, but Jr+1, . . . , Jt do not. Assume that each of the primes
Ji, i = 1, . . . , r, is contained in some prime Ki which also annihilates some nonzero
element of W, and for which

(0 : K∞
i )W := {w ∈ W | Kl

iw = 0 for some l ∈ N}

is an injective C[s]-module. Then the closure of N with respect to W is given by

N⊥⊥ =

r⋂
i=1

Ni.(29)

The assumption holds in particular whenever W is itself injective.
Proof. This result is a small refinement of [36, Thm. 3.9], as indicated in the com-

ments following that result. For completeness, we sketch the necessary modifications
to the proof given in [36] to achieve this refinement.

As shown in the original proof, the inclusion “⊇” in (29) does not require any
assumption on the primes J1, . . . , Jr. For the reverse inclusion, set D = C[s], M =
D1×q/N , and L = ∩r

i=1Mi, Mi = Ni/N , as in the original proof. As in the original
proof, if x ∈ M\L, then there exist i ∈ 1, . . . , r and a ∈ D with D(ax+Mi) ∼= D/Ji.
Now by assumption, Ji is contained in Ki with (0 : K∞

i )W injective and also nonzero
as Ki annihilates some nonzero element of W. As in the argument for Pj in the
original proof, Ki must be contained in some prime Q with a copy of the injective
hull E(D/Q) of D/Q embedded in (0 : K∞

i )W . We therefore have a sequence of maps
of the form

D(ax + Mi)
∼=→ D/Ji

ρ1→ D/Ki
ρ2→ D/Q → E(D/Q) → (0 : K∞

i )W ,

where ρ1 and ρ2 are the natural projections. Call the composition map w1. As in
the original proof, if w1(ax + Mi) = 0, then we must have (ρ2 ◦ ρ2)(1 + Ji) = 0 in
D/Q, which entails that 1 ∈ Q. This is impossible, so w1(ax + Mi) �= 0 and w1 is
not the zero map. As in the original proof, w1 can then be extended using injectivity
of (0 : K∞

i )W to a nonzero map w : M → W, which further is nonzero at x. This is
enough to complete the proof, as explained in [36].

The final claim follows since injectivity of W guarantees injectivity of (0 : I∞)W
for any ideal I [14].

6.1. Structure theory over S, S′. In particular, we may derive from The-
orem 6.1 the characterization by Shankar of closure with respect to S ′ [29] (this
latter result, however, preceded and motivated the theorem above). S ′ is injective, as
proved originally by Malgrange [12] and more recently by Shankar [31], and therefore
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Theorem 6.1 applies; a prime J kills some nonzero element of S ′ if and only if it van-
ishes at some imaginary point. We repeat Shankar’s result from [29] here, together
with an alternative form for a special case.

Corollary 6.2. Suppose that N = ∩t
i=1Ni is an irredundant decomposition of

a submodule N of C[s]1×q, where Ni is Ji-primary. Let the components be ordered so
that for some r ∈ 0, . . . , t, J1, . . . , Jr each vanish at some point ıRn but Jr+1, . . . , Jt
do not. Then the closure of N with respect to W is equal to ∩r

i=1Ni. Moreover, in the
case where the primes are minimal in the set Jr+1, . . . , Jt and each has codimension
1 or n (e.g., when n ≤ 2), there exists a polynomial f with no imaginary roots such
that the closure with respect to W may be written

N⊥⊥ = {v ∈ C[s]1×q | ∃k ∈ N, fkv ∈ N}.(30)

Proof. The equality

N⊥⊥ =

r⋂
i=1

Ni(31)

is already given [29]. Now suppose that the primes are minimal among Jr+1, . . . , Jt
and each has codimension 1 or n. By Theorem 5.5 there then exists f ∈ ∩t

i=r+1Ji
with no imaginary roots. Note that f is contained in Jr+1, . . . , Jt but not in any of
J1, . . . , Jr (since these do have imaginary roots). Hence by [3, Prop. 3.13], the module

H0
(f)(M) := {v + N ∈ M | fkv ∈ N for some k ∈ N}

agrees with ∩r
i=1Ni/N , where M = C[s]1×q/N . This together with (31) gives us the

required result.
Note from the proof that the assumptions in the second claim of the corollary may

be dropped if it can be shown that ıRn is ideal-convex for any n. From the corollary
we can give conditions for one behavior over S ′ to be contained in another (when the
assumptions of Corollary 6.2 hold).

Corollary 6.3. Let B1 = kerS′ R1 and B2 = kerS′ R2 be two behaviors contained
in (S ′)q for some q. Let N1 be the row span of R1 over C[s]. Suppose that the primes,
minimal among those associated primes of the module C[s]1×q/N1 with no imaginary
points in their varieties, each have codimension 1 or n; this occurs, in particular, when
n ≤ 2. Then B1 ⊆ B2 if and only if there exist a polynomial f with no imaginary roots
and a polynomial matrix L, such that fR2 = LR1.

Proof. Suppose that such an f and L exist with fR2 = LR1. Then for any
w ∈ kerS′R1, f(∂)(R2(∂)w) = 0. Since f has no imaginary roots, by Corollary 6.2 the
closure with respect to S ′ of the ideal generated by f is equal to C[s]; i.e., f kills no
nonzero element of S ′. Hence R2(∂)w = 0 as required.

Conversely, suppose that B1 ⊆ B2. Writing N1 and N2 for the row spans of R1

and R2, respectively, we have

N2 ⊆ N⊥⊥
2 ⊆ N⊥⊥

1 ,

where ·⊥⊥ denotes closure with respect to S ′. By the second claim of Corollary 6.2
(which requires the given assumptions on C[s]1×q/N1 or on n), there is a polynomial
f with no imaginary roots such that for each row of R2, f

k times that row is in N1

for sufficiently large k. Note that fk also has no imaginary roots. The converse
follows.



CAUSAL AND STABLE I/O STRUCTURES ON nD BEHAVIORS 1511

Again, the assumptions in Corollary 6.3 are needed only because it has not been
proven yet that ıRn is ideal-convex. These assumptions prove an obstacle to the
next result, which for this reason only is restricted to the special cases when P is a
polynomial or n ≤ 2.

Theorem 6.4. Let

B := {(u, y) ∈ (D′)m+p | P (∂)y = Q(∂)u}

be a behavior with the indicated input/output structure and corresponding transfer
matrix G. Suppose that either P is a single polynomial or n ≤ 2. Then the following
are equivalent:

1. The variables u are free over S in B.
2. kerS′ P ∗ ⊆ kerS′ Q∗.
3. There exist a polynomial r with no imaginary roots and a polynomial matrix

L, such that G = 1
rL.

4. B has no imaginary controllable poles.
5. G(ıζ) ∈ Lp×m.

Proof. 5 ⇒ 1: Suppose G∗(ıζ) ∈ Lp×m. Then for any u ∈ Sm we have that
v(ζ) := G∗(ıζ)û(ζ) ∈ Sp, where ·̂ denotes the Fourier transform, using claim 2 of
Lemma 5.2. Now P (ıζ)v(ζ) = Q(ıζ)û(ζ), so the inverse Fourier transform of v is a
solution y to P (∂)y = Q(∂)u.

1 ⇒ 2: If the variables u are free over S, then imSQ ⊆ imSP. Dualizing (in the
distributional sense), we have condition 2.

2 ⇒ 3: Suppose that condition 2 holds. If P is a single polynomial, then the
associated primes of the system module of P ∗(∂) all have codimension 1; thus in
either this case or when n ≤ 2, the conditions of Corollary 6.3 hold. Thus by this
corollary, there exist a polynomial r with no imaginary roots and a polynomial matrix
L, with r∗Q∗ = L∗P ∗, and hence P (L/r) = Q. Since P has full column rank, L/r
equals G.

3 ⇒ 4: This is immediate from Lemma 2.3.
4 ⇒ 5: Suppose B has no imaginary controllable poles, and let r be the least

common denominator of G. So, in particular, G = (1/r)L for some polynomial
matrix L, and r has no imaginary zeros. By claim 5 of Lemma 5.2, (1/r)Ip ∈ Lp×p,
and now by claim 1 of Lemma 5.2, G = (1/r)L ∈ Lp×m.

Similarly, we can also produce the following lemma.
Lemma 6.5. With the notation of Theorem 6.4 (but no assumptions on n or P

are needed), the following are equivalent:
1. The variables u are free over C∞

0 in B.
2. The variables u are free over E ′ in B.
3. B has no controllable poles or, equivalently, the outputs are observable from

the inputs in Bc.
4. G is a polynomial matrix.

Proof. For either case C∞
0 , E ′, we use the same proof structure as for Theorem 6.4;

dualizing condition 1 or 2 gives a condition for inclusion of behaviors over D′ or
over C∞, which results in G being a polynomial matrix. Conversely, if G is a poly-
nomial matrix, then with input u ∈ (C∞

0 )m or u ∈ (E ′)m we can simply choose
y = G(∂)u.

For completeness, we offer a result without prior assumption of an input/output
structure.
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Corollary 6.6. Let a behavior B be given by

B := {(u, y) ∈ (D′)m+p | P (∂)y = Q(∂)u},
where (u, y) is an arbitrary partition of the system variables. Then the following hold:

1. The variables u are free over either C∞
0 or E ′ in B if and only if there exists

a polynomial matrix L with PL = Q. The maximum number of free variables
over C∞

0 or E ′ of a behavior B with kernel representation R equals the number
of systems variables minus the minimum number of columns of R needed to
generate column span over C[s].

2. Suppose n ≤ 2. The variables u are free over S if and only if there exist a
polynomial r and a polynomial matrix L, such that PL = Qr. The maximum
number of free variables over S of a behavior B with kernel representation
R equals the number of system variables minus the number of columns of R
needed to generate the column span over the localized ring U−1

C[s], where U
is the set of polynomials with no imaginary roots.

Proof. We prove the second claim only, that u is free over S if and only if given that
L, r exist follows entirely from the arguments 1 ⇒ 2 ⇒ 3, 5 ⇒ 1, which do not require
prior existence of an input/output structure. Finally, note that a given set of columns
forming a submatrix P of R generates the column span of R over U−1

C[s] if and only
if there exists a matrix K over U−1

C[s] with PK = Q, where Q consists of the com-
plementary columns of R. This is clearly equivalent to the given condition for freeness
over S of the variables corresponding to the columns of Q; the result follows.

Recall that over C∞,D′, or S ′, a set of variables are free if and only if the cor-
responding elements in the system module are linearly independent over C[s] [35,
Lem. 5.3]; this is due to injectivity of these three spaces. Equivalently, with the no-
tation of Corollary 6.6, there exists a rational function matrix G with PG = Q. For
n ≤ 2, the corollary above completes the description of free variables over the classical
spaces; the full generalization to n > 2 for S rests on proving ideal-convexity of ıRn.

6.2. Structure theory over S+,S′
⊕. Our next aim is to repeat the pattern

of Corollaries 6.2 and 6.3 and Theorem 6.4, but for S ′
⊕ and S+ instead of S ′ and S.

This will give us results which we can then interpret in terms of stability. Notice that
S ′
⊕ := S ′/S− may be interpreted as the restriction of tempered distributions to R

n
+.

To begin, we demonstrate that usual results on adjoint operators apply to the
space S+ and dual S ′

⊕.
Lemma 6.7. If R ∈ C[s]g×q, then for any f ∈ (S ′

⊕)q, φ ∈ (S+)g we have

〈R(∂)f, φ〉 = 〈f,R∗(δ)φ〉.(32)

Hence f ∈ ker′S⊕ R if and only if f kills imS+R
∗.

Proof. Let R, f , and φ be as given; denote by ι the natural inclusion S+ → S.
Let f ∈ (S ′)q be some element such that its equivalence class in S ′

+ agrees with f,

and let h = R(∂)f ∈ (S ′)g; then h + (S ′
+)g = R(∂)f by definition of differentiation

on a factor space such as S ′
⊕. We now have

〈R(∂)f, φ〉 := 〈h, ι(φ)〉
= 〈R(∂)f, ι(φ)〉
= 〈f,R∗(∂)ι(φ)〉
= 〈f, ι(R∗(∂)φ)〉
= 〈f,R∗(∂)φ〉.

The second claim is immediate.
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We now provide some elementary results on the structure of S ′
⊕ as a differential

module.
Lemma 6.8. Let r be a polynomial. Then the differential operator r(∂) kills some

nonzero element of S ′
⊕ if and only if r has a root in X−.

Proof. Suppose that r has no roots in X− and let w = w+S ′
− ∈ S ′

⊕ be such that
r(∂)w = 0. Then r(∂)w ∈ S ′

−, so r(ıζ)ŵ(ζ) ∈ F(S ′
−), where F denotes Fourier trans-

form, and by claim 3 of Lemma 5.3 this space equals L−. By claim 6 of Lemma 5.3,
1/r(ıζ) ∈ L−, and so by claim 1 of Lemma 5.3, ŵ(ζ) ∈ L− = F(S ′

−) also. Hence
w = 0.

Conversely, suppose that r does not have a root ζ ∈ (ıRn−1×C−). Corresponding
to this is a nonzero exponential trajectory u of frequency ζ which lies in C∞. Multi-
plying it by a suitable “cut-off” function, we have a trajectory w ∈ L∞ ⊆ S ′ which
agrees with u on R

n
+. As u is killed by r(∂), the support of r(∂)w lies in R

n
−, and

therefore r(∂)(w + S ′
−) = 0, whereas w + S+

− �= 0 because u is nonzero on R
n
+.

Next we generalize this to ideals, which requires ideal-convexity, and so is re-
stricted to special cases, e.g., n ≤ 2.

Lemma 6.9. If an ideal I kills some nonzero element of S ′
⊕, then V(I)∩X− �= ∅.

The converse holds when the minimal primes containing I each have codimension 1
or n (e.g., when n ≤ 2).

Proof. Suppose that I vanishes at some point ζ ∈ (ıRn−1 × C−). As in the proof
of Lemma 6.8, we can construct a nonzero trajectory w ∈ S ′

⊕ which is killed by the
maximal ideal corresponding to ζ, and therefore killed by I.

Conversely, suppose that V(I) ∩X− = ∅. By Theorem 5.5 (using the assumption
on I), there exists f ∈ I which has no roots in ıRn−1 × C−. Now if Iw = 0 for some
w ∈ S ′

⊕, then f(∂)w = 0 in particular, so by Lemma 6.8, w = 0.
Lemmas 6.8 and 6.9 are basic results on closure with respect to S ′

⊕. In order to
extend them to more general cases, we need some injectivity properties of certain
modules associated to S ′

⊕.
Lemma 6.10. For any maximal ideal I, (0 : I∞)S′

⊕
is injective.

Proof. In the case where I annihilates no nonzero element of S ′
⊕, (0 : I∞)S′

⊕
= 0

is trivially injective. So suppose that I does annihilate some nonzero element of S ′
⊕,

which by Lemma 6.9 means that ∃ ζ ∈ V(I) ∩ X−; indeed we must have V(I) = {ζ}.
Now let Ψ : (0 : I∞)D′ → (0 : I∞)D′

⊕
be the module homomorphism induced

by the natural projection D′ → D′
⊕. Since (0 : I∞)D′ = (0 : I∞)C∞ is the set of

polynomial exponentials with frequency ζ [18, 37], Ψ is clearly injective. Consider an
arbitrary element w ∈ (0 : I∞)D′ . We can write w = pw′, where p is a polynomial
function and w′ is an exponential trajectory of frequency ζ. Letting f ∈ C∞(R) be a
“cut-off” function with f(t) = 1 for t ≥ 0 and f(t) = 0 for t � 0, by the location of ζ
we have that f(t)w′(x, t) ∈ L∞ ⊆ S ′. Since by the Fourier transformation S ′ is closed
under multiplication by polynomials, fw = pfw′ ∈ S ′ also. Now fw agrees with w
on R

n
+, so Φ(w) = Φ(fw) = fw + D′

− ∈ D′
⊕. It follows that

im Ψ ⊆
S ′ + D′

−
D′

−
∼=

S ′

S ′ ∩ D′
−

= S ′
⊕.

Hence we can construct another injective module homomorphism Φ : (0 : I∞)D′ → (0 :
I∞)S′

⊕
. The module (0 : I∞)D′ is injective because D′ is injective [14], so it remains

to show that Φ is surjective, or equivalently that the image of Ψ is (0 : I∞)W , where
W = (S ′ + D′

−)/D′. However, if w = w + D′ with w ∈ S ′ and Ikw = 0 for some k,
we have that the support of Ikw is in R

n
−; i.e., w is a solution in R

n
+ to the equations
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of Ik. However, any distributional solution in R
n
+ to the equations of Ik necessarily

agrees in that region with a polynomial exponential of degree k, i.e., an element ŵ of
(0 : Ik)D′ , as can be seen by induction on k (the base case k = 1 is clear as it reduces
to the ODE case). Hence Ψ(ŵ) = w as required.

Lemma 6.10 leaves the important open question as to whether S ′
⊕ itself is an

injective module. We now provide a technical result, which sets up the conditions
necessary to apply Theorem 6.1 over S ′

⊕.
Corollary 6.11. Any prime ideal which vanishes at some point of X− is con-

tained in a prime I which has the same property, and for which (0 : I∞)S′
⊕

is injec-
tive.

Proof. Let J be a prime for which V(J) ∩ X− �= ∅. Thus there exists a maximal
ideal I which vanishes at some point of X− and for which V(I) ⊆ V(J), so J ⊆ I.
Lemma 6.10 now completes the proof.

In certain special cases, e.g., n ≤ 2, we can now characterize closure over S ′
⊕.

Corollary 6.12. Suppose that N = ∩t
i=1Ni is an irredundant primary decom-

position of a submodule N of C[s]1×q, where Ni is Ji-primary. Let the components
be ordered so that for some r ∈ 0, . . . , t, J1, . . . , Jr each vanishes at some point of
X− but Jr+1, . . . , Jt do not. Suppose further that the primes Jr+1, . . . , Jt each have
codimension 1 or n (e.g., n ≤ 2). Then the closure of N with respect to S ′

⊕ is equal
to ∩r

i=1Ni, and, furthermore, there exists a polynomial f with no roots in X− such
that the closure with respect to S ′

⊕ may be written

N⊥⊥ = {v ∈ C[s]1×q | ∃ k ∈ N, fkv ∈ N}.(33)

Proof. Suppose that the primes Jr+1, . . . , Jt each has codimension 1 or n. Then by
Lemma 6.9, J1, . . . , Jr each annihilate a nonzero element of S ′

⊕, whereas Jr+1, . . . , Jt
do not. Using also Corollary 6.11, we have that N⊥⊥ = ∩r

i=1Ni by Theorem 6.1.
Now by Theorem 5.5 there exists f ∈ ∩t

i=r+1Ji with no roots in X−. As in the proof
of Corollary 6.2, we can now establish (33).

Note that the codimension conditions in Corollary 6.12 in particular hold when
N is equal to C[s] · p(s) for p a single polynomial.

Corollary 6.13. Let B1 = kerS′
⊕
R1 and B2 = kerS′

⊕
R2 be two behaviors

contained in (S ′
⊕)q for some q. Let N1 be the row span of R1 over C[s]. Suppose that

those associated primes of C[s]1×q/N1 with varieties not intersecting X− each have
codimension 1 or n (for example, C[s]1×q/N1 is principal or n ≤ 2). Then B1 ⊆ B2

if and only if there exist a polynomial f with no roots in X− and a polynomial matrix
L, such that fR2 = LR1.

Proof. The proof uses exactly the same argument as for Corollary 6.3.
It is the failure to prove ideal-convexity of X− which prevents generalization of

Corollaries 6.12 and 6.13 to the general nD case.

7. Stable input/output structures. Having finally done all the necessary
groundwork, we can now consider input/output stability. We consider this only for
input/output structures which are a priori causal (with respect to C∞ or D′ according
to the type of stability required); thus, in particular, we assume that B0,y is time-
autonomous.

Definition 7.1. Let B be a behavior with associated input/output structure (u, y),
where B0,y is time-autonomous and the input/output structure is causal. Call this
input/output structure stable (with respect to S (resp., S ′)) if for any u ∈ (S+)m

(resp., u ∈ (S+)m) and y ∈ (C∞
+ )p (resp., y ∈ (D′

+)p) for which (u, y) ∈ B, we must
have y ∈ (S+)p (resp., y ∈ (S ′

+)p).
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Thus, roughly speaking, an input/output structure is stable if any causal output
response to a stable input is itself stable. Since it is reasonable to assume a priori
that our input/output structure is causal, the existence of a y ∈ (C∞

+ )p corresponding
to a u ∈ (S+)m is guaranteed. Moreover, if B0,y is a priori time-autonomous, this y
is unique, and so in this case the input/output structure is stable with respect to S
(resp., S ′) if and only if the variables u are free over the signal space S (resp., S ′).
Fortunately, using methods analogous to those in the proof of Theorem 6.4, we can
now characterize freeness of variables over S+ using the structure theory developed in
the last section. The results for S+ are, however, restricted to the special cases when
n ≤ 2 or P is a single polynomial (i.e., there is a single system equation), due to the
difficulty of proving ideal-convexity for n > 2, whereas those for S ′

+ give sufficient
conditions for freeness only.

Theorem 7.2. Let

B := {(u, y) ∈ (D′)m+p | P (∂)y = Q(∂)u}

be a behavior with given input/output structure, and transfer matrix G. Suppose that
either P is a single polynomial or n ≤ 2. Then the following are equivalent.

1. The variables u are free over S+ in B.
2. kerS′

⊕
P ∗ ⊆ kerS′

⊕
Q∗.

3. There exist a polynomial r with no roots in X+ and a polynomial matrix L,
such that G = 1

rL.
4. B has no controllable poles in X+.
5. G(ıζ) ∈ (L+)p+m.

Proof. The proof has the same structure of that of Theorem 6.4.
5 ⇒ 1: Suppose G(ıζ) ∈ (L+)p×m. Then for any u ∈ (S+)m we have that

v(ζ) := G(ıζ)û(ζ) ∈ (S+)p, where ·̂ denotes the Fourier transform, using claims 2 and 3
of Lemma 5.3. Now using claims 2 and 6 of Lemma 5.3, we have that P (ıζ)v(ζ) =
Q(ıζ)û(ζ), so the inverse Fourier transform of v is a solution y to P (∂)y = Q(∂)u. By
claim 3 of Lemma 5.3, y ∈ (S+)p.

1 ⇒ 2: Suppose the variables u are free over S+. Then imS+ Q ⊆ imS+P. Using
Lemma 6.7, we find the dual condition 2.

2 ⇒ 3: Suppose that condition 2 holds. If P is a single polynomial, then the
associated primes of the system module of P ∗(∂) all have codimension 1; thus in
either this case or when n ≤ 2, the conditions of Corollary 6.13 hold. Thus by this
corollary there exist a polynomial r∗ with no roots in X− and a polynomial matrix
L∗, with r∗Q∗ = L∗P ∗. Hence P (L/r) = Q, where r has no roots in X+. Since P has
full column rank, L/r equals G.

3 ⇒ 4: This part of the proof is again immediate from the fact that the control-
lable pole variety of B is the variety of the least common denominator of G.

4 ⇒ 5: Suppose B has no controllable poles in X+, and let r be the least common
denominator of G, so in particular G = (1/r)L for some polynomial matrix L, and r
has no zeros in X+. By claim 6 of Lemma 5.3, (1/r)Ip ∈ (L)p×p, and now by claim 1
of Lemma 5.3, G = (1/r)L ∈ (L+)p×m.

Note. A topic for future research is to seek further characterizations for a prin-
cipal module, other than computing its associated primes. This could well lead to
generalizations of Theorems 6.4 and 7.2 with less restrictive assumptions.

Let us consider the case of single polynomials in the equivalent conditions 2 ≡
3 ≡ 5 in Theorem 7.2; take q and p �= 0 rather than their adjoints for ease of notation.
We have that kerS′

⊕
p ⊆ kerS′

⊕
q if and only if p/gcd(p, q) has no roots in X− if and
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only if (q/p)(ıζ) ∈ L−. From this we may define an action of L− on S ′
⊕: given any

u ∈ S ′
⊕ we can choose an arbitrary v ∈ S ′

⊕ with u = p(∂)v; this is possible as S ′
⊕

is a divisible C[s]-module due to divisibility of S ′. Now y := q(∂)v ∈ S⊕′ is uniquely
determined by u, due to the condition kerS′

⊕
p ⊆ kerS′

⊕
q, and we have p(∂)y = q(∂)u.

Thus we have an extension of the operator ring on S ′
⊕ from C[s] to L−, analogous

to the construction of Glüsing-Lüerssen in [5] for delay-differential systems (however,
in the current case, the extended ring is a localization, unlike in [5]). It may be
profitable, as in the delay-differential case, to consider systems defined as equations
over this extended ring. Analogous remarks apply to the signal space S ′ and ring L.

We now give a generalization of claim 5 of Lemma 5.3, which gives sufficient
conditions for freeness of variables over S ′

+. We suspect that these conditions are also
necessary.

Corollary 7.3. Let

B := {(u, y) ∈ (D′)m+p | P (∂)y = Q(∂)u}

be a behavior with given input/output structure and transfer matrix G, and suppose
that the denominators of G have no roots in R

n−1×C+. Then the variables u are free
over S ′

+ in B.
Proof. Let B, P,Q, and G be as given. Let d be the least common denominator

of G, so that Gd = N, a polynomial matrix, and d has no roots in R
n−1 × C+. Let

u ∈ (S ′
+)m be arbitrary. Then by claim 5 of Lemma 5.3, there exists y ∈ (S ′

+)p

satisfying

d(∂)y = N(∂)u.

We now have that P (∂)d(∂)y = P (∂)N(∂)u = Q(∂)d(∂)u. Hence d(δ) kills
P (∂)y − Q(∂)u. However, d(δ) can kill no elements of S ′

+, again by claim 5
of Lemma 5.3, and so P (∂)y = Q(∂)u. This proves that the variables u are free
over S ′

⊕.
Note that the conditions of Corollary 7.3 are particularly met when the equivalent

conditions of Theorem 7.2 are satisfied. One consequence of this corollary is that when
G is as specified, given any input u which is a Dirac delta in one component and zero
in the others (and so in (S ′

+)m), there is a corresponding causal output in (S ′
+)p. If

we assume time-autonomy of B0,y, then these causal outputs are unique, and we may
collect them into a matrix called the impulse response matrix Himp. When G is further
stable, the input-to-output map over S+, which exists due to Theorem 7.2, is then
given by applying Himp as a convolution operator. However, as shown in the proof
5 ⇒ 1 of Theorem 7.2, it can also be given by Fourier transformation, multiplication
by G(ıζ), and inverse Fourier transformation. Thus Himp is indeed the inverse Fourier
transform of the transfer matrix G. Moreover, by Lemma 5.3 we have L+ = F(O′

+),
so we have Himp ∈ (O′

+)p×m.
Our next result shows that, as for causality, when stability with respect to S

of an input/output structure is defined, it is characterized purely in terms of the
transfer matrix. This result is, however, restricted to the cases n ≤ 2 or P is a single
polynomial. For the case of stability with respect to S ′, no such restriction is needed,
but only a sufficient condition is obtained.

Theorem 7.4. Let B be a behavior with a given input/output structure (u, y),
such that B0,y is time-autonomous, and associated transfer matrix G. If G is weakly
stable, then (u, y) is causal with respect to D′ and stable with respect to S ′. Moreover,
suppose that either n ≤ 2 or B0,y is defined by a single polynomial. Then (u, y) is
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both causal with respect to C∞ and stable with respect to S if and only if G is stable
or, equivalently, if and only if G(ıζ) ∈ (L+)p×m.

Proof. Let B be given with B0,y time-autonomous. Suppose first that G is weakly
stable or stable (the equivalent characterization of stability of G in terms of L+ is
immediate from Theorem 7.2). Let d be the least common denominator of G, which
satisfies the WCV condition and therefore obeys the G̊arding condition (20). As B0,y

is time-autonomous, (Bc)0,y is time-autonomous also by Corollary 4.5. Since V(d) is
equal to the characteristic variety of (Bc)0,y (Lemma 2.3), (0, 0, . . . , 1) is also a non-
characteristic direction for d(∂); hence, being a single polynomial, d is hyperbolic by
Theorem 3.3. In other words, G is causal. Now by Theorem 4.7, the input/output
structure on B is causal with respect to both C∞ and D′.

When G is stable, then by Theorem 7.2 the variables u are free over S+, so each
such input there corresponds to some output y ∈ (S+)p, and by time-autonomy there
cannot exist a different causal response, so all causal responses to u are in (S+)p. In
other words, (u, y) is stable with respect to S. The same argument establishes stability
with respect to S ′ on the condition that G is weakly stable.

Conversely, suppose the input/output structure is both causal with respect to C∞

and stable with respect to S. This shows that u is free over S+, so by Theorem 7.2
(this being the only point where we need assumptions on B0,y or on n), G is stable,
as required.

Note that Theorem 7.4 effectively states that an input/output structure is both
causal and stable (with respect to C∞ and S, respectively) if and only if the zero-input
behavior (Bc)0,y of the controllable part satisfies the CV condition, i.e., if and only
if B has no controllable unstable poles. It is pleasing that input/output stability is
determined by the poles of the system, as in the 1D case, and that the condition for
input/output stability is precisely that which has been proposed for stability of the
autonomous behavior (Bc)0,y. Also, observe that stability with respect to S is stronger
than stability with respect to S ′.

While we have taken time-autonomy as a prior condition for the definition of
causal and therefore stable (with respect to S) input/output structures, it is in fact
a consequence of these two properties. For if y ∈ B0,y has support in R

n
+, then by

stability (0 being a stable input!), y ∈ (S+)p ⊆ Sp. If P is a kernel matrix representa-
tion matrix of B0,y, then it has a nonzero highest order minor r, and now we find that
r(∂)y = 0, which as y ∈ S necessitates y = 0 (e.g., by taking Fourier transforms).
Thus B0,y is time-autonomous.

As is the case for causality, Theorem 7.4 in particular implies that stability is
determined by the properties of a single polynomial d, the least common denominator
of the transfer matrix. To ascertain stability of the input/output structure with
respect to S, we need only test whether d obeys the CV condition, i.e., whether
the roots of d intersect the set X+. This test amounts to checking whether a set
of real algebraic equations and inequalities has a solution and so may be solved by
quantifier elimination theory (e.g., [1]). An important open question is whether a
simpler algorithm may be developed, making special use of the structure of X+.

We conclude with a final result which is a sufficient condition only but drops the
restrictions n ≤ 2 or P a single polynomial.

Corollary 7.5. If B is a behavior with given input/output structure such that
B0,y is time-autonomous and G is stable, then the input/output structure is causal
and stable with respect to S. This occurs in particular when B0,y is time-autonomous
and satisfies the CV condition.
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Proof. The proof in Theorem 7.4 that G is stable implies (u, y) is causal and
stable depends only on the proof 5 ⇒ 1 of Theorem 7.2, which in turn does not
require the assumptions n ≤ 2 or P a single polynomial. The final claim is immediate
from Lemma 2.4.

8. Conclusions. We have defined causality and stability for input/output struc-
tures with the a priori property that B0,y be time-autonomous. This property means
that any output is determined by its own past together with the input. When this
property does not hold (e.g., for the heat equation), our definitions do not apply,
and we believe that an entirely different approach will be necessary to define and
characterize these properties in that case.

We have shown that both causality and stability are characterized by properties
of the system transfer matrix or, more precisely, its least common denominator d.
Presupposing time-autonomy, the input/output structure is causal (with respect to
C∞) if and only if d is hyperbolic, and is stable (with respect to S) if and only
if d satisfies the CV condition. The CV condition is precisely that which we have
proposed for stability of an autonomous behavior; establishing (or disproving) that
the CV condition is equivalent to stability (in a suitable sense) for an autonomous
behavior is an important open question.

The obstacle to generalizing the stability results for S to the general n > 2 case is
in proving that the set X− has the property of being ideal-convex. This seems difficult
to establish, particularly since this set is noncompact (and so it is not clear that we
can approximate holomorphic functions uniformly on X− by polynomials). However,
we note that X− may be bilinearly transformed into the bounded set (S1)n−1 × D,
where S1 is the unit circle and D the unit disc. The stability results for S1 require
no prior assumptions but give sufficient conditions only.

Another open problem is the generalization of these results to the case of equations
with real coefficients. We have used only complex coefficients here since we have
applied many results from the theory of PDEs which have been developed for complex
coefficients; but the real coefficient case will probably require close examination of the
PDE literature.

Finally, we have developed some structure theory results for the sets S,S ′,S+,
and S ′

⊕. The use of algebraic “local cohomology” may prove a useful approach to char-
acterizing (Willems) closures in other situations, particularly since when we apply this
tool we immediately get, as a corollary, concrete characterizations of the inclusion of
one behavior in another, as in Corollaries 6.3 and 6.13. We have also been able to char-
acterize freeness of variables over S for n ≤ 2 (and over C∞

0 , E ′ also); generalization
to nD depends on establishing ideal-convexity of ıRn. The question as to whether the
space S ′

⊕ is injective (and whether the space S+, to which it is dual, is flat) is also open.
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Abstract. In this paper a system is considered as a (possibly unbounded) linear operator
between Hilbert spaces. As signal space we consider the spaces �2(Z) and �2(N0). Whereas the
case �2(N0) has been well studied in the literature, the case �2(Z) has hardly been studied, and one
goal of this paper is to study these systems from first principle. Further, we compare these two
mathematical formalisms and show that the stabilizable systems and the stabilizing controllers are
the same in both mathematical formalisms, provided that a suitable definition of stabilizability is
used for systems over the signal space �2(Z).
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1. Introduction. In this paper we consider an input-output approach to linear
time-invariant discrete-time systems and, moreover, we do this quite generally, that
is, without assuming specific system representations such as differential or integral
equations. We have only two further basic requirements: First we assume that the
input and output space are finite-dimensional, that is, input and output functions take
values in C

p, respectively, C
m. Second, we assume that input and output functions

are elements of Hilbert spaces. Under these assumptions a system can be seen as a
(possibly) unbounded operator on Hilbert spaces. For the choice of the Hilbert spaces
there are two natural possibilities: �2(Z)n and �2(N0)

n, depending on whether we
consider as time axis N0 or Z.

Systems with signal space �2(N0) have been studied from first principle in detail
by Georgiou and Smith [5]. They discussed different system descriptions such as
operators, transfer functions, and coprime factorizations, proved in which sense these
representations are interchangeable, and discussed the question of how physically
motivated properties such as causality and stabilizability should be defined in this
mathematical formalism. Some of their results are reviewed in section 3. The input-
output approach to systems is not new; it has been studied in [23], [21], [18], [2],
[4], [22], and other works. However, systems are considered only as mappings, and
equivalent conditions for some basic properties such as stabilizability and causality are
missing. There are alternative approaches to systems, such as the algebraic/coprime
factor theory approach [1], [19]. Using this approach a system is represented by its
transfer function, which is in our case an element of the quotient field of H∞. However,
alternative approaches pay no attention to the signal space.

There are few results available concerning systems over the signal space �2(Z).
Georgiou and Smith [5], [6] started to study these systems, and they discovered in-
trinsic difficulties: A causal system could have a noncausal closure, and a well-known
stabilizable system seemed not to be stabilizable. The problem was analyzed further
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by Mäkilä, who primarily studied in a series of papers [11], [12], [13] the question of
whether the graphs of linear systems are in fact closable. In Jacob and Partington [10]
and Jacob [7] these systems are considered in more detail: In these papers transfer
functions and symbols are studied, and equivalent conditions for causality are given.
One goal of this paper is to solve the problem concerning stabilizability for systems
over the signal space �2(Z). Using an alternative definition of stabilizability in the
mathematical formalism we are able to guarantee that all—from a physical point of
view—stabilizable systems are actually stabilizable in the mathematical formalism.
Further, we give equivalent conditions for stabilizability.

Once these two mathematical formalisms are available, the question arises which
signal space—�2(N0) or �2(Z)—should be used to model a system. The study of this
question is the second goal of this paper. We show that the stabilizable systems and
the stabilizing controllers are the same, and thus it does not really matter whether we
work with �2(N0) or �2(Z) as signal space. Note that the results of this paper can also
be found in the author’s habilitation thesis [8], and for the single input-single output
case in the conference paper [9].

We proceed as follows. First we review results on systems over the signal space
�2(N0) (section 3) and �2(Z) (section 4). In section 5 we introduce and study an
adapted notion of stabilizability for systems over the signal space �2(Z). Finally, in
section 6 we compare these two mathematical formalisms.

2. Preliminaries. We introduce the following notation. We define T := {z ∈ C |
|z| = 1}, and D := {z ∈ C | |z| < 1}. H∞(D) denotes the Hardy space of bounded
holomorphic function f on D, and L∞(T) denotes the space of all (equivalence classes
of) measurable and essentially bounded functions on T. Fatou’s theorem (see, for
example, Duren [3]) shows that to every f ∈ H∞(D) there corresponds a function
f̃ ∈ L∞(T), defined a.e. by f̃(eit) := limr→1 f(reit), t ∈ [0, 2π]. Note that f̃(z) = 0
on a set of positive measure implies that f equals the zero function. By means of
the boundary function we can consider H∞(D) as a subspace of L∞(T). By L2(T)
we denote the space of all (equivalence classes of) measurable and square integrable
functions on T, and H2(D) denotes the Hardy space of holomorphic functions f on
D satisfying supr∈(0,1) ‖f(r·)‖L2(T) < ∞. A similar argument as above shows that

H2(D) can be considered as a subspace of L2(T). By L∞(T)m×n we denote the set of
all m×n-matrices with elements in L∞(T), and similar notations are used for H∞(D),
L2(T), and H2(D). If n equals 1, then we shorten this to L∞(T)m, H∞(D)m, L2(T)m,
and H2(D)m.

By �2(Z)n, n ∈ N, we denote the space of all vector valued square summable
sequences on Z. Similarly, we define �2(N0)

n. We consider �2(N0)
n as a subset of

�2(Z)n by extending x ∈ �2(N0)
n to �2(Z)n by defining the sequence to be zero outside

N0. Moreover, x ∈ �2(Z)n is an element of �2(N0)
n if x(j) = 0 for j < 0.

By S we denote the right shift on �2(Z)n, which is given by (Sx)(j) := x(j − 1),
j ∈ Z, as well as the right shift on �2(N0)

n, which is given by (Sx)(j) := x(j − 1),
j ∈ N and (Sx)(0) := 0. Thus the right shift on �2(Z)n is bijective, whereas the right
shift on �2(N0)

n is injective, but not surjective. By ek, k ∈ Z, we denote the kth unit
vector of �2(Z), namely, ek(j) := δk,j , as well as the kth unit vector of C

n, n ≥ k.
However, from the context it is always clear which space is meant. Finally, by ·̂ we
denote the z-transform, which is given by

û(z) :=
∑
j∈Z

u(j)zj , u ∈ �2(Z)n.
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The z-transform is an isometric isomorphism from �2(N0)
n onto H2(D)n, and from

�2(Z)n onto L2(T)n.

3. Review on LTI(N0)-systems. Systems over the signal space �2(N0) are well
studied in the literature; see [5] and the references therein. Transfer functions of these
systems, which are matrices with entries in the quotient field of H∞(D), are studied
in even more detail. Following [5] we define a linear time-invariant system as follows.

Definition 3.1. A linear operator P : D(P ) ⊂ �2(N0)
m → �2(N0)

p is called an
LTI(N0)

p×m-system if P is shift-invariant, i.e. SG(P ) ⊂ G(P ), and G(P ) is a closed
subspace of �2(N0)

m+p.
Here D(P ) denotes the domain of P , and G(P ) ⊂ �2(N0)

m+p denotes the graph
of P . If P is an LTI(N0)

p×m-system and the dimensions of the input and output space
are not important, we just say P is an LTI(N0)-system. An LTI(N0)

p×m-system is
called stable if D(P ) = �2(N0)

m. We stated the definition of an LTI(N0)-system in the
time-domain. Using the z-transform and the fact that the z-transform is an isometric
isomorphism from �2(N0) onto H2(D), we can interchangeably use the description
of P in the frequency domain. By P̂ : D(P̂ ) ⊂ H2(D)p → H2(D)m we denote the

z-transform of P , that is, P̂ û = P̂ u, û ∈ D(P̂ ) = D̂(P ).
Definition 3.2. We call an LTI (N0)

p×m-system P maximal if for any LTI (N0)
p×m-

system P̃ with G(P ) ⊂ G(P̃ ) we actually have G(P ) = G(P̃ ). Further, an LTI (N0)
p×m-

system P is called causal if for every u ∈ �2(N0)
m and every k ∈ N0 with Sku ∈ D(P )

there exists v ∈ �2(N0)
p such that PSku = Skv.

Causality guarantees that the previous output does not depend on the present
and future input. Note that a stable LTI(N0)-system is always causal [5]. Next we
show that every maximal LTI(N0)

p×m-system is uniquely described by an element of
R(H∞(D))p×m. Here R(H∞(D)) denotes the quotient field of H∞(D), which is the
set of equivalent classes of fractions n

m , where n,m ∈ H∞(D) and m �= 0.
Theorem 3.3. Any maximal LTI (N0)

p×m-system P uniquely defines a function
P ∈ R(H∞(D))p×m which determines the action of P in the frequency domain, that is,
P̂ x̂ = Px̂, x̂ ∈ D(P̂ ). Conversely, any matrix P ∈ R(H∞(D))p×m uniquely specifies
a maximal LTI (N0)

p×m-system P which satisfies P̂ x̂ = Px̂, x̂ ∈ D(P̂ ).
For the proof of this theorem we refer the reader to [5]. The function P ∈

R(H∞(D))p×m, which is uniquely given by a maximal LTI(N0)
p×m-system, is called

a transfer function. Of special interest are left and right coprime factorizations of
transfer functions. A function θ ∈ H∞(D)m×r, r ≤ m, is called inner if θ∗(z)θ(z) = Ir
for a.e. z ∈ T and ‖θ(z)‖ ≤ 1 for every z ∈ D.

Definition 3.4. Let P ∈ R(H∞(D))p×m. We say P has a right coprime fac-
torization (rcf) over H∞(D) if there exist M ∈ H∞(D)m×m with detM �= 0, and
N ∈ H∞(D)p×m such that P = NM−1 and

(
M
N

)
is left-invertible over H∞(D). If

additionally
(
M
N

)
is inner, then we say P has a normalized right coprime factoriza-

tion (normalized rcf) over H∞(D). We say P has a left coprime factorization (lcf)
over H∞(D) if there exist M̃ ∈ H∞(D)p×p with det M̃ �= 0, and Ñ ∈ H∞(D)p×m

such that P = M̃−1Ñ and ( M̃ Ñ ) is right-invertible over H∞(D). If additionally
M̃M̃∗ + ÑÑ∗ = I, then we say P has a normalized left coprime factorization (nor-
malized lcf) over H∞(D).

Definition 3.5. Let P ∈ R(H∞(D))p×m. We say P has a weak right coprime
factorization (weak rcf) over H∞(D) if there exist M ∈ H∞(D)m×m with detM �= 0,
and N ∈ H∞(D)p×m such that P = NM−1 and

(
M
N

)
is irreducible over H∞(D). Here

a matrix Q with elements in H∞(D) is irreducible over H∞(D) if one (and hence all)
gcd of all highest order minors of M are invertible in H∞(D). We say P has a weak
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Fig. 3.1. Standard feedback configuration.

left coprime factorization (weak lcf) over H∞(D), if there exist M̃ ∈ H∞(D)p×p with
det M̃ �= 0, and Ñ ∈ H∞(D)p×m such that P = M̃−1Ñ and ( M̃ Ñ ) is irreducible
over H∞(D).

It should be noted that not every transfer function of a maximal LTI(N0)-system
possesses an rcf and lcf over H∞(D). In general there exist only a weak rcf and
weak lcf; see [5]. However, if P is a maximal LTI(N0)

p×m-system and NM−1 is
a (weak) rcf of the corresponding transfer function, then the graph of P is given by
G(P ) =

(
M
N

)
H2(D)m (see [5]).We now consider feedback systems as given in Figure 3.1,

which is the standard feedback configuration used in system and control theory; see
Vidyasagar [19] for more details. We say that such a feedback system is stable if all
the paths in the loop in Figure 3.1 are stable, or, more precisely, that Definition 3.6
holds.

Definition 3.6. Let P be an LTI (N0)
p×m-system and let C be an LTI (N)m×p-

system. We say that the feedback system [P,C], as given by Figure 3.1, is stable if
the mapping

F[P,C] :=

(
I C
P I

)
: D(P ) ×D(C) → �2(N0)

m+p

has a bounded inverse, that is, if the operators ui 	→ xj, i, j = 1, 2, are well-defined
and bounded. Further, P is called stabilizable if there is an LTI (N0)

m×p-system C
such that the feedback system [P,C] is stable.

If [P,C] is stable, then F−1
[P,C] is a stable and causal LTI(N0)

(p+m)×(p+m)-system.

In [5], equivalent conditions for stable feedback systems as well as for stabilizable
LTI(N0)

p×m-systems are given. The following result will be of particular interest for
us.

Theorem 3.7. Let P be an LTI (N0)
p×m-system. Then P is stabilizable if and

only if P is maximal and the transfer function P of P possesses (normalized) rcf over
H∞(D).

The proof can be found in [5]. Further, it is shown in [5] that for every stabilizable
LTI(N0)-system P there exists a causal system C which stabilizes P .

4. LTI(Z)-systems. In contrast to systems over the signal space �2(N0), systems
with signals in �2(Z) are not that well studied. Following [7] we define a linear time-
invariant system as follows.

Definition 4.1. A linear operator P : D(P ) ⊂ �2(Z)m → �2(Z)p is called an

LTI(Z)p×m-system if P is shift-invariant, i.e., SG(P ) = G(P ), and D(P ) = �2(Z)m.
As above, D(P ) denotes the domain of P , and G(P ) denotes the graph of P . If

P is an LTI(Z)p×m-system and the dimensions of the input and output space are not
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important, we just say P is an LTI(Z)-system. Note that we do not assume that the
graph of P is closed, because a lot of simple systems of relevance do not satisfy this
assumption [6]. However, all those systems are densely defined [8] and thus we include
this as a requirement in the definition.

Definition 4.2. We say an LTI (Z)p×m-system P is closed if the operator P is
closed, that is, if G(P ) is a closed subspace of �2(Z)m+p, and we say an LTI (Z)p×m-
system P is closable if the operator P is closable, i.e., if for every sequence {un} ⊆
D(P ) which tends to 0 and for which Pun tends to a function y ∈ �2(Z)p we have
y = 0. Further, P is called causal if u ∈ �2(N0)

m ∩D(P ) implies Pu ∈ �2(N0)
p.

Closability means that there exists a closed LTI(Z)p×m-system T : D(T ) ⊂
�2(Z)m → �2(Z)p such that D(P ) ⊂ D(T ) and Tu = Pu for every u ∈ D(P ). If
P is closable, then the closure P of P is the smallest closed LTI(Z)p×m-system, which
extends P . We stated the definition of an LTI(Z)-system in the time-domain. Using
the z-transform and the fact that the z-transform is an isometric isomorphism, we can
interchangeably use the description of P in the frequency domain. The z-transform
of an LTI(Z)-system P is denoted by P̂ . In general, a causal LTI(Z)-system can have
a noncausal closure; see [6], [7], [10]. This phenomenon is called the Georgiou–Smith
paradox. In [7], closable causal systems with causal closure are studied and described
via equivalent conditions. Next we introduce the notion of a transfer function of
an LTI(Z)-system. The total ring of fractions of L∞(T), denoted by R(L∞(T)), is
defined to be the set of equivalent classes of fractions n

m , where n,m ∈ L∞(T) and
m(z) �= 0 a.e.

Definition 4.3. Let P be a closed LTI (Z)p×m-system. We call a function
P ∈ R(L∞(T))p×m the transfer function of P if P̂ û = Pû for û ∈ D(P̂ ).

A transfer function describes the action of the system P in the frequency domain.
In [7] it is shown that every closed LTI(Z)-system possesses a transfer function, and
a transfer function is uniquely determined. Further, a function P ∈ R(L∞(T))p×m

completely describes a closed LTI(Z)-system [7]. We say a matrix M ∈ L∞(T)m×m

is regular if detM(z) �= 0 for a.e. z ∈ T. Of special interest are left and right coprime
factorizations of transfer functions.

Definition 4.4. Let P ∈ R(L∞(T))p×m. We say P has a right coprime
factorization (rcf) over L∞(T) if there exist M ∈ L∞(T)m×m regular and N ∈
L∞(T)p×m such that P = NM−1 and

(
M
N

)
is left-invertible over L∞(T). If addi-

tionally M∗M + N∗N = I holds, then we say that P has a normalized rcf over
L∞(T). We say P has a left coprime factorization (lcf) over L∞(T) if there exist
M̃ ∈ L∞(T)p×p regular and Ñ ∈ L∞(T)p×m such that P = M̃−1Ñ and ( M̃ Ñ ) is
right-invertible over L∞(T). If additionally M̃M̃∗ + ÑÑ∗ = I holds, then we say P
has a normalized lcf over L∞(T).

In the following proposition it is shown that every P ∈ R(L∞(T))p×m possesses
normalized coprime factorizations over L∞(T).

Proposition 4.5. Every P ∈ R(L∞(T))p×m possesses a normalized lcf and a
normalized rcf over L∞(T). Moreover, an lcf and an rcf are unique up to an invertible
element of L∞(T)m×m.

Proof. It is easy to see that there exist matrices N1 ∈ L∞(T)p×m and M1 ∈
L∞(T)m×m, M1 diagonal and regular, such that P = N1M

−1
1 . We define G1 ∈

L∞(T)(m+p)×m by G1 :=
(
M1

N1

)
. Using polar factorization (see, for example, Weid-

mann [20]), there exist T ∈ L∞(T)m×m and G ∈ L∞(T)(m+p)×m such that G1 = GT ,
and G∗G = I. Actually, T is given by the square root of G∗

1G1. Since M1 is regular,
T has to be regular as well. We split G as G =

(
M
N

)
with M ∈ L∞(T)m×m and
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N ∈ L∞(T)p×m. Clearly, M is regular, G∗G = I, and P = NM−1. Thus P possesses
a normalized rcf over L∞(T).

Next we show the uniqueness of the rcf over L∞(T). Let us consider two rcf’s
over L∞(T) of P, that is, P = N1M

−1
1 = N2M

−1
2 with

(
M1

N1

)
,
(
M2

N2

)
∈ L∞(T)(m+p)×m

left-invertible over L∞(T), and M1,M2 regular. This implies
(
M1

N1

)
=

(
M2

N2

)
M−1

2 M1

and
(
M2

N2

)
=

(
M1

N1

)
M−1

1 M2. Now Proposition 3.9 of [7] shows M−1
2 M1,M

−1
1 M2 ∈

L∞(T)m×m, and since (M−1
1 M2)

−1 = M−1
2 M1, the rcf over L∞(T) is unique up to

multiplication by an invertible matrix in L∞(T)m×m.
In order to show that P also possesses an lcf over L∞(T), we proceed as follows.

It is easy to see that we can write P as P = M̃−1
1 Ñ1 with M̃1 ∈ L∞(T)p×p diagonal

and regular, and Ñ1 ∈ L∞(T)p×m. We define G1 by G1 :=
(M̃T

1

ÑT
1

)
. Applying the same

procedure as above we get that there exist matrices M̃ and Ñ of the required form,
and that the lcf over L∞(T) is unique up to multiplication by an invertible matrix in
L∞(T)m×m.

An LTI(Z)p×m-system P is stable if P is closed and D(P ) = �2(Z)m. Using
the closed graph theorem we see that P is stable if and only if P is a linear bounded
operator from �2(Z)m to �2(Z)p. In terms of the transfer function, a closed LTI(Z)p×m-
system is stable if and only if the transfer function P satisfies P ∈ L∞(T)p×m. We
will see later on that a stable LTI(Z)-system is not automatically causal, as is the case
for stable LTI(N0)-systems. Here a stable LTI(Z)p×m-system is causal if and only if
its transfer function is an element of H∞(D)p×m.

We now consider feedback systems as given in Figure 3.1, which is the standard
feedback configuration [19]. We say that such a feedback system is stable if all the
paths in the loop in Figure 3.1 are stable, or, more precisely, that Definition 4.6 holds.

Definition 4.6. Let P be an LTI (Z)p×m-system, and let C be an LTI (Z)m×p-
system. We say that the feedback system [P,C], as given in Figure 3.1, is stable if

F[P,C] :=

(
I C
P I

)
: D(P ) ×D(C) → �2(Z)p+m :

(
x1

−x2

)
→

(
u1

−u2

)
has a bounded inverse, that is, the operators ui → xj, i, j = 1, 2, are well defined and
bounded. If [P,C] is stable, then we denote the inverse of F[P,C] by H[P,C].

In Figure 3.1 we have(
x1

x2

)
=

(
u1

u2

)
+

(
0 C
P 0

)(
x1

x2

)
.

If the feedback system is stable, it is easy to see that the operators I −PC : D(C) →
�2(Z)p and I − CP : D(P ) → �2(Z)m are boundedly invertible, and that the inverse
of F[P,C] is given by

H[P,C]

(
u1

−u2

)
=

(
(I − CP )−1 −(I − CP )−1C

−(I − PC)−1P (I − PC)−1

)(
u1

−u2

)
=

(
(I − CP )−1 −(I − CP )−1C

−P (I − CP )−1 I + P (I − CP )−1C

)(
u1

−u2

)
.(4.1)

The stability of [P,C] implies thatH[P,C] is a stable LTI(Z)(m+p)×(m+p)-system; that is,

the transfer function of H[P,C], denoted by H[P,C], satisfies H[P,C]∈L∞(T)(m+p)×(m+p).
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Further, we get that H[P,C] is given by

H[P,C] =

(
(I − CP)−1 −(I − CP)−1C

−(I − PC)−1P (I − PC)−1

)
=

(
(I − CP)−1 −(I − CP)−1C

−P(I − CP)−1 I + P(I − CP)−1C

)
.(4.2)

The inverse graph of an LTI(Z)-system P is defined by GI(P ) :=
(
P
I

)
D(P ). We

have the following necessary conditions for stability of feedback systems. The proof
follows Georgiou and Smith [5].

Proposition 4.7. Let P be an LTI (Z)p×m-system and let C be an LTI (Z)m×p-
system. If [P,C] is stable, then P and C are closed systems.

Proof. Let {vn}n ⊂ D(P ) be a sequence which converges to v in �2(Z)m and let
{Pvn}n converge to y in �2(Z)p. As n tends to ∞ in(

vn
0

)
= H[P,C]

(
vn
Pvn

)
we get (

v

0

)
= H[P,C]

(
v

y

)
,

which implies v ∈ D(P ) and y = Pv. Thus P is closed. Similarly, it can be proved
that C is closed.

Next we characterize stable feedback systems [P,C] by means of equivalent con-
ditions. The proof of the equivalence of parts 1 and 2 follows Georgiou and Smith [5].
The equivalence of parts 1, 3, 4, 5, and 6 is standard using the coprime factorization
approach (see Vidyasagar [19]), and the proof is based on these known results.

Theorem 4.8. Let P be a closed LTI (Z)p×m-system and let C be a closed
LTI (Z)m×p-system. P denotes the transfer function of P with rcf P = NM−1 over
L∞(T) and lcf P = M̃−1Ñ over L∞(T), and C denotes the transfer function of C
with rcf C = TS−1 over L∞(T) and lcf C = S̃−1T̃ over L∞(T). Then the following
statements are equivalent.

1. [P,C] is stable.
2. G(P ) ∩GI(C) = {0}, and G(P ) + GI(C) = �2(Z)m+p.
3. (M T

N S ) is invertible over L∞(T).

4. ( I C
P I )

−1 ∈ L∞(T)(m+p)×(m+p).

5. S̃M − T̃N is invertible over L∞(T).
6. M̃S − ÑT is invertible over L∞(T).

It is easy to see that the inverse of ( I C
P I ), if it exists, is given by H[P,C].

Proof.
1⇒2 The stability of [P,C] implies G(P ) ∩ GI(C) = {0} and G(P ) + GI(C) =

�2(Z)p+m.
2⇒3 We get

L2(T)m+p = G(P̂ ) + GI(Ĉ) =

(
M

N

)
L2(T)m +

(
T

S

)
L2(T)p.(4.3)

We define the multiplication operator X : L2(T)m → L2(T)m by Xu :=
(M T
N S )u, u ∈ L2(T)m. Equation (4.3) shows that X as well as (M T

N S ) (z)
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is surjective for a.e. z ∈ T, and hence (M T
N S ) (z) is injective for a.e. z ∈ T.

This shows that X is injective. Finally, the invertibility of X (and hence the
invertibility of (M T

N S ) over L∞(T)) is implied by the open mapping theorem.
3⇒1 The invertibility of (M T

N S ) over L∞(T) implies that G(P )∩GI(C) = {0} and
G(P )+GI(C) = �2(Z)m+p. This shows that F[P,C] is injective and surjective.
Thus the inverse of F[P,C] exists, and it remains only to show that the inverse
is bounded. Using the closed graph theorem, this holds if F[P,C] has a closed
graph. The graph of F[P,C] is given by⎧⎪⎪⎨⎪⎪⎩

⎛⎜⎜⎝
x1

−x2

x1 − Cx2

Px1 − x2

⎞⎟⎟⎠
∣∣∣∣∣∣∣∣ x1 ∈ D(P ), x2 ∈ D(C)

⎫⎪⎪⎬⎪⎪⎭ ,

and it is closed since P and C are closed.
3⇔4 The equation (

I C
P I

)−1

=

(
M 0
0 S

)(
M T
N S

)−1

shows that part 3 implies part 4. If ( I C
P I ) is invertible, we have⎛⎜⎜⎝

M 0
0 S
M T
N S

⎞⎟⎟⎠(
M T
N S

)−1

=

⎛⎜⎜⎜⎝
(

I C
P I

)−1

(
I 0
0 I

)
⎞⎟⎟⎟⎠ ∈ L∞(T)(2m+2p)×(m+p).

Using the fact that
(
M
N

)
and

(
S
T

)
are left-invertible over L∞(T), Proposi-

tion 3.9 of [7] shows that ⎛⎜⎜⎝
M 0
0 S
0 T
N 0

⎞⎟⎟⎠
is left-invertible over L∞(T). Thus the matrix⎛⎜⎜⎝

M 0
0 S
M T
N S

⎞⎟⎟⎠ =

⎛⎜⎜⎝
I 0 0 0
0 I 0 0
I 0 I 0
0 I 0 I

⎞⎟⎟⎠
⎛⎜⎜⎝

M 0
0 S
0 T
N 0

⎞⎟⎟⎠
is left-invertible over L∞(T), and hence (M T

N S ) is invertible over L∞(T).

4⇔5 We define D := S̃M − T̃N . Clearly, D = S̃(I − CP)M . Thus D−1 =
M−1(I − CP)−1S̃−1 or, equivalently, (I − CP)−1 = MD−1S̃. We first as-

sume that part 4 holds. An easy calculation shows that ( I C
P I )

−1
equals the

matrix H[P,C], given by (4.2). Thus the functions (I − CP)−1, (I − CP)−1C,

P(I −CP)−1, and P(I −CP)−1C are measurable and essentially bounded on
T. Using (I − CP)−1 = MD−1S̃, this shows that

MD−1S̃, MD−1T̃ , ND−1S̃, and ND−1T̃
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are measurable and essentially bounded on T. By Proposition 3.9 in [7] we
get that

D−1S̃ and D−1T̃

are measurable and essentially bounded on T. Using again Proposition 3.9
in [7] we see that D−1 ∈ L∞(T)m×m. Next we assume that part 5 holds.
Thus D is invertible over L∞(T). Using (I − CP)−1 = MD−1S̃, we get that(

I C
P I

)−1

∈ L∞(T)(m+p)×(m+p).

4⇔6 The proof of this equivalence is similar to the proof of 4⇔5.
Beside stability another important property of a feedback system is causality,

which is defined as follows.
Definition 4.9. Let P be an LTI (Z)p×m-system and let C be an LTI (Z)m×p-

system such that the feedback system [P,C] is stable. We say the feedback system
[P,C] is causal if H[P,C], as given in (4.1), is causal.

Equivalently, [P,C] is causal if and only if H[P,C] ∈ H∞(D)(m+p)×(m+p). Con-
sidering LTI(N0)-systems, we see that every stable feedback system is automatically
causal [5]. Unfortunately, this is not the case for LTI(Z)-systems, as the following
example shows. Note that in the example both systems P and C are causal, whereas
the feedback system is not causal.

Example 4.10. We consider a feedback system [P,C], which is given by

Pu := u, u ∈ �2(Z),

(Cu)(t) := u(t) − u(t− 1), u ∈ �2(Z), t ∈ Z.

Clearly, P and C are stable, causal LTI(Z)1×1-systems, and G(P̂ ) =
(
1
1

)
L2(T) and

G(Ĉ) =
(

1
1−z

)
L2(T). Since D := 1 · 1 − (1 − z) · 1 = z is invertible over L∞(T),

Theorem 4.8 shows that the feedback system [P,C] is stable. In order to show that
the feedback system is not causal, we choose the inputs u1 := (. . . , 0, 1, 0, . . . ), where
the 1 stands at position 0, and u2 := 0. This choice implies x1 = (. . . , 0, 1, 0, . . . ),
where the 1 stands at position −1, and thus the feedback system is not causal.

Next we give a necessary condition for a feedback system to be causal.
Proposition 4.11. Let P be an LTI (Z)p×m-system and let C be an LTI (Z)m×p-

system such that the feedback system [P,C] is stable and causal. Then the transfer
functions of P and C, denoted by P and C, respectively, satisfy

P ∈ R(H∞(D))p×m and C ∈ R(H∞(D))m×p,

and P as well as C possesses normalized rcf ’s and normalized lcf ’s over H∞(D).
Note that the stability of [P,C] implies that the systems P and C are closed; see

Proposition 4.7.

Proof. We define u
(1)
1 , u

(2)
1 , . . . , u

(p)
1 ∈ H∞(D)m by u

(1)
1 = · · · = u

(p)
1 = 0 and

u
(1)
2 , u

(2)
2 , . . . , u

(p)
2 ∈ H∞(D)p by u

(j)
2 = (0, . . . , 0, 1, 0, . . . , 0)T , j ∈ {1, . . . , p}, where

the 1 stands at position j. Thus, the matrix (u
(1)
2 , . . . , u

(p)
2 ) is invertible over H∞(D).

Since the feedback system [P,C] is stable and causal, there exist unique elements

x
(1)
1 , . . . , x

(p)
1 ∈ H2(D)m and x

(1)
2 , . . . , x

(p)
2 ∈ H2(D)p such that

x
(j)
1 = Cx(j)

2 , j ∈ {1, . . . , p},(4.4)

x
(j)
2 = u

(j)
2 + Px

(j)
1 , j ∈ {1, . . . , p}.(4.5)
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Using x
(j)
1 = (I − CP)−1Cu(j)

2 , x
(j)
2 = (I − PC)−1u

(j)
2 , (I − CP)−1C ∈ H∞(D)p×m,

(I − PC)−1 ∈ H∞(D)p×p, and u
(j)
2 ∈ H∞(D)p, we get x

(j)
1 ∈ H∞(D)m and x

(j)
2 ∈

H∞(D)p, j ∈ {1, . . . , p}. Next we show that the determinant of U := (x
(1)
2 , . . . , x

(p)
2 ) ∈

H∞(D)p×p is not zero. We assume that the determinant is zero. Similar to Propo-
sition 3.12 in [7] it can be shown that there are functions α1, . . . , αp ∈ H∞(D) such
that |α1|2 + · · · + |αp|2 > 0 and

α1x
(1)
2 + · · · + αpx

(p)
2 = 0.

Thus equation (4.4) implies

α1x
(1)
1 + · · · + αpx

(p)
1 = C

(
α1x

(1)
2 + · · · + αpx

(p)
2

)
= 0.

This shows, using equation (4.5),

α1u
(1)
2 + · · · + αpu

(p)
2 = α1x

(1)
2 + · · · + αpx

(p)
2 − P

(
α1x

(1)
1 + · · · + αpx

(p)
1

)
= 0.

However, this is in contradiction to the definition of u
(j)
2 , j = 1, . . . , p. Thus detU �= 0,

which implies U−1 ∈ R(H∞(D))p×p.

Further, we define V := CU = (x
(1)
1 , . . . , x

(j)
1 ) ∈ H∞(D)m×p, and thus C =

V U−1 ∈ R(H∞(D))m×p. In a similar manner it can be proved that P ∈ R(H∞(D))p×m.
The stability and causality of the feedback systemshowthat the functions (I−CP)−1,

(I − CP)−1C, P(I − CP)−1, and P(I − CP)−1C are holomorphic and bounded on D.
Let P = NM−1 be a weak rcf over H∞(D) of P and let C = S̃−1T̃ be a weak lcf over
H∞(D) of C. For the proof that every element of H∞(D)m×p possesses a weak lcf
and a weak rcf over H∞(D) we refer the reader to [5] and [16]. Then we get that

M(S̃M − T̃N)−1S̃, M(S̃M − T̃N)−1T̃ , N(S̃M − T̃N)−1S̃,

and N(S̃M − T̃N)−1T̃

are holomorphic and bounded on D. By Lemma 4 of Smith [16] we get that

(S̃M − T̃N)−1S̃ and (S̃M − T̃N)−1T̃

are holomorphic and bounded on D. Using again Lemma 4 of Smith [16] we see that
(S̃M − T̃N)−1 ∈ H∞(D)m×m. This shows that P = NM−1 is an rcf over H∞(D)

of P and that C = S̃−1T̃ is an lcf over H∞(D) of C. In a similar manner it can be
shown that C possesses an rcf over H∞(D) and that P possesses an lcf over H∞(D).
Finally, the existence of normalized rcf’s (lcf’s) is shown in [5], [16].

Next we formulate equivalent conditions for a stable feedback system to be causal.
The results are based on standard results using the coprime factorization approach
(see Vidyasagar [19]). Similar results for systems over the signal space �2(N0) can be
found in Georgiou and Smith [5].

Theorem 4.12. Let P be an LTI (Z)p×m-system and let C be an LTI (Z)m×p-
system such that the feedback system [P,C] is stable. We assume that the transfer
functions of P and C, denoted by P and C, respectively, satisfy P ∈ R(H∞(D))p×m

and C ∈ R(H∞(D))m×p and that both transfer functions possess rcf ’s and lcf ’s over
H∞(D), denoted by P = NM−1 = M̃−1Ñ and C = TS−1 = S̃−1T̃ . Then the
following statements are equivalent.
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1. [P,C] is causal.
2. (M T

N S ) is invertible over H∞(D).

3. ( I C
P I )

−1 ∈ H∞(D)(m+p)×(m+p).

4. S̃M − T̃N is invertible over H∞(D).
5. M̃S − ÑT is invertible over H∞(D).

Proof. The equivalence of parts 1 and 3 is easy to see, using the fact that ( I P
C I )

−1

is the transfer function of the feedback system H[P,C]. Moreover, the equivalence of
parts 2 and 3, parts 3 and 4, and parts 3 and 5 can be proved similarly to Theorem 4.8,
using Lemma 4 of Smith [16] instead of Proposition 3.9 of [7].

5. Stabilizable LTI(Z)-systems. The system C is called a controller of P .
Note that a controller always is a closed LTI(Z)-system. There are different possi-
bilities to define the notion of stabilizability for an LTI(Z)-system P . The simplest
one would be to require that there exists an LTI(Z)-system C such that the feedback
system [P,C] is stable. This is the usual definition used in system and control theory.
However, in our situation this definition is not suitable, since it would rule out a
huge class of important systems from being stabilizable and this definition would not
guarantee that the feedback system is causal. Thus we adapt the definition as follows.

Definition 5.1. An LTI (Z)-system P is called stabilizable if P is closable and
if there exists an LTI (Z)-system C such that the feedback system [P ,C] is stable and
causal.

We obtain the following equivalent condition for stabilizability.
Theorem 5.2. Let P be a closable LTI (Z)p×m-system. Then the following state-

ments are equivalent.
1. P is stabilizable.
2. P is stabilizable by a causal controller.
3. The transfer function of P , denoted by P, possesses a normalized rcf as well

as a normalized lcf over H∞(D).
4. The transfer function of P , denoted by P, possesses an rcf over H∞(D).

Proof. Clearly, part 3 implies part 4, part 2 implies part 1, and the implication
of part 1 to part 3 has been proved in Proposition 4.11.

Next we show that part 4 implies part 1. Part 4 implies that there exists a symbol(
M
N

)
∈ H∞(D)(m+p)×m of P which is left-invertible over H∞(D). Using Tolokonnikov’s

lemma (see, for example, Nikólskĭi [14, page 293]), there exist matrices S ∈ H∞(D)p×p

and T ∈ H∞(D)m×p such that

X =

(
M

N

T

S

)
is invertible over H∞(D). If detS �= 0, then we can define C via the graph G(Ĉ) =(
S
T

)
L2(T)p. The stability of [P,C] is then implied by Theorem 4.8, since X is invertible

over H∞(D), and hence over L∞(T), and the causality of [P,C] is implied by Theo-
rem 4.12. However it can happen that detS = 0. Clearly, for every Q ∈ H∞(D)m+p,
the matrix XQ := (MN

T+MQ
S+NQ ) = (MN

T
S )( I0

Q
I ) is invertible over H∞(D), and so it is

enough to show that there is a matrix Q ∈ H∞(D)m×p such that det(S + NQ) �= 0.
We have that (N S) is right-invertible over H∞(D). Thus there exists at least one
p × p-minor of (N S) which is nonzero. Let A be such a p × p-submatrix of (N S)
with the fewest possible columns from N . We now define Q ∈ H∞(D)m×p as follows.
Suppose that we obtain A by excluding columns j1, . . . , jl of S and including columns
i1, . . . , il of N . Let now the ikth row of Q be equal to the jkth row of the identity
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Ip on C
p, k = 1, . . . , l, and be zero otherwise. It is easy to see that Q ∈ H∞(D)m×p.

Moreover, since A possesses the fewest possible columns from N , we get that the
determinant of S +NQ = (S N)

(
Ip
Q

)
is nonzero. This shows that there is a controller

which stabilizes P and the feedback system is causal; see Theorem 4.12.
Finally, it remains to show that part 1 implies part 2. Let P be the transfer

function of P , let P = NM−1 be an rcf over H∞(D) of P, and let C be a stabilizing
controller with transfer function TS−1. It remains to show that there exists a matrix
Q ∈ H∞(D)m×p such that S + NQ is invertible over H∞(D), because then P is
causally stabilized by the controller C ′ with transfer function (T +MQ)(S+NQ)−1 ∈
H∞(D)m×p. By Theorem 4.12 the matrix X = (MN

T
S ) is invertible over H∞(D). In

particular, (N S) is right-invertible over H∞(D). This implies

inf
z∈D

(‖N(z)‖ + ‖S(z)‖) > 0.

Now Quadrat [15] (see also Treil [17]) shows the existence of a matrix Q ∈ H∞(D)m×p

with the required properties, and thus the theorem is proved.
The algorithm to stabilize an LTI(Z)-system can also be used for stable noncausal

LTI(Z)-systems. In this case we obtain a stable and causal system.

6. Comparison: LTI(Z)-systems versus LTI(N0)-systems. Every closable
LTI(Z)-system can be restricted to an LTI(N0)-system in the following way. Let P
be a closable LTI(Z)p×m-system. Then we define PN : D(PN) ⊂ �2(N0)

m → �2(N0)
p

as the closure of the operator T : D(T ) ⊂ �2(N0)
m → �2(N0)

m, which is given by

Tu := Pu, u ∈ D(T ),

D(T ) := {u ∈ D(P ) ∩ �2(N0)
m | Pu ∈ �2(N0)

p}.

By this definition PN is an LTI(N0)
p×m-system. Next we study the relation between

the transfer function of P and PN. We show that if PN is stabilizable, then P is
stabilizable and both systems have the same transfer function. Moreover, if P is
closed and stabilizable, then PN is stabilizable and both systems have the same transfer
function.

Theorem 6.1. Let P be a closable LTI (Z)p×m-system. If PN is stabilizable, then
P is stabilizable. Moreover, both systems have the same transfer function and they
are stabilized by the same controllers.

Proof. Let PN and P denote the transfer function of PN and P , respectively. Since
PN is stabilizable, PN possesses a normalized rcf NNM

−1
N

over H∞(D). Further, P
possesses a normalized rcf NM−1 over L∞(T). Since(

MN

NN

)
H2(D)m = G(PN) ⊂ G(P ) =

(
M

N

)
L2(T)m,

there exists a matrix Q ∈ L2(T)m×p such that(
MN

NN

)
=

(
M

N

)
Q.

(
M
N

)∗(M
N

)
= I now implies Q ∈ L∞(T)m×m. Since

(
MN

NN

)
is left-invertible over H∞(D),

there is a QL ∈ L∞(T)m×m such that QLQ = I. Thus Q is invertible over L∞(T), and
G(P ) =

(
MN

NN

)
L2(T)m. This proves that P is stabilizable and P = NNM

−1
N

= NM−1.
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That the sets of controllers coincide follows from Theorem 4.12 and Georgiou and
Smith [5, Lemma 1].

Theorem 6.2. Let P be a closed LTI (Z)p×m-system. Then P is stabilizable if
and only if PN is stabilizable. Moreover, both systems have the same transfer function
and they are stabilized by the same controllers.

Proof. In view of the previous theorem it remains to show that when P is stabi-
lizable it implies that PN is stabilizable. As above, let PN and P denote the transfer
function of PN and P , respectively. Since P is stabilizable, P possesses a normalized
rcf NM−1 over H∞(D). Since(

M

N

)
H2(D)m ⊂ G(PN) ⊂ G(P ) =

(
M

N

)
L2(T)m,

we get that NM−1 is the transfer function of a stabilizable and maximal LTI(Z)p×m-
system T (see [5]) with the property G(T ) ⊂ G(PN). Thus T = PN, and the theorem
is proved.

Conclusions. We studied discrete-time systems with signal space �2(Z) from
first principal. For these systems Georgiou and Smith [5], [6] discovered that a well-
known stabilizable system is not stabilizable when using the canonical definition of
stabilizability. Using an adapted notion of stabilizability in the mathematical formal-
ism we are able to guarantee that all—from a physical point of view—stabilizable
systems are actually stabilizable in the mathematical formalism. Further, we give
equivalent conditions for stabilizability.

In this paper we work with discrete-time LTI-systems only, and now is a good time
to discuss how things change when we move to continuous-time LTI-systems. In fact,
every result for discrete-time LTI-systems does have a counterpart for continuous-
time LTI-systems, and the proofs are basically the same. Instead of using the z-
transform, which is an isometric isomorphism between �2(Z) and L2(T), we use the
Laplace transform, which is an isometric isomorphism between L2(R) and L2(iR).
The subspace L2(0,∞) then corresponds to the Hardy class H2(C+).
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Abstract. Various alternative definitions for the nonlinear H2-, L2-, and ν-gap metrics are
studied. The concept of β-conjugacy and multiplicative homogeneity are introduced to relate the
metrics to each other and to compare the stability margins of nonlinear feedback loops expressed
in terms of the norms of complementary parallel projections. Left and right representations for
the graph of a nonlinear system are studied. A new definition of “normalized” is introduced for
left representations. Formulas for the gap metrics as the norm of the product of left and right
representations are derived. The problem of controller synthesis for input-affine nonlinear systems
to achieve norm bounds on the parallel projection operators is studied for input-affine nonlinear
systems. The duality between the optimization of the two parallel projections is highlighted. State-
space realizations for the normalized left and right representations are derived using nonlinear H∞
synthesis methods.
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1. Introduction. This paper is concerned with the approach to robust stability
of nonlinear systems using gap metrics following the work of [1], [11], [30]. The paper
considers several related issues surrounding the following basic robustness theorem:
feedback stability is preserved if gap perturbations do not exceed the inverse of the
norm of a nonlinear parallel projection operator associated with the feedback loop.
The paper develops and unifies a number of concepts and results concerned with
the definition and computation of gap metrics, graph representations, controller syn-
thesis to achieve norm bounds on the parallel projection operators, and state-space
realizations of graph representations.

The gap metric provides a measure of distance between dynamical systems which
are not required to be stable in themselves. The original rationale for the (linear)
gap metric was to provide a suitable topology in which small errors in the gap in
open-loop systems would correspond to small errors in norm in the stable closed loop.
In [9] the gap metric was shown to be exactly equal to the solution of a certain H∞
optimization problem. Building on this work the optimal robustness problem in the
gap metric was solved in [10] and connections emerged with H∞ loop-shaping [20].
The stability margin for uncertainty in the gap metric was shown to be the norm of a
certain parallel projection operator in [8]. In [29] the tightest possible metric for this
stability margin, called the ν-gap metric, was derived.

An attempt to generalize the gap metric robust stability theory to nonlinear
systems began in [5], where two complementary parallel projection operators of a
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nonlinear feedback system were highlighted. In [11] the inverse of the induced norm
of one of these projections was shown to define a guaranteed radius of stability for
uncertainty in a nonlinear generalization of the gap metric. In [30] it was shown how
to get a tighter version of the robustness theorem using ideas drawing on the linear
ν-gap metric. These results showed in principle that the linear gap metric theory was
capable of a powerful generalization to nonlinear systems. It is the purpose of this
paper to refine and develop several aspects of this theory.

In [11], [30] several definitions of the gap and ν-gap were given which generalize
definitions of the H2-, L2-, and ν-gap from the linear case. These, and some new
definitions, will form a family of “δ-type” and “ρ-type” metrics which will be studied
in section 4. Various versions of the main robustness theorem will be given involving
the two complementary parallel projections of a feedback loop. In particular, the “δ-
type” (respectively, “ρ-type”) gap metrics are needed for results involving the parallel
projection onto the plant (respectively, controller) graph. The δ-type and ρ-type gaps
are shown to be equal subject to a certain conjugacy transformation on one of the
systems (Lemma 4.1). Under similar conditions, the norms of the two complementary
parallel projections are shown to be equal (Theorem 4.7).

The connection between gap metrics and representations of the graph is developed
in this paper. Operators whose image (respectively, kernel) generates the graph are
termed right (respectively, left) representations of the system. These operators, called
graph symbols, generalize the usual notions of right and left coprime factorizations. As
usual, we call a right representation normalized if the symbol is inner. We introduce
a new definition of “normalized” for left representations, which requires that the
“amplification” or “gain” of any L2-function by the symbol is equal to the minimal
distance to the graph (section 3.2). This allows formulas to be derived (Theorem 4.10),
involving norms of products of the left and right symbols, for the various ρ-type
gap metrics. This also allows versions of the robustness theorem to be obtained
involving ∞-norm errors between the graph symbols to account for system uncertainty
(Theorems 4.12 and 4.13).

The paper also considers the problem of controller synthesis to achieve norm
bounds on each of the two complementary parallel projection operators. This problem
is at the heart of H∞ loop-shaping for linear systems and represents one of the most
important “special” problems of H∞ optimization. This problem is solved for the class
of input-affine nonlinear systems in section 5. Applying the approach of [14] to the two
corresponding generalized plants exposes notable simplifications in the information
state dynamics and control laws compared to the usual case of H∞-synthesis and
highlights the duality between the two problems.

The circle of ideas explored in this paper is completed by considering state-space
realizations for the graph representations defined in section 3. In the development of
the theory of coprime factors and graph representations, state-space realizations have
been important for computation and in studying the connection between existence of
representations and stabilizability. Section 6.1 derives state-space realizations for the
right graph representations in terms of the solution of a Hamilton–Jacobi–Bellman
(HJB) equation and a state feedback. Realizations for the left graph representations
are derived in the form of an information state system in section 6.2. A brief review
of relevant facts from nonlinear H∞ control which are relevant for sections 5 and 6 is
given in the appendix.

We conclude the introduction by summarizing the main contributions of the
paper.
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• A unified set of definitions for the nonlinear gap metric is provided which
highlights the natural linkage with the two fundamental parallel projection
operators. Several versions of the fundamental robustness result are given in
terms of these metrics. The notion of β-conjugacy is introduced to relate the
norms of the two complementary parallel projection operators.

• A new definition of “normalized” for left graph representations is given, and
robustness results are given in terms of the graph representations.

• A solution to the controller synthesis problem for a feedback system which
optimizes the two fundamental parallel projection operators is given for input-
affine nonlinear systems.

• A new realization theory for graph representations is given.

2. Preliminaries. This section provides the background on signal spaces, sys-
tems, and stability, which forms the basis for the rest of the paper. In the definitions
to follow, n denotes the generic dimension of the range of the signals. Write

L2 = L2(−∞,∞) = {w : (−∞,∞) → Rn | ‖ w ‖2< ∞}

for the Lebesgue space of signals on the doubly infinite time axis, where

‖ w ‖2=‖ w ‖L2(−∞,∞)
�
=

(∫ ∞

−∞
|w(s)|2ds

)1/2

.

The signals in the following space are zero before a finite time and square integrable
on each finite interval:

L2,ce = L2,ce(−∞,∞) = {w : (−∞,∞) → Rn | TTw = 0 for some T ∈ (−∞,∞)
and ‖ TTw ‖2< ∞ ∀T > −∞},

where

(TTw)(s) =

{
w(s), s ≤ T,

0, s > T.

The space of signals defined for positive times and square integrable on each finite
interval is

L2,e = L2,e[0,∞) = {w : [0,∞) → Rn | ‖ TTw ‖2 < ∞ ∀T ≥ 0} .

We can regard L2,e as a subset of L2,ce by defining elements of L2,e to be 0 before
time 0. For w ∈ L2,ce we write

‖ w ‖T=‖ TTw ‖2 .

The signal spaces U , Y, W, etc., will be L2,ce spaces of suitable range dimension.
The plant P and controller K will be operators defined on these spaces. We will also
consider restrictions of these operators to L2,e and L2.

We write

‖ P ‖∞ = lim sup
T→∞

sup
u∈L2,ce(−∞,∞),‖u‖T �=0

‖ Pu ‖T
‖ u ‖T

= lim sup
T→∞

sup
u∈L2,e(−∞,∞),‖u‖T �=0

‖ Pu ‖T
‖ u ‖T

= sup
u∈L2[0,∞),u �=0

‖ Pu ‖2

‖ u ‖2

(1)



1538 M. R. JAMES, M. C. SMITH, AND G. VINNICOMBE

for the induced norm for a causal, time-invariant operator P : L2,ce → L2,ce; this
is often called the H∞ norm of P even if P is nonlinear. An operator P is defined
to be stable if ‖ P ‖∞ is finite. We sometimes use finite time restrictions P |[T0,T ] of
operators, or operators defined on intervals [T0, T ] (we can take T0 = −∞), and we
define

‖ P |[T0,T ]u ‖[T0,T ],∞= sup
u∈L2[T0,T ],u �=0

‖ P |[T0,T ]u ‖T
‖ u ‖T

.(2)

The feedback configuration of Figure 1 is denoted by [P,K] and consists of a plant
P : U → Y and a controller K : Y → U , both causal, time-invariant maps defined on
L2,ce signal spaces U , Y and which satisfy P0 = 0 and K0 = 0.

��

��

��

��

� �

� �
�

�

u2 y2

P

K

u0 u1+

−
y1

y0
−
+

Σ

Σ

Fig. 1. Feedback configuration [P,K].

In Figure 1, ui ∈ U and yi ∈ Y (i = 0, 1, 2), and we write W = U×Y. The feedback
system [P,K] is assumed to be well-posed. Namely, for any w = (u0, y0) ∈ W there
exist unique u1, u2 ∈ U , y1, y2 ∈ Y such that the following closed-loop equations hold:

u0 = u1 + u2,
y0 = y1 + y2,
y1 = Pu1,
u2 = Ky2,

(3)

and moreover, the map

HP,K : W → W ×W,

:

(
u0

y0

)
�→
((

u1

y1

)
,

(
u2

y2

))
(4)

is causal.
Throughout the paper, it will be assumed that both the nominal feedback system

as shown in Figure 1 and any perturbed feedback system (with P replaced by a
perturbed plant P1) are well-posed. The feedback system [P,K] is defined to be stable
if the operator from (u0, y0) to (u1, y1, u2, y2) has finite H∞ norm, i.e., ‖ HP,K ‖∞<
∞.

It is convenient to consider graphs of operators. The graph of the plant P is

GP =

{(
u
Pu

)
: u ∈ U , Pu ∈ Y

}
⊂ W,
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and the graph of the controller K is

GK =

{(
Ky
y

)
: y ∈ Y,Ky ∈ U

}
⊂ W.

We often write

M = GP , N = GK .

Of central importance to robustness of the feedback system [P,K] are the parallel
projection operators (see [5], [11])

ΠM‖N = Π1HP,K , ΠN‖M = Π2HP,K ,

where Πi : W × W → W denote the natural projections (i = 1, 2). The operators
ΠM‖N , ΠN‖M both enjoy the defining parallel projection property

Π(Πw1 + (I − Π)w2) = Πw1(5)

for any w1, w2 ∈ W, where I denotes the identity operator, and the following identities
hold:

HP,K = (ΠM‖N ,ΠN‖M) and ΠM‖N + ΠN‖M = I.(6)

Consequently, stability of the feedback system [P,K], i.e., the finiteness of ‖ HP,K ‖∞,
is equivalent to the stability of either parallel projection [11].

We note that the parallel projection operators can be represented as generalized
plant and controller configurations as in Figures 2 and 3, where

P1 :

⎛⎝ u0

y0

u2

⎞⎠ �→

⎛⎝ u1

y1

y2

⎞⎠ and P2 :

⎛⎝ u0

y0

u2

⎞⎠ �→

⎛⎝ u2

y2

y2

⎞⎠(7)

so that

‖ ΠM‖N ‖∞=‖ [P1,K] ‖∞ and ‖ ΠN‖M ‖∞=‖ [P2,K] ‖∞ .(8)

Here, [P1,K] and [P2,K] refer to the closed-loop configurations of Figures 2 and 3,
respectively. As we shall see in section 4, there are guaranteed bounds for robust
stability in terms of the norms of these parallel projection operators. The synthesis
problem of finding controllers to minimize either quantity is solved in section 5.

�

�

�

�

P1

u2 y2

(u1, y1)(u0, y0)

K

Fig. 2. The parallel projection ΠM‖N and generalized plant P1.
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�

�

�

�

P2

u2 y2

(u2, y2)(u0, y0)

K

Fig. 3. The parallel projection ΠN‖M and generalized plant P2.

3. Graph representations. The subject of right and left coprime factoriza-
tions has been fundamental in the development of the (linear) gap metric robustness
theory. From an operator viewpoint these factorizations may be viewed as graph
“symbols.” A number of generalizations for nonlinear operators have been considered
in the literature; see [24], [22], [27], [19]. In this section we propose a new approach
which focuses on the essential energy balances related to a graph representation. This
allows definitions to be made for both finite and infinite time horizons. More impor-
tantly, it allows a new definition of “co-innerness” for the left representations which
appears to have significant advantages; in particular, it allows the left representations
to be used for robustness analysis (section 4.5). The definition requires that the “am-
plification” of any L2-function by the symbol be equal to the minimal distance of that
function to the graph.

3.1. Right representations. Roughly speaking, we wish to generalize the idea
that P = NM−1 has a normalized coprime factorization, with

R =

[
M
N

]
defining a range representation of the graph of P :

{w ∈ W | w = Rψ, some ψ ∈ U} = GP ,

together with notions of the inner and coprime properties.
1. For any T ∈ (−∞,∞) a causal operator

RT,P : U → W ∩ L2(−∞, T ]

is called a finite horizon right representation of P provided it maps onto the
graph:

range RT,P |[T0,T ] = GP ∩ L2[T0, T ] ∀T0 ∈ (−∞, T ].(9)

(a) RT,P is contractive if

‖ RT,Pψ ‖T≤‖ ψ ‖T ∀ψ ∈ U ;(10)

(b) RT,P is finite time inner (or normalized) if

‖ RT,Pψ ‖T=‖ ψ ‖T(11)

for all ψ ∈ U .
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(c) A causal operator

R−L
T,P : W → U ∩ L2(−∞, T ]

is called a left inverse of RT,P if

R−L
T,PRT,P = I.(12)

R−L
T,P is norm bounded if there is some c > 0 such that

‖ R−L
T,Pw ‖T≤ c ‖ w ‖T ∀w ∈ W.(13)

RT,P is finite time right coprime if there exists a causal operator R−L
T,P

which is a left inverse of RT,P and norm bounded.
2. A causal operator

ReP : U → W

is called a right representation of P provided it maps onto the graph

range ReP = GP ,
range ReP |L2 = GP ∩ L2,

range ReP |L2[0,∞) = GP ∩ L2[0,∞).
(14)

(a) ReP is contractive if

‖ RePψ ‖T≤‖ ψ ‖T ∀ T ∈ (−∞,∞), ψ ∈ U ;(15)

(b) ReP is inner (or normalized) if

‖ RePψ ‖2=‖ ψ ‖2 ∀ψ ∈ U ∩ L2.(16)

(c) A causal operator

Re
−L
P : W → U

is called a left inverse of ReP if

Re
−L
P ReP = I.(17)

Re
−L
P is norm bounded if there is some c > 0 such that

‖ Re
−Lw ‖T≤ c ‖ w ‖T ∀T ∈ (−∞,∞), w ∈ W.(18)

ReP is right coprime if there exists a causal operator Re
−L
P which is a

left inverse of ReP and norm bounded.

3.2. Left representations. We next generalize the idea that P = M̃−1Ñ has
a normalized left coprime factorization, with

L = [−Ñ , M̃ ]

defining a kernel representation of P :

{w ∈ W | Lw = 0} = GP ,

satisfying co-inner and coprime properties.
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1. A causal operator

LtvP : W ∩ L2,e → Y ∩ L2,e

is called a finite horizon left representation of P provided its kernel is the
graph

ker LtvP = GP ∩ L2,e.(19)

(a) LtvP is contractive if

‖ LtvPw ‖T≤‖ w ‖T ∀ T ≥ 0, w ∈ W ∩ L2,e.(20)

(b) LtvP is positive time co-inner (or normalized) if

‖ LtvPw ‖T= inf {‖ w − w̃ ‖T | w̃ ∈ GP ∩ L2[0, T ]}(21)

for all w ∈ W ∩ L2[0, T ], T ≥ 0, and

‖ LtvPw ‖2= inf {‖ w − w̃ ‖2 | w̃ ∈ GP ∩ L2[0,∞)}(22)

for all w ∈ W ∩ L2[0,∞).
(c) A causal operator

Ltv
−R
P : Y ∩ L2,e → W ∩ L2,e

is called a right inverse of LtvP if

LtvPLtv
−R
P = I.(23)

Ltv
−R
P is norm bounded if there is some c > 0 such that

‖ Ltv
−R
P φ ‖T≤ c ‖ φ ‖T ∀φ ∈ Y ∩ L2,e.(24)

LtvP is finite time left coprime if there exists a causal operator Ltv
−R
P

which is a right inverse of RtvP and norm bounded.
2. A causal operator

LeP : W → Y

is called a left representation of P provided its kernel is the graph

ker LeP = GP .(25)

(a) LeP is contractive if

‖ LePw ‖T≤‖ w ‖T ∀ T ∈ (−∞,∞), w ∈ W.(26)

(b) LeP is co-inner if

‖ LePw ‖T= inf {‖ w − w̃ ‖T | w̃ ∈ GP } ∀T ∈ (−∞,∞),(27)

for all w ∈ W, T ∈ (−∞,∞), and

‖ LePw ‖2= inf {‖ w − w̃ ‖2 | w̃ ∈ GP ∩ L2}(28)

for all w ∈ L2.
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(c) A causal operator

Le
−R
P : Y → W

is called a right inverse of LeP if

LePLe
−R
P = I.(29)

Le
−R
P is norm bounded if there is some c > 0 such that

‖ Le
−R
P φ ‖T≤ c ‖ φ ‖T ∀ T ∈ (−∞,∞), φ ∈ Y.(30)

LeP is left coprime if there exists a causal operator Le
−R
P which is a right

inverse of LeP and norm bounded.
Remark 3.1.

1. The definition proposed for the coinner property in 2b above agrees with the
usual definition for linear, time-invariant (LTI) systems. In this case, LeP

can be interpreted as a normalized Kalman filter for P , with ‖ LePw ‖T the
residual.

2. It is interesting to note that range and kernel representations do not behave
in a completely analogous way with regard to the concept of coprimeness. If
P is a finite-dimensional LTI system and G is any LTI system whose range
is the graph, then G will be left invertible over H∞, which is equivalent to
coprimeness. The same is not true for kernel representations G̃, which may
be freely multiplied by noninvertible factors on the left without changing the
kernel. This situation does not change when the properties of inner/co-inner
are added.

3. Representations satisfying the above properties can be constructed for input-
affine systems subject to appropriate regularity assumptions. This is done in
section 6.

4. Gap metrics and robust stability. The gap metric was introduced into
the control literature by Zames and El-Sakkary [32], where it was defined as the norm
of the difference of two orthogonal projection operators in Hilbert space. The result
of Georgiou [9] that the gap metric was exactly equal to the solution of a certain
H∞ optimization problem opened up direct connections between uncertainty in gap
metric and coprime fraction uncertainty and indeed proved the following formula for
the (linear, directed) gap metric:

�ρH2
(P, P1) = inf

∆N ,∆M∈H∞

{[
∆M

∆N

]
| P1 = (N + ∆N )(M + ∆M )−1

}
,

where P = NM−1 is a normalized right coprime factorization of the plant transfer-
function. The basic gap metric robustness theorem can be expressed as follows [10]:
if K stabilizes the nominal plant P , then it stabilizes all P1 with �ρH2

(P, P1) < γ if
and only if γ ≤‖ ΠM‖N ‖−1

∞ .
A smaller distance function can be defined by

�ρL2(P, P1) = inf
∆N ,∆M∈L∞

{[
∆M

∆N

]
| P1 = (N + ∆N )(M + ∆M )−1

}
but proximity here does not guarantee robust stability by itself. However, if P
and P1 can both be approximated arbitrarily closely in the gap metric by finite-
dimensional systems and �ρL2(P, P1) <‖ ΠM‖N ‖−1

∞ , then K stabilizes P1 if and only
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if wno det(N∗
1N + M∗

1M) = 0, where P = NM−1 and P1 = N1M
−1
1 are any contin-

uous right coprime factorizations (here, “wno” refers to the winding number). The
ν-gap metric is obtained by setting it equal to �ρL2 when this winding number test is
satisfied and 1 otherwise, and is consequently less conservative than the gap metric
[29].

For nonlinear systems �ρH2
can be perfectly well defined (see below) but does

not appear to give any robust stability guarantees. We shall consider two alternatives
which do. The winding number test in the ν-gap definition can be viewed as implicitly
checking for the existence of a homotopy linking P and P1. In the nonlinear case this
check appears in this form in Theorem 4.6.

4.1. Definitions and basic properties. There are a number of definitions for
gap metrics in the literature. We now give the definitions of some of these together
with some new ones.

We write G0 = GP0 , G1 = GP1 , for two plants P0 and P1. Define the δ-type “gap
metrics”as follows:

(31)

�δ0(P0, P1) = lim sup
T→∞

sup
x1∈G1∩L2,e[0,∞),x1 �=0

inf
x0∈G0∩L2,e[0,∞),x0 �=0

‖ x1 − x0 ‖T
‖ x0 ‖T

,

�δg(P0, P1) = lim sup
T→∞

sup
x1∈G1∩L2,ce(−∞,∞),x1 �=0

inf
x0∈G0∩L2,ce(−∞,∞),x0 �=0

‖ x1 − x0 ‖T
‖ x0 ‖T

,

�δH2(P0, P1) = sup
x1∈G1∩L2[0,∞),x1 �=0

inf
x0∈G0∩L2[0,∞),x0 �=0

‖ x1 − x0 ‖2

‖ x0 ‖2
,

�δL2(P0, P1) = sup
x1∈G1∩L2(−∞,∞),x1 �=0

inf
x0∈G0∩L2(−∞,∞),x0 �=0

‖ x1 − x0 ‖2

‖ x0 ‖2
,

and also define the ρ-gaps

(32)

�ρ0(P0, P1) = lim sup
T→∞

sup
x1∈G1∩L2,e[0,∞),x1 �=0

inf
x0∈G0∩L2,e[0,∞)

‖ x1 − x0 ‖T
‖ x1 ‖T

,

�ρg(P0, P1) = lim sup
T→∞

sup
x1∈G1∩L2,ce(−∞,∞),x1 �=0

inf
x0∈G0∩L2,ce(−∞,∞)

‖ x1 − x0 ‖T
‖ x1 ‖T

,

�ρH2
(P0, P1) = sup

x1∈G1∩L2[0,∞),x1 �=0

inf
x0∈G0∩L2[0,∞)

‖ x1 − x0 ‖2

‖ x1 ‖2
,

�ρL2(P0, P1) = sup
x1∈G1∩L2(−∞,∞),x1 �=0

inf
x0∈G0∩L2(−∞,∞)

‖ x1 − x0 ‖2

‖ x1 ‖2
.

The definition of �δ0 is from [11] and those of �δg and �δL2 are taken from [30]. As

pointed out in [30], for time-invariant systems, �δg(P0, P1) ≤ �δ0(P0, P1), since the extra
freedom x1 has in being shifted to the left is more than offset by a similar freedom in
x0. For the same reason �δL2(P0, P1) ≤ �δH2(P0, P1), and the corresponding inequalities
for the ρ-gaps, hold for time-invariant systems. For linear systems �ρH2

(P0, P1) is the
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usual directed gap over Hilbert spaces and is also equal to �δH2
(P0, P1) [11, proof of

Proposition 5]. The same argument shows that each respective pair of δ and ρ gap
metrics coincides. However, for nonlinear systems they need not be the same, though
they are related as follows.

Lemma 4.1. Let γ > 1, and set β =
√

1 − γ−2. For each of the four cases
�δ ∈ {�δ0, �δg, �δL2

, �δH2
}, with respective �ρ ∈ {�ρ0, �ρg, �ρL2

, �ρH2
}, we have

�δ(P0, P1) < γ−1 iff �ρ(P0, β
−2P1β

2) < γ−1 iff �ρ(β2P0β
−2, P1) < γ−1.(33)

Similarly,

�ρ(P0, P1) < γ−1 iff �δ(P0, β
2P1β

−2) < γ−1 iff �δ(β−2P0β
2, P1) < γ−1.(34)

Proof. We give the proof for the case �δ = �δL2 and �ρ = �ρL2 . Suppose

�δ(P0, P1) < γ−1.

Then for any 0 �= x1 ∈ G1 ∩ L2(−∞,∞) there exists 0 �= x0 ∈ G0 ∩ L2(−∞,∞) such
that

‖ x1 − x0 ‖2
2< γ−2 ‖ x0 ‖2

2 .(35)

However, by expanding and completion of squares, this holds if and only if for any
0 �= x1 ∈ G1 ∩ L2(−∞,∞) there exists 0 �= x0 ∈ G0 ∩ L2(−∞,∞) such that

‖ β−2x1 − x0 ‖2
2< γ−2 ‖ β−2x1 ‖2

2,

where β =
√

1 − γ−2. Since γ > 1, the condition that x0 �= 0 is redundant. Now

x1 ∈ G1 ∩ L2(−∞,∞) iff β−2x1 ∈ G̃1 ∩ L2(−∞,∞), where G̃1 = GP̃1
and P̃1 =

β−2P1β
2. Therefore, the last displayed equation holds if and only if for any 0 �= x̃1 ∈

G̃1 ∩ L2(−∞,∞), there exists x0 ∈ G0 ∩ L2(−∞,∞) such that

‖ x̃1 − x0 ‖2
2< γ−2 ‖ x̃1 ‖2

2,

that is, if and only if

�ρ(P0, β
−2P1β

2) < γ−1.

Also, (35) holds if and only if for any 0 �= x1 ∈ G1 ∩ L2(−∞,∞), there exists
x0 ∈ G0 ∩ L2(−∞,∞) such that

‖ x1 − β2x0 ‖2
2< γ−2 ‖ x1 ‖2

2 .

Since γ > 1, then x0 �= 0. Thus the above equation holds if and only if for any x1 ∈ G1

there exists x̃0 ∈ G̃0 such that

‖ x1 − x̃0 ‖2
2< γ−2 ‖ x1 ‖2

2,

where P̃0 = β2P0β
−2. That is, (35) holds if and only if

�ρ(β2P0β
−2, P1) < γ−1.

We have the following result giving a class of systems for which the δ and ρ gaps
are the same.
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Corollary 4.2. If P0 and/or P1 is homogeneous, then for each of the four cases
�δ ∈ {�δ0, �δg, �δL2

, �δH2
}, with respective �ρ ∈ {�ρ0, �ρg, �ρL2

, �ρH2
},

min
{
�δ(P0, P1), �ρ(P0, P1)

}
< 1(36)

implies

�δ(P0, P1) = �ρ(P0, P1).(37)

For any �δ ∈ {�δ0, �δg, �δL2 ,
�δH2}, we define the corresponding symmetric quantities

via

δ(P0, P1) = max
{
�δ(P0, P1), �δ(P1, P0)

}
,

and similarly for any �ρ ∈ {�ρ0, �ρg, �ρL2 , �ρH2}, we define

ρ(P0, P1) = max {�ρ(P0, P1), �ρ(P1, P0)} .

4.2. Robust stability. The �δ, �δ0, �δg, �δL2
, and ν-gap metrics introduced in [11],

[30], and [29] provide a maximum stability margin expressed as the inverse of the
induced norm of the parallel projection operator ΠM0‖N ; a result of this type is
quoted as Theorem 4.3.

Theorem 4.3 ([30, Proposition 2.2], [11, Theorem 3]). Assume HP0,K is stable.
If

�δg(P0, P1) <‖ ΠM0‖N ‖−1
∞ ,(38)

where M0 = GP0 and N = GK , then HP1,K is stable and

‖ ΠM1‖N ‖∞≤‖ ΠM0‖N ‖∞
1 + �δg(P0, P1)

1− ‖ ΠM0‖N ‖∞ �δg(P0, P1)
,(39)

where M1 = GP1 .
The ρ-type gap metrics introduced above also lead to a natural stability margin,

but this time it is expressed in terms of the inverse of the induced norm of the
parallel projection operator ΠN‖M0

, revealing an interesting duality. This will be
further explored below in section 4.5 in connection with uncertainty in the graph
representations.

Theorem 4.4. Assume HP0,K is stable. If

�ρg(P0, P1) <‖ ΠN‖M0
‖−1
∞ ,(40)

where M0 = GP0
and N = GK , then HP1,K is stable and

‖ ΠN‖M1
‖∞≤‖ ΠN‖M0

‖∞
1 + �ρg(P0, P1)

1− ‖ ΠN‖M0
‖∞ �ρg(P0, P1)

,(41)

where M1 = GP1 .
Proof. The proof is a modification of the proof of [11, Theorem 3].
Suppose �ρg(P0, P1) < α, ‖ ΠN‖M0

‖∞< γ. Let w ∈ W. Since [P1,K] is well-
posed by assumption, there exists m1 ∈ M1, n ∈ N such that w = m1 + n, so
ΠN‖M1

(w) = n. Our goal is to bound the norm of n in terms of the norm of w.
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There exists T0 > 0 such that for all T ≥ T0

inf
x0∈M0

‖ m1 − x0 ‖T
‖ m1 ‖T

≤ sup
x1∈M1

inf
x0∈M0

‖ x1 − x0 ‖T
‖ x1 ‖T

< α.

Hence there exists m0 ∈ M0 (depending on T ) such that

‖ m1 −m0 ‖T≤ α ‖ m1 ‖T .

Now ΠN‖M0
(m0 + n) = n, and

‖ n ‖T≤ γ ‖ m0 + n ‖T .

Then

‖ m1 + n ‖T ≥‖ m0 + n ‖T − ‖ m1 −m0 ‖T
≥ γ−1 ‖ n ‖T −α ‖ m1 ‖T ,

and so

γ−1 ‖ n ‖T ≤‖ m1 + n ‖T +α ‖ m1 ‖T
≤ (1 + α) ‖ m1 + n ‖T +α ‖ n ‖T .

Therefore,

(γ−1 − α) ‖ n ‖T≤ (1 + α) ‖ m1 + n ‖T

for all T ≥ T0. This is enough to prove the theorem.
Note that both Theorems 4.3 and 4.4 also hold for �δ0 and �ρ0, respectively, though

the above are the stronger forms since �δg(P0, P1) ≤ �δ0(P0, P1) and �ρg(P0, P1) ≤
�ρ0(P0, P1). Interestingly, we are not able to give a robust stability theorem for �δH2

or
�ρH2 in spite of the fact that each is equal to the original definition of the gap metric
for linear systems.

The L2 gaps are not by themselves sufficient to prove stability. However, if
stability is known for a plant P1 near a nominal P0, then the norms of the parallel
projections can be estimated. This was done in [30, Theorem 2.1] for the �δL2 gap
and the ΠM‖N projection. The corresponding result for the �ρL2 gap and the ΠN‖M
projection is as follows.

Theorem 4.5. Assume HP0,K is stable. If HP1,K is stable and

�ρL2(P0, P1) <‖ ΠN‖M0
‖−1
∞ ,(42)

where M0 = GP0 and N = GK , then

‖ ΠN‖M1
‖∞≤‖ ΠN‖M0

‖∞
1 + �ρL2(P0, P1)

1− ‖ ΠN‖M0
‖∞ �ρL2

(P0, P1)
,(43)

where M1 = GP1 .
Proof. Suppose �ρL2(P0, P1) < α, ‖ ΠN‖M0

‖∞< γ. Let w ∈ W ∩ L2(−∞,∞).
Since [P1,K] is stable by assumption, there exists m1 ∈ M1 ∩ L2(−∞,∞), n ∈
N ∩ L2(−∞,∞) such that w = m1 + n, so ΠN‖M1

(w) = n.
Note that there exists m0 ∈ M0 ∩ L2(−∞,∞) such that

‖ m1 −m0 ‖2≤ α ‖ m1 ‖2 .
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Now ΠN‖M0
(m0 + n) = n, and

‖ n ‖2≤ γ ‖ m0 + n ‖2 .

Then, in a similar way to the proof of Theorem 4.4, we obtain

(γ−1 − α) ‖ n ‖2≤ (1 + α) ‖ m1 + n ‖2

as required.
Theorem 4.6. Assume HP0,K is stable. If

�ρL2
(P0, P1) <‖ ΠN‖M0

‖−1
∞ ,(44)

where M0 = GP0 and N = GK , then HP1,K is stable if there exists a homotopy of
plants {Pλ | 0 < λ < 1} such that

1. the mapping λ �→ Pλ is ρg-continuous for 0 ≤ λ ≤ 1, and
2.

�ρL2
(P0, Pλ) <‖ ΠN‖M0

‖−1
∞ −ε(45)

for some ε > 0 and all 0 ≤ λ ≤ 1.
Proof. Assume [Pλ0

,K] is stable for some λ0 ∈ [0, 1]. Then it must also be the
case that ‖ ΠN‖Mλ0

‖−1
∞ > ε′ = ε/(1+ ‖ ΠN‖M0

‖−1
∞ −ε). By continuity there will

exist a neighborhood S of λ0, such that �δg(Pλ0 , Pλ) < ε′ for all λ ∈ S. It follows that
[Pλ,K] is stable for all λ ∈ S and hence that the set of λ ∈ [0, 1] for which [Pλ,K]
is stable is open. Conversely, let {λi} → λ and assume that [Pλi

,K] is stable for all

i. Then there must exist an i such that �δg(Pλi , Pλ) < ε′, from which it follows that
[Pλ,K] is stable and hence that the set of λ ∈ [0, 1] for which [Pλ,K] is stable is both
open and closed, and since it includes the point λ = 0 it must also include the whole
interval [0, 1].

4.3. Conjugate norm equivalence. For linear systems it is known that
‖ ΠM‖N ‖∞=‖ ΠN‖M ‖∞, and the inverse of this quantity is the stability mar-
gin for uncertainty in the gap metric [10]. This equality has several implications and
interpretations. It means that the radius of gap metric uncertainty tolerated by the
feedback system is the same for the plant and the controller. It also means that the
radius of coprime factor balls of uncertainty tolerated by the feedback system is the
same for both left and right coprime factors.

In the general nonlinear case it is known that ‖ ΠM‖N ‖∞ �=‖ ΠN‖M ‖∞ (see [7]
for an example where both M and N are piecewise linear static functions). In this
section we demonstrate a connection between these quantities under a certain scaling.
This type of conjugacy transformation has also appeared in Lemma 4.1 in relating
two different types of gap metrics. In this way, a new type of duality between the two
complementary parallel projections is uncovered which is perhaps a more fundamental
property.

For γ > 1 let

β =
√

1 − γ−2 < 1.(46)

We say that controllers K1, K2 are β-conjugate if

K1 = β2K2β
−2.(47)
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Theorem 4.7. Any plant P enjoys conjugate norm equivalence,

‖ ΠM‖N1
‖∞< γ iff ‖ ΠN2‖M ‖∞< γ,(48)

whenever K1, K2 are β-conjugate, where M = GP , Ni = GKi
(i = 1, 2).

Proof. We shall first show that, if K2 satisfies ‖ ΠN2‖M ‖∞< γ and K1 is defined
by (47), then ‖ ΠM‖N1

‖∞< γ. Then we shall show the converse.
Let w ∈ W. Since [P,K1] is well-posed, there exists m ∈ M, n1 ∈ N1 such that

w = m + n1, so ΠM‖N1
(w) = m. Let n2 = β−2n1 and note that n2 ∈ N2. Now,

‖ ΠN2‖M ‖∞< γ implies that ‖β−2n1 + m‖T ≥ γ−1‖β−2n1‖T for all T . However,
squaring both sides, expanding, and completing the squares shows that this holds if
and only if ‖n1 + m‖T ≥ γ−1‖m‖T for all T as required.

Conversely, write w = m + n2, so ΠN2‖M(w) = n2, and put n1 = β2n2 ∈ N1.
‖ ΠM‖N1

‖∞< γ implies that ‖n1 +m‖T ≥ γ−1‖m‖T for all T which is equivalent to
‖n2 + m‖T ≥ γ−1‖n2‖T as above.

Corollary 4.8. We have

inf
K1

‖ ΠM‖N1
‖∞= inf

K2

‖ ΠN2‖M ‖∞ .(49)

Proof. Given any K2 we can define K1 beta-conjugate to K2 as in (47) to achieve
the same norm for the complementary parallel projection, and similarly with the roles
of K1 and K2 interchanged. Hence the infimums must be equal.

An operator P is (positively, multiplicatively) homogeneous if

αP = Pα(50)

for all real α > 0. Linear systems, of course, enjoy this property.
Corollary 4.9. If P and/or K is homogeneous, then

‖ ΠM‖N ‖∞=‖ ΠN‖M ‖∞ .(51)

Proof. Suppose [P,K] is stable, ‖ ΠN‖M ‖∞< γ, and K is homogeneous. Write
K2 = K, so N2 = N , and put K1 = β2K2β

−2, which gives K1 = K and N1 = N , since
K is homogeneous. It follows, from Theorem 4.7, that ‖ ΠM‖N ‖∞< γ. The reverse
may be established similarly, writing K1 = K and letting K2 = β−2K1β

2 = K. This
establishes (51).

The same result will hold if P is homogeneous, since (51) is symmetric in M
and N .

4.4. Evaluation. The following theorem shows how the ρ-gaps can be evaluated
in terms of the right and left symbols from the plant representations.

Theorem 4.10.

1. Assume Ltv0 is a positive time co-inner left representation for P0 and RT,1 is
a finite time inner right representation for P1; then

�ρ0(P0, P1) = lim sup
T→∞

‖ Ltv0RT,1 ‖[0,T ],∞ .(52)

2. Assume Le0 is a co-inner left representation for P0 and RT,1 is a finite time
inner right representation for P1; then

�ρg(P0, P1) = lim sup
T→∞

‖ Le0RT,1 ‖(−∞,T ],∞ .(53)
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3. Assume Ltv0 is a positive time co-inner left representation for P0 and Re1 is
an inner right representation for P1; then

�ρH2
(P0, P1) =‖ Ltv0Re1 ‖∞ .(54)

4. Assume Le0 is a co-inner left representation for P0 and Re1 is an inner right
representation for P1; then

�ρL2
(P0, P1) =‖ Le0Re1 ‖∞ .(55)

Proof. 1. �ρ0(P0, P1). Let T ≥ 0 and let 0 �= x1 ∈ G1 ∩ L2[0, T ]. Then by the
positive time co-inner property (21)

inf
x0∈G0∩L2,e

‖ x1 − x0 ‖T=‖ Ltv0x1 ‖T .

Now x1|[0,T ] = RT,1ψ for some ψ ∈ L2[0, T ] by the onto property (9), and so the finite
time inner property (11) implies

‖ x1 ‖T=‖ RT,1ψ ‖T=‖ ψ ‖T .

Then

inf
x0∈G0∩L2,e

‖ x1 − x0 ‖T
‖ x1 ‖T

=
‖ Ltv0RT,1ψ ‖T

‖ ψ ‖T
,

and so

sup
x1∈G1∩L2,e

‖x1‖T �=0

inf
x0∈G0∩L2,e

‖ x1 − x0 ‖T
‖ x1 ‖T

= sup
ψ∈L2,e

‖ψ‖T �=0

‖ Ltv0RT,1ψ ‖T
‖ ψ ‖T

=‖ Ltv0RT,1 ‖[0,T ],∞ .

Taking the lim sup as T → ∞ we obtain the formula (52) for �ρ0(P0, P1).
2. �ρg(P0, P1). Let T ∈ (−∞,∞) and let x1 ∈ G1, ‖x1‖T �= 0. Then by the

co-inner property (27),

‖ LePx1 ‖T= inf
x0∈G0

‖ x1 − x0 ‖T .

By the finite time inner property (11),

‖ x1 ‖T=‖ RT,1ψ ‖T=‖ ψ ‖T

for some ψ ∈ U ∩ L2(−∞, T ] (by (9), T0 = −∞). Then

sup
x1∈G1

‖x1‖T �=0

inf
x0∈G0

‖ x1 − x0 ‖T
‖ x1 ‖T

= sup
ψ∈U

‖ψ‖T �=0

‖ Le0RT,1ψ ‖T
‖ ψ ‖T

=‖ Le0RT,1 ‖(−∞,T ],∞ .

Taking the lim sup as T → ∞ we obtain the formula (53) for �ρg(P0, P1).
3. �ρH2(P0, P1). Let 0 �= x1 ∈ G1 ∩ L2[0,∞). Then by the positive time co-inner

property (22),

inf
x0∈G0∩L2[0,∞)

‖ x1 − x0 ‖2=‖ Ltv0x1 ‖2 .
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Now by the inner property (16)

‖ x1 ‖2=‖ Re1ψ ‖2=‖ ψ ‖2

for some ψ ∈ U ∩ L2[0,∞), by (14). Then

sup
x1∈G1∩L2[0,∞)

x1 �=0

inf
x0∈G0∩L2[0,∞)

‖ x1 − x0 ‖2

‖ x1 ‖2
= sup

ψ∈L2[0,∞)
ψ �=0

‖ Ltv0Re1ψ ‖2

‖ ψ ‖2
=‖ Ltv0Re1 ‖∞ .

This gives the formula (54) for �ρH2
(P0, P1).

4. �ρL2
(P0, P1). Let 0 �= x1 ∈ G1 ∩ L2. Then by the co-inner property (28)

inf
x0∈G0∩L2

‖ x1 − x0 ‖2=‖ Le0x1 ‖2 .

Now by the inner property (16)

‖ x1 ‖2=‖ Re1ψ ‖2=‖ ψ ‖2

for some ψ ∈ U ∩ L2, by (14). Then

sup
x1∈G1∩L2

x1 �=0

inf
x0∈G0∩L2

‖ x1 − x0 ‖2

‖ x1 ‖2
= sup

ψ∈L2

ψ �=0

‖ Le0Re1ψ ‖2

‖ ψ ‖2
=‖ Le0Re1 ‖∞ .

This gives the formula (55) for �ρL2(P0, P1).

4.5. Robust stability and representation uncertainty. The subject of co-
prime fraction uncertainty, and robustness for nonlinear systems has previously been
considered in [1] and [25] and some partial results obtained. In this section we give
two dual results relating uncertainty in the graph representations to gap balls of un-
certainty for the new definitions given in this paper.

Lemma 4.11.

1. Let Le0 be a co-inner left representation of P0, and let Le1 be a left represen-
tation of P1 (not necessarily coinner); then

�ρL2(P0, P1) ≤‖ Le0 − Le1 ‖∞ .(56)

2. Let Re0 be an inner right representation of P0, and let Re1 be a right repre-
sentation of P1 (not necessarily inner) satisfying Re00 = 0; then

�δL2(P0, P1) ≤‖ Re0 − Re1 ‖∞ .(57)

Proof. Let x1 ∈ G1 ∩ L2(−∞,∞), x1 �= 0. Then Le1x1 = 0, and so

Le0x1 + (Le1 − Le0)x1 = 0.

Since Le0 is coinner, by (28) we have

inf
x0∈G0∩L2(−∞,∞)

‖ x1 − x0 ‖2 =‖ Le0x1 ‖2

=‖ (Le1 − Le0)x1 ‖2 .
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Therefore,

�ρL2(P0, P1) = sup
x1∈G1∩L2(−∞,∞),x1 �=0

‖ (Le1 − Le0)x1 ‖2

‖ x1 ‖2

≤ sup
x1∈L2(−∞,∞),x1 �=0

‖ (Le1 − Le0)x1 ‖2

‖ x1 ‖2

=‖ Le0 − Le1 ‖∞,

establishing (56).
Again let x1 ∈ G1 ∩ L2(−∞,∞), x1 �= 0. Then by (14) there exists ψ1 ∈ U ∩

L2(−∞,∞), ψ1 �= 0, such that x1 = Re1ψ1 and ψ1 �= 0 since Le00 = 0. Since Re0 is
inner, by (16) we have

‖ x0 ‖2=‖ ψ1 ‖2,

where x0 = Re0ψ1 �= 0, and also we have

‖ x1 − x0 ‖2=‖ (Re1 − Re0)ψ1 ‖2 .

Hence

‖ x1 − x0 ‖2

‖ x0 ‖2
=

‖ (Re1 − Re0)ψ1 ‖2

‖ ψ1 ‖2

≤‖ Re0 − Re1 ‖∞,

from which (57) follows.
Theorem 4.12. Assume HP0,K is stable. Let Le0 be a co-inner left representation

of P0, and let Le1 be a left representation of P1 (not necessarily co-inner). If

‖ Le0 − Le1 ‖∞<‖ ΠN‖M0
‖−1
∞ ,(58)

where M0 = GP0 and N = GK , then HP1,K is stable,

�ρL2
(P0, P1) <‖ ΠN‖M0

‖−1
∞ ,(59)

and the norm bound (43) of Theorem 4.5 applies.
Proof. Assume ‖ Le0 − Le1 ‖∞< α, ‖ ΠN‖M0

‖∞< γ, and αγ < 1. As in the
proof of Theorem 4.4, let w ∈ W. Since [P1,K] is well-posed by assumption, there
exists m1 ∈ M1, n ∈ N such that w = m1 + n, so ΠN‖M1

(w) = n.
There exists T0 > 0 such that for all T ≥ T0

sup
x∈L2,ce(−∞,∞),x �=0

‖ (Le0 − Le1)x ‖T
‖ x ‖T

< α.

Then

‖ (Le0 − Le1)m1 ‖T
‖ m1 ‖T

< α,

and hence

‖ Le0m1 ‖T
‖ m1 ‖T

< α,
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because Le1m1 = 0 implies Le0m1 = (Le0 − Le1)m1. Since Le0 is co-inner, by (27)
there exists m0 ∈ G0 (depending on T ) such that

‖ m1 −m0 ‖T
‖ m1 ‖T

< α.

Also, we have ΠN‖M0
(m0 + n) = n, and following the proof of Theorem 4.4, we find

that

(γ−1 − α) ‖ n ‖T≤ (1 + α) ‖ m1 + n ‖T

for all T ≥ T0. This is enough to prove ‖ ΠN‖M0
‖∞< ∞. Note that once sta-

bility of HP1,K has been established, the bound (43) follows from Theorem 4.5 and
Lemma 4.11.

The corresponding result for right representations is not perfectly dual to Theo-
rem 4.12 in that a left inverse for the representation appears to be required. This is
perhaps not completely unexpected in the light of Remark 3.1(2).

Theorem 4.13. Assume HP0,K is stable. Let Re0 be an inner, contractive right

representation of P0, with causal left inverse Re
−L
0 , and let Re1 be a right representa-

tion of P1 (not necessarily inner). If

‖ Re0 − Re1 ‖∞<‖ ΠM0‖N ‖−1
∞ ,(60)

where M0 = GP0 and N = GK , then HP1,K is stable,

�δL2(P0, P1) <‖ ΠM0‖N ‖−1
∞ ,(61)

and by [30, Theorem 2.1] the norm bound

‖ ΠM1‖N ‖∞≤‖ ΠM0‖N ‖∞
1 + �δL2

(P0, P1)

1− ‖ ΠM0‖N ‖∞ �δL2(P0, P1)
(62)

holds, where M1 = GP1
.

Proof. Assume ‖ Re0 − Re1 ‖∞< α, ‖ ΠM0‖N ‖∞< γ, and αγ < 1. As in the
proof of [11, Theorem 3], let w ∈ W. Since [P1,K] is well-posed by assumption, there
exists m1 ∈ M1, n ∈ N such that w = m1 + n, so ΠM1‖N (w) = m1.

Define an operator Π̃M0‖N : W → U by

Π̃M0‖N = Re
−L
0 ΠM0‖N ,

so that Re
−L
0 Re0Π̃M0‖N = Re

−L
0 ΠM0‖N . We can check that Re

−L
0 w1 = Re

−L
0 w2, for

w1, w2 ∈ M0 implies w1 = w2, which gives ΠM0‖N = Re0Π̃M0‖N . Then, since Re0 is
inner, (16) implies

‖ Π̃M0‖N ‖∞=‖ ΠM0‖N ‖∞< γ.

Since Re1 is a right representation of P1, by (14) there exists ψ1 ∈ U such that
m1 = Re1ψ1. Set m0 = Re0ψ1, and note that m0 = ΠM0‖N (m0 + n). Then ψ1 =

Π̃M0‖N (m0 + n), and for sufficiently large T

‖ ψ1 ‖T ≤ γ ‖ m0 + n ‖T
≤ γ ‖ m1 + n ‖T +γ ‖ m0 −m1 ‖T
= γ ‖ m1 + n ‖T +γ ‖ (Re0 − Re1)ψ1 ‖T
≤ γ ‖ m1 + n ‖T +γα ‖ ψ1 ‖T
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so that

‖ ψ1 ‖T≤
γ

1 − αγ
‖ w ‖T .

Next, since Re0 is contractive (see (15)) and from above we have

‖ m1 ‖T ≤‖ m0 ‖T + ‖ m1 −m0 ‖T
≤‖ ψ1 ‖T +α ‖ ψ1 ‖T
≤ γ(1+α)

1−αγ ‖ w ‖T ,

and the theorem follows.
Other relationships among the ρ-gaps and representation uncertainties are as

follows (Le0 and Ltv are co-inner):

�ρ0(P0, P1) ≤‖ Ltv0 − Ltv1 ‖∞,
�ρg(P0, P1) ≤‖ Le0 − Le1 ‖∞,

�ρH2(P0, P1) ≤‖ Ltv0 − Ltv1 ‖∞ .
(63)

Similarly, for the δ-gaps we have (Re0 and RT,0 are inner)

�δ0(P0, P1) ≤‖ RT,0 − RT,1 ‖[0,T ],∞,
�δg(P0, P1) ≤‖ RT,0 − RT,1 ‖(−∞,T ],∞,

�δH2
(P0, P1) ≤‖ Re0 − Re1 ‖∞ .

(64)

It is possible to establish representation uncertainty stability results using these rela-
tionships, though we do not do so explicitly here.

5. Controller synthesis. We turn our attention to controller synthesis for the
two H∞ control problems which minimize the norms of the two parallel projections in
(8). These two problems are identical for linear systems, and their special structure
has made them amenable to computation and particularly useful in controller design.
For this reason it is of interest to try to generalize them to nonlinear systems. This
will be done here for input-affine systems.

We consider a plant P : U → Y with the following state space model:

P :

{
ẋ = A(x) + B(x)u on (−∞,∞), x(−∞) = 0,
y = C(x),

(65)

where u ∈ Rm, y ∈ Rp. We use the notation

P =

[
A B
C 0

]
to mean P has a state space realization with matrix-valued functions A, B, and C.

Assumption 5.1. We assume A, B, C are of class C1 with globally bounded
derivatives, B is globally bounded, and 0 is an equilibrium: A(0) = 0, C(0) = 0.

The meaning of (65) is as follows. If u ∈ U , then u(t) = 0 for all t ≤ T0, for some
finite T0, and since 0 is an equilibrium we must have x(t) = 0 for all t ≤ T0. For
t ≥ T0, the differential equation is integrated as usual.

Our approach is to apply the information state framework of [17], [14] to this
problem (see Appendix A for background information). We shall see that a single H2

equation underlies the controllers:

∇V A− 1
2∇V BB′∇V ′ + 1

2 |C|2 = 0.(66)
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We denote by V+ the unique smooth solution of (66) satisfying V+ ≥ 0, V+(0) = 0,
and

(A−BB′∇V ′
+) asymptotically stable,(67)

and by V− the unique smooth solution of (66) satisfying V− ≤ 0, V−(0) = 0, and

−(A−BB′∇V ′
−) asymptotically stable.(68)

Before applying this theory it will be useful to carry out some preliminary transforma-
tions on the generalized plants corresponding to the two parallel projection operators.

5.1. Generalized plant transformations. In this section we transform the
generalized plants P1 and P2 in equation (7) into modified forms P̃1 and P̃2 which have
“zero D4 terms” in the standard terminology; see, e.g., [13], [1], [31] for background
on the use of such transformations.

In terms of the state-space model (65) for the plant P , the generalized plants P1,
P2 in (7) are given by

P1 =

⎡⎢⎢⎣
A B 0 −B
0 I 0 −I
C 0 0 0
−C 0 I 0

⎤⎥⎥⎦ and P2 =

⎡⎢⎢⎣
A B 0 −B
0 0 0 I

−C 0 I 0
−C 0 I 0

⎤⎥⎥⎦ .(69)

Now consider the following transformed plants:

P̃1 :

⎛⎝ ũ0

ỹ0

ũ2

⎞⎠ �→

⎛⎝ ũ1

ỹ1

y2

⎞⎠ and P̃2 :

⎛⎝ û0

ŷ0

u2

⎞⎠ �→

⎛⎝ û2

ŷ2

ỹ2

⎞⎠ ,

defined by the block diagrams in Figures 4 and 5, where

(70)

Θ1 = γ−1

⎛⎜⎜⎝
γ−1I 0 βI 0

0 0 0 I
−βI 0 γ−1I 0

0 −I 0 0

⎞⎟⎟⎠ and Θ2 = γ−1

⎛⎜⎜⎝
0 0 I 0
0 γ−1I 0 βI
−I 0 0 0
0 −βI 0 γ−1I

⎞⎟⎟⎠ ,

��

��

� �

�

�

�

γ γ

β
P1

Θ1

(u0, y0) (u1, y1)

(ũ0, ỹ0)(ū0, ȳ0)(ũ1, ỹ1) (ū1, ȳ1)

ũ2 u2 y2

Fig. 4. Construction of P̃1.
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��� �

�

�

� ��
P2

(u0, y0) (u2, y2)

(û0, ŷ0)(û2, ŷ2) (ŭ2, y̆2) (ŭ0, y̆0)

Θ2

γ γ

β
y2 ỹ2u2

Fig. 5. Construction of P̃2.

and β =
√

1 − γ−2. It can be verified (see Lemma 5.2 below) that the plants have
the following state-space realizations:

(71)

P̃1 =

⎡⎢⎢⎣
A −β−1B 0 −β−1B
0 0 0 −I
C 0 0 0
−C 0 −I 0

⎤⎥⎥⎦ and P̃2 =

⎡⎢⎢⎣
A −B 0 −B
0 0 0 I

−β−1C 0 0 0
−β−1C 0 −I 0

⎤⎥⎥⎦ .

We also define the controllers K1 and K2:

K̃1 = β−1K1, K̃2 = K2β
−1.(72)

The constructions of the transformed plants P̃1, P̃2 take the same form as in [13,
p. 162] and yield the following result.

Lemma 5.2. The plants P̃1 and P̃1 defined in Figures 4 and 5 have the state-space
realizations given by (71) and satisfy

‖ (P1,K1) ‖∞< γ iff ‖ (P̃1, K̃1) ‖∞< γ, and

‖ (P2,K2) ‖∞< γ iff ‖ (P̃2, K̃2) ‖∞< γ.
(73)

Proof. The proof is substantially as in [13, p. 162], and we give some details here
for completeness.

The plant P1 in state-space form reads (recall (69)):

P1 :

⎧⎪⎪⎨⎪⎪⎩
ẋ = A(x) + B(x)(u0 − u2),
u1 = u0 − u2,
y1 = C(x),
y2 = −C(x) + y0.

(74)

We also have the relations

u0 = −γ−1

β ū0 − γ−2

β2 u2,

ū1 = −γ−1

β u2,

u0 − u2 = −γ−1

β ū0 − 1
β2u2.

(75)
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Then (74) and (75) imply

ẋ = A(x) + B(x)(−γ−1

β ū0 − 1
β2u2),

ū1 = −γ−1

β u2,

ȳ1 = γ−1C(x),
y2 = −C(x) + y0.

(76)

Then by scaling (refer to Figure 4) we get

P̃1 :

⎧⎪⎪⎨⎪⎪⎩
ẋ = A(x) + B(x)(− 1

β ũ0 − 1
β ũ2),

ũ1 = −ũ2,
ỹ1 = C(x),
y2 = −C(x) − ỹ0.

(77)

The construction of P2 is similar.
We claim that K1 achieves

‖ u1 ‖2
2,T + ‖ y1 ‖2

2,T≤ γ2(‖ u0 ‖2
2,T + ‖ y0 ‖2

2,T )(78)

for all T ≥ 0 if and only if K̃1 achieves

‖ ũ1 ‖2
2,T + ‖ ỹ1 ‖2

2,T≤ γ2(‖ ũ0 ‖2
2,T + ‖ ỹ0 ‖2

2,T )(79)

for all T ≥ 0.
Since Θ∗

1Θ1 = γ−2I we have

‖ ū1 ‖2
2,T + ‖ ȳ1 ‖2

2,T + ‖ u0 ‖2
2,T + ‖ y0 ‖2

2,T

= γ−2(‖ ū0 ‖2
2,T + ‖ ȳ0 ‖2

2,T + ‖ u1 ‖2
2,T + ‖ y1 ‖2

2,T ).
(80)

Then (78) holds if and only if

‖ ū1 ‖2
2,T + ‖ ȳ1 ‖2

2,T≤ γ−2(‖ ū0 ‖2
2,T + ‖ ȳ0 ‖2

2,T ),(81)

which is equivalent to (79)
Similarly, it can be checked that K2 achieves

‖ u2 ‖2
2,T + ‖ y2 ‖2

2,T≤ γ2(‖ u0 ‖2
2,T + ‖ y0 ‖2

2,T )(82)

for all T ≥ 0 if and only if K̃2 achieves

‖ û2 ‖2
2,T + ‖ ŷ2 ‖2

2,T≤ γ2(‖ û0 ‖2
2,T + ‖ ŷ0 ‖2

2,T )(83)

for all T ≥ 0. We omit the remaining details.

5.2. Synthesis for ΠN‖M. We are now ready to apply the information state
framework of [17] and [14] to the controller synthesis problem for ΠN‖M. Given γ > 0,
we wish to find, if possible, a controller K2 such that

‖ ΠN2‖M ‖∞=‖ (P2,K2) ‖∞< γ,(84)

where P2 is given by (69). By Lemma 5.2, it is enough to find a controller K̃2 such
that

‖ (P̃2, K̃2) ‖∞< γ,(85)

and this is technically simpler since the D11 term is zero in P̃2.
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The information state for P̃2 is denoted by p2t and satisfies (from [14, eq. (3.9)]
and (195) below)

∂
∂tp2 = −∇p2(A−Bu2) + γ−2 1

2∇p2BB′∇p′2 − γ2 1
2 |C|2

+ 1
2 |u2|2 − γ2 1

2 |ỹ2|2 − γ2β−1C ′ỹ2,
(86)

or in shorthand,

ṗ2 = F̃2(p2, u2, ỹ2),(87)

where F̃2(p2, u2, ỹ2) is the differential operator defined by the right-hand side of (86).
The Hamilton–Jacoby–Bellman–Isaacs (HJBI) equation for the value function W2(p2)
is (from [14, eq. (4.16)] and (199) below)

inf
u2∈Rm

sup
ỹ2∈Rp

{
∇W2(p2)[F̃2(p2, u2, ỹ2)]

}
= 0,(88)

from which the optimal information state feedback function is (by [14, eq. (4.23)] and
(200) below)

u∗
2(p2) = −∇W2(p2)[B

′∇p′2].(89)

The stationary information state for the control attractor p2e is (from [14, eq. (3.28)]
and (197) below)

0 = −∇p2eA + γ−2 1
2∇p2eBB′∇p′2e − γ2 1

2 |C|2.(90)

Now this must satisfy p2e ≤ 0, p2e(0) = 0, and

−(A− γ−2BB′∇p′2e) asymptotically stable,(91)

and so we have, by uniqueness,

p2e = γ2V−.(92)

Significantly, this says that the control attractor for the present H∞ problem can be
obtained from the antistable solution to an H2 equation (66), which is straightforward
to find since (66) is sign-definite and independent of γ (cf. [12], [1]).

The optimal information state controller K̃∗
2 : ỹ2 �→ u2 is given by (from [14,

sec. 4.1] and (201) below)

K̃∗
2 :

{
ṗ2 = F̃2(p2, u2, ỹ2), p20 = γ2V−,
u2 = −∇W2(p2)[B

′∇p′2].
(93)

By a simple scaling, we obtain the desired controller K∗
2 : y2 �→ u2 for P2 by

K∗
2 = K̃∗

2β,

given by

K∗
2 :

{
ṗ2 = F2(p2, u2, y2), p20 = γ2V−,
u2 = −∇W2(p2)[B

′∇p′2],
(94)
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where

F2(p2, u2, y2) = F̃2(p2, u2, βy2)
= −∇p2(A−Bu2) + γ−2 1

2∇p2BB′∇p′2
+ 1

2 |u2|2 + 1
2 |y2|2 − γ2 1

2 |y2 + C|2.
(95)

In this form, it can be seen that p2t(x) has the representation

p2t(x) = sup
v(·)

{
p20(ξ(0)) + 1

2

∫ t

0

[|u2(s)|2 + |y2(s)|2]ds

− γ2 1
2

∫ t

0
[|v(s)|2 + |y2(s) + C(ξ(s))|2]ds,

ξ̇ = A(ξ) + B(ξ)(u2 + v), 0 ≤ s ≤ t,

ξ(t) = x

}
(96)

and as a consequence is finite for all t ≥ 0 and all x ∈ Rn for any finite p20 ≤ 0
and any pair (u2, y2) ∈ W; this is again a consequence of the special structure of the
present H∞ problem.

The HJBI equation (88) can be written as

inf
u2∈Rm

sup
y2∈Rp

{∇W2(p2)[F2(p2, u2, y2)]} = inf
u2∈Rm

sup
ỹ2∈Rp

{
∇W2(p2)[F̃2(p2, u2, ỹ2)]

}
= 0,

or more explicitly, as

∇W2(p2)[−∇p2A + γ−2 1
2∇p2BB′∇p′2 − γ2 1

2 |C|2]
− 1

2 |∇W2(p2)[∇p2B]|2 + γ2β−2|∇W2(p2)[C]|2 = 0,
(97)

which is an infinite-dimensional nonlinear Riccati equation.
Of interest is the smallest value of γ > 1 for which there exists a controller K2

with the objective (84) satisfied. Let

γ∗
2 = inf

{
γ > 1 : p2e ∈ {p ∈ X : ∃ε > 0 with p + ε| · |2 ∈ domW2}

}
.(98)

Then, for γ > γ∗
2 , under the hypotheses of the sufficiency theorems of [14, Chap-

ter 4], the controller K∗
2 achieves the H∞ norm objective (84). One of the key

hypotheses concerning the so-called “quadratic upper limiting” property of the con-
trol attractor p2e follows from a strengthened form of the antistability condition for
V− (68) (e.g., “incremental L2 exponential antistability”) and negative definiteness:
V−(x) ≤ −c−|x|2 (c− > 0). Indeed, under these circumstances it will always be the
case that

p2t ∈ {p ∈ X : ∃ε > 0 with p + ε| · |2 ∈ domW2}(99)

whenever (u2, y2) ∈ W ∩ L2[0,∞) (this is a coupling condition).
The state feedback HJBI equation for the state feedback H∞ problem specified

by P2 is (by [14, eq. (5.45)] and (193) below)

∇V2A− 1
2β

2∇V2BB′∇V ′
2 + 1

2β
−2|C|2 = 0(100)

with V2 ≥ 0, V2(0) = 0, and

(A− β2BB′∇V ′
2) asymptotically stable.(101)
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Then by uniqueness,

V2 = β−2V+.(102)

Again, the present special structure leads to a considerable simplification since the
state feedback H∞ value function V2 can be solved in terms of the stabilizing solution
V+ of the H2 equation (66).

The certainty equivalence controller Kce
2 (under the standard certainty equiva-

lence assumptions [4]) is given by

Kce
2 :

{
ṗ2 = F2(p2, u2, y2), p20 = γ2V−,
u2 = β−2B(x̄)′∇V+(x̄)′,

(103)

where

x̄(t) = argmax
x∈Rn

{p2t(x) + V2(x)}.(104)

Remark 5.3. The results of this section are closely related to [1] and [25], which
treated coprime factor uncertainty.

5.3. Synthesis for ΠM‖N . For this second projection, given γ > 0, a controller
K1 can be found such that

‖ ΠM‖N1
‖∞=‖ (P1,K1) ‖∞< γ(105)

using the controller K∗
2 obtained above via conjugacy (see (47))

K∗
1 = β2K∗

2β
−2.(106)

However, it is instructive to do this directly, as we now show.
By Lemma 5.2, as above, it is enough to find a controller K̃1 such that

‖ (P̃1, K̃1) ‖∞< γ.(107)

The information state equation for p1t(x) = p1(x, t) is (from [14, eq. (3.9)] and
(195) below)

∂
∂tp1 = −∇p1(A− β−1Bũ2) + γ−2β−2 1

2∇p2BB′∇p′2 − γ2β2 1
2 |C|2

+ 1
2 |ũ2|2 − γ2 1

2 |y2|2 − γ2C ′y2,

ṗ1 = F̃1(p1, ũ2, y2).

(108)

The HJBI equation for the value function W1(p1) is (from[14, eq. (4.16)] and (199)
below)

inf
ũ2∈Rm

sup
y2∈Rp

{
∇W1(p1)[F̃1(p1, ũ2, y2)]

}
= 0,(109)

from which the optimal information state feedback function is (by [14, eq. (4.23)] and
(200) below)

ũ∗
2(p1) = −β−1∇W1(p1)[B

′∇p′1].(110)

The stationary information state for the control attractor p1e is (from [14, eq. (3.28)]
and (197) below)

0 = −∇p1eA + γ−2β−2 1
2∇p1eBB′∇p′1e − γ2β2 1

2 |C|2.(111)
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Now p1e ≤ 0, p1e(0) = 0, and

−(A− γ−2β−2BB′∇p′1e) asymptotically stable,(112)

and so we have, by uniqueness,

p1e = γ2β2V−.(113)

The optimal information state controller K̃∗
1 : y2 �→ ũ2 is given by (from [14,

sec. 4.1] and (201) below)

K̃∗
1 :

{
ṗ1 = F̃1(p1, ũ2, y2), p10 = γ2β2V−,
ũ2 = −β−1∇W1(p1)[B

′∇p′1].
(114)

The state feedback HJBI equation is (by [14, eq. (5.45)] and (193) below)

∇V1A− 1
2∇V1BB′∇V ′

1 + 1
2 |C|2 = 0(115)

with V1 ≥ 0, V1(0) = 0, and

(A−BB′∇V ′
1) asymptotically stable.(116)

Then by uniqueness,

V1 = V+.(117)

The controller K∗
1 : y2 �→ u2 for P1 is given by

K∗
1 = βK̃∗

1

so that

K∗
1 :

{
ṗ1 = F1(p1, u2, y2), p10 = γ2β2V−,
u2 = −∇W1(p1)[B

′∇p′1],
(118)

where

F1(p1, u2, y2) = F̃1(p1, β
−1u2, y2).(119)

Remark 5.4. It can be checked that (106) (β-conjugacy) holds for the controllers
K∗

1 and K∗
2 defined by (118) and (94), respectively.

Let

γ∗
1 = inf

{
γ > 1 : p1e ∈ {p ∈ X : ∃ε > 0 with p + ε| · |2 ∈ domW1}

}
.(120)

Then as above we have

γ∗
1 ≥ (1 − β̄2)−1/2(121)

as in [1, Theorem 4.3].
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5.4. A local controller. In this subsection we construct a local solution to the
ΠN‖M H∞ problem using the results of [15] (see also [16], [2], [26], etc.). As in

section 5.2, we consider the problem of finding K̃2 such that (85) holds, in a local
sense.

The controller can be obtained from two solutions to the H2 PDE (66) or slightly
more generally, from partial differential inequalities (PDIs) related to (66). Assume
as follows.

1. There exists a C3 positive definite function V+ defined in a neighborhood of
0 and vanishing at 0 which satisfies

∇V+A− 1
2∇V+BB′∇V ′

+ + 1
2 |C|2 ≤ 0(122)

in the neighborhood.
2. There exists a C3 negative definite function V− defined in a neighborhood of

0 and vanishing at 0 which satisfies

∇V−A− 1
2∇V−BB′∇V ′

− + 1
2 |C|2 ≤ 0(123)

in the neighborhood, and in addition

∇2{−∇r2e(A + γ−2β−2BB′∇V+) + γ−2 1
2∇reBB′∇r′e

+ 1
2β

−4∇V+BB′∇V ′
+ − γ2 1

2 |C|2} < 0
(124)

in the neighborhood, where

r2e = γ2V− + β−2V+.

3. There exists a C2 function G2 such that

∇r2e(x)G2(x) = γ2β−1C(x)′(125)

in a neighborhood of 0.
Consider the controller

K̃†
2 :

{
ξ̇ = A(ξ) −B(ξ)B(ξ)′∇V+(ξ)′ + G2(ξ)(ỹ + β−1C(ξ)),

u2 = β−2B(ξ)′∇V+(ξ)′
(126)

defined locally in a neighborhood of 0 (the intersection defined by the assumptions).

Then by [15, Theorem 3.1], the controller K̃†
2 achieves local disturbance attenua-

tion (dissipation) with stability. This means that the function

U(x, ξ) = β−2V+(x) − γ2V−(x− ξ) − β−2V+(x− ξ)

is a storage function for the closed-loop system in a neighborhood of 0 and is a local
Lyapunov function; in particular, for trajectories (x(·), ξ(·)) of (P̃2, K̃

†
2) staying near

0 one has

U(x(t), ξ(t)) + 1
2

∫ t

0
[|û1(s)|2 + |ŷ1(s)|2]ds

≤ U(x0, ξ0) + 1
2

∫ t

0
[|û0(s)|2 + |ŷ0(s)|2]ds.

(127)

Rescaling, one obtains a local controller K†
2 for P2, and via conjugation, one for P1.
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6. State-space realizations of graph representations. The generalization
of the well-known state-space formulae for normalized coprime factorizations of linear
systems (see, e.g., [31] and the references therein) to nonlinear systems has been
considered by a number of authors. In [22] and [27] the connection between existence
of right representations and the existence of stabilizing feedbacks is explored. In [1],
[24], [25], and [19], state-space realizations for image and kernel representations are
considered, and definitions of normalized representations are proposed. In this section
we rework the theory for the right representations according to our definitions and
derive new realizations for normalized left representations.

Consider the state-space model (65) for the plant P : U → Y. Using this model,
we derive realizations of the right and left representations defined in section 3.

6.1. Right representations.

6.1.1. Preliminaries. Consider the finite horizon HJB:

(128)

∂
∂tVT (t, x) + ∇VT (t, x)A(x)

− 1
2∇VT (t, x)B(x)B(x)′∇VT (t, x)′ + 1

2 |C(x)|2 = 0 in (−∞, T ) × Rn,

VT (T, x) = 0 for x ∈ Rn.

In general, this equation will have a unique viscosity solution, not necessarily smooth.
However, for our purposes we make the following assumption.

Assumption 6.1. There exists a unique smooth solution VT (t, x) to the HJB
equation (128), with ∇VT (t, x) globally Lipschitz in x.

Define RtT : U ∩ L2[t, T ] → W ∩ L2[t, T ] by

(129)

RtT :

⎧⎨⎩ ξ̇(s) = A(ξ(s)) + B(ξ(s))(v∗T (s) + ψ(s)), t ≤ s ≤ T, ξ(t) = 0,[
uT (s)
yT (s)

]
=

[
v∗T (s) + ψ(s)
C(ξ(s))

]
,

where

v∗T (s) = −B(ξ(s))′∇VT (s, ξ(s))′.(130)

Lemma 6.2. We have the following.

1. The solution of the HJB equation (128) is given by

VT (t, x) = infv∈U{ 1
2

∫ T

t
[|v(s)|2 + |C(ξ(s))|2] ds

| ξ̇(s) = A(ξ(s)) + B(ξ(s))v(s), t ≤ s ≤ T,
ξ(t) = x}.

(131)

2. VT (t, x) ≥ 0 for all x and VT (t, 0) = 0 for all t ≥ 0.
3. For ψ ∈ L2[t, T ], the system RtT defined by (129) satisfies the inner property

1
2

∫ T

t

[|uT (s)|2 + |yT (s)|2] ds = VT (t, x) + 1
2

∫ T

t

|ψ(s)|2 ds.(132)
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Proof. The proof is based on a standard verification argument from optimal
control (completion of squares). For any v ∈ U , let ξ(·) denote the solution of

ξ̇(s) = A(ξ(s)) + B(ξ(s))v(s), t ≤ s ≤ T, ξ(t) = x.

Then

d
dsVT (s, ξ(s)) = ∂

∂sVT (s, ξ(s)) + ∇VT (s, ξ(s))[A(ξ(s)) + B(ξ(s))v(s)]

= ∂
∂sVT (s, ξ(s)) + ∇VT (s, ξ(s))[A(ξ(s)) + B(ξ(s))v∗T (s)

+B(ξ(s))(v(s) − v∗T (s))]

= ∂
∂sVT (s, ξ(s)) + ∇VT (s, ξ(s))A(ξ(s))

− 1
2∇VT (s, ξ(s))B(ξ(s))B(ξ(s))′∇VT (s, ξ(s))′

− 1
2 |v∗T (s)|2 + ∇VT (s, ξ(s))B(ξ(s))(v(s) − v∗T (s))

= 1
2 |v(s) − v∗T (s)|2 − 1

2 |v(s)|2 −
1
2 |C(ξ(s))|2,

and on integrating from t to T we get

VT (t, x) = 1
2

∫ T

t
[|v(s)|2 + |C(ξ(s))|2]ds− 1

2

∫ T

t
|v(s) − v∗T (s)|2ds.

≤ 1
2

∫ T

t
[|v(s)|2 + |C(ξ(s))|2]ds.

(133)

For v(s) = v∗T (s) this gives the optimal value

VT (t, x) = 1
2

∫ T

t

[|v∗T (s)|2 + |C(ξ(s))|2]ds.

This proves 1.
From the representation formula (131) it is clear that VT (t, x) ≥ 0. If x = 0 and

v(s) = 0 on [t, T ], then the corresponding trajectory ξ(s) = 0 and C(ξ(s)) = 0 on
[t, T ], and so VT (t, 0) = 0. This proves 2.

Now let ψ ∈ U ∩ L2[t, T ], and define v by

v(s) = v∗T (s) + ψ(s) on [t, T ].

Then v ∈ U ∩ L2[t, T ], and so item 3 follows from the first line of (133).
Consider next the infinite horizon HJB equation

∇V (x)A(x) − 1
2∇V (x)B(x)B(x)′∇V (x)′ + 1

2 |C(x)|2 = 0 in Rn.(134)

Assumption 6.3. There exists a unique smooth solution to the HJB equation
(134), with ∇V (x) globally Lipschitz, such that V ≥ 0, V (0) = 0, and V stabilizing:

(A−BB′∇V ′) asymptotically stable.(135)

That is, for any v ∈ U ∩ L2[0,∞), if ξ is the solution on [0,∞) of

ξ̇ = A(ξ) −B(ξ)B(ξ)∇V (ξ)′ + B(ξ)v, ξ(0) = x,(136)

then ξ ∈ L2[0,∞) and ξ(t) → 0 as t → ∞.
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Define R[0,∞) : U ∩ L2,e → W ∩ L2,e by

(137)

R[0,∞):

⎧⎨⎩ ξ̇(s) = A(ξ(s)) + B(ξ(s))(v∗(s) + ψ(s)), 0 ≤ s < ∞, ξ(0) = 0,[
u(s)
y(s)

]
=

[
v∗(s) + ψ(s)
C(ξ(s))

]
,

where

v∗(s) = −B(ξ(s))′∇V (ξ(s))′.(138)

Lemma 6.4. We have the following.
1. The solution of the HJB equation (134) is given by

V (x) = infv∈U∩L2{ 1
2

∫∞
0

[|v(s)|2 + |C(ξ(s))|2] ds
| ξ̇(s) = A(ξ(s)) + B(ξ(s))v(s), 0 ≤ s < ∞,
ξ(0) = x, and ξ ∈ L2}.

(139)

2. For ψ ∈ L2,e and all t ≥ 0 we have

V (ξ(t)) + 1
2

∫ t

0

[|u(s)|2 + |y(s)|2] ds = V (x) + 1
2

∫ t

0

|ψ(s)|2 ds(140)

for the system R[0,∞).
3. For ψ ∈ L2 we have

1
2

∫ ∞

0

[|u(s)|2 + |y(s)|2] ds = V (x) + 1
2

∫ ∞

0

|ψ(s)|2 ds.(141)

Proof. The proof is similar to that of Lemma 6.2 and we indicate only the main
changes. For any v ∈ U ∩ L2,e, let ξ(·) denote the solution of

ξ̇(s) = A(ξ(s)) + B(ξ(s))v(s), s ≥ 0, ξ(0) = x.

Then

d

ds
V (ξ(s)) = 1

2 |v(s) − v∗(s)|2 − 1
2 |v(s)|

2 − 1
2 |C(ξ(s))|2,

and on integrating from 0 to t we have

V (x) = V (ξ(t)) + 1
2

∫ t

0

[|v(s)|2 + |C(ξ(s))|2]ds− 1
2

∫ t

0

|v(s) − v∗T (s)|2ds.(142)

Now if v ∈ U ∩ L2 is such that the trajectory ξ(·) ∈ L2 and ξ(t) → 0 as t → ∞, then
V (ξ(t)) → 0 as t → ∞ and the integrands in (142) are integrable on [0,∞); hence

V (x) = 1
2

∫∞
0

[|v(s)|2 + |C(ξ(s))|2]ds− 1
2

∫∞
0

|v(s) − v∗T (s)|2ds
≤ 1

2

∫∞
0

[|v(s)|2 + |C(ξ(s))|2]ds.
(143)

The stability property in Assumption 6.3 implies that v = v∗ is a valid (admissible)
control in the representation (139), and (143) implies

V (x) = 1
2

∫ ∞

0

[|v∗(s)|2 + |C(ξ(s))|2]ds,

and so v∗ is optimal. This proves item 1.
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Let ψ ∈ U ∩ L2,e and define

v(s) = v∗(s) + ψ(s) on [0,∞).

Then v ∈ U ∩ L2,e, and item 2 follows from (142).
If ψ ∈ U ∩ L2, Assumption 6.3 and (143) imply item 3.

6.1.2. Finite horizon right representation: RT,P . Define RT,P : U → W ∩
L2(−∞, T ] by

(144)

RT,P :

⎧⎨⎩ ξ̇(s) = A(ξ(s)) + B(ξ(s))(v∗T (s) + ψ(s)), s ≤ T, ξ(−∞) = 0,[
uT (s)
yT (s)

]
=

[
v∗T (s) + ψ(s)
C(ξ(s))

]
,

where v∗T (s) is given by (130).
Theorem 6.5. The operator RT,P defined by (144) is a finite horizon right

representation of the plant P given by (65) and is contractive and finite time inner.
A left inverse of RT,P is given by

R−L
T,P :

⎧⎨⎩ ξ̇(s) = A(ξ(s)) +
[
B(ξ(s)) 0

] [ u
y

]
, s ≤ T, ξ(−∞) = 0,

ψ(s) = u(s) − v∗T (s),
(145)

where v∗T (s) is given by (130).
Proof. We must check that the operator RT,P defined by (144) satisfies the defi-

nitions given in section 3.1, part 1.
Let (u, y) ∈ range RT,P |[T0,T ]. Then

u(s) = v∗T (s) + ψ(s) and y(s) = C(ξ(s))

for some ψ ∈ U , where

ξ̇ = A(ξ) + B(ξ)u on [T0, T ], ξ(T0) = 0.

Then clearly (u, y) ∈ GP ∩L2[T0, T ], and so rangeRT,P |[T0,T ] ⊂ GP ∩L2[T0, T ]. It can
similarly be checked that GP ∩ L2[T0, T ] ⊂ range RT,P |[T0,T ], proving that RT,P is a
finite horizon right representation.

Let ψ ∈ U . Then ψ(t) = 0 for all t ≤ T0, some −∞ < T0. We suppose T0 < T .
Now item 3 of Lemma 6.2, i.e., (132), implies∫ T

T0

|RT,P (ψ)(s)|2ds =

∫ T

T0

|ψ(s)|2ds.

From this we see that RT,P is finite time inner and contractive.
Next we check that R−L

T,P : W → U ∩ L2(−∞, T ] defined by (145) is a left inverse
of RT,P . Let ψ ∈ U ∩ L2(−∞, T ], ψ(t) = 0 for all t ≤ T0, some −∞ < T0 < T , and
(u, y) = RT,P (ψ). Then

ξ̇ = A(ξ) + B(ξ)(v∗T + ψ) on [T0, T ], ξ(T0) = 0.

Now u = v∗T + ψ, y = C(ξ) on [T0, T ], and so this same trajectory satisfies

ξ̇ = A(ξ) + B(ξ)u on [T0, T ], ξ(T0) = 0.

Hence we must have

ψ = R−L
T,P (u, y),

showing that R−L
T,P is a left inverse of RT,P .
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6.1.3. Right representation: ReP . Define ReP : U → W by

ReP :

⎧⎨⎩ ξ̇(s) = A(ξ(s)) + B(ξ(s))(v∗(s) + ψ(s)), ξ(−∞) = 0,[
u(s)
y(s)

]
=

[
v∗(s) + ψ(s)
C(ξ(s))

]
,

(146)

where v∗(s) is given by (138).
A state space realization (A,B,C) of a plant P is said to be L2-detectable if

(u, y) ∈ GP ∩ L2 implies that the corresponding state ξ ∈ L2.
Theorem 6.6. The operator ReP defined by (146) is a right representation of the

plant P given by (65) (assumed L2-detectable) and is contractive and inner. A left
inverse of ReP is given by

(147)

Re
−L
P :

⎧⎨⎩ ξ̇(s) = A(ξ(s)) +
[
B(ξ(s)) 0

] [ u
y

]
, s ≥ −∞, ξ(−∞) = 0,

ψ(s) = u(s) − v∗(s),

where v∗(s) is given by (138). The system Re
−L
P has asymptotically stable zero dy-

namics.
Proof. We must check that the operator ReP defined by (144) satisfies the defini-

tions given in section 3.1, part 2.
Let (u, y) ∈ range ReP . Then

u(s) = v∗(s) + ψ(s) and y(s) = C(ξ(s))

for some ψ ∈ U , where

ξ̇ = A(ξ) + B(ξ)u on (−∞,∞), ξ(−∞) = 0.

Then clearly (u, y) ∈ GP , and so rangeReP ⊂ GP . If (u, y) ∈ range ReP |L2 , then
ψ ∈ U ∩ L2. The proof is similar for the L2[0,∞) case.

Now suppose (u, y) ∈ GP . Reversing the above argument, with ψ = u − v∗ ∈ U ,
we see that (u, y) ∈ range ReP . If (u, y) ∈ GP ∩ L2, L2-detectability ensures ψ =
u − v∗ ∈ U ∩ L2. Similarly for the L2[0,∞) case. This shows that ReP is a right
representation of P .

The contractive and inner properties of ReP follow from Lemma 6.4, items 2 and
3, respectively.

Next we check that Re
−L
P : W → U defined by (147) is a left inverse of ReP . Let

ψ ∈ U and (u, y) = ReP (ψ). Then

ξ̇ = A(ξ) + B(ξ)(v∗ + ψ) on (−∞,∞), ξ(−∞) = 0.

Now u = v∗ + ψ, y = C(ξ), and so this same trajectory satisfies

ξ̇ = A(ξ) + B(ξ)u on (−∞,∞), ξ(−∞) = 0.

Hence we must have

ψ = Re
−L
P (u, y),

showing that Re
−L
P is a left inverse of ReP on U .
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If ψ ∈ U ∩L2, Assumption 6.3 ensures (u, y) = ReP (ψ) ∈ W ∩L2. The argument
just done for the case ψ ∈ U implies here that ψ = Re

−L
P (u, y). (We do not use or

assert norm boundedness of Re
−L
P on W.) So Re

−L
P is a left inverse of ReP on U ∩L2.

The case ψ ∈ U ∩ L2[0,∞) is similar.
Finally, let (u, y) ∈ ker Re

−L
P and consider the associated dynamics of (147). Then

ψ ≡ 0, so u(s) = v∗(s) for all s > 0. By Assumption 6.3, we see that the trajectory
ξ(·) of (147) tends to zero asymptotically for any initial condition. This proves the
stability of the zero dynamics.

6.2. Left representations.

6.2.1. Preliminaries. Let X be the Banach space of real-valued continuous
functions on Rn with at most quadratic growth with norm

‖ p ‖X= sup
x�=0

|p(x)|
1 + |x|2 .

Write

〈p〉 = sup
x∈Rn

{p(x)}.

Let p0 ∈ X be strictly negative definite:

p0(x) < −c|x|2 ∀x ∈ Rn,(148)

with c = c[p0] > 0 and p0(0) = 0.
Define a system evolving in X for t ≥ 0 with state pt(x) = p(t, x) by

L(0, p0):

⎧⎨⎩
ṗ = F (p, u, y), p|t=0 = p0,

φ = C(x̂) +
[

0 −I
] [ u

y

]
,

(149)

where ṗ = ∂
∂tp, and F (p, u, y) is the differential operator

F (p, u, y) = −∇p(A + Bu) + 1
2∇pBB′∇p′ − 1

2 |y − C|2,(150)

and

x̂ ∈ [[p]]
�
= argmax

x∈Rn

{p(x)}(151)

is specified by

1
2 |y − C(x̂)|2 = min

x∈[[p]]
{ 1

2 |y − C(x)|2}.(152)

We will also have occasion to use functions belonging to an extension Xe of the
space X . For instance,

∆x0(x) =

{
0 if x = x0,

−∞ if x �= x0.
(153)

This function belongs to Xe and can be viewed as a limit ∆x0(x) = limN→∞ −N |x−
x0|2. More generally, elements of Xe can be viewed as max-plus measures [14].

We make the following representation and regularity assumption concerning the
PDE in the system (149).
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Assumption 6.7. Let the initial condition p0 belong to X and satisfy (148), p0(0) =
0, or let p0 = ∆0. For (u, y) ∈ W we assume as follows.

1. The HJB equation in (149) has a unique solution given by

pt(x) = supv∈U∩L2,e
{p0(ξ(0)) − 1

2

∫ t

0
[|v(s)|2 + |y(s) − C(ξ(s))|2] ds

| ξ̇(s) = A(ξ(s)) + B(ξ(s))(u(s) + v(s)), 0 ≤ s ≤ t,
ξ(t) = x}.

(154)

2. The map t �→ 〈pt〉 is absolutely continuous, and

d

dt
〈pt〉 = − inf

x̂∈[[pt]]
{ 1

2 |y(t) − C(x̂)|2} a.e.(155)

Remark 6.8. If the information state pt were smooth, the representation would
follow from classical optimal control, and the derivative (155) would follow from Dan-
skin’s Theorem [4, Theorem 10.1] (see also [14, Theorem 10.3.4]). To gain some
heuristic understanding of (155), suppose the maximum x̂(t) in (151) is unique for
each t, and then

d
dt 〈pt〉 = ∂

∂tpt(x̂(t)) + ∇pt(x̂(t)) ˙̂x(t)

= ∂
∂tpt(x̂(t))

= F (pt, u(t), y(t))(x̂(t))

= − 1
2 |y(t) − C(x̂(t))|2

using ∇pt(x̂(t)) = 0 (because by definition x̂(t) maximizes pt(·)).
We also need an assumption concerning the existence of an equilibrium for the

PDE in (149), and stability of this system:
Assumption 6.9. There exists a unique smooth solution pe ∈ X of the stationary

HJB equation

0 = F (pe, 0, 0)(156)

such that pe is strictly negative definite (pe(x) ≤ −ce|x|2, ce > 0), pe(0) = 0, and
antistable (essentially −(A−BB′∇p′e) asymptotically stable) in the following sense:

1. For any v ∈ L2[0,∞), if ξt(·) is the solution on [0, t] of

(157)

ξ̇t(s) = A(ξt(s))−B(ξt(s))B(ξt(s))∇pe(ξt(s))
′+B(ξt(s))v(s), 0 ≤ s ≤ t, ξ(t) = x,

then ∫ t

0

|ξt(s)|2ds ≤ c0|x|2 + c1

∫ t

0

|v(s)|2 ds ∀t ≥ 0.(158)

2. For any (u, y) ∈ W, the information state pt given by (149) with p0 = pe or
p0 = ∆0 satisfies

pt → pe + c(u, y)(159)

as t → ∞, where c(u, y) ∈ R is a constant depending on (u, y).
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3. In addition, pt is uniformly bounded above as follows (tight):

pt(x) < −c2|x|2 + c3 ∀x ∈ Rn,(160)

with c2 = c2(u, y) > 0, c3 = c3(u, y) ≥ 0.
4. There exists T (x) ≥ 0 and k(x) ≥ 0 such that for any w = (u, y) ∈ W ∩

L2[0,∞), the information state pt given by (149) with p0 = pe or p0 = ∆0

satisfies

−k(x)(1+ ‖ w ‖2
L2[0,∞)) ≤ pt(x) ∀t ≥ T (x).(161)

The function pe is given by

pe(x) = supv∈U{− limT→∞
1
2

∫ 0

−T
[|v(s)|2 + |C(ξ(s))|2] ds

| ξ̇(s) = A(ξ(s)) + B(ξ(s))v(s), −T ≤ s ≤ 0,
limT→∞ ξ(−T ) = 0, ξ(0) = x}

= limT→∞ supv∈U∩L2[−T,0]{− 1
2

∫ 0

−T
[|v(s)|2 + |C(ξ(s))|2] ds

| ξ̇(s) = A(ξ(s)) + B(ξ(s))v(s), −T ≤ s ≤ 0,
ξ(−T ) = 0, ξ(0) = x}.

(162)

Remark 6.10. Assumption 6.9 is essentially an H2 filter assumption together
with stability consequences [14, section 11.4], [24, section 4.2]. Item 4 also involves
controllability.

Lemma 6.11. Given (u, y) ∈ W ∩ L2,e,
1. the set [[pt]] is compact for each t ≥ 0;
2. for each t ≥ 0 we have

〈pt〉 + 1
2

∫ t

0

|φ(s)|2 ds = 〈p0〉 = 0;(163)

3. for some constant c(u, y),

lim
t→∞

〈pt〉 = c(u, y) = − 1
2

∫ ∞

0

|φ(s)|2 ds,(164)

whenever (u, y) ∈ W ∩ L2[0,∞).
Proof. Item 1 follows from the upper bound (160) by Assumption 6.9. The

equality (163) of item 2 follows by integrating the derivative (155) by Assumption 6.7,
and the definition of φ, (149).

We turn now to item 3; this will follow from Assumption 6.9. Let t > 0 and
combine the bound (161) with item 2, (163), to give

−k(x)(1+ ‖ w ‖2
L2[0,∞)) + 1

2

∫ t

0

|φ(s)|2ds ≤ 0.

This shows that the monotone nondecreasing map t �→ 1
2

∫ t

0
|φ(s)|2ds is bounded, and

hence the following limits exist and are equal:

− lim
t→∞

〈pt〉 = 1
2

∫ ∞

0

|φ(s)|2ds.(165)

This proves item 3, (164). In fact, it follows from [14, Appendix C] that limt→∞ 〈pt〉 =
〈pe + c(u, y)〉 = c(u, y).
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6.2.2. Finite horizon left representation: LtvP . We set p0 = ∆0 to define
LtvP : W ∩ L2,e → Y ∩ L2,e by

LtvP :

⎧⎨⎩
ṗ = F (p, u, y), p|t=0 = ∆0,

φ = C(x̂) +
[

0 −I
] [ u

y

]
.

(166)

Theorem 6.12. The system LtvP defined by (166) is a finite time left represen-
tation for the plant P given by (65) and is contractive and co-inner.

Proof. We must check that the operator LtvP defined by (166) satisfies the defi-
nitions given in section 3.2, part 1.

Let (u, y) ∈ GP ∩ L2,e, so that y = Pu. Let ξ be the solution of

ξ̇ = A(ξ) + B(ξ)u, ξ(0) = 0,

on [0,∞). Then y = C(ξ) and by the representation (154), we have

pt(ξ(t)) = 0 for all t ≥ 0

using v(·) = 0. This implies x̂(t) = ξ(t), t ≥ 0, and φ(·) = 0. Hence (u, y) ∈ ker LtvP .
Let (u, y) ∈ ker LtvP . Then

LtvP (u, y) = φ = 0,

and by (163) we have

pt(x̂(t)) = 〈pt〉 = 0(167)

for all t ≥ 0. In the representation (154), let v∗t (·) and ξ∗t (·) be optimal on [0, t] with
end condition x = x̂(t), so that

ξ̇∗t (s) = A(ξ∗t (s)) + B(ξ∗t (s))(u(s) + v∗t (s)), 0 ≤ s ≤ t, ξ∗t (t) = x̂(t).

Then (167) and (154) imply

0 = pt(x̂(t)) = p0(ξ
∗
t (0)) − 1

2

∫ t

0

[|v∗t (s)|2 + |y(s) − C(ξ∗t (s))|2]ds,

which implies

p0(ξ
∗
t (0)) = 0, which implies ξ∗t (0) = 0;∫ t

0
|v∗t (s)|2ds = 0, which implies v∗t (·) = 0;∫ t

0
|y(s) − C(ξ∗t (s))|2ds = 0, which implies y(·) = C(ξ∗t (·)).

This implies y = Pu on [0,∞) and so (u, y) ∈ GP ∩ L2,e. Consequently, LtvP is a
finite horizon left representation of P .

Next, let w = (u, y) ∈ W ∩ L2,e. By (163), Lemma 6.11, we have

1
2

∫ T

0

|φ(s)|2 ds = −〈pT 〉,

which implies, by (154) and the definition (153) of po = ∆0,

(168)

1
2

∫ T

0
|LtvP (w)(s)|2ds = infv∈U∩L2,e{ 1

2

∫ T

0
[|v(s)|2 + |y(s) − C(ξ(s))|2] ds

| ξ̇(s) = A(ξ(s)) + B(ξ(s))(u(s) + v(s)), 0 ≤ s ≤ T,
ξ(0) = 0}.
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Let w̃ = (ũ, ỹ) ∈ GP ∩ L2,e, so that ỹ = Pũ, with state ξ̃, and

˙̃
ξ = A(ξ̃) + B(ξ̃)ũ, ξ̃(0) = 0, ỹ = C(ξ̃)

on [0,∞). Set v = ũ− u in (168) to obtain

1
2

∫ T

0

|LtvP (w)(s)|2ds ≤ 1
2

∫ T

0

[|u(s) − ũ(s)|2 + |y(s) − ỹ(s)|2] ds.

This holds for all (ũ, ỹ) ∈ GP ∩ L2,e, and so

(169)

1
2

∫ T

0

|LtvP (w)(s)|2ds ≤ inf
(ũ,ỹ)∈GP∩L2,e

{
1
2

∫ T

0

[|u(s) − ũ(s)|2 + |y(s) − ỹ(s)|2] ds
}
.

Setting (ũ, ỹ) = (0, 0) in (169) gives the contractive property (20).
Given any v ∈ U ∩ L2,e, set ũ = u + v, ỹ = Pũ, and we see from (168) that

equality holds in (169):

(170)

1
2

∫ T

0

|LtvP (w)(s)|2ds = inf
(ũ,ỹ)∈GP∩L2,e

{
1
2

∫ T

0

[|u(s) − ũ(s)|2 + |y(s) − ỹ(s)|2] ds
}

;

this establishes (21) of the positive time co-inner property.
Now suppose w = (u, y) ∈ GP ∩ L2[0,∞). By Lemma 6.11, item 3, (164), we

know that the limits as T → ∞ of both sides of (170) exist and are equal. We need
to show that this value is given by the right-hand side of (22), the second part of the
positive time co-inner property.

Let w̃ = (ũ, ỹ) ∈ W ∩ L2[0,∞). Then by (170) we have

1
2

∫ T

0

|LtvP (w)(s)|2ds ≤ 1
2

∫ ∞

0

[|u(s) − ũ(s)|2 + |y(s) − ỹ(s)|2] ds

and hence

1
2

∫ ∞

0

|LtvP (w)(s)|2ds ≤ 1
2

∫ ∞

0

[|u(s) − ũ(s)|2 + |y(s) − ỹ(s)|2] ds.

This implies

(171)

1
2

∫ ∞

0

|LtvP (w)(s)|2ds ≤ inf
(ũ,ỹ)∈GP∩L2[0,∞)

{
1
2

∫ ∞

0

[|u(s) − ũ(s)|2 + |y(s) − ỹ(s)|2] ds
}
.

Also, by (170) we have

1
2

∫ ∞

0

|LtvP (w)(s)|2ds ≥ inf
(ũ,ỹ)∈GP∩L2,e

{
1
2

∫ T

0

[|u(s) − ũ(s)|2 + |y(s) − ỹ(s)|2] ds
}

for all T ≥ 0. Let ε > 0. Then for each T ≥ 0, select w̃T = (ũT , ỹT ) ∈ GP ∩ L2[0, T ]
such that

1
2

∫ ∞

0

|LtvP (w)(s)|2ds ≥ 1
2

∫ T

0

|w(s) − w̃T (s)|2 ds− ε.
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Set vT = ũT − u on [0, T ], and vT = 0 on (T,∞). Then we have

1
2

∫ ∞

0

|LtvP (w)(s)|2ds ≥ 1
2

∫ T

0

[|vT (s)|2 + |y(s) − ỹT (s)|2] ds− ε(172)

and

˙̃
ξ
T

= A(ξ̃T ) + B(ξ̃T )(u + vT ), ξ̃T (0) = 0,
ỹT = C(ξT )

(173)

on [0, T ]. Now inequality (172) implies that {vT }T>0 is bounded in L2[0,∞). By
weak compactness, let {vTi} denote a weakly convergent subsequence, with weak
limit v∗ ∈ L2[0,∞). Similarly, {ỹT }T>0 is bounded in L2[0,∞), with weak limit
ỹ∗ ∈ L2[0,∞) (use the same index Ti for the convergent subsequence, without loss of
generality).

Let S > 0 be arbitrary. Then for any T ≥ S inequality (172) implies

1
2

∫ ∞

0

|LtvP (w)(s)|2ds ≥ 1
2

∫ S

0

[|vT (s)|2 + |y(s) − ỹT (s)|2] ds− ε.(174)

Let T = Ti in (174) and send i → ∞, to obtain

1
2

∫ ∞

0

|LtvP (w)(s)|2ds ≥ 1
2

∫ S

0

[|v∗(s)|2 + |y(s) − ỹ∗(s)|2] ds− ε(175)

by weak lower semicontinuity. Let S → ∞ in (175) to obtain

1
2

∫ ∞

0

|LtvP (w)(s)|2ds ≥ 1
2

∫ ∞

0

[|v∗(s)|2 + |y(s) − ỹ∗(s)|2] ds− ε.(176)

Next set w̃∗ = (ũ∗, ỹ∗) = (u + v∗, ỹ∗) ∈ L2[0,∞), so that

1
2

∫ ∞

0

|LtvP (w)(s)|2ds ≥ 1
2

∫ ∞

0

|w(s) − w̃∗(s)|2 ds− ε.(177)

It remains to check that w̃∗ ∈ GP . Again let S > 0 be arbitrary and consider the
system (173) on [0, S] for T = Ti > S. Let ξ̃∗ be the solution of

˙̃
ξ
∗

= A(ξ̃∗) + B(ξ̃∗)(u + v∗)(178)

on [0, S]. Then by standard ODE estimates (using the Holder and Jensen inequalities),
for t ∈ [0, S],

(179)

|ξ̃Ti(t) − ξ̃∗(t)|2 ≤ K

∫ t

0

|ξ̃Ti(s) − ξ̃∗(s)|2ds + K

∣∣∣∣∫ t

0

B(ξ̃∗(s))(vTi(s) − v∗(s))ds

∣∣∣∣2
for a suitable constant K > 0. Note that by weak convergence, the second term in
the right-hand side of (179) tends to zero as i → ∞ (since s �→ B(ξ̃∗(s)) ∈ L2[0,∞)
by our hypotheses on B). Then an application of Gronwall’s inequality allows us to
conclude that ξ̃Ti(t) → ξ̃∗(t) as i → ∞ uniformly in t ∈ [0, S]. Moreover, we have
ỹ∗(t) = C(ξ̃∗(t)) for t ∈ [0, S], and hence w̃∗ ∈ GP ∩L2[0, S]. But S > 0 was arbitrary,
and we saw earlier that w̃∗ ∈ L2[0,∞), so we have shown that w̃∗ ∈ GP ∩ L2[0,∞).

Therefore

1
2

∫ ∞

0

|LtvP (w)(s)|2ds ≥ inf
(ũ,ỹ)∈GP∩L2[0,∞)

{
1
2

∫ ∞

0

|w(s) − w̃∗(s)|2 ds
}
− ε.(180)

Inequalities (171) and (180) now imply (22).
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6.2.3. Left representation: LeP . We set p0 = pe to define LeP : W → Y by

LeP :

⎧⎨⎩
ṗ = F (p, u, y), p|t=−∞ = pe,

φ = C(x̂) +
[

0 −I
] [ u

y

]
.

(181)

Theorem 6.13. The system LeP defined by (181) is a left representation of the
plant P given by (65) and is contractive and co-inner.

Proof. We must check that the operator LeP defined by (166) satisfies the defini-
tions given in section 3.2, part 2.

Let (u, y) ∈ GP , so that y = Pu. Since u ∈ L2,ce, there exists T0 finite such that
u(t) = 0, y(t) = 0, and pt = pe for all t ≤ T0. Let ξ be the solution of

ξ̇ = A(ξ) + B(ξ)u, ξ(T0) = 0,

on [T0,∞). Then y = C(ξ) and by the representation (154), which here takes the
form

pt(x) = supv∈U∩L2[T0,t]{pe(ξ(T0)) − 1
2

∫ t

T0
[|v(s)|2 + |y(s) − C(ξ(s))|2] ds

| ξ̇(s) = A(ξ(s)) + B(ξ(s))(u(s) + v(s)), T0 ≤ s ≤ t,
ξ(t) = x},

(182)

we have

pt(ξ(t)) = 0 for all t ≥ T0

using v(·) = 0. This implies x̂(t) = ξ(t), t ≥ T0, and φ(·) = 0. Hence (u, y) ∈ ker LeP .
Let (u, y) ∈ ker LeP . Since u ∈ L2,ce, there exists T0 finite such that u(t) = 0,

y(t) = 0, and pt = pe for all t ≤ T0. Then

LeP (u, y) = φ = 0,

and by (163) (with 0 replaced by T0) we have

pt(x̂(t)) = 〈pt〉 = 0(183)

for all t ≥ T0. In the representation (182), let v∗t (·) and ξ∗t (·) be optimal on [T0, t]
with end condition x = x̂(t), so that

ξ̇∗t (s) = A(ξ∗t (s)) + B(ξ∗t (s))(u(s) + v∗t (s)), T0 ≤ s ≤ t, ξ∗t (t) = x̂(t).

Then (183) and (182) imply

0 = pt(x̂(t)) = pe(ξ
∗
t (T0)) − 1

2

∫ t

T0

[|v∗t (s)|2 + |y(s) − C(ξ∗t (s))|2]ds,

which implies

pe(ξ
∗
t (T0)) = 0, which implies ξ∗t (T0) = 0;∫ t

T0
|v∗t (s)|2ds = 0, which implies v∗t (·) = 0;∫ t

T0
|y(s) − C(ξ∗t (s))|2ds = 0, which implies y(·) = C(ξ∗t (·)).

This implies y = Pu on [T0,∞) and so (u, y) ∈ GP . Consequently, LeP is a left
representation of P .
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Next, let w = (u, y) ∈ W. Since w ∈ L2,ce, there exists T0 finite such that
u(t) = 0, y(t) = 0 and pt = pe, φ(t) = 0 for all t ≤ T0. By (163), Lemma 6.11 (with 0
replaced by T0, and pT0 = pe), we have

1
2

∫ T

T0

|φ(s)|2 ds = −〈pT 〉,

which implies, by (182),

(184)

1
2

∫ T

T0
|LeP (w)(s)|2ds = infv∈U∩L2[T0,T ]{−pe(ξ(T0))+

1
2

∫ T

T0
[|v(s)|2+|y(s)−C(ξ(s))|2] ds

| ξ̇(s) = A(ξ(s)) + B(ξ(s))(u(s) + v(s)), T0 ≤ s ≤ T}

(the infimum is over all possible trajectories ξ and controls v, with no end point
constraint). Let w̃ = (ũ, ỹ) ∈ GP , so that ỹ = Pũ. Since w̃ ∈ L2,ce, there exists T1

finite such that ũ(t) = 0, ỹ(t) = 0 for all t ≤ T1. Let T2 = min(T1, T0). Now (184)
holds with T0 replaced by T2:

(185)

1
2

∫ T

T2
|LeP (w)(s)|2ds = infv∈U∩L2[T0,T ]{−pe(ξ(T2))+

1
2

∫ T

T2
[|v(s)|2+|y(s)−C(ξ(s))|2] ds

| ξ̇(s) = A(ξ(s)) + B(ξ(s))(u(s) + v(s)), T2 ≤ s ≤ T}.

The state ξ̃ corresponding to w̃ satisfies

˙̃
ξ = A(ξ̃) + B(ξ̃)ũ, ξ̃(T2) = 0, ỹ = C(ξ̃)

on [T2,∞). Set v = ũ− u in (185) to obtain

1
2

∫ T

T2

|LeP (w)(s)|2ds ≤ 1
2

∫ T

T2

[|u(s) − ũ(s)|2 + |y(s) − ỹ(s)|2] ds

(since pe(ξ(T2)) = 0). This holds for all (ũ, ỹ) ∈ GP , and so

(186)

1
2

∫ T

−∞
|LeP (w)(s)|2ds ≤ inf

(ũ,ỹ)∈GP

{
1
2

∫ T

−∞
[|u(s) − ũ(s)|2 + |y(s) − ỹ(s)|2] ds

}
.

Setting (ũ, ỹ) = (0, 0) in (186) gives the contractive property (26).
In order to prove the co-inner property (27), we must show that (186) holds with

equality. To this end, let ε > 0. Let v1 and ξ1 be ε-optimal in (184), so that

1
2

∫ T

T0

|LeP (w)(s)|2ds ≥ −pe(ξ1(T0)) + 1
2

∫ T

T0

[|v1(s)|2 + |y(s) − C(ξ1(s))|2] ds− ε,

where

ξ̇1(s) = A(ξ1(s)) + B(ξ1(s))(u(s) + v1(s)), T0 ≤ s ≤ T.

Next, using the representation (162) for pe(x) with x = ξ1(T0), select S ≥ 0 and v2

so that

−pe(ξ1(T0)) ≥ 1
2

∫ T0

−S

[|v2(s)|2 + |C(ξ2(s))|2] ds− ε,
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where

ξ̇2(s) = A(ξ2(s)) + B(ξ2(s))v2(s), −S ≤ s ≤ T0, ξ2(T0) = ξ1(T0).

Set

v(s) =

⎧⎨⎩
v1(s) on [T0, T ],
v2(s) on [−S, T0),

0 on (−∞,−S),

with associated state trajectory ξ. Then combining the above, we see that∫ T

T0
|LeP (w)(s)|2ds ≥ 1

2

∫ T

−S
[|v(s)|2 + |y(s) − C(ξ(s))|2] ds− 2ε

≥ inf(ũ,ỹ)∈GP

{
1
2

∫ T

−∞[|u(s) − ũ(s)|2 + |y(s) − ỹ(s)|2] ds
}
− 2ε

with ũ = u + v, etc. This proves equality in (186),

(187)∫ T

−∞
|LeP (w)(s)|2ds = inf

(ũ,ỹ)∈GP

{
1
2

∫ T

−∞
[|u(s) − ũ(s)|2 + |y(s) − ỹ(s)|2] ds

}
,

and hence (27).
The second part (28) of the co-inner property can be proved using (184), (187),

and the techniques used in the proof of Theorem 6.12.

6.2.4. Special case. To relate our state-space realizations (166), (181) for the
left representations with other results in the nonlinear literature [24, Theorem 13 and
equation (40)], [25, Theorem 2.1 and equation (9)], we present the following discussion.

Consider the information state pt, the state in the realizations (166), (181) with
suitable initialization. Let us suppose that x̂(t), the maximizer of pt(·), is unique.
Then given appropriate differentiability, we can perform the following calculations.
Since x̂(t) maximizes pt(·), we have (as mentioned earlier)

∇pt(x̂(t)) = 0 for all t > 0.

Differentiate this with respect to t to obtain

d

dt
pt(x̂(t)) =

∂

∂t
∇pt(x̂(t)) + ∇2pt(x̂(t)) ˙̂x(t) = 0.

Now we suppose that the Hessian is positive definite:

−∇2pt(x̂(t)) > 0

for all t > 0. Then

˙̂x(t) = [−∇2pt(x̂(t))]−1 ∂

∂t
∇pt(x̂(t)),

and taking the gradient of ṗ = F (p, u, y) with respect to x and using the fact that
∇pt(x̂(t)) = 0 we obtain

˙̂x(t) =
(
A(x̂(t)) − [−∇2pt(x̂(t))]−1∇C(x̂(t))′C(x̂(t))

)
+B(x̂(t))u(t) + [−∇2pt(x̂(t))]−1∇C(x̂(t))′y(t).

(188)
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Associated with this equation is the error quantity

φ(t) = C(x̂(t)) − y(t)(189)

from (166), (181). The pair of equations (188), (189), is similar to the state space
realizations [24, equation (40)], [25, equation (9)] if [−∇2pt(x̂(t))]−1∇C(x̂(t))′ takes
the place of k(x) in [24, equation (40)] or if [−∇2pt(x̂(t))] replaces M(x) in [25, equa-
tion (9)]. We remark that in the linear case pt(x) is a quadratic form with quadratic
term − 1

2x
′Y −1

e x and so [−∇2pt(x̂(t))] = Y −1
e and the state-space realizations (188)

and (189) reduce to the well-known linear equations.
We remark also that the co-inner definition introduced in this paper (section 3.2)

differs from the one used in [25]; there the co-inner property is defined in terms
of a Hamiltonian system of equations [24, Definition 7 and equation (34)], and it
appears that these equations are related to the Pontryagin equations associated with
the optimal control representation of pt(x) (recall (154)).

7. Concluding remarks. This paper has been concerned with robustness of
nonlinear systems using the closely related gap metric and coprime factor approaches
to uncertainty. There have been two main streams of thought running through the
paper:

(i) signal-based definitions of the gap metric, robustness results in terms of the
parallel projection operators, and synthesis of controllers based on minimizing
the induced norms of the parallel projections (sections 4.1, 4.2, 4.3, 4.4, 5);

(ii) graph representations, robustness of feedback systems in terms of perturba-
tions of the graph “symbols,” and state-space realizations of graph symbols
(sections 3, 4.4, 4.5, 6).

For linear systems, (ii) was the earliest to develop fully, and technical results there pro-
vided an important resource for the development of a more operator-based approach
along the lines of (i). For nonlinear systems there have been several approaches to
(ii) which potentially pave the way for a full robustness theory. Our contention here
is that the complete working out of (i) in this paper has shed new light on how to
develop (ii) in a way that closely matches the needs of the robustness theory.

The two streams of thought have by no means been independent in this paper—
they touch one another most closely in section 4.4 and in the commonality of the
nonlinear H∞ control techniques used in sections 5 and 6. It is interesting to note
that the realization theory for graph representations has been presented as the final
topic of the paper (section 6), with its importance being a proof of existence of the
graph representations defined here. In contrast, this topic was an essential early
building block in the development of the linear coprime factorization theory.

Appendix A. Nonlinear H∞ control. We will now review the nonlinear H∞
controller synthesis theory developed in [17], [14] for the class of nonlinear systems or
generalized plants:

ẋ = A(x) + B1(x)w + B2(x)u, x(0) = x0,
z = C1(x) + D12u, D′

12D12 = Im,
y = C2(x) + D21w, D21D

′
21 = Iq.

(190)

In these equations x(t) ∈ Rn denotes the state of the system and y(t) ∈ Rq is the
measurement signal. The output to be regulated is z(t) ∈ Rp. The control input is
u(t) ∈ Rm, while w(t) ∈ Rl is an exogenous disturbance input. We assume that all
the problem data are smooth functions of x with bounded first derivatives, that B1
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and B2 are bounded, and that the origin is an equilibrium state: A(0) = 0, C1(0) = 0,
and C2(0) = 0. In brief, the generalized plant is⎡⎣ A B1 B2

C1 0 D12

C2 D21 0

⎤⎦ .

The (output feedback) controller K is assumed to be a causal mapping y ∈ Y �→
u ∈ U , where U and Y are signal spaces as described in section 2. Such a controller
is called admissible if the closed-loop equations associated with K and (190) are well-
defined in the sense that they have unique solutions in L2,e.

A controller K is said to solve the H∞ control problem provided the closed-loop
system is γ-dissipative and internally stable. The closed-loop system is γ-dissipative
if

1
2

∫ T

0

|z(s)|2ds ≤ 1
2γ

2

∫ T

0

|w(s)|2ds + β(x(0))(191)

for some nonnegative function β with β(0) = 0 and every w ∈ L2[0, T ] for all T ≥ 0.
Internal stability means that if w ∈ L2, then u(·), y(·), z(·), x(·) ∈ L2, and consequently
x(t) → 0 as t → ∞.

A.1. The state feedback problem. Let us consider static state feedback con-
trollers of the form

u = u(x),

where u : Rn → Rm. Combining this with (190) gives the following closed-loop
system:

ẋ = A(x) + B2(x)u(x) + B1(x)w,
z = C1(x) + D12(x)u(x).

(192)

If there exists a static state feedback controller u(x) such that this closed-loop system
is γ-dissipative, we know that there exists a storage function V (x) ≥ 0 which satisfies
V (0) = 0 and the HJBI equation

(193)

∇V (A−B2E
−1
1 D′

12C1)− 1
2∇V (B2E

−1
2 B′

2−γ−2B1B
′
1)∇V ′+ 1

2C
′
1(I−D12E

−1
1 D′

12)C1 = 0

(here E1 = D′
12D12 > 0); the function V (x) need not necessarily be smooth, in which

case the PDE (193) can be interpreted in the viscosity sense [23, Theorem 3.4]; see
also [14, section 5.4].

Conversely, if (193) has a smooth solution V (x) > 0 if x �= 0, V (0) = 0, then the
state feedback controller

u∗
state(x) = −(D′

12C1(x) + B2(x)′∇V (x)′)(194)

renders the closed loop γ-dissipative. Since the control law depends on ∇V , we
assume that V (·) is differentiable in some sense (C1 with globally Lipschitz derivative
is enough). The stability of the closed loop follows from strict positive definiteness
of V and the zero state detectability of ((A + B2u

∗
state)(x), (C1 + D12u

∗
state)(x)); see,

e.g., [26, section 6.1].
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A.2. The information state. We will now consider the case of output feedback
controllers of the form K : y �→ u. We transform the output feedback problem to a
new state feedback problem using the information state pt(x) = p(x, t) defined by the
equation

∂
∂tp = −∇p(A + B1D

′
21(y − C2) + B2u) + γ−2 1

2∇pB1(I −D′
21D21)B

′
1∇p′

−γ2 1
2 |y − C2|2 + 1

2 |C1 + D12u|2.
(195)

In shorthand notation, we write pt(·) = p(·, t) and regard pt as the state of a new
dynamical system with state equations

ṗ = F (p, u, y),(196)

where F (p, u, y) is the nonlinear differential operator defined in (195). The state space
is an appropriate function space X (e.g., the Banach space of continuous functions

with at most quadratic growth with the norm ‖ p ‖X= supx∈Rn
|p(x)|
1+|x|2 ). It is known

(see [14, Section 3.1]) that if a controller K : y �→ u exists such that the closed loop
is γ-dissipative, then (195) has a solution. If the solution is not smooth, it can be
interpreted in the viscosity sense [3], [6]. However, we will assume it to be smooth.

In the equilibrium (or steady-state) case (u ≡ 0 and y ≡ 0), this equation reduces
to

(197)

∇p∞(A−B1D
′
21C2) − γ−2 1

2∇p∞B1(I −D′
21D21)B

′
1∇p′∞ + γ2 1

2 |C2|2 − 1
2 |C1|2 = 0,

or in shorthand, F (p∞, 0, 0) = 0. A particular equilibrium solution pe of (197), called
a control attractor, is important. The present context is nonsingular in the sense of
[14], meaning pe is everywhere finite. The control attractor satisfies pe ≤ 0, pe(0) = 0,
and

−(A−B1D
′
21C2 − γ−2B1[I −D′

21D21]B
′
1∇p′e) asymptotically stable(198)

(it is the unique such function). Convergence of pt (when driven by L2[0,∞) signals
u, y) to a solution p∞ = pe + c of (197) as t → ∞ is discussed in [14] (c = c(u, y) ∈ R
is a constant independent of x but depending on the signals u, y). To be precise,
the particular type of stability (198) required is referred to in [14] as incremental L2

exponential antistability.

A.3. Information state controller. In the output feedback case, the trans-
formation afforded by the information state gives rise to a nonlinear PDE on an
infinite-dimensional (Banach) space X (the analog of the PDE (193)), viz.

inf
u∈Rm

sup
y∈Rp

{∇W (p)[F (p, u, y)]} = 0,(199)

where ∇W (p) is a linear operator (Frechet derivative). It is known that there exists
a value function W (p) solving this equation in a suitable sense [17], [18], [14]. In
general it cannot be expected that W is smooth, and in fact at present there is no
adequate theory for PDEs of the type (199); however, it can be interpreted in an
integrated form, and various notions of smoothness of solution have been considered
[18], [14]. We assume that smoothness facilitates system-theoretic interpretation and
remark that smoothness issues do not arise in discrete time [17]. The value function
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W should satisfy a number of properties in addition to (199): (i) W (p) ≥ supx{p(x)},
(ii) p1 ≥ p2 implies W (p1) ≥ W (p2), and (iii) W (p+c) = W (p)+c for all c ∈ R. Also,
in general, W has a nontrivial domain of finiteness domW . For full details, see [18],
[14]. Here, it is sufficient to note that a smooth solution of (199) defines an output
feedback controller K∗ via the optimal feedback function obtained by evaluating the
infimum in (199) (cf. (194)):

u∗(p) = ∇W (p)[−D′
12C1 + B′

2∇p′].(200)

The optimal information state controller is given by

K∗:

{
ṗ = F (p, u, y), p0 = pe,
u = u∗(p).

(201)

This controller feeds back the information state, initialized at the control attractor pe,
and produces a γ-dissipative closed loop. For precise statements and stability results,
see [14]. It turns out that pe ∈ domW (in fact, W (pe) = 0), and the antistabilizing
property of pe ensures that pt ∈ domW for all t ≥ 0 when driven by L2[0,∞) signals u,
y, and this will be the case provided pt remains in a region relating to the smoothness
of W [14, Chapter 4].

Further, the function W (p) is related to the state feedback function V (x) by

max
x

{p(x) + V (x)} ≤ W (p),(202)

and in particular

max
x

{pe(x) + V (x)} ≤ W (pe) = 0 < +∞.(203)

Equation (203) is a necessary condition which holds irrespective of the smoothness
of W (p), and in fact does not depend on the existence of the optimal feedback u∗(p)
[14].

A.4. Certainty equivalence. Under certain conditions, the optimal informa-
tion state controller simplifies to a controller which is equivalent to the certainty
equivalence controller of [4]. Let u∗

state(x) denote the optimal state feedback control,
given by (194). Assume that the minimum stress state estimate

x̄(t) = arg max
x

{p(x, t) + V (x)}(204)

is unique. Then the certainty equivalence controller exists and is given by

uce(t) = u∗
state(x̄(t)),(205)

giving a γ-dissipative closed loop [4], [18], [14]. If a certainty equivalence controller
does not exist, it is necessary to solve (199) for the optimal information state con-
troller (200). When the certainty equivalence assumptions are valid, essentially one
can take

Ŵ (p) = max
x

{p(x) + V (x)}(206)

as a solution of (199) [18], [14].
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1. Introduction. A European vanilla call (resp., put) option is a contract giving
its owner the right to buy (resp., sell) a share of a specific common stock at a fixed
price K at a certain date T . The specific stock is called the underlying asset. The
fixed price K is termed the strike, and T is termed the maturity. The term vanilla is
used to notify that this kind of option is the simplest one: indeed, there may be more
complicated contracts. The price of the underlying asset at time t will be referred to
as the spot price and will be noted xt. Assuming that the market rules out arbitrage
(the possibility to make an instantaneous risk-free benefit), it is very easy to see that
the price of a call (resp., put) option at maturity is u◦(xT ) = (xT − K)+ (resp.,
u◦(xT ) = (K − xT )+). The function u◦ is called the payoff function.

In order to price the option before maturity, some assumptions have to be made on
the spot price xt: the Black–Scholes model involves the above mentioned underlying
asset and a risk-free asset whose price at time t is S0

t = ert, where r is the interest rate;
it assumes that the price of the risky asset is a solution to the following stochastic
differential equation:

dxt = xt(µdt +
√
ηtdBt),(1.1)

where Bt is a standard Brownian motion on a probability space (Ω,A,P). Here ηt is a
positive number, and

√
ηt is called the volatility. With the Black–Scholes assumptions,

it is possible to prove that the option’s price at time t is given by

Pt = ue(t, xt) ≡ E
∗(e−r(T−t)u◦(xT )|Ft),(1.2)
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where the expectation E
∗ is taken with respect to the so-called risk-neutral probability

P
∗ (equivalent to P and under which dxt = xt(rdt +

√
ηtdWt), Wt being a standard

Brownian motion under P
∗ and Ft being the natural filtration of Wt). Assuming that

ηt = η(t, xt), where η is a smooth enough function, it can be seen that the pricing
function ue solves the parabolic PDE

∂ue

∂t
+

η(t, x)x2

2

∂2ue

∂x2
+ rx

∂ue

∂x
− rue = 0.(1.3)

In contrast with European options, American options can be exercised any time before
maturity: An American vanilla call (resp., put) option is a contract giving its owner
the right to buy (resp., sell) a share of a specific common stock at a fixed price K
before a certain date T . More generally, for a payoff function u◦, the American option
with payoff u◦ and maturity T can be exercised at any t < T , yielding the payoff
u◦(xt). Since the American option gives its owner more rights than the corresponding
European option, its price should be higher.

Consider an American vanilla put. If its price Pt were less than K − xt, then
one could buy a put and a share of the underlying asset and exercise immediately
the option, making a risk-free immediate benefit of K − xt − Pt > 0: this is ruled
out by the no arbitrage assumption, so we see that Pt ≥ (K − xt)+. For a general
payoff u◦, we have Pt > u◦(xt). Using the notion of strategy with consumption, the
Black–Scholes model leads to the following formula for pricing an American option
with payoff u◦: under the risk-neutral probability,

Pt = u(t, xt) ≡ sup
τ∈Tt,T

E
∗
(
e−r(τ−t)u◦(xτ )

∣∣∣Ft

)
,(1.4)

where Tt,T denotes the set of stopping times in [t, T ] (see [23] for the proof of this
formula). It can be seen that for an American vanilla call, formula (1.4) coincides
with (1.2), so American and European vanilla calls have the same price. This means
that an American vanilla call should not be exercised before maturity.

It can be shown that the price u of the American put of strike K and maturity
T is given as a solution to

∂u

∂t
+

ηx2

2

∂2u

∂x2
+ rx

∂u

∂x
− ru ≤ 0, u(t, x) ≥ (K − x)+, t ∈ [0, T ), x > 0,(

∂u

∂t
+

ηx2

2

∂2u

∂x2
+ rx

∂u

∂x
− ru

)
(u− (K − x)+) = 0, t ∈ [0, T ), x > 0,

u(t = T, x) = (K − x)+;

(1.5)

see [31] for a formal derivation of (1.5).
By using suitable Sobolev spaces, it is possible to use now well-known variational

procedures for (1.5) (see Kinderlehrer and Stampacchia [19]) and prove the existence
and uniqueness of u, under mild assumptions on η.

The volatility is the difficult parameter of the Black–Scholes model. It is conve-
nient to take it to be constant, but then the computed options’ prices do not match
the prices given by the market. There are essentially three ways to improve on the
Black-Scholes model with a constant volatility:

• Use a local volatility; i.e., assume that the volatility is a function of time and
of the stock price. Then one has to calibrate the volatility from the market
data, i.e., to find a volatility function which permits one to recover the prices
of the options available on the market.



VOLATILITY CALIBRATION WITH AMERICAN OPTIONS 1585

• Assume that the volatility is itself a stochastic process; see, for example,
[14, 11].

• Generalize the Black–Scholes model by assuming that the spot price is, for
example, a Lévy process; see [9] and references therein.

There is much discussion among specialists in finance on comparing the merits of the
three kinds of models above. Here, we will focus on the first one and we will deal with
the calibration of the local volatility.

In mathematical finance there have been a number of valuable studies on cali-
bration with European options for which it is difficult to make a complete account:
Avellaneda et al. [3] proposed a procedure based on the maximization of an entropy
function via dynamic programming. Lagnado and Osher [21, 22], Jackson, Süli, and
Howison [17], Coleman, Li, and Verma [8], and Achdou and Pironneau [2] used, as we
do here, a least square fit to the financial data. Calibration with European options is
made easier thanks to the linear character of the equations; see [10].

Concerning calibration with American options, we are not aware of any published
articles; in this paper, we focus on American vanilla put options and study theoret-
ically the least square optimization problem arising when one tries to calibrate the
volatility from the observed prices of the option. Mathematically, it is an inverse
problem in order to find the coefficient of a parabolic variational inequality.

The aim is to find a function η(t, x) such that the price of the option computed by
(1.5) fits some observations of the price of the American put for different maturities
T and stroke K (the number of observed prices is finite). In this paper, we will
first replace this inverse problem by a simpler one, i.e., with a single maturity T ,
and assume that the observation is made for all times t in [0, T ] and every price
x (complete observation). From the theoretical point of view, this inverse problem
retains the essential difficulties of the original one. We are going to use a least square
approach, and the problem will somehow resemble optimal control problems studied
in [28, 16, 5]. Let us mention especially the work of Hintermüller [15] on an inverse
problem for an elliptic variational inequality, which has inspired the present work.
Finally, we will investigate the genuine inverse problem for the calibration of volatility
with a discrete set of observations.

The main results of the paper are:

1. Theorem 6.4 in section 6.2, where first order necessary optimality conditions
are given for the least square inverse problem essentially under the assumption
that no observed prices lie on the free boundary, i.e., the curve limiting the
zone where the option should be exercised.

2. Theorem 5.4 in section 5.3, which states that the least square functional
is differentiable with respect to η, under more restrictive assumptions, and
which gives the derivative. This result is stated for the simpler least square
problem mentioned above, but it holds for the genuine one with obvious
modifications.

3. A careful study of the free boundary; see section 3.

The numerical counterpart of the present work has been carried out successfully (see
[1]), and software has been written for the calibration of American options: it uses
a discrete analogue of Theorem 5.4 for computing descent directions. Alternatively,
an optimization method based on a least square version of the optimality conditions
given by Theorem 6.4 is possible; see [15].

The paper is organized as follows. In section 2, we study carefully the variational
inequality satisfied by the price of the American option. Section 3 is devoted to
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the free boundary: under some assumptions on the volatility, we prove that the free
boundary is the graph of a continuous function of time. In section 4, we investigate
the sensitivity of u and the free boundary with respect to variations of the volatility.
An inverse problem (simpler than the original one) is introduced in section 5, and we
give some necessary optimality conditions. We also address the differentiability issue:
is the cost function differentiable with respect to the volatility, and can we compute a
gradient? We give a partial positive answer for volatilities such that the corresponding
state function and free boundary are regular enough. Section 6 is devoted to the
genuine calibration problem: necessary optimality conditions are given.

2. The variational inequality. Changing t into the time to maturity T − t,
(1.5) becomes

∂u

∂t
− ηx2

2

∂2u

∂x2
− rx

∂u

∂x
+ ru ≥ 0, u(t, x) ≥ u◦(x), t ∈ (0, T ], x > 0,(

∂u

∂t
− ηx2

2

∂2u

∂x2
− rx

∂u

∂x
+ ru

)
(u− u◦) = 0, t ∈ (0, T ], x > 0,

u(t = 0, x) = u◦(x), x > 0,

(2.1)

where η : [0, T ] × R+ → R+ is a positive function and

u◦(x) = (K − x)+.(2.2)

The pricing function ue for the corresponding European put solves ue|t=0 = u◦ and
for 0 < t ≤ T ,

∂ue

∂t
− ηx2

2

∂2ue

∂x2
− rx

∂ue

∂x
+ rue = 0.(2.3)

Although (2.1) may be tackled with the results of [12], we prefer to study it completely
in order to make the presentation self-contained. For what follows, we introduce the
weighted Sobolev space

V =

{
v ∈ L2(R+), x

∂v

∂x
∈ L2(R+)

}
,(2.4)

which is a Hilbert space for the norm ‖v‖V =
(
‖v‖2

L2(R+) + ‖x ∂v
∂x‖2

L2(R+)

) 1
2

. The

space V is clearly separable, and D(R+) is a dense subspace of V .
Assumption 1. We assume that for two fixed positive constants η and η, 0 < η ≤

η ≤ η a.e. in (0, T )×R+, and for a positive constant M , |x∂η
∂x | ≤ M a.e in (0, T )×R+.

Remark 1. The assumption |x∂η
∂x | ≤ M is necessary for the variational formulation

of (2.1): using viscosity solutions techniques (see the article by Friedman and Shen
[13] on a closely related variational inequality and the references therein), one can do
without it. It is also possible to obtain many results on (2.1) from the probability
theory; see [18]. With Assumption 1, we can consider the family of linear operators
A(t) : V → V ′ defined, for v, w ∈ V , by

〈A(t)v, w〉 =

∫
R+

(
η(t)

2
x2 ∂v

∂x

∂w

∂x
+

(
η(t) +

x

2

∂η

∂x
− r

)
x
∂v

∂x
w + rvw

)
dx.(2.5)
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From the assumptions on η, there exists a nonnegative constant α such that, for a.e.
t ∈ (0, T ) and for any v ∈ V ,

〈A(t)v, v〉 ≥ 1

4
η‖v‖2

V − α‖v‖2
L2(R+).(2.6)

We introduce the closed subset of L2(0, T ;V ):

K = {v ∈ L2(0, T ;V ), v ≥ u◦ a.e. in (0, T ) × R+}.(2.7)

The variational formulation of (2.1) is as follows: find u ∈ K ∩ C0([0, T ];L2(R+)),
with ∂u

∂t ∈ L2(0, T ;V ′) such that for all v ∈ K,〈
∂u

∂t
+ A(t)u, v − u

〉
≥ 0 for t > 0 and u(t = 0) = u◦.(2.8)

In order to prove the existence for u, we make two observations:
1. The price of the American put is larger than that of the European put given

by (2.3), which is itself positive for any t ∈ (0, T ] (we shall justify this by
using the maximum principle; see below).

2. The function u◦ satisfies, for t ∈ [0, T ],(
∂u◦
∂t

+ A(t)u◦

)∣∣∣∣
x<K

= rK,

(
∂u◦
∂t

+ A(t)u◦

)∣∣∣∣
x>K

= 0.(2.9)

Therefore, following [19], we introduce the penalized problem: find uε such that

∂uε

∂t
− ηx2

2

∂2uε

∂x2
− rx

∂uε

∂x
+ ruε − rK1{x<K}Vε(uε − u◦) = 0

{
t ∈ (0, T ],
x > 0,

uε(t = 0, x) = u◦(x),

(2.10)

where Vε(u) = V(uε ) and V is a smooth nonincreasing convex function such that

V(0) = 1, V(u) = 0 for u ≥ 1, 0 ≥ V ′(u) ≥ −2 for 0 ≤ u ≤ 1.(2.11)

Theorem 2.1. Under Assumption 1, (2.10) has a unique weak solution uε ∈
L2(0, T ;V ) ∩ C0([0, T ];L2(R+)) which belongs to K. Also, x∂uε

∂x and ∂uε

∂x belong to
L2(0, T ;V ) ∩ C0([0, T ];L2(R+)), and uε is continuous in [0, T ] × [0,+∞]. Moreover,
∂uε

∂t ∈ L2((0, T )×R+). The quantities ‖uε‖L2(0,T ;V ), ‖uε‖L∞(0,T ;L2(R+)), ‖x∂uε

∂x ‖L2(0,T ;V ),

‖∂uε

∂x ‖L2(0,T ;V ), ‖x∂uε

∂x ‖L∞(0,T ;L2(R+)), ‖∂uε

∂x ‖L∞(0,T ;L2(R+)), and ‖∂uε

∂t ‖L2((0,T )×R+) are
bounded independently of ε.

Furthermore, there exists a function ẑε ∈ L2(0, T ;V ) ∩ C0([0, T ];L2(R+)) such
that

‖ẑε‖L2(0,T ;V ) + ‖ẑε‖L∞(0,T ;L2(R+)) → 0

and

−1 − ẑε ≤
∂uε

∂x
≤ 0 ∀t ∈ (0, T ], a.e. x > 0.(2.12)

Finally, uε is greater than ue, the price of the European put (given by (2.3)).
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Proof. By using results on parabolic equations with monotone operators [26,
page 156], it is possible to prove that (2.10) has a unique weak solution in L2(0, T ;V )∩
C0([0, T ];L2(R+)), with ∂uε

∂t ∈ L2(0, T ;V ′), and that ‖uε‖L2(0,T ;V ) and ‖uε‖L∞(0,T ;L2(R+))

are bounded independently of ε. Furthermore, the weak maximum principle for
parabolic equations leads to

0 ≤ uε(t, x) ≤ K ∀t ∈ (0, T ], a.e. x > 0.(2.13)

With ue given by (2.3), we have, again by the maximum principle,

0 < ue(t, x) ≤ uε(t, x) ∀t ∈ (0, T ], a.e. x > 0,(2.14)

and we can also compare the function uε with the function K − x:

K − x ≤ uε(t, x) ∀t ∈ (0, T ], a.e. x > 0.(2.15)

From estimates (2.14) and (2.15), uε ∈ K.
By taking the derivative of (2.10) with respect to x, we obtain that zε = ∂uε

∂x
satisfies

∂zε
∂t

− ∂

∂x

(
ηx2

2

∂zε
∂x

)
− rx

∂zε
∂x

− rK1{x<K}V ′
ε(uε − u◦)(zε + 1)

= −rKVε(uε(K))δx=K ,

zε(t = 0, x) = −1{x<K},

(2.16)

which also has a variational formulation in L2(0, T ;V ) because

−2

ε
≤ V ′

ε(uε − u◦) ≤ 0

and −rKVε(uε(K))δx=K ∈ L2((0, T ), V ′); we can easily obtain that

∂uε

∂x
∈ L2(0, T, V ) ∩ C0([0, T ];L2(R+)),

with no additional assumption on η. This proves that uε is actually continuous and
that (2.13), (2.14), (2.15) hold pointwise. From (2.16), it is possible to prove that
‖∂uε

∂x ‖L2(0,T ;V ) and ‖∂uε

∂x ‖L∞(0,T ;L2(R+)) are bounded independently of ε, and that
∂uε

∂x ≤ 0 for all t and a.e. in x. From (2.16), we deduce that zε(t = 0, x)+ 1 = 1{x≥K}
and for t ∈ (0, T ], x > 0,

∂(zε + 1)

∂t
− ∂

∂x

(
ηx2

2

∂(zε + 1)

∂x

)
− rx

∂(zε + 1)

∂x
− rK1{x<K}V ′

ε(uε − u◦)(zε + 1)

= −rKVε(uε(K))δx=K .

(2.17)

The function zε+1 is the sum of two functions z̃ε+1 and ẑε which satisfy, respectively,

∂(z̃ε + 1)

∂t
− ∂

∂x

(
ηx2

2

∂(z̃ε + 1)

∂x

)
− rx

∂(z̃ε + 1)

∂x
− rK1{x<K}V ′

ε(uε − u◦)(z̃ε + 1)

= 0, t > 0,

z̃ε(t = 0, x) + 1 = 1{x≥K}

(2.18)
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and

∂ẑε
∂t

− ∂

∂x

(
ηx2

2

∂ẑε
∂x

)
− rx

∂ẑε
∂x

− rK1{x<K}V ′
ε(uε − u◦)ẑε

= −rKVε(uε(K))δx=K , t > 0,

ẑε(t = 0, x) = 0.

(2.19)

Since uε ≥ ue, we know that limε→0 ‖Vε(uε(K))δx=K‖L2(0,T ;V ′) = 0.

Thus, limε→0 ‖ẑε‖L2(0,T ;V ) = 0. On the other hand, z̃ε ≥ −1. Thus, ∂uε

∂x ≥ −1−ẑε
for all t and for a.e. x.

Finally, we can check that wε = x∂uε

∂x satisfies wε(t = 0, x) = −x1{x<K} and for
t ∈ (0, T ], x > 0,

∂wε

∂t
− ∂

∂x

(
ηx2

2

∂wε

∂x

)
+ (η − r)x

∂wε

∂x
+

(
r +

x

2

∂η

∂x

)
wε

−rK1{x<K}V ′
ε(uε − u◦)(wε + x) = −rK2Vε(uε(K))δx=K ,

(2.20)

so x∂uε

∂x ∈ L2(0, T ;V )∩C0([0, T ], L2(R+)), and it is possible to prove that ‖x∂uε

∂x ‖L2(0,T ;V ),

‖x∂uε

∂x ‖L∞(0,T ;L2(R+)), and thus ‖x2 ∂2uε

∂x2 ‖L2((0,T )×R+) are bounded independently of ε.

Therefore, so is ‖∂uε

∂t ‖L2((0,T )×R+), from (2.10).
Theorem 2.2. With η satisfying Assumption 1, problem (2.8) has a unique

solution u which belongs to C0([0, T ] × [0,+∞)) with u(t, 0) = K, for all t ∈ [0, T ],
and is such that x∂u

∂x ,
∂u
∂x ∈ L2(0, T ;V ), ∂u

∂x and x∂u
∂x belong to C0([0, T ];L2(R+)),

and ∂u
∂t ∈ L2((0, T ) × R+). The function u is also greater than ue, the price of the

European put, solution to (2.3).
The quantities ‖u‖L2(0,T ;V ), ‖u‖L∞(0,T ;L2(R+)), ‖x∂u

∂x‖L2(0,T ;V ), ‖∂u
∂x‖L2(0,T ;V ),

‖x∂u
∂x‖L∞(0,T ;L2(R+)), ‖∂u

∂x‖L∞(0,T ;L2(R+)), and ‖∂u
∂t ‖L2((0,T )×R+) are bounded indepen-

dently of η in the class defined in Assumption 1.
We have that

−1 ≤ ∂u

∂x
≤ 0 ∀t ∈ (0, T ], a.e. x > 0.(2.21)

Proof. The proof consists of passing to the limit in (2.10) as ε → 0 and proving
that the solution to (2.8) is unique. We skip it since it is rather classical: it can
be found in [19]. The entire sequence uε converges weakly to u in L2(0, T, V ). All
the bounds on uε hold for u and they are independent of η in the class defined by
Assumption 1. The bounds (2.21) are obtained by passing to the limit in (2.12). From
the fact that ∂u

∂t + A(t)u ∈ L2((0, T ) × R+), we deduce that, for w = x∂u
∂x ,

∂w

∂t
− ∂

∂x

(
ηx2

2

∂w

∂x

)
+ (η − r)x

∂w

∂x
+

(
r +

x

2

∂η

∂x

)
w ∈ L2(0, T ;V ′),

and w(t = 0) ∈ L2(R+). So from classical results on linear parabolic equations [27],
we know that w = x∂u

∂x ∈ C0([0, T ];L2(R+)). This implies that the function xu is
continuous in [0, T ]× [0,+∞) and the bounds K−x ≤ u(t, x) ≤ K hold pointwise for
x > 0, so we have u(t, x = 0) = K and u is continuous in [0, T ] × [0,+∞). Therefore
the region where u = u◦ is a closed subset of [0, T ] × [0,+∞).
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Proposition 2.3. For any t ≥ 0 and any x ∈ [0,+∞),

uε(t, x) − ε ≤ u(t, x) ≤ uε(t, x),(2.22)

and uε converges to u in C0([0, T ] × [0,+∞)).
Proof. Let ε′ < ε be two positive numbers, and consider uε and uε′ the two

solutions to (2.10) corresponding to ε and ε′. Calling eε,ε′ = uε′ − uε,

∂eε,ε′

∂t
+ A(t)eε,ε′ − rK1x<K(Vε′(uε′ − u◦) − Vε′(uε − u◦))

= − rK1x<K(Vε(uε − u◦) − Vε′(uε − u◦)) ≤ 0.

Thanks to the nonincreasing character of Vε′ , we can use the weak maximum principle
and prove that eε,ε′ ≤ 0, a.e. Then passing to the limit as ε′ → 0 (for a converging
subsequence), we deduce that u ≤ uε.

Calling vε the function u + ε, we have that vε(t = 0) = u◦ + ε ≥ uε and, with
µ = ∂u

∂t + A(t)u, that

∂vε
∂t

+ A(t)vε − rK1x<KVε(vε − u◦) = rε + µ ≥ 0,

because Vε(vε−u◦) = 0. The maximum principle shows that vε ≥ uε. We have proved
(2.22) and therefore the convergence of uε to u in C0([0, T ] × [0,+∞)).

Lemma 2.4. Let u be the solution to (2.8). There exists a function γ : (0, T ] →
[0,K), such that for all t ∈ (0, T ), {x s.t. u(t, x) = u◦(x)} = [0, γ(t)].

Calling

µ =
∂u

∂t
+ A(t)u,(2.23)

we have a.e.

0 ≤ µ ≤ rK1{u=u◦} = rK1{x≤γ(t)}.(2.24)

Proof. The function x∂u
∂x belongs to C0([0, T ];L2(R+)), and, for any t, we have

that x∂u
∂x (t, x) ≥ −x a.e. in x. Let us prove Lemma 2.4 by contradiction: if the set

{x;u(t, x) = u◦(x)} were not connected, then there would exist an interval where
∂u
∂x (t, x) < −1 a.e., but this contradicts the bound on x∂u

∂x (t, ·).
On the other hand, we know that u(t, 0) = K = u◦(0).
This proves that at each time t, the set where u(t, x) coincides with u◦ is an

interval [0, γ(t)]. Note that γ(t) ≤ K for t > 0 because u(t,K) ≥ ue(t,K) > 0 =
u◦(K).

With µ ∈ L2((0, T ) × R+) given by (2.23), we have µ = 0 a.e. in the open region
where u > u◦ and µ = rK in the interior of the region where u = u◦. Now, µ is the
weak limit of rK1x<KVε(uε − u◦) in L2((0, T ) × R+). From (2.22), we deduce that
rK1x<KVε(uε − u◦) ≤ rK1x<KVε(u − u◦), and 1x<KVε(u − u◦) converges pointwise
to 1{u=u◦}. Therefore, µ ≤ rK1{u=u◦}.

The free boundary {x = γ(t), t ∈ (0, T )} is called the exercise boundary.
Remark 2. Consider a sequence of penalty parameters (εn)n∈N with εn → 0 as

n → +∞, a function η, and a sequence of functions (ηn)n∈N in the class defined by
Assumption 1 such that ‖ηn − η‖L∞((0,T )×R+) → 0 as n → +∞. Then it can be
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proved (the proof is exactly the same as that of Theorem 2.2) that the solution un of
the problem

∂un

∂t
− ηnx

2

2

∂2un

∂x2
− rx

∂un

∂x
+ run − rK1{x<K}Vεn(un − u◦) = 0,

{
t ∈ (0, T ],
x > 0,

un(t = 0, x) = u◦(x)

converges weakly in L2(0, T ;V ) to the solution u of (2.1), and that ∂un

∂x (resp., x∂un

∂x )

converges weakly to ∂u
∂x (resp., x∂u

∂x ) in L2(0, T ;V ). We also have that ∂un

∂t converges

weakly to ∂u
∂t in L2((0, T ) × R+).

Lemma 2.5. There exists a real number qmax > 2 such that, for any real q,
2 ≤ q < qmax, and for any interval (x1, x2), 0 < x1 < x2 < +∞, there exists a
constant C independent of η in the class defined by Assumption 1 such that∥∥∥∥∂u∂t

∥∥∥∥
Lq((0,T )×(x1,x2))

+

∥∥∥∥∂2u

∂x2

∥∥∥∥
Lq((0,T )×(x1,x2))

≤ C.(2.25)

Proof (sketch of the proof). There exists qmax > 2 such that, for any real q,

2 ≤ q < qmax, u(t = 0) ∈ W 2− 2
q ,q(R+). Moreover, from (2.24), the left-hand side of

(2.23) belongs to L∞((0, T ) × R+). Then the result follows by applying locally [20,
Theorem 9.1, page 340].

3. The free boundary. With stronger assumptions on η, we can prove some
additional regularity, thanks to the convexity of the penalty function Vε.

Assumption 2. We assume for the constant M introduced in Assumption 1 that
we also have ∣∣∣∣x2 ∂

2η

∂x2

∣∣∣∣ +

∣∣∣∣∂η∂t
∣∣∣∣ +

∣∣∣∣x ∂2η

∂x∂t

∣∣∣∣ ≤ M a.e. in (0, T ) × R+.

Lemma 3.1. Under Assumptions 1 and 2 (in fact it is enough to assume that

|x2 ∂2η
∂x2 | ≤ M for a given constant M), the solution of (2.8) satisfies ∂2u

∂x2 ≥ 0 a.e.

Proof. Calling uε the solution to (2.10) and zε = ∂uε

∂x , we recall that zε = z̃ε + ẑε,
where limε→0 ‖ẑε‖L2(0,T ;V ) = 0 and where z̃ε satisfies (2.18). We derive (2.18) with

respect to x. Setting yε = ∂z̃ε
∂x , we have yε(t = 0, x) = δx=K , and for t ∈ (0, T ] and

x > 0,

∂yε
∂t

− ∂2

∂x2

(
ηx2

2
yε

)
− ∂

∂x
(rxyε) − rK1{x<K}V ′

ε(uε − u◦)yε

= rK1{x<K}V ′′
ε (uε − u◦)(z̃ε + 1)2 − rKV ′

ε(uε − u◦)(z̃ε + 1)δx=K .

(3.1)

From Assumptions 1 and 2, the monotonicity and the convexity of Vε, and the
fact that z̃ε + 1 ≥ 0, we obtain that yε ≥ 0. On the other hand, we know that x2yε
converges weakly to x2 ∂2u

∂x2 in L2((0, T )×R+). By passing to the limit, we obtain that
∂2u
∂x2 ≥ 0 in the sense of distributions and a.e. since x2 ∂2u

∂x2 ∈ L2((0, T ) × R+).
Lemma 3.2. Under Assumptions 1 and 2, there exists a constant C1 such that

the solution u to (2.8) satisfies, for any τ , 0 < τ ≤ T , ‖∂u
∂t ‖L∞([τ,T ];L2(R+)) ≤ C1√

τ
and

‖∂u
∂t ‖L2([τ,T ];V ) ≤ C1√

τ
.
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Proof. By calling yε the time derivative of uε and deriving (2.10) with respect to
t, we obtain that

∂yε
∂t

− ηx2

2

∂2yε
∂x2

− rx
∂yε
∂x

+ ryε − rK1{x<K}V ′
ε(uε − u◦)yε =

x2

2

∂η

∂t

∂2uε

∂x2
.(3.2)

We can check that there exists a constant C independent of ε such that, for all
τ > s > 0, ∫

R+

yε(τ, x)2dx +

∫ τ

s

‖yε(t)‖2
V dt ≤ C

(∫
R+

yε(s, x)2dx + 1

)
(3.3)

because ‖∂η
∂t ‖L∞ ≤ M , x2 ∂2uε

∂x2 is bounded independently of ε, and V ′
ε ≤ 0. Inte-

grating with respect to s between 0 and τ , and using the fact that ‖yε‖L2((0,T )×R+)

is bounded independently of ε leads to
∫

R+
yε(τ, x)2dx ≤ C

τ , and using again (3.3),∫ T

s
‖yε(t)‖2

V dt ≤ C
s . The same estimates hold for ∂u

∂t , by passing to the limit.
We can also prove that γ is bounded from below by a positive constant depending

only on η̄. For that, we use a preliminary lemma.
Lemma 3.3. For two positive constants η̃ and K, call Ãt the operator Ãtv =

− η̃x2

2
∂2v
∂x2 − rx ∂v

∂x + rv, and let uη̃,K be the solution of

∂ũη̃,K

∂t
+ Ãtu

η̃,K ≥ 0, ũη̃,K(t, x) ≥ (K − x)+, t ∈ (0, T ], x > 0,

(∂ũ
η̃,K

∂t + Ãtu
η̃,K)(ũη̃,K − (K − x)+) = 0, t ∈ (0, T ], x > 0,

ũη̃,K(t = 0, x) = (K − x)+.

(3.4)

The function ũη̃,K is a nondecreasing function of time and satisfies ∂2ũη̃,K

∂x2 ≥ 0. The
function γ̃ : [0, T ] 
→ [0,K] such that {x > 0 : ũη̃,K(t, x) = (K − x)+} = [0, γ̃] is
nonincreasing and continuous and

∂ũη̃,K

∂t
+ Ãtu

η̃,K = rK1{ũη̃,K=(K−x)+}.(3.5)

Proof. Since the coefficient η̃ is constant, we know that ∂2ũη̃,K

∂x2 ≥ 0 (from Lemma
3.1). We can also prove that ũη̃,K is a nondecreasing function of time (one checks
first the property on the corresponding penalized problem (analogue to (2.10)) and
then passes to the limit). Then, obviously, γ̃ is a nonincreasing function of time.
Also, as proved in [19, page 288], γ̃ is continuous. This implies that the boundary of
the set {t > 0, 0 ≤ x ≤ γ(t)} is the graph of γ̃. In other words, the set ∂{ũη̃,K =
(K − x)+} ∩ {t > 0} is the graph of γ̃ so it is measurable and has zero measure.

Therefore, ∂ũη̃,K

∂t + Ãtũ
η̃,K = rK1x≤γ̃(t) in L2((0, T ) × R+).

Theorem 3.4. Under Assumption 1, there exists γ0 > 0 depending only on η̄
such that

γ(t) ≥ γ0 ∀t ∈ [0, T ].(3.6)

Proof. Let ũ = ũη̄,K as defined in Lemma 3.3. We have u ≤ ũ. Indeed, calling
e = ũ− u,

∂e

∂t
− η(t, x)x2

2

∂2e

∂x2
− rx

∂e

∂x
+ re− rK

(
1{ũ≤u◦} − 1{u≤u◦}

)
=

(
x2

2
(η̄ − η)

∂2ũ

∂x2

)
+ (rK(1u≤u◦) − µ) .
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The two terms in the right-hand side are nonnegative, thanks to Lemma 3.1 and to
(2.24). Therefore, a weak maximum principle can be applied, thanks to the mono-
tonicity of z 
→ 1{z≤u◦(x)}, and we see that e− = 0 (everywhere since u and ũ are
continuous).

Since u ≤ ũ, we know that γ̃ ≤ γ. Therefore, if there exists t0 < T such that
γ(t0) = 0, then γ̃(t0) = 0 and γ̃(t) = 0, for t ≥ t0, because γ̃ is nonincreasing
from Lemma 3.3. It follows that ũ solves the Black–Scholes equation for t > t0, i.e.,
∂ũ
∂t − η̄x2

2
∂2ũ
∂x2 − rx∂ũ

∂x + rũ = 0 and ũ(t0) ≤ K: the maximum principle indicates that

ũ(t) ≤ Ke−r(t−t0) for t > t0. This is in contradiction to the fact that ũ ≥ u◦. The
assertion γ(T ) = 0 is also impossible, because we can always look for ũ in a larger
time interval. Since γ̃ is continuous on [0, T ], there exists γ0 > 0 such that (3.6) is
satisfied.

The next results deal with the regularity of the function γ.
Lemma 3.5. Under Assumption 1, the function γ defined in Lemma 2.4 is such

that for all t > 0, lim supτ→t γ(τ) ≤ γ(t); i.e., γ is upper semicontinuous.
Proof. The intersection of the epigraph of t 
→ −γ(t) with [0, T ]×R− is the region

{(t, x) ∈ [0, T ] × R−; u(t,−x) = u◦(−x)}. From the continuity of u, this region is
closed. This and Theorem 3.4 imply that γ is upper semicontinuous.

Lemma 3.6. Under Assumption 1, the function γ defined in Lemma 2.4 is such
that for all t > 0,

lim inf
τ→t+

γ(τ) = γ(t), and lim inf
τ→t−

γ(τ) = lim sup
τ→t−

γ(τ) ≤ γ(t).

Proof. The idea is to compare u for τ > t with K − γ(t) + ũ, where ũ(τ, x) =
ũη̄,γ(t)(τ − t, x) and ũη̄,γ(t) is defined in Lemma 3.3. We have from Lemma 3.3 that
∂ũ
∂τ − η̄ x2

2
∂2ũ
∂x2 − rx∂ũ

∂x + rũ = rγ(t)1{ũ(τ,x)=(γ(t)−x)+}. Therefore,

∂ũ

∂τ
− ηx2

2

∂2ũ

∂x2
− rx

∂ũ

∂x
+ rũ

= (η̄ − η)
x2

2

∂2ũ

∂x2
+ rγ(t)1{K−γ(t)+ũ=K−γ(t)+(γ(t)−x)+},

(3.7)

which implies that the error e = K − γ(t) + ũ− u satisfies

∂e

∂τ
− η

x2

2

∂2e

∂x2
− rx

∂e

∂x
+ re− rK(1{u+e≤u◦} − 1{u≤u◦})

= r(K − γ(t))1{u+e>u◦} + (η̄ − η)
x2

2

∂2ũ

∂x2
+ (rK1{u≤u◦} − µ)

+ rγ(t)
(
1{u+e≤K−γ(t)+(γ(t)−x)+} − 1{u+e≤u◦}

)
.

(3.8)

From Lemma 3.3 and η̄ ≥ η, all the terms in the right-hand side of (3.8) are nonneg-
ative, so the maximum principle indicates that 0 ≤ e for τ ≥ t. This implies that
γ̃(τ) ≤ γ(τ) for τ > t.

From γ̃(τ) ≤ γ(τ), we deduce that limτ→t+ γ̃(τ) ≤ lim infτ→t+ γ(τ).
But limτ→t+ γ̃(τ) = γ(t). Therefore lim infτ→t+ γ(τ) ≥ γ(t), and using Lemma

3.5, we obtain that lim infτ→t+ γ(τ) = γ(t). The idea for proving that lim infτ→t− γ(τ) =
lim supτ→t− γ(τ) is somewhat similar: assume that s < lim supτ→t− γ(τ), so there ex-
ists a sequence of times tk smaller than t, converging to t and such that γ(tk) > s.
We construct ũk(τ, x) = K − s + ũη̄,s(τ − tk, x), where ũη̄,s is defined in Lemma
3.3, and we define γ̃k by {x : ũk(τ, x) = K − s + (s − x)+} = [0, γ̃k(τ)]. As above,



1594 YVES ACHDOU

γ̃k is a nonincreasing and continuous function of time. From the continuity of γ̃k,
we deduce that

lim
k→∞

inf
tk≤τ≤t

γ̃k(τ) = s.

The same arguments as above show that for tk ≤ τ ≤ t, ũk(τ, x) ≥ u(τ) and γ(τ) ≥
γ̃k(τ). Therefore lim infτ→t− γ(τ) ≥ limk→∞ inftk≤τ≤t γ̃k(τ) = s, which shows that
lim infτ→t− γ(τ) = lim supτ→t− γ(τ).

Remark 3. Lemmas 3.5 and 3.6 indicate that under Assumption 1, the function
γ is right continuous in [0, T ) and, for each t ∈ (0, T ], γ has a left-limit at t. As a
consequence, we have the following theorem.

Theorem 3.7. For η satisfying Assumption 1, the function µ = ∂u
∂t + Atu is

µ = rK1{u=u◦} = rK1{x≤γ(t)}.(3.9)

In other words, a.e. one of the two conditions u = u◦ and µ = 0 is not satisfied: we
see that there is strict complementarity in (2.1).

Proof. For any time t, both limτ<t γ(τ) and limτ>t γ(τ) exist. Therefore, the
function γ is the uniform limit of a sequence of piecewise constant functions γk (i.e.,
γk is constant on a finite number of intervals). Thus, calling J (resp., Jk) the set
of points where γ (resp., γk) jumps, we have J ⊂ ∪k∈NJk because of the uniform
convergence and Jk is finite. Thus the set J is countable.

Consider now the boundary Γ of the set {u = u◦} = {x ≤ γ(t), t ∈ [0, T ]}: we
have

Γ = (Γ ∩ {(x, t), t ∈ [0, T ]\J }) ∪ (Γ ∩ {(x, t), t ∈ J }) .

The second set is negligible, since J is countable. For the first set, we have

Γ ∩ {(x, t), t ∈ [0, T ]\J } = {(γ(t), t), t ∈ [0, T ]\J },

so it is also negligible.
Therefore, Γ is negligible, and the set {u = u◦} has the same measure as its

interior, on which µ = rK. This proves (3.9).
Proposition 3.8. Under Assumption 1, and with µ defined in (2.23), the se-

quence

µε = rK1x<KVε(uε − u◦), with uε solution to (2.10),

converges to µ in Lp((0, T ) × R+) as ε → 0, for any real number p ≥ 1.
Proof. We know that the functions µε satisfy 0 ≤ µε ≤ rK and are supported in

[0, T ] × [0,K]. We also know that the sequence µε converges weakly to µ in L2. But
µ takes only the two values 0 and rK. This implies easily that µε → µ in L1, and in
every Lp((0, T ) × R+), 1 ≤ p < +∞, because ‖µε‖L∞ ≤ rK and ‖µ‖L∞ ≤ rK and
the functions are supported in [0, T ] × [0,K].

Proposition 3.9. Under Assumption 1, the sequence x∂uε

∂x (uε solution to (2.10))

converges to x∂u
∂x in C0([0, T ], L2(R+)).

Proof. Calling wε = x∂uε

∂x , we have

∂wε

∂t
− ∂

∂x

(
ηx2

2

∂wε

∂x

)
+ (η − r)x

∂wε

∂x
+

(
r +

x

2

∂η

∂x

)
wε = x

∂µε

∂x
,

and wε(t = 0) = x∂u◦
∂x ∈ L2(R+). From Proposition 3.8, x∂µε

∂x converges to x∂µ
∂x

strongly in L2(0, T ;V ′). This implies that wε → w in C0([0, T ], L2(R+)), where
w = x∂u

∂x .
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It is possible to prove that the function γ is continuous, under stronger assump-
tions on η as follows.

Lemma 3.10. Under Assumptions 1 and 2, the function γ defined in Lemma 2.4
is such that limτ→t− γ(τ) = γ(t).

Proof. Assume that s = limτ→t− γ(τ) < γ(t). Then there exists a positive
number ε such that u(τ, x) > u◦(x) in the region Q = [t − ε, t) × (s̃, γ(t)), where
s̃ = maxt−ε≤τ<t γ(τ) = γ(τ̃) (this maximum is attained at t− ε ≤ τ̃ < t because γ is
upper semicontinuous). In this region, the function satisfies the parabolic PDE

∂u

∂t
+ A(t)u = 0,(3.10)

and u is a regular function. Therefore, we can derive the equation twice with respect

to x and we obtain that y = ∂2u
∂x2 satisfies

∂y

∂t
− ηx2

2

∂2y

∂x2
+

(
2xη + x2 ∂η

∂x
− rx

)
∂y

∂x
−
(
r +

x2

2

∂2η

∂x2
+ 2x

∂η

∂x
+ η

)
y = 0.

(3.11)

We have that y ≥ 0 on the parabolic boundary of Q, whereas y = 0 on τ = t. The
strong maximum principle [30] implies that y = 0 in Q, so u(τ, ·) is an affine function
in Q with respect to the variable x. We can look for u(τ, x) as u(τ, x) = a(τ)x+β(τ).
Plugging this into (3.10), we obtain easily that a(τ) = −1 and b(τ) = Ker(t−τ). This
means that u(τ̃ , s̃) = Ker(t−τ̃) − s̃, so u jumps across the graph of γ, which is in
contradiction with the continuity of u.

From Lemmas 3.5, 3.6, and 3.10, we have proved the following theorem.
Theorem 3.11. Under Assumptions 1 and 2, the function γ defined in Lemma

2.4 is continuous. The function µ defined by (2.23) belongs to C0([0, T ];Lp((0, T ) ×
R+)), 1 ≤ p < +∞, and ∂u

∂t ∈ C0([0, T ];V ′). We define by Γ the free boundary

Γ = {(t, γ(t)), 0 < t ≤ T}(3.12)

and by Ω+ the set

Ω+ = {(t, x), x > γ(t), 0 < t ≤ T} = {(t, x) ∈ (0, T ] × R+, u(t, x) > u◦(x)}.(3.13)

Remark 4. It is possible, by extending the results of Lamberton [24], to prove
that the function γ − K is more singular than

√
t as t tends to 0. Therefore, the

function γ is not Lipschitz continuous in [0, T ]. However, depending on η, γ may
be Lipschitz continuous in [t, T ], for all t > 0. In particular, if η is a nondecreasing
function of time, it is possible to prove such a regularity by adapting the proofs in
[19] for the Stefan problem. Under some additional regularity assumptions on Γ and

u, it is possible to prove that ∂2u
∂x2 stays bounded away from zero in Ω+

t ∩ {x < K},
for t > 0.

Proposition 3.12. Assume that the solution u of (2.1) is such that for all times
t, 0 < t ≤ T ,

• γ|[t,T ] is a Lipschitz function;

• ∂u
∂t ∈ H1(Ω+

t ), where Ω+
t is the region Ω+

t = {u(τ, x) > u0, τ ≥ t}.
In this case, for t, 0 < t < T , there exists a positive constant mt > 0 such that
∂2u
∂x2 ≥ mt in the region Ω+

t ∩ {x < K}.
Proof. We take t > 0 and we call Γt = Γ ∩ {τ > t} . We know from Theorem 2.2

and Lemma 3.2 that x∂u
∂x ∈ H1((t, T )×R+), and from Theorem 3.4 that ∂u

∂x does not

jump across Γt, so ∂u
∂x |Γt

= −1.
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The assumptions also ensure that ∂u
∂t |Ω+

t
has a trace on Γt. From the fact that

u(τ, γ(τ)) = K − γ(τ) and the Lipschitz regularity of γ, we obtain that

∂u

∂t
(τ, γ(τ)) +

∂u

∂x
(τ, γ(τ))

dγ

dt
(τ) = −dγ

dt
(τ) a.e. τ > t,

which yields ∂u
∂t |Γt

= 0. From these results and the PDE satisfied by u in the region

Ω+
t , we obtain that the trace of ηx2 ∂2u

∂x2 )|Ω+
t

on Γt is rK.

The function y = ∂2u
∂x2 satisfies the parabolic PDE (3.11) in Ω+. The coefficients

of the PDE are bounded thanks to Assumptions 1 and 2, and the operator −ηx2

2
∂2y
∂x2

is uniformly elliptic in Ω+
t thanks to Assumption 1 and Theorem 3.4. We also know

from Lemma 3.1 that y ≥ 0. So it is possible to use the strong maximum principle
for y in Ω+

t (see [30, page 168]): if there exists a point (t1, ξ) ∈ Ω+ such that y = 0,
then for all t, 0 < t ≤ t1, y = 0 in Ω+

t ∩ {τ ≤ t1}. But this is in contradiction with
the fact that y|Γt

= rK. Therefore, for t > 0, the infimum of y in Ω+
t ∩ {x ≤ K} is

positive.

4. Sensitivity analysis. Here, we aim at understanding the sensitivity of u with
respect to variations of η. For η satisfying Assumption 1, we call u(η) the solution to
problem (2.8), with A = Aη given by (2.5).

Proposition 4.1. There exists a positive constant C such that, for η and η′

satisfying Assumption 1,

‖u(η) − u(η′)‖L2(0,T ;V ) + ‖u(η) − u(η′)‖L∞(0,T ;L2(R+)) ≤ C‖η − η′‖L∞((0,T )×R+)

(4.1)

and

∫ T

0

∫ K

0

1{u(η)=u◦}(u(η′) − u◦) + 1{u(η′)=u◦}(u(η) − u◦)dtdx ≤ C‖η − η′‖2
L∞((0,T )×R+).

(4.2)

Proof. For all v ∈ L2(0, T, V ),〈
∂u(η)

∂t
+ Aη(t)u(η), v

〉
= rK〈1{u(η)=u◦}, v〉,〈

∂u(η′)

∂t
+ Aη′(t)u(η′), v

〉
= rK〈1{u(η′)=u◦}, v〉.

Calling δu = u(η) − u(η′), we subtract the two equations above and take δu e−2αt as
a test function, where α is the constant appearing in (2.6):〈

∂δu

∂t
+ Aη(t)δu, δue

−2αt

〉
+ rK

∫ T

0

∫ K

0

(
1{u(η)=u◦}(u(η′) − u◦) + 1{u(η′)=u◦}(u(η) − u◦)

)
e−2αtdtdx

=

∫ T

0

〈(Aη′(t) −Aη(t))u(η′), δue−2αt〉dt.

(4.3)
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This implies that, for all t ∈ [0, T ],

1

2
‖δu(t)e−αt‖2

L2(R+) +

∫ T

0

〈Aη(s)δu, δu〉e−2αsds + α‖δue−αt‖2
L2((0,T )×R+)

+ rK

∫ T

0

∫ K

0

(
1{u(η)=u◦}(u(η′) − u◦) + 1{u(η′)=u◦}(u(η) − u◦)

)
e−2αsdsdx

≤
∫ T

0

〈(Aη′(s) −Aη(s))u(η′), δue−2αs〉ds

(4.4)

because δu(t = 0) = 0. From the G̊arding inequality (2.6), we deduce from (4.4) that
for all t ∈ (0, T ],

1

2
‖δu(t)‖2

L2(R+) +
1

4
η‖δu‖2

L2(0,T ;V )

+ rK

∫ T

0

∫ K

0

(
1{u(η)=u◦}(u(η′) − g) + 1{u(η′)=u◦}(u(η) − u◦)

)
dsdx

≤ e2αT

∫ T

0

〈(Aη′(s) −Aη(s))u(η′), δue−2αs〉ds.

(4.5)

But ∫ T

0

∣∣〈(Aη′(s) −Aη(s))u(η′), δue−2αs〉
∣∣ ds

≤ ‖η − η′‖L∞((0,T )×R+)

∥∥∥∥x2 ∂
2u(η′)

∂x2

∥∥∥∥
L2((0,T )×R+)

‖δu‖L2((0,T )×R+).
(4.6)

Note also that∫ T

0

∫ K

0

(
1{u(η)=u◦}(u(η′) − u◦) + 1{u(η′)=u◦}(u(η) − u◦)

)
dsdx ≥ 0.(4.7)

The bound (4.1) follows from (4.5), (4.7), and (4.6). The bound (4.2) follows from
(4.5), (4.1), and (4.6).

Proposition 4.2. Let η and (ηk)k∈N be, respectively, a function and a sequence
of functions satisfying Assumption 1, such that

lim
k→+∞

‖ηk − η‖L∞((0,T )×R+) = 0.(4.8)

Then 1{u(ηk)=u◦} tends to 1{u(η)=u◦} strongly in Lp((0, T ) × R+), 1 ≤ p < +∞.
Proof. From Proposition 4.1, we know that the sequence u(ηk) converges to u(η)

in L2(0, T ;V ) and in L∞(0, T ;L2(R+)). Moreover, we know from Theorem 2.2 that

the quantities ‖(x + 1)∂u(ηk)
∂x ‖L2(0,T ;V ), ‖x∂u(ηk)

∂x ‖L∞(0,T ;L2(R+)), ‖∂u(ηk)
∂t ‖L2((0,T )×R+)

are bounded independently of η. Therefore, u(ηk) tends to u(η) in L2(0, T ;V ) and

in L∞(0, T ;L2(R+)) strongly, ∂u(ηk)
∂t tends weakly to ∂u(η)

∂t in L2((0, T ) × R+), and

x2 ∂2u(ηk)
∂x2 tends weakly to x2 ∂2u(η)

∂x2 in L2((0, T )×R+). This implies that µ(ηk) tends
weakly to µ(η) in L2((0, T )×R+), and in every Lp((0, T )×R+), 1 ≤ p < ∞, because
µ(ηk) = rK1{u(ηk)=u◦} is bounded and has a limited support. Thus the sequence
1{u(ηk)=u◦} converges weakly in Lp((0, T ) × R+), 1 ≤ p < +∞, to a function which
can take only two values, 0 and 1, and which has a bounded support. Hence, the
convergence must be strong.
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Proposition 4.3. Let η and (ηk)k∈N be, respectively, a function and a sequence
of functions satisfying Assumption 1, such that limk→+∞ ‖ηk − η‖L∞((0,T )×R+) = 0.
Then for any interval [x1, x2], 0 < x1 < x2 < +∞,

lim
k→+∞

‖u(ηk) − u(η)‖L∞((0,T )×(x1,x2)) = 0.(4.9)

Proof. Noting δu = u(η) − u(ηk), we have that

∂δu

∂t
+ Aη(t)δu = −(η − ηk)

x2

2

∂2u(ηk)

∂x2
+ rK(1{u(η)=u◦} − 1{u(ηk)=u◦}).

But from Lemma 2.5, for any compact ω strictly contained in R+, there exist a real
number q > 2 and a constant C independent of ηk such that∥∥∥∥∂2u(ηk)

∂x2

∥∥∥∥
Lq((0,T )×ω)

≤ C.

Therefore, ∥∥∥∥(η − ηk)
x2

2

∂2u(ηk)

∂x2

∥∥∥∥
Lq((0,T )×ω)

→ 0.

From this and (4.8), and by applying locally [20, Theorem 9.1, page 340], we obtain
that

lim
k→∞

∥∥∥∥∂δu∂t
∥∥∥∥
Lq((0,T ))×(x1,x2)

+

∥∥∥∥∂δu∂x

∥∥∥∥
Lq((0,T ))×(x1,x2)

+

∥∥∥∥∂2δu

∂x2

∥∥∥∥
Lq((0,T ))×(x1,x2)

= 0,

which implies (4.9) by Sobolev injections.
Under additional regularity assumptions on Γ and u, it is possible to find estimates

on the variation of Γ as follows.
Proposition 4.4. Let η and η′ satisfy Assumptions 1 and 2.
Assume that the solution u(η) of (2.1) is such that, for all times t, 0 < t ≤ T ,
• γ(η)|[t,T ] is a Lipschitz function;

• ∂u(η)
∂t ∈ H1(Ω+

t ), where Ω+
t is the region Ω+

t = {u(τ, x) > u0, τ ≥ t}.
In this case, for t, 0 < t ≤ T , there exists a positive constant ct > 0 such that

‖(γ(η′) − γ(η))+‖3
L3(t,T ) ≤ ct‖η − η′‖2

L∞((0,T )×R+).(4.10)

Proof. We know from (4.2) that
∫ T

0

∫K

0
1{u(η′)=u◦}(u(η) − u◦)dtdx ≤ C‖η −

η′‖2
L∞((0,T )×R+). But∫ T

t

∫ K

0

1{u(η′)=u◦}(u(η) − u◦)dτdx

=

∫ T

t

1{γ(η′)>γ(η)}dτ

∫ γ(η′)(τ)

γ(η)(τ)

dx

∫ x

γ(η)(τ)

dy

∫ y

γ(η)(τ)

∂2u

∂x2
(τ, s)ds.

From Proposition 3.12, there exists a positive constant mt > 0 such that ∂2u
∂x2 ≥ mt in

the region (t, T ] × [0,K] ∩ {(τ, x) : u(τ, x) > u0}. Therefore,∫ T

t

∫ K

0

1{u(η′)=u◦}(u(η) − u◦)dτdx ≥ mt

6

∫ T

t

(
(γ(η′)(τ) − γ(η)(τ))+

)3
dτ,

which proves the desired result.
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Remark 5. We believe that the estimate

‖(γ(η′) − γ(η))+‖3
L3(0,T ) ≤ c‖η − η′‖2

L∞((0,T )×R+)

is true.

5. A first least square problem.

5.1. Description of the problem. Let X be the space

X =

{
η ∈ L2(R+); (x + 1)

∂η

∂x
∈ L2(R+)

}
.(5.1)

We can easily check the Sobolev type embedding X ⊂ L∞(R+) ∩ C0(R+) with con-
tinuous injection. This comes from the facts that H1(I) ⊂ C0(I) for any compact
interval and that xη(x) =

∫ x

0
s∂η
∂x (s)ds−

∫ x

0
η(s)ds, and the Cauchy–Schwarz inequal-

ity yields that for all x > 0, |η(x)|2 ≤ 2
x

∫ x

0

(
|s∂η

∂x (s)|2 + η2(s)
)
ds. In fact, from this

inequality, we deduce that the embedding X ⊂ L∞(R+) is also compact, because it is
possible to approximate a function η ∈ X by means of a piecewise constant function
ηN , with

• ηN (x) = 0 for x ≥ N ,

• ηN (x) = 1
N

∫ i+ j+1
N

i+ j
N

η(s)ds for i + j
N ≤ x < i + j+1

N , 0 ≤ i, j ≤ N − 1,

and prove that there exists a positive constant C such that

‖η − ηN‖L∞(R+) ≤
C√
N

‖η‖X .

We denote by Y the space

Y =

{
η : η, x

∂η

∂x
∈ H1(0, T ;X)

}
.(5.2)

We have that Y ⊂ {η : η, x∂η
∂x ∈ L∞((0, T )×R+)}. We call H the set of the functions

η ∈ Y satisfying Assumption 1. The set H is a closed and convex subset of Y ,
compactly embedded in L∞((0, T );W 1,∞(R+)).

Let JR be a Fréchet differentiable, coercive and convex functional on Y , and let
J be a Fréchet differentiable functional defined on L2(0, T ;V ).

Remark 6. The discussion below may be generalized to functionals J defined on
C0((0, T ) × R+). We are interested in the following minimizing problem:

min
η∈H
u satisfies (2.1)

(J(u) + JR(η)) .(5.3)

For simplifying the discussion below, we make some assumptions on J , but general-
izations are possible.

Assumption 3. We assume that J(u) has the form

J(u) =

∫ t2

t1

∫ x2

x1

(u(t, x) − ug(t, x))2dtdx,(5.4)

where 0 ≤ t1 < t2 ≤ T and 0 ≤ x1 < x2 < ∞ and ug ∈ L2((0, T )×R+)∩L∞((0, T )×
R+). With this special choice,

DJ(u) = 2(u− ug)1(t1,t2)×(x1,x2).(5.5)
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By using the results of the previous sections, it is fairly easy to prove that (5.3) has
solutions.

It is also possible to consider the optimization problem for the penalized problem

min
η∈H
u satisfies (2.10)

(J(uε) + JR(η)) .(5.6)

Again, one may prove that this problem has solutions and the following result.

Lemma 5.1. Let (εn)n be a sequence of penalty parameters such that εn → 0 as
n → ∞, and let η∗εn , u

∗
εn be a solution of the problem (5.6). Consider a subsequence

such that η∗εn → η∗ weakly in Y and strongly in L∞(0, T,W 1,∞(R+)), and u∗
εn → u∗

weakly in L2(0, T ;V ). Then η∗, u∗ is a solution to (5.3) and we have for any x1, x2,
0 < x1 < x2 < +∞,

lim
n→∞

‖u∗
εn − u∗‖L∞((0,T )×(x1,x2)) = 0.(5.7)

Calling µ∗ = rK1{u∗=u◦},

lim
n→∞

‖rK1{x<K}Vε∗n(u∗
εn − u◦) − µ∗‖Lp((0,T )×R+) = 0 ∀p, 1 ≤ p < +∞.(5.8)

Finally,

lim
n→∞

∥∥∥∥x∂u∗
εn

∂x
− x

∂u∗

∂x

∥∥∥∥
L∞(0,T ;L2(R+))

= 0.(5.9)

Proof. The proof that u∗ satisfies (2.1) with η = η∗ follows the same lines as that
of Theorem 2.2, because η∗εn → η∗ strongly in L∞; see Remark 2. The convergence of
η∗εn and of u∗

εn imply that J(u∗
εn) → J(u∗) and that JR(η∗) ≤ lim infn→∞ JR(η∗εn).

We have that

J(u∗
εn) + JR(η∗εn) ≤ J(uεn(η)) + JR(η) ∀η ∈ H,

which yields by passing to the limit

J(u∗) + JR(η∗) ≤ J(u(η)) + JR(η) ∀η ∈ H.

In order to prove (5.7), we notice that u(η∗εn) ≤ u∗
εn ≤ u(η∗εn)+εn from Proposition 2.3

and that limn→∞ ‖u(η∗εn)−u∗‖L∞((0,T )×(x1,x2)) = 0 from Proposition 4.3. Combining
these two results yields (5.7).

The proof of (5.8) is exactly the same as for Proposition 3.8. The proof of (5.9)
is exactly the same as for Proposition 3.9.

5.2. First order optimality conditions. It is possible to formulate the varia-
tional inequality (2.1) as the identity ∂u

∂t + A(t)u = µ, with additional constraints on
u and µ: u ≥ u◦, µ ≥ 0 and 〈µ, u− u◦〉 = 0. It is then tempting to use the Lagrange
machinery for the least square problem. However, as observed by Bergounioux and
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Kunisch [5] for optimal control of obstacle problems, it is generally not possible to
find a necessary optimality condition with as many Lagrange multipliers as there are
constraints, because the Lagrange system that one would obtain has no solutions. So
it is not easy to derive suitable optimality conditions from the variational inequality
itself. Instead, we are going to work on the penalized problem (2.10) first, as in [16]
and [15].

It is classical to find the first order conditions for a solution (η∗ε , u
∗
ε ) of (5.6):

• u∗
ε satisfies (2.10) for η = η∗ε ;

• there exists an adjoint state p∗ε ∈ L2(0, T ;V ) ∩ C0((0, T ];L2(R+)) solution of
the problem

∂p∗ε
∂t

+
∂2

∂x2

(
η∗εx

2

2
p∗ε

)
− ∂

∂x
(rxp∗ε ) − rp∗ε

+rK1{x<K}V ′
ε(u

∗
ε − u◦)p

∗
ε

⎫⎪⎬⎪⎭ = −DJ(u∗
ε ),

{
t ∈ [0, T ),
x > 0,

p∗ε (T ) = 0;

(5.10)

• ∀η ∈ H,

〈DJR(η∗ε ), η − η∗ε 〉 +

∫ T

0

∫
R+

x2

2
(η − η∗ε )p

∗
ε

∂2u∗
ε

∂x2
dt dx ≥ 0.(5.11)

We will use the above first order conditions and let ε tend to zero, in order to
obtain first order conditions for problem (5.3). Such a program has already been ap-
plied by Hintermüller [15] and Ito and Künisch [16] for elliptic variational inequalities.
At this point, we should also mention Mignot and Puel [28], who applied an elegant
method for finding optimality conditions for a special control problem for a parabolic
variational inequality.

Before stating the result, we introduce, for a given η satisfying Assumption 1, the
Hilbert spaces

Z̃η =

{
v ∈ L2(0, T ;V );

∂v

∂t
− ηx2

2

∂2v

∂x2
∈ L2((0, T ) × R+)

}
,

Zη =
{
v ∈ Z̃η; v(t = 0) = 0

}
.

(5.12)

It is easy to prove that a function v ∈ Z̃η belongs to H1(0, T ;V ′), so the condition

v(t = 0) = 0 has a meaning and defines a closed subspace of Z̃η.
It can be shown by studying the properties of x ∂v

∂x for v ∈ Zη that

x
∂v

∂x
∈ L2(0, T ;V ) ∩ C0(0, T ;L2(R+)),

which implies that both ∂v
∂t and ηx2

2
∂2v
∂x2 belong to L2((0, T ) × R+), and that v is

continuous in [0, T ]×R+. We have that Zη does not depend on η in the class defined
by Assumption 1, so we call this space Z.

Theorem 5.2. Let εn be a sequence of penalty parameters going to zero, and
let (η∗εn , u

∗
εn) be a sequence of solutions to (5.6) converging to (η∗, u∗) as in Lemma

5.1. There exists a subsequence denoted nk such that p∗εnk
converges weakly to p∗ in
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L2(0, T, V ). Moreover, there exists a Radon measure α∗ such that, in the sense of
distributions,

∂p∗

∂t
+

∂2

∂x2

(
η∗x2

2
p∗
)
− ∂

∂x
(rxp∗) − rp∗ − α∗ = −DJ(u∗)

{
t ∈ (0, T ),
x > 0,

(5.13)

and for all functions v ∈ Z,∫ T

0

∫
R+

(
∂v

∂t
− η∗x2

2

∂2v

∂x2
− rx

∂v

∂x
+ rv

)
p∗ + 〈α∗, v〉 = 〈DJ(u∗), v〉.(5.14)

Furthermore we have

µ∗|p∗| = 0,(5.15)

and, for any x1 > 0 and any function φ ∈ C0([0, T ] × R+) such that φ(t, x) = 0 if
x ≤ x1,

〈α∗, |u∗ − u◦|φ〉 = 0.(5.16)

Finally, for any η ∈ H,

〈DJR(η∗), η − η∗〉 +

∫ T

0

∫
R+

x2

2
(η − η∗)p∗

∂2u∗

∂x2
dt dx ≥ 0.(5.17)

Proof. For simplicity, we drop the index n in εn.
The first thing to do is to obtain estimates on p∗ε : multiplying (5.11) by p∗εe

ζt and
integrating leads to

∫
R+

1

2
(p∗ε (t, x)e

ζ
2 t)2dx +

∫ T

t

∫
R+

η∗εx
2

2

(
∂p∗ε
∂x

)2

eζsdsdx

+

∫ T

t

∫
R+

(
∂

∂x

(
η∗εx

2

2

)
+ rx

)
p∗ε

∂p∗ε
∂x

eζsdsdx

+

(
ζ

2
+ 2r

)∫ T

t

∫
R+

(p∗εe
ζ
2 s)2dsdx− rK

∫ T

t

∫ K

0

V ′
ε(u

∗
ε − u◦)(p

∗
ε )

2eζsdsdx

=

∫ T

t

∫
R+

DJ(u∗
ε )p

∗
εe

ζsdsdx.

(5.18)

Taking ζ large enough, one obtains, thanks to the decreasing character of Vε, that
there exists a positive constant C independent of ε such that ‖p∗ε‖L∞(0,T ;L2(R+)) +
‖p∗ε‖L2(0,T ;V ) ≤ C. Then, for a positive parameter δ, we introduce the nondecreasing
function ρδ : R → R:

ρδ(p) =

∣∣∣∣∣∣
−1 for p ≤ −δ,

p
δ for − δ ≤ p ≤ δ,
1 for p ≥ δ.

(5.19)

We also have the nonnegative function Gδ(p) =
∫ p

0
ρδ(q)dq. For K̄ > K, we also

introduce a smooth cut-off function Φ : R+ → [0, 1], taking the value 1 for x ≤ K̄ and
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0 for x ≥ 2K̄. We multiply (5.18) by ρδ(p
∗
ε )Φ(x) and integrate. We obtain that there

exists a constant CK̄ independent of δ and ε such that∫
R+

∫ T

t

∫
R+

(
η∗εx

2

2
ρ′δ(p

∗
ε )

(
∂p∗ε
∂x

)2

Φ(x) − rKV ′
ε(u

∗
ε − u◦)p

∗
ερδ(p

∗
ε )

)
dsdx

+ Gδ(p
∗
ε (t, x))Φ(x)dx ≤ CK̄ .

One can easily check that all the terms in the left-hand side are nonnegative and that
a.e. p∗ερδ(p

∗
ε ) is an increasing sequence with respect to δ, which converges to |p∗ε |. So

the Beppo Levi theorem tells us that

−rK

∫ T

t

∫ K

0

V ′
ε(u

∗
ε − u◦)p

∗
ερδ(p

∗
ε ) → −rK

∫ T

t

∫ K

0

V ′
ε(u

∗
ε − u◦)|p∗ε | as δ → 0.

Therefore, there exists a positive constant C such that

rK

∫ T

0

∫ K

0

|V ′
ε(u

∗
ε − u◦)p

∗
ε |dtdx ≤ C,(5.20)

and it is possible to extract a subsequence εnk
such that p∗εnk

→ p∗ weakly in

L2(0, T ;V ),

−rK1{x≤K}V ′
εnk

(u∗
εnk

− u◦)p
∗
εnk

→ α∗ weakly∗ in (L∞((0, T ) × R+))∗.

Equation (5.13) is satisfied in the sense of distributions, and (5.14) is obtained by
passing to the limit.

For proving (5.15), we use the convexity of Vε (still dropping the index nk in εnk
):

since Vε(ε) = 0, we have that for all u ∈ [0, ε],

Vε(u) ≤ −V ′
ε(u)(ε− u) ≤ −εV ′

ε(u).

This implies that Vε(u
∗
ε−u◦) ≤ −εV ′

ε(u
∗
ε−u◦) because we also know that Vε(u

∗
ε−u◦) =

0 if u∗
ε − u◦ ≥ ε. Thus, calling µ∗

ε = rK1{x<K}Vε(u
∗
ε − u◦), we have that∫ T

0

∫
R+

µ∗
ε |p∗ε | ≤ −εrK

∫ T

0

∫
R+

V ′
ε(u

∗
ε − u◦)|p∗ε | → 0(5.21)

from (5.20). But we also know that p∗ε → p∗ weakly in L2(0, T ;V ) and that µ∗
ε → µ∗

strongly in L2((0, T ) × R+) from Lemma 5.1. Therefore∫ T

0

∫
R+

µ∗
ε |p∗ε | →

∫ T

0

∫
R+

µ∗|p∗|,

and (5.15) is proved.
Let us call α∗

ε = −rK1{x<K} V ′
ε(u

∗
ε −u◦)p

∗
ε , let x1 < x2 be two positive numbers,

and let φ be a continuous function supported in [0, T ] × [x1,+∞),∫ T

0

∫
R+

|α∗
ε ||(u∗

ε − u◦)φ|

≤rK

(∫ T

0

∫
R+

|V ′
ε(u

∗
ε − u◦)||p∗ε |2

) 1
2
(∫ T

0

∫ K

0

|V ′
ε(u

∗
ε − u◦)||(u∗

ε − u◦)φ|2
) 1

2
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from the Cauchy–Schwarz inequality. But it can be checked that

|V ′
ε(u

∗
ε − u◦)||(u∗

ε − u◦)φ|2 ≤ Cε,

so
∫ T

0

∫K

0
|V ′

ε(u
∗
ε − u◦)||(u∗

ε − u◦)φ|2 ≤ Cε, and from (5.18),∫ T

0

∫ K

0

|V ′
ε(u

∗
ε − u◦)||p∗ε |2 ≤ C.

Therefore,
∫ T

0

∫
R+

α∗
ε |u∗

ε − u◦|φ → 0 as ε → 0. We know that α∗
ε → α∗ weakly∗ in

(L∞)∗ and that |u∗
ε − u◦|φ → |u∗ − u◦|φ in C0([0, T ] × R+) from (5.7). We can pass

to the limit as ε → 0 and (5.16) is proved.
There remains to prove (5.17). For that, we remark that (5.11) is equivalent to,

for all η ∈ H,

JR(η∗ε ) − JR(η) +

∫ T

0

∫
R+

x2

2
(η − η∗ε )

∂p∗ε
∂x

∂u∗
ε

∂x
dt dx

+

∫ T

0

∫
R+

x2

2

∂

∂x
(η − η∗ε )

∂u∗
ε

∂x
p∗ε −

∫ T

0

∫
R+

u∗
ε

∂

∂x
(x(η − η∗ε )p

∗
ε ) ≤ 0,

thanks to the convexity of JR and of H. We can pass to the limit in the first term
thanks to the weak convergence of η∗ε to η∗ in Y and the fact that JR is convex and
continuous, therefore weakly lower semicontinuous in Y . We can pass to the limit in
the other terms from the facts that

• x
∂u∗

ε

∂x → x∂u∗

∂x in L∞(0, T ;L2(R+)),
• η∗ε → η∗ in L∞([0, T ];W 1,∞(R+)),
• p∗ε → p∗ in L2(0, T ;V ) weakly,

and we obtain

JR(η∗) − JR(η) +

∫ T

0

∫
R+

x2

2
(η − η∗)

∂p∗

∂x

∂u∗

∂x
dt dx

+

∫ T

0

∫
R+

x2

2

∂

∂x
(η − η∗)

∂u∗

∂x
p∗ −

∫ T

0

∫
R+

u∗ ∂

∂x
(x(η − η∗)p∗) ≤ 0,

which yields (5.17), since JR is differentiable.
Remark 7. For a given Radon measure α∗, the problem (5.14) has a unique

solution (see the proof of Lemma 6.2 below and also the article by Bergounioux and
Kunisch [4]). Under some assumptions, it is possible to give an interpretation of
the adjoint problem (5.14), (5.15), (5.16): if η∗ satisfies Assumptions 1 and 2, there
exists a free boundary Γ∗ which can be written {x = γ∗(t), 0 < t < T}, where γ∗

is a continuous function from [0, T ] with values in (0,K]. We call Ω+ the domain
Ω+ = {(t, x), 0 ≤ t ≤ T , x > γ∗(t)}.

Equation (5.15) tells us that p∗ = 0 a.e. in the region {x < γ∗(t)}. Equation
(5.16) tells us that α∗ is supported in the region {x ≤ γ∗(t)}. From this, (5.13) tells
us that α∗ can be written

α∗ = α∗
s + DJ(u∗)1{x<γ∗(t)},

where the measure α∗
s is a Radon measure supported by Γ (singular with respect to

the Lebesgue measure).
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5.3. Partial results on differentiability. The aim of this section is to prove
that the functional η 
→ J(u(η)) is Fréchet-differentiable at the points η such that
u(η) and γ(η) are smooth enough, and to compute its differential. For that, we will
define first an adjoint state, which will be given as a solution of a problem close to
(but stronger than) (5.14), (5.15), (5.16). This adjoint state will permit us to build an
ansatz for the differential. To prove that this ansatz is actually the Fréchet differential,
we will make use of the sensitivity results proved in section 4.

The solution of problem (2.1) is singular at t = 0. This causes technical difficulties
when trying to see if J is differentiable. To avoid these difficulties, we modify the
definition of H: we choose a positive time t0, 0 < t0 < T (which can be taken as small
as desired), and η0, a smooth bounded function satisfying assumptions 1 and 2. We
restrict Y to be

Y =

{
η : η, x

∂η

∂x
, x2 ∂

2η

∂x2
,
∂η

∂t
, x

∂2η

∂t∂x
∈ H1(0, T ;X), η|t<t0 = η0

}
.(5.22)

We call H the set of the functions η ∈ Y satisfying Assumptions 1 and 2.
Remark 8. If the inequality stated in Remark 5 were proven, the restriction

η|t<t0 = η0 would become unnecessary. We believe that this is indeed unnecessary.
For η in H, we call u(η) the solution of (2.1), or simply u when no ambiguity is
possible. The free boundary Γ is described by the equation x = γ(τ), 0 ≤ τ ≤ T ,
with γ a continuous function bounded away from 0. We call Ω+ the domain Ω+ =
{(τ, x), 0 ≤ τ ≤ T, x > γ(τ)} and Ω+

t = Ω+ ∩ {τ ≥ t}. We call Γt = Γ ∩ {τ ≥ t}.
Consider the backward parabolic problem in the noncylindrical domain Ω+: find

p̃ such that

∂p̃

∂t
+

∂2

∂x2

(
ηx2

2
p̃

)
− ∂

∂x
(rxp̃) − rp̃ = −DJ(u), (t, x) ∈ Ω+,(5.23)

p̃ = 0, t = T, γ(T ) < x,(5.24)

p̃ = 0, x = γ(t), 0 < t < T.(5.25)

Assuming that the function γ is Hölder continuous with power 1
2 , and since η satisfies

Assumptions 1 and 2, it is possible to find a weak solution of (5.23)–(5.25); see the
work of Brown, Hu, and Lieberman [7]. Following these authors, we call C1

S(Ω+) the
space of the functions v whose support is bounded in the variable x and such that v,
∂v
∂x , and ∂v

∂t are uniformly continuous and v satisfies (5.24), (5.25). We consider the
closure Z(Ω+) of C1

S(Ω+) with respect to the norm

|||v||| = sup
t∈(0,T )

(∫
x>γ(t)

v(t, x)2dx

) 1
2

+

(∫
Ω+

∣∣∣∣x∂v∂x
∣∣∣∣2
) 1

2

.(5.26)

Following [7], there exists a unique p̃ ∈ Z(Ω+) such that for all φ ∈ C1
S(Ω+),

−
∫

Ω+
t

p̃
∂φ

∂t
−
∫

Ω+
t

ηx2

2

∂p̃

∂x

∂φ

∂x
−
∫

Ω+
t

(
∂

∂x

(
ηx2

2

)
− rx

)
p̃
∂φ

∂x
− r

∫
Ω+

t

p̃φ

= −
∫

Ω+
t

DJ(u)φ.

(5.27)
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Remark 9. Among the works on parabolic equations in noncylindrical domains
(in any space dimension), let us mention articles by Lions [25] and by Olĕınik [29]
for classes of boundaries smaller than the class considered in [7]. To obtain further
results, we need a further assumption on the regularity of the free boundary and u,
as in Propositions 3.12 and 4.4.

Assumption 4 (on γ(η) and u(η)). For all t > 0, γ|(t,T ] is a Lipschitz function, so

p̃ has a trace on Γt (because ∂p̃
∂x ∈ L2(Ω+

t )), and we have p̃|Γt = 0. We also assume

that ∂u(η)
∂τ ∈ H1(Ω+

t ), so the result of Proposition 4.4 holds.

Lemma 5.3. For η ∈ H, and under the previous assumption, the solution p̃ of

(5.27) satisfies x2 ∂2p̃
∂x2 ∈ L2(Ω+

t ) and that ∂p̃
∂τ ∈ L2(Ω+

t ) for all t > 0.

Proof. Since γ is a Lipschitz function, it is possible by a simple change of variables
to transform (5.23), (5.24), (5.25) in a problem posed in a cylindrical domain, and
then to apply standard regularity results. A similar program has already been carried
out in, e.g., [6].

We know that there exists a positive constant γ0 such that γ0 < γ(τ) ≤ K for all
times τ , 0 ≤ τ ≤ T . We make the change of variables (τ, x) 
→ (τ, ξ), with

ξ = 2K +
2K − γ0

2K − γ(τ)
(x− 2K) if γ(τ) ≤ x ≤ 2K, ξ = x if 2K ≤ x.(5.28)

This a Lipschitz mapping from Ω+
t onto (t, T ) × (γ0,+∞), with a Lipschitz inverse.

Its Jacobian matrix is⎛⎜⎜⎜⎝
1

(2K − γ0)γ
′(t)

(2K − γ(τ))2
(x− 2K)

0
2K − γ0

2K − γ(τ)

⎞⎟⎟⎟⎠ if x < 2K.

As for the inverse mapping, we have

x(τ, ξ) = 2K +
2K − γ(τ)

2K − γ0
(ξ − 2K) for γ0 < ξ < 2K.

With this change of variable, the parabolic equation (5.23) is transformed into a
parabolic equation in the variables (τ, ξ):

∂p̂

∂τ
− 2K − ξ

2K − γ(τ)
γ′(τ)

∂p̂

∂ξ
+

(
2K − γ0

2K − γ(τ)

)2
∂2

∂ξ2

(
η̂x2

2
p̂

)
− 2K − γ0

2K − γ(τ)

∂

∂ξ
(rxp̂) − rp̂

= −D̂J(u), t < τ < T, γ0 < ξ < 2K,

∂p̂

∂τ
+

∂2

∂ξ2

(
ηξ2

2
p̂

)
− ∂

∂ξ
(rξp̂) − rp̂ = −DJ(u), t < τ < T, 2K < ξ,

p̂ = 0, τ = T, ξ > γ0,

p̂ = 0, ξ = γ0, t < τ < T,

(5.29)

where for a function u defined in Ω+
t , the function û is defined in (t, T ) × (γ0,+∞)

by û(τ, ξ) = u(t, x).
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It is possible to use standard results on parabolic equations and prove that
problem (5.29) has a unique solution in L2((t, T ); V̂ ) ∩ C0([t, T ];L2(γ0,+∞)), with
∂p̂
∂τ ∈ L2((t, T ); V̂ ′), where

V̂ =

{
v ∈ L2(γ0,+∞), ξ

∂v

∂ξ
∈ L2(γ0,+∞)

}
.

Furthermore, thanks to Assumptions 1 and 2 and the Lipschitz regularity of γ, we

have in fact that ∂p̂
∂τ ∈ L2((t, T )× (γ0,+∞)) and ξ2 ∂2p̂

∂ξ2 ∈ L2((t, T )× (γ0,+∞)). The
desired result on p̃ follows easily.

For any τ > 0, it is possible to extend p̃ by 0 in (τ, T ) × R+. Calling p this
extension, ∂p

∂t ∈ L2((τ, T ) × R+) (resp., ∂p
∂x ∈ L2((τ, T ) × R+)) is the extension of ∂p̃

∂t

(resp., ∂p̃
∂x ) by 0 in (τ, T ) × R+. We define α ∈ L2((τ, T ), V ′) by

〈α, v〉 =

∫
{x<γ(t)}

DJ(u)v +
1

2

∫
Γ

ηx2 ∂p̃

∂x
|Γv|ΓnΓds,

where nΓ(t, γ(t)) = 1√
1+(γ′(t))2

. Note that nΓds = dt. We have

∂p
∂t + ∂2

∂x2 (ηx
2

2 p) − ∂
∂x (rxp) − rp− α = −DJ(u), t ∈ (0, T ), x > 0,

p(T ) = 0,
p = 0, 0 < t < T, x < γ(t),

or in other words, for all w ∈ L2(0, T ;V ) ∩ C0([0, T ] × R+), with ∂w
∂t ∈ L2(0, T ;V ′)

and w(t) = 0 for t < t0,〈
∂w

∂t
+ Aη(t)w, p

〉
+ 〈DJ(u(η)) − α,w〉 = 0,

p = 0 a.e. in {u(η) = u◦},
〈α,w〉 = 0 if w satisfies w = 0 in {u(η) = u◦}.

(5.30)

Theorem 5.4. If η ∈ H such that the regularity Assumption 4 on u(η) and on
the free boundary is fulfilled, then the functional ξ 
→ J(u(ξ)) is differentiable in H at
η, and with p given by (5.30), its differential is

ξ 
→
∫

x2

2
ξ
∂u(η)

∂x

∂p

∂x
+

(
xξ +

x2

2

∂ξ

∂x

)
∂u(η)

∂x
p.(5.31)

Proof. Let δη be a small variation of η in Y , such that min η+δη > 0. We note that
δu = u(η+δη)−u(η), δµ = µ(η+δη)−µ(η), and δJ = J(u(η+δη))−J(u(η)). We know
from Proposition 4.1 that ‖δu‖L2(0,T ;V ) + ‖δu‖L∞(0,T ;L2(R+)) ≤ C‖δη‖L∞((0,T )×R+),
so δJ = 〈DJ(u(η)), δu〉+ o(δη), where the notation o(δη) is used for a function of δη
such that

lim
‖δη‖L∞((0,T )×R+)+‖x ∂δη

∂x ‖L∞((0,T )×R+)→0

|o(δη)|
‖δη‖L∞((0,T )×R+) + ‖x∂δη

∂x ‖L∞((0,T )×R+)

= 0.

Subtracting the equation satisfied by (u(η), µ(η)) from the one satisfied by (u(η)+
δu, µ(η) + δµ), we obtain that〈

∂δu

∂t
+ Aη+δη(t)δu, w

〉
+

∫
x2

2
δη

∂u(η)

∂x

∂w

∂x
+

(
xδη +

x2

2

∂δη

∂x

)
∂u(η)

∂x
w − 〈δµ,w〉 = 0,

(5.32)
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because Aη is linear with respect to η. From estimate (4.1), we deduce from (5.32)
that

〈
∂δu

∂t
+ Aη(t)δu, w

〉
+

∫
x2

2
δη

∂u(η)

∂x

∂w

∂x
+

(
xδη +

x2

2

∂δη

∂x

)
∂u(η)

∂x
w − 〈δµ,w〉 = o(δη).

(5.33)

We have also

〈µ, δu〉 + 〈δµ, u(η) − u◦〉 + 〈δµ, δu〉 = 0,(5.34)

and estimate (4.2) indicates that 〈δµ, δu〉 ≤ C‖δη‖2
L∞((0,T )×R+).

Since δη = 0 for t < t0, we have that δu = 0 for t < t0. We deduce from (5.30)
that

〈DJ(u(η)), δu〉 =∫
x2

2
δη

∂u(η)

∂x

∂p

∂x
+

(
xδη +

x2

2

∂δη

∂x

)
∂u(η)

∂x
p− 〈δµ, p〉 + 〈α, δu〉 + o(δη).

(5.35)

We aim at proving that the terms 〈α, δu〉 and 〈δµ, p〉 are o(δη).
Let us start with the term 〈α, δu〉. The measure α can be written as the sum of

two terms:
(1) A measure αa = 1{u(η)=u◦}DJ(u(η)) which is absolutely continuous with

respect to the Lebesgue measure, and supported in the region {u(η) = u◦}. From
Assumption 3, we see that

αa = 1{u(η)=u◦}2(u◦ − ug).(5.36)

We know that 〈αa, δu〉 = 2
∫

1{u(η)=u◦}(u◦ − ug)(u(η + δη) − u◦). Therefore from
(4.2),

|〈αa, δu〉| ≤ 2(K + ‖ug‖L∞((0,T )×R+))

∫
1{u(η)=u◦}(u(η + δη) − u◦)

≤ C‖η‖2
L∞((0,T )×R+).

(2) A singular measure αs ∈ L2(0, T ;V ′) supported by Γ:

〈αs, δu〉 =

∫ T

t=t0

h(t)γ(t)δu(t, γ(t))dt, h(t) = η(t, γ(t))γ(t)
∂p̃

∂x
(t, γ(t)).(5.37)

So

|〈αs, δu〉| =

∣∣∣∣∣
∫ T

t=t0

h(t)γ(t)δu(t, γ(t))dt

∣∣∣∣∣
=

∣∣∣∣∣
∫ T

t=t0

h(t)1δγ(t)<0

∫ γ(t)

γ(t)+δγ(t)

∂

∂x
(xδu)dx

∣∣∣∣∣
≤ ‖h

√
(δγ)−‖L2(t0,T )

(∫ T

t=t0

1δγ(t)<0

∫ γ(t)

γ(t)+δγ(t)

(
∂

∂x
(xδu)

)2

dx

) 1
2

.
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But from Proposition 4.2, (δγ)− converges to 0 in L1(t0, T ). Consider a subsequence
(δηn, δγn) such that ‖h

√
(δγn)−‖L2(t0,T ) → �. It is possible to extract a second

subsequence still called (δηn, δγn) such that (δγn)− → 0 a.e., but we know that
0 ≤ (δγ)− ≤ K, so Lebesgue’s theorem tells us that � = 0. Therefore, we have that
limδη→0 ‖h

√
(δγn)−‖L2(t0,T ) = 0. From this and (4.1), we conclude that 〈αs, δu〉 =

o(δη).
We have proved that 〈α, δu〉 = o(δη). There remains to study the term 〈δµ, p〉:

|〈δµ, p〉| = rK

∣∣∣∣∣
∫ T

t=t0

1δγ(t)>0

∫ γ(t)+δγ(t)

γ(t)

p

∣∣∣∣∣
≤

∫ T

t=t0

1δγ(t)>0

√
δγ(t)

√∫ γ(t)+δγ(t)

γ(t)

p2

≤
∫ T

t=t0

1δγ(t)>0(δγ(t))
3
2

√∫ γ(t)+δγ(t)

γ(t)

(
∂p

∂x

)2

,

and we deduce from Proposition 4.4 and from the argument based on Lebesgue’s
theorem, which is detailed above, that 〈δµ, p〉 = o(δη).

We have proved Theorem 5.4.

6. The calibration problem.

6.1. Toward the calibration problem. A first step toward the calibration
problem is to consider problem (5.3), where H and JR are defined in section 5.1, and
where J is now

J(u) = (u(T, xob) − ū)2,(6.1)

where xob and ū are positive numbers. Of course, for any penalty parameter ε, it
is possible to consider problem (5.6). For this new choice of J , a result similar to
Lemma 5.1 holds.

Lemma 6.1. Let (εn)n be a sequence of penalty parameters such that εn → 0 as
n → ∞, and let η∗εn , u

∗
εn be a solution of the problem (5.6). Consider a subsequence

such that η∗εn → η∗ weakly in Y and strongly in L∞(0, T,W 1,∞(R+)), and u∗
εn → u∗

weakly in L2(0, T ;V ). We have for any x1, x2, 0 < x1 < x2 < +∞,

lim
n→∞

‖u∗
εn − u∗‖L∞((0,T )×(x1,x2)) = 0.(6.2)

Moreover, η∗, u∗ is a solution to (5.3) and, calling µ∗ = rK1{u∗=u◦},

lim
n→∞

‖rK1{x<K}Vε∗n(u∗
εn − u◦) − µ∗‖Lp((0,T )×R+) = 0 ∀p, 1 ≤ p < +∞,(6.3)

and

lim
n→∞

∥∥∥∥x∂u∗
εn

∂x
− x

∂u∗

∂x

∥∥∥∥
L∞(0,T ;L2(R+))

= 0.(6.4)

Proof. It can be shown exactly as in the proof of Lemma 5.1 that u∗ satisfies (2.1)
with η = η∗. Moreover, from Proposition 4.3,

lim
n→∞

‖u(ηε∗n) − u∗‖L∞((0,T )×(x1,x2)) = 0.
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Combining this with the fact that u(η∗εn) ≤ u∗
εn ≤ u(η∗εn)+εn yields that u∗

εn converges
uniformly to u∗ in [0, T ] × [x1, x2]. This proves that limn→∞ J(u∗

εn) = J(u∗) and we
conclude as in the proof of Lemma 5.1 that (η∗, u∗) is a solution to (5.3). We prove
(6.3) and (6.4) as in the proof of Lemma 5.1.

Remark 10. Let (η∗εn , u
∗
εn) be a subsequence converging to (η∗, u∗) as in Lemma

6.1. It is clear from the continuity of u∗ and from (6.2) that if u∗(T, xob) > u◦(xob),
then there exists a positive real number a and an integer N such that for n > N ,
u∗
εn(t, x) > u◦(x)+εn for all (t, x) with |x−xob| ≤ a and t > T−a. Let (η∗εn , u

∗
εn) be a

subsequence converging to (η∗, u∗) as in Lemma 6.1. Assume that u∗(T, xob) > u◦(xob)
and let a and N be as in Remark 10. It is possible to derive necessary optimality
conditions for problem (5.6) for n > N . We drop the index n to simplify the notation.

Lemma 6.2. Assume that there exits a positive number a such that u∗
ε (t, x) >

u◦(x) + ε for all (t, x) with |x − xob| ≤ a and T − t ≤ a. There exists a unique
p∗ε ∈ L2((0, T ) × R+) such that, for all v ∈ Z (the space Z is defined in (5.12)),∫ T

0

∫
R+

(
∂v

∂t
− η∗εx

2

2

∂2v

∂x2
− rx

∂v

∂x
+ rv − rK1{x<K}V ′

ε(u
∗
ε − u◦)v

)
p∗ε

= 2(u∗
ε (T, xob) − ū)v((T, xob)),

(6.5)

and ‖p∗ε‖L2((0,T )×R+) is bounded by a constant independent of ε in the subsequence.

Moreover, we have, in the sense of distributions in the domain t < T, x > 0,

∂p∗ε
∂t

+
∂2

∂x2

(
η∗εx

2

2
p∗ε

)
− ∂

∂x
(rxp∗ε ) − rp∗ε + rK1{x<K}V ′

ε(u
∗
ε − u◦)p

∗
ε = 0,(6.6)

and for a smooth function φ taking the value 1 for |x−xob| ≥ a
2 , T−t ≥ a

2 and vanish-
ing in a neighborhood of (T, xob), we have that φp∗ε ∈ L2(0, T ;V )∩C0([0, T ];L2(R+)),
with norms bounded independently of ε.

Proof. We call b the bilinear form on L2((0, T ) × R+) × Z defined by

b(q, v) =

∫ T

0

∫
R+

(
∂v

∂t
− η∗εx

2

2

∂2v

∂x2
− rx

∂v

∂x
+ rv

)
q.

It is clear that b is continuous and that there exists a positive constant c, independent
of η∗ε in the class defined by Assumption 1, such that

inf
q∈L2((0,T )×R+)

sup
v∈Z

b(q, v)

‖q‖L2((0,T )×R+)‖v‖Z
≥ c.

To prove this inf-sup condition, take v ∈ L2(0, T ;V ) ∩H1(0, T ;L2(R+)) as the weak
solution of

∂v

∂t
− η∗εx

2

2

∂2v

∂x2
− rx

∂v

∂x
+ rv = q, t > 0, v(0, ·) = 0.

It can be proved that x ∂v
∂x ∈ L2(0, T ;V ) and that ‖v‖L2(0,T ;V ) and ‖x ∂v

∂x‖L2(0,T ;V )

are bounded by C‖q‖L2(0,T ;L2(R+)) with C independent of η∗ε in the class defined

by Assumption 1. Therefore ‖x2

2
∂2v
∂x2 ‖L2(0,T ;L2(R+)) ≤ C‖q‖L2(0,T ;L2(R+)) and from
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the equation satisfied by v, ‖∂v
∂t ‖L2(0,T ;L2(R+)) ≤ C‖q‖L2(0,T ;L2(R+)). Hence, ‖v‖Z ≤

C‖q‖L2(0,T ;L2(R+)), and the inf-sup condition above is proved. In other words, calling
B the continuous linear operator from L2(0, T ;L2(R+) to the dual of Z defined by
〈Bp, v〉 = b(p, v), the range of B is closed. Also, it is clear that BT is injective, so
B is surjective. Using again the inf-sup condition, we have that B is an isomorphism
from L2((0, T ) × R+) onto the dual of Z, and its inverse is continuous with a norm
independent of η∗ε .

Therefore, there exists a unique gε ∈ L2(0, T ;L2(R+)) such that for all v ∈ Z,

b(gε, v) = 2(u∗
ε (T, xob) − ū)v((T, xob))

and ‖gε‖L2(0,T ;L2(R+)) is bounded independently of η∗ε . Furthermore, for any smooth
function φ vanishing near (T, xob), φgε ∈ L2(0, T ;V ) with a norm bounded indepen-
dently of ε.

Call now p̃ε ∈ L2(0, T ;V ) ∩ C0([0, T ];L2(R+)) the weak solution of the following
problem:

∂p̃ε
∂t

+
∂2

∂x2

(
η∗εx

2

2
p̃ε

)
− ∂

∂x
(rxp̃ε) − rp̃ε + rK1{x<K}V ′

ε(u
∗
ε − u◦)p̃ε

= −rK1{x<K}V ′
ε(u

∗
ε − u◦)gε = −rK1{x<K}V ′

ε(u
∗
ε − u◦)φgε, t < T, x > 0,

p̃ε(T ) = 0,

(6.7)

where φ is the smooth function introduced in the statement of Lemma 6.2. By looking
at the equation satisfied by p̃ε + φgε, we see that ‖p̃ε + φgε‖L2(0,T ;V ) is bounded
independently of ε. It is clear that p∗ε = p̃ε + gε satisfies (6.5). By using now the
bilinear form

b̃(q, v) =

∫ T

0

∫
R+

(
∂v

∂t
− η∗εx

2

2

∂2v

∂x2
− rx

∂v

∂x
+ rv − rK1{x<K}V ′

ε(u
∗
ε − u◦)v

)
q,

and repeating the same argument as for b (using the monotonicity properties of Vε),
the solution of (6.5) is clearly unique.

We have also proved that ‖pε‖L2((0,T )×R+) and ‖φpε‖L2(0,T ;V ) are bounded inde-
pendently of ε.

The optimality conditions for problem (5.6) are the following:

1. u∗
ε satisfies (2.10) for η = η∗ε .

2. There exists an adjoint state p∗ε ∈ L2((0, T ) × R+) solution of the problem
(6.5).

3. For all η ∈ H,

〈DJR(η∗ε ), η − η∗ε 〉 +

∫ T

0

∫
R+

x2

2
(η − η∗ε )p

∗
ε

∂2u∗
ε

∂x2
dt dx ≥ 0.(6.8)

The next step is to pass to the limit when ε → 0.

Theorem 6.3. Let εn be a sequence of penalty parameters going to zero, and let
(η∗εn , u

∗
εn) be a sequence of solutions to (5.6) converging to (η∗, u∗) as in Lemma 6.1.

Assume that there exits a positive number a such that u∗
εn(t, x) > u◦(x) + εn for all
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(t, x) with |x − xob| ≤ a and T − t ≤ a. There exists a subsequence denoted nk such
that p∗εnk

converges weakly to p∗ in L2(0, T, L2(R+)) and φp∗εnk
converges weakly to

φp∗ in L2(0, T ;V ), where φ is given in Lemma 6.2. Moreover, there exists a Radon
measure α∗ such that for all v ∈ Z (the space Z is defined in (5.12)),∫ T

0

∫
R+

(
∂v

∂t
− η∗x2

2

∂2v

∂x2
− rx

∂v

∂x
+ rv

)
p∗ + 〈α∗, v〉

= 2(u∗(T, xob) − ū)v((T, xob)).

(6.9)

The function p∗ satisfies

∂p∗

∂t
+

∂2

∂x2

(
η∗x2

2
p∗
)
− ∂

∂x
(rxp∗) − rp∗ − α∗ = 0(6.10)

in the sense of distributions. Furthermore we have

µ∗|p∗| = 0,(6.11)

and, for any x1 > 0 and any function ψ ∈ C0([0, T ] × R+) such that ψ(t, x) = 0 if
x ≤ x1,

〈α∗, |u∗ − u◦|ψ〉 = 0.(6.12)

Finally, for any η ∈ H,

〈DJR(η∗), η − η∗〉 +

∫ T

0

∫
R+

x2

2
(η − η∗)p∗

∂2u∗

∂x2
dt dx ≥ 0.(6.13)

Proof. We follow essentially the proof of Theorem 5.2, but we have to take
into account the singular behavior of p∗ε at (T, xob) which necessitates additional
technicalities. For φ introduced in Lemma 6.2, we consider the parabolic PDE satisfied
by p∗ε and we take as a test function ρδ(p

∗
ε )χ(x)φ(t, x), where ρ is defined in (5.30)

and where χ is a smooth cut-off function χ : R+ → [0, 1], taking the value 1 for x ≤ K̄
and 0 for x ≥ 2K̄. Calling Gδ(p) =

∫ p

0
ρδ(q)dq, we obtain that there exists a constant

CK̄ independent of δ and ε such that∫ T

t

∫
R+

(
η∗εx

2

2
ρ′δ(p

∗
ε )

(
∂p∗ε
∂x

)2

φ(s, x)χ(x) − rKV ′
ε(u

∗
ε − u◦)p

∗
ερδ(p

∗
ε )

)
dsdx

+

∫
R+

Gδ(p
∗
ε (t, x))φ(t, x)χ(x)dx ≤ CK̄ .

From this, we infer that there exists a positive constant C such that

rK

∫ T

0

∫ K

0

|V ′
ε(u

∗
ε − u◦)p

∗
ε |dtdx ≤ C,

and it is possible to extract a subsequence εnk
such that p∗εnk

→ p∗ weakly in

L2((0, T ) × R+), φp∗εnk
→ p∗ weakly in L2(0, T ;V ), and −rK1{x≤K}V ′

εnk
(u∗

εnk
−

u◦)p
∗
εnk

→ α∗ weakly∗ in (L∞((0, T )×R+))∗. Equation (6.10) is satisfied in the sense

of distributions and (6.9) is obtained as well by passing to the limit. The proofs of
(6.11) and (6.12) follow the same line as in the proof of Theorem 5.2.
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There remains to prove (6.13).

For that we write pε∗
∂2

∂x2uε∗ as φpε∗
∂2

∂x2uε∗ +pε∗(1−φ) ∂2

∂x2uε∗ and we use the fact
that for a subsequence,

• φpε∗ → φp∗ in L2(0, T ;V ) weakly and p∗ε → p∗ in L2((0, T ) × R+) weakly,

• x
∂u∗

ε

∂x → x∂u∗

∂x in L∞(0, T ;L2(R+)),

• x2(1 − φ)
∂2u∗

ε

∂x2 → x2(1 − φ)∂
2u∗

∂x2 in L2(0, T ;L2(R+)),
• η∗ε → η∗ in L∞([0, T ];W 1,∞(R+)).

The decomposition of pε∗
∂2

∂x2uε∗ and these convergence properties enable us to pass

to the limit in
∫ T

0

∫
R+

x2

2 (η − η∗ε )p
∗
ε
∂2u∗

ε

∂x2 dt dx and to obtain (6.13).

6.2. The calibration problem. The calibration problem consists of finding η
from the observations of

• the price xo of the underlying asset today,
• the prices (ūi)i∈I of a family of American puts with different maturities and

different strikes (Ti,Ki)i∈I .
We call T = maxi∈I Ti. For H and JR given in section 5.1, we consider the least
square problem: find η ∈ H minimizing

J(η) + JR(η), J(η) =
∑
i∈I

|ui(Ti, x◦) − ūi|2,(6.14)

where

∂ui

∂t
− η(Ti − t, x)x2

2

∂2ui

∂x2
− rx

∂ui

∂x
+ rui ≥ 0,

ui ≥ (Ki − x)+(
∂ui

∂t
− η(Ti − t, x)x2

2

∂2ui

∂x2
− rx

∂ui

∂x
+ rui

)
(ui − (Ki − x)+) = 0,

⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎭
t < Ti,
x > 0,

ui(t = 0, x) = (Ki − x)+, x > 0,

(6.15)

Note that we have changed the time variable so that the expiration date of all the
options becomes 0.

Theorem 6.4. Assuming that η∗ is a minimum of (6.14), (6.15) obtained as
the limit of a sequence of minimizers for the corresponding penalized problems as the
penalty parameter goes to 0, and such that for all i ∈ I, (Ti, xi) lies in the zone where
u∗
i > (Ki−x)+ (where u∗

i is the solution of (6.15) with η = η∗), we have the following
necessary condition of optimality: for i ∈ I, there exists pi in L2(0, Ti, L

2(R+)) and
a Radon measure αi such that for all v ∈ Zi,∫ Ti

0

∫
R+

(
∂v

∂t
− η∗(Ti − t)x2

2

∂2v

∂x2
− rx

∂v

∂x
+ rv

)
pi + 〈αi, v〉

= 2(u∗
i (Ti, xi) − ūi)v((Ti, xi)),

(6.16)

with

1{u∗
i =(Ki−x)+}|pi| = 0,(6.17)
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and, for any x1 > 0 and any function ψ ∈ C0([0, Ti] × R+) such that ψ(t, x) = 0 if
x ≤ x1,

〈αi, |u∗
i − (Ki − x)+|ψ〉 = 0.(6.18)

For any η ∈ H,

〈DJR(η∗), η − η∗〉 +
∑
i∈I

∫ Ti

0

∫
R+

x2

2
(η − η∗)(Ti − t, x)pi

∂2u∗
i

∂x2
dt dx ≥ 0.(6.19)
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Abstract. We consider a linear quasi-geostrophic ocean model with partially known initial
conditions. We search for controls that make the observation locally insensitive to the perturbations
of the initial data. Their existence is equivalent to the null controllability property for an associated
cascade Stokes-like system. Thanks to the presence of the Coriolis term, we are able to prove the
existence of such controls. Our strategy is the following. First, we prove a unique continuation
property for the adjoint of the state system that leads to approximate controllability; then, under
certain assumptions, an observability inequality is established for the adjoint. The proof is inspired
by the arguments leading to the unique continuation property. This inequality leads to the desired
null controllability result.
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1. Introduction and main results.

1.1. Incomplete initial data ocean model. Let Ω be a nonempty open
bounded and connected subset of R

2, with boundary Γ of class C2 and outwards unit
normal vector ν = ν(x). Let ω be a nonempty open subset of Ω, T > 0, Q = Ω×(0, T ),
and Σ = Γ × (0, T ). In this paper, we will consider a linear quasi-geostrophic ocean
model [1, 15, 16] described by the following equations:⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

ut −A∆u + γu + (f0 + βx2) k ∧ u +
1

ρ0
∇p = T + h1ω in Q,

div u = 0 in Q,

u = 0 on Σ,

u(0) = u0 + τ û0 in Ω,

(1.1)

where u(x, t) and p(x, t), respectively, denote the velocity and the pressure of the
fluid at (x, t) = (x1, x2, t) ∈ R

2 ×R+. In this model, A represents the horizontal eddy
viscosity coefficient, γ is the bottom friction coefficient, ρ0 is the fluid density, and
(f0 +βx2)k∧u is the Coriolis term, with k∧u = (−u2, u1). In the right-hand side, 1ω
denotes the characteristic function of ω and T is a given source in L2(Q)2. The term
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τ û0, where τ ∈ R, represents a small unknown perturbation of the initial velocity field
u0, and h = h(x, t) is a control function to be determined.

Notice that the Coriolis force is represented by a zero order coupling term in the
equations. It introduces a different behavior of the system depending on the direction
in space. To simplify the presentation of the results, we will assume that A= 1, γ = 1,
f0 = 1, β = 1, and ρ0 = 1.

We introduce the following spaces, which are usual in the analysis of Stokes sys-
tems:

H = {v ∈ L2(Ω)2 : div v = 0 in Ω, v · ν = 0 on Γ},
V = {v ∈ H1

0 (Ω)2 : div v = 0 in Ω}, W = H2(Ω)2 ∩ V.

Recall that

W ↪→ V ↪→ H ≡ H ′ ↪→ V ′ ↪→ W ′,

where the embeddings are dense and compact.
For any given u0, τ û0 ∈ H with ‖û0‖0,Ω = 1, any T ∈ L2(Q)2, and any h ∈

L2(ω × (0, T ))2, the linear system (1.1) possesses a unique solution (u, p), with u ∈
L2(0, T ;V )∩H1(0, T ;V ′) and p ∈ W−1,∞(0, T ;L2(Ω)). (p is unique up to an additive
distribution only depending on t.) This is easily proved by adapting the arguments of
[17] to the presence of a skew-symmetric Coriolis term in the equations. Notice that if
we had u0+τ û0 ∈ V , then the couple (u, p) would satisfy u ∈ L2(0, T ;W )∩H1(0, T ;H)
and p ∈ L2(0, T ;H1(Ω)).

We will be concerned with the search of controls such that the velocity measure-
ments over an observation set are either insensitive or almost insensitive to small
variations of the initial conditions. To do this, we will use insensitizing control theory.

1.2. Insensitizing controls and controllability. Let O be an open nonempty
subset of Ω and let us introduce the following functional, defined on the family of
solutions to (1.1):

Φ(u) =
1

2

∫ T

0

∫
O
|u(x, t)|2 dx dt.(1.2)

The notion of insensitizing controls was introduced by Lions [13]. In the context
of (1.1)–(1.2), it reads as follows.

Definition 1.1. We say that the control h ∈ L2(ω × (0, T ))2 is Φ insensitizing
if

d

dτ
Φ(u)

∣∣∣
τ=0

= 0 ∀û0 ∈ H with ‖û0‖0,Ω = 1.(1.3)

On the other hand, we say that h ∈ L2(ω × (0, T ))2 is Φ ε-insensitizing if∣∣∣∣ ddτ Φ(u)
∣∣∣
τ=0

∣∣∣∣ ≤ ε ∀û0 ∈ H with ‖û0‖0,Ω = 1.(1.4)

Of course, in (1.3) and in (1.4) u is, together with p, the solution to (1.1).
The Φ insensitizing (resp., Φ ε-insensitizing) controls h must be interpreted as

those leading to an observation Φ(u) that is locally independent (resp., almost inde-
pendent) at the initial perturbation τ û0. The existence of such controls is a pertinent
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question, since it is realistic to assume that the true initial conditions for (1.1) are
unknown. In fact, as noticed in [13], it would be more convenient to search for Ψ
insensitizing (or Ψ ε-insensitizing) controls, where

Ψ(u) =
1

2

∫ T

0

∫
O
|curlu(x, t)|2 dx dt,

but this is beyond the scope of this article and will be the subject of future work.
It is easy to characterize the insensitivity (resp., ε-insensitivity) property in terms

of exact null controllability (resp., approximate controllability) of a related cascade
system. Indeed, let (ū, p̄) and (q, r) be the solutions of the following systems:⎧⎪⎪⎨⎪⎪⎩

ūt − ∆ū + ū + (1 + x2) k ∧ ū + ∇p̄ = T + h1ω in Q,
div ū = 0 in Q,
ū = 0 on Σ,
ū(0) = u0 in Ω,

(1.5)

⎧⎪⎪⎨⎪⎪⎩
−qt − ∆q + q − (1 + x2) k ∧ q + ∇π = ū1O in Q,
div q = 0 in Q,
q = 0 on Σ,
q(T ) = 0 in Ω.

(1.6)

Then the control h is Φ insensitizing (resp., Φ ε-insensitizing ) if and only if

q(0) = 0 (resp., ‖q(0)‖0,Ω ≤ ε).(1.7)

Indeed, in view of (1.2), condition (1.3) is equivalent to∫ T

0

∫
O
ū · uτ dx dt = 0

(
resp., (1.4) is equivalent to

∣∣∣∣ ∫ T

0

∫
O
ū · uτ dx dt

∣∣∣∣ ≤ ε

)
,

where ū is the solution of (1.5) and uτ is the solution of (1.1) differentiated with
respect to τ . Using the definition of (q, π) and integrating by parts, we obtain∫

Ω

q(0) · û0 dx = 0

(
resp.,

∣∣∣∣ ∫
Ω

q(0) · û0 dx

∣∣∣∣ ≤ ε

)
∀û0 ∈ H with ‖û0‖0,Ω = 1.

This is equivalent to (1.7). See [18] for more detail.
Notice that since ū ∈ L2(0, T ;V ), we also have q ∈ L2(0, T ;W )∩H1(0, T ;H) and

π ∈ L2(0, T ;H1(Ω)).
We are thus in the presence of a null controllability problem (resp., an approximate

controllability problem) for a cascade system, where the control h is not acting directly
in the system satisfied by q (the function we want to drive to zero after a time interval
of length T ) but indirectly, through ū1O .

1.3. Main results. There have been several recent results concerning the exis-
tence of insensitizing and ε-insensitizing controls for parabolic problems.

Thus, in [2] the existence of ε-insensitizing controls for linear heat equations
with partially known initial and boundary conditions was established. The same
was also obtained for semilinear heat equations with globally Lipschitz-continuous
nonlinearities. Since then, it has been proved in [18] that insensitizing controls exist
for the same equations completed with zero initial data, under suitable assumptions



CONTROLS INSENSITIZING AN OCEAN MODEL 1619

on the source term. In [3], the authors extended these results to other more general
(slightly superlinear) nonlinearities.

In this paper, we deal with the insensitizing and ε-insensitizing problems for the
case of the Stokes-type equations (1.1). Our results were sketched in [7]. These are
the first insensitivity results in the literature for equations of this type, as far as we
know.

We will assume that the following geometrical hypothesis is satisfied, as in the
previous references:

ω ∩ O 
= ∅.(1.8)

Our main results are the following.
Theorem 1.2. Let T > 0 and assume that (1.8) is satisfied. Then, for each

ε > 0 there exists a control h ∈ L2(ω × (0, T ))2 which is Φ ε-insensitizing.
Theorem 1.3. Under the assumptions of Theorem 1.2, if we also have u0 = 0

and ∫ T

0

∫
Ω

exp
(
Mt−4

)
T 2 dx dt < +∞(1.9)

for an appropriate constant M depending on Ω, ω, O, and T , then there exists a
control h ∈ L2(ω × (0, T ))2 which is Φ insensitizing.

It was proved in [18] for the linear heat equation that, in general, we cannot
expect the existence of insensitizing controls for nonvanishing initial data in L2(Ω)
when Ω \ ω 
= ∅. The proof of this result is based on a counterexample for which
the appropriate observability inequality fails when the initial data belong to L2(Ω).
Similar arguments could be used for Stokes systems. In view of this, it is reasonable
to impose in Theorem 1.3 that u0 = 0.

This paper is organized as follows. In section 2, we prove Theorem 1.2, where
we obtain a unique continuation result for an adjoint cascade system thanks to the
presence of the Coriolis term. In section 3, we prove Theorem 1.3. In this section,
we show that insensitizing controls do exist if an appropriate observability inequality
holds. We deduce this observability inequality in section 3.2 by means of an appro-
priate global Carleman inequality for the same adjoint cascade system. The proof of
this global Carleman inequality is given in section 3.1 and follows a chain of estimates
based on the steps of the unique continuation proof. At the end of this section and
to be self-contained, we give the proof of a standard global Carleman estimate for
Stokes-like systems that is needed in section 3.1. Finally, in section 4, we summarize
the key points of this article in some final remarks.

2. Proof of Theorem 1.2. We can assume without loss of generality that T = 0
and u0 = 0 in (1.5)–(1.6). It is well known that the existence of ε-insensitizing controls
for (1.5)–(1.6) is equivalent to a unique continuation property of the associate adjoint
system ⎧⎪⎪⎨⎪⎪⎩

φt − ∆φ + φ + (1 + x2) k ∧ φ + ∇θ = 0 in Q,
div φ = 0 in Q,
φ = 0 on Σ,
φ(0) = φ0 in Ω,

(2.1)

⎧⎪⎪⎨⎪⎪⎩
−zt − ∆z + z − (1 + x2) k ∧ z + ∇r = φ1O in Q,
div z = 0 in Q,
z = 0 on Σ,
z(T ) = 0 in Ω

(2.2)
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for a given φ0 ∈ H. This coupled system possesses a unique solution (φ, θ), (z, r),
with at least φ, z ∈ L2(0, T ;V )∩H1(0, T ;V ′) and θ, r ∈ W−1,∞(0, T ;L2(Ω)). (Again,
θ and r are unique up to a distribution depending only on t.)

Using (1.5)–(1.6) and (2.1)–(2.2) the following duality identity is easily deduced:∫ T

0

∫
ω

h · z dx dt =

∫
Ω

q(0) · φ0 dx ∀h ∈ L2(ω × (0, T ))2.

It is clear from this last identity that the set { q(0) : h ∈ L2(ω × (0, T ))2 } is dense in
H if the following unique continuation result holds.

Lemma 2.1. Assume (1.8). Let (φ, θ), (z, r) be the solution to (2.1)–(2.2) with
φ0 ∈ H. Then, if z = 0 in ω×(0, T ), we necessarily have z ≡ φ ≡ 0 and ∇r ≡ ∇θ ≡ 0
in Q.

Proof. This is a direct consequence of a more general unique continuation result.
To state this result precisely, let ω̃ = ω ∩ O 
= ∅ and let us set

C1(ω̃) = {(x1, x2) ∈ Ω : ∃x0
1 s. t. (x0

1, x2) ∈ ω̃}, Σ1(ω̃) = (Γ ∩ C1) × (0, T ).(2.3)

(C1(ω̃) is the horizontal component of ω̃.) We will prove that if φ = (φ1, φ2) is
together with θ, z, and r a solution of⎧⎨⎩

φt − ∆φ + φ + (1 + x2) k ∧ φ + ∇θ = 0 in Q,
div φ = 0 in Q,
φ1 = 0 on Σ1,

(2.4)

{
−zt − ∆z + z − (1 + x2) k ∧ z + ∇r = φ1ω̃ in Q,
div z = 0 in Q,

and z = 0 in ω̃ × (0, T ), then φ ≡ 0.
To prove this assertion, we divide the proof into two steps. Without loss of

generality, we can assume that ω̃ is connected; otherwise we would replace ω̃ by one
of its connected components.

In a first step, we deduce from the fact that z = 0 in ω̃ × (0, T ) that φ2 = 0 and
φ1 is constant if they are restricted to ω̃ × (0, T ). Thus, since z = 0 in ω̃ × (0, T ) we
notice that curlφ = 0 in ω̃ × (0, T ) by applying the curl operator in the equation of
z in (2.4). Using this fact, if we now apply the curl operator to the first equation in
(2.4), thanks to the presence of the Coriolis term we obtain that

curl ((1 + x2) k ∧ φ) = φ2 + div φ = φ2 = 0

in ω̃ × (0, T ). Now, since div φ = 0 and curlφ = 0 in ω̃ × (0, T ), we have ∇φ1 = 0 in
ω̃×(0, T ). Therefore φ1 is constant in ω̃×(0, T ) and we certainly obtain φ = (Const., 0)
in ω̃ × (0, T ).

In a second step, let us introduce

ψ =
∂φ

∂x1
, π =

∂θ

∂x1
(2.5)

and the coefficient matrix:

a =

[
1 −(1 + x2)

(1 + x2) 1

]
∈ L∞

loc(Q).(2.6)
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Then we have {
ψt − ∆ψ + aψ + ∇π = 0 in Q,
divψ = 0 in Q,

(2.7)

(ψ, π) ∈ L2
loc(Q)2 ×D′(Q)(2.8)

with ψ = 0 in ω̃ × (0, T ). Here, we use a sharp uniqueness property for the Stokes
system (2.7) proved in [5] that says that, under the regularity determined by (2.6)
and (2.8), one has ψ ≡ 0 in Q. Now, from (2.5) we obtain ∂φi/∂x1 ≡ 0 for i = 1, 2 in
Q. Since div φ = 0 in Q we also have ∇φ2 = 0 in Q and, from the fact that φ2 = 0 in
ω̃ × (0, T ), we deduce that φ2 ≡ 0 in Q (recall that Ω is connected).

On the other hand, since ∂φ1/∂x1 = 0 in Q and φ1 = 0 on Σ1 , we see that φ1 = 0
in C1 × (0, T ). Finally we have φ = (φ1, φ2) = 0 in C1 × (0, T ), which is an open
subset of Q. We can conclude that φ ≡ 0 in Q using again the uniqueness property
of [5]. (We can also use here the weaker result proved in [4].)

Remark 1. The method used in the second part of the proof of Lemma 2.1 leads
to the following uniqueness property in any dimension n. Let (φ, θ) be the solution of⎧⎨⎩

φt − ∆φ + aφ + ∇θ = 0 in Q,
div φ = 0 in Q,
φ = 0 on Σ1(ω),

(2.9)

where Q = Ω × (0, T ), Ω is a nonempty open bounded connected subset of R
n, ω is

an open nonempty subset of Ω, Σ1 and C1 are as defined in (2.3), and a ∈ L∞(Q). If
a is a function independent of x1 in Q and φ is independent of x1 in ω × (0, T ), then
φ vanishes in Q. Indeed, let us introduce ψ = ∂φ/∂x1, π = ∂θ/∂x1, which satisfy
a Stokes problem similar to (2.9), and this problem does not involve φ explicitly
since a is independent of x1. Now, from the uniqueness property in [5], ψ ≡ 0 in Q.
Consequently ∂φ/∂x1 = 0 in Q and φ = 0 on Σ1, so we have φ = 0 in C1 × (0, T ).
Using the unique continuation property in [5] once again, we obtain that φ ≡ 0 in Q.

Remark 2. The previous remark shows that the Coriolis term plays a crucial
role only in the first part of the proof of Lemma 2.1. In fact, the presence of the
Coriolis term allows us to prove that curlφ = 0 in ω̃ × (0, T ) implies that the second
component of φ vanishes in ω̃ × (0, T ). This will also be important in the deduction
of the Carleman inequality later.

Remark 3. In the proof of the previous lemma, it is not possible to use the
results of [4] concerning uniqueness properties of the Stokes system when one of the
components of φ vanishes in ω̃× (0, T ). This is because the results in [4] require that
the coefficient a, introduced in (2.6), satisfy a12 = 0.

3. Proof of Theorem 1.3. The proof of the existence of insensitizing controls
for (1.1), i.e., the exact null controllability for (1.5)–(1.6), relies on the following
observability result for the cascade adjoint system (2.1)–(2.2).

Proposition 3.1. Assume that ω∩O 
= ∅. There exist positive constants M and
K, depending only on Ω, ω, O, and T , such that the inequality∫ T

0

∫
Ω

exp
(
−Mt−4

)
|z|2 dx dt ≤ K

∫ T

0

∫
ω

|z|2 dx dt(3.1)

holds for every solution of (2.1)–(2.2) with φ0 ∈ H.
The proof of this result is based on a global Carleman inequality (see Theo-

rem 3.3), as will be seen in section 3.2. This Carleman inequality will be proved in
section 3.1.
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Let us now give the proof of Theorem 1.3 using Proposition 3.1. Thus, let us
assume that (1.8) is satisfied, u0 = 0, and (1.9) holds with M being the constant
furnished by Proposition 3.1.

The approximate control h of minimal norm in L2(ω × (0, T ))2 corresponding to
u0 = 0, a source term T satisfying (1.9), and tolerance ε > 0 can be obtained by
minimizing in L2(Ω)2 the following convex functional [6, 14]:

Jε(φ0) =
1

2

∫ T

0

∫
ω

|z|2 dx dt +

∫ T

0

∫
Ω

T · z dx dt + ε‖φ0‖0,Ω.(3.2)

Thus, the minimum of Jε is attained at some φ̂0ε ∈ L2(Ω)2. We denote by (φ̂ε, θ̂ε),

(ẑε, r̂ε) the corresponding solution to (2.1)–(2.2) with φ0 = φ̂0ε; then the control
function defined as

hε = ẑε1ω(3.3)

is such that the associated solution (ūε, p̄ε), (qε, πε) to (1.5)–(1.6) with u0 = 0 satisfies
‖qε(0)‖0,Ω ≤ ε.

It is not difficult to see that

lim inf
‖φ0‖0,Ω→∞

Jε(φ0)

‖φ0‖0,Ω
≥ ε.

The proof of this inequality is classical; see [6]. It is implied by the unique continuation
property for the cascade adjoint system that we presented above (see Lemma 2.1).

Furthermore, the following optimality condition must be satisfied at φ̂0ε :∫ T

0

∫
ω

|ẑε|2 dx dt +

∫ T

0

∫
Ω

T · ẑε dx dt + ε‖φ̂0ε‖0,Ω = 0.(3.4)

By replacing (3.3) in (3.4), introducing the weight eMt−4

, and using (3.1) and Young’s
inequality, we easily deduce that∫ T

0

∫
ω

|hε|2 dx dt ≤ K2

∫ T

0

∫
Ω

exp(Mt−4)|T |2 dx dt.

Since {hε} is uniformly bounded in L2(ω × (0, T ))2, then up to a subsequence, still
denoted {hε}, we have

hε ⇀ h weakly in L2(ω × (0, T ))2,

ūε → ū strongly in L2(Q)2, and

qε → q strongly in L2(Q)2,

as ε → 0. Of course, we have denoted here by (ūε, p̄ε), (qε, πε) and (ū, p̄), (q, π)
the solutions to (1.5)–(1.6) associated with hε and h, respectively. Notice that
‖qε(0)‖0,Ω ≤ ε and consequently we have q(0) = 0. This ends the proof of Theo-
rem 1.3.

3.1. A global Carleman estimate. The goal of this section is to present an es-
timate of the Carleman kind for the solutions to the adjoint cascade system (2.1)–(2.2).
As mentioned above, this estimate will be crucial for the proof of Proposition 3.1.
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Let us first introduce an open ball B0 such that B0 ⊂⊂ ω ∩ O and an auxiliary
function η0 ∈ C2(Ω) satisfying

η0(x) > 0 ∀x ∈ Ω, η0 = 0 on ∂Ω, |∇η0(x)| > 0 ∀x ∈ Ω \B0 .(3.5)

The existence of such a function is proved in [9].

Let us also introduce the weight functions

α(x, t) =
e2λ‖η0‖∞ − eλη0

t4(T − t)4
, α̂(t) = min

Ω
α(x, t), α∗(t) = max

Ω
α(x, t),

ϕ(x, t) =
eλη0

t4(T − t)4
, ϕ̂(t) = max

Ω
ϕ(x, t), ϕ∗(t) = min

Ω
ϕ(x, t).

The following property of the functions α∗ and α̂ will be needed later.

Lemma 3.2. For any a > 1 there exists λa > 0 such that

a α̂(t) > α∗(t) ∀λ > λa , ∀t ∈ (0, T ).

Proof. The proof is elementary. It suffices to notice that we have a(e2x − ex) >
e2x − 1 if a > 1 and x is sufficiently large.

The main result in this section is the following.

Theorem 3.3. Assume that ω ∩ O 
= ∅ and let the functions α, ϕ, α̂, and ϕ̂ be
as above. For each γ̂ ∈ (0, 1), there exist constants ŝ, λ̂, and Ĉ depending on Ω, ω,
O, T , and γ̂ such that one has∫ T

0

∫
Ω

e−2sα

(
1

sϕ
(|zt|2 + |∆z|2) + sλ2ϕ|∇z|2 + s3λ4ϕ3|z|2

)
dx dt

+

∫ T

0

∫
Ω

e−2sα

(
1

sϕ
(|φt|2 + |∆φ|2) + sλ2ϕ|∇φ|2 + s3λ4ϕ3|φ|2

)
dx dt

≤ Ĉ

∫ T

0

∫
ω

e−(1+γ̂)sα̂s63λ32ϕ̂ 67|z|2 dx dt(3.6)

for any s > ŝ and λ > λ̂ and for every solution (φ, θ), (z, r) to (2.1)–(2.2) associated
with initial data φ0 ∈ H.

The proof will be divided in several steps and will be given in the following
subsections. First, we will apply a global Carleman estimate for the Stokes system to
(2.1) and (2.2). This will lead to the estimate (3.10). Then, to deduce (3.6), we will
have to estimate the integral in the right-hand side of (3.10) containing φ in terms
of z. To this end, we will follow the steps of the proof of Lemma 2.1 in reverse order.

3.1.1. Step 1: A first direct Carleman estimate. Let I(s, λ; v) stand for
the quantity

I(s, λ; v) =

∫ T

0

∫
Ω

e−2sα

(
1

sϕ
(|vt|2 + |∆v|2) + sλ2ϕ|∇v|2 + s3λ4ϕ3|v|2

)
dx dt(3.7)

for any positive s and λ and any sufficiently regular function v = v(x, t). We then
have the following.



1624 E. FERNÁNDEZ-CARA, G. C. GARCIA, AND A. OSSES

Lemma 3.4. For each γ1 ∈ (0, 1) there exist positive constants s1 , λ1, and C1 ,
depending on Ω, ω, O, T , and γ1 , with the following properties:

I(s, λ; z) ≤ C1

{∫ T

0

∫
B0

e−(1+γ1)sα̂s7λ4ϕ̂ 15/2|z|2 dx dt

+

∫ T

0

∫
B0

e−2sα̂(sλϕ̂)2|φ|2 dx dt(3.8)

+

∫ T

0

∫
O
e−2sα

(
(sϕ)1/2|φ|2 +

1

s3ϕ7/2
|φt|2

)
dx dt

}

and

I(s, λ;φ) ≤ C1

∫ T

0

∫
B0

e−(1+γ1)sα̂s7λ4ϕ̂ 15/2|φ|2 dx dt(3.9)

for any s > s1 and λ > λ1 and for every solution of (2.1)–(2.2) with φ0 ∈ H.
The proof of Lemma 3.4 is similar to the proof of other recent global Carleman

inequalities for the Stokes system. The main ideas are due to Imanuvilov [10, 11];
also see [8] for other related results. The proof is presented in the appendix.

Let us fix γ̂, with 0 < γ̂ < 1. We are now going to deduce several estimates that
hold for “sufficiently large s and λ.” By this we mean that they are satisfied for any
s > s̄ and any λ > λ̄, where s̄ and λ̄ are (large) positive constants depending only on
Ω, ω, O, T , and γ̂.

In what follows, C denotes a generic constant, not necessarily the same at each
occurrence, depending on Ω, ω, O, T , and (possibly) γ̂.

Let γ1 be given in (γ̂, 1). In view of Lemma 3.4 applied to γ1 , we get

I(s, λ; z) + I(s, λ;φ) ≤ C

∫ T

0

∫
B0

e−(1+γ1)sα̂s7λ4ϕ̂ 15/2(|z|2 + |φ|2) dx dt(3.10)

for s and λ large enough.
Indeed, the last two integrals in (3.8) can be absorbed by the left-hand side of

I(s, λ;φ), since

Cs−3ϕ−7/2 ≤ 1

2
(sϕ)−1 and C(sϕ)1/2 ≤ 1

2
s3ϕ3

for sufficiently large s.

3.1.2. Step 2: An estimate of φ in terms of curl φ. To simplify the nota-
tion, let us set a = 7 and b = 15/2. Then

I(s, λ; z) + I(s, λ;φ) ≤ C

∫ T

0

∫
B0

e−(1+γ1)sα̂saλ4ϕ̂ b(|z|2 + |φ|2) dx dt.(3.11)

We will denote by B1 , B2 , . . . a sequence of balls centered at the same point as
B0 and satisfying

B0 ⊂⊂ B1 ⊂⊂ · · · ⊂⊂ ω ∩ O.
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It is not a restriction to assume that their common center is the origin. This will be
supposed in what follows for simplicity. We will consider some functions ξi ∈ C∞

0 (Bi)
satisfying

0 ≤ ξi ≤ 1, ξi(x) = 1 in Bi−1 ,

ξ
−1/2
i ∇ξi ∈ L∞(Ω), ξ

−1/2
i ∆ξi ∈ L∞(Ω).

(3.12)

(See [18] for a justification of the existence of these ξi.)
Since div φ = 0, φ = 0 on Σ, and Ω is connected, we can introduce the stream

function ψ satisfying

φ = curlψ ≡
(

∂ψ

∂x2
,− ∂ψ

∂x1

)
,

with ψ = 0 on one connected component of Σ and ∂ψ
∂n = 0 on Σ.

Let us set ρ1(t) = e−(1+γ1)sα̂saλ4ϕ̂b. Then we have∫ T

0

∫
B0

ρ1|φ|2 dx dt ≤
∫ T

0

∫
B1

ρ1ξ1|∇ψ|2 dx dt.

We will now give an estimate of the last integral in terms of |curlφ|2. To this end, let
us introduce the vorticity w, given by

w = curlφ =
∂φ2

∂x1
− ∂φ1

∂x2
.

Applying the curl operator to (2.1), we obtain⎧⎨⎩wt − ∆w + w − ∂ψ

∂x1
= 0 in Q,

∆ψ + w = 0 in Q.
(3.13)

To estimate |∇ψ|2, we multiply by ρ1ξ1ψ the second equation of (3.13). Then,
we integrate by parts with respect to the space variable x and we get∫ T

0

∫
B1

ρ1ξ1|∇ψ|2 dx dt =

∫ T

0

∫
B1

ρ1ξ1ψw dx dt +
1

2

∫ T

0

∫
B1

ρ1(∆ξ1)|ψ|2 dx dt.(3.14)

Notice that using I(s, λ;φ), we can get upper bounds for |ψ|2, |∇ψ|2, and |ψt|2.
Indeed, from the definition of α∗, ϕ∗, and ϕ̂, we have

I(s, λ;φ) ≥
∫ T

0

∫
Ω

e−2sα

(
1

sϕ
|∇ψt|2 + s3λ4ϕ3|∇ψ|2

)
dx dt

≥
∫ T

0

∫
Ω

e−2sα∗
(

1

sϕ̂
|∇ψt|2 + s3λ4(ϕ∗)3|∇ψ|2

)
dx dt

≥ C

∫ T

0

∫
Ω

e−2sα∗
(

1

sϕ̂
|ψt|2 + s3λ4(ϕ∗)3

(
|ψ|2 + |∇ψ|2

))
dx dt.(3.15)

Here we have used the fact that ψ = 0 on one of the connected components of Σ to
apply Poincaré’s inequality.
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With this information, we will be able to absorb the first integral in (3.14). Indeed,
after using Young’s inequality, we can estimate this term as follows:∫ T

0

∫
B1

ρ1ξ1ψw dx dt ≤ δ

∫ T

0

∫
Ω

e−2sα∗
s3λ4(ϕ∗)3|ψ|2 dx dt

+Cδ

∫ T

0

∫
B1

e−2(1+γ1)sα̂+2sα∗
s2a−3λ4ϕ̂2b−3|w|2 dx dt.(3.16)

Now, if we introduce γ2 with 0 < γ2 < 2γ1 − 1, then (1 + 2γ1 − γ2)/2 > 1 and, from
Lemma 3.2, we see that (1+2γ1 −γ2)α̂/2 > α∗ for λ sufficiently large. Consequently,
it can be assumed that

−2(1 + γ1)α̂ + 2α∗ < −(1 + γ2)α̂

and we can replace e−2(1+γ1)sα̂+2sα∗
by e−(1+γ2)sα̂ in the last integral in (3.16):∫ T

0

∫
B1

ρ1ξ1ψw dx dt ≤ δ

∫ T

0

∫
Ω

e−2sα∗
s3λ4(ϕ∗)3|ψ|2 dx dt

+Cδ

∫ T

0

∫
B1

e−(1+γ2)sα̂s2a−3λ4ϕ̂ 2b−3|w|2 dx dt.(3.17)

Notice that if we had chosen γ1 sufficiently close to 1 before, then we would still
have the possibility of choosing γ2 satisfying γ̂ < γ2 < 2γ1 − 1.

On the other hand, by choosing δ sufficiently small, we can absorb the first term
in the right-hand side of (3.17) with I(s, λ;φ).

It remains in this step to estimate the last integral in (3.14). Assume that ξ1 has
been constructed as before but also satisfying

ξ1(x) =

⎧⎪⎨⎪⎩
1 in |x| < r0,

Ψ̂
(

|x|−r0
r1−a−r0

)
in r0 ≤ |x| ≤ r1 − a,

0 in |x| > r1 − a,

where ri denotes the radius of Bi , a is small enough, and Ψ̂ is a function satisfying
Ψ̂ ∈ C∞([0, 1]),

Ψ̂(0) = 1, Ψ̂(1) = 0, and Ψ̂(n)(0) = Ψ̂(n)(1) = 0 ∀n ≥ 1.

Let us set

η(x) =

∫ x1

x̄1

∆ξ1(y1, x2) dy1

where for each x = (x1, x2) ∈ B̄1 we take x̄1 < x1 and (x̄1, x2) ∈ ∂B1. Notice that
∂η
∂x1

= ∆ξ1. It is also easy to see that Supp η ⊂ B̄1(0; r1 − a). And now, using the
first equation in (3.13), we observe that

1

2

∫ T

0

∫
B1

ρ1(∆ξ1)|ψ|2 dx dt =
1

2

∫ T

0

∫
B1

ρ1
∂η

∂x1
|ψ|2 dx dt

= −
∫ T

0

∫
B1

ρ1ηψ
∂ψ

∂x1
dx dt

= −
∫ T

0

∫
B1

ρ1ηψ(wt − ∆w + w) dx dt.(3.18)
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Remark 4. Notice that we used the term ∂ψ
∂x1

in equation (3.13) to estimate |ψ|2
over B1. The term comes from Coriolis force and it is absent in the Stokes system.

We will now estimate this last integral in the right-hand side of (3.18). Concerning
the product ρ1ηψwt , we can integrate by parts with respect to time in B1 × (0, T )
and then apply Young’s inequality to deduce that∫ T

0

∫
B1

ρ1ηψwt dx dt = −
∫ T

0

∫
B1

(ρ1ηψtw + ρ′1ηψw) dx dt

≤ δ

∫ T

0

∫
Ω

e−2sα∗
(

1

sϕ̂
|ψt|2 + s3λ4(ϕ∗)3|ψ|2

)
dx dt

+ Cδ

∫ T

0

∫
B1

e−(1+γ2)sα̂(s2a+1λ8ϕ̂ 2b+1 + s2a−1λ4ϕ̂ 2b−1/2)|w|2 dx dt(3.19)

for sufficiently large s and λ.
To obtain this inequality, we first used that

|ρ′1| =
∣∣∣(e−(1+γ1)sα̂saλ4ϕ̂ b)t

∣∣∣ ≤ Ce−(1+γ1)sα̂sa+1λ4ϕ̂ b+5/4.

Then, we noticed that∫ T

0

∫
B1

ρ′1ηψw dx dt

≤ δ

∫ T

0

∫
Ω

e−2sα∗
s3λ4(ϕ∗)3|ψ|2 dx dt

+ Cδ

∫ T

0

∫
B1

e−2(1+γ1)sα̂+2sα∗
s2a−1λ4ϕ̂ 2b+5/2(ϕ∗)−3|w|2 dx dt,

and, finally, we took s and λ large enough to have

e−2(1+γ1)sα̂+2sα∗
ϕ̂ 2b+5/2(ϕ∗)−3 ≤ e−(1+γ2)sα̂ϕ̂ 2b−1/2.

We can simplify the estimate (3.19) by using the inequality

s2a−1ϕ̂ 2b−1/2 ≤ Cs2a+1ϕ̂ 2b+1,

which must hold for large s. Thus, we obtain∫ T

0

∫
B1

ρ1ηψwt dx dt

≤ δ

∫ T

0

∫
Ω

e−2sα∗
(

1

sϕ̂
|ψt|2 + s3λ4(ϕ∗)3|ψ|2

)
dx dt

+ Cδ

∫ T

0

∫
B1

e−(1+γ2)sα̂s2a+1λ8ϕ̂ 2b+1|w|2 dx dt.(3.20)

Notice that the first integral in the right-hand side of (3.20) also appears in (3.15)
and can be absorbed later by choosing δ small enough.

Let us now consider the term ρ1ηψ(∆w) in the last integral of (3.18). Let us
integrate by parts with respect to the space variable x, let us use the identity ∆ψ = w,
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and let us apply Young’s inequality. Arguing as before, we obtain∫ T

0

∫
B1

ρ1ηψ(∆w) dx dt =

∫ T

0

∫
B1

ρ1

(
(∆η)ψw + 2∇η · ∇ψw + η|w|2

)
dx dt

≤ δ

∫ T

0

∫
Ω

e−2sα∗
s3λ4(ϕ∗)3(|ψ|2 + |∇ψ|2) dx dt

+ Cδ

∫ T

0

∫
B1

e−(1+γ2)sα̂s2a−3λ4ϕ̂ 2b−3|w|2 dx dt(3.21)

for any sufficiently large s and λ.
Finally, arguing in a similar way, we can also estimate the last term ρ1ηψw in

(3.18): ∫ T

0

∫
B1

ρ1ηψw dx dt ≤ δ

∫ T

0

∫
B1

e−2sα∗
s3λ4(ϕ∗)3|ψ|2 dx dt

+ Cδ

∫ T

0

∫
B1

e−(1+γ2)sα̂s2a−3λ4ϕ̂ 2b−3|w|2 dx dt.(3.22)

From (3.18) and (3.20)–(3.22), we find that

1

2

∫ T

0

∫
B1

ρ1(∆ξ1)|ψ|2 dx dt

≤ 3δ

∫ T

0

∫
Ω

e−2sα∗
(

1

sϕ̂
|ψt|2 + s3λ4(ϕ∗)3(|ψ|2 + |∇ψ|2)

)
dx dt

+ Cδ

∫ T

0

∫
B1

ρ2|w|2 dx dt,(3.23)

where

ρ2(t) = e−(1+γ2)sα̂s2a+1λ8ϕ̂ 2b+1.

Replacing the estimates (3.16) and (3.23) in (3.10), with δ > 0 sufficiently small, we
obtain

I(s, λ; z) + I(s, λ;φ) ≤ C

{∫ T

0

∫
B0

ρ1|z|2 dx dt +

∫ T

0

∫
B1

ρ2|curlφ|2 dx dt
}
.(3.24)

3.1.3. Step 3: An estimate of curl φ in terms of z. Let us apply the curl
operator to (2.2). For ζ = curl z, we obtain the following:

−ζt − ∆ζ + ζ − z2 = w1O in O × (0, T ).

Recall that ξ2 ∈ C∞
0 (B2) satisfies (3.12) and B1 ⊂⊂ B2 ⊂⊂ ω ∩ O. After multi-

plying the above equation by ρ2ξ2w, integrating by parts in Q, and using (3.13), it
follows that∫ T

0

∫
B2

ρ2ξ2|w|2 dx dt = −
∫ T

0

∫
B2

ρ2ξ2φ2ζ dx dt +

∫ T

0

∫
B2

ρ′2ξ2wζ dx dt

−
∫ T

0

∫
B2

ρ2((∆ξ2)wζ + 2(∇ξ2 · ∇w)ζ + ξ2wz2) dx dt.(3.25)
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As before, we choose γ3 satisfying 0 < γ3 < 2γ2 − 1. Then, for sufficiently large λ we
have (1 + 2γ2 − γ3)α̂/2 > α∗ and, consequently,

−2(1 + γ2)α̂ + 2sα < −2(1 + γ2)α̂ + 2sα∗ < −(1 + γ3)α̂.

Notice once more that if γ1 is sufficiently close to 1, then we can choose γ3 in (γ̂, 1).
Now, proceeding as in the previous step, we see that∣∣∣∣∣

∫ T

0

∫
B2

ρ2ξ2φ2ζ dx dt

∣∣∣∣∣ ≤ δ

∫ T

0

∫
Ω

e−2sαs3λ4ϕ3|φ2|2 dx dt

+ Cδ

∫ T

0

∫
B2

ρ3
1

s4λ4ϕ̂ 4
ξ2
2 |ζ|2 dx dt

for any small δ > 0 (to be fixed later). Here, ρ3 stands for the function

ρ3(t) = e−(1+γ3)sα̂(t)s4a+3λ16ϕ̂ 4b+3(t).

We also have∫ T

0

∫
B2

ρ′2ξ2wζ dx dt ≤ δ

∫ T

0

∫
B2

ρ2ξ2|w|2 dx dt

+ Cδ

∫ T

0

∫
B2

ρ2s
2ϕ̂ 5/2ξ2|ζ|2 dx dt.

Furthermore, after separating the terms in the last integral in (3.25), we find that∣∣∣∣∣
∫ T

0

∫
B2

ρ2(∆ξ2)wζ dx dt

∣∣∣∣∣ ≤ δ

∫ T

0

∫
B2

ρ2ξ2|w|2 dx dt

+ Cδ

∫ T

0

∫
B2

ρ2
|∆ξ2|2
ξ2

|ζ|2 dx dt

and ∣∣∣∣∣
∫ T

0

∫
B2

ρ2(∇ξ2 · ∇w) ζ dx dt

∣∣∣∣∣ ≤ δ

∫ T

0

∫
Ω

e−2sα 1

sϕ
|∆φ|2 dx dt

+ Cδ

∫ T

0

∫
B2

ρ3|∇ξ2|2|ζ|2 dx dt.

In this last estimate we have used that |∇w|2 = |∆φ|2. Finally,∣∣∣∣∣
∫ T

0

∫
B2

ρ2ξ2wz2 dx dt

∣∣∣∣∣ ≤ δ

∫ T

0

∫
B2

ρ2ξ2|w|2 dx dt + Cδ

∫ T

0

∫
B2

ρ2ξ2|z2|2 dx dt.

In view of (3.25) and all these inequalities, we obtain∫ T

0

∫
B2

ρ2ξ2|curlφ|2 dx dt

≤ δ

1 − 3δ

∫ T

0

∫
Ω

e−2sα

(
1

sϕ
|∆φ|2 + s3λ4ϕ3|φ2|2

)
dx dt

+Cδ

∫ T

0

∫
B2

(
ρ2|z2|2 + ρ3ξ̄2|curl z|2

)
dx dt(3.26)

for some ξ̄2 ∈ C∞
0 (B2).
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It remains to estimate the previous integral of ρ3ξ̄2|curl z|2. Arguing as above,
we see that∫ T

0

∫
B2

ρ3ξ̄2|curl z|2 dx dt ≤ 2

∫ T

0

∫
B2

ρ3ξ̄2|∇z|2 dx dt

= −2

∫ T

0

∫
B2

ρ3(∇ξ̄2 · ∇z + ξ̄2(∆z))z dx dt

≤ δ

∫ T

0

∫
Ω

e−2sα

(
sλ2ϕ|∇z|2 +

1

sϕ
|∆z|2

)
dx dt

+ Cδ

∫ T

0

∫
B2

ρ4|z|2 dx dt,(3.27)

where

ρ4(t) = e−(1+γ4)sα̂s8a+7λ32ϕ̂ 8b+7

for some γ4 satisfying 0 < γ4 < 2γ3 − 1. For the reasons stated above, it is clear that
γ4 can be assumed to satisfy γ̂ < γ4 < 1.

Choosing δ > 0 small enough and replacing the estimates (3.26) and (3.27) in
(3.24), we obtain

I(s, λ; z) + I(s, λ;φ) ≤ C

∫ T

0

∫
ω

ρ4|z|2 dx dt(3.28)

for all large s and λ. Taking into account the definition of ρ4 , that γ4 > γ̂, a = 7,
and b = 15/2, we see that (3.6) holds.

This ends the proof of Theorem 3.3.

3.2. Proof of Proposition 3.1. Let us now give the proof of the observability
inequality (3.1) for solutions of system (2.1)–(2.2), which relies on the above result.
First, we observe that from the continuous dependence of the solution of (2.2), we
have ∫ T

T/2

∫
Ω

|z|2 dx dt ≤ C

∫ T

T/2

∫
O
|φ|2 dx dt,(3.29)

and from classical energy estimates for system (2.1), using the fact that (k∧φ) ·φ = 0,
we obtain an energy decreasing property:

‖φ(t + T/4)‖2
0,Ω ≤ C‖φ(t)‖2

0,Ω ∀t ∈ (T/4, 3T/4) .

If we integrate the last inequality over the time interval (T/4, 3T/4) and change the
integral variable t → t + T/4 on the left-hand integral, we can easily deduce that∫ T

T/2

∫
Ω

|φ|2 dx dt ≤ C

∫ 3T/4

T/4

∫
Ω

|φ|2 dx dt,(3.30)

where C is independent of φ.
In what follows, we will fix s, λ, and γ̂ as in Theorem 3.3, depending on Ω, ω, O,

and T , such that (3.6) is satisfied.
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Let us first prove that there exist positive constants M , C1 such that∫ T/2

0

∫
Ω

exp(−Mt−4)|z|2 dx dt +

∫ T

T/2

∫
Ω

|φ|2 dx dt ≤ C1

∫ T

0

∫
ω

|z|2 dx dt.(3.31)

For this estimate, let us first notice that for some constants M and C, one has

e−2sα(x,t)ϕ(x, t)3 ≥ Ce−Mt−4 ∀(x, t) ∈ Ω × (0, T/2);

this is easy to see, in view of the definitions of α and ϕ. Now, using (3.6), we get∫ T/2

0

∫
Ω

exp(−Mt−4)|z|2 dx dt ≤ 1

s3λ4
I(s, λ; z)

≤ CK

∫ T

0

∫
ω

e−(1+γ̂)sα̂s63ϕ̂ 67|z|2 dx dt,

and since the weight e−(1+γ̂)sα̂ϕ̂ 67 is bounded, we can estimate the first term in the
left-hand side of (3.31). On the other hand, to obtain an estimate of φ in terms of z,
let us recall the inequality (3.6). Since e−2sαt−12(T − t)−12 is bounded from below
far from t = 0 and t = T , in view of (3.30), we have∫ T

T/2

∫
Ω

|φ|2 dx dt ≤
∫ 3T/4

T/4

∫
Ω

|φ|2 dx dt

≤ C

∫ 3T/4

T/4

∫
Ω

e−2sαs3λ4ϕ3|φ|2 dx dt ≤ C

∫ T

0

∫
ω

e−(1+γ̂)sα̂ϕ̂ 67|z|2 dx dt.

As before, from the fact that e−(1+γ̂)sα̂ϕ̂ 67 is bounded, we are able to estimate the
second term in the left-hand side of (3.31).

Finally, the desired observability inequality (3.1) is obtained using the energy
estimate (3.29) and (3.31):∫ T

0

∫
Ω

exp(−Mt−4)|z|2 dx dt ≤
∫ T/2

0

∫
Ω

exp(−Mt−4)|z|2 dx dt +

∫ T

T/2

∫
Ω

|z|2 dx dt

≤ C

(∫ T/2

0

∫
Ω

exp(−Mt−4)|z|2 dx dt +

∫ T

T/2

∫
Ω

|φ|2 dx dt
)

≤ C

∫ T

0

∫
ω

|z|2 dx dt.

Appendix. Proof of Lemma 3.4. Let us recall that this proof is given for
the sake of completeness, but it is essentially an adaptation to our framework of the
arguments presented in [8] and [11]. Let us consider the system⎧⎪⎪⎨⎪⎪⎩

−zt − ∆z + z − (1 + x2) k ∧ z + ∇r = φ1O in Q,
div z = 0 in Q,
z = 0 on Σ,
z(T ) = 0 in Ω,

(3.32)

where φ ∈ L2(0, T ;W ) ∩H1(0, T ;H).
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Recall that B0 is an open ball satisfying B0 ⊂⊂ ω ∩O and the auxiliary function
η0 satisfies η0 ∈ C2(Ω),

η0(x) > 0 ∀x ∈ Ω, η0 = 0 on ∂Ω, |∇η0(x)| > 0 ∀x ∈ Ω \B0 .

We will need an additional open ball B00 ⊂⊂ B0 , such that we still have

|∇η0(x)| > 0 ∀x ∈ Ω \B00 .

We will divide the proof of Lemma 3.4 into several steps.
Step 1. Following [8], we apply some well-known Carleman estimates for the heat

equation to (3.32). Thus, there exist constants s0 , λ0, and C > 0 depending on Ω,
ω, and T such that for every λ > λ0 and s > s0 , the following estimate holds:

I(s, λ; z) ≤ C

{∫ T

0

∫
B00

e−2sαs3λ4ϕ3|z|2 dx dt

+

∫ T

0

∫
Ω

e−2sα
(
|∇r|2 + |(1 + x2)k ∧ z|2 + |φ1O|2

)
dx dt

}
.(3.33)

Recall that the definitions of I(s, λ; z) and the weights α and ϕ are given in section 3.1.
Of course, we can choose s large enough to absorb the previous term |(1+x2)k∧z|2

with the left-hand side (3.33). We then have

I(s, λ; z) ≤ C

{∫ T

0

∫
B00

e−2sαs3λ4ϕ3|z|2 dx dt

+

∫ T

0

∫
Ω

e−2sα|∇r|2 dx dt +

∫ T

0

∫
O
e−2sα|φ|2 dx dt

}
(3.34)

for any λ > λ0 and any s > s01 .
Step 2. To estimate the pressure gradient ∇r in (3.34), we first apply the diver-

gence operator to (3.32), i.e., we write

∆r(t) = div((1 + x2)k ∧ z)(t) in Ω, t ∈ (0, T ),(3.35)

and then we use the following result by Imanuvilov and Puel [12], which is satisfied
by weak solutions to second order elliptic equations.

Lemma 3.5. Let us set β(x) = eλη0(x) and let v ∈ H1(Ω) be a solution of

∆v = div h in Ω,(3.36)

where h ∈ L2(Ω)2. Then there exist positive constants τ2 , λ01, and C such that∫
Ω

e2τβ |∇v|2 dx ≤ C

{
τ

∫
Ω

e2τββ|h|2 dx + τ1/2e2τ‖g‖2
1/2,∂Ω

+ τ2λ2

∫
B00

e2τββ2|v|2 dx +

∫
B00

e2τβ |∇v|2 dx
}

(3.37)

for any τ > τ2 and any λ > λ01 , where g = v|∂Ω.
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In particular, we have the following for r(t) and g(t) = r(t)|∂Ω :∫
Ω

e2τβ |∇r(t)|2 dx ≤ C

{
τ

∫
Ω

e2τββ|(1 + x2)k ∧ z(t)|2 dx

+ τ1/2e2τ‖g(t)‖2
1/2,∂Ω + τ2λ2

∫
B00

e2τββ2|r(t)|2 dx

+

∫
B00

e2τβ |∇r(t)|2 dx
}
.(3.38)

To estimate the last integral in (3.38), let us introduce an open set B01 such that
B00 ⊂⊂ B01 ⊂⊂ B0 and a function ξ01 ∈ C2

0(B01) such that

0 ≤ ξ01 ≤ 1 and ξ01 = 1 in B00 .

Integrating by parts, it follows from (3.35) that∫
B00

e2τβ |∇r(t)|2 dx ≤
∫
B01

e2τβξ01|∇r(t)|2 dx

= −
∫
B01

e2τβξ01 div((1 + x2)k ∧ z)(t)r(t) dx

−1

2

∫
B01

e2τβ∇ξ01 · ∇|r(t)|2 dx−
∫
B01

ξ01∇e2τβ · ∇|r(t)|2 dx.

Integrating again by parts, applying Young’s inequality, and taking into account that
|∆(e2τβξ01)| ≤ Cτ2λ2β2e2τβ for some positive constant C, after some straightforward
computations we deduce that∫

B00

e2τβ |∇r(t)|2 dx ≤ C

{
τ2λ2

∫
B01

e2τββ2|r(t)|2 dx +

∫
B01

e2τβ |z(t)|2 dx
}
.

Replacing this inequality in (3.38), we obtain the following for each t ∈ (0, T ):∫
Ω

e2τβ |∇r(t)|2 dx ≤ C

{
τ

∫
Ω

e2τββ|z(t)|2 dx

+ τ1/2e2τ‖g(t)‖2
1/2,∂Ω

+ τ2λ2

∫
B01

e2τββ2|r(t)|2 dx
}
.

Now, let us put τ = s/(t4(T−t)4) and let us choose s > s02 = max(s01 , τ2(T/2)8).
Then τ > τ2 . Let us multiply by exp(−2s exp(2λ‖η0‖∞)/(t4(T − t)4)) the previous
inequality and let us integrate with respect to t in (0, T ). This leads to the estimate∫ T

0

∫
Ω

e−2sα|∇r|2 dx dt ≤ C

{∫ T

0

∫
Ω

e−2sαsϕ|z|2 dx dt

+

∫ T

0

e−2sα∗
(sϕ∗)1/2‖g(t)‖2

1/2,∂Ω dt

+

∫ T

0

∫
ω1

e−2sα(sλϕ)2|r|2 dx dt
}
,(3.39)

where α∗ and ϕ∗ were introduced in section 3.1.
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The first term in the right-hand side of (3.39) can be absorbed by the left-hand
side I(s, λ; z) in (3.33) for s large enough. Hence, we obtain

I(s, λ; z) ≤ C

{∫ T

0

∫
ω0

e−2sαs3λ4ϕ3|z|2 dx dt +

∫ T

0

e−2sα∗
(sϕ∗)1/2‖g(t)‖2

1/2,∂Ω dt

+

∫ T

0

∫
ω1

e−2sα(sλϕ)2|r|2 dx dt +

∫ T

0

∫
O
e−2sα|φ|2 dx dt

}
(3.40)

for any λ > λ01 and any s > s03 .
Step 3. Step 3 estimates the norm of the trace of the pressure on the boundary.

To this end, we introduce three new functions:

χ(t) = e−sα∗(t)(sϕ∗(t))1/4, z̃ = χ(t)z, r̃ = χ(t)r.

From (3.32), we see that (z̃, r̃) satisfies⎧⎪⎪⎨⎪⎪⎩
−z̃t − ∆z̃ + z̃ + ∇r̃ = −χ′z + χ(1 + x2) k ∧ z + χφ1O in Q,
div z̃ = 0 in Q,
z̃ = 0 on Σ,
z̃(T ) = 0 in Ω.

Using the continuity of the trace operator and standard a priori estimates for the
pressure, we deduce that∫ T

0

‖r̃(t)‖2
1/2,∂Ω dt ≤

∫ T

0

‖r̃(t)‖2
1,Ω dt

≤ C

{∫ T

0

∫
Ω

e−2sα∗
s5/2(ϕ∗)3|z|2 dx dt

+

∫ T

0

∫
O
e−2sα∗

(sϕ∗)1/2|φ|2 dx dt
}
.

We have used here that |χ′(t)|2 ≤ Ce−2sα∗
s5/2(ϕ∗(t))3 for all t ∈ (0, T ). We thus

obtain a new estimate from (3.40):

I(s, λ; z) ≤ C

{∫ T

0

∫
B00

e−2sαs3λ4ϕ3|z|2 dx dt +

∫ T

0

∫
B01

e−2sα(sλϕ)2|r|2 dx dt

+

∫ T

0

∫
O
e−2sα(sϕ)1/2|φ|2 dx dt

}
(3.41)

for any λ > λ01 and any s > s04 .
Step 4. It remains to estimate the local term in the right-hand side of (3.41)

containing |r|2 in terms of z and φ.
Assume that the pressure r has been normalized in such a way that∫

B01

r(t) dx = 0 ∀t ∈ (0, T ).

Then there exists C > 0 such that∫
B01

|r(t)|2 dx ≤ C

∫
B01

|∇r(t)|2 dx ∀t ∈ (0, T )
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and also ∫ T

0

∫
B01

e−2sα(sλϕ)2|r|2 dx dt ≤ C

∫ T

0

∫
B01

e−2sα̂(sλϕ̂)2|∇r|2 dx dt,

where the functions α̂ = α̂(t) and ϕ̂ = ϕ̂(t) were introduced in section 3.1.
From (3.32), we see that∫ T

0

∫
B01

e−2sα̂(sλϕ̂)2|∇r|2 dx dt ≤ C

{∫ T

0

∫
B01

e−2sα̂(sλϕ̂)2(|z|2 + |φ|2) dx dt

+

∫ T

0

∫
B01

e−2sα̂(sλϕ̂)2(|zt|2 + |∆z|2) dx dt
}
.

Therefore, in view of (3.41), we obtain

I(s, λ; z) ≤ C

{∫ T

0

∫
B01

e−2sα̂
(
s3λ4ϕ̂ 3|z|2 + (sλϕ̂)2|φ|2

)
dx dt

+

∫ T

0

∫
B01

e−2sα̂(sλϕ̂)2(|zt|2 + |∆z|2) dx dt

+

∫ T

0

∫
O
e−2sα(sϕ)1/2|φ|2 dx dt

}
.(3.42)

Step 5. The rest of the proof deals with the estimates of the local integrals
containing |∆z|2 and |zt|2. First, we will be concerned with |∆z|2.

Let us introduce a function ξ0 ∈ C4
0(B0) such that

0 ≤ ξ0 ≤ 1 and ξ0 = 1 in B01 .

Let us set ẑ(x, t) = e−sα̂ϕ̂ ξ0∆z(T−t). We want to estimate the norm ‖ẑ‖L2(B01×(0,T ))2 .
Following the arguments in [8] (see Step 4), we can deduce that∫ T

0

∫
B01

e−2sα̂(sλϕ̂)2|∆z|2 dx dt =

∫ T

0

∫
B01

s2λ2|ẑ|2 dx dt

≤ C

(∫ T

0

∫
B0

e−2sα̂s4λ2ϕ̂ 9/2|z|2 dx dt +

∫ T

0

∫
B0

e−2sα̂(sλϕ̂)2|φ|2 dx dt
)
.

(3.43)

Thus, from (3.42) we have

I(s, λ; z)

≤ C

(∫ T

0

∫
B0

e−2sα̂s4λ4ϕ̂ 9/2|z|2 dx dt +

∫ T

0

∫
B0

e−2sα̂(sλϕ̂)2|φ|2 dx dt

+

∫ T

0

∫
B01

e−2sα̂(sλϕ̂)2|zt|2 dx dt +

∫ T

0

∫
O
e−2sα(sϕ)1/2|φ|2 dx dt

)
.(3.44)

Step 6. Now we want to estimate |zt|2. Due to the regularity properties of φ, we
can use here a more straightforward argument than in [8], where the right-hand side
belongs only to L2(Q)2.
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First, notice that∫ T

0

∫
B01

e−2sα̂(sλϕ̂)2|zt|2 dx dt ≤ δ

∫ T

0

∫
B01

e−2sα 1

sϕ
|zt|2 dx dt

+ δ

∫ T

0

∫
B01

e−2sα∗ 1

s3(ϕ∗)7/2
|ztt|2 dx dt

+Cδ

∫ T

0

∫
B01

e−4sα∗+2sα∗
s7λ4ϕ̂ 15/2|z|2 dx dt.

This is easily obtained by integrating by parts in time. We will later choose δ > 0
small enough.

We have the following auxiliary result.
Lemma 3.6. Let (z, r) be the solution of (3.32). Then the following estimate

holds: ∫ T

0

∫
Ω

e−2sα∗ 1

s3(ϕ∗)7/2
|ztt|2 dx dt

≤ C

(
I(s, λ; z) +

∫ T

0

∫
O
e−2sα∗

(
1

sϕ∗ |φ|
2 +

1

s3(ϕ∗)7/2
|φt|2

)
dx dt

)
.(3.45)

Proof. Multiply (3.32) by e−2sα∗
s−2(ϕ∗)−9/4ztt and integrate in Q. Noticing that∣∣∣(e−2sα∗

(ϕ∗)−9/4)t

∣∣∣ ≤ Ce−2sα∗
s(ϕ∗)−1,

after some computations we deduce that∫ T

0

∫
Ω

e−2sα∗ 1

s2(ϕ∗)9/4
|∇zt|2 dx dt

≤ C

{∫ T

0

∫
Ω

e−2sα∗ 1

sϕ∗ (|z|2 + |zt|2) dx dt

+

∫ T

0

∫
Ω

e−2sα∗
s(ϕ∗)1/4|∇z|2 dx dt +

∫ T

0

∫
O
e−2sα∗ 1

sϕ∗ |φ|
2 dx dt

}

+
1

2

∫ T

0

∫
Ω

e−2sα∗ 1

s3(ϕ∗)7/2
|ztt|2 dx dt.(3.46)

On the other hand, if we compute the time derivative of (3.32) and then we
multiply the result by e−2sα∗

s−3(ϕ∗)−7/2ztt , we find that∫ T

0

∫
Ω

e−2sα∗ 1

s3(ϕ∗)7/2
|ztt|2 dx dt

≤
∫ T

0

∫
Ω

e−2sα∗ 1

s2(ϕ∗)9/4
|∇zt|2 dx dt(3.47)

+C

(∫ T

0

∫
Ω

e−2sα∗ 1

sϕ∗ |zt|
2 dx dt +

∫ T

0

∫
O
e−2sα∗ 1

s3(ϕ∗)7/2
|φt|2 dx dt

)
.

From (3.46) and (3.47), we see that (3.45) holds.
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In view of this lemma, we have∫ T

0

∫
B01

e−2sα̂(sλϕ̂)2|zt|2 dx dt

≤ Cδ

(
I(s, λ; z) +

∫ T

0

∫
O
e−2sα∗

(
1

sϕ∗ |φ|
2 +

1

s3(ϕ∗)7/2
|φt|2

)
dx dt

)

+Cδ

∫ T

0

∫
B01

e−4sα∗+2sα∗
s7λ4ϕ̂15/2|z|2 dx dt.

If we assume that γ1 < 1, then (3−γ1)/2 > 1, and from Lemma 3.2 we deduce that
(3 − γ1)α̂/2 > α∗ for sufficiently large λ, say, λ > λ02 . Consequently, −4α̂ + 2α∗ <
−(1 + γ1)α̂ and∫ T

0

∫
B01

e−2sα̂(sλϕ̂)2|zt|2 dx dt

≤ Cδ

(
I(s, λ; z) +

∫ T

0

∫
O
e−2sα∗

(
1

sϕ∗ |φ|
2 +

1

s3(ϕ∗)7/2
|φt|2

)
dx dt

)

+Cδ

∫ T

0

∫
B01

e−(1+γ1)sα̂s7λ4ϕ̂15/2|z|2 dx dt

for any λ > λ02 and any s > s04 .

From (3.44) and this estimate, choosing δ > 0 small enough, we find

I(s, λ; z)

≤ C

{∫ T

0

∫
B0

e−(1+γ1)sα̂s7λ4ϕ̂15/2|z|2 dx dt +

∫ T

0

∫
B0

e−2sα̂(sλϕ̂)2|φ|2 dx dt

+

∫ T

0

∫
O
e−2sα

(
(sϕ)1/2|φ|2 +

1

s3(ϕ∗)7/2
|φt|2

)
dx dt

}

for all λ > λ02 and s > s04 .

Obviously, this yields (3.8). The proof of (3.9) is very similar and in fact much
simpler, since the left-hand side of (2.1) is zero.

Thus, we have proved Lemma 3.4 for λ1 = λ02 and s1 = s04 (two parameters
depending on Ω, ω, O, and T ).

4. Some final remarks. The geometrical hypothesis ω ∩ O 
= ∅ is required to
prove the existence of both ε-insensitizing and insensitizing controls. In the first case,
this assumption is used to prove a unique continuation property (Lemma 2.1). In
the case of insensitizing controls, it is used to prove an observability inequality. The
problem is completely open when ω ∩ O = ∅ (see [18]).

The existence of insensitizing controls is guaranteed by the null controllability
property of a cascade system of quasi-geostrophic equations (1.5)–(1.6). In this case,
the control acts indirectly on one variable through the other one. Of course, this
controllability property is stronger than the null controllability of a single quasi-
geostrophic system.
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To prove the null controllability property of the cascade system, there are two
main difficulties.

First is the need for a unique continuation result for the adjoint system
(2.2)–(2.1). The presence of the Coriolis term permits us to relate the second compo-
nent of the velocity and its associated vorticity, and this is a key point in the proof
of uniqueness (see Remark 2).

The second problem is the need for an observability inequality for the adjoint.
This inequality comes from an appropriate (global) Carleman estimate. The main
idea is to estimate φ in terms of curlφ in a ball contained in ω ∩O in the right-hand
side of (3.10). This is possible again due to the presence of the Coriolis term (in fact,
our method does not work in the case of the usual Stokes equations). We rewrite the
system using the stream function and the vorticity and we see that the Coriolis term
leads to an expression of the horizontal derivative of the stream function in terms of
the vorticity. In this way, we are able to avoid estimates of pressure terms, which
are in general very hard to deduce (see the appendix in section 3). Moreover, the
weight in the right-hand side of (3.10) is larger than the weight in the left-hand side.
Accordingly, the terms in the right cannot be absorbed directly as in the case of the
heat equation (see [18]) and this fact requires some additional work.
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ADAPTIVE WAVELET METHODS FOR LINEAR-QUADRATIC
ELLIPTIC CONTROL PROBLEMS: CONVERGENCE RATES∗
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Abstract. We propose an adaptive algorithm based on wavelets for the fast numerical solution
of control problems governed by elliptic boundary value problems with distributed or Neumann
boundary control. A quadratic cost functional that may involve fractional Sobolev norms of the
state and the control is to be minimized subject to linear constraints in weak form. Placing the
problem into the framework of (biorthogonal) wavelets allows us to formulate the functional and
the constraints equivalently in terms of �2-norms of wavelet expansion coefficients and constraints
in the form of an �2 automorphism. The resulting first order necessary conditions are then derived
as a (still infinite) system in �2. Applying the machinery developed in [A. Cohen, W. Dahmen, and
R. DeVore, Math. Comp., 70 (2001), pp. 27–75; A. Cohen, W. Dahmen, and R. DeVore, Found.
Comput. Math., 2 (2002), pp. 203–245], we propose an adaptive method which can be interpreted as
an inexact gradient descent method, where in each iteration step the primal and the adjoint system
need to be solved up to a prescribed accuracy. Convergence of the adaptive algorithm is proved. In
addition, we show that the adaptive algorithm is asymptotically optimal, that is, the convergence
rate achieved for computing the solution up to a desired target tolerance is asymptotically the same
as the wavelet-best N -term approximation of the solution, and the total computational work is
proportional to the number of computational unknowns.
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1. Introduction. A new type of adaptive wavelet method for the numerical
solution of a wide class of variational problems has been developed and analyzed in a
series of papers [CDD1, CDD2, CDD3]. These methods have been shown to exhibit
asymptotically computational complexity in the following sense. If the solution can
be approximated (using ideal complete information) by N terms from the underlying
wavelet basis with accuracy O(N−s) (in the energy norm), then the scheme recovers
for a certain range of decay rates s, depending on the wavelet basis, the solution with
any desired target accuracy ε at a computational expense that stays proportional to
ε−1/s, uniformly in ε, and matches in this sense the optimal work/accuracy rate of
best N -term approximation.

Moreover, the underlying analysis has lead to a new algorithmic paradigm that
can be summarized as follows:

(i) Establish well-posedness of the underlying variational problem, which is to
identify a Hilbert space (energy space) for which the operator induced by the
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variational problem is boundedly invertible as a mapping from this Hilbert
space onto its dual.

(ii) Transform the original problem into an equivalent one that is now well posed
in the Euclidean metric �2. This is usually done by finding a wavelet basis
that is a Riesz basis for the energy space.

(iii) Exploit (ii) so as to devise an iterative scheme for the (still infinite dimen-
sional) transformed problem on �2 that has a fixed error reduction per step.

(iv) Perform the ideal iteration from (iii) approximately by adaptively applying
the involved operators in wavelet coordinates within suitable dynamically
updated accuracy tolerances.

The objective for this paper is to explore the use of such concepts in the context
of optimal control problems with PDE constraints. We are primarily motivated by
the following two aspects. By their very nature, such control problems tend to have a
rather demanding computational complexity, so that the use of schemes that minimize
computational complexity is very tempting. Second, since the above paradigm tries
to stay with the infinite dimensional well-posed problem as long as possible, it turns
out to inherit the stability of the infinite dimensional problem in the following sense.
Compatibility conditions on finite dimensional trial spaces that may arise in coupled
problems, such as in the form of the LBB condition for saddle point problems, do
not arise in the adaptive context; see [CDD2, DDU]. Moreover, the fact that suitable
scalings of one and the same wavelet basis form Riesz bases for a whole range of
Sobolev spaces allows one to treat in a convenient way (at least up to equivalence) a
variety of such norms in the objective functional whose realization (of any equivalent
version) poses severe difficulties in conventional settings. We view the fact that the
use of such norms (even when realized only up to equivalence) offers greater flexibility
in balancing data and regularization as an additional modeling tool. We shall further
comment on this point below.

To bring out the basic mechanisms, we deliberately confine the discussion to
rather simple types of control problems with linear constraints, including Dirichlet
and Neumann problems with distributed or Neumann boundary controls. The setting
will be described in section 2, along with some examples that will guide the subsequent
developments. While the above paradigm was developed mainly for PDEs or singular
integral equations, the first issue will be to formulate the optimal control problem in
a way that allows us to branch into the above road map. This will be done in section
3, which provides the background for (ii). These formulations also shed some light on
principal preferences concerning the formulation of reduced minimization problems
through elimination of the state variable. Moreover, whether the penalty term in
the cost functional is needed for regularization becomes obvious; see sections 3.4 and
3.5. These issues might be less apparent when working from the outset with a finite
dimensional discretized problem.

To understand the potential but also the limitations of the concepts developed in
this paper, it is important to distinguish two slightly different problem scenarios. In
the first, a specific cost functional is imposed by the (physical) problem background,
and it is mandatory to compute an optimal solution with respect to this special objec-
tive function. The quadratic forms appearing in this case induce typically (weighted)
L2-norms or first order Sobolev norms (with possibly varying diffusion coefficients).
We shall refer to this case in the following as the mandatory case.

On the other hand, in particular, when the cost functional involves a regulariza-
tion term, the purpose of formulating an optimal control problem is often to accom-
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plish a possibly good compromise between fitting the data under the given constraints
and a necessary regularization. One usually has only estimates for the regularization
parameter and, in principle, one obtains different optimal solutions when varying this
parameter slightly. In such a case there is possibly no unique optimization problem
associated with the underlying task, but the formulation of the objective functional
becomes part of the modeling process; see, e.g., [BBDM]. An interesting way to enrich
this modeling process, beyond varying a single scale weight, is to incorporate mecha-
nisms that allow one to affect contributions with different characteristic length scales
in a different way when searching for a good compromise between data fit and regu-
larization. This could help, for instance, to exploit best a possibly higher regularity
of the observed data to suppress unwanted undulations in the final solution. More-
over, imposing more regularity on the control might significantly improve its practical
executability in applications. While this is not possible by a global weight (or weight
function implanted in a single norm), smoothness norms of Sobolev or Besov type
would serve that purpose. (See, e.g., [CDLL] for application of such norms in im-
age compression or, e.g., [CK] in the context of scattered data fitting.) Such norms,
especially when the smoothness order is not an integer, typically do not have any
canonical, physically motivated representer. Using extensions combined with Fourier
transforms, or interpolation between integer order cases, or intrinsic norms defined
by double integrals of difference quotients, or factor norms when dealing with traces,
one obtains different variants whose common feature is the above-mentioned weight-
ing of different length scales. Lacking an a priori physical reason for employing any
specific version of such a norm, it is natural to choose one that supports the numerical
treatment best. We shall refer to this scenario (typically associated with noninteger
smoothness norms) when no physically mandatory optimal solution can be identified
as the ambiguous case.

Unfortunately, not much is known about this latter scenario, primarily because in
conventional discretization settings none of the above-mentioned equivalent norms is
easily (or is not at all) realized in practice. In the ambiguous case, when in principle
any representer can be used, wavelet concepts offer a promising alternative that ren-
ders such mechanisms feasible. In fact, norm equivalences based on simple scalings
suggest themselves and, in particular, support (iii) and (iv). Of course, preferring one
equivalent norm in the objective functional over another one will change the solution,
although the constraints remain unchanged. However, in the case of compatible data,
the same solution is obtained for all equivalent representers of the chosen norm. More-
over, it will be seen that the well-posedness of the corresponding variational problem
remains invariant.

We present here for the first time to our knowledge rigorous convergence and
complexity estimates for adaptive methods for optimal control problems that treat
in full generality the ambiguous case and also, for certain naturally arising objective
functionals, the mandatory case.

Therefore, the general control problem described initially in section 2.1 is to be
viewed only as a reference model, where in the ambiguous case the involved norms
are specified only up to equivalence. To facilitate a possibly unified treatment of both
scenarios, we employ the concept of Riesz operators when formulating the problem in
wavelet coordinates. This enables us to retain formally the same cost functional when
dealing with the mandatory case. In favor of a unified treatment and to keep tech-
nicalities at a manageable level, we present a detailed description and analysis of the
adaptive concept first in the ambiguous case. We sketch at the end the modifications
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needed to address the mandatory case for certain naturally arising norms.
In section 4 we briefly collect some relevant facts from [CDD2, CDD3] that will

later be used for (iv). One major task in the present context is the formulation
of a convergent (ideal) iteration (iii) and a way that makes (iv) feasible. This is
the objective of section 5. Having started out from a rather general setting we will
have by then narrowed, step by step, requirements on the computational ingredients
that will imply optimal complexity at the end and guide the construction of the
scheme. The complexity analysis in section 6 will finally allow us to identify specific
evaluation schemes that will be seen to render our adaptive solver for the optimal
control problems under consideration to have optimal work/accuracy rates in the
above sense. It is perhaps worth noting that the analysis brings out some distinctions
between the inherent computational complexity of problems with distributed versus
Neumann boundary control. In section 7 we address some special cases regarding
simplifications of the scheme. Moreover, we indicate for natural objective functionals
ways of treating the mandatory case. Finally, in section 8 some concluding remarks
are made.

Throughout the paper, we use the following notational conventions, unless specific
constants have to be identified. The relation a ∼ b stands for a <∼ b and a >∼ b,
where the latter relation means that b can be estimated from above by a constant
multiple of a independent of all parameters on which a or b may depend.

2. Problems in optimal control. We shall be concerned with the following
abstract class of problems in optimal control that will serve as a first simple model
for studying adaptive solution concepts in such a context. Several specifications will
guide the subsequent analysis.

2.1. Abstract linear-quadratic control problems. Let Y and Q denote the
state and the control space, respectively, which are assumed to be (closed subspaces
of) Hilbert spaces, with topological duals Y ′, Q′ and associated dual forms 〈·, ·〉Y ′×Y ,
〈·, ·〉Q′×Q. When there is no risk of confusion we write briefly 〈·, ·〉.

In many applications the states y are measured in a weaker norm corresponding
here to a Hilbert space Z hosting the observed data y∗. Specifically, suppose that
T : Y → R is a continuous linear operator from Y onto its range R

‖Tv‖R <∼ ‖v‖Y , v ∈ Y,(2.1)

and that R is continuously embedded in Z. We shall always identify norms by using
the respective space as a subscript. In contrast, the regularity imposed on the control
u, represented here by a Hilbert space U , is often higher than that required in a
natural variational formulation. Thus, in summary we shall assume the validity of
the continuous embeddings

‖w‖Z <∼ ‖w‖R, w ∈ R, ‖v‖Q <∼ ‖v‖U , v ∈ U.(2.2)

Our objective is to minimize quadratic functionals of the form

J(y, u) =
1

2
‖Ty − y∗‖2

Z +
ω

2
‖u‖2

U ,(2.3)

subject to linear constraints, that will be described next. We shall assume that
a(·, ·) : Y × Y → R is a bilinear continuous Y -elliptic form, i.e.,

a(v, v) ∼ ‖v‖2
Y , v ∈ Y.(2.4)
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It will sometimes be convenient to refer to the linear operator A : Y → Y ′ defined by
〈Aw, v〉 = a(w, v), w, v ∈ Y .

The last ingredient is a linear continuous operator E : Q → Y ′, describing an
action on the control.

The abstract linear-quadratic control problem can now be formulated as follows.

(CP). For given observations y∗ ∈ Z, a right-hand side f ∈ Y ′, and a weight
parameter ω > 0, minimize the quadratic functional (2.3) over (y, u) ∈ Y ×Q subject
to the linear constraints

a(y, v) = 〈f + Eu, v〉, v ∈ Y.(2.5)

Remark 2.1. Of course, when the observed data are compatible in the sense that
y∗ ≡ TA−1f , (CP) has the trivial solution u ≡ 0 yielding J(y, u) ≡ 0.

2.2. Some examples. In all the following, Ω ⊂ R
d denotes a bounded Lipschitz

domain. The choice Z = U = L2(Ω) in the functional (2.3) is classical (see [Li]),
perhaps partly due to the difficulty of evaluating the norms that could be termed
natural (such as fractional trace norms) with regard to the underlying variational
formulation, namely, the norms ‖ · ‖Y , ‖ · ‖Q. Here we explicitly allow for use also of
natural norms for observing the state y, unless, for statistical reasons, measurements
are meaningful only in weaker norms, such as L2. It will be shown below that Sobolev
or even Besov norms on Ω or (part of) its boundary ∂Ω for a certain range of regularity
scales can be dealt with by our approach.

Although the problems with distributed control are perhaps of a rather academic
nature, they serve as good illustrations for the essential mechanisms.

2.2.1. Dirichlet problem with distributed control. In our first example we
consider such a distributed control problem with the following identification of the
above ingredients:

a(v, w) :=

∫
Ω

∇v · ∇w dx, Y = H1
0 (Ω), Q = H−1(Ω) = Y ′.(2.6)

This gives rise to constraints whose strong form is given by the standard second order
Dirichlet problem with distributed control,

−∆y = f + u in Ω,

y = 0 on ∂Ω.
(2.7)

Admissible choices for Z,U , satisfying (2.2), are then

Z := H1−γ
00 (Ω), U = Hβ−1(Ω) := (H1−β

00 (Ω))′, 0 ≤ γ, β ≤ 1,(2.8)

where Hγ
00(Ω) consists of those elements in Hγ(Ω) whose trivial extension by zero

belongs to Hγ(Rd). Thus, for γ > 0 states are measured in a weaker norm, while
for β > 0 additional smoothness is imposed on the control when compared with the
natural norms. In particular, the classical case U = Z = L2(Ω) is covered. In all
these cases the operators T,E are the canonical injections T = I, E = I, which, for
the regularity scales in (2.8), are indeed bounded.
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2.2.2. Neumann problem with distributed control. Choosing

a(v, w) :=

∫
Ω

(∇v · ∇w + vw)dx, Y := H1(Ω), Q = (H1(Ω))′ = Y ′,(2.9)

(2.4) holds. Denoting by ι the trace operator to ∂Ω, mapping functions in Y = H1(Ω)
to H1/2(∂Ω), we consider next the constraint

a(y, v) = 〈f̃ , v〉 +

∫
∂Ω

g(ιv) ds + 〈u, v〉 for all v ∈ Y(2.10)

and for given f̃ ∈ Y ′, g ∈ H−1/2(∂Ω). Its strong form is the second order nonhomo-
geneous Neumann problem with distributed control

−∆y + y = f̃ + u in Ω,

∂y

∂n
= g on ∂Ω,

(2.11)

where ∂
∂n is the normal derivative in the direction of the outward normal. The con-

straints (2.10) can be formulated as an operator equation

Ay = f + u,(2.12)

where the data f are defined by 〈f, v〉 := 〈f̃ , v〉 +
∫
∂Ω

g(ιv) ds and A is boundedly
invertible from Y to Y ′.

In analogy to (2.8) we can take here

Z = H1−γ(Ω), U = (H1−β(Ω))′, 0 ≤ γ, β ≤ 1.(2.13)

Again T = I and E = I are then the canonical injections.

One can also prescribe as observations boundary conditions of Dirichlet type y∗
on ∂Ω, in which case the range of T is R = H1/2(∂Ω), which will be referred to as the
natural observation space. In this case Z = H1/2−γ(∂Ω) are admissible observation
spaces for γ ≥ 0. Here T : H1(Ω) → H1/2(∂Ω) coincides with the trace operator.
Hence, the optimal control problem is to steer the states toward Dirichlet boundary
conditions, while the constraints (2.11) involve Neumann boundary conditions.

2.2.3. Neumann problem with Neumann boundary control. Now let the
boundary ∂Ω be decomposed into two parts, ∂Ω = ΓN∪Γc, where Γc has nonvanishing
d− 1 dimensional measure. For a(·, ·) from (2.9), consider the constraint

a(y, v) = 〈f̃ , v〉 +

∫
Γc

g(ιv) ds +

∫
Γc

u(ιv) ds for all v ∈ Y := H1(Ω)(2.14)

and given f̃ ∈ Y ′, g ∈ (H1/2(Γc))
′, whose strong form is the second order Neumann

problem

−∆y + y = f̃ in Ω,

∂y

∂n
=

{
0 on ΓN ,
g + u on Γc.

(2.15)
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To identify the remaining ingredients, note first that for the right-hand side of (2.14)
to be well defined, the control must belong to Q = (H1/2(Γc))

′. Thus, the operator
E is the adjoint of the trace operator ι to the control boundary Γc, defined as

〈Eq,w〉(H1(Ω))′×H1(Ω) :=

∫
Γc

q(ιw) ds.(2.16)

That is, E : (H1/2(Γc))
′ → (H1(Ω))′ is an extension operator to Ω. Thus, the

formulation of the constraint as an operator equation reads in this case

Ay = f + Eu.(2.17)

As in the previous cases, one could choose Z to be a space defined on Ω. A more
frequent practical situation is to approximate prescribed conditions for the state on
some part of the boundary.

To this end, denote by Γ◦ ⊆ ∂Ω an observation boundary (again with strictly
positive measure) and by T : H1(Ω) → H1/2(Γ◦) =: R the trace operator to this
part of the boundary. Then admissible choices for Z are H1/2−γ(Γ◦), γ ≥ 0. For
the control, we have Q = (H1/2(Γc))

′ so that U = L2(Γc) would require the optimal
control to be somewhat smoother. For these choices, the functional (2.3) is of the
form

J(y, u) =
1

2
‖Ty − y∗‖2

H1/2(Γ◦) +
ω

2
‖u‖2

L2(Γc)
.(2.18)

Again we could take Z = H1/2−γ(Γ◦) for 0 ≤ γ instead. For the choice Z =
L2(Γ◦) and U = L2(Γc), the functional (2.3) with constraints (2.14) was treated in
[BKR] by employing an adaptive finite element solver. The case Γ◦ = Γc = ∂Ω and
Z = U = L2(∂Ω) is classical [Li].

Remark 2.2. Note that the choice of a specific representer of the broken trace
norms (that arise above as natural norms) and of any other smoothness norm of
noninteger order (that enable scale-dependent fitting criteria) is ambiguous. Whether
one uses, for instance, a factor norm or an intrinsic norm based on a parametrization
of the boundary manifold in the case of trace norms is neither essential nor physically
predetermined.

Remark 2.3. For linear-quadratic elliptic problems with Dirichlet boundary con-
trols the constraints are usually formulated as saddle point problems (see, e.g., [K2]),
which no longer satisfy the ellipticity condition (2.4). The techniques developed below
can also be extended to this situation; see [CDD2, K3]. However, to make the basic
mechanisms as transparent as possible, we confine the present discussion to the case
of elliptic constraints.

3. Reformulation of (CP). The standard approach to control problems like
(CP) would be to derive the necessary conditions for optimality in terms of an ad-
joint equation in the functional analytic setting (see, e.g., [Li]) and to discretize the
resulting conditions by choosing suitable finite dimensional trial spaces. Here we will
deviate from such a procedure in several ways. The first step is to transform the
original problem (CP) into an equivalent (hence still infinite dimensional) problem,
which is now formulated entirely in �2. The use of appropriate Riesz operators al-
lows us to leave the original reference objective functional unchanged and to treat the
mandatory case. However, in the ambiguous case associated with smoothness norms
of noninteger order, these norms are only given up to equivalence (see Remark 2.2)



ADAPTIVE WAVELETS FOR ELLIPTIC CONTROL PROBLEMS 1647

and consequently the Riesz maps are unspecified. Furthermore, their numerical real-
ization would generally be practically infeasible, except when using one specific norm
equivalence induced by wavelet expansions. Therefore we shall specify the objective
functionals by employing norm equivalences induced by scaled wavelet expansions.
This particular reformulation will be seen to offer the following advantages:

• All the previous special cases take on a unified format. All norms (including
those with negative order or fractional trace norms) are represented by �2-
norms. In particular, the more flexible options of balancing the observation
part against the regularization part in the cost functional with the aid of
different regularity requirements are retained and become computationally
feasible.

• There is no need for inverting ill-conditioned linear systems.
• It provides the foundation for adaptive solution strategies.
• Aside from complexity issues, such adaptive strategies have stabilizing effects

in cases where discretizations usually have to obey compatibility constraints,
such as the LBB-condition for saddle point problems.

The transformation hinges on the availability of appropriate wavelet bases, which are
described next.

3.1. Wavelet coordinates. In the following we shall assume that for each
Hilbert space H ∈ {Y,Z,R,Q,U} we have a collection of functions

ΨH = {ψH,λ : λ ∈ IH} ⊂ H(3.1)

—a wavelet basis—with the following properties at our disposal. IH is an infinite
index set whose elements λ encode different features such as scale |λ| and spatial
location k = k(λ). In the simplest case of wavelets on the real line one has ψH,λ =
2j/2ψ(2j · −k), j, k ∈ Z, normalized in L2. Thus λ represents (j, k) and |λ| = j. We
dispense at this point with further technical details about the actual construction of
such wavelet bases but collect only those properties that are relevant in the present
context.

Locality (L). The functions ψH,λ are local, and the widths of their support are
decreasing with growing discretization level |λ|,

diam (suppψH,λ) ∼ 2−|λ|.(3.2)

Cancellation property (CanP). There exists an integer m̃ = m̃H such that

〈v, ψH,λ〉 <∼ 2−|λ|(d/2+m̃)|v|W m̃
∞(supp ψH,λ),(3.3)

where d is the dimension of the underlying domain or manifold. Thus, integrating
against a wavelet has the effect of taking an m̃th order difference which annihilates the
smooth part of v. In fact, this is typically realized (for wavelets defined on Euclidean
domains) by constructing ΨH in such a way that it possesses a dual or biorthogonal
basis Ψ̃H ⊂ H ′ such that the multiresolution spaces S̃j := span {ψ̃H,λ : |λ| < j}
contain all polynomials of order m̃. Here dual basis means that 〈ψH,λ, ψ̃H,ν〉 = δλ,ν ,
λ, ν ∈ IH . Here and in what follows the tilde is to express that the collection is a dual
basis to a primal one for the space identified by the subscript. The role of dual bases
will be addressed again below.

This cancellation property entails quasi-sparse representations of a wide class of
operators.
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Riesz basis property (R). This is perhaps the most crucial requirement. Every
v ∈ H has a unique expansion in terms of ΨH ,

v =
∑
λ∈IH

vλ ψH,λ =: vT ΨH , v := (vλ)λ∈IH
,(3.4)

and its expansion coefficients satisfy the following norm equivalence: There exist finite
positive constants cH , CH such that

cH‖v‖�2(IH) ≤ ‖vTΨH‖H ≤ CH‖v‖�2(IH), v ∈ �2(IH).(3.5)

Thus, wavelet expansions induce isomorphisms between certain function and sequence
spaces.

By duality arguments one can show that (3.5) is equivalent to the existence of a
biorthogonal collection

Ψ̃H := {ψ̃H,λ : λ ∈ IH} ⊂ H ′, 〈ψH,λ, ψ̃H,µ〉 = δλ,µ, λ, µ ∈ IH ,(3.6)

which is a Riesz basis in H ′, i.e.,

C−1
H ‖ṽ‖�2(IH) ≤ ‖ṽT Ψ̃H‖H′ ≤ c−1

H ‖ṽ‖�2(IH)(3.7)

holds for any ṽ = ṽT Ψ̃H ∈ H ′; see, e.g., [D1, D3, D4, K1].
We shall need a little more information about how bases with the above properties

are constructed. In all our examples the Hilbert space H ∈ {Y,Q,R,Z, U} is actually
(a closed subspace of) a Sobolev space Hs = Hs(G) or its dual (possibly determined
by homogeneous boundary conditions), where G is either the domain Ω or (part of)
its boundary. The basis ΨH for H is then typically obtained from an anchor basis
Ψ = {ψλ : λ ∈ I = IH}, which is a Riesz basis for L2(G), i.e., ‖ψλ‖L2(G) ∼ 1, whose

dual basis Ψ̃ is therefore also a Riesz basis for L2(G). In fact, Ψ and Ψ̃ are constructed
in such a way that rescaled versions of both bases Ψ, Ψ̃ form Riesz bases for a whole
range of Sobolev (sub-)spaces Hs, for 0 < s < γ, γ̃, respectively. From this fact one
derives then that for each s ∈ (−γ̃, γ) the collection

Ψs := {2−s|λ|ψλ : λ ∈ I} =: D−sΨ(3.8)

is a Riesz basis for Hs (with the above interpretation of Hs as a dual when s is
negative) [D1]; i.e., there exist positive constants cs, Cs such that

cs ‖v‖�2(I) ≤ ‖vTΨs‖Hs ≤ Cs ‖v‖�2(I), v ∈ �2(I),(3.9)

holds for each s ∈ (−γ̃, γ). Analogous relations hold for Ψ̃ with reversed roles of γ
and γ̃. We shall make use of the following consequence of this fact. For t ∈ (−γ̃, γ)
the mapping

Dt : v = vTΨ �→ (Dtv)TΨ = vTDtΨ =
∑
λ∈I

vλ 2t|λ|ψλ(3.10)

acts as a shift operator between Sobolev scales, i.e.,

‖Dtv‖Hs ∼ ‖v‖Hs+t ∼ ‖Ds+tv‖�2(I), provided that s, s + t ∈ (−γ̃, γ).(3.11)

Concrete constructions of wavelet bases with the above properties for parameters γ, γ̃
ranging in most cases up to 3/2 on bounded Euclidean domains and also on closed
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piecewise parametrically defined manifolds can be found in [CTU, CM, DKU, DS1,
DS2, DSt]. Note that in the above examples the relevant Sobolev regularity indices
range then between −1 and 1 so that these bases allow us to exploit relations like
(3.11) when the metrics in the spaces Z and U differ from the natural norms in the way
indicated above. Thus we shall henceforth assume the validity of the above properties
(L), (CanP), and (R) in appropriate ranges, as detailed in the next section.

It should be noted, however, that such norm equivalences are by no means re-
stricted to simple Sobolev spaces, as indicated by the following example.

Remark 3.1. Let H be the Hilbert space endowed with the norm ‖v‖2
H :=

〈∇v, a∇v〉 + 〈wv, v〉 =: a(v, v), where a is a uniformly positive definite but possi-
bly spatially varying diffusion matrix and w is a nonnegative spatially varying weight
function. Starting with a basis Ψ for L2(Ω), say, the matrix D−s in (3.8) (for s = 1)
should then be replaced by D−1, where D now has the diagonal entries a(ψλ, ψλ)1/2.
This automatically incorporates spatially varying weights or diffusion terms in the
normalization of the wavelet basis.

In what follows, it will be convenient to make systematic use of the following
shorthand notation that already has been used to some extent above. We will view
Ψ both as in (3.1) as a collection of functions as well as a (possibly infinite) (column)
vector containing all functions always assembled in some fixed order. For a countable
collection of functions Θ and some single function σ, the quantities 〈Θ, σ〉 and 〈σ,Θ〉
are to be understood as the column, respectively, row, vector with entries 〈θ, σ〉,
respectively, 〈σ, θ〉, θ ∈ Θ. For two collections Θ,Σ, the term 〈Θ,Σ〉 is then a (possibly
infinite) matrix with entries (〈θ, σ〉)θ∈Θ, σ∈Σ for which 〈Θ,Σ〉 = 〈Σ,Θ〉T . This also
implies for a (possibly infinite) matrix C that 〈CΘ,Σ〉 = C〈Θ,Σ〉 and 〈Θ,CΣ〉 =
〈Θ,Σ〉CT . In this notation, the expansion coefficients in (3.4) and (3.7) can explicitly
be expressed as vT = 〈v, Ψ̃〉 and ṽ = 〈Ψ, ṽ〉. Furthermore, the biorthogonality or
duality conditions (3.6) can be reexpressed as 〈Ψ, Ψ̃〉 = I with the infinite identity
matrix.

3.2. Wavelet representation of operators. The last important ingredient
concerns wavelet representations of operators. Suppose that ΨH ,ΨM are Riesz bases
for Hilbert spaces H,M . As before, we shall always denote by Ψ̃H , Ψ̃M the respective
dual bases, i.e., 〈ΨV , Ψ̃V 〉 = I, V ∈ {H,M}, where 〈·, ·〉 is the corresponding duality.
Suppose L : H → M is a linear operator. Any image Lv ∈ M is naturally expanded
with respect to ΨM as Lv = 〈Lv, Ψ̃M 〉ΨM . Inserting the expansion v = vTΨH with
respect to ΨH yields

Lv = vT 〈LΨH , Ψ̃M 〉ΨM = (〈Ψ̃M , LΨH〉v)TΨM .(3.12)

Since we shall make frequent use of this operation, we record the relevant facts in the
following remark.

Remark 3.2. The wavelet representation of L : H → M (with respect to the
bases ΨH , Ψ̃M of H, M ′, respectively) is given by

L := 〈Ψ̃M , LΨH〉, Lv = (Lv)TΨM .(3.13)

Thus, the expansion coefficients of Lv (in the basis that spans the range space of L)
are obtained by applying the infinite matrix L = 〈Ψ̃M , LΨH〉 to the coefficient vector
of v. Moreover, boundedness of L implies boundedness of L in �2, i.e.,

‖Lv‖M <∼ ‖v‖H , v ∈ H, implies ‖L‖ := sup
‖v‖�2(IH )≤1

‖Lv‖�2(IM ) <∼ 1.(3.14)
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Proof. The first part of the assertion was established by the preceding observa-
tions. For (3.14), one infers from (3.5) and (3.13) that

‖Lv‖�2(IM ) ∼ ‖(Lv)TΨM‖M = ‖Lv‖M <∼ ‖v‖H ∼ ‖v‖�2(IH),

which confirms the claim.
We shall employ Riesz operators RH : H → H ′ defined by

(v, w)H = 〈v,RHw〉, v, w ∈ H,(3.15)

where (·, ·)H denotes the inner product in H. Thus, RH maps H boundedly invertibly
onto its dual H ′. By Remark 3.2, we therefore have (with the role of M being played
now by H ′)

RH := 〈ΨH , RHΨH〉 = (ΨH ,ΨH)H(3.16)

and

‖RH‖, ‖R−1
H ‖ <∼ 1.(3.17)

For general surveys on the application of wavelets to operator equations, we refer
to [Co, D2, D3].

3.3. Equivalent control problems in �2. Now we are in the position to trans-
form the abstract control problem (CP) into wavelet coordinates. We begin with the
constraints (2.5). Following the above recipe (3.12), we expand y in ΨY and u in a
wavelet basis ΨU for U ⊂ Q; see (2.2). As explained in section 3.1, the basis ΨU is
conveniently obtained as a scaled version of a basis for Q, i.e.,

DQΨU = ΨQ,(3.18)

where the diagonal elements of DQ are nondecreasing. Hence, expanding u = uTΨU

in terms of ΨQ, gives

u = uTΨU = (D−1
Q u)TΨQ.(3.19)

The operators A and E, in turn, are bounded operators from Y , respectively, Q, to
Y ′. By Remark 3.2, their wavelet representations and that of f ∈ Y ′ are therefore
given by

A := a(ΨY ,ΨY ), E := 〈ΨY , EΨQ〉, f := 〈ΨY , f〉.(3.20)

Since E acts on coordinates relative to ΨQ we can express Eu in (2.5) as Eu =

(ED−1
Q u)T Ψ̃Y . Thus, the constraints (2.5) take on the form

Ay = f + ED−1
Q u.(3.21)

To simplify the notation we shall suppress in the following the subscripts �2(I)
and write briefly ‖ · ‖ := ‖ · ‖�2(I) because we shall be dealing with only Euclidean
norms, and the ranges of indices I will always be clear from the context.

It is well known that the ellipticity (2.4) and the Riesz basis property (R) (3.5)
(for H = Y ) imply the following fact; see, e.g., [D2].
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Remark 3.3. The matrix A is a boundedly invertible mapping of �2(IY ) onto
itself, i.e., A is onto �2(IY ) and there exist finite positive constants cA, CA such that

cA‖v‖ ≤ ‖Av‖ ≤ CA‖v‖, v ∈ �2(IY ).(3.22)

Similarly, since the operator T is bounded as a mapping from Y to R, it is natural
to represent it with respect to a pair of bases ΨY , Ψ̃R, i.e.,

T = 〈Ψ̃R, TΨY 〉.(3.23)

We infer from Remark 3.2 that there exist finite positive constants CT, CE such that

‖Tv‖ ≤ CT‖v‖, ‖Ev‖ ≤ CE‖v‖(3.24)

for v ∈ �2(IY ) and v ∈ �2(IQ), respectively.
In general, R is a continuously embedded subspace of Z, and the dual pair of bases

ΨR, Ψ̃R are scaled versions of a corresponding pair ΨZ , Ψ̃Z ; i.e., there is a diagonal
matrix DZ with nondecreasing diagonal entries such that

ΨZ = DZΨR, Ψ̃Z = D−1
Z Ψ̃R.(3.25)

We shall make frequent use of the fact that

‖D−1
Q ‖, ‖D−1

Z ‖ ≤ 1,(3.26)

where we assume without loss of generality that all entries on the respective diagonals
are bounded by one.

The observed data have to be expanded in ΨZ . By (2.2), T is also continuous as
an operator from Y to Z. Thus the representations of T with respect to ΨY , Ψ̃Z and
of y∗ are given by

D−1
Z T = 〈Ψ̃Z , TΨY 〉, y∗ := DZ〈Ψ̃Z , y∗〉.(3.27)

We are now in a position to express the functional J(y, u) in (2.3) in terms of
wavelet coordinates. On account of (3.15) and (3.16), we have the exact representation

J(y, u) =
1

2
‖R1/2

Z D−1
Z (Ty − y∗)‖2 +

ω

2
‖R1/2

U u‖2.(3.28)

A few comments on possible interrelations on the various involved bases are in
order. The spaces Z and U may be defined over domains different from Ω, such as
traces as explained at the end of section 2.2.2 and in section 2.2.3. In these cases T is
a trace operator and E an extension. Here we cannot simply interrelate ΨZ and ΨY

since traces of wavelets generally are not wavelets. Thus, the bases for Z and U have
to be provided independently.

This is different, however, in the following special case.
Special case (SC). Suppose that the space Z belongs to the Sobolev scale over

Ω; see (2.8), (2.13). In this case T is the identity and R = Y . Hence, (3.25) becomes

ΨZ = DZΨY , Ψ̃Z = D−1
Z Ψ̃Y ,(3.29)

which clearly forms a dual pair for Z. As a mapping into Z, T is the canonical
injection so that, according to (3.27),

D−1
Z T = D−1

Z , i.e., T = I.(3.30)
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If Z does not coincide with Y , Z induces a weaker topology than Y so that the entries
of the diagonal matrix DZ increase in scale. For instance, for Y = Ht, Z = Ht−γ ,
0 ≤ γ, one has (DZ)λ,λ ∼ 2γ|λ|. Recall that in this case the mapping E is also just
the identity ((2.7), (2.12)), i.e., Q = Y ′ and ΨQ should span the range of A. So we
may as well take

ΨQ := Ψ̃Y , E = I,(3.31)

in this case.
In summary, we have shown that the solution to the abstract control problem

(CP) is equivalent to finding the coefficient arrays y,u of y ∈ Y, u ∈ U , that solve the
following abstract control problem in wavelet coordinates.

(CPW). Given data y∗ ∈ �2(IZ), f ∈ �2(IY ) and a weight parameter ω > 0,
minimize the quadratic functional

J̃(y,u) :=
1

2
‖R1/2

Z D−1
Z (Ty − y∗)‖2 +

ω

2
‖R1/2

U u‖2 (= J(y, u))(3.32)

over (y,u) ∈ �2(IY ) × �2(IQ) subject to the linear constraints (3.21)

Ay = f + ED−1
Q u.

3.4. Further auxiliary formulations. Next we shall derive equivalent formu-
lations of (CPW), on which the subsequent numerical treatment will be based. By
standard arguments (see, e.g., [Li]), the unique minimum for (CPW) is obtained

by solving the first order necessary conditions for J̃ which can, e.g., be derived
by first eliminating y in (3.32). In view of (3.22), we can invert (3.21) to obtain
y = A−1f + A−1ED−1

Q u. Substituting this into (3.32) yields a functional that de-
pends only on u,

J̃(u) =
1

2
‖R1/2

Z D−1
Z

(
TA−1ED−1

Q u − (y∗ − TA−1f)
)
‖2 +

ω

2
‖R1/2

U u‖2.(3.33)

Abbreviating

Z := D−1
Z TA−1ED−1

Q , G := D−1
Z (y∗ − TA−1f),(3.34)

J̃ is of the form

J̃(u) =
1

2
‖R1/2

Z (Zu − G)‖2 +
ω

2
‖R1/2

U u‖2.(3.35)

This is a standard least squares functional whose minimizer is characterized by the
normal equations that were in the present format derived in [K2].

Proposition 3.4. The functional J̃ is twice differentiable on �2(IQ) with first
and second variation given by

δJ̃(u) = (ZTRZZ + ωRU )u − ZTRZG, δ2J̃(u) = ZTRZZ + ωRU .(3.36)

Thus, J̃ is strictly convex so that a unique minimizer exists.
Proof. By (3.24), (3.22), (3.17), and the fact that the scaling matrices DZ ,DQ

have nondecreasing diagonal entries (3.26), we conclude that

Q̃ := ZTRZZ + ωRU(3.37)
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is bounded on �2(IQ). Moreover, Q̃ is positive definite since ZTRZZ is at least positive
semidefinite and, by (3.17), we have ‖RUv‖ ∼ ‖v‖. Hence, for any fixed ω > 0 there
exist finite positive constants c

Q̃
, C

Q̃
such that

c
Q̃
‖v‖ ≤ ‖Q̃v‖ ≤ C

Q̃
‖v‖, v ∈ �2(IQ).(3.38)

This confirms the claim.
In summary, the solution of (CPW) is uniquely determined by solving δJ̃(u) = 0,

i.e., the system

Q̃u = g̃ where g̃ := ZTRZG.(3.39)

The above argument reveals also the following facts concerning the necessity of
regularization.

Remark 3.5. The operator Q̃ is well conditioned in the sense of (3.38), uniformly
in ω ≥ 0, if and only if Z is a topological automorphism on �2. Obviously this prohibits
the appearance of nontrivial scalings and requires E,T to be boundedly invertible and
hence excludes trace operators.

Specifically, in the situation (SC), i.e., E = T = I, Q̃ takes on the form

Q̃ = D−1
Q A−TD−1

Z RZD−1
Z A−1D−1

Q + ωRU .(3.40)

Note that when employing natural norms, i.e., DQ = DZ = I,

Q̃ = A−TRZA−1 + ωRU

obviously satisfies (3.38) also for ω = 0, which means that in this case regularization
is not necessary. Moreover, (3.39) is equivalent to

(I + ωDQADZR−1
Z DZATDQRU )u = DQ(Ay∗ − f).(3.41)

Proof. The first part, especially (3.40), follows from substituting the definition of
Z. (3.41) is obtained by multiplying (3.39) with Z−1R−1

Z Z−T from the left.
The system (3.39) would offer a natural link to the setting in [CDD1] because

it is symmetric positive definite and, thus, invites the application of gradient itera-
tions which could then be carried out approximately by adaptive applications of Q̃.
However, even when approximate evaluation schemes for infinite matrices like A were
available, one immediately encounters some severe obstructions in applying Q̃ and
evaluating the right-hand side, due to the appearance of (a) the Riesz operators and
(b) the inverses involved in the definition of Z and G.

To this end, the formulation (3.41) looks tempting since it no longer involves the
inverse of A but requires only inverting a Riesz map. However, it is not very helpful
unless in (SC) one employs only the natural norms Z = Y,U = Q since otherwise
the matrices DZ ,DQ are not bounded in �2. In this latter very special case DZ = I,
DQ = I so that (3.41) becomes

(I + ωAR−1
Z ATRU )u = Ay∗ − f .(3.42)

In the example discussed in section 2.2.1 we have Y = Z = H1
0 (Ω), U = Q = H−1(Ω).

When ‖ · ‖Z is the first order Sobolev seminorm, RZ is the wavelet representation
∆ = 〈∇ΨY ,∇ΨY 〉 of the Laplacian, while RU = ∆−1. Thus (3.42) provides

(I + ωA∆−1AT∆−1)u = Ay∗ − f .(3.43)
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We shall discuss the advantage of this formulation later in more detail but must
concede that, for the reasons mentioned above, it is not appropriate for more general
situations because, in contrast to (3.39), (3.41) is generally ill conditioned on the
infinite dimensional level.

To facilitate nevertheless the application of Q̃ for the above general scope of
problems we shall employ further auxiliary reformulations of (CPW) to be derived
next.

3.5. The Euler equations. We define the Lagrangian and introduce as an
additional variable the Lagrange parameter p ∈ �2(IY ),

Lagr(y,p,u) := J̃(y,u) + 〈p,Ay − f − ED−1
Q u〉,(3.44)

where J̃(y,u) has been defined in (3.32). Straightforward calculations yield the first
order Euler–Lagrange equations whose solution also yields the minimizer of (3.32);
see, e.g., [Z] or [K2].

Remark 3.6. The solution u of the system (3.39) is a component of the solution
(y,p,u) of the weakly coupled system of Euler equations in wavelet coordinates

Ay = f + ED−1
Q u,

(EE) ATp = −TTD−1
Z RZD−1

Z (Ty − y∗) ,(3.45)

ωRUu = D−1
Q ETp.(3.46)

The first equation of (EE) is often denoted as the state or primal equation, while
the second equation is called the costate or adjoint equation.

The system (EE) can, of course, be reformulated as a saddle point problem

⎛⎝ ωRU 0 −D−1
Q ET

0 TTD−1
Z RZD−1

Z T AT

−ED−1
Q A 0

⎞⎠⎛⎝ u
y
p

⎞⎠ =

⎛⎝ 0
TTD−1

Z RZD−1
Z y∗

f

⎞⎠ .

(3.47)

In particular, in the case (SC) when using natural norms in (2.3), i.e., DQ = DZ = I,
we have ⎛⎝ ωRU 0 −I

0 RZ AT

−I A 0

⎞⎠⎛⎝ u
y
p

⎞⎠ =

⎛⎝ 0
RZy∗

f

⎞⎠ .(3.48)

Due to the appearance of the isomorphisms RU ,RZ on the diagonal of the upper left
two-by-two block, this system satisfies the inf-sup condition and, therefore, defines a
boundedly invertible mapping on �2(IQ)× �2(IY )2. Thus, one can immediately apply
the results from [DDU] on adaptive Uzawa iterations for well-posed saddle point
problems. Corresponding optimal complexity estimates apply whenever the matrix
A is compressible, which is the case in all the above examples.

In general, however, when T is a trace operator, the block TTD−1
Z RZD−1

Z T has
a nontrivial kernel. To apply the Uzawa strategy, one first must use an augmented
Lagrangian formulation so as to have a well-defined Schur complement. This can be
done along the lines described in [DDU].

Here we prefer the formally somewhat different approach based on the system
(EE). This approach also applies, in principle, to constraints in the form of a saddle
point system, as pointed out in Remark 2.3; see [K3].
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Our strategy will be to solve (3.39) with the aid of a (perturbed) descent scheme

which requires approximating at each stage the residual g̃ − Q̃uk. Such an approxi-
mation will be based on the following observation, namely, that the residual of (3.39)
is just the residual of the third equation in (EE), sometimes referred to as the design
equation.

Lemma 3.7. For any v ∈ �2(IQ), one has the representation

Q̃v − g̃ = ωRUv − D−1
Q ETp,(3.49)

where p is the solution of the first two equations in (EE). Thus, for any given v, the
sequence p is determined by solving

ATp = −TTD−1
Z RZD−1

Z (Ty − y∗) , where Ay = f + ED−1
Q v.(3.50)

Proof. By definition we infer from (3.34), (3.37), and (3.39) that

Q̃v − g̃ = ωRUv + ZTRZ(Zv − D−1
Z (y∗ − TA−1f)).

The second term on the right-hand side of this equality can be written as

ZTRZD−1
Z TA−1ED−1

Q v − ZTRZD−1
Z (y∗ − TA−1f)

= ZTRZD−1
Z TA−1(ED−1

Q v + f) − ZTRZD−1
Z y∗.

Thus, taking y as the solution of the second equation in (3.50), this reduces to

−ZTRZD−1
Z (y∗ − Ty) = −D−1

Q ETA−TTTD−1
Z RZD−1

Z (y∗ − Ty) = −D−1
Q ETp,

where we have used the first equation in (3.50). This finishes the proof.
Note that one immediately infers from (3.24) and (3.26) that one still has

‖D−1
Z Tv‖ ≤ CT‖v‖, ‖ED−1

Q v‖ ≤ CE‖v‖.(3.51)

3.6. Special cost functionals: A scaling model. We have succeeded so far
in realizing steps (i) and (ii) of the paradigm described in the introduction, namely,
to reformulate (CP) as an equivalent well-posed problem over �2. The realization of
step (iii) will be based on the residual representation (3.49). Lemma 3.7 suggests
approximating the residual with the aid of approximate solutions of the equations
(3.50). This, in turn, will be done iteratively as well. Aside from approximately
applying the infinite matrices A,AT , this also requires the application of the Riesz
matrices RZ ,RU .

Remark 3.8. When Z,U ∈ {H1, L2}, the matrices RH are for H = Z,U of
the form 〈ΨH ,ΨH〉, 〈∇ΨH ,∇ΨH〉 or c1〈ΨH ,ΨH〉+ c2〈∇ΨH ,∇ΨH〉; see Remark 3.1.
In this case, RH can be shown to be compressible in the sense of [CDD1]; see also
section 5.1 concerning the application of A,AT . Thus, the efficient approximate
application of such matrices can be carried out with the aid of the schemes developed
in [BCDU, CDD1]. Similarly, when U = H−1 we have RU = ∆−1, in which case the
design equation (3.46) becomes

ωu = ∆D−1
Q p,(3.52)

which corresponds to the application of the Laplacian; see section 2.2.1. We shall
discuss the consequences of these facts in more detail later.
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As explained in Remark 2.2, in the ambiguous case associated with Sobolev spaces
Z,U of noninteger order the corresponding Riesz operators RZ ,RU are not specified.

In conventional discretization settings, the evaluation of neither representer of
such a norm is practically feasible. In the present framework, however, we can resort
to one specific representer which supports the numerical treatment best. As explained
earlier, the rational, of course, is that changing the regularity scales in the different
parts of the cost functional has a much more subtle effect than changing the (single
scale) weight ω and that this effect is realized by any equivalent norm; see [BK] for
numerical explorations of this issue. Formally, this amounts to expressing Sobolev
norms as sequence norms, based on (3.9). In the present framework this means to
replace the norm automorphisms RZ ,RU (see (3.17)) simply by the identity I in the

definition of J̃ in (3.32). This leads us to consider the following specified abstract
control problem in wavelet coordinates.

(SCPW). Given data y∗ ∈ �2(IZ), f ∈ �2(IY ), and a weight parameter ω > 0,
minimize the quadratic functional

J(y,u) :=
1

2
‖D−1

Z (Ty − y∗)‖2 +
ω

2
‖u‖2(3.53)

over (y,u) ∈ �2(IY ) × �2(IQ) subject to the linear constraints (3.21)

Ay = f + ED−1
Q u.

Remark 3.9. Problem (SCPW) is related to the reference problem (CPW) (re-
spectively, (CP)) as follows. The constraints remain unchanged as (3.21) is the exact
wavelet representation of (2.5). Furthermore, there exist finite positive constants
cJ , CJ such that for any y = yTΨY ∈ Y , and any u = uTΨU ∈ U , one has

cJ J(y,u) ≤ J(y, u) ≤ CJ J(y,u).(3.54)

Moreover, in the case of compatible data y∗ = TA−1f , the respective minimizers
coincide.

Proof. The fact that ‖D−1
Z (y−y∗)‖ ∼ ‖R1/2

Z D−1
Z (y−y∗)‖ = ‖Ty− y∗‖Z follows

immediately from (3.17). This proves (3.54), which, in turn, implies the rest of the
assertion.

In case of incompatible data, the solution of (SCPW) may certainly depend on
the specific equivalent norm although the constraints remain unchanged. Thus, in
the mandatory case the formulation (SCPW) may not yield a solution that could be
termed optimal. On the other hand, in the ambiguous case (see the scenario described
in Remark 2.2) (SCPW) may very well be expected to capture the essential features of
the original extremal problem reflecting the mutual effect of different regularity scales
in the cost functional. Specifically, realizing more regular controls should support
their practical executability. In this case, we shall refer to J(·, ·) as a representer of
J(·, ·) from (2.3).

The situation that a specific norm in the cost functional is essential arises most
likely for the norms described in Remark 3.1. As pointed out in Remark 3.8, the
corresponding Riesz operators are then numerically accessible. In favor of a unified
and clearer treatment we shall focus first entirely on (SCPW), however. Later we
shall indicate the necessary modifications for dealing with the mandatory situation
(CPW) when the involved Riesz operators are accessible in the sense of Remark 3.8.
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For the representer defined in (3.53) the reduced cost functional takes on the form

J(u) :=
1

2
‖Zu − G‖2 +

ω

2
‖u‖2,(3.55)

whose minimization is equivalent to solving

Qu = g, where Q := ZTZ + ωI, g := ZTG,(3.56)

where G,Z are defined in (3.34). By the same reasoning as before we still have

cQ‖v‖ ≤ ‖Qv‖ ≤ CQ‖v‖, v ∈ �2(IQ),(3.57)

with finite positive constants cQ, CQ that may depend on ω under the same circum-
stances described in Remark 3.5. Thus, in principle, the well-posedness of the optimal
control problem is not affected by exchanging equivalent norms.

In view of (3.57), there exists a fixed positive parameter α such that the descent
iteration

uk+1 = uk + α(g − Quk)(3.58)

reduces the error in each step by at least a factor ρ < 1, i.e.,

‖u − uk+1‖ ≤ ρ‖u − uk‖, k = 0, 1, 2, . . . ,(3.59)

where u is the exact solution of (3.56). Our ultimate goal is to carry out this iteration
approximately with dynamically updated accuracy tolerances.

The application of Q will be facilitated by the following obvious modification of
Remark 3.6. The solution u of the system (3.56) results from the following Euler
equations in wavelet coordinates:

Ay = f + ED−1
Q u,

(EE′) ATp = −TTD−2
Z (Ty − y∗) ,(3.60)

ωu = D−1
Q ETp.(3.61)

Likewise, according to Lemma 3.7, one has for any v ∈ �2(IQ), the representation

Qv − g = ωv − D−1
Q ETp,(3.62)

where p is the solution of the first two equations in (EE′). Thus, for any given v, the
sequence p is given by solving

ATp = −TTD−2
Z (Ty − y∗) , where Ay = f + ED−1

Q v.(3.63)

4. Basic concepts. In this section we collect the main conceptual tools from
[CDD1, CDD2, CDD3] that will be needed to treat, in the general situation, first
(3.56) for the numerical solution of (SCPW). The core issue will be the application

of Q and the evaluation of the right-hand-side g (which will be easier than that of Q̃
and g̃).
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4.1. Perturbed iterations. The basic strategy applies, in principle, to any
system of the form

Mq = z,(4.1)

where M : �2 → �2 is a (possibly) infinite matrix satisfying

cM‖v‖ ≤ ‖Mv‖ ≤ CM‖v‖, v ∈ �2,(4.2)

for some finite positive constants cM, CM, as well as

ρ := ‖I − αM‖ < 1(4.3)

for some positive number α. Clearly, due to the positive definiteness of Q and by
(3.57), M = Q falls into this category.

Given (4.3), the gradient descent iteration

qk+1 = qk + α(z − Mqk), k = 0, 1, 2, . . . ,(4.4)

will converge with a fixed error reduction rate ρ < 1 per step. Of course, this iteration
cannot be carried out exactly because M is an infinite matrix and the data z could
be an infinite array. However, one can hope that perturbed iterations with dynamical
accuracy tolerances, that are suitably updated in the course of the iteration, will still
converge. Thus, we need a routine with the following property.

Res [η,M, z,v] → rη determines for a given tolerance η > 0 a finitely supported
sequence rη satisfying

‖z − Mv − rη‖ ≤ η.(4.5)

There is a further ingredient whose role is at this stage not apparent yet but
which will eventually play a crucial role in controlling the complexity of the scheme.

Coarse [η,w] → wη determines for any finitely supported input vector w a vector
wη with smallest possible support such that

‖w − wη‖ ≤ η.(4.6)

The precise description of Coarse can be found in [CDD1]. The idea is to sort
the entries of w by size and to subtract squares of their moduli starting from the
smallest one until the sum reaches η2. The sorting usually introduces a logarithmic
term of the size of w. A quasi-sorting based on binary binning can be shown to avoid
the logarithmic term at the expense of the resulting support size being at most a fixed
constant of the minimal size; see [B]. This will suffice for the subsequent analysis so
that it is justified to suppress logarithmic terms in what follows.

Let us suppose for the moment that the routine Res is already at our disposal.
We shall first devise the precise form of a perturbed iteration that converges in the
following sense. For every target accuracy ε it produces after finitely many steps a
finitely supported approximate solution with accuracy ε.

Following [CDD2], to arrive at the right interplay between the routines Res and
Coarse, we need the following control parameter. Given (an estimate of) the re-
duction rate ρ and the step size parameter α from (4.3), fix any constant a > 1 and
let

K := min{� ∈ N : ρ�−1(α� + ρ) ≤ 1
2(1+a)}.(4.7)
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(Here the upper bound (2+2a)−1 stems from the analysis in [CDD3] and will be used
again below.) Denoting in the following always by q the exact solution of (4.1), a
perturbed version of (4.4) can now be formulated as follows.

Solve [ε,M, z,q0, ε0] → qε.
(i) Fix a target accuracy ε > 0. Given an initial guess q0 along with an error

bound ‖q − q0‖ ≤ ε0, set j = 0.
(ii) If εj ≤ ε, stop and set qε := qj . Otherwise set v0 := qj .

(ii.1) For k = 0, . . . ,K − 1 compute Res [ρkεj ,M, z,vk] → rk and

vk+1 := vk + αrk.(4.8)

(ii.2) Apply Coarse [
aεj

2(1+a) ,v
K ] → qj+1; set εj+1 := 1

2εj , j + 1 → j and go

to (ii).
In the case that no particular initial guess is known, step (i) is replaced by the default

(i)′ Fix a target accuracy ε > 0. Set j = 0 and

q0 = 0, ε0 := c−1
M ‖z‖.(4.9)

In this case we use the short notation Solve [ε,M, z] → qε.
The choice of the interior tolerance ρkεj in step (ii.1) yields the following estimate

from [CDD2] regarding the final iterate vK resulting from step (ii.1). Inserting the
exact iterate of (4.4) with initial value wj denoted by vK(wj), we get

‖vK − q‖ ≤ ‖vK − vK(wj)‖ + ‖vK(wj) − q‖
≤ αKρK−1εj + ρK‖wj − q‖ ≤ (αK + ρ)ρK−1εj .(4.10)

Employing the choice of K in (4.7), this yields

‖vK − q‖ ≤ εj
2(1 + a)

.(4.11)

The particular form of the constants for the interior estimates that can be seen in
(4.10) will be employed later in section 5.

Straightforward perturbation arguments reveal the following result; see [CDD2,
CDD3].

Proposition 4.1. The iterates qj generated by Solve [ε,M, z] satisfy

‖q − qj‖ ≤ εj , j ∈ N0,(4.12)

where εj = 2−jε0.
Of course, the estimates for α rely on the constants in the norm equivalences (3.5)

and in the relation (4.2). Thus there may be only a poor estimate for ρ, which, in
turn, gives rise to an overly pessimistic choice for the number K defined in (4.7) of
perturbed iterations in each block (ii) of Solve prior to a coarsening step. Therefore,
we recall from [CDD3] that step (ii) can be terminated based on monitoring the
approximate residuals as follows. By (4.2), we have

‖q − v‖ ≤ c−1
M ‖z − Mv‖.(4.13)

Choose any ρ̄ < 1 and define K̄ by (4.7) with respect to ρ̄. Replacing ρ by ρ̄ in the
definition of the tolerances in step (ii) of Solve would take M := max {K, K̄} steps
to ensure that in the (j + 1)st call of (ii) ‖q − vM‖ ≤ εj/10. Now suppose that the
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ρ is expected to be a too-pessimistic estimate of the true reduction rate. Choosing,
e.g., ρ̄ := 1/2 and setting ηk := 2−kεj = ρ̄−kεj as tolerances in the (j + 1)st call of
(ii), we infer from (4.13) and (4.5) that

‖q − vk‖ ≤ c−1
M ‖z − Mvk‖ ≤ c−1

M

(
ηk + ‖rk‖

)
=: δk,

where rk is the approximate residual produced in step (ii.1) of Solve. By the previous
remarks, we can terminate the iteration in step (ii) of Solve when either k = K−1 or
the computable a posteriori bound δk satisfies δk ≤ εj/2(1 + a), which might happen
much earlier than predicted by (4.7). In fact, a refined argument reveals that a
weaker error reduction in (4.11) suffices; see [CDD3]. Of course, the constant cM is
usually also only estimated. However, a poor estimate enters the above a posteriori
termination criterion in a less severe way than a poor estimate for ρ. Nevertheless,
to keep the exposition as simple as possible, we confine the subsequent discussion
to the above version of Solve, bearing in mind that variants of the above sort are
automatically covered by the complexity analysis.

4.2. Complexity analysis. Of course, the main issues are the actual realization
of the routine Res and to understand its complexity. The realization will depend on
the concrete application, which here will be the control problem (SCPW). Here we
outline first a suitable framework for the complexity analysis. Striving for schemes
that are in some sense optimal, the meaning of optimality must first be clarified.

We say that the scheme Solve has an optimal work/accuracy rate s if the following
is true: whenever the error of best N -term approximation

σN (q) := ‖q − qN‖ := min
# suppv≤N

‖q − v‖(4.14)

decays like O(N−s), then the solution qε is produced by Solve at an expense that also
stays proportional to ε−1/s and in that sense matches the best N -term rate. Clearly
this implies that #suppqε also stays proportional to ε−1/s. Thus, our benchmark is
“best N -term approximation,” which is obviously the best one can hope for.

Clearly this best N -term approximation qN of q is given by taking the N largest
terms in modulus from q. When q is the (unknown) solution of (4.1), this knowledge
is certainly not available. Nevertheless, the formulation of appropriate complexity
criteria will be based on a characterization of those sequences v for which the best
N -term approximation error decays at a particular rate (Lorentz spaces). Following
[CDD1], consider sequences that are sparse in the sense that for any given threshold
0 < η ≤ 1, say, the number of terms exceeding that threshold is controlled by some
function of this threshold. Specifically, set for some 0 < τ < 2

�wτ := {v ∈ �2 : #{λ ∈ I : |vλ| > η} ≤ Cv η−τ for all 0 < η ≤ 1},(4.15)

i.e., the set �wτ consists of all those sequences v ∈ �2 for which there exists a constant
Cv such that for all 0 < η ≤ 1 the number of terms vλ whose moduli exceed the
threshold η is bounded by Cvη

−τ . Note that this determines a strict subspace of �2
only when τ < 2, and the sequence is sparser the smaller τ is. Denote for a given
v ∈ �wτ by Cv the smallest constant for which (4.15) holds. Then one has

|v|�wτ := sup
n∈N

n1/τv∗n = C1/τ
v ,(4.16)

where v∗ = (v∗n)n∈N is a nondecreasing rearrangement of v. The quantity

‖v‖�wτ := ‖v‖ + |v|�wτ(4.17)
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can be shown to be a quasi-norm for �wτ [CDD1]. Furthermore, because of the con-
tinuous embeddings

�τ ↪→ �wτ ↪→ �τ+ε ↪→ �2 for τ < τ + ε < 2,(4.18)

�wτ is very close to �τ , which justifies calling it weak �τ . Now we can recall the following
result from [CDD1], which relates the sequences in �wτ to best N -term approximation.

Proposition 4.2. Let positive real numbers s and τ be related by

1

τ
= s +

1

2
.(4.19)

Then a sequence v belongs to �wτ if and only if

‖v − vN‖ <∼ N−s and σN (v) <∼ N−s ‖v‖�wτ ,(4.20)

where as before vN denotes a best N -term approximation of v.
Depending on the space H which is characterized by the wavelet basis ΨH , the

fact that an array of wavelet coefficients satisfies v ∈ �τ is typically equivalent to
the fact that the expansion vTΨH belongs to a certain Besov space which describes
a much weaker regularity measure than a Sobolev space of corresponding order. In
view of (4.18), Proposition 4.2 therefore expresses how much loss of regularity can be
compensated by best N -term approximation, i.e., by judiciously placing the degrees
of freedom in a nonlinear way to retain a certain optimal order of error decay. We
shall return to this issue later.

As will be seen in Theorem 4.3, a key criterion for a scheme Solve to exhibit an
optimal work/accuracy rate can be formulated through the following property of the
respective residual approximation.

τ∗-sparsity. The routine Res is called τ∗-sparse for some 0 < τ∗ < 2 if the
following holds: whenever the solution q of (4.1) belongs to �wτ for some τ∗ < τ < 2,
then for any v with finite support the output rη of Res [η,M, z,v] satisfies

(i)
‖rη‖�wτ <∼ max{‖v‖�wτ , ‖q‖�wτ },(4.21)

# supp rη <∼ η−1/s max{‖v‖1/s
�wτ

, ‖q‖1/s
�wτ

},

where s and τ are related as before by (4.19);
(ii) the number of floating point operations needed to compute rη stays propor-

tional to # supp rη.
Furthermore, the constants in (i), (ii) depend only on τ as τ → τ∗.

In this context we shall always make the following tacit assumption. Given data
are always to be considered completely accessible. In practical terms this may mean
that depending on some final target accuracy (in view of (3.38)) sufficiently many
of the corresponding coefficients of explicitly given data are determined in a prepro-
cessing step and then ordered by size, so that Coarse can be applied to a finitely
supported array. For notational simplicity we shall not distinguish between the ideal
exact data and such an approximation.

The following result can then be extracted from the analysis in [CDD2] (see also
[CDD3] for nonlinear problems) and was used in [DUV].

Theorem 4.3. If Res is τ∗-sparse and if the exact solution q of (4.1) belongs
to �wτ for some τ > τ∗, then for every ε > 0 algorithm Solve [ε,M, z] produces after



1662 WOLFGANG DAHMEN AND ANGELA KUNOTH

finitely many steps an output qε (which, according to Proposition 4.1, always satisfies
‖q − qε‖ < ε) with the following properties: for s and τ related by (4.19), one has

# suppqε
<∼ ε−1/s‖q‖1/s

�wτ
, ‖qε‖�wτ <∼ ‖q‖�wτ ,(4.22)

and the number of floating point operations needed to compute qε remains proportional
to # suppqε.

Thus, τ∗-sparsity of the routine Res implies asymptotically optimal work/accura-
cy rates of the scheme Solve for a certain range of decay rates given by τ∗. We stress
that the algorithm itself does not require any a priori knowledge about the solution
such as its actual best N -term approximation rate. Theorem 4.3 also shows that
controlling the �wτ -norm of the quantities generated in the course of the computation
is crucial. This finally explains the role of Coarse in step (ii.2) of Solve through
the following result; see, e.g., [CDD3].

Lemma 4.4 (coarsening lemma). Let v ∈ �wτ and let w be any finitely supported
approximation such that ‖v − w‖ ≤ η. Then, for any fixed a > 1, the output wη of
Coarse [aη,w] satisfies

# suppwη <∼ ‖v‖1/τ
�wτ

η−1/s, ‖v − wη‖ ≤ (1 + a)η, ‖wη‖�wτ <∼ ‖v‖�wτ ,(4.23)

where the constants in the first and third estimate depend on a when a → 1.
Thus, knowing an error bound for a given finitely supported approximation w,

a certain coarsening using only knowledge about w, produces a new approximation
to (the possibly unknown) v which gives rise to a slightly larger error but realizes
up to a uniform constant the optimal relation between support and accuracy. In the
scheme Solve this means that by the coarsening step, the �wτ -norms of the iterates
vK are controlled. Recall from (4.11) that the choice of the constant K in (4.7),
which controls the number of iterations in step (ii.1), guarantees that in the (j + 1)st
outer iteration of Solve the iterate vK satisfies ‖q− vK‖ ≤ 1

2(1+a)εj . The threshold
aεj

2(1+a) in step (ii.2) ensures, on account of (4.23), that the error after coarsening is

still bounded by 1
2εj . At the same time, if q ∈ �wτ , then ‖qj‖�wτ remains bounded

and # suppqj increases at most like ε
−1/s
j , which is the best possible N -term rate for

sequences in �wτ . Thus to ensure an overall optimal work/accuracy rate, one has to
show that the �wτ -norms of the intermediate iterates vk in step (ii.1) of Solve cannot
grow too much, which is indeed guaranteed by τ∗-sparsity.

The proportionally constants in the above complexity estimates can, in principle,
be assessed or at least estimated in any concrete case. They will depend on the Riesz
constants of the employed wavelet bases, on the ellipticity and continuity constants
in the operator equation (which determine the constants in (4.2) and (4.3)), on the
choice of the constant a in the coarsening step, and on the concrete realization of the
approximate application of matrices like A; see section 5.1.

The remainder of this paper is now devoted to the construction and analysis of
a concrete realization of Solve—termed Solve

SCPW
—for the problem (SCPW) such

that the corresponding routine Res
SCPW

is τ∗-sparse.

5. The scheme SOLVESCPW. Since Q from (3.56) still involves several inverses
of matrices it is not so clear how to realize a residual approximation in an economical
way—recall obstruction (b) in section 3.4.

5.1. Realization of the routine RESSCPW. The realization of the routine
Res

SCPW
for the problem (3.56) will be based on the residual representation (3.62);
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see also Lemma 3.7. However, this requires solving the two auxiliary systems (3.21),
(3.60) in (EE′). Since the residual has to be only approximated, these systems will
have to be solved only approximately. These approximate solutions, in turn, will be
provided again by calls of the scheme Solve but this time with respect to suitable
residual schemes tailored to the systems in (EE′). In all our examples the matrix
A appearing in (EE′) is symmetric positive definite and the choice of wavelet bases
ensures the validity of (3.22). Hence, (4.2) and (4.3) hold for M = A and M = AT

so that the scheme Solve can indeed be invoked. We hasten to mention, however,
that the symmetry and positive definiteness of A is not essential. As long as (3.22)
holds, which means that the operator equation induced by the constraints is well
posed (which is still the case, e.g., for many saddle point problems), we can multiply
the systems in (EE′) by AT , respectively, A, to arrive at a least squares formulation
with M = ATA or M = AAT , still satisfying (4.2) but now yielding symmetric
positive definite systems to ensure (4.3). However, to keep the exposition as simple
as possible, we confine the following discussion to the case that A already satisfies (in
addition to (3.22)) (4.3).

Note also that although we conceptually use the fact that a gradient descent for
the reduced problem (3.56) reduces the error for u in each step by a fixed amount, the
use of (EE′) for the evaluation of the residuals will generate as byproducts approximate
solutions to the full Euler–Lagrange system, i.e., we shall obtain approximations to
the exact solution triple (y,p,u) of (EE′).

Under this hypothesis, we have to formulate next the ingredients for suitable ver-
sions Solve

PRM
and Solve

ADJ
of Solve for the systems in (EE′). Specifically, this

requires identifying residual schemes Res
PRM

and Res
ADJ

for the systems Solve
PRM

and Solve
ADJ

. The main task in both cases is to apply scaling matrices and operators
A,T,E along with their transposes. Of course, the application of a scaling matrix
can be done exactly and hence is easily realized. To ease notation we may there-
fore combine conceptually the application of T followed by D−1

Z in a single operator
application, which will be reflected by the notation

TZ := D−1
Z T, yZ := D−1

Z y∗.(5.1)

Again we assume for the moment that routines for the application of these operators
are available, i.e., that for any L ∈ {A,AT ,TZ ,T

T
Z ,E,ET } we have a scheme with the

following property at our disposal. We shall later discuss their concrete realization.
Apply[η,L,v] → wη determines for any finitely supported input vector v and

any tolerance η > 0 a finitely supported output wη which satisfies

‖Lv − wη‖ ≤ η.(5.2)

The scheme Solve
PRM

for the first system in (EE′) is now defined by

Solve
PRM

[η,A,E,DQ,f ,v,y
0, ε0] := Solve [η,A,f + ED−1

Q v,y0, ε0],(5.3)

where y0 is an initial guess for the solution y of Ay = f + ED−1
Q v with accuracy

ε0 and where the scheme Res for step (ii) in Solve is in this case realized by a new
routine Res

PRM
, which is defined as follows.

Res
PRM

[η,A,E,DQ,f ,v,y] → rη determines for any positive tolerance η a given
finitely supported v and any finitely supported input y a finitely supported approxi-
mate residual rη satisfying (4.5), that is,

‖f + ED−1
Q v − Ay − rη‖ ≤ η,(5.4)
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as follows:
(i) Apply[ 13η,A,y] → wη;
(ii) Coarse[ 13η,f ] → fη;

Apply[ 13η,E,D−1
Q v] → zη;

(iii) set rη := fη + zη − wη.

In fact, noting that f +ED−1
Q v−Ay−rη = (f−fη)+(ED−1

Q v−zη)+(wη−Ay), by
triangle inequality (5.4) is an immediate consequence of the choice of the tolerances
in steps (i)–(iii) of Res

PRM
.

Similarly, we need a version of Solve for the approximate solution of the second
system in (EE′), which with the notation (5.1) now reads ATp = −TT

Z(TZy − yZ).
This depends therefore on yZ = D−1

Z y∗, an approximate solution y of the primal
system, and possibly on some initial guess p0 with accuracy ε0. Specifically, we set
here

Solve
ADJ

[η,A,TZ ,yZ ,y,p
0, ε0] := Solve [η,AT ,−TT

Z(TZy − yZ),p0, ε0].(5.5)

As usual we will assume that the data f ,yZ are approximated in a preprocessing step
with sufficient accuracy (depending on the final target accuracy for solving (3.56)) by
finite arrays whose entries are ordered by size and hence can be treated by Coarse.

Again we have to identify a suitable residual approximation scheme Res
ADJ

for
step (ii) of this version of Solve where the main issue is the approximate evaluation
of the right-hand side. The routine Res

ADJ
is defined as follows.

Res
ADJ

[η,A,TZ ,yZ ,y,p] → rη determines for any positive tolerance η, given
finitely supported data y,yZ and any finitely supported input p an approximate
residual rη satisfying (4.5), i.e.,

‖ − TT
Z(TZy − yZ) − ATp − rη‖ ≤ η,(5.6)

as follows:
(i) Apply[ 13η,A

T ,p] → wη;
(ii) Apply[ 1

6CT
η,TZ ,y] → zη with CT from (3.51);

Coarse[ 1
6CT

η,yZ ] → (yZ)η; set dη := (yZ)η − zη;

Apply[ 13η,T
T
Z ,dη] → vη;

(iii) set rη := vη − wη.
To confirm the validity of (5.6), note that by steps (i)–(iii) of Res

ADJ

− TT
Z(TZy − yZ) − ATp − rη

= −TT
Z ((TZy − yZ) − dη) + (TT

Zdη − vη) + (wη − ATp),

so that (5.6) follows, in view of (3.51) and the tolerances above, by triangle inequality.
Recall that the exact solution u of (3.56) is the third component of the solution

triple (y,p,u) of the Euler–Lagrange system (EE′). We shall consistently use this
notation for the exact solutions of the respective systems.

We are now in a position to define the residual scheme for the version of Solve

applied to (3.56). We shall refer to this specification as Solve
SCPW

. Likewise the
corresponding residual scheme is denoted by Res

SCPW
. We shall use the constants

from (3.22) and (3.51). Since the scheme is based on (3.62) (see also Lemma 3.7), it
will therefore involve several parameters stemming from the auxiliary systems (EE′).

Res
SCPW

[η,Q,g, ỹ, δy, p̃, δp,v, δv] → (rη, ỹ, δy, p̃, δp) determines for any approxi-
mate solution triple (ỹ, p̃,v) of the system (EE′) satisfying

‖y − ỹ‖ ≤ δy, ‖p − p̃‖ ≤ δp, ‖u − v‖ ≤ δv,(5.7)
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an approximate residual rη such that

‖g − Qv − rη‖ ≤ η.(5.8)

Moreover, the initial approximations ỹ, p̃ are overwritten by new approximations ỹ, p̃
satisfying (5.7) with new bounds δy and δp defined in (5.10), as follows:

(i) Solve
PRM

[ cAη
3CEC2

T

,A,f ,v, ỹ, δy] → yη;

(ii) Solve
ADJ

[ η
3CE

,A,TZ ,yZ ,yη, p̃, δp] → pη;

(iii) Apply[η3 ,D
−1
Q ET ,pη] → qη;

(iv) set rη := qη − ωv;
(v) set

ξy :=
CE

cA
δv +

cA
3CEC2

T

η, ξp :=
C2

TCE

c2A
δv +

2

3CE
η,(5.9)

and replace ỹ, δy as well as p̃, δp by the new values

ỹ := Coarse[aξy,yη], δy := (1 + a) ξy,
p̃ := Coarse[aξp,pη], δp := (1 + a) ξp.

(5.10)

((5.9) already indicates the conditions on the tolerance η and the accuracy bound δv
under which the new error bounds in (5.10) are actually tighter. The precise relation
between η and δv in the context of Solve

SCPW
will emerge from the complexity analysis

in section 6; see (6.2).) Let us confirm the claimed estimates (5.8) and (5.10). To
this end, let for any given input v the exact solution to the first system in (EE′) be
denoted by yv. Moreover, let pv be the exact solution of the second system in (EE′)
with y replaced by yv. Finally, let p̂ be the exact solution of the second system but
with y replaced by the approximate solution yη of the first equation in (EE′). By
step (iv) in Res

SCPW
and (3.49), we have

g − Qv − rη = D−1
Q ETpv − qη = D−1

Q ET (pv − pη) + D−1
Q ETpη − qη.

Hence it follows that

‖g − Qv − rη‖ ≤ η

3
+ CE‖pη − pv‖.(5.11)

To estimate the second term, note that

pv − p̂ = A−TTT
ZTZ(yv − yη),

and therefore, by (3.22), (3.51), and step (i),

‖pv − p̂‖ ≤ c−1
A C2

T‖yv − yη‖ ≤ η

3CE
.(5.12)

Thus, by step (ii) and (5.12), ‖pη − pv‖ ≤ 2η
3CE

, which together with (5.11) confirms
(5.8).

Adhering to the above notational conventions, the first system in (EE′) yields
y − yv = A−1ED−1

Q (w − v) so that by (5.7), (3.22), and (3.51),

‖y − yη‖ ≤ ‖y − yv‖ + ‖yv − yη‖ ≤ CE

cA
δv +

cA
3CEC2

T

η,(5.13)
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which is the value of ξy in step (v). Likewise we infer from the second system in (EE′)
that

p − pη = p − p̂ + p̂ − pη = A−TTT
ZTZ(y − yη) + p̂ − pη.

Hence, by (3.22), (3.24), and step (ii), we obtain

‖p − pη‖ ≤ C2
T

cA
ξy +

η

3CE
=

C2
TCE

c2A
δv +

2

3CE
η,(5.14)

which is the value of ξp in step (v). The estimates (5.7) with the new bounds defined in
(5.10) are now an immediate consequence of the coarsening step in (v) and the triangle
inequality. This concludes the confirmation of all estimates stated in Res

SCPW
.

It remains to initialize the scheme Solve
SCPW

. Again we assume that f and yZ

are given and fully accessible. Choosing u0 ≡ 0 we infer from (3.38), (3.34), and
(3.39) that

‖u0 − u‖ ≤ c−1
Q ‖Qw0 − g‖ = c−1

Q ‖g‖
= c−1

Q ‖D−1
Q ETA−TTT

Z(yZ − TZA−1f)‖

≤ CECT

cA

(
‖yZ‖ +

CT

cA
‖f‖

)
=: ε0.(5.15)

Moreover, for ỹ0 := 0 one has

‖y − ỹ0‖ = ‖A−1(f + ED−1
Q u)‖ ≤ c−1

A

(
‖f‖ + CEc

−1
Q ‖g‖

)
≤ c−1

A (‖f‖ + CEε0) =: δy,0.(5.16)

Similarly, for p̃0 := 0 we obtain

‖p̃0 − p‖ = ‖A−TTT
Z(TZy − yZ)‖ ≤ c−1

A (C2
Tδy,0 + CT‖yZ‖) =: δp,0.(5.17)

The scheme Solve
SCPW

takes now the following form with the error reduction
factor ρ = ρ(Q) from (3.59) and K given by (4.7) with α from (3.58).

Solve
SCPW

[ε,Q,g] → (uε,yε,pε).
(i) Let q0 := 0 and let ε0 be given by (5.15). Moreover, let ỹ := 0, p̃ := 0

and set j = 0. Finally, let δy := δy,0, δp := δp,0 be defined by (5.16), (5.17),
respectively.

(ii) If εj ≤ ε, stop and set uε := uj , yε = ỹ, pε = p̃.
Otherwise set v0 := uj .

(ii.1) For k = 0, . . . ,K − 1, compute
Res

SCPW
[ρkεj ,Q,g, ỹ, δy, p̃, δp,v

k, δk] → (rk, ỹ, δy, p̃, δp),
where δ0 := εj and δk := ρk−1(αk + ρ)εj ;
set

vk+1 := vk + αrk.(5.18)

(ii.2) Apply Coarse [
aεj

2(1+a) ,v
K ] → uj+1; set εj+1 := 1

2εj , j + 1 → j and go

to (ii).
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(The particular choice of the interior tolerance δk in step (ii.1) is based on the estimate
(4.10).) Since when overwriting ỹ, p̃ at the last stage before termination of Solve

SCPW

one has δk ≤ ε, η ≤ ε, the following fact is an immediate consequence of (5.10).
Remark 5.1. The outputs yε and pε produced by Solve

SCPW
in addition to uε

are approximations to the exact solutions y,p of (EE) satisfying

‖y − yε‖ ≤ (1 + a)ε

(
CE

cA
+

cA
3CEC2

T

)
,(5.19)

‖p − pε‖ ≤ (1 + a)ε

(
C2

TCE

c2A
+

2

3CE

)
.(5.20)

6. The complexity of SOLVESCPW. In view of the definition of Res
PRM

and
Res

ADJ
entering Res

SCPW
, the scheme Solve

SCPW
ultimately hinges on the availabil-

ity of suitable schemes Apply for the operators L ∈ {A,AT ,TZ ,T
T
Z ,E,ET }. We

shall adhere to our strategy of narrowing down step by step the requirements on our
algorithmic ingredients, and we first identify conditions on the Apply schemes that
ensure τ∗-sparsity of Res

SCPW
as formulated in section 4.2. It is no surprise that the

key requirement is that the approximate application of each of these operators has a
work/accuracy rate that is within some range comparable to best N -term approxi-
mation. Precisely, we say that Apply[·,L, ·] is τ∗-efficient for some 0 < τ∗ < 2 if for
any finitely supported v ∈ �wτ , for 0 < τ∗ < τ < 2, the output wη of Apply[η,L,v]
satisfies

‖wη‖�wτ <∼ ‖v‖�wτ , #suppwη <∼ η−1/s‖v‖1/s
�wτ

η → 0,(6.1)

where the constants depend only on τ as τ → τ∗ and where s is related to τ by (4.19).
Moreover, the number of floating point operations needed to compute wη is to remain
proportional to #suppwη.

One should note that the existence of a τ∗-efficient scheme for an operator L has
the following important implication that follows immediately from Proposition 4.2.

Remark 6.1. If one can find a τ∗-efficient scheme for L, then L is bounded on �wτ
for every τ > τ∗.

Proof. For convenience, the proof from [CDD1] is included here. For v ∈ �wτ and

η > 0 there exists a ṽ with ‖v − ṽ‖ ≤ η/(2‖L‖) and #supp ṽ <∼ η−1/s‖v‖1/s
�wτ

. Now

by definition of wη =Apply [η/2,L, ṽ] and τ∗-efficiency of L (6.1), one has for τ >

τ∗, the estimate ‖Lṽ − wη‖ ≤ η/2 while #suppwη <∼ η−1/s‖ṽ‖1/s
�wτ

≤ η−1/s‖v‖1/s
�wτ

.

Since ‖Lv − wη‖ ≤ η, we have identified a vector wη with support <∼ η−1/s that
approximates Lv within accuracy η. Hence we can invoke Proposition 4.2 to conclude
that ‖Lv‖�wτ <∼ ‖v‖�wτ as claimed.

Proposition 6.2. If the Apply schemes in Res
PRM

and Res
ADJ

are τ∗-efficient
for some τ∗ < 2, then Res

SCPW
is τ∗-sparse whenever there exists a constant C such

that

Cη ≥ δv,(6.2)

max {‖ỹ‖�wτ , ‖p̃‖�wτ , ‖v‖�wτ } ≤ C
(
‖y‖�wτ + ‖p‖�wτ + ‖u‖�wτ

)
,(6.3)

where v is the current finitely supported input and where ỹ, p̃ are the initial guesses
for the exact solution components (y,p).
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Proof. Since Solve
SCPW

actually determines an approximation to the full triple
(y,p,u), the notion of τ∗-sparseness of Res

SCPW
refers to properties of the whole

triple. Thus, we have to assume that each of the solution components belongs to
�wτ for some τ > τ∗. By Remark 6.1 and our hypothesis on τ∗-efficiency, each L ∈
{A,AT ,TZ ,T

T
Z ,ED−1

Q ,D−1
Q ET } is bounded on �wτ for τ > τ∗. Thus, for the first

system in (EE′) this implies

‖f‖�wτ <∼ ‖y‖�wτ + ‖u‖�wτ .(6.4)

Likewise we have

‖TT
ZyZ‖�wτ <∼ ‖p‖�wτ + ‖y‖�wτ .(6.5)

Now, by the assumption (6.2), the quotients δv/η, δy/η, and δp/η are bounded. There-
fore, according to step (i) in Res

SCPW
, the scheme Solve

PRM
will invoke only a uni-

formly bounded finite number of iteration blocks (ii) with corresponding residual
approximations Res

PRM
. From the τ∗-efficiency of A and ED−1

Q and Remark 6.1, we
infer that

‖yη‖�wτ <∼ ‖f‖�wτ + ‖v‖�wτ + ‖ỹ‖�wτ <∼ ‖y‖�wτ + ‖u‖�wτ + ‖v‖�wτ + ‖ỹ‖�wτ ,(6.6)

where we used (6.4). Likewise one concludes that the output pη of step (ii) of Res
SCPW

satisfies

‖pη‖�wτ <∼ ‖p̃‖�wτ + ‖TT
ZyZ‖�wτ + ‖ỹ‖�wτ

<∼ ‖p̃‖�wτ + ‖ỹ‖�wτ + ‖p‖�wτ + ‖y‖�wτ ,(6.7)

where we used (6.5) in the last step. (4.21) follows now from (6.6), (6.7), and (6.3).
The second part of (4.21) and (ii) of the τ∗-sparseness of Res

SCPW
can be concluded

from τ∗-efficiency of the Apply schemes in Res
PRM

and Res
ADJ

. This confirms the
claim.

Theorem 6.3. Assume that the Apply schemes appearing in Res
PRM

and Res
ADJ

are τ∗-efficient for some τ∗ < 2 and that the components of the solution (y,p,u) of
(EE) all belong to the respective space �wτ for some τ > τ∗. Then the approximate
solutions yε,pε,uε, produced by Solve

SCPW
for any target accuracy ε, satisfy

‖yε‖�wτ + ‖pε‖�wτ + ‖uε‖�wτ <∼ ‖y‖�wτ + ‖p‖�wτ + ‖u‖�wτ(6.8)

and

(#suppyε) + (#supppε) + (#suppuε) <∼
(
‖y‖1/s

�wτ
+ ‖p‖1/s

�wτ
+ ‖u‖1/s

�wτ

)
ε−1/s,

(6.9)

where the constants depend only on τ when τ approaches τ∗. Moreover, the num-
ber of floating point operations required during the execution of Solve

SCPW
remains

proportional to the right-hand side of (6.9).
Proof. According to Theorem 4.3, it remains to show that at each stage when

Res
SCPW

is called in step (ii.1) of Solve
SCPW

, the hypotheses (6.2) and (6.3) in Propo-
sition 6.2 are satisfied for some fixed constant C. The claim follows then from Theo-
rem 4.3.

The validity of (6.2) is a consequence of the bounds (5.10) for the initial guesses,
the values of η and δk in the kth perturbed iteration of the (j+1)st call of step (ii.1) of
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Solve
SCPW

, and the initialization bounds (5.15), (5.16), and (5.17). By the coarsening
Lemma 4.4 and the coarsening in step (v) of Res

SCPW
, we know that

‖ỹ‖�wτ <∼ ‖y‖�wτ , ‖p̃‖�wτ <∼ ‖p‖�wτ .(6.10)

Moreover, since in the (j + 1)st call of step (ii) in Solve
SCPW

vK satisfies ‖u−vK‖ ≤
εj/2(1 + a) (see [CDD3] or (4.10)), we conclude from step (ii.2) in Solve

SCPW
and

Lemma 4.4 that

‖uj‖�wτ <∼ ‖u‖�wτ , j ∈ N0.(6.11)

Combining (6.10) and (6.11) confirms the validity of (6.3).
Thus the practical realization of Solve

SCPW
providing optimal work/accuracy

rates for a possibly large range of decay rates of the error of best N -term approx-
imation hinges on the availability of τ∗-efficient Apply schemes with possibly small
τ∗ for the involved operators.

Distributed control. In this regard we discuss first the example in section 2.2.1
for natural norms, i.e., Z = H1

0 (Ω) and U = Y ′ = Q = H−1(Ω). In this case, one
has E = T = DZ = DQ = I and A = AT . Since the identity mapping is τ∗-efficient
for any τ∗ < 2, we only have to discuss the τ∗-efficiency of A defined by (3.20). The
fact that one can indeed devise efficient schemes for the approximate application of
wavelet representations of a wide class of operators, including differential operators,
is a consequence of the cancellation properties (3.3) of wavelets together with the
norm equivalences (3.5) for the relevant function spaces. In fact, such representations
turn out to be quasi-sparse in the following sense. Recall that a matrix A is called
s∗-compressible if for any 0 < s < s∗ there exists a matrix Aj with at most ≤ αj2

j

nonzero entries per row and column such that

‖A − Aj‖ ≤ αj2
−sj , j ∈ N0,(6.12)

where {αj}j∈N0
is any summable sequence.

Denote for a finitely supported vector v its best 2j-approximations (given by the
2j largest wavelet coefficients) by v[j] := v2j . Following [CDD1], the expansion

wj := Ajv[0] + Aj−1(v[1] − v[0]) + · · · + A0(v[j] − v[j−1])(6.13)

approximates Av. In fact, combining the a priori knowledge (6.12) with the a pos-
teriori information ‖v[k] − v[k−1]‖, one can see that for any finitely supported input
v the error ‖Av − wj‖ tends to zero when j grows. Thus, given a tolerance η > 0,
one chooses the smallest j so that the bound for ‖Av − wj‖ is less than or equal to
η. This leads to a concrete scheme with the following properties.

Apply [η,A,v] → wη computes for a given tolerance η > 0 a finitely supported
sequence wη satisfying

‖Av − wη‖ ≤ η.(6.14)

A detailed description and analysis of this routine can be found in [CDD1]. Its
implementation has been discussed in [BCDU]. The following essential complexity
estimate is taken from [CDD1].

Theorem 6.4. If A is s∗-compressible, then A is bounded on �wτ for s < s∗,
where τ and s are related by (4.19), 1

τ = s + 1
2 . Moreover, for a finitely supported

vector v the output wη of Apply [η,A,v] satisfies

‖wη‖�wτ <∼ ‖v‖�wτ , # suppwη, #flops <∼ η−1/s‖v‖1/s
�wτ

.(6.15)
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Thus, the above scheme Apply is τ∗-efficient for τ∗ = (s∗ + 1/2)−1 whenever
A is s∗-compressible. It is known that s∗ is larger the higher the regularity and the
order of cancellation properties of the wavelets are for all the differential operators
considered in section 2. Bounds for s∗ in terms of these quantities for families of spline
wavelets can be found, e.g., in [BCDU]. Hence, Theorem 6.3 ensures asymptotically
optimal complexity bounds in the range τ > τ∗, i.e., the scheme Solve

SCPW
recovers

rates of the error of best N -term approximation of order N−s for s < s∗.
Now consider the same example but with a strictly larger space Z ⊃ Y and a

strictly smaller space U ⊂ Q = Y ′. While one still has E = T = I, the matrices
DZ ,DQ are nontrivial scalings of the form DZ = Dγ , i.e., (DZ)λ,ν = 2γ|λ|δλ,ν , and
DQ = Dβ for some positive numbers γ, β > 0. The system (EE′) then takes the form

Ay = f + D−βu,

ATp = −D−2γ (y − y∗) ,(6.16)

ωu = D−βp.

First, the scaling smoothes the right-hand sides of the first two equations and favors
their sparsity. Since it is important to understand the effect of such scalings in the
present context, in particular in connection with the application of the operators T,E,
we shall next make this point more precise. It is perhaps instructive to relate this
first briefly to regularity issues. To this end, suppose that ΨH is a Riesz basis for
a Sobolev space H = Ht with respect to a bounded domain in R

d. Besov spaces
Bt+γ

p (Lp), measuring smoothness in Lp, are then known, by the Sobolev embedding
theorem, to be embedded in Ht whenever p−1 ≤ γ/d + 1/2. The smaller p is, the
larger is Bt+γ

p (Lp), which admits more singularities compared with the space Ht+γ

of the same smoothness level but measured in L2. For a certain range of smoothness
indices γ, depending on the regularity of the wavelets, an equivalent seminorm for
Bt+γ

p (Lp) can be given as a weighted sequence norm of wavelet coefficients (see, e.g.,
[D2, DeV]),

|v|p
Bt+γ

p (Lp)
:=

∑
λ∈I

2|λ|pd(
γ
d + 1

2−
1
p )|vλ|p.(6.17)

Note that the scaling for t is already incorporated in the normalization of the wavelet
basis. Specifically, when τ−1 = γ/d + 1/2, the Besov norm ‖ · ‖Bt+γ

τ (Lτ ) is equivalent
to the �τ -norm of the wavelet coefficients. Therefore, the membership to such a Besov
space on the Sobolev embedding line is, in view of (4.18), almost equivalent to saying
that the sequence of wavelet coefficients belongs to the corresponding weak �τ -space
and hence has a best N -term approximation rate of N−γ/d; see Proposition 4.2. This
means that nonlinear approximation, like best N -term approximation, compensates
for the loss of regularity between Ht+γ and Bt+γ

τ (Lτ ) in that the same approxima-
tion rate (in terms of degrees of freedoms) is preserved for Bt+γ

τ (Lτ ), that would be
achievable in the smaller space Ht+γ with the aid of uniform mesh refinements. It
immediately follows now from (6.17) that

v = vTΨH ∈ Bt+γ
τ (Lτ ) implies w = (D−βv)TΨH ∈ Bt+γ+β

τ (Lτ ) ⊂ Bt+γ
τ ′ (Lτ ′),

(6.18)

where τ ′ is the critical index for the higher smoothness level γ + β.

1

τ ′
=

γ + β

d
+

1

2
.(6.19)
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Note that τ ′ and τ are related by 1
τ ′ − 1

τ = β
d . The next observation says that scaling

by D−β effects exactly the same shift also between weak �τ -spaces that precisely
characterize best N -term approximation whose order therefore grows, on account of
Proposition 4.2 by β/d.

Proposition 6.5. One has that

p ∈ �wτ implies D−βp ∈ �wτ ′ , where
1

τ ′
:=

1

τ
+

β

d
.(6.20)

Moreover, this result is sharp in the sense that for no τ ′′ < τ ′ there holds D−βp ∈ �wτ ′′

for all p ∈ �wτ .
Proof. Let C > 1 be a fixed constant that later will be chosen at our convenience.

Let P be the class of those p ∈ �wτ with ‖p‖�wτ ≤ C1/τ and let p̃ := D−βp. Consider
the set

Λ̃(J) := {λ : |p̃λ| ≥ ηJ}, where ηJ := 2−Jτ/τ ′
.

In view of the definition of �wτ ′ in (4.15), we have to show that the cardinality of
Λ̃(J) increases at most like 2Jτ . (Standard arguments imply then that #{λ : |p̃λ| ≥
η} <∼ η−τ̃ for any η ≤ 1.) To this end, we determine first which of the sets

Λj := {λ : 2−j ≤ |pλ| < 2−j+1}

is always fully contained in Λ̃(J). We know from [CDD1] that #Λj ≤ C2jτ . Without
loss of generality we may assume that #Λj = C2jτ to cover the largest possible sets.
Since the entries of p̃ arise from those of p by scaling with the weights 2−β|λ| ≤ 1,
the smaller the levels |λ| in these weights, the better the chance for λ ∈ Λj to belong

to Λ̃(J). Thus, to ensure that for any p ∈ P the set Λj is contained in Λ̃(J), we must

be able to find C2jτ indices λ with possibly small |λ| such that 2−β|λ|2−j ≥ ηJ . This
count clearly involves the spatial dimension d since c2jd indices λ of level |λ| = j can
occur. Here the constant c depends on the spatial dimension of the functions whose
wavelet coefficients are considered. Thus, the smallest possible maximum level Lj of
these indices is therefore determined by c2dLj = C2jτ , i.e., Lj = jτ/d +

(
log2

C
c

)
/d.

Assume for convenience that C/c ≥ 1. Then, for λ ∈ Λj we conclude

|p̃λ| ≥ 2−β|λ|2−j ≥ 2−(βLj+j) = 2−j( d+βτ
d )(C/c)β/d ≥ 2−jτ/τ ′

.(6.21)

Thus, Λj ⊂ Λ̃(J) for j ≤ J . On the other hand, since for λ ∈ Λj one also has

|p̃λ| ≤ 2−β|λ|−j+1, not all the indices in Λj can always be contained in Λ̃(J) for j ≥ J
and any choice of p ∈ P. To determine the maximum number of λ ∈ ΛJ+k for k ∈ N

that can belong to Λ̃(J) for any p ∈ P, we must have in view of (6.21) |λ| ≤ �k, where
β�k + J + k ≤ Jτ/τ ′. Using that (τ/τ ′) − 1 = βτ/d, straightforward calculations
yield �k ≤ Jτ

d − k
β . Thus, we can assign at most 2d�k scaling weights to Λj to keep

|p̃λ| ≥ ηJ for that many λ ∈ ΛJ+k. Moreover, the set ΛJ+k is disjoint from Λ̃(J)

whenever 2−(J+k)+1 ≤ ηJ , which is the case when k ≥ 1 + Jτβ/d. Hence, we have

∑
k∈N

#(ΛJ+k ∩ Λ̃(J)) ≤
Jτβ/d∑
k=1

2d�k =

Jτβ/d∑
k=1

2
d
β ( Jτβ

d −k) <∼ 2Jτ .(6.22)

Since I =
⋃

j≥0 Λj and
∑

j≤J #Λj <∼ 2Jτ , we conclude from (6.22) that #Λ̃(J)

<∼ 2Jτ = η−τ ′
for η = 2−Jτ/τ ′

. This confirms (6.20).
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To verify the rest of the assertion, consider p, whose decreasing rearrangement is
given by p∗n = n−1/τ while p̃∗n = 2−β(j+1)n−1/τ for 2dj < n ≤ 2d(j+1). Then

σ2dj (p̃)2 =
∑

n>2dj

(p̃∗n)2 >∼
∞∑
j=J

∑
2jd<n≤2d(j+1)

n−2/τ2−2β(j+1)

>∼
∞∑
j=J

2−2dj( 1
τ + β

d− 1
2 ) >∼

(
2−dJs′

)2

,

where s′ = 1
τ ′ − 1

2 . Thus, by Proposition 4.2, p �∈ �wτ ′′ for any τ ′′ < τ ′, which finishes
the proof.

Therefore, whatever the sparsity class of the adjoint variable p, the third equation
in (6.16) says, in view of Proposition 6.5, that the control u is even sparser. Thus,
although the control u may be accurately recovered with relatively few degrees of
freedom, the overall solution complexity in the above case is bounded from below by
the (perhaps) less sparse auxiliary variable p.

As a possible remedy one might think of introducing the variable p̃ = D−βp (to
replace p by a sparser variable) and rewrite the second system in (6.16) as

ÃT p̃ = D−βD−2γ(y∗ − y), Ã := DβAD−β .

To apply our complexity analysis we could assume now that p̃ has a certain sparsity
which would then naturally be the same as the sparsity of u. But although the matrix
Ã has still the same spectrum as A and hence is an �2-automorphism for which the
gradient iteration would still converge, it is presumably less compressible. In fact, the
unsymmetric scaling means that we only have an estimate of the form

|(Ã)λ,ν | <∼ 2β(|ν|−|λ|)2−σ||λ|−|ν||,

where σ results from the regularity of the wavelets and determines the original com-
pressibility of A.

So, in summary, in the case of a distributed control the solution complexity is
determined not by the sparseness of the control but by that of the remaining variables
in (EE′).

Boundary control. The situation is different for the example from section 2.2.3.
Recall that in this case Y = H1(Ω), Q = (H1/2(Γc))

′ so that E : (H1/2(Γc))
′ →

(H1(Ω))′ is the extension operator defined by (2.16). Choosing Z = H1−γ(Ω) for
0 ≤ γ ≤ 1 as the observation space, T is the canonical injection and

T = I, TZ = Dγ = DZ .(6.23)

Choosing bases ΨQ ⊂ Q = (H1/2(Γc))
′, Ψ̃Q ⊂ Q′ = H1/2(Γc), and ΨY ⊂ Y = H1(Ω),

Ψ̃Y ⊂ (H1(Ω))′, (2.16), and (3.20) say that E is given by

E = 〈ιΨY , Ψ̃Q〉, ET = 〈Ψ̃Q, ιΨY 〉.(6.24)

Thus, the entries of E are inner products of traces of wavelets on Ω with wavelets on
the control boundary Γc. Choosing U = L2(Γc), the Euler–Lagrange system (EE′)
now reads

Ay = f + ED−1/2u,

ATp = −D−2γ (y − y∗) ,(6.25)

ωu = D−1/2ETp.
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Recall that the sparsity of solutions of the first two systems in (6.25) is exploited
by the compressibility of A up to the limiting index s∗ which depends only on the
cancellation properties and the regularity of ΨY and not on the particular differential
operator. In contrast, as shown in [M], E is τ∗-efficient only for τ∗ ≥ 1, i.e., ET

is not bounded on �wτ for τ < 1. In other words, ET is at most s∗-compressible for
s∗ = 1/2. This is because traces of wavelets are in general no longer wavelets, so this
factor does not have any cancellation properties that help keep the entries of E small.
Thus, in this case, even when p is highly sparse in the sense that p belongs to �wτ for
τ much smaller than 1, the application of ET in the third equation of (6.25) reduces
that sparsity when computing the control u. However, the scaling D−1

Q = D−1/2

raises the order of compressibility by Proposition 6.5 to s∗ = 1. This also can be seen
directly because it enhances the decay of the entries of ET along each row. Without
the attenuation caused by the scaling, the latter decay is weak due to the lack of
vanishing moments of the traces of domain wavelets.

7. Special cases and alternatives. We address in this section some special
issues concerning alternative solution strategies as well as the mandatory case when
retaining the exact reference objective functional (CP), respectively, (CPW). Several
cases arise.

(I) Recall from Remark 3.5 that in the special situation (SC) with natural norms,
(3.56) is equivalent to the equation

Mu := (I + ωAAT )u = Ay∗ − f .(7.1)

A twofold application of the scheme Apply to A, AT immediately yields a τ∗-efficient
evaluation scheme for M. Thus we can apply here the scheme Solve introduced in
section 4.1 directly without any inner iterations. Moreover, the solution complexity
is now completely governed by the compressibility of A and by the sparsity of the
control u.

In this case one can therefore still efficiently solve the exact reference problem
(CPW) that involves the Riesz maps. This is illustrated best by the example (3.43).
Using appropriate wavelet bases, A,∆ are �2-automorphisms, so that the application
of Solve to Mu = Ay∗ − f with M := (I + ωA∆−1AT∆−1) is feasible. The
application of M can then be realized in a way similar to Solve

SCPW
through suitable

inner iterations. An advantage is that now only systems involving the Laplacian have
to be solved instead of possibly more complicated operator equations with variable
coefficients.

(II) So far Solve
SCPW

has been confined to the problem (3.56), which is only a
representer of (CP) in the ambiguous case. However, at least for the cases listed in
Remark 3.8 (where the necessity for realizing a specific norm is more conceivable), we
can extend Solve

SCPW
so as to apply it to the original reference formulation (CPW).

In this case, one could solve (3.39) based on the system (EE) and Lemma 3.7. In
view of (3.45) and (3.46) in the system (EE), this now requires the additional appli-
cation of RZ and RU in the scheme Solve

ADJ
. This is feasible for the cases listed in

Remark 3.8. The scheme Apply can then be applied with optimal complexity. This
requires an evaluation of the Riesz operators within suitable dynamically updated tol-
erances which have to be taken into proper account. Since the reasoning is completely
analogous to the previous case, we omit the details.

Nevertheless, the question remains how to extend the scheme Solve
SCPW

to sce-
narios where a specific cost functional should be kept although the norms do not fall
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into the category described in Remark 3.1 and therefore usually do not have canoni-
cal representers. One could then strive for representers of (CP) that approximate the
specific reference formulation in a quantitatively better way. This could be done by
using better approximations to RZ ,RU which are still efficiently applicable. These
applications have to be incorporated in Solve

SCPW
as explained above. In a nonadap-

tive context the effect of such strategies is investigated in [BK], where RZ ,RU are
replaced by scaled L2-mass matrices of the respective wavelet bases.

8. Concluding remarks. We have developed a class of fully adaptive schemes
for the solution of optimal control problems with elliptic boundary problems as con-
straints. The approach is based on a gradient descent iteration for the correspond-
ing full infinite dimensional variational problem in wavelet coordinates. The various
possible ways of formulating this infinite dimensional variational problem through
elimination of the state variable reveal preferences with regard to well-posedness that
would perhaps not be so apparent when working from the beginning with a finite di-
mensional discretization. The numerical realization of the adaptive solution concepts
relies on the adaptive application of the involved operators within stage-dependent
dynamically updated tolerances. The complexity of such schemes is shown to hinge on
the properties of these application routines. Concrete realizations of such schemes are
exhibited in several simple cases. This sheds some light on the different inherent com-
plexity properties of distributed versus boundary control problems also in connection
with different choices of norms in the objective functional. We refer to [BK] for first
numerical experiments with algorithms of the above form with uniform refinements
where the influence of different norms as a modeling tool is explored.

We have not considered here so far the quantitative role of the regularization
parameter ω in (2.3), (6.16), or (6.25). Its variation affects all scales simultaneously,
while the diagonal scalings representing different smoothness norms treat high and
low frequencies differently. The concepts presented here unfold their full potential
when the problem context allows one to modify the cost functional within classes of
equivalent norms. We have indicated the limitations when this is not the case, as
well as possible remedies. This issue is also addressed in the experiments in [BK]. It
turns out that when no regularization is needed, the scheme is robust when ω tends
to zero and produces the correct solution. Corresponding numerical experiments for
the above adaptive version will be presented and discussed in a forthcoming paper.

Acknowledgments. We are indebted to the referees for valuable comments and
suggestions that helped us improve the presentation of the material. A comment in
one of the reports motivated part of the material presented in section 7.
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Abstract. We consider a multidimensional diffusion process (Xα
t )0≤t≤T whose dynamics de-

pends on a parameter α. Our first purpose is to write as an expectation the sensitivity ∇αJ(α) for
the expected cost J(α) = E(f(Xα

T )), in order to evaluate it using Monte Carlo simulations. This
issue arises, for example, from stochastic control problems (where the controller is parameterized,
which reduces the control problem to a parametric optimization one) or from model misspecifications
in finance. Previous evaluations of ∇αJ(α) using simulations were limited to smooth cost functions
f or to diffusion coefficients not depending on α (see Yang and Kushner, SIAM J. Control Optim.,
29 (1991), pp. 1216–1249). In this paper, we cover the general case, deriving three new approaches
to evaluate ∇αJ(α), which we call the Malliavin calculus approach, the adjoint approach, and the
martingale approach. To accomplish this, we leverage Itô calculus, Malliavin calculus, and martin-
gale arguments. In the second part of this work, we provide discretization procedures to simulate
the relevant random variables; then we analyze their respective errors. This analysis proves that the
discretization error is essentially linear with respect to the time step. This result, which was already
known in some specific situations, appears to be true in this much wider context. Finally, we provide
numerical experiments in random mechanics and finance and compare the different methods in terms
of variance, complexity, computational time, and time discretization error.
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1. Introduction. We consider a d-dimensional stochastic differential equation
(SDE) defined by

Xt = x +

∫ t

0

b(s,Xs, α) ds +

q∑
j=1

∫ t

0

σj(s,Xs, α) dW j
s ,(1.1)

where α is a parameter (taking values in A ⊂ R
m) and (Wt)0≤t≤T is a standard

Brownian motion in R
q on a filtered probability space (Ω,F , (Ft)0≤t≤T ,P), with the

usual assumptions on the filtration (Ft)0≤t≤T .
We first aim at evaluating the sensitivity w.r.t. α of the expected cost

J(α) = E (f(XT )) ,(1.2)

for a given terminal cost f and for a fixed time T . The sensitivity of more general func-

tionals including instantaneous costs like E
( ∫ T

0
g(t,Xt)dt+f(XT )

)
=

∫ T

0
E(g(t,Xt))dt+

E(f(XT )) will follow by discretizing the integral and applying the sensitivity estimator
for each time.

This evaluation is a typical issue raised in various applications. A first example is
the analysis of the impact on the expected cost J(α) of a misspecification of a stochas-
tic model (defined by a SDE with coefficients b̄(t, x) and (σ̄j(t, x))1≤j≤q). The issue
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may be formulated by setting b(t, x, α) = b̄(t, x) +
∑m

i=1 αiφi(t, x) (and analogously
for (σj(t, x, α))1≤j≤q), then computing the sensitivities at the point α = 0. In finance,
misspecifications in option pricing procedures usually concern the diffusion coefficients
(σ̄j(t, x))1≤j≤q (the volatility of the assets). There are also some connections with the
so-called model risk problem (see Cvitanić and Karatzas [CK99]).

Stochastic control is another field requiring sensitivity analysis. For instance,
if the controlled SDE is defined by dXt = b̄(t,Xt, ut) dt +

∑q
j=1 σ̄j(t,Xt, ut)dW

j
t ,

the problem is to find the maximal value of E(f(XT )) among the admissible policies
(ut)0≤t≤T . In low dimensions (say 1 or 2), numerical methods based on the dynamic
programming principle can be successfully implemented (see Kushner and Dupuis
[KD01] for some references), but they become inefficient in higher dimensions. Alter-
natively, one can use policy search algorithms (see [BB01] and references therein). It
consists in seeking a good policy in a feedback form using a parametric representa-
tion, that is, ut = u(t,Xt, α): in that case, one puts b(t, x, α) = b̄(t, x, u(t, x, α)) and
σj(t, x, α) = σ̄j(t, x, u(t, x, α)). The policy function u(t, x, α) can be parameterized
through a linear approximation (a linear combination of basis functions) or through a
nonlinear one (e.g., with neural networks, see Rumelhart and McClelland [RM86] or
Haykin [Hay94] for general references). Then, one might use a standard parametric
optimization procedure such as the stochastic gradient method or other stochastic
approximation algorithms (see Polyak [Pol87]; Benveniste, Metivier, and Priouret
[BMP90]; Kushner and Yin [KY97]), which require sensitivity estimations of J(α)
w.r.t. α, such as ∇αJ(α). This gradient is the quantity we will focus on in this paper.

Since the setting is a priori multidimensional, we propose a Monte Carlo approach
for the numerical computations. The evaluation of J(α) is standard and has been
widely studied. For an introduction to numerical approximations of SDEs, we refer
the reader to Kloeden and Platen [KP95], for instance. To our knowledge, there are
three different approaches to compute ∇αJ(α) in our context:

1. The resampling method (see Glasserman and Yao [GY92], L’Ecuyer and Per-
ron [LP94] for instance), which consists in computing different values of J(α)
for some close values of the parameter α and then forming some appropri-
ate differences to approximate the derivatives. However, not only is it costly
when the dimension of the parameter α is large, but it also provides biased
estimators.

2. The pathwise method (proposed in our context by Yang and Kushner [YK91]),
which consists in putting the gradient inside the expectation, involving ∇f
and ∇αXT . Then, ∇αJ(α) is expressed as an expectation (see Proposition 1.1
below) and Monte Carlo methods can be used. One limitation of this method
is that the cost function f has to be smooth.

3. The so-called likelihood method or score method (introduced by Glynn [Gly86,
Gly87], Reiman and Weiss [RW86]; see also Broadie and Glasserman [BG96]
for applications to the computation of Greeks in finance), in which the gra-
dient is rewritten as E(f(XT )H) for some random variable H. There is no
uniqueness in this representation, since we can add to H any random variables
orthogonal to XT . Unlike the pathwise method, this method is not limited
to smooth cost functions. Usually, H is equal to ∇α(log(p(α,XT ))), where
p(α, .) is the density w.r.t. the Lebesgue measure of the law of XT . This
has some strong limitations in our context since this quantity is generally
unknown. However, Yang and Kushner [YK91] provide explicit weights H,
under the restrictions that α concerns only b (and not σj) and that the diffu-
sion coefficient is elliptic, using the Girsanov theorem (see Proposition 2.6).
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A first purpose of this work is to handle more general situations where both
coefficients defining the SDE (1.1) depend on α. To address this issue, we provide
three new approaches to express the sensitivity of J(α) with respect to α.

1. The first one is an extension of the likelihood approach method to the case
of diffusion coefficients depending on α. It uses a direct integration-by-parts
formula of the Malliavin calculus. This idea has been used recently in a
financial context in the paper by Fournié et al. [FLL+99] to compute option
prices’ sensitivities. These techniques have also been used efficiently by the
first author to derive asymptotic properties of statistical procedures when we
estimate parameters defining a SDE (see [Gob01b, Gob02]). Actually, our
true contribution concerns essentially a situation where ellipticity is replaced
by a weaker (but standard) nondegeneracy condition, which addresses random
mechanics problems or portfolio optimization problems in finance.

2. The second approach is rather different from previous methods. Indeed, we
initially focus on the adjoint point of view (see Bensoussan [Ben88] or Peng
[Pen90]) to finally derive new formulae, involving again some integration-by-
parts formula, but written in a simple way (using only Itô’s calculus). In
stochastic control problems, adjoint processes are related to backward SDEs
(see Yong and Zhou [YZ99], e.g.), and their simulation is an extremely difficult
and costly task. Here, we circumvent this difficulty since we only need to
express them as explicit conditional expectations, which is feasible.

3. The third approach follows from martingale arguments applied to the ex-
pected cost and leads to an original representation, which appears to be
surprisingly simple.

To compare these new methods with the previous ones, we will measure in sec-
tion 5, on the one hand, the variance of the random variables involved in the resulting
formulae for ∇αJ(α), and on the other hand, the computational time. Surprisingly,
the three methods that we propose behave similarly in terms of variance, but the
most efficient in terms of computational time is certainly the martingale approach
(see Tables 5.1, 5.2, 5.3, 5.4, and 5.5).

Another element of comparison is the influence of the time step h, which is used
to approximately simulate the random variables. The analysis of these discretization
errors is the second significant part of this work. The relevant random variables are
essentially written as the product of the cost function f(XT ) by a random variable
H, and simulations are based on Euler schemes. Although H has a complex form,
we first propose an approximation algorithm and then we analyze the induced error
w.r.t. the time step h. This part of the paper is original: previous results in the
literature concern the approximation of E(f(XT )) (see Bally and Talay [BT96a]) or
more generally of some smooth functionals of X (see Kohatsu-Higa and Pettersson
[KHP00], [KHP02]). Here, regarding the techniques, we improve estimates given in
[KHP00] since we do not need to add a small perturbation to the processes. Our
multidimensional framework also raises extra difficulties compared to [KHP02], and
we develop specific localization techniques that are interesting for themselves.

Outline of the paper. In the following, we make some assumptions and define
the notations which will be used throughout the paper. We also recall the pathwise
approach in Proposition 1.1. In section 2, after giving some standard facts on the
Malliavin calculus, we develop our three approaches to computing the sensitivity of
J(α) w.r.t. α: these are the so-called Malliavin calculus approach (Propositions 2.5
and 2.8), the adjoint approach (Theorem 2.11), and the martingale approach (The-
orem 2.12). In section 3, we provide simulation procedures to compute ∇αJ(α) by
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the usual Monte Carlo approach using the methods developed before and analyze the
influence of the time step h used for Euler-type schemes. A significant part of the
paper covers these analyses which have never been developed before in the literature.
The approximation results are stated in Theorems 3.1, 3.2, 3.4, and 3.5, while their
proofs are postponed to section 4. Finally, numerical experiments in section 5 illus-
trate the developed methods: we compare the computational time, the complexity,
the variance, and the time discretization error of the estimators on many examples
borrowed from finance and control.

Assumptions. In our applications, the parameter is a priori multidimensional,
but since in the following we will look at sensitivities w.r.t. α coordinatewise, it is not
a restriction to assume that the parameter space A is a subset of R (m = 1).

The process defined in (1.1) depends on the parameter α, but we deliberately
omit this dependence in the notation. Furthermore, the initial condition X0 = x is
fixed throughout the paper. We note σj , the jth column vector of σ.

To study the sensitivity of J (defined in (1.2)) w.r.t. α, we may assume that
coefficients are smooth enough: in what follows, k is an integer greater than 2.

Assumption (Rk). The functions b and σ are of class C1 w.r.t. the variables
t, x, α, and for some η > 0, the following Hölder continuity condition holds:

sup
(t,x,α,α′)∈[0,T ]×Rd×A×A

|g(t, x, α) − g(t, x, α′)|
|α− α′|η < ∞

for g = ∂αb and g = ∂ασ. Furthermore, for any α ∈ A, the functions b(·, ·, α),
σ(·, ·, α), ∂αb(·, ·, α), and ∂ασ(·, ·, α) are of class C�k/2�,k w.r.t. (t, x); the functions
∂αb and ∂ασ are uniformly bounded in (t, x, α), and the derivatives of b, σ, ∂αb, and
∂ασ w.r.t. (t, x) are uniformly bounded as well.

Note that b and σ may be unbounded. We do not assert that the assumption
above is the weakest possible, but it is sufficient for our purpose. At several places,
the diffusion coefficient will be required to be uniformly elliptic, in the following sense.

Assumption (E). σ is a squared matrix (q = d) such that the matrix σσ∗ satisfies
a uniform ellipticity condition:

∀(t, x) ∈ [0, T ] × R
d, [σσ∗](t, x, α) ≥ µmin Id

for a real number µmin > 0.
Notation.
• Sensitivity estimators. To clarify the connection between our methods and

the estimators H which are derived, we will write HPath.
T for the pathwise

approach (Proposition 1.1), HMall.Ell.
T (resp., HMall.Gen.

T ) for the Malliavin
calculus approach in the elliptic case (resp., in the general case) (Propo-

sitions 2.5 and 2.8), Hb,Adj.
T and Hσ,Adj.

T for the adjoint approach (Theo-
rem 2.11), and HMart.

T for the martingale approach (Theorem 2.12). The
subscript T refers to the time in the expected cost (1.2). Their approxima-
tions using some discretization procedure with N time steps will be denoted
HPath.,N

T , HMall.Ell.,N
T , and so on.

• Differentiation. As usual, derivatives w.r.t. α will be simply denoted with
a dot, for instance, ∂αJ = J̇ . If no ambiguity is possible, we will omit to
write explicitly the parameter α in b, σj · · · . We adopt the following usual
convention on the gradients: if ψ : R

p2 �→ R
p1 is a differentiable function,

its gradient ∇xψ(x) = (∂x1ψ(x), . . . , ∂xp2
ψ(x)) takes values in R

p1 ⊗R
p2 . At

many places, ∇xψ(x) will simply be denoted ψ′(x).



1680 EMMANUEL GOBET AND RÉMI MUNOS

• Linear algebra. The rth column of a matrix A will be denoted Ar (or Ar,t if A
is a time dependent matrix), and the rth element of a vector a will be denoted
ar (or ar,t if a is a time dependent vector). A∗ stands for the transpose of A.
For a matrix A, the matrix obtained by keeping only the last r rows (resp.,
the last r columns) will be denoted ΠR

r (A) (resp., ΠC
r (A)). For i ∈ {1, . . . , d},

we set ei = (0 · · · 0 1 0 · · · 0)∗, where 1 is the ith coordinate.
• Constants. We will keep the same notation K(T ) for all finite, nonnegative,

and nondecreasing functions: they do not depend on x, the function f , or
further discretization steps h, but they may depend on the coefficients b(·)
and σ(·). The generic notation K(x, T ) stands for any function bounded by
K(T )(1 + |x|Q) for Q ≥ 0.

When a function g(s, x, α) is evaluated at x = Xα
s , we may sometimes use the

short notation gs if no ambiguity is possible. For instance, (1.1) may be written as

Xt = x +
∫ t

0
bsds +

∑q
j=1

∫ t

0
σj,sdW

j
s .

Other processes related to (Xt)0≤t≤T . To the diffusion X under (R2), we
may associate its flow, i.e., the Jacobian matrix Yt := ∇xXt, the inverse of its flow
Zt = Yt

−1, and the pathwise derivative of Xt w.r.t. α, which we denote Ẋt (see Kunita
[Kun84]). These processes solve

Yt = Id +

∫ t

0

b′s Ys ds +

q∑
j=1

∫ t

0

σ′
j,s Ys dW

j
s ,(1.3)

Zt = Id −
∫ t

0

Zs(b
′
s −

q∑
j=1

(σ′
j,s)

2) ds−
q∑

j=1

∫ t

0

Zsσ
′
j,s dW

j
s ,(1.4)

Ẋt =

∫ t

0

(
ḃs + b′s Ẋs

)
ds +

q∑
j=1

∫ t

0

(
σ̇j,s + σ′

j,s Ẋs

)
dW j

s .(1.5)

Actually, since the process (Ẋt)0≤t≤T satisfies a linear equation, it can also simply
be written using Yt and Zt (apply Theorem 56 from p. 271 of Protter [Pro90]):

Ẋt = Yt

∫ t

0

Zs

⎡⎣⎛⎝ḃs −
q∑

j=1

σ′
j,sσ̇j,s

⎞⎠ ds +

q∑
j=1

σ̇j,sdW
j
s

⎤⎦ .(1.6)

If f is continuously differentiable with an appropriate growth condition (in order
to apply the Lebesgue differentiation theorem), one immediately obtains the following
result (see also Yang and Kushner [YK91]), which we call the pathwise approach.

Proposition 1.1. Assume (R2). One has J̇(α) = E
(
HPath.

T

)
with

HPath.
T = f ′(XT )ẊT .

Hence, the gradient can still be written as an expectation, which is crucial for a
Monte Carlo evaluation. One purpose of the paper is to extend this result to the case
of nondifferentiable functions, by essentially writing J̇(α) = E (f(XT )H) for some
random variable H.

In what follows, we will make two types of assumption on f .
Assumption (H). f is a bounded measurable function.
Actually, the above boundedness property of f is not important, since in what

follows, we essentially use the fact that the random variable f(XT ) belongs to any
Lp. However, this assumption simplifies the analysis.
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Assumption (H′). f is a bounded measurable function and satisfies the following
continuity estimate for p0 > 1:

∫ T

0

‖f(XT ) − f(Xt)‖Lp0

T − t
dt < +∞.

This Lp-smoothness assumption of f(XT ) − f(Xt) is obviously satisfied for uni-
formly Hölder functions with exponent β, but also for some nonsmooth functions,
such as the indicator function of a domain.

Proposition 1.2. Let D be a domain of R
d: suppose that either it has a compact

and smooth boundary (say, of class C2; see [GT77]), or it is a convex polyhedron
(D = ∩I

i=1Di, where (Di)1≤i≤I are half-spaces). Assume (E), (R2), and bounded
coefficients b and σ. Then, the function f = 1D satisfies the assumption (H′) (for
any p0 > 1).

Proof. Since ‖f(XT ) − f(Xt)‖pLp ≤ E|1D(XT ) − 1D(Xt)| ≤ P(XT ∈ D,Xt /∈
D) + P(XT /∈ D,Xt ∈ D), we only need to prove that P(XT ∈ D,Xt /∈ D) ≤
K(T )(T − t)β with β > 0. Now, recall the standard exponential inequality P(‖Xu −
x‖ ≥ δ) ≤ K(T ) exp(−c δ

2

u ) (with c > 0) available for u ∈]0, T ] and δ ≥ 0 (see, e.g.,
Lemma 4.1 in [Gob00]). Combining this with the Markov property, it follows that

P(XT ∈ D,Xt /∈ D) ≤ K(T )E(1Xt /∈D exp(−cd
2(Xt,D

c)
(T−t) )). Then, a direct estimation

of the above expectation using in particular a Gaussian upper bound for the density
of the law of Xt (see Friedman [Fri64]) yields easily the required estimate with β = 1

2
(see Lemma 2.8 in [Gob01a] for details).

2. Sensitivity formulae. In this section, we present three different approaches
to evaluate J̇(α). Before this, we introduce the Malliavin calculus material necessary
to our computations.

2.1. Some basic results on the Malliavin calculus. The reader may refer
to Nualart [Nua95] (section 2.2 for the case of diffusion processes) for a detailed
exposition of this section.

Put H = L2([0, T ],Rq): we will consider elements of H written as a row vector.

For h(.) ∈ H, denote by W (h) the Wiener stochastic integral
∫ T

0
h(t) dWt.

Let S denote the class of random variables of the form F = f(W (h1), . . . ,W (hN )),
where f is a C∞-function with derivatives having a polynomial growth, (h1, . . . , hN ) ∈
HN and N ≥ 1. For F ∈ S, we define DF = (DtF := (D1

tF, . . . ,D
q
tF ))t∈[0,T ], its

derivative, as the H-valued random variable given by DtF =
∑N

i=1 ∂xif(W (h1), . . . ,
W (hN )) hi(t). The operator D is closable as an operator from Lp(Ω) to
Lp(Ω,H), for any p ≥ 1. Its domain is denoted by D

1,p w.r.t. the norm ‖F‖1,p =

[E|F |p + E(‖DF‖pH)]
1/p

. We can define the iteration of the operator D in such a way
that for a smooth random variable F , the derivative DkF is a random variable with
values on H⊗k. As in the case k = 1, the operator Dk is closable from S ⊂ Lp(Ω) into

Lp(Ω;H⊗k), p ≥ 1. If we define the norm ‖F‖k,p = [E|F |p +
∑k

j=1 E(‖DjF‖pH⊗j )]
1/p,

we denote its domain by D
k,p. Finally, set D

k,∞ = ∩p≥1D
k,p and D

∞ = ∩k,p≥1D
k,p.

One has the following chain rule property.

Proposition 2.1. Fix p ≥ 1. For f ∈ C1
b (Rd,R) and F = (F1, . . . , Fd)

∗ a
random vector whose components belong to D

1,p, f(F ) ∈ D
1,p and for t ≥ 0, one has
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Dt(f(F )) = f ′(F )DtF, with the notation

DtF =

⎛⎜⎝ DtF1

...
DtFd

⎞⎟⎠ ∈ R
d ⊗ R

q.

We now introduce δ, the Skorohod integral, defined as the adjoint operator of D.
Definition 2.2. δ is a linear operator on L2([0, T ]×Ω,Rq) with values in L2(Ω)

such that
1. the domain of δ (denoted by Dom(δ)) is the set of processes u ∈ L2([0, T ] ×

Ω,Rq) such that
∣∣E( ∫ T

0
DtF · ut dt

)∣∣ ≤ c(u) ‖F‖L2 for any F ∈ D
1,2.

2. if u belongs to Dom(δ), then δ(u) is the element of L2(Ω) characterized by
the integration-by-parts formula

∀F ∈ D
1,2, E

(
F δ(u)

)
= E

(∫ T

0

DtF · ut dt

)
.(2.1)

In the following proposition, we outline a few properties of the Skorohod integral.
Proposition 2.3.

1. The space of weakly differentiable H-valued variables D
1,2(H) belongs to Dom(δ).

2. If u is an adapted process belonging to L2([0, T ] × Ω,Rq), then the Skorohod

integral and the Itô integral coincide: δ(u) =
∫ T

0
ut dWt.

3. If F belongs to D
1,2, then for any u ∈ Dom(δ) such that E(F 2

∫ T

0
‖ut‖2 dt) <

+∞, one has

δ(F u) = F δ(u) −
∫ T

0

DtF · ut dt,(2.2)

whenever the right-hand side above belongs to L2(Ω).
Concerning the solution of SDEs, it is well known that under (Rk) (k ≥ 2) for any

t ≥ 0, the random variable Xt (resp., Yt, Zt, and Ẋt) belongs to D
k,∞ (resp., D

k−1,∞).
Furthermore, one has the following estimates: E

(
sup0≤t≤T ‖Dr1,...,rk′Ut‖p

)
≤ K(T, x)

for Ut = Xt with 1 ≤ k′ ≤ k or Ut = Yt, Zt, Ẋt with 1 ≤ k′ ≤ k − 1. Besides, DsXt is
given by

DsXt = Yt Zsσ(s,Xs) 1s≤t.(2.3)

Finally, we recall some standard results related to the integration-by-parts for-
mulae. The Malliavin covariance matrix of a smooth random variable F is defined
by

γF =

∫ T

0

DtF [DtF ]∗ dt.(2.4)

Proposition 2.4. Let γ̄ be a multi-index, F be a random variable in D
k1,∞

such that det(γF ) is almost surely positive with 1/det(γF ) ∈ ∩p≥1L
p and G belongs

to D
k2,∞. Then for any smooth function g with polynomial growth, provided that k1

and k2 are large enough (depending on γ̄), there exists a random variable Hγ̄(F,G)
in any Lp such that

E[∂γ̄g(F )G] = E[g(F )Hγ̄(F,G)].
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Moreover, for any arbitrary event A we have

‖Hγ̄(F,G)1A‖Lp ≤ C‖[γF ]−11A‖p3

Lq3‖F‖p1

k1,q1
‖G‖k2,q2

for some constants C, p1, p3, q1, q2, q3 depending on p and γ̄.
Proof. See Propositions 3.2.1 and 3.2.2 in Nualart [Nua98, pp. 160–161] when

A = Ω. For any other event A, see Proposition 2.4 from Bally and Talay [BT96a].

The construction of Hγ̄(F,G) is based on the equality (2.1) and involves iterated
Skorohod integrals. We do not really need to make it explicit at this stage.

2.2. First approach: Direct Malliavin calculus computations. Here, the
guiding idea is to start from Proposition 1.1 and apply results like Proposition 2.4 to
get J̇(α) = E(f(XT )H). Nevertheless, there are several ways to do this, depending
on whether the diffusion coefficient is elliptic (see also [FLL+99] in that situation) or
not.

2.2.1. Elliptic case. Consider first that the assumption (E) is fulfilled.
Proposition 2.5. Assume (R2), (E), and (H). One has J̇(α) = E

(
HMall.Ell.

T

)
,

where

HMall.Ell.
T =

1

T
f(XT )δ

(
[σ−1

· Y· ZT ẊT ]∗
)

belongs to ∩p≥1L
p.

Proof. We can consider that f is smooth, the general case being obtained us-
ing an L2-approximation of f with some smooth and compactly supported func-
tions. As a consequence of (2.3) and Assumption (E), DtXT is invertible for any
t ∈ [0, T ]: thus, for such t, using the chain rule (Proposition 2.1), one gets that
f ′(XT ) = Dt(f(XT ))σ−1

t Yt ZT . Integrating in time over [0, T ] and using Proposi-

tion 1.1, one gets that J̇(α) = 1
T

∫ T

0
dt E(Dt(f(XT ))σ−1

t Yt ZT ẊT ). An application
of the relation (2.1) completes the proof of Proposition 2.5 (the Lp-estimates follow
from Proposition 2.4).

When the parameter enters the drift coefficient only, the laws of (Xt)0≤t≤T for
two different values of α are equivalent owing to the Girsanov theorem. Exploiting
this possible change of measure directly, a simplified expression for J̇(α) can be found:
this is the likelihood ratio method or score method from Kushner and Yang [YK91].

Proposition 2.6. Assume (R2), (E), and (H). Suppose that the parameter of
interest α is not in the diffusion coefficient. Then, one has

J̇(α) = E

(
f(XT )

∫ T

0

[σ−1
t ḃt]

∗dWt

)
.

Proof. Instead of using the Girsanov theorem, we leverage the particular form

of ẊT given in (1.6) to prove this. Indeed, f ′(XT )ẊT = f ′(XT )YT

∫ T

0
Ztḃtdt =∫ T

0
dt Dt(f(XT ))[σ−1

t ḃt], and the result follows using (2.1).

2.2.2. General nondegenerate case. There are many situations where the
ellipticity Assumption (E) is too stringent and cannot be fulfilled. To illustrate this,
let us rewrite the SDE in the following way, splitting its structure into two parts:

dXt =

(
dSt

dVt

)
=

(
bS(t,Xt, α)
bV (t,Xt, α)

)
dt +

(
σS(t,Xt, α)
σV (t,Xt, α)

)
dWt.(2.5)
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Here, (St)t≥0 is (d − r)-dimensional, (Vt)t≥0 r-dimensional, and the dimension of
W is arbitrary. The cost function of interest may involve only the value of VT :
J(α) = E(f(VT )). Note that considering r = d reduces to the previous situation. We
now give two examples that motivate the statement of Proposition 2.7 below.

(a) In random mechanics (see Krée and Soize [KS86]), the pair position/velocity

dXt =

(
dxt

dvt

)
=

(
vtdt
· · ·

)
cannot satisfy an ellipticity condition, but

weaker assumptions such as hypoellipticity are more realistic.
(b) For portfolio optimization in finance (for a recent review, see, e.g., Rung-

galdier [Run02]), r usually equals 1. (St)t≥0 describes the dynamic of the
risky assets, while (Vt)t≥0 is the wealth process, corresponding to the value
of a self-financed portfolio invested in a nonrisky asset with instantaneous
return r(t, St) and in the assets (St)t≥0 w.r.t. the strategy (ξt = {ξi(t,Xt) :
1 ≤ i ≤ d− 1})t≥0: dVt = ξ(t,Xt) · dSt + (Vt − ξ(t,Xt) · St)r(t, St)dt (see e.g.
Karatzas and Shreve [KS98]). It is clear that the resulting diffusion coefficient

for the whole process Xt =

(
St

Vt

)
cannot satisfy an ellipticity condition.

Nevertheless, requiring that the matrix σV σ
∗
V (t, x) satisfy an ellipticity type

condition is not very restricting in that framework.

We set γT for the Malliavin covariance matrix of VT : γT =
∫ T

0
DtVT [DtVT ]∗ dt.

This allows to reformulate Assumption (E) as the following.
Assumption (E′). det(γT ) is almost surely positive and for any p ≥ 1, one has

‖1/det(γT )‖Lp < +∞.

We now bring together standard results related to Assumption (E′).
Proposition 2.7. Assumption (E′) is fulfilled in the following situations.
1. Hypoelliptic case (with r = d) under (R∞). The Lie algebra generated by the

vector fields ∂t +A0(t, x) := ∂t +
∑d

i=1(b− 1
2

∑q
j=1 σ

′
jσj)i(t, x)∂xi , Aj(t, x) :=∑d

i=1 σi,j(t, x)∂xi
for 1 ≤ j ≤ q spans R

d+1 at the point (0, X0):

dim span Lie(∂t + A0, Aj , 1 ≤ j ≤ q)(0, X0) = d + 1.

2. Partially elliptic case (with r ≥ 1) under (R2). For a real number µmin > 0,
one has

∀x ∈ R
d, [σV σ

∗
V ](T, x, α) ≥ µmin Id.

Proof. The statement 1 is standard and we refer to Cattiaux and Mesnager
[CM02] for a recent account on the subject. The statement 2 is also standard: see,
for instance, the arguments in Nualart [Nua98, pp. 158–159].

Now, we are in a position to give a sensitivity formula under (E′).
Proposition 2.8. Assume (R2), (E′), and (H). One has J̇(α) = E

(
HMall.Gen.

T

)
where

HMall.Gen.
T = f(VT ) δ

(
V̇ ∗
T γ

−1
T D·VT

)
belongs to ∩p≥1L

p.
Proof. Assumption (E′) validates (see Nualart [Nua98, Proposition 3.2.1]) the

following computations, adapted from the ones used for Proposition 2.5. The chain
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rule property yields f ′(VT ) =
∫ T

0
Dt(f(VT ))[DtVT ]∗γ−1

T dt, and thus E(f ′(VT )V̇T ) =

E(
∫ T

0
Dt(f(VT ))[DtVT ]∗γ−1

T V̇T dt). Proposition 2.8 now follows from (2.1).

Proposition 2.8 is also valid under (E) in the case r = d, but the formula in
Proposition 2.5 is actually a bit simpler to implement.

2.3. A second approach based on the adjoint point of view.

2.3.1. Another representation of the sensitivity of J(α). If we set u(t, x) =
E
(
f(XT )|Xt = x

)
, omitting to indicate the dependence w.r.t. α, we have that J(α)

defined in (1.2) equals u(0, X0). Under smoothness assumptions on b and σ and the
nondegeneracy hypothesis on the infinitesimal generator of (Xt)t≥0, it is well known
(see Cattiaux and Mesnager [CM02]) that u is the smooth solution of the partial
differential equation (PDE)

⎧⎪⎨⎪⎩ ∂tu(t, x) +

d∑
i=1

bi(t, x)∂xiu(t, x) +
1

2

d∑
i,j=1

[σσ∗]i,j(t, x)∂2
xi,xj

u(t, x) = 0 for t < T,

u(T, x) = f(x).

Our purpose is to give another expression for J̇(α) of Proposition 1.1. The idea is
simple: it consists in formally differentiating the PDE above w.r.t. α and in reinter-
preting the derivative as an expectation. This is now stated and justified rigorously.

Lemma 2.9. Assume (R3), (E), and (H). One has

J̇(α) =

∫ T

0

E

⎛⎝ d∑
i=1

ḃi,t∂xi
u(t,Xt) +

1

2

d∑
i,j=1

˙[σσ∗]i,j,t∂
2
xi,xj

u(t,Xt)

⎞⎠ dt.

Proof. This is a standard fact that under (R3) and (E), u is twice differentiable
w.r.t. x (see the arguments of Lemma 2.10 below, where the proof is sketched). The
technical difficulty in the following computations comes from the possible explosion of
derivatives of u for t close to T , when f is nonsmooth. For this reason, we first prove
useful uniform estimates: for any multi-index γ̄ with |γ̄| ≤ 2, any smooth random
variable G ∈ D

2,∞ and any parameters α and α′, one has

sup
t∈[0,T [

|E[G ∂γ̄
xu(t,Xα′

t )]| ≤ K(T, x)
‖f‖∞
T

|γ̄|
2

‖G‖|γ̄|,p′ .(2.6)

Indeed, for t ≥ T/2, first apply Proposition 2.4: then, use |u(t, x)| ≤ ‖f‖∞ com-

bined with some specific estimates for ‖Hγ̄(Xα′

t , G)‖Lp ≤ K(T,x)

t
|γ̄|
2

‖G‖|γ̄|,p′ available

under the ellipticity condition (E) (see Theorem 1.20 and Corollary 3.7 in Kusuoka
and Stroock [KS84], or section 4.1. in [Gob00] for a brief review). For t ≤ T/2,
note that using the Markov property, one has ∂γ̄

xu(t, x) = ∂γ̄
xE

(
u(T+t

2 , Xt,x
T+t

2

)
)

=∑
1≤|γ′|≤|γ̄| E

(
∂γ′

x u(T+t
2 , Xt,x

T+t
2

)Gγ′

T+t
2

)
with Gγ′

T+t
2

∈ D
2+|γ′|−|γ̄|,∞ and (Xt,y

s )s≥t stand-

ing for the process starting from y at time t. Again applying the integration-by-parts

formula with the elliptic estimates gives |∂γ̄
xu(t, x)| ≤ K(T,x)

[T+t
2 −t]

|γ̄|
2

‖f‖∞ and (2.6) follows
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since T+t
2 − t ≥ T

4 . Now, for ε ∈ R, the difference J(α + ε) − J(α) equals

E
(
f(Xα+ε

T ) − f(Xα
T )

)
= E

(
u(T,Xα+ε

T ) − u(0, Xα+ε
0 )

)
=

∫ T

0

E

(
∂tu(t,Xα+ε

t ) +

d∑
i=1

bi(t,X
α+ε
t , α + ε)∂xiu(t,Xα+ε

t )

+
1

2

d∑
i,j=1

[σσ∗]i,j(t,X
α+ε
t , α + ε)∂2

xi,xj
u(t,Xα+ε

t )

⎞⎠ dt

=

∫ T

0

E

(
d∑

i=1

(bi(t,X
α+ε
t , α + ε) − bi(t,X

α+ε
t , α))∂xi

u(t,Xα+ε
t )

+
1

2

d∑
i,j=1

([σσ∗]i,j(t,X
α+ε
t , α + ε) − [σσ∗]i,j(t,X

α+ε
t , α))∂2

xi,xj
u(t,Xα+ε

t )

⎞⎠ dt,

where at the last equality we used the PDE solved by u to remove the term ∂tu. Now,
divide by ε and take its limit to 0: the result follows owing to the uniform estimates
(2.6).

Note that the formulation of Lemma 2.9 is strongly related to a form of the
stochastic maximum principle (the Pontryagin principle) for optimal control problems:
the processes ([∂xiu(t,Xt)]i)0≤t<T and ([∂2

xi,xj
u(t,Xt)]i,j)0≤t<T are the so-called ad-

joint processes (see Bensoussan [Ben88] for convex control domains, or more generally
Peng [Pen90]) and solve backward SDEs. Usually in these problems, the function f is
smooth. Here, since the law of Xt has a smooth density w.r.t. the Lebesgue measure,
we can remove the regularity condition on f .

Note also that Lemma 2.9 remains valid under a hypoellipticity hypothesis (con-
dition 1 in Proposition 2.7). However, the derivation of tractable formulae below relies
strongly on the ellipticity property.

2.3.2. Transformation using Itô–Malliavin integration-by-parts formu-
lae. The aim of this section is to transform the expression for J̇(α) in terms of
explicit quantities. To remove the nonexplicit terms ∂xi

u and ∂2
xi,xj

u, we may use
some integration-by-parts formulae, but here, to keep more tractable expressions, we
are going to derive Bismut-type formulae, i.e., involving only Itô integrals instead of
Skorohod integrals (see Bismut [Bis84]; Elworthy, Le Jan, and Li [EJL99]; and ref-
erences therein), using a martingale argument (see also Thalmaier [Tha97] or, more
recently, Picard [Pic02]). In the cited references, this approach has been used to com-
pute estimates of the gradient of u. Here, we extend it to support higher derivatives.
The basic tool is given by the following lemma.

Lemma 2.10. Assume (R2), (E), and (H) and define Mt = u′(t,Xt)Yt for t < T .
Then M = (Mt)0≤t<T is an R

1 ⊗ R
d-valued martingale.

Proof. First, we justify that u is continuously differentiable w.r.t x under (R2)
and (E). If f is smooth, this is clear (even without (E)), but (2.10) below also shows
that under (E), u′ can be expressed without the derivative of f . This easily leads
to our assertion (see the proof of Proposition 3.2 in [FLL+99]). Now, the Markov
property ensures that (u(t,X0,x

t ))0≤t<T is a martingale for any x ∈ R
d. Hence, its

derivative w.r.t. x (i.e., (Mt)0≤t<T ) is also a martingale (see Arnaudon and Thalmaier
[AT98]).
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We now state a theorem which, if combined with Lemma 2.9, leads to an alter-
native representation for J̇(α).

Theorem 2.11. Assume (R3) and (E).

Under (H), one has

∫ T

0

E
( d∑
i=1

ḃi,t∂xi
u(t,Xt)

)
dt = E(Hb,Adj.

T ),(2.7)

where Hb,Adj.
T = f(XT )

∫ T

0

dt ḃt ·
Z∗
t

T − t

∫ T

t

[σ−1
s Ys]

∗ dWs belongs to
⋂

p≥1 Lp.

Under (H′), one has

∫ T

0

E
( d∑
i,j=1

˙[σσ∗]i,j,t∂
2
xi,xj

u(t,Xt)
)
dt = E(Hσ,Adj.

T ),(2.8)

where

Hσ,Adj.
T =

∫ T

0

dt

d∑
i,j=1

˙[σσ∗]i,j,t[f(XT ) − f(Xt)]

(
2ej

T − t
·
[
Z∗
t

∫ T

T+t
2

[σ−1
s Ys]

∗dWs

]

× 2ei

T − t
·
[
Z∗
t

∫ T+t
2

t

[σ−1
s Ys]

∗dWs

]
+

2ei

T − t
·
{
∇x

[
Z∗
t

∫ T+t
2

t

[σ−1
s Ys]

∗dWs

]
Zte

j

})

belongs to
⋂

p<p0
Lp.

Proof. Equality (2.7). First, Clark and Ocone’s formula [Nua95, p. 42]
gives u(τ,Xτ ) = u(t,Xt) +

∫ τ

t
E(Ds[u(τ,Xτ )]|Fs)dWs for 0 ≤ t ≤ τ < T . Using (2.3)

and the martingale property of Lemma 2.10, we get E(Ds[u(τ,Xτ )]|Fs) =
E(u′(τ,Xτ )YτZsσs|Fs) = u′(s,Xs)σs. Hence, it gives an explicit form to the pre-
dictable representation theorem:

∀ 0 ≤ t ≤ τ ≤ T u(τ,Xτ ) = u(t,Xt) +

∫ τ

t

u′(s,Xs)σsdWs(2.9)

(the case τ = T is obtained by passing to the limit). Note that this representation
holds under (R2). Since (u′(t,Xt)Yt)0≤t<T is a martingale, we obtain that

u′(t,Xt)Yt = E

(
1

T − t

∫ T

t

u′(s,Xs)Ys ds|Ft

)

= E

(
1

T − t

[∫ T

t

u′(s,Xs)σsdWs

][∫ T

t

[σ−1
s Ys]

∗dWs

]∗

|Ft

)

= E

(
f(XT ) − u(t,Xt)

T − t

[∫ T

t

[σ−1
s Ys]

∗dWs

]∗

|Ft

)

= E

(
f(XT )

T − t

[∫ T

t

[σ−1
s Ys]

∗dWs

]∗

|Ft

)
,(2.10)



1688 EMMANUEL GOBET AND RÉMI MUNOS

where for the third equality we used (2.9) with τ = T and u(T,XT ) = f(XT ). Now
the proof of (2.7) is straightforward.

Equality (2.8). Note that a slight modification of the preceding arguments (namely,
integrating over [t, (T + t)/2] instead of [t, T ] and applying (2.9) with τ = (t + T )/2)

leads to ∂xiu(t,Xt) = E
(
u
(
T+t

2 , XT+t
2

)
2ei

T−t ·
[
Z∗
t

∫ T+t
2

t
[σ−1

s Ys]
∗dWs

]
|Ft

)
. Differentiat-

ing w.r.t. x on both sides and using (2.10) yields

(∂xiu)′(t,Xt)Yt = E

(
u′

(
T + t

2
, XT+t

2

)
YT+t

2

2ei

T − t
·
[
Z∗
t

∫ T+t
2

t

[σ−1
s Ys]

∗dWs

]
|Ft

)

+E

(
u

(
T + t

2
, XT+t

2

)
2ei

T − t
· ∇x

{[
Z∗
t

∫ T+t
2

t

[σ−1
s Ys]

∗dWs

]}
|Ft

)

= E

(
[f(XT ) − f(Xt)]

2

T − t

[∫ T

T+t
2

[σ−1
s Ys]

∗dWs

]∗
2ei

T − t
·
[
Z∗
t

∫ T+t
2

t

[σ−1
s Ys]

∗dWs

]

+[f(XT ) − f(Xt)]
2ei

T − t
· ∇x

{[
Z∗
t

∫ T+t
2

t

[σ−1
s Ys]

∗dWs

]}
|Ft

)

(note that the f(Xt) terms have no contribution in the expectation). Rearranging
this last expression leads to (2.8).

The Lp-estimates can be justified using the generalized Minkowski inequality and
standard estimates from the stochastic calculus:

(2.11)

‖Hb,Adj.
T ‖Lp ≤

∫ T

0

‖f‖∞
T − t

∥∥∥∥∥ḃ(t,Xt) · Z∗
t

∫ T

t

[σ−1
s Ys]

∗dWs

∥∥∥∥∥
Lp

dt ≤ K(T, x)

∫ T

0

‖f‖∞√
T − t

dt,

‖Hσ,Adj.
T ‖Lp ≤ K(T, x)

∫ T

0

‖f(XT ) − f(Xt)‖Lp′

T − t
dt

for p < p′ < p0.

Remark 2.1. The f(Xt) terms in Hσ,Adj.
T seem to be crucial to ensure its Lp

integrability: numerical experiments in section 5 illustrate this fact.

2.4. A third approach using martingales. We emphasize the dependence on
α of the expected cost by denoting u(α, t, x) = E(f(Xα

T )|Xα
t = x): hence, J(α) =

u(α, 0, X0). From the estimates proved in Lemma 2.9, this is a differentiable func-

tion w.r.t. α and one has |u̇(α, t, x)| ≤ K(T, x)‖f‖∞ and |u′(α, t, x)| ≤ K(T,x)√
T−t

‖f‖∞.

Furthermore, using Theorem 2.11 and the Lp-estimates (2.11) under (H′), one gets

|u̇(α, t, x)| ≤ K(T, x)

[
‖f‖∞

√
T − t +

∫ T

t

‖f(Xt,x
T ) − f(Xt,x

s )‖Lp′

T − s
ds

]
for p′ < p0. Consequently, if we put g(r) = E (u̇(α, r,Xr)), we easily obtain |g(r)| ≤
K(T, x)[‖f‖∞

√
T − r +

∫ T

r
‖f(XT )−f(Xs)‖Lp0

T−s ds] and thus, limr→T g(r) = 0. For any

0 ≤ r ≤ s ≤ T , one has E(u(α, r,Xr)) = E(u(α, s,Xs)) = 1
T−r

∫ T

r
E(u(α, s,Xs)) ds
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using the Markov property; hence, by differentiation w.r.t. α, one gets

(2.12)

E
(
u̇(α, r,Xr)

)
=

1

T − r

∫ T

r

ds E
(
u̇(α, s,Xs) + u′(α, s,Xs)Ẋs − u′(α, r,Xr)Ẋr

)
=

1

T − r

∫ T

r

ds E
(
u̇(α, s,Xs) + u′(α, s,Xs)[Ẋs − YsZrẊr]

)
,

where we used at the last equality the martingale property of Mt = u′(α, t,Xt)Yt

between t = s and t = r (see Lemma 2.10).

Now, put h(r) = 1
T−r

∫ T

r
ds E

(
u′(α, s,Xs)[Ẋs − YsZrẊr]

)
: one has derived the

following integral equation:

g(t) =
1

T − t

∫ T

t

g(s) ds + h(t).(2.13)

Before solving it, we express h(r) using only f : for this, we use the predictable
representation (2.9), which immediately gives

h(r) =
1

T − r
E

(
(f(XT ) − f(Xr))

∫ T

r

[σ−1
s (Ẋs − YsZrẊr)]

∗dWs

)
.(2.14)

Note again that the term with f(Xr) has no contribution and is put only to justify
that |h(r)| ≤ K(T, x)‖f(XT )−f(Xr)‖Lp0 (use the Burkholder–Davis–Gundy inequal-
ities and straightforward upper bounds for ‖Ẋs−YsZrẊr‖Lq ≤ K(T, x)

√
s− r), from

which we deduce that the integral
∫ T

0
h(t)
T−t dt is convergent because of (H′). To solve

the integral equation above, note that [ 1
T−t

∫ T

t
g(s) ds]′ = − h(t)

T−t , and thus by integra-

tion, we have 1
T−t

∫ T

t
g(s) ds = C −

∫ T

t
h(r)
T−rdr. The constant C equals 0 since both

integrals in the previous equality converge to 0 when t goes to T (use limt→T g(t) = 0
and (H′)). Plug this new equality into (2.13), use (2.14), and take t = 0 (with Ẋ0 = 0)
to get the following representation for J̇(α): this is the main result of this section.

Theorem 2.12. Assume (R2), (E), and (H′). Then, one has J̇(α) = E(HMart.
T )

with

HMart.
T =

f(XT )

T

∫ T

0

[σ−1
s Ẋs]

∗dWs

+

∫ T

0

dr
[f(XT ) − f(Xr)]

(T − r)2

∫ T

r

[σ−1
s (Ẋs − YsZrẊr)]

∗dWs.(2.15)

Furthermore, the random variable HMart.
T belongs to

⋂
p<p0

Lp.
This method is called the martingale approach because it is based on the equality

(2.12), which is a consequence of the martingale property of

[u̇(α, s,Xs) + u′(α, s,Xs)Ẋs]0≤s<T .

Proof. What remains to be proved is the Lp estimate of HMart.
T : this can be easily

obtained by combining Minkowski’s inequality, Hölder’s inequality, Assumption (H′),
and standard stochastic calculus inequalities as before.
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Remark 2.2. When the parameter is not involved in the diffusion coefficient,
it is easy to see that the improved estimate ‖Ẋs − YsZrẊr‖Lq ≤ K(T, x)(s − r) is
available: thus, this allows us to remove f(Xr) terms in the expression of HMart.

T

without changing the finiteness of the Lp-norm of the new HMart.
T . In other words,

only Assumption (H) is needed.

Besides, when α is only in the drift coefficient and these f(Xr) terms are sup-
pressed, this representation coincides with that of Theorem 2.11. Indeed, let us write

Pr =
∫ T

r
[σ−1

s (Ẋs − YsZrẊr)]
∗dWs =

∫ T

r
[σ−1

s Ẋs]
∗dWs − [ZrẊr]

∗ ∫ T

r
[σ−1

s Ys]
∗dWs :=

P1,r − P2,r, where P1,r =
∫ T

0
[σ−1

s Ẋs]
∗dWs − [ZrẊr]

∗ ∫ T

0
[σ−1

s Ys]
∗dWs and P2,r =∫ r

0
[σ−1

s Ẋs]
∗dWs − [ZrẊr]

∗ ∫ r

0
[σ−1

s Ys]
∗dWs. From the fact that ZrẊr =

∫ r

0
Zsḃsds

(see (1.6)), one gets dP2,r = [Zr ḃr]
∗(

∫ r

0
[σ−1

t Yt]
∗dWt)dr, hence P2,r is of bounded

variation. P1,r is also of bounded variation, since ZrẊr is. Thus, one obtains

dPr = −ḃr · Z∗
r (

∫ T

r
[σ−1

t Yt]
∗dWt)dr: furthermore, since PT = 0, one has ‖Pr‖Lp ≤

K(T, x)(T − r)3/2. Using an integration-by-parts formula in (2.15) finally completes

our assertion: HMart.
T = f(XT )

(
1
T P0+

∫ T

0
Pr

(T−r)2 dr
)

= f(XT )
(
−
∫ T

0
dPr

(T−r)

)
= Hb,Adj.

T .

Consequently, this martingale approach does not provide any new elements when
the parameter is not in the diffusion coefficient. On the contrary, if σ depends on α,
the representation with the adjoint point of view is different from the martingale one
(see numerical experiments). However, we must admit that this martingale approach
remains somewhat mysterious to us.

3. Monte Carlo simulation and analysis of the discretization error. In
this section, we discuss the numerical implementation of the formulae derived in this
paper to compute the sensitivity of J(α) w.r.t. α. These formulae are written as
expectations of some functionals of the process (Xt)0≤t≤T and related ones: a stan-
dard way to proceed consists in drawing independent simulations, approximating the
functional using Euler schemes, and averaging independent samples of the resulting
functional to get an estimation of the expectation (see section 5).

Here, we focus on the impact of the time step h = T/N (N is the number of
discretization times in the regular mesh of the interval [0, T ]) in the simulation of the
functional: it is well known that for the evaluation of E(f(XT )), the discretization
error using an Euler scheme is of order h (see Bally and Talay [BT96a] for measurable
functions f , or Kohatsu-Higa and Pettersson [KHP02] if f is a distribution and for
more general discretization schemes). We recall that the error on the processes (called
the strong error) is much easier to analyze than the one on the expectations (the weak
error): the first one is essentially of order

√
h (see [KP95]) but this is not relevant for

the current issues.

Besides, the quantity of interest here has a more complex structure that is es-
sentially E(f(XT )H), where H is one of the random variables resulting from our
computations. In general, H involves Itô or Skorohod integrals: our first purpose
is to give some approximation procedure to simulate these weights using only the
increments of the Brownian motion computed along the regular mesh with time
step h.

Our second purpose is to analyze the error induced by this discretization pro-
cedure: generally speaking, the weak error is still at most linear w.r.t. h, as for
E(f(XT )). The proofs are quite intricate and we postpone them to section 4. For
the sake of clarity, we assume (R∞), that is, b and σ of class C∞, but approximation
results only depend on a finite number of coefficients’ derivatives.
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Approximation procedure. We consider a regular mesh of the interval [0, T ],
with N discretization times ti = ih, where h = T/N is the time step. Denote
φ(t) = sup{ti : ti ≤ t}. The processes we need to simulate are essentially (Xt)0≤t≤T ,

(Yt)0≤t≤T , (Zt)0≤t≤T , (Ẋt)0≤t≤T , and we approximate them using a standard Euler
scheme as follows:

(3.1)

XN
t = x +

∫ t

0

b(φ(s), XN
φ(s)) ds +

q∑
j=1

∫ t

0

σj(φ(s), XN
φ(s)) dW

j
s ,

(3.2)

Y N
t = Id +

∫ t

0

b′(φ(s), XN
φ(s)) Y

N
φ(s) ds +

q∑
j=1

∫ t

0

σ′
j(φ(s), XN

φ(s)) Y
N
φ(s) dW

j
s ,

(3.3)

ZN
t = Id −

∫ t

0

ZN
φ(s)(b

′ −
q∑

j=1

(σ′
j)

2)(φ(s), XN
φ(s)) ds−

q∑
j=1

∫ t

0

ZN
φ(s)σ

′
j(φ(s), XN

φ(s)) dW
j
s ,

ẊN
t =

∫ t

0

(
ḃ(φ(s), XN

φ(s)) + b′(φ(s), XN
φ(s)) Ẋ

N
φ(s)

)
ds

+

q∑
j=1

∫ t

0

(
σ̇j(φ(s), XN

φ(s)) + σ′
j(φ(s), XN

φ(s)) Ẋ
N
φ(s)

)
dW j

s .(3.4)

Note that only the increments (W j
ti+1

− W j
ti ; 1 ≤ j ≤ q)0≤i≤N−1 of the Brownian

motion are needed to get values of XN , ZN , Y N , ẊN at times (ti)0≤i≤N .

3.1. Pathwise approach.
Theorem 3.1. Assume (R∞). Then, one has∣∣∣J̇(α) − E

(
f ′(XN

T )ẊN
T

)∣∣∣ ≤ C(T, x, f)h,

under either one of the two following assumptions on f and X:
(A1) f is of class C4

b : one may put C(T, x, f) = K(T, x)
∑

1≤|α|≤4 ‖∂αf‖∞ in that
case.

(A2) f is continuously differentiable with a bounded gradient and the nondegeneracy
condition (E′) holds: in that case, C(T, x, f) may be set to

K(T, x)‖f ′‖∞‖1/det(γT )‖qLp

for some positive numbers p and q.
Note that in the case (A1), only three additional derivatives of the function f ′ are

required to get the order 1 w.r.t. h: this is a slight improvement compared to results
in Talay and Tubaro [TL90], where four derivatives are needed.

3.2. Malliavin calculus approach.

3.2.1. Elliptic case. One needs to define the approximation for the random
variable HMall.Ell.

T := δ
(
[σ−1(·, X·) Y· ZT ẊT ]∗

)
involved in Proposition 2.5. Basic
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algebra using the equality (2.2) gives

HMall.Ell.
T =

d∑
i=1

δ
(
[σ−1(·, X·) Y·]

∗
i [ZT ẊT ]i

)
=

d∑
i=1

[ZT ẊT ]i

∫ T

0

[σ−1(s,Xs) Ys]
∗
i dWs −

d∑
i=1

∫ T

0

Ds([ZT ẊT ]i)[σ
−1(s,Xs) Ys]i ds.

The new quantities involved are DsZj,k,T and DsẊk,T . We now indicate how to

simulate them. The R
2d-valued process (Xt

Ẋt
)t≥0 forms a new stochastic differential

equation (see (1.5)): we denote the flow of this extended system by Ŷt and its inverse
by Ẑt. As we did for Yt and Zt, we can define their Euler scheme (as in (3.2) and
(3.3)), which we denote Ŷ N

t and ẐN
t . The Malliavin derivative of this system follows

from (2.3). Hence, one has

DsẊT = ΠR
d

⎛⎝ŶT Ẑs

⎛⎝ ... σj(s,Xs)
...

... σ̇j(s,Xs) + σ′
j(s,Xs) Ẋs

...

⎞⎠⎞⎠ ,(3.5)

and we naturally approximate it by

[DsẊT ]N = ΠR
d

⎛⎝Ŷ N
T ẐN

s

⎛⎝ ... σj(s,X
N
s )

...
... σ̇j(s,X

N
s ) + σ′

j(s,X
N
s ) ẊN

s

...

⎞⎠⎞⎠ .(3.6)

The same approach can be developed for the cth column of the transpose of
ZT , since ( Xt

(Zt
∗)c

)t≥0 forms a new SDE (see (1.4)): the associated flow and its inverse,

respectively denoted Ŷ c
t and Ẑc

t , enable us to derive a simple expression for Ds[(Zt
∗)c]

analogously to (3.5) and (3.6). As a consequence, one gets

Ds([ZT ẊT ]i) = 1s≤T

∑
j

Aβ(j,i),TBβ(j,i),s,(3.7)

where Aβ(j,i),T and Bβ(j,i),s are given by some appropriate coordinates of the processes

ŶT , (Ŷ c
T )1≤c≤d on one hand; and Ẑs, (Ẑc

s)1≤c≤d, σj(s,Xs), σ̇j(s,Xs), σ
′
j(s,Xs), Ẋs,

Zs on the other hand; in order to keep things clear, we do not develop their expression
further (we refer to a technical report [GM03] for full details). Finally, we approximate
HMall.Ell.

T by

HMall.Ell.,N
T =

d∑
i=1

[ZN
T ẊN

T ]i

∫ T

0

[σ−1(φ(s), XN
φ(s)) Y

N
φ(s)]

∗
i dWs

−
d∑

i=1

∫ T

0

⎛⎝∑
j

AN
β(j,i),TB

N
β(j,i),φ(s)

⎞⎠ [σ−1(φ(s), XN
φ(s)) Y

N
φ(s)]i ds,

which can be simulated using only the Brownian increments as before. We now state
that the approximation above converges at order 1 w.r.t. the time step.

Theorem 3.2. Assume (R∞), (E), and (H). For some q ≥ 0, one has∣∣∣J̇(α) − E

(
f(XN

T )HMall.Ell.,N
T

)∣∣∣ ≤ K(T, x)
‖f‖∞
T q

h.
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Remark 3.1. Instead of basing the computations of Malliavin derivatives for
different adapted processes U , (DtiUtj )0≤i≤j≤N , on the equality (2.3), an alternative
approach would be to derive equations solved by (DtiUt)ti≤t≤T and then approximate
them with a discretization scheme (for each ti). However, this approach would require
essentially O(N2) operations, instead of O(N) in our case.

3.2.2. General nondegenerate case. Denote by 0d1,d2
the d1×d2 matrix with

0 for each element. Simple algebra yields that V̇ ∗
T γ

−1
T DsVT is equal to

V̇ ∗
T γ

−1
T ΠR

r (YTZsσ(s,Xs)) = (01,d−rV̇
∗
T )

(
0d−r,d−r 0d−r,r

0r,d−r γ−1
T

)
YTZsσ(s,Xs)

=

d∑
i=1

Fi[(Zsσ(s,Xs))
∗]i,

where

Fi =

(
Y ∗
T

(
0d−r,d−r 0d−r,r

0r,d−r γ−1
T

)(
0d−r,1

V̇T

))
i

=
∑
j

Uκ(i,j),T (γ−1
T )β(i,j),γ(i,j),

with the random variables (Uκ(i,j),T )i,j being expressed as a product of coordinates

of YT and V̇T . As before, we do not develop their expression to keep the formulae
easy to manipulate, and we refer to [GM03] for more details.

Hence, the random variable of interest in Proposition 2.8, i.e., HMall.Gen.
T , is

δ
(
V̇ ∗
T γ

−1
T D·VT

)
=

d∑
i=1

Fi

∫ T

0

[(Zsσ(s,Xs))
∗]∗i dWs −

d∑
i=1

∫ T

0

DsFi[(Zsσ(s,Xs))
∗]ids.

By the chain rule, the Malliavin derivative of Fi is related to that of Uκ(i,j),T (i.e.,

coordinates of YT and V̇T ) and that of (γ−1
T )β(i,j),γ(i,j): the latter can be expressed in

terms of γ−1
T and DsγT (see Lemma 2.1.6 in Nualart [Nua95, p. 89]) and we obtain

HMall.Gen.
T =

∑
i,j

Uκ(i,j),T (γ−1
T )β(i,j),γ(i,j)

∫ T

0

[(Zsσ(s,Xs))
∗]∗i dWs(3.8)

−
∑
i,j

(γ−1
T )β(i,j),γ(i,j)

∫ T

0

DsUκ(i,j),T [(Zsσ(s,Xs))
∗]ids(3.9)

+
∑
i,j,k,l

Uκ(i,j),T (γ−1
T )β(i,j),k(γ

−1
T )l,γ(i,j)

∫ T

0

Ds(γk,l,T )[(Zsσ(s,Xs))
∗]ids.(3.10)

Analogously to the elliptic case, the integrals above may be discretized. Furthermore,
the random variables Uκ(i,j),T may be approximated by UN

κ(i,j),T , defined by the same

product of coordinates of Y N
T and V̇ N

T as the one defining Uκ(i,j),T . Its weak derivative
can be computed as in (3.7): indeed, with the same arguments, one may prove that

DsUκ(i,j),T = 1s≤T

∑
k

Ûκ(i,j,k),T Ǔβ(i,j,k),s,(3.11)

where (Ûκ(i,j,k),T )i,j,k (resp., (Ǔβ(i,j,k),s)i,j,k) are appropriate real values (resp., vec-
tors) at time T (resp., at time s) of some extended systems of SDEs. Then, the



1694 EMMANUEL GOBET AND RÉMI MUNOS

natural approximation is

[DsUκ(i,j),T ]N = 1s≤T

∑
k

ÛN
κ(i,j,k),T Ǔ

N
β(i,j,k),s.(3.12)

Actually, what differs from the elliptic case are the Malliavin covariance matrix γT
and its weak derivative. Even if γT =

∫ T

0
ΠR

r (YTZsσ(s,Xs))[Π
R
r (YTZsσ(s,Xs))]

∗ds
is almost surely invertible with an inverse in any Lp, a naive approximation may not
satisfy these invertibility properties: for this reason, we add a small perturbation in
its discretization as follows:

γN
T =

∫ T

0

ΠR
r (Y N

T ZN
φ(s)σ(φ(s), XN

φ(s)))[Π
R
r (Y N

T ZN
φ(s)σ(φ(s), XN

φ(s)))]
∗ds +

T

N
Id.

(3.13)

This allows us to state the following result.
Lemma 3.3. Assume (R∞) and (E′). Then, for any p ≥ 1, one has for some

positive numbers p1 and q1: ‖1/det(γN
T )‖Lp ≤ K(T, x)‖1/det(γT )‖q1Lp1 with a constant

K(T, x) independent of N .
Proof. It is easy to check that ‖γN

T −γT ‖Lp ≤ K(T, x)
√
h (use Lemma 4.3 below).

Moreover, the eigenvalues of γN
T are all greater than h; hence det(γN

T ) ≥ hr, and one
deduces

E(det(γN
T )−p) = E

(
det(γN

T )−p1det(γN
T )≤ 1

2det(γT )

)
+ E

(
det(γN

T )−p1det(γN
T )> 1

2det(γT )

)
≤ h−rp

P

(
det(γT ) − det(γN

T )

det(γT )
≥ 1

2

)
+ 2pE(det(γT )−p)

≤ h−rp2q‖ |det(γT ) − det(γN
T )|q‖Lp1‖det(γT )−q‖Lp2 + 2pE(det(γT )−p)

where p1 and p2 are conjugate numbers. Take q = 2rp to get the result.
To deal with the weak derivative of γT , one needs to rewrite

γk,l,T =
∑
i′

Aε(k,l,i′),T

∫ T

0

Bη(k,l,i′),udu,

where Aε(k,l,i′),T (resp., Bη(k,l,i′),u) are products of coordinates of YT (resp., Zu and
σ(u,Xu)). As for (3.7), the Malliavin derivative of Aε(k,l,i′),T and Bη(k,l,i′),u can be
expressed as

DsAε(k,l,i′),T = 1s≤T

∑
j′

Cε(k,l,i′,j′),TDε(k,l,i′,j′),s,

DsBη(k,l,i′),u = 1s≤u

∑
j′

Eη(k,l,i′,j′),uFη(k,l,i′,j′),s.

Hence, for s ≤ T , one has

Dsγk,l,T =
∑
i′,j′

Cε(k,l,i′,j′),T

(∫ T

0

Bη(k,l,i′),udu

)
Dε(k,l,i′,j′),s

+
∑
i′,j′

Aε(k,l,i′),TFη(k,l,i′,j′),s

∫ T

s

Eη(k,l,i′,j′),udu,(3.14)
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which can be approximated by

[Dsγk,l,T ]N =
∑
i′,j′

CN
ε(k,l,i′,j′),T

(∫ T

0

BN
η(k,l,i′),φ(u)du

)
DN

ε(k,l,i′,j′),s

+
∑
i′,j′

AN
ε(k,l,i′),T FN

η(k,l,i′,j′),s

∫ T

s

EN
η(k,l,i′,j′),φ(u)du.(3.15)

We now turn to the global approximation of the weight HMall.Gen.
T :

(3.16)

HMall.Gen.,N
T =

∑
i,j

UN
κ(i,j),T [(γN

T )−1]β(i,j),γ(i,j)

∫ T

0

[(ZN
φ(s)σ(φ(s), XN

φ(s)))
∗]∗i dWs

−
∑
i,j

[(γN
T )−1]β(i,j),γ(i,j)

∫ T

0

[Dφ(s)Uκ(i,j),T ]N [(ZN
φ(s)σ(φ(s), XN

φ(s)))
∗]ids(3.17)

+
∑
i,j,k,l

UN
κ(i,j),T [(γN

T )−1]β(i,j),k[(γ
N
T )−1]l,γ(i,j)

∫ T

0

[Dφ(s)(γk,l,T )]N [(ZN
φ(s)σ(φ(s), XN

φ(s)))
∗]ids.(3.18)

We are now in a position to state the following approximation result.
Theorem 3.4. Assume (R∞), (E′), and (H). For some positive numbers p and

q, one has:∣∣J̇(α) − E(f(V N
T )HMall.Gen.,N

T )
∣∣ ≤ K(T, x)‖f‖∞‖1/det(γT )‖qLph.

In the hypoelliptic case (case 1) in Proposition 2.7), note that the weak approx-
imation result above holds true under a nondegeneracy condition stated only at the
initial point (0, X0), which is a significant improvement compared to [BT96a] (or more
recently in [TZ04]), where the condition was stated in the whole space.

3.3. Adjoint approach. To approximate Hb,Adj.
T and Hσ,Adj.

T from Theorem 2.11,
we propose the following natural estimates:

(3.19)

Hb,Adj.,N
T = f(XN

T )h

N−1∑
k=0

ḃ(tk, X
N
tk

) ·
ZN
tk

∗

T − tk

∫ T

tk

[σ−1(φ(s), XN
φ(s)) Y

N
φ(s)]

∗ dWs,

Hσ,Adj.,N
T = h

N−1∑
k=0

d∑
i,j=1

˙[σσ∗]i,j(tk, X
N
tk

)[f(XN
T ) − f(XN

tk
)]

×
(

2ej

T − tk
·
[
ZN
tk

∗
∫ T

φ(
T+tk

2 )

[σ−1(φ(s), XN
φ(s))Y

N
φ(s)]

∗dWs

]

× 2ei

T − tk
·
[
ZN
tk

∗
∫ φ(

T+tk
2 )

tk

[σ−1(φ(s), XN
φ(s))Y

N
φ(s)]

∗dWs

]

+
2ei

T − tk
·
{
∇x

[
ZN
tk

∗
∫ φ(

T+tk
2 )

tk

[σ−1(φ(s), XN
φ(s))Y

N
φ(s)]

∗dWs

]
ZN
tk
ej

})
.(3.20)
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Derivatives ∇xY
N
φ(s) and ∇xZ

N
tk

are obtained by a direct differentiation in (3.2) and

(3.3): we do not make the equations explicit; they coincide with those of the Euler
procedure applied to ∇xYt and ∇xZt defined in (1.3) and (1.4).

These approximations also induce a discretization error in the computation of
J̇(α) of order 1 w.r.t. h.

Theorem 3.5. Assume (R∞), (E), and (H). For some p ≥ 0, one has

∣∣∣J̇(α) − E

(
Hb,Adj.,N

T + Hσ,Adj.,N
T

)∣∣∣ ≤ K(T, x)
‖f‖∞
T p

h.

The proof is postponed to section 4.4.

3.4. Martingale approach. The natural approximation of HMart.
T defined in

Theorem 2.12 may be given by

HMart.,N
T =

f(XN
T )

T

∫ T

0

[σ−1(φ(s), XN
φ(s))Ẋ

N
φ(s)]

∗dWs +

∫ T

0

dr
[f(XN

T ) − f(XN
φ(r))]

(T − φ(r))2

×
∫ T

φ(r)

[σ−1(φ(s), XN
φ(s))(Ẋ

N
φ(s) − Y N

φ(s)Z
N
φ(r)Ẋ

N
φ(r))]

∗dWs.

Unfortunately, we have not been able to analyze the approximation error J̇(α) −
E(HMart.,N

T ) under the fairly general assumption (H′). Indeed, an immediate issue to

handle would be to quantify the quality of the approximation of
∫ T

0
dr E

( [f(XT )−f(Xr)]
(T−r)2∫ T

r
[σ−1

s (Ẋs−YsZrẊr)]
∗dWs

)
by its Riemann sum, which seems to be far from obvious

under (H′).

4. Proof of the results on the discretization error analysis. This sec-
tion is devoted to the proof of section 3’s theorems analyzing the discretization
error.

The trick to prove these estimates for E(f(XT )) usually relies on the Markov
property: one decomposes the error using the PDE solved by the function (t, x) �→
E(f(Xx

T−t)) (see Bally and Talay [BT96a]), but this makes no sense in our situa-
tion. Another way to proceed consists in cleverly using the duality relationship (2.1)
with some stochastic expansion to get the right order (see Kohatsu-Higa [KH01] or
[KHP02]). During the revision of this work, Kohatsu-Higa brought to our attention
another paper [KHP00] where the approximation of some smooth functionals of SDEs
is successfully analyzed in this way. Here, we also adopt this approach. However, the
functionals of interest are much more complex. Moreover, extra technicalities com-
pared to [KHP02] are required, because of the necessity for our Malliavin calculus

computations to introduce a localization factor ψN,ε
T .

To clarify the arguments, we first state a quite general result, whose statement
enables us to reduce the proof of our theorems to check that a stochastic expansion
holds true.

4.1. A more general result. By convention, we set dW 0
s = ds. First, we need

to define some particular forms of stochastic expansions.
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Definition 4.1. The real random variable UT (which in general depends on N)
satisfies property (P) if it can be written as

UT =

q∑
i,j=0

cU,0
i,j (T )

∫ T

0

cU,1
i,j (t)

(∫ t

φ(t)

cU,2
i,j (s)dW i

s

)
dW j

t

+

q∑
i,j,k=0

cU,0
i,j,k(T )

∫ T

0

cU,1
i,j,k(t)

[∫ t

0

cU,2
i,j,k(s)

(∫ s

φ(s)

cU,3
i,j,k(u)dW i

u

)
dW j

s

]
dW k

t

for some adapted processes {(cU,i1
i,j (t), cU,i2

i,j,k(t))t≥0: 0 ≤ i, j, k ≤ q, 0 ≤ i1 ≤ 2, 0 ≤
i2 ≤ 3} (possibly depending on N) and if, for each t ∈ [0, T ], they belong to D

∞

with Sobolev norms satisfying supN,t∈[0,T ]

(
‖cU,i1

i,j (t)‖k′,p +‖cU,i2
i,j,k(t)‖k′,p

)
< ∞ for any

k′, p ≥ 1.
Theorem 4.2. Assume (R∞) and that HN

T −HT satisfies property (P) . Then,
1. if f is of class C3

b , one has∣∣E(f(VT )HT ) − E(f(V N
T )HN

T )
∣∣ ≤ K(T, x)

( ∑
0≤|α|≤3

‖∂αf‖∞
)
h;

2. under (E′) and (H), one has∣∣E(f(VT )HT ) − E(f(V N
T )HN

T )
∣∣ ≤ K(T, x) ‖f‖∞ ‖1/det(γT )‖qLp h.

In the statement above, (Vt)0≤t≤T corresponds to some coordinates of a SDE
(Xt)0≤t≤T as it is defined in (2.5), but we can also simply consider V = X.

Theorem 4.2 is proved at the end of this section, and for a while, we focus on
its applications to derive the announced results about the discretization errors. Re-
member that the approximation of the weights H is essentially based on an Euler
scheme applied to a system of SDEs. For this reason, the verification of property (P)
is tightly connected to the decomposition of the error, between a Brownian SDE and
its Euler approximation, in terms of a stochastic expansion. This is the purpose of
the following standard lemma (for more general driven semimartingales, see Jacod
and Protter [JP98]).

Lemma 4.3. Consider a general d′-dimensional SDE (X̄t)t≥0 defined by C∞

coefficients with bounded derivatives, and (X̄N
t )t≥0 its Euler approximation:

X̄t = x +

∫ t

0

b̄(s, X̄s) ds +

q∑
j=1

∫ t

0

σ̄j(s, X̄s) dW
j
s ,

X̄N
t = x +

∫ t

0

b̄(φ(s), X̄N
φ(s)) ds +

q∑
j=1

∫ t

0

σ̄j(φ(s), X̄N
φ(s)) dW

j
s .

Then, for each t, each component of X̄t − X̄N
t satisfies (P) . Namely, for 1 ≤ k ≤ d′,

one has

X̄k,t − X̄N
k,t =

q∑
i,j=0

cX̄,0
i,j,k(t)

∫ t

0

cX̄,1
i,j,k(s)

( ∫ s

φ(s)

cX̄,2
i,j,k(u)dW i

u

)
dW j

s

for some adapted processes {(cX̄,i1
i,j,k (t))t≥0 : 0 ≤ i, j ≤ q, 1 ≤ k ≤ d′, 0 ≤ i1 ≤ 2}

satisfying supN,t∈[0,T ] ‖c
X̄,i1
i,j,k (t)‖k′,p < ∞ for any k′, p ≥ 1.
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Proof. One has X̄t−X̄N
t =

∫ t

0
b̄′(s)(X̄s−X̄N

s ) ds+
∑q

j=1

∫ t

0
σ̄′
j(s)(X̄s−X̄N

s ) dW j
s +∫ t

0
[b̄(s, X̄N

s ) − b̄(φ(s), X̄N
φ(s))] ds +

∑q
j=1

∫ t

0
[σ̄j(s, X̄

N
s ) − σ̄j(φ(s), X̄N

φ(s))] dW j
s with

a′(s) =
∫ 1

0
∇xa(s, X̄

N
s + λ(X̄s − X̄N

s ))dλ for a = b̄ or a = σ̄j . Now, consider the

unique solution of the linear equation Et = Id +
∫ t

0
b̄′(s)Es ds+

∑q
j=1

∫ t

0
σ̄′
j(s)Es dW j

s .
From Theorem 56 p. 271 in Protter [Pro90], one deduces that

X̄t − X̄N
t = Et

∫ t

0

Es−1

{
[b̄(s, X̄N

s ) − b̄(φ(s), X̄N
φ(s))]

−
q∑

j=1

σ̄′
j(s)[σ̄j(s, X̄

N
s ) − σ̄j(φ(s), X̄N

φ(s))]

}
ds

+

q∑
j=1

Et
∫ t

0

Es−1[σ̄j(s, X̄
N
s ) − σ̄j(φ(s), X̄N

φ(s))] dW
j
s ;

then, by applying Itô’s formula between φ(s) and s, we can easily complete the proof
of Lemma 4.3.

4.2. Proof of Theorem 3.4 (general nondegenerate case). Owing to The-

orem 4.2, we only have to prove that HMall.Gen.
T −HMall.Gen.,N

T satisfies property (P) .

Thus, it is enough to separately look at each factor in HMall.Gen.
T and HMall.Gen.,N

T , by

proving that their difference is of the form cU,0
i,j (T )

∫ T

0
cU,1
i,j (t)

( ∫ t

φ(t)
cU,2
i,j (s)dW i

s

)
dW j

t or

cU,0
i,j,k(T )

∫ T

0
cU,1
i,j,k(t)

[ ∫ t

0
cU,2
i,j,k(s)

( ∫ s

φ(s)
cU,3
i,j,k(u)dW i

u

)
dW j

s

]
dW k

t , while the other factors

just belong to D
∞ with uniformly bounded Sobolev norms.

(a) The fact that the difference Uκ(i,j),T − UN
κ(i,j),T (involved in (3.8), (3.10),

(3.16), and (3.18)) satisfies (P) can be derived from an application of Lemma
4.3 by noticing that Uκ(i,j),T is the product of coordinates of YT and V̇T .

(b) Using the expressions of γT and γN
T , one gets γk,l,T−γN

k,l,T = −δk,lh+E3,1,k,l+
E3,2,k,l with

E3,1,k,l =

∫ T

0

[
ΠR

r (YTZsσ(s,Xs))[Π
R
r (YTZsσ(s,Xs))]

∗]
k,l

ds

−
∫ T

0

[
ΠR

r (Y N
T ZN

s σ(s,XN
s ))[ΠR

r (Y N
T ZN

s σ(s,XN
s ))]∗

]
k,l

ds,

E3,2,k,l =

∫ T

0

[
ΠR

r (Y N
T ZN

s σ(s,XN
s ))[ΠR

r (Y N
T ZN

s σ(s,XN
s ))]∗

]
k,l

ds

−
∫ T

0

[
ΠR

r (Y N
T ZN

φ(s)σ(φ(s), XN
φ(s)))[Π

R
r (Y N

T ZN
φ(s)σ(φ(s), XN

φ(s)))]
∗
]
k,l

ds.

Using Lemma 4.3 and the relation a(s,Xs) − a(s,XN
s ) = a′(s)(Xs − XN

s )

with a′(s) =
∫ 1

0
∇xa(s,X

N
s + λ(Xs −XN

s ))dλ available for smooth functions
a, it is straightforward to see that E3,1,k,l can be written as a sum of terms
satisfying (P). The same conclusion holds for E3,2,k,l if we apply Itô’s formula
between φ(s) and s.
Finally, as 1/det(γT ) and 1/det(γN

T ) belong to any Lp (p ≥ 1) according to
Lemma 3.3, it follows that the difference [γ−1

T ]k′,l′ − [(γN
T )−1]k′,l′ (involved in

(3.8), (3.9), (3.10), (3.16), (3.17), and (3.18)) satisfies (P).
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(c) Concerning (3.8) and (3.16), the difference
∫ T

0
[(Zsσ(s,Xs))

∗]∗i dWs

−
∫ T

0
[(ZN

φ(s)σ(φ(s), XN
φ(s)))

∗]∗i dWs is equal to a sum of two terms:∫ T

0

[(Zsσ(s,Xs))
∗]∗i dWs −

∫ T

0

[(ZN
s σ(s,XN

s ))∗]∗i dWs,

∫ T

0

[(ZN
s σ(s,XN

s ))∗]∗i dWs −
∫ T

0

[(ZN
φ(s)σ(φ(s), XN

φ(s)))
∗]∗i dWs.

It is straightforward to check that both contributions satisfy (P), the first one
because of Lemma 4.3 and the second one as an application of Itô’s formula.

(d) The approximation error between terms (3.9) and (3.17) also comes from

the difference
∫ T

0
DsUκ(i,j),T [(Zsσ(s,Xs))

∗]ids −
∫ T

0
[Dφ(s)Uκ(i,j),T ]N [(ZN

φ(s)

σ(φ(s), XN
φ(s)))

∗]ids := E4,1,i,j + E4,2,i,j , where

E4,1,i,j =

∫ T

0

DsUκ(i,j),T [(Zsσ(s,Xs))
∗]ids

−
∫ T

0

[DsUκ(i,j),T ]N [(ZN
s σ(s,XN

s ))∗]ids,

E4,2,i,j =

∫ T

0

[DsUκ(i,j),T ]N [(ZN
s σ(s,XN

s ))∗]ids

−
∫ T

0

[Dφ(s)Uκ(i,j),T ]N [(ZN
φ(s)σ(φ(s), XN

φ(s)))
∗]ids.

The error induced by the approximation between Zsσ(s,Xs), Z
N
s σ(s,XN

s ),
and ZN

φ(s)σ(φ(s), XN
φ(s)) can be handled as before using Lemma 4.3 and Itô’s

formula. To deal with DsUκ(i,j),T , [DsUκ(i,j),T ]N and [Dφ(s)Uκ(i,j),T ]N , we
may recall their particular forms given by equations (3.11) and (3.12). Again,
Lemma 4.3 applies to the extended systems which help in defining DsUκ(i,j),T .
This provides a contribution error equal to a sum of terms satisfying (P) .

(e) The difference
∫ T

0
Ds(γk,l,T )[(Zsσ(s,Xs))

∗]ids −
∫ T

0
[Dφ(s)(γk,l,T )]N

[(ZN
φ(s)σ(φ(s), XN

φ(s)))
∗]ids coming from (3.10) and (3.18) can be analyzed

with the same arguments as before, if we take into account the specific form
of the derivative Ds(γk,l,T ) and its approximation given by (3.14) and (3.15).

The proof of Theorem 3.4 is complete.

4.3. Proof of Theorems 3.1 (pathwise approach) and 3.2 (elliptic case).
Proof of Theorem 3.1. By an application of Theorem 4.2, it is enough to check

that ẊT − ẊN
T satisfies (P), which is actually a direct consequence of Lemma 4.3.

Proof of Theorem 3.2. As for Theorem 3.4, we can check that HMall.Ell.
T −

HMall.Ell.,N
T satisfies (P). Thus, Theorem 4.2 with VT = XT and V N

T = XN
T yields∣∣J̇(α) − E(f(XN

T )HMall.Ell.,N
T )

∣∣ ≤ K(T,x)
T ‖f‖∞ ‖1/det(γT )‖qLp h, for some positive

numbers p and q. Invoking the following well-known upper bound (see Theorem 3.5 in
[KS84]) ‖1/det(γT )‖Lp ≤ K(T, x)/T d completes the estimate given in Theorem 3.2.

4.4. Theorem 3.5 (adjoint approach). The first approximation which is easy
to justify is the time discretization of the integral involved in Lemma 2.9. For this, note
that the function t �→ E(

∑d
i=1 ḃi(t,Xt)∂xi

u(t,Xt)+
1
2

∑d
i,j=1

˙[σσ∗]i,j(t,Xt)∂
2
xi,xj

u(t,Xt))
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is of class C1
b ([0, T ],R): indeed, it is a smooth function in particular because u is, and

its derivatives are uniformly bounded thanks to estimates of type (2.6). Hence, it
remains to prove the following upper bounds, uniformly in i, j:

(4.1)∣∣∣∣∣E
(
f(XT )ḃ(tk, Xtk) · Ztk

∗
∫ T

tk

[σ−1(s,Xs) Ys]
∗ dWs − f(XN

T )ḃ(tk, X
N
tk

) · ZN
tk

∗

×
∫ T

tk

[σ−1(φ(s), XN
φ(s)) Y

N
φ(s)]

∗ dWs

)∣∣∣∣∣ ≤ K(T, x)
‖f‖∞
T q

(T − tk)h,

(4.2)∣∣∣∣∣E
(

˙[σσ∗]i,j(tk, Xtk)f(XT )ej ·
[
Ztk

∗
∫ T

T+tk
2

[σ−1(s,Xs)Ys]
∗dWs

]

× ei ·
[
Ztk

∗
∫ T+tk

2

tk

[σ−1(s,Xs)Ys]
∗dWs

]
− ˙[σσ∗]i,j(tk, X

N
tk

)f(XN
T )

× ej ·
[
ZN
tk

∗
∫ T

φ(
T+tk

2 )

[σ−1(φ(s), XN
φ(s))Y

N
φ(s)]

∗dWs

]

× ei ·
[
ZN
tk

∗
∫ φ(

T+tk
2 )

tk

[σ−1(φ(s), XN
φ(s))Y

N
φ(s)]

∗dWs

])∣∣∣∣∣ ≤ K(T, x)
‖f‖∞
T q

(T − tk)
2h,

(4.3)∣∣∣∣∣E
(

˙[σσ∗]i,j(tk, Xtk)f(XT )ei ·
{
∇x

[
Ztk

∗
∫ T+tk

2

tk

[σ−1(s,Xs)Ys]
∗dWs

]
Ztke

j

}
− ˙[σσ∗]i,j(tk, X

N
tk

)f(XN
T )ei

·
{
∇x

[
ZN
tk

∗
∫ φ(

T+tk
2 )

tk

[σ−1(φ(s), XN
φ(s))Y

N
φ(s)]

∗dWs

]
ZN
tk
ej

})∣∣∣∣∣
≤ K(T, x)

‖f‖∞
T q

(T − tk)h.

Note that terms with f(Xtk) and f(XN
tk

) have been removed since they do not
contribute in the expectation. The three errors above can be analyzed by applying
Theorem 4.2, except that the upper bounds have to include factors (T−tk) or (T−tk)

2:
this is a simple improvement that we won’t detail here.

4.5. Proof of Theorem 4.2.

4.5.1. When f is of class C3
b . Set V λ,N

T = V N
T + λ(VT − V N

T ) for λ ∈ [0, 1].
Then, the error to analyze is

E(f(VT )HT ) − E(f(V N
T )HN

T ) = E([f(VT ) − f(V N
T )]HT ) + E(f(V N

T )[HT −HN
T ]).

(4.4)

Note that the difference VT −V N
T can be expressed componentwise using Lemma 4.3;

using a Taylor expansion, it follows that the first contribution in the right-hand side
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above can be split in a sum of terms

Ei,j,k =

∫ 1

0

dλ E

(
∂xk

f(V λ,N
T )HT c

0
i,j,k(T )

∫ T

0

c1i,j,k(t)

[(∫ t

φ(t)

c2i,j,k(s)dW
i
s

)
dW j

t

])
,

for 0 ≤ i, j ≤ q. If i and j are different from 0, we twice apply the duality relation
(2.1) combined with Fubini’s theorem to obtain that Ei,j,k equals∫ 1

0

dλ

∫ T

0

dt E

(
Dj

t

[
∂xk

f(V λ,N
T )HT c

0
i,j,k(T )

]
c1i,j,k(t)

(∫ t

φ(t)

c2i,j,k(s)dW
i
s

))

=

∫ 1

0

dλ

∫ T

0

dt

∫ t

φ(t)

ds E
(
Di

s

{
Dj

t

[
∂xk

f(V λ,N
T )HT c

0
i,j,k(T )

]
c1i,j,k(t)

}
c2i,j,k(s)

)
=

∑
l

∫ 1

0

dλ

∫ T

0

dt

∫ t

φ(t)

ds E
(
∂γ1(l)
x f(V λ,N

T )G1,l,λ,N
s,t,T

)
,(4.5)

where the length of the differentiation index γ1(l) is less than 3. If i and/or j equals

0, an analogous formula holds with |γ1(l)| ≤ 2. The random variable G1,l,λ,N
s,t,T is inte-

grable with an L1-norm uniformly bounded w.r.t. λ,N, s, t. We have proved that this
first contribution in the right-hand side of (4.4) meets the estimate of Theorem 4.2.

For the second contribution, taking into account that HT −HN
T satisfies (P) and

using the same techniques as before, we obtain that E(f(V N
T )[HT − HN

T ]) can be
decomposed as a sum of terms of type

(4.6)∫ T

0

dt

∫ t

φ(t)

dsE
(
∂γ2
x f(V N

T )Gγ2,N
s,t,T

)
and

∫ T

0

dt

∫ t

0

ds

∫ s

φ(s)

duE
(
∂γ3
x f(V N

T )Gγ3,N
u,s,t,T

)
with |γ2| ≤ 2 and |γ3| ≤ 3. Uniform Lp estimates are available for Gγ2,N

s,t,T and Gγ3,N
u,s,t,T

and the proof is complete for the case of functions f of class C3
b .

4.5.2. When f is only measurable. Formally, techniques are identical, but
to remove the derivatives of f in (4.5) and (4.6), we may integrate by parts. This step

is not directly possible since the Malliavin covariance matrix of V N
T or V λ,N

T may have
bad properties, even under Assumption (E′). We do not encounter this problem in the
one-dimensional elliptic case developed in [KHP02], since the convex combination of
positive diffusion coefficients is still positive: this argument fails in higher dimensions
with elliptic matrices, and a fortiori in a hypoelliptic framework. To circumvent this
difficulty, we introduce a series of localization and approximation arguments, which
unfortunately make the reading more tedious.

We put V ε
T = VT + εW̃T and V N,ε

T = V N
T + εW̃T , where (W̃T )t≥0 is an extra

independent r-dimensional Brownian motion and we define V λ,N,ε
T = V N,ε

T + λ(V ε
T −

V N,ε
T ) for λ ∈ [0, 1]. In the following computations, the Malliavin calculus will be

made w.r.t. the (q + r)-dimensional Brownian motion (Wt

W̃t
)0≤t≤T .

Denote by µ̄ the measure defined by
∫

Rr g(x)µ̄(dx) = E(g(V 0,N,0
T ))+E(g(V 1,N,0

T ))

+
∫ 1

0
E(g(V λ,N,0

T ))dλ and consider (fm)m≥1 a sequence of smooth functions with com-
pact support, which converges to f in L2(µ̄). Thus, one easily gets that

lim
m↑∞

lim
ε↓0

‖fm(V λ,N,ε
T )‖L2 = lim

m↑∞
‖fm(V λ,N,0

T )‖L2 = ‖f(V λ,N,0
T )‖L2 ≤ ‖f‖∞(4.7)
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for λ = 0 or 1, and

lim
m↑∞

lim
ε↓0

(∫ 1

0

‖fm(V λ,N,ε
T )‖L2dλ

)
= lim

m↑∞

(∫ 1

0

‖fm(V λ,N
T )‖L2dλ

)

≤ lim
m↑∞

√∫ 1

0

E(f2
m(V λ,N

T ))dλ =

√∫ 1

0

E(f2(V λ,N,0
T ))dλ ≤ ‖f‖∞.(4.8)

Then, the error to analyze is equal to E(f(VT )HT ) − E(f(V N
T )HN

T ) =
limm↑∞,ε↓0[E1(m, ε) + E2(m, ε)] with

E1(m, ε) = E

(
fm(V ε

T )HT − fm(V N,ε
T )HT

)
,

E2(m, ε) = E

(
fm(V N,ε

T )HT − fm(V N,ε
T )HN

T

)
.

In view of (4.7) and (4.8), it is enough to prove the following estimates, with some
constants K(T, x), p and q uniform in m, and ε ≤ 1:

|E1(m, ε)| ≤ K(T, x)

(
‖fm(V 0,N,ε

T )‖L2 + ‖fm(V 1,N,ε
T )‖L2

+

∫ 1

0

‖fm(V λ,N,ε
T )‖L2dλ

)
‖1/det(γT )‖qLph,(4.9)

|E2(m, ε)| ≤ K(T, x)
(
‖fm(V 0,N,ε

T )‖L2 + ‖fm(V 1,N,ε
T )‖L2

)
‖1/det(γT )‖qLph.(4.10)

We introduce a localization factor ψN,ε
T ∈ [0, 1], satisfying the following properties:

(a) ψN,ε
T ∈ D

∞ and supN,ε ‖ψ
N,ε
T ‖k,p ≤ K(T, x)‖1/det(γT )‖q2Lq1 for any integers

k, p;
(b) P(ψN,ε

T �= 1) ≤ K(T, x)‖1/det(γT )‖qLphk for any k ≥ 1, uniformly in ε;

(c) {ψN,ε
T �= 0} ⊂ {∀λ ∈ [0, 1] : det(γV λ,N,ε

T ) ≥ 1
2det(γVT )}.

Its construction is given at the end of this section.

Error E1(m, ε). Clearly, one has E1(m, ε) = E1,1(m, ε) + E1,2(m, ε) with

E1,1(m, ε) = E

(
[fm(V ε

T ) − fm(V N,ε
T )](1 − ψN,ε

T )HT

)
,(4.11)

E1,2(m, ε) = E

(
[fm(V ε

T ) − fm(V N,ε
T )]ψN,ε

T HT

)
.(4.12)

The first term can easily be bounded by K(T, x)
(
‖fm(V 0,N,ε

T )‖L2 + ‖fm(V 1,N,ε
T )‖L2

)
‖1/det(γT )‖qLphk for any k ≥ 1, using property (b) of ψN,ε

T .
Now, to deal with the term E1,2(m, ε), we proceed as for the first term of the right-

hand side of (4.4), that is, by decomposing V ε
T − V N,ε

T = VT − V N
T using Lemma 4.3

and applying the duality relationship. Consequently, E1,2(m, ε) can be written as a
sum of terms

E1,2,γ1
(m, ε) =

∫ 1

0

dλ

∫ T

0

dt

∫ t

φ(t)

ds E
(
∂γ1
x fm(V λ,N,ε

T )Gγ1,λ,N
s,t,T

)
(4.13)

with |γ1| ≤ 3. The random variable Gγ1,λ,N
s,t,T does not depend on ε and belongs to D

∞

with Sobolev norms uniformly bounded w.r.t. λ,N, s, t. Owing to the factor ψN,ε
T ,
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note that Gγ1,λ,N
s,t,T = 0 when ψN,ε

T = 0, because of the local property of the derivative

operator (see Proposition 1.3.7 in [Nua95, p. 44]). Since det(γV λ,N,ε
T ) ≥ ε2r, one can

apply Proposition 2.4, which yields

E
(
∂γ1
x fm(V λ,N,ε

T )Gγ1,λ,N
s,t,T

)
= E

(
fm(V λ,N,ε

T )Hγ1
(V λ,N,ε

T , Gγ1,λ,N
s,t,T )

)
for some iterated Skorohod integral Hγ1(V

λ,N,ε
T , Gγ1,λ,N

s,t,T ). Due to the local prop-
erty of the Skorohod integral (see Proposition 1.3.6 in [Nua95, p. 43]), one has

Hγ1
(V λ,N,ε

T , Gγ1,λ,N
s,t,T ) = Hγ1(V

λ,N,ε
T , Gγ1,λ,N

s,t,T )1ψN,ε
T �=0, and applying the estimate from

Proposition 2.4, one gets

‖Hγ1(V
λ,N,ε
T , Gγ1,λ,N

s,t,T )‖L2 ≤ C‖[γV λ,N,ε
T ]−11ψN,ε

T �=0‖
p3

Lq3‖V λ,N,ε
T ‖p1

k1,q1
‖Gγ1,λ,N

s,t,T ‖k2,q2

for some integers p1, p3, q1, q2, q3, k1, k2. It is easy to upper bound ‖V λ,N,ε
T ‖k1,q1 and

‖Gγ1,λ,N
s,t,T ‖k2,q2 , uniformly in λ,N, s, t, and ε ≤ 1. It is straightforward to derive the

estimation of ‖[γV λ,N,ε
T ]−11ψN,ε

T �=0‖Lq3 since on {ψN,ε
T �= 0}, det(γV λ,N,ε

T ) ≥ 1
2det(γVT ),

which has an inverse in any Lp. One has proved that

|E1,2,γ1(m, ε)| ≤ K(T, x)

(∫ 1

0

‖fm(V λ,N,ε
T )‖L2dλ

)
‖1/det(γT )‖qLph;

this completes the estimation (4.9).

Error E2(m, ε). As before, this error can be split into two parts E2(m, ε) =

E
(
fm(V N,ε

T )(1 − ψN,ε
T )(HT −HN

T )
)

+ E
(
fm(V N,ε

T )ψN,ε
T (HT −HN

T )
)
. The first contri-

bution can be neglected using property (b) about ψN,ε
T . The other contribution is

analyzed as the second term in the right-hand side of (4.4): it gives a sum of terms

of type (4.6) with V N,ε
T instead of V N

T and some random variables Gγ2,N
s,t,T and Gγ3,N

u,s,t,T

vanishing when ψN,ε
T = 0. Then, the rest of the proof is identical to that for (4.13);

we omit details. The inequality (4.10) follows and Theorem 4.2 is proved.

Construction of ψN,ε
T . Set d(µ) = det(γV ε

T +µ(V N
T −VT )) for µ ∈ [0, 1]. Since

det(γV λ,N,ε
T ) = d(1 − λ), one has

det(γV λ,N,ε
T ) = det(γV ε

T ) −
∫ 1

1−λ

d′(µ)dµ.(4.14)

Assume that for some C > 0, one has for any µ ∈ [0, 1], |d′(µ)|2 ≤ RN
T with

(4.15)

RN
T := C

(∫ T

0

‖Dt(V
N
T − VT )‖2dt

)(∫ T

0

[
‖DtV

ε
T ‖2 + ‖Dt(V

N
T − VT )‖2

]
dt

)3

.

Then, if we put ψN,ε
T = ψ(

RN
T

det2(γV ε
T )

) with ψ ∈ C∞
b (R,R) such that 1[0, 18 ] ≤ ψ ≤ 1[0, 14 ],

it is now clear that statement (a) is fulfilled using γV ε
T = γVT + ε2Id. Besides, ψN,ε

T �=
1 ⇒ RN

T > 1
8det2(γV ε

T ), and thus estimates (b) follow using techniques of Lemma 3.3.

Finally, ψN,ε
T �= 0 ⇒ RN

T < 1
4det2(γV ε

T ) ⇒ det(γV λ,N,ε
T ) ≥ 1

2det(γV ε
T ) ≥ 1

2det(γVT )
using (4.14) and (c) holds true.



1704 EMMANUEL GOBET AND RÉMI MUNOS

It remains to prove (4.15). For this, using for any invertible matrix A the relations
∂Adet(A) = det(A)[A∗]−1 (see Theorem A.98 of [RT99]) and A−1 = 1

det(A) [Cof(A)]∗

(Cof(A) being the matrix of cofactors of A), one gets

[det(A(µ))]′ =
∑
i,j

∂ai,j
[det(A)]a′i,j(µ) =

∑
i,j

det(A)[(A∗)−1]i,ja
′
i,j(µ)

= Tr
(
Cof(A(µ))A

′∗(µ)
)
.

Put A(µ) = γV ε
T +µ(V N

T −VT ) = γV ε
T + µ

( ∫ T

0
DtV

ε
T [Dt(V

N
T − VT )]∗dt+

∫ T

0
Dt(V

N
T −

VT )[DtV
ε
T ]∗dt

)
+ µ2γV N

T −VT . We now easily prove that

[(Cof(A))i,j(µ)]2 ≤ C1

(∫ T

0

[
‖DtV

ε
T ‖2 + ‖Dt(V

N
T − VT )‖2

]
dt

)2

,

[(A′
i,j)(µ)]2 ≤ C2

(∫ T

0

‖Dt(V
N
T − VT )‖2dt

)(∫ T

0

[
‖Dt(V

N
T − VT )‖2 + ‖DtV

ε
T ‖2

]
dt

)
.

Thus, (4.15) immediately follows using d′(µ) = [det(A(µ))]′.

5. Numerical experiments.

5.1. Analysis of computational complexity. In this paragraph we indicate
the first-order approximation of the number of elementary operations (multiplications)
needed for computing the different estimators w.r.t. the quantities m (number of
parameters), d (dimension of the space), q (dimension of the Brownian motion), and
N (number of discretization times).

In previous sections we derived estimators of the gradient of the performance
measure J(α) w.r.t. α when J is defined by a terminal cost (see (1.2)). How-
ever, these results may be extended to functionals with instantaneous costs such

as J(α) = E

(∫ T

0
g(t,Xt)dt + f(XT )

)
for which an estimator of the gradient may be

T
N

∑N
i=1 H

N
ti (g)+HN

T (f), where HN
ti (g) (resp., HN

T (f)) is an approximated estimator
of the gradient of E(g(ti, Xti)) (resp., E(f(XT ))). This case is illustrated in the first
numerical experiment considered below.

The computational complexity of the different estimators depends on whether the
payoff has instantaneous costs (in which case an estimator HN

ti (g) for all i ∈ {1, . . . , N}
is needed) or if it has only a terminal cost (for which only HN

T (f) is needed). In
the pathwise and Malliavin calculus methods, the cost of computing HN

ti (g) for all
i ∈ {1, . . . , N} is the same as just computing HN

T (f), whereas in the adjoint and
martingale methods, there is an additional computational burden.

• Complexity of the pathwise method: d2qmN operations for computing the
pathwise estimator HPath.,N

ti (g) (see Proposition 1.1) for all i ∈ {1, . . . , N}
(required for computing ẊN

ti , for all i ∈ {1, . . . , N} and all m parameters).
• Complexity of the Malliavin calculus method, in the elliptic case (q = d):

3d4(d + m)N operations, for computing the Malliavin calculus estimator

HMall.Ell.,N
ti (g) (see Proposition 2.5) for all i ∈ {1, . . . , N}. Indeed, the com-

plexity of computing the Malliavin derivative of each column c (among d)
of ZN

c,ti is 3d4N and computing the Malliavin derivative of ẊN
ti for all m

parameters requires 3d3mN operations.
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• Complexity of the adjoint method: d4N2 + d2mN2/2 operations are needed

to compute the adjoint estimator HAdj.,N
ti (g) = Hb,Adj.,N

ti (g) + 1
2H

σ,Adj.,N
ti (g)

(see Lemma 2.9 and Theorem 2.11) for all i ∈ {1, . . . , N}. Our implemen-
tation memorizes ZN

ti (and other data) along the trajectory and computes

Hb,Adj.,N
ti (g) and Hσ,Adj.,N

ti (g) for all i ∈ {1, . . . , N} afterwards. Such an
implementation allows to treat problems with instantaneous costs. If we
consider a problem with a terminal cost only, the complexity is reduced to
4d4N + 3d2mN .

• Complexity of the martingale method: d2N2/2 + dmN2/2 + d3mN for com-

puting the martingale estimator HMart.,N
ti (g) (see Theorem 2.12) for all i ∈

{1, . . . , N}. For problems with terminal cost only the complexity of comput-

ing HMart.,N
T (f) is d3mN .

These results are summarized in Table 5.1. Note that they are strongly related to the
way we have implemented the methods and they are not guaranteed to be optimal.

Table 5.1

Complexity (in terms of number of elementary operations) of the different estimators for payoff
with instantaneous costs or with terminal cost only.

Pathwise Malliavin Adjoint Martingale

Instantaneous costs d3mN 3d4(d+m)N d4N2 + d2mN2

2
d(d+m)N2

2
+ d3mN

Terminal cost Same Same 4d4N + 3d2mN d2N + d3mN

5.2. Stochastic linear quadratic optimal control. We consider a simple
one-dimensional stochastic linear quadratic (SLQ) control problems (see [CY01] and
[YZ99] for an extensive study on SLQ problems) for which the control u(·) appears
in particular in the diffusion term: dXt = u(t)dt + δu(t)dWt. The cost functional to

be minimized is J(u(·)) = E
[ ∫ 1

0
X2

t dt
]
. This problem admits an optimal control (see

references above) given by the state feedback u∗(t) = −Xt

δ2 .
We consider a class of feedback controllers u(t, x, α) linearly parameterized by a

three-dimensional vector α with basis functions 1, x, and t (i.e., u(t, x, α) = α1 +
α2x + α3t) and we write J(α) for J(u(·, X·, α)). In that case, the optimal control
u∗ belongs to the class of parameterized feedback controllers and corresponds to the
parameter α∗ = (0,−1/δ2, 0).

As explained before, since the payoff involves instantaneous costs, we evaluate
∇αJ(α) using a quantity of type T

N

∑N
i=1 H

N
ti (x2). We check that the different esti-

mators (pathwise, Malliavin calculus, adjoint, martingale) return a zero gradient for
the value α∗ of the parameter and we compare their variance and time for computa-
tion. Table 5.2 shows the empirical variance of the different estimators obtained for
1000 trajectories, with h = 0.05, δ = 1. These simulations have been performed on a
Pentium III, 700Mhz processor.

Table 5.2

Variance of the estimators HPath., HMall.Ell., HAdj., and HMart. of ∇αJ(α) at the optimal
setting of the parameter: α1 = 0, α2 = −1, α3 = 0.

Var(H) Pathwise Malliavin Adjoint Martingale
α1 0.1346 0.3754 0.6669 0.1653
α2 0.0525 0.1188 0.1707 0.0480
α3 0.0136 0.0446 0.0612 0.0148

CPU time 0.44s 1.95s 2.89s 0.89s



1706 EMMANUEL GOBET AND RÉMI MUNOS

Note that the estimator used in the adjoint approach includes the term f(XT )−
f(Xt) in the computation of Hσ,Adj.

T . Table 5.3 shows similar results for a suboptimal
setting of the parameter (here α1, α2, and α3 are chosen randomly within the range
[−0.1, 0.1]). The columns Adjoint2 and Martingale2 describe simulations of the ad-
joint and martingale methods when the term f(Xt) is omitted from the computation

of the estimators Hσ,Adj.
T and HMart.

T . We note that the variance of these estima-
tors is significantly larger than when the term f(Xt) is included, which corroborates
Remark 2.1.

Table 5.3

Variance of the different estimators of ∇αJ(α) for α1 = −0.0789, α2 = 0.0156, α3 = 0.0648.

Var(H) Pathwise Malliavin Adjoint Adjoint2 Mart. Mart.2
α1 0.2005 4.0347 1.0287 9.5535 1.5085 4.6029
α2 0.0252 0.6597 0.1433 1.6781 0.2360 0.7894
α3 0.0174 0.3869 0.1051 2.2337 0.1407 1.0185

CPU time 0.44s 1.97s 2.94s 2.94s 0.90s 0.90s

For this problem with smooth cost functions, the pathwise approach provides the
best performance in terms of the estimator’s variance. This nice behavior for smooth
costs compared to other methods has been previously observed in [FLL+99].

5.2.1. Stochastic approximation algorithm. The computation of an esti-
mator H of ∇αJ(α) may be used in a stochastic approximation algorithm (see, e.g.,
[KY97] or [BMP90]) to search a locally optimal parameterization of the controller.
The algorithm begins with an initial setting of the parameter α0. Then, if αk denotes
the value of the parameter at iteration k, the algorithm proceeds by computing an

estimator ̂∇αJ(αk) of ∇αJ(αk) and then by performing a stochastic gradient ascent

αk+1 = αk + ηk ̂∇αJ(αk),(5.1)

where the learning steps ηk satisfy a decreasing condition (for example,
∑

k ηk =
∞ and

∑
k η

2
k < ∞; see [Pol87]). Assuming smoothness conditions on J(α) and a

bounded variance for ̂∇αJ(αk), one proves that if αk converges, then the limit is a
point of local minimum for J(α) (see references above for several sets of hypotheses
for which the convergence is guaranteed).

Figure 5.1 illustrates this algorithm on the SLQ problem described previously,
where the initial parameter is chosen randomly (same value as in Table 5.3). At
iteration k, one trajectory is simulated using the controller parameterized by αk, and

an estimation ̂∇αJ(αk) of ∇J(αk) (using the pathwise method) is obtained. The
parameter is updated according to (5.1) with a learning step ηk = K

K+k . We take
K = 200 to avoid a too rapid decreasing of (ηk)k at the beginning: this trick usually
speeds up the numerical optimization as mentioned in [BT96b]. We note that the
parameter converges to α∗ = (0,−1, 0).

The speed of convergence for such algorithms is closely related to the gradient es-
timator’s variance, which motivates our variance analysis for the different estimators.

5.2.2. Discretization error. Here, we report the impact of the number of dis-
cretization times in the regular mesh of the interval [0, T ], in the computation of
the gradient ∇αJ(α) for the SLQ problem. Figure 5.2 reports the sensitivity of
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Fig. 5.1. Stochastic approximation of the control parameters. The gradient ∇αJ(αk) is esti-
mated using the pathwise method.

-0.14

-0.12

-0.1

-0.08

-0.06

-0.04

-0.02

0

0.02

0.04

0.06

0.08

4 8 16 32 64 128

G
ra

di
en

t

Number of time discretizations

Discretization Error

Path-wise

Malliavin

Adjoint

Martingale

Fig. 5.2. Discretization error as a function of the number of discretization times.

J(α) (for α = α∗) w.r.t. the parameter α1, computed with different estimators, with
N = 8, 16, 32, 64, and 128 discretization times. Recall that, for this setting of the
parameter, the true gradient is zero. To get relevant results, we have run 107 sample
paths, which ensures that the confidence interval’s width is less than 10−3 for all
methods. We can empirically check that the convergence holds at rate 1/N (as pre-
viously proved), except for the martingale method, for which the rate of convergence
is not clear because of the sign change (more discretization times would be needed to
clarify the speed of approximation). Note that the discretization error for the Malli-
avin calculus estimator is smaller than for the other ones, although we have not found
any explanation for this.

5.3. Sensitivity analysis in a financial market. We consider two risky assets
with price process evolving according to the following SDE under the so-called risk-
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neutral probability:

dS1
t

S1
t

= r dt + σ(S1
t , λ1) dW

1
t ,

dS2
t

S2
t

= r dt + σ(S2
t , λ2)

(
ρ dW 1

t +
√

1 − ρ2 dW 2
t

)
,

with constant interest rate r and volatility function σ(x, λ) = 0.25(1 + 1
1+e−λx ). The

parameters of this dynamics are λ1, λ2, and the correlation coefficient ρ. Suppose
that the true model is given by a set of parameters and that we are interested in the
impact of the inaccuracy on these parameters (due to a previous statistical procedure)
on option prices. For instance, we may consider digital options with payoff χ(S1

T −S2
T )

(where χ(x) = 1x≥0) whose prices are given by J(λ1, λ2, ρ) = E[χ(S1
T − S2

T )] up to
the discount factor.

Table 5.4

Variance of the estimators HMall.Ell.
T , HAdj.

T , HMart.
T , Hε,Path.

T .

Var(H) or Malliavin Adjoint Martingale Pathwise Pathwise Pathwise
Var(Hε) ε = 10−2 ε = 10−3 ε = 10−4

λ1 0.0011 0.0022 0.0012 0.0053 0.0378 3.8951
λ2 0.0048 0.0030 0.0018 0.0042 0.0296 4.9427
ρ 1.5788 2.0829 1.4323 1.6523 14.923 100.86

CPU time 20.8s 18.6s 7.31s 2.97s 2.97s 2.97s

We estimate the sensitivity of J w.r.t. the parameters λ1, λ2, and ρ. Table 5.4
reports the empirical variance of the estimators (HMall.Ell.

T , HAdj.
T , and HMart.

T ) of
the sensitivity of J w.r.t. the parameters for the Malliavin calculus, adjoint, and
martingale methods. Since the payoff function is not differentiable, we cannot directly
apply the pathwise method; instead, we use χε, a regularization of χ defined by
χε(x) = 1 if x > ε, 0 if x < −ε, and (x + ε)/(2ε) otherwise. Note that this induces
a bias on the true value of the gradient, bias which vanishes when ε goes to 0. The
pathwise estimator that we obtain with this regularization is denoted by Hε,Path. and
Table 5.4 also reports its variance for different values of ε.

For this experiment, we ran 1000 trajectories with initial values S1
0 = S2

0 = 1,
r = 0.04, T = 1, h = 0.01 and parameters setting λ1 = 2, λ2 = 2, and ρ = 0.6.

We note that the variance obtained by the pathwise methods is significantly larger
than those obtained by the other methods (especially when ε is small), which mo-
tivates the use of the Malliavin calculus, adjoint, or martingale estimators for non-
smooth cost functions. To further reduce the variance in the case of piecewise smooth
cost functions, we could combine two methods as suggested in [FLL+99]: the path-
wise method where the cost function is smooth and one of the other methods where
it is not.

5.4. Neurocontrol for a stochastic target problem. We consider a two-
dimensional stochastic target (for example, that models the displacement of a fly)
moving according to a diffusion. We control a squared fly-swatter with a two-
dimensional bounded force (b(u1), b(u2)) (where u = (u1, u2) is the control), and
our goal is to hit the fly at time T . Let X = (X1, X2) be the relative coordinates of
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the fly w.r.t. the fly-swatter, and V = (V1, V2) be the velocity of the fly-swatter. A
simple model of the dynamics is

dX1,t = V1,tdt + σflydW
1
t ,

dX2,t = V2,tdt + σflydW
2
t ,

dV1,t = b(u1,t)dt + σswat(1 + ||ut||)dW 3
t ,

dV2,t = b(u2,t)dt + σswat(1 + ||ut||)dW 4
t ,

where b(x) = [1 − e−x]/[1 + e−x]. [(W i
t )t≥0]i are independent standard Brownian

motions; the coefficients σfly and σswat are constant. The factor (1 + ||u||) (where

||u|| =
√
u2

1 + u2
2) adds uncertainty on highly forced movements. The goal is to reach

the fly with the fly-swatter at time T : hence, J(u(·);X0, V0) = E[1(X1,T ,X2,T )∈A],
where A = [−a, a] × [−a, a] is the squared fly-swatter.
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Fig. 5.3. The architecture of the network.

We implement the feedback controller using a one-hidden-layer neural network
(see [Hay94] or [RM86] for general references on neural networks) whose architecture
is given in Figure 5.3. The input layer (xi)1≤5 is connected to the state and time
variables: x1 = X1,t, x2 = X2,t, x3 = V1,t, x4 = V2,t, and x5 = t. There is one
hidden layer with n neurons, and the output layer (yk)1≤k≤2 returns the feedback
control y1 = u1(t), y2 = u2(t). The network is defined by two matrices of weights (the
parameters): the input weights {win

ij } and the output weights {wout
jk }. The network’s

output is given by yk =
∑n

j=1 w
out
jk ϕ(

∑5
i=0 w

in
ij xi) (for 1 ≤ k ≤ 2), where the win

0j ’s are

the bias weights (and we set x0 = 1) and ϕ(s) = 1/(1 + e−s) is the sigmoid function.
In this experiment, we use a hidden layer with four neurons (thus there are

6 × 4 + 4 × 2 = 32 control parameters); we have run 1000 trajectories with initial
values of the weights chosen randomly within the range [−0.1, 0.1]. Here, T = 1,
h = 0.05, σfly = σswat = 0.1, and a = 0.1. Each trajectory starts from a initial
state chosen randomly within the range Ω = [−0.5, 0.5]4. Thus, we actually estimate
∇wE[J(·;X0, V0) | (X0, V0) ∼ 1

|Ω|1Ω(dω)], for each weight w.

Table 5.5 reports the empirical variance of the estimators (HMall.Ell., HAdj.,
and HMart.) of the gradient of J w.r.t. the parameters (the set of input and output
weights). Here again, the function to be maximized is not differentiable and to apply
the pathwise method, we use a regularization of the indicator function of A (i.e.,
Jε(α) = E[(χε(X1,T +a)−χε(X1,T−a))(χε(X2,T +a)−χε(X2,T−a))]). The associated
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Table 5.5

Variance of the estimators of the gradient of E[J(·;X0, V0)|(X0, V0) ∼ 1
|Ω|1Ω(dω)] w.r.t. the

weights. The values provided are the averaged variances over all 32 parameters.

Var(H) or Malliavin Adjoint Martingale Pathwise Pathwise
Var(HPath.

ε ) ε = 10−3 ε = 10−4

Average over 0.1917 0.2550 0.1701 3.364 187.48
all parameters

CPU time 70.44s 22.04s 5.73s 2.88s 2.88s

pathwise estimator is denoted Hε,Path.
T : its variance for some values of ε is also given in

Table 5.5. Although its computational time is the lowest one, the pathwise approach
is not appropriate because of its large variance. On the other hand, the martingale
method is the most attractive.

Stochastic approximation of an optimal controller. We run a stochastic
approximation algorithm (5.1) with a learning rate ηk = K

K+k (with K = 1000) using
a neural network with four hidden neurons. At each iteration, the SA algorithm uses
an estimator of the gradient of J w.r.t. the weights, which averages 50 samples of the
martingale estimator.

On Figure 5.4, we plot the parameter and performance evolutions w.r.t. the itera-
tion number: we obtain a series of weights that provide a locally optimal performance,
although there is no guarantee of global optimality of the controller.
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Fig. 5.4. Stochastic approximation of the parameters (the weights of the neural network) and
performance of the parameterized controller. The gradient is estimated using the martingale method.

This stochastic gradient algorithm in the space of parameterized policies is often
called policy search (about which an abundant literature exists in the discrete-time
case; see, e.g., [BB01]), as opposed to value search for which some approximate dy-
namic programming algorithm is performed on a parameterized value function (see,
e.g., [BT96b]). One may also combine these approaches and learn an approximate
value function to perform a policy search (the so-called Actor-Critic algorithms, see
e.g. [KB99]).

6. Conclusion. In this work, we have derived three new types of formulae to

compute ∇αE(f(Xα
T )) or ∇αE(

∫ T

0
g(t,Xα

t )dt + f(Xα
T )) using Monte Carlo methods.

Our computations rely on Itô–Malliavin calculus and martingale techniques: the rep-
resentations derived are simple to implement using Euler-type schemes and the asso-
ciate weak error is in most of the cases linear w.r.t. the time step. We have assumed
that f is bounded, but all results remain valid if f satisfies some polynomial growth.
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The numerical experiments enable us to draw the following conclusions on how
to select the appropriate method to use.

1. Pathwise approach. This can be used only if the instantaneous and terminal
costs are differentiable. Otherwise, regularization procedures lead to high
variances. It provides the smallest computational time. Note also that no
condition on the nondegeneracy of the diffusion coefficient is needed. For the
implementation, only the first derivatives of the coefficient are required.

2. Malliavin calculus approach. This handles the case of nonsmooth costs, but
the computational time is rather large. A nondegeneracy assumption has to
be satisfied but it may be not stringent (hypoellipticity, e.g.). Note that the
simulation procedures require the computations of the second derivatives ∂2

x,x

and ∂2
x,α of the coefficients.

3. Adjoint approach. It can be applied in the elliptic case and is particularly
efficient in terms of computational time for a large number of parameters.
However, it is quite slow, especially when there are instantaneous costs (be-
cause of double time integrals and a possible large number of discretization
times). The second derivatives required for the simulations concern only ∂2

x,x.
4. Martingale approach. The diffusion coefficient has to be elliptic. As for the

adjoint approach, it handles situations with nonsmooth costs. It appears to
be very fast (almost as fast as the pathwise approach), but it is slower for
instantaneous cost problems (same reason as for the adjoint approach). Note
also that only the first derivatives of the coefficient are needed.

In future research, we will consider the analysis of the weak error for the martin-
gale method and numerical optimizations in the general nondegenerate case (such as
portfolio optimization problems in finance).
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Abstract. An efficient Newton-type scheme for the approximate on-line solution of optimization
problems as they occur in optimal feedback control is presented. The scheme allows a fast reaction
to disturbances by delivering approximations of the exact optimal feedback control which are it-
eratively refined during the runtime of the controlled process. The contractivity of this real-time
iteration scheme is proven, and a bound on the loss of optimality—compared with the theoretical
optimal solution—is given. The robustness and excellent real-time performance of the method is
demonstrated in a numerical experiment, the control of an unstable system, namely, an airborne kite
that shall fly loops.
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1. Introduction. Feedback control based on the real-time optimization of non-
linear dynamic process models, also referred to as nonlinear model predictive con-
trol (NMPC), has attracted increasing attention over the past decade, particularly in
chemical engineering [4, 27, 1, 28]. Based on the current system state, feedback is
provided by an online optimization of the predicted system behavior, using the math-
ematical model. The first part of the optimized control trajectory is implemented at
the real system, and a sampling time later the optimization procedure is repeated.
Among the advantages of this approach are the flexibility provided in formulating
the objective and in modeling the process using ordinary or partial differential equa-
tions (ODEs or PDEs), the capability of directly handling equality and inequality
constraints, and the possibility of treating large disturbances quickly.

One important precondition, however, is the availability of reliable and efficient
numerical optimal control algorithms. One particularly successful algorithm that is
designed to achieve this aim, the recently developed real-time iteration scheme, will
be the focus of this paper. In the literature, several suggestions have been made
on how to adapt off-line optimal control algorithms for use in on-line optimization.
For an overview and comparison of important approaches, see, e.g., Binder et al. [6].
We particularly mention here the “Newton-type control algorithm” proposed by Li
and Biegler [32] and de Oliveira and Biegler [15] and the “feasibility-perturbed SQP”
approach to NMPC by Tenny, Wright, and Rawlings [38]. Both approaches keep even
intermediate optimization iterates feasible. This is in contrast to the simultaneous
dynamic optimization methods, as the collocation method proposed in Biegler [5] or
the direct multiple shooting method in Bock et al. [7] and in Santos [37], which allow

∗Received by the editors July 30, 2002; accepted for publication (in revised form) April 12, 2004;
published electronically March 11, 2005. This work was supported by the Deutsche Forschungsge-
meinschaft (DFG) within the priority program 469 “Online-Optimization of Large Scale Systems”
and within the research project “Optimization Based Control of Chemical Processes.”

http://www.siam.org/journals/sicon/43-5/40071.html
†Interdisciplinary Center for Scientific Computing (IWR), University of Heidelberg, Im Neuen-

heimer Feld 368, 69120 Heidelberg, Germany (m.diehl@iwr.uni-heidelberg.de, scicom@iwr.uni-
heidelberg.de, johannes.schloeder@iwr.uni-heidelberg.de).

1714



REAL-TIME ITERATIONS FOR OPTIMAL FEEDBACK CONTROL 1715

infeasible state trajectories and are more suitable for trajectory following problems
and problems with final state constraints. The real-time iteration scheme belongs to
this latter class.

Most approaches in the literature try to solve quickly but exactly an optimal
control problem. However, if the time scale for feedback is too short for exact compu-
tation, some approximations must be made: for this aim an “instantaneous control”
technique has been proposed in the context of PDE models that approximates the
optimal feedback control problem by regarding one future time step only (Choi et
al. [14, 13]). By construction, this “greedy” approach to optimal control is based on
immediate gains only and neglects future costs; thus it may result in poor perfor-
mance when future costs matter. A somewhat opposed approach to derive a feedback
approximation (formulated for ODE models) is based on a system linearization along
a fixed optimal trajectory over the whole time horizon and can, e.g., be found in
Krämer-Eis and Bock [29] or Kugelmann and Pesch [30]. The approach works well
when the nonlinear system is not too largely disturbed and stays close to the nominal
trajectory.

The real-time iteration scheme presented in this paper is a different approximation
technique for optimal feedback control. It regards the complete time horizon and per-
forms successive linearizations along (approximately) optimal trajectories to provide
feedback approximations. Using these linearizations, it iterates toward the rigorous
optimal solutions during the runtime of the process. In this way a truly nonlinear
optimal feedback control is provided whose accuracy is limited, however, by the time
needed to converge to the current optimal solutions. In contrast to a somewhat similar
idea mentioned in [32], the real-time iteration scheme is based on the direct multiple
shooting method [12], a simultaneous optimization technique, which offers excellent
convergence properties, particularly for tracking problems and problems with state
constraints.

The scheme was introduced in its present form in Diehl et al. [19] going back to
ideas presented in Bock et al. [10]. In its actual implementation it is able to treat
differential algebraic equation (DAE) models (Leineweber [31]), as they often arise
in practical applications. It has already been successfully tested for the feedback
control of large-scale DAE models with inequality constraints, particularly a binary
distillation column [11, 33, 19]. Moreover, it has been applied for the NMPC of a
real pilot plant distillation column situated at the Institut für Systemdynamik und
Regelungstechnik (ISR) of the University of Stuttgart [25, 16, 21].

However, to concentrate on the essential features of the method and on a new
proof of contractivity of the scheme, we will restrict the presentation in this paper to
ODE models and optimization problems of a simplified type. Moreover, we will start
the paper by regarding (nonlinear) discrete-time systems first; the multiple shooting
technique, which allows us to formulate a discrete-time system from an ODE system,
is only introduced later, and very briefly, when the numerical example is presented.
Part of the material is also covered in [18]; for technical details about the real-time
iteration scheme we refer to [16, 20].

1.1. Real-time optimal feedback control. Throughout this paper, let us
consider the simplified nonlinear controlled discrete-time system

xk+1 = fk(xk, uk), k = 0, . . . , N − 1,(1.1)

with system states xk ∈ R
nx and controls uk ∈ R

nu . The aim of optimal feedback
control is to find controls uk that depend on the current system state xk and that are
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Fig. 1.1. Problem Pk(xk): Initial value xk and problem variables sk, . . . , sN and qk, . . . , qN−1.

optimal with respect to a specified objective. As time advances, we proceed by solving
a sequence of nonlinear programming problems Pk(xk) on shrinking horizons, each
with the current system state xk as initial value (for a visualization, see Figure 1.1).
Let us define Pk(xk) to be the problem

min
sk, . . . , sN ,

qk, . . . , qN−1

N−1∑
i=k

Li(si, qi) + E(sN )(1.2a)

subject to

xk − sk = 0,(1.2b)

fi(si, qi) − si+1 = 0, i = k, . . . , N − 1.(1.2c)

The control part (q∗k, . . . , q
∗
N−1) of the solution of problem Pk(xk) allows us to define

the optimal feedback control

uk := q∗k.

Note that, due to the dynamic programming property, the optimal control trajectory
(q∗0 , . . . , q

∗
N−1) of the first problem P0(x0) would already give all later closed-loop

controls u0, u1, . . . uN−1, if the system behaves as predicted by the model. The prac-
tical reason to introduce the closed-loop optimal feedback control is, of course, that
it allows us to optimally respond to disturbances.

We will now assume that we know each initial value xk only at the time when the
corresponding control uk is already needed for application to the real process, and
that the solution time for each problem Pk(xk) is not negligible compared with the
runtime of the process. This is a typical situation in realistic applications: ideally,
we would like to have the solution of each problem Pk(xk) instantaneously, but due
to finite computing power this usually cannot be accomplished in practice. In this
paper we propose and investigate an efficient Newton-type scheme that allows us to
approximately solve the optimization problems Pk(xk) during the runtime of the real
process.

Remark. In practical applications, inequality path constraints of the form
h(si, qi) ≥ 0, like bounds on controls or states, are of major interest and are usu-
ally present in the formulation of the optimization problems Pk(xk). For the purpose
of this paper we leave such constraints unconsidered, since general convergence results
for Newton-type methods with changing active sets are difficult to establish. However,
we note that in the practical implementation of the real-time iteration scheme they
are included and pose no difficulty for the performance of the algorithm.
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1.2. Overview. The paper is organized as follows:
• In section 2 we give a review of Newton-type optimization methods for the

solution of optimal control problems of type (1.2) and discuss the problem
structure.

• The real-time iteration scheme is presented in section 3 building on the pre-
viously introduced Newton-type methods. It performs only one Newton-type
iteration per optimization problem Pk(xk), applies the obtained feedback con-
trol to the real system, and then proceeds already to the following problem,
Pk+1(xk+1), until the end of the horizon is reached. This allows a particularly
fast reaction to disturbances.

• A new contractivity result for the scheme is presented and proven in section 4.
The theorem guarantees that the real-time iteration scheme is contracting
under mild conditions and delivers approximations to the optimal feedback
control with diminishing error.

• Based on the contractivity result, a bound on the loss of optimality of the
scheme compared to exact optimal feedback control is established in section 5.

• In section 6 we finally present a numerical example, the real-time control of
a kite that shall start to fly loops. A new kite model is developed and a
periodic reference orbit is defined. The optimal control problem is to steer
the kite into the periodic orbit, starting at an a priori unknown initial value.
This example, though of small state dimension, is particularly challenging,
because the system is highly nonlinear and unstable.

2. Newton-type optimization methods. In order to solve an optimization
problem Pk(xk), let us first introduce the Lagrange multipliers λk, . . . , λN and define
the Lagrangian function Lk(λk, sk, qk, . . . ) of problem Pk(xk) to be

Lk(·) =
∑N−1

i=k Li(si, qi) + E(sN ) + λk
T (xk − sk) +

∑N−1
i=k λi+1

T (fi(si, qi) − si+1).

Summarizing all variables in a vector y := (λk, sk, qk, λk+1, sk+1, qk+1, . . . , λN , sN ) ∈
R

nk ,1 we can formulate necessary optimality conditions of first order (also called
Karush–Kuhn–Tucker conditions):

∇yLk(y) = 0.(2.1)

To solve this system, the exact full-step Newton–Raphson method would start at an
initial guess y0 and compute a sequence of iterates y1, y2, . . . according to

yi+1 = yi + ∆yi,(2.2)

where each ∆yi is the solution of the linearized system

∇yLk(yi) + ∇2
yLk(yi)∆yi = 0.(2.3)

The Newton-type methods considered in this paper differ from the exact Newton–
Raphson method in the way that a part of the exact second derivative ∇2

yLk, namely,

the Hessian ∇2
(q,s)Lk, is replaced by a (symmetric) approximation. We denote the

resulting approximation of ∇2
yLk(y) by Jk(y). For our Newton-type method, (2.3) is

replaced by the approximation

∇yLk(yi) + Jk(yi)∆yi = 0.(2.4)

1For simplicity, we omit the index k for the variable y and implicitly assume that y ∈ R
nk when

not specified otherwise. Note that nk = (2nx + nu)(N − k) + 2nx.
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The matrix ∇2
yLk, respectively, its approximation Jk, is often referred to as the

Karush–Kuhn–Tucker (KKT) matrix.

2.1. Structure of the Karush–Kuhn–Tucker matrix. The Lagrangian func-
tion Lk of the optimal control problem is partially separable [12], and its second
derivative has a block diagonal structure:

∇2
yLk(y)=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−I

−I Qk Mk AT
k

MT
k Rk BT

k

Ak Bk −I

−I Qk+1 Mk+1 AT
k+1

MT
k+1 Rk+1 BT

k+1

Ak+1 Bk+1

. . .

. . . QN−1 MN−1 AT
N−1

MT
N−1 RN−1 BT

N−1

AN−1 BN−1 −I

−I QN

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

where we have set

Ai :=
∂fi
∂si

, Bi :=
∂fi
∂qi

,

(
Qi Mi

MT
i Ri

)
:= ∇2

(si,qi)
Lk, and QN := ∇2

sNLk.

In the approximation Jk(y) of this second derivative, we replace Qi,Mi, and Ri by
approximations QH

i (si, qi, λk+1),M
H
i (si, qi, λk+1), and RH

i (si, qi, λk+1).
Remark 1. Note that the KKT matrix of each problem Pk(xk) is completely

independent of the value of xk.
Remark 2. If we split the variables y = (λk, sk, qk, . . . ) = (λk, sk, qk, ỹ) into a

first and a second part, the second part ỹ ∈ R
nk+1 corresponds directly to the variable

space of the next, shrunken problem Pk+1(xk+1), and we can see that the KKT matrix
contains the KKT matrix of the next problem as a submatrix, as

∇2
yLk(y) =

⎛⎜⎜⎜⎜⎜⎜⎝

−I

−I Qk Mk AT
k

MT
k Rk BT

k

Ak Bk

∇2
ỹLk+1(ỹ)

⎞⎟⎟⎟⎟⎟⎟⎠ .

Remark 3. The favorable structure of the matrix ∇2
yLk(y), respectively, its ap-

proximation Jk(y), allows an efficient solution of the linear system Jk(y)x = b by
a Riccati recursion proposed independently by Pantoja [34] and Dunn and Bert-
sekas [26]; cf. also [36, 16].

2.2. The constrained Gauss–Newton method. An important special case of
the Newton-type methods considered in this paper is the constrained Gauss–Newton
method, which is applicable for problems with a least squares form of the objective
function

N−1∑
i=k

1

2
‖li(si, qi)‖2

2 +
1

2
‖e(sN )‖2

2.(2.5)
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For this case, the Hessian block approximations QH
i ,MH

i , and RH
i are defined to be(

QH
i MH

i

(MH
i )T RH

i

)
:=

(
∂li(si, qi)

∂(si, qi)

)T
∂li(si, qi)

∂(si, qi)
, QH

N :=

(
∂e(sN )

∂sN

)T
∂e(sN )

∂sN
.(2.6)

Note that these Hessian block approximations do not depend on the values of the
Lagrange multipliers.

2.3. Local convergence. It is well known that the Newton-type scheme (2.4)
for the solution of (2.1) converges in a neighborhood Dk ⊂ R

nk of a solution yk∗
that satisfies the second order sufficient conditions for optimality of problem Pk(xk)
if Jk(y) approximates ∇2

yLk(y) sufficiently well on Dk.

3. Real-time iterations. Let us now go back to the real-time scenario described
in section 1.1, where we want to solve the sequence of optimization problems Pk(xk),
but where we do not have the time to iterate each problem to convergence. Let
us more specifically assume that each Newton-type iteration needs exactly as much
computation time as corresponds to the time that the real process needs for the
transition from one system state to the next. Thus, we can only perform one single
Newton-type iteration for each problem Pk(xk), and then we have to proceed already to
the next problem Pk+1(xk+1). The real-time iteration scheme that we will investigate
here is based on a carefully designed transition between subsequent problems. After
an initial disturbance, it subsequently delivers approximations uk for the optimal
feedback control that become better and better if no further disturbance occurs, as
will be shown in section 4.

It turns out that the computations of the real-time iteration belonging to problem
Pk(xk) can largely be prepared without knowledge of the value of xk so that we can
assume that the approximation uk of the optimal feedback control is instantly available
at the time that xk is known. However, after this feedback has been delivered, we
need to prepare the next real-time iteration (belonging to problem Pk+1(xk+1)) which
needs the full computing time.

In the framework for optimal feedback control on shrinking horizons (1.2), we
reduce the number of remaining intervals from one problem Pk(xk) to the next
Pk+1(xk+1), in order to keep pace with the process development. Therefore, we
have to perform real-time iterates in primal-dual variable spaces R

n0 ⊃ · · · ⊃ R
nk ⊃

R
nk+1 ⊃ · · · ⊃ R

nN−1 of different sizes. Let us denote by Πk+1 the projection from
R

nk onto R
nk+1 ; i.e., if y = (λk, sk, qk, ỹ) ∈ R

nk , then Πk+1y = ỹ ∈ R
nk+1 .

3.1. The real-time iteration algorithm. Let us assume that we have an ini-
tial guess y0 ∈ R

n0 for the primal-dual variables of problem P0(·). We set the iteration
index k to zero and perform the following steps:

1. Preparation. Based on the initial guess yk ∈ R
nk , compute the vector

∇yLk(yk) and the matrix Jk(yk): Note that Jk(yk) is completely independent
of the value of xk, and that of the vector ∇yLk(yk) only the first component
(∇λk

Lk = xk − sk) depends on xk. This component will only be needed
in the second step. Therefore, prepare the linear algebra computation of
Jk(yk)−1∇yLk(yk) as much as possible without knowledge of the value of xk

(a detailed description how this can be achieved is given in [19] or [16]).
2. Feedback response. At the time when xk is exactly known, finish the com-

putation of the step vector ∆yk = −Jk(y)−1∇yLk(yk) and give the control
uk := qk + ∆qk immediately to the real system.
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3. Transition. If k = N − 1, stop. Otherwise, compute the next initial guess
yk+1 by adding the step vector to yk and “shrinking” the resulting variable
vector onto R

nk+1 ; i.e., yk+1 := Πk+1(yk + ∆yk). Set k = k + 1 and go to 1.
Note that after one iteration belonging to system state xk we expect the next system
state to be xk+1 = fk(xk, uk), but this may not be true due to disturbances. The
scheme allows an immediate feedback to such disturbances, due to the separation of
steps 1 and 2. This separation is only possible because we do not require the guess
of initial value, sk, to be equal to the real initial value, xk. This formulation may be
regarded as an initial value embedding of each problem into the manifold of perturbed
problems. Though this formulation comes quite naturally in the framework of an
infeasible path (also simultaneous) solution strategy, as presented, where optimality
and constraints are treated simultaneously, it deserves strong emphasis as it is a
feature that is crucial for the success of the method in practice.

We will in the following investigate the contraction properties of the real-time
iteration scheme. Though a principal advantage of the scheme lies in this immediate
response to disturbances, we will investigate contractivity only under the assumption
that after an initial disturbance the system behaves according to the model. This
is analogous to the notion of “nominal stability” for an infinite horizon steady state
tracking problem.

4. Contractivity of the real-time iterations. In this subsection we investi-
gate the contraction properties of the real-time iteration scheme. The system starts
at an initial state x0, and the real-time algorithm is initialized with an initial guess
y0 ∈ D0 ⊂ R

n0 . Let us define the projections Dk of the neighborhood D0 onto the
primal-dual subspaces R

nk ; i.e., Dk+1 := Πk+1Dk.
We will in the following make use of vector and corresponding matrix norms ‖ ·‖k

defined on the subspaces R
nk . These norms are assumed to be compatible in the sense

that ‖Πk+1y‖k+1 ≤ ‖y‖k and that ‖Πk+1T ỹ‖k = ‖ỹ‖k+1.
Theorem 4.1 (local contractivity of the real-time iterations). Let us assume that

the Lagrangian functions Lk : Dk → R for all k = 0, . . . , N are twice continuously
differentiable and that their second derivative approximations Jk : Dk → R

nk×nk are
continuous and have a bounded inverse (Jk)−1 : Dk → R

nk×nk .
Furthermore, let us assume that there exist a κ < 1 and an ω < ∞ such that for

each k = 0, . . . , N and all y′, y ∈ Dk, ∆y = y′ − y, and all t ∈ [0, 1] it holds that∥∥∥(Jk(y′)
)−1 (

Jk(y + t∆y) −∇2
yLk(y + t∆y)

)
∆y

∥∥∥
k
≤ κ‖∆y‖k(4.1a)

and that ∥∥∥(Jk(y′)
)−1 (

Jk(y + t∆y) − Jk(y)
)
∆y

∥∥∥
k
≤ ωt‖∆y‖2

k,(4.1b)

and such that for each k = 0, . . . , N − 1 it additionally holds that∥∥∥(Jk+1(Πk+1y′)
)−1

Πk+1
(
Jk(y + t∆y) − Jk(y)

)
∆y

∥∥∥
k+1

≤ ωt‖∆y‖2
k.(4.1c)

We suppose that the first step ∆y0 := J0(y0)−1∇yL0(y0) starting at the initial
guess y0 is sufficiently small so that

δ0 := κ +
ω

2
‖∆y0‖0 < 1(4.1d)
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and that the ball

B0 :=

{
y ∈ R

n0 | ‖y − y0‖0 ≤ ‖∆y0‖0

1 − δ0

}
(4.1e)

is completely contained in D0. Under these conditions the real-time iterates y0, . . . , yN

defined by

∆yk := −Jk(yk)−1∇yLk(yk), yk+1 := Πk+1(yk + ∆yk)

(where Lk is the Lagrangian function corresponding to problem Pk(xk) with the system
state obtained according to the closed-loop dynamics xk+1 = fk(xk, uk), uk := qkk +
∆qkk) are well defined and stay in the projections of the ball B0, i.e.,

yk ∈ Πk · · ·Π1B0 ⊂ Dk,(4.2)

and satisfy the contraction condition

‖∆yk+1‖k+1 ≤
(
κ +

ω

2
‖∆yk‖k

)
‖∆yk‖k =: δk‖∆yk‖k ≤ δ0‖∆yk‖k.(4.3)

Furthermore, the iterates yk approach the exact stationary points yk∗ of the correspond-
ing problems Pk(xk):

‖yk − yk∗‖k ≤ ‖∆yk‖k
1 − δk

≤ (δ0)
k‖∆y0‖0

1 − δ0
.(4.4)

Proof. We divide the proof into three parts, corresponding to the properties
(4.3), (4.2), and (4.4).

Contraction property. We will first show that the contraction property (4.3) holds.
By adding zero to the defining equation of ∆yk+1 we get

−∆yk+1 = Jk+1(yk+1)−1∇yLk+1(yk+1)
= Jk+1(yk+1)−1

(
∇yLk+1(yk+1) − Πk+1

(
∇yLk(yk) + Jk(yk)∆yk

))
.

(4.5)

Using the notation yk = (λk
k, s

k
k, q

k
k , λ

k
k+1, s

k
k+1, q

k
k+1, . . . ) we observe that

∇yLk+1(yk+1) = ∇yLk+1(Πk+1(yk + ∆yk)) =

(
xk+1 − (skk+1 + ∆skk+1)

...

)

=

(
fk(s

k
k+∆skk, q

k
k+∆qkk) − (skk+1 + ∆skk+1)

...

)
= Πk+1∇yLk(yk + ∆yk),

because xk+1 = fk(xk, uk) = fk(s
k
k+∆skk, q

k
k +∆qkk) if the system was undisturbed.2

Therefore, we can continue to transform ∆yk+1 and write

−∆yk+1 = Jk+1(yk+1)−1Πk+1
(
∇yLk(yk + ∆yk) −∇yLk(yk) − Jk(yk)∆yk

)
= Jk+1(yk+1)−1Πk+1

∫ 1

0
(∇2

yLk(yk + t∆yk) − Jk(yk))∆yk dt

= Jk+1(yk+1)−1Πk+1
∫ 1

0
(∇2

yLk(yk + t∆yk) − Jk(yk + t∆yk))∆yk dt

+Jk+1(yk+1)−1Πk+1
∫ 1

0
(Jk(yk + t∆yk) − Jk(yk))∆yk dt.

(4.6)

2Note that skk+∆skk = xk due to the linearity of the constraint xk−sk = 0 and that uk = qkk+∆qkk
by definition.
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Noting that, with ỹ := Πk+1y,

Πk+1
(
∇2

yLk(y) − Jk(y)
)

= Πk+1

⎛
⎜⎜⎜⎜⎜⎜⎝

0
0 ∆Qk ∆Mk 0

∆MT
k ∆Rk 0

0 0

∇2
ỹLk+1(ỹ) − Jk+1(ỹ)

⎞
⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎝

0 0 0
...

...
... ∇2

ỹLk+1(ỹ) − Jk+1(ỹ)
0 0 0

⎞
⎟⎠

and abbreviating ỹk := Πk+1yk, ∆ỹk := Πk+1∆yk, we can exploit assumption (4.1a)
to obtain

‖Jk+1(yk+1)−1 Πk+1(∇2
yLk(yk + t∆yk) − Jk(yk + t∆yk))∆yk‖k+1

= ‖Jk+1(yk+1)−1(∇2
yLk+1(ỹk + t∆ỹk) − Jk+1(ỹk + t∆ỹk))∆ỹk‖k+1

≤ κ‖∆ỹk‖k+1 = κ‖Πk+1∆yk‖k+1 ≤ κ‖∆yk‖k.

Making also use of assumption (4.1c), we can, building on (4.6), prove the left in-
equality of the contraction property (4.3):

‖∆yk+1‖k+1 ≤ κ‖∆yk‖k +

∫ 1

0

ωt‖∆yk‖2
k dt. = κ‖∆yk‖k +

1

2
ω‖∆yk‖2

k =: δk‖∆yk‖k.

With the help of condition (4.1d) (δ0 < 1) it is straightforward to deduce inductively
that

δk+1 = κ +
ω

2
‖∆yk+1‖k+1 ≤ κ +

ω

2
δk‖∆yk‖k ≤ δk ≤ δ0,

which proves the remaining part of (4.3).

Well definedness. To show that the iterates remain inside the domains of defini-
tion as stated in (4.2) we first observe that

‖∆yk‖k ≤ δk−1δk−2 . . . δ0‖∆y0‖0 ≤ (δ0)
k‖∆y0‖0.

Using the representation

yk = Πk(yk−1 + ∆yk−1) = Πk(Πk−1(yk−2 + ∆yk−2) + ∆yk−1)
= Πk(Πk−1(. . .Π1(y0 + ∆y0) . . . ) + ∆yk−1)
= Πk · · ·Π1y0 + Πk · · ·Π1∆y0 + · · · + Πk∆yk−1,

we can find y′ := y0 + (Πk · · ·Π1)T (yk − Πk · · ·Π1y0) such that

‖y′ − y0‖0 = ‖(Πk · · ·Π1)T (yk − Πk · · ·Π1y0)‖0 = ‖yk − Πk · · ·Π1y0‖k
≤

∑k−1
i=0 ‖∆yi‖i ≤ ‖∆y0‖0

∑k−1
i=0 (δ0)

i ≤ ‖∆y0‖0

1−δ0
,

i.e., y′ ∈ B0 and yk = Πk . . .Π1y′, i.e., yk ∈ Πk . . .Π1B0, as desired.
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Distance to optimal solutions. It remains to be shown that the iterates yk ap-
proach the exact solutions of the corresponding problems Pk(xk) as stated in (4.4).
For this aim we devise a hypothetical standard Newton-type algorithm as introduced
in (2.4) that allows us to compute the exact solution yk∗ of Pk(xk). As a by-product,
we obtain a bound on the distance of yk∗ from yk.

The hypothetical algorithm would proceed by starting at yk0 := yk and iterating
with iterates yk1 , y

k
2 , . . . according to

yki+1 := yki + ∆yki , ∆yki := −Jk(yki )−1∇yLk(yki ).

Note that the first step ∆yk0 is identical to ∆yk. It is for this hypothetical algorithm
only that we need assumption (4.1b). Due to this condition and (4.1a), we have the
contraction property

‖∆yki+1‖k ≤
(
κ +

ω

2
‖∆yki ‖k

)
‖∆yki ‖k

as can be shown by a well-known technique for Newton-type methods (see, e.g., [9]):

‖∆yki+1‖k = ‖Jk(yki+1)
−1 · ∇yLk(yki+1)‖k

= ‖Jk(yki+1)
−1 · (∇yLk(yki+1) −∇yLk(yki ) − Jk(yki ) · ∆yki )‖k

= ‖Jk(yki+1)
−1 ·

∫ 1

0
(∇2

yLk(yki + t∆yki ) − Jk(yki )) · ∆yki dt‖k
= ‖Jk(yki+1)

−1 ·
∫ 1

0
(∇2

yLk(yki + t∆yki ) − Jk(yki + t∆yki ))∆yki dt

+Jk(yki+1)
−1 ·

∫ 1

0
(Jk(yki + t∆yki ) − Jk(yki ))∆yki dt‖k

≤
∫ 1

0
‖Jk(yki+1)

−1 (∇2
yLk(yki + t∆yki ) − Jk(yki + t∆yki ))∆yki ‖k dt

+
∫ 1

0
‖Jk(yki+1)

−1 (Jk(yki + t∆yki ) − Jk(yki ))∆yki ‖k dt

≤ κ‖∆yki ‖k +
∫ 1

0
ωt‖∆yki ‖2

k dt
=

(
κ + ω

2 ‖∆yki ‖k
)
‖∆yki ‖k.

(4.7)

Together with the property

κ +
ω

2
‖∆yk0‖k = κ +

ω

2
‖∆yk‖k = δk < 1,

this leads again to the conclusion that ‖∆yki ‖k ≤ (δk)
i‖∆yk‖k, so that yk0 , y

k
1 , y

k
2 , . . .

is a Cauchy sequence and remains in the ball

Bk :=

{
y ∈ R

nk | ‖y − yk‖k ≤ ‖∆yk‖k
1 − δk

}
and thus converges toward a point yk∗ ∈ Bk, which satisfies ∇yLk(yk∗ ) = 0 due to the
boundedness of Jk on the (compact) ball Bk, as ∇yLk(yki ) = −Jk(yki )∆yki → 0 for
i → ∞.

5. Comparison with optimal feedback control. To assess the performance
of the proposed real-time iteration scheme, we will compare the resulting system
trajectory with the one which would have been obtained by exact optimal feedback
control. For this aim, we denote by u0, . . . , uN−1 and x1, . . . , xN the control and
system state trajectories obtained by an application of the real-time iteration scheme
to the system starting at the state x0, when the iteration scheme was initialized with
an initial guess y0 = (λ0

0, s
0
0, q

0
0 , . . . , λ

0
N , s0

N ), as in Theorem 4.1. On the other hand,
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we denote by q∗0 , . . . , q
∗
N−1 and s∗1, . . . , s

∗
N the corresponding trajectories which would

have been obtained by an application of exact optimal feedback control, starting at the
same initial state x0. Note that this trajectory is contained in the exact primal-dual
solution vector y0

∗ = (λ∗
0, s

∗
0, q

∗
0 , λ

∗
1, s

∗
1, q

∗
1 , . . . , λ

∗
N , s∗N ) of problem P0(x0), as already

pointed out in section 1.1.
Theorem 5.1 (loss of optimality). Let us in addition to the assumptions of

Theorem 4.1 suppose that the Hessian of the Lagrangian L0(·) of problem P0(·) is
bounded on B0, i.e.,

‖∇2
yL0(y)‖0 ≤ C ∀y ∈ B0.(5.1)

Then the objective values, on the one hand evaluated at the closed-loop trajectory
resulting from the real-time iteration scheme and on the other hand at the trajectory
resulting from optimal feedback control

Freal :=

N−1∑
i=k

Li(xi, ui) + E(xN ) and Fopt :=

N−1∑
i=k

Li(s
∗
i , q

∗
i ) + E(s∗N ),

can be compared by

Freal ≤ Fopt + 2C

(
δ0

1 − δ0

)2

‖∆y0‖2
0.(5.2)

In particular, if κ = 0 (as for the exact Newton method), the loss of optimality is of
fourth order in the size of the first step ∆y0:

Freal ≤ Fopt +
C

2

(
ω

1 − ω
2 ‖∆y0‖0

)2

‖∆y0‖4
0.(5.3)

Proof. First note that both the real-time iteration trajectory (x0, u0, x1, . . . , xN )
and the optimal feedback control trajectory (s∗0, q

∗
0 , s

∗
1, . . . ) = (x0, q

∗
0 , s

∗
1, . . . ) are fea-

sible “points” for the optimization problem P0(x0). Let us augment the real-time
iteration trajectory to a primal-dual point yreal := (λ0, x0, u0, . . . , λN , xN ), which is
obtained by

yreal := y0 + ∆y0 + Π1T∆y1 + (Π2Π1)T∆y2 + · · · + (ΠN · · ·Π1)T∆yN .

From the contractivity condition (4.3), it can easily be verified that ‖yreal − y0‖0 ≤
‖∆y0‖0

1−δ0
, i.e., that yreal ∈ B0. We similarly see that

‖yreal − (y0 + ∆y0)‖0 ≤ δ0‖∆y0‖0

1 − δ0
and that ‖y0

∗ − (y0 + ∆y0)‖0 ≤ δ0‖∆y0‖0

1 − δ0
,

where the latter bound is due to contraction property (4.7) for the hypothetical
Newton-type iterations toward the solution of P0(x0), and the fact that the first step
∆y0

0 of these iterations coincides with the step vector ∆y0 of the real-time iterations.
We can conclude that

‖yreal − y0
∗‖0 ≤ ‖yreal − (y0 + ∆y0)‖0 + ‖y0

∗ − (y0 + ∆y0)‖0 ≤ 2
δ0‖∆y0‖0

1 − δ0
.(5.4)
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Fig. 6.1. A picture of the kite from the
pilot’s point of view.
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Fig. 6.2. The kite seen from the top and
visualization of the roll angle ψ.

Because of feasibility of the primal-dual points yreal and y0
∗ the values of the La-

grangian function coincide with those of the objective, so that we can deduce

Freal − Fopt = L0(yreal)−L0(y0
∗) =

∫ 1

0
∇yL0(y0

∗ + t1(yreal − y0
∗))

T (yreal − y0
∗) dt1

=
∫ 1

0

(∫ t1
0

∇2
yL0(y0

∗ + t2(yreal−y0
∗))(yreal−y0

∗) dt2

)T
(yreal−y0

∗) dt1

= (yreal−y0
∗)

T
(∫ 1

0

∫ t1
0

∇2
yL0(y0

∗ + t2(yreal−y0
∗)) dt2 dt1

)T
(yreal−y0

∗),

where we have used the fact that ∇yL0(y0
∗) = 0. We conclude with (5.1) and (5.4)

that

Freal − Fopt ≤
1

2
C‖yreal−y0

∗‖2
0 ≤ 1

2
C

(
2
δ0‖∆y0‖0

1 − δ0

)2

.

6. Numerical example: Control of a looping kite. In order to demonstrate
the versatility of the proposed real-time iteration scheme we present here the control
of an airborne kite as a periodic control example. The kite is held by two lines which
allow control of the roll angle of the kite; see Figures 6.1 and 6.2. By pulling one line
the kite will turn in the direction of the line being pulled. This allows an experienced
kite pilot to fly loops or similar figures. The aim of our automatic control is to make
the kite fly a figure that may be called a “lying eight,” with a cycle time of 8 seconds
(see Figure 6.3). The corresponding orbit is not open-loop stable, so that feedback has
to be applied during the flight; we will show simulation results where our proposed
real-time iteration scheme is used to control the kite, starting at a largely disturbed
initial state x0, over three periods, with a sampling time of one second.

6.1. The dual line kite model. The movement of the kite in the sky can be
modeled by Newton’s laws of motion and a suitable model for the aerodynamic force.
The most difficulty lies in the determination of suitable coordinate systems; we will
first describe the kite’s motion in polar coordinates, and second we will determine the
direction of the aerodynamic forces.
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6.1.1. Newton’s laws of motion in polar coordinates. The position p ∈ R
3

of the kite can be modeled in three-dimensional Euclidean space, choosing the position
of the kite pilot as the origin, and the third component p3 to be the height of the kite
above the ground. With m denoting the mass of the kite and F ∈ R

3 the total force
acting on the kite, Newton’s law of motion reads

p̈ =
d 2p

dt2
=

F

m
.

Let us introduce polar coordinates θ, φ, r:

p =

⎛⎝ p1

p2

p3

⎞⎠ =

⎛⎝ r sin(θ) cos(φ)
r sin(θ) sin(φ)

r cos(θ)

⎞⎠ .

Note that the distance r between pilot and kite is usually constant during flight, and θ
is the angle that the lines form with the vertical. Let us introduce a local right-handed
coordinate system with the three basis vectors

eθ =

⎛⎝ cos(θ) cos(φ)
cos(θ) sin(φ)
− sin(θ)

⎞⎠ , eφ =

⎛⎝− sin(φ)
cos(φ)

0

⎞⎠ , and er =

⎛⎝ sin(θ) cos(φ)
sin(θ) sin(φ)

cos(θ)

⎞⎠ .

Defining Fθ := F · eθ, Fφ := F · eφ, and Fr := F · er, we can write Newton’s laws of
motion in the form

rθ̈ − r sin(θ) cos(θ)φ̇2 + 2ṙθ̇ =
Fθ

m
,

r sin(θ)φ̈ + 2r cos(θ)φ̇θ̇ + 2 sin(θ)ṙφ̇ =
Fφ

m
,

r̈ − rθ̇2 − r sin2(θ)φ̇2 =
Fr

m
.(6.1)

If the length of the lines, denoted by r, is kept constant, all terms involving time deriva-
tives of r will drop out. Furthermore, the last equation (6.1) will become redundant,
as any acting force F ′

r in the radial direction will automatically be augmented by a
constraint force contribution Fc := Fr +mrθ̇2 +mr sin2(θ)φ̇2 so that (6.1) is satisfied
with Fr := F ′

r −Fc. In this case we can regard only the components Fθ and Fφ which
are not changed by the constraint force. The equations of motion3 simplify to

θ̈ =
Fθ

rm
+ sin(θ) cos(θ)φ̇2,(6.2)

φ̈ =
Fφ

rm sin(θ)
− 2 cot(θ)φ̇θ̇.(6.3)

In our model, the force F acting on the kite consists of three contributions, constraint
force −Fcer, gravitational force F gra, and aerodynamic force F aer. In Cartesian co-
ordinates, F gra = (0, 0,−mg)T with g = 9.81 m s−2 being the earth’s gravitational
acceleration. In local coordinates we therefore have

Fθ = F gra
θ + F aer

θ = sin(θ)mg + F aer
θ and Fφ = F aer

φ .

It remains to derive an expression for the aerodynamic force F aer.

3Note that the validity of these equations requires that Fc ≥ 0, as a line can only pull and not
push.
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6.1.2. Kite orientation and the aerodynamic force. To model the aerody-
namic force that is acting on the kite, we first assume that the kite’s trailing edge
is always pulled by the tail into the direction of the effective wind, as seen from the
kite’s body-fixed frame. This assumption can be regarded as the limiting case of very
large tail force. It crucially simplifies the model by allowing us to disregard angular
momentum and the moments acting on the kite. Under this assumption we are able
to determine the kite orientation as an explicit function of position and velocity only,
as shown in the following.

By the large tail force assumption, the kite’s longitudinal axis is always in line
with the effective wind vector we := w − ṗ, where w = (vw, 0, 0)T is the wind as
seen from the earth system, and ṗ is the kite velocity. If we introduce a unit vector
el pointing from the front toward the trailing edge of the kite (cf. Figure 6.1), we
therefore assume that

el =
we

‖we‖
.

The transversal axis of the kite can be described by a perpendicular unit vector et
that is pointing from the left to the right wing tip. Clearly, it is orthogonal to the
longitudinal axis, i.e.,

et · el =
et · we

‖we‖
= 0.(6.4)

The orientation of the transversal axis et against the lines’ axis (which is given by
the vector er) can be influenced by the length difference ∆l of the two lines. If the
distance between the two lines’ fixing points on the kite is d, then the vector from the
left to the right fixing point is det, and the projection of this vector onto the lines’
axis should equal ∆l = det ·er, being positive if the left hand’s lines wingtip is farther
away from the pilot; cf. Figure 6.2. Let us define the roll angle ψ to be

ψ = arcsin

(
∆l

d

)
.

We will assume that we control this angle ψ directly. It determines the orientation of
et which has to satisfy

et · er =
∆l

d
= sin(ψ).(6.5)

A third requirement that et should satisfy is that

(el × et) · er =
we × et
‖we‖

· er > 0,(6.6)

which takes account of the fact that the kite is always in the same orientation with
respect to the lines.

How does one find a unit vector et that satisfies these requirements (6.4)–(6.6)?
Using the projection wp

e of the effective wind vector we onto the tangent plane spanned
by eθ and eφ,

wp
e := eθ(eθ · we) + eφ(eφ · we) = we − er(er · we),

we can define the orthogonal unit vectors

ew :=
wp

e

‖wp
e‖

and eo := er × ew,
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so that (ew, eo, er) forms an orthogonal right-handed coordinate basis. Note that
in this basis the effective wind we has no component in the eo direction, as we =
‖wp

e‖ew + (we · er)er. We will show that the definition

et := ew(− cos(ψ) sin(η)) + eo(cos(ψ) cos(η)) + er sin(ψ)(6.7)

with

η := arcsin

(
we · er
‖wp

e‖
tan(ψ)

)
satisfies the requirements (6.4)–(6.6).4 Equation (6.4) can be verified by substitution
of the definition of η into

et · we = − cos(ψ) sin(η)‖wp
e‖ + sin(ψ)(we · er) = 0.

Equation (6.5) is trivially satisfied, and (6.6) can be verified by calculation of

(we × et) · er = (we · ew) cos(ψ) cos(η) − (we · eo)(− cos(ψ) sin(η))
= ‖wp

e‖ cos(ψ) cos(η)

(where we used the fact that we · eo = 0). For angles ψ and η in the range from
−π/2 to π/2 this expression is always positive. The above considerations allow us
to determine the orientation of the kite depending on the control ψ and the effective
wind we only. Note that the considerations would break down if the projection of the
effective wind wp

e would be equal to zero, if |ψ| ≥ π
2 , or if∣∣∣∣we · er

‖wp
e‖

tan(ψ)

∣∣∣∣ > 1.

The two vectors en := el × et and el are the directions of aerodynamic lift and drag,
respectively. To compute the magnitudes FL and FD of lift and drag we assume that
the lift and drag coefficients CL and CD are constant, so that we have

FL =
1

2
ρ‖we‖2ACL and FD =

1

2
ρ‖we‖2ACD,

with ρ being the density of air and A being the characteristic area of the kite. Given
the directions and magnitudes of lift and drag, we can compute F aer as their sum,
yielding F aer = FLen + FDel, or, in the local coordinate system,

F aer
θ = FL(en · eθ) + FD(el · eθ) and F aer

φ = FL(en · eφ) + FD(el · eφ).

The system parameters that have been chosen for the simulation model are listed in
Table 6.1. Defining the system state ξ := (θ, φ, θ̇, φ̇)T and the control u := ψ, we
can summarize the four system equations, i.e., (6.2)–(6.3) and the trivial equations
∂θ
∂t = θ̇, ∂φ

∂t = φ̇, in the short form

ξ̇ = f̂(ξ, u).

4It is interesting to note that the assignment of et can be made more transparent by considering
a rotation from the (ew, eo, er) tangential frame to the body frame (el, et, en), with en := el × et.
Specifically, starting from (ew, eo, er), we rotate about the er-axis through the yaw angle −η and
then roll through the angle ψ about the el-axis. From this we find that et as the second basis vector
of the body frame is represented by (6.7) in the tangential frame (ew, eo, er).
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Table 6.1

The kite parameters.

Name Symbol Value
Line length r 50 m
Kite mass m 1 kg
Wind velocity vw 6 m/s
Density of air ρ 1.2 kg/m3

Characteristic area A 0.5 m2

Lift coefficient CL 1.5
Drag coefficient CD 0.29
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Fig. 6.3. Periodic orbit plotted in the (φ, θ)-plane, as seen by the kite pilot. The dots separate
intervals of one second.

6.2. A periodic orbit. Using the above system model, a periodic orbit was
determined that can be characterized as a “lying eight” and which is depicted as a
(φ, θ)-plot in Figure 6.3. The wind is assumed to blow in the direction of the p1-axis
(θ = 90o and φ = 0o). The periodic solution was computed using an off-line variant
of the direct multiple shooting method (MUSCOD-II, due to Leineweber [31, 22, 23]),
imposing periodicity conditions with period T = 8 seconds and suitable state bounds
and a suitable objective function in order to yield a solution that was considered
to be a meaningful reference orbit. We will denote the periodic reference solution
by ξr(t) and ur(t). This solution is defined for all t ∈ (−∞,∞) and satisfies the
periodicity condition ξr(t+T ) = ξr(t) and ur(t+T ) = ur(t). It is interesting to note
that small errors accumulate very quickly so that the uncontrolled system will not
stay in the periodic orbit very long during a numerical simulation; this observation
can be confirmed by investigating the asymptotic stability properties of the periodic
orbit [16], which shows that local errors are amplified by a factor of more than 5
during each period. Thus, the open-loop system is highly unstable in the periodic
orbit.

We want to mention that the kite model and the periodic orbit may serve as a
challenging benchmark problem for nonlinear periodic control and are available in
MATLAB/SIMULINK format [17].

6.3. The optimal control problem. Given an arbitrary initial state x0 (that
we do not know in advance) we want the kite to fly three times the figure of Figure 6.3,
on a time horizon of 3T = 24 seconds. By using the figure as a reference orbit, we
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formulate an optimal control problem which has the objective of bringing the system
close to the reference orbit. For this aim we define a Lagrange term of least squares
type

L(ξ, u, t) :=
1

2
(ξ − ξr(t))

TQ(ξ − ξr(t)) +
1

2
(u− ur(t))

TR(u− ur(t))

with diagonal weighting matrices

Q := diag(0.4, 1, s2, s2)
1

s
and R := 1.0 · 10−2deg−2s−1.

Using these definitions, we formulate the following optimal control problem on the
time horizon of interest [0, 3T ]:

min
u(·),ξ(·)

∫ 3T

0

L(ξ(t), u(t), t) dt(6.8)

subject to

ξ̇(t) = f̂(ξ(t), u(t)) ∀t ∈ [0, 3T ],

ξ(0) = x0.

6.4. Direct multiple shooting formulation. In order to reformulate the
above continuous optimal control problem into a discrete-time optimal control
problem, we use the direct multiple shooting technique, originally due to Plitt
and Bock [35, 12]: We divide the time horizon into N = 24 invervals [ti, ti+1],
each of one second length, and introduce a locally constant control representation
q0, q1, . . . , qN−1, as well as artificial initial values s0, . . . , sN , as depicted in Figure 1.1.
On each of these intervals we solve the following initial value problem:

ξ̇i(t; si, qi) = f̂ (ξi(t; si, qi), qi) , t ∈ [ti, ti+1],(6.9)

ξi(ti; si, qi) = si,

yielding a trajectory piece ξi(t; si, qi) for t ∈ [ti, ti+1]. This allows us to conveniently
define a discrete-time system as in (1.2c) with transition function

fi(si, qi) := ξi(ti+1; si, qi).

Analogously, we define the objective contributions in (1.2a) by

Li(si, qi) :=

∫ ti+1

ti

L(ξi(t; si, qi), qi, t)dt.

The main difficulty of the direct multiple shooting method lies in the efficient solution
of the initial value problems (6.9) and in the sensitivity computation. For this aim
we use the advanced backward differentiation formula (BDF) code DAESOL (Bauer,
Bock, and Schlöder [3], Bauer [2]), which is especially suited for stiff problems, as the
above kite model. It uses the principle of internal numerical differentiation (IND) as
introduced by Bock [8].

Using the multiple shooting formulation, we have transformed the continuous-
time optimization problem (6.8) into a nonlinear programming problem P0(x0) of
exactly the type (1.2).
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Fig. 6.4. Closed-loop trajectories resulting from the real-time iteration scheme for different
initial values x0. The kite never crashes onto the ground (θ = 90 degrees).

6.4.1. Generation of the Gauss–Newton Hessian blocks. The efficient
generation of a Gauss–Newton approximation for continuous least squares terms de-
serves some attention: the Hessian approximations (2.6) are determined according
to (

QH
i MH

i

(MH
i )T RH

i

)
:=

∫ ti+1

ti

(
∂ξi(t; si, qi)

∂(si, qi)

)T

Q
∂ξi(t; si, qi)

∂(si, qi)
+

(
0 0
0 R

)
dt.

These integrals are efficiently computed during the sensitivity computation using a
specially adapted version of the integrator DAESOL [16, 25].

6.5. A real-time scenario. In the following real-time scenario we assume that
the Newton-type optimizer is initialized with the reference trajectory itself, i.e., y0 :=
(λ0

0, s
0
0, q

0
0 , . . . , λ

0
N , s0

N ), where λ0
i := 0, and s0

i := ξr(ti) and q0
i := 1

ti+1−ti

∫ ti+1

ti
ur(t)dt

are the corresponding values of the periodic reference solution. This y0 is (nearly)
identical to the solution of the problem P0(ξr(t0)). At the time t0 = 0, when the actual
value of x0 is known, we start the iterations as described in section 3.1 by solving the
first prepared linear system ∆y0 = −J0(y0)−1∇yL0(y0) (step 2) and give the first
control u0 := q0

0 +∆q0
0 immediately to the system. Then we shrink the problem (step

3) and prepare the iteration for the following one (step 1). As we assume no further
disturbances, the new initial value is x1 = f0(x0, u0) = ξ0(t1;x0, u0) resulting from
the (continuous) system dynamics. This cycle is repeated until the N = 24 intervals
are over.

The corresponding trajectory resulting from the real-time iteration scheme for
different initial values x0 is shown in Figure 6.4 as (φ, θ)-plots. For all scenarios, the
third loop is already close to the reference trajectory.

In Figure 6.5 we compare the result of the real-time iteration scheme with the
open-loop system dynamics without feedback (dash-dotted line) and with a hypo-
thetical optimal feedback control (dashed line) for one initial value x0. The open-loop
system, where the controls are simply taken from the reference (and initialization)
trajectory (uk := q0

k), crashes after seven seconds onto the ground.
Note that the computation of the hypothetical optimal feedback control needs

about eight seconds on a Compaq Alpha XP1000 workstation. This delay means that
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Fig. 6.5. Comparison of trajectories resulting from the real-time iteration scheme (solid line),
the open-loop controls without feedback (dash-dotted line, crashing onto the ground), and a hypo-
thetical optimal feedback control (dashed line).
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Fig. 6.6. Disturbance scenario: Closed-loop response resulting from real-time iteration scheme
(solid line) and a hypothetical optimal feedback control (dashed line). After a large initial dis-
turbance, the state is additionally disturbed each 0.1 second by independent Gaussian noise. The
disturbance sequence for both trajectories is identical.

no feedback can be applied in the meantime, so the kite would have crashed onto the
ground before the first response would have been computed.

In contrast to this, the first feedback control u0 of the real-time iteration scheme
was available within only 0.05 seconds delay after time t0 (for the computations of
step 2). The sampling time of one second until the next feedback can be applied
was necessary to prepare the following real-time iteration (to be exact, step 1 always
needed under 0.8 seconds). The comparison with the hypothetical optimal feedback
control shows that the real-time iteration scheme delivers a quite good approximation
even for this challenging nonlinear and unstable test example with largely disturbed
initial values.

6.5.1. High frequency disturbances. In a third feedback simulation scenario
shown in Figure 6.6 we test the performance of the real-time iteration scheme in the
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presence of random disturbances with a frequency higher than the sampling time: each
tenth of a second the state (θ, φ, θ̇, φ̇) is randomly disturbed by independent Gaussian
noise of standard deviation 0.01 · (1, 1, s−1, s−1). Because feedback is provided only
once a second, the kite flies open-loop during one second before feedback can be pro-
vided to the accumulated result of the disturbances. The initial state was much more
strongly disturbed, in the same way as in the scenario of Figure 6.5. Despite these
combined disturbances the scheme is able to lead the kite efficiently into the reference
orbit. Again, it compares well with optimal feedback control. Note, however, that
the results of Theorems 4.1 and 5.1 are not directly applicable to this third scenario
as these theorems assume undisturbed system behavior after one initial disturbance.

For feedback control simulations of the kite using a moving horizon framework
including also state constraints, we refer to [16, 24].

7. Conclusions. We have presented a recently developed Newton-type method
for the real-time optimization of nonlinear processes and have given a new contractiv-
ity result and a bound on the loss of optimality when compared to optimal feedback
control. In a numerical case study, the real-time control of an airborne kite, we have
demonstrated the practical applicability of the method for a challenging nonlinear
control example.

The “real-time iteration” scheme is based on the direct multiple shooting method,
which offers several advantages in the context of real-time optimal control, among
them the ability to efficiently initialize subsequent optimization problems, to treat
highly nonlinear and unstable systems, and to deal efficiently with path constraints.
The most important feature of the real-time iteration scheme is a dovetailing of the
solution iterations with the process development which allows us to reduce sampling
times to a minimum but maintains all advantages of a fully nonlinear treatment of the
optimization problems. A separation of the computations in each real-time iteration
into a preparation phase and a feedback response phase can be realized. The feedback
phase is typically orders of magnitude shorter than the preparation phase and allows
us to obtain an immediate feedback that takes all linearized constraints into account.

The contractivity of the scheme is proven under mild conditions that are nearly
identical to the sufficient conditions for convergence of off-line Newton-type methods.
Iterates on different horizon lengths have to be compared. The result is that the real-
time iterates, after an initial disturbance, geometrically approach the exact optimal
solutions during the runtime of the process. When the resulting closed-loop trajectory
is compared to optimal feedback control, a bound on the loss of optimality has been
established, which is of fourth order in the initial disturbance if an exact Newton–
Raphson method is used.

A newly developed kite model is presented. The control aim is, starting from an
arbitrary initial state, to steer the kite into a periodic orbit, a “lying eight” with a
period duration of eight seconds. We consider a time horizon of 24 seconds. The initial
state is only known at the moment that the first control needs already to be applied;
the real-time iteration scheme delivers linearized feedback nearly without delay and
provides a newly linearized feedback after each sampling time of one second, leading to
a fully nonlinear optimization, and is always prepared to react to further disturbances.
The scheme shows an excellent closed-loop performance for this highly nonlinear and
unstable system and compares well to a hypothetical exact optimal feedback control.

The real-time iteration scheme has also been applied for NMPC of a real pilot
plant distillation column described by a stiff DAE model with over 200 system states,
allowing feedback sampling times of only 20 seconds [21].



1734 M. DIEHL, H. G. BOCK, AND J. P. SCHLÖDER
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[3] I. Bauer, H. G. Bock, and J. P. Schlöder, DAESOL: A BDF-Code for the Numerical
Solution of Differential Algebraic Equations, Internal report, IWR, SFB 359, University
of Heidelberg, Heidelberg, Germany, 1999.

[4] L. Biegler and J. Rawlings, Optimization approaches to nonlinear model predictive control,
in Proceedings of the 4th International Conference on Chemical Process Control, W. Ray
and Y. Arkun, eds., AIChE, CACHE, Padre Island, TX, 1991, pp. 543–571.

[5] L. T. Biegler, Efficient solution of dynamic optimization and NMPC problems, in Nonlinear
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Abstract. Stochastic differential games are considered in a non-Markovian setting. Typically, in
stochastic differential games the modulating process of the diffusion equation describing the state flow
is taken to be Markovian. Then Nash equilibria or other types of solutions such as Pareto equilibria
are constructed using Hamilton–Jacobi–Bellman (HJB) equations. But in a non-Markovian setting
the HJB method is not applicable. To examine the non-Markovian case, this paper considers the
situation in which the modulating process is a fractional Brownian motion. Fractional noise calculus
is used for such models to find the Nash equilibria explicitly. Although fractional Brownian motion
is taken as the modulating process because of its versatility in modeling in the fields of finance and
networks, the approach in this paper has the merit of being applicable to more general Gaussian
stochastic differential games with only slight conceptual modifications. This work has applications
in finance to stock price modeling which incorporates the effect of institutional investors, and to
stochastic differential portfolio games in markets in which the stock prices follow diffusions modulated
with fractional Brownian motion.
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1. Introduction. The study of stochastic differential games with controls is
a part of game theory that is relatively unknown, even though it has significant
potential for application as noted by Øksendal and Reikvam [27]. Prior work in this
area has focused on the examination of such games in a Markovian setting (see below).
In this paper we will study a type of non-Markovian stochastic differential game. In
particular, we will consider a game in which the one-dimensional state Xt follows the
following stochastic differential equation:

dXt = µ(t,Xt, υ1, . . . , υN )dt + σ(t,Xt, υ1, . . . , υN )dB
(H)
t ,(1)

µ : [0, T ] × R × Υ1 × · · · × ΥN → R,(2)

σ : [0, T ] × R × Υ1 × · · · × ΥN → R,(3)

where υi ∈ Υi ⊂ R
νi is the control of the ith player over the state and is adapted

to the natural filtration of BH . Here T is the expiration date of the game, and BH

is a fractional Brownian motion (fBm) with Hurst parameter H ∈ ( 1
2 , 1). BH is
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defined as an almost surely (a.s.) continuous zero-mean Gaussian process having the
autocorrelation structure given by

E
{
BH

t BH
s

}
=

1

2

{
|s|2H + |t|2H − |t− s|2H

}
.(4)

Each agent wants to maximize its own pay-off (with this feature the problem differs
from the usual optimal control problem):

Ji(x) = Ex

{∫ T

0

fi(t,Xt, υt)dt + Ki(T,XT )

}
,(5)

where Ex{·} denotes conditional expectation given X0 = x. In this paper we consider
only the case in which the state and the source of randomness are one-dimensional.
The results can be extended to the case in which there are multiple sources of ran-
domness and multiple controlled states (see [4]).

Typically in this type of setting the modulating process in (1) is taken to be
Brownian motion, i.e., H = 1/2, and the controls of the players are Markovian. Then
Nash equilibria or other types of solutions such as Pareto equilibria are constructed
using the Hamilton–Jacobi–Bellman (HJB) equations (see, e.g., Friedman [9], Gaidov
[11], [12], [10], Nilakantan [23], Øksendal and Reikvam [27], and Varaiya [32]). How-
ever, fBm is not a Markov process for any H other than 1

2 , and therefore this approach
does not work for the general case of (1). Here we will develop a quasi-martingale
approach to the solution of this problem using the fractional noise calculus developed
by Duncan, Hu, and Pasik-Duncan [7], and the work of Hu and Øksendal [16], which
generalizes white noise calculus (see [1]) to develop an integration theory with respect
to fBm. The key to our solution will be the fractional Clark–Ocone formula developed
by Hu and Øksendal [16]. The integrals in (1) are Wick type integrals (see Definition
3.3) rather than Stieltjes integrals (defined pathwise; see, e.g., [33]). The motivation

for using Wick type integrals is as follows: The pathwise integral
∫ t
0
fsδB

H
s with re-

spect to fBm does not in general have a zero mean; i.e., E{
∫ t
0
fsδB

H
s } �= 0. However,

the Wick type integral
∫ t
0
fsdB

H
s has zero mean; i.e., E{

∫ t
0
fsdB

H
s } = 0. Therefore in

a stochastic differential equation (SDE) of the form

dXt = b(Xt)dt + σ(Xt)dB
H
t ,(6)

the volatility term σ(Xt)dB
H
t does not contribute to the mean rate of change, as it

does with SDEs with pathwise integrals. Since separating the random fluctuations
from the mean rate of change is desirable for our purposes, we prefer to use Wick
type integrals for defining the integrals with respect to fBm (see [7]). (Note also that
only in the Wick type calculus are the standard tools of Itô calculus such as an Itô
representation theorem available.) See [5] for applications of Wick calculus to pricing
weather derivatives and [8] and [16] for further applications of Wick type calculus,
particularly in finance.

Fractional noise calculus reduces to white noise calculus when H is replaced by
1
2 . Moreover the integrals of adapted processes in this framework are equal to the
Itô integrals of these processes with respect to Brownian motion. Hence our results
hold in particular for the standard framework, i.e., when the modulator is a Brownian
motion, and the integrals in (1) are taken to be Itô integrals.

This work has an immediate application in finance, to stock price modeling when
long-range dependence is accounted for in the model. The stock prices are considered
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to be states in this setting, while the agents are not price takers; i.e., their trading
changes the price level. This models a market with institutional investors who make
large transactions and therefore influence the prices of the stocks. These investors
find themselves in a random environment due to the existence of small investors. The
small investors are typically inert; i.e., they do not trade for long time intervals. A
microstructure model taking the inertness of the agents into account is constructed
in [3]. It is shown that the prices arising from the interaction of the small agents
can be approximated by geometric fractional Brownian motion. The game theoretic
setting in this paper is an extension to the results of [3] in the sense that we start by
assuming that the noise in the environment can be modeled by an fBm differential in
the controlled stochastic differential equation (1), which is the noise due to the trades
of the small investors.

Another possible application is in stochastic differential portfolio games, which
are studied by Browne in a Brownian motion setting in [6]. This formulation is appli-
cable to the analysis of traders who are competing for a bonus, or to fund managers
whose funds are invested in different markets and who achieve rewards based on the
relative performance of their funds. Yet another possible application is in stochastic
goodwill problems (finding the optimal advertising policy for the maximization of the
product image) in advertising when there are more than one good of the same kind in
competition. (See [22] for stochastic goodwill problems in a stochastic optimal control
setting.)

By adapting the fractional noise machinery, we will see that our results can be
shown to hold for more general Gaussian modulators in the state flow dynamics. How-
ever, we state the results in terms of fBm to emphasize the fact that the game under
consideration becomes non-Markovian and also because this case admits an explicit
equilibrium. Another motivation for this model is the fact that fBm is frequently
used in modeling in various areas of research (see [2], [31], [24], [25], and [26] for
applications other than finance).

The rest of the paper is organized as follows. In section 2 we give a Nash equilib-
rium theorem. In section 3 we introduce the necessary tools from the fractional noise
calculus that we use in the proof of the equilibrium theorem that is carried out in
section 4. Finally in section 5 we give a sketch of how to extend the fractional noise
machinery to more general Gaussian modulation processes.

2. Nash equilibrium in a linear game of N players. For ease of exposi-
tion we consider first a one-dimensional state equation, with the drift and diffusion
coefficients controlled linearly by the players:

dXt = rXtdt +

N∑
i=1

αi(t)ui(t)dt + C

N∑
i=1

βi(t)vi(t)dt +

N∑
i=1

βi(t)vi(t)dB
H(t),(7)

where BH denotes the one-dimensional version of B(H) with H1 = H. The initial
state will be denoted by X0 = x. The pay-off function of player i will be of the form

Ji(x) = Ex
µ

{∫ T

0

ciu
γi

i (t)

γi
dt +

biX
γ′
i

T

γ′
i

}
;(8)

that is, players are constant relative risk averse (CRRA). Here µ is the measure on
the sample space under which the canonical process is an fBm. Player i controls the
state by its choice of actions (ui, vi). We assume that αi : [0, T ] → R is bounded
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for each i ∈ {1, . . . , N}. The coefficient functions βi : [0, T ] → R will appear in the
definition of admissible strategies.

Since this game is in a non-Markovian setting, it cannot be solved via the HJB
method. Instead we will employ the recently developed fractional Wick calculus,
which we describe briefly in section 3, and the fractional Clark–Ocone formula (which
is given along with the proof of the equilibrium theorem) to find Nash equilibria for
this game. Observe that ui affects the drift of the state and also appears in the pay-
off function. It can be interpreted as a cost for the player; i.e., for gaining a certain
amount of riskless increase the player pays an associated cost. Whereas by choice of
vi, the player does not have to pay a cost for an associated gain (since this action
does not appear in the pay-off function), but is taking some risk (since vi affects the
diffusion coefficient in addition to the drift).

Let us introduce the following notation that is necessary to define the admissible
strategies and for the statement of the theorem.

Define K as

K(t) =
C(Tt− t2)

1
2−H

2H(2H − 1)Γ(2H − 1)Γ(2 − 2H) cos(π(H − 1
2 ))

for t ∈ [0, T ],(9)

and define ζ by(
(−∆)−(H−1/2)ζt

)
(s) =

(
(−∆)−(H−1/2)K

)
(s), 0 ≤ s ≤ t,

ζt(s) = 0, s < 0 or s > t,
(10)

where the action of the operator (−∆)−(H−1/2) on a test function f is defined by(
(−∆)−(H−1/2)f

)
(x) =

1

2Γ(2H − 1) cos(π(H − 1/2))

∫ ∞

−∞
|x− t|2H−2f(t)dt,(11)

where Γ is the Gamma function and is given by Γ(x) =
∫∞
0

tx−1e−tdt for x > 0. The
existence of such ζ is guaranteed by [15].

Define µ̂ and η by

η(T ) :=
dµ̂

dµ
:= exp

(
−
∫ T

0

K(s)dBH
s − 1

2
|K|2φ

)
,(12)

with |K|2φ given by |K|2φ =
∫

R
2
+
K(s)K(t)φ(s, t)dsdt, where

φ(s, t) = H(2H − 1)|s− t|2H−2; s, t ∈ R+.(13)

Here µ denotes the probability measure under which BH is an fBm with Hurst pa-
rameter H. Note that integrals of deterministic functions w.r.t. fBm are well defined,
as will become clear in section 3.

And finally define ρ by ρ(t, w) := Eµ

{
η(T )

∣∣Ft

}
, where Ft is the σ-algebra gener-

ated by {BH
s , s ≤ t}.

Now we will introduce the solution concept of Nash equilibrium in our context.
We consider a set A = A1×· · ·×AN of admissible strategies for which the admissibility
conditions are adaptedness w.r.t. the filtration generated by fBm and the following
integrability condition:

βivi ∈ L1,2
φ (µ̂),(14)



A NON-MARKOVIAN STOCHASTIC DIFFERENTIAL GAME 1741

where L1,2
φ (µ̂) denotes the completion of the set of all Ft adapted processes f such

that

‖ f ‖L1,2
φ

(µ̂):= Eµ̂

{∫
R

∫
R

f(s)f(t)φ(s, t)dsdt

}
+ Eµ̂

{(∫
R

Dφ
s f(s)ds

)2
}

< ∞.(15)

Here Dφ
sF =

∫
R
φ(s, t)DtFdt, where DsF denotes the Hida–Malliavin derivative of

F , which will be introduced in section 3.
Definition 2.1. The strategy ze = (ue, ve) ∈ A is called a Nash equilibrium

strategy if, for each i, player i’s action zei = (ui, vi) ∈ Ai is a best response to its
opponents’; i.e.,

Jx
i (ze1, . . . , z

e
i−1, zi, z

e
i+1, . . . , z

e
N ) ≤ Jx

i (ze)(16)

for all x, for each player i, and for all zi ∈ Ai.
Then we have the following Nash equilibrium theorem.
Theorem 2.2. Consider the game given by (7) and (8). Then conditions (17)

and (18) are necessary and sufficient for the existence of a Nash equilibrium:

γ′
i = γ′ for i = 1, . . . , N, and(17)

N∑
i=1

∫ T

0

m
1

γi−1 b
1

γi−1

i αi(t)
γi

γi−1 e
−rt

γi
γi−1 exp

(
γi

2(1 − γi)2
|ζt|φ
)
dt

+m
1

γ′−1 e
−rT γ′

γ′−1 exp

(
2γ′|K|φ

2(1 − γ′)2

)
= x

(18)

has a solution m∗ ∈ R.
Let
(
(ue

1, v
e
1), . . . , (u

e
N , veN )

)
denote the agents’ Nash equilibrium strategies. The

first components of the equilibrium strategies are uniquely determined by

ue
i (t) =

(
m∗biαi(t)

ci
e−rtρ(t, w)

) 1
γi−1

for i = 1, . . . , N,(19)

while the second component of the players’ strategies will be any adapted (to the fil-
tration of fBm) processes satisfying the following constraint:

e−rt
N∑
i=1

βiv
e
i (t) = (m∗)

1
γ′−1

K(t)

1 − γ′ exp

(
1

1 − γ′

∫ t

0

K(s)dBH
s − C

1 − γ′

∫ T

t

K(s)ds

+
2 − γ

2(1 − γ2)
|K|2φ − 1

1 − γ
|K1[0,t]|2φ − rT

γ′

γ′ − 1

)
−
∫ T

0

N∑
i=1

αi(u)
γi

γi−1
(m∗bi

ci

) 1
γi−1 × ζu(t)

1 − γi
e
−ru

γi
γi−1

× exp

(
1

1 − γi

∫ t

0

ζu(s)dBH
s − C

1 − γi

∫ u

t

ζu(s)ds

+
2 − γi

2(1 − γi)2
|ζu|2φ − 1

1 − γi
|ζu1[0,t]|2φ

)
du,

(20)



1742 ERHAN BAYRAKTAR AND H. VINCENT POOR

where 1 stands for the indicator function. Finally, the state at time T at Nash equi-
librium is given by

F e = (m∗)
1

γ′−1 η(T )
1

γ′−1 e
−rT

γ′−1 .(21)

These results can be extended to games with multiple controlled states and mul-
tiple sources of randomness (see [4]).

Before proving Theorem 2.2, in the next section we will give a brief review of
the facts from fractional noise calculus, largely following the treatment by Hu and
Øksendal [16]. (An extended version of the following section can be found in [4].)1

3. Fractional noise calculus. We start this section by introducing the neces-
sary ingredients for the definition of the stochastic integral in (1). In what follows
L2
φ(R) will denote the completion of the set of measurable functions satisfying

|f |2φ :=

∫
R2

f(s)f(t)φ(s, t)dsdt < ∞.(22)

Remark. It is shown by Pipiras and Taqqu [28] that the set of functions satisfying
(22) is not a complete space.

The stochastic integral of deterministic functions in L2
φ(R) w.r.t. fBm is well

defined (see [13]). For f ∈ L2
φ(R), we will denote its integral w.r.t. fBm by 〈w, f〉:=∫

R
f(t)dBH

t .

The probability space in our game will be Ω = S ′(R), the space of tempered
distributions (the dual space of S(R), the Schwartz space of rapidly decreasing func-
tions) equipped with the weak-star topology. And we will take the events to be Borel
subsets of S ′(R). By the Bochner–Minlos theorem there exists a probability measure
µ on Ω such that 〈·, f〉 : Ω → R is a Gaussian random variable with mean 0 and
variance |f |2φ (see [16]).

We will now introduce the Wiener chaos expansion of random variables in L2(µ).
One first has to find the orthonormal basis for L2

φ(R). Recall that the Hermite func-
tions (see, e.g., Appendix C of [14]), which we will denote by (zn), form an orthonormal
basis for L2(R).

Let us define the map from the space of functions satisfying (22) into L2(R) by

(Iφf)(u) = cH

∫ ∞

u

(t− u)H− 3
2 f(t)dt,(23)

where cH =

√
H(2H−1)Γ( 3

2−H)

Γ(H− 1
2 )Γ(2−2H)

(here Γ denotes the Gamma function). This map

preserves the inner product, and the Hermite functions are in the range of this map.
Let I−1

φ denote the inverse map of Iφ. (For summable functions this inverse exists

and is proportional to the Liouville differential of order H − 1
2 [30], since Iφ(f) is

proportional to the fractional integral of f of order H − 1
2 .) Now we see that the set

(en = I−1
φ (zn))n=1,2,... constitutes an orthonormal basis for L2

φ(R).

1Although the original name given by Hu and Øksendal in [16] to this kind of calculus was
fractional white noise calculus, we prefer to omit “white” from the name since white suggests inde-
pendence at each point in time, and here the noise considered is far from it.
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Let J denote the set of all (finite) multi-indices of nonnegative integers. Then
for α = (α1, α2, . . . , αm) ∈ J , define

Hα(w) := hα1
(〈w, e1〉) · · ·hαm

(〈w, em〉).(24)

Note that Eµ{HαHβ} = 0 if α �= β, and Eµ{H2
α} = α!. Now we can state what

is known as the chaos decomposition for the elements of L2(µ) (see [16]): Every
F ∈ L2(µ) can be decomposed uniquely as F (w) =

∑
α∈J cαHα(w), where cα ∈ R

for all α ∈ J .
For defining the integration w.r.t. fBm of random functions we will make use of

the Hida test function space (a subspace of L2(µ)) and Hida distribution space (a
superset of L2(µ)), which we denote by (S)H and (S)∗H , respectively (see [34] for their
definitions). Let ψ(w) =

∑
α∈J aαHα(w) ∈ (S)H and let G(w) =

∑
β∈J bβHβ(w);

then we denote the action of G on ψ by 〈〈G,ψ〉〉:=
∑

α∈J α!aαbα.
For defining the integral w.r.t. fBm it is necessary to define (S)∗H -valued Pettis

integrals as follows.
Definition 3.1. A function Z : R → (S)∗H is (S)∗H integrable if 〈〈Z(t), ψ〉〉 ∈L1(R)

for all ψ ∈ (S)H . Then the (S)∗H integral of Z denoted by
∫

R
Z(t)dt is the unique el-

ement in (S)∗H such that〈〈∫
R

Z(t)dt, ψ

〉〉
=

∫
R

〈〈Z(t), ψ〉〉 dt for all ψ ∈ (S)H .(25)

Remark. t → BH
t is differentiable in (S)∗H ; i.e., fractional noise is a well-defined

object and we denote it by (WH
t ).

Below we describe the Wick product which is the last ingredient necessary for
describing the integration w.r.t. fBm.

Definition 3.2. Suppose F,G ∈ (S)∗H are given by

F (w) =
∑
α∈J

aαHα(w) and G(w) =
∑
β∈J

bβHβ(w).(26)

Then the Wick product F 
G of F and G is defined as

(F 
G)(w) =
∑

α,β∈J
aαbβHα+β(w).(27)

Remark. (S)H and (S)∗H are closed under the Wick product.

The Wick exponential exp� is defined as exp�(X) =
∑∞

n=0
X�n

n! , provided the
series converges in (S)∗H , where X�n = X 
 · · · 
 X (n factors). And we have that
exp�(〈w, f〉) = exp(〈w, f〉 − 1

2 |f |2φ) for f ∈ L2
φ(R) (see [16]).

Definition 3.3. Suppose Y : R → (S)∗H is such that Y (t) 
WH
t is integrable in

(S)∗H . Then
∫

R
Y (t)dBH

t is defined by∫
R

Y (t)dBH
t :=

∫
R

Y (t) 
WH
t dt.(28)

Lemma 3.4. Let L1,2
φ (µ) be as in (15). If Y ∈ L1,2

φ (µ), then
∫

R
YtdB

H
t exists as

an element of L2(µ) and its norm is given by ‖ Y ‖L1,2
φ

(µ).

For finding the equilibrium strategies we also make use of the Hida derivative
(which is called the Malliavin derivative in the context of Wiener space), which we
will define below. We first define the directional derivative.
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Definition 3.5. Suppose that F : S ′ → R and γ ∈ S ′. Then the directional
(Gateaux) derivative of F in the direction of γ is given by

DγF (w) := lim
ε→0

F (w + εγ) − F (w)

ε
if it exists in (S)∗H .(29)

Definition 3.6. F : S ′ → R is said to be differentiable if there is a map K : R →
(S)∗H such that

K(t, w)γ(t) is (S)∗H integrable

and DγF (w) =

∫
R

K(t, w)γ(t)dt for all γ ∈ L2(R).
(30)

Then DtF (w) := K(t, w) is said to be the Hida derivative of F .
We will make use of the Pothoff–Timpel test functions and distributions (see [29]

for the definitions) to define quasi-conditional expectation in the following sections.
We denote these spaces by G and G∗, respectively. The Hida derivative of the random
variables in G∗ exists.

Let F =
∑

α cαHα(w) ∈ G∗. Then the Hida derivative exists and is given by

DtF (w) =
∑
α

cα
∑
i

αiHα−εi(w)ei(t),(31)

where εi = (0, . . . , 0, 1, 0, . . . , 0) with the 1 in the ith component.
We proceed by defining the quasi-conditional expectation and then introducing

the fractional Clark–Ocone theorem which will be crucial in reducing the dynamic
optimization problems of the next section into static optimization problems.

Definition 3.7 (see [16]). If F ∈ G∗(µ) has the expansion

F (w) =

∞∑
n=0

∫
[0,T ]n

fn(dBH)⊗n,(32)

then its quasi-conditional expectation is given by

Ẽµ

{
F
∣∣Ft

}
=

∞∑
n=0

∫
[0,t]n

fn(dBH)⊗n.(33)

Note that Ẽµ

{
F
∣∣Ft

}
�= Eµ

{
F
∣∣Ft

}
in general. (Only for H = 1

2 is the quasi-
conditional expectation operator the same as the conditional expectation operator
on L2(µ).) However, the following holds: Ẽ

{
F
∣∣Ft

}
= F a.s. ⇔ F is Ft measurable.

The following feature of the quasi-conditional expectation will be helpful in the
computations in the next section:

Ẽ{F 
G|Ft} = Ẽ{F |Ft} 
 Ẽ{G|Ft} for F,G ∈ G∗.(34)

We will also need the notion of a quasi martingale which is defined as follows.
Definition 3.8. Suppose Mt is an (Ft) adapted process in G∗. It is called a

quasi martingale if

Ẽ
{
Mt

∣∣Fs

}
= Ms for all t ≥ s.(35)
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Lemma 3.9 (see [17]). Let F ∈ L1,2
φ (µ). Then Mt =

∫ t
0
FsdB

H
s is a quasi

martingale.
Now we will state the fractional Clark–Ocone theorem.
Theorem 3.10 (see [16]). Suppose G(w) ∈ L2(µ) is FT measurable. Define

ψ(t, w) = Ẽµ

{
DtG
∣∣Ft

}
, where DtG is the Hida derivative of G at t, which exists as

an element of G∗(µ). Then ψ ∈ L1,2
φ (µ) and

G(w) = Eµ{G} +

∫ T

0

ψ(t, w)dBH
t .(36)

4. Proof of Theorem 2.2. Recall that in Theorem 2.2, we consider the one-
dimensional state equation (7) where the pay-off function of player i is of the form (8).

As noted previously, we will employ the fractional Clark–Ocone formula and the
Wick calculus introduced in section 3 to find Nash equilibria for this type of game.
We begin this development by stating a fractional version of the Girsanov theorem,
which is given by [16].

Theorem 4.1 (see [16]). Suppose T > 0 and u : [0, T ] → R is continuous.
Suppose further that K : [0, T ] → R satisfies the equation∫ T

0

K(s)φ(s, t)ds = u(t), 0 ≤ t ≤ T,(37)

where φ is given by (13). Extend K to R by putting K(s) = 0 outside [0, T ]. Define
the probability measure µ̂ on FT by

dµ̂(w)

dµ(w)
= exp

(
−
∫ T

0

K(s)dBH
s − 1

2
|K|2φ

)
.(38)

Then B̂H
t =

∫ t
0
u(s)ds + BH

t is an fBm with respect to µ̂.
The dynamics of the state (7) can be written as

d(e−rtXt) − e−rt
N∑
i=1

αi(t)ui(t)dt = e−rt
N∑
i=1

βi(t)vi(t)(Cdt + dBH
t ).(39)

Let η and µ̂ be defined as in (12); i.e.,

η(T ) =
dµ̂

dµ
= exp

(
−
∫ T

0

K(s)dBH
s − 1

2
|K|2φ

)

= exp�

(
−
∫ T

0

K(s)dBH
s

)
,

(40)

where K is from (9). Then since K solves (37) for u(t) = C (see Lemma 7.1) and by
the fractional Girsanov formula, the process

B̂H
t = Ct + BH

t(41)

is an fBm with respect to µ̂ having the same Hurst parameter as the modulating
process in (7). Thus, the differential equation describing the flow of the state is
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given in terms of B̂H as

e−rtXt −
∫ t

0

e−rs
N∑
i=1

αi(s)ui(s)dt = x +

∫ t

0

e−rs
N∑
i=1

βi(s)vi(s)dB̂
H
s .(42)

To be able to find a Nash equilibrium, we will use the quasi-martingale approach
to stochastic control in the proof. (For another application of this approach see [17].)
We first find the best response of a player to the given strategies of other players and
for that we will use the fractional Clark–Ocone theorem (Theorem 3.10).

By (14) we have that e−rtXt−
∫ t
0
e−rs

∑N
i=1 αi(s)ui(s)dt ∈ L2(µ̂). And note that

by Lemma 3.9 and (14),
∫ t
0
e−rs

∑N
i=1 βi(s)vi(s)dB̂

H
s is a quasi martingale. Therefore

we have

Eµ̂

{
e−rtXt −

∫ t

0

e−rs
N∑
i=1

αi(s)ui(s)dt

}
= x.

Now let G be given by

G = e−rTFi −
∫ T

0

e−rs
N∑
j=1

αj(s)uj(s)ds.(43)

Assume G ∈ L2(µ̂). Then if

Eµ̂{G} = x,(44)

by the fractional Clark–Ocone formula (36) we have

G = x +

∫ T

0

Ẽµ̂

{
DsG

∣∣Fs

}
dB̂H

s .(45)

If we choose vi in (42) such that

vi(s) =
−
∑

j 	=i βj(s)vj(s) + ersẼµ̂

{
DsG

∣∣Fs

}
βi(s)

,(46)

then from (45) we see that XT = Fi.
By the above argument we can change the dynamic optimization problem of max-

imizing (8) under the dynamics (7) into a static optimization problem. In particular,
given the other players’ strategies, player i wishes to solve the following maximization
problem:

Ki(x) = sup
ui,Fi

{
Eµ

{∫ T

0

ciui(t)
γi

γi
dt +

biF
γ′
i

i

γ′
i

}
; given that

Eµ̂

⎧⎨⎩−
∫ T

0

e−rs
N∑
j=1

αj(s)uj(s)ds + e−rTFi

⎫⎬⎭ = x

}
,(47)

where the supremum is taken over Fi and (ui) such that

e−rTFi −
∫ T

0

e−rs
N∑
j=1

αj(s)uj(s)ds ∈ L2(µ̂).(48)
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This optimization problem can be solved by first considering for each λi > 0 the
unconstrained problem

Ci(x, λ) = sup
ui,Fi

{
Eµ

{∫ T

0

ciui(t)
γi

γi
dt +

biF
γ′
i

i

γ′
i

}

+λiEµ̂

{
−
∫ T

0

e−rs
N∑
j=1

αj(s)uj(s)ds + e−rTFi

}}
,

(49)

and then solving for λi from the slackness condition

Eµ̂

{
−
∫ T

0

e−rs
N∑
j=1

αj(s)uj(s)ds + e−rTFi

}
= x.(50)

Let us define, as before, the following random variable:

ρ(t, w) = Eµ

{
η(T )

∣∣Ft

}
,(51)

where η is from (40). Using the fact that

Eµ{η(T )ui(t)} = Eµ{ρ(t)ui(t)},(52)

we can solve (4) by maximizing pointwise, i.e., for each t and w, the functions

gi(ui) =
ciu

γi

i

γi
− λiρ(t, w)e−rt

N∑
j=1

αj(t)uj(53)

and hi(Fi) =
biF

γ′
i

i

γ′
i

− λiη(T,w)e−rTFi.(54)

Since 0 < γi < 1, these functions are concave, and therefore we can solve g′i(ui) = 0
and h′

i(Fi) = 0 to find the maximum points, which are given by

ui(t) =

(
λiρ(t, w)e−rtαi(t)

ci

) 1
γi−1

,(55)

and Fi =

(
λiη(T,w)e−rT

bi

) 1
γ′
i
−1

.(56)

Since αi(t) is bounded by assumption, (48) is satisfied. Note that at the Nash equi-
librium Fi is independent from the player index i, i.e., Fi = F e for all i. We will use
this condition to show that the Lagrange multipliers at the equilibrium are necessarily
linear in bi and then use the slackness condition to actually find their value. First we

will find Eµ{η(T )
1

γ′
i
−1 }. Note that

η(T )
1

γ′
i
−1 = exp

(
1

1 − γ′
i

∫ T

0

K(s)dBH
s +

1

2(1 − γ′
i)
|K|2φ

)

= exp

(
1

1 − γ′
i

∫ T

0

K(s)dBH
s − 1

2(1 − γ′
i)

2
|K|2φ

)
exp

(
2 − γ′

i

2(1 − γ′
i)

2
|K|2φ

)
.

(57)
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Since E

{
exp�

(∫ T

0

f(s)dBH
s

)}
= 1,(58)

for all f ∈ L2(µ), we have

E

{
η(T )

1
γ′
i
−1

}
= exp

(
2 − γ′

i

2(1 − γ′
i)

2
|K|2φ

)
.(59)

Therefore using (56) we obtain

EFi =

(
λi

bi

) 1
γ′
i
−1

exp

(
2 − γ′

i

2(1 − γ′
i)

2
|K|2φ − rT

γ′
i − 1

)
.(60)

It follows that

Fi = E{Fi} exp�

(
1

1 − γ′
i

∫ T

0

K(s)dBH
s

)
.(61)

From (61) we see that for a Nash equilibrium to exist, it is necessary that we have
γ′
i = γ′ and λe

i = mbi. From (4) we see that m is to be found from the slackness
condition:

Eµ

{∫ T

0

e−rtρ(t)

(
N∑
i=1

αi(t)

(
λe
iρ(t)e

−rtαi(t)

ci

) 1
γi−1

)
dt

+ e−rT η(T )

(
λe
iη(T )e−rT

bi

) 1
γ′
i
−1

}
= x.(62)

Note that by (40) we have the following:

η(T )
γ′

γ′−1 = exp

(
γ′

1 − γ′

∫ T

0

K(s)dBH
s +

γ′

2(1 − γ′)
|K|2φ

)

= exp�

(
γ′

1 − γ′

∫ T

0

K(s)dBH
s

)
exp

(
γ′

2(1 − γ′)2
|K|2φ

)
,

(63)

E

{
η(T )

γ′
γ′−1

}
= exp

(
γ′

2(γ′ − 1)2
|K|2φ

)
.(64)

Using Theorem 3.2 of [15], ρ(t, w) can be written as

ρ(t, w) = exp

(
−
∫ t

0

ζt(s)dB
H
s − 1

2
|ζt|2φ
)
,(65)

where ζt is given by(
(−∆)−(H−1/2)ζt

)
(s) =

(
(−∆)−(H−1/2)K

)
(s), 0 ≤ s ≤ t,

ζt(s) = 0, s < 0 or s > t,
(66)

with the operator (−∆)−(H−1/2) on L2(µ) defined by (11).
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Thus

E

{
ρ

γi
γi−1

t

}
= E

{
exp

(
γi

1 − γi

∫ T

0

ζt(s)dB
H
s − γ2

i

2(1 − γi)2
|ζt|2φ

+
γi

2(1 − γi)
|ζt|2φ +

γ2
i

2(1 − γi)2
|ζt|2φ

)}
,(67)

from which we conclude that

E
{
ρ(t)

γi
γi−1

}
= exp

(
γi

2(1 − γi)2
|ζt|φ
)
,(68)

so that m can be solved from (62), which leads to the following equation:

N∑
i=1

∫ T

0

m
1

γi−1 b
1

γi−1

i αi(t)
γi

γi−1 e
−rt

γi
γi−1 exp

(
γi

2(1 − γi)2
|ζt|φ
)
dt

+m
1

γ′−1 e
−rT γ′

γ′−1 exp

(
2γ′|K|φ

2(1 − γ′)2

)
= x.

(69)

After solving for m using (69), then by (55) and (56) we have the final state at the
equilibrium and strategy ui for player i leading to that state, given, respectively, by

F e = m
1

γ′−1 η(T )
1

γ′−1 e
−rT

γ′−1(70)

and

ue
i (t) =

(
mbiαi(t)

ci
e−rtρ(t, w)

) 1
γi−1

.(71)

Observe that these controls are not Markovian. (In a Brownian motion setting the
controls were assumed to be Markovian at the outset so that the HJB equations for
an equilibrium solution can be developed [6], [11], and [27].)

Now we will proceed to find (vi) at the equilibrium, which is the second component
of the players’ strategies. For this we will again make use of the fractional Clark–
Ocone formula.

Suppose Ge is given by

Ge = e−rTF e −
∫ T

0

e−rs
N∑
i=1

αiu
e
i (s)ds.(72)

Since there is a unique adapted process ψ(t, w) such that

Ge = Eµ{Ge} +

∫ T

0

ψ(t, w)dB̂H
t ,(73)

which, from the Clark–Ocone formula, is given by

ψ(t, w) = Ẽµ̂

{
DtG

e
∣∣Ft

}
,(74)
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it can now be seen immediately that any adapted (vei ) that satisfies

Ẽµ

{
DtG

e
∣∣Ft

}
= e−rt

N∑
i=1

βiv
e
i (t)(75)

is an equilibrium strategy.

To obtain a more explicit expression, we will compute Ẽµ̂{DtG
e|Ft}. Using (70)

and (71), Ge is given by

Ge(T,w) = m
1

γ′−1 e
−rT γ′

γ′−1 η(T,w)
1

γ′−1

−
∫ T

0

N∑
i=1

αi(t)
γi

γi−1

(
mbi
ci

) 1
γi−1

e
−rt

γi
γi−1 ρ(t, w)

1
γi−1 dt.(76)

To calculate the quasi-conditional expectation of the Hida derivative of Ge we will
first find it for the stochastic part of the first term on the right-hand side of (76).
Define R as

R = exp

(
2 − γ′

(1 − γ′)2
|K|2φ − C

1 − γ′

∫ T

0

K(s)ds

)
.(77)

Using the chain rule, (41), and (33), we have

Ẽµ̂

{
Dtη(T )

1
γ′−1

∣∣Ft

}
= Ẽµ̂

{
K(t)

1 − γ′ η(T )
1

γ′−1

∣∣Ft

}
=

K(t)

1 − γ′RẼµ̂

{
exp�

(
1

1 − γ′

∫ T

0

K(s)dB̂H
s

)∣∣Ft

}

=
K(t)

1 − γ′R exp�
(

1

1 − γ′

∫ t

0

K(s)dB̂H
s

)
=

K(t)

1 − γ′ exp

(
1

1 − γ′

∫ T

0

K(s)dBH
s − C

1 − γ′

∫ T

t

K(s)ds

+
2 − γ

2(1 − γ2)
|K|2φ − 1

1 − γ
|K1[0,t]|2φ

)
.

(78)

Now we will find the quasi-conditional expectation of the Hida derivative of the
stochastic part of second term on the right-hand side of (76) using (65), i.e.,

Ẽµ̂

{
Dt

(
e
−ru

γi
γi−1 ρ(u)

1
γi−1
)∣∣Ft

}
=

ζu(t)

1 − γi
e
−ru

γi
γi−1 exp

(
1

1 − γi

∫ t

0

ζu(s)dBH
s − C

1 − γi

∫ u

t

ζu(s)ds

+
2 − γi

2(1 − γi)2
|ζu|2φ − 1

1 − γi
|ζu1[0,t]|2φ

)
.

(79)

Using (75) and (76), we have the result for the second component for the players’
equilibrium strategies, and this concludes the proof of Theorem 2.2.
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5. Extension of the Wick calculus to arbitrary Gaussian processes. Al-
though the results of the preceding sections have considered the explicit case in which
the modulator in (1) is fBm, these results can be extended to the situation in which
the modulator is a more general Gaussian process within sufficient regularity. This re-
quires the extension of the Wick calculus to more general Gaussian processes. In this
section, we sketch how this extension can be accomplished. The first step in extending
the fractional noise machinery introduced in section 3 to more general Gaussian pro-
cesses is the following theorem due to Loève [21] for integrating deterministic functions
with respect to second-order processes.

Theorem 5.1 (see [21]). Suppose that X is a zero-mean process such that E{X2
t }

< ∞ for all t, and denote its covariance function by R. Then, for −∞<a<b<∞,∫ b

a

f(t)dXt(80)

exists as the L2-limit of Riemann sums if and only if

|f |2R :=

∫ b

a

∫ b

a

f(t)f(s)d2R(s, t) < ∞.(81)

Henceforth X will denote a Gaussian process. By the Bochner–Minlos theorem,
there exists a unique probability measure on the space of tempered distributions such
that 〈·, f〉 : Ω → R is a Gaussian random variable with mean 0 and variance |f |2R.

We will denote L2(µ) by L2(X), and H(X) will denote the linear space of X, i.e.,
the closed subspace of L2(X) spanned by Xt for all t ∈ [a, b] (i.e., the first Wiener
chaos). As in [18] we construct Λ(R), a Hilbert space of deterministic integrable
“functions” isomorphic to H(X) by completing the pre-Hilbert space of step functions
S with the inner product

〈f, g〉S =

∫ ∫
f(t)g(s)d2R(t, s)(82)

for any f, g ∈ S. Then the integration operator defined on the set of step functions
(the integration with respect to X) can be extended to an isomorphism between H(X)
and Λ(R). (The elements of Λ(R) are generalized functions, i.e., distributions [28].)

As a second step we will define the Wick-integrability of a random process with
respect to a Gaussian process. This is done by utilizing the tensor product structure
of the space L2(X). Let us define the tensor product of Hilbert spaces.

Definition 5.2. The algebraic tensor product H1 ⊗H2 of Hilbert spaces H1 and
H2 is a pre-Hilbert space with the following inner product:

〈h1 ⊗ h2, g1 ⊗ g2〉H1⊗H2 := 〈h1, g1〉H1〈h2, g2〉H2(83)

for gi, hi ∈ Hi and i = 1, 2. The closure of this pre-Hilbert space is the tensor product
of Hilbert spaces, which will still be denoted by H1 ⊗ H2. H1⊗̃H2 will denote the
symmetrized tensor product.

Then we have the following Wiener chaos isomorphism theorem.
Theorem 5.3 (see [19]). ⊕p≥0H

⊗̃p(X) is isomorphic to L2(X) with the unique
isomorphism Φ defined by

Φ(ξ⊗̃α1
1 ⊗̃ · · · ⊗̃ξ⊗̃αk

k ) =
1√
p!

k∏
j=1

hαj (ξj),(84)
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where ξi ∈ H(X) for all i are orthonormal; p = |α| = α1 + · · · + αk. Here hn is the
Hermite polynomial of degree n (see Appendix C of [14]).

Note that for a random variable ξ ∈ H(X) with unit variance we have

Φ(e⊗̃ξ) = exp

(
ξ − 1

2

)
,(85)

where the exponential is defined by e⊗̃ξ =
∑

p≥0
ξ⊗̃p√

p!
.

We proceed as in [18] and in order to define the integral of a stochastic process
with respect to X, we first define a tensor product integral, denoted by

∫
Ft ⊗ dXt,

and its domain, denoted by Λ(R)L2(X).
Suppose SL2(X) is the pre-Hilbert space of the L2(X)-valued step functions Ft,

Ft =

N∑
i=1

Fi1(ti,ti+1],(86)

for (ti, ti+1] ∈ [a, b], and Fi ∈ L2(X), equipped with the inner product

〈F,G〉 =

∫ ∫
〈Ft, Gs〉L2(X)d

2R(t, s).(87)

Let Λ(R)L2(X) denote the completion of SL2(X). For the F ∈ SL2(X) given in (86)
define the integral I⊗ as

∫
Ft ⊗ dXt =

N∑
i=1

Fti ⊗ (Xti+1
−Xti).(88)

Since this integral is a norm-preserving linear map, it has a unique extension to an
isomorphism from Λ(R)L2(X) into L2(X) ⊗H(X). We will construct a map Ψ from
L2(X) ⊗ H(X) into L2(X) and call the composition of the two maps, Ψ(I⊗), the
stochastic integral. We start by defining the linear map

Ψp : H⊗̃p(X) ⊗H(X) → H⊗̃p+1(X)(89)

by

Ψp

((
ξ⊗̃α1
1 ⊗̃ · · · ⊗̃ξ⊗̃αk

k

)
⊗ ξl

)
= (p + 1)

1
2 ξ⊗̃α1

1 ⊗̃ · · · ⊗̃ξ⊗̃αk

k ⊗̃ξl,(90)

where (ξi) ∈ H(X) is an orthonormal set of random variables, α1 + · · · + αk = p.
Ψp can be extended uniquely to a bounded linear map with norm (p + 1)1/2 from

H⊗̃p(X) ⊗H(X) onto H⊗̃p+1(X).

Now define Ψ∗ as the map from ⊕p≥0H
⊗̃p(X) ⊗ H(x) onto ⊕p≥1H

⊗̃p(X), by

Ψ∗ = ⊕p≥0Ψp, viz., the restriction of Ψ∗ to H⊗̃p(X) ⊗H(X) is Ψp. The domain of
the operator Ψ∗ is given by

D∗ =
{
η ∈
(
H⊗̃α1(X) ⊕ · · · ⊕H⊗̃αm(X)

)
⊗H(X) : α1 + · · · + αm < ∞

}
,(91)

so that
∑

p≥0 ‖Ψp(ηp)‖2 < ∞, where ηp is the projection of η on H⊗̃p(X) ⊗H(X).
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By Theorem 5.3, ⊕p≥0H
⊗̃p(X) is isomorphic to L2(X). Therefore (⊕p≥0H

⊗̃p(X))⊗
H(X) is isomorphic to L2(X) ⊗ H(X). Denote this isomorphism by Φ0. Let D =
Φ0(D∗), which is a proper subset of L2(X) ⊗H(X). Then define Ψ by

Ψ = Φ ◦ Ψ∗ ◦ Φ−1
0 .(92)

We define the Wick product of V ∈ L2(X) and W ∈ H(X) as

V 
W := Ψ(V ⊗W ).(93)

Note that V 
W is in L2(X) if and only if V ⊗W ∈ D ⊗H(X).
The integral

∫
Ft 
 dXt is then defined by∫ b

a

Ft 
 dXt = Ψ ◦ I⊗(F )(94)

for all F such that I⊗(F ) =
∫
Ft ⊗ dXt ∈ D. The set of all F ’s in the domain of

integration is denoted by Λ(R)∗L2(X). Then we have the Itô representation formula as

a result of the multiple Wiener integral (MWI) representation of the random variables
in L2(X) [18] and the fact that each MWI can be written as an iterated integral.

Theorem 5.4 (see [18]). Every θ ∈ L2(X) has the representation

θ = E{θ} +

∫ b

a

Ft 
 dXt(95)

for an F ∈ Λ(R)∗L2(X) that is adapted to the filtration generated by X.

Now let us define the Wick product of two elements in L2(X). As a first step we
define Υp,q,

Υp,q : H⊗̃p(X) ⊗H⊗̃q(X) → H⊗̃p+q(X),(96)

as

Υp,q

((
ξ⊗̃α1
γ1

⊗̃ · · · ⊗̃ξ⊗̃αk
γk

)
⊗
(
ξ⊗̃β1

λ1
⊗̃ · · · ⊗̃ξ⊗̃βl

λl

))
=

√
(p + q)!

p!q!
ξ⊗̃α1
γ1

⊗̃ · · · ⊗̃ξ⊗̃αk
γk

⊗̃ξ⊗̃β1

λ1
⊗̃ · · · ⊗̃ξ⊗̃βl

λl
(97)

for any (ξγ) that is an orthonormal set in H(X).
Let Υ = ⊕p≥0 ⊕q≥0 Υp,q; then we define the Wick product of the W,V ∈ L2(X)

as

W 
 V := Φ
(
Υ
(
Φ−1(W ) ⊗ Φ−1(V )

))
.(98)

Note that L2(X) is not closed under 
, since the tensor product of the random vari-
ables may not be in the domain of Υ. Then one can define the Hida distribution
space, use (98) as the definition of the Wick product over this space, and see that the
Wick product so defined is closed over these spaces.

The main machinery we use to develop strategies leading to a Nash equilibrium
are the Girsanov formula (the absolute continuity of the translated measure w.r.t. the
original measure) and the Clark–Ocone formula. These can be extended to a more
general Gaussian modulator with regularity. The Girsanov theorem, Theorem 4.1,
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can be stated for sufficiently regular Gaussian processes. (The proof of the Girsanov
theorem in [16] does not make use of the explicit expression for φ.) The derivation of
the Clark–Ocone theorem (Theorem 3.10) is done by using only the tensor product
structure of the space L2 (Theorem 5.3) and the spaces of generalized random vari-
ables. Defining the Hida derivative and the quasi-conditional expectation operator
(w.r.t. which X is a quasi martingale) for the Gaussian process X, we can restate the
Clark–Ocone theorem. Now replacing ζt in Theorem 2.2 by ϑt such that

E

{∫ T

0

K(s)dXs

∣∣∣∣Ft

}
=

∫ t

0

ϑt(s)dXs,(99)

we have a Nash equilibrium theorem for a general Gaussian process. Note that unlike
the case of fBm, we cannot in general write ϑ explicitly in terms of K.

Hence, we cannot give an explicit solution for the Nash equilibrium. A general
multidimensional theorem can also be restated for a multidimensional Gaussian pro-
cess with independent components (the components do not have to be identical) by
making the conceptual modifications as in the one-dimensional case.

6. Conclusion. In this paper we have explicitly found Nash equilibria for a
stochastic differential game in a non-Markovian setting. In this game, the agents
modify the dynamics of a common observable state by modifying its drift and volatil-
ity. The agents are heterogeneous in their controls and utility functions. We have
taken the modulating process to be fractional Brownian motion, since fBm is versatile
in modeling long-range dependence phenomena in finance and networks.

Since the diffusion is modulated by a non-Markovian process, the usual way of
finding Nash equilibria via HJB equations is not available. Therefore we have made
use of the fractional noise calculus to calculate the agents’ Nash equilibrium strategies.
Although we have taken the modulating process of the diffusions to be fBm, our results
hold for more general Gaussian modulating processes with only slight modifications
to the white noise machinery.

Our results are applicable to financial markets in which stock price dynamics are
modulated with fractional Brownian motion. One of the candidate applications is
stock price modeling when each agent’s activities in the market affect the price flow
(institutional investors are such examples) or if there are transaction costs. This work
is also applicable to stochastic portfolio games, in which agents compete for a bonus.

7. Appendix.
Lemma 7.1 (see [20]). Let f : [0, T ] → R be a continuous function and introduce

the following integral equation:∫ T

0

f̂(s)φ(s, t)ds = f(t) for t ∈ [0, T ],(100)

where φ is given by (13). The solution to this equation is given by

f̂(t) = − 1

dH
t

1
2−H d

ds

∫ T

t

dww2H−1(w − t)
1
2−H d

dw

∫ w

0

dzz
1
2−H(w − z)

1
2−Hf(z),

(101)

where

dH = 2H(2H − 1)

(
Γ

(
3

2
−H

))2

Γ(2H − 1) cos

(
π

(
H − 1

2

))
.(102)
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Corollary 7.2. If we take f(t) = C on [0, T ] in the integral equation given by

(100), then the solution f̂(t) is given by

f̂(t) =
C

kH
t

1
2−H(T − t)

1
2−H ,(103)

where

kH = 2H(2H − 1)Γ(2 − 2H)Γ(2H − 1) cos

(
π

(
H − 1

2

))
.(104)

Proof. The proof can be found in [16], but we present it here for the sake of
completeness:

f̂(t) = − 1

dH
Ct

1
2−H d

ds

∫ T

t

dww2H−1(w − t)
1
2−H d

dw

∫ w

0

dzz
1
2−H(w − z)

1
2−H .(105)

Note that ∫ w
0

z
1
2−H(w − z)

1
2−Hdz

w2−2H
= B

(
3

2
,
3

2

)
=

Γ
(

3
2 −H

)2
Γ(3 −H)

,(106)

where B(·, ·) is the beta function given by

B(x, y) =

∫ 1

0

tx−1(1 − t)y−1dt.(107)

Hence

d

dw

∫ w

0

z
1
2−H(w − z)

1
2−Hdz =

Γ
(

3
2 −H

)2
Γ(2 −H)

w1−2H .(108)

Using (108) it is not hard to evaluate (105) to get (103).
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THE INSTABILITY OF OPTIMAL CONTROL PROBLEMS
TO TIME DELAY∗
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Abstract. This paper considers a general optimal control problem with a small time delay ∆
in both the state and control. The objective is to find a correct way to neglect the delay or, in other
words, to construct a well-posed instantaneous approximation of the delayed problem. The natural
way to do so is by merely ignoring the delay in the model. It is shown that this way is almost always
incorrect: it gives rise to an error that does not vanish as ∆ → +0, and so results in an ill-posed
model. A proper approximation of the delayed problem is offered.

Key words. optimal control, time delay, stability, well-posedness
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1. Introduction. The time delay optimal control problem is a good model of
a wide range of real-life phenomena. Unfortunately, the solution of such problems
encounters considerable troubles in even the simplest cases. This impels one to employ
instantaneous models whenever the delay is small. The conventional way to construct
such a model is via merely ignoring the delay. Is this correct? To get an answer,
we consider infinitely small delays and analyze the error that accrues from neglecting
them. At first sight, the outcome of such an analysis can be easily foreseen and comes
to the platitude: the error must be infinitely small as well. This is true indeed if
the delay occurs only in the state. However, in the case of the delayed control, this
platitudinous property fails to be true not only in general but also “almost always.”
Therefore the natural way to ignore the delay results in an ill-posed model and so
is not acceptable. The objective of this research is to justify these claims and offer
well-posed instantaneous approximations of optimization problems with small delays.

The motivation of the issues addressed in this paper comes from many sources.
For example, due to the recent growth in communication technology, it is becoming
more common to employ digital finite capacity channels for communicating infor-
mation from controllers to actuators. Not only quantization but also time delay is
inherent in transmission via such channels. Moreover, serial digital networks have
become popular to serve complex systems with spatially distributed components like
advanced aircraft, spacecraft, automotive, industrial and defense systems, arrays of
microactuators, power control in mobile communication, multiagent mobile robots,
etc. The delay effects are typically enhanced in networks. Indeed, then transmission
delays are combined with those induced by the protocol to resolve conflicts between
several data sources sharing a common channel [11]. These communication delays
are usually small. So as a rule, they are ignored at the theoretical stage of controller
design. There are two more reasons to do so. First, in many cases the communication
delays are irregular and a priori unknown [11]. Second, ironically, the smaller the
delay the harder the delayed optimization from the computational point of view.
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In this paper, we consider an optimal control problem in the situation where con-
trols are transmitted to the actuators over two channels. One of them is instantaneous
whereas the other provides a constant delay ∆ ≈ 0. Modulo a shift of the time, this
also includes the case where the delays in both channels are nonzero and close to each
other. All measurable controls are admissible. This situation is the simplest among
those worth studying. However, it is enough to reveal all major points and so is a
good option to start with.

We compare the delayed problem with its natural limit model (problem) that
results from putting ∆ := 0. We show that in general this problem is not a proper
(well-posed) approximation of the delayed one: the optimal value of the cost functional
in the latter does not converge to that in the former as ∆ → +0. Moreover, this
phenomenon is robust and occurs for almost all delayed problems; the corresponding
problems constitute an open and dense subset in the space of all problems. (Any
problem is identified with its data.)

Thus the natural way to neglect the delay is almost always incorrect. What is the
correct one? As an answer to this question, a proper “limit” (as ∆ → 0) of the delayed
problem is found. In brief, this is an instantaneous (∆ = 0) optimal control problem
well posed by perturbation [4, 24] of the delay. Here the perturbed problem is the
original ∆-delayed one. More specifically, the minimum values of the cost functionals
in the limit and ∆-delayed problems, respectively, are close: the latter converges to
the former as ∆ → 0. Moreover, solution of the limit problem gives an exhaustive
description of the asymptotically optimal ∆-parametric control sequences. For the ∆-
delayed problem, the control from such a sequence provides the level of performance,
which differs from the optimal one by a vanishing (as ∆ → 0) quantity. The above
description is given by the fact that a sequence is asymptotically optimal if and only
if it converges to the set of all optimal controls in the limit problem.

The proper limit problem is not standard, in contrast with the natural limit
model. This promotes the interest to the cases where the natural model is yet well-
posed. Such a case occurs if and only if the optimal values of the cost functionals in
the two concerned problems coincide. This criterion is exhaustive but not relevant
in the current context since it employs the proper limit problem. We show that the
wellposedness of the natural model is not recognizable if the knowledge about the
system is confined to only this model. Moreover, then it is impossible to estimate to
which extent this model may be ill-posed. Thus information is required about the
delayed model, though not the values of the delays. We also offer a simple sufficient
criterion. It is far from being exhaustive but deals with a popular situation where
the system’s equations and the cost functional are linear and convex, respectively, in
controls, and the domain of admissible controls is also convex.

As will be shown, the defect of the natural limit model is that it conceals certain
possibilities to improve the performance. What is their source? We show that they are
due to chattering controls. To this end, we examine the level of performance attainable
under constraints on the rate of chattering. More precisely, we consider optimization
in a class of sampled controls. The above constraints are given by the lower bound q
of the sample period, which is commensurable with the delay: q/∆ → N ∈ [0,∞] as
∆ → +0.

Optimization over sampled controls is of interest in its own right. For example,
sampling of controls is typical for computer controlled systems. The sample period is
usually commensurable with transmission delays in digital channels communicating
information from controllers to actuators. Then the class of all measurable controls is
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not relevant; it can be accepted only if the delays are much greater than the sample
period.

We show that the harder the constraint on the rate of chattering (i.e., the larger
the N), the worse the limit (as ∆ → 0) optimal performance, and so the smaller the
“gap” between the delayed problem and its natural limit model. For N = ∞ (the
sample period is much greater than the delay), the gap disappears; i.e., the natural
limit model becomes proper in the class of sampled controls. Typically, this is the
only case where this model is proper. The limit problem that is proper in the class
of all measurable controls remains proper for sampled ones if and only if the lower
bound of the sample period does not exceed the delay N ≤ 1. At the same time,
neither of these two problems is proper if 1 < N < ∞. Moreover, no pair N1 �= N2

can be served by a common proper limit problem. So the parameter N is essential for
construction of a well-posed limit problem. This problem is also explicitly described.

Up to now, not much attention was given to stability (wellposedness) of optimal
control problems with respect to perturbation of the delay. The research activity
was focused on the case where the delay occurs in the state alone. It was shown
in [3, 20] that the trajectory of an uncontrolled delayed equation depends on the delay
continuously. Conditions under which such an equation exhibits the same asymptotic
behavior as that without delay were offered in [8]. An optimal control problem with
time delay in the state was studied in [7]. It was shown that a small perturbation of
the delay causes a small disturbance of the optimum. The bounds for certain Dini
derivatives of the cost functional optimal value with respect to the delay were also
established. By the author’s knowledge, the current paper pioneers an analysis of
stability with respect to the delay in control.

An introduction to delayed optimal control problems can be found in [16, 17, 22].
The study of the maximum principle for such problems was initiated in [12]
and continued in [1, 2, 5, 6, 13, 14, 15, 22]. Relaxation issues were addressed in
[18, 19, 22, 23].

The paper is organized as follows. Sections 2 and 3 offer the statement of the
optimization problem and a simple example illustrating illposedness of the natural
limit problem, respectively. Section 4 shows that this problem is almost always ill-
posed. In section 6, we discuss when this problem is yet proper. The well-posed limit
problem is presented in section 5. Section 7 discusses optimization in the class of
sampled controls. The remainder of the paper is devoted to proofs. They employ
certain limits of the set of admissible controls, which are introduced in section 8.
Section 9 reveals their general properties. Computation of these limits in section 11
is based upon calculation of extremal points of a polygon in the space of matrices,
which is done in section 10. Finally, sections 12, 13, and 14 contain the proofs of the
results stated in sections 5, 4, and 6, respectively.

2. The problem statement and assumptions. We consider time delay opti-
mal control problems of the form

minimize

∫
T

ϕ [t, x(t), x(t− ∆), u(t), u(t− ∆)] dt subject to(2.1)

ẋ(t) = f [t, x(t), x(t− ∆), u(t), u(t− ∆)] a.a. t ∈ T := [t0, t1] ,(2.2)

x(t) = a(t) for t ∈ [t0 − ∆, t0] ,(2.3)

u(t) ∈ Ω a.a. t ∈ [t0 − ∆, t1] .(2.4)
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Here “a.a.” means “for almost all.” The state x = x(t) ∈ R
n and the control u =

u(t) ∈ R
m are absolutely continuous and measurable functions of time t ∈ [t0−∆, t1],

respectively. We interpret the delay ∆ > 0 as the parameter of the problem, which is
denoted by P(∆).

Definition 2.1. The natural limit problem is the problem P(0) obtained by
ignoring the delay in (2.1)–(2.4)

minimize

∫ t1

t0

ϕ [t, x(t), u(t)] dt subject to(2.5)

ẋ(t) = f [t, x(t), u(t)] , u(t) ∈ Ω a.a. t ∈ T, x(t0) = a0, where(2.6)

ϕ(t, x, u) := ϕ(t, x, x, u, u), f(t, x, u) := f(t, x, x, u, u), a0 := a(t0).(2.7)

Can this problem be considered as a proper (well-posed) instantaneous approxi-
mation of the delayed one P(∆) with ∆ ≈ 0? The answer is in the affirmative only
if

lim
∆→+0

Iopt(∆) = Iopt(0),(2.8)

where Iopt(∆) is the infimum of the cost functional in the problem P(∆). Our first
objective is to check whether relation (2.8) is true or not.

For definiteness, we consider delays ∆ ∈ (0, 1). Suppose that in (2.1)–(2.4),
(i) the set Ω ⊂ R

m is compact and contains at least two points;
(ii) the functions f(t, x1, x2, u1, u2) ∈ R

n and ϕ(t, x1, x2, u1, u2) ∈ R of the vari-
ables t ∈ T = [t0, t1], x1, x2 ∈ R

n, and u1, u2 ∈ Ω are continuous and contin-
uously differentiable with respect to x1 and x2;

(iii) the function a(·) : [t0 − 1, t0] → R
n is absolutely continuous;

(iv) for any ∆ ∈ [0, 1) and any measurable control u(·) : [t0 − ∆, t1] → Ω, the
Cauchy problem (2.2), (2.3) has a solution x(·) : [t0 − ∆, t1] → R

n such that
|x(t)| ≤ k < ∞, where the constant k does not depend on t ∈ [t0 − ∆, t1],
u(·), or ∆ ∈ [0, 1).

It follows from (i)–(iv) that Iopt(∆) > −∞.

3. Example. We start with a simple example of the situation where the natural
limit model is not a proper approximation of the delayed problem. This example is
as follows:

(3.1) minimize I := x1(1)2 + x2(1)2 subject to x1(0) = x2(0) = 0,

ẋ1(t) = min{u(t), u(t− ∆)}
ẋ2(t) = 1 − max{u(t), u(t− ∆)}, 0 ≤ t ≤ 1, 0 ≤ u(t) ≤ 1, −∆ ≤ t ≤ 1.

The natural limit problem results from putting ∆ := 0 here is

(3.2) minimize x1(1)2 + x2(1)2 subject to

ẋ1 = u, ẋ2 = 1 − u, 0 ≤ u = u(t) ≤ 1, t ∈ [0, 1], x1(0) = x2(0) = 0.

In this problem, the trajectories obey the relation x1(t) + x2(t) = t. So it is easy to
see that the states attainable at time t = 1 constitute the segment S = {(x1, x2) =
(θ, 1− θ) : 0 ≤ θ ≤ 1}. Hence the minimum of the cost functional in the natural limit
problem equals 1/2.
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At the same time, the minimum of the cost functional in the original ∆-delayed
problem is 0 irrespective of the delay value ∆ > 0. This minimum is attained at the
control

u(t) =

{
0 for t ∈ [(i− 1)∆, i∆) ∩ [0, 1], i = 0, 2, 4, . . . ,

1 for t ∈ [i∆, (i + 1)∆) ∩ [0, 1], i = 0, 2, 4, . . . .
(3.3)

Indeed this control is such that for almost all t, one of the numbers u(t), u(t − ∆)
equals 0 whereas the other is 1. Hence ẋ1(t) = ẋ2(t) = 0 ⇒ x1(·) ≡ x2(·) ≡ 0 and so
I = 0.

Thus in this example, the natural limit problem is not a proper approximation of
the delayed problem with ∆ ≈ 0. The “gap” (i.e., the discrepancy between the optimal
values of the cost functionals) between these problems amounts to 1/2 and does not
depend on ∆.

Formula (3.3) resembles that giving the standard chattering control sequence [18,
19, 22], i.e., a sequence of ordinary controls approximating a randomized one. Such
sequences are used in studies of optimal control existence. As is known, there may be
no ordinary optimal control. However, for a wide class of problems, the optimum is
necessarily attained at some randomized control. Approximation of this control by the
above sequence yields a minimizing sequence of ordinary controls, i.e., an asymptotic
solution of the original problem.

It should be stressed that in the current context, the situation is different. Formula
(3.3) associates not a sequence but a single control with a given ∆-delayed problem.
There is no problem with existence of optimal controls; they exist in problems (3.1)
and (3.2).

Illposedness of the problem (3.2) is due to the fact that even if ∆ ≈ 0, the set
X(∆) of trajectories x = [x1(·), x2(·)] generated in the delayed model (3.1) sufficiently
differs from that X(0) related to the natural limit problem (3.2). Indeed, it is easy to
see that

X(0) =
{

x : ẋ1(t) + ẋ2(t) = 1 0 ≤ ẋi(t) ≤ 1 a.a. t, xi(0) = 0, i = 1, 2
}
.

At the same time, X(∆) contains the zero trajectory x1(·) ≡ x2(·) ≡ 0, which does not
belong to the closed convex set X(0). Thus X(∆) �→ X(0) (in any reasonable sense) as
∆ → 0. It can be shown that in fact X(∆) ≈ Xlim for ∆ ≈ 0, where Xlim results from
putting ẋ1(t) + ẋ2(t) ≤ 1 in place of ẋ1(t) + ẋ2(t) = 1 in the formulas for X(0). (We
do not prove this fact since it is not used further. It easily follows from the results of
sections 8–11.) Thus X(∆) with ∆ ≈ 0 is sufficiently larger than X(0).

Unlike (2.1), we considered a terminal cost functional in this section to underscore
that the phenomenon of illposedness is not caused by the form of this functional.

4. Illposedness of the natural limit model. Now we revert to the problem
(2.1)–(2.4).

Lemma 4.1. The limit lim∆→+0 Iopt(∆) in (2.8) exists and is finite.
The proofs of the results presented in this section will be given in section 13.
Our first theorem shows that in general the natural limit problem is ill-posed.
Theorem 4.2. Given an interval T = [t0, t1] and a set Ω satisfying (i), there

exists problem (2.1)–(2.4) for which the properties (ii)–(iv) hold and relation (2.8)
violates

lim
∆→+0

Iopt(∆) < Iopt(0).(4.1)
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This inequality means that the natural limit problem conceals certain possibilities
of improving the performance.

Now we are going to analyze whether the property (4.1) is typical or not. In
doing so, it is natural to compare the variety of all of problem (2.1)–(2.4) with the set
of those for which (4.1) holds. To this end, we fix the interval T and the set Ω. We
also identify the problem (2.1)–(2.4) with the triplet of functions ξ := [f(·), ϕ(·), a(·)].
The linear space Ξ of all such triplets ξ satisfying (ii) and (iii) is equipped with the
locally convex topology generated by the following c-parametric (c > 0) family of
hemi-norms:

Hc(ξ) :=
∑

r=f,ϕ,∂f/∂xi,∂ϕ/∂xi,i=1,2

max |r(t, x1, x2, u1, u2)| + max
t∈T 0

|a(t)| + |ȧ(·)|1,
(4.2)

where the first maximum is over t ∈ T, |xi| ≤ c, ui ∈ Ω, and T 0 := [t0−1, t0], |ȧ(·)|1 :=∫
T 0 |ȧ(t)| dt. As can be shown, the set Ξ(iv) ⊂ Ξ of all triplets ξ ∈ Ξ satisfying (iv) is

open.
Theorem 4.3. Given an interval T = [t0, t1] and a set Ω satisfying (i), consider

the set Ξ(4.1) of all triplets ξ ∈ Ξ(iv) for which (4.1) is valid. The set Ξ(4.1) is nonempty
and open. If the domain Ω is connected, then the set Ξ(4.1) is dense in Ξ(iv).

The second claim means that the phenomenon (4.1) is typical.

5. The proper instantaneous (limit) model of the delayed optimal con-
trol problem. We recall that this is an instantaneous (undelayed) optimal control
problem P such that first, the minimum of the cost functional in P equals the limit
from (4.1) and second, the solution of this problem provides a complete character-
ization of asymptotically optimal sequences of controls in the original ∆-parametric
family of problem (2.1)–(2.4). These sequences {u∆(·)} are those for which u∆(·) is
“almost optimal” in P(∆) for ∆ ≈ 0,

I∆ [u∆(·)] − Iopt(∆) → 0 as ∆ → +0.(5.1)

Here I∆ [u∆(·)] is the value of the cost functional from (2.1). More specifically, the
sequence is asymptotically optimal if and only if it converges to the optimal control in
the proper limit problem P if this control is unique, and to the set of all such controls
otherwise.

To introduce P, we need some notation. Following [22], we denote by frm(Ω2)
the collection of all Radon (finite regular Borel) measures in Ω2 := Ω × Ω and put

(5.2) srpm(Ω2) :=
{
η ∈ frm (Ω2) : η(du1, du2) ≥ 0, η(Ω2) = 1,

and the measure η is symmetric: η (du,Ω) = η (Ω, du)
}
.

(The last relation means that η(E × Ω) = η(Ω × E) for any Borel set E ⊂ Ω.)
By the Riesz theorem, frm(Ω2) is the topological dual to the space C(Ω2) of con-
tinuous functions g : Ω2 → R. We endow frm(Ω2) and, thereby, srpm(Ω2) with
the corresponding weak star topology. Denote by Gs the set of all measurable maps
ν : T → srpm(Ω2). They are controls in the proper limit problem, which is as follows:

minimize

∫
T

dt

∫
Ω2

ϕ [t, x(t), x(t), w] ν(t, dw) subject to ν ∈ Gs,(5.3)

ẋ(t) =

∫
Ω2

f [t, x(t), x(t), w] ν(t, dw), x(t0) = a0 := a(t0).(5.4)
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Theorem 5.1. Let the hypotheses (i)–(iv) be fulfilled. In the problem (5.3), (5.4),
the minimum of the cost functional is archived and equals lim∆→+0 Iopt(∆).

The proofs of the results presented in this section will be given in section 12.
The problem (5.3), (5.4) has several advantages over (2.1)–(2.4). For example,

along the lines of the theory of functional differential equations [10], the state space
in the latter should be viewed as infinite dimensional in contrast with the former.
Though another approach [21] reduces the problem (2.1)–(2.4) to one without delay
and with the state space of finite dimension k, this dimension is much greater k ≥
n(t1 − t0)/∆ ≫ n than that in (5.3), (5.4) if ∆ ≈ 0. Both interpretations reflect the
point of the matter and affect the formulations of basic optimization results such as
the maximum or dynamic programming principles [22].

The problem (5.3), (5.4) has deeper relations to the primal one, (2.1)–(2.4), as
compared with those indicated in Theorem 5.1. For example, the set R∆ of admissible
controls u : [t0 − ∆, t1] → Ω in the problem (2.1)–(2.4) converges to the set Gs from
(5.3) as ∆ → 0. To elucidate this claim, we need to embed both Gs and R∆ into
a common enveloping space. To this end, we denote by L1

[
T,C(K)

]
(where K is

a compact topological space) the Banach space of the equivalence classes of maps
g : T ×K → R such that the function g(·,κ) is measurable for all κ ∈ K, the function
g(t, ·) is continuous for almost all t ∈ T , and

‖g‖ :=

∫
T

max
κ∈K

|g(t,κ)| dt < ∞.(5.5)

The above equivalence g1 � g2 holds if and only if g1(t, ·) ≡ g2(t, ·) for almost all
t ∈ T . The norm in L1

[
T,C(K)

]
is given by (5.5). We also denote by frm(K)

and rpm(K) the collections of all the Radon and Radon probability measures in K,
respectively, and put

‖ν‖ := sup

∫
g(κ)ν(dκ) ∀ ν ∈ frm(K),

where sup is over g(·) ∈ C(K) with maxκ |g(κ)| ≤ 1. Denote by N (T,K) the
space of equivalence classes of measurable functions ν : T → frm(K) such that
ess supt ‖ν(t)‖ < ∞. This space can be put in duality to L1

[
T,C(K)

]
= {g(·)} by

setting

〈ν, g〉 :=

∫
T

dt

∫
K

g(t,κ)ν(t, dκ)(5.6)

(see [22]). By the Bishop and Dunford–Pettis theorems, the relativization to G(T,K) :=
{ν(·) ∈ N (T,K) : ν(t) ∈ rpm(K) a.a. t ∈ T} of the weak topology generated on
N (T,K) by the above duality is induced on G(T,K) by a certain norm ‖·‖w in
N (T,K) (weak norm). The space G := G(T,Ω2) will be of further special interest.
We denote by dist(A,B) the Hausdorff distance between the sets A,B ⊂ G, i.e.,

dist(A,B) := max

{
sup
ν∈A

inf
µ∈B

‖ν − µ‖w; sup
µ∈B

inf
ν∈A

‖ν − µ‖w
}
.(5.7)

Given ∆ ∈ (0, 1), we embed R∆ into G by identifying u(·) ∈ R∆ with the function
ν : T → rpm(Ω2), where ν(t) is the Dirac measure at the point [u(t), u(t−∆)] ∈ Ω2,
i.e., ∫

r(u′, u′′)ν(t, du′, du′′) := r[u(t), u(t− ∆)](5.8)

for any r(·) ∈ C(Ω2). Thus R∆ ⊂ G. The inclusion Gs ⊂ G is obvious.
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Lemma 5.2. The Hausdorff distance between Gs and R∆ converges to 0 as ∆ →
+0.

It readily follows from this lemma that any ν0(·) ∈ Gs can be approximated

u∆(·) → ν0(·) as ∆ → +0(5.9)

by “regular” controls u∆(·) ∈ R∆. A number of algorithms can be proposed to
construct such a sequence {u∆(·)} explicitly. Its importance is demonstrated by the
following theorem.

Theorem 5.3. Let the hypotheses (i)–(iv) be fulfilled and ν0(·) be an optimal
control in the problem (5.3), (5.4). Consider a sequence {u∆(·)}∆∈(0,1) of “regular”
controls u∆(·) ∈ R∆, the solution x∆(·) of the Cauchy problem (2.2), (2.3) for u(·) :=
u∆(·), and the trajectory x0(·) of the system (5.4) related to the control ν0(·).

If (5.9) is true, the sequence {u∆(·)} is asymptotically optimal, i.e., (5.1) holds, and

max
t∈T

∣∣x∆(t) − x0(t)
∣∣ → 0 as ∆ → 0.

The last theorem shows that a sequence is asymptotically optimal only if (5.9)
holds.

Theorem 5.4. Let the optimal control ν0(·) in the problem (5.3), (5.4) be unique.
A sequence {u∆(·)}∆∈(0,1) of “regular” controls u∆(·) ∈ R∆ is asymptotically optimal
if and only if it converges to ν0(·), i.e., (5.9) holds.

In general, such a sequence is asymptotically optimal if and only if it converges
to the set OC of all optimal controls ν0(·) in the problem (5.3), (5.4), i.e.,

dist [u∆(·),OC] := inf
ν0(·)∈OC

‖u∆(·) − ν0(·)‖w → 0 as ∆ → +0.(5.10)

Theorems 5.1 and 5.4 mean that the problem P is well posed by perturbation of
the delay [4, 24], provided (2.1)–(2.4) is interpreted as the perturbed problem.

6. Problems for which the natural limit model is proper. In this section,
we discuss how to recognize problems for which (2.8) is true. This remains of interest
despite the fact that by Theorem 4.3, relation (2.8) is likely to be violated because
of errors in our knowledge of ξ. However, it can be shown that both quantities in
(2.8) depend on ξ continuously. So whenever (2.8) holds for the nominal model, small
errors in the knowledge of ξ cannot spoil (2.8) much. Furthermore, the following
lemma shows that in the case (2.8), the control optimal for the natural limit problem
is suboptimal for the delayed one.

Lemma 6.1. Let the hypotheses (i)–(iv) be fulfilled and a measurable function
u(·) : [t0 − 1, t1] → Ω be given. If the control u|[t0,t1] is optimal in the natural limit
problem P(0), the control u|[t0−∆,t1] is µ(∆)-suboptimal in the primal one (2.1)–(2.4).
More precisely, the corresponding value of the cost functional does not exceed Iopt(∆)+
µ(∆), where

µ(∆) ≤
∣∣∣∣ lim
∆→+0

Iopt(∆) − Iopt(0)

∣∣∣∣+ ε(∆) and ε(∆) → 0 as ∆ → +0.(6.1)

The proofs of this lemma and Theorem 6.3 (stated below) will be given in sec-
tion 14.

Definition 6.2. If (2.8) is true, the problem (2.1)–(2.4) is said to be stable to
the delay.
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Now we show that it is impossible to recognize such a stability and estimate the
discrepancy between the left- and right-hand sides of (2.8) if only the natural limit
model is known.

Theorem 6.3. Consider the problem (2.5), (2.6), where the vector a0 ∈ R
n, the

set Ω ⊂ R
m, and the functions ϕ(·), f(·) are given and satisfy (i), (ii), (iv) (where

f(t, x1, x2, u1, u2) := f(t, x1, u1) and ϕ(t, x1, x2, u1, u2) := ϕ(t, x1, u1)).
Given A > 0, there exists a problem (2.1)–(2.4) satisfying (i)–(iv) and such that

the original problem (2.5), (2.6) is its natural limit case (i.e., (2.7) is true) and∣∣∣∣ lim
∆→+0

Iopt(∆) − Iopt(0)

∣∣∣∣ > A.(6.2)

An exhaustive criterion of stability to the delay is immediate from Theorem 5.1.
Corollary 6.4. The problem (2.1)–(2.4) is stable to the delay if and only if the

infimum value of the cost functional in the problem (2.5), (2.6) equals that in (5.3),
(5.4).

This criterion is technical and rather complicated. The next theorem offers par-
ticular and simple sufficient conditions for stability to the delay, which readily follow
from Corollary 6.4.

Theorem 6.5. Let (i)–(iv) from section 2 be valid. Suppose also that the set Ω
is convex, the function ϕ(t, x1, x2, u1, u2) is convex in (u1, u2), and the function f(·)
is linear fi(t, x1, x2, u1, u2) = A1(t, x1, x2)u1 + A2(t, x1, x2)u2 in controls. Then the
problem (2.1)–(2.4) is stable to the delay.

Proof. Let [x(·), ν] be a process in the problem (5.3), (5.4). Thanks to the
symmetry condition from (5.2),

u(t) :=

∫
Ω

u ν(t, du,Ω) =

∫
Ω

u ν(t,Ω, du).

Since the set Ω is convex and compact, u(t) ∈ Ω. Furthermore, (5.4) implies that

ẋ(t) =

∫
Ω2

{
A1[t, x(t), x(t)]u′ + A2[t, x(t), x(t)]u′′

}
ν(t, du′, du′′)

=
2∑

i=1

Ai[t, x(t), x(t)]u(t) = f [t, x(t), x(t), u(t), u(t)]
(2.7)
== f [t, x(t), u(t)],

and x(0) = a(0). Thus (2.6) holds, and [x(·), u(·)] is a process in the problem (2.5),
(2.6). So far as the function ϕ(·) is convex in controls, the following relations hold
(see, e.g., [9, p. 402]):∫

T

dt

∫
Ω2

ϕ[t, x(t), x(t), u′, u′′] ν(t, du′, du′′)

≥
∫
T

ϕ

{
t, x(t), x(t),

∫
Ω2

[u′, u′′] ν(t, du′, du′′)

}
dt

=

∫
T

ϕ[t, x(t), x(t), u(t), u(t)] dt
(2.7)
==

∫
T

ϕ[t, x(t), u(t)] dt.

Summarizing, we see that the infimum of the cost functional in the problem (5.3),
(5.4) is not less than that in the problem (2.5), (2.6). At the same time, putting the
elements ν of the form (5.8) with ∆ := 0 in (5.3), (5.4) assures that the first infimum
does not exceed the second one. Thus these infima coincide. Corollary 6.4 completes
the proof.
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7. Optimization in the class of sampled controls. By (4.1), the optimal
value of the cost functional in the ∆-delayed problem with ∆ ≈ 0 is typically less
than that in the natural limit problem. In this section, we show that this is due to
chattering controls. We also estimate the rate of chattering that is required for the
above phenomenon to take place. To this end, we focus attention on sampled controls
modelled as piecewise constant functions. Then the available rate of chattering is
given by the lower bound on the sample period.

Now we consider the following class of admissible controls:

(7.1)

u(·) ∈ Rsam
∆ :=

⋃
q≥q(∆)

R
q
∆ , where R

q
∆ :=

{
u(·) : u(t) ∈ Ω a.a. t ∈ T∆ := [t0 − ∆, t1]

and the controlu = u(t) ∈ R
m is constant on any time interval

of the form
[
t0 − ∆ + iq, t0 − ∆ + (i + 1)q

)
∩ T∆, i = 0, 1, 2, . . .

}
.

Here the lower bound q(∆) > 0 on the sample period q is a given function of the delay.
In this section, we study the optimization problem Psam(∆) described by (2.1)–(2.4)
and (7.1). Note that in this problem, the sample period is optimized above the bound
q(∆). Many of the results to follow remain true if this period is given a priori, i.e.,

Rsam
∆ := R

q(∆)
∆ .

The goal is to find a proper limit model Psam of Psam(∆) as ∆ → 0. In this model,
the set of admissible controls Gs

N depends on the parameter N = lim q/∆ ∈ [0,+∞]
and is the set of all measurable maps ν : T → srpmN (Ω2). The set srpmN (Ω2)
of controls admissible at a given time is obtained by restricting the similar set (5.2)
serving the problem (5.3), (5.4),

srpmN (Ω2) :=
{
η ∈ srpm(Ω2) : (N − 1) [η(du,Ω) − ηd(du)] ≤ ηd(du)

}
.(7.2)

Here ηd(du) is the component of η concentrated on the diagonal D := {(u, u) : u ∈ Ω},

ηd(E) := η(Ed), where Ed := {w = (u, u) : u ∈ E}.(7.3)

Remark 7.1. In (7.2), η−(du) := η(du,Ω) − ηd(du) ≥ 0.
Indeed in (7.3), Ed ⊂ E ×Ω and so η−(E) = η(E ×Ω)− η(Ed) ≥ 0 for any Borel

set E.
Hence for N ∈ [0, 1], the inequality from (7.2) is true and Gs

N equals the set Gs of
controls in the limit problem (5.3), (5.4). For N ∈ (1,∞), the inequality means that
η is concentrated mainly on the diagonal D. The set Gs

∞ consists of all probability
measures η concentrated on the diagonal since ∞− 1 := ∞ and ∞ · b := ∞ ∀b > 0.
It is clear that

Gs
1 ⊃ Gs

N1
⊃ Gs

N2
⊃

⋂
N>1

Gs
N = Gs

∞ if 1 < N1 < N2 < ∞.(7.4)

Now we are in a position to state the main result of this section.
Theorem 7.2. Let the hypotheses (i)–(iv) from section 2 be fulfilled. Suppose

also that

either
q(∆)

∆
→ N ∈ [1,∞] as ∆ → +0 or lim

∆→+0

q(∆)

∆
≤ 1 (=: N),(7.5)
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and q(∆) → 0 as ∆ → +0 if N = ∞. Then the problem Psam that results from
(5.3), (5.4) by putting Gs

N in place of Gs in (5.3) is the proper limit model for the ∆-
delayed problem Psam(∆) given by (2.1)–(2.4) and (7.1). In other words, the following
statements hold:

(i) In the problem Psam, the minimum value of the cost functional is archived and
equals lim∆→+0 Isam

opt (∆), where Isam
opt (∆) is the infimum of the cost functional

in Psam(∆).
(ii) A sequence {u∆(·)}∆∈(0,1), u∆(·) ∈ Rsam

∆ is asymptotically optimal if and only
if it approaches the set OC of all optimal controls in the problem Psam, i.e.,
(5.10) holds.

(iii) The set Rsam
∆ of “regular” controls defined by (7.1) approximates the set of

“generalized” ones Gs
N : the distance (5.7) between them converges to zero as

∆ → +0.
The proof of this theorem will be given in section 12.
Remark 7.3. The problem (5.3), (5.4) with Gs := Gs

∞ is in fact the relaxation [22]
of the natural limit problem (2.5), (2.6) that results from merely ignoring the delay
in (2.1)–(2.4).

Indeed this relaxation is as follows [22]:

(7.6) minimize

∫
T

dt

∫
Ω

ϕ [t, x(t), u]µ(t, du) subject to µ ∈ G(T,Ω),

ẋ(t) =

∫
Ω

f [t, x(t), u]µ(t, du), x(t0) = a0 := a(0).

Here ϕ(·) and f(·) are given by (2.7), and G(T,Ω) is the set of all measurable maps
from T to the space rpm(Ω) of probability measures in Ω. The isomorphism u ∈
Ω ↔ (u, u) ∈ D establishes a one-to-one correspondence between µ ∈ rpm(Ω) and
ζ ∈ rpm(D). At the same time, the elements ζ can be identified with probability
measures η in Ω2 concentrated on the diagonal. Thus the elements ζ constitute
srpm∞(Ω2), and there is a one-to-one correspondence µ ∈ G(T,Ω) ↔ ν ∈ Gs

∞. It is
straightforward to check that whenever µ ↔ ν,∫

Ω

r [t, x(t), u]µ(t, du) =

∫
Ω2

r [t, x(t), x(t), u1, u2] ν(t, du1, du2) for r := f, ϕ.

This implies that the relaxation (7.6) of (2.5), (2.6) does reduce to (5.3), (5.4) with
Gs := Gs

∞.
Hence relations (7.4) mean that for 1 < N < ∞, the proper limit problem (5.3),

(5.4) (where Gs := Gs
N ) in the class of sampled controls is intermediate between the

natural limit one (2.5), (2.6) and the proper limit problem (5.3), (5.4) in the class of
all measurable controls.

Now we are going to show that the natural limit problem is typically ill-posed in
the class of sampled controls unless the sample period greatly exceeds the delay. We
also demonstrate that the parameter N = lim q/∆ is essential for construction of a
proper limit problem Psam. Strictly speaking, this does not follow from the fact that
Psam formally depends on N . This will follow from the fact that the limit optimal
cost lim∆→+0 Isam

opt (∆) strictly increases as N grows. So different N cannot be served
by a common limit problem.

We recall that problem (2.1)–(2.4) is identified with the triplet ξ := [f(·), ϕ(·),
a(·)]; the space Ξ of all such triplets ξ satisfying (ii) and (iii) from section 2 is equipped
with the topology generated by the hemi-norms (4.2), and Ξ(iv) denotes the set of all
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ξ ∈ Ξ satisfying (iv). The space Ξ is complete and metricizible, and the set Ξ(iv) is
open. We recall that a subset Υ ⊂ Ξ(iv) is said to be residual if it is representative as
the intersection of a countable collection of open dense (in Ξ(iv)) sets. For ξ ∈ Ξ(iv),
(i) of Theorem 5.1 ensures that

q(∆)

∆
→ N ∈ [1,+∞] as ∆ → +0

∣∣∣⇒ ∃ lim
∆→+0

I
sam
opt (∆) =: Jsam

opt [N, ξ].(7.7)

Theorem 7.4. Let (i) from section 2 be true and the set Ω be connected. Then
there exists a residual subset Υ ⊂ Ξ(iv) consisting of delayed problem (2.1)–(2.4) for
which

(i) the minimum of the cost functional Isam
opt (∆) obeys the bound

lim
∆→+0

I
sam
opt (∆) < Iopt(0) whenever lim

∆→+0
q(∆)/∆ < ∞;(7.8)

(ii) the limit optimal cost Jsam
opt [N, ξ] defined in (7.7) is a strictly increasing func-

tion of the parameter N = lim∆→+0 q(∆)/∆ ∈ [1,∞].
Moreover, given 1 < N− < N+ < ∞, there exists an open and dense subset

Ξ−(N−, N+) ⊂ Ξ(iv) such that for ξ ∈ Ξ−(N−, N+), the limit optimal cost Jsam
opt [N, ξ]

strictly increases on the interval [N−, N+]. If the set Ω is not connected, there exists
an open, nonempty, but not necessarily dense such a subset Ξ−(N−, N+).

The proof of this theorem will be given in section 13.
Remark 7.5. In general, the function Jsam

opt [N, ξ] of N does not decrease.
This assertion follows from (7.7), (i) of Theorem 5.1, and (7.4).
By the first claim of the theorem, it is typical that the natural limit problem is

ill-posed in the class of sampled controls, provided the set Ω is connected and N < ∞.

8. Limits of the set of admissible controls. In the remainder of the paper,
we prove the results stated above. The key to the proofs is studying some limits of
∆-parametric sets R∆ of measurable controls u(·) : [t0 −∆, t1] → Ω as ∆ → 0. (Here
and throughout, ∆ ∈ (0, 1).)

In this section, we introduce these limits and reveal their role. Furthermore, we
employ the notation introduced before Lemma 5.2 and embed R∆ into G by identifying
u(·) ∈ R∆ with the function ν : T → rpm(Ω2) given by (5.8). We also introduce the
following “limits”:

(8.1) LIM∆→0R∆ :=
{
ν ∈ G : there exists a sequence {u∆(·)} of “regular” controls

u∆(·) ∈ R∆ ∀∆ such that u∆(·) → ν as ∆ → 0
}
,

(8.2)

LIMseq
∆→0R∆ :=

{
ν ∈ G : there exist sequences {∆i}∞i=1 ⊂ (0, 1) and {ui(·)}∞i=1

such that ui(·) ∈ R∆i ∀i and ∆i → 0, ui(·) → ν as i → ∞
}
.

(The space G is endowed with the week topology generated by the duality (5.6).)
Definition 8.1. Modified problems (2.1)–(2.4) and (5.3), (5.4) are defined to be

those resulting from the original problems (2.1)–(2.4) and (5.3), (5.4) by substitution
of the inclusion u(·) ∈ R∆ in place of (2.4) and the set LIM∆→0R∆ in place of Gs in
(5.3), respectively.

In this section, we show that under natural assumptions, the proper limit (as
∆ → 0) of the first modified problem is the second one. To this end, we start with
two technical facts.
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Lemma 8.2. Both sets (8.1) and (8.2) are closed in G.
Proof. Let S denote the set (8.1) and ν ∈ S. Then ‖ν − νj‖w < j−1 for some

νj ∈ S for j = 1, 2, . . . . By (8.1), there exist sequences {u(j)
∆ } of controls u

(j)
∆ ∈ R∆

such that u
(j)
∆ → νj as ∆ → +0 for j = 1, 2, . . . . Hence ‖νj − u

(j)
∆ ‖w < j−1 whenever

∆ < ∆j and ∆j > 0 is small enough. Without loss of generality, we can assume that

∆j+1 < ∆j ∀j and ∆j → 0 as j → ∞. Putting u∆ := u
(j)
∆ ∈ R∆ for ∆ ∈ (∆j+1,∆j ],

we get

‖ν − u∆‖w ≤ ‖ν − νj‖w + ‖νj − u∆‖w ≤ 2j−1 → 0 as ∆ → +0.

Therefore, ν ∈ S and S = S. The closedness of the set (8.2) is established like-
wise.

Remark 8.3. Since G is compact, so are the sets (8.1) and (8.2) by Lemma 8.2.
Lemma 8.4. For any ν ∈ S := LIMseq

∆→0R∆, the Cauchy problem (5.4) has a
unique solution x(·|ν) : T → R

n. This solution obeys the estimation |x(·|ν)| ≤ k ∀t ∈
T , where k is taken from (iv) in section 2. Let {∆i}∞i=1 ⊂ (0, 1) and {ui}∞i=1 be two
sequences such that ui ∈ R∆i ∀i and ∆i → 0, ui → ν as i → ∞. Then,

max
t∈T

|xi(t) − x(t|ν)| → 0 and I∆i(ui) → I(ν) as i → ∞.(8.3)

Here xi(·) is the solution of the Cauchy problem (2.2), (2.3) with ∆ := ∆i, u := ui,
whereas I∆(u) and I(ν) are the values of the cost functionals generated by u ∈ R∆

and ν ∈ S in the problems (2.1)–(2.4) and (5.3), (5.4), respectively. The map ν ∈
S �→ I(ν) is continuous.

Proof. By (8.2), any ν ∈ S is related to sequences {∆i} and {ui} with the
properties given by the third sentence of the lemma. The Arzela theorem and (iv) from
section 2 imply that xi(·) is defined on [t0−∆i, t1] and |xi(t)| ≤ k ∀t ∈ T, i = 1, 2, . . . ,
and also that the sequence {xi|T } is precompact in C(T,Rn). It is easy to check (see,
e.g., [22, Theorem VII.1.2]) that each of its limit points satisfies (5.4). Thus relations
(5.4) do have a solution such that |x(t|ν)| ≤ k ∀t. Its uniqueness results from (ii)
in section 2. In particular, all limit points of the precompact sequence {xi(·)} equal
x(·|ν), which implies the first relation from (8.3). We recall that the control ui(·) ∈
R∆i ⊂ R∆i is identified with the element νi(t, du1, du2) = δ[ui(t),ui(t−∆i)](du1, du2)

of G, where δω is the Dirac measure at the point ω. Denote ∆̃i := ∆i. By (2.1) and
(5.3), the quantity I∆i(ui) − I(ν) amounts to

(8.4)

∫
T

dt

∫
Ω2

{
ϕ
[
t, xi(t), xi(t− ∆̃i), w

]
− ϕ [t, x(t|ν), x(t|ν), w]

}
νi(t, dw)

+

∫
T

dt

∫
Ω2

ϕ [t, x(t|ν), x(t|ν), w]︸ ︷︷ ︸
η(t,w)

[
νi(t, dw) − ν(t, dω)

]
.

The integrand in the first integral converges to 0 uniformly over t ∈ T,w ∈ Ω2 by
the first relation from (8.3). By (5.6), the second summand equals 〈νi − ν, η〉. Hence
(8.3) does hold.

Now let {νi} ⊂ S and νi → ν ∈ S as i → ∞. Denote xi(·) := x(·|νi). Retracing
the above arguments ensures consecutively that the sequence {xi(·)} is precompact
in C(T,Rn), each of its limit points satisfies (5.4) and so equals x(·|ν), and hence
maxt∈T |xi(t) − x(t|ν)| → 0 as i → ∞. Then the last claim of the lemma is proved
like the second relation from (8.3) since the quantity I(νi) − I(ν) has the form (8.4)

with ∆̃i := 0.
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In fact, the following three theorems mean that one of the modified problems
introduced by Definition 8.1 is the proper limit as ∆ → +0 of the other.

Theorem 8.5. Suppose that S := LIMseq
∆→0R∆ = LIM∆→0R∆ for some ∆-

parametric set R∆ of controls, where the limits are defined by (8.1) and (8.2). Denote
by Im

opt(∆) the infimum of the cost functional in the modified problem (2.1)–(2.4). The
minimum of the cost functional in the modified problem (5.3), (5.4) is attained and
equals lim∆→+0 Im

opt(∆).
Proof. By Remark 8.3, the set S is compact. So thanks to the last claim from

Lemma 8.4, infν∈S I(ν) is attained at a control ν0 ∈ S. Due to (8.1), there exists a
sequence {u∆} such that u∆ ∈ R∆ and u∆ → ν0 as ∆ → +0. By (8.3), Im

opt(∆) ≤
I∆(u∆) → I(ν0) and so

lim
∆→+0

I
m
opt(∆) ≤ I(ν0).

On the other hand, there apparently exist sequences {∆i} and {vi} such that vi ∈
R∆i

∀i and ∆i → 0, I∆i
(vi) → lim ∆→+0I

m
opt(∆) as i → ∞. So far as the space

G ⊃ {vi} is compact, passing to a subsequence ensures that vi → ν as i → ∞, where
ν ∈ LIMseq

∆→+0R∆ = S in correspondence with (8.2). By invoking (8.3), we get

lim
∆→+0

I
m
opt(∆) = lim

i→∞
I∆i(vi) = I(ν) ≥ I(ν0).

Thus Im
opt(∆) → I(ν0) as ∆ → +0, which completes the proof.

Theorem 8.6. Suppose that the assumption of Theorem 8.5 is fulfilled. The
Hausdorff distance (5.7) between the sets S := LIM∆→+0R∆ and R∆ vanishes as
∆ → +0.

Proof. Suppose the contrary. Then due to (5.7), there exist δ > 0 and a sequence
{∆i} ⊂ (0, 1) such that ∆i → 0 as i → ∞ and either

(i) infu∈R∆i
‖νi − u‖w ≥ δ ∀i for some sequence {νi} ⊂ S or

(ii) infµ∈S‖µ− ui‖w ≥ δ ∀i for some sequence {ui}, ui ∈ R∆i ∀i.
By Remark 8.3, both sets G and S are compact. So passing to subsequences ensures
that νi → ν ∈ S, ui → ξ ∈ G as i → ∞. Due to (8.2), ξ ∈ S, which implies
that (ii) cannot be true and (i) thereby holds. By (8.1), ν = limi→∞ wi for some
wi ∈ R∆i

, i = 1, 2, . . . . So

inf
u∈R∆i

‖νi − u‖w ≤ ‖νi − wi‖w ≤ ‖νi − ν‖w + ‖ν − wi‖w → 0 as i → ∞

in violation of (i). The contradiction obtained proves the theorem.
Theorem 8.7. Let the assumption of Theorem 8.5 be true. Employ the notation

Im
opt(∆) from it. A sequence {u∆(·)} of controls u∆(·) ∈ R∆ is asymptotically optimal

in the modified problem (2.1)–(2.4), i.e., I∆[u∆] − Im
opt(∆) → 0 as ∆ → +0, if and

only if it converges to the set OC of all optimal controls in the modified problem (5.3),
(5.4), i.e., (5.10) holds.

Proof. Let (5.10) be true. Suppose that the sequence {u∆} is not asymptotically
optimal. With regard to Theorem 8.5, we see that there exist δ > 0 and a sequence
{∆i} for which I∆i

(
u∆i

)
≥ δ+minµ∈S I(µ) ∀i and ∆i → 0 as i → ∞. Since the space

G ⊃ {u∆i} is compact, passing to a subsequence ensures that u∆i → ν as i → ∞,
where ν ∈ S by (8.2). In view of (5.10), dist[ν,OC] ≤ ‖ν−u∆i

‖w +dist[u∆i
,OC] → 0

as i → ∞, where the set OC is closed due to the last claim from Lemma 8.4. Hence
ν ∈ OC. Due to (8.3), we have

δ + min
µ∈S

I(µ) ≤ I∆i(u∆i) → I(ν) = min
µ∈S

I(µ) as i → ∞.
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The contradiction obtained proves that the sequence {u∆} is asymptotically optimal.
Conversely, consider such a sequence {u∆}. Suppose that (5.10) is violated. Then

there exist δ > 0 and a sequence {∆i} such that dist[u∆i ,OC] ≥ δ ∀i and ∆i →
0 as i → ∞. As above, it can be assumed that u∆i → ν ∈ S as i → ∞. By
(8.3), lim∆→+0 Im

opt(∆) = limi→∞ I∆i(u∆i) = I(ν). So Theorem 8.5 yields ν ∈ OC in
violation of the above relation dist[u∆i

,OC] ≥ δ ∀i. Thus (5.10) does hold.

9. General properties of the limit (8.1). The previous section shows that
proofs of the results from sections 5 and 7 are reduced to calculating the limits (8.1)
and (8.2) for R∆ := R∆,Rsam

∆ . In doing so, some general properties of the limit (8.1)
are helpful. In this section, we reveal them. They follow from the single property
introduced by the following definition.

Definition 9.1. A subset S ⊂ G is said to be permutable if for any ν1, ν2 ∈ S

and τ ∈ (t0, t1), it contains the element given by the following formula (where E :=
[t0, τ)):

νE(t, du1, du2) :=

{
ν1(t, du1, du2) whenever t ∈ E,

ν2(t, du1, du2) otherwise.
(9.1)

The next lemma shows that this property holds in the cases of our primal interest.
Lemma 9.2. If either R∆ := R∆∀∆ or R∆ := Rsam

∆ ∀∆, the set (8.1) is per-
mutable.

Proof. Let R∆ := Rsam
∆ ∀∆, ν1, ν2 ∈ S := LIM∆→0R∆, and τ ∈ (t0, t1). For

i = 1, 2, consider a sequence {u(i)
∆ } associated with νi by (8.1). Let D

(i)
∆ denote the

set of the points where u
(i)
∆ (·) is not continuous, and D

(i)
∆ := D

(i)
∆ ∪ {t0 − ∆, t1}. We

put τ
(1)
∆ := max{t = s + jq(∆) : t < τ, s ∈ D

(1)
∆ , j = 0, 1, . . . } ≥ τ − q(∆), τ

(2)
∆ :=

min{t = s− jq(∆) : t > τ, s ∈ D
(2)
∆ , j = 0, 1, . . . } ≤ τ + q(∆), and v∆ := u

(2)
∆ (τ

(2)
∆ +0).

Setting u∆(t) := u
(1)
∆ (t) for t < τ

(1)
∆ , u∆(t) := u

(2)
∆ (t) for t ≥ τ

(2)
∆ , and u∆(t) := v∆

for t ∈ [τ
(1)
∆ , τ

(2)
∆ ) gives a control u∆(·) ∈ Rsam

∆ . For η ∈ L1

[
T,C(Ω2)

]
, we put

η1(t, w) := η(t, w), η2(t, w) := 0 if t < τ and η2(t, w) := η(t, w), η1(t, w) := 0 if t ≥ τ .
Then (5.6) and (5.8) yield

〈η;u∆〉 =

∫
T

η [t, u∆(t), u∆(t− ∆)] dt =

∫ t1

τ+∆+q(∆)

η
[
t, u

(2)
∆ (t), u

(2)
∆ (t− ∆)

]
dt

+

∫ τ+∆+q(∆)

τ−q(∆)

η [t, u∆(t), u∆(t− ∆)] dt︸ ︷︷ ︸
α(1)(∆)

+

∫ τ−q(∆)

t0

η
[
t, u

(1)
∆ (t), u

(1)
∆ (t− ∆)

]
dt

=

∫ t1

τ

η
[
t, u

(2)
∆ (t), u

(2)
∆ (t− ∆)

]
dt−

∫ τ+∆+q(∆)

τ

η
[
t, u

(2)
∆ (t), u

(2)
∆ (t− ∆)

]
dt︸ ︷︷ ︸

α(2)(∆)

+α(1)(∆)

+

∫ τ

t0

η
[
t, u

(1)
∆ (t), u

(1)
∆ (t− ∆)

]
dt−

∫ τ

τ−q(∆)

η
[
t, u

(1)
∆ (t), u

(1)
∆ (t− ∆)

]
dt︸ ︷︷ ︸

α(3)(∆)

=
〈
η2;u

(2)
∆

〉
+
〈
η1;u

(1)
∆

〉
+ α(1)(∆) − α(2)(∆) − α(3)(∆).



1772 ALEXEY S. MATVEEV

In view of (5.5),∣∣∣α(i)(∆)
∣∣∣ ≤ ∫ τ+∆+q(∆)

τ−q(∆)

max
u1,u2∈Ω

|η [t, u1, u2]| dt → 0 as ∆ → 0.

So letting ∆ → 0 gives 〈u∆; η〉 → 〈ν1; η1〉 + 〈ν2; η2〉 =: χ, where

χ =

∫
T

dt

∫
Ω2

η1(t, w)ν1(t, dw) +

∫
T

dt

∫
Ω2

η2(t, w)ν2(t, dw) = 〈νE ; η〉

and η ∈ L1

[
T,C(Ω2)

]
is arbitrary. Thus u∆ → νE , and so νE ∈ S by (8.1). The case

R∆ := R∆ ∀∆ is considered likewise.
In the remainder of this section, we reveal consequences of permutability and

closedness.
Lemma 9.3. Suppose that the set S ⊂ G is closed and permutable. Given ν1, ν2 ∈

S, the element (9.1) belongs to S for any Borel set E.
Proof. The claim is immediate from Definition 9.1 in the case where E is the

union of a finite number of intervals. As is well known, any Borel set E can be
approximated by such unions E(1), E(2), . . . , in the sense that mes(E(i) � E) → 0 as
i → ∞. Here and throughout, the symbol mes stands for the Lebesgue measure and
A�B :=

(
A\B

)
∪
(
B \A

)
. For any function η ∈ L1

[
T,C(Ω2)

]
, we have due to (9.1),

〈νE(i) ; η〉 − 〈νE ; η〉 =

∫
T

dt

∫
Ω2

η(t, u1, u2) [νE(i)(t, du1, du2) − νE(t, du1, du2)]

=

∫
E\E(i)

dt

∫
Ω2

η(t, u1, u2)ν21(t, du1, du2)

︸ ︷︷ ︸
β(1,i)

+

∫
E(i)\E

dt

∫
Ω2

η(t, u1, u2)ν12(t, du1, du2)

︸ ︷︷ ︸
β(2,i)

.

Here νsl := νs − νl for s, l = 1, 2 and thanks to (5.5),

|β(j, i)| ≤
∫
E(i)�E

dt

∫
Ω2

|η(t, u1, u2)|
[
ν1(t, du1, du2) + ν2(t, du1, du2)

]
≤ 2

∫
E(i)�E

max
u1,u2∈Ω

|η(t, u1, u2)| dt → 0 as i → ∞.

Hence 〈νE(i) ; η〉 → 〈νE ; η〉 as i → ∞ ∀η ∈ L1

[
T,C(Ω2)

]
or in other words, νE(i) → νE

as i → ∞. Thus, νE ∈ S = S.
Lemma 9.3 easily implies the following claim.
Corollary 9.4. Suppose that the assumptions of Lemma 9.3 are true, ν1, . . . , νs ∈

S, and E1, . . . , Es are Borel sets constituting a partition of T . Put ν(t, dw) :=
νi(t, dw) whenever t ∈ Ei and i = 1, . . . , s. Then ν ∈ S.

Though the next fact is well known, we offer its proof for the convenience of the
reader.

Lemma 9.5. Any closed and permutable set S ⊂ G is convex.
Proof. Let ν1, ν2 ∈ S, θ1, θ2 > 0, and θ1 + θ2 = 1. We put ν(r)(t, dw) := νi(t, dw)

whenever t ∈ Ti(j, r) for some i = 1, 2 and j = 0, . . . , 2r − 1, where r = 1, 2, . . . ,

T1(j, r) :=
[
t0 + j2−r|T |, t0 + j2−r|T | + θ12

−r|T |
)
,

T2(j, r) :=
[
t0 + j2−r|T | + θ12

−r|T |, t0 + (j + 1)2−r|T |
)
,
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and |T | := t1 − t0. For any η(·) ∈ L1

[
T,C(Ω2)

]
, relation (5.6) yields

〈
ν(r); η

〉
=

∫
T

dt

∫
Ω2

η(t, w)ν(r)(t, dw) = Ar(f1, f2) :=

2r−1∑
j=0

∑
i=1,2

∫
Ti(j,r)

fi(t) dt,

where fi(t) :=
∫
Ω2 η(t, w)νi(t, dw). For any χ1(·), χ2(·) ∈ L1(T ),

|Ar(χ1, χ2)| ≤
2r−1∑
j=0

∑
i=1,2

∫
Ti(j,r)

|χi(t)| dt ≤
∑
i=1,2

∫
T

|χi(t)| dt = |(χ1, χ2)|.

Denote by Sr the set of functions χ(·) : T → R that are constant on any interval
T (j, r) := T1(j, r)∪T2(j, r). It is easy to see that

∫
Ti(j,r′)

χ(t)dt = θi
∫
T (j,r′) χ(t)dt, i =

1, 2 for χ(·) ∈ Sr and r′ ≥ r. Hence Ar(χ1, χ2) = A(χ1, χ2) :=
∑

i=1,2 θi
∫
T
χi(t)dt

for large r ≥ r(χ1, χ2) whenever χ1(·), χ2(·) ∈ S :=
⋃∞

r=1 Sr. The set S is dense in
L1(T ). So given ε > 0, there exist χ1(·), χ2(·) ∈ S such that |fi − χi| < ε for i = 1, 2.
Whence

lim
r→∞

|(Ar − A) (f1, f2)| = lim
r→∞

|(Ar − A) [(f1, f2) − (χ1, χ2)]|

≤ lim
r→∞

|Ar[(f1, f2) − (χ1, χ2)]| + |A[(f1, f2) − (χ1, χ2)]|

≤ (1 + ‖A‖) |(f1, f2) − (χ1, χ2)| ≤ 2ε (1 + ‖A‖) ∀ε > 0.

Thus we see that limr→∞
〈
ν(r); η

〉
= A(f1, f2) = θ1

∫
T

f1(t)dt + θ2

∫
T

f2(t)dt
=
∫
T
dt
∫
Ω2 η(t, w)[θ1ν1(t, dw) + θ2ν2(t, dw)] = 〈θ1ν1 + θ2ν2; η〉 ∀η, i.e., ν(r) → θ1ν1 +

θ2ν2 as r → ∞. Since ν(r) ∈ S ∀r by Lemma 9.3, we get θ1ν1 + θ2ν2 ∈ S = S.
Now we are in a position to prove the main result of this section.
Theorem 9.6. Let a set S ⊂ G be closed and permutable. Whenever

µj ∈ S, αj(·) ∈ L∞(T ) j = 1, . . . , l, and α1(t) ≥ 0, . . . , αl(t) ≥ 0,

l∑
j=1

αj(t) = 1

(9.2)

for almost all t ∈ T , the set S contains the element ν(t, dw) :=
∑l

j=1 αj(t)µj(t, dw).
Proof. The functions αj(·) can be uniformly approximated by step functions, i.e.,

measurable functions taking a finite number of values. These step functions can be
chosen to satisfy (9.2). Since S = S, this implies that it suffices to prove Lemma 9.6 in
the case where α1(t), . . . , αl(t) are step functions. Then there exists a Borel partition

E1 ∪ · · · ∪Es = T of T such that αj(t) = α
(i)
j a.a. t ∈ Ei and all j, i. By Lemma 9.5,

νi :=
∑l

j=1 α
(i)
j µj ∈ S ∀i. It remains to note that ν(t, dw) = νi(t, dw) whenever

t ∈ Ei, and apply Corollary 9.4.
Lemmas 8.2 and 9.2 and Theorem 9.6 give rise to the following claim.
Corollary 9.7. The conclusion of Theorem 9.6 is true for the limits (8.1) of

both R∆ ≡ R∆ and R∆ ≡ Rsam
∆ .

10. Extremal points of a polygon in the space of matrices. Now we show
that

S = S
seq =

{
Gs ifR∆ ≡ R∆,

Gs
N ifR∆ ≡ Rsam

∆ ,
where S := LIM

∆→0
R∆, S

seq := LIM
∆→0

seq
R∆,

(10.1)
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and the limits are defined by (8.1), (8.2). We recall that Gs = Gs
1 and Gs

N stands for
the set of all measurable maps ν : T → srpmN (Ω2), whereas srpmN (Ω2) is given
by (5.2) and (7.2).

To show that ν ∈ Gs
N ⇒ ν ∈ S, we shall start with the elements ν of the form

ν(t, du′, du′′) =

l∑
i,j=1

pij(t)δui(du
′)δuj (du

′′),
(
pij(t)

)l

i,j=1
=: P (t) ∈ R

l×l,(10.2)

where u1, . . . , ul ∈ Ω, ui �= uj whenever i �= j, and δv(du) is the Dirac measure at the
point v ∈ Ω. It is easy to see that ν ∈ Gs

N ⇔ P (t) ∈ Ml(N − 1) a.a. t ∈ T , where

(10.3) Ml(κ) :=

⎧⎨⎩P =
(
pij

)l

i,j=1
: pi,j ≥ 0 ∀i, j,

l∑
i,j=1

pi,j = 1,

l∑
j=1

pi,j =

l∑
j=1

pj,i, κ

∑
j:j 	=i

pi,j ≤ pi,i ∀i

⎫⎬⎭ (κ ∈ [0,+∞]).

(The sum over the empty set is 0 and ∞ · 0 := 0.) Since Ml(κ) is a polygon, it is the
convex hull of the set M ext

l (κ) of its extremal points. By Corollary 9.7, this means
that any element ν ∈ Gs

N of the form (10.2) belongs to S if so do the elements (10.2)
with the matrix P (t) constant and from the set M ext

l (N − 1). In this section, we
compute this set.

Lemma 10.1. Suppose that P̃ = (p̃ij) ∈ M ext
l (κ), κ ∈ [0,∞], P = (pij) ∈ Ml(κ),

κ
∑

j:j 	=i pi,j = pi,i ∀i if κ < ∞, and p̃ij ≥ θpij ∀i, j, where θ > 0. Then P̃ = P .
Proof. Reducing θ > 0 yields that p̃i′j′ > θpi′j′ for some i′, j′. By (10.3), 1 =∑l

i,j=1 p̃ij > θ
∑l

i,j=1 pij = θ, i.e., 0 < θ < 1. Put p′ij := (1 − θ)−1 (p̃ij − θpij). It

is easy to see that P ′ := (p′ij)
l
i,j=1 ∈ Ml(κ) and P̃ = θP + (1 − θ)P ′. This implies

P̃ = P by the definition of the extremal point.
Definition 10.2. An l × l-matrix P is said to be cyclic κ-subdiagonal if there

exists a sequence of integers 1 ≤ i1, i2, . . . , is ≤ l such that ih �= id for h �= d and
s = 1 if κ = ∞,

phd = 0 whenever (h, d) �= (iσ, iσ−1), (iσ, iσ) ∀σ = 1, . . . , s (i0 := is),
piσiσ−1 = 1

(κ+1)s , piσiσ = κ

(κ+1)s ∀σ if s > 1, otherwise pi1,i1 = 1.
(10.4)

Any such matrix clearly belongs to Ml(κ). Now we state the main result of this
section.

Lemma 10.3. Any extremal point of Ml(κ) is a cyclic κ-subdiagonal matrix.

Proof. Let P̃ = (p̃ij) ∈ M ext
l (κ). Suppose first that p̃ij = 0 if i �= j. For

d ∈ Υ := {d : p̃dd > 0}, we put p
〈d〉
ij := 1 if i = j = d and p

〈d〉
ij := 0 otherwise.

Since P 〈d〉 := (p
〈d〉
ij ) ∈ Ml(κ), P̃ =

∑
d∈Υ p̃ddP

〈d〉, and the point P̃ is extremal, the

set Υ contains only one element d. So P̃ = P 〈d〉, where the matrix P 〈d〉 is cyclic
κ-subdiagonal.

Now suppose that p̃d1d2
> 0 for some indices d1 �= d2. Then κ < ∞ and∑l

j=1 p̃jd2 > p̃d2d2 . By (10.3),
∑l

j=1 p̃d2j =
∑l

j=1 p̃jd2 > p̃d2d2 and so p̃d2d3 > 0
for some d3 �= d2. Continuing likewise, we get a sequence d1, d2, d3, . . . , such that
dj+1 �= dj and p̃djdj+1 > 0 ∀j. We terminate it when some index repeats, i.e.,
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di �= dj whenever i < j ≤ q and dq+1 = dr for some r = 1, . . . , q. Here r ≤ q− 1 since
dq �= dq+1. Put s := q−r+1 ≥ 2 and ij := ds+r−j for j = 1, . . . , s. Then ij �= ij′ when-
ever j < j′ ≤ s and p̃ijij−1

> 0 for j = 1, . . . , s, where i0 := ds+r = dq+1 = dr = is.
Define the cyclic κ-subdiagonal matrix P = (pij)

l
i,j=1 in correspondence with (10.4)

and denote θ := s(κ + 1) minj=1,...,s p̃ijij−1 . With regard to (10.3), we conclude that
p̃ij ≥ θpij for all i, j. Lemma 10.1 completes the proof.

In fact, the set M ext
l (κ) consists of all cyclic κ-subdiagonal matrices. However,

we do not need this strengthening of Lemma 10.3 to prove the results of this paper.

11. Proof of (10.1).
Lemma 11.1. For any ∆-parametric set R∆, the following inclusions hold S ⊂

Sseq ⊂ Gs(= Gs
1).

Proof. The first of them is immediate from (8.1) and (8.2). To prove the second
one, consider an element ν ∈ Sseq and the corresponding sequences {∆i} and {ui}
from (8.2). Given two functions ζ(·) ∈ L1(T ) and ρ(·) ∈ C(Ω), we put ηj(t, u1, u2) :=
ζ(t)ρ(uj) (j = 1, 2) for all t ∈ T and u1, u2 ∈ Ω. By (5.6) and (5.8),

〈ui; η2〉 − 〈ui; η1〉 =

∫
T

ρ [ui(t− ∆i)] ζ(t) dt−
∫
T

ρ [ui(t)] ζ(t) dt

=

∫ t1−∆i

t0−∆i

ρ [ui(t)] ζ(t + ∆i) dt−
∫ t1

t0

ρ [ui(t)] ζ(t) dt.

Letting i → ∞ gives

0 = 〈ν; η2〉 − 〈ν; η1〉 =

∫
T

ζ(t) dt

∫
Ω2

[ρ(u2) − ρ(u1)] ν(t, du1, du2).

So far as the function ζ(·) ∈ L1(T ) is arbitrary, we have for almost all t ∈ T ,

0 =

∫
Ω2

[ρ(u2) − ρ(u1)] ν(t, du1, du2) =

∫
Ω

ρ(u)ν(t, du,Ω) −
∫

Ω

ρ(u)ν(t,Ω, du)

for all ρ(·) ∈ C(Ω). So ν(t, du,Ω) = ν(t,Ω, du) and thus ν ∈ Gs.

Lemma 11.2. Let R∆ ≡ Rsam
∆ , q(∆) → 0, and q(∆)

∆ → N ∈ (1,∞] as ∆ → 0.
Then

S
seq ⊂ Gs

N .(11.1)

Proof. Consider an element ν ∈ Sseq and the corresponding sequences {∆i} and
{ui} from (8.2). Due to (7.1), the inclusion ui ∈ Rsam

∆i
implies that

ui(t) = u
(j)
i ∀ t(j)i ≤ t < t

(j+1)
i , j = 0, . . . , si, t

(r+1)
i − t

(r)
i ≥ q(∆i),(11.2)

where r = 0, . . . , si − 1, t
(0)
i = t0 − ∆i, and t

(si+1)
i = t1. Put

E
[1]
i := T ∩

si⋃
j=0

[
t
(j)
i , t

(j)
i + ∆i

)
, E

[2]
i := T \ E[1]

i , χ
[p]
i (t) :=

{
1 if t ∈ E

[p]
i

0 if t �∈ E
[p]
i

.(11.3)

Invoke the space N (T,K) introduced in section 5. Passing to subsequences ensures
that there exist limits in the weak topologies of N (T,Ω2) and N (T,Ω), respectively,

ν[1](t, dw) := lim
i→∞

χ
[1]
i (t)δ[ui(t),ui(t−∆i)](dw), µ(t, du) := lim

i→∞
χ

[2]
i (t)δui(t)(du).(11.4)
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We recall that δa is the Dirac measure at the point a. Here µ can be interpreted as an
element ν[2] of N (T,Ω2) concentrated on the diagonal D := {(u, u) : u ∈ Ω}. More
precisely,

ν[2](t, E) := µ
(
t, E � D

)
, where E � D := {u : (u, u) ∈ E}.(11.5)

Since ui(t− ∆i) = ui(t) whenever t ∈ E
[2]
i , we have for any g(·) ∈ L1

[
T,C(Ω2)

]
,

〈ν, g〉 = lim
i→∞

∫
T

g [t, ui(t), ui(t− ∆i)] dt

= lim
i→∞

∫
E

[1]
i

g [t, ui(t), ui(t− ∆i)] dt + lim
i→∞

∫
E

[2]
i

g [t, ui(t), ui(t)] dt

=

∫
T

dt

∫
Ω2

g(t, w)ν[1](t, dw) +

∫
T

dt

∫
Ω

g(t, u, u)µ(t, du)

=

∫
T

dt

∫
Ω2

g(t, w)
[
ν[1](t, dw) + ν[2](t, dw)

]
.

Thus ν = ν[1] + ν[2]. By (7.3) and (11.5), ν
[2]
d (t, du) = µ(t, du) = ν[2](t, du,Ω).

Hence

νd(t, du) = ν
[1]
d (t, du) + µ(t, du) ≥ µ(t, du)(11.6)

and ν−(t, du) := ν(t, du,Ω) − νd(t, du) = ν[1](t, du,Ω) − ν
[1]
d (t, du) ≤ ν[1](t, du,Ω) =∫

Ω
ν[1](t, du, du2). This means that for any functions ζ(·) ∈ C(T ) and ρ(·) ∈ C(Ω)

such that ζ(·) ≥ 0, ρ(·) ≥ 0, and ζ(t) = 0 ∀t ∈ [t1 − ε, t1] for some ε ≈ 0, ε > 0, we
have

(11.7) σ :=

∫
T

ζ(t)dt

∫
Ω

ρ(u1)ν−(t, du1) ≤
∫
T

ζ(t)dt

∫
Ω2

ρ(u1)ν
[1](t, du1, du2)

(11.4)
=== lim

i→∞

∫
E

[1]
i

ζ(t)ρ[ui(t)]dt = lim
i→∞

ŝi∑
j=0

∫ t
(j)
i +∆i

t
(j)
i

ζ(t)ρ[ui(t)]dt.

Here ŝi := max{j : t
(j)
i ≤ t1 − ε}. For j ≤ ŝi and i sufficiently large, [t

(j)
i + ∆i, t

(j)
i +

q(∆i)] ⊂ T and ui(t) is constant on [t
(j)
i , t

(j)
i + q(∆i)] due to (11.2). Therefore∣∣∣∣∣

∫ t
(j)
i +∆i

t
(j)
i

ζ(t)ρ[ui(t)]dt−
∆i

q(∆i) − ∆i

∫ t
(j)
i +q(∆i)

t
(j)
i +∆i

ζ(t)ρ[ui(t)]dt

∣∣∣∣∣
=

∣∣∣∣∣
∫ t

(j)
i +∆i

t
(j)
i

(
ζ[t] − ζ

[
t
(j)
i + ∆i

])
︸ ︷︷ ︸

κ(t)

ρ[ui(t)]dt−
∆i

q(∆i) − ∆i

∫ t
(j)
i +q(∆i)

t
(j)
i +∆i

κ(t)ρ[ui(t)]dt

∣∣∣∣∣
≤
∫ t

(j)
i +∆i

t
(j)
i

|κ(t)|ρ[ui(t)]dt +
∆i

q(∆i) − ∆i

∫ t
(j)
i +q(∆i)

t
(j)
i +∆i

|κ(t)|ρ[ui(t)]dt

≤ 2∆iΓζ [q(∆i)] cρ,

where Γζ(δ) := max|t2−t1|≤δ |ζ(t1) − ζ(t2)| → 0 as δ → 0 and cρ := maxu∈Ω ρ(u).
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Hence the discrepancy between the sum from (11.7) and ∆i

q(∆i)−∆i

∑ŝi
j=0

∫ t
(j)
i +q(∆i)

t
(j)
i +∆i

ζ(t)ρ[ui(t)]dt does not exceed 2cρΓζ

[
q(∆i)

]∑ŝi
j=1 ∆i ≤ 2cρΓζ

[
q(∆i)

]
(t1 − t0) thanks

to (11.2). Thus this discrepancy converges to zero as i → ∞, and (11.7) can be
continued as follows:

σ ≤ lim
i→∞

ŝi∑
j=1

∆i

q(∆i) − ∆i

∫ t
(j)
i +q(∆i)

t
(j)
i +∆i

ζ(t)ρ[ui(t)]dt

(11.3)

≤ lim
i→∞

∆i

q(∆i) − ∆i

∫
E

[2]
i

ζ(t)ρ[ui(t)]dt

(11.3), (11.4)
=====

1

N − 1

∫
T

ζ(t)dt

∫
Ω

ρ(u)µ(t, du)
(11.6)

≤ 1

N − 1

∫
T

ζ(t)dt

∫
Ω

ρ(u)νd(t, du).

(We put 1/∞ := 0.) Since the nonnegative functions ζ(·), ρ(·) are arbitrary, we
get ν(t, du,Ω)− νd(t, du) = ν−(t, du) ≤ (N − 1)−1νd(t, du) a.a. t ∈ T , which com-
pletes the proof in view of (7.2) and Lemma 11.1 (and Remark 7.2 in the case
N = ∞).

Lemma 11.3. Let the assumptions of Lemma 11.2 be true. Suppose also that
in (10.2), the matrix P (t) is cyclic (N − 1)-subdiagonal and does not depend on t,
i.e., P (t) = P a.a. t ∈ T = [t0, t1]. Then the element ν given by (10.2) belongs to
S = LIM∆→+0R

sam
∆ .

Proof. Consider the sequence 1 ≤ i1, . . . , is ≤ l associated with P by (10.4) and
denote

t∆(r, j) := t0−∆+srq(∆)+jq(∆), T∆(r, j) :=
[
t∆(r, j−1) ; t∆(r, j)

)
∩[t0−∆, t1],

u∆(t) := uij whenever t ∈ T∆(r, j) for some r = 0, 1, . . . , j = 1, . . . , s.

Then u∆ ∈ Rsam
∆ . By (8.1), it suffices to show that u∆ → ν as ∆ → +0, i.e.,

〈u∆; η〉 → 〈ν; η〉 as ∆ → +0 for any η ∈ L1

[
T,C(Ω2)

]
. By [22, Lemma IV.2.4],

one can focus on the functions η of the form η(t, u1, u2) = χE(t)ρ(u1, u2), where
ρ(·) ∈ C(Ω × Ω), E = [τ1, τ2], t0 < τ1 < τ2 < t1, and χE(t) := 1 for t ∈ E whereas
χE(t) := 0 if t /∈ E. Put

A∆ :=
{
α = 0, 1, · · · : T∆(α) :=

[
t∆(0, 0) + sαq(∆); t∆(0, 0) + s(α + 1)q(∆)

]
⊂ [τ1, τ2]

}
, α−

∆ := min {α : α ∈ A∆} , α+
∆ := max {α : α ∈ A∆} .

Then by (5.6) and (5.8),

〈u∆; η〉 =

∫
T

χE(t) ρ [u∆(t), u∆(t− ∆)]︸ ︷︷ ︸
κ(t)

dt =

∫ τ2

τ1

κ(t) dt

=

∫
T∆(α−

∆−1)∩[τ1,τ2]

κ(t) dt︸ ︷︷ ︸
ω−(∆)

+

∫
T∆(α+

∆+1)∩[τ1,τ2]

κ(t) dt︸ ︷︷ ︸
ω+(∆)

+

α+
∆∑

r=α−
∆

s∑
j=1

∫
T∆(r,j)

κ(t) dt

︸ ︷︷ ︸
ω(∆)

.
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Here mesT∆(α±
∆±1) = sq(∆), and so |ω±(∆)| ≤ cρsq(∆), where cρ := maxu′,u′′∈Ω |ρ(u′,

u′′)|. Thus ω±(∆) → 0 as ∆ → +0. For the indices r, j involved in the last sum and
∆ ≈ 0,∫

T∆(r,j)

κ(t)dt =

∫ t∆(r,j−1)+∆

t∆(r,j−1)

ρ
(
uij , uij−1

)
dt +

∫ t∆(r,j)

t∆(r,j−1)+∆

ρ
(
uij , uij

)
dt

= ∆ρ
(
uij , uij−1

)
+
[
q(∆) − ∆

]
ρ
(
uij , uij

)
.

Note that q(∆) = mesT∆(r, j). Hence

ω(∆) =
1

s

s∑
j=1

[
∆

q(∆)
ρ
(
uij , uij−1

)
+

(
1 − ∆

q(∆)

)
ρ
(
uij , uij

)] α+
∆∑

r=α−
∆

s∑
j=1

mesT∆(r, j).

The last double sum equals mesT∆ : T∆ :=
⋃α+

∆

r=α−
∆

⋃s
j=1 T∆(r, j) ⊂ [τ1, τ2], [τ1, τ2]

\ T∆ ⊂ T∆ := T∆(α−
∆ − 1) ∪ T∆(α+

∆ + 1), and mesT∆ → 0 as ∆ → +0 by the
foregoing. So

〈u∆; η〉 → Γ := s−1(τ2 − τ1)

s∑
j=1

[
1

N
ρ
(
uij , uij−1

)
+

(
1 − 1

N

)
ρ
(
uij , uij

)]
.

At the same time, (5.6), (10.2), and (10.4) (where κ := N − 1) yield

Γ =
∫ τ2
τ1

dt
∑l

i,j=1 pijρ (ui, uj) = 〈ν; η〉, which completes the proof.
Lemma 11.4. Lemma 11.3 remains true for N = 1.
Proof. Let P ∈ Ml(0) and I denote the unit l × l-matrix. Given κ > 0, it

follows from (10.3) that Pκ := 1
lκ+1P + κ

(lκ+1)I ∈ Ml(κ). The corresponding element

νκ given by (10.2) (where P (t) := Pκ) belongs to the set LIM∆→+0R
sam
∆,κ defined

by (8.1) due to Lemma 11.3. Here the set Rsam
∆,κ is defined by (7.1) with q(∆) :=

(1 + κ)∆. Since q(∆)
∆ → N = 1 as ∆ → +0, we have Rsam

∆,κ ⊂ Rsam
∆ for ∆ ≈ 0. So

LIM∆→+0R
sam
∆,κ ⊂ LIM∆→+0R

sam
∆ = S and thus νκ ∈ S. It remains to note that

νκ → ν as κ → +0 and employ Lemma 8.2.
Lemma 11.5. Suppose that R∆ ≡ Rsam

∆ and the first relation from (7.5) is true.
The set S defined in (10.1) contains any element (10.2) such that P (t) ∈ Ml(N − 1)
a.a. t ∈ T .

Proof. Put A := {α : M ext
l (N − 1) → [0,∞) :

∑
P∈M ext

l (N−1) α(P ) = 1} and

Λ
[
α(·)

]
:=

∑
P∈M ext

l (N−1) α(P )P , where M ext
l (N − 1) is the set of the extremal

points of Ml(N − 1). By the Krein–Milman theorem, Λ(A) ⊃ Ml(N − 1). Then
Theorems I.7.6 and I.7.7 in [22] imply that P (t) = Λ

[
α(t, ·)

]
for a measurable func-

tion t �→ α(t, ·) ∈ A. Lemmas 10.3, 11.3, and 11.4 and Corollary 9.7 complete the
proof.

Now we are in a position to prove the main result of this section.
Theorem 11.6. The relationships (10.1) are true whenever (7.5) is valid.
Proof. Suppose that R∆ ≡ Rsam

∆ and the first relation from (7.5) is true. Due to
Lemma 11.1 and (11.1), it suffices to show that Gs

N ⊂ S. Let ν ∈ Gs
N . Given δ > 0,

we introduce a Borel partition Ω = Ωδ(1)∪· · ·∪Ωδ(lδ) such that supu∈Ωδ(i) |u−uδ
i | < δ

for some uδ
i ∈ Ωδ(i) for all i. For

pij := pδij(t) := ν
[
t,Ωδ(i) × Ωδ(j)

]
, i, j = 1, . . . , lδ, and l := lδ,
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all relations in (10.3) except for the last one are immediate from (5.2) and (7.2). To
prove the last relation, we put Ωδ

d(i) := {w = (u, u) : u ∈ Ωδ(i)}. By (7.2), we have
for N < ∞

(N − 1)

lδ∑
j=1

pij = (N − 1)ν
[
t,Ωδ(i) × Ω

]
≤ Nνd

[
t,Ωδ(i)

]
(7.3)
=== Nν

[
t, Ωδ

d(i)︸ ︷︷ ︸
⊂Ωδ(i)×Ωδ(i)

]
≤ Nν

[
t,Ωδ(i) × Ωδ(i)

]
= Npii.

Hence P (t) :=
(
pδij(t)

)lδ
i,j=1

∈ Mlδ(N − 1) a.a. t, where Mlδ(N − 1) is given by (10.3).

If N = ∞, then (7.4) ⇒ ν ∈ Gs
∞ =

⋂
N ′>1 Gs

N ′ . Thus P (t) ∈
⋂

N ′=1,2,..., Mlδ(N
′−1) =

Mlδ(∞) = Mlδ(N − 1) a.a. t. So Lemma 11.5 ensures that the element νδ defined by
(10.2) (where l := lδ, pij := pδij(t), ui := uδ

i ) belongs to S. For any ρ ∈ C(Ω2) and
a.a. t ∈ T ,

(11.8)

∣∣∣∣∫
Ω2

ρ(u′, u′′)νδ(t, du
′, du′′) −

∫
Ω2

ρ(u′, u′′)ν(t, du′, du′′)

∣∣∣∣
=

∣∣∣∣∣∣
lδ∑

i,j=1

ρ
(
uδ
i , u

δ
j

)
pδij(t) −

lδ∑
i,j=1

∫
Ωδ(i)×Ωδ(j)

ρ(u′, u′′)ν(t, du′, du′′)

∣∣∣∣∣∣
≤

lδ∑
i,j=1

∫
Ωδ(i)×Ωδ(j)

∣∣ρ (uδ
i , u

δ
j

)
− ρ(u′, u′′)

∣∣ ν(t, du′, du′′) ≤ qδ[ρ(·)].

Here qδ[ρ(·)] := max |ρ(v1, v2) − ρ(u1, u2)|, where max is over (v1, v2), (u1, u2) ∈ Ω2

such that |v1 − u1| ≤ δ, |v2 − u2| ≤ δ. Pick η ∈ C(T ). Then∣∣∣∣∫
T

η(t) dt

∫
Ω2

ρ(u′, u′′)νδ(t, du
′, du′′) −

∫
T

η(t) dt

∫
Ω2

ρ(u′, u′′)ν(t, du′, du′′)

∣∣∣∣
≤ qδ[ρ(·)]

∫
T

|η(t)| dt.

Let δ → +0. Since qδ[ρ(·)] → 0, then νδ → ν by [22, Theorem IV.2.4]. As was shown,
νδ ∈ S. Then Lemma 8.2 yields ν ∈ S, Gs

N ⊂ S, which implies (10.1) for the case at
hand.

Now let the second relation from (7.5) hold. By Lemma 11.1, it suffices to show
that Gs

1 ⊂ S. For the set Rsam∗
∆ defined by (7.1) with q(∆) := max{q(∆),∆}, the

first relation from (7.5) is true with N = 1. So Gs
1 = LIM∆→0R

sam∗
∆ by the foregoing.

At the same time, Rsam∗
∆ ⊂ R∆

(8.1)⇒ LIM∆→0R
sam∗
∆ ⊂ LIM∆→0R∆ = S, which

completes the proof.
For R∆ ≡ R∆, the proof comes to retracing the arguments from the previous

paragraph for Rsam∗
∆ given by (7.1) with q(∆) := ∆.

12. Proofs of Theorem 7.2 and the claims from section 5. Theorem 5.1
is immediate from Theorems 8.5 and 11.6. Lemma 5.2 follows from Theorems 8.6
and 11.6. Theorem 5.3 results from Theorems 8.7, 11.6, and the first relation from
(8.3). Theorem 5.4 is justified by Theorems 8.7 and 11.6. Theorem 7.2 follows from
Theorems 8.5, 8.6, 8.7, and 11.6.
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13. Proofs of Theorem 7.4 and the claims from section 4.
Proof of Lemma 4.1. This is immediate from Theorem 5.1.
Proof of Theorem 4.2. Put in (2.1)–(2.4) f(·) ≡ 0, a(·) ≡ 0, ϕ(t, x1, x2, u1, u2) :=

−(t1 − t0)
−1|u1 − u2|2, where | · | is the Euclidean norm in R

m. Then due to (2.7),
ϕ(t, x, u) = 0 and so Iopt(0) = 0, where Iopt(0) is the infimum of the cost functional in
the problem (2.5), (2.6). By (i) from section 4, the set Ω contains two points u1 �= u2.
Put

ν(t, dw) := η(dw) :=
1

2

[
δ(u1,u2)(dw) + δ(u2,u1)(dw)

]
,(13.1)

where w = (u′, u′′) ∈ Ω2 and δω(dw) is the Dirac measure at the point ω ∈ Ω2. Then
η satisfies the relations from (5.2) and hence ν ∈ Gs. As a result, Theorem 5.1 yields

lim
∆→+0

Iopt(∆) ≤ −
∫
T

dt

∫
Ω2

|u′ − u′′|2
t1 − t0

ν(t, du′, du′′) = −|u1 − u2|2 < 0 = Iopt(0).

In the remainder of the section, we prove Theorems 4.3 and 7.4. The attention is
focused on Theorem 7.4 since it and Remark 7.5 imply Theorem 4.3. We start with
a technical fact.

Lemma 13.1. There exist δ = δ0 > 0,κ ∈ (0, 1), and a map χδ(·) : Ω → Ω such
that

(13.2) κδ ≤ |χδ(u) − u| ≤ δ ∀u ∈ Ω, χδ(u) = const = vi ∀u ∈ Wi, i = 1, . . . , k,

where Wi =

{
V1 if i = 1

Vi \ (Vi−1 ∪ · · · ∪ V1) if i > 1,

V1, . . . , Vk ⊂ Ω are some open (in Ω) sets, and V1 ∪ · · · ∪ Vk = Ω. If the set Ω is
connected, the numbers δ0 and κ can be chosen so that such a function χδ(·) exists
for all δ ∈ (0, δ0].

Proof. If the set Ω is not connected, we put δ := δ0 > m+,κ := 1/2δ−1m−, where
m+ := maxu∈Ω m(u), m− := minu∈Ω m(u), and m(u) := maxv∈Ω |u− v| = |v(u) − u|
for some v(u) ∈ Ω. Then κδ < m− ≤ |v(u) − u| ≤ m+ < δ. Hence for some εδ > 0,

κδ + εδ ≤ |v(u) − u| ≤ δ − εδ ∀u ∈ Ω.(13.3)

If the set Ω is connected, we set δ0 := m−,κ := 1/2, and εδ := 1/5δ for δ ∈ (0, δ0].
The connected set Ω is not covered by the disjoint sets {v : |v − u| ≤ 7/10δ} and
{v : |v − u| ≥ 4/5δ}. So 7/10δ < |v − u| < 4/5δ for some v = v(u) ∈ Ω, i.e., (13.3)
still holds.

In any case for u′ ∈ Ω(u) := {u′ ∈ Ω : |u′ − u| < εδ}, we have |u′ − v(u)| ≤
|u′ − u| + |u − v(u)| < εδ + δ − εδ = δ, |u′ − v(u)| ≥ |u − v(u)| − |u′ − u| > κδ.
Since the set Ω is compact by (i) from section 2, there exist points u1, . . . , uk such
that Ω = V1 ∪ · · · ∪ Vk, Vi := Ω(ui). It remains to define χδ(·) by (13.2), where
vi := v(ui).

From now on, we fix δ,κ, and χδ(·) from (13.2). To prove Theorem 7.4, we show
that Jsam

opt [N − ε, ξ] < Jsam
opt [N, ξ] if ε > 0, ε ≈ 0. To this end, we find a variation

ν(ε) ∈ Gs
N−ε of the optimal control ν in (5.3), (5.4) (where Gs := Gs

N ) that decreases
the cost. It is obtained by “spraying” a small portion of the diagonal component of
ν outside the diagonal D of Ω2. This is possible since, due to (7.2), the lesser the N ,
the lesser this component may be.
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Now we introduce a “dispersion” of a measure η ∈ frm(Ω2) concentrated on D.
The isomorphism u ∈ Ω ↔ (u, u) ∈ D identifies η with an element of frm(Ω), which
is denoted by the same symbol. For any Borel subsets E ⊂ Ω2 and E ⊂ Ω, we put

η〈δ〉(E) := 1/2 (η {u : [u, χδ(u)] ∈ E} + η {u : [χδ(u), u] ∈ E}) ,(13.4)

η̂〈δ〉(E) := 1/2 [η(E) + η{u : χδ(u) ∈ E}] .(13.5)

For η ∈ rpm(Ω2), we consider the diagonal component ηd given by (7.3), and put

η̂
〈δ,ε〉
N := τ(ηd)

〈δ〉 + (1 − τ)(̂ηd)
〈δ〉

, where τ :=
1

N − ε
,(13.6)

η
〈δ,ε〉
N := η − ηd︸ ︷︷ ︸

=:η−

+ (1 − θ) ηd + θη̂
〈δ,ε〉
N , where θ :=

ε

N − 1
.(13.7)

Lemma 13.2. Suppose that N ∈ (1,∞), ε ∈ (0, N − 1), and η ∈ srpmN (Ω2),

where srpmN (Ω2) is given by (7.2) and (5.2). Then η
〈δ,ε〉
N ∈ srpmN−ε(Ω

2).

Proof. The first two relations from (5.2) are clearly true for η := η
〈δ,ε〉
N . By (13.4),

(13.5),

(ηd)
〈δ〉(du,Ω) = (̂ηd)

〈δ〉
(du) = (ηd)

〈δ〉(Ω, du).(13.8)

Thus (ηd)
〈δ〉 meets the third requirement from (5.2). So do the measures (̂ηd)

〈δ〉
and

ηd, since they are concentrated on the diagonal D, and η since η ∈ srpmN (Ω2). It
follows that the measure (13.7) satisfies the third condition from (5.2) as well.

Due to (13.2), (13.4), (13.7), the diagonal components of η〈δ〉 and η− are zero.
Hence

(13.9)
[
η
〈δ,ε〉
N

]
d

(13.7)
=== (1 − θ) ηd+θ

[
η̂
〈δ,ε〉
N

]
d

(13.5), (13.6)
==== (1 − θ) ηd+θ(1−τ)(̂ηd)

〈δ〉
.

Note that µ(du,Ω) = µ(du, du) = µ(du) for any measure µ in Ω2 concentrated on the
diagonal D, and by (7.2), η ∈ srpmN (Ω2) ⇒ η−(du,Ω) ≤ (N − 1)−1ηd(du). So

η
〈δ,ε〉
N (du,Ω)

(13.6), (13.7)
==== η−(du,Ω)+(1−θ)ηd(du)+θ

[
τ(ηd)

〈δ〉(du,Ω)+(1−τ)(̂ηd)
〈δ〉

(du)
]

(13.8)
== η−(du,Ω)+(1−θ)ηd(du)+θ(̂ηd)

〈δ〉
(du); (N−ε−1)

(
η
〈δ,ε〉
N (du,Ω) −

[
η
〈δ,ε〉
N

]
d
(du)

)
≤ (N − ε− 1)

{( 1

N − 1
+ 1 − θ

)
ηd(du) + θ(̂ηd)

〈δ〉
(du) −

[
η
〈δ,ε〉
N

]
d
(du)

}
(13.6), (13.7)

====

(N−ε)
[
(1−θ)ηd+θ(1−τ)(̂ηd)

〈δ〉
(du)

]
−(N−ε−1)

[
η
〈δ,ε〉
N

]
d
(du)

(13.9)
==

[
η
〈δ,ε〉
N

]
d
(du).

Thus η
〈δ,ε〉
N ∈ srpmN−ε(Ω

2) by (7.2).
Lemma 13.3. Let µ ∈ N(T,Ω), ν ∈ N(T,Ω2), and µ(t, du) ≥ 0, ν(t, dw) ≥

0, µ(t,Ω) ≤ 1, ν(t,Ω2) ≤ 1 a.a. t ∈ T . Then the maps t ∈ T �→ µ〈δ〉(t) := [µ(t)]〈δ〉 ∈
frm(Ω2), t �→ µ̂〈δ〉(t) := [̂µ(t)]

〈δ〉
∈ frm(Ω) and t �→ νd(t) := [ν(t)]d ∈ frm(Ω2) are

measurable.
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Proof. For u ∈ Ω, w ∈ Ω2, j = 1, 2, . . . , we put ωi
j(u) := min

{
j ·dist

(
u; Ω\Vi

)
; 1
}
,

ωj(w) := min
{
[j · dist

(
w,D

)
]−1; 1

}
, where D is the diagonal of Ω2, 0−1 := ∞, and

Vi, i = 1, . . . , k are the open sets from (13.2). Then 0 ≤ ωi
j(u), ωj(w) ≤ 1 for all

u,w; ωi
j(u) = 0 for all u �∈ Vi, ωj(w) = 1 for all w ∈ D, and ωi

j(u) → 1 for all

u ∈ Vi, ωj(w) → 0 for all w �∈ D as j → ∞. We also set ω0
j (u) := 0. For any

ρ(·) ∈ C(Ω2), g(·) ∈ C(Ω), we have by (13.4),

σµ(t) := 2

∫
Ω2

ρ(w)µ〈δ〉(t, dw) =

∫
Ω

(
ρ[u, χδ(u)] + ρ[χδ(u), u]

)
µ(t, du)

(13.2)
==

k∑
i=1

∫
Wi

[
ρ(u, vi) + ρ(vi, u)

]︸ ︷︷ ︸
ρi(u)

µ(t, du)=

k∑
i=1

lim
j→∞

∫
Ω

ωi
j(u)

[
1− max

r=0,...,i−1
ωr
j (u)

]
ρi(u)µ(t, du)

σν(t) :=

∫
Ω

g(u)νd(t, du) = lim
j→∞

∫
Ω2

g(u1)ωj(u1, u2)ν(t, du1, du2).

The integrands in both final expressions are continuous. By the definition of N(T,K),
K = Ω,Ω2, this means that the corresponding integrals are measurable functions of
t. Hence so are their limits σµ(t) and σν(t). This proves that the maps µ〈δ〉 and νd
are measurable. The measurability of µ̂〈δ〉 is established likewise.

By combining Lemmas 13.2 and 13.3 with (13.6) and (13.7), we arrive at the
following corollary.

Corollary 13.4. If ν ∈ Gs
N , N ∈ (1,∞), ε ∈ (0, N − 1), then ν

〈δ,ε〉
N ∈ Gs

N−ε.
Lemma 13.5. For ξ = [f(·), ϕ(·), a(·)] ∈ Ξ(iv), N ∈ (1,∞), and ν ∈ Gs

N , we put

r̃(t, x, w) := r(t, x, x, w), r�(t, ξ, ν,N, δ) :=
∫
Ω2 r̃ [t, x(t), w]ν

〈δ〉
N (t, dw), where r = f, ϕ,

ν
〈δ〉
N :=

1

N − 1

(
1

N

[
(νd)

〈δ〉 + (N − 1)(̂νd)
〈δ〉
]
− νd

)
,(13.10)

and x(·) is the solution of (5.4). Let J(ν) denote the value of the cost functional from
(5.3). Consider the constant k from (iv) in section 2 and the hemi-norm Hk(·) given
by (4.2). Then

lim
ε→+0

ε−1
[
J
(
ν
〈δ,ε〉
N

)
− J(ν)

]
= σ(ξ, ν,N, δ) +

∫
T

ϕ�(t, ξ, ν,N, δ)dt,(13.11)

|σ(ξ, ν,N, δ)| ≤ |T |Hk(ξ)e
Hk(ξ)|T | max

t∈T

∣∣∣∣∫ t

t0

f�(θ, ξ, ν,N, δ)dθ

∣∣∣∣ , |T | := t1 − t0.(13.12)

Proof. As follows from (13.6), (13.7), (13.10), d
dεν

〈δ,ε〉
N |ε=0 = ν

〈δ〉
N . Then (5.3),

(5.4) imply via the standard arguments (see, e.g., the proof of Theorem II.4.11 in [22])
(13.11) with

σ(ξ, ν,N, δ) :=

∫
T

ϕ̆∂(t)y(t)dt, where y(t) =

∫ t

t0

f̆∂(θ)y(θ)dθ + z(t),(13.13)

r̆∂(t) :=
∫
Ω2

∂r̃
∂x [t, x(t), w]ν(t, dw) for r = ϕ, f , and z(t) is the integral embraced

by | · | in (13.12). Due to Lemma 8.4, |x(t)| ≤ k for all t ∈ T . So (4.2) yields

|r̆∂(t)| ≤ c := Hk(ξ), r = f, ϕ. Thus |y(t)| ≤ c
∫ t

t0
|y(θ)|dθ + |z(t)| for all t, and

Theorem II.4.4 [22] gives |y(t)| ≤ |z(t)| + c
∫ t

t0
ec(t−θ)|z(θ)|dθ ≤ ec(t1−t0) maxt |z(t)|.

Then (13.13) ⇒ (13.12).
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Lemma 13.6. We employ the notation from Lemmas 13.1 and 13.5 and put for
r = f, ϕ,

αk
r (δ) := max

t∈T,|x|≤k,
u,v∈Ω,|u−v|≤δ

� r̃(t, x, v, v) − r̃(t, x, u, u) �
r
, � b �r:=

{
b for r = ϕ,

|b| for r = f,

(13.14)

βk
r (δ) := max

t∈T,|x|≤k,u,v∈Ω,κδ≤|u−v|≤δ
max

w=(u,v),(v,u)
� r̃(t, x, w) − r̃(t, x, u, u) �

r
.(13.15)

Suppose that 1 < N− ≤ N ≤ N+ < ∞ and denote λk
r (δ,N+) := 2βk

r (δ) + N+α
k
r (δ).

Then

� r�(t, ξ, ν,N, δ) �
r
≤ λk

r (δ,N+) ×
{

1/2(N− − 1)−2 if r = f,

1/2N−2
+ if r = ϕ andλk

ϕ(δ,N+) ≤ 0.

Proof. The definition of r�(·) given in Lemma 13.5 and (13.4), (13.5), and (13.10)
imply that

� r�(t, ξ, ν,N, δ) �
r
≤
∫

Ω

{ 1

2N(N − 1)

[
� r̃ [t, x(t), u, χδ(u)] − r̃ [t, x(t), u, u] �

r

+ � r̃ [t, x(t), χδ(u), u] − r̃ [t, x(t), u, u] �
r

]
+

1

2N

[
� r̃ [t, x(t), χδ(u), χδ(u)] − r̃ [t, x(t), u, u] �

r

]}
νd(t, du)

(13.2), (13.14), (13.15)

≤
1

2N(N − 1)

[
2βk

r (δ) + (N − 1)αk
r (δ)

] ∫
Ω

νd(t, du) ≤ 1

2N(N − 1)
λk
r (δ,N+)νd(t,Ω).

Here λk
f (δ,N+) ≥ 0 by (13.14), (13.15), whereas (7.3), (7.2), and (5.2) yield νd(t,Ω) =

ν(t,D) ≤ ν(t,Ω2) ≤ 1. Since 2N(N − 1) ≥ 2(N− − 1)2, this completes the proof for
r := f . Now let r = ϕ and λk

ϕ(δ,N+) ≤ 0. The last relation from (7.2) gives

(N−1)[ν(t,Ω2)−νd(t,Ω)] ≤ νd(t,Ω) ⇒ νd(t,Ω) ≥ (N−1)/Nν(t,Ω2) = (N−1)/N,

�ϕ�(t, ξ, ν,N, δ) �
r
≤ 1

2N2
λk
ϕ(δ,N+) ≤ 1

2N2
+

λk
ϕ(δ,N+).

Lemma 13.7. Given 1 < N− < N+ < ∞, the following set is open and nonempty:

(13.16) Ξ[δ,N−, N+] :=
{
ξ = [f(·), ϕ(·), a(·)] ∈ Ξ(iv) : γξ(δ,N−, N+) < 0

}
, where

γξ(δ,N−, N+) :=
|T |2

2(N− − 1)2
λk
f (δ,N+)Hk(ξ)e

Hk(ξ)|T | +
|T |

2N2
+

λk
ϕ(δ,N+).

Whenever ξ ∈ Ξ[δ,N−, N+], the limit optimal cost Jsam
opt [N, ξ] defined in (7.7) strictly

increases on the interval [N−, N+].
Proof. In the topology generated by the family of hemi-norms (4.2), the hemi-

norm Hk(·) is evidently continuous. Due to (13.14), (13.15), so is the function ξ �→
λk
r (δ,N+) for r = f, ϕ and thus ξ �→ γξ(δ,N−, N+). It follows that the set Ξ[δ,N−, N+]

is open. For f(·) ≡ 0, a(·) ≡ 0, ϕ(t, x1, x2, u, v) := −|u − v|, ξ := [f(·), ϕ(·), a(·)],
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we have by (13.14), (13.15), αk
f (δ) = αk

ϕ(δ) = βk
f (δ) = 0, βk

ϕ(δ) ≤ −κδ < 0. So

λk
f (δ,N+) = 0, λk

ϕ(δ,N+) < 0. Hence ξ ∈ Ξ[δ,N−, N+] by (13.16), i.e., Ξ[δ,N−, N+] �=
∅.

Now let N ∈ (N−, N+], ξ ∈ Ξ[δ,N−, N+], and J(·) denote the functional from
(5.3). Due to Theorem 7.2, there is an optimal control ν ∈ Gs

N in the problem (5.3),

(5.4) with Gs := Gs
N , and J(ν) = Jsam

opt [N, ξ]. By Corollary 13.4, ν
〈δ,ε〉
N ∈ Gs

N−ε for all
ε > 0, ε ≈ 0. So

lim
ε→+0

ε−1
[
Jsam

opt (N − ε, ξ) − Jsam
opt (N, ξ)

]
≤ lim

ε→+0
ε−1

[
J
(
ν
〈δ,ε〉
N

)
− J(ν)

]
.(13.17)

In (13.14), (13.15), � b �f≥ 0. Hence λk
f (δ,N+) ≥ 0, and the inequality from

(13.16) yields λk
ϕ(δ,N+) < 0. This permits us to employ Lemma 13.6. Combin-

ing it with (13.11) and (13.12) shows that the right-hand side of (13.17) does not
exceed γξ(δ,N−, N+). So it is negative by (13.16). At the same time, the function
Jsam

opt [N, ξ] of N does not decrease by Remark 7.5. So if it does not strictly increase
on [N−, N+], there would be a nontrivial interval [N ′

−, N
′
+] ⊂ [N−, N+] on which this

function would be constant in violation of (13.17) with N ∈ (N ′
−, N

′
+). Thus we see

that Jsam
opt [N, ξ] strictly increases on [N−, N+].

Lemma 13.8. If the set Ω is connected, the following set is open and dense in
Ξ(iv):

Ξ[N−, N+] :=
⋃

δ∈(0,δ0]

Ξ[δ,N−, N+].(13.18)

Proof. The set (13.18) is open as the union of the open sets. Let ξ = [f(·), ϕ(·), a(·)]
∈ Ξ(iv). Define γ(δ) to be the right-hand side of the last formula from (13.16), where
Hk(ξ) + 1 is put in place of Hk(ξ). Due to (13.14) and (13.15), γ(δ) → 0 as δ → +0.
For z = (t, x1, x2) ∈ T × R

n × R
n and u, v ∈ Ω, we put ϕδ(z, u, v) := ϕ(z, u, v) −

|T |N2
+[γ(δ) + δ] min

{
1

κδ |u− v|, 1
}
, ξδ := [f(·), ϕδ(·), a(·)], where κ is taken from

Lemma 13.1. By (13.14), (13.15), αk
ϕδ(δ) = αk

ϕ(δ), βk
ϕδ(δ) ≤ βk

ϕ(δ)− |T |N2
+[γ(δ) + δ],

and so λk
ϕδ(δ,N+) ≤ λk

ϕ(δ,N+) − 2|T |N2
+[γ(δ) + δ]. Furthermore, ξδ → ξ as δ → +0

owing to (4.2) and hence Hk(ξ
δ) ≤ Hk(ξ

δ−ξ)+Hk(ξ) ≤ Hk(ξ)+1 for δ ≈ 0. This, the
definition of γ(·), and (13.16) imply that γξδ(δ,N−, N+) ≤ γ(δ)− [γ(δ)+δ] < 0. Thus
ξδ ∈ Ξ[δ,N−, N+] ⊂ Ξ[N−, N+] for all δ ≈ 0. It remains to be noted that ξδ → ξ as
δ → 0.

Proof of Theorem 7.4. By Lemma 13.8, the set Υ :=
⋂

N−<N+
Ξ[N−, N+] is

residual in Ξ(iv) if the set Ω is connected. For ξ ∈ Υ, (ii) of Theorem 7.4 is immediate

from Lemma 13.7. To prove (i), we pick N that exceeds the second lim from (7.8)
and consider the set Rsam∗

∆ defined by (7.1), where q(∆) is replaced by N∆ . Since
q(∆) ≤ N∆ for all ∆ ≈ 0, then Rsam

∆ ⊃ Rsam∗
∆ . So Iopt(∆) ≤ I∗

opt(∆), where Iopt(∆)
and I∗

opt(∆) are the infima of the cost functionals in problem (2.1)–(2.4) related to the
classes Rsam

∆ and Rsam∗
∆ , respectively. With regard to (7.7) and (ii) of the theorem,

letting ∆ → +0 shows that the first lim from (7.8) does not exceed Jsam
opt [N, ξ]. Then

(i) of Theorem 7.4 follows from (ii) since Iopt(0) = Jsam
opt [∞, ξ] due to Remark 7.3 and

(i) of Theorem 7.2.
The second and third claims of Theorem 7.4 follow from Lemmas 13.7 and

13.8.
Proof of Theorem 4.3. This is stated by the results from Theorem 7.4, Remarks 7.3

and 7.5, and (i) of Theorem 7.2.
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14. Proofs of the statements from section 6.
Proof of Theorem 6.3. Consider the problem (2.1)–(2.4) with f(t, x1, x2, u1, u2) :=

f(t, x1, u1), a(t) := a0, ϕ(t, x1, x2, u1, u2) := ϕ(t, x1, u1)−B|u1 − u2|, where B will be
specified later. This problem meets the requirements (i)–(iv) from section 2 and its
natural “limit” case equals the original problem (2.5), (2.6) (i.e., (2.7) is true). By
invoking Theorem 5.1 and employing the element (13.1), we get

lim
∆→+0

Iopt(∆) ≤
∫
T

dt

∫
Ω×Ω

(ϕ[t, x(t), u′] −B|u′ − u′′|) ν(t, du′, du′′)

=
1

2

∫
T

(ϕ[t, x(t), u1] + ϕ[t, x(t), u2]) dt−B(t1 − t0)|u1 − u2|.

Here x(·) is the solution of (5.4). Due to Lemma 8.4, |x(t)| ≤ k for all t ∈ [t0, t1].
Hence

lim
∆→+0

Iopt(∆) ≤
κ︷ ︸︸ ︷

max
t∈[t0,t1],u∈Ω,|x|≤k

|ϕ(t, x, u)| −B

δ︷ ︸︸ ︷
(t1 − t0)|u1 − u2| .

By picking B > δ−1(κ−Iopt(0)+A), we arrive at (6.2) and complete the proof.
The proof of Lemma 6.1 is prefaced by the following technical fact.
Lemma 14.1. Given u(·) ∈ L∞([t0 − 1, t1] → Ω) and ∆ ∈ [0, 1], the symbol ν∆

stands for the element given by (5.8). The function ∆ �→ ν∆ ∈ G is continuous.
Proof. By [22, Theorem IV.2.4], it suffices to show that for any ζ(·) ∈ C(T ), ρ(·) ∈

Y := C(Ω2), and ∆ ∈ [0, 1],

Λ∆′,∆[ρ(·)] :=

∫
T

ζ(t) {ρ[u(t), u(t− ∆′)] − ρ[u(t), u(t− ∆)]} dt → 0(14.1)

as ∆′ → ∆. Fix ∆ and ζ(·). All ρ(·) ∈ Y such that (14.1) is true and constitute a
linear subspace Yρ of Y. We are going to show that it is closed. Indeed, let ρ∗(·) ∈ Yρ.
For any ε > 0, there exists ρ(·) ∈ Yρ such that κ := maxω∈Ω2 |ρ(ω) − ρ∗(ω)| ≤ ε.
Then

|Λ∆′,∆[ρ∗(·)]| ≤ |Λ∆′,∆[ρ∗(·) − ρ(·)]|+ |Λ∆′,∆[ρ(·)]| ≤ 2κ

∫
T

|ζ(t)| dt+ |Λ∆′,∆[ρ(·)]| ;

lim
∆′→∆

|Λ∆′,∆[ρ∗(·)]| ≤ 2ε

∫
T

|ζ(t)| dt + lim
∆′→∆

|Λ∆′,∆[ρ(·)]| = 2ε

∫
T

|ζ(t)| dt.

Letting ε → +0 shows that ρ∗(·) ∈ Yρ, i.e., Yρ = Yρ. So it suffices to prove (14.1) for
ρ(·) ∈ E, where E is an arbitrary set whose linear hull is dense in Y. This permits us
to focus on the functions ρ(·) of the form ρ(u′, u′′) = ρ1(u

′)ρ2(u
′′), ρ1(·), ρ2(·) ∈ C(Ω).

For them,

|Λ∆′,∆[ρ(·)]| =

∣∣∣∣∣∣∣
∫
T

ζ(t)ρ1[u(t)]︸ ︷︷ ︸
χ(t)

{ρ2[u(t− ∆′)] − ρ2[u(t− ∆)]} dt

∣∣∣∣∣∣∣
≤ ess supt∈T |χ(t)|

∫
T

|r(t− ∆′) − r(t− ∆)| dt,→ 0 as ∆′ → ∆,

where r(t) := ρ2[u(t)]. Thus (14.1) is valid.
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Proof of Lemma 6.1. We denote u∆(·) := u|[t0−∆,t1](·) ∈ R∆, µ(∆) := I∆(u∆) −
Iopt(∆), and employ the notation ν∆ introduced in Lemma 14.1. Then I∆(u∆) =
Iopt(∆) + µ(∆), i.e., the control u∆ is µ(∆)-suboptimal. Furthermore, thanks to
Lemmas 8.4 and 14.1,

lim
∆→0

µ(∆)= lim
∆→0

I∆(u∆)− lim
∆→0

Iopt(∆)=I(ν0)− lim
∆→0

Iopt(∆)=Iopt(0)− lim
∆→0

Iopt(∆),

which implies (6.1) and completes the proof.
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Abstract. Optimal control problems with convex costs, for which Hamiltonians have Lips-
chitz continuous gradients, are considered. Examples of such problems, including extensions of the
linear-quadratic regulator with hard and possibly state-dependent control constraints, and piecewise
linear-quadratic penalties are given. Lipschitz continuous differentiability and strong convexity of the
terminal cost are shown to be inherited by the value function, leading to Lipschitz continuity of the
optimal feedback. With no regularity assumptions on the limiting problem, epi-convergence of costs,
which can be equivalently described by pointwise convergence of Hamiltonians, is shown to guar-
antee epi-convergence of value functions. Resulting schemes of approximating any concave-convex
Hamiltonian by continuously differentiable ones are displayed. Auxiliary results about existence and
stability of saddle points of quadratic functions over polyhedral sets are also proved. Tools used are
based on duality theory of convex and saddle functions.

Key words. optimal control, differentiable Hamiltonian, convex value function, optimal feed-
back regularity, conjugate duality, epi-convergence, piecewise linear-quadratic function, saddle func-
tion
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1. Introduction. Given a point (τ, ξ) ∈ (−∞, T ]×R
n, a terminal cost g : R

n �→
R and a Lagrangian L : R

2n �→ R, consider the generalized problem of Bolza:

P(τ, ξ) : minimize

∫ T

τ

L(x(t), ẋ(t)) dt + g(x(T )) subject to x(τ) = ξ,(1)

with the minimization carried out over all absolutely continuous arcs x : [τ, T ] �→
R

n. While it is well known that a smooth Lagrangian need not lead to a regular
(maximized) Hamiltonian, which is defined by

H(x, y) = sup
v∈Rn

{y · v − L(x, v)} ,(2)

it is less appreciated that nonsmooth and infinite-valued L may give rise to a smooth
H. We explore this fact here, focusing on problems with convex g and L, and with
Hamiltonians for which ∇H is Lipschitz continuous.

Optimal control problems with explicit linear dynamics, hard and possibly state-
dependent control constraints, and state and control penalties can be reformulated
in Bolza format; see Clarke [10] or Rockafellar [18]. In section 2 we show that a
broad range of optimal control problems, including various extensions of the classical
linear-quadratic regulator, can lead to a smooth Hamiltonian. This makes the results
of section 3 applicable to the control framework.
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Section 3 studies regularity of the value function V : (−∞, T ] × R
n �→ R, de-

fined as the optimal value in P(τ, ξ) parameterized by the initial condition. Lipschitz
continuity of ∇g and ∇H is shown to lead to Lipschitz ∇V ; explicit bounds on the
constants are given. We stress that no smoothness or even finiteness assumptions are
made on L. For comparison, in a nonconvex setting, if the method of characteris-
tics associated with the Hamilton–Jacobi equation has no shocks (in our setting, this
automatically holds; see Goebel [14]), the value function inherits continuous differen-
tiability from that of the terminal cost, under further regularity assumptions on L;
see Byrnes and Frankowska [7] and also Caroff and Frankowska [8]. We note that
while we work with continuously differentiable Hamiltonians, we do not require them
to be C2. This raises an obstacle to Riccati-like descriptions of V as given by Byrnes
[6] and Caroff and Frankowska [9] but allows for treatment of problems discussed in
section 2 (for those, hard constraints or piecewise linear-quadratic penalties exclude
C2 smoothness of the Hamiltonian).

Our interest in Lipschitz continuity of ∇V comes from the role the gradient plays
in constructing optimal feedback. With the regularity of H and V as just mentioned,
the adjoint variable to an optimal arc x(t) is just −∇V (t, x(t)), and the resulting
optimal feedback mapping is continuous and Lipschitz in the state variable. Conse-
quently, the classical differential equation tools and existence and uniqueness results
apply. This is not the case for the general convex but nonsmooth setting—there,
the resulting set-valued feedback may be highly irregular, even for piecewise linear-
quadratic costs; see Goebel [14].

In section 4 we show that regular Bolza problems—those with Lipschitz ∇g and
∇H—can approximate any convex problem fitting our mild growth conditions. The
approximations are explicit and, together with direct proofs in section 3, they should
yield insights to numerical implementation of the method of characteristics. The
approximations rely on a more general result concluding the convergence of value
functions, defined by any converging to g and L sequences of initial costs and La-
grangians. As the functions in question need not be finite, we rely on the concept of
epi-convergence. Its extensions to infinite dimensions, where various topologies have
to be considered, have been used to study control problems; see Buttazzo and Dal
Maso [5] and Briani [4]. These works, while not requiring full convexity, had stricter
growth assumptions and finite cost functions, and dealt, respectively, with conver-
gence of optimal solutions and pointwise convergence of value functions. Moreover,
methods used here are significantly different; we employ a dual problem leading to a
dual value function, as described by Rockafellar and Wolenski [27]. The symmetry
between the primal and dual problem, and the fact that epi-convergence is preserved
by convex conjugacy (vaguely speaking, the “lower half” of epi-convergence dualizes
to the “upper” and vice-versa), requires us to show just one side (the easier one) of
epi-convergence. A similar idea was employed by Joly and Thelin [17] in the study of
convex integral functionals; here we keep to a minimum the discussion of such issues,
preferring to work with functions on finite-dimensional spaces.

Some of our results are most conveniently handled with the tools related to conju-
gacy and epi/hypo-convergence of saddle functions; see, respectively, chapters 33–37
in Rockafellar [19], Attouch and Wets [2], and Attouch, Azé, and Wets [1]. We
present the necessary background in section 5. In particular, our results on finiteness
and differentiability of piecewise linear-quadratic Hamiltonians are closely related to
existence and uniqueness of saddle points of an auxiliary quadratic function defined
on a product of polyhedral sets. Such a function also appears as a Lagrangian in ex-
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tended linear-quadratic programming; see Rockafellar [25]. (In convex optimization,
Lagrangians are saddle functions used, in particular, to express optimality conditions.)

2. Extended piecewise linear-quadratic optimal control. In this section
we illustrate that control problems with constraints and nondifferentiable costs can
possess Hamiltonians with desirable smoothness properties. Let us start with the
following example.

Example 2.1 (separable smooth Hamiltonian). Suppose that L(x, v) = k(x) +
l(v), and l is a convex function. Then the Hamiltonian H(x, y) is differentiable and
∇H is (globally) Lipschitz continuous if and only if k has this property and l is
strongly convex (that is, v �→ l(v) − ρ‖v‖2 is convex for some ρ > 0). Indeed,
H(x, y) = −k(x) + l∗(y), where l∗(y) = supv {y · v − l(v)} is the convex function
conjugate to l. The statement about differentiability of l∗, and the bound (2ρ)−1

on its Lipschitz constant, can be found in [26, Proposition 12.60]. Strongly convex
functions include functions of the form l(v) = v · Pv for v ∈ C while l(v) = +∞
for v �∈ C, where P is a symmetric positive definite matrix and C is any convex set,
but the (piecewise) quadratic structure is not necessary. For example, the “barrier
function” l(v) = − log(1 − |v|) for v ∈ (−1, 1), l(v) = +∞ otherwise, is strongly
convex (note the nondifferentiability at the origin), we have l∗(y) = 0 for y ∈ [−1, 1],
l∗(y) = |y| − log |y| − 1 otherwise, and l∗ has a Lipschitz continuous gradient.

In the remainder of this section, we discuss control problems with explicit mention
of controls, dynamics, constraints, and penalties. Translating such problems to the
generalized format of Bolza (1) is possible; see Clarke [10] for a general exposition or
Rockafellar [18] for details in the convex case. This enables the translation of results
of sections 3 and 4 to the control setting. As finiteness of the Hamiltonian and of
the value function implies that an optimal arc x(·) has a bounded derivative—in the
control setting below, u(·) is bounded—the potential discrepancy between minimizing
over absolutely continuous arcs in P(τ, ξ) and over L2 controls in the linear-quadratic
regulator is avoided in most cases under discussion.

Separable Hamiltonians of Example 2.1, and their biaffine perturbations given by
H(x, y) = y ·Ax− k(x)+ l∗(y), appear, for example, in the linear-quadratic regulator
with control constraints of the type u(t) ∈ U . However, state-dependent constraints
u(t) ≤ Cx(t) + d or mixed control and state penalties call for the analysis of a more
general class of Hamiltonians.

Given vectors p, q; matrices A, B, C, D, P , Q; and sets U , V of appropriate
dimensions, consider the following control problem C(τ, ξ):

min

∫ T

τ

[
p · u(t) +

1

2
u(t) · Pu(t) + ρV,Q(q − Cx(t) −Du(t))

]
dt + g(x(T ))

s.t. ẋ(t) = Ax(t) + Bu(t), u(t) ∈ U a.e., x(τ) = ξ,

(3)

with the minimization carried out over all integrable controls u : [τ, T ] �→ R
k. The

convex and possibly infinite-valued penalty function ρV,Q(·) is given by

ρV,Q(s) = sup
v∈V

{
s · v − 1

2
v ·Qv

}
.(4)

The key assumptions, guaranteeing not only the convex structure of the problem, but
also the piecewise linear-quadratic structure of the resulting Hamiltonian, is stated
below. We recall that a set is polyhedral if it is the intersection of finitely many
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closed half-spaces; consequently, a polyhedral set is always closed and convex (but
not necessarily bounded).

Matrices P and Q are symmetric positive semidefinite.
Sets U and V are nonempty and polyhedral.

(5)

Such extended piecewise linear-quadratic optimal control format was proposed by
Rockafellar [22]. Therein, optimality conditions taking advantage of duality were
stated. Their minimax form (related to the structure of the Hamiltonian as out-
lined in Example 5.1 and the surrounding discussion) facilitates the use of various
primal-dual optimization methods to discretized problems; see Rockafellar and Zhu
[28], Wright [29], and Zhu [30].

Here, we begin by describing when the control problem (3) fits the convex duality
framework of Rockafellar and Wolenski [27], we call upon some of their results in
later sections. The Hamiltonian for C(τ, ξ) (see Rockafellar [23] or apply (2) to the
Lagrangian (11)) is

H(x, y) = y ·Ax + J∗(B∗y, Cx),(6)

where the function J∗, convex in a and concave in b, is given by

J∗(a, b) = sup
u∈U

inf
v∈V

{
a · u + b · v − p · u− 1

2
u · Pu + q · v +

1

2
v ·Qv + v ·Du

}
.(7)

Here and in what follows, B∗ denotes the transpose of B. The Hamiltonian (and the
Lagrangian (11)) are piecewise linear-quadratic: their effective domains are unions
of finitely many polyhedral sets, relative to each of which the functions are linear-
quadratic (Goebel [12]). Goebel and Rockafellar [15] showed that if a piecewise linear-
quadratic Hamiltonian is finite, the control problem fits the framework of [27]. A
particular consequence of such a structure of the Hamiltonian, shown in [15], is that
the knowledge of V (τ , ·) at any particular τ ∈ (−∞, T ] determines V (uniquely) for
all times τ ∈ (−∞, T ].

In our setting, the finiteness of J∗, which implies that of the Hamiltonian, is
described by the following result. For a given set S, the recession cone S∞ consists
of all z such that S + z ⊂ S, while for a cone K, the polar cone K∗ is {w | w · z ≤
0 for all z ∈ K}.

Theorem 2.2 (finiteness of J∗
). Assume that (5) holds. Then, the function J∗

is finite if and only if the following is satisfied:{
U∞ ∩ kerP ∩ (−D∗V ∞)∗ = {0},
V ∞ ∩ kerQ ∩ (DU∞)∗ = {0}.(8)

Above, (DU∞)∗ = {w | D∗w ∈ U∞∗} and (−D∗V ∞) = {z | − Dz ∈ V ∞∗},
this comes directly from the definitions. The proof of Theorem 2.2, as well as that
of Theorem 2.4, requires some notions of saddle function theory. We present them
and the proofs in section 5. Note that if D is the zero matrix (which excludes many
modeling options), the function J∗ is separable: J∗(a, b) = supu∈U

{
a · u− 1

2u · Pu
}
−

supv∈V

{
−b · v − 1

2v ·Qv
}
, and (8) reduce to known conditions on recession cones and

kernels, we mention them in the discussion preceding Example 3.8.
Corollary 2.3. Assume that (5) holds.
(a) If U is a bounded set, J∗ is finite if and only if V ∞ ∩ kerQ = {0} (and this

holds in particular when V is bounded or Q is positive definite).
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(b) When sets U and V are cones, J∗ is finite if and only if{
U ∩ kerP ∩ (−D∗V )∗ = {0},
V ∩ kerQ ∩ (DU)∗ = {0}.

Arguments of Example 2.1 imply that in the separable case, as described before
Corollary 2.3, positive definiteness of P and Q is equivalent to the differentiability
of J∗. Below, we give a sufficient condition for differentiability, applicable to cases
where D �= 0 and not requiring the positive definiteness of P and Q. A somewhat
extreme example, showing that this last property is not necessary, is as follows. For a
and b one-dimensional, consider J∗ with p = q = P = Q = 0, D = 1, and U = V = R.
Direct calculation shows that J∗(a, b) = ab.

Theorem 2.4 (differentiability of J∗
). Assume that the following condition holds:{

kerP ∩ [D∗(V ∞ ∩ −V ∞)]
⊥

= {0},
kerQ ∩ [D(U∞ ∩ −U∞)]

⊥
= {0}.

(9)

Then J∗ is differentiable and ∇J∗ is Lipschitz continuous.
Lipschitz continuity of ∇J∗, while guaranteed by the proof, is automatic in the

presence of differentiability of J∗. This is thanks to the piecewise linear-quadratic
structure; if J∗ is differentiable, then ∇J∗ is piecewise affine (and there is finitely
many pieces). The piecewise linear-quadratic structure furthermore implies that J∗

is not C2, unless it is in fact quadratic (and this excludes any hard constraints or
piecewise linear-quadratic penalties in the underlying problem).

In the remainder of this section, we illustrate the modeling capabilities of the
extended piecewise linear-quadratic control, and use Theorem 2.4 to conclude the
differentiability of the Hamiltonian for various extensions of the linear-quadratic reg-
ulator. Computational methods for such problems in discrete time are of great interest
in the engineering literature; see Bemporad et al. [3] and the references therein.

Given symmetric positive semidefinite matrices E and G and a symmetric and
positive definite F , this classical problem is as follows:

min

∫ T

τ

1

2
(x(t) · Ex(t) + u(t) · Fu(t)) dt +

1

2
x(T ) ·Gx(T ),

s.t. ẋ(t) = Ax(t) + Bu(t), x(τ) = ξ.

(10)

Minimization is carried out over all L2 controls u(·) on [τ, T ] (optimal controls turn out
to be bounded, and in fact continuous). The value function for (10) is V (τ, ξ) = 1

2ξ ·
S(τ)ξ, where the matrix S(·) solves the associated Riccati equation, the Hamiltonian
is quadratic, and the optimal feedback is linear in the state. Results of section 3 will
show that while constraints and penalties destroy the linear structure, the optimal
feedback may still be Lipschitz continuous. Here, we focus on the regularity of the
Hamiltonian.

The linear-quadratic regulator can of course be cast in the format (3), by taking

P = F, Q = I, U = R
k, V = R

n, C =
√
E, D = 0, p = 0, q = 0.

Indeed, we obtain ρV,Q(q −Cu−Dv) = supv{(−
√
Eu) · v − 1

2v · v} = 1
2u ·

√
E

∗√
Eu.

It can be easily verified that conditions (8) and (9) are (obviously) satisfied.
Example 2.5 (fixed control constraints). A linear-quadratic regulator with a

constraint u(t) ∈ U , for a nonempty polyhedral set U , certainly fits the format (3).
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Thanks to the positive definiteness of P = F and Q = I, conditions (8) and (9) hold,
and thus the Hamiltonian is finite and differentiable (if U is bounded, the Hamiltonian
remains finite but not differentiable if the matrix F is just positive-semidefinite).
Direct calculation yields J∗(a, b) = ρU,F (a) − 1

2‖b‖2, and thus the Hamiltonian is
H(x, y) = y ·Ax− 1

2x · Ex + ρU,F (B∗y). Note that H is not C2.

Example 2.6 (state-dependent inequality constraints on controls). Consider (10)
with the following constraint on the control:

u(t) ≤ C0x(t) − q0,

for some matrix C0. Taking U = R
k, V = R

n × R
k
+, P = F, p = 0, and

Q =

[
In×n 0n×k

0k×n 0k×k

]
, q =

[
0n×n

q0

]
, C =

[√
E

C0

]
, D =

[
0n×k

−Ik×k

]
,

where 0n is a zero vector in R
n, 0n×k is the zero matrix of appropriate dimension,

etc., casts the problem in the framework of (3). We get, for s =

(
s1

s2

)
with s1 ∈ R

n,

s2 ∈ R
k,

ρV,Q(s) = sup
v∈V

{
s · v − 1

2
v ·Qv

}
= sup

v1∈Rn,v2∈R
k
+

{
s1 · v1 + s2 · v2 −

1

2
v1 · v1

}
= sup

v1∈Rn

{
s1 · v1 −

1

2
v1 · v1

}
+ sup

v2∈R
k
+

{s2 · v2} =
1

2
|s1|2 + δ

R
k
−
(s2),

and thus, since

q − Cx−Du =

(
−
√
Ex

q0 − C0x + u

)
,

expression ρV,Q(q − Cu−Dv) equals

1

2
x · Ex + δ

R
k
−
(q0 − C0x + u) =

1

2
x · Ex +

{
0 if u ≤ C0x− q0,

+∞ otherwise.

As desired, the penalty function enforces the inequality constraint.
We now check the finiteness and differentiability of the Hamiltonian. First, con-

ditions in both (8) and (9) are satisfied since P is positive definite. We have V ∞ = V ,
kerQ = {0n}×R

k, and, since U∞∗ = 0n, (DU∞)∗ = {w | [0n×n, Ik×k]w = 0} = R
n×

0k; thus the second condition for finiteness is satisfied. Similarly, [D(U∞∩−U∞)]⊥ =
R

n × 0k, and the Hamiltonian is differentiable.

Example 2.7 (state-dependent control constraints through quadratic penalties).
Adding to the integrand in (10) the penalty function

s∑
i=1

{
0 if qi − ci · x(t) − di · u(t) ≤ 0,

1
2λi (qi − ci · x(t) − di · u(t))

2
if qi − ci · x(t) − di · u(t) > 0,

with λi > 0 leads to another problem in the extended piecewise linear-quadratic
format. Indeed, set U = R

k, V = R
n × R

s
+, P = F, p = 0, and

Q =

[
In×n 0n×s

0s×n Λ−1

]
, q =

⎡⎢⎢⎣
0n×n

q1
...
qs

⎤⎥⎥⎦ , C =

⎡⎢⎢⎣
√
E
c1
...
cs

⎤⎥⎥⎦ , D =

⎡⎢⎣
0n×k

d1

· · ·
ds

⎤⎥⎦ ,
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where Λ is a diagonal matrix with diagonal entries λi. It can be verified that the
corresponding Hamiltonian function is finite and continuously differentiable (but not
C2).

We add that combining penalty functions from Example 2.7, with constraints
of either Example 2.5 or 2.6, is possible in the extended piecewise linear-quadratic
format. Moreover, these suggested combinations will lead to a differentiable Hamilto-
nian. In section 3 we will return to the examples above to describe the corresponding
optimal feedback mappings.

3. Value function regularity. Techniques used in this and the following sec-
tions will rely in part on the Hamilton–Jacobi and duality theories developed for
convex control problems in Rockafellar and Wolenski [27]. The required assumptions
on the problem P(τ, ξ) defined in (1), which we pose throughout this section, are
stated below. The growth conditions in (A2), (A3) are quite mild, their detailed
discussions can be found in [27] and also Goebel [14].

Assumption 3.1 (basic assumptions).
(A1) The functions g : R

n �→ R and L : R
2n �→ R are proper, l.s.c., and convex.

(A2) The set F (x) = {v | L(x, v) < ∞} is nonempty for all x, and there is a
constant ρ such that dist(0, F (x)) ≤ ρ(1 + |x|) for all x.

(A3) There exist constants α, β and a coercive, proper, nondecreasing function θ(·)
on [0,∞) such that L(x, v) ≥ θ(max{0, |v| − α|x|}) − β|x| for all x and v.

The symbol R stands for the interval [−∞,+∞], a function f : R
n �→ R is said

to be proper if it does not take on the value −∞, and its effective domain dom f =

{x | f(x) < +∞} is nonempty; a function f is called coercive if lim|x|→+∞
f(x)
|x| = +∞.

Example 3.2 (piecewise linear-quadratic Lagrangian). Translating the control
problem C(τ, ξ) discussed in section 2 to the format of Bolza (1) (see [10] or [18])
leads to the Lagrangian

L(x, v) = inf
u

{
p · u +

1

2
u · Pu + ρV,Q(q − Cx−Du) | v = Ax + Bu, u ∈ U

}
.(11)

In particular, the value function defined by (1) with the Lagrangian (11) is the same
as that defined by (3). If (5) holds and the corresponding Hamiltonian (6) is finite (as
is always the case if conditions (8) are in place), then the Lagrangian above satisfies
Assumption 3.1; see [15, Corollary 4.5].

A key tool for the analysis of the regularity of the value function V is the global
description of the graph of ∂ξV (τ, ·) as the image of gph ∂g under a certain flow
mapping. Here, and in what follows, ∂ξV denotes the subdifferential in the sense of
convex analysis, of the convex function ξ �→ V (τ, ξ); the subdifferentials ∂g and ∂yH
should also be understood in the convex sense; see Rockafellar [19, section 23]. The
subdifferential ∂̃xH(x, y) of the concave function H(·, y) equals −∂x (−H(x, y)). If
any of the mentioned functions are differentiable, the subdifferential reduces to the
gradient. Consider the Hamiltonian inclusion

−ẏ(t) ∈ ∂̃xH(x(t), y(t)), ẋ(t) ∈ ∂yH(x(t), y(t)).(12)

A pair of absolutely continuous arcs (x(·), y(·)) on [a, b] will be called a Hamiltonian
trajectory if it satisfies (12) for almost all t ∈ [a, b].

Theorem 3.3 (flow of the value function). One has η ∈ ∂ξV (τ, ξ) if and only if,
for some ηT ∈ ∂g(ξT ), there is a Hamiltonian trajectory on [T − τ, T ] from (ξ,−η) to
(ξT ,−ηT ).
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The above result was shown by Rockafellar and Wolenski [27], as Theorem 2.4,
in the setting of control problems with an initial cost function, and for which the
value function is parameterized by a terminal constraint. A change of variables in the
expression for the value function yields the result as described above.

In a less convex setting, descriptions of the (appropriately understood) sub-
differential of the value function in the flavor of Theorem 3.3 are possible in some
local sense, as long as the image of the subdifferential of the terminal cost under
the Hamiltonian flow remains a subdifferential of a function—this is the case in our
convex setting for any length of the time interval [τ, T ]. Under stronger smoothness
assumptions than used here, the Hessian of the value function may then turn out to
be a solution of an appropriate matrix Riccati differential equation; see Byrnes [6]
and Caroff and Frankowska [9].

To illustrate Theorem 3.3, we show that a piecewise linear-quadratic problem need
not yield a piecewise linear-quadratic value function. This is in contrast to discrete
time problems.

Example 3.4 (loss of piecewise linear-quadratic structure). Consider a one-
dimensional problem of Bolza with the cost functions

L(x, v) =
1

2
v2 +

{
0, x < 0,

1
2x

2, x ≥ 0,
g(x) =

1

2
(x + 3)2.

The corresponding Hamiltonian is piecewise linear-quadratic and differentiable, and
its gradient is piecewise linear:

H(x, y) =

{
1
2y

2, x < 0,

− 1
2x

2 + 1
2y

2, x ≥ 0,
∇H(x, y) =

{
(0, y), x < 0,

(−x, y), x ≥ 0.

A Hamiltonian trajectory (x(·), y(·)) must satisfy ẋ(t) = y(t) = const when x(t) < 0,
and x(t) = αet + βe−t, y(t) = αet − βe−t for suitably chosen α, β when x(t) > 0.

The segment between (−2,−1) and (−1,−2) is contained in gph(−∇g). Param-
eterize the segment by (xs(T ), ys(T )) = (s − 2,−s − 1) with s ∈ [0, 1]. Hamiltonian
trajectories terminating at (xs(T ), ys(T )) are given by

(xs(t), ys(t)) =

⎧⎨⎩
(
(s + 1)(T − t) + s− 2,−s− 1

)
, 0 ≤ T − t ≤ 2−s

s+1 ,

(s + 1)
(

sinh(T − t− 2−s
s+1 ),− cosh(T − t− 2−s

s+1 )
)
, T − t ≥ 2−s

s+1 .

It is easy to check that for any t < T − 1, the set {(xs(t), ys(t)), s ∈ [0, 1]} is not a
straight line segment, nor is it a union of segments. But {(xs(t), ys(t)), s ∈ [0, 1]} ⊂
gph−∂ξV (T − t, ·), and consequently, V (T − t, ·) is not piecewise linear-quadratic.

Lemma 3.5. Suppose that H is differentiable and ∇H is Lipschitz continuous
with constant K. Let g(x) = 1

2a‖x‖2 + b · x + c, with a > 0. Then, for all τ ≤ T ,
(a) V (τ, ·) is differentiable with ∇ξV (τ, ·) Lipschitz continuous, with constant

a
[
1 +

(
eK(T−τ) − 1

)√
1 + a−2

]2
;

(b) V (τ, ·) is strongly convex with constant

a
[
1 +

(
eK(T−τ) − 1

)√
1 + a2

]−2

.
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Proof. Fix τ ≤ T . Pick two points, ξT1 �= ξT2 in R
n, and let ηTi = ∇g(ξTi ) =

a ξTi + b, i = 1, 2. Let (xi(·), yi(·)) be the Hamiltonian trajectory on [τ, T ] with
(xi(T ), yi(T )) = (ξTi ,−ηTi ) for i = 1, 2. As ∇H is Lipschitz continuous, the Hamilto-
nian trajectories and the endpoints just mentioned are well defined. To shorten the
notation, let α(t) = x1(t) − x2(t), β(t) = y1(t) − y2(t).

The monotone structure of ∇H implies that α(t) ·β(t) is a nondecreasing function
of t; see Theorem 4 in [20]—this is a distinguishing feature of a convex problem.
Consequently,

−‖α(τ)‖ ‖β(τ)‖ ≤ α(τ) · β(τ) ≤ α(T ) · β(T ) = −a‖α(T )‖2,

and thus ‖α(τ)‖ ‖β(τ)‖ ≥ a‖α(T )‖2. Lipschitz continuity of ∇H implies that

‖β(τ)‖ ≤ ‖β(T )‖ +
(
eK(T−τ) − 1

)
‖(a(T ), b(T ))‖.(13)

Maximizing ‖β(τ)‖/‖α(τ)‖ subject to the last two inequalities (this is a simple two-
dimensional calculus problem) yields

‖β(τ)‖
‖α(τ)‖ ≤

‖β(T )‖ +
(
eK(T−τ) − 1

)
‖(a(T ), b(T ))‖

a‖α(T )‖2
/[

‖β(T )‖ +
(
eK(T−τ) − 1

)
‖(a(T ), b(T ))‖

] ,
which simplifies to ‖β(τ)‖/‖α(τ)‖ ≤ a

[
1 +

(
eK(T−τ) − 1

)√
1 + a−2

]2
, since β(T ) =

−aα(T ). Thanks to Theorem 3.3, the last bound is in fact a bound on ‖η1−η2‖/‖ξ1−
ξ2‖ over all (ξi, ηi) such that ηi ∈ ∂ξV (τ, ξi), i = 1, 2. This shows (a).

A lower bound on ‖η1−η2‖/‖ξ1−ξ2‖ and the relationship between strong convex-
ity of a convex function and the Lipschitz continuity of the gradient of its conjugate
[26, Proposition 12.60] yield (b); see also Example 4.2.

Theorem 3.6 (Lipschitz gradient). Assume that H is differentiable and ∇H is
Lipschitz continuous with constant K.

(a) Suppose that g is differentiable and ∇g is Lipschitz with constant γ0. Then
V (τ, ·) is differentiable for all τ < T , and there exists a continuous func-
tion γ : (−∞, T ] �→ R with γ(T ) = γ0 such that ∇ξV (τ, ·) is Lipschitz with
constant γ(τ).

(b) Suppose that g is strongly convex with constant δ0. Then there exists a con-
tinuous (and positive) function δ : (−∞, T ] �→ R with δ(T ) = δ0 such that for
all τ < T , V (τ, ·) is strongly convex with constant δ(τ).

In fact, one can choose γ(τ) = c2−1
2c with c = (γ0 +

√
1 + γ2

0)e2K(T−τ), and δ(τ) =

2d
d2−1 with d =

(
δ−1
0 +

√
1 + δ−2

0

)
e2K(T−τ). In particular, γ(τ) ≤ (γ0 + 1

2 )e2K(T−τ)

and δ(τ) ≥ 2δ0
2+δ0

e−2K(T−τ).
Proof. The gradient of a differentiable convex function f is Lipschitz continuous

with constant a if and only if, for all x, x′,

f(x′) ≤ f(x) + ∇f(x) · (x′ − x) +
1

2
a‖x′ − x‖2;(14)

see Proposition 12.60 in [26]. If g is as assumed in (a), we have for any x, x′,
g(x′) ≤ gx(x′), where gx(x′) = g(x) + ∇g(x) · (x′ − x) + 1

2γ0‖x′ − x‖2. Then for

any τ ≤ T , V (τ, ξ) ≤ V
x
(τ, ξ), where V

x
(τ, ·) is the value function corresponding to

the initial cost gx. The latter value function is differentiable, as shown in Lemma
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3.5. Also, V (τ, ξx) = V
x
(τ, ξx), where ξx is the first coordinate of the initial point

of the Hamiltonian trajectory on [τ, T ] terminating at (x,−∇g(x)); this follows from
Theorem 3.3 and from the optimality of the first arc constituting the mentioned Hamil-
tonian trajectory in the definition of both value functions. Consequently, V (τ, ·) is
also differentiable at ξx, and ∇ξV (τ, ξx) = ∇ξV

x
(τ, ξx). Now, Lemma 3.5 implies

that the gradient of V
x
(τ, ·) is Lipschitz continuous with constant γ′ as described in

(a) of the lemma. Combining this, the inequality (14), and the comparison between
V (τ, ·) and V

x
(τ, ·) yields

V (τ, ξ) ≤ V (τ, ξx) + ∇ξV (τ, ξx) +
1

2
γ′‖ξ − ξx‖2.

In light of Theorem 3.3 this bound holds for any ξ, ξ′, and thus ∇ξV (τ, ·) is Lipschitz
continuous with constant γ′.

The Optimality Principle and time-invariance of the Hamiltonian allow us to
derive, through arguments similar to those above, a Lipschitz constant for ∇ξV (τ ′, ·)
given a constant for ∇ξV (τ, ·), with τ ′ < τ . Let γ(t) denote the (smallest possible)

Lipschitz constant for ∇ξV (t, ·). Then γ(τ ′) ≤ γ(τ)[1 + (eK(τ−τ ′) − 1)
√

1 + γ(τ)−2]2

whenever γ(τ) > 0; a similar bound can be obtained for the case of γ(τ) = 0 for small
values of τ − τ ′ (by estimating ‖a(τ ′)‖, ‖b(τ ′)‖ from the proof of Lemma 3.5 as in
(13)). Consequently, we can show that

lim inf
τ ′→τ

γ(τ ′) − γ(τ)

τ ′ − τ
≥ −2K

√
1 + γ2(τ).

Thus γ(τ) ≤ φ(τ), where φ is the solution of φ′(t) = −2K
√

1 + φ2(t), φ(T ) = γ0.
This yields the bound at the end of Theorem 3.6 and proves (a).

A direct proof of (b) is symmetrical to the one just presented for (a), and an
alternate approach is explained in Example 4.2.

The factor 2 in the exponent in formulas for c and d at the end of Theorem 3.6
is not surprising. Consider H(x, y) = x · y corresponding to L(x, v) = δx(v). Then
for any g, V (τ, ξ) = g(eT−τξ) and the Lipschitz constant for ∇V (τ, ·) is e2(T−τ) times
that of ∇g.

Under the assumptions of Theorem 3.6 (a), an arc x(·) is optimal for P(τ, ξ) in
(1) if and only if

x(τ) = ξ, ẋ(t) = ∇yH(x(t),−∇ξV (t, x(t))) for almost all t ∈ [τ, T ].(15)

The properties of the optimal feedback mapping Φ : (−∞, T ]×R
n, defined by Φ(t, x) =

∇yH(x,−∇ξV (t, x)), are summarized below. Continuity of φ in both variables follows
from that of ∇ξV , which in turn is a consequence of graphical continuity of ∇ξV (t, ·)
in t, as stated in [27, Corollary 2.2]; details were worked out in Goebel [14].

Corollary 3.7 (Lipschitz optimal feedback). Suppose that H and g are dif-
ferentiable and their gradients are Lipschitz continuous. Then the optimal feedback
mapping Φ is continuous on (−∞, T ] × R

n, and there exists a continuous function
µ : (−∞, T ] �→ R such that for all t ≤ T , Φ(t, ·) is Lipschitz continuous with constant
µ(t).

If the problem of Bolza P(τ, ξ) represents a control problem C(τ, ξ) in (3) via the
transformation (11), an optimal control minimizes the right-hand side in (11). This
translates (15) to necessary and sufficient optimality conditions for C(τ, ξ) (general



CONTROL PROBLEMS WITH SMOOTH HAMILTONIANS 1797

case with no smoothness present was discussed in [14]), x(τ) = ξ, ẋ(t) = Ax(t)+Bu(t),
and

u(t) = ∇1J
∗(−B∗∇ξV (t, x(t)), Cx(t)) for almost all t ∈ [τ, T ].(16)

Under the assumptions of Theorem 2.4, conclusions similar to those in Corollary
3.7 can be made about φ(t, x) = ∇1J

∗(−B∗∇ξV (t, x), Cx). In particular, optimal
controls turn out to be continuous. To finish this section, we calculate φ for some of
the examples of section 2.

We will need some properties of ρV,Q defined in (4) (recall that Q is positive
semidefinite and V is polyhedral). The function ρV,Q is proper, convex, and piecewise
linear-quadratic; dom ρV,Q = (V ∞ ∩ kerQ)∗ and, in particular, ρV,Q is finite-valued
if and only if V ∞ ∩ kerQ = {0} (Theorem 2.2 generalizes this fact). If this condition
holds, then

∂ρV,Q(s) = argmax
v∈V

{
s · v − 1

2
v ·Qv

}
= {v | s−Qv ∈ NV (v)} = (Q + NV )−1(s),

where NV (v) is the normal cone to the set V at v. For details, see Example 11.18 in
Rockafellar and Wets [26]. If Q is actually positive definite, and thus invertible, we
have, with proj√V Q being the projection onto

√
QV ,

∂ρQ,V (s) =
(√

Q
)−1

proj√
QV

((√
Q
)−1

s

)
.

Indeed for any convex set C, (projC)−1 = I + NC . Then[(√
Q
)−1

proj√
QV

(√
Q
)−1

]−1

=
√
Q
(
proj√

QV

)−1 √
Q =

√
Q
(
I + N√

QV

)√
Q.

The last expression equals Q+NV . It follows from the fact that
√
QN√

QV

√
Q = NV ,

and this can be deduced from the properties of the normal cone under a change of
coordinates.

Example 3.8 (optimal controls in feedback form). The linear-quadratic regulator
(10) with a constraint u(t) ∈ U (Example 2.5) has the following feedback mapping:

φ(t, x) = (F + NU )
−1

(−B∗∇ξV (t, x)) =
√
F

−1
proj√FU

(
−
√
F

−1
B∗∇ξV (t, x)

)
.

A similar formula was obtained by Heemels, Van Eijndhoven, and Stoorvogel [16] for
a conical U ; our regularity results are also stronger than those therein.

Example 2.6 discussed (10) with a constraint u(t) ≤ C0x(t) − q0. With the
matrices as defined in the mentioned example, we obtain

J∗(a, b) = sup
u∈U

inf
v∈V

{
a · u + b · v − 1

2
u · Pu +

1

2
v ·Qv + v ·Du

}
= inf

v∈V

{
b · v +

1

2
v ·Qv + sup

u∈Rk

{
(a + D∗v) · u− 1

2
u · Pu

}}
= inf

v∈V

{
b · v +

1

2
v ·Qv +

1

2
(a + D∗v) · P−1(a + D∗v)

}
=

1

2
a · P−1a− sup

v∈V

{
(−b−DP−1a) · v − 1

2
v · (Q + DP−1D∗)v

}
.
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The matrix Q + DP−1D∗ equals
[ In×n 0n×k

0k×n F−1

]
, and thus the sup expression above

is separable. Also, DP−1 =
[ 0k×k

−F−1

]
, so (−b −DP−1a)1 = −b1, (−b −DP−1a)2 =

−b2 − F−1a. Then J∗(a, b) equals

1

2
a · F−1a− 1

2

∥∥(−b−DF−1a)1
∥∥2 − sup

v2∈R
k
+

{
(−b−DF−1a)2 · v2 − v2 · F−1v2

}
=

1

2
a · F−1a− 1

2
‖b1‖2 − ρ

R
k
−,F−1

(
−b2 − F−1a

)
and thus ∇1J

∗(a, b) = F−1
[
a + (N

R
k
−

+ F−1)−1(−b2 − F−1a)
]
. Since for b = Cx we

have b1 =
√
Ex, b2 = C2x, the optimal feedback map is

φ(t, x) = −F−1
[
B∗∇ξV (t, x) −

(
N

R
k
−

+ F−1
)−1 (

F−1B∗∇ξV (t, x) − C2x
) ]

.

4. Convergence and approximation of value functions. In this section we
study the convergence of value functions defined by sequences of converging costs {gi}
and {Li},

Vi(τ, ξ) = inf

{
gi(x(0)) +

∫ τ

0

Li(x(t), ẋ(t)) dt
∣∣∣ x(τ) = ξ

}
,(17)

to V (τ, ξ) defined in (1). To treat sequences of possibly infinite-valued functions we
use the well appreciated in optimization notion of epi-convergence. A sequence of
functions fi : R

n → R, i = 1, 2, . . . , is said to epi-converge to f (e-limi fi = f for
short) if, for every point x ∈ R

n,
(a) lim infi fi(xi) ≥ f(x) for every sequence xi → x,
(b) lim supi fi(xi) ≤ f(x) for some sequence xi → x.

For details, consult Rockafellar and Wets [26, Chapter 7]. We will only need to directly
show the “lower” part of epi-convergence of value functions and rely on duality results
to complete the argument. Let us briefly introduce the needed concepts.

For a function f : R
n �→ R its convex conjugate is defined by

f∗(y) = sup
x∈Rn

{y · x− f(x)}.

If f is proper, l.s.c., and convex, then so is f∗, and the conjugate of f∗ equals f (that
is, f(x) = supy∈Rn{x · y − f∗(y)}). For details, consult Rockafellar [19, section 12].
Relations of certain properties of f to some other properties of f∗, say of coercivity
and finiteness, were alluded to in the previous sections; in Example 4.2 we discuss the
symmetry between strong convexity of f and Lipschitz continuity of ∇f∗, and revisit
Lemma 3.5 and Theorem 3.6. Epi-convergence of a sequence of convex function is
equivalent to that of the sequence of conjugates; we will need the following related
facts. Below, e-lim infi fi ≥ f means that condition (a) in the definition of epi-
convergence holds. A sequence {fi} is said to escape epigraphically to the horizon if
the epigraphical limit of fi is equal to +∞ everywhere.

Lemma 4.1. Suppose that functions f : R
n �→ R and fi : R

n �→ R, i = 1, 2, . . . ,
are proper, l.s.c., and convex.

(a) If e-lim infi fi ≥ f and e-lim infi f
∗
i ≥ f∗ and neither sequence escapes epi-

graphically to the horizon, then e-limi fi = f and e-limi f
∗
i = f∗.
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(b) Neither of the sequences fi, f
∗
i escapes epigraphically to the horizon provided

there exists a constant ρ > 0 such that fi(x) ≥ −ρ(‖x‖ + 1) and f∗
i (x) ≥

−ρ(‖x‖ + 1) for all x and i = 1, 2, . . ..
Proof. Statement (a) essentially follows from the statement and proof of Theorem

11.34 in [26]. We show (b). An application of a separation principle (for example,
Theorem 11.3 in [19]) implies that for every i = 1, 2, . . . , there exist αi ∈ R

n, βi ∈ R

such that fi(x) ≥ αi · x + βi ≥ −ρ(‖x‖ + 1) for every x ∈ R
n. It must be the case

that ‖αi‖ ≤ ρ while βi ≥ −ρ. We then obtain

f∗
i (αi) = sup

x
{αi · x− f(x)} ≤ sup

x
{αi · x− αi · x− βi} = −βi ≤ ρ.

Thus f∗
i (αi) ≤ ρ while by assumption, f∗

i (αi) ≥ −ρ(‖αi‖ + 1). As ‖αi‖ ≤ ρ, there
exists a convergent subsequence of (αi, f

∗
i (αi)), and, consequently, the sequence f∗

i

cannot escape to the horizon. A symmetric argument shows the corresponding fact
for the sequence fi.

For a given initial cost g and Lagrangian L, the dual value function Ṽ : (−∞, T ]×
R

n �→ R is defined in a fashion similar to V ,

Ṽ (τ, η) = inf

{
g∗(y(0)) +

∫ τ

0

L̃(y(t), ẏ(t)) dt
∣∣∣ y(τ) = η

}
,(18)

where the dual Lagrangian is

L̃(y, w) = L∗(w, y) = sup
(x,v)∈R2n

{w · x + y · v − L(x, v)}.(19)

If L satisfies Assumption 3.1, then so does L̃ (and consequently Ṽ (τ, ·) is proper, l.s.c.,
and convex for every τ ≤ T ), and in fact for any τ ≤ T , the functions V (τ, ·) and

Ṽ (τ, ·) are conjugate to each other:

Ṽ (τ, η) = sup
ξ∈Rn

{
η · ξ − V (τ, ξ)

}
, V (τ, ξ) = sup

η∈Rn

{
ξ · η − Ṽ (τ, η)

}
.(20)

These results were shown by Rockafellar and Wolenski [27]. The Hamiltonian H̃

associated with a dual Lagrangian L̃ is exactly H̃(y, x) = −H(x, y), and thus it has

the same smoothness properties as H. Note also that the Lagrangian dual to L̃ is the
original L.

Example 4.2 (strong convexity and Lipschitz differentiability). A convex function
f is differentiable and ∇f is Lipschitz continuous with constant σ if and only if f∗

is strongly convex with constant 1/σ. This and (20) automatically proves one of the
statements (a), (b) of Theorem 3.6 once the other is in place and similarly for Lemma
3.5. For example, we show (b) of 3.6 with the help of (a). Suppose g is strongly convex
with constant δ0, and ∇H is Lipschitz with constant K. Then ∇g∗ is Lipschitz with
constant γ0 = 1/δ0, while the dual Hamiltonian H̃ also has a Lipschitz gradient,

with constant K. Application of (a) shows that the dual value function Ṽ (τ, ·) is

differentiable, with ∇ηṼ (τ, ·) Lipschitz with constant γ(τ) as described at the end
of Theorem 3.6. Now (20) implies that V (τ, ·) is strongly convex, with constant
δ(τ) = 1/γ(τ). This yields the expression for δ(τ) as described in the other formula
at the end of Theorem 3.6. The lower bound on δ(τ) can be obtained in a similar
fashion from the upper bound on γ(τ).
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We now focus on sequences of Bolza problems. Given a sequence of Lagrangians
{Li}, for each i we let L̃i be the Lagrangian dual to Li as described in (19), and Hi

be the Hamiltonian corresponding to Li as suggested by (2). The value function Vi

is defined by (17), while Ṽi is defined similarly in terms of g∗i and L̃i.
Assumption 4.3 (uniform growth assumption). Each of the functions gi and

Li, i = 1, 2, . . . , is proper, l.s.c., and convex. There exist functions L and L, each
satisfying Assumption 3.1, such that, for every i = 1, 2, . . .,

L ≤ Li ≤ L.

As L satisfies Assumption 3.1 if and only if L̃ does, the second condition above
is equivalent to the existence of M and M , each satisfying Assumption 3.1, such that
M ≤ L̃i ≤ M ; take M to be the Lagrangian dual to L, M dual to L.

Lemma 4.4 (convergence equivalence). If Assumption 4.3 holds, the following
statements are equivalent:

(a) Lagrangians Li epi-converge to L,

(b) dual Lagrangians L̃i epi-converge to L̃,
(c) Hamiltonians Hi converge pointwise to H.
The proof is postponed until section 5. Also there we discuss the convergence of

Lagrangians (11) and Hamiltonians (6) corresponding to extended piecewise linear-
quadratic functions under perturbations of all defining data; see Theorem 5.6.

Assumption 4.5 (epi-convergence of cost functions). Sequences {gi}, {Li} epi-
converge, respectively, to g and L.

Equivalently, we could assume that sequences {g∗i } and {L̃i} epi-converge, respec-

tively, to g∗ and L̃. We are now ready to state the main result of this section.
Theorem 4.6 (value function epi-convergence). Let Assumptions 4.3 and 4.5

hold. For any τ ≤ T and a sequence τi → τ (in particular for τi = τ) we have

e-limVi(τi, ·) = V (τ, ·).(21)

Equivalently, e-lim Ṽi(τi, ·) = Ṽ (τ, ·). This implies e-limVi = V and e-lim Ṽi = Ṽ .
We prove the theorem by taking advantage of the representation

V (τ, ξ) = inf
ξ′∈Rn

{E(τ, ξ, ξ′) + g(ξ′)} ,(22)

where the fundamental kernel E : (−∞, T ] × R
n × R

n is given by

E(τ, ξ, ξ′) = inf

{∫ T

τ

L(x(t), ẋ(t)) dt | x(τ) = ξ, x(T ) = ξ′

}
,

with the infimum taken over all arcs with prescribed endpoints. A symmetric repre-
sentation of Ṽ (τ, η) is available, with Ẽ(τ, η, η′) defined in terms of L̃. The following
conjugacy relationship is a direct consequence of (20); to see this, consider E(·, ·, ξ′)
as the value function associated with the terminal cost g(x) = δξ′(x) and use the fact
that g∗(y) = ξ′ · y0:

Ẽ(τ, η, η′) = sup
ξ,ξ′

{η · ξ − η′ · ξ′ − E(τ, ξ, ξ′)} ,

E(τ, ξ, ξ′) = sup
η,η′

{
ξ · η − ξ′ · η′ − Ẽ(τ, η, η′)

}
.
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We will need some facts about continuity and convergence of integral functionals. It is
known that for a fixed τ > 0, the functional Φ(τ, ·) defined on the space of absolutely
continuous arcs on [0, τ ] by Φ(τ, z(·)) =

∫ τ

0
L(z(t), ż(t))dt is weakly sequentially lower

semicontinuous. This can be shown as a consequence of the conjugacy between L and
H, and by interchanging the integration and maximization,∫ τ

0

sup
w

{w · ż(t) −H(z(t), w)} dt = sup
w(·)

∫ τ

0

{w(t) · ż(t) −H(z(t), w(t))} dt,(23)

where the latter supremum is taken over all arcs w in L∞[0, T ] (see, for exam-
ple, [26, Theorem 14.60]). Now consider a sequence of functionals Φi(τ, z(·)) =∫ τ

0
Li(z(t), ż(t))dt a sequence of arcs xi on [0, τ ] weakly convergent to an arc x (mean-

ing that ẋi converge weakly to ẋ in L1 and xi(0) converge to x(0)). Then

lim inf
i

Φi(τ, xi(·)) ≥ Φ(τ, x(·)).(24)

We only need to consider the case where lim inf Φi(τ, xi(·)) < +∞. As in (23),
we have, for any w in L∞[0, T ], Φi(τ, xi(·)) ≥

∫ τ

0
{w(t) · ẋi(t) −Hi(xi(t), w(t))} dt.

Then, as ẋi(·) converge weakly in L1 to ẋ(·), xi(·) converge pointwise to x(·), and
Hi converge to H pointwise and also uniformly on compact sets (Lemma 5.4), we
get lim inf Φi(τ, xi(·)) ≥

∫ τ

0
{w(t) · ẋ(t) −H(x(t), w(t))} dt, and this holds for any w

in L∞[0, T ]. By (23), we conclude (24). In the proof of Lemma 4.7 we extend these
arguments to varying time intervals.

Lemma 4.7 (fundamental kernel epi-convergence). Let Ei and Ẽi be the fun-

damental kernels associated, respectively, with Li and L̃i. Under assumptions of
Theorem 4.6, for any τ < T and a sequence τi → τ (in particular for τi = τ) we
have

e-limEi(τi, ·, ·) = E(τ, ·, ·).(25)

Equivalently, e-lim Ẽi(τi, ·, ·) = Ẽ(τ, ·, ·). Consequently, e-limEi = E and e-lim Ẽi =

Ẽ.
Proof. Fix τ < T and τi → τ . First, we show that e-lim infi Ei(τi, ·, ·) ≥ E(τ, ·, ·),

that is, for any point (ξ, ξ′) ∈ R
2n and a sequence (ξi, ξ

′
i) → (τ, ξ, ξ′), we have

lim inf
i→∞

Ei(τi, ξi, ξ
′
i) ≥ E(τ, ξ, ξ′).(26)

We only need to consider the case where lim infi→∞ Ei(τi, ξi, ξ
′
i) = m < +∞, and

if necessary we pass to a subsequence so that Ei(τi, ξi, ξ
′
i) → m. There exist arcs

xi on [τi, T ] such that Ei(τi, ξi, ξ
′
i) = Φi(τi, xi(·)) =

∫ τi
0

Li(xi(t), ẋi(t))dt. Setting
ai = (T − τi)/(T − τ) and defining x0

i (τ + s) = xi(τi + ais), L
0
i (x, v) = aiLi(x, v/ai)

leads to

Φi(τi, xi(·)) =

∫ T

τi

Li(xi(t), ẋi(t))dt =

∫ T

τ

L0
i (x

0
i (t), ẋ

0
i (t))dt = Φ0

i (τ, x
0
i (·)),

with L0
i epiconverging to L [26, Exercise 7.47]. Corresponding Hamiltonians are

H0
i (x, y) = aiH(x, y), while the dual Lagrangians are L̃0

i (x, v) = aiL̃i(x, v/ai). As
{Li} satisfies Assumption 4.3, so does {L0

i }; this is a direct calculation. Conse-
quent uniform growth assumptions imply in particular that some subsequence of
rescaled arcs x0

i on [0, τ ] weakly converges to an arc x on [0, τ ] with x(τ) = ξ,
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x(T ) = ξ′ (this follows from Theorem 1 in [21]). Moreover, as in (24), we have
limi Φi(τi, xi(·)) = limi Φ

0
i (τ, x

0
i (·)) ≥ Φ(τ, x(·)). But the arc x is feasible for the

problem defining E(τ, ξ, ξ′), and (26) follows.

The same argument applied to dual problems gives e-lim inf Ẽi(τi, ·, ·) ≥ Ẽ(τ, ·, ·).
Lemma 4.1 (a) will conclude (25) (and the equivalent dual statement) if we show that

neither Ei(τi, ·, ·) nor Ẽi(τi, ·, ·) escapes to the horizon. Uniform growth in Assumption
4.3 and the rescaling arguments above imply that {Ei(τi, ·, ·)} is uniformly bounded

below by Ê(τ, ·, ·), a fundamental function corresponding to some Lagrangian satisfy-
ing Assumption 3.1. As the latter function is proper and convex, it is bounded below
by an affine function. A similar bound is in place for Ẽi(τi, ·, ·), and thus the desired
conclusions hold.

Lastly, the very definition of epi-convergence explains that (25) implies e-limEi =
E.

Proof (Theorem 4.6). As in Lemma 4.7, we begin by showing that for any (τ, ξ) ∈
(0,+∞) × R

n and a sequence (τi, ξi) → (τ, ξ), we have

lim inf
i

Vi(τi, ξi) ≥ V (τ, ξ).(27)

It suffices to consider, passing to a subsequence if necessary, the case of limi Vi(τi, ξi) <
+∞. Recall (22). Functions gi epi-converge to g by assumption, while Lemma 4.7
and the definition of epi-convergence yield e-lim infi Ei(τi, ξi, ·) ≥ E(τ, ξ, ·). Now by
Theorem 7.46 of [26], we obtain

e-lim inf
i

{Ei(τi, ξi, ·) + gi(·)} ≥ E(τ, ξ, ·) + g(·).(28)

As mentioned in the proof of Lemma 4.7, {Ei(τi, ·, ·)} is uniformly bounded below by

Ê(τ, ·, ·), a fundamental kernel corresponding to some Lagrangian satisfying Assump-
tion 3.1. Proposition 4.2 in [27] implies that

Ei(τi, ξi, ξ
′) ≥ Ê(τ, ξi, ξ

′) ≥ θ (max {0, |ξ′| − α|ξi|}) − β|ξi|(29)

for a proper, nondecreasing, and coercive θ : [0,+∞) �→ R and constants α, β. As ξi
converge, there exist a, b such that Ê(τi, ξ, ξ

′) ≥ θ(max{0, |ξ′| − a}) − b. A similar
bound is in place for E(τ, ·, ·), and consequently, Ei(τi, ξi, ·) and E(τ, ξ, ·) are bounded
below by a coercive function. Convexity and epi-convergence of gi to g implies, by
7.34 in [26], that gi and g are bounded below (uniformly in i) by −ρ(| · |+1), for some
constant ρ. As infξ′{Ei(τi, ξi, ξ

′) + gi(ξ
′)} converge to a finite value, there exists a

compact set S such that

inf
ξ′

{Ei(τi, ξ
′, ξi) + gi(ξ

′)} = inf
ξ′∈S

{fi(ξ′) + Ei(τi, ξ
′, ξi)} ,

and a similar condition holds for E(τ, ξ, ξ′) + g(ξ′). Consequently, infimum in (22)
can be taken over S, similarly for Vi(τi, ·). Now (28) and Proposition 7.29 in [26] yield
(27).

Growth conditions gi(ξ
′) ≥ −ρ(|ξ′| + 1), (29), and the fact that since θ in (29) is

coercive, there exists γ > 0 such that θ ≥ ρ| · | − γ imply that

Vi(τi, ξ) ≥ inf
ξ′

{−ρ(|ξ′| + 1) + ρmax {0, |ξ′| − α|ξ|} − γ − β|ξ|}
≥ −(αρ + β)|ξ| − (ρ + γ).
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A similar bound holds for Ṽi(τi, ·). This and (27) show the desired epi-convergence of

Vi(τi, ·) as well as Ṽi(τi, ·), by Lemma 4.1 (b). Epi-convergence of Vi and Ṽi follows
directly from the definition of epi-convergence.

We now describe how any problems fitting the general Assumption 3.1 can be
approximated by problems with value functions possessing regularity as discussed in
section 3. We will rely on Moreau–Yosida envelopes of convex and saddle functions.
For any proper, l.s.c., and convex f and λ > 0, eλf(x) = infq

{
f(q) + 1

2λ‖x− q‖2
}

is
finite and differentiable; see [26, Theorem 2.26]. A generalization of this smoothing
technique to saddle functions was introduced by Attouch and Wets [2]. Applied to a
concave-convex Hamiltonian H (and simplified to single parameter λ vs. the original
two), it yields a differentiable concave-convex function

eλH(x, y) = sup
p

inf
q

{
H(p, q) − 1

2λ
‖x− p‖2 +

1

2λ
‖y − q‖2

}
.(30)

(We use the same notation for Moreau–Yosida regularization of convex and saddle
functions; it should be clear which one is considered.) The key fact is that ∇eλf
and ∇eλH are globally Lipschitz with constant 1/λ. This is the case since ∇eλf is
the Yosida regularization of the monotone subdifferential ∂f (see Exercise 12.23 in
[26]), while (x, y) �→ (−∇xeλH(x, y),∇yeλH(x, y)) is the Yosida regularization of the

monotone mapping (x, y) �→ (−∂̃xH(x, y), ∂yH(x, y)).
Corollary 4.8 (regularization of value functions). Let L be any Lagrangian

satisfying Assumption 3.1; L̃ be the associated dual Lagrangian; g be any proper,
l.s.c., and convex function; and V , Ṽ be the associated value functions. There exists
a sequence of finite convex functions gi and a sequence of Lagrangians Li satisfying
Assumption 4.3 such that the following hold.

(a) Conclusions of Theorem 4.6 hold for sequences {Vi}, {Ṽi} of value functions

corresponding, respectively, to Li, gi and their dual costs g∗i , L̃i.

(b) For each i, Vi and Ṽi are continuously differentiable, and there exist con-
tinuous and positive functions γi : (−∞, T ] �→ R, δ : (−∞, T ] �→ R such
that
(i) ∇ξVi(τ, ·) and ∇ξṼi(τ, ·) are Lipschitz with constant γ(τ),

(ii) V (τ, ·) and Ṽ (τ, ·) are strongly convex with constant δ(τ).
This can be achieved by considering (with H associated to L)

gi(x) = e1/i g(x) + ‖x‖2/i, Hi(x, y) = e1/i H(x, y),

and letting Li and L̃i be the Lagrangians associated with Hi.
Proof. Condition (A3) in Assumption 3.1 (by the proof of Theorem 2.3 in [27])

and the definition of Hi imply, respectively, that

H(x, y) ≤ θ∗(‖y‖) + (α‖y‖ + β) ‖x‖, Hi(x, y) ≤ sup
p

{
H(p, y) − 1

2λ
‖p− x‖2

}
.

Combining the two inequalities yields

Hi(x, y) ≤ θ∗(‖y‖) + sup
p

{
(α‖y‖ + β) ‖p‖ − 1

2λ
‖p− x‖2

}
= θ∗(‖y‖) +

λ

2
(α‖y‖ + β)

2
+ (α‖y‖ + β) ‖x‖.
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This in turn implies that (A3) holds for Li, with θ replaced by

θ′(r) = inf
s∈[0,r]

{
θ∗(s) +

λ

2
(αs + β)

2

}
.

Coercivity of both θ∗ and the quadratic implies that of θ′, which is obviously nonde-
creasing. A symmetric argument shows that L̃i satisfies (A3) uniformly, and conse-
quently, Assumption 4.3 is satisfied. Moreau–Yosida approximations of H hypo/epi-
converge to H, and as all these functions are finite, the convergence is pointwise
(Lemma 5.4). Functions gi epi-converge to g by Theorem 1.25 and Exercise 7.47 in
[26]. This shows (a).

To see (b), note that g has a Lipschitz gradient (with constant i) as well as
strongly convex (with constant 1/i). Now, invoke Theorem 3.6 and the symmetry
between strong convexity and Lipschitz continuity of the gradient of the dual as
outlined in Example 4.2.

Example 4.9 (regularization of control problems). Recall that the Hamiltonian
(6) corresponding to an extended piecewise linear-quadratic problem (3) had the spe-
cial structure H(x, y) = y · Ax + J∗(B∗y, Cx). The regularization, as described in
Corollary 4.8, can be applied to such H, but a more explicit smoothing technique
is available. One may regularize J∗ directly, using the convex-concave counterpart
of (30)—the infimum is to be taken over the first variable, supremum over the sec-
ond. Such regularization, with parameter 1/i can be equivalently obtained by defining
functions J∗

i in (7) with matrices P and Q replaced, respectively, by positive definite
P + I/i, Q + I/i. (Here I denotes an identity matrix of appropriate size.)

5. Convex analysis tools. We say that a function K : R
k × R

l �→ [−∞,+∞]
is convex-concave if, for any fixed z ∈ R

l, the function K(·, z) is convex, while for any
fixed w ∈ R

k, K(w, ·) is concave. We call a convex-concave function K proper if the
effective domain of K, defined as

domK =
{
w ∈ R

k | K(w, z) < +∞ ∀z ∈ R
l
}
×
{
z ∈ R

l | −∞ < K(w, z) ∀w ∈ R
k
}
,

is nonempty.
Convex function duality gives a one-to-one correspondence between a proper lsc

convex function and its conjugate (also proper and l.s.c.). Saddle function duality
describes a one-to-one correspondence between equivalence classes of proper closed
saddle functions. Closedness is a notion corresponding, in a sense, to lower semicon-
tinuity of convex functions. For the somewhat technical definition, and the reasons
for considering equivalence classes, see Rockafellar [19]. Here, we limit ourselves to
the facts crucial to the developments in what follows.

Any equivalence class [K] of closed saddle functions contains the lowest and the
highest element, denoted K and K, and consists of all closed saddle functions K such
that K ≤ K ≤ K. If a saddle function K is finite, then it is closed, K = K = K, and
the class [K] of all closed functions equivalent to K is just {K}. A saddle function k,
defined on W ×Z, for some nonempty closed convex sets W ⊂ R

K , Z ⊂ R
L, gives rise

to an equivalence class [K] of saddle functions on R
K ×R

l, whose lowest and highest
elements, K, K, are given by

K(w, z) =

⎧⎨⎩ k(w, z) for w ∈ W, z ∈ Z,
−∞ for z �∈ Z,
+∞ for w �∈ W, z ∈ Z;

K(w, z) =

⎧⎨⎩ k(w, z) for w ∈ W, z ∈ Z,
+∞ for w �∈ W,
−∞ for w ∈ W, z �∈ Z.
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Equivalent saddle functions have the same effective domains, on the relative interior
of which they are equal to each other (and finite).

For a given saddle function K, the lower conjugate K∗ and the upper conjugate
K∗ are defined by

K∗(a, b) = sup
u∈Rk

inf
v∈Rl

{a·u+b·v−K(u, v)}, K∗(a, b) = inf
v∈Rl

sup
u∈Rk

{a·u+b·v−K(u, v)}.

(31)
The lower and upper conjugate functions are equivalent to each other and are, re-
spectively, the lowest and the highest elements of [K∗], the class of saddle functions
conjugate to K. In fact, K∗, K∗ do not depend on the choice of K ∈ [K], so [K∗]
should be thought of as conjugate to [K]. The lower and upper conjugates of any
K∗ ∈ [K∗] are, in turn, the lowest and highest elements of [K].

Example 5.1 (Hamiltonian in terms of a conjugate function). Recall that the
Hamiltonian (6) was expressed in terms of a function J∗, which can be viewed as a
conjugate of J (a unique conjugate, if we request that J∗ be finite), where

J(u, v) = p · u +
1

2
u · Pu + q · v − 1

2
v ·Qv − v ·Du for (u, v) ∈ U × V,(32)

and has appropriately assigned ±∞ values outside U × V .

Subdifferentials of K∗ are exactly the saddle points in the expressions in (31);
see Rockafellar [19, Theorem 37.2]. In particular, as finite saddle functions have
nonempty subdifferentials, Theorem 2.2 can be viewed as saying that J has a saddle
point on U×V for any (p, q). In other words, the function J0 below has a saddle point
under any affine perturbation. Similarly, Theorem 2.4 states the Lipschitz continuity
of saddle points of J∗ under perturbations. From a numerical viewpoint, finding the
gradients of the Hamiltonian (6) amounts to solving a quadratic minimax problem.

As the linear terms p · u and q · v in (32) do not influence the finiteness and
differentiability of J∗(·, ·), in proofs of Theorems 2.2 and 2.4 we work with

J0(u, v) =
1

2
u · Pu− 1

2
v ·Qv − v ·Du.

(From (7), we get that J∗(a, b) = J∗
0 (a−p, b+q).) We will need the following technical

lemma.
Lemma 5.2. Assume that sets W and Z in R

n are polyhedral. Then W +Z = R
n

is equivalent to W∞ +Z∞ = R
n. For a linear mapping L we have (LW )∞ = LW∞.

Proof. For a polyhedral set W we can conclude that W ⊂ W∞ + εwB for some
ε > 0, this follows for example from Corollary 3.53 in [26]. Thus if W + Z = R

n,
then W∞ + Z∞ + (εw + εz)B = R

n. But since W∞ + Z∞ is a cone, we must have
W∞ + Z∞ = R

n. Now assume the latter. We have W∞ ⊂ W − w for any w ∈ W .
Similarly for Z. Then W∞ +Z∞ ⊂ W +Z− (w+ z), which shows that W +Z = R

n.
The fact about linear mappings follows directly from the representation of a polyhedral
set in Corollary 3.53 in [26].

For a proper lsc and convex function f , finiteness of f∗ is equivalent to coercivity
of f . Generalization of this fact to saddle functions, shown by Goebel [13, Proposition
2.7], states that for a proper closed convex-concave function K : R

k ×R
l �→ [−∞,∞],

the following conditions are equivalent:
(a) The class [K∗] of convex-concave functions conjugate to K consists of a unique

finite-valued function.
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(b) The convex function α(u) = supv K(u, v) and the concave β(v) = infu K(u, v)
are both proper and coercive (respectively, in the convex and concave sense).

A concave function g is coercive (in the concave sense) if −g is coercive as a convex
function. Condition (a) can be translated to the following: for every (a, b) ∈ R

k ×R
l,

K∗(a, b) = K∗(a, b), and the common value is finite).
Proof (Theorem 2.2). By the result quoted above, J∗

0 (·, ·) is finite if and only if
the convex function

φ(u) = sup
v∈V

{
1

2
u · Pu− 1

2
v ·Qv − v ·Du + δU (u)

}
and the concave function

ψ(v) = inf
u∈U

{
1

2
u · Pu− 1

2
v ·Qv − v ·Du− δV (v)

}
are proper and coercive. By symmetry, it will suffice to analyze φ(·). We have

φ(u) =
1

2
u · Pu + δU (u) + sup

v∈V

{
v · (−Du) − 1

2
v ·Qv

}
.

Let φ1(u) = 1
2u · Pu + δU (u) and φ2(u) = supv∈V

{
v · (u) − 1

2v ·Qv
}
. Properness of

φ(·) is equivalent to the existence of some u ∈ U with φ2(−Du) finite. As domφ2 =
(V ∞ ∩ kerQ)∗ [26, Example 11.18], we get that φ(·) is proper if and only if −DU ∩
(V ∞ ∩ kerQ)∗ �= ∅. Assuming that this holds, we obtain, through Corollary 11.33 in
[26], that the conjugate of the function u �→ φ2(−Du) at a point w is given by

inf
v∈V

{
1

2
v ·Qv | w = −D∗v

}
and the domain of this function is −D∗V . The domain of φ∗

1(·) is (U∞∩kerP )∗. Then
the domain of φ∗(·) is (U∞ ∩ kerP )∗ + (−D∗V ). Now the properness and coercivity
of φ(·) is equivalent to domφ∗(·) = R

k. We get that φ(·) is proper and coercive if and
only if

−DU ∩ (V ∞ ∩ kerQ)∗ �= ∅, −D∗V + (U∞ ∩ kerP )∗ = R
k.

Analogous statements for ψ(·) follow after analyzing the convex function −ψ(·) in the
above way. We obtain

D∗V ∩ (U∞ ∩ kerP )∗ �= ∅, DU + (V ∞ ∩ kerQ)∗ = R
l.

Now note that −D∗V +(U∞∩kerP )∗ = R
k implies D∗V ∩(U∞∩kerP )∗ �= ∅. Indeed,

since 0 ∈ R
k, there exists a v ∈ V such that 0 ∈ −D∗v+(U∞∩kerP )∗. But this means

that D∗v ∈ (U∞ ∩ kerP )∗, so D∗V ∩ (U∞ ∩ kerP )∗ �= ∅. The latter condition is then
superfluous, and a similar statement can be made about −DU ∩ (V ∞ ∩ kerQ)∗ �= ∅.

Using the properties of polyhedral sets in Lemma 5.2, we can translate the con-
dition DU + (V ∞ ∩ kerQ)∗ = R

l to

DU∞ + (V ∞ ∩ kerQ)∗ = R
l.

By polarizing both sides of this equation according to the rules in Corollary 11.25 in
[26], we get one of the conditions in (8). The other one is obtained symmetrically
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from −D∗V + (U∞ ∩ kerP )∗ = R
k. The expression for (DU∞)∗ and (−D∗V ∞)∗ also

come from Corollary 11.25.
Saddle points in the definition (7) of J∗ are exactly the subgradients of that

function. This allows us to use a result of Dontchev and Rockafellar [11] on the
stability of saddle points; we quote it below in a form specialized for our current
setting. By (a, b) ∈ ∂sK(w, z) we mean that a ∈ ∂wK(w, z), b ∈ ∂̃zK(w, z).

Lemma 5.3 (see [11, Theorem 3.2]). Assume that (ū, v̄) ∈ ∂sJ∗
0 (a, b). Then a

necessary and sufficient condition for ∂sJ∗
0 to be single-valued and Lipschitz continu-

ous on a neighborhood of (a, b) is the following:{
u ∈ U0 − U0, Pu = 0, Du ∈ [V0 ∩ −V0]

⊥ ⇒ u = 0,
v ∈ V0 − V0, Qv = 0, D∗v ∈ [U0 ∩ −U0]

⊥ ⇒ v = 0,
(33)

where U0 = TU (ū) ∩ (a− Pū + R∗v̄)⊥ and V0 = TV (v̄) ∩ (b + Qv̄ + Rū)⊥.
The subspace U0 − U0 is the smallest subspace containing U0, whereas U0 ∩−U0

is the largest subspace contained in the cone U0. Similarly for V0.
Proof (Theorem 2.4). For a convex set S, the lineality space Sl of S is the set of

all those vectors y, such that for all x ∈ S, the line from x in the direction of y is
contained in S. If S is a polyhedral set, Sl = S∞ ∩ −S∞. Using this notation,

[D∗(V ∞ ∩ −V ∞)]
⊥

=
{
u | Du ∈ V ⊥

l

}
,

and similarly for the other similar expression in condition (9). Thus, this condition
can be restated as {

Pu = 0, Du ∈ V ⊥
l ⇒ u = 0,

Qv = 0, D∗v ∈ U⊥
l ⇒ v = 0.

We first show that for a closed convex set S and any w ∈ NS(s), Sl ⊂ w⊥. The
condition for w ∈ NS(s) is that for all x′ ∈ S, (x′ −x) ·w ≤ 0, in particular, for every
l ∈ Sl, l · w ≤ 0. But Sl is a subspace, so it must be that l · w = 0. This shows that
Sl ⊂ w⊥. Also note that Sl ⊂ TS(s).

Pick any (a, b) with J∗
0 (a, b) finite. As J∗

0 is piecewise linear-quadratic, ∂sJ∗
0 (a, b)

is nonempty. Pick any (ū, v̄) ∈ ∂sJ∗
0 (a, b). This is equivalent to (a, b) ∈ ∂sJ0(ū, v̄),

meaning a − Pū + D∗v̄ ∈ NU (ū) and b + Qv̄ + Dū ∈ −NV (v̄), and consequently
Ul ⊂ (a − Pū + D∗v̄)⊥ and Vl ∈ (b + Qv̄ + Dū)⊥. This implies that Ul ⊂ U0 and
Vl ⊂ V0, so then Ul ⊂ U0 ∩ −U0, Vl ⊂ V0 ∩ −V0 and also U⊥

l ⊃ (U0 ∩ −U0)
⊥,

V ⊥
l ⊃ (V0 ∩ −V0)

⊥.
In view of the above inclusions, condition (9) implies that (33) holds everywhere.

That is, in the neighborhood of every point where J∗ is finite, this function is also
differentiable—therefore, in particular, finite. But the domain of J∗

0 is a polyhedral,
so also closed, set. Then J∗

0 is finite and differentiable everywhere.
A corresponding notion of convergence for convex-concave functions is that of

epi/hypo-convergence. We will only use it for sequences of convex-concave functions
which are modulated (in the sense of Rockafellar [24]), that is, for sequences which
satisfy the following: for some ρ ≥ 0 and some i0, we have, for all i > i0,

inf
|w|≤ρ

Ki(w, z) ≤ ρ(1 + |z|) ∀z, sup
|z|≤ρ

Ki(w, z) ≥ −ρ(1 + |w|) ∀w.(34)

Under Assumption 4.3, the sequence of functions (y, x) → Hi(x, y) is modulated.
This can be seen by looking at the equivalent to Assumption 3.1 growth conditions
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on the Hamiltonian, as described in Rockafellar and Wolenski [27], Theorem 2.3; see
also our proof of Corollary 4.8. A sequence of (equivalence classes of) convex-concave
functions Ki is said to epi/hypo-converge to K if

lim
ε↘0

[
lim sup

zi→z,i→∞

(
inf

|wi−w|≤ε
Ki(wi, zi)

)]
≤ K(w, z),(35)

lim
ε↘0

[
lim inf

wi→w,i→∞

(
sup

|zi−z|≤ε

Ki(wi, zi)

)]
≥ K(w, z).(36)

Lemma 5.4 (convergence of finite saddle functions). Let Ki, i = 1, 2, . . . and K
be finite-valued convex-concave functions on R

k × R
l. The following are equivalent:

(a) Ki converge epi/hypo-graphically to k,
(b) Ki converge pointwise to k,
(c) Ki converge uniformly to k on every compact subset of R

k × R
l.

Proof. Assume (a). Subdifferentials of Ki converge graphically to that of K, this
follows from an extension of Attouch’s theorem for convex functions; see [24, Theorem
4.3]. As subdifferentials of K are convex-valued, Exercise 5.34 in [26] implies the
existence of N > 0, ε0 > 0 such that, ‖∂wKi(w

′, z′)‖ < N for (w′, z′) ∈ (w, z) + ε0B.
For ε < ε0 we have inf |wi−w|≤ε Ki(wi, zi) ≥ Ki(w, zi) − εN . Using this in (35) we get

K(w, z) ≥ lim
ε↘0

[
lim sup

zi→z,i→∞
(Ki(w, zi) − εN)

]
≥ lim

ε↘0

[
lim sup
i→∞

(Ki(w, z) − εN)
]

= lim sup
i→∞

Ki(w, z).

Symmetric argument shows that K(w, z) ≤ lim infi→∞ Ki(w, z), and thus Ki converge
to K pointwise. Implication (b)⇒(c) was shown in [19, Theorem 35.1], while (c)⇒ (a)
is simple—it follows from the uniform continuity of K and the definition of epi/hypo-
convergence.

Proof (Lemma 4.4). The equivalence of (a) and (b) follows from the definitions of

L̃i, L̃ and the fact that convex conjugacy preserves epi-convergence; see, for example,
Theorem 11.34 in [26]. An extension of this fact to partial conjugacy, first shown by
Attouch, Aze, and Wets [1] and specialized to modulated sequences in [24, Theorem
4.1], implies that (a) is equivalent to the “hypo/epi-convergence” of Hi to H. As
the Hamiltonians are finite, hypo/epi-convergence is equivalent to their pointwise
convergence.

We conclude by discussing the convergence of extended piecewise linear-quadratic
problems. Let Ci(τ, ξ) be defined as in (3) by matrices Ai, Bi, Ci, Di, Pi, Qi, vectors
pi, qi and sets Ui, Vi. To study the convergence of {Ci(τ, ξ)} to C(τ, ξ) one could
analyze the sequence of Lagrangians {Li} defined as in (11), with the help of the cal-
culus of epi-convergence, as described for example in [26, Chapter 7]. We propose an
alternate way, suggested by Lemma 4.4 and Example 5.1—we focus on Hamiltonians
and rely on the lemma below.

Lemma 5.5 (convergence of constrained saddle functions and their conjugates).
Suppose that

(a) ki : R
k × R

l �→ R, i = 1, 2, . . . , are convex-concave functions converging
pointwise to a finite-valued convex-concave function k;

(b) Wi ∈ R
k, Zi ∈ R

l, i = 1, 2, . . . , are nonempty closed convex sets converging,
respectively, to nonempty closed convex sets W , Z.
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Let [Ki] be the equivalence class of convex-concave functions determined by ki and
Wi ×Zi, similarly define [K] by k and W ×Z, and assume that {[Ki]} is modulated.
Then the sequence {[Ki]} epi/hypo-converges to K. Consequently, the sequence {[Mi]}
given by

Mi(a, b) = sup
w∈Wi

inf
z∈Zi

{a·w+b·z−ki(w, z)}, Mi(a, b) = inf
z∈Zi

sup
w∈Wi

{a·w+b·z−ki(w, z)}

epi/hypo-converges to [M ] described by

M(a, b) = sup
w∈W

inf
z∈Z

{a ·w+ b · z− k(w, z)}, M(a, b) = inf
z∈Z

sup
w∈W

{a ·w+ b · z− k(w, z)}.

If all four of the functions above are finite-valued, the equivalence classes [Mi] and
[M ] consist of just one function each, and the convergence is pointwise.

Proof. We show that (35) holds for {Ki} and K; the argument for (36) is sym-
metrical. When w �∈ W , there is nothing to prove, as K(w, z) = +∞. Suppose that
w ∈ W and fix ε > 0. There exists a sequence w̄i → w with w̄i ∈ Wn, and we have

lim sup
zi→z,i→∞

(
inf

|wi−w|≤ε
Ki(wi, zi)

)
≤ lim sup

zi→z,i→∞
Ki(w̄i, zi).

If z �∈ Z, any sequence zi → z must eventually satisfy zi �∈ Zi, and thus Ki(w̄i, zi) =
−∞. Thus

lim sup
zi→z,i→∞

(
inf

|wi−w|≤ε
Ki(wi, zi)

)
= −∞ = K(w, z).

Now note that

lim sup
zi→z,i→∞

(
inf

|wi−w|≤ε
Ki(wi, zi)

)
≤ lim sup

zi→z,i→∞
Ki(w̄i, zi)

≤ lim sup
zn→z,n→∞

kn(w̄n, zn) = k(w, z),

where the equality follows from the fact that ki converge to k uniformly on any
compact neighborhood of (w, z) (Lemma 5.4). If z ∈ Z, k(w, z) = K(w, z), and this
shows the epi/hypo-convergence of {Ki} to K.

Epi/hypo-convergence is preserved under saddle function conjugacy [24, Theorem
4.2]. As {Mi} are saddle conjugates of {Ki} (in (31) the infimum and supremum
need to be taken only over the sets where the function values are finite), epi/hypo-
convergence of {Ki} to K implies that of {Mi} to M . The last statement follows from
Lemma 5.4.

A related result was shown by Wright [29]. It concluded the convergence of {Ki},
if each Ki had the form k′i(w) − k′′i (z) − w · Dz (separable saddle function plus a
constant biaffine term); convergence of Mi was not addressed there. Also in [29],
epi/hypo-convergence was employed to study discrete approximations of C(τ, ξ).

Theorem 5.6 (convergence of piecewise linear-quadratic Hamiltonians). Assume
that matrices Ai, Bi, Ci, Di, Pi, Qi, vectors pi, qi and sets Ui, Vi defining the problem
Ci(τ, ξ) converge, respectively, to A, B, C, D, P , Q, p, q, U , V defining C(τ, ξ).
Suppose also that the data in Ci(τ, ξ), i = 1, 2, . . . , and C(τ, ξ) satisfies the conditions
of Theorem 2.2. Then Hamiltonians Hi converge pointwise to H.

Proof. The sequence of functions Ji corresponding to Ci(τ, ξ) as in (32) is modu-
lated (too see this, note that there exist ui ∈ Ui converging to some u ∈ U , and for
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some ρ > 0, inf |u|≤ρ J i(u, v) is bounded above by pi · ui + 1
2ui ·Piui + qi · v− v ·Diui;

this shows the first inequality in (34)). The quadratic expressions defining Ji in (32)
converge pointwise (on the whole space) to that of J . Lemma 5.5 guarantees that
{Ji} as well as {J∗

i } epi/hypo-converge to, respectively, J and J∗. As the functions
J∗
i and J∗ are finite, their convergence is uniform on compact sets by Lemma 5.4.

But then, it also implies the pointwise convergence of Hamiltonians Hi.
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CONTROL PROBLEM WITH STATE CONSTRAINTS∗
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Abstract. In this article, a free-time impulsive control problem with state constraints and
equality and inequality constraints on the trajectory endpoints is considered. A weakened maximum
principle is obtained for problems with data measurable in the time variable, being the time transver-
sality conditions deduced with the help of some extra convexity assumption on the state constraints.
In the case of smooth problems a nondegenerate maximum principle is derived by using a penalty
function method.
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1. Statement of the problem. We shall address the following impulse control
optimization problem:

J(p, u, µ) = e0(p) → min,(1.1)

dx = f(x, u, t)dt + g(x, t)dµ, t ∈ [t0, t1],(1.2)

e1(p) ≤ 0, e2(p) = 0,(1.3)

ϕ(x, t) ≤ 0, t ∈ [t0, t1],(1.4)

u(t) ∈ U(t) [t0, t1]-a.e., µ ≥ 0,(1.5)

p = (x0, x1, t0, t1), x0 = x(t0), x1 = x(t1).

Here e1, e2, ϕ are given vector-functions with values in �kj , j = 1, 2, 3, respectively,
t ∈ �1 is the time variable, µ is a nonnegative scalar valued Borel measure on time
interval [t0, t1], referred to by impulse control, and x is the state variable with values
in �n. The notation a.e. stands for almost all t ∈ [t0, t1] with respect to Lebesgue
measure. The vector u with values in �m is called control. An admissible control
is an essentially bounded measurable function u(t) such that u(t) ∈ U(t) a.e. The
vector p ∈ �2n+2 is called an endpoint.
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The functions e0, e1, e2, ϕ, g, defining the minimizing functional, endpoint, and
state constraints, and the impulse driven dynamics are continuously differentiable in
all their arguments. The vector function f is linear in u, i.e.,

f(t, x, u) = f0(t, x) + F (t, x)u,(1.6)

continuously differentiable in x for almost all t, and, together with its partial deriva-
tives in x, is measurable in t for all fixed (x, u). Both f and its partial derivatives
in x are bounded on any bounded set and continuous in (x, u) uniformly in t. The
set-valued mapping U is measurable in t and bounded, i.e., ∃ c > 0, s.t. |U(t)| ≤ c
∀t. The set U(t) is convex and closed for almost all t.

The triple (p, u, µ) is said to be a control process if ∃ x(t) : x(t0) = x0, x(t1) =
x1 and x, u, µ satisfy (1.2). A control process is called admissible if it satisfies all
constraints of the considered problem. The admissible process (p∗, u∗, µ∗) is said to
be optimal if for any admissible process (p, u, µ), the inequality e0(p

∗) ≤ e0(p) is true.
The goal for this article is to derive necessary conditions for optimality in the form

of a nondegenerate maximum principle for the free-time impulsive control problem
(1.1)–(1.5) with control constraints. The maximum principle is said to degenerate if
condition (4.3) in our main result, Theorem 4.1, does not hold.

If condition (4.3) does not hold, then it can be easily seen that the maximum con-
dition may not be informative in the sense that it holds for any admissible controls
(u, µ). Indeed, that is so when ψ(t) = 0 a.e., σr(s) = 0 a.e. (see Theorem 4.1). For
example, we may point to a specific class of problems for which the classical maxi-
mum principle always degenerates: the autonomous time-optimal problem with state
constraints and fixed endpoints which belong to the boundary of the state constraints.

This article pertains to the significant effort made over the years to extend the
conventional optimal control theory, addressing systems with trajectories which are
continuous, more precisely, absolutely continuous, to systems whose trajectories might
present discontinuities.

Despite the already significant body of theory addressing optimal impulsive con-
trol problems developed during the last two decades (consider, for example, [2, 4, 5,
7, 13, 10, 14, 15, 16, 17, 18, 20, 21, 22, 23], none of the authors that derived necessary
conditions of optimality for impulsive control problems with state constraints, namely,
[4, 15, 17], addressed the issue of nondegeneracy of the optimality conditions.

The issue of nondegeneracy is an important one in optimal control and, for con-
ventional optimal control problems with state constraints, it was addressed by, among
others, [1, 3, 6]. Furthermore, a weakened maximum principle (Theorem 7.1) for free-
time impulsive control problems with data merely measurable in the time variable
was derived, being the time transversality conditions obtained with the help of some
extra convexity assumption on the state constraints. This result is also new.

This article is organized as follows. After addressing in the next section the
set of hypotheses under which our results are proved, we present and discuss some
preliminary concepts. In section 4, we state our main result and present some remarks
as well as an illustrative example. Then, some auxiliary results are stated in section 5.
Their proof is presented in the appendix. In section 6, we state and prove two results
of increasing order of complexity. While in the first result we consider the free-time
impulsive optimal control problem without constraints, in the second result only add
endpoint state constraints. The weakened version of our main result is stated and
proved for the full problem in section 7. Finally, in section 8, we derive our main
result.
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2. Hypotheses. Let us formulate basic definitions and assumptions.

Definition 2.1. Endpoint constraints are said to be regular if, for any endpoint
vector p = (x0, x1, t0, t1) satisfying (1.3),

(1) the vectors
∂ej2
∂p (p), j = 1, . . . , k2, are linearly independent;

(2) there exists vector p̄ ∈ �2n+2 such that

∂e2

∂p
(p)p̄ = 0,

〈
∂ej1
∂p

(p), p̄

〉
> 0 ∀j s.t. ej1(p) = 0.

Definition 2.2. State constraints are said to be regular if, for any (x, t) satis-
fying (1.4), there exists vector q = q(x, t) ∈ �n such that

〈ϕj
x(x, t), q〉 > 0 ∀j s.t. ϕj(x, t) = 0.

Definition 2.3. Let vector p∗ = (x∗
0, x

∗
1, t

∗
0, t

∗
1) satisfy endpoint constraints (1.3)

and ϕ(x∗
k, t

∗
k) ≤ 0, k = 0, 1. We say that state constraints are compatible with

endpoint constraints at p∗ if there exists ε > 0 such that

{p ∈ �2n+2 : |p− p∗| ≤ ε, e1(p) ≤ 0, e2(p) = 0} ⊆ {p : ϕ(xk, tk) ≤ 0, k = 0, 1}.

Assumption S. The function f is continuously differentiable in all arguments, and
the set-valued map U(·) is constant. To be more precise, U(t) ≡ U , being U convex
and compact.

Definition 2.4. Let Assumption S be in force. The admissible trajectory x(t),
t ∈ [t0, t1], is called controllable at the endpoints (with regard to state constraints) if
there exist uk ∈ U and mk ∈ [0,+∞), k = 0, 1, such that

(−1)k[〈f(xk, uk, tk) + g(xk, tk)mk, ϕ
j
x(xk, tk)〉 + ϕj

t (xk, tk)] < 0

for all j such that ϕj(xk, tk) = 0. Here xk = x(tk), k = 0, 1.

When g ≡ 0 or µ is in class of absolutely continuous measures having density
in L∞, then Definition 2.4 becomes a definition of controllability for the associated
conventional control optimization problem [1]. A simple argument gives the following
sufficient condition for controllability: a trajectory x(·) is controllable at the endpoints
if at least one of the two following conditions holds:

• There exists uk ∈ U such that ∀j satisfying ϕj(xk, tk) = 0,

(−1)k[〈f(xk, uk, tk), ϕ
j
x(xk, tk)〉 + ϕj

t (xk, tk)] < 0.

• (−1)kW j(xk, tk) < 0 ∀j satisfying ϕj(xk, tk) = 0.

From now on, let W j(x, t) = 〈ϕj
x(x, t), g(x, t)〉, j = 1, . . . , k3.

We need Definitions 2.1–2.4 and Assumption S to prove nondegeneracy (Theorem
4.1).

The following convexity assumption is used along with Definition 2.3 to obtain
time transversality conditions for problems with data measurable in t and state con-
straints (Theorem 7.1).

Assumption C. Let x∗(·) be the reference optimal trajectory on [t∗0, t
∗
1] and E∗

0 =
(x∗+

0 , t∗0), E
∗
1 = (x∗−

1 , t∗1). Let the function ϕ be twice continuously differentiable.
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There exists δ > 0 such that

Ẇ j(E) ≥ 0 ∀E ∈ �n×� s.t. |E−E∗
k | ≤ δ ∀j, k s.t. ϕj(E∗

k) = W j(E∗
k) = 0,(2.1)

where Ẇ j = 〈gxg, ϕj
x〉 + 〈g, ϕj

xxg〉 is the evolution derivative of W j at any point of
the arc joining the jump endpoints.

Here are a few comments about condition (2.1). It always holds when W j(E∗
k) 
=

0. If ϕj(E∗
k) = W j(E∗

k) = 0, then (2.1) means that function ϕj is convex along jump
evolutions in some neighborhood of the endpoint. In this case, examples where (2.1)
holds are

• linear systems—g does not depend on x, and ϕ is linear in x;
• conventional system—g ≡ 0 (then in both cases Ẇ j ≡ 0); and
• the function g does not depend on x, and the matrix ϕj

xx is nonnegative
defined.

Finally, (2.1) is true when Ẇ j(E∗
k) > 0.

3. Preliminaries. Let us introduce the adopted notation and present the main
concepts to be used in this article.

Denote by T = [t0, t1] the time interval and by C(T ) the Banach space of contin-
uous functions f : T → �1 with the usual norm ‖f‖C = maxt∈T |f(t)|. Let V (T ) be
the linear space of functions of bounded variation on T , right continuous on interval
(t0, t1), and V n(T ) be the space of n-vector valued functions x(t) = (x1(t), . . . , xn(t))
such that xj ∈ V (T ), j = 1, . . . , n. Denote by C∗(T ) the topologically dual space to
C(T ) (its elements are Borel measures on T ) and by C∗

+(T ) the class of nonnegative
Borel measures on T .

Given µ ∈ C∗(T ), let the distribution function F (t;µ) of the Borel measure µ be
defined by

F (t;µ) =

∫
[0,t]

dµ = µ([0, t]), t ∈ (0, 1], F (0;µ) = 0.

The variation of µ is an element in C∗
+(T ) defined as the Borel measure Varµ =

µ+ +µ−, where µ = µ+−µ− is the Jordan decomposition of µ. The total variation of
µ is given by the number |µ| = Varµ(T ). The variation of a vector-measure (vector-
function) is defined as the sum of the variation of its components.

We denote by µd and µc, respectively, the discrete and the continuous part of the
measure µ. Let us put Ds(µ) = {r ∈ T : Varµ({r}) > 0}, Cont(µ) = [T \ Ds(µ)] ∪
{t0}∪{t1}. By µ1 ≤ µ2 it is meant that µ2−µ1 ∈ C∗

+(T ). The weak star convergence

of a sequence of measures {µi} to µ is represented by µi
w→ µ.

Given g ∈ V (T ), let g(s+) = limt→s, t>s g(t), g(s−) = limt→s, t<s g(t) be, re-
spectively, the right and the left limits of g at point s. Function g defines the Borel
measure ν[g] by the formula

ν[g]([0, t]) = g(t+) − g(0), t ∈ [0, 1].

Thus, according to our notation, ν[F (t;µ)] = µ. The measure corresponding to the
length is denoted by L, L = ν[t]. If x ∈ V n(T ), then ν[x] is a vector measure with
components ν[xj ], j = 1, . . . , n. Var |ba[g] denotes the variation of the measure ν[g] on
[a, b].

We present the concept of the solution to (1.2), following the one given first in
[8, 9] and later completed and further discussed in [2, 13, 11, 12, 20, 23, 5, 16, 19]. Let
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us consider the function ξ(x, r,∆) : �n×�1×�1 → �n, with ξ(x, r,∆) = αr(1), being
αr(s) = αr(s;x,∆) the solution to the following conventional differential equation:

α̇r = g(αr, r)∆, s ∈ [0, 1], αr(0) = x.

Definition 3.1. The function x(t) is called the solution to (1.2) if x(t0) = x0

and, ∀t > t0,

x(t) = x0+

∫ t

t0

f(x, u, s)ds+

∫
[t0,t]

g(x, s)dµc+
∑

r∈Ds(µ), r≤t

[ξ(x(r−), r, µ({r}))−x(r−)].

Here, µ({r}) is the atom of µ at point r.
Let φ(x, t) be a scalar continuous function on �n ×�1 and consider the following

concept of graph completion supremum:

gc sup
t∈T

φ(x, t) = max
t∈T

max
s∈[0,1]

φ(αt(s;x(t−), µ({t})), t).

Now, we are in position to precise the definition of trajectory admissability introduced
in section 1.

Definition 3.2. Inequality (1.4), i.e., ϕ(x, t) ≤ 0, is understood in the sense
that for j = 1, . . . , k3, gc supϕj(x, t) ≤ 0. This means that the trajectory x(t) satisfies
the state constraints (1.4) if and only if

(1) ϕ(x(t), t) ≤ 0 ∀t ∈ [t0, t1], and
(2) ϕ(αr(s), r) ≤ 0 ∀s ∈ [0, 1] and ∀r ∈ Ds(µ).

4. The main result. In this section, we state nondegenerate necessary condi-
tions for optimal control problems with state constraints and equality and inequality
endpoint constraints derived in its full generality.

Let λ = (λ0, λ1, λ2) and consider the following scalar functions:

H(x, u, ψ, t) = 〈f(x, u, t), ψ〉,
Q(x, ψ, t) = 〈g(x, t), ψ〉,

l(p, λ) =

2∑
j=0

〈ej(p), λj〉.

Theorem 4.1. Let (p∗, u∗, µ∗) be a solution to problem (1.1)–(1.5). Suppose
that Assumption S is in force, the state constraints are compatible with endpoint con-
straints, the state and endpoint constraints are regular, and the optimal trajectory is
controllable.

Then, there exist
• number λ0 ≥ 0, vectors λ1 ∈ �k1 , λ1 ≥ 0, λ2 ∈ �k2 ,
• vector function ψ ∈ V n(T ∗),
• scalar function φ ∈ V (T ∗),
• vector measure η = (η1, . . . , ηk3), ηj ∈ C∗

+(T ∗), s.t. Ds(µ∗) ∩ Ds(ηj) = ∅ ∀j,
and

• for every atom r ∈ Ds(µ∗), there exist its own
– vector function σr ∈ V n([0, 1]),
– scalar function θr ∈ V ([0, 1]), and
– vector measure ηr = (η1

r , . . . , η
k3
r ), ηjr ∈ C∗

+([0, 1]), j = 1, . . . , k3,
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such that, for all t ∈ (t∗0, t
∗
1] and all s ∈ [0, 1],

ψ(t) = ψ0 −
∫ t

t∗0

Hx(s)ds−
∫

[t∗0 ,t]

Qx(s)dµ∗
c +

∫
[t∗0 ,t]

ϕ�
x (x∗, s)dη + Σ(ψ, t),

Σ(ψ, t) =
∑

r∈Ds(µ∗), r≤t

[σr(1) − ψ(r−)],

φ(t) = φ0 +

∫ t

t∗0

Ht(s)ds +

∫
[t∗0 ,t]

Qt(s)dµ
∗
c −

∫
[t∗0 ,t]

ϕ�
t (x∗, s)dη + Θ(φ, t),(4.1)

Θ(φ, t) =
∑

r∈Ds(µ∗), r≤t

[θr(1) − φ(r−)],

⎧⎪⎪⎨⎪⎪⎩
dα∗

r(s) = g(α∗
r(s), r)∆

∗
rds,

dσr(s) = −g�x (α∗
r(s), r)σr(s)∆

∗
rds + ϕ�

x (α∗
r(s), r)dηr,

dθr(s) = 〈gt(α∗
r(s), r), σr(s)〉∆∗

rds− ϕ�
t (α∗

r(s), r)dηr,

α∗
r(0) = x∗(r−), σr(0) = ψ(r−), θr(0) = φ(r−), ∆∗

r = µ∗({r}),

ψ0 =
∂l

∂x0
(p∗, λ), ψ1 = − ∂l

∂x1
(p∗, λ),

φ0 = − ∂l

∂t0
(p∗, λ), φ1 =

∂l

∂t1
(p∗, λ),

〈g(α∗
r(s), r), σr(s)〉 = 0 ∀r ∈ Ds(µ∗),

supp(ηjr) ⊆ {s ∈ [0, 1] : ϕj(α∗
r(s), r) = W j(α∗

r(s), r) = 0} ∀j,
〈λ1, e1(p

∗)〉 = 0,

ϕj(x∗(t), t) = 0 ηj-a.e. ∀j,
max
u∈U

H(u, t) = H(t) a.e., max
u∈U

H(u, t) = φ(t) ∀t ∈ (t∗0, t
∗
1),(4.2)

Q(t) ≤ 0 ∀t, Q(t) = 0 µ∗-a.e.,

λ0 + L({t : |ψ(t)| > 0}) +
∑

r∈Ds(µ∗)

L({s : |σr(s)| > 0})∆∗
r = 1.(4.3)

In this result and from now on, we adopt the following short notation: T ∗ =
[t∗0, t

∗
1], ψk = ψ(t∗k), φk = φ(t∗k), ∆∗

k = µ∗({t∗k}), k = 0, 1, H(t, u) = H(x∗(t), u, ψ(t), t),
H(t) = H(t, u∗(t)), Q(t) = Q(x∗(t), ψ(t), t), Hx(t) = Hx(x∗(t), u∗(t), ψ(t), t), . . . , etc.
In other words, if H, Q, or their partial derivatives miss some of arguments x, ψ, u,
then it is understood that the values x∗(t), ψ(t), and u∗(t) are considered in their
place.

The proof is presented in sections 6, 7, and 8. It is based on a penalty function
method [1], results from [16, 20], and on the reduction to the so-called v-problem
(Proposition 5.7).

Remark 1. From Theorem 4.1, we deduce Var ν[Q] ≤ const(Var η + L). This
implies that the function Q(t) is continuous on Ds(µ∗).

Remark 2. The time transversality conditions in Theorem 4.1 can be rewritten
as follows:

max
u∈U

H(β∗
k , u, γk, t

∗
k) + (−1)k+1

[
∆∗

k

∫ 1

0

〈gt(α∗
k(s), t

∗
k), σk(s)〉ds

−
∫

[0,1]

ϕ�
t (α∗

k(s), t
∗
k)dηk − ϕ�

t (x∗
k, t

∗
k)η({t∗k})(4.4)

− ∂l

∂tk
(p∗, λ)

]
= 0, k = 0, 1.
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From now on, β∗
0 = x∗(t∗+0 ), β∗

1 = x∗(t∗−1 ), γ∗
0 = ψ(t∗+0 ), γ∗

1 = ψ(t∗−1 ), ∆∗
k =

µ∗({t∗k}), k = 0, 1, being α∗
k, σk, and ηk, the jump evolution elements at point t∗k,

k = 0, 1.
Below, we give a simple example showing that the maximum principle proved in

Theorem 4.1 may degenerate when the controllability condition (Definition 2.4) does
not hold.

Example 4.2. Consider optimal problem

dx = 2tdµ, t ∈ [0, 1]; x0 = 0, x1 = 1;

x ≥ t2,

∫
[0,1]

1dµ → min .

Now, we show that minimum is reached for the Lebesgue measure µ∗ = L. The
corresponding optimal trajectory is the parabola x∗(t) = t2. In fact, this statement is
a consequence of the inequality F (t;µ) ≥ t ∀t ∈ [0, 1], which holds for any admissible
measure µ. Let us prove it. We have

x(t) ≥ t2 ⇒
∫

[0,t]

2tdµ ≥ t2.

By integrating by parts, we have 2F (t;µ)t ≥ t2 + 2
∫
[0,t]

F (s;µ)ds and, thus,

F (t;µ) ≥ t

2
+

1

t

∫
[0,t]

F (s;µ)ds.

It follows that F (t;µ) ≥ t/2. By substituting in the right part of the obtained
inequality, we arrive at the more precise estimate F (t;µ) ≥ 3t/4. By repeating the
procedure, we get, for step n, F (t;µ) ≥ (2n − 1)t/2n, and, by passing to the limit as
n → ∞, we establish F (t;µ) ≥ t. Thus µ∗ = L.

However, the maximum principle proved in Theorem 4.1 degenerates for this
problem. Indeed, the impulsive maximum condition yields 2tψ(t) − λ0 = 0 for a.e.
t ∈ [0, 1]. By passing to the limit when t → 0 and by bearing in mind that ψ(t) is
bounded, we conclude that λ0 = 0. Hence, ψ(t) = 0 ∀t ∈ (0, 1). It follows that (4.3)
does not hold. This happens because the optimal trajectory is not controllable.

5. Lemmas and propositions. In this section, we compile a set of auxiliary
lemmas and propositions that we will use in the proof of the main result. Their
proofs appear in the appendix. While Lemmas 5.1 to 5.5 are of independent interest
in themselves, Propositions 5.6 and 5.7 support the progressive reduction strategy
adopted in the proof of Theorems 4.1, 6.1, 6.2, and 7.1.

Lemma 5.1. Given a sequence of measures µi ∈ C∗
+(T ), µi

w→ µ, and a sequence
of functions fi ∈ C(T ), such that

(1) there exists a sequence of absolutely continuous measures ηi ∈ C∗
+(T ), ηi

w→ η
such that Ds(µ) ∩ Ds(η) = ∅ and Var ν[fi] ≤ cηi ∀i;

(2) fi(t) → f(t) ∀t ∈ Cont(η), where f ∈ V (T ).
Then ∫

[t0,t1]

fi(t)dµi →
∫

[t0,t1]

f(t)dµ.

Remark 3. The following example shows that we cannot omit requirement (1) in
Lemma 5.1.
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Example 5.2. Let T = [0, 1], and dµi = δti(t) is the sequence of Dirac’s measures,
concentrated at points ti = 1

i . Consider the following sequence of (bump) functions
{fi}:

fi(t) =

⎧⎨⎩
it, t ∈ [0, i−1],
2 − it, t ∈ [i−1, 2i−1],
0, t ∈ [2i−1, 1].

It is clear that µi
w→ µ, where dµ = δ0(t), and fi(t) → 0 ∀t ∈ [0, 1]. Nevertheless∫

[0,1]
fi(t)dµi = 1 ∀i, while

∫
[0,1]

f(t)dµ = 0. The fact is that for the sequences {µi}
and {fi} constructed above, there is no sequence {ηi} satisfying the requirements of

Lemma 5.1. Indeed, Var ν[fi]
w→ η with dη = 2δ0(t), but Ds(µ) ∩ Ds(η) = {0} 
= ∅.

Lemma 5.3. Let all the hypotheses of Lemma 5.1 hold. Let xi(t0) = x(t0) =
0, i ∈ N, and ∀t ∈ (t0, t1],

xi(t) =

∫
[t0,t]

fi(s)dµi, x(t) =

∫
[t0,t]

f(s)dµ.

For any given convergent sequence {ti}, ti → s ∈ T , where s /∈ Ds(µ), we have that
xi(ti) → x(s).

Lemma 5.4. Let µi ∈ C∗
+(T ), µi

w→ µ, ui
w→ u weakly in L2(T ), ui(t) ∈ U(t)

a.e., x0,i → x0, and given a sequence of vector-functions xi ∈ V n(T ) such that

dxi = f(xi, ui, t)dt + g(xi, t)dµi, t ∈ T, xi(t0) = x0,i.

If gc supt∈T |xi(t)| ≤ const ∀i, then xi(t) → x(t) ∀t ∈ Cont(µ), where x(t) is the
solution to (1.2). Furthermore, gc supt∈T |xi(t)| → gc supt∈T |x(t)|.

Lemma 5.5. Let the sequences {fi} and {ηi} be such that fi ∈ C(T ), ηi ∈ C∗
+(T ),

and fi → f ∈ C(T ) uniformly and ηi
w→ η ∈ C∗

+(T ), respectively. Assume also that
supp(η) ⊂ W0 = {t : f(t) = 0}. Consider the sequence of functions {xi} defined by

xi(t) =

∫
[t0,t]

fi(s)dηi, t > t0, xi(t0) = 0.

If the function f is Lipschitz continuous, then Var |
T
[xi] → 0.

Reduction R1. In parallel with initial problem (1.1)–(1.4), denoted (P ), we shall
consider problem (P1):

(P1) :

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

e0(p) → min,
dx = f(x, u, t)dt + g(x, t)dµ,
dαk = g(αk, θk)dυk, αk(t1−k) = xk,
dθk = 0, θk = tk, k = 0, 1, t ∈ [t0, t1],
e1(p) ≤ 0, e2(p) = 0,
ϕ(x, t) ≤ 0, ϕ(αk, θk) ≤ 0, k = 0, 1,
u(t) ∈ U(t) a.e., µ, υk ≥ 0, k = 0, 1,
p = (ξ0, ξ1, t0, t1), xk = x(tk), ξk = αk(tk), k = 0, 1.

Proposition 5.6. Problems (P ) and (P1) are equivalent. This means that for ev-
ery admissible process (p, u, µ) of (P ), there exists an admissible process (p̃, ũ, µ̃, υ0, υ1)
of (P1) such that e0(p) = e0(p̃), and, conversely, for each admissible process of (P1),
there exists one of (P ) yielding the same cost.
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Reduction R1 permits us to focus on simpler problems in which the control mea-
sure has no atoms at the initial and the final points of the time interval.

Remark 4. All the results obtained in this paper for problem (P ) can easily be
written to problem (P1) because the systems corresponding to measures µ, υ0, and
υ1 are dynamically independent.

Reduction R2. This is a reduction to the so-called v-problem [1]. Let Assumption
S be in force. Consider problem (P2) (v-problem).

(P2) :

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
e0(p) → min,
dx = (v + 1)f(x, u, χ)dt + g(x, χ)dµ, t ∈ [t0, t1],
dχ = (v + 1)dt,
e1(p) ≤ 0, e2(p) = 0, p = (x0, x1, χ0, χ1), ϕ(x, χ) ≤ 0,
u(t) ∈ U, |v(t)| ≤ 1/2 a.e., µ ≥ 0.

Proposition 5.7. Problems (P ) and (P2) are equivalent.

6. Primary problems. We start by considering the optimal control problem
without state and endpoint constraints, i.e., (1.1)–(1.2) and (1.5), for which a max-
imum principle is given in Theorem 6.1. Then, the complexity of the problem is
increased by adding endpoint constraints (1.3), and the necessary conditions of opti-
mality presented in Theorem 6.2 are derived. State constraints will not be considered
in this section.

Theorem 6.1. Let (p∗, u∗, µ∗) be an optimal process for the problem specified by
(1.1), (1.2) and (1.5). Then, there exists a function ψ ∈ V n(T ∗) such that{

dx∗ = Hψ(t)dt + Qψ(t)dµ∗,
dψ = −Hx(t)dt−Qx(t)dµ∗,

t ∈ T ∗,(6.1)

ψ0 =
∂e0

∂x0
(p∗), ψ1 = − ∂e0

∂x1
(p∗),(6.2)

max
u∈U(t)

H(u, t) = H(t) a.e.,(6.3)

Q(t) ≤ 0 ∀t, Q(t) = 0 ∀t ∈ supp(µ∗),(6.4) ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ess lim sup
t→t∗

k

max
u∈U(t)

H(β∗
k , u, γk, t)

+(−1)k+1

[
∆∗

k

∫ 1

0

〈gt(α∗
k, t

∗
k), σk〉ds−

∂e0

∂tk
(p∗)

]
≥ 0,

ess lim inf
t→t∗

k

max
u∈U(t)

H(β∗
k , u, γk, t)

+(−1)k+1

[
∆∗

k

∫ 1

0

〈gt(α∗
k, t

∗
k), σk〉ds−

∂e0

∂tk
(p∗)

]
≤ 0,

k = 0, 1,(6.5)

ess lim inf
t→t∗

k

max
u∈U(t)

H(x∗
k, u, ψk, t) + (−1)k

∂e0

∂tk
(p∗) ≤ 0.(6.6)

Here, β∗
0 = x∗(t∗+0 ), β∗

1 = x∗(t∗−1 ), γ0 = ψ(t∗+0 ), γ1 = ψ(t∗−1 ), ∆∗
k = µ∗({t∗k}),

k = 0, 1, are the control atoms at the time endpoints (see last remark in section 4),
and the pair (α∗

k, σk), k = 0, 1, in (6.5) corresponds to the solution (6.1) in atom t∗k.
According to our solution concept, this means that the pair (α∗

k, σk) satisfies{
α̇∗
k = g(α∗

k, t
∗
k)∆

∗
k, α∗

k(0) = x∗(t∗−k ),

σ̇k = −g�x (α∗
k, t

∗
k)σk∆

∗
k, σk(0) = ψ(t∗−k ),

s ∈ [0, 1], k = 0, 1.(6.7)
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Proof. The proof of (6.1)–(6.4) is given in [16, 20]. So we only have to show that
the time-transversality conditions (6.5) hold. We shall do it using the scheme from
[1].

We start by assuming that measure µ∗ has no atoms at points t∗k, i.e., ∆∗
k = 0,

k = 0, 1. Let us prove (6.5) when k = 1.
Fix ε > 0 such that t∗1−ε ∈ Cont(µ∗) and let Tε = [t∗1−ε, t∗1]. Define the measure

µε := µ∗ + µ∗(Tε)δ(t
∗
1 − ε) on [t∗0, t

∗
1 − ε]. Let pε = (x∗

0, xε(t
∗
1 − ε), t∗0, t

∗
1 − ε), where

xε is the trajectory associated to (x∗
0, u

∗, µε). For ε sufficiently small and from the
optimality of the process (p∗, u∗, µ∗), i.e.,

e0(pε) − e0(p
∗) ≥ 0 ∀ε > 0,

we have that 〈
∂e0

∂x1
(p∗),∆xε

〉
− ε

∂e0

∂t1
(p∗) + o(|∆xε|) + o(ε) ≥ 0,(6.8)

where ∆xε = xε(t
∗
1 − ε) − x∗

1.
Let ξ∗ε = ξ(x∗(t∗1 − ε), t∗1 − ε, µ∗(Tε)). Then, by definition ∆xε = ∆x1

ε + ∆x2
ε,

where

∆x1
ε = −

∫
Tε

f(x∗, u∗, t)dt, ∆x2
ε = ξ∗ε −

(
x∗(t∗1 − ε) +

∫
Tε

g(x∗, t)dµ∗
)
.

The estimate |∆x1
ε| ≤ const ε is obvious. Let us show that |∆x2

ε| ≤ const εµ∗(Tε).
Since |∆x2

ε| = 0 whenever µ∗(Tε) = 0, we assume that µ∗(Tε) > 0 ∀ε > 0.
Let us construct a sequence of absolutely continuous measures {µi} having density

µ̇i = mi > 0 a.e., defined on the segment Tε such that µi
w→ µ∗ weakly* on Tε, µi(Tε) =

µ∗(Tε). Let xi be a continuation of the solution x∗ on segment Tε, corresponding to
the measure µi (such a continuation exists when i is sufficient large). By Lemma 5.4,
xi(t) → x∗(t) ∀t ∈ Cont(µ∗). Then, ∆xε,i = xε(t

∗
1 − ε) − xi(t

∗
1) → ∆xε as i → ∞.

Furthermore, ∆x1
ε,i → ∆x1

ε and ∆x2
ε,i → ∆x2

ε, being

∆x1
ε,i = −

∫
Tε

f(xi, u
∗, t)dt, ∆x2

ε,i = ξ∗ε −
(
x∗(t∗1 − ε) +

∫
Tε

g(xi, t)midt

)
.

To estimate |∆x2
ε,i|, let us consider the equation

ẋ2,i = g(x1,i + x2,i, t)mi, t ∈ Tε, x2,i(t
∗
1 − ε) = x∗(t∗1 − ε).(6.9)

Here, x1,i(t) =
∫ t

t∗1−ε
f(xi, u

∗, τ)dτ and xi = x1,i + x2,i.

Define the functions πi : Tε → [0, 1] as follows:

πi(t) =
F (t;µi) − F (t∗1 − ε;µi)

µ∗(Tε)
, t ∈ Tε.

Obviously, πi is absolutely continuous and dπi

dt > 0 a.e. Therefore, there exists the

inverse function π−1
i : [0, 1] → Tε which is also strictly monotone and absolutely

continuous. By the change of variable s = πi(t) in (6.9), and by putting αi(s) =
x2,i(π

−1
i (s)), we arrive at the equation

α̇i = g(x1,i(π
−1
i (s)) + αi, π

−1
i (s))µ∗(Tε), s ∈ [0, 1], αi(0) = x∗(t∗1 − ε).
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By definition ξ∗ε = α(1), where α(s) satisfies

α̇ = g(α, t∗1 − ε)µ∗(Tε), s ∈ [0, 1], α(0) = x∗(t∗1 − ε).

From here, |αi(s)− α(s)| ≤ µ∗(Tε)
∫ s

0
c(|αi(τ)− α(τ)|+

∫
Tε

|f(xi, u
∗, θ)|dθ + ε)dτ ∀s.

From Gronwall’s inequality, |∆x2
ε,i| = |αi(1) − α(1)| ≤ const εµ∗(Tε) and, there-

fore,

|∆x2
ε| ≤ const εµ∗(Tε) = o(ε).

The last equality holds from the fact that µ∗(Tε) → 0 as ε → 0.
In view of the obtained estimates and the already proved transversality conditions

(6.2), inequality (6.8) becomes〈
ψ1,

∫
Tε

f(x∗, u∗, t)dt

〉
− ε

∂e0

∂t1
(p∗) + o(ε) ≥ 0.

From here, we may write∫ t∗1

t∗1−ε

max
u∈U(t)

H(u, ψ1, t)dt− ε
∂e0

∂t1
(p∗) + o(ε) ≥ 0,

and, by dividing the last inequality by ε > 0 and taking the limit as ε goes to zero,
we obtain

ess lim sup
t→t∗1

max
u∈U(t)

H(x∗
1, u, ψ1, t) −

∂e0

∂t1
(p∗) ≥ 0.

This corresponds to the first inequality in (6.5).
Now, we consider the other inequality for the final endpoint. Let us put µ∗([t∗1,+∞))

= 0. The control function u∗ is continued to the right beyond t∗1 as follows:

u∗(t) ∈ Arg max
u∈U(t)

H(x∗
1, u, ψ1, t), t > t∗1.

The trajectory x∗ is continued as a solution to (1.2), corresponding to the constructed
u∗, on the segment [t∗1, t

∗
1 + δ] for a sufficient small δ > 0. For ε ∈ (0, δ], let pε =

(x∗
0, x

∗(t∗1 + ε), t∗0, t
∗
1 + ε). By using the same arguments as above, we arrive at the

second inequality in (6.5) for k = 1. Similar arguments allow us to show these
inequalities for k = 0.

Now, let us show that conditions (6.5) hold when ∆∗
k > 0, k = 0, 1. For this

purpose let us consider the problem (P1) as a reduction (via R1) of (P ).1

If the process (p∗, u∗, µ∗) is a solution to (P ), then the process (β∗
0 , β

∗
1 , t

∗
0, t

∗
1, u

∗,

∆∗
0,∆

∗
1, µ̃) is a solution to (P1). Here, µ̃ = µ∗ −

∑1
k=0 ∆∗

kδt∗k(t), and β∗
0 , and β∗

1 are
as defined above. The measure µ̃ has no atoms in t∗k, k = 0, 1, and the maximum
principle for this problem has just been proved.

1Here, (P ) and (P1) are considered as in section 5 but without constraints. To be more precise,
if (P ) is a problem without constraints, then (P1) is defined as follows (equivalent definition):

(P1) :

{
e0(p) → min,
dx = f(x, u, t)dt+ g(x, t)dµ, d∆k = 0, ∆k ≥ 0, k = 0, 1,
p = (ξ0, ξ1, t0, t1), ξk = ξ(xk, tk, (−1)k+1∆k).
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By applying this maximum principle to (P1) and decoding its conditions in terms
of the data of problem (1.1)–(1.2), we conclude the existence of a function ψR ∈
V n(T ∗) such that

dψR = −Hx(x̃, ψR, t)dt−Qx(x̃, ψR, t)dµ̃, t ∈ T ∗,⎧⎪⎨⎪⎩
ψR

0 = ξ�x (β∗
0 , t

∗
0,−∆∗

0)
∂e0

∂x0
(p∗),

ψR
1 = −ξ�x (β∗

1 , t
∗
1,∆

∗
1)

∂e0

∂x1
(p∗),

(6.10)

〈
ξ∆(β∗

k , t
∗
k, (−1)k+1∆∗

k),
∂e0

∂xk
(p∗)

〉
= 0, k = 0, 1,(6.11)

max
u∈U(t)

H(x̃(t), u, ψR(t), t) = H(x̃(t), u∗(t), ψR(t), t), a.e.,

Q(x̃(t), ψR(t), t) ≤ 0, t ∈ T ∗,

Q(x̃(t), ψR(t), t) = 0 ∀t ∈ supp(µ̃),⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ess lim sup
t→t∗

k

max
u∈U(t)

H(β∗
k , u, ψ

R
k , t)

+(−1)k
[
∂e0

∂tk
(p∗) +

〈
ξt(β

∗
k , t

∗
k, (−1)k+1∆∗

k),
∂e0

∂xk
(p∗)

〉]
≥ 0,

ess lim inf
t→t∗

k

max
u∈U(t)

H(β∗
k , u, ψ

R
k , t)

+(−1)k
[
∂e0

∂tk
(p∗) +

〈
ξt(β

∗
k , t

∗
k, (−1)k+1∆∗

k),
∂e0

∂xk
(p∗)

〉]
≤ 0,

k = 0, 1.

Here, x̃ is the optimal trajectory for problem (P1), and the matrix function ξx and
the vector functions ξ∆, ξt are the derivatives of ξ with respect to, respectively, x,
∆, and t.

Clearly, x̃(t) = x∗(t) ∀t ∈ (t∗0, t
∗
1), and x̃(t∗k) = β∗

k , k = 0, 1. Let us take ψ(t) =
ψR(t) ∀t ∈ (t∗0, t

∗
1), ψ(t∗k) = (−1)k ∂e0

∂xk
(p∗), k = 0, 1, and show that ψ satisfies (6.1)–

(6.5). Clearly, we need to verify them only at the two endpoints t∗k, k = 0, 1.
Consider the case k = 1 (the case k = 0 is similar). Let (α∗

1, σ1) be a solution to
(6.7). It is straightforward to verify that function (ξx, ξ∆, ξt) is given by

(ξx, ξ∆, ξt)(β
∗
1 , t

∗
1,∆

∗
1) = (ξ̄x, ξ̄∆, ξ̄t)(1),

where (ξ̄x, ξ̄∆, ξ̄t)(0) = (E, 0, 0) (E is the n-dimensional identity matrix) and, for
s ∈ [0, 1], ⎧⎪⎨⎪⎩

˙̄ξx(s) = gx(α∗
1(s), t

∗
1)ξ̄x(s)∆∗

1,
˙̄ξ∆(s) = gx(α∗

1(s), t
∗
1)ξ̄∆(s)∆∗

1 + g(α∗
1(s), t

∗
1),

˙̄ξt(s) = gx(α∗
1(s), t

∗
1)ξ̄t(s)∆

∗
1 + gt(α

∗
1(s), t

∗
1)∆

∗
1.

From (6.10) we get σ1(1) = ψ1. Thus (6.1)–(6.3) are proved.
To prove (6.4), we will show that 〈σ1, g(α

∗
1, t

∗
1)〉 ≡ 0. Indeed, by direct com-

putation and by using the fact that d
ds 〈σ1, g(α1, t

∗
1)〉 = 0 ∀s ∈ [0, 1], we have that

d
ds 〈σ1, ξ̄∆〉 = 〈σ1, g(α

∗
1, t

∗
1)〉 = const ∀s ∈ [0, 1]. On the other hand, from (6.11) and

the definition of ξ∆, we conclude that 〈σ1(0), ξ̄∆(0)〉 = 〈σ1(1), ξ̄∆(1)〉 = 0.
Hence, 〈σ1, ξ̄∆〉 ≡ 0 and, as consequence, 〈σ1, g(α

∗
1, t

∗
1)〉 ≡ 0 on [0, 1], i.e., condi-

tion (6.4) is proved.



1824 A. ARUTYUNOV, D. KARAMZIN, AND F. PEREIRA

To obtain inequalities in (6.5), note that these follow from the fact that

d

ds
〈σ1, ξ̄t〉 = 〈σ1, gt(α

∗
1, t

∗
1)〉∆∗

1.

The condition (6.6) can be easily deduced as its analogue in (6.5).
The proof is complete.
Theorem 6.2. Let (p∗, u∗, µ∗) be an optimal process for the problem specified by

(1.1)–(1.3) and (1.5). Then, there exist a number λ0 ≥ 0, vectors λj ∈ �kj , j = 1, 2,
with |λ| = 1, and a function ψ ∈ V n(T ∗) satisfying

dψ = −Hx(t)dt−Qx(t)dµ∗, t ∈ T ∗,

ψ0 =
∂l

∂x0
(p∗, λ), ψ1 = − ∂l

∂x1
(p∗, λ),

λ1 ≥ 0, 〈λ1, e1(p
∗)〉 = 0;

max
u∈U(t)

H(u, t) = H(t) a.e.,

Q(t) ≤ 0 ∀t, Q(t) = 0 ∀t ∈ supp(µ∗),⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ess lim sup
t→t∗

k

max
u∈U(t)

H(β∗
k , u, γk, t)

+(−1)k+1

[
∆∗

k

∫ 1

0

〈gt(α∗
k, t

∗
k), σk〉ds−

∂l

∂tk
(p∗, λ)

]
≥ 0,

ess lim inf
t→t∗

k

max
u∈U(t)

H(β∗
k , u, γk, t)

+(−1)k+1

[
∆∗

k

∫ 1

0

〈gt(α∗
k, t

∗
k), σk〉ds−

∂l

∂tk
(p∗, λ)

]
≤ 0,

k = 0, 1.(6.12)

Furthermore, inequalities (6.12) may be replaced by

ess lim inf
t→t∗

k

max
u∈U(t)

H(x∗
k, u, ψk, t) + (−1)k

∂l

∂tk
(p∗) ≤ 0, k = 0, 1.(6.13)

However, we cannot guarantee that both conditions (6.12) and (6.13) hold at the same
time, i.e., we have two different versions of the maximum principle.

Proof. The proof is based on the penalty function method [1]. Assume, first, that
∆∗

k = 0, k = 0, 1. Take any natural i and define the function e0,i as follows:

e0,i(p) = e0(p) + |p− p∗|2 + i(|e+
1 (p)|2 + |e2(p)|2).

Here, for a given vector a = (a1, . . . , ak), a+ stands for the vector with components
(aj)+ = max{0, aj}, j = 1, . . . , k.

Let F (t) = F (t;µ∗) be the distribution function of the optimal measure. Take
c = gc supt∈T∗ |x∗(t)| + |µ∗| + |p∗| + 1 and a sufficiently small ε > 0. Consider, for
each i ∈ N, the following penalty problem:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ji(p, u, µ) = e0,i(p) + |y1 − F (t∗1)|2

+ε

∫ t1

t0

[|u− u∗(t)|2 + |y − F (t)|2]dt → min,

dx = f(x, u, t)dt + g(x, t)dµ, t ∈ [t0, t1],

dy = dµ, y0 = 0, t ∈ [t0, t1],

max{|p|, gc sup |x|, y1} ≤ c,

u(t) ∈ U(t) a.e., µ ≥ 0.

(6.14)

This problem is called the i-problem.
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For every i-problem, there exists a solution (pi, ui, µi).
2 By using compactness

and by extracting a subsequence, we obtain a process (p, u, µ) such that pi → p,

ui
w→ u weakly in Lm

2 (Tc), µi
w→ µ weakly* in C∗(Tc).

3 It is a straightforward task
to establish that p = p∗, u = u∗, and µ = µ∗. Moreover, from the penalty method
we conclude that indeed ui → u∗ in Lm

2 (Tc). Then, by extracting a subsequence if
necessary, we conclude that ui(t) → u∗(t) a.e.

All inequality constraints of problem (6.14) become strict for i sufficiently large.
For this reason we can apply Theorem 6.1 to the i-problem. By writing down the
necessary conditions of Theorem 6.1 and bearing in mind that i → ∞, we conclude
Theorem 6.2 when ∆∗

k = 0, k = 0, 1. If ∆∗
k > 0, then, by using reduction R1 (the

same way as in Theorem 6.1), we obtain the time-transversality conditions in the
conventional case. To prove (6.13) we do not need to use reduction R1.

The proof is complete.

7. The problem with state constraints. In this section, we prove a weakened
maximum principle for problems with state and endpoint constraints.

Theorem 7.1. Consider the optimal control problem (1.1)–(1.5) with compatible
state and endpoint constraints and let triple (p∗, u∗, µ∗) be its solution.

Then, there exist a number λ0 ≥ 0, vectors λ1 ∈ �k1 , λ1 ≥ 0, λ2 ∈ �k2 , a
vector function ψ ∈ V n(T ∗), a vector measure η = (η1, . . . , ηk3), ηj ∈ C∗

+(T ∗) such
that Ds(µ∗) ∩ Ds(ηj) = ∅ ∀j, and, for every atom r ∈ Ds(µ∗), there exist its own
vector function σr ∈ V n([0, 1]) and its own vector measure ηr = (η1

r , . . . , η
k3
r ), ηjr ∈

C∗
+([0, 1]), j = 1, . . . , k3, such that

ψ(t) = ψ0 −
∫ t

t∗0

Hx(s)ds−
∫

[t∗0 ,t]

Qx(s)dµ∗
c

+

∫
[t∗0 ,t]

ϕ�
x (x∗, s)dη + Σ(ψ, t), t ∈ (t∗0, t

∗
1],(7.1)

Σ(ψ, t) =
∑

r∈Ds(µ∗), r≤t

[σr(1) − ψ(r−)],

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
α̇∗
r(s) = g(α∗

r(s), r)∆
∗
r , s ∈ [0, 1],

dσr(s) = −g�x (α∗
r(s), r)σr(s)∆

∗
rds + ϕ�

x (α∗
r(s), r)dηr, s ∈ [0, 1],

α∗
r(0) = x∗(r−),

σr(0) = ψ(r−),
∆∗

r = µ∗({r}),

ψ0 =
∂l

∂x0
(p∗, λ), ψ1 = − ∂l

∂x1
(p∗, λ),(7.2)

〈g(α∗
r(s), r), σr(s)〉 = 0 ∀s ∈ [0, 1], ∀r ∈ Ds(µ∗)(7.3)

supp(ηjr) ⊆ {s ∈ [0, 1] : ϕj(α∗
r(s), r) = W j(α∗

r(s), r) = 0} ∀j,(7.4)

〈λ1, e1(p
∗)〉 = 0,

ϕj(x∗(t), t) = 0 ηj-a.e. ∀j(7.5)

max
u∈U(t)

H(u, t) = H(t) a.e.,(7.6)

2This is due to the compactness and Lemma 5.4. In fact, since x(t) are bounded uniformly (due
to gc sup |x| ≤ const and by using |µ| ≤ const) and Var |ba[xi(t)] ≤ sups∈[a,b] |fi(s)| × |µi|([a, b])
∀a, b ∈ T (from the uniform bound of (ui, µi)), we can use Helly’s theorem and extract appropriate
subsequences.

3Here, Tc = [−c, c].
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Q(t) ≤ 0 ∀t, Q(t) = 0 µ∗-a.e.,(7.7)

ess lim inf
t→t∗

k

max
u∈U(t)

H(x∗
k, u, ψk, t) + (−1)k

∂l

∂tk
(p∗, λ) ≤ 0, k = 0, 1,(7.8)

|λ| + |η| +
∑

r∈Ds(µ∗)

|ηr| = 1.(7.9)

Furthermore, when Assumption C is in force, then in place of (7.8) we can obtain time
transversality conditions, which are written as follows for the case where ∆∗

k = 0:4⎧⎪⎪⎨⎪⎪⎩
ess lim sup

t→t∗
k

max
u∈U(t)

H(x∗
k, u, ψk, t) + (−1)k

∂l

∂tk
(p∗, λ) ≥ 0,

ess lim inf
t→t∗

k

max
u∈U(t)

H(x∗
k, u, ψk, t) + (−1)k

∂l

∂tk
(p∗, λ) ≤ 0,

k = 0, 1.(7.10)

Besides, as in Theorem 6.2, we cannot guarantee that (7.8) and (7.10) are satisfied at
the same time, so again we have two readings of the theorem.

Proof. The proof is based on a penalty function method [1].
Let us start by proving this result for the most difficult case, i.e., to consider the

second variant of the theorem with time transversality conditions (7.10).
Bearing in mind Assumption C and Definition 2.3, let us take a sufficiently small

δ > 0. Since µ∗ is continuous at t∗k, k = 0, 1, there are points t0,δ > t∗0, t1,δ < t∗1, and
a small number ε > 0 such that (µ∗ + L)([t∗0, t0,δ + ε] ∪ [t1,δ − ε, t∗1]) < δ. Define the
function ϕ+

δ as follows:

ϕ+
δ (x, t) =

{
ϕ+(x, t), t0,δ < t < t1,δ,
0 otherwise.

The components of ϕ+
δ are nonnegative and lower semicontinuous.

Let F (t) = F (t;µ∗) and c = gc sup |x∗| + |p∗| + |µ∗| + 1. Take any i, A ∈ N and
construct the following auxiliary penalty problem:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ji,A(p, u, µ) = e0(p) + |p− p∗|2 + |y1 − F (t∗1)|2

+A

∫ t1

t0

|ϕ+(x, t)|2dt + A

∫
[t0,t1]

|ϕ+
δ (x, t)|2dµ

+ i−1

∫ t1

t0

[|u− u∗(t)|2 + |y − F (t)|2]dt → min,

dx = f(x, u, t)dt + g(x, t)dµ, dy = dµ, t ∈ [t0, t1],
y0 = 0, e1(p) ≤ 0, e2(p) = 0,
|p− p∗| ≤ δ, µ([t0, t0,δ + ε) ∪ (t1,δ − ε, t1]) ≤ δ,
max{gc sup |x|, y1} ≤ c, u(t) ∈ U(t) a.e., µ ≥ 0.

(7.11)

The functional Ji,A is weakly lower semicontinuous in (u, µ) and, thus, for every
i, A ∈ N, the problem (7.11) has a solution. Denote it by (pi,A, ui,A, µi,A) and let
(xi,A, yi,A) be the corresponding optimal trajectory. By using compactness, extract a

subsequence as i is fixed and obtain a process (p, u, µ) satisfying pi,A → p, ui,A
w→ u

weakly in Lm
2 (Tc), µi,A

w→ µ weakly* in C∗(Tc)
5 as A → ∞. Furthermore, xi,A(t) →

x(t) ∀t ∈ Cont(µ). We proceed by showing that p = p∗, u = u∗, µ = µ∗ (for every
fixed i).

4Case ∆∗
k > 0 may be researched with the help of reduction R1.

5Again, Tc = [−c, c].
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Let us first show that (p, u, µ) is an admissible process. In fact, from (7.11), we
have ∫

Ti,A

|ϕ+(xi,A, t)|2dt +

∫
Ti,A

|ϕ+
δ (xi,A, t)|2dµi,A ≤ const

A
,

and, by passing to the limit (with the help of Lemma 5.4) as A → ∞, we obtain∫ t1

t0

|ϕ+(x, t)|2dt +

∫
[t0,t1]

|ϕ+
δ (x, t)|2dµ = 0.

From here, and by using Assumption C and the compatibility condition, we deduce
that gc supϕj(x) ≤ 0, j = 1, . . . , k3. Thus, (p, u, µ) is an admissible process. Hence,
e0(p) ≥ e0(p

∗). Furthermore, since

Ji,A(pi,A, ui,A, µi,A) ≤ Ji,A(p∗, u∗, µ∗) = e0(p
∗),

we have that

e0(pi,A) + |pi,A − p∗|2 + |y1,i,A − F (t∗1)|2 + A

∫
Ti,A

|ϕ+(xi,A, t)|2dt

+ A

∫
Ti,A

|ϕ+
δ (xi,A, t)|2dµi,A +

1

i

∫
Ti,A

(|ui,A − u∗(t)|2 + |yi,A − F (t)|2)dt ≤ e0(p
∗).

By passing to the limit in this inequality as A → ∞, and by using the weak lower
semicontinuity of the left part in u, we obtain

e0(p) + |p− p∗|2 + |y1 − F (t∗1)|2 +
1

i

∫ t1

t0

(|u− u∗(t)|2 + |y − F (t)|2)dt

+ lim sup
A→∞

[
A

∫
Ti,A

|ϕ+(xi,A, t)|2dt + A

∫
Ti,A

|ϕ+
δ (xi,A, t)|2dµi,A

]
≤ e0(p

∗).

Since e0(p) ≥ e0(p
∗), we conclude immediately that p = p∗, u = u∗, µ = µ∗, and

lim
A→∞

A

∫
Ti,A

|ϕ+(xi,A, t)|2dt + A

∫
Ti,A

|ϕ+
δ (xi,A, t)|2dµi,A = 0 ∀i.

So, for every i, we can take a number Ai satisfying

|pi,Ai − p∗|2 + ‖ui,Ai
− u∗‖2

L2
+ ‖yi,Ai

− F (t)‖2
L2

+ Ai

∫
Ti,Ai

|ϕ+(xi,Ai , t)|2dt + Ai

∫
Ti,Ai

|ϕ+
δ (xi,Ai , t)|2dµi,Ai ≤

1

i

and define a new diagonal sequence denoted by (pi, ui, µi), i.e.,

pi = pi,Ai , ui = ui,Ai , µi = µi,Ai .(7.12)

By extracting a subsequence, we obtain pi → p∗, ui → u∗ a.e., µi
w→ µ∗ as i → ∞.

For this sequence, we have xi(t) = xi,Ai(t) → x∗(t) ∀t ∈ Cont(µ∗). By replacing
A in problem (7.11) by this specially chosen Ai, a new problem, called i-problem, is
obtained.
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All the additional inequality constraints of i-problem become strict inequalities
for i sufficiently large. Therefore, Theorem 6.2 can be applied to the i-problem. It
states that for every such i, there are functions ψi ∈ V n(Ti), ζi ∈ C(Ti), a number
λ0,i ≥ 0, and vectors λ1,i and λ2,i such that

dψi = −Hi
x(t)dt−Qi

x(t)dµi + ϕ�
x (xi, t)dηi, t ∈ Ti,(7.13)

ψ0,i =
∂l

∂x0
(pi, λi) + 2λ0,i(x0,i − x∗

0), ψ1,i = − ∂l

∂x1
(pi, λi) − 2λ0,i(x1,i − x∗

1),(7.14)

dζi =
2λ0,i

i
[yi − F (t)]dt, ζi(t1,i) = −2λ0,i[y1,i − F (t∗1)],

λ1,i ≥ 0, 〈e1(pi), λ1,i〉 = 0,

max
u∈U(t)

[Hi(u, t) − λ0,ii
−1|u− u∗(t)|2] = Hi(t) − λ0,ii

−1|ui(t) − u∗(t)|2 a.e.,(7.15)

Qi(t) + ζi(t) − λ0,iAi|ϕ+
δ (xi(t), t)|2 ≤ 0 ∀t,(7.16)

Qi(t) + ζi(t) − λ0,iAi|ϕ+
δ (xi(t), t)|2 = 0 ∀t ∈ supp(µi),(7.17) ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ess lim sup
t→tk,i

max
u∈U(t)

[H(βk,i, u, γk,i, t) − λ0,ii
−1|u− u∗(t)|2]

−λ0,iAi|ϕ+(βk,i, tk,i)|2 + (−1)k
[
∂l

∂tk
(pi, λi) + 2λ0,i(tk,i − t∗k)

]
≥ 1(i),

ess lim inf
t→tk,i

max
u∈U(t)

[H(βk,i, u, γk,i, t) − λ0,ii
−1|u− u∗(t)|2]

−λ0,iAi|ϕ+(βk,i, tk,i)|2 + (−1)k
[
∂l

∂tk
(pi, λi) + 2λ0,i(tk,i − t∗k)

]
≤ 1(i),

k = 0, 1,(7.18)

|λi| + gc sup
t∈Ti

|ψi(t)| + |ηi| = 1.(7.19)

Here, Ti = [t0,i, t1,i], λi = (λ0,i, λ1,i, λ2,i), β0,i = xi(t
+
0,i), β1,i = xi(t

−
1,i), γ0,i =

ψi(t
+
0,i), γ1,i = ψi(t

−
1,i), and ηi = (η1

i , . . . , η
k3
i ) is a vector measure whose components

are defined, j = 1, . . . , k3, by the distribution functions

F (t; ηji ) = 2λ0,iAi

∫
[t0,i,t]

[ϕj(xi, t)]
+ds + 2λ0,iAi

∫
[t0,i,t]

[ϕj
δ(xi, t)]

+dµi, t > t0,i.

The expression 1(i) denotes a sequence of numbers converging to zero as i → ∞, and
the index i in H and Q (and its partial derivatives) indicates that they are evaluated
at xi(t), ui(t), and ψi(t), whenever the corresponding arguments x, u, and ψ are
missing.

Note that because the function ϕ+
δ is discontinuous, the i-problem is a nonstan-

dard one. However, Theorem 6.2 applies in the same way for this problem. Further-
more, conditions (7.13)–(7.19) hold independently of the values µi({tk,δ}), k = 0, 1.
This is so due to the nonnegativity and lower semicontinuity of the function |ϕ+

δ |2
and also to the following fact: if |ϕ+|2 is zero at some point (x, t), then its derivative
is zero at this point.

From (7.19), we get that ζi → 0 uniformly. Again from (7.19), and by using

compactness, we conclude that, after subsequence extraction, λi → λ, and ηji
w→

η̃j , j = 1, . . . , k3, as i → ∞. Let, for every Borel set B ⊆ �1, η(B) = η̃(B) −
η̃(B ∩ Ds(µ∗)), where η̃ = (η̃1, . . . , η̃k3). Thus, η = (η1, . . . , ηk3) is a vector measure
satisfying Ds(µ∗) ∩ Ds(ηj) = ∅ ∀j.
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Also from (7.19), it follows that the variation of ψi is bounded uniformly in i.
By using the second Helly theorem and by extracting a subsequence, we obtain a
function ψH such that ψi(t) → ψH(t) ∀t ∈ T ∗ as i → ∞. Let us find ψ ∈ V n(T ∗)
such that ψ(t) = ψH(t) ∀t ∈ Cont(µ∗) ∩ Cont(η).6 Such function ψ(t) exists because
of the estimate Var |ba[ψH ] ≤ c(µ∗ + Var η̃ + L)([a, b]) ∀a ≤ b, which follows from the
inequality Var ν[ψi] ≤ c(µi + Var ηi + L) as i → ∞.

Let us prove that ψ(t) satisfies the conditions of our theorem. For this purpose,
let us construct a countable family of absolutely continuous measures {µ̂i}, i ∈ N,
which approximately satisfies all the conditions (except, possibly, the ones concerning
time transversality (7.18)) of the maximum principle for the i-problem, as follows.

Let {tk}, k ∈ N, be a countable set of points everywhere dense in T ∗ such that
tk ∈ X = Cont(µ∗) ∩ Cont(η) ∩ [

⋂∞
i=1 Cont(µi)],

7 and let {φk} be a countable set
of functions everywhere dense in C(Tc). For every i sufficiently large, there exists a
sequence of absolutely continuous measures µi,τ having densities mi,τ > 0 a.e., such

that µi,τ
w→ µi on Ti, µi,τ

w→ µi on [t0,i, t0,δ], µi,τ
w→ µi on [t1,δ, t1,i] as τ → ∞ for

all τ .
Let the pair (xi,τ , ψi,τ ) satisfy the following differential system:8⎧⎨⎩

dxi,τ = f(xi,τ , ui, t)dt + g(xi,τ , t)dµi,τ ,
dψi,τ = −Hx(xi,τ , ui, ψi,τ , t)dt−Qx(xi,τ , ψi,τ , t)dµi,τ + ϕ�

x (xi,τ , t)dηi,τ ,
xi,τ (t0,i) = xi(t0,i), ψi,τ (t0,i) = ψi(t0,i),

where the measure ηji,τ is given by its distribution function

F (t; ηji,τ ) = 2λ0,iAi

∫
[t0,i,t]

[ϕj(xi,τ , t)]
+ds

+ 2λ0,iAi

∫
[t0,i,t]

[ϕj
δ(xi,τ , t)]

+dµi,τ , j = 1, . . . , k3.

By using Lemma 5.4, choose a number τi such that⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

k3∑
j=1

i∑
k=1

[∣∣∣∣∫
Ti

φk(t)d(µi,τi − µi)

∣∣∣∣+ ∣∣∣∣∫
Ti

φk(t)d(η
j
i,τi

− ηji )

∣∣∣∣] ≤ 1

i
,

i∑
k=1

|ψi,τi(tk) − ψi(tk)| +
∣∣∣ gc sup

t∈Ti

|ψi(t)| − max
t∈Ti

|ψi,τi(t)|
∣∣∣ ≤ 1

i
,∣∣∣∣∫

Ti

Q̃i(xi,τi , ψi,τi , t)dµi,τi −
∫
Ti

Q̃i(xi, ψi, t)dµi

∣∣∣∣
+

k3∑
j=1

∣∣∣∣∫
Ti

ϕj(xi,τi , t)dη
j
i,τi

−
∫
Ti

ϕj(xi, t)dη
j
i

∣∣∣∣ ≤ 1

i
,

|ψi,τi(t1,i) − ψi(t1,i)| + max
t∈Ti

|Q̃i(xi,τi , ψi,τi , t) − Q̃i(xi, ψi, t)| ≤
1

i
,

(7.20)

where Q̃i(x, ψ, t) = Q(x, ψ, t) − λ0,iAi|ϕ+
δ (x, t)|2.

6From now on, Cont(η) =
⋂k3

j=1
Cont(ηj).

7Such an everywhere dense set exists, because, being a countable union of countable sets, T ∗ \X
is countable.

8For every i, the solution of this system exists as τ becomes sufficiently large.
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Put ψ̂i = ψi,τi , x̂i = xi,τi , µ̂i = µi,τi , η̂i = ηi,τi . By extracting a subsequence, we

have that ψ̂i(t) → ψA(t) ∀t ∈ T ∗.

Now, we show that ψA(t) = ψ(t) ∀t ∈ Cont(µ∗) ∩ Cont(η). Indeed, since
Var ν[ψi] ≤ c(µi+Var ηi+L), ψ(t) is continuous on the set Cont(µ∗)∩Cont(η)\{t∗0, t∗1}.
The same can be said about ψA. Then, it follows from (7.20) that ψA(t) = ψ(t)

∀t ∈ Cont(µ∗)∩Cont(η). For such a sequence, x̂i(t) → x∗(t), ∀t ∈ Cont(µ∗), µ̂i
w→ µ∗,

η̂ji
w→ η̃j , j = 1, . . . , k3, as i → ∞.

Let us prove (7.1). We start by showing that there are sequences of absolutely
continuous measures {µ̄i}, {η̄ji }, j = 1, . . . , k3, and also a sequence of natural numbers
ki ≥ i such that

(1) µ̄i
w→ µ∗

d, and, ∀j, η̄ji
w→ η̃j − ηj as i → ∞,

(2) µ̂ki
≥ µ̄i, η̂

j
ki

≥ η̄ji ∀i, j.
If Ds(µ∗) = ∅, then we put µ̄i = η̄ji = 0, ki = i, ∀i, j.

Let Ds(µ∗) 
= ∅. Consider the chain of sets Di such that D0 = ∅, Di−1 ⊆ Di ⊆
Ds(µ∗) and

∑
r∈Ds(µ∗)\Di

µ∗({r}) ≤ 1
i , i ∈ N. Define sets Sr,i = [r − ρi, r + ρi],

r ∈ Di, as a system of pairwise disjoint closed neighborhoods of points r such that

(i) ρi > 0, ρi → 0 as i → ∞,

(ii) |µ∗(Si)−
∑

r∈Di
µ∗({r})|+

∑k3

j=1 |η̃j(Si)−
∑

r∈Di
η̃j({r})| ≤ 1

i , where Si =⋃
r∈Di

Sr,i,
(iii) r ± ρi ∈ Cont(µ∗) ∩ Cont(η).

The existence of such sets Si follows from the regularity of Borel measures µ∗, η̃j ,
j = 1, . . . , k3. Due to the weak star convergence of the considered sequences of
measures, it is possible to take a natural number ki ≥ i such that

∑
r∈Di

(∣∣∣∣µ̂ki(Sr,i) − µ∗(Sr,i)

∣∣∣∣+ k3∑
j=1

∣∣∣∣η̂jki
(Sr,i) − η̃j(Sr,i)

∣∣∣∣
)

≤ 1

i
.

Define µ̄i and η̄i = {η̄1
i , . . . , η̄

k3
i }, respectively, by µ̄i(B) := µ̂ki(B ∩ Si), and η̄i(B) :=

η̂ki(B ∩ Si), for any Borel set B ⊆ �1. Clearly, µ̄i
w→ µ∗

d, η̄
j
i

w→ η̃j − ηj as i → ∞
(and, hence, µ̂ki − µ̄i

w→ µ∗
c , η̂

j
ki

− η̄ji
w→ ηj) for j = 1, . . . , k3. It is also clear that

µ̂ki − µ̄i ∈ C∗
+(Tc), η̂

j
ki

− η̄ji ∈ C∗
+(Tc) ∀i, j.

From now on, consider subsequences extracted from {µ̂i}, {η̂i}, {x̂i}, {ψ̂i}, {ui},
and {Ti} (denote them again by the old index i) according to the constructed sequence
{ki} and let us rewrite (1.2), (7.13) as follows:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x̂i(t) = x0,i +

∫ t

t0,i

f(x̂i, ui, s)ds +

∫
[t0,i,t]

g(x̂i, s)d(µ̂i − µ̄i) +

∫
[t0,i,t]

g(x̂i, s)dµ̄i,

ψ̂i(t)= ψ0,i −
∫ t

t0,i

Ĥi
x(s)ds−

∫
[t0,i,t]

Q̂i
x(s)d(µ̂i − µ̄i) −

∫
[t0,i,t]

Q̂i
x(s)dµ̄i

+

∫
[t0,i,t]

ϕ�
x (x̂i, s)d(η̂i − η̄i) +

∫
[t0,i,t]

ϕ�
x (x̂i, s)dη̄i, t ∈ Ti.

From now on, the index i and the sign hat in H and Q (and also its partial derivatives)

stand for their values when x̂i(t), ui(t), and ψ̂i(t) replace the omitted arguments x,
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u, and ψ respectively. Put, ∀t ∈ Ti,

x̂c
i (t) = x0,i +

∫ t

t0,i

f(x̂i, ui, s)ds +

∫
[t0,i,t]

g(x̂i, s)d(µ̂i − µ̄i),

x̂d
i (t) =

∫
[t0,i,t]

g(x̂i, s)dµ̄i,

ψ̂η
i (t) = ψ0,i −

∫ t

t0,i

Ĥi
x(s)ds−

∫
[t0,i,t]

Q̂i
x(s)d(µ̂i − µ̄i) +

∫
[t0,i,t]

ϕ�
x (x̂i, s)d(η̂i − η̄i),

ψ̂d
i (t) = −

∫
[t0,i,t]

Q̂i
x(s)dµ̄i +

∫
[t0,i,t]

ϕ�
x (x̂i, s)dη̄i.

Thus, x̂i(t) = x̂c
i (t) + x̂d

i (t), ψ̂i(t) = ψ̂η
i (t) + ψ̂d

i (t) ∀t ∈ Ti. Bearing in mind that
x̂i(t) → x∗(t) ∀t ∈ Cont(µ∗), by Lebesgue theorem and Lemma 5.1, we deduce that

x̂c
i (t) → x∗

c(t) = x∗
0 +

∫ t

t∗0

f(x∗, u∗, s)ds +

∫
[t∗0 ,t]

g(x∗, s)dµ∗
c ∀t ∈ T ∗, i → ∞.

In a similar way, from Lemma 5.1, we conclude that ∀t ∈ Cont(η),

ψ̂η
i (t) → ψη(t) = ψ0 −

∫ t

t∗0

Hx(s)ds−
∫

[t∗0 ,t]

Qx(s)dµ∗
c +

∫
[t∗0 ,t]

ϕ�
x (x∗, s)dη

as i → ∞. Let ψd = ψ − ψη. Then, ψ̂d
i (t) → ψd(t) ∀t ∈ Cont(µ∗) ∩ Cont(η).

Let us show ψd = Σ(ψ, t). In fact, fix t ∈ Cont(µ∗) ∩ Cont(η) and ε > 0. Take a
number N = N(ε) such that

∑
r∈Ds(µ∗)\DN

[µ∗({r}) + Var η̃({r})] ≤ ε. In this case,
then

lim sup
i→∞

∣∣∣∣∣∣
∑

r∈D(N,t)

[∫
Sr,i

−Q̂i
x(s)dµ̄i +

∫
Sr,i

ϕ�
x (x̂i, s)dη̄i

]
− ψ̂d

i (t)

∣∣∣∣∣∣ ≤ const ε,(7.21)

where, from now on, D(N, t) = {r ∈ DN : r ≤ t}.
Let r−i = r − ρi and, for r ∈ D(N, t), consider, on segment Sr,i, the system⎧⎪⎪⎪⎨⎪⎪⎪⎩

x̂d
i (s) = x̂d

i (r
−
i ) +

∫
[r−

i
,s]

g(x̂i(τ), τ)dµ̄i,

ψ̂d
i (s) = ψ̂d

i (r
−
i ) −

∫
[r−

i
,s]

g�x (x̂i(τ), τ)ψ̂i(τ)dµ̄i +

∫
[r−

i
,s]

ϕ�
x (x̂i(τ), τ)dη̄i.

(7.22)

For each i sufficiently large, we define the function9

πr,i(τ) =
F (τ ; µ̄i) − F (r−i ; µ̄i)

µ̄i(Sr,i)
, r ∈ D(N, t), τ ∈ Sr,i.

The function πr,i : Sr,i → [0, 1] is absolutely continuous and strictly increasing,
dπr,i

dτ =
m̄i(τ)
µ̄i(Sr,i)

> 0 (m̄i(τ) is the density of measure µ̄i). Hence, there exists an inverse

mapping, θr,i : [0, 1] → Sr,i, θr,i = (πr,i)
−1, which is also absolutely continuous and

9Let us take numbers i such that t /∈ Sr,i ∀i ≥ i0, r ∈ D(N, t), where i0 is sufficiently large.
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strictly increasing. By performing the change of variable ω = πr,i(τ) in (7.22), we
obtain the system defined for all s ∈ [0, 1], and r ∈ D(N, t),

αr,i(s) = x̂d
i (r

−
i ) + x̂c

i (θr,i(s)) + µ̄i(Sr,i)

∫ s

0

g(αr,i(ω), θr,i(ω))dω,

σr,i(s) = ψ̂d
i (r

−
i ) + ψ̂η

i (θr,i(s)) − µ̄i(Sr,i)

∫ s

0

g�x (αr,i(ω), θr,i(ω))σr,i(ω)dω

+

∫
[0,s]

ϕ�
x (αr,i(ω), θr,i(ω))dηr,i,

where

αr,i(ω) = x̂i(θr,i(ω)), σr,i(ω) = ψ̂i(θr,i(ω)),

F (ω; ηjr,i) = F (θr,i(ω); η̄ji ), j = 1, . . . , k3.

Clearly, θr,i(ω) → r uniformly on [0, 1], and, by Lemma 5.3, x̂c
i (θr,i(ω)) → x∗

c(r),

and ψ̂η
i (θr,i(ω)) → ψη(r) uniformly on [0, 1] as i → ∞. From Gronwall’s inequality,

it follows that αr,i is a Cauchy sequence. Its limit is α∗
r .

10 Compactness yields the
existence of measures ηjr and of a function σr ∈ V n([0, 1]) such that, after subsequence

extraction, η̂jr,i
w→ ηjr , j = 1, . . . , k3, σr,i(s) → σr(s), ∀s ∈

⋂k3

j=1 Cont(ηjr). By passing

to the limit in the last system as i → ∞, we deduce that11 ∀s ∈ [0, 1] and r ∈ D(N, t),

α∗
r(s) = x∗(r−) + µ∗({r})

∫ s

0

g(α∗
r , r)dω,

σr(s) = ψ(r−) − µ∗({r})
∫ s

0

g�x (α∗
r , r)σrdω +

∫
[0,s]

ϕ�
x (α∗

r , r)dηr.

From here and from (7.21), we have∣∣∣∣∣∣ψd(t) −
∑

r∈D(N,t)

[σr(1) − ψ(r−)]

∣∣∣∣∣∣ ≤ const ε.

But ε > 0 is arbitrary. Then, by definition of Σ, this means ψd(t) = Σ(ψ, t). Thus,
(7.1) and (7.2) are proved.

A simple contradiction argument implies (7.9). In fact if |λi| → 0, |η̂i| → 0, then

maxt∈Ti |ψ̂i(t)| → 0 as i → ∞, and (7.19) does not hold.
Let us prove (7.3), and (7.4). Fix r ∈ Ds(µ∗), j = 1, . . . , k3. From the penalty

method and (7.20), we have that

Ai

∫
Ti

|ϕ+(x̂i, t)|2dt + Ai

∫
Ti

|ϕ+
δ (x̂i, t)|2dµ̂i → 0.(7.23)

Furthermore,

2Ai

∫
Ti

|ϕ+(x̂i, t)|2dt + 2Ai

∫
Ti

|ϕ+
δ (x̂i, t)|2dµ̂i

≥ 2λ0,iAi

(∫
Ti

ϕj(x̂i, t)[ϕ
j(x̂i, t)]

+dt +

∫
Ti

ϕj
δ(x̂i, t)[ϕ

j
δ(x̂i, t)]

+dµ̂i

)
=

∫
Ti

ϕj(x̂i, t)dη̂
j
i ≥ 0.

10This is the corollary of the uniqueness of the solution [23].
11Here, we used the fact that by construction, x̂di (r−i ) → x∗(r−) − x∗c(r) and ψ̂d

i (r−i ) → ψd(r−).
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Then, from (7.23),
∫
Sr,i

ϕj(x̂i, t)dη̂
j
i → 0 as i → ∞. By changing variable s =

πr,i(t) and by passing to the limit we get
∫ 1

0
ϕj(α∗

r , r)dη
j
r = 0. Since ϕj(α∗

r(s), r) ≤ 0,
we conclude that ϕj(α∗

r(s), r) = 0 ∀s ∈ supp(ηjr).
Next, we show that Q(t) = Q(x∗(t), ψ(t), t) ≤ 0, ∀t ∈ T ∗. Indeed, ζi → 0

uniformly on T ∗. Let κ̂i(t) = λ0,iAi|ϕ+
δ (x̂i(t), t)|2. From (7.23), κ̂i(t) → 0 strongly in

L1(T
∗), and, by extracting subsequences, κ̂i(t) → 0 a.e. From (7.16), (7.20), and the

right continuity of Q(t) on interval [t0,δ, t1,δ], we establish that Q(t) ≤ 0 ∀t ∈ T ∗.

From (7.17), (7.20), and
∫
Ti

Q̂i(t)dµ̂i → 0, we have that
∫ 1

0
〈g(α∗

r , r), σr〉ds = 0.

From (7.16), (7.20), (7.23), and Q(t) ≤ 0 ∀t, it is not hard to deduce by argu-
ments analogous to the ones that show ϕj(α∗

r(s), r) = 0 ∀s ∈ supp(ηjr) that qr(s) =
〈g(α∗

r(s), r), σr(s)〉 ≤ 0 ∀s ∈ [0, 1]. Thus, qr(s) = 0 ∀s ∈ (0, 1). Let us show that
qr(0) = qr(1) = 0. Indeed, if ηr({0}) = 0, then qr(0) = 0. Let ηjr({0}) > 0 for some
j = 1, . . . , k3. Then, ϕj(α∗

r(0), r) = 0 and W j(α∗
r(0), r) ≤ 0. Otherwise the state

constraint would not be satisfied. Thus, qr(0) ≥ 0. But, at the same time, the com-
plementary inequality is true. Hence, qr(0) = W j(α∗

r(0), r) = 0. Similarly, qr(1) = 0.
We proved statements (7.3), and (7.4).

Let us prove (7.5). Since Var ν[ϕj(x̂i, t)] ≤ c(µ̂i + L), we have, by Lemma 5.1,
that ∫

Ti

ϕj(x̂i, t)d[η̂
j
i − η̄ji ] →

∫
T∗

ϕj(x∗, t)dηj , i → ∞, j = 1, . . . , k3.

On the other hand, it follows from (7.23) that
∫
Ti

ϕj(x̂i, t)d[η̂
j
i − η̄ji ] → 0. Now, (7.5)

follows from nonpositivity of ϕj(x∗, t), j = 1, . . . , k3.
By passing to the limit in (7.15), we establish (7.6).
Let us show how to prove (7.7) with the help of Lemma 5.1. It has already been

asserted that Ds(ν[Q]) ∩ Ds(µ∗) = ∅. However, it is not enough to use Lemma 5.1 to
obtain the desired conclusion. Next, we show that ∀r ∈ Ds(µ∗), Var |10[qr,i] → 0 as
i → ∞, where qr,i(s) = 〈σr,i(s), g(αr,i(s), θr,i(s))〉, s ∈ [0, 1]. In fact,

qr,i(s) = qr,i(0) +

k3∑
j=1

∫ s

0

W j(αr,i, θr,i)dη
j
r,i +

∫ s

0

〈σr,i, gt(αr,i, θr,i)〉dθr,i, s ∈ [0, 1].

From this we conclude that

Var |10[qr,i] ≤
k3∑
j=1

Var |10
[∫ s

0

W j(αr,i, θr,i)dη
j
r,i

]
+ 1(i).

Since W j(αr,i, θr,i) → W j(α∗
r , r) uniformly on [0, 1] as i → ∞, and since ηjr,i

w→ ηjr , we

have that supp(ηjr) ⊆ {s : W j(α∗
r(s), r) = 0} ∀j. From Lemma 5.5, Var |10[qr,i] → 0.

Hence,

Var ν[Q̂i] ≤ c([µ̂i − µ̄i] + Var[η̂i − η̄i] + L) + 1(i).

By using Lemma 5.1, (7.17), (7.20), and (7.23), we deduce that

1(i) =

∫
Ti

Q̂i(t)dµ̂i +

∫
Ti

κ̂i(t)dµ̂i →
∫
T∗

Q(t)dµ∗

and, therefore,
∫
T∗ Q(t)dµ∗ = 0. Bearing in mind that Q(t) ≤ 0 ∀t, we conclude (7.7).
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Let us prove (7.10). We consider k = 0.
We return to the initial sequence of solutions (7.12) and consider conditions (7.18).

Note that ∆0,i = µi({t0,i}) → 0 since µ∗ is continuous at t∗0. Hence, x+
0,i = β0,i → x∗

0

and ψ+
0,i = γ0,i → ψ0 as i → ∞. We put κi = λ0,iAi[ϕ

+(x+
0,i, t0,i)]

2 and show that
κi → 0 as i → ∞. Two cases can be considered:

(1) The sequence ∆0,i has a zero subsequence.
(2) ∆0,i > 0 for all i greater some i0.

By extracting a subsequence we have, in the first case, that x+
0,i = x0,i and, from the

compatibility between state and endpoint constraints, κi = 0.
Let us consider the second case. When i is sufficiently large, the function Qi(t)

is absolutely continuous in some neighborhood of point t0,i and its derivative in this
set is given by

Q̇i(t) =

k3∑
j=1

2λ0,iAi[ϕ
j(xi(t), t)]

+W j(xi(t), t) + ωi(t),(7.24)

where ωi(t) is an essentially bounded measurable function, ‖ωi‖L∞ ≤ const ∀i.
Since ∆0,i > 0, we have, from (7.17), Qi(t0,i)+ ζ0,i = 0. By using this and (7.16),

we conclude by integrating (7.24) with the Newton–Leibnitz formula that

k3∑
j=1

∫ t0,i+∆

t0,i

2λ0,iAi[ϕ
j(xi, s)]

+W j(xi, s)ds ≤ const ∆.

By dividing both sides by ∆ > 0 and passing to the limit as ∆ → 0, we obtain

k3∑
j=1

λ0,iAi[ϕ
j(x+

0,i, t0,i)]
+W j(x+

0,i, t0,i) ≤ const.(7.25)

From Assumption C and the compatibility of state and endpoint constraints, it follows
that if W j(x+

0,i, t0,i) ≤ 0, then [ϕj(x+
0,i, t0,i)]

+ = 0. In this way, from (7.25), we
conclude that

λ0,iAi[ϕ
j(x+

0,i, t0,i)]
+W j(x+

0,i, t0,i) ≤ const, j = 1, . . . , k3.(7.26)

Let κj
i = λ0,iAi[ϕ

j+(x+
0,i, t0,i)]

2. Notice that κi =
∑k3

j=1 κ
j
i . If W j(x+

0,i, t0,i) ≤ 0,

then, as it was seen above, κj
i = 0. Suppose that κj

i > 0. Then, W j(x+
0,i, t0,i) > 0.

Furthermore,

κj
i = λ0,iAi[ϕ

+(x+
0,i, t0,i)]

2

= λ0,iAi

[
ϕ+(x0,i, t0,i) + ∆0,i

∫ 1

0

h[ϕj(α0,i, t0,i)]W
j(α0,i, t0,i)ds

]2

,

where h(t) is the Heavyside function, i.e., h(t) = 0 when t ≤ 0 and h(t) = 1 otherwise.
From the last equality, we have, by the constraints compatibility assumption and
Assumption C, that for sufficiently large i,

κj
i ≤ 2λ0,iAi∆

2
0,i[W

j(x+
0,i, t0,i)]

2.

Now, from (7.26), we have

κj
i ≤ const

λ0,iAi∆
2
0,i

[λ0,iAiϕj+(x+
0,i, t0,i)]

2
= const

∆2
0,i

κj
i

,
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and, from this, we conclude that

(κj
i )

2 ≤ const ∆2
0,i → 0.

Now, by passing to the limit in (7.18), we obtain (7.10).
Now note that Assumption C and the requirement ∆∗

k = 0, k = 0, 1, are used
only to obtain the time transversality conditions and, therefore, can be omitted in
the remaining parts of the proof. Indeed, let us modify the penalty term in (7.11)∫
T
[ϕ+

δ (x, t)]2dµ onto
∫
T
[ϕ+(x, t)]2dµ. It is clear that such a transformation of the

function ϕ+
δ into ϕ+ does not invalidate the arguments proving (7.1)–(7.9). The only

issue here is to ensure that the compatibility of state and endpoint constraints stays
in force and cannot be omitted. Indeed, we use it to prove (a) the maximum condition
for the impulsive component (more precisely, to get inequalities Q(t∗k) ≤ 0, k = 0, 1)
and (b) inequalities (7.8).

The proof is complete.

8. Nondegenerate maximum principle. Here we prove our main result, The-
orem 4.1. This theorem is formulated under the smooth Assumption S. Therefore,
we shall need the following.

Remark 5. Under Assumption S, inequalities (7.8) in Theorem 7.1 become

max
u∈U

H(x∗
k, u, ψk, t

∗
k) + (−1)k

∂l

∂tk
(p∗, λ) ≤ 0, k = 0, 1.(8.1)

Proof of Theorem 4.1. Let us verify the technique suggested in [1]. For this, we
shall use the first statement of Theorem 7.1, i.e., conditions (7.1)–(7.9).

Equations (4.2) can be obtained by applying Theorem 7.1 to v-problem.12 This
proof is absolutely analogous to the corresponding one in [1].

We shall consider the case ∆∗
k = 013 and use a contradiction argument to show

(4.3). Assume that (4.3) does not hold. Then, because of the right continuity of ψ
on B∗ = (t∗0, t

∗
1), we have that λ0 = 0, ψ(t) = 0 ∀t ∈ B∗ and, therefore, σr(s) = 0,

∀s ∈ [0, 1], ∀r ∈ Ds(µ∗). By using the regularity of state constraints, we conclude
that η(B∗) = 0, ηr = 0 ∀r ∈ Ds(µ∗). Furthermore, from the maximum principle,

ϕ�
x (x∗

k, t
∗
k)η({t∗k}) = − ∂l

∂xk
(p∗, λ), k = 0, 1.

In the same way, from (4.2) we obtain

〈ϕt(x
∗
k, t

∗
k), η({t∗k})〉 = − ∂l

∂tk
(p∗, λ), k = 0, 1.

By substituting these expressions into (8.1), we deduce that for k = 0, 1,

max
u∈U

H(x∗
k, u, (−1)k+1ϕ�

x (x∗
k, t

∗
k)η({t∗k}), t∗k) + (−1)k+1〈ϕt(x

∗
k, t

∗
k), η({t∗k})〉 ≤ 0.

Analogously, by substituting in inequalities Q(t∗k) ≤ 0, k = 0, 1, we deduce, for
k = 0, 1,

〈g(x∗
k, t

∗
k), (−1)k+1ϕ�

x (x∗
k, t

∗
k)η({t∗k})〉 ≤ 0.

12This is obtained by reduction R2. The equivalence is guaranteed by Proposition 5.7.
13The case ∆∗

k > 0 is dealt with in a similar way.
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From the controllability of x∗(t), we conclude that η({t∗k}) = 0, k = 0, 1, and, there-
fore, ∂l

∂p (p∗, λ) = 0. From the regularity of endpoint constraints, we get λ = 0. Thus,

we obtain a contradiction with (7.9).
The proof is complete.
Remark 6. Here, we want to emphasize the following important class of problems.

Suppose that all state constraints are convex along the jump evolutions (i.e., Ẇ j ≥ 0
∀j). For such problems, we have the following.

(1) The controllability concept can be simplified as follows. An optimal trajec-
tory x∗(t) is controllable if there exist points sk ∈ [0, 1], k = 0, 1, such that Definition
2.4 holds at (x̃k, t

∗
k), where x̃k = α∗

k(sk). This can be proved because of the reduc-
tion R1 (where the extra state constraints can be omitted for the considered class of
problems).

(2) Assumption C always holds under mentioned convexity supposition, hence
for such problems we may obtain the time transversality conditions for problems
merely measurable in t problem (Theorem 7.1). Note that, here, time transversality
conditions can always be derived with the help of reduction R2 (see Remark 2 in
section 4). However, we need smooth Assumption S to use this reduction.

A simple example of the problem with pointed convexity properties is given by
linear systems: g does not depend on x, ϕ is linear in x. Furthermore for linear
problems, (4.3) becomes

λ0 + L({t : |ψ(t)| > 0}) = 1.

In conclusion, we say that the following question pertaining to Assumption C re-
mains open: How do we get time transversality conditions for the case when data of the
problem is measurable in t without any convexity assumptions on state constraints?

9. Appendix. Proof of Lemma 5.1. We start by noting that if s ∈ T and ti → s
as i → ∞, then

F (s−;µ) ≤ lim inf
ti→s

F (ti;µi) ≤ lim sup
ti→s

F (ti;µi) ≤ F (s+;µ).

This statement can be easily obtained with the help of Lemma 7.1 in [1] and with
a simple contradiction arguments. By using the last statement, it is not hard to
establish that

lim sup
i→∞

sup
t∈K

|F (t;µi) − F (t;µ)| ≤ ε,(9.1)

where K is a closed subset of T such that µ({t}) ≤ ε ∀t ∈ K ε ≥ 0.
Furthermore, the triangle inequality gives∣∣∣∣∫

T

fi(t)dµi −
∫
T

f(t)dµ

∣∣∣∣ ≤ ∣∣∣∣∫
T

fi(t)d(µi − µ)

∣∣∣∣+ ∣∣∣∣∫
T

[fi(t) − f(t)]dµ

∣∣∣∣ .(9.2)

By the Lebesgue theorem, the second term in the right-hand side converges to zero.
In fact, fi(t) → f(t), µ-a.e. Furthermore, the fi are uniformly bounded.

Thus, we have to show that
∫
T
fi(t)d(µi − µ) → 0. Let Fi(t) = F (t;µi) and

F (t) = F (t;µ). By integrating by parts, we deduce∫
T

fi(t)d(µi − µ) = fi(t1)[Fi(t1) − F (t1)] −
∫
T

[Fi(t) − F (t)]dν[fi].
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From the weak convergence Fi(t1) → F (t1). Let us show that
∫
T
[Fi(t)−F (t)]dν[fi] →

0.

There are two cases: either Ds(µ) = ∅ or Ds(µ) 
= ∅. If Ds(µ) = ∅, then this
means that measure µ is continuous, and, by using (9.1) (with ε = 0, K = T ), we
conclude the proof. Let Ds(µ) 
= ∅ and fix ε > 0 sufficiently small. There exists a
finite, not empty set of points tj ∈ Ds(µ), j = 1, . . . , N , N = N(ε) ≥ 1, such that
µ({tj}) ≥ ε. Since Ds(µ)∩Ds(η) = ∅, then ∀j ≤ N , ∃δj > 0 such that η(Cj) ≤ εN−1,
where Cj = [tj − δj , tj + δj ], tj ± δj ∈ Cont(η) and Cj are pairwise disjoint. Let Oj be

a neighborhood of tj such that Oj ⊂ Cj . Set O =
⋃N

j=1 Oj is open. Hence, K = T \O
is closed. For such O ⊂ C, η(O) ≤ η(C) ≤ ε, where C =

⋃N
j=1 Cj . From this, we

conclude that∣∣∣∣∫
T

[Fi(t) − F (t)]dν[fi]

∣∣∣∣ ≤ ∫
K

|Fi(t) − F (t)|dVar ν[fi] +

∫
C

|Fi(t) − F (t)|dVar ν[fi].

By using (9.1) and Var ν[fi] ≤ cηi ∀i, we deduce that

lim sup
i→∞

∣∣∣∣∫
T

[Fi(t) − F (t)]dν[fi]

∣∣∣∣ ≤ lim sup
i→∞

(
sup
t∈K

∣∣∣Fi(t) − F (t)
∣∣∣Var ν[fi](K)

)
+ lim sup

i→∞

(
sup
t∈C

∣∣∣Fi(t) − F (t)
∣∣∣Var ν[fi](C)

)
≤ εc|η| + 2εc|µ| ≤ c1ε.

Since ε > 0 is arbitrary, the right-hand part of (9.2) converges to zero. The proof is
complete.

Proof of Lemma 5.3. Fix ε > 0 such that s± ε ∈ Cont(µ). Furthermore,

xi(s + ε) − xi(ti) =

∫
[ti,s+ε]

fi(t)dµi = Ai,ε.

Clearly, |Ai,ε| ≤ cµi([ti, s + ε]) ∀i. By passing to the limit,

−cµ([s, s+ ε]) ≤ lim inf
i→∞

[xi(s+ ε)−xi(ti)] ≤ lim sup
i→∞

[xi(s+ ε)−xi(ti)] ≤ cµ([s, s+ ε]).

By Lemma 5.1, xi(s + ε) → x(s + ε) as i → ∞, and, therefore,

x(s + ε) − cµ([s, s + ε]) ≤ lim inf
i→∞

xi(ti) ≤ lim sup
i→∞

xi(ti) ≤ x(s + ε) + cµ([s, s + ε]).

Bearing in mind that cµ([s, s+ ε]) → 0 as ε → 0 (indeed, s /∈ Ds(µ)), we conclude the
proof.

To prove Lemma 5.4, we need the following propositions.

Proposition 9.1. Let x ∈ V n(T ), Var ν[x] ≤ cµ. Then, if function h(x, t)
is Lipschitz continuous in (x, t), there exists a constant denoted const such that
Var ν[h(x, ·)] ≤ const(µ + L).

Proof. By definition of the variation

Var |ba[h(x(t), t)] = sup
TN

N∑
k=1

|h(x(sk), sk) − h(x(sk−1), sk−1)|,
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where supremum is considered in every possible finite partitions of segment [a, b]. By
using the Lipschitz continuity of h and condition Var ν[x] ≤ cµ, we deduce that

N∑
k=1

|h(x1(sk), . . . , x
n(sk), sk) − h(x1(sk−1), . . . , x

n(sk−1), sk−1)|

≤ const

⎛⎝ n∑
j=1

Var |ba[xj ] + a− b

⎞⎠ ≤ const[µ([a, b]) + L([a, b])].

The proof is complete.
Proposition 9.2. If the solution to (1.2) exists, then it is unique.
Proof. Suppose that there are functions x, y ∈ V n(T ) such that x 
= y, and x,

and y do satisfy (1.2). From Definition 3.1, we have

|x(t) − y(t)| ≤
∫ t

t0

|f(x, u, s) − f(y, u, s)|ds +

∫
[t0,t]

|g(x, s) − g(y, s)|dµc

+ |Φ(x, t) − Φ(y, t)| ∀t ∈ T.

Here and from now on, Φ(x, t) denotes the last item in formula specifying x(t) in
Definition 3.1. By using Gronwall’s inequality, we arrive at the estimate

sup
s∈[t0,t]

|x(s) − y(s)| ≤
∫

[t0,t]

c|x(s) − y(s)|(dµc + ds)

+
∑

s∈D(t)

cµ({s})ecµ({s})|x(s−) − y(s−)|

≤ c sup
s∈[t0,t]

|x(s) − y(s)| × (µc([t0, t]) + t− t0) + c1
∑

s∈D(t)

µ({s})As,

where As = |x(s−) − y(s−)|, s ∈ D(t), D(t) = Ds(µ) ∩ [t0, t], and c1 = cec|µ|. Let
φ(t) = sups∈[t0,t] |x(s) − y(s)|, and γ(t) = c(µc([t0, t]) + t − t0). Let us enumerate
the atoms of the measure µ in [t0, t] by the decreasing order of its values and denote
by {aj} such a sequence, aj = µ({sj}), sj ∈ D(t), j = 1, 2, . . . . In this constructive
process, it may happen that the measure µ has no atoms or only a finite number of
atoms sj , j = 1, . . . , r, r ≥ 1 on [t0, t]. In the first case, we put aj = 0 ∀j, and in the
second case, we let aj = 0 ∀j > r. By construction, aj+1 ≤ aj , aj → 0+, as j → ∞,
and

∑∞
j=1 aj = µd([t0, t]). Now, we can write the inequality obtained above as

φ(t) ≤ φ(t)γ(t) + c1

∞∑
j=1

ajAsj .(9.3)

Now, let us estimate an upper bound of the series
∑∞

j=1 ajAsj . Fix ε > 0. Since, ∀j,
Asj ≤ φ(t), there exists a number N = N(ε) such that

∑∞
j=N+1 ajAsj ≤ εφ(t). To

evaluate the partial sum SN =
∑N

j=1 ajAsj , let us consider sj < sj+1, j = 1, . . . , N−1.
(If this is not the case, then we may renumber the finite set of aj and sj , j =
1, . . . , N − 1. It is not hard to see that this relabeling does not affect the proof.) Let
Q(t) = φ(t)γ(t)+c1εφ(t). From (9.3), it follows that As1 ≤ Q(t), As2 ≤ Q(t)+a1As1 ≤
Q(t)(1 + a1), As3 ≤ Q(t) + a1As1 + a2As2 ≤ Q(t)(1 + a1)(1 + a2), . . . , and so on,
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until we get

AsN ≤ Q(t)

N−1∏
j=1

(1 + aj).

Thus SN ≤ Q(t)
∑N

j=1 aj
∏j−1

i=1 (1+ai). Since the series
∑∞

j=1 ln(1+aj) ≤
∑∞

j=1 aj ≤
|µ| converges, the infinite product

∏∞
j=1(1 + aj) also converges. Then, SN ≤ Q(t)∑N

j=1 aje
|µ| ≤ Q(t)|µ|e|µ|. Now, from (9.3), we obtain

φ(t) ≤ φ(t)γ(t) + c1[εφ(t) + Q(t)|µ|e|µ|],

and hence

φ(t) ≤ φ(t)[γ(t) + εc1][1 + c1|µ|e|µ|].

By letting ε → 0, we finally arrive at

φ(t) ≤ c[1 + c|µ|ec(1+|µ|)](µc([t0, t]) + t− t0)φ(t) ∀t ∈ T.(9.4)

The uniqueness follows from the continuity of the Borel measure µc. Indeed, there
exists τ1 such that c[1+ c|µ|ec(1+|µ|)](µc([t0, τ1])+ τ1− t0) < 1. Hence φ(τ1) = 0, and,
on the segment [t0, τ1], the solutions x(t) and y(t) are congruent. All the conditions
of the proposition are satisfied on the segment [τ1, t1]. By applying the described
procedure to [τ1, t1], we find τ2 such that x(t) = y(t) ∀t ∈ [τ1, τ2], and so on. It is
obvious that we may cover the whole segment T in a finite number of steps. Therefore,
x(t) ≡ y(t) and the proof is complete.

Proposition 9.3. Consider a sequence of absolutely continuous measures {µi},
µi ∈ C∗

+(T ), i = 1, 2, . . . , converging weakly star to µ, a sequence of controls {ui},
ui

w→ u weakly in L2(T ), ui(t) ∈ U(t) a.e., a sequence of vectors {x0,i}, x0,i → x0 ∈
Rn, and the corresponding sequence of vector functions {xi}, xi ∈ V n(T ), satisfying

xi(t) = x0,i +

∫ t

t0

f(xi, ui, s)ds +

∫
[t0,t]

g(xi, s)dµi, t ∈ T.(9.5)

Then, if |xi(t)| ≤ const, xi(t) → x(t) ∀t ∈ Cont(µ), where x(t) is the solution to
(1.2). Furthermore, maxt∈T |xi(t)| → gc supt∈T |x(t)|.

Proof. Since xi are solutions to (9.5) and are uniformly bounded, it follows that
Var ν[xi] ≤ const(µi + L). From Proposition 9.1, Var ν[g(xi, t)] ≤ const(µi + L) and
from Helly’s second theorem, we may extract a subsequence so that xi(t) → x̃(t)
∀t ∈ T for some x̃ ∈ V n(T ).

Let the function x ∈ V n(T ) be such that x(t) = x̃(t) ∀t ∈ Cont(µ). The function
x(t) exists since Var |ba[x̃] ≤ c(µ+L)([a, b]) ∀a ≤ b. Now, let us show that x(t) satisfies
(1.2).

Without any loss of generality, we may consider that dF (t;µi)
dt > 0 a.e. on T ,

i = 1, 2, . . . .14

14Otherwise, we can consider the sequence µ̃i = µi + i−1L, and, from (9.5), we obtain

xi(t) = x0,i +

∫ t

t0

f(xi, ui, s)ds+

∫ t

t0

g(xi, s)dµ̃i − pi(t),

where pi(t) := 1
i

∫ t

t0
g(xi, s)ds clearly converges to 0 uniformly on T , thus preserving all the required

reasoning.
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We start by showing that there exist sequences of absolutely continuous measures
{µ̄k} and of numbers ki ≥ i such that µ̄k

w→ µd and µik − µ̄k
w→ µc on T .

If Ds(µ) = ∅, we put µ̄i = 0, ki = i, ∀i.
Let Ds(µ) 
= ∅. Consider the chain of sets Di such that Di−1 ⊆ Di ⊆ Ds(µ) and∑

r∈Ds(µ)\Di
µ({r}) ≤ i−1, being D0 = ∅. Define the sets Sr,i = [r−ρi, r+ρi], r ∈ Di

as a system of closed pairwise disjoint neighborhoods of points r, such that
(1) ρi > 0, ρi → 0 as i → ∞,
(2) |µ(Si) −

∑
r∈Di

µ({r})| ≤ 1
i , where Si =

⋃
r∈Di

Sr,i, and
(3) r ± ρi ∈ Cont(µ).

The existence of such sets Si follows from the regularity of µ. Take ki ≥ i such
that

∑
r∈Di

|µki(Sr,i) − µ(Sr,i)| ≤ 1
i . This is possible because µi

w→ µ. Let µ̄k(B) =

µki
(B ∩ Si) for any Borel set B ⊂ R1. It is easy to verify that µ̄i

w→ µd. Hence,

µki − µ̄i
w→ µc. Note also that µki − µ̄i ∈ C∗

+(T ).
From now on we shall relabel the subsequence extracted (with the help of the

sequence ki) as the initial one (by index i) and rewrite (9.5) as

xi(t) = x0,i+

∫ t

t0

f(xi, ui, s)ds+

∫
[t0,t]

g(xi, s)(dµi−dµ̄i)+

∫
[t0,t]

g(xi, s)dµ̄i, t ∈ T, ∀i.

Let xc
i (t) = x0,i+

∫ t

t0
f(xi, ui, s)ds+

∫
[t0,t]

g(xi, s)(dµi−dµ̄i), and xd
i (t) =

∫
[t0,t]

g(xi, s)dµ̄i,

t ∈ T .
Thus, xi(t) = xc

i (t)+xd
i (t) ∀t ∈ T . By the Lebesgue theorem, the weak-L2 conver-

gence of controls ui, formula (1.6), the weak star convergence of µi, and Lemma 5.1,

xc
i (t) → xc(t) = x0 +

∫ t

t0
f(x, u, s)ds +

∫
[t0,t]

g(x, s)dµc ∀t ∈ T , i → ∞. Then,

xd
i (t) → x(t) − xc(t) = xd(t) ∀t ∈ Cont(µ), being xd ∈ V n(T ).

Next, we show that xd = Φ(x, t) with Φ defined as in Proposition 9.2 above. Let
t ∈ Cont(µ). Fix ε > 0, and take a number N = N(ε) such that

∑
r∈Ds(µ)\DN

µ({r}) ≤
ε.

Then,

lim sup
i→∞

∣∣∣∣∣∣
∑

r∈D(N,t)

∫
Sr,i

g(xi, s)mi(s)ds− xd
i (t)

∣∣∣∣∣∣ ≤ const ε.(9.6)

Here and from now on, D(N, t) = {r ∈ DN : r ≤ t}, and mi(s) is the density of µi.
For r ∈ D(N, t) consider, on Sr,i, the system

xd
i (s) = xd

i (r − ρi) +

∫ s

r−ρi

g(xi, σ)mi(σ)dσ, s ∈ Sr,i.(9.7)

For all sufficiently large i, define the functions

πr,i(σ) =
F (σ;µi) − F (r − ρi;µi)

µi(Sr,i)
, r ∈ D(N, t).

The function πr,i : Sr,i → [0, 1], is absolutely continuous and strictly increasing.

Moreover,
dπr,i

dσ = mi(σ)
µi(Sr,i)

> 0 a.e. Hence, there exists an inverse map θr,i : [0, 1] →
Sr,i, θr,i = (πr,i)

−1. Let us perform the change of variables τ = πr,i(σ) in (9.7). We
have, for s ∈ [0, 1], and r ∈ D(N, t),

αr,i(s) = xd
i (r − ρi) + xc

i (θr,i(s)) + µi(Sr,i)

∫ s

0

g(αr,i(τ), θr,i(τ))dτ,
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where αr,i(τ) = xi(θr,i(τ)). It is clear that θr,i(τ) → r uniformly on [0, 1], and, from
Lemma 5.3, xc

i (θr,i(τ)) → xc(r) uniformly on [0, 1], as i → ∞. It is straightforward
to show that αr,i is in C([0, 1]).

Denote its limit as in i by αr. By passing to the limit in the last formula as
i → ∞, we deduce

αr(s) = x(r−) + µ({r})
∫ s

0

g(αr, r)dτ, s ∈ [0, 1], r ∈ D(N, t).

(Here we use the fact that by construction, xd
i (r−ρi) → xd(r

−).) From this and from
(9.6), we have ∣∣∣∣∣∣xd(t) −

∑
r∈D(N,t)

[αr(1) − x(r−)]

∣∣∣∣∣∣ ≤ const ε.

By taking the limit as ε → 0, we obtain, from the definition of Φ, that xd(t) =
Φ(x(t), t). The statement of the proposition is proved for some subsequence. However,
Proposition 9.2 allows its extension to the whole sequence {xi}.

It remains to verify that maxt∈T |xi(t)| → gc supt∈T |x(t)|. Clearly, this follows
from Lemma 5.3, the reasoning presented above, and a simple contradiction argument.
The proof is complete.

Proof of Lemma 5.4. Since the xi are solutions to (1.2) and are uniformly
bounded, it follows that Var ν[xi] ≤ const(µi + L). From Proposition 9.1, we have
that Var ν[g(xi, t)] ≤ const(µi + L), and by applying Helly’s second theorem, we
may extract a subsequence so that xi(t) → x̃(t) ∀t ∈ T . Let x ∈ V n(T ) be a
function such that x(t) = x̃(t) ∀t ∈ Cont(µ). Such a function x(t) exists since
Var |ba[x̃] ≤ c(µ + L)([a, b]), ∀a ≤ b. Let us show that x(t) satisfies (1.2).

For each number i, let us construct a sequence of absolutely continuous measures
µi,j ∈ C∗

+(T ) such that µi,j
w→ µi on T , as j → ∞. Let {φk : k ∈ N} be a countable

everywhere dense subset of C(T ) set of functions, and let {tk : k ∈ N} be countable
everywhere dense subset of points of T set such that tk ∈ Cont(µ) ∩ [

⋂∞
i=1 Cont(µi)].

By using Proposition 9.3, we find, for each i, a number j = j(i) so that, for
k = 1, . . . , i,

max

{∣∣∣∣∫
T

φkdµi,j −
∫
T

φkdµi

∣∣∣∣ , |xi(tk) − xi,j(tk)|
}

≤ 1

i
,∣∣∣max

t∈T
|xi,j(t)| − gc sup

t∈T
|xi(t)|

∣∣∣ ≤ 1

i
,

where xi,j is the solution to the equation

xi,j(t) = x0,i +

∫ t

t0

f(xi,j , ui, s)ds +

∫
[t0,t]

g(xi,j , s)dµi,j , t ∈ T.(9.8)

Let us show that this solution exists for j sufficiently large. Assume c = gc supt∈T |xi(t)|
+ 1. Consider functions

f̃(x, u, t) =

{
f(x, u, t), |x| ≤ c,
f(pc(x), u, t), |x| > c,

g̃(x, t) =

{
g(x, t), |x| ≤ c,
g(pc(x), t), |x| > c,

where pc(x) is the projection of vector x on the sphere |x| = c. Note that f̃ and g̃ are
Lipschitz continuous in x uniformly in (x, u, t). This is why, for each j, there exists
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a solution xi,j to (9.8), with functions f̃ and g̃ replacing f and g, respectively. This
is so due to a theorem of existence of solution for convenient differential equations.
From (9.4) it is not hard to deduce that the xi,j are uniformly bounded in j. By using
Propositions 9.2 and 9.3 for large j we conclude that maxt∈T |xi,j(t)| ≤ c, and hence
the solution to (9.8) exists.

Let µa
i = µi,j , and xa

i = xi,j . By construction µa
i

w→ µ. By Proposition 9.3, there
exists a solution x̄ of (1.2) on T and xa

i (t) → x̄(t) ∀t ∈ Cont(µ). But, on the other
hand, ∀k, xa

i (tk) → x(tk), as i → ∞. Then, from inequality Var ν[xa
i ] ≤ const(µa

i +L),
it follows that xa

i (t) → x(t) ∀t ∈ Cont(µ). Hence, x(t) is a solution to (1.2).

The lemma is proved for some subsequence. However, by using Proposition 9.2,
we extend it to the whole sequence {xi}. The proof is complete.

Proof of Lemma 5.5. Fix any ε > 0 and consider the set S(W0, ε), the ε-
neighborhood of W0. Since f is Lipschitz continuous, |f(t)| ≤ const ε ∀t ∈ S(W0, ε).
From the weak convergence ηi(T \ S(W0, ε)) → 0 as i → ∞. From uniform conver-
gence, we conclude that ‖fi − f‖C ≤ ε for i sufficiently large. Then, for any a < b,∣∣∣∣∣

∫
[a,b)

fi(s)dηi

∣∣∣∣∣ ≤ c[εηi([a, b)) + ηi([a, b) ∩ [T \ S(W0, ε)])].

By definition of variation of a function lim supi→∞ Var |
T
[xi] ≤ const ε. But ε > 0 is

arbitrary, and hence, Var |
T
[xi] → 0. The proof is complete.

Proof of Proposition 5.6. Let (p, u, µ) be an admissible process in problem (P ).
Associated with it, let us construct an admissible process (p̃, ũ, µ̃, υ0, υ1) for problem
(P1). Let ũ = u, µ̃ = µ −

∑
k=0,1 µ({tk})δtk ,15 x̃0 = x(t+0 ), x̃1 = x(t−1 ), υk =

µ({tk})(t1− t0)
−1L, t̃k = tk, k = 0, 1. Clearly, (p̃, ũ, µ̃, υ0, υ1) is an admissible process

for (P1), and e0(p) = e0(p̃).

Conversely, let (p̃, ũ, µ̃, υ0, υ1) be an admissible process in (P1) and take u =
ũ, µ = µ̃ +

∑
k=0,1 |υk|δ(tk), xk = ξk = ξ(x̃k, tk, (−1)k+1|υk|), tk = t̃k, k = 0, 1.

Then, the process (p, u, µ) is admissible for (P ), and e0(p) = e0(p̃). The proof is
complete.

Proof of Proposition 5.7. Let (x̃0, x̃1, χ0, χ1, t̃0, t̃1, ũ, v, µ̃) be an admissible process
for (P2). Since 3

2 ≥ χ̇ ≥ 1
2 > 0 a.e., χ strictly increases on [t̃0, t̃1]. Hence, there exists

inverse mapping π(t) = χ−1(t), t ∈ [χ(t̃0), χ(t̃1)], which is also strictly increasing
and absolutely continuous. Let t0 = χ(t̃0), t1 = χ(t̃1), x0 = x̃0, u(t) = ũ(π(t)), and
F (t;µ) = F (π(t); µ̃). We show that x(t) = x̃(π(t)). In fact, by changing variable
τ = π(s), deduce

x̃(π(t)) = x̃0 +

∫ π(t)

t̃0

(v + 1)f(x̃, ũ, χ)dτ +

∫
[t̃0,π(t)]

g(x̃, χ)dµ̃

= x0 +

∫ t

t0

f(x, u, s)ds +

∫
[t0,t]

g(x, s)dµ

= x(t), t ∈ [t0, t1].

From here, it follows that (p, u, µ) is an admissible process for (P ), and e0(p) = e0(p̃).

Conversely, let (p, u, µ) be an admissible process for (P ) and consider v = 0.
Then, (p, t0, t1, u, 0, µ) is admissible for (P2). The proof is complete.

15δr indicates Dirac’s measure in r.
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Abstract. In this paper, we introduce and study quotients of fully nonlinear control systems.
Our definition is inspired by categorical definitions of quotients as well as recent work on abstractions
of affine control systems. We show that quotients exist under mild regularity assumptions and
characterize the structure of the quotient state/input space. This allows one to understand how
states and inputs of the quotient system are related to states and inputs of the original system. We
also introduce a notion of projectability which turns out to be equivalent to controlled invariance.
This allows one to regard previous work on symmetries, partial symmetries, and controlled invariance
as leading to special types of quotients. We also show the existence of quotients that are not induced
by symmetries or controlled invariance. Such decompositions have a potential use in a theory of
hierarchical control based on quotients.

Key words. quotient control systems, control systems category, controlled invariance, symme-
tries
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1. Introduction. The analysis and synthesis problems for nonlinear control sys-
tems are often very difficult due to the size and complicated nature of the equations
describing the processes to be controlled. It is therefore desirable to have a method-
ology that decomposes control systems into smaller subsystems while preserving the
properties relevant for analysis or synthesis. From a theoretical point of view, the
problem of decomposing control systems is also extremely interesting since it reveals
system structure that must be understood and exploited.

In this paper we will focus on the study of quotient control systems since they can
be seen as lower dimensional models that may still carry enough information about
the original system. We will build on several accumulated results of different authors
that in one way or another have made contributions to this problem. One of the first
approaches was given in [17] were the analysis of the Lie algebra of a control system
lead to a decomposition into smaller systems. At the same time in [35], quotients
of control systems induced by observability equivalence relations where introduced in
the more general context of realization theory. In [31], Lie algebraic conditions are
formulated for the parallel and cascade decomposition of nonlinear control systems,
while the feedback version of the same problem was addressed in [24]. A different
approach was based on reduction of mechanical systems by symmetries. In [39], sym-
metries were introduced for mechanical control systems and further developed in [9]
for general control systems. The existence of such symmetries was then used to de-
compose control systems as the interconnection of lower dimensionality subsystems.
The notion of symmetry was further generalized in [26], where it was shown that
the existence of symmetries implies that a certain distribution associated with the

∗Received by the editors December 1, 2001; accepted for publication (in revised form) May 19,
2004; published electronically March 22, 2005. This research was supported by Fundação para a
Ciência e Tecnologia under grant PRAXIS XXI/BD/18149/98.

http://www.siam.org/journals/sicon/43-5/39902.html
†Department of Electrical Engineering, 268 Fitzpatrick Hall, University of Notre Dame, Notre

Dame, IN 46556 (ptabuada@nd.edu).
‡Department of Electrical and Systems Engineering, 200 South 33rd Street, University of Penn-

sylvania, Philadelphia, PA 19104 (pappasg@seas.upenn.edu).

1844



QUOTIENTS OF FULLY NONLINEAR CONTROL SYSTEMS 1845

symmetries was controlled invariant. This related the notion of symmetry with the
notion of controlled invariance for nonlinear systems. Controlled invariance [23, 12]
was also used to decompose systems into smaller components. A different approach
was taken in [22] where it was shown how to study controllability of systems evolving
on principle fiber bundles through their projection on the base space. More recently,
a modular approach to the modeling of mechanical systems has been proposed in [40],
by studying how the interconnection of Hamiltonian control systems can still be re-
garded as a Hamiltonian control system. A different research direction was taken
in [29], where instead of using structural properties of control systems, a constructive
procedure was proposed to compute smaller control systems called abstractions.

In several of the above approaches, some notion of quotienting is involved. When
symmetries exist, one of the blocks of the decompositions introduced in [9] is simply
the original control system factored by the action of a Lie group representing the
symmetry. If a control system admits a controlled invariant distribution, it is shown in
[23, 12] that it has a simpler local representation. This simpler representation can be
obtained by factoring the original control system by the equivalence relation defined by
considering the leaves of the foliation induced by the controlled invariant distribution,
equivalence classes. The notion of abstraction introduced in [29] can also be seen as a
quotient since the abstraction is a control system on a smaller dimensional state space
defined by an equivalence relation on the state space of the original control system.
These facts motivate fundamental questions such as existence and characterization of
quotient systems. Existence questions have already been addressed in [35] but in a
different setting. Only specific equivalence relations were considered (those induced
by indistinguishability), and the input space remained unaltered by the factorization
process. Furthermore, the quotients discussed in [35] are of a particular nature being
characterized by the notion of projectability introduced in section 6.

A thorough understanding of quotient systems also has important consequences
for hierarchical control, since the construction of quotients proposed in [29] implicitly
indicates that certain states of the original system may become inputs on the quotient
control system. It is perhaps surprising that this methodology interchanges the role of
state and input. However, this fact is the crucial factor that allows the development
of a hierarchical control theory based on quotients. Since states of the original system
may become inputs of the quotient system, a control design performed on a quotient
system can serve as a design specification for the original system. We can therefore
regard a control design as a specification for the evolution of certain state variables
on the more detailed model. A complete and thorough understanding of how the
states and inputs propagate from control systems to their quotients will enable such a
hierarchical design scheme. Preliminary work exploiting such a hierarchical approach
has been reported in [37].

In this paper, we take a new approach to the study of quotients by introducing
the category of control systems as the natural setting for such problems in systems
theory. The use of category theory for the study of problems in system theory also
has a long history which can be traced back to the works of Arbib and Manes (see [2]
for an introduction). More recently, several authors have also adopted a categorical
approach as in [19], where the category of affine control systems is investigated. We
also mention [33], where a categorical approach has been used to provide a general
theory of systems.

We define the category of control systems whose objects are fully (nonaffine)
nonlinear control systems and morphisms map trajectories between objects. The



1846 PAULO TABUADA AND GEORGE J. PAPPAS

morphisms in this category extend the notion of φ-related systems from [28]. In this
categorical setting we formulate the notion of quotient control systems and show, in
one of the main results, that

under some regularity (constant rank) assumptions quotient control systems

always exist.

This result implies that, given a nonlinear projection map from the state space
to some reduced state space, we can always construct a new control system on the
reduced state space with the property that the nonlinear projection map carries tra-
jectories of the original system into trajectories of the reduced system. This should
be contrasted with several other approaches which rely on the existence of symme-
tries or controlled invariance to assert the existence of quotients. We also introduce
the notion of projectable control sections, which will be a fundamental ingredient to
characterize the structure of quotients. This notion is in fact equivalent to controlled
invariance, and this allows one to regard quotients based on symmetries or controlled
invariance as a special type of quotients. General quotients, however, are not nec-
essarily induced by symmetries or controlled invariance and have the property that
some of their inputs are related to states of the original model. This fact, implicit
in [29], is explicitly characterized in this paper by understanding how the state and
input space of the quotient is related to the state and input space of the original
control system. In particular, this paper’s main contribution states that

in the absence of symmetries, states that are factored out in the quotient

construction can be regarded as inputs of the quotient control system.

This result clearly distinguishes general quotients from previously studied quo-
tients based on symmetries or partial symmetries in which inputs of the quotient
system are the inputs (or a quotient) of the original system inputs. Since existence
of symmetries can be regarded as rare phenomena,1 as shown in [32] for single-input
systems, construction of quotients enables a widely applicable hierarchical approach
to control design based on reconstruction of trajectories for the original system from
quotient trajectories [37].

The outline of the paper is as follows. We start by introducing the relevant no-
tions from differential geometry and control theory in section 2. We then review the
notion of φ-related control systems in section 3 which was originally introduced in [28]
and will motivate the definition of the category of control systems presented in sec-
tion 4. In section 5, we introduce the notion of quotient control systems and prove an
existence and uniqueness result regarding quotients which roughly asserts that given
a regular equivalence relation on the state space of a control system a quotient sys-
tem exists (under some regularity conditions) and is unique up to isomorphism. The
characterization of quotients will be the goal of the remaining sections of the paper.
We first introduce the notion of projectable control section in section 6 and prove the
main result of the paper characterizing the structure of the quotient state/input space
in section 7. We end with conclusions and some open questions for further research
in section 8.

2. Control systems. In this section we introduce all the relevant notions from
differential geometry and control systems necessary for the remainder of the paper.
The reader may wish to consult numerous books on these subjects, such as [1] for
differential geometry and [14, 27] for control theory.

1We thank one of the anonymous reviewers for bringing this fact to our attention.
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2.1. Differential geometry. We will consider that all the manifolds will be C∞

and that all the maps will be smooth. Let M be a manifold and TxM its tangent
space at x ∈ M . The tangent bundle of M is denoted by TM = ∪x∈MTxM , and
πM is the canonical projection map πM : TM −→ M taking a tangent vector X(x) ∈
TxM ⊂ TM to the base point x ∈ M . Now, letting M and N be manifolds and φ : M
−→ N a map, we denote by Txφ : TxM −→ Tφ(x)N the induced tangent map which
maps tangent vectors X at TxM to tangent vectors Txφ ·X at Tφ(x)N . If φ is such
that Txφ is surjective at x ∈ M , then we say that φ is a submersion at x. When φ is
a submersion at every x ∈ M we simply say that it is a submersion. Similarly, we say
that φ has constant rank if the rank of the pointwise linear map Txφ is constant for
every x ∈ M . When φ has an inverse which is also smooth we call φ a diffeomorphism.
We say that a manifold M is diffeomorphic to a manifold N , denoted by M ∼= N ,
when there is a diffeomorphism between M and N . When this is the case we can use
φ−1 : N −→ M to define a vector field on M from a vector field Y ∈ TN , denoted by
φ∗Y = (φ−1)∗Y and defined by Tφ(x)φ

−1 · Y (φ(x)).

A fibered manifold is a manifold B equipped with a surjective submersion πB : B
−→ M . Manifolds B and M are called the total space and the base space, respectively.
The surjection πB defines a submanifold π−1

B (x) = {b ∈ B : πB(b) = x} ⊆ B for every
x ∈ M called the fiber at x ∈ M . We will usually denote a fibered manifold simply by
πB : B −→ M . Since a surjective submersion is locally the canonical projection from
R

i to R
j , i = dim(B) and j = dim(M), we can always find local coordinates (x, y),

where x are coordinates for the base space and y are coordinates for the fibers over
the base space. We shall call these coordinates adapted coordinates.

A map ϕ : B1 −→ B2 between two fibered manifolds is fiber preserving iff there
exists a map φ : M1 −→ M2 between the base spaces such that the following diagram
commutes:

M1 M2
�

φ

B1 B2
�ϕ

�

πB1

�

πB2

,(2.1)

that is to say, iff πB2 ◦ ϕ = φ ◦ πB1 . In such a case we also refer to ϕ as a fiber
preserving lift of φ. Given fibered manifolds B1 and B2, we will say that B1 is a
fibered submanifold of B2 if the inclusion map i : B1 ↪→ B2 is fiber preserving.

Given a map h : M −→ N defined on the base space of a fibered manifold, its
extension to the total space B is given by π∗

Bh = h ◦ πB . We now consider the
extension of a map H : B −→ TM to a vector field in B. We will define local and
global extensions of H. Globally, we define He as the set of all vector fields2 X : B

2Global existence of such vector fields X follows from the existence of a horizontal space H ⊆ TB,
H ∼= TM that allows the decomposition of TB as TB = H ⊕ ker(TπB). A global extension of a
map H : B −→ TM to a vector field X : B −→ TB is now uniquely defined as the vector field
X = H : B −→ TM ∼= H ⊆ TB. Such horizontal space can be obtained, for example, as the
orthogonal complement to ker(TπB) given by a Riemannian metric on B.
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−→ TB such that the following diagram commutes:

B TM�
H

X

�
�

�
�

�
��
TB

�

TπB

(2.2)

that is, TπB(X) = H. When working locally, one can be more specific and select a
distinguished element of He, denoted by H l, which satisfies in adapted local coordi-
nates (x, y), H l = H ∂

∂x +0 ∂
∂y . A vector field Y : M −→ TM on the base space M of a

fibered manifold can also be extended to a vector field on the total space. It suffices
to compose Y with the projection πB : B −→ M and recover the previous situation
since Y ◦ πB is a map from B to TM .

2.2. Control systems. Since the early days of control theory it was clear that
in order to give a global definition of control systems the notion of input could not be
decoupled from the notion of state [4, 41]. Although the coupling between states and
inputs is usually modeled through the use of fiber bundles, we shall consider more
general spaces.

In any case a control system can be globally defined as follows.
Definition 2.1 (control system). A control system ΣM = (UM , FM ) consists of

a fibered manifold πUM
: UM −→ M called the control bundle and a map FM : UM

−→ TM making the following diagram commutative:

UM TM�FM

M
�

πUM πM

�
�

�
�

��
.(2.3)

That is, πM ◦ FM = πUM
, where πM : TM −→ M is the tangent bundle projection.

The input space UM is modeled as a fibered manifold since in general the available
control inputs may depend on the current state of the system. In adapted coordinates
(x, v), Definition 2.1 reduces to the familiar expression ẋ = f(x, v) with v ∈ π−1

UM
(x).

The lack of local triviality assumptions on πUM
is motivated by the need to model

the construction of abstractions of control affine systems, as described in [29], in a
fully nonlinear context. As the following example illustrates, even in simple situations
the inputs of a control system resulting from an abstraction or quotient process can
depend on the states in a way that cannot be modeled by a fiber bundle.

Consider control system FM : UM −→ TM with UM = M ×U , M = R
3, U =]0, 1[

defined by:

FM (x, y, z, u) =

(
x
∂

∂x
+ y

∂

∂y
+ z

∂

∂z

)
u.

On the state space we define the following map φ : R
3 −→ R based on Reeb’s foliation:

φ(x, y, z) = (1 − r2)ez, r = x2 + y2.(2.4)
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Computing the derivative of φ,

dφ = ez(−4rxdx− 4ry dy + (1 − r2) dz),

we see that φ is a submersion since 1− r2 = 0 for r2 = 1, which implies that x �= 0 or
y �= 0, and this in turn implies that dφ �= 0. This shows that we can see φ : R

3 −→ R

as a fibered manifold. If we now compute the projection of FM on R by φ, we obtain

dφ · FM = ez(−4rx2 − 4ry2 + (1 − r2)z)u.

The set of vectors defined by the previous expression can be seen as a control system
on R up to control parameterization, as it defines the possible directions of motion
achievable by control. This is the principle underlying the notion of abstraction
described in [29]. Such a collection of vector fields admits the natural parameterization
π−1
UM

(φ−1(w)) for every w ∈ R. However, such a set of inputs cannot be given the

structure of a fiber bundle. To see this, it suffices to note that the fibers φ−1(w) are
not homeomorphic for w > 0 and w = 0. For w > 0 we can solve φ(x, y, z) = w to
obtain z = log w

1−r2 which defines φ−1(w) as{
(x, y, z) ∈ R

3 : z = log
w

1 − r2
∧ 0 ≤ r2 < 1

}
and which is homeomorphic to the open unit disk in R

2. If w = 0, solving φ(x, y, z) =
0, we obtain r = 1 which is diffeomorphic to a cylinder. We thus see that for any
open set O in R containing 0, πUM

(φ−1(0)) cannot be diffeomorphic to O × L for
some manifold L describing the typical fibers of φ◦πUM

as they are not diffeomorphic
for different points in O. It is precisely the need to capture and analyze situations
like this that forces one to consider models for the state/input space other than fiber
bundles. The need to model these and other couplings between states and inputs has
led to alternative approaches where the notion of control system and its properties
are defined independently of states and inputs as in Willem’s behavioral theory [30]
and Fliess’ differential algebraic approach [7].

We now return to our discussion of control systems by introducing the notion of
control section3 that is closely related to control systems and which will be funda-
mental in our study of quotients.

Definition 2.2 (control section). Given a manifold M , a control section on M
is a fibered submanifold πSM

: SM −→ M of TM .
We denote by SM (x) the set of vectors X ∈ TxM such that X ∈ π−1

SM
(x). We

now see that under certain regularity assumptions, a control system (UM , FM ) defines
a control section by the pointwise assignment SM (x) = FM (π−1

UM
(x)). Conversely, a

control section also defines a control system as we shall see in detail in section 4.
The notion of a control section allows one to refer in a concise way to the set of all
tangent vectors that belong to the image of FM by saying that X ∈ TxM belongs to
SM (x) iff there exists a u ∈ UM such that πM (u) = x and FM (u) = X. When SM (x)
defines an affine distribution on TM , we call control system FM control affine and
fully nonlinear otherwise.

Having defined control systems the concept of trajectories or solutions of a control
system is naturally expressed by the following definition.

3In some literature this notion is also known as the field of admissible velocities.
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Definition 2.3 (trajectories of control systems). A smooth curve c : I −→ M ,
I ⊆ R

+
0 , is called a trajectory of control system ΣM = (UM , FM ) if there exists a (not

necessarily smooth) curve cU : I −→ UM making the following diagrams commutative:

I M�
c

cU

�
�

�
��
UM

�

πUM

I TM�
Tc

cU

�
�

�
��
UM

�

FM

,(2.5)

where we have identified I with TI.
The above commutative diagrams are equivalent to the following equalities:

πUM
◦ cU = c,

T c = FM (cU ),

which mean in adapted coordinates that x(t) is a trajectory of a control system if there
exists an input v(t) such that x(t) satisfies ẋ(t) = f(x(t), v(t)) and v(t) ∈ π−1

UM
(x(t))

for all t ∈ I.

3. φ-related control systems. We start by reviewing the notion of φ-related
control systems originally introduced in [28] and which motivates the construction of
the category of control systems to be later presented.

Definition 3.1 (φ-related control systems). Let ΣM and ΣN be two control
systems defined on manifolds M and N , respectively. Given a map φ : M −→ N we
say that ΣN is φ-related to ΣM iff for every x ∈ M ,

Txφ(SM (x)) ⊆ SN ◦ φ(x).(3.1)

In [28] it is shown that this notion is equivalent to a more intuitive relation
between ΣM and ΣN .

Proposition 3.2 (see [28]). Let ΣM and ΣN be two control systems defined on
manifolds M and N , respectively, and let φ : M −→ N be a map. Control system ΣN

is φ-related to ΣM iff for every trajectory c(t) of ΣM , φ(c(t)) is a trajectory of ΣN .
Propagating trajectories from one system to another is clearly desirable. Since

most control system properties are properties of its trajectories, relating trajectories
of different control systems also allows one to relate the corresponding properties.
If, in fact, system ΣN is lower dimensional than system ΣM , then we are clearly
reducing the complexity of ΣM . We can therefore regard ΣN as an abstraction of ΣM

in the sense that some aspects of ΣM have been collapsed or abstracted away, while
others remain in ΣN . This motivated the notion of abstraction based on trajectory
propagation in [28], which defined an abstraction of a control system ΣM as a φ-related
control system ΣN by a surjective submersion φ.

The idea of sending trajectories from one system to trajectories of another system
has been used many times in control theory to study equivalence of control systems.
We mention, for example, linearization by diffeomorphism [16] or feedback lineariza-
tion [5, 10, 13]. In these examples the maps φ relating the control systems were in
fact diffeomorphisms so that no aggregation or abstraction was involved. Related to
the feedback linearization problem is the partial feedback linearization problem where
only partial linearization is thought of. Such a problem can be reduced to the feed-
back linearization problem by considering feedback linearization of a subsystem of
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the original control system [20]. The notion of a subsystem can also be described by
defining how subsystem trajectories relate to the original system trajectories. In this
case, we require the existence of a map (satisfying certain injectivity assumptions)
transforming subsystem trajectories into trajectories of the original system. The use
of trajectory propagating maps can already be traced back to the works of Arbib and
Manesl (see [2] for an introduction), where by the use of category theoretic ideas it is
shown that (discrete time) control systems and finite state automata are just different
manifestations of the same phenomena.

4. The category of control systems. Informally speaking, a category is a
collection of objects and morphisms between the objects that relate to the structure
of the objects. If one is interested in understanding vector spaces, it is natural to
consider vector spaces as objects and linear maps as morphisms, since they preserve
the vector space structure. This choice for objects and morphisms defines Vect, the
category of vector spaces. Choosing manifolds for objects leads to the natural choice
of smooth maps for morphisms and defines Man, the category of smooth manifolds.
In this section we introduce the category of control systems which we regard as the
natural framework to study quotients of control systems. Besides providing an elegant
language to describe the constructions to be presented, category theory also offers a
conceptual methodology for the study of objects, control systems in this case. We
refer the reader to [18] and [3] for further details on the elementary notions of category
theory used throughout the paper.

The category of control systems, denoted by Con, has as objects control systems
as described in Definition 2.1. The morphisms in this category extend the concept of
φ-related control systems described by Definition 3.1. Since the notion of φ-related
control systems relates control sections and these can be parameterized by controls,
the lifted notion should relate control sections as well as its parameterizations by
inputs.

Definition 4.1 (morphisms of control systems). Let ΣM and ΣN be two control
systems defined on manifolds M and N , respectively. A morphism f from ΣM to ΣN

is a pair of maps f = (φ, ϕ), φ : M −→ N and ϕ : UM −→ UN making the following
diagrams commutative:

M N�
φ

UM UN
�ϕ

�

πUM

�

πUN

TM TN�
Tφ

UM UN
�ϕ

�

FM

�

FN

.(4.1)

It will be important for later use to also define isomorphisms.
Definition 4.2 (isomorphisms of control systems). Let ΣM and ΣN be two

control systems defined on manifolds M and N , respectively. System ΣM is isomorphic
to system ΣN iff there exist morphisms f1 from ΣM to ΣN and f2 from ΣN to ΣM

such that f1 ◦ f2 = (idN , idUN
) and f2 ◦ f1 = (idM , idUM

).
In this setting, feedback transformations4 can be seen as special isomorphisms.

Consider an isomorphism (φ, ϕ) with ϕ : UM −→ UM such that φ = idM . In adapted

4Some authors use the expression feedback transformation to denote any isomorphism in Con.
We consider the more restrictive use where changes of coordinates in the state space are disallowed
as they cannot be realized by feedback.
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coordinates (x, v), where x represents the base coordinates (the state) and v the
coordinates on the fibers (the inputs), the isomorphism has a coordinate expression
for ϕ of the form ϕ = (x, β(x, v)). The fiber term β(x, v) representing the new
control inputs is interpreted as a feedback transformation since it depends on the
state at the current location as well as the former inputs v. We shall therefore refer to
feedback transformations as isomorphisms over the identity since we have φ = idM .
The control theoretic notion of feedback equivalence is captured in this framework by
noting that two control systems are feedback equivalent iff there exists an isomorphism
(although not necessarily a feedback transformation) between the two systems. A
related notion is that of system immersion. Although we cannot capture such a notion
in our framework, as we have not equipped control systems with observation maps,
a restricted version of system immersion can still be defined within our framework.
Recall that, according to [6], system ΣM is said to be immersed in system ΣN if there
exists an injective map φ : M −→ N such that the input-output behavior of ΣM ,
when initialized at x, equals the input-output behavior of ΣN , when initialized at
φ(x). If we assume that UM = U × M and UN = U × N for some common input
manifold U , that M is a submanifold of N , and that i is the canonical injection of M
into N , then ΣM is immersed into ΣN , when (idU , i) is a morphism from ΣM to ΣN .
Note that the existence of morphism (idU , i) implies that FM (x, u) = Ti ·FM (x, u) =
FN (i(x), idU (u)) = FN (x, u) for local coordinates (x, u) ∈ U ×M ⊆ U ×N , and this
implies that ΣM and ΣN have the same input-output behavior when initialized at x
and i(x), respectively.

A control system can alternatively be defined by a control section SM on M in
the sense that at each point x ∈ M , SM (x) defines all the possible directions along
which we can flow or steer our system. However, there can be several control pa-
rameterizations for SM and it is important to understand in what sense all those
parameterizations represent the same control system. In order to obtain such equiva-
lence we make the following assumptions about control systems that will be explicitly
mentioned when needed:

AI: The fibers π−1
UM

(x) are connected for every x ∈ M .
AII: The map FM : UM −→ TM is an embedding.
Control systems satisfying assumption AII enjoy the following property.
Proposition 4.3. Let (UM , FM ) be a control system on manifold M satisfying

AII and let (U ′
M , F ′

M ) be any control system on manifold M such that S ′
M (x) ⊆ SM (x)

for every x ∈ M . Then, there exists a unique fiber preserving map FM making the
following diagram commutative:

UM TM�FM

U ′
M

�

FM F ′
M

�
�

�
�
��

.(4.2)

The previous result is an immediate consequence of the fact that FM (UM ) is an
embedded submanifold of TM . This is sufficient for the previous result to hold but
not necessary. In fact, the existence of a unique map FM is the property of interest
and could be used as a definition. However, it would be difficult to check in concrete
examples if a given control system would satisfy such a property. A different approach
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would relax the requirement that FM (UM ) is an embedded submanifold by the weaker
assumption of initial submanifold (see [15] for the definition of initial submanifolds
and its properties).

Since assumption AII implies the universal property [18] stated in Proposition 4.3,
any two control systems satisfying AII and defining the same control section are
isomorphic. It is in this sense that we do not need to distinguish between different
parameterizations of the same control section. They are the same control system, up to
a change of control coordinates, that is, up to an isomorphism over the identity. This
will be important when considering the effect of feedback since, as we have already
seen, this change of control coordinates can be regarded as a feedback transformation.

The relation between the notions of φ-related control systems (3.1) and Con
morphisms (4.1) is stated in the next proposition.

Proposition 4.4. Let ΣM and ΣN be two control systems defined on M and N ,
respectively. If f = (φ, ϕ) is a Con morphism from ΣM to ΣN , then ΣN is φ-related
to ΣM . Conversely, if ΣN satisfies AII and ΣN is φ-related to ΣM by a smooth map
φ : M −→ N , then there exists a unique fiber preserving lift ϕ of φ such that f = (φ, ϕ)
is a Con morphism from ΣM to ΣN .

Proof. Definition 4.1 trivially implies Definition 3.1, so let us prove that Defini-
tion 3.1 implies Definition 4.1. If ΣN is φ-related to ΣM , then by Definition 3.1,
Txφ(SM (x)) ⊆ SN ◦ φ(x). But SM is parameterized by UM , so that the map
Tφ◦FM : UM −→ TN (see the diagram below) satisfies Tφ◦FM (UM ) ⊆ SN . Therefore,
by Proposition 4.3, there is a unique fiber preserving map FN such that

UM UN
�FN

�

FM

�

FN

M N�
φ

TM TN�Tφ

�

πM

�

πN

commutes. By taking ϕ = FN , πUM
= πM ◦ FM , and πUN

= πN ◦ FN one recovers
Definition 4.1 and the equivalence is proved.

The previous result shows that there is an equivalence between smooth maps φ
relating control systems and Con morphisms provided that we work on a suitable
subcategory (where assumption AII holds). This means that many properties of
nonlinear control systems can be characterized by working with SM instead of FM .
We also see that if there is a morphism f from ΣM to ΣN , then this morphism carries
trajectories of ΣM to trajectories of ΣN in virtue of Proposition 3.2.

5. Quotients of control systems. Given a control system ΣM and an equiv-
alence relation on the manifold M , we can regard the quotient control system as an
abstraction since some modeling details propagate from ΣM to the quotient while
other modeling details disappear in the factorization process. This fact motivates
the study of quotient control systems as they represent lower complexity (dimension)
objects that can be used to verify properties of the original control system. Quotients
are also important from a design perspective since a control law for the quotient ob-
ject can be regarded as a specification for the desired behavior of the original control
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system. In this spirit we will address the following questions.
1. Existence. Given a control system ΣM defined on a manifold M and an

equivalence relation ∼M on M , when does there exist a control system on M/ ∼M , the
quotient manifold, and a fiber preserving lift pU of the projection pM : M −→ M/ ∼M

such that (pM , pU ) is a Con morphism?
2. Uniqueness. Is the lift pU of pM , when it exists, unique?
3. Structure of the quotient state/input space. What is the structure of the

fibers (input space) of the quotient control system?
To clarify our discussion we formalize the notion of quotient control systems.
Definition 5.1 (quotient control system). Let ΣL, ΣM , ΣN be control systems

defined on manifolds L, M , and N , respectively, and g, h two morphisms from ΣL

to ΣM . The pair (f,ΣN ), where f is a morphism and ΣN a control system, is a
quotient control system of ΣM if f ◦ g = f ◦ h and for any other pair (f ′,Σ′

N ) such
that f ′ ◦ g = f ′ ◦ h there exists one and only one morphism f from ΣN to Σ′

N such
that the following diagram commutes:

ΣM ΣN
�f

f ′
�

�
�
��

Σ′
N

�
f

ΣL
�g
�

h

.(5.1)

That is, f ′ = f ◦ f .
Intuitively, we can read diagram (5.1) as follows. Assume that the set ∼=

{(u, v) ∈ UM × UM : (u, v) = (g(l), h(l)) for some l ∈ UL} is a regular equiva-
lence relation [1]. Then, the condition f ◦ g = f ◦ h simply means that f respects
the equivalence relation, that is, u ∼ v ⇒ f(u) = f(v). Furthermore, it asks
that for any other map f ′ respecting relation ∼, there exists a unique map f such
that f ′ = f ◦ f . This is a usual characterization of quotient manifolds [1] that we
use here as a definition. The same chain of reasoning shows that if we replace control
systems by the corresponding state space and the morphisms by the maps between
the state spaces, then diagram (5.1) asks for N to also be quotient manifold obtained
by factoring M by a regular equivalence relation ∼M on M defined by g and h. The
same idea must therefore hold for control systems. This means that control system
ΣN must also satisfy a unique factorization property in order to be a quotient control
system.

From the above discussion it is clear that a necessary condition for the existence
of the quotient control system is the existence of the quotient manifold M/ ∼M .
When ∼M is a regular equivalence relation the quotient space M/ ∼M will be a
manifold [1] and the equivalence relation can be equivalently described by a surjective
submersion. We will therefore assume that the regular equivalence relation ∼M is
given by a surjective submersion φ : M −→ N . Similarly, the fiber preserving lift
ϕ of φ will also have to be a surjective submersion. We now consider the following
assumption which will be explicitly stated when required.

AIII: The map Tφ ◦ FM : UM −→ TN has constant rank and connected fibers.
The first two questions of the previous list are answered in the next theorem

which asserts that quotients exist under moderate conditions.
Theorem 5.2. Let ΣM be a control system on a manifold M and φ : M −→ N a

surjective submersion, and assume that AIII holds. Then there exist,
1. a control system ΣN on N ,
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2. a unique fiber preserving lift ϕ : UM −→ UN of φ such that the pair ((φ, ϕ),ΣN )
is a quotient control system of ΣM .

Proof. By assumption AIII, the map Tφ ◦ FM has constant rank and we can
define a regular and involutive distribution D on TUM by D = ker(TTφ ◦ TFM ).
Furthermore, as Tφ ◦ FM has connected fibers, also by assumption AIII, these are
described by the integral manifolds of D. We thus have a regular equivalence relation
∼⊆ UM × UM obtained by declaring two points equivalent if they lie on the same
integral manifold of D. We now consider the manifold UM/ ∼ obtained as the quotient
of UM by ∼ and denote by π : UM −→ UM/ ∼ the canonical projection. Since
Tφ ◦FM (u) = Tφ ◦FM (u′) iff π(u) = π(u′), it follows from the properties of quotient
manifolds [1] that there exists a unique map α : UM/ ∼−→ TN such that α ◦ π =
Tφ ◦ FM . We now define UN as UM/ ∼, πUN

as πN ◦ α, FN as α, and ϕ as π. We
note that ϕ is unique and claim that ((φ, ϕ), UM/ ∼) is a quotient of ΣM . The pair
of maps (φ, ϕ) is a morphism from ΣM to ΣN since Tφ ◦FM = FN ◦ϕ as required by
the second diagram in (4.1), and composing Tφ ◦ FM = FN ◦ ϕ with πN , we obtain,

πN ◦ Tφ ◦ FM = πN ◦ FN ◦ ϕ
⇔ φ ◦ πM ◦ FM = πN ◦ FN ◦ ϕ since πN ◦ Tφ = φ ◦ πM

⇔ φ ◦ πUM
= πN ◦ FN ◦ ϕ by commutativity of diagram (2.3)

⇔ φ ◦ πUM
= πUN

◦ ϕ by definition of πUN
,

which shows that the first diagram in (4.1) also commutes.
It remains to show that any other morphism f ′ = (φ′, ϕ′) such that φ′ is compat-

ible with the equivalence relation defined by φ factors uniquely through f . Since the
equivalence relation defined by φ on M induces the equivalence relation ∼ on UM , we
see that ϕ(u) = ϕ(u′) implies ϕ′(u) = ϕ′(u′). It then follows from the universality of
ϕ that ϕ′ factors uniquely through ϕ; that is, there exists a unique map ϕ such that
ϕ′ = ϕ ◦ ϕ. Similarly, φ′ factors uniquely trough φ via φ. It then remains to show
that (φ, ϕ) is a morphism from ΣN to Σ′

N .
We first show that diagram (4.1) commutes. Let un ∈ UN , as ϕ is a surjective

map; there is a um ∈ UM such that ϕ(um) = un. We now have, by diagram chasing,

F ′
N ◦ ϕ ◦ ϕ(um) = F ′

N ◦ ϕ′(um) since ϕ′ factors on ϕ

= Tφ′ ◦ FM (um) by commutativity of the 2nd diagram in (4.1)

= Tφ ◦ Tφ ◦ FM (um) since φ′ factors on φ

= Tφ ◦ FN ◦ ϕ(um) by commutativity of the 2nd diagram in (4.1),

and replacing ϕ(um) by un we see that f satisfies the second diagram in (4.1).
Commutativity of the first diagram in (4.1) can be obtained similarly by diagram
chasing.

This result provides the first characterization of quotient objects in Con. It
shows that given a regular equivalence relation on the base (state) space of a control
system and a mild regularity condition, there exists a quotient control system on the
quotient manifold. Furthermore, it also shows that the regular equivalence relation
on M or the map φ uniquely determines a fiber preserving lift ϕ which describes how
the state/input pairs of the control system on M relate to the state/input pairs of the
quotient control system. Furthermore, we also see that the map FN is an injective
immersion, a fact we will use several times in the remainder of this paper.

Existence of quotients under such weak conditions is perhaps surprising given the
fact that in other contexts, quotients exist only in very specific situations. A quotient
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group can only be obtained by factoring a group by a normal subgroup and not by a
general equivalence relation, a quotient linear space can only be obtained by factoring
a linear space by a linear subsubspace and not by a general equivalence relation, etc.
This fact highlights the relevance of Theorem 5.2 at the theoretical level but also at
the practical level since quotients can be constructively used to hierarchically design
trajectories [37].

Having answered the first two questions from the previous list (existence and
uniqueness), we concentrate on the characterization of the quotient control system
input space. This problem requires a deeper understanding of how φ determines
ϕ and will be the goal of the remainder of this paper. Since Con was defined over
Man, that is, morphisms in Con are smooth maps and control systems are defined on
manifolds, the characterization of ϕ will require an interplay of tools from differential
geometry and category theory.

6. Projectable control sections. We now extend the notion of projectable
vector fields from [21] and of projectable families of vector fields from [22] to control
sections. The notion of projectable control sections is weaker than projectable vector
field or families of vector fields but nonetheless stronger than Con morphisms. The
motivation for introducing this notion comes from the fact that projectability of con-
trol sections will be a fundamental ingredient in characterizing the structure of the
quotient system input space . Furthermore, we will also see that projectability, as de-
fined in this categorical setting, will correspond to the well-known notion of controlled
invariance.

Given a vector field X on M and a surjective submersion φ : M −→ N we say
that X is projectable with respect to φ when Y = Tφ · X, the projection of X, is
a well-defined vector field on N that satisfies Tφ · X = Y ◦ φ [21]. The vector field
Y is also called φ-related to X [1]. This notion was extended to families of vector
fields in [22] by requiring that the projection of each vector field in the family is a
well-defined vector field on N . However, when working with control sections, which
can be regarded as sets of vectors at each base point x ∈ M , one should require only
that the projection of these sets of vectors is the same set when the base points on M
project on the same base point on N . Intuitively, we are asking for control sections
that behave well under the projection defined by φ. This is formalized as follows.

Definition 6.1. Let M be a manifold, SM a control section on M , and φ : M
−→ N a surjective submersion. We say that SM is projectable with respect to φ iff SM

induces a control section SN on N such that the following diagram commutes:

M N�
φ

P(TM) P(TN)�Tφ

�
SM

�
SN

,(6.1)

where P(TM) denotes the powerset of TxM for every x ∈ M .
We see that if SM is in fact a vector field we recover the notion of projectable

vector fields. The notion of projectable control sections is stronger then the notion of
Con morphism since for any x1, x2 ∈ M such that φ(x1) = φ(x2) we necessarily have
Tφ(SM (x1)) = SN ◦ φ(x1) = Tφ(SM (x2)) if SM is projectable. On the other hand, if
(φ, ϕ) is a Con morphism for a fiber preserving lift ϕ of φ, we only have the inclusions
Tφ(SM (x1)) ⊆ SN ◦ φ(x1) and Tφ(SM (x2)) ⊆ SN ◦ φ(x1). Therefore, projectability
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with respect to φ and AII implies that φ can be extended to a Con morphism but
given a Con morphism f = (φ, ϕ) from ΣM to ΣN it is not true, in general, that SM

is projectable with respect to φ.
To determine the relevant conditions on SM that ensure projectability we will

need an auxiliary result.
Lemma 6.2. Let f : M −→ N be a map between manifolds and let Xt be the flow

of a vector field X ∈ TM such that f ◦Xt = f . Then the following equality holds for
every x ∈ M :

Txf TXt(x)X−t = TXt(x)f.(6.2)

Proof. The equality f ◦Xt = f is equivalent to

f ◦Xt(x) = f(x)

⇔ f(Xt(x)) = f ◦ (Xt)
−1 ◦Xt(x)

⇔ f(Xt(x)) = f ◦X−t(Xt(x)),(6.3)

and by differentiation of the previous expression we arrive at the desired equality

TXt(x)f = Txf TXt(x)X−t.(6.4)

We can now give sufficient and necessary conditions for projectability of control
sections.

Proposition 6.3 (projectable control sections). Let M be a manifold, SM a
control section on M , and φ : M −→ N a surjective submersion with connected fibers.
Given any control system (UM , FM ) satisfying AI and defining SM , and any F̂M ∈
F e
M , SM is projectable with respect to φ iff

[F̂M , ker(Tπ∗
UM

φ)] ⊆ ker(Tπ∗
UM

φ) + [F̂M , ker(TπUM
)].(6.5)

Proof. We show necessity first. Assume that diagram (6.1) commutes. Then we
have

Txφ(SM (x)) = Tx′φ(SM (x′))(6.6)

for all x, x′ ∈ M such that φ(x) = φ(x′), that is, for any x and x′ on the same leaf
of the foliation induced by ker(Tφ). If we denote by Kt the flow of any vector field
K ∈ ker(Tπ∗

UM
φ), expression (6.6) implies that

TπUM
◦Kt(u)φ(FM ◦Kt(u)) ∈ Txφ(SM (x))(6.7)

for every t ∈ R such that Kt is defined and for every u ∈ π−1
UM

(x). Since the left-hand

side of (6.7) belongs to the right-hand side and π−1
UM

(x) is connected by AI, we can
always find a Y ∈ ker(TπUM

) such that its flow Yt will parameterize the image of the
left-hand side. That is

TπUM
◦Kt(u)φ(FM ◦Kt(u)) = TπUM

◦Yt(u)φ(FM ◦ Yt(u)).(6.8)

The previous equality implies that for any F̂M ∈ F e
M we have

TKt(u)π
∗
UM

φ(F̂M ◦Kt(u)) = TYt(u)π
∗
UM

φ(F̂M ◦ Yt(u));(6.9)
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however, the equalities π∗
UM

φ ◦Kt = Kt, π
∗
UM

φ ◦Yt = Yt and Lemma 6.2 allow one to
rewrite (6.9) as

Tuπ
∗
UM

φ(TKt(u)K−t ◦ F̂M ◦Kt(u)) = Tuπ
∗
UM

φ(TYt(u)Y−t ◦ F̂M ◦ Yt(u))

⇔ Tuπ
∗
UM

φ(Kt(u)∗F̂M ) = Tuπ
∗
UM

φ(Yt(u)∗F̂M ).(6.10)

Time differentiation at t = 0 now implies

Tuπ
∗
UM

φ([K(u), F̂M (u)]) = Tuπ
∗
UM

φ([Y (u), F̂M (u)])

⇒ [K, F̂M ] ∈ [Y, F̂M ] + ker(Tπ∗
UM

φ),(6.11)

which trivially implies inclusion (6.5).
To show sufficiency we use a similar argument. Assume that (6.5) holds; then for

any K ∈ ker(Tπ∗
UM

φ) there exists a Y ∈ ker(TπUM
) such that

Tuπ
∗
UM

φ([F̂M (u),K(u)]) = Tuπ
∗
UM

φ([F̂M (u), Y (u)])

⇔ Tuπ
∗
UM

φ([F̂M (u),K(u) − Y (u)]) = 0.(6.12)

Consider now the regular and involutive distribution ker(Tπ∗
UM

φ). Involutivity and
regularity imply that Z∗

t W ∈ ker(Tπ∗
UM

φ) for any W ∈ ker(Tπ∗
UM

φ) and the flow Zt of
any vector field Z ∈ ker(Tπ∗

UM
φ) [34]. Since K ∈ ker(Tπ∗

UM
φ) and Y ∈ ker(Tπ∗

UM
φ),

it follows that K − Y ∈ ker(Tπ∗
UM

φ), but from (6.12), [F̂M ,K − Y ] also belongs to
ker(Tπ∗

UM
φ) so that we conclude

Tuπ
∗
UM

φ((K − Y )t(u)∗[F̂M ,K − Y ]) = 0,(6.13)

where (K − Y )t denotes the flow of the vector field K − Y . However, the previous
expression is equivalent to

Tuπ
∗
UM

φ

(
d

dt
(K − Y )t(u)∗F̂M

)
= 0

⇔ d

dt
Tuπ

∗
UM

φ((K − Y )t(u)∗F̂M ) = 0,(6.14)

where the last equality follows from the fact that Tφ is a linear map. Since the time
derivative is zero, we must have

Tuπ
∗
UM

φ((K − Y )t(u)∗F̂M ) = Tuπ
∗
UM

φ((K − Y )0(u)∗F̂M ) = Tuπ
∗
UM

φ(F̂M (u)).

(6.15)

From the equality π∗
UM

φ = π∗
UM

φ◦(K−Y )t we conclude that Tuπ
∗
UM

φT(K−Y )t(u)(K−
Y )−t = T(K−Y )t(u)π

∗
UM

φ by Lemma 6.2 so that (6.15) can be written as

T(K−Y )t(u)π
∗
UM

φ(F̂M ◦ (K − Y )t(u)) = Tuπ
∗
UM

φ(F̂M (u))(6.16)

and projecting on TM we get

TπUM
(K′

t(u))φ(FM ◦ (K ′)t(u)) = Txφ(FM (u))(6.17)
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with K ′ = K − Y . This equality shows that for any X ∈ SM (x), Txφ · X ∈
Tx′φ(SM (x′)); therefore, Txφ(SM (x)) ⊆ Tx′φ(SM (x′)). However, replacing x by x′

and K by −K on (6.17), we get Tx′φ(SM (x′)) ⊆ Txφ(SM (x)) so that we conclude the
equality

Txφ(SM (x)) = Tx′φ(SM (x′)).(6.18)

By connectedness of the fibers φ−1(y) any point x′′ satisfying φ(x′′) = φ(x) can be
reached by a concatenation of flows induced by vector fields in ker(Tφ). Transitivity
of equality between sets implies that (6.18) holds for any two points x, x′ ∈ M such
that φ(x) = φ(x′) from which commutativity of diagram (6.1) readily follows.

By now it is already clear that projectability and local controlled invariance are
equivalent concepts. We recall the notion of locally controlled invariant distribution.

Definition 6.4 (locally controlled invariant distributions [27]). Let ΣM =
(UM , FM ) be a control system on manifold M and let D be a distribution on M .
Distribution D is locally controlled invariant for FM if for every x ∈ M there exist an
open set O ⊆ M containing x and a local (feedback) isomorphism over the identity α
such that in adapted coordinates (x, v) the new control system FM ◦ α satisfies

[FM ◦ α(x, v),D(x)] ⊆ D(x)(6.19)

for every (x, v) in the domain of α.

If a control section is projectable, then locally we can always choose F̂M = F l
M

and therefore recover the conditions for local controlled invariance from [8].

Theorem 6.5 (see [8]). Let ΣM be a control system on manifold M satisfying
AI and φ : M −→ N a surjective submersion with connected fibers. The distribution
ker(Tφ) is locally controlled invariant for FM iff SM is projectable with respect to φ.

Even though controlled invariance and projectability are equivalent concepts, we
shall use the notion of projectability to describe control sections that behave well
under projection instead of controlled invariance which was introduced to describe
certain control enforced invariance properties of control systems [42].

From the study of symmetries of nonlinear control systems [9, 26] it was already
known that the existence of symmetries or partial symmetries implies controlled invari-
ance of a certain distribution associated with the symmetries. This shows that control
systems that are projectable comprise quotients by symmetry and controlled invari-
ance. Furthermore, quotients induced by indistinguishability, as discussed in [35], are
also of this type. However, there are also quotients for which projectability does not
hold as we describe in the next section. Furthermore, as the existence of symmetries
can be considered a rare phenomena [32], it is especially important to understand the
structure of general nonprojectable quotients.

7. The structure of quotient control systems. We have already seen that
the notion of Con morphisms generalizes the notion of projectable control sections.
This shows that it is possible to quotient control systems whose control sections are
nonprojectable. In this situation the map ϕ and the input space of the quotient
control system will be significantly different from the projectable case. To understand
this difference we start characterizing the fiber preserving lift ϕ of φ. Recall that
if f = (φ, ϕ) is a morphism from ΣM to ΣN , we have the following commutative
diagram:
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TM TN�
Tφ

UM UN
�ϕ

�

FM

�

FN

.(7.1)

Since ϕ is a surjective submersion, we know that UN is diffeomorphic to UM/ ∼, where
∼ is the regular equivalence relation induced by ϕ. This means that to understand
the structure of UN it is enough to determine the regular and involutive distribution
on UM given by ker(Tϕ). However, the map ϕ is completely unknown, so we will
resort to the elements that are available, namely, FM and φ, to determine ker(Tϕ).
Differentiating5 diagram (7.1) we get

TTM TTN�
TTφ

TUM TUN
�Tϕ

�

TFM

�

TFN

(7.2)

from which we conclude that

ker(TTφ ◦ TFM ) = ker(TFN ◦ Tϕ) = ker(Tϕ),(7.3)

where the last equality holds since FN is an immersion, provided that assumption
AIII holds. We can now attempt to understand what is factored away and what is
propagated from UM to UN since ker(Tϕ) is expressible in terms of FM and φ. The
first step is to clarify the relation between ker(Tϕ) and ker(Tφ). Since ϕ is a fiber
preserving lift of φ, the following diagram commutes:

TM TN�
Tφ

TUM TUN
�Tϕ

�

TπUM

�

TπUN

,(7.4)

which implies that

TπUM
(ker(Tϕ)) ⊆ ker(Tφ).(7.5)

However, this only tells us that the reduction on M due to φ cannot be “smaller”
than the reduction on the base space of UM due to ϕ. This leads to the interesting
phenomena which occurs when, e.g.,

TπUM
(ker(Tϕ)) = {0} ⊆ ker(Tφ).(7.6)

5The operator sending manifolds to their tangent manifolds and maps to their tangent maps is
an endofunctor on Man, also called the tangent functor [15].
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The above expression implies that the base space of UM is not reduced by ϕ. However,
UN is a fibered manifold with base space N and therefore the points reduced by φ must
necessarily move to the fibers of UN . This means that points u, u′ ∈ UM satisfying
πUM

(u) �= πUM
(u′) will be mapped by ϕ to points satisfying πUN

◦ϕ(u) = πUN
◦ϕ(u′)

and ϕ(u) �= ϕ(u′). This will not happen if we can ensure the existence of a distribution
D ⊆ ker(Tϕ) such that TπUM

(D) = ker(Tφ). The existence of such a distribution
turns out to be related with projectability. To show such a fact we need the following
characterization of ker(Tϕ).

Lemma 7.1. Let ΣM = (UM , FM ) be a control system on manifold M , φ : M
−→ N a surjective submersion and ϕ : UM −→ UN a fiber preserving lift of φ which is
also a submersion, and assume that AIII holds. Under these assumptions, a regular
distribution D ⊆ TUM belongs to ker(Tϕ) iff

[F̂M ,D];⊆ ker(Tπ∗
UM

),(7.7)

where F̂M is any vector field in F e
M .

Proof. Assume the existence of the distribution D; then D ⊆ ker(Tϕ) is equivalent
to

TTφ ◦ TFM (D) = {0}(7.8)

since AIII holds. Let Z ∈ D and denote by Zt the flow of Z. Expression (7.8) implies
that

d

dt

∣∣∣
t=0

TπUM
◦Zt(u)φ(FM ◦ Zt(u)) = 0 ⇒ d

dt

∣∣∣
t=0

TZt(u)π
∗
UM

φ(F̂M ◦ Zt(u)) = 0

(7.9)

for any F̂M ∈ F e
M and for all t ∈ R such that Zt is defined.

Noticing that Z ∈ D ⊆ ker(Tϕ) implies ϕ = ϕ ◦ Zt (since ϕ is constant on the
leaves of the foliation induced by ker(Tϕ)) and πUN

◦ ϕ = φ ◦ πUM
by commutativity

of diagram (4.1), we conclude that π∗
UM

φ is also Zt invariant:

π∗
UM

φ ◦ Zt = φ ◦ πUM
◦ Zt = (πUN

◦ ϕ) ◦ Zt = πUN
◦ ϕ = φ ◦ πUM

= π∗
UM

φ.(7.10)

Lemma 6.2 now ensures that

TZt(u)π
∗
UM

φ = Tuπ
∗
UM

φ ◦ TZt(u)Z−t,(7.11)

and expression (7.11) allows one to rewrite (7.9) as

d

dt

∣∣∣
t=0

TZt(u)π
∗
UM

φ(F̂M ◦ Zt(u)) = 0 ⇔ d

dt

∣∣∣
t=0

Tuπ
∗
UM

φ(TZt(u)Z−t ◦ F̂M ◦ Zt(u)) = 0

⇔ d

dt

∣∣∣
t=0

Tuπ
∗
UM

φ(Zt(u)∗F̂M ) = 0

⇔ Tuπ
∗
UM

φ([Z(u), F̂M (u)]) = 0(7.12)

or, equivalently, [Z, F̂M ] ∈ ker(Tπ∗
UM

φ). Since Z is any vector field in D it follows

that [F̂M ,D] ⊆ ker(Tπ∗
UM

φ) as desired.
The converse is similarly proved.
Using Lemma 7.1, we can now characterize the existence of a distribution D ⊆

ker(Tϕ) projecting on ker(Tφ).



1862 PAULO TABUADA AND GEORGE J. PAPPAS

Proposition 7.2. Let ΣM = (UM , FM ) be a control system on manifold M
satisfying AI, φ : M −→ N a surjective submersion, and ϕ : UM −→ UN a fiber
preserving lift of φ which is also a submersion. There exists a regular distribution D
on UM satisfying D ⊆ ker(Tϕ) and TπUM

(D) = ker(Tφ) iff SM is projectable with
respect to φ.

Proof. We start by showing that projectability implies the existence of D. If SM

is projectable with respect to φ, then for every x, x′ ∈ M such that φ(x) = φ(x′) we
have that Txφ(SM (x)) = Tx′φ(SM (x′)). This means that for any x ∈ M , u ∈ π−1

UM
(x),

and X ∈ ker(Tπ∗
UM

φ), there exists a Y ∈ ker(TπUM
) (recall that π−1

UM
(x) is connected

by AI) such that

TπUM
◦Xt(u)φ(FM ◦Xt(u)) = Txφ(FM ◦ Yt(u))(7.13)

for all t ∈ R such that the flows Xt and Yt of X and Y are defined. Considering now
Tφ as a map between the manifolds TM and TN , the time derivative of Tα(t)φ(β(t))
for (α, β) : R −→ TM provides T(α(t),β(t))Tα(t)φ(Tβ(t)). The same considerations
applied to (7.13) at t = 0 give

T(x,FM (u))Txφ ◦ TuFM (X(u)) = T(x,FM (u))Txφ ◦ TuFM (Y (u)),(7.14)

which we rewrite as

T(x,FM (u))Txφ ◦ TuFM (X(u) − Y (u)) = 0(7.15)

by linearity of the involved maps. Since (7.15) is true for any X ∈ ker(Tπ∗
UM

φ), we
can define the distribution

D =
⋃

K∈ker(Tφ)

{Z = X − Y : X ∈ Ke ∧ Y ∈ ker(TπUM
) is such that (7.15) holds}.

(7.16)

This distribution clearly satisfies

TTφ ◦ TFM (D) = {0} ⇔ D ⊆ ker(Tϕ),(7.17)

is regular since dim(D) = dim(ker(Tφ)) by construction, satisfies TπUM
(D) = ker(Tφ)

also by construction, and is therefore the desired distribution.
The converse is proved as follows. Assume the existence of the distribution D ⊆

ker(Tϕ). By Lemma 7.1 we have

[F̂M ,D] ⊆ ker(Tπ∗
UM

).

Since TπUM
(D) = ker(Tφ) it follows that D + TπUM

= Tπ∗
UM

φ and

[F̂M ,D] ⊆ ker(Tπ∗
UM

)

⇒ [F̂M ,D + ker(TπUM
)] ⊆ ker(Tπ∗

UM
) + [F̂M , ker(TπUM

)]

⇒ [F̂M , ker(Tπ∗
UM

φ)] ⊆ ker(Tπ∗
UM

) + [F̂M , ker(TπUM
)],

which combined with Proposition 6.3 shows that SM is projectable with respect to φ
as desired.
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Collecting the results given by Lemma 7.1 and Proposition 7.2 we can now char-
acterize both ϕ and UN . Intuitively, we will use projectability to determine if the
fibers of the quotient control system will receive states from M and Lemma 7.1 to
characterize the amount of reduction induced by ϕ on the fibers of πUM

.

Theorem 7.3 (structure of control systems quotients). Consider a control system
ΣM = (UM , FM ) over a manifold M satisfying AI, let (f,ΣN ) = ((φ, ϕ), (UN , FN )) be
a quotient of ΣM where φ has connected fibers, and assume that AIII holds. Let E be
the involutive distribution defined by E = {X ∈ ker(TπUM

) : [F̂M , X] ∈ ker(Tπ∗
UM

φ)},
which we assume to be regular, denote by RE the regular equivalence relation induced
by E, and let F̂M be any vector field in F e

M . Under these assumptions the following
can be stated:

1. Reduction from states to states and no reduction on inputs. Fibered manifold
UN has base space diffeomorphic to N , and fibers π−1

UN
(y) diffeomorphic to π−1

UM
(x),

φ(x) = y iff
(i) SM is projectable with respect to φ;
(ii) E = {0}.
2. Reduction from states to states and from inputs to inputs. Fibered manifold

UN has base space diffeomorphic to N , and fibers π−1
UN

(y) diffeomorphic to π−1
UM

(x)/RE ,
φ(x) = y iff

(i) SM is projectable with respect to φ;
(ii) E �= {0}.
3. Reduction from states to inputs and no reduction on inputs. Fibered man-

ifold UN has base space diffeomorphic to N , and fibers π−1
UN

(y) diffeomorphic to

π−1
UM

(φ−1(y)), φ(x) = y iff

(i) for all K ∈ ker(Tπ∗
UM

φ), [F̂M ,K] /∈ ker(Tπ∗
UM

φ);
(ii) E = {0}.
4. Reduction from states to inputs and from inputs to inputs. Fibered man-

ifold UN has base space diffeomorphic to N , and fibers π−1
UN

(y) diffeomorphic to

(π−1
UM

/RE)(φ−1(y)), φ(x) = y iff

(i) for all K ∈ ker(Tπ∗
UM

φ), [F̂M ,K] /∈ ker(Tπ∗
UM

φ);
(ii) E �= {0}.

Proof. We note that in all four cases the base space of UN is diffeomorphic to N ,
since UN is equipped with a surjective submersion πUN

: UN −→ N . We will, therefore,
only discuss the characterization of fibers of πUN

. We follow the enumeration of the
theorem.

1 and 2: Since ϕ is fiber preserving, we denote by ϕx : π−1
UM

(x) −→ π−1
UN

(φ(x)) the

restriction of ϕ to the fibers π−1
UM

(x), x ∈ M . We now claim that projectability implies

ϕx(π−1
UM

(x)) = ϕx′(π−1
UM

(x′)) for every x, x′ ∈ M such that φ(x) = φ(x′). Recall
that by definition of projectability, we have Txφ(SM (x)) = Tx′φ(SM (x′)). However,
SM (x) = FM (π−1

UM
(x)) so that we conclude Txφ◦FM (π−1

UM
(x)) = Tx′φ◦FM (π−1

UM
(x′)).

From assumption AIII follows injectivity of FN , which combined with commutativity
of the second diagram in (4.1) leads to ϕx(π−1

M (x)) = ϕx′(π−1
M (x′)), as desired. This

equality also shows that ϕx is surjective since ϕ is. Furthermore, we conclude that to
characterize π−1

UN
(y) it suffices to characterize the image of ϕx for some x ∈ φ−1(y).

We now consider ker(Tϕ(x))∩ ker(Tπ−1
UM

(x)), which by Lemma 7.1 is equal to E and

is regular by assumption. Fields in π−1
UM

(x) and the equivalence relation RE can be

identified with an equivalence relation on π−1
UM

(x). We first note that projectability
implies via Proposition 7.2 and (7.5) that TπUM

(ker(Tϕ)) = ker(Tφ). This shows
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that

dim(ker(Tϕ)) = dim(ker(Tφ)) + dim(E).(7.18)

On the other hand,

dim(π−1
UN

(y)) = dim(UN ) − dim(N)

= dim(UM ) − dim(ker(Tϕ)) − dim(N)

= dim(UM ) − dim(ker(Tφ)) − dim(E) − dim(N) by (7.18)

= dim(UM ) − dim(ker(Tφ)) − dim(E) − dim(M) + dim(ker(Tφ))

= dim(UM ) − dim(E) − dim(M)

= dim(π−1
UM

(x)) − dim(E) = rank(ϕx),(7.19)

which shows that ϕx is a submersion. We thus see that π−1
UN

(y) can now be identified

with π−1
UM

(x)/RE since every vector field X ∈ E satisfies TπUM
(X) = 0 and therefore

induces a vector field on π−1
UM

(x). If E = {0}, it follows that π−1
UN

(y) ∼= π−1
UM

(x)/RE ∼=
π−1
UM

(x) as required by case 1.
Conversely, since the base of UN is diffeomorphic to the quotient of M by the

regular equivalence relation induced by ker(Tφ) and the fibers of πUN
diffeomorphic

to πUM
/RE , it follows that ker(Tϕ) can be locally described by D ⊕ E for D =

ker(Tφ)l and TπUM
(E) = {0}. From the existence of D and Proposition 6.3 follows

projectability of SM (x). Furthermore, if the fibers of πUM
are diffeomorphic to the

fibers of πUN
, we have E = {0} (case 1) and otherwise E �= {0} (case 2).

3 and 4: From assumption (i) and Lemma 7.1 we conclude that there exists no
X �= 0 belonging to K(Tϕ) such that TπUM

(X) ∈ ker(Tφ). Since TπUM
(ker(Tϕ)) ⊆

ker(Tφ) (see the discussion before (7.5)), it follows that TπUM
(ker(Tϕ)) = {0}. Con-

sequently, every X ∈ ker(Tϕ) is tangent to π−1
UM

(x) and ϕ(UM ) is diffeomorphic to

a fibered manifold with base space M and fibers π−1
UM

(x)/RE . Let us denote by
π : ϕ(UM ) −→ M the projection from total space to base space which clearly satis-
fies πUM

= π ◦ ϕ. We now use the fact πUN
◦ ϕ = φ ◦ πUM

with πUM
= π ◦ ϕ to

get πUN
◦ ϕ = φ ◦ π ◦ ϕ and by surjectivity of ϕ we finally conclude the equality

πUN
= φ ◦ π. It is now clear that π−1

UN
(y) ∼= π−1(φ−1(y)) ∼= (π−1

UM
/RE)(φ−1(y)) as

required by case 4. Case 3 is obtained by setting E = {0} and obtaining π−1
UN

(y) ∼=
(π−1

UM
/RE)(φ−1(y)) ∼= π−1

UM
(φ−1(y)).

The converse is proved as follows. Since the fibers of πUN
are diffeomorphic to

(π−1
UM

/RE)(φ−1(y)), we see that points u, u′ ∈ UM satisfying πUM
(u) �= πUM

(u′) and
φ ◦ πUM

(u) = φ ◦ πUM
(u′) also satisfy ϕ(u) �= ϕ(u′). This shows that no vector

field X �= 0 in ker(Tπ∗
UM

φ) belongs to ker(Tϕ) since otherwise different points in a
trajectory of X would violate the above remark. The nonexistence of such vectors
X implies, via Lemma 7.1, condition (i) and also implies that ker(Tϕ) = E . It then
follows that if π−1

UN
(y) ∼= π−1

UM
(φ−1(y)), then E = 0 (case 3) and E �= 0 otherwise (case

4).
We see that the notion of projectability is fundamentally related to the structure

of quotient control systems. If the controlled section SM is projectable, then the
inputs of the quotient control system are the same or a quotient of the original inputs.
Projectability can therefore be seen as a structural property of a control system in the
sense that it admits special decompositions [11, 27]. However, for general systems not
admitting this special structure, that is, for systems that are not projectable, it is still
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possible to construct quotients by moving the neglected state information to the fibers.
The states of the original system that are factored out by φ are regarded as control
inputs in the quotient control system. This shows that from a hierarchical synthesis
point of view, control systems that are not projectable are much more appealing
since one can design control laws for the abstracted system that when pulled-down
to the original one are regarded as specifications for the dynamics on the neglected
states [37].

8. Conclusions. In this paper quotients of fully nonlinear control systems were
investigated. We showed that under mild conditions quotients exist, and we character-
ized the structure of the quotient state/input space. This was achieved by introducing
the category of control systems which was the natural framework to discuss quotients
of control systems. One of the important ingredients of the characterization of quo-
tients was the notion of a projectable control section, which being equivalent to con-
trolled invariance allowed one to understand the difference between general quotients
and those induced by symmetries, partial symmetries, or controlled invariance.

There are still innumerous directions to be explored. The correct relations of the
results presented in this work with the notion of extended control system [25] are not
yet understood. This seems to lead to a possible generalization of the constructive
procedures presented in [29] to compute quotients of nonlinear control affine systems to
fully nonlinear control systems. Other directions being currently investigated include
similar results for mechanical control systems where the Hamiltonian structure is
preserved by the factorization process [36] as well as hybrid control systems [38].

Acknowledgments. The authors would like to acknowledge the innumerous
enlightening discussions with Gonçalo Tabuada, Esfandiar Hagverdi, and Slobodan
Simic on categorical interpretations of dynamical and control systems. Equally ap-
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Abstract. We consider a hybrid control system and general optimal control problems for this
system. We suppose that the switching strategy imposes restrictions on control sets and we provide
necessary conditions for an optimal hybrid trajectory, stating a hybrid necessary principle (HNP).
Our result generalizes various necessary principles available in the literature.
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1. Introduction. This paper deals with optimal control problems for hybrid
systems. Our definition of a hybrid system is the one used in [20]. Roughly speaking,
a hybrid system is a collection of control systems called locations, possibly defined on
different manifolds, and an automaton that rules the switchings between locations.
The term hybrid is commonly used to indicate the presence of both continuous and
discrete dynamics, and in our case the continuous part is given by location controlled
dynamics and the discrete part by the automaton. An optimal control problem is
obtained assigning Lagrangian running costs on each location and final and switching
costs.

Recently optimization problems for hybrid systems have attracted a lot of atten-
tion; thus both theoretical results and applications were developed (see [6, 10, 11, 12,
14, 17, 23, 29]). For general theory of hybrid systems we refer to [3, 15, 19].

For an optimal (classical) control problem, the main tool for the construction of
optimal trajectories, and then optimal synthesis, is the celebrated Pontryagin maxi-
mum principle (PMP). The strength of PMP is evident when it permits us to describe
completely the structure of optimal trajectories and obtain a finite dimensional re-
duction of the problem; see, for example, [5, 8, 24]. A hybrid maximum principle
(HMP) was developed in [26]; see also [20, 21]. A key role is played by the switching
mechanism that permits us to pass from one location to another with possible restric-
tions on state, time to spend in the next location, and feasible controls for the next
location. The first two kinds of restrictions do not affect the general strategy of PMP,
and an HMP can be proved in a similar way. However, the restriction on usable con-
trols, after location switchings, dramatically changes the possibility of constructing
“needle variations” that are the basic ingredient to prove PMP, and HMP is no more
applicable. More precisely, a classical needle variation is no longer prolongable after a
location switching time; therefore a new class of “admissible needle variations” must
be introduced. As a first example (in section 3), to construct this kind of variation,
one can prolong the family of trajectories, originating from a needle variation, via the
choice of a suitable family of controls having continuity and weak differentiability (in
L1) properties.

∗Received by the editors August 20, 2003; accepted for publication (in revised form) June 14,
2004; published electronically March 22, 2005.
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The problem of producing variations more general than needle variations has
been extensively considered in the literature for the classical (not hybrid) setting (see
[1, 2, 4, 7, 18, 25]), and more recently also for the hybrid settings; see [27].

In section 4 we introduce a general concept of “map of variations.” The basic
request is again to have weak differentiability properties, but now in the space of
bounded Radon measures, seen as the dual of the space of continuous functions.
We are then able to prove the hybrid necessary principle (HNP), using results from
[22, 27, 28]. The word maximum in this context disappears, since necessary conditions
are no longer written in a supremum form.

Section 2 gives basic definitions of hybrid systems and states HMP, section 3 deals
with admissible needle variations, and section 4 deals with the map of variations.
Finally, an appendix, with two technical lemmas on weak convergence in L1 and for
measures, concludes the paper.

2. Basic definitions and HMP. We start by introducing the definition of a
hybrid system.

Definition 2.1. A hybrid control system is a 7-tuple Σ = (Q,M,U, f,U , J,S)
such that

H1 Q is a finite set;
H2 M = {Mq}q∈Q is a family of smooth manifolds, indexed by Q;
H3 U = {Uq}q∈Q is a family of sets;
H4 f = {fq}q∈Q is a family of maps fq : Mq × Uq �→ TMq (TMq is the tangent

bundle of Mq), such that fq(x, u) ∈ TxMq for every (x, u) ∈ Mq × Uq;
H5 U = {Uq}q∈Q is a family of sets Uq whose members are maps u : Dom(u) →

Uq, defined on some interval Dom(u) ⊂ R;
H6 J = {Jq}q∈Q is a family of subintervals of R

+;
H7 S is a subset of Switch(Σ), where

Switch(Σ)
def
= {(q, x, q′, x′, u(·), τ) :q, q′∈Q, x∈Mq, x

′∈Mq′ , u(·)∈ Uq′ , τ ∈Jq′}.

The members of Q are called locations and represent the states of the automaton. The
families M , U are, respectively, the family of state spaces and the family of control
spaces of Σ. For each q, the manifold Mq, the set Uq, the map fq, and the set Uq are,
respectively, the state space, the control space, the controlled dynamical law, and the
class of admissible controls at location q.

The system evolves in a location q according to the corresponding controlled
dynamic and then switches as prescribed by S. The intervals Jq indicate the lengths
of time intervals on which the system can stay in location q. So, for example, if
Jq = [0,+∞[, then the system can evolve in location q on every interval of time.

For q, q′ ∈ Q, we write

Sq,q′
def
={(x, x′)∈Mq ×Mq′ : (q, x, q

′, x′, u(·), τ)∈S for someu(·)∈Uq′ and τ ∈Jq′}.

The sets Sq,q′ are called the switching sets of Σ from location q to location q′. More-
over, for q, q′ ∈ Q and x ∈ Mq, x

′ ∈ Mq′ , we write

Uq,x,q′,x′
def
= {u(·) ∈ Uq′ : (q, x, q′, x′, u(·), τ) ∈ S for some τ ∈ Jq′}.

The set Uq,x,q′,x′ is formed by the controls we can use at location q′ if there is a
switching from the point x of Mq to the point x′ of Mq′ .
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Definition 2.2. A hybrid state is a triplet (q, x, τ), where q ∈ Q is the location,
x ∈ Mq is the state of the control system, and τ ∈ [0, supJq) is the time since last
switching. We denote by HS the set of all hybrid states.

The evolution of the hybrid system is as follows. Given a hybrid initial state
(q1, x0, 0), at time t0, on some time interval [t0, t1[, with t1 − t0 ∈ Jq1 , the system
evolves solving ⎧⎨⎩

q(t) ≡ q1,
ẋ(t) = fq1(x(t), u1(t)), x(t0) = x0,
τ̇(t) = 1, τ(t0) = 0

for some u1(·) ∈ Uq1 such that Dom(u1) ⊃ [t0, t1]. This means that the system
remains in location q1 until τ = t1−t0 and it evolves on Mq1 according to the dynamic
fq1(x(t), u1(t)) for the control u1(·) ∈ Uq1 . If the solution to the previous system can
be prolonged on the whole interval [t0, t1], then we can choose another hybrid state
(q2, x1, 0), a control u2(·) ∈ Uq2 , and t2 such that (q1, x(t1), q2, x1, u2(·), t2 − t1) ∈
S and let the system evolve in location q2 following the corresponding controlled
dynamics on the interval [t1, t2]:⎧⎨⎩

q(t) ≡ q2,
ẋ(t) = fq2(x(t), u2(t)), x(t1) = x1,
τ̇(t) = 1, τ(t1) = 0.

We say that a location switching from q1 to q2 occurs at time t1. Then we can proceed
in the same way with a location switching and so on. Notice that the time t1 (t2 and
so on) can be chosen freely in Jq1 (respectively, Jq2 and so on); hence it represents a
control for the hybrid system.

We assume that if u ∈ Uq, then every time translation of u is in Uq; more precisely,
we assume

(A1) If u ∈ Uq for some q ∈ Q, then for every σ ∈ R the control ũ(t) = u(t + σ)
satisfies ũ ∈ Uq.

Hence we can always assume that t0 = 0.
Let us now give a precise definition of trajectories, cost functionals, and optimal

control problems.
Definition 2.3. A trajectory is a map X : [0, T ]→HS, X(t)= (q(t), x(t), τ(t))

such that the following holds. There exist 0 = t0 < t1 < · · · < tν = T such that if
i ∈ {1, . . . , ν}, then q(·) is constant in [ti−1, ti[ and equal to qi ∈ Q, τ(t) = t − ti−1

on [ti−1, ti[, ti − ti−1 ∈ Jqi . Moreover, for every i ∈ {1, . . . , ν}, there exists ui ∈ Uqi

such that
• xi(·) := x|]ti−1,ti[

(·) is an absolutely continuous function in ]ti−1, ti[, continu-

ously prolongable to [ti−1, ti];
• d

dtxi(t) = fqi(xi(t), ui(t)) for a.e. t ∈]ti−1, ti[;
• (xi(ti), xi+1(ti)) ∈ Sqi,qi+1 if i = 1, . . . , ν − 1;
• ui+1 ∈ Uqi,xi(ti),qi+1,xi+1(ti) if i = 1, . . . , ν − 1.

Remark 1. In this setting, for a Cauchy type problem, it is not appropriate to
first choose a sequence of controls and then determine the trajectory associated to it,
because a priori the sequence could not be admissible, in the sense that there could
exist no trajectory corresponding to it. This is due to the fact that in every location
q, it is possible to use as controls only a subset of Uq, depending on the switching
strategy.
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Definition 2.4. If Σ is a hybrid system, then a Lagrangian for Σ is a family
L = {Lq}q∈Q, Lq : Mq × Uq → R such that, for every trajectory X, for every i ∈
{1, . . . , ν}, and for every control ui associated to xi, the function t �→ Lqi(xi(t), ui(t))
is integrable in ]ti−1, ti[.

Definition 2.5. If Σ is a hybrid system, then a switching cost function is a
family Φ = {Φq,q′}(q,q′)∈Q×Q such that each Φq,q′ is a real valued function defined on
Sq,q′ .

Definition 2.6. If Σ is a hybrid system, then an endpoint cost function is a
family ϕ = {ϕq,q′}(q,q′)∈Q×Q such that each ϕq,q′ is a real valued function defined on
Mq ×Mq′ .

If L = {Lq}q∈Q is a Lagrangian, Φ = {Φq,q′}(q,q′)∈Q×Q is a switching cost func-
tion, and ϕ = {ϕq,q′}(q,q′)∈Q×Q is an endpoint cost function for the hybrid control
system Σ, then we can define the corresponding cost functional C by letting

C(X) =

ν∑
j=1

∫ tj

tj−1

Lqj (xj(t), uj(t)) dt +

ν−1∑
j=1

Φqj ,qj+1(xj(tj), xj+1(tj))

+ϕq1,qν (x1(t0), xν(tν)),

where X is a trajectory for Σ.
Definition 2.7. Given a hybrid control system Σ, a cost functional C, and two

nonempty subsets Nin,Nfin of HS, we call with P the problem of minimizing C(X)
over all trajectories X for Σ such that

(i) (q1, x1(t0), 0) ∈ Nin ;
(ii) (qν , xν(tν), tν − tν−1) ∈ Nfin.
Remark 2. Note that there could be no trajectory satisfying boundary data.

However, we expect that in many applications the set Nfin should be chosen to impose
restrictions only on the final location q and point x. So if (q, x, t) ∈ Nfin, then Nfin

should also contain all the points (q, x, s) with s ≤ supJqν (with possible equality
only if supJqν ∈ Jqν ).

The maximum principle gives a necessary condition for a trajectory X to be a
solution of P. The set of variations involves trajectories having the same history (see
[20]) as the candidate optimal one, that is, having the same switching strategy. As
suggested in [20], if there is a finite number of possible switching strategies for the
optimization problem P, then the maximum principle can sometimes single out the
optimal trajectory.

Definition 2.8. If Σ is a hybrid system and L is a Lagrangian for Σ, then we
say that (ψ,ψ0) is an adjoint pair along a trajectory X if

1. ψ = (ψ1, . . . , ψν) is such that, for every i ∈ {1, . . . , ν}, ψi : [ti−1, ti] → T ∗Mqi

is an absolutely continuous function, ψi(t) ∈ T ∗
xi(t)

Mqi , and

ψ̇i(t) = − < ψi(t),
∂

∂x
fqi(xi(t), ui(t)) > +ψ0

∂

∂x
Lqi(xi(t), ui(t))

for a.e. t ∈ [ti−1, ti];
2. ψ0 ∈ R

+.
In order to state the switching condition, we need a concept of a tangent cone.

In this paper, as in [27], we use the notion of a Boltyanskĭı approximating cone.
Definition 2.9. Let S be a subset of a smooth manifold X and let s̄ ∈ S. A

Boltyanskĭı approximating cone to S at s̄ is a closed convex cone K in the tangent
space Ts̄X such that there exist a neighborhood Wof 0 in Ts̄X and a continuous map
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ω : W ∩K → S with the property that ω(0) = s̄ and ω(w) = s̄+w+ o(‖w‖) as w → 0
via values in W ∩K.

Definition 2.10. If Σ is a hybrid system, L is a Lagrangian, and Φ is a switching
cost function, then we say that an adjoint pair (ψ,ψ0) along a trajectory X satisfies
the switching condition if

(−ψi(ti), ψi+1(ti)) − ψ0∇Φqi,qi+1
(xi(ti), xi+1(ti)) ∈ K⊥

i

for every i ∈ {1, . . . , ν − 1}, where Ki is a Boltyanskĭı approximating cone to the set
Sqi,qi+1

at the point (xi(ti), xi+1(ti)) and K⊥
i is its polar cone.

Definition 2.11. If (ψ,ψ0) is an adjoint pair along X, and

Hi := sup{< ψi(t), fqi(xi(t), u) > −ψ0Lqi(xi(t), u) : u ∈ Uqi},

then we say that (ψ,ψ0) satisfies the Hamiltonian value condition if, for every i ∈
{1, . . . , ν − 1},

• if ti−ti−1∈ Int(Jqi), then Hi=Hν = 0;
• if ti − ti−1 is the left endpoint of Jqi , but Jqi is nontrivial, then Hi ≤ 0;
• if ti − ti−1 is the right endpoint of Jqi , but Jqi is nontrivial, then Hi ≥ 0.

As explained in the introduction for “simple” switching constraints an HMP is
valid. The condition ensuring this is precisely the following:

Assumption (H). For every fixed q, q′ ∈ Q, x ∈ Mq, x
′ ∈ Mq′ , we have Uq,x,q′,x′ = Uq′ .

Assumption (H) says that in every location q ∈ Q we can always use all the controls
which are in Uq. Thus the admissible controls do not depend on the location switch-
ings. In particular, the classical “needle variations” are still admissible variations.

Hybrid Maximum Principle. Consider the problem P and assume (H). Let X
be a solution for P. Then, under suitable assumptions, there exists an adjoint pair
(ψ,ψ0) along X that satisfies the switching condition, the Hamiltonian maximization,
nontriviality, transversality, and Hamiltonian value conditions for P.

There are some technical assumptions that are necessary for the HMP to hold
true. These are specified in [21], [26], [27].

3. Simple necessary conditions. In this section we present some introductory
results about necessary conditions for optimality for hybrid systems that do not satisfy
assumption (H). We postpone to the next section the statement and the proof of
the HNP, the main result of this paper. So this section is intended as a clarifying
introduction to the subject of the next section.

Assumption (H) is not verified by many mechanical control systems. For exam-
ple, to describe a car with gears, one can use a hybrid system, where each location
corresponds to a gear of the car and the control is the acceleration. In this case it is
clear that when switching from a low gear to a higher one, not all the controls can be
used; see [13].

Here we suppose that every Mq is equal to R
dq for some dq ∈ N, dq ≥ 1, and that

every Uq is a compact subset of R
l for some l ∈ N, l ≥ 1. So fq : R

dq ×Uq → R
dq and

we assume that

fq ∈ C2(Rdq × Uq; R
dq );(3.1)

hence, for every compact K ⊆ R
dq there exists a constant ΓK > 0 such that{

|fq(x, u) − fq(y, u)| ≤ ΓK |x− y| ∀x, y ∈ K, ∀u ∈ Uq,
|fq(x, u) − fq(x, v)| ≤ ΓK |u− v| ∀x ∈ K, ∀u, v ∈ Uq.

(3.2)
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In addition, we consider the case Uq = L
pq

loc(R;Uq) for some 1 ≤ pq ≤ +∞ and
Lq ∈ C2(Rdq × Uq; R). The symbol L

pq

loc(R;Uq) denotes the set of functions from R

to Uq belonging to Lpq (K;Uq) for every compact subset K of R. Therefore we are in
the situation of local existence and uniqueness for every Cauchy problem.

Remark 3. In order to avoid too many technicalities, in this paper we prefer
to consider simplified hypotheses about the manifolds, the vector fields, and the La-
grangians. However, it is possible to prove all the results of this paper in a similar
way using weaker assumptions.

Needle variations are the basic tool to prove the PMP in nonhybrid settings and
the HMP in hybrid settings. Needle variations consist of modifying the supposed
optimal control in a small interval of times and to understand how the trajectory
and the cost vary in this way. Unfortunately, under our hypotheses, since the choice
of admissible controls depends on the switching strategy, needle variations do not
produce admissible trajectories. Therefore, it is necessary to modify the notion of
needle variation.

For the aim of simplicity, we consider only admissible needle variations of the
following type: the control is the same as that of the candidate optimal trajectory
until a certain time τ̄ ; then we produce a constant variation for a small interval of times
and finally, in the following locations, we consider controls satisfying the switching
conditions and some continuity and differentiability properties. More precisely, we
have the following definition.

Definition 3.1. Let us fix a trajectory X and i ∈ {1, . . . , ν}. We say that the
family of trajectories Xε = (q, xε, τ), Xε : [0, T ] → HS (ε > 0) is an admissible
needle variation at location i if

1. X0 ≡ X;
2. Xε(t) = X(t) for every t ∈ [0, ti−1];
3. the curves ε �→ xε

j(tj−1) are differentiable at ε = 0+ for every j ∈ {1, . . . , ν};
4. there exists a time τ̄ ∈ [ti−1 + ε, ti] such that

uε
i (t) =

⎧⎨⎩
ui(t), t ∈ [ti−1, τ̄ − ε[,
ω, t ∈ [τ̄ − ε, τ̄ [,
ui(t), t ∈ [τ̄ , ti]

(3.3)

for some ω ∈ Uqi , where the symbol uε
j (j ∈ {1, . . . , ν}) denotes the control at location

j of xε
j ;

5. for every j ∈ {i+1, . . . , ν}, uε
j → uj strongly in L1([tj−1, tj ]) as ε → 0+ and

uε
j−uj

ε ⇀ θj weakly in L1([tj−1, tj ]) as ε → 0+ for some θj ∈ L1([tj−1, tj ]).
Remark 4. Notice that in Definition 3.1 we require that Xε, when ε > 0, be a

family of trajectories. This means that, for a fixed ε > 0, Xε is a trajectory and
hence, by Definition 2.3,

(xε
j(tj), x

ε
j+1(tj)) ∈ Sqj ,qj+1

for every j ∈ {1, . . . , ν − 1} and

uε
j+1 ∈ Uqj ,xj(tj),qj+1,xj+1(tj)

for every j ∈ {1, . . . , ν − 1}.
Moreover, we require the existence of a location qi, i ∈ {1, . . . , ν}, in which

a variation originates. In particular we demand that, in the fixed location qi, the
variation is a classical needle variation and so the expression of the control uε

i is
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given in (3.3). In another location qj , j ∈ {1, . . . , ν}, j �= i, we have the following
possibilities.

1. If j < i, then uε
j = uj and xε

j = xj since the variation originates in location
qi.

2. If j > i, then we need some regularity properties of the control with respect
to the parameter ε. These properties are described in 5 of Definition 3.1. Recall that
for HMP we may choose uε

j = uj so that 5 is trivially satisfied.
For a needle variation Xε we define

vj(t) =
d

dε
xε
j(t)|ε=0

.(3.4)

We have the following lemmas.
Lemma 3.2. Let us assume (3.2). Let Xε be an admissible needle variation.

Then xε converges to x uniformly as ε goes to 0.
Proof. It is sufficient to prove that, for every j ∈ {1, . . . , ν}, xε

j converges uni-
formly to xj in [tj−1, tj ] as ε → 0.

Obviously, if 1 ≤ j < i, then xε
j = xj and so the conclusion is true. Therefore we

can treat the case j ≥ i. For t ∈ [tj−1, tj ], we have, for some Γ > 0,∣∣xε
j(t) − xj(t)

∣∣ ≤ ∣∣xε
j(tj−1) − xj(tj−1)

∣∣
+

∣∣∣∣∣
∫ t

tj−1

[
fqj (x

ε
j(s), u

ε
j(s)) − fqj (xj(s), uj(s))

]
ds

∣∣∣∣∣
≤

∣∣xε
j(tj−1) − xj(tj−1)

∣∣ + Γ

∫ t

tj−1

∣∣xε
j(s) − xj(s)

∣∣ ds + Γ

∫ t

tj−1

∣∣uε
j(s) − uj(s)

∣∣ ds.
Now, using the Gronwall lemma, we obtain∣∣xε

j(t) − xj(t)
∣∣ ≤ ∣∣xε

j(tj−1) − xj(tj−1)
∣∣ eΓ(tj−tj−1)

+ Γ

∫ tj

tj−1

∣∣uε
j(s) − uj(s)

∣∣ ds eΓ(tj−tj−1).

Obviously, by definition of admissible needle variation, the term
∣∣xε

j(tj−1) − xj(tj−1)
∣∣

tends to 0 as ε → 0 and also the last term goes to 0 as ε → 0. So we have obtained
the thesis.

Lemma 3.3. Let us assume (3.1). Let Xε be an admissible needle variation.
Then vj ≡ 0 if j < i, vi(t) = 0 if ti−1 ≤ t < τ̄ , and{

v̇i(t) = Dxfqi(xi(t), ui(t))vi(t),
vi(τ̄) = fqi(xi(τ̄), ω) − fqi(xi(τ̄ , ui(τ̄)))

(3.5)

in the i-location if τ̄ ≤ t ≤ ti, while{
v̇j(t) = Dufqj (xj(t), uj(t))θj(t) + Dxfqj (xj(t), uj(t))vj(t),
vj(tj−1) = d

dεx
ε
j(tj−1)|ε=0

(3.6)

if j > i.
Proof. Clearly, if j < i, then vj ≡ 0. The case j = i is well known, so we consider

only the case j > i. In particular we prove the case j = i + 1, the other cases being
similar.
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For simplicity, let us denote with f , x, u, respectively, fqi+1
, xi+1, ui+1. So, it is

sufficient to prove that, if z in [ti, ti+1] is the solution to{
ż(t) = Duf(x(t), u(t))θi+1(t) + Dxf(x(t), u(t))z(t),
z(ti) = d

dεx
ε
i+1(ti)|ε=0

,

then z(t) = d
dεx

ε
i+1(t)|ε=0

for almost every t ∈ [ti, ti+1]. In order to prove this, for

t ∈ [ti, ti+1], we estimate∣∣∣∣xε
i+1(t) − x(t)

ε
− z(t)

∣∣∣∣ ≤ ∣∣∣∣xε
i+1(ti) − x(ti)

ε
− z(ti)

∣∣∣∣
+

1

ε

∣∣∣∣∫ t

ti

[
f(xε

i+1(s), u
ε
i+1(s)) − f(x(s), u(s))

]
ds

− ε

∫ t

ti

Duf(x(s), u(s))θi+1(s)ds− ε

∫ t

ti

Dxf(x(s), u(s))z(s)ds

∣∣∣∣ .
Fix δ > 0. Then for ε sufficiently small (depending on δ), the first term of the
right-hand side is less than δ. Using Taylor’s expansion,∣∣∣∣xε

i+1(t) − x(t)

ε
− z(t)

∣∣∣∣ ≤ δ +

∣∣∣∣∫ t

ti

Dxf(x(s), u(s))·
[
xε
i+1(s) − x(s)

ε
− z(s)

]
ds

∣∣∣∣
+

∣∣∣∣∫ t

ti

Duf(x(s), u(s)) ·
[
uε
i+1(s) − u(s)

ε
− θi+1(s)

]
ds

∣∣∣∣
+

c

ε

∫ t

ti

[∣∣xε
i+1(s) − x(s)

∣∣ +
∣∣uε

i+1(s) − u(s)
∣∣]2 ds,(3.7)

where c is a positive constant, depending on the second derivatives of f . Now xε
i+1 → x

uniformly, so for ε sufficiently small it holds that

c

ε

∫ t

ti

∣∣xε
i+1(s) − x(s)

∣∣2 ds ≤ cδ

∫ t

ti

∣∣xε
i+1(s) − x(s)

∣∣
ε

ds

≤ cδ

∫ t

ti

∣∣∣∣xε
i+1(s) − x(s)

ε
− z(s)

∣∣∣∣ ds + cδ

∫ t

ti

|z(s)| ds

≤ cδ

∫ t

ti

∣∣∣∣xε
i+1(s) − x(s)

ε
− z(s)

∣∣∣∣ ds + c1δ

with c1 a positive constant. Moreover,

c

ε

∫ t

ti

∣∣uε
i+1(s) − u(s)

∣∣2 ds ≤ c2δ

with c2 a positive constant, since
uε
i+1−u

ε converges weakly in L1([ti, ti+1]) and uε
i+1−u

converges strongly to 0 in L1([ti, ti+1]). For a detailed proof of this fact see the
appendix. Analogously,

2c

ε

∫ t

ti

∣∣uε
i+1(s) − u(s)

∣∣ ∣∣xε
i+1(s) − x(s)

∣∣ ds ≤ c2δ.
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The third addend of the right-hand side of (3.7) is estimated similarly, since
uε
i+1−u

ε ⇀
θi+1 weakly in L1([ti, ti+1]). Thus,∣∣∣∣xε

i+1(t) − x(t)

ε
− z(t)

∣∣∣∣ ≤ M1δ + (M2 + cδ)

∫ t

ti

∣∣∣∣xε
i+1(s) − x(s)

ε
− z(t)

∣∣∣∣ ds,
where M1,M2 are positive constants, depending on f and Uqi+1 . Using the Gronwall
lemma we conclude that∣∣∣∣xε

i+1(t) − x(t)

ε
− z(t)

∣∣∣∣ ≤ M1δe
(M2+cδ)(ti+1−ti)(3.8)

and so the lemma is proved, by the arbitrariness of δ > 0.
Remark 5. From the last result, we note that the evolution equation for vj in

general is an affine equation, since a term depending on θj appears. This is due to the
definition of admissible needle variation. For hybrid systems with assumption (H),
we may consider usual needle variations and so the resulting equation for vj is linear,
without the term containing θj .

Remark 6. It is useful to recall that (3.6) is valid only if j > i, i.e., only if the
variation is originated in a previous location. Therefore, to prove (3.6) we do not
consider expression (3.3), but we use properties 3 and 5 of Definition 3.1.

Now, we want to evaluate how the Lagrangian cost varies for an admissible needle
variation. If we define

Gε(t) :=

j−1∑
h=1

∫ th

th−1

Lqh(xε
h(s), uε

h(s))ds +

∫ t

tj−1

Lqj (x
ε
j(s), u

ε
j(s))ds

when tj−1 ≤ t < tj and set w(t) := d
dεGε(t)|ε=0+

, then we can get the following result.

Lemma 3.4. Let τ̄ ∈]ti−1, ti[ be the time at which an admissible needle variation
originates. If t ∈]τ̄ , ti[, then w satisfies the following differential equation:{

ẇ(t) =
∂

∂x
Lqi(xi(t), ui(t))vi(t),

w(τ̄) = Lqi(xi(τ̄), ω) − Lqi(xi(τ̄), ui(τ̄)).

Moreover, if i < j ≤ ν, then we have⎧⎨⎩ ẇ(t) =
∂

∂x
Lqj (xj(t), uj(t))vj(t)+

∂

∂u
Lqj (xj(t), uj(t))θj(t), tj−1 < t < tj ,

w(tj−1) = limt→t−j−1
w(t).

Proof. First we evaluate w(τ̄). By definition

w(τ̄) =
d

dε
Gε(τ̄)|ε=0+

= lim
ε=0+

Gε(τ̄) −G0(τ̄)

ε
,

and, by the fact that xε and uε coincide, respectively, with x and u before τ̄ − ε, we
conclude that

w(τ̄) = lim
ε→0+

1

ε

∫ τ̄

τ̄−ε

[Lqi(x
ε
i (s), ω) − Lqi(xi(s), ui(s))] ds

= Lqi(xi(τ̄), ω) − Lqi(xi(τ̄), ui(τ̄)).
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Now suppose that τ̄ < t < ti. In this case we have

w(t) = lim
ε→0+

{
1

ε

∫ τ̄

τ̄−ε

[Lqi(x
ε
i (s), ω) − Lqi(x

ε
i (s), ui(s))] ds

+
1

ε

∫ t

τ̄

[Lqi(x
ε
i (s), ui(s)) − Lqi(xi(s), ui(s))] ds

}
= Lqi(xi(τ̄), ω) − Lqi(xi(τ̄), ui(τ̄))

+ lim
ε→0+

{∫ t

τ̄

∂

∂x
Lqi(xi(s), ui(s))

xε
i (s) − xi(s)

ε
ds

+

∫ t

τ̄

∂2

∂x2
Lqi(x̃i(s), ũ(s))

(xε
i (s) − xi(s))

2

2ε
ds

}
.

Using estimate (3.8) we conclude by the Lebesgue theorem that

w(t) = Lqi(xi(τ̄), ω) − Lqi(xi(τ̄), ui(τ̄)) +

∫ t

τ̄

∂

∂x
Lqi(xi(s), ui(s))vi(s)ds.

So the first part of the lemma is proved.

In order to prove the last statement, we claim that, if tj−1 < t < tj , then w(t) is
equal to

w(t) = [Lqi(xi(τ̄), ω) − Lqi(xi(τ̄), ui(τ̄))]

+

∫ ti

τ̄

∂

∂x
Lqi(xi(s), ui(s))vi(s)ds +

j−1∑
l=i+1

∫ tl

tl−1

∂

∂x
Lql(xl(s), ul(s))vl(s)ds

+

j−1∑
l=i+1

∫ tl

tl−1

∂

∂u
Lql(xl(s), ul(s))θl(s)ds

+

∫ t

tj−1

∂

∂x
Lqj (xj(s), uj(s))vj(s)ds +

∫ t

tj−1

∂

∂u
Lqj (xj(s), uj(s))θj(s)ds.

In fact, if l ∈ {i + 1, . . . , j}, then we have for t ∈ [tl−1, tl] that

lim
ε→0+

∫ t

tl−1

Lql(x
ε
l (s), u

ε
l (s)) − Lql(xl(s), ul(s))

ε
ds

= lim
ε→0+

{∫ t

tl−1

Lql(x
ε
l (s), u

ε
l (s)) − Lql(xl(s), u

ε
l (s))

ε
ds

+

∫ t

tl−1

Lql(xl(s), u
ε
l (s)) − Lql(xl(s), ul(s))

ε
ds

}

=

∫ t

tl−1

∂

∂x
Lql(xl(s), ul(s))vl(s)ds

+ lim
ε→0+

∫ t

tl−1

Lql(xl(s), u
ε
l (s)) − Lql(xl(s), ul(s))

ε
ds.
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Now the last term is equal to

lim
ε→0+

∫ t

tl−1

Lql(xl(s), u
ε
l (s)) − Lql(xl(s), ul(s))

ε
ds

= lim
ε→0+

{∫ t

tl−1

∂

∂u
Lql(xl(s), ul(s))

uε
l (s) − ul(s)

ε
ds

+

∫ t

tl−1

∂2

∂u2
Lql(x̃l(s), ũl(s))

uε
l (s) − ul(s)

ε
(uε

l (s) − ul(s))ds

}

=

∫ t

tl−1

∂

∂u
Lql(xl(s), ul(s))θl(s)ds

+ lim
ε→0+

∫ t

tl−1

∂2

∂u2
Lql(x̃l(s), ũl(s))

uε
l (s) − ul(s)

ε
(uε

l (s) − ul(s))ds

by definition of admissible needle variation. The last integral converges to 0 since
uε
l (s)−ul(s)

ε converges weakly in L1([tl−1, tl]) and uε
l (s) − ul(s) converges to 0

strongly in L1([tl−1, tl]) and so the product converges to 0 weakly in L1([tl−1, tl]);
see the appendix.

Putting together all the previous results we have the following proposition.

Proposition 3.5. Let X be a trajectory and let Xε be an admissible needle
variation. Then, for every adjoint pair (ψ,ψ0) along X and for every j ∈ {1, . . . , ν}
the function

ψj(t) · vj(t) − ψ0w(t) + qj(t)(3.9)

is constant in [tj−1, tj ], where vj is defined by (3.4) and qj is any function defined by

q̇j(t) = −ψj(t)
∂

∂u
fqj (xj(t), uj(t))θj(t) + ψ0

∂

∂u
Lqj (xj(t), uj(t))θj(t)(3.10)

if j > i, while qj ≡ 0 otherwise.

Proof. It is a simple consequence of Lemmas 3.3 and 3.4. If j < i, then vj ≡ 0,
qj ≡ 0, and w(t) = 0 for every t ∈ [0, tj ].

If j = i, where qi is the location at which the admissible needle variation origi-
nates, then we have

d

dt
[ψi(t) · vi(t) − ψ0w(t)] = ψ̇i(t) · vi(t) + ψi(t) · v̇i(t) − ψ0ẇ(t)

= −ψi(t)Dxfqi(xi(t), ui(t))vi(t) + ψ0
∂

∂x
Lqi(xi(t), ui(t))vi(t)

+ψi(t)Dxfqi(xi(t), ui(t))vi(t) − ψ0
∂

∂x
Lqi(xi(t), ui(t))vi(t) = 0

and so we have the thesis when j = i.
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Now if j > i, then

d

dt
[ψj(t) · vj(t) − ψ0w(t) + qj(t)] = ψ̇j(t) · vj(t) + ψj(t) · v̇j(t) − ψ0ẇ(t) + q̇j(t)

= −ψj(t)Dxfqj (xj(t), uj(t))vj(t) + ψ0
∂

∂x
Lqj (xj(t), uj(t))vj(t)

+ψj(t)Dufqj (xj(t), uj(t))θj(t) + ψj(t)Dxfqj (xj(t), uj(t))vj(t)

−ψ0
∂

∂x
Lqj (xj(t), uj(t))vj(t) − ψ0

∂

∂u
Lqj (xj(t), uj(t))θj(t)

−ψj(t) ·Dufqj (xj(t), uj(t))θj(t) + ψ0
∂

∂u
Lqj (xj(t), uj(t))θj(t) = 0.

This completes the proof.

Now, we study how to deduce some necessary conditions from the previous anal-
ysis. For clarity, we consider optimal control problems where the cost is formed only
by the Lagrangian part; that is, the switching cost and the endpoint cost vanish.
We suppose that X is an optimal trajectory and we consider an admissible needle
variation Xε. Clearly, by optimality, C(X) ≤ C(Xε). This implies that w(T ) ≥ 0.
Let us consider an adjoint pair (ψ,ψ0) along X with the property that, for every
j ∈ {1, . . . , ν},

ψj(tj) · vj(tj) ≤ 0.(3.11)

Thus

ψν(tν) · vν(tν) − ψ0w(tν) ≤ 0.(3.12)

This implies that, for every qν(·) defined as in Proposition 3.5 with qν(tν) ≤ 0, it
holds that

ψν(t) · vν(t) − ψ0w(t) + qν(t) ≤ 0(3.13)

for every t ∈ [tν−1, tν ]. Therefore in the ν − 1 location we have

ψν−1(tν−1) · vν−1(tν−1) − ψ0w(tν−1) + qν(tν−1) ≤ 0(3.14)

and so

ψν−1(t) · vν−1(t) − ψ0w(t) + qν(tν−1) + qν−1(t) ≤ 0(3.15)

for every qν−1 with qν−1(tν−1) ≤ 0 and for every t ∈ [tν−2, tν−1].

Iterating this argument we conclude that

ψj(t) · vj(t) − ψ0w(t) +

ν∑
l=j+1

ql(tl−1) + qj(t) ≤ 0(3.16)

for every j ∈ {1, . . . , ν}, t ∈ [tj−1, tj ] and for every function ql with ql(tl) ≤ 0.

Equation (3.16) gives a necessary condition for optimality when the hybrid system
does not satisfy assumption (H). In the next section we generalize this approach.
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4. Hybrid necessary principle. This section is devoted to the statement and
proof of a general HNP in the case where the lack of Assumption (H) generalizes some
previous results in [27]. Again for sake of simplicity we assume (3.1) and (3.2).

We recall first some basic facts about measure theory and in particular about
Radon measures; see [16].

Definition 4.1. Let a, b ∈ R, a < b. If B(a,b) denotes the Borel σ-algebra on

(a, b), then a signed measure µ : B(a,b) → R is called a Radon measure if

1. |µ(K)| < +∞ for every K, compact set in (a, b);
2. µ(E) = inf{µ(U) : E ⊆ U,U open set in (a, b)} for every E ∈ B(a,b);
3. µ(E) = sup{µ(K) : K ⊆ E,K compact set in (a, b)} for every E ∈ B(a,b).

Moreover, if |µ| is finite, then µ is said to be bounded. We denote by Mb(a, b; R) the
set of bounded Radon measures on (a, b).

If a, b ∈ R, a < b, then L1(a, b) is contained in Mb(a, b; R). The inclusion is
intended in the following way: to every function f ∈ L1(a, b) we associate a measure
µ defined by

µ(A) :=

∫
A

f(t)dt,(4.1)

where A is a Borel subset of (a, b). The space Mb(a, b; R), equipped with the norm
‖µ‖ := |µ|(a, b), is equal to (C(a, b))′ (see [16]). So in Mb(a, b; R) we may consider
the weak∗ topology. We have that µn ⇀∗ µ as n → +∞ if and only if, for every
g ∈ C(a, b), ∫ b

a

g(t)dµn(t) →
∫ b

a

g(t)dµ(t) as n → +∞.

In the same way, we consider the space of bounded Radon measures on (a, b) with
values in R

n and we indicate them by Mb(a, b; R
n).

Remark 7. The measure µ defined in (4.1) is clearly a signed measure. In fact if
the function f is strictly negative in a Borel set E, whose Lebesgue measure is strictly
positive, then µ(E) < 0.

All the properties of Radon measures are clearly satisfied by any measure defined
as in (4.1). Moreover, equation (4.1) says that µ � m; that is, µ is an absolutely
continuous measure with respect to the Lebesgue measure.

Now we recall a result about the differentiability of a trajectory with respect to
a parameter, used to prove the main result.

Definition 4.2. Let P be a normed space, let {x̄p}p∈P be a family in R
n, and

let f = {fp}p∈P be a family of time-varying vector fields on R
n. For every p ∈ P , we

denote with xp : [a, b] → R
n a solution to{
ẋp(t) = fp(t, x

p(t)) a.e. t ∈ [a, b],
xp(a) = x̄p.

Let us fix an element p0 ∈ P . We say that f is weakly differentiable at p0 ∈ P along
xp0(·) if there exists ε̄ > 0 such that

1. for every p such that ‖p − p0‖ ≤ ε̄ and for every ξ : [a, b[→ R
dq , solution to

ξ̇(t) = fp(t, ξ(t)), with ‖ξ(t) − xp0(t)‖ ≤ ε̄ for every t ∈ [a, b[, the limit limt→b− ξ(t)
exists;
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2. for every p such that ‖p− p0‖ ≤ ε̄ and for every x such that ‖x−xp0(t)‖ < ε̄
for some a ≤ t < b, there exists a local forward solution to{

ξ̇ = fp(t, ξ),
ξ(t) = x;

3. there exist A ∈ L1([a, b]; Rn×n) and positive functions ζε ∈ L1([a, b]; R+) for
every ε ∈]0, ε̄], such that

‖fp(t, x) − fp(t, x
p0(t)) −A(t)(x− xp0(t))‖

≤ ζε(t)(‖x− xp0(t)‖ + ‖p− p0‖)

whenever a ≤ t ≤ b, ‖x− xp0(t)‖ ≤ ε, ‖p− p0‖ ≤ ε, and

lim
ε→0+

∫ b

a

ζε(t)dt = 0;

4. the function w̃p(t) := fp(t, x
p0(t)) − fp0(t, x

p0(t)) is integrable in [a, b] for
every ‖p− p0‖ ≤ ε̄;

5. for every α ∈ C([a, b]; Rn) the map

p �→
∫

[a,b]

α(t) d

(∫ t

a

w̃p(s)ds

)
is Fréchet differentiable at p0.

Proposition 4.3. We use here the notation of Definition 4.2. Fix p0 ∈ P , let
v ∈ P , and assume that

lim
ε→0+

x̄p0+εv − x̄p0

ε

exists in R
n and moreover that there exists αp0,v(·) ∈ Mb(a, b; R

n) such that

fp0+εv(t, x
p0(t)) − fp0

(t, xp0(t))

ε
⇀∗ αp0,v(t)(4.2)

as ε → 0+. If we denote by yp0,v(t) the derivative of xp0(t) in the v-direction evaluated
at p0, then we have that

ẏp0,v(t) =
∂

∂x
fp0(t, x

p0(t)) · yp0,v(t) + αp0,v(t),(4.3)

where the last equation is to be intended in the integral sense. Moreover, if f is weakly
differentiable at p0 along xp0(·), then xp(·) → xp0(·) uniformly on [a, b] when p → p0

in P .
For a proof, see [22, Appendix A].
Remark 8. The previous proposition gives us a tool to evaluate the evolution of

the derivative of a trajectory of an ODE with respect to a parameter. In particular, it
is useful in order to understand the behavior of modifications due to “variations” on a
supposed optimal trajectory. We apply the previous proposition in the case where the
time-varying vector fields are the coupled dynamic-Lagrangian functions evaluated on
controls produced by a variation. Notice that the limit in (4.2) is in the weak star
topology of Radon measures.
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Definition 4.4. Let X,Y be finite dimensional vector spaces over R and let Λ
be a cone in X. Consider a function f : x + Λ → Y for some x ∈ X. We say that f
is differentiable at x in the direction Λ if there exists a linear map DΛf(x) : X → Y
such that

f(x + λ) = f(x) + DΛf(x) · λ + o(‖λ‖) as λ → 0, λ ∈ Λ.(4.4)

Obviously the map DΛf(x) is uniquely determined on span{Λ}.
Let X be an optimal trajectory for the problem P and let ε̄ > 0. We denote

with K a cone in R
d1 × · · · × R

dν , with v = (v1, . . . , vν) an element of K and with
(u1, . . . , uν) the controls of the candidate optimal hybrid trajectory X. The aim of
next definition is to give a rigorous description of all variations we are able to consider.
Analogously to [27], we treat variations depending on two parameters: ε and v. ε is a
real positive number, while v belongs to a cone in a finite dimensional manifold. The
reader can think of v as the parameter responsible for the variation of the initial points
of each trajectory xj , j ∈ {1, . . . , ν}, and ε as parameterizing the control variation.

Definition 4.5 (map of variations). A map V defined on [0, ε̄] ×K, V (ε, v) =

(x
(ε,v)
1 , u

(ε,v)
1 , . . . , x

(ε,v)
ν , u

(ε,v)
ν ), is called a map of variations if, for every (ε, v) ∈

[0, ε̄] ×K, the following hold:

1. for every i ∈ {1, . . . , ν}, u
(ε,v)
i ∈ Uqi and u

(δε,δv)
i → ui in L1(ti−1, ti) as

δ → 0+;

2. for every i ∈ {1, . . . , ν}, x
(ε,v)
i :]ti−1, ti[→ R

di is an absolutely continuous

function continuously prolongable to [ti−1, ti] such that d
dδx

(δε,δv)
i (ti−1)|δ=0

= vi and

d

dt
x

(ε,v)
i (t) = fqi(x

(ε,v)
i (t), u

(ε,v)
i (t)) for a.e. t ∈ [ti−1, ti];(4.5)

3. for every i ∈ {1, . . . , ν − 1}, u(ε,v)
i+1 ∈ U

qi,x
(ε,v)
i (ti),qi+1,x

(ε,v)
i+1 (ti)

;

4. the map

C̃V : [0, ε̄]×K → (Rd1 × R
d2) × · · · × (Rdν × R

d1) × R

(ε, v) �→ ((x
(ε,v)
1 (t1), x

(ε,v)
2 (t1)), . . . , (x

(ε,v)
ν (tν), x

(ε,v)
1 (t0)), γ(ε, v))

(4.6)

with

γ(ε, v) =

ν∑
i=1

∫ ti

ti−1

Lqi(x
(ε,v)
i (t), u

(ε,v)
i (t))dt

is differentiable at 0 in the direction R
+ ×K;

5. for every i ∈ {1, . . . , ν}, there exist α
(ε,v)
i,f,V ∈ Mb(ti−1, ti; R

di) and α
(ε,v)
i,L,V ∈

Mb(ti−1, ti; R) such that

fqi(xi(t), u
(δε,δv)
i (t)) − fqi(xi(t), ui(t))

δ
⇀∗ α

(ε,v)
i,f,V (t)(4.7)

and

Lqi(xi(t), u
(δε,δv)
i (t)) − Lqi(xi(t), ui(t))

δ
⇀∗ α

(ε,v)
i,L,V (t)(4.8)

as δ ↓ 0.
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We denote by V the set of all maps of variations.

Remark 9. The main reasoning in the proof of the HNP follows the classical ap-
proach. We consider feasible cones generated by final points of admissible variations
and profitable cones formed by points that realize a cost lower than that of the can-
didate trajectory. To have optimality these two cones must be separated; i.e., there
exists a hyperplane that separates the cones. From these considerations we deduce
necessary conditions.

In Definition 3.1 (map of variations), we require various assumptions. In particu-
lar, the assumptions 1, 2, and 3 guarantee that maps of variations produce admissible
trajectories for our hybrid system. Moreover assumption 4 implies the existence of
the cone generated by the variations and, finally, assumption 5 is necessary in order
to apply Proposition 4.3.

Remark 10. Notice that in order to have the differentiability of the function

C̃V , the Radon measures α
(ε,v)
i,f,V and α

(ε,v)
i,L,V must depend continuously on the param-

eters (ε, v). This is guaranteed if α
(ε,v)
i,f,V and α

(ε,v)
i,L,V are linear with respect to the

parameters (ε, v), and if (εn, vn) ∈ R
+ × K with (εn, vn) → (ε, v) ∈ R

+ × K, then

α
(εn,vn)
i,f,V ⇀∗ α

(ε,v)
i,f,V in Mb(ti−1, ti; R

di) for every i = 1, . . . , ν and α
(εn,vn)
i,L,V ⇀∗ α

(ε,v)
i,L,V in

Mb(ti−1, ti; R) for every i = 1, . . . , ν.

Now, if V ∈ V, then we have that

DC̃V (0) : R
+ ×K → (Rd1 × R

d2) × · · · × (Rdν × R
d1) × R

and if ε ∈ [0, ε̄], then

DC̃V (0)(ε, v) = ((w1, v2), . . . , (wν , v1), β(ε, v)),(4.9)

where

β(ε, v) =

ν∑
i=1

∫ ti

ti−1

∂

∂x
Lqi(xi(s), ui(s))Mi(s, ti−1)vids

+

ν∑
i=1

∫ ti

ti−1

∂

∂x
Lqi(xi(s), ui(s))

∫ s

ti−1

Mi(s, r) dα
(ε,v)
i,f,V (r) ds

+

ν∑
i=1

∫ ti

ti−1

dα
(ε,v)
i,L,V (s),(4.10)

wi = Mi(ti, ti−1)vi +

∫ ti

ti−1

Mi(ti, s)dα
(ε,v)
i,f,V (s),(4.11)

and Mi(t, s) (i = 1, . . . , ν) is the fundamental matrix solution for the linear system

ẏ(t) =
∂

∂x
fqi(xi(t), ui(t))y(t).

Indeed, the differential of the components x
(ε,v)
i (ti−1) is equal to vi by hypothesis 2

of the definition of map of variations. For the differential of the components x
(ε,v)
i (ti)

we use Proposition 4.3, while for the differential of γ(ε, v) we have to estimate, for
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every i = 1, . . . , ν, the limit as δ → 0+ of the expression∫ ti

ti−1

Lqi(x
(δε,δv)
i (t), u

(δε,δv)
i (t)) − Lqi(xi(t), ui(t))

δ
dt

=

∫ ti

ti−1

Lqi(x
(δε,δv)
i (t), u

(δε,δv)
i (t)) − Lqi(xi(t), u

(δε,δv)
i (t))

δ
dt

+

∫ ti

ti−1

Lqi(xi(t), u
(δε,δv)
i (t)) − Lqi(xi(t), ui(t))

δ
dt.

For the last addend we use hypothesis 5 of the definition of map of variations, while
for the other term we have to use Proposition 4.3 and Lemma A.2 of the appendix.

Let us denote by X(ε,v)(·) the candidate hybrid trajectory obtained by piecing

together x
(ε,v)
i , i = 1, . . . , ν. Then X(ε,v)(·) is a trajectory if and only if

• (x
(ε,v)
i (ti), x

(ε,v)
i+1 (ti)) ∈ Sqi,qi+1 for i = 1, . . . , ν − 1;

• (q1, x
(ε,v)
1 (t0), 0) ∈ Nin;

• (qν , x
(ε,v)
ν (tν), tν − tν−1) ∈ Nfin.

Since X is optimal we have that

C(X(ε,v)) ≥ C(X)(4.12)

whenever the previous conditions hold.
In what follows we identify, for simplicity, xν+1(tν) with x1(t0) and R

dν+1 with
R

d1 . Moreover,

Sqν ,qν+1 := {(z, z′) ∈ R
dν × R

d1 : (q1, z
′, 0) ∈ Nin, (qν , z, tν − tν−1) ∈ Nfin}.

Now, fix smooth functions σi : R
di × R

di+1 → R (i = 1, . . . , ν) such that

σi(xi(ti), xi+1(ti)) = 0

and σi(zi, z
′
i) > 0 if (zi, z

′
i) ∈ R

di × R
di+1 \ {(xi(ti), xi+1(ti))}. Let P be the set

of points ((z1, z
′
1), . . . , (zν , z

′
ν), r) of (Rd1 × R

d2) × · · · × (Rdν × R
d1) × R such that

(zi, z
′
i) ∈ Sqi,qi+1

(i = 1, . . . , ν) and

r ≤ C(X) −
ν−1∑
i=1

Φqi,qi+1
(zi, z

′
i) − ϕ̃q1,qν (zν , z

′
ν) −

ν∑
i=1

σi(zi, z
′
i),

where ϕ̃q1,qν (zν , z
′
ν) = ϕq1,qν (z′ν , zν). Notice that if C̃V (ε, v) ∈ P , then X(ε,v) is a

hybrid trajectory and C(X(ε,v)) ≤ C(X) with strict inequality if X(ε,v) �≡ X; then

from (4.12), we get C̃V ([0, ε̄] ×K) ∩ P = {p∗}, where

p∗ = ((x1(t1), x2(t1)), . . . , (xν(tν), x1(t0)), CL(X)) .

Define

KV = DC̃V (0)([0, ε̄] ×K).(4.13)

Let KP be the set of all ((z1, z
′
1), . . . , (zν , z

′
ν), r) such that (zi, z

′
i), for i = 1, . . . , ν,

belongs to a Boltyanskĭı approximating cone to Sqi,qi+1 at the point (xi(ti), xi+1(ti))
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and

r ≤ −
ν−1∑
i=1

∇Φqi,qi+1
(xi(ti), xi+1(ti)) · (zi, z′i) −∇ϕ̃q1,qν (xν(tν), x1(t0)) · (zν , z′ν).

Then KP is a Boltyanskĭı approximating cone to P at p∗ and is not a linear subspace.
By a general separation theorem (see [28]), for every convex cone K̂ ⊆

⋃
V ∈V KV ,

there exists an element ψ ∈ (Rd1 × R
d2) × · · · × (Rdν × R

d1) × R such that it weakly

separates KP from K̂. In particular we may suppose that

(ψ, k) ≥ 0 ∀k ∈ KP

and

(ψ, k′) ≤ 0 ∀k′ ∈ K̂,

where (·, ·) denotes the usual scalar product in R
n. We may write

ψ = ((ψ+
1 , ψ−

2 ), . . . , (ψ+
ν , ψ

−
1 ),−ψ0).

We note that (0, . . . , 0,−1) ∈ KP and so ψ0 ≥ 0.

If V ∈ V and (ε, v) ∈ [0, ε̄] ×K is such that DC̃V (0)(ε, v) ∈ K̂, then

ν∑
i=1

(
ψ−
i · vi + ψ+

i ·Mi(ti, ti−1) · vi + ψ+
i

∫ ti

ti−1

Mi(ti, s)dα
(ε,v)
i,f,V (s)

)

−ψ0

ν∑
i=1

∫ ti

ti−1

∂

∂x
Lqi(xi(s), ui(s))Mi(s, ti−1)vids

−ψ0

ν∑
i=1

∫ ti

ti−1

∂

∂x
Lqi(xi(s), ui(s))

∫ s

ti−1

Mi(s, r)dα
(ε,v)
i,f,V (r)ds

−ψ0

ν∑
i=1

∫ ti

ti−1

dα
(ε,v)
i,L,V (s) ≤ 0.

Hence, if we define, for every i = 1, . . . , ν, ψi : [ti−1, ti] → R
di to be the Carathéodory

solution to {
ψ̇i(t) = −ψi(t)

∂

∂x
fqi(xi(t), ui(t)) + ψ0

∂

∂x
Lqi(xi(t), ui(t)),

ψi(ti) = ψ+
i ,

then we obtain that

ν∑
i=1

(
ψ−
i · vi + ψi(ti)

∫ ti

ti−1

Mi(ti, s)dα
(ε,v)
i,f,V (s)

)

+

ν∑
i=1

ψi(ti−1)vi − ψ0

ν∑
i=1

∫ ti

ti−1

dα
(ε,v)
i,L,V (s)(4.14)

−ψ0

ν∑
i=1

∫ ti

ti−1

∂

∂x
Lqi(xi(t), ui(t))

∫ s

ti−1

Mi(s, r)dα
(ε,v)
i,f,V (r)ds ≤ 0.
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Fix i ∈ {1, . . . , ν − 1} and a point (z, z′) ∈ Ki, where Ki is a Boltyanskĭı approx-
imating cone to Sqi,qi+1

at the point (xi(ti), xi+1(ti)). Let us consider

z = ((0, 0), . . . , (z, z′), . . . , (0, 0), r)

with r = −∇Φqi,qi+1(xi(ti), xi+1(ti)) · (z, z′). Obviously z ∈ KP and so

ψ+
i · z + ψ−

i+1 · z′ − ψ0r ≥ 0;

that is,

((ψi(ti), ψ
−
i+1) + ψ0∇Φqi,qi+1(xi(ti), xi+1(ti))) · (z, z′) ≥ 0

and so

((−ψi(ti),−ψ−
i+1) − ψ0∇Φqi,qi+1(xi(ti), xi+1(ti))) ∈ K⊥

i ,(4.15)

where K⊥
i is the polar of the cone Ki.

Now take a point (z, z′) ∈ Kν , where Kν is a Boltyanskĭı approximating cone to
Sqν ,qν+1 at the point (xν(tν), x1(t0)). Let us consider

z = ((0, 0), . . . , (0, 0), (z, z′), r)

with r = −∇ϕ̃q1,qν (xν(tν), x1(t0)) · (z, z′). Analogously we obtain that

((−ψν(tν),−ψ−
1 ) − ψ0∇ϕ̃qν ,q1(xν(tν), x1(t0))) ∈ K⊥

ν ,(4.16)

where K⊥
ν is the polar of the cone Kν .

So we have just proved the following theorem.
Theorem 4.6 (hybrid necessary principle). Let X be an optimal trajectory for

problem P. For every convex cone K̂ contained in ∪V ∈VKV , where KV is defined in
(4.13), there exist an adjoint pair (ψ,ψ0) along X and (ψ−

1 , . . . , ψ−
ν )∈ R

d1 ×· · ·×R
dν

such that (4.14) holds for every V ∈ V, (ε, v) ∈ [0, ε̄]×K such that DC̃V (0)(ε, v) ∈ K̂.
Moreover, (4.15) and (4.16) hold.

Remark 11. Notice that in the previous theorem we have implicitly supposed
that the times of switchings are fixed. Obviously it is possible to consider variations
of these times as in [27], using a more complicated covector. We obtain analogous
necessary conditions that are more complicated and less readable.

Remark 12. If assumption (H) holds and if we can take (0, . . . , vi, . . . , 0) ∈ K,
then from the previous theorem we can obtain the same result as in [27, Theorem
1.4.1].

Appendix. A lemma on integrable functions.
Lemma A.1. Let I be a compact interval of R, and let fn, f be functions of L∞(I)

such that ‖fn‖∞ ≤ c < +∞ and fn → f strongly in L1(I). Moreover, let gn be a
sequence such that gn ⇀ g weakly in L1(I). Then fngn ⇀ fg weakly in L1(I).

Proof. Let ϕ ∈ L∞(I). We have to prove that∫
I

ϕ(s)(fn(s)gn(s) − f(s)g(s))ds → 0

as n → +∞. We have that∫
I

ϕ(s)(fn(s)gn(s) − f(s)g(s))ds =

∫
I

ϕ(s)(fn(s) − f(s))gn(s)ds

+

∫
I

ϕ(s)f(s)(gn(s) − g(s))ds.
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The last integral goes to 0 since gn ⇀ g. Fix ε > 0. Then we can write∫
I

ϕ(s)(fn(s) − f(s))gn(s)ds

=

∫
|fn−f |≥ε

ϕ(s)(fn(s) − f(s))gn(s)ds +

∫
|fn−f |<ε

ϕ(s)(fn(s) − f(s))gn(s)ds.

Moreover,∣∣∣∣∣
∫
|fn−f |<ε

ϕ(s)(fn(s) − f(s))gn(s)ds

∣∣∣∣∣ ≤ ε‖ϕ‖∞
∫
I

|gn(s)| ds ≤ Mε,

where M is a positive constant. Besides,∣∣∣∣∣
∫
|fn−f |≥ε

ϕ(s)(fn(s) − f(s))gn(s)ds

∣∣∣∣∣ ≤ ‖ϕ‖∞M1

∫
|fn−f |≥ε

|gn(s)| ds

with M1 a positive constant. Since fn → f strongly in L1(I), fn converges to f
in measure. Moreover gn is equi-integrable by the Dunford–Pettis theorem (see [9]);
hence we can find n̄ ∈ N such that∣∣∣∣∫

I

ϕ(s)(fn(s) − f(s))gn(s)ds

∣∣∣∣ ≤ (M + M1‖ϕ‖∞)ε

for every n ≥ n̄ and we conclude by the arbitrariness of ε.
With an analogous proof, which we omit here, we can generalize the previous

lemma to the case of Radon measures in the following way.
Lemma A.2. Let I be a compact interval of R, and let fn, f be functions of C(I)

such that fn → f uniformly on I as n → +∞. Moreover, let gn be a sequence in
Mb(I) such that gn ⇀∗ g in Mb(I), where g ∈ Mb(I). Then fngn ⇀∗ fg in Mb(I).
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Abstract. This paper deals with asymptotically controllable systems for which there exists no
smooth stabilizing state feedback. To investigate the robustness asymptotic stabilization property,
a new class of hybrid feedbacks (with a continuous component and a discrete one) is introduced:
the hybrid patchy feedbacks. The notion of solutions is a generalization of π-solutions and Euler
solutions. It is proved that the origin of all globally asymptotically controllable systems can be
globally asymptotically stabilized via a hybrid feedback with robustness with respect to measurement
noise, actuator errors, and external disturbances.
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1. Introduction. Let us consider the system

ẋ = f(x, u),(1)

assuming that the control set K ⊂ R
m is a compact subset of R

m and that the map
f : R

n×K → R
n is locally Lipschitz in x, uniformly with respect to u, and continuous

in u. We focus our study on systems that are asymptotically controllable, i.e., that
satisfy, for every initial point x0 in R

n, there exists a measurable u : [0,+∞) → K
such that the (Carathéodory) solution of

ẋ = f(x, u(t)), x(0) = x0,

is defined for all t ≥ 0 and tends to the origin as t tends to infinity; and that satisfy
a stability property (see Definition 2.5).

The general problem under consideration in this paper is the asymptotic stabi-
lization via state feedback. Let us recall that asymptotic stabilization means that the
following two properties hold:

• stability of the origin of the closed-loop system and
• convergence to the origin of all the solutions.

There exists a necessary condition [6, Theorem 1, (iii)] for the existence of a con-
tinuous control law which makes the origin globally asymptotically stable. But there
are asymptotically controllable systems which do not satisfy this necessary condition
and hence for which there does not exist a continuous stabilizing feedback [23, 6]
(consider, e.g., the so-called Brockett’s example).

Therefore we must consider discontinuous controllers to stabilize all asymptoti-
cally controllable systems. The first result concerning the use of such controllers is
[24], but the author assumes that the system is analytic and completely controllable.
The following property is proved in [8]:
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(P) Any asymptotically controllable systems can be asymptotically stabilized by
a discontinuous controller.

The notion of solutions used by the authors is the notion of π-solutions (i.e., solutions
with a feedback computed with an arbitrary small sampling schedule) [19]. In [1], the
authors prove the property (P) for all Carathéodory solutions by exhibiting a patchy
feedback.

The controllers in [8, 1] are robust with respect to actuator and external distur-
bances (i.e., all systems perturbed by small actuator and external disturbances are
asymptotically stable) but are not robust with respect to arbitrary small measure-
ment noise. One way to robustly stabilize the system (1) is to enlarge the class of
controllers as in [14], where the authors introduced the notion of a dynamic hybrid
controller, which is computed with an external model. This controller compares, at
suitable sampling times, the predicted state with the measured state. Due to the
measurement noise these can differ substantially; therefore, as remarked in [21], it
requires a resetting of the controller which may be difficult to construct. Moreover,
with this controller, the origin is a robustly globally asymptotically stable equilibrium
for π-solutions only. Here we prove also the existence of a hybrid controller (in the
sense that it has a continuous component and a discrete one) which renders the origin
a robustly globally asymptotically stable equilibrium for a larger class of solutions
and, moreover, our feedback does not need a resetting.

In [21, 7], the authors proved the existence, for all asymptotically controllable
systems, of a controller that is robust with respect to measurement noise and makes
the origin of system (1) be a semiglobal practical stable equilibrium (i.e., driving all
states in a given compact set of initial conditions into a specified neighborhood of
the origin). (The case of the state-constraint stabilization is studied separately in
[10].) It is proved in [22, section 5.4] that one can get a more general result: one
can prove the existence of a sampling feedback making the origin be a robust global
asymptotically stable equilibrium for all π-solutions with a sampling rate sufficiently
slow. We exhibit in this paper a robust global asymptotically stabilizing controller for
π-solutions with any fast enough sampling schedule, so for a larger class of solutions
than those considered in [22].

The main result of this paper is Theorem 2.7: if (1) is asymptotically controllable,
then there exists a hybrid feedback which makes the origin be a globally asymptot-
ically stable equilibrium and with robustness with respect to measurement noise,
actuator errors, and external disturbances. The class of solutions under consideration
in this result includes π-solutions, Euler solutions (i.e., the limit of π-solutions as the
sampling schedules tend to zero), and the generalized solutions (defined in [11, 12]).

To prove this result, we use some techniques of [1] to deduce from the asymptotic
controllability a family of nested patchy vector fields, and we introduce hysteresis
between an infinite number of controllers as it is done in [16] for two controllers.
This allows us to define a hybrid patchy feedback. This gives rise to a hybrid system
for which we rewrite the notion of solutions of [5] in the context of π-solutions (see
Definition 2.1).

Note that this method was used in [18], where the authors used the special ge-
ometry of the chained system in dimension n. (In dimension 3 it is equivalent to
the Brockett’s example by a change of coordinates.) They exhibit a simple hybrid
feedback (with only one discrete variable) making the origin of the chained system be
a globally exponentially stable equilibrium with a robustness with respect to noise.

The paper is organized as follows. In section 2 we introduce the class of solutions
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of a system in closed loop with a hybrid feedback and we state our main result. In
section 3 we define the class of hybrid patchy feedbacks and we give properties of
π-solutions of systems in closed loop with such a feedback in section 4. Finally we
prove our main result in section 5.

2. Definitions and statement of the main result. In this section we make
more precise the notions of controller and solutions under consideration.

Let A be a nonempty totally ordered index set. The controllers under considera-
tion in this paper admit the following description (see [25, 5]):

u = u(x, sd), sd = kd(x, s
−
d ),(2)

where sd evolves in the set {1, 2}A, u : R
n × {1, 2}A → K is continuous in x for each

fixed sd, kd : R
n × {1, 2}A → {1, 2}A is a function, and s−d is defined, at this stage

only formally, as

s−d (t) = lim
s<t, s→t

sd(s).(3)

For this to make sense, we equip {1, 2}A with the discrete topology, i.e., every set is
an open set. We say that the above controller is hybrid because it has a continuous
component and a discrete one. Moreover, there is a delay since to evaluate s−d (t) at
time t, we need to know the past values of sd(t). Note that time cannot be reversed.

In this paper we are interested in a notion of robustness with respect to small noise.
To this end, consider three functions satisfying our standing regularity assumptions,
i.e.,

• ξ and ζ in L∞
loc(R

n × R≥0; R
n) which are continuous in x in R

n for each t
in R≥0,

• ψ in L∞
loc(R

n × R≥0; R
m) which is continuous in x in R

n for each t in R≥0.
We introduce these functions as a measurement noise ξ, an actuator noise ψ, and an
external noise ζ of (1) and study the following perturbed system:{

ẋ(t) = f(x(t), u(x(t) + ξ(x, t), sd(t)) + ψ(x, t)) + ζ(x, t),
sd(t) = kd(x(t) + ξ(x, t), s−d (t)).

(4)

As noted in [14, Remark 1.4], with the presence of ζ and the continuity of f in u,
we can omit any explicit reference to actuator errors. So in the following we suppose
that, for all x in R

n and for all t ≥ 0, we have

ψ(x, t) = 0.

We have to clarify what we mean by a solution of the corresponding differential
equation. The notion of solution is given in detail in [5] but, here, we want to study the
implementation of the controller (2). Therefore we consider π-solutions that have a
meaningful physical interpretation: it is an accurate model of the process in computer
control. These π-solutions are studied in [8, 21, 15, 22, 13] in the case of an ordinary
differential equation. Let π be a sampling schedule of R, i.e., a sequence (tn)n∈Z such
that, for all n in Z, we have tn < tn+1 and limn→+∞ tn = limn→−∞ −tn = +∞. Note
that the upper and lower diameters of the sampling schedule are defined by (see [21])

d(π) = sup
i∈Z

(ti+1 − ti), d(π) = inf
i∈Z

(ti+1 − ti).

We rewrite the notion of solution given in [5] in the context of π-solutions.
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Definition 2.1. Let π be a sampling schedule of R, t0 in π, T > t0, and
(x0, s0) ∈ R

n × {1, 2}A. We say that (X,Sd) : [t0, T ) → R
n × {1, 2}A is a π-solution

of (4) on [t0, T ) with initial condition (x0, s0) if
1. The map X is absolutely continuous on [t0, T ).
2. We have, for all t in [t0,min(t1, T )),

Sd(t) = Sd(t0),(5)

for all i in N>0 and for all t in [min(ti, T ),min(ti+1, T )),

Sd(t) = kd(X(ti) + ξ(X(ti), ti), Sd(ti−1)).(6)

3. We have, for all i in N and for almost all t in [min(ti, T ),min(ti+1, T )),

Ẋ(t) = f (X(t), u(X(ti) + ξ(X(ti), ti), Sd(ti))) + ζ(X(t), t).

4. We have

X(t0) = x0, Sd(t0) = kd(x0 + ξ(x0, t0), s0).(7)

As usual we define Euler solutions as the limits of π-solutions as the sampling
schedules tend to zero. More precisely, we have the following definition.

Definition 2.2. Given t0 in R, T > t0 and x0 ∈ R
n, we say that X : [t0, T ) →

R
n is an Euler solution starting from x0 of (4) on [t0, T ) if, for each compact subinter-

val J of [t0, T ), there exists a sequence πn of sampling schedules of R and a sequence
(Xn, Sn

d ) of πn-solutions of (4) defined on J such that

lim
n→∞

(
sup
J

|Xn −X| + d(πn)

)
= 0

and such that we have

X(t0) = x0.(8)

Actually we are interested in a notion of solutions which is robust with respect
to disturbances. For this reason we introduce a notion of generalized solutions (see
[11, 12, 17]).

Definition 2.3. Let t0 in R, T > t0 and x0 in R
n. We say that X : [t0, T ) →

R
n is a generalized solution starting from x0 of (4) if we have (8) and if, for each

J compact subinterval of [t0, T ), there exist two sequences (en)n∈N and (dn)n∈N of
measurable functions [t0,+∞) → R

n and a sequence (Xn, Sn
d )n∈N of π-solutions of{

ẋ(t) = f(x(t), u(x(t) + ξ(x(t), t), sd(t)) + ζ(x, t) + dn(t),
sd(t) = kd(x(t) + ξ(x, t) + en(t), s−d (t))

(9)

such that we have

lim
n→+∞

(
sup
J

|Xn −X| + sup
J

|en| + esssup
J

|dn|
)

= 0.(10)

By invoking Zorn’s lemma exactly as in the proof of [20, Proposition 1], one can
prove that every π-solution can be extended to a maximal solution. More precisely, we
define the maximal extension taking account of all sufficiently fast sampling schedules
π of [0,+∞).
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Definition 2.4. Let t0 in R, T > t0, (x0, s0) in R
n×{1, 2}A and d0 > 0. We say

that (X,Sd) : [t0, T ) → R
n × {1, 2}A is a d0-maximal solution starting from (x0, s0)

of (4) on [t0, T ), if the following properties hold:

• For all T ′ < T , there exists a sampling schedule π of [0,+∞) such that

d(π) ≤ d0(11)

and such that (X,Sd) is a π-solution starting from x0 of (4) on [t0, T
′).

• For all T ′ > T and for all sampling schedules π of [0,+∞) such that (11),
there does not exist any π-solution (X ′, S′

d) starting from (x0, s0) and defined on
[t0, T

′) such that the restriction of (X ′, S′
d) to [t0, T ) is (X,Sd).

We say that X : [t0, T ) → R
n is a maximal Euler solution starting from x0 of (4)

on [t0, T ) if the following properties hold:

• For all T ′ < T , X is an Euler solution starting from x0 of (4) on [t0, T
′).

• For all T ′ > T , there does not exist any Euler solution X ′ starting from x0

of (4) on [t0, T
′) such that the restriction of X ′ to [t0, T ) is X.

We say that X : [t0, T ) → R
n is a d0-maximal generalized solution starting from

x0 of (4) on [t0, T ) if the following properties hold:

• For all T ′ < T , X is a generalized solution obtained as limit of π-solutions
whose sampling schedule satisfies (11) starting from x0 of (4) on [t0, T

′).
• For all T ′ > T , there does not exist any generalized solution X ′ obtained as

limit of π-solutions whose sampling schedule satisfies (11) starting from x0 of (4) on
[t0, T

′) and such that the restriction of X ′ to [t0, T ) is X.

Let us recall that a function of class K∞ is a function δ : [0,+∞) → [0,+∞)
which is continuous, strictly increasing, satisfying δ(0) = 0 and limε→+∞ δ(ε) = +∞.
In the following we denote the closed ball centered at x ∈ R

n with radius r > 0
by B(x, r). In our context our definition of robust global asymptotic stability is as
follows (see [3]).

Definition 2.5. The origin is said to be a robustly globally asymptotically
stable equilibrium of the system (4) if the following properties hold:

1. Existence of solutions: For all C > 0, there exists χ0 = χ0(C) > 0 such that
for all ξ, ζ satisfying our regularity assumptions and such that

sup
x∈Rn, t≥0

|ξ(x, t)| ≤ χ0, esssup
x∈Rn, t≥0

|ζ(x, t)| ≤ χ0,(12)

for all (x0, s0) in B(0, C)×{1, 2}A, and for all sampling schedules π of R, there exists a
π-solution of (4) (resp., an Euler solution, resp., a generalized solution) starting from
(x0, s0) (resp., starting from x0) at t0 = 0.

2. Completeness: Moreover, there exists d0 = d0(C) such that all the d0-
maximal solutions (resp., maximal Euler solutions, resp., d0-maximal generalized so-
lutions) of (4) are defined on [0,+∞).

3. Global stability: There exists δ of class K∞ such that, for all ε > 0, there
exist χ0 = χ0(ε) > 0 and d0 = d0(ε) > 0 such that, for all ξ, ζ satisfying our regularity
assumptions and (12), for all (x0, s0) in B(0, δ(ε))×{1, 2}A, and for every d0-maximal
solution (X,Sd) of (4) (resp., maximal Euler solution X, resp., d0-maximal general-
ized solution) starting from (x0, s0) (resp., starting from x0) at t0 = 0, one has

X(t) ∈ B(0, ε) ∀t ≥ 0.(13)
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4. Global attractivity: For all ε > 0 and for all C > 0, there exist T > 0, χ0 >
0, and d0 > 0 such that, for all ξ, ζ satisfying our regularity assumptions and (12),
for each (x0, s0) in B(0, C) × {1, 2}A, and for d0-every maximal solution (X,Sd) of
(4) (resp., maximal Euler solution X, resp., d0-maximal generalized solution) starting
from (x0, s0) (resp., starting from x0) at t0 = 0, one has

X(t) ∈ B(0, ε) ∀t ≥ T.(14)

We recall the definition of global asymptotic controllability of the system (1).
Definition 2.6. The system (1) is said to be globally asymptotically controllable

to the origin if the following properties hold:
1. For each x0 in R

n, there exists an admissible control u0 (i.e., a measurable
function [0,+∞) → K) such that the maximal Carathéodory solution X starting from
x0 of

ẋ = f(x, u0)(15)

is defined for all t ≥ 0 and satisfies X(t) → 0 as t → +∞.
2. For each ε > 0 there exists C > 0 such that for each x0 in B(0, C), there is

an admissible control u0 as in 1 such that

X(t) ∈ B(0, ε) ∀t ≥ 0.

Our main result is as follows.
Theorem 2.7. Let (1) be a globally asymptotically controllable system to the

origin. Then there exists a feedback control, u : R
n×{1, 2}N → K, kd : R

n×{1, 2}N →
{1, 2}N such that the origin is a robustly globally asymptotically stable equilibrium for
the system (4).

Remark 2.8.

1. Note that in Theorem 2.7 we have the robust global asymptotic stability for π-
solutions for any fast enough sampling rate since the only constraint on the sampling
schedule is (11).

In [21, 7], only for the π-solutions with a sampling rate sufficiently slow are
considered since, in these papers, it is assumed moreover that the lower diameters of
the sampling schedules have a strictly positive lower bound.

See in particular the assumption in [21, Theorem 1],

|ξ(t)| ≤ d(π) ∀t ≥ 0.(16)

Thus the class of solutions under consideration in Theorem 2.7 is larger than those
considered in [21, 7].

Let us compare (12) and the inequality (16). Given a sampling schedule whose
lower diameter is close to zero, this restriction forces the measurement noise to be close
to zero. In our context the measurement noise and the lower diameter are completely
independent.

Note that the controller given by [21] is not robust with respect to noise which does
not satisfy (16) (consider the example of Artstein’s circles). See also the discussion
given in [22, section 4].

2. Note that Theorem 2.7 is false if in (12) the supremum sup is relaxed by esssup.
See [17, Theorem 4.2], where it is proved, in an analogous situation, that there exists
a noise ξ such that esssup |ξ| = 0, sup |ξ| �= 0 and such that the origin of the perturbed
closed-loop system is not an attractive equilibrium.
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To prove Theorem 2.7 we need to introduce a class of hybrid patchy feedbacks
(see section 3) whose continuous component is derived from a family of nested patchy
vector fields (a slight generalization of patchy vector fields defined in [1]) and whose
discrete component allows us to unite vector fields, as done in [17] for two vector fields,
with robustness with respect to noise. Then we give basic properties of π-solutions of
system (1) with a hybrid patchy feedback in section 4 and we prove Theorem 2.7 in
section 5.

3. Definition of the hybrid patchy feedbacks. Let Ω be a nonempty open
connected subset of R

n. The closure, the interior, and the boundary of Ω are written
as clos(Ω), int(Ω), and ∂Ω, respectively. We define the set F = {1, . . . , 7}. Let A be
a nonempty totally ordered index set. Given a set-valued map F : R

n → 2R
n

, we can
define the solutions X of the differential inclusion

ẋ ∈ F (x)

as all absolutely continuous functions satisfying Ẋ(t) ∈ F (X(t)) almost everywhere.
We follow the ideas of [1, Definition 2.1], but we extend the definition to allow nested
sets (as in [16]).

Definition 3.1. We say that (Ω, ((Ωα,l)l∈F , gα)α∈A) is a family of nested patchy
vector fields if

1. for all (α, l) ∈ A× F ; Ωα,l is an open bounded subset of R
n,

2. for all α ∈ A and for all m > l ∈ F

Ωα,l � clos(Ωα,l) � Ωα,m;(17)

3. for all α in A, gα is a smooth vector field defined in a neighborhood of
clos(Ωα,7) taking values in R

n;
4. for all compact subsets C of R

n, there exist r = r(C) > 0 and T = T (C) > 0
such that for all (α, l) ∈ A× F satisfying Ωα,l ⊂ C, all solutions X of

ẋ ∈ gα(x) + B(0, r)(18)

starting in ∂Ωα,l \
⋃

β>α Ωβ,1 are such that

X(t) ∈ clos(Ωα,l) ∀t ∈ [0, T ].

5. The sets (Ωα,1)α∈A form a locally finite covering of Ω.
Remark 3.2. Some observations are in order.
• Roughly speaking, property 4 states that a part of clos(Ωα,l) is positively

invariant in [0, T ] relative to the system (18). Note that we can characterize this
property in terms of proximal normal by [9, Theorem 4.3.8] and we can redefine the
notion of the patchy vector fields by using this concept of nonsmooth analysis as done
in [4].

• On the one hand, given any compact set C, the positive real number r(C)
allows us to get robustness with respect to external disturbances. On the other hand,
the gap between the different patches given by (17) allow us to get robustness with
respect to measurement noise. See Definition 3.7 for a precise statement of admissible
radius of measurement noise and external disturbances.

• Let us explain shortly why, to state our main result, we need to consider
a family of seven nested patchy vector fields. Patches 2 and 6 define the dynamics
of the discrete component of our hybrid controller (see Definition 3.4). Due to the



ROBUST ASYMPTOTIC STABILIZABILITY 1895

measurement noise, the switches (this notion will be precisely introduced in Definition
4.1) of the discrete variable can be located only in a neighborhood of Ω2 and Ω6 which
are described by patches 1-3 and 5-7 (see Lemma 4.2). Patch 4 is only needed to
describe π-solutions after the first switch (see Lemma 4.11). These seven patches are
enough to state our main result and we show, for Artstein’s circles, that we need to
use so many patches (see Example 4.10).

Example 3.3. Let us give an example of such a family of nested patchy vector
fields.

We can construct a family of nested patchy vector fields for Artstein’s circles.
This system is one of the simplest which is not stabilizable by a continuous feedback
and which admits a (nonrobust) discontinuous stabilizing feedback. This system is
studied in several papers (see, e.g., [2, 21, 22, 16]) and is defined by(

ẋ1

ẋ2

)
=

(
−x2

1 + x2
2

−2x1x2

)
.(19)

The integral curves of (19) are
• the origin,
• the circles centered on the x2-axis and tangent to the x1-axis,
• the x1-axis.

Let us define the three smooth vector fields ga, gb, and gc : R
2 → R

2 by

ga(x1, x2) = (−x2
1 + x2

2,−2x1x2)
′,

gb(x1, x2) = −ga(x1, x2),

gc(x1, x2) = (0, 0).

Let θ be in R the polar angle of a point (x1, x2) �= (0, 0). For all l in F , let us define
the open bounded sets Ωa,l, Ωb,l, and Ωc,l ⊂ R

2 by

Ωa,l =

{
x ∈ R

2,−3π

4
− lπ

30
< θ <

3π

4
l +

lπ

30

}
∩
{
|x| > 1 − l

14

}
∩
{(

x1 < 0 and x2
1 +

(
x2 − 10 − l

14

)2

<

(
10 +

l

14

)2
)

or

(
x1 ≥ 0 and x2

1 + x2
2 <

(
20 +

l

7

)2
)}

,

Ωb,l = symx2
(Ωa,l),

Ωc,l =

{
x ∈ R

2, |x| < 1 +
l

7

}
,

where symx2
is the symmetry with respect to the x2-axis. Let A = {a, b, c} be lexico-

graphically ordered (a < b < c) and Ω = int(B(0, 10)). It is easy to prove that(
Ω, ((Ωα,l)l∈F , gα)α∈A

)
(20)

is a family of nested patchy vector fields. This is depicted in Figure 3.1. To make the
figure clearer, only two open sets and some values of the vector field ga are shown.

With such a family of nested patchy vector fields, we can define a class of hybrid
controllers as those considered in section 2. To do this, we denote for all sd ∈ {1, 2}A
the αth element of sd by sd,α.
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Ωa,6

ga

ga

ga

ga

Ωa,2

x2

x1

Fig. 3.1. Artstein’s circles as a family of nested patchy vector fields.

Definition 3.4. Let (Ω, ((Ωα,l)l∈F , gα)α∈A) be a family of nested patchy vector
fields. Assume that for each α in A, we can find a point kα in K such that for each
x in Ωα,7, we have

gα(x) = f(x, kα).(21)

Let k0 be an arbitrary point in K. Let (u, kd) be the map defined by

u : {1, 2}A → K,
sd 
→ k0 if {β ∈ A, sd,β = 1} is empty or infinite,

kα if α = max{β ∈ A, sd,β = 1},
(22)

and

kd : R
n × {1, 2}A → {1, 2}A,

(x, sd) 
→ td,
(23)

where td is the sequence defined, for all α in A, by

td,α = 1 if x ∈ clos(Ωα,2),
td,α = sd,α if x ∈ Ωα,6 \ clos(Ωα,2),

td,α = 2 if x �∈ Ωα,6.
(24)

We say that (u, kd) is a hybrid patchy feedback on Ω.

Remark 3.5. This hybrid controller takes advantage of the existence of regions
where different controllers kα exist and, roughly speaking, allows the hybrid variable
to choose between the different controllers. This is the main idea of the hysteresis as
done in [17] to unite two controllers. Moreover, for any sd in {1, 2}A, the function
kd(., sd) is continuous except on the boundary of the sets defining the hysteresis. This
remark is very helpful in particular to establish Lemma 4.2.
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kd,a(x, sd) = sd,a

kd,a(x, sd) = 2

kd,a(x, sd) = 1

Ωa,2 Ωa,6

×

kb

kc

ka ×

u

(1, 2, 2) (2, 1, 2)

× ×

(1, 1, 2) (2, 2, 1)

x2

x1

Fig. 3.2. A hybrid patchy feedback. On the left is the kd,a-component and on the right is the
u-component.

Example 3.6. Let us use the family of nested patchy vector fields (20) to define
a hybrid patchy feedback for Artstein’s circles.

Let us define the controlled Artstein’s circles by(
ẋ1

ẋ2

)
=

(
u(−x2

1 + x2
2)

−2ux1x2

)
= f((x1, x2), u)(25)

with u in R. We remark that by denoting ka = 1, kb = −1, and kc = 0, we have
(21) and thus we can define a hybrid patchy feedback, depicted in Figure 3.2. The kd,a
component is on the left and the u-component (for some values) is on the right.

Given a family of nested patchy vector fields (Ω, ((Ωα,l)l∈F , gα)α∈A) it is easy to
check from Definition 3.1 that for all x in R

n, the set Cx ⊂ R
n defined by

Cx = clos

⎛⎝ ⋃
α∈A, x∈Ωα,7

Ωα,7

⎞⎠(26)

is a compact set. To investigate the robustness with respect to noise with a family
of nested patchy vector fields we generalize [1, Definition 2.3] to a family of nested
patchy vector fields and we introduce the next definition.

Definition 3.7. Let χ : R
n → R be a continuous map such that for all x �= 0,

χ(x) > 0.
• We say that χ is an admissible radius for the measurement noise if for all x

in R
n and for all α in A such that x in Ωα,7, we have

χ(x) <
1

2
min

l∈{1,...,6}
d(Rn \ Ωα,l+1,Ωα,l).(27)

• We say that χ is an admissible radius for the external disturbances if for all
x in R

n, we have χ(x) ≤ r(Cx), where Cx is defined by (26) and the corresponding
r > 0 is guaranteed by 4 in Definition 3.1.

There exists an admissible radius for the measurement noises and for the external
disturbances. (Note that with (17), the right-hand side of inequality (27) is strictly
positive.)
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In Definition 3.4, u does not depend on x. Therefore only the function kd de-
pend on the measurement noise. Thus the notions of the admissible radius for the
measurement noise and for the external disturbances are completely independent.

We need to consider sufficiently fast π-solutions. To define sufficiently fast π-
solutions, let us introduce the following definition.

Definition 3.8. Let p : R
n → R>0 be a function continuous on R

n\{0}. We say
that the sampling schedule π of a π-solution (X,Sd) defined on [t0, T ) is subordinate
to p if for all i ∈ N and for all t ∈ [min(ti, T ),min(ti+1, T )), we have

ti+1 − ti ≤ p(X(ti) + ξ(X(ti), ti)).(28)

Now we study the properties of π-solutions.

4. Properties of π-solutions. In this section we study the properties of π-
solutions of a system in closed loop with a hybrid patchy feedback. Let Ω be a
nonempty open connected subset of R

n and let

(Ω, ((Ωα,l)l∈F , gα)α∈A)

be a family of nested patchy vector fields such that (21) holds. Let (u, kd) be the
hybrid patchy feedback on Ω defined by (22)–(24). Let χ : R

n → R be an admissible
radius for the measurement noise and the external disturbances. Consider ξ and ζ
satisfying our standing regularity assumptions and such that

∀x ∈ R
n, sup

t≥0
|ξ(x, t)| ≤ χ(x), esssup

t≥0
|ζ(x, t)| ≤ χ(x).(29)

The perturbed system under consideration is{
ẋ= f(x, u(sd)) + ζ,
sd = kd(x + ξ, s−d ).

(30)

Let p : R
n → R be a function continuous on R

n \ {0} and such that for all (ξ, ζ)
with our regularity assumptions and (29), the following inequalities hold:1

A1. For all x in R
n, p(x) > 0.

A2. For all x in R
n,

p(x + ξ(x, 0)) <
1

4
min

l∈{1,...,6}
min

α∈A, x+ξ(x,0)∈Ωα,7

d(Rn \ Ωα,l+1,Ωα,l)

supy∈Ωα,7, u∈K |f(y, u)| .

A3. For all x in R
n, we have p(x + ξ(x, 0)) < T (Cx), where T is defined by 4 in

Definition 3.1 and Cx is defined by (26).
The existence of such a function p results from the fact that for all l in {1, . . . , 7},

(Ωα,l)α∈A is locally finite and results from (17).
Definition 4.1. A map Sd,α : [t0, T ) → {1, 2} is said to have a switch at time t

if Sd,α is not continuous at t.
Given a sampling schedule π of R and a π-solution (X,Sd) of (30) and t in [t0, T ),

we denote the αth element of Sd(t) by Sd,α(t). We start by locating the points where
there exists α in A such that Sd,α may have a switch. Note that switches can occur
only at sampling times, i.e., if there is a switch at time t, then there exists i ∈ N>0

such that t = ti, Sd,α(ti) �= Sd,α(ti−1).

1If sup |f(y, u)| = 0, then assumption A2 forces no condition on p.
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Lemma 4.2. Let (X,Sd) be a π-solution of (30) whose sampling schedule is
subordinate to p and such that Sd,α has a switch at time ti ∈ (t0, T ).

• If the switch is such that Sd,α(ti−1) = 1 and Sd,α(ti) = 2, then, for all t in
[ti,min(ti+1, T )), X(t) is in clos(Ωα,7) \ Ωα,5.

• If the switch is such that Sd,α(ti−1) = 2 and Sd,α(ti) = 1, then, for all t in
[ti,min(ti+1, T )), X(t) is in clos(Ωα,3) \ Ωα,1.

Proof. Let α in A and i ∈ N>0 such that Sd,α(ti−1) = 1 and Sd,α(ti) = 2.
Then due to (6) and (23)–(24), X(ti−1) + ξ(X(ti−1), ti−1) is in Ωα,6. Thus with (27),
assumption A2, and (29), it follows directly that, for all t in [ti−1,min(ti+1, T )), X(t)
is in clos(Ωα,7). Similarly we prove that, for all t in [ti,min(ti+2, T )), X(t) �∈ Ωα,5.
Thus we obtain that, for all t in [ti, ti+1), X(t) is in clos(Ωα,7) \ Ωα,5.

The case Sd(ti−1) = 2 and Sd(ti) = 1 is established in the same way.
Let us claim a result of existence.
Lemma 4.3. For all (x0, s0) in R

n × {1, 2}A and for all sampling schedules π of
R, there exists a π-solution of (30) starting from (x0, s0).

Proof. Let (x0, s0) be in R
n×{1, 2}A. Let s1 = kd(x0+ξ(x0, t0), s0) and α be in A

such that kα = u(s1). From our regularity assumptions on f and ζ, the Carathéodory
conditions are satisfied for the system

Ẋ = f(X, kα) + ζ, X(t0) = x0.(31)

Let t0 ≤ T ≤ t1 and X defined on [t0, T ) be a Carathéodory solution of (31). Let
Sd be defined, for all t in [t0, T ), by Sd(t) = s1 for all t in [t0, T ). Thus (X,Sd) is a
π-solution of (30) starting from (x0, s0).

We note that, as usual, maximal solutions of (30) must blow up if their domains
of definition are bounded.

Lemma 4.4. Let d0 > 0, ξ, and ζ satisfy our regularity assumptions and (29).
Let T > t0 and (X,Sd) be a d0-maximal solution of (30) defined on [t0, T ). Suppose
that T < +∞; then

lim sup
t→T

(
|X(t)| + 1

d(X(t), ∂Ω)

)
= +∞.

Proof. Consider d0 > 0, ξ, ζ satisfying our regularity assumptions and (29), T > t0
and (X,Sd) a d0-maximal solution defined on [t0, T ). Suppose that the conclusion of
Lemma 4.4 does not hold; i.e., there exists a compact subset C of Ω and times tn in
[t0, T ) tending monotonically to T such that (X(tn), Sd(tn)) is in C × {1, 2}A for all
n. We first establish the following.

Claim 4.5. For some n sufficiently large, for all t ∈ [tn, T ), X(t) is in the bounded
open set C + int(B(0, 1)).

Proof of Claim 4.5. If the conclusion of Claim 4.5 is not true, the continuity of
X implies the existence of sn ∈ (tn, T ) such that

|X(tn) −X(sn)| = 1 and |X(tn) −X(t)| < 1 ∀t ∈ [tn, sn).

It follows that X(t) is in the compact set C + B(0, 1) for all t in [tn, sn]. Let

ρ = max
x∈C+B(0,1)

|χ(x)|, σ = sup
ζ∈B(0,ρ), x∈C+B(0,1), u∈K

|f(x, u) + ζ|.

Then we have, for all t, s in [tn, sn], |X(t) − X(s)| ≤ σ|t − s|. Therefore, for n
sufficiently large,

1 = |X(tn) −X(sn)| ≤ σ|sn − tn| ≤ σ|T − tn|.
This cannot hold for n large enough and proves Claim 4.5.



1900 CHRISTOPHE PRIEUR

Claim 4.5 implies that there exists σ in R≥0 such that, for all (s, t) in [tn, T ), we
have

|X(s) −X(t)| ≤ σ|s− t|.

By invoking the Cauchy criterion, it follows that X(t) has a limit x0 when t tends to
T . Note moreover that by Definition 2.1, there exists i ∈ N such that T is in (ti, ti+1]
and thus, for all α in A, limt→T, t<T Sd,α(t) exists. We denote s0 = S−

d (T ). Due to

Lemma 4.3, there exists a π-solution (X̃, S̃d) starting from (x0, s0) and defined on

[t0, T̃ ) with T̃ > t0. Note that (X ′, S′
d) defined by

∀t ∈ [t0, T ), X ′(t) = X(t), S′
d(t) = Sd(t),

∀t ∈ (T, T + T̃ ), X ′(t) = X̃(t− T ), S′
d(t) = S̃d(t− T ),

is a π̃-solution of (30) defined on [t0, T + T̃ ) for the sampling schedule π̃ = π ∪ {T}
whose restriction to [t0, T ) is (X,Sd). Moreover π̃ satisfies (11). So we have obtained
a contradiction with the fact that (X,Sd) is a d0-maximal solution.

Now we can study the behavior of π-solutions between two switches. For all α in
A, let

τα = sup
{
T,X is a Carathéodory solution of ẋ = f(x, kα) + B(0, χ(x))
with X(t) ∈ Ωα,7 ∀t ∈ [0, T )

}
.

(32)

Note that there may exist α in A such that (s.t.) τα = +∞. Let M be the subset of
Ω × {1, 2}A defined by

M =

⎧⎨⎩(x, sd), s.t.

⎧⎨⎩
{β ∈ A, sd,β = 1} is empty or infinite

or
x ∈ Ωα,5, where α = max{β, sd,β = 1}

⎫⎬⎭
⎫⎬⎭ .(33)

Note that we have the property

∀x0 ∈ Ω, ∃s0 ∈ {1, 2}A, (x0, s0) ∈ M.(34)

Example 4.6. Let us particularize the set M for Artstein’s circles. We have

M = Ωa,5 × {(1, 2, 2)} ∪ Ωb,5 × {(sd, 1, 2), sd ∈ {1, 2}}
∪ Ωc,5 × {(sd, s′d, 1), sd, s

′
d ∈ {1, 2}} ∪ Ω × {(2, 2, 2)}.

In the following we denote m = {0, . . . ,m} if m ∈ N and m = N if m = +∞.
Lemma 4.7. Let 0 < T ≤ ∞ and (X,Sd) be a π-solution of (30) whose sampling

schedule is subordinate to p, defined on [0, T ) and starting in M . Then, there exist
m ∈ N∪{+∞}, an increasing sequence of time instants (Tj)j∈m in [0, T ), a sequence
(αj)j∈m in A, and a sequence (kj)j∈m in K such that if we let T0 = 0 and Tm+1 = T
(if m < +∞), we have for all j ∈ m the following:

1. For all t in (Tj , Tj+1), u(Sd(t)) = kαj .
2. The map X is a Carathéodory solution of ẋ = f(x, kαj ) + ζ on (Tj , Tj+1).
3. For all t in [T0, T1), X(t) is in Ωα0,5.
4. For all t in [Tj , Tj+1), X(t) is in clos(Ωαj ,3), if j ≥ 1.
5. The sequence (αj)j∈m is strictly increasing.
6. The inequality Tj+1 − Tj < ταj

holds.



ROBUST ASYMPTOTIC STABILIZABILITY 1901

Proof. Note first that the switches may occur only at a sampling time. Thus we
can define m ∈ N∪{+∞} and a sequence of sampling times (Tj)j∈m in [0, T ) at which
switches occur. Between two switches, Sd is constant and thus there exist a sequence
αj in A and a sequence of admissible controls such that the statements 1 and 2 hold.
We denote again by (Tj)j∈m the subsequence of (Tj)j∈m such that we have, for all
j ∈ m,

αj �= αj+1.(35)

Let us prove statement 3 and α0 < α1.

Due to Definition 3.1, there exists a finite number of α in A such that X(T0) is
in Ωα,1; then due to (23), (27), and (29), there exists α in A such that Sd,α(T0) = 1,
and thus by (22), we have α0 = max{α, Sd,α(T0) = 1}.

This implies with (33) that X(T0) is in Ωα0,5. Similarly, we can prove that, for all
β in A such that α < β, we have X(T0) is not in Ωβ,1. Thus (29), the fact that χ is
an admissible radius for the external noise, (28), and assumption A3 on the function
p yield, for all t in [T0, T1), X(t) is in Ωα0,5. Therefore with Lemma 4.2, we deduce
that Sd,α0

cannot switch at time T1 and, for all t in [T1, T2), Sd,α0
(t) = 1.

Moreover, due to (22), for all t in (T1, T2), we have Sd,α1(t) = 1. So, due to (22)
and (35), α0 < α1.

Let us prove the followingClaim4.8, which implies statements 4 and 5 of Lemma4.7.

Claim 4.8. For all j > 0, j ∈ m, and for all t in [Tj , Tj+1), X(t) is in clos(Ωαj ,3)
and αj < αj+1.

Proof of Claim 4.8. Let us prove Claim 4.8 by induction.

The inequality α0 < α1 implies with (22) that Sd,α1
(T0) = 2. Thus with Lemma

4.2, (28), and assumption A3 we have, for all t in [T1, T2), X(t) is in clos(Ωα1,3)\Ωα1,1.
Thus with Lemma 4.2, Sd,α1 cannot switch at time T2 and we have, for all t in [T2, T3),
Sd,α1(t) = 1. Moreover due to (22), for all t in (T2, T3), we have Sd,α2(t) = 1. So, due
to (22) and (35), α1 < α2.

One can inductively deduce statements 4 and 5 for j ≥ 2 similarly.

To complete the proof of Lemma 4.7, note that statement 6 is a consequence of
(32) and statements 2, 3, and 4

Remark 4.9. Some observations are in order.

• Lemma 4.7 states that for all π-solutions starting in M , the sequence α is
strictly increasing and there exists a bound on the time between two switches. This
result is analogous to [1, Proposition 3.1]. However, for all π-solutions that do not
start in M , the sequence can be nonincreasing. See Example 4.10. Thus we need to
add an initial switch to make all solutions enter in M . This is the result stated in
Lemma 4.11.

• M is forward invariant for the system (30) for all ξ and ζ satisfying our
regularity assumptions and (29).

Example 4.10. Figure 4.1 shows two different π-solutions of the hybrid patchy
vector field of Artstein’s circles by taking account of Lemmas 4.2 and 4.7. On the left,
the x-component of π-solutions is depicted, and, on the right, we have the evolution
of the controllers.

• The π-solution (X,Sd), a solid line, starts in M (with x0 ∈ Ωa,5 and s0 =
(1, 2, 2)) at T0 = 0 and has one switch at time T1 (with X(T1) + ξ(X(T1), T1) ∈ Ωc,2

and Sd(T1) = (1, 2, 1)). With the notations of Lemma 4.7, we have (α1, α2) = (a, c)
(see Figure 3.2), which is strictly increasing.
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Ωa,2

X(T0)

X(T1)

Ωa,6

X ′(T1)

X ′(T0)

t

T0 T1

ka

kc

kb

ux2

x1

Fig. 4.1. Two π-solutions with a hybrid patchy feedback. On the left is the x component and
on the right is the evolution of the control.

• The other π-solution (X ′, S′
d), a dashed line, starts in the complement of M

(x0 ∈ Ωb,7 \ Ωb,6 and s0 = (1, 1, 2)) at T0 = 0. There exists a measurement noise
ξ satisfying (29), vanishing for t �= T0, and such that x0 + ξ(x0, T0) ∈ Ωb,6. Thus
S′
d(T0) = (1, 1, 2). Therefore, with the notations of Lemma 4.7, we have α1 = b. There

exists a time T1 > T0 such that X ′(T1) ∈ Ωb,7 \Ωb,6. Therefore S′
d(T1) = (1, 2, 2) and

α2 = a. Thus α1 > α2 and the sequence is not strictly increasing.

This example proves that the conclusions of Lemma 4.7 do not hold for π-solutions
which do not start in M (see statement 5 in Lemma 4.7).

Due to property (34), we can add a switch to make all π-solutions enter in M .
More precisely, let (Ω, ((Ωα,l)l∈F , gα)α∈A) be a family of nested patchy vector fields.
Assume that we have (21). Then we can define a map u : {1, 2}A → K by (22) and

k̃d : R
n × {1, 2}A → {1, 2}A by

k̃d(x, sd) = kd(x, sd) if

⎧⎨⎩
{β ∈ A, sd,β = 1} is empty or infinite

or
x ∈ Ωα,4, where α = max{β, kd,β(x, sd) = 1}

else
= s0, where s0 is such that x ∈ Ωα,2, and α = max{β, s0,β = 1}.

(36)

Consider now the system

{
ẋ(t) = f(x(t), u(sd(t))) + ζ(x, t),

sd(t) = k̃d(x(t) + ξ(x, t), s−d (t)).
(37)

We rewrite Lemma 4.7 for all initial conditions.

Lemma 4.11. Let 0 < T ≤ ∞ and let (X,Sd) be a π-solution of (37) whose
sampling schedule is subordinate to p, defined on [0, T ) and starting in R

n × {1, 2}A.
Then, there exist m ∈ N ∪ {+∞}, an increasing sequence of time-instants (Tj)j∈m

in [0, T ), a sequence (αj)j∈m in A, and a sequence (kj)j∈m in K such that if we let
T0 = 0 and Tm+1 = T (if m < +∞), we have, for all j in m, the following:
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1. For all t in (Tj , Tj+1), u(Sd(t)) = kαj
.

2. The map X is a Carathéodory solution of ẋ = f(x, kαj ) + ζ on (Tj , Tj+1).
3. For all t in [T0, T1), X(t) is in Ωα0,4.
4. For all t in [Tj , Tj+1), X(t) is in clos(Ωαj ,3) if j ≥ 1.
5. The sequence α1, . . . , am+1 is strictly increasing.
6. The inequality Tj+1 − Tj < ταj

holds.
Proof. The proof of statements 1 and 2 of Lemma 4.11 is analogous of the proof

of statements 1 and 2 of Lemma 4.7.
Due to (36), X(T0) + ξ(X(T0), T0) is in Ωα0,4. Then due to (27) and (29), we

have X(T0) is in Ωα0,5. Similarly, we can prove that, for all β in A such that α < β,
we have X(T0) is not in Ωβ,1. Therefore with (29), the fact that χ is an admissible
radius for the external noise, (28), and assumption A3 on the function p, we have
statement 3.

This implies that X(T1) is in Ωα0,4 and therefore (X(T1), Sd(T1)) is in M and we
deduce statements 4 to 6 of Lemma 4.11 from statements 4 to 6 of Lemma 4.7.

Remark 4.12. Note that if there exists a switch (i.e., if m > 0 in Lemma 4.11),

then, after the first switch, we have k̃d(X(t) + ξ(X(t), t)) = kd(X(t) + ξ(X(t), t)).
And thus after the first switch (if it exists), every π-solution of (37) is a π-solution of
(30) and in particular we have the conclusion of Lemma 4.4.

5. Use of the asymptotic controllability. Now we use properties of a dif-
ferential system in closed loop with a hybrid patchy feedback. The purpose of this
section is to prove Theorem 2.7. Let us prove a generalization of [1, Proposition 4.1]
which yields a feedback that is robust with respect to measurement noise.

Proposition 5.1. Let (1) be globally asymptotically controllable to the origin.
Then for every 0 < r < s, there exist T,R, χ, d > 0, an open subset of R

n, Dr,s, and a
feedback control, u = ur,s : {1, 2}N → K, kd = kr,sd : R

n × {1, 2}N → {1, 2}N satisfying

B(0, s) \ int(B(0, r)) ⊂ Dr,s ⊂ B(0, R)(38)

such that for any measurable maps ζ, ξ : [0,+∞) → R
n satisfying

sup
t≥0

|ξ(t)| ≤ χ, esssup
t≥0

|ζ(t)| ≤ χ,(39)

and for any initial state x0 in Dr,s \ int(B(0, r)), and for any s0 in {1, 2}N, the
perturbed system {

ẋ= f(x, u(sd)) + ζ,
sd = kd(x + ξ, s−d )

(40)

admits a π-solution (X,Sd) starting from (x0, s0). Moreover, for all (x0, s0) in R
n ×

{1, 2}N and for any d-maximal solution (X,Sd) starting from (x0, s0) and defined on
[0, T ), there exists tX,Sd

≤ T , such that

|X(tX,Sd
)| < r.(41)

Proof. We follow the proof of [1, Proposition 4.1] and we prove Proposition 5.1
in four steps.

Step 1. Fix 0 < r < s. For each x0 in B(0, s), there exist a piecewise constant
admissible control u0 = ux0 and some constant T0 = Tx0 such that there exists a
solution X0 = x(.;x0, u0) of ẋ = f(x, u0) for which the inequality

|X0(T0)| <
r

2
(42)
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holds. Moreover, by continuity, we can assume that we have

m0 := inf
t∈[0,T0]

|X0(t)| >
r

4
(43)

and, by possibly redefining u0, we may assume that X0 takes different values at any
two different points t, t′ in [0, T0]. Let τ0,0 = 0 < · · · < τ0,N0

= T0 be the points of
discontinuity for u0 on [0, T0] and k0,j in K be the corresponding values of u0, i.e.,
we suppose that, for all j in {0, . . . , N0 − 1} and for all t in (τ0,j , τ0,j+1), we have
u0(t) = k0,j . Define

M0 = Mx0 = sup
t∈[0,T0]

|X0(t)|.(44)

There exist some strictly positive constants c0 = cx0
, ρ0 = ρx0

and χ0 = χx0
such

that, for any fixed τ in [0, T0], any strictly positive radius ρ ≤ ρ0 and χ ≤ χ0, any
initial point x in B(X0(τ), ρ), and any Carathéodory solution Xρ,χ(.) of

(45)χ ẋ ∈ f(x, u0(t)) + B(0, χ)

starting from x at time t = τ , we have

sup
[τ,T0+ρ]

|Xρ,χ(t) −X0(t)| < c0(ρ + χ).(46)

Let two strictly positive reals ρ0 ≤ ρ0 and χ0 ≤ χ0

2 be such that, letting

ρx0,1 = ρ0,1 = ρ0,(47)

and for all j in {2, . . . , N0 + 1},

ρx0,j = ρ0,j = Σj−2
k=07

kck+1
0 2χ0 + 7j−1cj−1

0 ρ0,

we have

7ρx0,N0+1 <
r

2
(48)

and

max
j

ρx0,j <
1

7
min

(
m0 −

r

8
, ρ0

)
,(49)

where m0 is defined by (43). Thus it follows directly by induction that if for any fixed
j = 1, . . . , N0 and for any x such that

x ∈ B(X0(τ0,j), 7ρ0,j),

we consider any Carathéodory solution Xρ0,j ,2χ0(.) of (45)2χ0 starting from x at time
τ0,j , then one has

sup
t∈[τ0,j ,T0+ρ0,j ]

|Xρ0,j ,χ0
(t) −X0(t)| < ρ0,j+1.(50)

Step 2. For j in {0, . . . , N0−1} and for any x in R
n, denote Aj(x, t) the attainable

set in time t for the Carathéodory solutions of ẋ ∈ f(x, k0,j)+B(0, 2χ0) starting from
x. Let us define for all l in {1, . . . , 7} and for all j in {1, . . . , N0 − 1} the open sets

Γx0,j,l =
⋃

x∈int(B(X0(τ0,j−1),lρ0,j))

0≤t≤τ0,j−τ0,j−1

Aj(x, t)
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and

Γx0,N0,l =
⋃

x∈int(B(X0(τ0,N0−1),lρ0,j))

0≤t≤T0+ρ−τ0,N0−1

AN0(x, t).

Note that we have, for all j in {1, . . . , N0} and for all l < l′ in {1, . . . , 7},

Γx0,j,l � clos(Γx0,j,l) � Γx0,j,l′ ,(51)

and, due to (44) and (50),

Γx0,j,l ⊂ B(0, 7ρx0,j+1 + Mx0).(52)

Moreover (43), (49), and (50) yield

B
(
0,

r

8

)
⊂ R

n \ Γx0,j,l.(53)

Finally, for all N0-tuple s with entries in {1, . . . , 7}, let us define

∆x0,s =

N0⋃
j=1

Γx0,j,s(j), ∆x0 = ∆0 = ∆x0,1x0
,

where, for any point x0 in B(0, s)\ int(B(0, r)), we denote 1x0 (whose length depends
on x0) the following constant sequence:

1x0 = 10 : {1, . . . , N0} → {1, . . . , 7},
l 
→ 1.

Let g0,j = gx0,j be the vector field on R
n defined, for all j in {1, . . . , N0 − 1}, by

g0,j(x) = f(x, k0,j).(54)

Let F be the finite set F = {1, . . . , 7}. We can claim that

(∆0, ((Γ0,j,l)l∈F , g0,j)j∈{1,...,N0})

is a family of nested patchy vector fields. Indeed note first that due to (51) we have
(17); second, we have (18) because there exists T > 0 such that all solutions of (45)2χ0

starting in ∂Γx0,j,l\
⋃

j′>j Γx0,j′,1 stay in clos(Γx0,j,l) for all t in [0, T ); third, the other
properties to fulfill Definition 3.1 are obvious.

Let p0 : R
n → R satisfy assumptions A1 to A3 for this family of nested patchy

vector fields and define

d0 = inf
x∈∆0

p0(x).

Moreover, due to (54), we define a hybrid patchy feedback (u0, k0
d) as considered in

Definition 3.4 and thus a feedback control (u0, k̃0
d) defined by (36). We take χ0 smaller

and suppose that

0 < χ0 <
1

2
min

j∈{1,...,N0}
min

l∈{1,...,6}
d(Rn \ Γ0,j,l+1,Γ0,j,l)
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and note that χ0 is an admissible radius for the external disturbances. Consider two
measurable maps ζ, ξ : [0,+∞) → R

n satisfying

sup
t≥0

|ξ(t)| ≤ χ0, esssup
t≥0

|ζ(t)| ≤ χ0,

and let (x0, s0) be an initial condition in ∆0 \ B(0, r) × {1, 2}N0 . Due to Lemma

4.3, there exists (X,Sd) a d0-maximal solution of (40) in closed loop with (u0, k̃0
d)

starting from (x0, s0) and defined on [0, T ). Moreover, due to Lemma 4.11, there
exist H ∈ N ∪ {+∞}, a sequence of points t0 = 0 < · · · < tH ≤ 2T0, and a sequence
of indices j0, . . . , jH in {1, . . . , N0}, such that, for all h in {1, . . . , H − 1},

∀t ∈ [th, th+1), X(t) ∈ Γx0,jh,7,(55)

th+1 − th ≤ τ0,jh .(56)

Note that due to Lemma 4.11, the sequence j1, . . . , jH described below is strictly
increasing. Due to (52) and (55), (X,Sd) cannot blow up in Γx0,jh,7 for all h in
{0, . . . , H−1}, and due to Lemma 4.4, (42), (48), (52), and (55), there exists T 0

X,Sd
≤

2T0 such that we have the inequalities

∀t ∈ [0, T 0
X,Sd

), |X(t)| ≤ 7 max
j∈{1,...,N0}

ρ0,j+1 + M0,(57)

|X(T 0
X,Sd

)| < r.(58)

Step 3. Since x0 is in ∆x0 , the family of open tubes {∆x0 , r ≤ |x0| ≤ s} forms
an open covering of the compact set B(0, s) \ int(B(0, r)). Let

{∆i, i ∈ {1, . . . , N(r, s)}}, ∆i =

Ni⋃
j=1

Γi,j,1, Γi,j,1 = Γxi,j,1xi
(j),

be a finite subcover. Denote

ki,j = kxi,j

and the vector field

gi,j(x) = f(x, ki,j)(59)

defined on R
n. The index set

A = {(i, j), i ∈ {1, . . . , N(r, s)}, j ∈ {1, . . . , Ni}}

can be totally ordered by letting

(i, j) < (h, k) if either i < h or else i = h, j < k.(60)

Let

Dr,s =

N(r,s)⋃
i=1

∆i.

We can now define a family of nested patchy vector fields on Ω = Dr,s. Let, for all
(α, l) ∈ A×F , Ωα,l be the open set Γi,j,l, where (i, j) = α. Note that due to (51), for
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all m > l in F and for all α in A, (17) and (18) can be proved as in Step 2. Therefore
we can claim that

(Ω, ((Ωα,l)l∈F , gα)α∈A)

is a family of nested patchy vector fields. Let pr,s : R
n → R satisfy assumptions A1

to A3 for this family of nested patchy vector fields and

dr,s = inf
x∈Ω

pr,s(x).(61)

Moreover, due to (59), we can define a hybrid patchy feedback (ur,s, kr,sd ) and thus a

feedback control (ur,s, k̃r,sd ) as in (36). We let

χr,s = min
1≤i≤N(r,s)

χxi ,(62)

which is an admissible radius for the external disturbances. We can choose χr,s smaller
and suppose that

0 < χr,s <
1

2
min

(i,j)∈A
min

l∈{1,...,6}
d(Rn \ Γi,j,l+1,Γi,j,l).

Then χr,s is an admissible radius for the measurement noise on Dr,s.
Step 4. For all x0 in B(0, s)\B(0, r), let Txi > 0 be defined just at the beginning

of Step 1, and let ρxi > be defined by (45)χ0–(46). Moreover let χr,s > 0 be defined
by (62) and dr,s be defined by (61). Let

T = 2

N(r,s)∑
i=1

Txi
,

and consider two measurable maps ξ and ζ : [0,+∞) → R
n such that

sup
t≥0

|ξ(t)| ≤ χr,s, esssup
t≥0

|ζ(t)| ≤ χr,s.

Let (x0, s0) be an initial condition in Dr,s \ B(0, r) × {1, 2}A. Due to Lemma

4.3, there exists (X,Sd) a dr,s-maximal solution of (40) in closed loop with (ur,s, k̃r,sd )
starting from (x0, s0). Moreover, due to properties established in Step 3 and Lemma
4.11, there exist H ∈ N ∪ {+∞}, a sequence of points t0 = 0 < · · · < tH ≤ T , and a
sequence of indices α1, . . . , αH in A, such that, for all h in {0, . . . , H − 1},

∀t ∈ [th, th+1), X(t) ∈ Γαh,7,(63)

th+1 − th < ταh
.(64)

Note that due to Lemma 4.11, the sequence α1, . . . , αH described above is strictly
increasing. Due to (52) and (63), (X,Sd) cannot blow up in Γαh,7 for all h in
{0, . . . , H−1}, and due to Lemma 4.4, (63), there exists TX,Sd

≤ T such that we have
the inequalities

∀t ∈ [0, T ], |X(t)| < R,(65)

|X(TX,Sd
)| < r,(66)
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where R is defined by

R = sup
1≤i≤N(r,s),1≤j≤Ni

{7ρxi,j + Mxi
}.(67)

This completes the proof of Proposition 5.1.
Proposition 5.2. Let (1) be globally asymptotically controllable to the origin.

Then for any fixed ε > 0, there exists σ > 0 such that for every 0 < r < s ≤ σ, there
exist T,R, χ, d > 0, an open subset of R

n, Dr,s, and a feedback control, u = ur,s :
2N → K, kd = kr,sd : R

n × 2N → 2N as in Proposition 5.1 with

R < ε.(68)

Proof. The proof is similar to the proof of [1, Proposition 4.2] and consists of
properly choosing the piecewise constant admissible control ux0 for each point x0 in
B(0, s) \ int(B(0, r)).

To do this, fix ε > 0. Since (1) is globally asymptotically controllable, there exists
σ = σ(ε) > 0 such that, for any fixed 0 < r < s ≤ σ, the conclusions of Proposition
5.1 hold together with

Mx0 <
ε

2
,

max
j∈{1,...,N0+1}

ρx0,j <
ε

14

for all x0 satisfying r < |x0| < s. With (65) and (67), this implies (68).
We are now ready to prove Theorem 2.7.
Proof of Theorem 2.7.
Part 1: Definition of the feedback control. Let (rn)n∈Z and (sn)n∈Z be two

decreasing sequences of strictly positive numbers such that
• for all n in Z, we have rn−1 < sn;
• sn converges to zero as n → +∞;
• r−n converges to infinity as n → +∞.

Let Tn = T (rn, sn), Rn = R(rn, sn), χn = χ(rn, sn) be three sequences of strictly
positive numbers and consider a sequence of hybrid patchy feedbacks

(Drn,sn , urn,sn , krn,snd , ((Γn
i,l)l∈{1,...,7}, k

n
i )i∈{1,...,Nn})

such that

Rn <
1

n
∀n ∈ N>0(69)

as in Proposition 5.2. The index set

B = {(n, i), n ∈ Z, i ∈ {1, . . . , Nn}}

can be totally ordered with the same relation of order as (60), i.e., by letting

(n, i) < (m, j) if either n < m or else n = m, i < j.

Then we have the following family of nested patchy vector fields on R
n \ {0}:

(Rn \ {0}, ((Γm
i,l)l∈F , k

m
i ), (m, i) ∈ B).
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We can define a hybrid patchy feedback (u, kd) on R
n \ {0} as in Definition 3.4. Let

χ : R
n \ {0} → R>0 be a continuous map satisfying

χ(x) ≤ min

(
χn,

|x|
2

)
if x ∈ Drn,sn \

⋃
m>n

Drm,sm .(70)

We define χ(0) = 0. The map χ is continuous at 0 and then χ is an admissible radius

for the measurement noise and the external disturbances. Let (u, k̃d) be the feedback
control defined by (36) for the hybrid patchy feedback (u, kd). Let us prove that

(u, k̃d) is a global robust stabilizing controller on R
n, i.e., that the origin of system

(37) is a robust globally asymptotically stable equilibrium as stated in Theorem 2.7.
Part 2: Theorem 2.7 for π-solutions. Let p : R

n → R be a function contin-
uous on R

n \ {0} satisfying the properties A1, A2, and A3.
Existence of π-solutions. Consider ξ, ζ satisfying our regularity assumptions. Let

(x0, s0) be in R
n × {1, 2}B. Let s1 = k̃d(x0 + ξ(x0, 0), s0) and α be in B such that

kα = u(s1). From our regularity assumptions on f and ζ, the Carathéodory conditions
are satisfied for system (31). Let 0 < T ≤ t1 and X : [0, T ) → R

n be a Carathéodory
solution of (31). Let Sd be defined by Sd(t) = s1 for all t in [0, T ). The map (X,Sd)
is a π-solution of (37) starting from (x0, s0).

Completeness and global stability for π-solutions. Let ε > 0. Let n ∈ N be such
that ε < R−n. Such an R−n exists because we have r−n ≤ R−n and r−n tends to
infinity as n → +∞. Let χ0 > 0 be defined by

χ0 = inf
x∈B(0,R−n)\B(0,r−n)

χ(x),(71)

and let d0 > 0 satisfy the inequalities

d0 <
d(Rn \B(0, s−n), B(0, r−n))

maxx∈B(0,s−n), u∈K |f(x, u)| ,(72)

and for all x in B(0, R−n) \B(0, r−n), for all y in B(0, χ(x)),

d0 < p(x + y).(73)

Note that due to (70), we have d0 > 0 and χ0 > 0. Let ξ, ζ satisfy our regularity
assumptions and (12). Let (X,Sd) be a d0-maximal solution of (37) on [0, T ) starting
from (x0, s0) with |x0| < s−n and (11).

Note that due to (71)–(73), for all i ∈ N such that X(ti) is in B(0, R−n)\B(0, r−n),
we have (28) and, for all t such that X(t) is in B(0, R−n) \B(0, r−n), we have (29).

Therefore, due to Proposition 5.1 and to the definition of the feedback control, if
there exists i ∈ N such that X(ti) is in B(0, s−n) \ B(0, r−n), then there exists j > i
such that X(tj) is in B(0, r−n) and for all t in [i, j], X(t) is in B(0, R−n). Moreover,
due to (72), if there exists i ∈ N such that X(ti) is in B(0, r−n), then, for all t in
[ti, ti+1], we have X(t) is in B(0, s−n).

Thus we have, for all t in [0, T ),

|X(t)| ≤ R−n.(74)

Therefore the conclusion of Lemma 4.4 cannot hold (lim supt→T |X(t)| �= +∞)
and thus we have T = +∞ and the maximality property.

Finally, note that δ(ε) = s−n tends to +∞ as ε tends to infinity because when ε
tends to infinity, n tends to infinity, r−n tends to infinity, and we have r−n−1 < s−n.
Thus we have the stability property.
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Global attractivity for π-solutions. Let ε > 0 and C > 0. Let n ∈ N be such that
1
n < ε and such that δ < r−n. Let d0 > 0 and χ0 > 0 be defined, respectively, by

d0 = inf
x∈B(0,R−n)\B(0,rn)

p(x),(75)

χ0 = inf
x∈B(0,R−n)\B(0,rn)

χ(x).(76)

Let ξ, ζ satisfying our regularity assumptions and (12). Let (X,Sd) be a π-solution
defined on [0,+∞), starting from (x0, s0) whose sampling schedule satisfies d(π) < d0

and whose initial condition satisfies |x0| < C. Due to Proposition 5.1, there exists T̃ in

[0, T−n+T−n+1+· · ·+Tn] such that |X(T̃ )| < rn. Let T ′ = inf{t ∈ [0, T̃ ], |X(t)| < sn}.
Then due to the stability property and as Rn < 1

n , we have

∀t ≥ T̃ , |X(t)| ≤ 1

n
.

Therefore we have (14) with T = T−n + · · · + Tn.
Part 3: Theorem 2.7 for the generalized solutions.
Existence and completeness for the generalized solutions. This results from the

fact that every π-solution of (37) is a generalized solution of (37).
Global stability and global attractivity for the generalized solutions. Let ε > 0. Let

χ0 > 0, d0 > 0 and δ of K∞, be such that we have the stability property (13) for all
π-solutions of (37) whose sampling schedule satisfies (11) and for all ξ, ζ satisfying
our regularity assumptions and (12).

Let X be a generalized solution of (37) starting from x0 ∈ B(0, δ(ε)
2 ) with ξ, ζ

satisfying our regularity assumptions and

sup
x∈Rn, t≥0

|ξ(x, t)| ≤ χ0

2
, esssup

x∈Rn, t≥0
|ζ(x, t)| ≤ χ0

2
(77)

and obtained as limit of π-solutions (Xn, Sn
d ) whose sampling schedule satisfies (11).

Let us prove (13).
For n sufficiently large, we have

sup
J

|en(t)| + esssup
J

|dn(t)| < χ0

2
(78)

for all J compact subinterval of [0, T ). Then for n sufficiently large, (Xn, Sn
d ) is a

π-solution of (37) whose sampling schedule satisfies (11) with a disturbance satisfying
(12). Then we have (13) for this sequence of π-solutions. Therefore we have (13) for
the generalized solution X.

The global attractivity property can be proved similarly.
Part 4: Theorem 2.7 for Euler solutions.
Existence and completeness for Euler solutions. Let x0, s0 in R

n×{1, 2}B and πn

be a sequence of sampling schedules such that d(πn) → 0 as n tends to infinity. Let
(Xn, Sn

d ) be a πn-solution of (37), starting from (x0, s0) and defined on [0,+∞). Due
to Part 2 of the proof of Theorem 2.7, this sequence exists for n sufficiently large and
there exists R such that, for all t in [0,+∞) and for n sufficiently large, we have

|Xn(t)| < R.

Therefore with Ascoli’s theorem, we can define X an Euler solution defined on [0,+∞)
and starting from x0.
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Global stability and global attractivity for Euler solutions. Let ε > 0. Let χ0 > 0,
d0 > 0 and δ of K∞ be such that we have the stability property (13) for all d0-maximal
solutions of (37) and for all ξ, ζ satisfying our regularity assumptions and (12).

Let X be an Euler solution of (37) starting from x0 ∈ B(0, δ(ε)
2 ) with ξ, ζ satisfying

our regularity assumptions and (12) and obtained as limit of π-solutions (Xn, Sn
d )

satisfying d(πn) → 0 as n tends to infinity.
Let us prove (13).
For n sufficiently large, we have d(πn) < d0. Then for n sufficiently large, (Xn, Sn

d )
is a π-solution of (37) whose sampling schedule satisfies (11) with a disturbance sat-
isfying (12). Then we have (13) for this sequence of π-solutions. Therefore we have
(13) for the generalized solution X.

The global attractivity can be proved similarly.
This completes the proof of Theorem 2.7.
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THE VALUE OF ZERO-SUM STOPPING GAMES
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Abstract. We study two-player zero-sum stopping games in continuous time and infinite hori-
zon. We prove that the value in randomized stopping times exists as soon as the payoff processes are
right-continuous. In particular, as opposed to existing literature, we do not assume any conditions
on the relations between the payoff processes.
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1. Introduction. In many competitive interactions the main strategic issue is
timing. To model such situations, Dynkin (1969) introduced stopping games, as a
variation of optimal stopping problems. In Dynkin’s setup, two players observe the
realization of a payoff process in discrete time. Once one of the players decides to
stop, player 2 pays player 1 the amount indicated by the payoff process. However, at
every given stage only one of the players is allowed to stop; the identity of that player
is governed by another process. The strategic choice of each player is the choice of
his stopping time. Dynkin (1969) proved that those games admit a value.

Dynkin’s seminal paper was extended in various directions. Neveu (1975) allowed
the players to stop simultaneously and provided a sufficient condition for the existence
of the value. Several authors, including Bismut (1977), Alario-Nazaret, Lepeltier, and
Marchal (1982), Lepeltier and Maingueneau (1984), and Stettner (1984) studied the
problem in continuous time.

Yasuda (1985) studied stopping games in discrete time (with either finite horizon
or discounted payoff), and allowed the players to choose randomized stopping times.
Yasuda (1985) proved that the value exists under merely an integrability condition.
Rosenberg, Solan, and Vieille (2001) studied the infinite horizon game in discrete
time and proved an analogous result. Touzi and Vieille (2002) provided a sufficient
condition that ensures the existence of the value in randomized stopping times in
continuous time. As their proof utilizes a fixed point argument, it is not constructive.

In the present paper we prove that under merely integrability and continuity
conditions, every stopping game in continuous time admits a value in randomized
stopping times. In addition, we construct ε-optimal randomized stopping times which
are as close as one wishes to (nonrandomized) stopping times; roughly speaking, there
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is a stopping time µ such that for every δ sufficiently small there is an ε-optimal
randomized stopping time that stops with probability 1 between times µ and µ + δ.

Several models that have been extensively studied in different disciplines and that
fall into the category of stopping games are wars of attrition (see, e.g., Maynard-Smith
(1974), Ghemawat and Nalebuff (1985), and Hendricks, Weiss, and Wilson (1988)),
preemption games (see, e.g., Fudenberg and Tirole (1991, section 4.5.3)), duels, and
pricing of options. We will illustrate the applicability of our results by discussing the
last two models.

We first present the model of duels. In the simplest version, duels are two-player
zero-sum games in which each of two gunners is endowed with a single bullet. The
two gunners are located at some distance from each other and move closer to one
another as time goes on. Since the accuracy of their shots improves as they get closer,
it is not clear what the optimal moment is to shoot the opponent. If the accuracy is
a stochastic process that depends on, e.g., wind velocity, the gunners face a stopping
game.

Although for various classes of duels the existence of the value has been estab-
lished, and optimal strategies have been computed (see, e.g., Blackwell (1949), Bell-
man and Girshick (1949), Shapley (1951), Karlin (1959), and the recent survey by
Radzik and Raghavan (1994)), the general case is still open.

As we argue below, our results can be applied to any duel, regardless of the
number of bullets each player initially has.

We now discuss the relevant literature in pricing of options. In most cases, a
holder of an option has the right to exercise the option either on prespecified dates or
whenever he chooses, so that the optimization problem reduces to an optimal stopping
problem. Callable warrants (see, e.g., Merton (1973)) and convertible bonds (see, e.g.,
Brennan and Schwartz (1977)) allow for a certain action by the issuer as well. Recently
Kifer (2000) introduced game contingent claims, which are general American options
in which the issuer can terminate the contract early at some cost. Kifer showed that
pricing these options boils down to determining the value of a certain stopping game,
and he provided a general characterization for the value. Game contingent claims have
been studied also by, e.g., Kallsen and Kühn (2004) and Kühn and Kyprianou (2003).
Kyprianou (2004) used Kifer’s characterization to explicitly calculate the value of
game contingent claims in some cases. McConnell and Schwartz (1986) studied a
specific example of callable option notes, which were actually issued in the 1980s.

In the formulation of game contingent claims in Kifer (2000), the right of the
holder to exercise the option supersedes the right of the issuer to terminate the con-
tract early, so that if those two events occur simultaneously, the holder gets to exercise
the option. However, if the payment when those two events occur simultaneously is
different from the payment if the holder were to exercise alone, or the issuer were to
terminate the contract alone, Kifer’s analysis would no longer be valid. Our result
establishes the existence of the value in this case, and may be used, as was done by
Kyprianou (2004), to find optimal strategies in given examples.

The paper is arranged as follows. The model and the main result appear in section
2, and the proof of the main result appears in section 3. Further topics, namely,
introducing final payoffs and the right-continuity of the value process, are discussed
in sections 3.4–3.5. We end by using the right-continuity of the value process to derive
a more general existence result for noisy stochastic duels in section 3.6.

2. Model, literature, and main result. A two-player zero-sum stopping game
in continuous time Γ is given by the following:
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• A probability space (Ω,A, P ): (Ω,A) is a measurable space, and P is a σ-
additive probability measure on (Ω,A) .

• A filtration in continuous time F = (Ft)t≥0 satisfying “the usual conditions.”
That is, F is right-continuous, and F0 contains all P -null sets: for every
B ∈ A with P (B) = 0 and every A ⊂ B, one has A ∈ F0. All stopping times
in what follows are of the filtration F .
Denote F∞ := ∨t≥0Ft. Assume without loss of generality that F∞ = A.
Hence (Ω,A, P ) is a complete probability space.

• Three uniformly bounded F-adapted processes (at, bt, ct)t≥0.
1

Definition 1. A randomized stopping time is a progressively measurable func-
tion φ : [0, 1] × Ω → [0,+∞] such that for every r ∈ [0, 1], µr (ω) := φ(r, ω) is an
optional stopping time.

For strategically equivalent definitions of randomized stopping times, see Touzi
and Vieille (2002). Throughout the paper, the symbols µ and ν stand for stopping
times, while φ and ψ stand for randomized stopping times.

For every pair (µ, ν) of stopping times we denote

γ(µ, ν) = EP

[
aµ1{µ<ν} + bν1{µ>ν} + cµ1{µ=ν<+∞}

]
.

The expected payoff that corresponds to a pair of randomized stopping times (φ, ψ)
is

γ(φ, ψ) =

∫
[0,1]2

γ(µr, νs) dr ds(1)

= Eλ⊗λ⊗P

[
aµr

1{µr<νs} + bνs
1{µr>νs} + cµr

1{µr=νs<+∞}
]
.

Though the payoff function given by (1) is bilinear, without strong assumptions
on the data of the game, the payoff function is not continuous for the same topology
which makes the space of randomized stopping times compact.

Definition 2. If supφ infψ γ(φ, ψ) = infψ supφ γ(φ, ψ), then the common value
is the value in randomized stopping times and is denoted by V . Every randomized
stopping time φ such that infψ γ(φ, ψ) is within ε of V is ε-optimal for player 1;
ε-optimal randomized stopping times for player 2 are defined analogously.

Observe that for every φ one has infψ γ(φ, ψ) = infν γ(φ, ν), where ν ranges over
all stopping times. Indeed, for every φ and ψ one has, by Fubini’s theorem,

γ(φ, ψ) = Eλ⊗λ⊗P [γ(µr, νs)] ≥ inf
s

Eλ⊗P [γ(µr, νs)] ≥ inf
ν
γ(φ, ν) ≥ inf

ψ′
γ(φ, ψ′).

This implies that supφ infψ γ(φ, ψ) = supφ infν γ(φ, ν). Similarly, infψ supφ γ(φ, ψ) =
infψ supµ γ(µ, ψ), where µ ranges over all pure stopping times. Recall that one always
has supφ infψ γ(φ, ψ) ≤ infψ supφ γ(φ, ψ).

Touzi and Vieille (2002) provided a restrictive condition that ensures the existence
of the value. The main result we present is the following.

Theorem 3. If the processes (at)t≥0 and (bt)t≥0 are right-continuous, and if
(ct)t≥0 is progressively measurable, then the value in randomized stopping times ex-
ists.

3. Proof of the main result and extensions. From now on we fix a stopping
game Γ that satisfies the assumptions of Theorem 3.

1Our results hold for a larger class of payoff processes, namely, the class D that was defined by
Dellacherie and Meyer (1975, section II-18). This class contains in particular integrable processes.
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3.1. Preliminaries. The following lemma will be used in what follows.

Lemma 4. For every stopping time τ and every ε > 0 there is δ > 0 such that
P ({|at − aτ | < ε ∀t ∈ [τ , τ + δ]}) > 1 − ε.

A similar statement holds when one replaces the process (at)t≥0 by the process
(bt)t≥0.

Proof. For every n ∈ N, set An = {sup{|at − aτ |, τ ≤ t ≤ τ + 1/n} < ε}. Since
(at)t≥0 is right-continuous, P (∪n∈NAn) = 1, and the result follows.

One then obtains the following result.

Corollary 5. Let a stopping time τ and ε > 0 be given. There exists δ > 0
sufficiently small such that for every Fτ -measurable set A ⊆ {τ < +∞} and every
stopping time µ that satisfies τ ≤ µ ≤ τ + δ,

|EP [aµ1A] − EP [aτ1A]| ≤ ε.

3.2. The case at ≤ bt for every t ≥ 0. In this section we prove the following
result: when at ≤ bt for every t ≥ 0, the value in randomized stopping times exists
and is independent of (ct)t≥0.

The idea is as follows. Assume player 1 decides to stop at time t∗. If ct∗ ≥ at∗ , and
player 1 stops with probability 1 at time t∗, player 2 has no incentive to stop at t∗ as
well. However, if ct∗ < at∗ , player 1 needs to mask the exact time in which he stops,
so that player 2 cannot stop at the same time. Since payoffs are right-continuous,
player 1 can stop randomly in a small interval after time t∗. This way he makes sure
that player 2 does not know the exact moment he will stop, and since at ≤ bt for every
t, player 2 has no incentive to stop in this time interval. In both cases, whatever the
process (ct)t≥0 is, if the game has not stopped before time t∗ player 1 can guarantee
a payoff close to at∗ .

Proposition 6. If at ≤ bt for every t ≥ 0, then the value in randomized stopping
times exists. Moreover, the value is independent of the process (ct)t≥0. If at ≤ ct ≤ bt
for every t ≥ 0, then there are ε-optimal (nonrandomized) stopping times for both
players that are independent of (ct)t≥0.

Proof. Consider an auxiliary stopping game Γ∗ = (Ω,A, P ;F , (a∗t , b
∗
t , c

∗
t )t≥0),

where a∗t = at and b∗t = c∗t = bt for every t ≥ 0.

Lepeltier and Maingueneau (1984) and Stettner (1984) proved that the game Γ∗

admits a value, and that there are ε-optimal (nonrandomized) stopping times for both
players. We denote the value of Γ∗ by v∗ and prove that it is the value in randomized
stopping times of the original game. Since Γ∗ does not depend on the process (ct)t≥0,
the second assertion of the proposition follows.

Fix ε > 0. Let µ be an ε-optimal (nonrandomized) stopping time for player 1 in
Γ∗. In particular, infν γΓ∗(µ, ν) ≥ v∗ − ε.

We now construct a randomized stopping time φ that satisfies infν γΓ(φ, ν) ≥
v∗−3ε. By Lemma 4 there is δ > 0 such that P ({|at−aµ| < ε ∀t ∈ [µ, µ+δ]}) > 1−ε.
Define a randomized stopping time φ by

φ(r, ·) = µ + rδ ∀r ∈ [0, 1].

That is, φ stops at a random time in the interval [µ, µ + δ]. We denote such a
randomized stopping time by φ = µ + rδ.
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Let ν be any stopping time. Since µ is ε-optimal in Γ∗, by the definition of Γ∗,
by Fubini’s theorem, and since λ⊗ P (µ + rδ = ν) = 0,

v∗ − ε ≤ γΓ∗(µ, ν)

= EP [aµ1{µ<ν} + bν1{µ≥ν}](2)

= Eλ⊗P [aµ1{µ+rδ<ν} + aµ1{µ<ν<µ+rδ} + bν1{µ≥ν}].

Since λ⊗ P (µ + rδ = ν) = 0 and (ct)t≥0 is progressively measurable,

γΓ(φ, ν) = Eλ⊗P

[
aµ+rδ1{µ+rδ<ν} + bν1{µ+rδ>ν} + cν1{µ+rδ=ν<+∞}

]
= Eλ⊗P

[
aµ+rδ1{µ+rδ<ν} + bν1{µ+rδ>ν}

]
(3)

= Eλ⊗P

[
aµ+rδ1{µ+rδ<ν} + bν1{µ<ν<µ+rδ} + bν1{µ≥ν}

]
.

By Corollary 5, and since at ≤ bt for every t ≥ 0,

Eλ⊗P [aµ1{µ<ν<µ+rδ}] ≤ Eλ⊗P [aν1{µ<ν<µ+rδ}] + ε ≤ Eλ⊗P [bν1{µ<ν<µ+rδ}] + ε.
(4)

Corollary 5 implies in addition that for every r ∈ [0, 1]

Eλ⊗P [aµ1{µ+rδ<ν}] ≤ Eλ⊗P [aµ+rδ1{µ+rδ<ν}] + ε.(5)

By (2)–(5),

v∗ − ε ≤ γΓ∗(µ, ν) ≤ γΓ(φ, ν) + 2ε.

Since ν is arbitrary, infν γΓ(φ, ν) ≥ v∗ − 3ε.
Consider a second auxiliary stopping game Γ∗∗ = (Ω,A, P ;F , (a∗∗t , b∗∗t , c∗∗t )t≥0),

where a∗∗t = c∗∗t = at and b∗∗t = bt for every t ≥ 0.
A symmetric argument to the one provided above proves that the game Γ∗∗

has a value v∗∗ and that player 2 has a randomized stopping time ψ that satisfies
supµ γΓ(µ, ψ) ≤ v∗∗ + 3ε.

Since c∗∗t = at ≤ bt = c∗t for every t ≥ 0, one has v∗∗ ≤ v∗. Since supµ γΓ(µ, ψ) ≥
γΓ(φ, ψ) ≥ infν γΓ(φ, ν),

v∗ ≥ v∗∗ ≥ sup
µ

γΓ(µ, ψ) − 3ε ≥ inf
ν
γΓ(φ, ν) − 3ε ≥ v∗ − 6ε.

Since ε is arbitrary, v∗ = v∗∗, so that v∗ is the value in randomized stopping times of
Γ, and φ and ψ are 3ε-optimal randomized stopping times for the two players. The
first assertion of the proposition is established.

We now turn to the third assertion of the proposition. If at ≤ ct ≤ bt for every
t ≥ 0, then γΓ∗∗(µ, ν) ≤ γΓ(µ, ν) ≤ γΓ∗(µ, ν) for every pair of stopping times (µ, ν).
Hence

v∗∗ = sup
µ

inf
ν
γΓ∗∗(µ, ν) ≤ sup

µ
inf
ν
γΓ(µ, ν)

≤ inf
ν

sup
µ

γΓ(µ, ν) ≤ inf
ν

sup
µ

γΓ∗(µ, ν) = v∗ = v∗∗.

Thus supµ infν γΓ(µ, ν) = infν supµ γΓ(µ, ν): the value exists and there are ε-optimal
stopping times for both players. Moreover, any ε-optimal stopping time for player 1
(resp., player 2) in Γ∗ (resp., Γ∗∗) is also ε-optimal in Γ. In particular, if at ≤ ct ≤ bt
for every t ≥ 0, both players have ε-optimal stopping times that are independent of
(ct)t≥0.
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3.3. Proof of Theorem 3. Define a stopping time τ by

τ = inf{t ≥ 0, at ≥ bt},

where the infimum of an empty set is +∞. Since (at − bt)t≥0 is progressively mea-
surable with respect to (Ft)t≥0, τ is a stopping time (see, e.g., Dellacherie and Meyer
(1975, section IV-50)).

We show below that it is optimal for both players to stop at or around time τ
(provided the game does not stop before time τ). Hence the problem reduces to the
game between times 0 and τ . Since for t ∈ [0, τ [, at ≤ bt, Proposition 6 can be applied.

The following notation will be useful in what follows. For a pair of stopping times
(µ, ν) and a set A ∈ A we define

γΓ(µ, ν;A) = EP [1A(aµ1{µ<ν} + bµ1{µ>ν} + cµ1{µ=ν<+∞})].

This is the expected payoff restricted to A. For a pair of randomized stopping times
(φ, ψ) we define

γΓ(φ, ψ;A) =

∫
[0,1]2

γΓ(µr, νs;A)dr ds,

where µr and νs are the sections of φ and ψ, respectively.
Set

A0 = {τ = +∞},
A1 = {τ < +∞} ∩ {cτ ≥ aτ ≥ bτ},
A2 = {τ < +∞} ∩ {aτ > cτ ≥ bτ}, and

A3 = {τ < +∞} ∩ {aτ ≥ bτ > cτ}.

Observe that (A0, A1, A2, A3) is an Fτ -measurable partition of Ω.
Define an Fτ -measurable function w by

w = aτ1A1 + cτ1A2 + bτ1A3 .

Define a stopping game Γ∗ = (Ω,A, P, (Ft)t≥0, (a
∗
t , b

∗
t , c

∗
t )t≥0) by

a∗t =

{
at t < τ
w t ≥ τ

, b∗t =

{
bt t < τ
w t ≥ τ

, c∗t =

{
ct t < τ
w t ≥ τ

.

That is, the payoff is set to w at and after time τ .
The game Γ∗ satisfies the assumptions of Proposition 6 and hence, has a value V

in randomized stopping times.
We now prove that V is the value of the game Γ as well. Fix ε > 0. We show

only that player 1 has a randomized stopping time φ such that infν γΓ(φ, ν) ≥ V −7ε.
An analogous argument shows that player 2 has a randomized stopping time ψ such
that supµ γΓ(µ, ψ) ≤ V +7ε. Since ε is arbitrary, V is indeed the value in randomized
stopping times of Γ.

Assume δ is sufficiently small so that the following conditions hold (by the proofs
of Lemma 4 and Proposition 6 such δ exists):

(C1) There exists a stopping time µ such that the randomized stopping time φ∗ =
µ + rδ is ε-optimal for player 1 in Γ∗.
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(C2) P ({µ+ δ < τ}) ≥ P ({µ < τ})− ε/M , where M ∈]0,+∞[ is a uniform bound
of the payoff processes.

(C3) P ({|at − aτ | < ε, |bt − bτ | < ε ∀t ∈ [τ , τ + δ]}) > 1 − ε.
We now claim that we can assume without loss of generality that µ ≤ τ . Indeed,

assume that P ({µ > τ}) > 0. The set {µ > τ} is Fτ -measurable. Define a stopping
time µ′ = min{µ, τ}. We will prove that the randomized stopping time φ′ = µ′ + rδ
is also ε-optimal in Γ∗, which establishes the claim. Given a stopping time ν define a
stopping time ν′ by ν′ = min{ν, τ}. By (C1),

V − ε ≤ γΓ∗(µ + rδ, ν′)

= γΓ∗(µ + rδ, ν′; {µ > τ}) + γΓ∗(µ + rδ, ν′; {µ ≤ τ < µ + δ})
+ γΓ∗(µ + rδ, ν′; {µ + δ ≥ τ}).

On the right-hand side the first term is equal to γΓ∗(µ′ + rδ, ν; {µ > t}), by (C2)
the second term is bounded by ε, and the third term is equal to γΓ∗(µ′+rδ, ν; {µ+δ ≥
τ}). Therefore, by (C2),

V − ε ≤ γΓ∗(µ′ + rδ, ν; {µ > t}) + ε + γΓ∗(µ′ + rδ, ν; {µ + δ ≥ τ})
≤ γΓ∗(µ′ + rδ; ν) + 2ε,

as desired.
Define a randomized stopping time φ as follows:

φ(r, ·) =

⎧⎨⎩
µ + rδ {µ < τ} ∪A0,
τ {µ = τ} ∩ (A1 ∪A2) ,
µ + rδ {µ = τ} ∩A3.

The randomized stopping times φ and φ∗ differ only over the set {µ = τ} ∩
(A1 ∪A2). Since over this set the payoff in Γ∗ is w, provided the game terminates
after time τ regardless of what the players play, and by (C2),

inf
ν
γΓ∗(φ, ν) ≥ V − 3ε.(6)

Let ν be an arbitrary stopping time. Define a partition (B0, B1, B2) of [0, 1] × Ω
by

B0 = {µ + δ < τ} ∪ {ν < τ},
B1 = {µ < τ < µ + δ} ∩ {ν ≥ τ},

and B2 = {µ = τ} ∩ {ν ≥ τ}.

Over B0 the game terminates before time τ under (φ, ν). In particular,

γΓ(φ, ν;B0) = γΓ∗(φ, ν;B0).(7)

By (C2), P (B1) < ε/M , so that

γΓ(φ, ν;B1) ≥ γΓ∗(φ, ν;B1) − 2ε.(8)

Over B2 ∩A0 the game never terminates under (φ, ν), so that

γΓ(φ, ν;B2 ∩A0) = γΓ∗(φ, ν;B2 ∩A0) = 0.(9)
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Over A1 ∪A2, min{aτ , cτ} ≥ w, so that

γΓ(φ, ν;B2 ∩ (A1 ∪A2)) = Eλ⊗P [1B2∩(A1∪A2)(aτ1{τ<ν} + cτ1{τ=ν})]

≥ Eλ⊗P [w1{τ≤ν}∩B2∩(A1∪A2)](10)

= γΓ∗(φ, ν;B2 ∩ (A1 ∪A2)).

Finally, since λ ⊗ P ({µ + rδ = ν}) = 0, since {µ = τ} on B2, by Corollary 5, since
(ct)t≥0 is progressively measurable, and since aτ ≥ bτ = w on A3,

γΓ(φ, ν;B2 ∩A3) = Eλ⊗P [1B2∩A3(aµ+rδ1{µ+rδ<ν} + bν1{µ+rδ>ν} + cν1{µ+rδ=ν})]

= Eλ⊗P [1B2∩A3(aµ+rδ1{µ+rδ<ν} + bν1{µ+rδ>ν})]

≥ Eλ⊗P [1B2∩A3(aτ1{µ+rδ<ν} + bτ1{µ+rδ>ν})] − 2ε(11)

≥ Eλ⊗P [w1B2∩A3
] − 2ε

= γΓ∗(φ, ν;B2 ∩A3) − 2ε.

Summing (7)–(11) and using (6) gives us

V − 3ε ≤ γΓ∗(φ, ν) ≤ γΓ(φ, ν) + 4ε,

as desired.

3.4. On final payoff. Our convention is that the payoff is 0 if no player ever
stops. In fact, one can add a final payoff as follows. Let χ be an A-measurable and
integrable function. The expected payoff that corresponds to a pair of pure strategies
(µ, ν) is

EP [aµ1{µ<ν} + bν1{µ>ν} + cµ1{µ=ν<+∞} + χ1{µ=ν=+∞}].

The expected payoff can be written as

EP [χ] + EP

[(
aµ − E

Fµ

P [χ]
)
1{µ<ν} +

(
bν − EFν

P [χ]
)
1{µ>ν}

+
(
cµ − E

Fµ

P [χ]
)
1{µ=ν<+∞}

]
,

where E
Fµ

P [χ] is the conditional expectation of χ given the σ-algebra Fµ.

Define a process dt := EFt

P [χ] . Since the filtration satisfies the “usual conditions,”
(dt)t≥0 is a right-continuous martingale (see, e.g., Dellacherie and Meyer (1980, section

VI-4) or Lepeltier and Maingueneau (1984, Theorem 4)). Hence we are reduced to
the study of the standard stopping game Γ∗ = (Ω,A, P, (Ft)t≥0, (a

∗
t , b

∗
t , c

∗
t )t≥0) with

a∗t = bt − dt, b
∗
t = bt − dt, and c∗t = ct − dt.

3.5. Right-continuity of the payoff process. For every s ≥ 0, let Γ[s] be the
stopping game that starts at time s. Formally, Γ[s] is given by (Ω,A, P, (F ′

t, a
′
t, b

′
t, c

′
t)t≥0),

where for every t ≥ 0, F ′
t = Ft+s, at = at+s, bt = bt+s, and ct = ct+s. Let vs be the

value of Γ[s].
The next proposition states that if the payoff processes are right-continuous, the

process (vt)t≥0 is right-continuous as well.
Proposition 7. If the processes (at, bt, ct)t≥0 are right-continuous, then so is

(vt)t≥0.
Proof. For every t ≥ 0, denote τ [t] = inf{t ≥ s : as ≥ bs} and define the sets

A0[t], A1[t], A2[t], and A3[t] as in the proof of Theorem 3 with respect to τ [t]. Set

wt = aτ [t]1A1[t] + cτ [t]A2[t] + bτ [t]1A3[t].
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Now fix t ≥ 0. On {at < bt}, one has wt = ws for every s > t sufficiently
close to t, so that by Lepeltier and Maingueneau (1984, Theorem 9), the value is
right-continuous on this set.

On {at > ct > bt}, one has vs = cs for every s ≥ t sufficiently close to t, and by
the right-continuity of (ct)t≥0 the same conclusion holds.

On {at = ct ≥ bt}, one has τ [t] = 0 and vt = at = ct. Moreover, for every ε > 0
and every s > t sufficiently small, one has (i) as > at−ε = vt−ε and cs > ct−ε = vt−ε,
so that vs > vt − ε, and (ii) bs < bt + ε ≤ vt + ε and cs < ct + ε = vt + ε, so that
vs < vt + ε. In particular, (vt)t≥0 is right-continuous at t on this set.

A similar argument shows the right-continuity of (vt)t≥0 in all of the remaining
cases.

3.6. Noisy stochastic duels. As mentioned in the introduction, the right-
continuity of the payoff process can be used to derive, by induction and proper
definition of a final payoff, the existence of an equilibrium in a more general class
of games, in which (i) each player has to act at most M times, and (ii) the payoff
depends on the number of times each player acted, as well as on the exact times in
which the players acted. That is, the game is given by a filtration (Ft)t≥0 and,
for every 0 ≤ n,m ≤ M , a right-continuous process um,n(t1, . . . , tm, t′1, . . . , t

′
n)

that is defined whenever t1 < t2 < · · · < tm and t′1 < t′2 < · · · < t′n, and such
that um,n(t1, . . . , tm, t′1, . . . , t

′
n) is Fmax{tm,t′n}-measurable. If player 1 acts at times

t1 < · · · < tm and player 2 acts at times t′1 < · · · < t′n, with 0 ≤ m,n ≤ M , the payoff
is um,n(t1, . . . , tm, t′1, . . . , t

′
n). This implies, in particular, that every noisy stochastic

duel in which each player is endowed with finitely many bullets, the payoff is 1 if
player 1 hits player 2, the payoff is –1 if player 2 hits player 1, and the accuracy
process is right-continuous, admits a value.

Details are standard and omitted.

Acknowledgment. We thank the anonymous referee, whose comments improved
the presentation.
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EFFICIENT SOLUTION OF OPTIMAL CONTROL PROBLEMS
USING HYBRID SYSTEMS∗
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Abstract. We consider the synthesis of optimal controls for continuous feedback systems by
recasting the problem to a hybrid optimal control problem: synthesize optimal enabling conditions
for switching between locations in which the control is constant. An algorithmic solution is obtained
by translating the hybrid automaton to a finite automaton using a bisimulation and formulating a
dynamic programming problem with extra conditions to ensure non-Zenoness of trajectories. We
show that the discrete value function converges to the viscosity solution of the Hamilton–Jacobi–
Bellman equation as a discretization parameter tends to zero.

Key words. optimal control, hybrid systems, bisimulation
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1. Introduction. The goal of this paper is the development of a computationally
appealing technique for synthesizing optimal controls for continuous feedback systems
ẋ = f(x, u) by recasting the problem as a hybrid optimal control problem. The hybrid
problem is obtained by approximating the control set U ⊂ R

m by a finite set Σ ⊂ U
and defining vector fields for the locations of the hybrid system of the form f(x, σ),
σ ∈ Σ; that is, the control is constant in each location. The hybrid control problem
is to synthesize enabling conditions such that a target set Ωf ⊂ Ω is reached while a
hybrid cost function is minimized, for each initial condition in a specified set Ω ⊂ R

n.
Casting the problem as a hybrid control problem is not necessarily a simplification

because, while algorithmic approaches for solving the controller synthesis problem for
specific classes of hybrid systems have appeared [33, 52], no general, efficient algorithm
is available. To be able to solve the (nonlinear) hybrid optimal control problem, we
must exploit some additional property. We have a feasible and appealing approach
if we can translate the problem to an equivalent discrete problem, which abstracts
completely the continuous behavior. This translation is possible if we can construct a
finite bisimulation defined on the hybrid state space, that is, an equivalence relation
that induces a partition in each hybrid automaton location that is consistent with the
continuous dynamics of that location. A finite bisimulation can be constructed using
the geometric approach reported in [10], based on the following key assumption: n−1
local (on Ω) first integrals can be expressed analytically for each vector field f(x, σ),
σ ∈ Σ. This assumption is imposed in the transient phase of a feedback system’s
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response, when the vector field is nonvanishing and local first integrals always exist,
although finding closed form expressions for them is not always easy or possible. Also,
the assumption that the partition be a bisimulation is sufficient but not necessary for
the overall approach.

If the assumption is met, then we can transform the hybrid system to a quo-
tient system associated with the finite bisimulation, which is a finite automaton. The
control problem posed on the finite automaton is to synthesize a discrete supervisor,
providing a switching rule between automaton locations, that minimizes a discrete
cost function approximating the original cost function, for each initial discrete state.
We provide a dynamic programming solution to this problem, with extra constraints
to ensure non-Zenoness of the closed-loop trajectories. By imposing non-Zeno condi-
tions on the synthesis we obtain piecewise constant controls with a finite number of
discontinuities in bounded time.

The discrete value function depends on the discretizations of U and of Ω using
the bisimulation. We quantify these discretizations by parameters δ and δQ. The
main theoretical contribution is to show that as δ, δQ → 0, the discrete value function
converges to the unique viscosity solution of the Hamilton–Jacobi–Bellman (HJB)
equation.

There is a similarity between our approach to optimal control and regular syn-
thesis, introduced in [8], in the sense that both restrict the class of controls to a set
that has some desired property and both use a finite partition to define switching
behavior. For linear systems, the results on regular synthesis are centered on the
bang-bang principle [38], stating that a sufficient class of optimal controls is piecewise
constant. If U is a convex polyhedron, then the number of discontinuities of the con-
trol is bounded. There is no hope that general bang-bang results are available due to
Fuller’s example [21, 29]. Nevertheless, in many applications the optimal control is a
piecewise continuous function, and methods of regular synthesis of such controls are
worth investigating. Our paper focuses on piecewise constant controls and provides
a constructive approach to obtaining a cell decomposition, in the spirit of regular
synthesis, by using a finite bisimulation, which further allows us to formulate the
synthesis problem on its quotient system—a finite automaton.

The idea of using a time abstract model formed by partitioning the continuous
state space has been pursued in a number of papers recently. Stiver, Antsaklis, and
Lemmon [48] and Yang, Lemmon, and Antsaklis [53] used a partition of the state
space to convert a hybrid model to a discrete event system (DES). This enabled them
to apply controller synthesis for DESs to synthesize a supervisor. While our approach
is related to this methodology, it differs in that we provide conditions for obtaining
the partition. In [41] hybrid systems consisting of a linear time-invariant system and
a discrete controller that has access to a quantized version of the linear system’s out-
put is considered. The quantization results in a rectangular partition of the state
space. This approach suffers from spurious solutions that must be trimmed from the
automaton behavior. Hybrid optimal control problems have been studied in papers
by Witsenhausen [51], Branicky, Borkar, and Mitter [9], and Bensoussan and Menaldi
[6]. The first two studies concentrated on problems of well-posedness, necessary con-
ditions, and existence of optimal solutions but did not provide algorithmic solutions.
Bensoussan and Menaldi considered a more general model than ours that included
continuous dynamics with a measurable control input and a discrete part with impul-
sive control. Control switches can be autonomous or controlled and may have time
delays. They characterized the viscosity solution of a dynamic programming problem
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on their model. They constructed open-loop controls, whereas we obtain feedback
controls, and they did not consider the numerical implementation.

There has recently been significant progress in developing numerical methods
that incorporate geometric invariants of a dynamical or control system. In particular,
in the area of geometric mechanics, numerical integrators have been developed that
preserve the Hamiltonian, Lie group symmetries, and other integrals of motion [19, 27,
25, 28, 40]. See [36] for an overview of problems where geometric structure is exploited
in numerical methods. Our work represents the first general methodology in which
geometric invariants are explicitly considered in the numerical solution of optimal
control problems. The geometric structure that is present in the optimal control
problem is encoded in the bisimulation partition. In effect, the two-step procedure of a
time discretization followed by the state discretization via finite element methods that
together lead to a fixed point formulation of the approximate solution of a continuous
time optimal control problem is circumvented. Instead an exact representation of the
time evolution of the system is encoded in the finite element partition, enabling a
simplified and more efficient formulation.

The paper is organized as follows. In section 2 we state the optimal control prob-
lem, while in section 3 the associated hybrid system is given. In section 4 we review
how the bisimulation is constructed. Section 5 formulates the proposed solution using
bisimulation and dynamic programming. In section 6 we prove the main theoretical
result. In section 7 we present an algorithmic solution of the dynamic programming
problem including a formal justification of the algorithm’s optimality. In section 8 we
give two simple examples. Section 9 summarizes our findings.

2. Optimal control problem. Notation. First, we introduce notation. 1(·) is
the indicator function. cl(A) denotes the closure of set A. ‖ · ‖ denotes the Euclidean
norm. Let C1(Rn) and X (Rn) denote the sets of continuously differentiable real-
valued functions and smooth vector fields on R

n, respectively. φt(x0, µ) denotes the
trajectory of ẋ = f(x, µ) starting from x0 and using control µ(·).

Let U be a compact subset of R
m; Ω an open, bounded, connected subset of R

n;
and Ωf a compact subset of Ω. Define Um to be the set of measurable functions
mapping R

+ to U . We define the minimum hitting time T : R
n × Um → R

+ by

T (x, µ) :=

{
∞ if {t | φt(x, µ) ∈ Ωf} = ∅,
min{t | φt(x, µ) ∈ Ωf} otherwise.

(2.1)

A control µ ∈ Um specified on [0, T ] is admissible for x ∈ Ω if φt(x, µ) ∈ Ω for all
t ∈ [0, T ]. The set of admissible controls for x is denoted Ux. Let

R := {x ∈ Ω | ∃µ ∈ Ux. T (x, µ) < ∞}.

We consider the following stationary optimal control problem. Given y ∈ Ω,

minimize J(y, µ) =

∫ T (y,µ)

0

L(x(t), µ(t))dt + h(x(T (y, µ)))(2.2)

subject to ẋ = f(x, µ), a.e. t ∈ [0, T (y, µ)],(2.3)

x(0) = y(2.4)

among all admissible controls µ ∈ Uy. J : R
n × Um → R is the cost-to-go function,

h : R
n → R is the terminal cost, and L : R

n × R
m → R is the instantaneous cost.

At T (y, µ) the terminal cost h(x(T (y, µ))) is incurred and the dynamics are stopped.
The control objective is to reach Ωf from y ∈ Ω with minimum cost.
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Assumption 2.1.

(1) f : R
n × R

m → R
n satisfies ‖f(x′, u′) − f(x, u)‖ ≤ Lf

[
‖x′ − x‖ + ‖u′ − u‖

]
for some Lf > 0. Let Mf be the upper bound of ‖f(x, u)‖ on Ω × U .

(2) L : R
n×R

m → R satisfies |L(x′, u′)−L(x, u)| ≤ LL

[
‖x′−x‖+ ‖u′−u‖

]
and

1 ≤ L(x, u) ≤ ML, x ∈ Ω, u ∈ U , for some LL,ML > 0.
(3) h : R

n → R satisfies |h(x′) − h(x)| ≤ Lh‖x′ − x‖ for some Lh > 0, and
h(x) ≥ 0 for all x ∈ Ω. Let Mh be the upper bound of |h(x)| on Ω.

Remark 2.1. These assumptions ensure existence of solutions to (2.3) and unique-
ness of the trajectories φt(x, µ). Weaker assumptions are possible; see [4].

The value function or optimal cost-to-go function V : R
n → R is given by

V (y) = inf
µ∈Uy

J(y, µ)

for y ∈ Ω \Ωf and by V (y) = h(y) for y ∈ Ωf . A control µ is called ε-optimal for x if
J(x, µ) ≤ V (x) + ε.

It is well known [20] that V satisfies the HJB equation

− inf
u∈U

{
L(x, u) +

∂V

∂x
f(x, u)

}
= 0(2.5)

at each point of R at which it is differentiable. The HJB equation is an infinitesimal
version of the equivalent dynamic programming principle (DPP), which says that

V (x) = inf
µ∈Ux

{∫ t

0

L(φs(x, µ), µ(s))ds + V (φt(x, µ))

}
, x ∈ Ω \ Ωf ,

V (x) =h(x), x ∈ Ωf .

The subject of assiduous effort has been that the HJB equation may not have a
C1 solution. This gap in the theory was closed by the introduction of the concept
of viscosity solution [32, 14], which can be shown to provide the unique solution of
(2.5) without any differentiability assumption. In particular, a bounded uniformly
continuous function V is called a viscosity solution of HJB provided, for each ψ ∈
C1(Rn), the following hold:

(i) if V − ψ attains a local maximum at x0 ∈ R
n, then

− inf
u∈U

{
L(x0, u) +

∂ψ

∂x
(x0)f(x0, u)

}
≤ 0;

(ii) if V − ψ attains a local minimum at x1 ∈ R
n, then

− inf
u∈U

{
L(x1, u) +

∂ψ

∂x
(x1)f(x1, u)

}
≥ 0.

Assumption 2.2. For every ε > 0 and x ∈ R, there exists Nε > 0 and an
admissible piecewise constant ε-optimal control µ having at most Nε discontinuities
and such that φt(x, µ) is transverse to ∂Ωf .

The transversality assumption implies that the viscosity solution is continuous at
the boundary of the target set, a result needed in proving uniform continuity of V
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over a finite horizon. The assumption can be replaced by a small-time controllability
condition. For a treatment of small-time controllability and compatibility of the
terminal cost with respect to continuity of the value function, see [4]. The finite
switching assumption holds under mild assumptions, such as Lipschitz continuity
of the vector field and cost functions, and is based on approximating measurable
functions by piecewise constant functions.

3. Hybrid system. The approach we propose for solving the continuous optimal
control problem first requires a mapping to a hybrid system and, second, employs a
bisimulation of the hybrid system to formulate a dynamic programming problem on
the quotient system. In this section we define the hybrid system. First, we discretize
U by defining a finite set Σδ ⊂ U which has a mesh size

δ := sup
u∈U

min
σ∈Σδ

‖u− σ‖.

We define the hybrid automaton H := (Σ × R
n,Σδ, D,Eh, G) with the following

components.
State set. Σ×R

n consists of the finite set Σ = Σδ ∪{σf} of control locations and
n continuous variables x ∈ R

n. σf is a terminal location when the optimal control
problem is stopped and the target set is reached. The controller for σf may, for
instance, be a linear feedback designed using the linearization of the system.

Events. Σδ is a finite set of control events.
Vector fields. D : Σ → X (Rn) is a function assigning an autonomous vector field

to each location. We use the notation D(σ) = fσ.
Control switches. Eh ⊂ Σ×Σ is a set of control switches. e = (σ, σ′) is a directed

edge between a source location σ and a target location σ′. If Eh(σ) denotes the set
of edges that can be enabled at σ ∈ Σ, then Eh(σ) := {(σ, σ′) | σ′ ∈ Σ \σ} for σ ∈ Σδ

and Eh(σf ) = ∅. Thus, from a source location not equal to σf , there is an edge to
every other location (but not itself), while location σf has no outgoing edges.

Enabling conditions. G : Eh → {ge}e∈Eh
is a function assigning to each edge an

enabling (or guard) condition g ⊂ R
n. We use the notation G(e) = ge. The optimal

enabling conditions are unknown and must be synthesized.

3.1. Semantics. A state is a pair (σ, x), σ ∈ Σ and x ∈ R
n. In location σ ∈ Σδ

the continuous state evolves according to the vector field f(x, σ). In location σf , the
vector field is ẋ = f(x, µf ), where µf is the (not necessarily constant) control of the
terminal location. Trajectories of H evolve in steps of two types. A σ-step is a binary

relation
σ→⊂ (Σ×R

n)×(Σ×R
n), and we write (σ, x)

σ′
→ (σ′, x′) iff (1) e = (σ, σ′) ∈ Eh,

(2) x ∈ ge, and (3) x = x′. A t-step is a binary relation
t→⊂ (Σ × R

n) × (Σ × R
n),

and we write (σ, x)
t→ (σ′, x′) iff (1) σ = σ′ and (2) for some t ≥ 0, x′ = φt(x, σ),

where φ̇t(x) = f(φt(x, σ), σ). Enabling conditions are forced in that an edge is taken
instantaneously and as soon as it is enabled.

Example 3.1. Consider the time optimal control problem for the system

ẋ1 = x2,

ẋ2 = u.(3.1)

Suppose Ω = (−1, 1) × (−1, 1) and Ωf = Bε(0), the closed epsilon ball centered at

0. The cost-to-go function is J(x, µ) =
∫ T (x,µ)

0
dt and U = {u : |u| ≤ 1}. We select
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ẋ2 = −1
ẋ1 = x2 ẋ1 = x2

ẋ2 = 1

ẋ1 = 0
ẋ2 = 0

e2x ∈ ge2
x ∈ ge3

x ∈ ge−1

x ∈ ge1
σ−1 σ1

σf

e−1

e1

e3

Fig. 3.1. Hybrid automaton for time optimal control of a double integrator system.

Σδ = {−1, 1}, so that δ = 1. The hybrid system is show in Figure 3.1. The state set
is {σ−1 = −1, σ1 = 1, σf} × R

2. ge−1
and ge1 are unknown and must be synthesized,

while ge2 = ge3 = Ωf .

4. Bisimulation. Let λ represent an arbitrary time interval. A bisimulation
of H is an equivalence relation �⊂ (Σδ × R

n) × (Σδ × R
n) such that for all states

p1, p2 ∈ Σδ × R
n, if p1 � p2 and β ∈ Σδ ∪ {λ}, then if p1

β→ p′1, there exists

p′2 such that p2
β→ p′2 and p′1 � p′2. See Figure 4.1. Intuitively, a bisimulation is

an equivalence relation defining a partition on the hybrid state space that preserves
reachability over σ-steps and time steps. However, the definition leaves ambiguity
about how the partition should be obtained. Alur and Dill [1] gave a construction for
timed automata that was based on the first integrals of the continuous dynamics and
on the syntax of the enabling and reset conditions. Their approach was first general-
ized in [10]. Time evolution of the original system is modeled as untimed transitions
from equivalence class to equivalence class in the quotient system associated with
the bisimulation. Transitions between locations of the hybrid automaton appear also
as transitions in the quotient system. Thus if there is a finite number of equivalence
classes of �, then a finite transition system or finite automaton is obtained which gives
a time abstract model of the original system, with reachability properties exactly pre-
served. For a more thorough discussion of results on bisimulations for hybrid systems,
see [26, 2].

We declare the set of “interesting” equivalence classes of �, which is assumed to
be finite and is denoted Q, to be those that intersect Σδ × cl(Ω). For each q ∈ Q
we define a distinguished point (σ, ξ) ∈ q, and we use the notation q = [(σ, ξ)].

p′

p q

q′

Fig. 4.1. Illustration of the definition of bisimulation.
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We define a mesh size on Q by

δQ = max
q∈Q

sup
(σ,x),(σ,y)∈q

‖x− y‖.

For each q = [(σ, ξ)] ∈ Q we associate the duration τq, the maximum time to traverse
q using constant control σ. That is,

τq = sup
(σ,x),(σ,y)∈q

{t | y = φt(x, σ)}.

This extra data associated with the bisimulation is required in our problem to obtain
approximations of the cost functions L and h.

4.1. Geometric construction. We review our method for obtaining finite bisim-
ulations [10] which relies on the following assumptions on the vector fields on Ω.

Assumption 4.1.

(1) For each σ ∈ Σδ, there exist n− 1 C1 functions γσ
i : Ω → R, i = 1, . . . , n− 1,

whose time derivative along solutions of ẋ = f(x, σ) in Ω is zero.
(2) There exists mf > 0 such that ‖f(x, u)‖ ≥ mf for all x ∈ cl(Ω), u ∈ U .
Remark 4.1. There is an uncontested view promulgated by Poincaré that differ-

ential equations possessing a complete set of first integrals, i.e., completely integrable
systems, are the exception rather than the norm. This has led to some confusion about
when one can or cannot find first integrals for non-Hamiltonian systems. The primary
source of confusion comes from the multiple meanings of the term integrability. It
appears as a Liouville integrability (the version alluded to by Poincaré and further
developed by Arnold [3]), local integrability, algebraic integrability, etc. A type of
integrability suitable for non-Hamiltonian systems was proposed by Chavarriga et al.
[13] with the terminology weak integrability (to contrast with strong integrability in
the sense of Liouville). Weak integrability is meant to capture that many systems do
not exhibit complex behavior such as chaos, even if they are not Hamiltonian.

Let ẋ = f(x) be a differential equation with domain of definition D ⊂ R
n, and

let O be a set of orbits of the system such that D \ O is open. Following [13], we
say a C1 function γ : D \ O → R is a weak first integral of the system ẋ = f(x) if γ
is constant on each solution of the system contained in D \ O and γ is nonconstant
on any open subset of D \ O. A system is said to be weakly integrable if it has n− 1
functionally independent (on D \ O) weak first integrals.

The relaxation of the requirement that the first integral be a differentiable func-
tion on the entire domain of the differential equation means that, for instance, all
linear systems are weakly integrable [11], whereas only the Hamiltonian linear sys-
tems (centers and saddles in the case of second order linear systems) are integrable
in the strong sense. Assumption 4.1(1) is a weak integrability assumption.

There are many methods for finding first integrals, including Lie group symmetry
analysis [7, 37], Lax pairs, Painleve analysis, and the Frobenius theorem, among others
[16, 22, 46, 49]. A general reference and overview of the methods can be found in [24].
The best-known result for symbolic computation of first integrals is the Prelle–Singer
procedure [39]. Reduce and Macsyma implementations of the Prelle–Singer procedure
are described in [34, 46], while an implementation in higher dimensions is described
in [35]. Algorithms for finding polynomial first integrals are described in [43, 44].

A bisimulation of Σδ×R
n is found by first constructing partitions for each location

of H such that reachability properties are preserved over time steps. In section 5 we
describe how to accomodate σ-steps in the quotient system. To obtain a partition
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Fig. 4.2. Partitions for states σ1 and σ−1 of the hybrid automaton of Figure 3.1.

consistent with the dynamics of location σ ∈ Σδ we use the level sets of the n − 1
first integrals γσ

i (x) = yσi , i = 1, . . . , n − 1, to bound the flow in n − 1 independent
directions, thus obtaining tubes of trajectories with a rectangular cross section. Next,
the level sets of a submersion γσ

n = yσn that is transverse to the flow of ẋ = f(x, σ)
are used to divide the tube of trajectories into boxes, so that (yσ1 , . . . , y

σ
n) form a set

of Euclidean coordinates γσ : Ω → [−1, 1]n on Ω. That is, we assume that the level
sets of γσ

i foliate the set Ω (see [30] for background on foliations) and, by appropriate
scaling, their level values lie between −1 and 1 on Ω. We discretize the foliations
associated with each γσ

i by selecting a finite number of level values. More precisely,
fix k ∈ Z+ and let ∆ = 1

2k . Define

Ck = {0,±∆,±2∆, . . . ,±1}.(4.1)

Each yσi = c for c ∈ Ck, i = 1, . . . , n, defines a hyperplane in R
n denoted W̃ σ

i,c and a

submanifold W σ
i,c = (γσ)−1(W̃ σ

i,c). The collection of submanifolds for σ ∈ Σδ is

Wσ
k = {W σ

i,c | c ∈ Ck, i ∈ {1, . . . , n}}.(4.2)

Ω\Wσ
k is the union of 2n(k+1) disjoint open sets Vσ

k = {V σ
j }. We define an equivalence

relation �e on R
n as follows. y �e y′ iff

(1) y /∈ [−1, 1]n iff y′ /∈ [−1, 1]n, and
(2) if y, y′ ∈ [−1, 1]n, then for each i = 1, . . . , n, yi ∈ (c, c+∆) iff y′i ∈ (c, c+∆),

and yi = c iff y′i = c for all c ∈ Ck.
We define the equivalence relation � on Σδ × R

n as follows. (σ, x) � (σ′, x′) iff
(1) σ = σ′ and (2) γσ(x) �e γσ(x′).

Remark 4.2. A consequence of this construction is that if any trajectory of H
passing through q ∈ Q spends zero time in it, then τq = 0.

Example 4.1. Continuing Example 3.1, a first integral for vector field ẋ1 = x2,
ẋ2 = 1 is x1− 1

2x
2
2 = c1, c1 ∈ R. For ẋ1 = x2, ẋ2 = −1 a first integral is x1+ 1

2x
2
2 = c2,

c2 ∈ R. We select a transverse foliation for each vector field, given by x2 = c3.
Partitions for locations σ1 and σ−1 and Ω = (−1, 1)× (−1, 1) are shown in Figure 4.2.
The equivalence classes of � are pairs consisting of a control event in Σδ and of the
interiors of regions, open line segments and curves forming the boundaries of two
regions, and the points at the corners of regions. τ = 0 for the segments transverse
to the flow and the corner points. τ = ∆ for the interiors of regions and segments
tangential to the flow, where ∆ = .25 in Figure 4.2.

5. Discrete problem. In this section we transform the hybrid optimal synthesis
problem to a dynamic programming problem on a nondeterministic finite automaton.
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σ′

q1

q2

q3

x

Fig. 5.1. Partitions for states σ and σ′ of a hybrid automaton, and the resulting nondetermin-
ism in A.

Consider the class of nondeterministic finite automata with cost structure represented
by the tuple

A = (Q,Σδ, E, L̂, ĥ).

Q is the finite state set, as defined above, and Σδ is the set of control events as before.
E ⊆ Q ×Q is the transition relation encoding t-steps and σ-steps of H. (q, q′) ∈ E,
where q = [(σ, ξ)] and q′ = [(σ′, ξ′)] if either (a) σ = σ′, there exists x ∈ Ω such that
(σ, x) ∈ q, and there exists τ > 0 such that for all t ∈ [0, τ ], (σ, φt(x, σ)) ∈ q and
(σ, φτ+ε(x, σ)) ∈ q′ for arbitrarily small ε > 0; (b) σ = σ′, there exists x ∈ Ω such
that (σ, x) ∈ q, and there exists τ > 0 such that for all t ∈ [0, τ), (σ, φt(x, σ)) ∈ q
and (σ, φτ (x, σ)) ∈ q′; or (c) σ �= σ′ and there exists x ∈ Ω such that (σ, x) ∈ q and
(σ′, x) ∈ q′. Cases (a) and (b) say that from a point in q, q′ is the first state (different
from q) reached after following the flow of f(x, σ) for some time. Case (c) says that
an edge exists between q and q′ if their projections to R

n have nonempty intersection.
Remark 5.1. The requirement that there be an edge from q to q′ if their projec-

tions to R
n have nonempty intersection is illustrated in Figure 5.1. We have partitions

for controls σ and σ′, respectively. In the partition for σ, suppose a trajectory starting
at x flows in time using control σ until state q of A is reached, at which time the con-
trol is set to σ′. The possible states of A that can be reached from q are q1, q2, q3, and
the one-dimensional equivalence classes between them. Hence, edges corresponding
to these possible futures for the trajectory must be included in the definition of A. A
consequence is that multiple trajectories of A can be defined starting from an initial
state. One can think of this construction as overapproximating the identity map in
terms of the equivalence classes of �. This is the source of nondeterminacy of A.

Let e = (q, q′) with q = [(σ, ξ)] and q′ = [(σ′, ξ′)]. L̂ : E → R is the discrete
instantaneous cost given by

L̂(e) :=

{
τqL(ξ, σ) if σ = σ′,
0 if σ �= σ′.

(5.1)
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ĥ : Q → R is the discrete terminal cost given by

ĥ(q) := h(ξ).

The domain of ĥ can be extended to Ω, with a slight abuse of notation, by

ĥ(x) := ĥ(q),(5.2)

where q = arg minq′{‖x − ξ′‖ | q′ = [(σ′, ξ′)]}. Finally, Qf is the target set given by
the overapproximation of Ωf ,

Qf = {q ∈ Q | ∃x ∈ Ωf s.t. (σ, x) ∈ q}.(5.3)

5.1. Semantics. A transition or step of A from q = [(σ, ξ)] ∈ Q to q′ =

[(σ′, ξ′)] ∈ Q is denoted q
σ′
→ q′. If σ �= σ′, the transition is referred to as a con-

trol switch; otherwise, it is referred to as a time step. If E(q) is the set of edges that
can be enabled from q ∈ Q, then for σ ∈ Σδ,

Eσ(q) = {e ∈ E(q) | e = (q, q′), q = [(σ, ξ)], q′ = [(σ′, ξ′)]}.

If |Eσ(q)| > 1, then we say that e ∈ Eσ(q) is unobservable in the sense that when
control event σ is issued, it is unknown which edge among Eσ(q) is taken. If σ = σ′,
then |Eσ(q)| = 1, by the uniqueness of solutions of ODEs and by the definition of
bisimulation.

A control policy c : Q → Σδ is a map assigning a control event to each state;
c(q) = σ is the control event issued when the state is at q. A trajectory π of A

over c is a sequence π = q0
σ1→ q1

σ2→ q2
σ3→ · · ·, qi ∈ Q. A trajectory is non-Zeno

if between any two nonzero duration time steps there is a finite number of control
switches. Note that this definition is slightly different from the traditional definition
of non-Zeno trajectories of H [26], in which it is assumed that time steps always have
a nonzero duration. Here zero-duration time steps can occur. Let Πc(q) be the set
of trajectories starting at q and applying control policy c, and let Π̃c(q) be the set of
trajectories starting at q, applying control policy c, and eventually reaching Qf . If
for every q ∈ Q, π ∈ Πc(q) is non-Zeno, then we say c is an admissible control policy.
The set of all admissible control policies for A is denoted C.

A control policy c is said to have a loop if A has a trajectory q0
c(q0)→ q1

c(q1)→
· · · c(qm−1)→ qm = q0, qi ∈ Q. A control policy has a Zeno loop if it has a loop made up
of control switches and/or zero duration time steps (i.e., τq = 0) only.

Lemma 5.1. A control policy c is admissible iff it has no Zeno loops.
Proof. First we show that a nondeterministic automaton with non-Zeno trajecto-

ries has a control policy without Zeno loops. Suppose not. Then a trajectory starting
on a state belonging to the loop can take infinitely many steps around the loop before
taking a nonzero duration time step. Such a trajectory must necessarily include a
control switch (since a zero duration time step is always followed either by a nonzero
duration time step or a control switch). Since this control switch occurs infinitely
often in a finite time interval, the trajectory is Zeno, a contradiction.

Second, we show that a control policy without Zeno loops implies non-Zeno tra-
jectories. Suppose not. Consider a Zeno trajectory that takes an infinite number of
control switches in some finite time interval. Because there are a finite number of
states in Q, by the Dirichlet principle [31], one of the states must be repeated in the
sequence of states visited during the infinite number of control switches. Note that
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Fig. 5.2. Fragment of automaton with a zero duration time step.

this sequence can include zero duration time steps. This implies the existence of a
loop in the control policy. Now we argue this loop is Zeno.

First, by Remark 4.2, if τq = 0, then all trajectories spend zero time in q. Second,
if τq > 0, then there exists τ q > 0 such that all trajectories spend at least τ q time in q.
This follows from the boundedness of f and the bisimulation construction (trajectories
cannot move between two level sets of γσ

n in arbitrarily small time). Since there is
a finite number of states in Q, there exists τ > 0, the minimum time spent by any
trajectory in a state q ∈ Q with τq > 0. The result is that Zeno trajectories only arise
by an infinite number of control switches in a zero duration time interval. Hence, we
have shown that the loop consists of control switches and/or zero duration time steps
only, i.e., it is a Zeno loop.

Example 5.1. Consider the automaton in Figure 5.2. Suppose that we define
a control policy c(q1) = σ′, c(q3) = σ′, c(q4) = σ, and c(q5) = σ. Starting at q1

two possible trajectories are q1
σ′
→ q3

σ′
→ q4

σ→ q2, or q1
σ′
→ q3

σ′
→ q4

σ→ q1. The first
trajectory has a zero duration time step. The control is inadmissible since the second
trajectory has a Zeno loop.

5.2. Dynamic programming. We formulate the dynamic programming prob-
lem on A. This involves defining a cost-to-go function and a value function that
minimizes it over control policies suitable for nondeterministic automata.

Let π = q0
σ1→ q1 → · · · → qN−1

σN→ qN , where qi = [(σi, ξi)] and π takes the
sequence of edges e1e2 . . . eN . We define a discrete cost-to-go Ĵ : Q× C → R by

Ĵ(q, c) =

⎧⎪⎨⎪⎩ max
π∈Π̃c(q)

{
Nπ∑
j=1

L̂(ej) + ĥ(qNπ )

}
if Πc(q) = Π̃c(q),

∞ otherwise,

where Nπ = min{j ≥ 0 | qj ∈ Qf}. We take the maximum over Π̃c(q) because of the
nondeterminacy of A: it is uncertain which among the (multiple) trajectories allowed
by c will be taken so we must assume the worst-case situation. The discrete value
function V̂ : Q → R is

V̂ (q) = min
c∈C

Ĵ(q, c)

for q ∈ Q\Qf and V̂ (q) = ĥ(q) for q ∈ Qf . We show in Proposition 5.2 that V̂ satisfies
a DPP that takes into account the nondeterminacy of A and ensures that optimal
control policies are admissible. Let Aq be the set of control assignments c(q) ∈ Σδ at
q such that c is admissible.
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Proposition 5.2. V̂ satisfies

V̂ (q) = min
c(q)∈Aq

{
max

e=(q,q′)∈Ec(q)(q)

{
L̂(e) + V̂ (q′)

}}
, q ∈ Q \Qf ,(5.4)

V̂ (q) = ĥ(q), q ∈ Qf .(5.5)

Proof. Fix q ∈ Q. By definition of Ĵ ,

Ĵ(q, c) = max
e=(q,q′)∈Ec(q)(q)

{L̂(e) + Ĵ(q′, c)}.(5.6)

By definition of V̂ ,

Ĵ(q, c) ≥ max
e=(q,q′)∈Ec(q)(q)

{L̂(e) + V̂ (q′)}.

Since c(q) ∈ Aq is arbitrary,

V̂ (q) ≥ min
c(q)∈Aq

{
max

e=(q,q′)∈Ec(q)(q)
{L̂(e) + V̂ (q′)}

}
.

To prove the reverse inequality suppose, by way of contradiction, there exists σ′ ∈ Σδ

such that

V̂ (q) > max
e=(q,q′)∈Eσ′ (q)

{L̂(e) + V̂ (q′)} := L̂(e) + V̂ (q).(5.7)

Suppose an optimal admissible policy for q is c. Define c = c on Q\{q} and c(q) = σ′.
Then Ĵ(q, c) = L̂(e) + V̂ (q) < V̂ (q). This gives rise to a contradiction if we can
show c is admissible. Suppose not. Then there exists a loop of control switches
and zero duration time steps containing q. Either the loop includes q, implying
V̂ (q) = V̂ (q), which contradicts hypothesis (5.7), or the loop includes some other
q′ such that (q, q′) ∈ Eσ′(q), implying V̂ (q′) = V̂ (q). But V̂ (q) ≥ V̂ (q′) since q
gives the worst-case cost over edges with label σ′. This again contradicts hypothesis
(5.7).

5.3. Synthesis of ge. The synthesis of enabling conditions or hybrid controller
synthesis is typically a postprocessing step of a backward reachability analysis (see,
for example, [52]). This situation prevails here as well: (5.4) and (5.5) describe
a backward analysis to construct an optimal policy c ∈ C. Once c is known, the
enabling conditions of H are extracted as follows.

Consider each e = (σ, σ′) ∈ E of H with σ �= σ′. There are two cases. If σ′ �= σf ,
then ge =

{
x | (σ, x) ∈ q, q ∈ Q, c(q) = σ′}. That is, if the control policy designates

switching from q ∈ Q with label σ to q′ ∈ Q with label σ′, then the corresponding
enabling condition in H includes the projection to R

n of q. The second case when
σ′ = σf is for edges going to the terminal location of H. Then ge =

{
x | (σ, x) ∈

q, q ∈ Qf

}
.

6. Main result. We will prove that V̂ converges to V , the viscosity solution
of the HJB equation, as δQ, δ → 0. We make use of a filtration of control sets
Σk ≡ Σδk corresponding to a sequence δk → 0 as k → ∞ in such a manner that
Σk ⊂ Σk+1. Considering (4.2), we define a filtration of families of submanifolds such
that Wσ

k ⊂ Wσ
k+1 for each σ ∈ Σk.
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The proof proceeds in three steps. In the first step we restrict the class of controls
to piecewise constant functions whose constant intervals are a function of the state. In
particular, the control is constant on equivalence classes of �. As δk tends to zero this
class of piecewise constant controls well approximates ε-optimal controls. The Arzela–
Ascoli theorem is invoked to show that the limit of a sequence of approximations Vk

of the value function using the aforementioned controls is a continuous function V∗.
Using techniques of [4], V∗ is shown to be the unique viscosity solution of HJB. In
the second step we introduce the discrete approximations of L and h. The discrete
approximation of h is a one-time error, while the error between L and L̂ is shown
to be O(δ2

k) per interval τ . Since the number of intervals is O(1/δk), the error is
O(δk). In the last step we introduce the discrete states Q. The error introduced at
each control switch by the nondeterminacy of A is O(δk) and since there are a fixed
number of control switches as δk → 0, this error can be made arbitrarily small.

Step 1: Piecewise constant controls. In the first step we define a class of piecewise
constant functions that depend on the state and show that the value function which
minimizes the cost-to-go over this class converges to the viscosity solution of HJB as
δk → 0. The techniques of this step are based on those by Bardi and Capuzzo-Dolcetta
[4] and are related to those in [12].

We consider the optimal control problem (2.2)–(2.4) when the set of admissible
controls is U1

k , piecewise constant functions consisting of finite sequences of control
events σ ∈ Σk, where each σ is applied for a time τ(σ, x) and the trajectory remains in
Ω. Let (σ, x) ∈ q for q ∈ Q and define τ(σ, x) to be the minimum of the time it takes
the trajectory starting at x and using control σ ∈ Σk to reach (ta) ∂Ωf or (tb) some
x′ such that (σ, x′) �∈ q. If a trajectory is at xi at the start of the (i+ 1)th step, then
the control σi+1 is applied for time τi+1 := τ(σi+1, xi) and xi+1 = φτi+1(xi, σi+1).
Thus U1

k is a class of piecewise constant controls whose constant intervals are based
on the state partition induced by � (in contrast with a partition of the time interval):
the control can only change values on the boundary of equivalence classes.

Let

R1
k := {x ∈ Ω | ∃µ ∈ U1

k · T (x, µ) < ∞}.

We define the cost-to-go function J1
k : Ω × U1

k → R as follows. For x ∈ Ω and
µ = σ1σ2 . . . ∈ U1

k , if T (x, µ) < ∞, then

J1
k (x, µ) =

N∑
j=1

∫ τ(σj ,xj−1)

0

L(φs(xj−1, σj), σj)ds + h(xN ),

where N = min{j ≥ 0 | xj ∈ Ωf}. J1
k (x, µ) = ∞ otherwise. We define the value

function V 1
k : R

n → R as follows. For x ∈ Ω \ Ωf ,

V 1
k (x) = inf

µ∈U1
k

J1
k (x, µ),(6.1)

and for x ∈ Ωf , V 1
k (x) = h(x). The following result is proved using standard argu-

ments from dynamic programming [20].
Proposition 6.1. V 1

k satisfies, for all x ∈ R1
k,

V 1
k (x) = min

σ∈Σk

{∫ τ(σ,x)

0

L(φs(x, σ), σ)ds + V 1
k (φτ(σ,x)(x, σ))

}
.(6.2)
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Fig. 6.1. The shaded region is Mσ
c− while the bold curve on its boundary is Mσ

c .

We would like to show that V 1
k is uniformly bounded and locally uniformly con-

tinuous. Considering uniform continuity of V 1
k , let Ck be as in (4.1) and γσ

n the
submersion whose level sets are transverse to the flow of ẋ = f(x, σ). Referring to
Figure 6.1, for each σ ∈ Σk and for each fixed c ∈ Ck we define the regions in R

n

Mσ
c := {x | γσ

n(x) = c},
Mσ

c− := {x | γσ
n(x) ∈ (−1, c)};

that is, Mc− is the strip of points belonging to a level set of γσ
n whose level value is

between −1 and c.
Remark 6.1.

(a) If x, y ∈ Mσ
c− for some c ∈ Ck and τ(σ, x) and τ(σ, y) are defined using (tb),

then |τ(σ, x) − τ(σ, y)| → 0 and ‖φτ(σ,x)(x, σ) − φτ(σ,y)(y, σ)‖ → 0 as ‖x − y‖ → 0
in Mσ

c−, since Mσ
c is a smooth submanifold. See Figure 6.1. For the details, see [20,

Theorem 6.1, pp. 91–94]. If instead τ(σ, x) and τ(σ, y) are defined using (ta) and σ
is an ε-optimal control for x, then by Assumption 2.2 the same results hold.

(b) For each x ∈ ∪kR1
k and ε > 0 there exists m ∈ Z

+ and µ ∈ U1
m such that µ

is an ε-optimal control for x w.r.t. V 1
k with at most Nε discontinuities and such that

φt(x, µ) is transverse to ∂Ωf . This follows from Assumption 2.2, V 1
k (x) ≥ V (x), and

the fact that we can well approximate an ε-optimal control for V by a control in U1
m

for large enough m.
The following lemma shows that V 1

k is locally uniformly continuous.
Lemma 6.2. For each y ∈ ∪kR1

k and ε > 0, there exists mε ∈ Z
+ and ηε > 0

such that |V 1
k (x) − V 1

k (y)| < 2ε for all |x− y| < ηε with x ∈ R1
k and for all k > mε.

Proof. Fix y ∈ ∪kR1
k. By Remark 6.1(b) there exists m1 > 0 and µ ∈ U1

m1
such

that µ is an ε-optimal control for y satisfying Assumption 2.2. Let x ∈ R1
m1

. Then
V 1
k (x) − V 1

k (y) ≤ J1
k (x, µx) − J1

k (y, µ) + ε for any µx ∈ U1
m1

and k > m1. If we can
show that for fixed y and µ there exists µx ∈ U1

m1
such that

J1
k (x, µx) − J1

k (y, µ) < ε(6.3)

for all x ∈ R1
m1

sufficiently close to y, then V 1
k (x) − V 1

k (y) ≤ 2ε for all k ≥ m1.
Conversely, by Remark 6.1(b) there exists m2 > 0 and µx ∈ U1

m2
such that µx

is an ε-optimal control for x satisfying Assumptions 2.2. Then V 1
k (y) − V 1

k (x) ≤
J1
k (y, µ)− J1

k (x, µx) + ε for any µ ∈ U1
m2

and k > m2. If we can show that for fixed y
there exists µ ∈ U1

m2
such that

J1
k (y, µ) − J1

k (x, µx) < ε(6.4)
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for all x ∈ R1
m2

sufficiently close to y, then V 1
k (x)− V 1

k (y) ≥ −2ε for all k ≥ m2. The
result follows by letting mε = min{m1,m2}. Thus, we must show (6.3) and (6.4).

Consider first (6.3). Let µ = σ1σ2 . . . ∈ U1
k be an ε-optimal control for y such

that yN ∈ ∂Ωf . By redefining indices, we can associate with µ the open-loop control
µ̃ = (σ1, τ1)(σ2, τ2) . . ., where τi is the time σi is applied. We claim there exists
µ̃x = (σ1, τ

x
1 )(σ2, τ

x
2 ) . . . such that as x → y, (a) xj → yj , (b) τxj → τj , and (c)

xN ∈ ∂Ωf . Let Tk = maxi τi. Then we have

J1
k (x, µ̃x) − J1

k (y, µ̃) ≤
N∑
j=1

∫ τj

0

|L(φs(xj−1, σj), σj) − L(φs(yj−1, σj), σj)|ds

+

N∑
j=1

∣∣∣∣∣
∫ τx

j

τj

L(φs(xj−1, σj), σj)ds

∣∣∣∣∣ + |h(yN ) − h(xN )|

≤ LLTk exp (LfTk)

N∑
j=1

‖xj−1 − yj−1‖

+ ML

N∑
j=1

|τxj − τj | + Lh|xN − yN |.

By the previous claim the right-hand side (r.h.s.) can be made less than ε. Thus, we
need only show there exists µ̃x = (σ1, τ

x
1 )(σ2, τ

x
2 ) . . . , which satisfies the claim, and

µx ∈ U1
k can be reconstructed from it, based on the discrete states in Q visited by

φt(x, µ̃
x).

We argue by induction. Suppose (a)–(c) hold at j − 1. We show they hold at j.
We need only consider the case when yj−1 ∈ M

σj

c− and yj ∈ M
σj
c for some c ∈ Ck; that

is, yj−1 lies upstream of yj (trajectories flow in the increasing γ
σj
n direction), while

yj lies on the boundary of an equivalence class where the control is allowed to switch
values. For xj−1 sufficiently close to yj−1, xj−1 ∈ M

σj

c−. By Remark 6.1(a) there exists
τxj such that xj = φτx

j
(xj−1, σj) ∈ M

σj
c and τxj → τj and xj → yj as xj−1 → yj−1.

The case yj−1 ∈ M
σj

c− and yj ∈ ∂Ωf follows in the same way from Assumption 2.2.
Proving (6.4) follows along the same lines as the proof for (6.3).

To show boundedness of V 1
k , let T (x) := infµ∈U1

k
T (x, µ). In light of Assump-

tion 2.1(2), we have that for all x ∈ R
n, |V 1

k (x)| ≤ T (x) ·ML +Mh. Consider the set
Ka := {x ∈ R1

k | T (x) < a}. Then |V 1
k (x)| ≤ a ·ML + Mh for all x ∈ Ka.

We have shown that on each Ka ⊆ R
n, {V 1

k } forms a family of equibounded,
locally equicontinuous functions. It follows by the Arzela–Ascoli theorem [42] that
along some subsequence kn, V 1

kn
converges to a continuous function V∗. The proof of

the following result closely follows [4].
Proposition 6.3. V∗ is the unique viscosity solution of HJB.
Proof. We show that V∗ solves HJB in the viscosity sense. Let ψ ∈ C1(Rn)

and suppose x0 ∈ Ω is a strict local maximum for V∗ − ψ. There exists a closed
ball B centered at x0 such that (V∗ − ψ)(x0) > (V∗ − ψ)(x) for all x ∈ B. Let
x0δk be a maximum point for V 1

k − ψ over B. Since V 1
k → V∗ locally uniformly it

follows that x0δk → x0 as δk → 0. Then, for any σ ∈ Σk, the point φτ (x0δk , σ) is in
B (using boundedness of f), for sufficiently small δk and 0 ≤ τ ≤ τ(x0δk , σ), since
τ(x0δk , σ) → 0 as δk → 0. Therefore,

V 1
k (x0δk) − ψ(x0δk) ≥ V 1

k (φτ (x0δk , σ)) − ψ(φτ (x0δk , σ)).
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Considering (6.2), we have

0 = − min
σ∈Σk

{
V 1
k (φτ (x0δk , σ)) − V 1

k (x0δk) +

∫ τ

0

L(φs(x0δk , σ), σ)ds

}
≥ − min

σ∈Σk

{
ψ(φτ (x0δk , σ)) − ψ(x0δk) +

∫ τ

0

L(φs(x0δk , σ), σ)ds

}
.

Since ψ ∈ C1(Rn), we have by the mean value theorem,

0 ≥ − min
σ∈Σk

{
∂ψ

∂x
(y) ·

∫ τ

0

f(φs(x0δk , σ), σ)ds +

∫ τ

0

L(φs(x0δk , σ), σ)ds

}
,

where y = αx0δk + (1 − α)φτ (x0δk , σ) for some α ∈ (0, 1). Dividing by τ > 0 on
each side and taking the limit as δk → 0, we have V 1

k → V∗, x0δk → x0, τ → 0, and
y → x0δk . By the fundamental theorem of calculus, the continuity of f and L, and
the uniform continuity in u of the expression in brackets, we obtain

0 ≥ − inf
u∈U

{
∂ψ

∂x
(x0) · f(x0, u) + L(x0, u)

}
.

This confirms part (i) of the viscosity solution definition. Part (ii) is proved in an
analogous manner.

Step 2: Approximate cost functions and overapproximation of Ωf by Qf . In this
step we define a class of piecewise constant controls, denoted U2

k , nearly the same as
U1
k , to accommodate that trajectories terminate at Qf , not Ωf , and we replace the

cost functions L and h by approximations L2 and ĥ, respectively. We define U2
k ⊂ U1

k

to be the class of piecewise continuous controls whose constant time intervals τ(σ, x)
are determined by the equivalence classes of � but not ∂Ωf . That is, case (ta) in the
definition of τ(σ, x) in Step 1 is omitted. Next we define an approximate instantaneous
cost L2 : Ω × Σk → R by

L2(x, σ) := L̂(e),(6.5)

where (σ, x) ∈ q and e = (q, q′) represents the time step. For x ∈ Ω and µ = σ1σ2 . . . ∈
U2
k , if T (x, µ) < ∞, the cost-to-go function J2

k : Ω × U2
k → R is

J2
k (x, µ) =

N∑
j=1

L2(xj−1, σj) + ĥ(xN ),

where N = min{j ≥ 0 | xj ∈ Qf}. In other words, J2
k is a worst-case cost over a set

of trajectories starting at x that visit the same sequence of equivalence classes of �,

and it is a worst-case cost w.r.t. J1
k because

∫ τ(σ,x)

0
L(φs(x, σ), σ)ds ≤ L2(x, σ).

We define a value function V 2
k : R

n → R as follows. For x ∈ Ω \Qf ,

V 2
k (x) = inf

µ∈U1
k

J2
k (x, µ),(6.6)

and for x ∈ Qf , V 2
k (x) = ĥ(x). For x ∈ Ω such that V 2

k (x) < ∞, V 2
k satisfies the DPP

V 2
k (x) = min

σ∈Σk

{
L2(x, σ) + V 2

k (φτ(σ,x)(x, σ))
}
.

The proof is along the same lines as that of Proposition 5.2.
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The following facts are useful for the subsequent result. The first lemma says
that τq is order δk. The second lemma says that given two times τ and τ ′ that two
trajectories spend, respectively, in the same equivalence class, |τ − τ ′| is order δ2

k.
Lemma 6.4. If δk <

mf

Lf
, then for all q ∈ Q,

τq ≤ δk
mf − Lfδk

.(6.7)

Proof. Let q ∈ Q. Fix x ∈ Ω and σ ∈ Σk such that (σ, x) ∈ q. We know
‖φτ(σ,x)(x, σ) − x‖ ≤ δk. We have

δk ≥ ‖φτ(σ,x) − x‖ =

∥∥∥∥∫ τ(σ,x)

0

f(φs(x, σ), σ)ds

∥∥∥∥
≥

∥∥∥∥∫ τ(σ,x)

0

f(x, σ)ds

∥∥∥∥−
∥∥∥∥∫ τ(σ,x)

0

[f(φs(x, σ), σ) − f(x, σ)]ds

∥∥∥∥
≥ τ(σ, x)‖f(x, σ)‖ − τ(σ, x)Lfδk,

where in the last step we use the fact that ‖φs(x, σ) − x‖ ≤ δk. Therefore,

τ(σ, x) ≤ δk
‖f(x, σ)‖ − Lfδk

.

Using Assumption 4.1(2) and taking the sup over all τ(σ, x) for q, the result fol-
lows.

Lemma 6.5. Let x, x′ ∈ Mσ
c for some c ∈ Ck and σ ∈ Σk such that ‖x−x′‖ ≤ δk.

Let τ, τ ′ be times such that φτ (x, σ), φτ ′(x′, σ) ∈ Mσ
c+∆. Then |τ − τ ′| ≤ cγτδk for

some cγ > 0.
Proof. We have∫ τ

0

d

ds
(γσ

n(φs(x, σ)))ds =

∫ τ ′

0

d

ds
(γσ

n(φs(x
′, σ)))ds.

Let f = f(φs(x, σ), σ), f ′ = f(φs(x
′, σ), σ), dγ =

dγσ
n(z)
dz |z=φs(x,σ), and dγ′ =

dγσ
n(z)
dz |z=φs(x′,σ). Then, rearranging terms,∫ τ

0

(f ′ · dγ′)ds−
∫ τ

0

(f · dγ)ds =

∫ τ

τ ′
(f ′ · dγ′)ds.

Let L1 be the Lipschitz constant of f · dγ (using the fact that γσ
n is smooth). Then∫ τ

τ ′
f ′ · dγ′ ≤ L1τ‖x− x′‖ ≤ L1τδk.

Since γσ
n defines a transversal foliation to vector field f(·, σ), f · dγ > 0. Let c =

mins∈[τ,τ ′]{f ′ · dγ′} > 0. Letting cγ = L1

c we obtain the result.
Remark 6.2. If µ ∈ U1

k is an ε-optimal control for x and the first time the
trajectory φt(x, µ) reaches Ωf (Qf ) is T (T 2), then T − T 2 → 0 and |φT (x, µ) −
φT 2(x, µ)| → 0 as k → ∞. This follows from the fact that the distance between Ωf

and Qf tends to zero as k → ∞.
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We denote by µ2 ∈ U2
k the restriction of µ to [0, T 2]. Note that if the length of µ

is |µ| = N , then |µ2| := N2 ≤ N . Then we have the following result.
Proposition 6.6. Let k0 ∈ Z

+ be arbitrary, x ∈ R1
k0

, and µ ∈ U1
k0

be an
ε-optimal control for x. Then |J1

k (x, µ) − J2
k (x, µ2)| → 0 as k → ∞.

Proof. Suppose µ = (σ1, τ1) . . . (σN , τN ) and µ2 = (σ1, τ1) . . . (σN2 , τN2), where
N2 ≤ N . Thus, N −N2 additional steps are required to reach ∂Ωf after reaching Qf .
Then we have

∣∣J1
k (x, µ) − J2

k (x, µ2)
∣∣ ≤ ∣∣∣∣∣

N∑
j=1

[∫ τ(σj ,xj−1)

0

L(φs(xj−1, σj), σj)ds

]
+ h(xN )

−
N2∑
j=1

[
τqj−1L(ξj−1, σj)

]
− ĥ(xN2)

∣∣∣∣∣,
where (σj , xj−1) ∈ qj−1 and qj−1 = [(σj , ξj−1)]. There exists ξN2 such that ĥ(xN2) =
h(ξN2) and ‖xN2 − ξN2‖ ≤ δk. Also, using the mean value theorem, there exists t̃j−1

with x̃j−1 = φt̃j−1
(xj−1, σj) and ‖x̃j−1 − ξj−1‖ ≤ δk such that∣∣J1

k (x, µ) − J2
k (x, µ2)

∣∣
≤

N2∑
j=1

∣∣τ(σj , xj−1)L(x̃j−1, σj) − τqj−1L(ξj−1, σj)
∣∣

+

∣∣∣∣∣
N∑

j=N2+1

[∫ τ(σj ,xj−1)

0

L(φs(xj−1, σj), σj)ds

]∣∣∣∣∣ +
∣∣h(xN ) − ĥ(xN2)

∣∣
≤

N2∑
j=1

τqj−1LLδk +

N2∑
j=1

[τqj−1 − τ(σj , xj−1)]L(x̃j−1, σj)

+ (T − T 2)ML + Lh‖xN − xN2‖ + Lhδk.

The last three terms on the r.h.s. go to zero as k → ∞ because of Remark 6.2 and
since δk → 0. Using Lemma 6.4 the first summation decreases linearly as δk. Call the
second summation on the r.h.s. B. Splitting B into sums over control switches and
time steps, we have

B ≤ ML

N2∑
j=1

[τqj−1 − τ(σj , xj−1)]1(σj = σj−1)

+ ML

N2∑
j=1

[τqj−1 − τ(σj , xj−1)]1(σj �= σj−1)

≤ ML

N2∑
j=1

cj−1τqj−1δk + ML

N2∑
j=1

τqj−11(σj �= σj−1)

for some cj−1 ∈ R. In the second line we used Lemma 6.5 and the fact that τqj−1 ≥
τ(σj , xj−1). Using Lemma 6.4 the first summation on the r.h.s. decreases linearly as
δk. The second term on the r.h.s. goes to zero since, by Assumption 2.2, µ has a fixed
number of control switches for all k ≥ k0.



OPTIMAL CONTROL USING HYBRID SYSTEMS 1941

Step 3: Discrete states and nondeterminacy. In the last step we compare the
value function V 2

k (x) with the discrete value function V̂ defined on A. The difference
between the two is that trajectories defined over U2

k do not include jumps, while
trajectories whose time abstract versions are accepted by A can have jumps due to
the nondeterminacy of A. Nevertheless, as k → ∞ this discrepancy can be made
negligible and we show that the difference between V 2

k and V̂ can be made arbitrarily
small.

First we extend the domain of V̂ (q), with an abuse of notation, by defining

V̂k(x) := min
σ∈Σk

{V̂ (q) | (σ, x) ∈ q}.

Also let R̂k = {x ∈ Ω | V̂k(x) < ∞} and R̂ = ∪kR̂k.
Remark 6.3.

(a) For each x ∈ ∪kR1
k and ε > 0 there exists m ∈ Z

+ and µ ∈ U2
m such that µ

is an ε-optimal control for x w.r.t. V 2
k with at most Nε discontinuities. This follows

from Remark 6.1(b) and the fact that trajectories in U2
m are merely truncations of

trajectories in U1
m.

(b) R̂ ⊂ ∪kR1
k, but the converse is not true, in general.

(c) If µ is an ε-optimal control for x w.r.t. V 2
k , then we can assume φt(x, µ) does

not self-intersect, for if it did we could find µ̃, also ε-optimal, which eliminates loops
in φt(x, µ).

(d) ‖x−x′‖ → 0 as k → ∞ for all x, x′, σ, σ′ �= σ such that ([(σ, x)], [(σ′, x′)])∈E.
(e) For all x ∈ R̂, V̂k(x) ≥ V 2

k (x). This follows because the argument of the

max in the definition of Ĵ(q, c) is equal to J2
k (x, µ), where c is a control policy as

defined in section 5.1 with c(q) = σ1, (σ1, x) ∈ q, and µ = (σ1, τ1) . . . is the piecewise
continuous control that corresponds to following policy c starting at x. Thus, J2

k (x, µ)

is the cost for a particular trajectory in Π̃c(q) which has no jumps at the control
switches. Then we have Ĵ(q, c) ≥ J2

k (x, µ), since Ĵ(q, c) maximizes over all trajectories

in Π̃c(q).
Proposition 6.7. For all x ∈ R̂, |V̂k(x) − V 2

k (x)| → 0 as k → ∞.

Proof. Fix ε > 0 and x ∈ R̂. By Remark 6.3(a) there exists m > 0 and an
ε-optimal control µ ∈ U2

m for x w.r.t. V 2
m. Denote µ = ((σ1, τ1) . . . (σN , τN )), where

τi is the time σi is applied. Let c be any control policy on Q that is generated using
δk and Ck, for k ≥ m. Then, using Remark 6.3(e),

0 ≤ V̂k(x) − V 2
k (x) ≤ Ĵk(q, c) − J2

k (x, µ) + ε,

where q = [(σ1, x)]. If we can show there exists k ≥ m such that for k > k, there
exists a policy c such that

Ĵk(q, c) − J2
k (x, µ) < ε,

then the result follows.
By Remark 6.3(d) and the transversality of φt(x, µ) with the level sets of γn, we

can find k ≥ m such that for k > k, there exists a family of (both continuous and
discontinuous) trajectories Ψk starting at x with the following properties:

(1) φt(x, µ) ∈ Ψk.
(2) φ ∈ Ψk is defined over a control µ̃ = ((σ1, τ̃1), . . . , (σN , τ̃N )) ∈ U2

k with the
same sequence of control values as µ.

(3) φ ∈ Ψk switches controls on the same (transversal) submanifolds as φt(x, µ)
and reaches Qf .
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γσ3
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Fig. 6.2. The family of trajectories Ψk in the proof of Proposition 6.7.

(4) If x−
j = φτj (xj−1, σj), then xj , the initial condition of the next step, satisfies

([(σj , x
−
j )], (σj+1, xj)]) ∈ E. Thus, the trajectories of Ψk include jumps at the control

switches modeling the nondeterminacy of A.
(5) If φ ∈ Ψk intersects q ∈ Q in R

n at the jth step, then that is the only
step where it intersects q. Also, all other φ′ ∈ Ψk that intersect q do so at the jth
step only. This requirement can be met for sufficiently large k by the fact that φ′

has no self-intersections, by the fact that there are a finite number of steps, and by
Remark 6.3(d). For if φ′ has a self-intersection, then since φ′ approaches φt(x, µ) as
k → ∞, this would imply φt(x, µ) has a self-intersection, contradicting Remark 6.3(c).

The family Ψk includes all trajectories starting at x, using the same sequence of
control values as µ, and switching on the same equivalence class boundaries φt(x, µ).
Moreover, the initial condition at the start of each step can be any point in an equiva-
lence class that has a nonempty intersection in R

n with the equivalence class reached
at the end of the previous step. One visualizes a tube of trajectories that fans out with
each successive control switch, as depicted in Figure 6.2. By choosing k sufficiently
large and by transversality, all these trajectories reach Qf .

Let Wk(φ) =
∑N

j=1 L
2(xj−1, σj) + ĥ(xN ). Observe that for φ, φ′ ∈ Ψk, |Wk(φ) −

Wk(φ
′)| → 0 as k → ∞, using Lipschitz continuity of L and h and Remark 6.3(d). We

can define a control policy c in which q ∈ Q is assigned a time step if q is not visited
by any trajectory in Ψk. If q ∈ Q is visited by some φ ∈ Ψk in its jth step, then
we assign c(q) = σj . This gives a well-defined value for c because of Property 4. By
construction, A accepts the time abstract trajectory starting at q corresponding to
each trajectory of Ψk. c is admissible because otherwise some time abstract trajectory
of A would have a Zeno loop. But a time abstract trajectory of A with a Zeno loop
has a corresponding timed trajectory in Ψk that violates Property 4 of Ψk.

Now we observe that

Ĵ(q, c) = max
φ∈Ψk

Wk(φ) := Wk(φ).

Thus, Ĵk(q, c) − J2
k (x, µ) ≤ |Wk(φ) −Wk(φ(x, µ))| → 0 as k → ∞.
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Combining Propositions 6.3, 6.6, and 6.7, we have the next theorem.
Theorem 6.8. For all x ∈ R̂, V̂k(x) → V (x) as k → ∞.

7. Implementation. So far we have developed a discrete method for solving an
optimal control problem based on hybrid systems and bisimulation. Now we focus
on the pragmatic question of how the discretized problem can be efficiently solved.
In this section we propose a modification of the Dijkstra algorithm suitable for non-
deterministic automata and prove that it is optimal and does not synthesize Zeno
loops.

7.1. Motivation. Capuzzo Dolcetta and Evans [12] introduced a method for
obtaining approximations of viscosity solutions based on time discretization of the
HJB equation. The approximations of the value function correspond to a discrete
time optimal control problem, for which an optimal control can be synthesized which
is piecewise constant. Finite difference approximations were also introduced in [15]
and [47]. In general, the time discretized approximation of the HJB equation is solved
by finite element methods. Gonzales and Rofman [23] introduced a discrete approxi-
mation by triangulating the domain of the problem, while the admissible control set is
approximated by a finite set. Gonzales and Rofman’s approach is adapted in several
papers, including [18]. The approach of [50] uses the special structure of an optimal
control problem to obtain a single-pass algorithm to solve the discrete problem, thus
bypassing the expensive iterations of a finite element method. See [45] for a recent
adaptation of Tsitsiklis’ approach. The essential property needed to find a single pass
algorithm is to obtain a partition of the domain so that the cost-to-go value from any
equivalence class of the partition is determined from knowledge of the cost-to-go from
those equivalence classes with strictly smaller cost-to-go values. We obtain a partition
of the domain provided by a bisimulation partition. The combination of the structure
of the bisimulation partition and the requirement of non-Zeno trajectories enables us
to reproduce the essential property of [50], so that we obtain a Dijkstra-like algorith-
mic solution. Our approach has complexity O(N logN) if suitable data structures are
used, where N is the number of locations of the finite automaton. The number N is,
of course, exponential in n, the dimension of the continuous state space.

7.2. Nondeterministic Dijkstra algorithm. The dynamic programming so-
lution (5.4)–(5.5) can be viewed as a shortest path problem on a nondeterministic
finite graph subject to all optimal paths satisfying a non-Zeno condition. We propose
an algorithm that is a modification of the Dijkstra algorithm for deterministic graphs
[17]. First we define the notation. Fn is the set of states that have been assigned a
control and are deemed finished at iteration n, while Un are the unfinished states. At
each n, Q = Un ∪ Fn. Σn(q) ⊆ Σδ is the set of control events at iteration n that take
state q to finished states exclusively. Ũn is the set of states for which there exists a
control event that can take them to finished states exclusively. Ṽn(q) is a tentative
cost-to-go value at iteration n. Bn is the set of best states among Ũn.

The nondeterministic Dijkstra (NDD) algorithm first determines Ũn by checking
if any q in Un can take a step to states belonging exclusively to Fn. For states
belonging to Ũn, an estimate of the value function Ṽ following the prescription of
(5.4) is obtained: among the set of control events constituting a step into states in Fn,
select the event with the lowest worst-case cost. Next, the algorithm determines Bn,
the states with the lowest Ṽ among Ũn, and these are added to Fn+1. The iteration
counter is incremented until it reaches N = |Q|. It is assumed in the following
description that initially V̂ (q) = ∞ and c(q) = ∅ for all q ∈ Q.
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Procedure NDD.

F1 = Qf ; U1 = Q − Qf ;

for each q ∈ Qf , V̂(q) = ĥ(q);

for n = 1 to N, do
for each q ∈ Un,

Σn(q) = {σ′ ∈ Σδ | if q
σ′
→ q′, then q′ ∈ Fn};

Ũn = {q ∈ Un | Σn(q) �= ∅};
for each q ∈ Ũn,

Ṽn(q) = minσ′∈Σn(q){maxe=(q,q′)∈Eσ′ (q){L̂(e) + V̂(q′)}};
Bn = argminq∈Ũn

{Ṽn(q)};
for each q ∈ Bn,

V̂(q) = Ṽn(q);

c(q) = argminσ′∈Σn(q){maxe=(q,q′)∈Eσ′ (q){L̂(e) + V̂(q′)}};
endfor
Fn+1 = Fn ∪ Bn; Un+1 = Q − Fn+1;

endfor

7.3. Justification. In this section we prove that the algorithm is optimal; that
is, it synthesizes a control policy so that each q ∈ Q reaches Qf with the best worst-
case cost. We observe a few properties of the algorithm. First, if all states of Q can
reach Qf in a nondeterministic sense, then Q−Qf = ∪nBn. By nondeterministic sense

we mean that for each q ∈ Q, there exists a control policy c such that Πc(q) = Π̃c(q).
Note that if this condition is not met, then it can happen that at some iteration
of NDD, Ũn = ∅ but Un �= ∅. Second, as in the deterministic case, the algorithm
computes V̂ in order of level sets of V̂ . In particular, V̂ (Bn) ≤ V̂ (Bn+1). Finally, we
need the following property.

Lemma 7.1. For all q ∈ Q that can reach Qf in a nondeterministic sense and
for all σ′ ∈ Σδ,

V̂ (q) ≤ max
e=(q,q′)∈Eσ′ (q)

{L̂(e) + V̂ (q′)}.

Proof. Fix q ∈ Q and σ′ ∈ Σδ. There are two cases.
Case 1.

V̂ (q) ≤ max
e=(q,q′)∈Eσ′ (q)

{V̂ (q′)}.

In this case the result is obvious.
Case 2.

V̂ (q) > max
e=(q,q′)∈Eσ′ (q)

{V̂ (q′)}.(7.1)

By assumption, q belongs to some Bn. Suppose without loss of generality that q ∈ Bj .

Together with (7.1) this implies q′ ∈ Fj for all q′ such that q
σ′
→ q′. This, in turn,

means that σ′ ∈ Σj(q) and according to the algorithm

V̂ (q) = Ṽj(q) ≤ max
e=(q,q′)∈Eσ′ (q)

{L̂(e) + V̂ (q′)},

which proves the result.
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Theorem 7.2. Algorithm NDD is optimal and synthesizes a control policy with
no Zeno loops.

Proof. First we prove optimality. Let V (q) be the optimal (best worst-case)
cost-to-go for q ∈ Q and Q = {q ∈ Q | V (q) < V̂ (q)}. Let l(πq) be the number of
edges taken by the shortest optimal (best worst-case) trajectory πq from q. Define
q = arg minq∈Q{l(πq)}. Suppose that the best worst-case trajectory starting at q is

πq = q
σ′
→ q → · · · . We showed in the previous lemma that

V̂ (q) ≤ max
e=(q,q′)∈Eσ′ (q)

{L̂(e) + V̂ (q′)} = L̂(e) + V̂ (q).

Since πq is the best worst-case trajectory from q and by the optimality of V (q),

V (q) = max
e=(q,q′)∈Eσ′ (q)

{L̂(e) + V (q′)} = L̂(e) + V (q).

Since πq is the shortest best worst-case trajectory, we know that q �∈ Q, so V (q) =

V̂ (q). This implies V̂ (q) ≤ L̂(e) + V (q) = V (q), a contradiction.
To prove that the algorithm synthesizes a policy with no Zeno loops, we argue

by induction. The claim is obviously true for F1. Suppose that the states of Fn have
been assigned controls forming no Zeno loops. Consider Fn+1. Each state of Bn takes
either a time step or a control switch to Fn, so there cannot be a Zeno loop in Bn.
The only possibility is for some q ∈ Bn to close a Zeno loop with states in Fn. This
implies there exists a control assignment that allows an edge from Fn to q to be taken,
but this is not allowed by NDD. Thus, Fn+1 has no Zeno loops.

8. Examples. We consider two simple examples where the solution of the opti-
mal control problem is known in order to illustrate the correctness of the method. The
software that generates the optimal enabling conditions is broken into two programs,
one that generates the automaton given the information about the bisimulation and
one that runs the algorithm NDD. The first program takes as input the control values
Σδ and the level values of γσ

i , i = 1, . . . , n, σ ∈ Σδ, defining the bisimulation. The

functions γσ
i , L̂, and ĥ are compiled with the executable. A data structure that asso-

ciates to each location of the finite automaton the lower and upper level values of each
γσ
i allows time steps to be encoded symbolically, namely, by sorting nodes with equal

upper and lower first integral level values in ascending order of γσ
n level values. The

edges of the finite automaton that correspond to σ-steps are generated numerically by
evaluating γσ

i for i = 1, . . . , n and each σ ∈ Σδ and thereby determining which equiv-
alence classes overlap for each pair (l, l′) of locations. In our implementation the grid
of sample points is {x ∈ Ω, γi ∈ Ck} in order to correlate with the mesh size of the
bisimulation partition. This numerical step can also be performed symbolically if the
functions γσ

i are polynomials using a quantifier elimination algorithm [5]. However,
the quantifier elimination step is expensive, and for approximate solutions it suffices
to use a numerical approach.

First we apply our method to Examples 3.1 and 4.1. The bang-bang solution
obtained using Pontryagin’s maximum principle is well known to involve a single
switching curve. The continuous value function V is shown in Figure 8.1(a).

The results of algorithm NDD are shown in Figures 8.1(b) and 8.2. In Figure 8.2
the dashed line is the smooth switching curve for the continuous problem. The black
dots identify equivalence classes where NDD assigns a control switch. Considering
ge−1

we see that the boundary of the enabling condition in the upper left corner is a
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(a) V (b) V̂ for ∆ = 0.1.

Fig. 8.1. Continuous and discrete value functions for double integrator.

(a) ge−1 (b) ge1

Fig. 8.2. Enabling conditions.

jagged approximation using equivalence classes of the smooth switching curve. Initial
conditions in the upper left corner just inside the enabling condition must switch to
a control of u = −1; otherwise the trajectory will increase in the x2 direction and not
reach the target. Initial conditions in the upper left corner just outside the enabling
condition must allow time to pass until they reach the enabling condition, for if they
switched to u = −1 they would be unable to reach the target. Hence the upper left
boundary of the enabling condition is crisp. The lower right side of the enabling
condition which has islands of time steps shows the effect of the nondeterminacy of
automaton A. These additional time steps occur because it can be less expensive
to take a time step than to incur the cost of the worst-case control switch. Indeed
consider an initial condition in Figure 8.2(a) which lies in an equivalence class that
takes a time step but should take a control switch according to the continuous optimal
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Fig. 8.3. Trajectories of the closed-loop system.

ẋ1 = 0
ẋ2 = 0

ẋ2 = −x1 − 1
ẋ1 = x2 ẋ1 = x2

ẋ2 = −x1 + 1

e2x ∈ ge2 x ∈ ge3

σf

e3

σ−1 σ1

e−1

x ∈ ge−1

x ∈ ge1

e1

Fig. 8.4. Hybrid automaton for example 2.

control. Such a point will move up and to the left before it takes a control switch.
By moving slightly closer to the target, the worst-case cost-to-go incurred in a control
switch is reduced. Notice that all such initial conditions eventually take a control
switch. This phenomenon of extra time steps is a function of the mesh size δ: as
δ decreases there are fewer extra time steps. Finally we note that the two enabling
conditions have an empty intersection, as expected to ensure non-Zeno trajectories.

Figure 8.3 shows trajectories of the closed-loop system using the controller syn-
thesized by NDD. The central shaded region is an enlarged target set.

Next we consider the time optimal control problem for the system

ẋ1 = x2,

ẋ2 = −x1 + u.(8.1)

Suppose Ω = (−1, 1) × (−1, 1) and Ωf = Bε(0), the closed epsilon ball centered at

0. The cost-to-go function is J(x, µ) =
∫ T (x,µ)

0
dt and U = {u : |u| ≤ 1}. We select

Σδ = {−1, 1} so that δ = 1. The hybrid system is show in Figure 8.4. The state set
is {σ−1 = −1, σ1 = 1, σf} × R

2. ge−1
and ge1 are unknown and must be synthesized,

while ge2 = ge3 = Ωf . A first integral for (8.1) is
√

(x1 − u)2 + x2
2 = c1, where u = ±1.

The transverse foliation is chosen to be defined by the function arctan( x2

x1−u ) = c2.
Partitions for locations σ1 and σ−1 are shown in Figure 8.5. The results of algorithm
NDD are shown in Figures 8.6(b) and 8.7. In Figure 8.7 the dashed line is the
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(a) σ1 (b) σ−1

Fig. 8.5. Partitions for states σ1 and σ−1 of the hybrid automaton of Figure 8.5.

(a) V (b) V̂ for ∆ = 0.02.

Fig. 8.6. Continuous and discrete value functions for example 2.

switching curve for the continuous problem. As in the previous example the black
dots identify equivalence classes where NDD assigns a control switch. Figure 8.8
shows trajectories of the closed-loop system using the controller synthesized by NDD.
An enlarged target set is at the origin.

Remark 8.1. From these examples we observe that our method is best suited to
problems when there are relatively few control switches, as each control switch incurs
an error of order δ. Also the method is suited to problems where bang-bang controls
are used. The method has advantages in situations where a fine time discretization of
the vector field is needed for standard finite element methods. We do not require time
discretization because of the particular choice of grid, which captures time evolution
exactly. Finally, because the method requires computation of weak first integrals,
only systems for which first integrals are computable in closed form are considered.

Table 8.1 shows the computation times for the two examples as a function of δ.
The automaton size and the time in seconds to generate it appear in the second and
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(a) ge−1 (b) ge1

Fig. 8.7. Enabling conditions for example 2.

Fig. 8.8. Trajectories of the closed-loop system for example 2.

Table 8.1

Example δ N Automaton I/O NDD Finished
1 .2 7200 .11 4.57 .02 3274
1 .1 28800 .46 5.69 .08 12835
1 .05 115200 1.97 9.09 .38 51490
1 .025 460800 7.83 22.91 1.77 205624
2 .2 1920 .03 4.42 .01 1920
2 .1 7560 .09 4.78 .07 7560
2 .05 30240 .39 6.13 .28 30240
2 .025 120960 1.55 11.04 1.3 189000
2 .0125 482880 7.99 35.29 7.12 482880
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third columns. We report the time for file I/O, which otherwise would dominate the
computation times. The time in seconds to run NDD and the size of the set Fn of
finished states appear in the last two columns. Note that not all nodes are finished in
the first example because the regions of R

2 that are partitioned in the two locations
do not overlap perfectly, resulting in the nonexistence of a trajectory that can reach
the origin starting in a subset of the nonoverlapping areas.

9. Conclusion. In this paper we have developed a methodology for the syn-
thesis of optimal controls based on hybrid systems and bisimulations. The idea is
to translate the optimal control problem to a switching problem on a hybrid system
whose locations describe the dynamics when the control is constant. When the vec-
tor fields for each location of the hybrid automaton have local first integrals which
can be expressed analytically we are able to define a finite bisimulation using the
approach of [10]. From the finite bisimulation we obtain a (time abstract) finite au-
tomaton on which a dynamic programming problem can be formulated that can be
solved efficiently. We proposed an efficient single-pass algorithm to solve this dynamic
programming problem and demonstrated its correctness on two simple examples.
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BOUNDARY CONTROL OF THE LINEARIZED
GINZBURG–LANDAU MODEL OF VORTEX SHEDDING∗
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Abstract. In this paper, we continue the development of state feedback boundary control laws
based on the backstepping methodology, for the stabilization of unstable, parabolic partial differential
equations. We consider the linearized Ginzburg–Landau equation, which models, for instance, vortex
shedding in bluff body flows. Asymptotic stabilization is achieved by means of boundary control via
state feedback in the form of an integral operator. The kernel of the operator is shown to be
twice continuously differentiable, and a series approximation for its solution is given. Under certain
conditions on the parameters of the Ginzburg–Landau equation, compatible with vortex shedding
modelling on a semi-infinite domain, the kernel is shown to have compact support, resulting in
partial state feedback. Simulations are provided in order to demonstrate the performance of the
controller. In summary, the paper extends previous work in two ways: (1) it deals with two coupled
partial differential equations, and (2) under certain circumstances handles equations defined on a
semi-infinite domain.
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1. Introduction. In this paper, we continue the development of state feedback
boundary control laws based on the backstepping methodology [6], for the stabilization
of unstable, parabolic partial differential equations [3, 2, 10, 14]. We consider the
linearized Ginzburg–Landau equation given by

∂A (x̆, t)

∂t
= a1

∂2A (x̆, t)

∂x̆2
+ a2 (x̆)

∂A (x̆, t)

∂x̆
+ a3 (x̆)A (x̆, t)(1)

for x̆ ∈ (0, xd), with boundary conditions

A (0, t) = u (t) ,(2)

A (xd, t) = 0,(3)

and where A : [0, xd] × R+ → C, a2 ∈ C2 ([0, xd]; C) , a3 ∈ C1 ([0, xd]; C), a1 ∈ C,
xd > 0, and u : R+ → C is the control input. a1 is assumed to have strictly positive
real part. In order to achieve asymptotic stabilization of the equilibrium at A ≡ 0,
backstepping is applied resulting in a boundary control law that essentially cuts the
term a3 (x̆)A (x̆, t) from (1). The result extends the work of [10, 14] in two ways:
(1) it deals with two coupled partial differential equations, and (2) under certain
circumstances handles equations defined on a semi-infinite domain (xd → ∞). The
theory is supplemented with a case study involving control of vortex shedding in bluff
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body flows. Controllers for this problem have previously been designed for finite-
dimensional approximations of (1) [7, 8, 1, 9]. In [12, 13], it was shown numerically
that the Ginzburg–Landau model for Reynolds numbers close to Rc can be stabilized
using proportional feedback from a single measurement downstream of the cylinder to
local forcing at the location of the cylinder. In [5], an optimal solution to a boundary
control problem formulated for a stationary Ginzburg–Landau model of superconduc-
tivity defined on a bounded domain was shown to exist, and the optimality system of
equations was solved by employing the finite element method.

The paper is organized as follows. In section 2, equation (1) is rewritten in terms
of real variables and coefficients, and the problem statement is given. The main result
is stated in section 3. In section 4 partial differential equations governing the feedback
kernel are derived, and in section 5 they are transformed to corresponding integral
equations. We find a unique solution to the integral equations in section 6, and show
that the solution also yields the unique feedback kernel. Stability properties of the
chosen target system are established in section 7. In section 9, the results are applied
to a model of vortex shedding behind a bluff body immersed in a moving fluid, and
it is shown that stabilizing feedback kernels that have compact support can be found
even when the domain is semi-infinite. Concluding remarks are offered in section 10.

2. Problem statement. We now rewrite (1) to obtain two coupled partial dif-
ferential equations in real variables and coefficients by defining

ρ (x, t) = �(B(x, t)) =
1

2

(
B (x, t) + B̄ (x, t)

)
,(4)

ι (x, t) = �(B(x, t)) =
1

2i

(
B (x, t) − B̄ (x, t)

)
,(5)

where

x =
xd − x̆

xd
and B (x, t) = A (x̆, t) exp

(
1

2a1

∫ x̆

0

a2 (τ) dτ

)
.(6)

i denotes the imaginary unit, and denotes complex conjugation. Equation (1)
becomes

ρt = aRρxx + bR (x) ρ− aIιxx − bI (x) ι,(7)

ιt = aIρxx + bI (x) ρ + aRιxx + bR (x) ι(8)

for x ∈ (0, 1), with boundary conditions

ρ (0, t) = 0, ι (0, t) = 0,(9)

ρ (1, t) = uR (t) , ι (1, t) = uI (t) ,(10)

and where

aR � 1

x2
d

�(a1), aI � 1

x2
d

�(a1),(11)

bR (x) � �
(
a3 (x̆) − 1

2
a′2 (x̆) − 1

4a1
a2
2 (x̆)

)
,(12)

bI (x) � �
(
a3 (x̆) − 1

2
a′2 (x̆) − 1

4a1
a2
2 (x̆)

)
.(13)
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Notice that transformation (6) serves two purposes: it normalizes the domain, and
removes the convective term in (1). The control input will be in the form

uR (t) =

∫ 1

0

[k (1, y) ρ (y, t) + kc (1, y) ι (y, t)] dy,(14)

uI (t) =

∫ 1

0

[−kc (1, y) ρ (y, t) + k (1, y) ι (y, t)] dy.(15)

It is the objective of this paper to find stabilizing feedback gain kernels k and kc.

3. Main result. Our main result states well posedness and stability properties
of system (7)–(10) in closed loop with (14)–(15). The proof of the theorem is given
in section 8, following intermediate results.

Theorem 1 (main result). There exist feedback gain kernels, k (1, ·) , kc (1, ·) ∈
C2 (0, 1), such that for arbitrary initial data ρ0, ι0 ∈ L∞ (0, 1), system (7)–(10) in
closed loop with (14)–(15) has a unique classical solution ρ, ι ∈ C2,1 ((0, 1) × (0,∞)).
The solution satisfies

‖(ρ, ι)‖H1
≤ M ‖(ρ0, ι0)‖H1

e−ct,(16)

where M > 0 and c is a prescribable positive constant.
The basic idea of the control design is to show that the dynamics of the original

system (7)–(10), with an appropriate choice for (14)–(15), is equivalent to the dy-
namics of a target system that has a specified structure, but whose zero-solution can
be assigned desired stability properties by the choice of coefficients. This is achieved
by finding an invertible coordinate transformation that transforms solutions of the
original system into solutions of the target system, establishing equivalence of norms
of solutions of the two systems. The transformation is found as the unique solution to
a hyperbolic partial differential equation, as stated in the next section. The proof of
existence and uniqueness of solutions to this equation offers a constructive procedure
to compute the transformation.

4. Derivation of PDE for the kernels. We want to find a coordinate trans-
formation

ρ̃ (x, t) = ρ (x, t) −
∫ x

0

[k (x, y) ρ (y, t) + kc (x, y) ι (y, t)] dy,(17)

ι̃ (x, t) = ι (x, t) −
∫ x

0

[−kc (x, y) ρ (y, t) + k (x, y) ι (y, t)] dy,(18)

transforming (7)–(10) into the exponentially stable system (under appropriate condi-
tions on fR (x) and fI (x) that are stated in section 7)

ρ̃t = aRρ̃xx + fR (x) ρ̃− aI ι̃xx − fI (x) ι̃,(19)

ι̃t = aI ρ̃xx + fI (x) ρ̃ + aR ι̃xx + fR (x) ι̃(20)

for x ∈ (0, 1), with boundary conditions

ρ̃ (0, t) = 0, ι̃ (0, t) = 0, ρ̃ (1, t) = 0, ι̃ (1, t) = 0,(21)

and where fR, fI ∈ C1([0, 1]). The skew-symmetric form of (17)–(18) is postulated
from the skew-symmetric form of (7)–(8). Notice that once the kernels, k (x, y) and
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kc (x, y), have been found, setting x = 1 in (17)–(18) and using (21) yields the bound-
ary control law (10) with (14)–(15).

Lemma 2. If the pair of kernels, k (x, y) and kc (x, y), satisfy the partial differ-
ential equation

kxx = kyy + β(x, y)k + βc(x, y)kc,(22)

kc,xx = kc,yy − βc(x, y)k + β(x, y)kc(23)

for (x, y) ∈ T = {x, y : 0 < y < x < 1}, with boundary conditions

k(x, x) = −1

2

∫ x

0

β(γ, γ)dγ,(24)

kc(x, x) =
1

2

∫ x

0

βc(γ, γ)dγ,(25)

k (x, 0) = 0,(26)

kc (x, 0) = 0,(27)

where

β(x, y) = [aR (bR(y) − fR(x)) + aI (bI(y) − fI(x))] /
(
a2
R + a2

I

)
,(28)

βc(x, y) = [aR (bI(y) − fI(x)) − aI (bR(y) − fR(x))] /
(
a2
R + a2

I

)
,(29)

and if (ρ, ι) satisfies (7)–(10) with (14)–(15), then (ρ̃, ι̃) satisfies (19)–(21).
Proof. Differentiating (17) with respect to time and inserting (7)–(8) we have

ρ̃t (x, t) = aRρxx + bR (x) ρ− aIιxx − bI (x) ι(30)

−
∫ x

0

[
k (x, y) (aRρxx + bR (y) ρ− aIιxx − bI (y) ι)

− kc (x, y) (aIρxx + bI (y) ρ + aRιxx + bR (y) ι)
]
dy.

Integrating (30) by parts, and using (9), (26)–(27), and (17)–(18) yield

(31) ρ̃t (x, t) = aRρ̃xx (x, t) + aR
∂2

∂x2

∫ x

0

[k (x, y) ρ (y, t) + kc (x, y) ι (y, t)] dy

+ bR (x) ρ̃ (x, t) + bR (x)

∫ x

0

[k (x, y) ρ (y, t) + kc (x, y) ι (y, t)] dy

− aI ι̃xx (x, t) − aI
∂2

∂x2

∫ x

0

[−kc (x, y) ρ (y, t) + k (x, y) ι (y, t)] dy

− bI (x) ι̃ (x, t) − bI (x)

∫ x

0

[−kc (x, y) ρ (y, t) + k (x, y) ι (y, t)] dy

− k (x, x) aRρx (x, t) + k (x, x) aIιx (x, t) − kc (x, x) aIρx (x, t) − kc (x, x) aRιx (x, t)

+ ky (x, x) aRρ (x, t) − ky (x, x) aIι (x, t) + kc,y (x, x) aIρ (x, t) + kc,y (x, x) aRι (x, t)

−
∫ x

0

[kyy (x, y) (aRρ (y, t) − aIι (y, t)) + k (x, y) (bR (y) ρ (y, t) − bI (y) ι (y, t))

+ kc,yy (x, y) (aIρ (y, t) + aRι (y, t)) + k (x, y) (bI (y) ρ (y, t) + bR (y) ι (y, t))] dy.

Applying the relation

∂2

∂x2

∫ x

0

κ (x, y) υ (y, t) dy =

∫ x

0

κxx (x, y) υ (y, t) dy + κx (x, x) υ (x, t)

+ υ (x, t)
dκ (x, x)

dx
+ κ (x, x) υx (x, t)(32)
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to appropriate terms in (31), and using (17)–(18) again, we get

(33) ρ̃t (x, t) = aRρ̃xx (x, t) − aI ι̃xx (x, t) + bR (x) ρ̃ (x, t) − bI (x) ι̃ (x, t)

+ 2aR
dk (x, x)

dx
ρ̃ (x, t) + 2aR

dkc (x, x)

dx
ι̃ (x, t) + 2aI

dkc (x, x)

dx
ρ̃ (x, t)

− 2aI
dk (x, x)

dx
ι̃ (x, t) +

∫ x

0

R (x, y) ρ (y, t) dy +

∫ x

0

I (x, y) ι (y, t) dy,

where

(34) R (x, y) = aR (kxx (x, y) − kyy (x, y)) + aI (kc,xx (x, y) − kc,yy (x, y))

+

(
2aR

dk (x, x)

dx
+ 2aI

dkc (x, x)

dx
+ bR (x) − bR (y)

)
k (x, y)

+

(
−2aR

dkc (x, x)

dx
+ 2aI

dk (x, x)

dx
+ bI (x) − bI (y)

)
kc (x, y)

and

(35) I (x, y) = −aI (kxx (x, y) − kyy (x, y)) + aR (kc,xx (x, y) − kc,yy (x, y))

+

(
2aR

dkc (x, x)

dx
− 2aI

dk (x, x)

dx
− bI (x) + bI (y)

)
k (x, y)

+

(
2aR

dk (x, x)

dx
+ 2aI

dkc (x, x)

dx
+ bR (x) − bR (y)

)
kc (x, y) .

Substituting (22)–(23) and (24)–(25) into (34)–(35) yields

(36) R (x, y)

= (aRβ (x, y) − aIβc (x, y) − (aRβ (x, x) − aIβc (x, x)) + bR (x) − bR (y)) k (x, y)

+ (aRβc (x, y) + aIβ (x, y) − (aRβc (x, x) + aIβ (x, x)) + bI (x) − bI (y)) kc (x, y) ,

and

(37) I (x, y)

= (− (aRβc (x, y) + aIβ (x, y)) + aRβc (x, x) + aIβ (x, x) − bI (x) + bI (y)) k (x, y)

+ (aRβ (x, y) − aIβc (x, y) − (aRβ (x, x) − aIβc (x, x)) + bR (x) − bR (y)) kc (x, y) .

From (28)–(29), we see that

aRβ (x, y) − aIβc (x, y) = bR (y) − fR (x)(38)

and

aRβc (x, y) + aIβ (x, y) = bI (y) − fI (x) ,(39)

so it follows that

R (x, y) = I (x, y) ≡ 0.(40)
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In view of (40), and using (24)–(25), (33) becomes

(41) ρ̃t (x, t) =aRρ̃xx (x, t) − aI ι̃xx (x, t)

+ (− (aRβ (x, x) − aIβc (x, x)) + bR (x)) ρ̃ (x, t)

+ (aRβc (x, x) + aIβ (x, x) − bI (x)) ι̃ (x, t) .

Equation (19) now follows by substituting (38)–(39) into (41). The boundary con-
ditions (21) follow by setting x = 0 and x = 1 in (17)–(18), and using (9)–(10) and
(14)–(15). Equation (20) follows similarly by starting from the time derivative of
(18).

5. Converting the PDE into an integral equation. In the following lemma,
(22)–(27) is converted into an integral equation, that is suitable for analysis by a fixed
point method to establish existence and uniqueness of solutions.

Lemma 3. Any pair of kernels, k (x, y) and kc (x, y), satisfying (22)–(27), also
satisfy the integral equation

(42) G (ξ, η) = −1

4

∫ ξ

η

b (τ, 0) dτ

+
1

4

∫ ξ

η

∫ η

0

b (τ, s)G (τ, s) dsdτ +
1

4

∫ ξ

η

∫ η

0

bc (τ, s)Gc (τ, s) dsdτ,

(43) Gc (ξ, η) =
1

4

∫ ξ

η

bc (τ, 0) dτ

− 1

4

∫ ξ

η

∫ η

0

bc (τ, s)G (τ, s) dsdτ +
1

4

∫ ξ

η

∫ η

0

b (τ, s)Gc (τ, s) dsdτ,

where

ξ = x + y, η = x− y,(44)

G (ξ, η) = k

(
ξ + η

2
,
ξ − η

2

)
, Gc (ξ, η) = kc

(
ξ + η

2
,
ξ − η

2

)
,(45)

b (ξ, η) = β

(
ξ + η

2
,
ξ − η

2

)
, bc (ξ, η) = βc

(
ξ + η

2
,
ξ − η

2

)
.(46)

Proof. Using the relations

kx (x, y) = Gξ
∂ξ

∂x
+ Gη

∂η

∂x
= Gξ (ξ, η) + Gη (ξ, η),(47)

ky (x, y) = Gξ
∂ξ

∂y
+ Gη

∂η

∂y
= Gξ (ξ, η) −Gη (ξ, η),(48)

kxx (x, y) =
∂

∂ξ
(Gξ (ξ, η) + Gη (ξ, η))

∂ξ

∂x
+

∂

∂η
(Gξ (ξ, η) + Gη (ξ, η))

∂η

∂x

= Gξξ (ξ, η) + 2Gηξ (ξ, η) + Gηη (ξ, η),(49)

kyy (x, y) =
∂

∂ξ
(Gξ (ξ, η) −Gη (ξ, η))

∂ξ

∂y
+

∂

∂η
(Gξ (ξ, η) −Gη (ξ, η))

∂η

∂y

= Gξξ (ξ, η) − 2Gηξ (ξ, η) + Gηη (ξ, η),(50)
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(22)–(23) with boundary conditions (24)–(27) are transformed to

Gηξ (ξ, η) =
1

4
[b (ξ, η)G (ξ, η) + bc (ξ, η)Gc (ξ, η)],(51)

Gc,ηξ (ξ, η) =
1

4
[−bc (ξ, η)G (ξ, η) + b (ξ, η)Gc (ξ, η)],(52)

G (ξ, 0) = −1

4

∫ ξ

0

b (τ, 0) dτ,(53)

Gc (ξ, 0) =
1

4

∫ ξ

0

bc (τ, 0) dτ,(54)

G (ξ, ξ) = 0,(55)

Gc (ξ, ξ) = 0.(56)

Integrating (51) and (52) with respect to η from 0 to η, we obtain

(57) Gξ (ξ, η) −Gξ (ξ, 0) =
1

4

∫ η

0

b (ξ, s)G (ξ, s) ds

+
1

4

∫ η

0

bc (ξ, s)Gc (ξ, s) ds,

(58) Gc,ξ (ξ, η) −Gc,ξ (ξ, 0) = − 1

4

∫ η

0

bc (ξ, s)G (ξ, s) ds

+
1

4

∫ η

0

b (ξ, s)Gc (ξ, s) ds.

Integrating (57) and (58) with respect to ξ from η to ξ, and using (53)–(56) we obtain
(42)–(43).

6. Analysis of the integral equation.
Theorem 4. Equation (22)–(23) with boundary conditions (24)–(27) has a unique

C2
(
T
)

solution satisfying

|k (x, y)| ≤ Me2Mx,(59)

|kc (x, y)| ≤ Me2Mx,(60)

where M depends only on a1, a2(·), a3(·), fR(·), fI(·), and is given in (65).
Proof. Set

G0 (ξ, η) = −1

4

∫ ξ

η

b (τ, 0) dτ,(61)

Gn+1 (ξ, η) =
1

4

∫ ξ

η

∫ η

0

b (τ, s)Gn (τ, s) dsdτ +
1

4

∫ ξ

η

∫ η

0

bc (τ, s)Gc,n (τ, s) dsdτ,(62)

Gc,0 (ξ, η) =
1

4

∫ ξ

η

bc (τ, 0) dτ,(63)

and

Gc,n+1 = −1

4

∫ ξ

η

∫ η

0

bc (τ, s)Gn (τ, s) dsdτ +
1

4

∫ ξ

η

∫ η

0

b (τ, s)Gc,n (τ, s) dsdτ.(64)
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Denote

B = sup
(ξ,η)∈T1

|b (ξ, η)| , Bc = sup
(ξ,η)∈T1

|bc (ξ, η)| , M = max {B,Bc},(65)

where T1 � {ξ, η : 0 < ξ < 2, 0 < η < min (ξ, 2 − ξ)} . For G0 (ξ, η) and Gc,0 (ξ, η) we
have

|G0 (ξ, η)| ≤ 1

4

∫ ξ

η

|b (τ, 0)| dτ ≤ 1

4
B (ξ − η) ≤ B

2
,(66)

|Gc,0 (ξ, η)| ≤ 1

4

∫ ξ

η

|bc (τ, 0)| dτ ≤ 1

4
Bc (ξ − η) ≤ Bc

2
,(67)

where we have used the fact that 0 < ξ − η < 2. Suppose that

|Gn (ξ, η)| ≤ MKn (ξ + η)
n

n!
,(68)

|Gc,n (ξ, η)| ≤ MKn (ξ + η)
n

n!
,(69)

where K > 0 is a constant that will be determined later. Clearly, (68)–(69) hold for
n = 0. Noting that∫ ξ

η

∫ η

0

|Gn (τ, s)| dsdτ ≤ MKn

n!

∫ ξ

η

∫ η

0

(τ + s)
n
dsdτ

=
MKn

(n + 1)!

∫ ξ

η

[
(τ + η)

n+1 − τn+1
]
dτ

≤ MKn

(n + 1)!

∫ ξ

η

(τ + η)
n+1

dτ

≤ MKn

(n + 1)!

∫ ξ

η

(ξ + η)
n+1

dτ

≤ 2MKn (ξ + η)
n+1

(n + 1)!
,(70)

we obtain from (62) that

|Gn+1 (ξ, η)| ≤ 1

2
M (B + Bc)K

n (ξ + η)
n+1

(n + 1)!
,(71)

and from (64) that |Gc,n+1 (ξ, η)| satisfies the same bound (71). Therefore, setting
K = M , we obtain

|Gn+1 (ξ, η)| ≤ MKn+1 (ξ + η)
n+1

(n + 1)!
,(72)

|Gc,n+1 (ξ, η)| ≤ MKn+1 (ξ + η)
n+1

(n + 1)!
.(73)

Thus, (68) and (69) are proved by induction, and the series

G (ξ, η) =

∞∑
n=0

Gn (ξ, η) and Gc (ξ, η) =

∞∑
n=0

Gc,n (ξ, η)(74)
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converge uniformly in T 1, and is a solution of (42)–(43). G and Gc are C2
(
T 1

)
since b and bc are C1

(
T 1

)
. The bounds (59)–(60) follow from (68)–(69), (74), and

the fact that K = M . It can be shown by the method of successive approximations
that if (G1, Gc,1) and (G2, Gc,2) are two different solutions of (42)–(43), the resulting
homogeneous integral equation for (G,Gc) = (G1 −G2, Gc,1 −Gc,2) has a unique
solution (G,Gc) = 0, which proves that the solution (74) is unique. We can check
that (74) satisfies (51)–(56) by direct substitution. Equations (51)–(56) have a unique
solution by Lemma 3.

Exponential stability of the target system (19)–(21) in the L2 and H1 norms is
proved in the next section. In order to be able to imply stability of the closed loop
system (7)–(10) from that result, we need to establish equivalence of norms of (ρ, ι)
and (ρ̃, ι̃) in L2 and H1. This is done by proving that transformation (17)–(18) is
invertible. The inverse transformation has the form

ρ (x, t) = ρ̃ (x, t) −
∫ x

0

[l (x, y) ρ̃ (y, t) + lc (x, y) ι̃ (y, t)] dy,(75)

ι (x, t) = ι̃ (x, t) −
∫ x

0

[−lc (x, y) ρ̃ (y, t) + l (x, y) ι̃ (y, t)] dy.(76)

The following result holds for the kernels l (x, y) and lc (x, y) of transformation (75)–
(76).

Theorem 5. If the pair of kernels, l (x, y) and lc (x, y), satisfy the partial differ-
ential equation

lxx = lyy − β(y, x)l − βc(y, x)lc,(77)

lc,xx = lc,yy + βc(y, x)l − β(y, x)lc,(78)

with boundary conditions

l(x, x) =
1

2

∫ x

0

β(γ, γ)dγ,(79)

lc(x, x) = −1

2

∫ x

0

βc(γ, γ)dγ,(80)

l (x, 0) = 0,(81)

lc (x, 0) = 0,(82)

and if (ρ̃, ι̃) satisfies (19)–(21), then (ρ, ι) satisfies (7)–(10) with (14)–(15). System
(77)–(82) has a unique C2

(
T
)

solution satisfying

|l (x, y)| ≤ Me2Mx,(83)

|lc (x, y)| ≤ Me2Mx,(84)

where M is given in (65).
Proof. The proof is similar to those of Lemmas 2 and 3, and Theorem 4.

7. Stability analysis.
Theorem 6. Suppose c > 0, and select fR (x) and fI (x) such that

sup
x∈[0,1]

(
fR (x) +

1

2
|f ′

I (x)|
)

≤ −1

2
c.(85)
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Then the solution (ρ̃, ι̃) ≡ (0, 0) of system (19)–(21) is exponentially stable in the
L2 (0, 1) and H1 (0, 1) norms.

Corollary 7. Suppose c > 0, and set fR (x) = −c and fI (x) ≡ 0. Then the
solution (ρ̃, ι̃) ≡ (0, 0) of system (19)–(21) is exponentially stable in the L2 (0, 1) and
H1 (0, 1) norms.

Proof. Consider the function

E (t) =
1

2

∫ 1

0

(
ρ̃ (x, t)

2
+ ι̃ (x, t)

2
)
dx.(86)

Its time derivative along solutions of system (19)–(21) is

Ė (t) =

∫ 1

0

[ρ̃ (aRρ̃xx + fR (x) ρ̃− aI ι̃xx − fI (x) ι̃)

+ι̃ (aI ρ̃xx + fI (x) ρ̃ + aR ι̃xx + fR (x) ι̃)] dx

=

∫ 1

0

(ρ̃ (aRρ̃xx + fR (x) ρ̃− aI ι̃xx) + ι̃ (aI ρ̃xx + aR ι̃xx + fR (x) ι̃)) dx

= −
∫ 1

0

aR
(
ρ̃2
x + ι̃2x

)
dx +

∫ 1

0

fR (x)
(
ρ̃2 + ι̃2

)
dx + aI

∫ 1

0

(ρ̃xι̃x − ι̃xρ̃x) dx

≤
∫ 1

0

fR (x)
(
ρ̃2 + ι̃2

)
dx.(87)

So, from (85), and the comparison principle, we have

E (t) ≤ E (0) e−ct for t ≥ 0.(88)

Set

V (t) =
1

2

∫ (
ρ̃2
x (x, t) + ι̃2x (x, t)

)
dx.(89)

The time derivative of V (t) along solutions of system (19)–(21) is

V̇ (t) =

∫ 1

0

(ρ̃xρ̃xt + ι̃xι̃xt) dx

= −
∫ 1

0

(ρ̃xxρ̃t + ι̃xxι̃t) dx

= −
∫ 1

0

[ρ̃xx (aRρ̃xx + fR (x) ρ̃− aI ι̃xx − fI (x) ι̃)

+ι̃xx (aI ρ̃xx + fI (x) ρ̃ + aR ι̃xx + fR (x) ι̃)] dx

= −aR

∫ 1

0

(
ρ̃2
xx + ι̃2xx

)
dx +

∫ 1

0

fR (x)
(
ρ̃2
x + ι̃2x

)
dx

+

∫ 1

0

f ′
I (x) (ι̃xρ̃− ρ̃xι̃) dx− 1

2

∫ 1

0

f ′′
R (x)

(
ρ̃2 + ι̃2

)
dx

≤
∫ 1

0

fR (x)
(
ρ̃2
x + ι̃2x

)
dx +

∫ 1

0

f ′
I (x) (ι̃xρ̃− ρ̃xι̃) dx− 1

2

∫ 1

0

f ′′
R (x)

(
ρ̃2 + ι̃2

)
dx

≤
∫ 1

0

(
fR (x) +

1

2
|f ′

I (x)|
)(

ρ̃2
x + ι̃2x

)
dx +

1

2

∫ 1

0

(|f ′
I (x)| − f ′′

R (x))
(
ρ̃2 + ι̃2

)
dx

≤
∫ 1

0

(
fR (x) +

1

2
|f ′

I (x)|
)(

ρ̃2
x + ι̃2x

)
dx +

1

2
c2

∫ 1

0

(
ρ̃2 + ι̃2

)
dx,

≤ − c

2
V (t) + c2E (0) e−ct,(90)
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where we have used (85) and defined

c2 � max

{
sup

x∈[0,1]

(|f ′
I (x)| − f ′′

R (x)) , 0

}
.(91)

From the comparison principle, we get

V (t) ≤
(
V (0) + 2

c2
c
E (0)

)
e−

c
2 t − 2

c2
c
E (0) e−ct,(92)

so we obtain

V (t) ≤
(
V (0) +

2c2
c

E (0)

)
e−

c
2 t for t ≥ 0.(93)

Since (Poincaré inequality)

E (t) ≤ 1

2
V (t),(94)

we get

V (t) ≤ c3V (0) e−
c
2 t for t ≥ 0,(95)

with c3 = 1 + c2/c.

8. Proof of Theorem 1. From Theorem 6, (ρ̃, ι̃) = 0 is exponentially stable
in the L2 and H1 norms. Since Theorems 4 and 5 establish equivalence of norms of
(ρ, ι) and (ρ̃, ι̃) in L2 and H1, the stability statements of Theorem 6 also hold for
the solution (ρ, ι) ≡ (0, 0) of system (7)–(8). From standard results for uniformly
parabolic1 equations (see, for instance, [4]), it follows that system (19)–(20), with
Dirichlet boundary conditions (21) and initial data ρ̃0, ι̃0 ∈ L∞ (0, 1), has a unique
classical solution ρ̃, ι̃ ∈ C2,1 ((0, 1) × (0,∞)). The smoothness properties of k, kc, l,
and lc stated in Theorems 4 and 5 then provide well posedness of system (7)–(10) in
closed loop with (14)–(15).

9. Application to a model of vortex shedding. The objective of this section
is to provide a numerical demonstration of our results applied to a fluid flow control
problem. An interesting feature of the system we study in this example, is that it is
defined on an infinite domain (xd → ∞), yet, we obtain feedback gain kernels which
have compact support.

9.1. The model. In flows past submerged obstacles, the phenomenon of vortex
shedding occurs provided the Reynolds number is sufficiently large. A popular pro-
totype model flow for studying vortex shedding, is the flow past a two-dimensional
circular cylinder, as sketched in Figure 1. The vortices, which are alternatively shed
from the upper and lower sides of the cylinder, induce an undesirable periodic force
that acts on the cylinder. The dynamics of the cylinder wake, often referred to as
the von Kármán vortex street, is governed by the Navier–Stokes equation, however,
in [13], a simplified model was suggested in terms of the Ginzburg–Landau equation

∂A

∂t
= a1

∂2A

∂x̆2
+ a2 (x̆)

∂A

∂x̆
+ a3 (x̆)A + a4 |A|2 A + δ (x̆)u,(96)

1System (19)–(20) is uniformly parabolic in (0, 1), with module of parabolicity aR.
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Fig. 1. Vortex shedding from a cylinder visualized by passive tracer particles.

where x̆ ∈ R, A : R × R+ → C, a1, a4 ∈ C, and a2, a3 : R → C. δ denotes the Dirac
distribution and u : R+ → C is the control input. Thus, actuation is in the form of
local forcing at x̆ = 0, which is the location of the cylinder. The boundary conditions
are A (±∞, t) = 0, that is, homogeneous Dirichlet boundary conditions. A (x, t) may
represent any physical variable (velocities (u, v) or pressure p), or derivations thereof,
along the centerline y = 0, see Figure 1. The choice will have an impact on the
performance of the Ginzburg–Landau model, and associating A with the transverse
fluctuating velocity v (x, y = 0, t) seems to be a particularly good choice [11]. In
order to implement the scheme in practice, transfer functions between A (0) and the
physical actuation, and the physical sensing and A (x), would have to be determined,
either experimentally or computationally. The physical actuation could for instance be
micro/synthetic jet actuators distributed on the cylinder surface. Numerical values for
the coefficients in (96) were determined from experiments in [13], and are reproduced
in Appendix A.

We now simplify this problem to fit into the framework of the previous analysis.
We linearize around the zero-solution, discard the upstream subsystem by replacing
the local forcing at x̆ = 0 with boundary input at this location, and truncate the
downstream subsystem at some xd > 0. The resulting system is of the form (1)–(3),
defined on the interval [0, xd]. We justify the truncation of the system by noting
that the upstream subsystem (the region to the left of the cylinder in Figure 1) is
approximately uniform flow, whereas the downstream subsystem (the region to the
right of the cylinder in Figure 1) can be approximated to any desired level of accuracy
by selecting xd sufficiently large. We are now in a position to apply our results, and
we will do so for different choices of xd.

In this numerical example, we set the Reynolds2 number to R = 50, which corre-
sponds to supercritical flow for which vortex shedding will occur in the uncontrolled
case. For this choice of Reynolds number, the numerical coefficients of (7)–(8) derived
from the coefficients given in Appendix A are aR = 0.156/x2

d, aI = 0, and bR(x) and
bI (x) are plotted in Figure 2 for xd = 2.5, xd = 5, and xd = 7.5.

9.2. Feedback kernels. In terms of the feedback gain kernels, k (1, x) and
kc (1, x), the boundary feedback (2) is given by

(97) u (t) =

∫ xd

0

1

xd

(
k

(
1,

xd − x̆

xd

)
− ikc

(
1,

xd − x̆

xd

))
× exp

(
1

2a1

∫ x̆

0

a2 (τ) dτ

)
A (x̆, t) dx̆.

2The Reynolds number for flow past a circular cylinder is usually defined as R = ρU∞D/µ, where
U∞ is the free stream velocity, D is the cylinder diameter, and ρ and µ are density and viscosity of
the fluid, respectively. Vortex shedding occurs when R > 47.
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Fig. 2. bR(x) and bI(x) for xd = 2.5, xd = 5, and xd = 7.5.

Thus, the feedback gain kernel for the original system (1)–(3) is complex-valued, and
given by

ku (x̆) =
1

xd

(
k

(
1,

xd − x̆

xd

)
− ikc

(
1,

xd − x̆

xd

))
exp

(
1

2a1

∫ x̆

0

a2 (τ) dτ

)
.(98)

Setting fR (x) = −0.2 and fI (x) = 0, exponential stability is assured by Corollary
7, and the stabilizing feedback gain kernel (98) can be calculated numerically using
formulas (61)–(64), (74), (45)–(46), and (98). Figure 3 shows the feedback gain kernel
(98) for xd = 2.5, xd = 5, and xd = 7.5. It is clear that the feedback gain kernels grow
rather rapidly with increasing xd, which is an undesirable feature since we want to
make xd large in order to minimize the effect of truncating the downstream subsystem.
The increase can be seen in connection with Figure 2, which shows that the absolute
values of the differences bR (x) − fR (x) and bI (x) − fI (x) increase with increasing
xd. In other words, the control effort needed to change the dynamics of system (7)–
(10) into that of (19)–(21) increases with the degree to which the two systems differ.
Therefore, the functions fR (x) and fI (x) must be chosen more intelligently than the
simple case of setting them constant. Theorem 6 allows some flexibility in choosing
fR (x) and fI (x) within the constraints of (85). In order to postpone choosing xd,
we study fR, fI , bR, and bI as functions of x̆ rather than x in the following. This is
convenient since fR, fI , bR, and bI are invariant of xd when treated as functions of x̆.
Recall that when xd is chosen, the two domains are related by x = (xd − x̆)/xd. We
propose to choose fR (x̆) and fI (x̆) as close to bR (x̆) and bI (x̆) as possible, without
violating the conditions of Theorem 6, which we now write

sup
x̆

(
fR (x̆) +

1

2
|f ′

I (x̆)|
)

≤ −1

2
c.(99)

Towards that end, we first set them equal, that is fR (x̆) = bR (x̆) and fI (x̆) = bI (x̆),
and plot (99) along with − 1

2c = −0.2. The result is shown in Figure 4, for x̆ ∈ [0, 20].
The figure shows that the conditions for stability are already satisfied, without control,
for x̆ ∈ [xs, 20] (in fact, the stability conditions are satisfied for x̆ ∈ [xs,∞)), which
means that it suffices to alter fR (x̆) and fI (x̆) in [0, xs) in order to satisfy (99). Thus,
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(a) (b)

(c)

Fig. 3. Feedback kernel (98) for (a) xd = 2.5, (b) xd = 5, and (c) xd = 7, 5. fR(x) = −0.2,
and fI(x) = 0.

Fig. 4. The stability criterion (99), when fR(x̆) = bR(x̆) and fI(x̆) = bI(x̆), is satisfied for
x̆ ≥ xs.

we set3

fR (x̆) =

{
− 1

2c−
1
2 |b′I (x̆)| for 0 ≤ x < xs,

bR (x̆) for x̆ ≥ xs,
(100)

fI (x̆) = bI (x̆) for all x̆.(101)

With these choices of fR (x̆) and fI (x̆), we calculate numerically the stabilizing

3By the choice of xs, fR (x̆) is continuous. In this example, we ignore the fact that our choice
of fR (x̆) may not be C1, although this can easily be achieved by smoothing fR(x̆) in a small
neighborhood of xs.
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(a) (b)

(c)

Fig. 5. Feedback kernels (98) for fR(x̆) and fI(x̆) as defined in (100)–(101), and for xd = 10
(a), 20 (b), and 40 (c).

feedback gain kernel (98) for xd = 10, xd = 20, and xd = 40. Figure 5 shows the
result. As expected, the feedback gain kernels look similar, and in particular, they
appear to be zero for x̆ larger than approximately 7.5. In fact, they are identical and
have compact support, as stated formally in the next theorem.

Theorem 8. Given c > 0, suppose there exists xs ∈ (0,∞) such that

bR (x̆) +
1

2
|b′I (x̆)| ≤ −1

2
c for x̆ ≥ xs.(102)

Then fR (x̆) and fI (x̆) , satisfying (99), can be chosen such that fR (x̆) = bR (x̆) and
fI (x̆) = bI (x̆) for x̆ ∈ [xs, xd]. The resulting stabilizing feedback gain kernel (98) has
compact support contained in [0, 2xs]. Moreover, all choices of xd ≥ 2xs will produce
the same stabilizing feedback gain kernel (98) in [0, 2xs].

Proof. The existence of fR (x̆) and fI (x̆) satisfying the criterion for stability (99)
follows trivially from (102). To prove that the kernel has support contained in [0, 2xs],
we show that it is identically zero outside this interval. We have that

b (ξ, 0) = β(x, x) = 0,(103)

bc (ξ, 0) = βc(x, x) = 0(104)

for

ξ ∈
[
0, 2

(
1 − xs

xd

))
.(105)
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It follows that

G0 (ξ, η) = 0, Gc,0 (ξ, η) = 0 for (ξ, η) ∈ T1, ξ ≤ 2

(
1 − xs

xd

)
.(106)

Now, suppose that

Gn (ξ, η) = 0, Gc,n (ξ, η) = 0 for (ξ, η) ∈ T1, ξ ≤ 2

(
1 − xs

xd

)
.(107)

From (62) and (64), we get

Gn+1 (ξ, η) = 0 Gc,n+1 (ξ, η) = 0, for (ξ, η) ∈ T1, ξ ≤ 2

(
1 − xs

xd

)
.(108)

Thus, (107) is proved by induction, and

k (1, y) = G (1 + y, 1 − y) = 0
kc (1, y) = Gc (1 + y, 1 − y) = 0

}
for 0 ≤ y ≤ 2

(
1 − xs

xd

)
− 1.(109)

Therefore, ku (x̆) = 0 for

0 ≤ xd − x̆

xd
≤ 2

(
1 − xs

xd

)
− 1,(110)

which yields

xd ≥ x̆ ≥ 2xs.(111)

In order to prove the last part of the theorem, we need to show that for any xd,1, xd,2 ∈
[2xs,∞),

1
xd,1

kxd,1

(
1,

xd,1−x̆
xd,1

)
= 1

xd,2
kxd,2

(
1,

xd,2−x̆
xd,2

)
1

xd,1
kc,xd,1

(
1,

xd,1−x̆
xd,1

)
= 1

xd,2
kc,xd,2

(
1,

xd,2−x̆
xd,2

)
⎫⎪⎬⎪⎭ for x̆ ∈ [0, 2xs],(112)

where the additional subscripts, xd,1 and xd,2, on variables identify the domain of the
problem from which they stem. We have

kxd

(
1,

xd − x̆

xd

)
= Gxd

(
2 − 1

xd
x̆,

1

xd
x̆

)
.(113)

From (103)–(105) it follows that

xdG0,xd

(
2 − 1

xd
x̆,

1

xd
x̆

)
= −1

4

∫ 2xs

x̆

bxd

(
2 − 1

xd
τ, 0

)
dτ(114)

for xd ≥ 2xs. From the definition of b, we have that

x2
d,2bxd,1

(
2 − 1

xd,1
τ, 0

)
= x2

d,1bxd,2

(
2 − 1

xd,2
τ, 0

)
(115)

for τ ∈ [0, 2xs]. It follows from (114)–(115) that

xd,2G0,xd,1

(
2 − 1

xd,1
x̆,

1

xd,1
x̆

)
= xd,1G0,xd,2

(
2 − 1

xd,2
x̆,

1

xd,2
x̆

)
.(116)
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(a) Re(A)—Uncontrolled (b) Im(A)—Uncontrolled

(c) Re(A)—Controlled (d) Im(A)—Controlled

Fig. 6. Comparison of the uncontrolled and controlled cases. For clarity, only a part of the
computational domain is shown.

Similar arguments for Gc,0, Gn, and Gc,n yield

xd,2Gxd,1

(
2 − 1

xd,1
x̆,

1

xd,1
x̆

)
= xd,1Gxd,2

(
2 − 1

xd,2
x̆,

1

xd,2
x̆

)
,(117)

which in turn gives (112).
The significance of Theorem 8 is that it guarantees stabilization of the system

evolving on an infinite domain by solving the stabilization problem on a finite domain.
The procedure for verifying the conditions of the theorem was demonstrated above,
but for clarity we repeat it in the following remark.

Remark 9. The key to applying Theorem 8 is being able to find an xs that
satisfies (102). This is most easily done by inspecting a graph as the one shown
in Figure 4. Once xs is found, a possible choice of fR (x̆) and fI (x̆) is given in
(100)–(101). Other choices are possible, and in particular, care should be taken to
ensure necessary smoothness properties of fR (x̆). Also, note that the estimate for
the support of (98) is not tight, as suggested by Figures 4 and 5, which indicate that
ku (x̆) is supported on approximately [0, 7.5] while 2xs = 11.2. Theorem 8 states that
[0, 7.5] ⊆ [0, 2xs], which is true.

9.3. Numerical simulations. For completeness, we include numerical simula-
tions of the controlled and uncontrolled systems. The simulations have been performed
by discretizing (1) on the domain x̆ ∈ [0, 15], using finite differences on a grid of 200
nodes. To make the simulation study more interesting, the nonlinear term in (96) is
accounted for in the simulations. Figures 6(a) and 6(b) show the real and imaginary
parts of A (x̆, t) for the uncontrolled case. The system is in a periodic state reminis-
cent of vortex shedding. Figures 6(c) and 6(d) show the real and imaginary parts of
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Fig. 7. Control effort, u(t).

A (x̆, t) for the controlled case. The figures show that A (x̆, t) is effectively driven to
zero by the control. Figure 7 shows the control effort.

10. Conclusions. This paper extends previous work in two ways: (1) it deals
with two coupled partial differential equations, and (2) under certain circumstances
handles equations defined on a semi-infinite domain. For the linearized Ginzburg–
Landau equation, asymptotic stabilization is achieved by means of boundary control
via state feedback in the form of an integral operator. The kernel of the operator
is shown to be twice continuously differentiable, and a series approximation for its
solution is given. Under certain conditions (given in (102)) on the parameters of the
Ginzburg–Landau equation, compatible with vortex shedding modelling on a semi-
infinite domain, the kernel is shown to have compact support, resulting in partial
state feedback. Simulations are provided in order to demonstrate the performance of
the controller.

Appendix A. Coefficients for the Ginzburg–Landau equation. The nu-
merical coefficients below are taken from [13, Appendix A]

Rc = 47,

xt = 1.183 − 0.031i,

ωt
0 = 0.690 + 0.080i + (−0.00159 + 0.00447i)(R−Rc),

kt0 = 1.452 − 0.844i + (0.00341 + 0.011i)(R−Rc),

ωt
kk = −0.292i,

ωt
xx = 0.108 − 0.057i,

ktx = 0.164 − 0.006i,

ω0 (x̆) = ωt
0 +

1

2
ωt
xx

(
x̆− xt

)2
,

k0 (x̆) = kt0 + ktx
(
x̆− xt

)
,
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a1 =
1

2
iωt

kk,

a2 (x̆) = ωt
kkk0 (x̆) ,

a3 (x̆) = −
(
ω0 (x̆) +

1

2
ωt
kkk

2
0 (x̆)

)
i,

a4 = −0.0225 + 0.0671i.
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MULTIRATE PERIODIC SYSTEMS AND CONSTRAINED
ANALYTIC FUNCTION INTERPOLATION PROBLEMS∗

LI CHAI† AND LI QIU‡

Abstract. Multirate periodic systems and some related constrained analytic function interpo-
lation problems are studied in this paper. After showing how to convert a general multirate periodic
system to an equivalent linear time invariant (LTI) system with a structural constraint, we for-
mulate some analytic function interpolation problems with such a constraint that can find various
applications in the study of multirate and periodic systems. Both the solvability conditions and
characterization of all solutions are presented to these constrained interpolation problems.

Key words. multirate systems, periodic systems, Nevanlinna–Pick interpolation
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1. Introduction. Periodic and multirate systems are finding more and more ap-
plications in control, signal processing, communication, econometrics, and numerical
mathematics. There are several reasons for this.

• In signal processing, the use of periodic and multirate systems can often lead
to the reduction of the required transmission rate, storage space, or computational
complexity for a given task, depending on the application [24].

• In large-scale multivariable digital systems, often it is unrealistic, or sometimes
impossible, to sample all physical signals uniformly at one single rate. In such situa-
tions, one is forced to use multirate sampling.

• Periodic and multirate systems can often achieve objectives that cannot be
achieved by single rate systems. Examples include gain margin improvement and
simultaneous stabilization [14].

The study of periodic systems can be traced back to [10]. Examples of more
recent studies are [2, 15]. The study of multirate systems goes back to the late
1950s. A renewal of research on multirate systems has occurred since 1980 within
the signal processing, communication, and control communities. The driving force for
studying multirate systems in signal processing comes from the need for sampling rate
conversion, subband coding, and their ability to generate wavelets. Multirate signal
processing is now one of the most vibrant areas of research within the signal processing
community; see the recent book [24] and references therein. In the communication
community, blind identification and equalization call for the use of multirate sampling
[23]. In the control community, two groups of research stand out: (i) using multirate
control to achieve something that otherwise cannot be achieved by single rate control
(see, for example, [14]) and (ii) optimal design of multirate controllers [7, 18].
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A standard technique for treating periodic and multirate systems is called lifting
in control theory [7, 14] and blocking in signal processing [15, 24]. First, we establish
a setup of multirate periodic (MP) systems, which cover many familiar systems as
special cases. Using the technique of lifting, an MP system can be converted to an
equivalent linear time invariant (LTI) system satisfying a causality constraint that
requires the feedthrough term to be block lower triangular. Motivated by this fact
we propose and then study the problem of analytic function interpolation with an
additional constraint that requires the value of the interpolating function at the origin
to be block lower triangular [4, 5]. These constrained analytic function interpolation
problems play the same role for multirate systems as their unconstrained counterparts
do for single rate systems.

Analytic function interpolation problems have a very rich history in mathematics,
and there has been a large volume of literature on this subject; see the recent books
[1, 11, 13]. Many successful approaches have been proposed to solve the analytic
function interpolation problems since the theory was first proposed at the beginning
of the last century. In particular, Sarason [21] encompassed different classical inter-
polation problems in a representation theorem of operators commuting with special
contractions, which was later developed to a general framework on commutant lifting
theorem [11, 22]. On the other hand, using the realization method from the sys-
tem theory, Ball, Gohberg, and Rodman [1] present another systematic way to deal
with the interpolation of rational matrix functions. Recently, Foias et al. [12] com-
bined the commutant lifting theorem from operator theory and state-space method
from system theory to provide a unified approach for a more general setup of the
problems, where they used the concept of operator-valued functions with operator
arguments.

The increasing research interest on analytic function interpolation theory is also
partly due to its wide applications in a variety of engineering problems such as those
in control, circuit theory, and digital filter design [4, 8, 13]. The Nevanlinna–Pick
(NP) interpolation theory was first brought into system theory by Youla and Saito,
who gave a circuit theoretical proof of the Pick criterion [28]. In the early stage of the
development of H∞ control theory, the analytic function interpolation theory played
a fundamental role [25]. A detailed review of this connection can be found in [13]. Re-
cently, some new methods in high-resolution spectral estimation have been presented
based on the NP interpolation with degree constraints [3]. The NP interpolation and
Carathéodory–Fejér (CF) interpolation problems are also used extensively in robust
model validation and identification [5, 6, 16].

In this paper, we propose a general model of multirate and periodic systems which
covers single rate periodic systems and many other multirate systems in the litera-
ture as special cases. We also propose and solve some constrained analytic function
interpolation problems that play the same role in multirate and periodic systems as
the unconstrained counterparts do in single rate systems. That is, our results can
be applied directly to multirate and periodic systems for H∞ control, robust model
validation and identification, etc. We present the necessary and sufficient solvability
conditions and the parametrization of all solutions explicitly. The interpolation and
distance problems involving analytic function with such structural constraints were
first discussed in [13], but explicit solutions to the problem considered in this paper
were not given there.

The notation used in this paper is standard. The real and complex numbers are
denoted by R and C, respectively. The open unit disc of the complex plane is denoted
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by D. Let

p = [ p1 · · · pl ] and q = [ q1 · · · ql ](1.1)

be two vectors, where pi and qi, i = 1, . . . , l, are nonnegative integers. Denote

|p| =

l∑
i=1

pi and |q| =

l∑
i=1

qi.(1.2)

For k = 0, . . . , l, define

Πk(p) = diag(0p1
, . . . , 0pk

, Ipk+1
, . . . , Ipl

),(1.3)

Πk(q) = diag(0q1 , . . . , 0qk , Iqk+1
, . . . , Iql),(1.4)

where 0n denote the n × n zero matrix and In the n × n unit matrix. Note that
Π0(p) = I|p|, Πl(p) = 0|p|, Π0(q) = I|q|, and Πl(q) = 0|q|. The set of |q| × |p| matrices

is denoted by C
|q|×|p|, and every such matrix is assumed to have an underlining

partition so that its ijth block is qi by pj . Hence we have

C
|q|×|p| :=

⎧⎪⎨⎪⎩
⎡⎢⎣ M11 · · · M1l

...
. . .

...
Ml1 · · · Mll

⎤⎥⎦ : Mij ∈ C
qi×pj

⎫⎪⎬⎪⎭ .

Note that the entry Mij is “empty” if qi = 0 or pj = 0. The block lower triangular
subset of C

|q|×|p|, denoted by T (q, p), consists of all matrices with Mij = 0, i < j,
and the strictly block lower triangular subset, Ts(q, p), consists of all matrices with

Mij = 0, i ≤ j. Let H|q|×|p|
∞ denote the Hardy class of all uniformly bounded analytic

functions on D with values in C
|q|×|p|. For any G(λ) ∈ H|q|×|p|

∞ , there exist G0, G1, . . . ∈
C

|q|×|p| such that G(λ) =
∑∞

m=0 λ
mGm for λ ∈ D.

2. Multirate periodic systems. To introduce the general setup of multirate
periodic systems, we need the concept of signals with time-varying dimensions. A
signal with time-varying dimensions is defined as

x = {. . . , x(−2), x(−1), |x(0), x(1), x(2), . . . },

where x(k) ∈ R
p(k) and p(k) is a nonnegative integer for any k. Here the vertical line

indicates the position of time zero. Note that when p(k) = 0, x(k) ∈ R
p(k) means

that x(k) is always equal to 0. If p(k) is periodic with period l, i.e., p(k + l) = p(k)
for any k, we call x a signal with l-periodically time-varying dimensions. Define the
l-step shift operator Sl as

Sl{. . . , x(−1), |x(0), x(1), . . . }
= {. . . , x(−l − 1), |x(−l), x(−l + 1), . . . }.(2.1)

Denote Pk as the truncation operator, i.e.,

Pk{. . . , x(k − 1), x(k), x(k + 1), . . . } = {. . . , x(k − 1), x(k), 0, . . . }.(2.2)

Consider the system Gmp, shown in Figure 2.1, where the input u with u(k) ∈
R

p(k) and output y with y(k) ∈ R
q(k) are signals with l-periodically time-varying

dimensions; that is, p(k) and q(k) are periodic with period l. Assume that Gmp satisfy
the following properties:
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Gmp ��u y

Fig. 2.1. The multirate periodic system.

(1) Linearity. The system Gmp is a linear operator.
(2) Periodicity. Gmp satisfies GmpS

l = SlGmp, where Sl is given by (2.1).
(3) Causality. Gmp satisfies PkGmp(I − Pk) = 0, where Pk is given by (2.2).
In this paper, we focus on the systems that satisfy linear, periodic, and causal

properties defined above. We call them multirate periodic (MP) systems. The general
class of MP systems defined here covers many familiar classes of systems as special
cases.

If p(k) = p1 and q(k) = q1 for all k ∈ Z, then an MP system is a usual l-periodic
system, for which there is a vast literature [2]. The multirate feature arises when p(k)
and q(k) are truly time-varying. Let l be a multiple of m and n. If

u(k) ∈
{

R
p1 if m|k

{0} otherwise
and y(k) ∈

{
R

q1 if n|k
{0} otherwise

,

then such an MP system is a dual rate system considered in [17]. Let l be a multiple
of integers mi, i = 1, . . . , s, and nj , j = 1, . . . , t. If

u(k) =

⎡⎢⎣ u1(k)
...

us(k)

⎤⎥⎦ and y(k) =

⎡⎢⎣ y1(k)
...

yt(k)

⎤⎥⎦ ,

where

ui(k) ∈
{

R
pi if mi|k

{0} otherwise
and yj(k) ∈

{
R

qj if nj |k
{0} otherwise

,

then such an MP system becomes a general multirate system with uniform synchro-
nized but different sampling in each input or output channel [7, 18, 20, 26]. The study
of periodic and multirate systems in such a generality as indicated above, however,
has never been done before.

Remark 1. One advantage of modelling a multirate system as a periodic system
with periodically time-varying input-output spaces is that it better relates the present
study to the rich theory on the usual periodic systems, as surveyed in [2]. Other
advantages are its generality (it allows for nonuniform and asynchronous sampling)
and its convenience (the treatments using this model take similar forms to those using
other models, such as the one discussed in [7, 18]).

A standard method for the analysis of MP systems is to use lifting or blocking.
For the MP system shown in Figure 2.1, define a lifting operator Ll on

⊕∞
k=−∞ R

p(k)

by

Ll : {· · · |u(0), u(1), · · · } �→

⎧⎪⎪⎪⎨⎪⎪⎪⎩· · ·

∣∣∣∣∣∣∣∣∣

⎡⎢⎢⎢⎣
u(0)
u(1)

...
u(l − 1)

⎤⎥⎥⎥⎦ ,

⎡⎢⎢⎢⎣
u(l)

u(l + 1)
...

u(2l − 1)

⎤⎥⎥⎥⎦ , · · ·

⎫⎪⎪⎪⎬⎪⎪⎪⎭ .
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Ll on
⊕∞

k=−∞ R
q(k) is defined similarly. Then the lifted system G = LlGmpL

−1
l is an

LTI system in the sense that GS1 = S1G, where S1 is the unit shift. Hence it has
transfer function in the λ-transform (λ = 1

z )

G(λ) =

⎡⎢⎣ G11(λ) · · · G1l(λ)
...

. . .
...

Gl1(λ) · · · Gll(λ)

⎤⎥⎦ .

The LTI system G is not an arbitrary LTI system. Instead, its direct feedthrough
term G(0) is subject to a constraint that results from the causality of Gmp :

Gij(0) = 0q(i)×p(j) for 1 ≤ i < j ≤ l;

i.e., G(0) is a block lower triangular matrix. Therefore the causality constraint can
be represented by

G(0) ∈ T (q, p),

where p = [ p(1) · · · p(l) ] and q = [ q(1) · · · q(l) ]. Notice that the form of the
causality here is simpler than that in [7, 18] due to the new form of the model.

3. Constrained analytic interpolation problems. In this section, we will
present some constrained analytic function interpolation problems, which can be
viewed as a multirate version of the standard interpolation problems. These con-
strained interpolation problems have various applications in MP systems as do their
unconstrained counterparts in single rate systems. We first present a general case: a
constrained tangential NP interpolation problem. Some more useful special cases are
then formulated for convenience. In the following sections, we always assume that p,
q, |p|, and |q| are defined by (1.1)–(1.2).

Problem 1 (constrained tangential NP interpolation). Given U ∈ C
|p|×n, Y ∈

C
|q|×n, and Z ∈ C

n×n with spectral radius ρ(Z) < 1, find (if possible) a function

G(λ) =
∑∞

m=0 Gmλm ∈ H|q|×|p|
∞ such that

(i) ‖G‖∞ ≤ 1,

(ii)
∑∞

m=0 GmUZm = Y,

(iii) G(0) ∈ T (q, p).

Roughly speaking, the integer n in the problem determines the number of inter-
polation conditions.

We can also formulate the following interpolation problems with block lower tri-
angular constraints, which are special cases of Problem 1.

Problem 2 (constrained classical NP interpolation). Given a set of complex num-
bers λα ∈ D along with matrices Uα ∈ C

|p|×n and Yα ∈ C
|q|×n for α = 1, . . . , s, find

(if possible) a function G ∈ H|q|×|p|
∞ such that

(i) ‖G‖∞ ≤ 1,

(ii) G(λα)Uα = Yα for α = 1, . . . , s,

(iii) G(0) ∈ T (q, p).

Problem 3 (constrained CF interpolation). Given Uβ ∈ C
|p|×n and Yβ ∈ C

|q|×n,

β = 0, . . . , r − 1, find (if possible) a function G(λ) =
∑∞

m=0 Gmλm ∈ H|q|×|p|
∞ such

that

(i) ‖G‖∞ ≤ 1,
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(ii)

⎡⎢⎢⎢⎣
Y0

Y1

...
Yr−1

⎤⎥⎥⎥⎦ =

⎡⎢⎢⎢⎣
G0 0 · · · 0
G1 G0 · · · 0
...

...
. . .

...
Gr−1 Gr−2 · · · G0

⎤⎥⎥⎥⎦
⎡⎢⎢⎢⎣

U0

U1

...
Ur−1

⎤⎥⎥⎥⎦ ,

(iii) G(0) ∈ T (q, p).
Problem 4 (constrained simultaneous NP and CF interpolation). Given U1,β ∈

C
|p|×n, Y1,β ∈ C

|q|×n for j = 0, . . . , r − 1, and Uα ∈ C
|p|×n, Yα ∈ C

|q|×n, and λα ∈ D

for α = 2, . . . , s, find (if possible) a function G(λ) =
∑∞

m=0 Gmλm ∈ H|q|×|p|
∞ such

that
(i) ‖G‖∞ ≤ 1,

(ii)

⎡⎢⎢⎢⎣
Y1,0

Y1,1

...
Y1,r−1

⎤⎥⎥⎥⎦ =

⎡⎢⎢⎢⎢⎣
G0 0 · · · 0

G1 G0
. . .

...
...

...
. . . 0

Gr−1 Gr−2 · · · G0

⎤⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎣

U1,0

U1,1

...
U1,r−1

⎤⎥⎥⎥⎦ ,

(iii) G(λα)Uα = Yα for α = 2, . . . , s,
(iv) G(0) ∈ T (q, p).
Before giving the necessary and sufficient conditions of the above constrained ana-

lytic function interpolation problems, we need a result on matrix positive completion.
The matrix positive completion problem is as follows [9]: For a block matrix

B = [Bij ]
n
i,j=1 , given Bij , |j − i| ≤ m, satisfying Bij = B∗

ji, find the remaining

matrices Bij , |j − i| > m, such that the block matrix B is positive definite. The
matrix positive completion problem was first proposed by Dym and Gohberg [9], who
gave the following result.

Lemma 3.1. The matrix positive completion problem has a solution if and only
if ⎡⎢⎣ Bii · · · Bi(i+m)

...
...

B(i+m)i · · · B(i+m)(i+m)

⎤⎥⎦ ≥ 0, i = 1, . . . , n−m.(3.1)

Reference [27] gave a detailed discussion of this problem and presented an explicit
description of the set of all solutions via a linear fractional map whose coefficients are
given in terms of the original data. However, Lemma 3.1 is sufficient for our purpose.
We are now in a position to give the main result of this section.

Theorem 3.2. There exists a solution to Problem 1 if and only if

Q− Q̃ + Y ∗Πk(q)Y − U∗Πk(p)U ≥ 0(3.2)

for all k = 1, . . . , l, where Q and Q̃ are, respectively, the unique solutions of Lyapunov
equations

Q = Z∗QZ + U∗U,(3.3)

Q̃ = Z∗Q̃Z + Y ∗Y.(3.4)

Here Πk(p) and Πk(q) are defined in (1.3)–(1.4).
Proof. The structural constraint on the interpolation function G can be viewed

as an additional interpolation condition,

G (0) I = T,
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for some T ∈ T (q, p). Set λ0 = 0, U0 = I, and Y0 = T . By the solvability condition
of the standard NP interpolation problem [12], the constrained interpolation problem
has a solution if and only if there exists T ∈ T (q, p) such that

Qa − Q̃a ≥ 0,(3.5)

where Qa and Q̃a satisfy

Qa =

[
λ0I 0
0 Z

]∗
Qa

[
λ0I 0
0 Z

]
+

[
I
U∗

] [
I U

]
,(3.6)

Q̃a =

[
λ0I 0
0 Z

]∗
Q̃a

[
λ0I 0
0 Z

]
+

[
T ∗

Y ∗

] [
T Y

]
.(3.7)

It is easy to see from (3.6)–(3.7) that

Qa =

[
I U
U∗ Q

]
and Q̃a =

[
T ∗T T ∗Y

Y ∗T Q̃

]
.

Substituting Qa and Q̃a into the inequality (3.5), we have[
I − T ∗T U − T ∗Y

U∗ − Y ∗T Q− Q̃

]
≥ 0.(3.8)

The left-hand side of (3.8) can be rewritten as[
I U

U∗ Q− Q̃ + Y ∗Y

]
−
[

T ∗

Y ∗

] [
T Y

]
.

By the Schur complement, (3.8) is equivalent to⎡⎣ I U T ∗

U∗ Q− Q̃ + Y ∗Y Y ∗

T Y I

⎤⎦ ≥ 0.(3.9)

Therefore, the constrained NP interpolation problem has a solution if and only if (3.9)
holds for a block lower triangular matrix T . This is a matrix positive completion
problem. By Lemma 3.1, there is a block lower triangular T such that (3.9) holds if
and only if ⎡⎣ Πk(p) Πk(p)U 0

U∗Πk(p) Q− Q̃ + Y ∗Y Y ∗[Iq − Πk(q)]
0 [Iq − Πk(q)]Y Iq − Πk(q)

⎤⎦ ≥ 0(3.10)

for k = 0, . . . , l. Using the Schur complement twice, we can easily show that (3.10) is
equivalent to

Q− Q̃ + Y ∗Πk(q)Y − U∗Πk(p)U ≥ 0(3.11)

for k = 0, . . . , l. We claim that inequality (3.11) when k = l implies the case when
k = 0. In fact, when k = 0, inequality (3.11) gives

Q− Q̃ + Y ∗Y − U∗U ≥ 0.(3.12)
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Note that inequality (3.12) is equivalent to

Z∗(Q− Q̃)Z ≥ 0.

When k = l, inequality (3.11) gives

Q− Q̃ ≥ 0.(3.13)

It is obvious that inequality (3.13) implies (3.12).
Remark 2. If there is no constraint, then we have l = 1. In this case, the condition

in Theorem 3.2 becomes Q − Q̃ ≥ 0, which is a well-known result in the literature
[1, 11, 12].

Remark 3. To verify the condition in Theorem 3.2, two Lyapunov equations, (3.3)
and (3.4), can be combined into one:

Q− Q̃ = Z∗(Q− Q̃)Z + U∗U − Y ∗Y.

However, Q and Q̃ will be used in the next section.
Q and Q̃ can be given directly from the original data in some special cases. We

end this section by providing the explicit formula for these special cases.
Corollary 3.3. There exists a solution to Problem 2 if and only if[

U∗
αUβ − Y ∗

αYβ

1 − λ∗
αλβ

+ Y ∗
αΠk(q)Yβ − U∗

αΠk(p)Uβ

]s
α,β=1

≥ 0(3.14)

for k = 1, . . . , l.
Proof. Note that Problem 2 can be viewed as a special case of Problem 1 with

Z = diag(λ1In, . . . , λsIn),

U = [ U1 · · · Us ],

Y = [ Y1 · · · Ys ].

Then it is easy to check that

Q =

[
U∗
αUβ

1 − λ̄αλβ

]s
α,β=1

and Q̃ =

[
Y ∗
αYβ

1 − λ̄αλβ

]s
α,β=1

are the solution of the Lyapunov equations (3.3) and (3.4), respectively. The result
then follows from Theorem 3.2 directly.

For V = [ V0 · · · Vr−1 ], we use TV to denote a corresponding lower Toeplitz
matrix

TV :=

⎡⎢⎢⎢⎢⎣
V0 0 · · · 0

V1 V0
. . .

...
...

. . . 0
Vr−1 Vr−2 · · · V0

⎤⎥⎥⎥⎥⎦ .(3.15)

Corollary 3.4. For the data of Problem 3, denote

U = [ U0 · · · Ur−1 ],

Y = [ Y0 · · · Yr−1 ].
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Then there exists a solution to Problem 3 if and only if

T ∗
U

[
Ip(r−1) 0

0 Ip − Πk(p)

]
TU − T ∗

Y

[
Iq(r−1) 0

0 Iq − Πk(q)

]
TY ≥ 0(3.16)

for all k = 1, . . . , l.

Proof. Note that Problem 3 can be viewed as a special case of Problem 1 with U,
Y , and

Z =

⎡⎢⎢⎢⎢⎣
0 In 0

0
. . .

. . . In
0

⎤⎥⎥⎥⎥⎦
rn×rn

.

Hence Q can be computed by

Q =
∞∑

m=0

Z∗mU∗UZm =

r−1∑
m=0

Z∗mU∗UZm

=

⎡⎢⎢⎢⎣
0
...
0
U∗

0

⎤⎥⎥⎥⎦ [
0 · · · 0 U0

]
+ · · · +

⎡⎢⎣ U∗
0
...

U∗
r−1

⎤⎥⎦ [
U0 · · · Ur−1

]

=

⎡⎢⎢⎢⎣
0 0 · · · U∗

0
...

... . .
. ...

0 U∗
0 · · · U∗

r−2

U∗
0 U∗

1 · · · U∗
r−1

⎤⎥⎥⎥⎦
⎡⎢⎢⎢⎣

0 · · · 0 U0

0 · · · U0 U1

... . .
. ...

...
U0 · · · Ur−2 Ur−1

⎤⎥⎥⎥⎦ .

Similarly, we have

Q̃ =

⎡⎢⎢⎢⎣
0 0 · · · Y ∗

0
...

... . .
. ...

0 Y ∗
0 · · · Y ∗

r−2

Y ∗
0 Y ∗

1 · · · Y ∗
r−1

⎤⎥⎥⎥⎦
⎡⎢⎢⎢⎣

0 · · · 0 Y0

0 · · · Y0 Y1

... . .
. ...

...
Y0 · · · Yr−2 Yr−1

⎤⎥⎥⎥⎦ .

Condition (3.2) then becomes

Q− Q̃ + Y ∗Πk(q)Y − U∗Πk(p)U ≥ 0.(3.17)

By pre- and postmultiplying inequality (3.17) by⎡⎢⎣ 0 · · · In
... . .

. ...
In · · · 0

⎤⎥⎦
rn×rn

,
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we obtain another equivalent condition

T ∗
UTU − T ∗

Y TY +

⎡⎢⎣ Y ∗
r−1
...
Y ∗

0

⎤⎥⎦Πk(q)
[
Yr−1 · · · Y0

]

−

⎡⎢⎣ U∗
r−1
...
U∗

0

⎤⎥⎦Πk(p)
[
Ur−1 · · · U0

]
≥ 0.

This is exactly (3.16) after some simple algebraic manipulations.
Corollary 3.5. For the data of Problem 4, denote

U1 = [ U10 · · · U1(r−1) ],

Y1 = [ Y10 · · · Y1(r−1) ].

Then there exists a solution to Problem 4 if and only if[
A11k A∗

21k

A21k A22k

]
≥ 0(3.18)

for all k = 1, . . . , l, where

A11k = T ∗
U1

[
Ip(r−1) 0

0 Ip − Πk(p)

]
TU1 − T ∗

Y1

[
Iq(r−1) 0

0 Iq − Πk(q)

]
TY1 ,

A21k =

⎡⎢⎣ λ̄r−1
2 U∗

2 · · · λ̄2U
∗
2 U∗

2
... · · ·

...
...

λ̄r−1
s U∗

s · · · λ̄sU
∗
s U∗

s

⎤⎥⎦[
Ip(r−1) 0

0 Ip − Πk(p)

]
TU1

−

⎡⎢⎣ λ̄r−1
2 Y ∗

2 · · · λ̄2Y
∗
2 Y ∗

2
... · · ·

...
...

λ̄r−1
s Y ∗

s · · · λ̄sY
∗
s Y ∗

s

⎤⎥⎦[
Iq(r−1) 0

0 Iq − Πk(q)

]
TY1

,

A22k =

[
U∗
αUβ − Y ∗

αYβ

1 − λ̄αλβ
− U∗

αΠk(p)Uβ + Y ∗
αΠk(q)Yβ

]s
α,β=2

.

Proof. Note that Problem 4 can be viewed as a special case of Problem 1 with U,
Y , and Z, where

U = [ U1 U2 · · · Us ],

Y = [ Y1 Y2 · · · Ys ],

Z = diag(Z1, λ2In, . . . , λsIn),

Z1 =

⎡⎢⎢⎢⎢⎣
0 In 0

0
. . .

. . . In
0

⎤⎥⎥⎥⎥⎦
rn×rn

.
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Some simple algebraic manipulations show that

Q =

[
Q11 Q∗

21

Q21 Q22

]
and Q̃ =

[
Q̃11 Q̃∗

21

Q̃21 Q̃22

]
satisfy the Lyapunov equations (3.3) and (3.4), respectively, where

Q11 =

⎡⎢⎢⎢⎣
0 · · · 0 U∗

10

0 · · · U∗
10 U∗

11
... · · ·

...
...

U∗
10 · · · U∗

1(r−2) U∗
1(r−1)

⎤⎥⎥⎥⎦
⎡⎢⎢⎢⎣

0 · · · 0 U10

0 · · · U10 U11

... · · ·
...

...
U10 · · · U1(r−2) U1(r−1)

⎤⎥⎥⎥⎦ ,

Q21 =

⎡⎢⎢⎢⎣
λ̄r−1

2 U∗
2 · · · λ̄2U

∗
2 U∗

2

λ̄r−1
3 U∗

3 · · · λ̄3U
∗
3 U∗

3
... · · ·

...
...

λ̄r−1
s U∗

s · · · λ̄sU
∗
s U∗

s

⎤⎥⎥⎥⎦
⎡⎢⎢⎢⎣

0 · · · 0 U10

0 · · · U10 U11

... · · ·
...

...
U10 · · · U1(r−2) U1(r−1)

⎤⎥⎥⎥⎦ ,

Q22 =

[
U∗
αUβ

1 − λ̄αλβ

]s
α,β=2

,

Q̃11 =

⎡⎢⎢⎢⎣
0 · · · 0 Y ∗

10

0 · · · Y ∗
10 Y ∗

11
... · · ·

...
...

Y ∗
10 · · · Y ∗

1(r−2) Y ∗
1(r−1)

⎤⎥⎥⎥⎦
⎡⎢⎢⎢⎣

0 · · · 0 Y10

0 · · · Y10 Y11

... · · ·
...

...
Y10 · · · Y1(r−2) Y1(r−1)

⎤⎥⎥⎥⎦ ,

Q̃21 =

⎡⎢⎢⎢⎣
λ̄r−1

2 Y ∗
2 · · · λ̄2Y

∗
2 Y ∗

2

λ̄r−1
3 Y ∗

3 · · · λ̄3Y
∗
3 Y ∗

3
... · · ·

...
...

λ̄r−1
s Y ∗

s · · · λ̄sY
∗
s Y ∗

s

⎤⎥⎥⎥⎦
⎡⎢⎢⎢⎣

0 · · · 0 Y10

0 · · · Y10 Y11

... · · ·
...

...
Y10 · · · Y1(r−2) Y1(r−1)

⎤⎥⎥⎥⎦ ,

Q̃22 =

[
Y ∗
αYβ

1 − λ̄αλβ

]s
α,β=2

.

Condition (3.2) then becomes

Q− Q̃ + Y ∗Πk(q)Y − U∗Πk(p)U ≥ 0.(3.19)

By pre- and postmultiplying inequality (3.19) by⎡⎢⎢⎢⎣
0 · · · In
... . .

. ...
In · · · 0

0

0 I(s−1)n

⎤⎥⎥⎥⎦ ,

we obtain condition (3.18) after some direct operator manipulations.
Remark 4. Corollaries 3.3 and 3.4 can be directly used for robust model validation

of multirate systems following the method for LTI systems studied in [6, 16].

4. Parametrization of all solutions. In this section, we characterize all so-
lutions G to Problem 1 when the solvability condition is satisfied. We will consider
only the generic case when Q − Q̃ > 0. The unlikely case when Q − Q̃ is singular is
technically more involved.
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Since the characterization for the unconstrained case has been given in [12], our
strategy in solving the constrained problem is then to choose, if possible, from this
characterization all those solutions that satisfy the structural constraint. The same
notation is used as in previous sections and more notation is needed. Given an oper-
ator ∆ and two operator matrices

Λ =

[
Λ11 Λ12

Λ21 Λ22

]
and Γ =

[
Γ11 Γ12

Γ21 Γ22

]
,

the linear fractional transformation associated with Λ and ∆ is denoted by

F(Λ,∆) = Λ11 + Λ12∆(I − Λ22∆)−1Λ21,

and the star product of Λ and Γ is defined as

Λ � Γ =

[
Λ11 + Λ12Γ11(I − Λ22Γ11)

−1Λ21 Λ12(I − Γ11Λ22)
−1Γ12

Γ21(I − Λ22Γ11)
−1Λ21 Γ21(I − Λ22Γ11)

−1Λ22Γ12 + Γ22

]
.

Here we assume that the operator manipulations are all compatible. With these
definitions, we have

F(Λ,F(Γ,∆)) = F(Λ � Γ,∆).

The following lemma from [19] will be used later.
Lemma 4.1. For M ∈ C

|q|×|p|, the following statements are equivalent:
(1) There exists T ∈ T (q, p) such that ‖M + T‖ ≤ 1.
(2) There exists

P =

[
P11 P12

P21 P22

]
with P11 ∈ T (q, p), P12 ∈ T (q, q) invertible, P21 ∈ T (p, p) invertible, and P22 ∈
Ts(p, q) such that [

M + P11 P12

P21 P22

]
is unitary.

A way to find P from M was given in [19]. Recall that an operator valued
function Θ is said to be two-sided inner if Θ is an inner function and Θ(ejw) is almost
everywhere unitary. For U, Y , and Z in Problem 1, assume that Q− Q̃ > 0, where Q
and Q̃ are defined by (3.3) and (3.4), respectively. By [12, Theorem III 7.2], there exist
matrices C ∈ C

n×|p| and E ∈ C
|p|×|p| such that the state space model {Z,C,U,E} is

controllable and observable and the transfer function

Θ(λ) := E + λU(I − λZ)−1C(4.1)

is two-sided inner in H|p|×|p|. It follows from QR factorization that there is a special
Θ(λ) such that E∗ ∈ T (p, p) and (4.1) holds. By Cholesky factorization, there exist
N ∈ T (q, q) and S ∈ T (p, p) such that

N∗N = [I + Y (Q− Q̃)−1Y ∗]−1,(4.2)

S∗S = [I + C∗Q̃(Q− Q̃)−1QC]−1.(4.3)
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Let A0 = (Q−Z∗Q̃Z)−1Z∗(Q− Q̃). It is shown in [12, Proposition V 1.7] that A0 is
stable. Define

Φ(λ) =

[
Φ11(λ) Φ12(λ)
Φ21(λ) Φ22(λ)

]
,

where

Φ11(λ) = Y (I − λA0)
−1(Q− Z∗Q̃Z)−1U∗,

Φ12(λ) = N−1 − λY A0(I − λA0)
−1(Q− Q̃)−1Y ∗N−1,

Φ21(λ) = SΘ∗(λ) − S−1C∗Q(I − λA0)
−1(Q− Q̃)−1Q̃CΘ∗(λ),

Φ22(λ) = −λS−1C∗Q(I − λA0)
−1(Q− Q̃)−1Y ∗N−1.

The set of all G(λ) solving the unconstrained interpolation problem is then given by

G(λ) = F(Φ(λ), V (λ)),

where V (λ) is a contractive analytic function in H|q|×|p|
∞ . Obviously, the set of all

solutions to the constrained interpolation problem is

{G(λ) = F(Φ(λ), V (λ)) : G(0) ∈ T (q, p)}.(4.4)

It is easy to check that

Φ11(0) = Y (Q− Z∗Q̃Z)−1U∗,

Φ12(0) = N−1,

Φ21(0) = SE∗ − S−1C∗Q(Q− Q̃)−1Q̃CE∗

= S[I − C∗Q(Q− Q̃)−1Q̃C]E∗

= S−1E∗,

Φ22(0) = 0.

Now assume condition (3.2) in Theorem 3.2 is satisfied. Then there is a contractive

analytic function V (λ) in H|q|×|p|
∞ such that

G(0) = Φ11(0) + N−1V (0)S−1E∗ ∈ T (q, p).

That is,

‖ −NΦ11(0)(S−1E∗)−1 + NĜ(0)(S−1E∗)−1‖ ≤ 1.

By Lemma 4.1, there exists

P =

[
P11 P12

P21 P22

]
with P11 ∈ T (q, p), P12 ∈ T (q, q) invertible, P21 ∈ T (p, p) invertible, and P22 ∈
Ts(p, q) such that

B :=

[
−NΦ11(0)(S−1E∗)−1 + P11 P12

P21 P22

]
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is unitary. Define Ψ = Φ � B. It is easy to check that Ψ11 ∈ T (q, p), Ψ12 ∈ T (q, q),
Ψ21 ∈ T (p, p), Ψ22 ∈ Ts(p, q), and both Ψ12 and Ψ21 are invertible. By setting a
bijective map R = F(B, V ), we have

G(λ) = F(Φ, V ) = F(Φ,F(B,R)) = F(Φ � B,R) = F(Ψ, R).

Note that G(0) ∈ T (q, p) if and only if R(0) ∈ T (q, p). Hence the set (4.4) can be
rewritten as

{G(λ) = F(Ψ, R) : R ∈ H|q|×|p|
∞ with R(0) ∈ T (q, p) and ‖R‖ ≤ 1}.

This gives us the main result of this section, the following theorem.

Theorem 4.2. For Problem 1, assume that Q − Q̃ > 0 and the solvability
condition (3.2) holds. Then the set of all interpolants G(λ) is given by

G(λ) = F(Ψ(λ), R(λ)),

where R is a contractive analytic function with R(0) ∈ T (q, p).

5. Conclusion. In this paper, we study the MP systems and some related ana-
lytic function interpolation problems. We show that each MP system has an equiv-
alent LTI system with a causality constraint which can be represented by a set of
block lower triangular matrices. We then study some analytic function interpolation
problems with such a constraint. The necessary and sufficient solvability conditions
are given using the result of the positive matrix completion problem. Finally, all the
solutions are presented in terms of linear fractional transformation.
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OPTIMALITY OF STASIS AND SMALL SWITCHING CYCLES IN
PLANAR SYSTEMS WITH TWO-VALUED CONTROLS∗
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Abstract. For planar (x ∈ R
2) control systems x′ = f(x, µ) with a two-valued control µ ∈

{µ1, µ2} we consider small cycles created by rapidly switching between the two control values. A
two-cycle is a periodic cycle on which the periodic control changes value twice in one period. Stasis
is a relaxed (i.e., probabilistic) control µr with a fixed point (called a stasis point) xr where 0 =

f(xr, µr) =
∫
f(xr, µ) dµr. Generically, stasis points can be approximated by two-cycles, and every

two-cycle must contain a stasis point. Also generically, stasis points form curves (called stasis curves).
The unit metric on these curves parameterize families of small two-cycles near the stasis curve.
Under general conditions, we show that average performance is differentiable with respect to this
parameterization, and thus necessary conditions for optimality of small two-cycles versus stasis can
be explicitly calculated.

Key words. optimal control, optimal periodic control, relaxed control

AMS subject classifications. 37N35, 49N25, 49N20, 49K15, 49K30

DOI. 10.1137/S036301290342231X

1. Approximating optimal control. The standard control problem involves
optimizing (maximizing or minimizing) a performance function

Q =

∫ T

0

H(x, u, t) dt

over some set of admissible controls u(t) ∈ U subject to constraint by a differential
equation

x′ = F (x, u, t)(1)

and possibly constrained by a variety of endpoint conditions on T , x(0), and x(T ).
Excellent introductions to control theory include [3, 10, 13].

Optimal periodic control [4, 6, 7] involves optimizing average performance

Q =
1

T

∫ T

0

H(x, u, t) dt

over periodic trajectories of period T under a differential equation (1). This constrains
x(t) = x(t + T ) and u(t) = u(t + T ) for all t, and in particular x(0) = x(T ).

The introduction of relaxed controls [2, 4, 6, 7, 12] raises several questions. First,
when can a relaxed control be approximated by an admissible control? Certainly not
all can be; an example appears later. Second, in the case where the relaxed control can
be approximated, in what way does the performance depend on the approximation?
What happens to performance as we take closer approximations to a relaxed control?
We may expect continuity because performance is defined by an integral, but can
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Fig. 1. Stasis and two-cycles.

we expect some form of smoothness near the “boundaries” of the set of admissible
controls?

This paper contains an extensive analysis of these questions in a specific setting.
We consider periodic optimization of R

2 systems with control functions that switch
between two fixed values. Such situations arise naturally in bang-bang controls [8, 9,
11].

We consider relaxed controls that produce fixed trajectories at antiparallel points
called stasis points and consider periodic approximations that switch between values
twice in one period, called two-cycles (see Figure 1). Under reasonable assumptions
we show that stasis points are generically approximable by two-cycles, and that every
two-cycle (or every n-cycle for that matter) must contain a stasis point. We show that
stasis points generically form curves that parameterize the family of approximating
two-cycles as two-parameter family. Performance is a differentiable function of this
parameterization. In fact as the parameters converge to the relaxed control, perfor-
mance has a finite one-sided derivative. This main result on differentiability is proven
using a standardizing diffeomorphism and technical calculation.

The next section of this paper contains the basic constructs and topological re-
sults. Section 3 examines performance in this setting and ends with a statement of the
main theorem. In section 4 we introduce a standardizing diffeomorphism and prove
some basic analytic results in the standardized framework. Section 5 analyzes the
family of two-cycles in the standard framework, and section 6 is a technical and very
calculational proof of the main theorem. Finally, section 7 contains an application to
a problem studied by Gilbert [5].

2. Stasis and switching two-cycles. Consider a controlled planar flow1

x′ = f(x, y, µ),
y′ = g(x, y, µ)

(2)

with (x, y) ∈ D ⊂ R
2 and µ ∈ R

n. We restrict ourselves to two distinct values of
the control parameter, µ1, µ2, and piecewise constant control functions µ(t) that
switch between the two values. Taking fi(x, y) = f(x, y, µi), gi(x, y) = g(x, y, µi),
this amounts to studying the pair of systems

x′ = f1(x, y), x′ = f2(x, y),
y′ = g1(x, y), y′ = g2(x, y).

(3)

Trajectories in system (2) are composed of segments of trajectories from these
two systems, as in Figure 2. Specifically, x(t), y(t), µ(t) is a trajectory for (2) iff x(t),
y(t) is a trajectory for x′ = fi(x, y), y

′ = gi(x, y) from (3) on the closure of any time
interval where µ(t) = µi.

1This work is specific to planar geometry, and notation reflecting this bias is favored.
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Fig. 2. A switching trajectory.

A cycle of length T > 0 is a nonstationary trajectory x(t), y(t), µ(t) defined for
[0, T ] with x(T ) = x(0), y(T ) = y(0), and µ(t + T ) = µ(t). A cycle is switching if µ
is discontinuous on [0, T ] and nonswitching if µ is constant. The cycle is a two-cycle
if µ has exactly two discontinuities on [0, T ].

Without relaxed controls, a fixed trajectory can occur only at a fixed point in one
of the two component systems. But if we allow relaxed controls, trajectories can be
fixed at places where the two flows are antiparallel. Specifically, writing

Fi =

(
fi
gi

)
,

a point (xs, ys) ∈ D ⊂ R
2 is a stasis point if (xs, ys) is not fixed in either system and,

for some κ > 0,

F1(xs, ys) = −κ F2(xs, ys).(4)

A trajectory can be fixed at a stasis point by a relaxed control

µ =

{
1 with probability 1

κ+1 ,

2 with probability κ
κ+1 .

(5)

In the classic theory for smooth flows, a cycle in a simply connected domain must
orbit a fixed point. Similarly, a switching cycle in a simply connected domain must
orbit either a stasis or a fixed point.

Lemma 1. If N ⊂ D is a simply connected open set containing a switching cycle,
then N contains a stasis point or a fixed point.

Proof. Suppose N contains no stasis or fixed points. Let

U =
F1

|F1|
+

F2

|F2|
.

This vector field is continuous and nonzero on simply connected N and is therefore
parallel to U = ∇H for some continuous surface H : N �→ R. Let x(t), y(t) be a
trajectory under F1. Then(

x′

y′

)
· U ∝ F1 ·

(
F1

|F1|
+

F2

|F2|

)
= |F1| +

F1 · F2

|F2|
≥ 0
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Fig. 3. Small switching cycles.

with equality only at a stasis point. This similarly holds for F2, and so values
of H(x(t), y(t)) are strictly increasing on any switching trajectory, prohibiting a
cycle.

A switching cycle without stasis points (but with a fixed point) can be constructed
from, for example, an inward spiral and a source.

The next lemma establishes generic existence of switching cycles near stasis points.
The idea is that near a typical point, a smooth flow is approximated to the second
order by a flow of constant curvature. The curvature of the two flows being different
at a stasis point creates small cycles, as in Figure 3.

Difference in curvature near a stasis point is calculated as a change in flux of one
vector field across trajectories of the other. That is, the flux of field F1 across F2 is
simply the cross product:2

F1 ⊗ F2 = F1 · F⊥
2 = −F⊥

1 · F2.

This value is zero at a stasis point. Small cycles exist when this value changes sign as
a trajectory passes through a stasis point. We say a stasis point (xs, ys) is regular if

d

dt
F1 ⊗ F2

∣∣
xs,ys

	= 0,

where the derivative is taken along either flow. We have the following.
Lemma 2. Every neighborhood of a regular stasis point contains a switching

cycle.
The proof of this lemma follows by the construction of delta-cycles in section 5.

Note that stasis points without switching cycles can be constructed with flows of equal
curvature, as in Figure 4. Thus there are (nonregular) stasis points where there is no
periodic approximation.

Stasis points are zero-level curves of the surface F1⊗F2, and regularity at a stasis
point implies it is not a critical point of that surface. Hence we have the following
lemma.

2Define the perpendicular operator as a clockwise right angle rotation (x, y)⊥ = (y,−x).



STASIS AND SMALL SWITCHING CYCLES IN PLANAR SYSTEMS 1991

Fig. 4. Stasis without cycles.

Fig. 5. Two-cycle through S(δ1) and S(δ2).

Lemma 3. For any regular stasis point, there exists a neighborhood in which the
set of stasis points forms a smooth curve.

Given a regular stasis point xs, ys, we can unit parameterize the stasis curve near
(xs, ys) as S(δ) with

S(0) = (xs, ys).(6)

Lemma 3 implies that S(δ) is well defined in a neighborhood of δ = 0. If ε is sufficiently
small, pairs δ1, δ2 with ε > δ1 > δ2 > −ε will uniquely determine a two-cycle that
crosses the stasis line exactly twice, at δ1 and δ2, as in Figure 5.

We organize the subscripts so that for the two-cycle corresponding to δ1 > δ2,
the trajectory segment under F1 will contain S(δ1) and the segment under F2 will
contain S(δ2). This is accomplished by choosing the direction of parameterization so
that

S′(0)⊥ · ∇ (F1 ⊗ F2)
∣∣
S(0)

< 0.(7)
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Fig. 6. Direction of parameterization.

That is, as we traverse S(δ) in the positive direction, the value of F1 ⊗F2 is positive
to the left and negative to the right, as in Figure 6.

By choosing the appropriate direction for time we are also free to assume, without
loss of generality,

S′(0)⊥ · F1 > 0,(8)

and this is consistent with Figures 5 and 6.

3. Performance of small cycles. The performance of small cycles is measured
as the average performance over the cycle [4, 6, 7]. Thus if x(t), y(t), µ(t) is periodic
of period T , and H is the payoff function, then performance is

Q =
1

T

∫ T

0

H(x, y, µ)dt.

With focus restricted to two values µ1, µ2 of the control parameter, we take
H1(x, y) = H(x, y, µ1) and H2(x, y) = H(x, y, µ2). Thus if we have a two-cycle with
one period defined by

u(t) =

{
µ1 for a ≤ t < b,

µ2 for b ≤ t < c,

we have the performance

Q =

∫ b

a
H1(x, y)dt +

∫ c

b
H2(x, y)dt

c− a
.(9)

For small ε, and ε > δ1 > δ2 > −ε, define Q(δ1, δ2) as the performance of the
two-cycle corresponding to δ1, δ2.

At a regular stasis point xs, ys we calculate the stasis performance from the relaxed
control (5) and the relation (4):

Q∗(xs, ys) =
H1(xs, ys) + κ H2(xs, ys)

κ + 1

=
H1(xs, ys) |F2(xs, ys)| + H2(xs, ys) |F1(xs, ys)|

|F1(xs, ys)| + |F2(xs, ys)|
.

(10)
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Fig. 7. Half-closed neighborhood.

Given a two-cycle, let D be the distance between the switching points (x(a), y(a))
and (x(b), y(b)), and rewrite (9) as

Q(δ1, δ2) =

∫ b

a
H1(x, y)dt +

∫ c

b
H2(x, y)dt

c− a

=
D
c−b

1
b−a

∫ b

a
H1(x, y)dt + D

b−a
1

c−b

∫ c

b
H2(x, y)dt

D
c−b + D

b−a

.

Comparing this last expression to (10) and using the approximations

|F1(xs, ys)| ≈
D

b− a
,

|F2(xs, ys)| ≈
D

c− b
,

H1(xs, ys) ≈
1

b− a

∫ b

a

H1(x, y)dt,

H2(xs, ys) ≈
1

c− b

∫ c

b

H2(x, y)dt,

it follows that

lim
δ1,δ2→δ

−ε<δ1<δ2<ε

Q(δ1, δ2) = Q∗(S(δ)).

Hence performance at stasis is approximated by performance on small two-cycles.
Taking Q(δ, δ) = Q∗(S(δ)) defines Q(δ1, δ2) as a continuous function for ε > δ1 ≥
δ2 > −ε.

In general, there is some half-closed set in the δ1, δ2 plane containing δ1 = δ2 and
contained in δ1 ≥ δ2 near (0, 0) (as in Figure 7) on which Q(δ1, δ2) is defined and
continuous. The following is the main theorem.

Theorem 4. If S(δ) is a regular stasis curve in a neighborhood of δ = 0, then
Q(δ1, δ2) is C1 on the half-closed set −ε < δ1 ≤ δ2 < ε for some ε > 0.

Here we use the convention that a function is differentiable at a closed boundary
if the one-sided derivatives exist and are continuous. The usefulness of this theorem
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Fig. 8. Rectification near stasis.

lies in being able to calculate the partial derivatives and check for optimality. We
demonstrate how to compute these partials in a direct computational proof of the
theorem.

4. Rectification. We prove Theorem 4 by direct computation in a standard-
ized reference frame. This section defines the standardizing diffeomorphism, of which
several choices are possible. For example, we could rectify F1 by applying a diffeo-
morphism Φ that conjugates it to the constant flow F̃1 = dΦ

d(x,y) ◦ F1 ◦ Φ−1 = (1, 0)

(see [1]). After some experimentation, we find that applying a diffeomorphism that
makes the two flows perpendicular to a vertical stasis line creates an efficient reference
frame (see Figure 8). Specifically, on the neighborhood

Rε = {−ε < u < ε, −ε2 < v < ε2},(11)

our standard system is a pair of flows F̃i, i = 1, 2, of the form

u′ = κi + ζiu + ρiu
2 + ηiv + O(ε3),

v′ = γiu + λiu
2 + O(ε3)

with κ1κ2 < 0 and κ1γ2 − κ2γ1 	= 0.

(12)

Any C3 system with a vertical stasis curve u = 0 and both flows horizontal
through this curve must be of this form. By switching indices and/or the temporal
direction we can, without loss of generality, assume

κ1 > 0, κ2 < 0, κ1γ2 − κ2γ1 < 0,(13)

and this would be consistent with assumptions (7), (8) and Figures 5, 6.
Lemma 5. Any C3 pair F1,F2 at a regular stasis point xs, ys with stasis curve

S(δ) can be rectified to the standard form (12) in a neighborhood Rε for sufficiently
small ε.

Proof. In fact, this can be done in several ways. For example, since diffeomor-
phisms preserve stasis points, any nonsingular diffeomorphism

Φ =

(
u(x, y)
v(x, y)

)
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Fig. 9. Delta-cycle.

with u = F1 ⊗ F2 will produce a conjugated system F̃1, F̃2 with u = 0 as the stasis
line. Furthermore, taking v as any nontrivial solution to vxfi + vygi = 0 for either
i = 1, 2 will produce a conjugated system(

f̃1 f̃2

g̃1 g̃2

)
=

(
ux uy

vx vy

)(
f1 f2

g1 g2

)
that flows horizontally through u = 0. The flows are antiparallel on u = 0, and
so g̃i = vxfi + vygi = 0 for u = 0 for both i = 1, 2. We can even preserve the
parameterization of the stasis curve by imposing the boundary values v(S(δ)) = δ.

Since diffeomorphisms preserve regular stasis points, we have κ1κ2 < 0 and

d

dt
F̃1 ⊗ F̃2

∣∣
0,0

= (κ1γ2 − κ2γ1)
du

dt

∣∣∣∣
u=0

= (κ1γ2 − κ2γ1)κi,

implying κ1γ2 − κ2γ1 	= 0.
It is thus sufficient to prove Theorem 4 for systems of form (12). The following

lemma, which follows from direct computation, will be useful.
Lemma 6. For ε > 0, κi 	= 0, the differential equation

v′(u) =
γu + λu2 + O(ε3)

κ + ζu + ρu2 + ηv + O(ε3)

with initial value v(0) = δ for δ2 < ε and |u| < ε has approximate solution

v(u) = δ +
γ

2κ
u2 +

(
λκ− γζ

3κ2

)
u3 + O(ε4).

5. Delta-cycles. For our standard system (12) in a neighborhood Rε (defined
(11)), and assuming κ1γ2 − κ2γ1 < 0, we construct the family of two-cycles in the
form of delta-cycles as depicted in Figure 9. For δ1,δ2 values near zero, consider the
trajectory ui(t), vi(t) in system (12) starting at (0, δi). Applying Lemma 6 to the
implicit functions v1(u) and v2(u) yields

v1(u) − v2(u) = (δ1 − δ2) −
(
κ1γ2 − κ2γ1

2κ1κ2

)
u2

+

(
λ1κ1 − γ1ζ1

3κ2
1

− λ2κ2 − γ2ζ2
3κ2

2

)
u3 + O(ε4).
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The assumptions κ1γ2−κ2γ1 < 0 and κ1κ2 < 0 imply that for δ1 > δ2 sufficiently
small, this expression will vanish at points u = α, β for α < 0 < β, which can be
explicitly approximated. For small values of A the cubic A−Bx2 +Cx3 +O(A2) has
roots

x = ±
√

A

B
+

AC

2B2
+ O(A3/2).

Hence,

α = −
√

2κ1κ2

κ1γ2 − κ2γ1
(δ1 − δ2)

1/2(14)

−2

3

κ2
2κ1λ1 + κ2

2γ1ζ1 + κ2
1κ2 − κ2

1γ2ζ2
(κ1γ2 − κ2γ1)

(δ1 − δ2)

+ O(ε3),

β =

√
2κ1κ2

κ1γ2 − κ2γ1
(δ1 − δ2)

1/2(15)

−2

3

κ2
2κ1λ1 + κ2

2γ1ζ1 + κ2
1κ2 − κ2

1γ2ζ2
(κ1γ2 − κ2γ1)

(δ1 − δ2)

+ O(ε3).

This construction demonstrates the existence of two-cycles near a regular stasis
point for sufficiently small δ1 < δ2, which proves Lemma 2.

6. Proof of Theorem 4. We are now prepared to prove Theorem 4 by direct
calculation in the form of the following lemma.

Lemma 7. For systems (i = 1, 2)

u′ = κi + ζiu + ρiu
2 + ηiv + O(ε3),

v′ = γiu + λiu
2 + O(ε3)

(16)

with κ1κ2 < 0, κ1γ2 − κ2γ1 < 0, and associated costs

Hi(u, v) = Ai + Biu + Ciu
2 + Div + O(ε3),

for δ1 ≥ δ2 sufficiently small we have

Q(δ1, δ2) =
κ1A2 − κ2A1

κ1 − κ2

+ (A1 −A2) (δ1 − δ2)

(
γ1η1κ

2
2 − γ2η2κ

2
1 + 2κ2

2κ1ρ1 − 2κ2
1κ2ρ2

)
3 (κ1 − κ2)

2
(κ1γ2 − κ2γ1)

+ (A1 −A2) (δ1 − δ2)
2κ1κ2 (ζ2κ1 − ζ1κ2) (λ2κ1 − λ1κ2 + γ2ζ1 − γ1ζ2)

3 (κ1 − κ2)
2
(κ1γ2 − κ2γ1)

2

+ (A1 −A2) (δ1η1κ2 − δ2η2κ1)
1

(κ1 − κ2)
2

+ (B1γ2 −B2γ1) (δ1 − δ2)
κ2κ1 (ζ1κ2 − ζ2κ1)

(κ1 − κ2) (κ1γ2 − κ2γ1)
2
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+ (B1κ2 −B2κ1) (δ1 − δ2)
κ2κ1 (κ1λ2 − κ2λ1)

(κ1 − κ2) (κ1γ2 − κ2γ1)
2

− (C1κ2 − C2κ1) (δ1 − δ2)
κ2κ1

3 (κ1 − κ2) (κ1γ2 − κ2γ1)

−
(
D1γ1κ

2
2 −D2γ2κ

2
1

)
(δ1 − δ2)

1

3 (κ1 − κ2) (κ1γ2 − κ2γ1)

− (D1δ1κ2 −D2δ2κ1)
1

κ1 − κ2

+ O
(
|δ1|3/2 , |δ2|3/2

)
.

Proof. Given cost functions H1 and H2 and using the implicit functions v1(u)
and v2(u), we have from (9)

Q(δ1, δ2) =

∫ β

α
H1(u,v1(u))
f1(u,v1(u)) du +

∫ β

α
H2(u,v2(u))
f2(u,v2(u)) du∫ β

α
1

f1(u,v1(u)) du +
∫ β

α
1

f2(u,v2(u)) du
.(17)

Using Lemma 6 we expand the integrands

Hi(u, vi(u))

fi(u, vi(u))
=

Ai + Biu + Ciu
2 + Divi(u)

κi + ζiu + ρiu2 + ηivi(u)

=
Ai

κi
+

(
Diκi −Aiηi

κ2
i

)
δi +

(
Biκi − ζiAi

κ2
i

)
u

+

(
2Ciκ

2
i + Diγiκi − 2Aiρiκi −Aiηiγi − 2ζiκiBi + 2ζ2

i Ai

2κ3
i

)
u2

+ O(ε3).

(18)

Hence the integrands in (17) are essentially quadratic. With α, β from (14), (15)
we compute for general quadratics with coefficients ai, bi,∫ β

α

(
a1 + a2u + a3u

2 + O(ε3)
)
du∫ β

α
(b1 + b2u + b3u2 + O(ε3)) du

=
a1

b1
+

2
(
κ2

2κ1λ1 − ζ1γ1κ
2
2 − κ2

1κ2λ2 + κ2
1γ2ζ2

)
3b21 (γ2κ1 − γ1κ2)

2 (a2b1 − a1b2) (δ1 − δ2)

+
2κ2κ1

3b21 (γ2κ1 − γ1κ2)
(b1a3 − a1b3) (δ1 − δ2) + O(ε3).

The theorem follows from substituting ai, bi using (18):

a1 =
1

κ2
1

(A1κ1 + δ1D1κ1 − δ1A1η1)

− 1

κ2
2

(A2κ2 + δ2D2κ2 − δ2A2η2) ,

a2 =
1

κ2
1

(B1κ1 −A1ζ1) − 1
κ2
2

(B2κ2 −A2ζ2) ,
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a3 =
1

2κ3
1

(
A1(2ζ

2
1 − 2ρ1κ1 − η1γ1) − 2B1ζ1κ1 + 2C1κ

2
1 + D1γ1κ1

)
− 1

2κ3
2

(
A2(2ζ

2
2 − 2ρ2κ2 − η2γ2) − 2B2ζ2κ2 + 2C2κ

2
2 + D2γ2κ2

)
,

b1 =
1

κ2
1

(κ1 − δ1η1) −
1

κ2
2

(κ2 − δ2η2) ,

b2 = − ζ1
κ2

1

+
ζ2
κ2

2

,

b3 =
1

2κ3
1

(2ζ2
1 − 2ρ1κ1 − η1γ1) −

1

2κ3
2

(2ζ2
2 − 2ρ2κ2 − η2γ2).

7. Example: Vehicle cruise. Suppose you can switch between the two follow-
ing systems:

COASTING: y′ = −f(y).

ENGAGED: y′ = M − g(y) − f(y).

Here, we can think of y as velocity and f(y) as friction. As would arise in bang-
bang controls, we consider M the maximum thrust we can apply, and g(y) the cost
or discount from applying that thrust at speed y. We impose the restriction that y
must stay close to a prescribed average velocity R. Define u as the difference between
the actual and target velocities, u = y − R, and let v be position v′ = u. With
F (u) = f(u + R) and G(u) = g(u + R) we have the pair of systems

u′ = −F (u), u′ = M −G(u) − F (u),
v′ = u, v′ = u .

This is in standard form (12), has λi = ηi = 0, γi = 1, and

κ1 = −F (0),

ζ1 = −F ′(0),

ρ1 = −1

2
F ′′(0),

κ2 = M − F (0) −G(0),

ζ2 = −F ′(0) −G′(0),

ρ2 = −1

2
F ′′(0) − 1

2
G′′(0).

Taking performance as minimizing the average thrust discount,

Q =
1

T

∫ T

0

G(u(t)) dt,

we take A1 = B1 = C1 = D1 = A2 = B2 = 0, C2 = G′(0), and D2 = 1
2G

′′(0), yielding

Q(δ1, δ2) = −1

3
(δ2 − δ1) (M − F (0) −G(0))

d

du

(
G′(u)

(
F (u)

M−G(u)

)2
)

u=0

.

On the other hand, if performance is measured as average thrust, we define

I(t) =

{
0 if COASTING,
1 if ENGAGED
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and take

Q =
1

T

∫ T

0

M I(t) dt.

Taking A1 = B1 = C1 = D1 = B2 = C2 = D2 = 0 and A2 = M we get

Q(δ1, δ2)

=
(δ1− δ2)F (0)(M− F (0)−G(0))

3(M −G(0))4

(
(M−G(0))

d2

du2

(
F (u)(M−G(u))

)
u=0

+ 2
(
G′(0)

)2
F (0)

)
.

The coefficient F (0)(M−F (0)−G(0))
3(M−G(0))4 and the expression M − G(0) are always positive

(if the vehicle can move at all), and so optimality is indicated by the second derivative
of F (u)(M −G(u)). If

d2

du2

(
F (u)(M −G(u))

)
u=0

> −2 (G′(0))
2
F (0)

M −G(0)
,

then stasis is never optimal. In particular if G is constant, d2F
du2 (0) > 0 implies that

stasis is not optimal. This yields a general and quite powerful converse to Theorem 8
in [5].
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Abstract. A nonautonomous linear system controlled by a nonlinear sector-restricted feedback
with a time-varying delay is considered. Delay-independent sufficient conditions for absolute stability
and instability (expressed in the transfer function of the linear part and the sector bounds) are
established. For a system with an exponentially stable linear part, an upper bound for the Lyapunov
exponent is found. It is shown that if the transfer function is sign-constant, asymptotic stability of
the system with the margin-linear feedback guarantees absolute stability of the considered system;
thus, such systems satisfy the known Aizerman conjecture. They include, in particular, a closed-
loop system consisting of any number of time-varying first order links and feedback with arbitrary
delay. Under some additional condition (which is certainly true for a time-invariant linear block),
the obtained stability criterion is precise. The approach employed in the proofs is based on a direct
analysis of the corresponding Volterra equation which contains only the transfer function of the
linear block and, therefore, embraces a wide range of control systems. As an example, a second
order system is considered; it is shown that here the obtained stability bound is reached for a linear
feedback with a periodic delay function.

Key words. Lur’e problem, time-varying system, delay in feedback, absolute stability condition,
Aizerman class
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1. Introduction. The classical Lur’e problem is to find conditions for absolute
stability of a control system consisting of a linear block and a nonlinear feedback
contained within a prescribed sector [1]. Over the last few decades there has appeared
an extensive literature devoted to the problem and its generalization. Most of the
known results are obtained by the frequency domain or Lyapunov function methods
and relate to systems with a time-invariant or periodic linear block (e.g., [2, 3, 4, 5,
6, 7, 8, 9, 10]). The Lyapunov method enables us, in principle, to tackle arbitrary
time-varying systems; however, finding the Lyapunov function for such systems is,
generally, a difficult problem.

In [11] sufficient stability conditions for the Lur’e problem that are equally applied
to time-invariant and time-varying systems were found. The results are based on a
direct analysis of the corresponding integral Volterra equation regarding the input of
the nonlinear block σ(t). In the current paper we extend this approach to systems
with delay in the feedback. Namely, we assume that the corresponding output is of the
form ϕ = ϕ(σ(t−τ(t)), t) where the function τ(t) is piecewise continuous, nonnegative,
and bounded for t ∈ [0,∞). The corresponding integral equation becomes

σ(t) = f(t) +

∫ t

0

w(t, s)ϕ(σ(s− τ(s)), s) ds,(1.1)

where w(t, s) is the transfer function of the linear block. Note that no other informa-
tion on the linear block is employed, so the last may be described, in particular, by
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partial differential or integral equations.

The piecewise continuous scalar valued function f(t) describes oscillation of the
corresponding linear system in the absence of the feedback caused by nonzero initial
conditions and, perhaps, external perturbation disappearing at infinity. We assume
that the linear block is asymptotically stable; thus

|f(t)| → 0 as t → ∞.(1.2)

The function ϕ(σ, t) belongs to the class Φ(K1,K2), i.e., satisfies the inequality

K1σ
2 ≤ ϕ(σ, t)σ ≤ K2σ

2, σ ∈ (−∞,∞).(1.3)

We assume that with a given initial function σ(t) for t < 0, the solution σ(t) of
(1.1) is continuable on [0,∞).

Definition 1. System (1.1) is called absolutely stable in the class Φ(K1,K2)
if for any functions f(t), ϕ(σ, t), satisfying conditions (1.2), (1.3), and any piece-
wise continuous nonnegative bounded for t ∈ [0,∞) function τ(t), the corresponding
solution σ(t) of (1.1) satisfies the condition

|σ(t)| → 0 as t → ∞.(1.4)

If condition (1.4) is not fulfilled for some ϕ(σ, t), τ(t), and f(t) from the indicated
classes, the system is referred to as unstable.

Putting ϕ1(σ, t) = ϕ(σ, t) − K1σ − Kσ,K = 0.5(K2 − K1), and retaining the
previous notation, we reduce (1.3) to the form

−Kσ2 ≤ ϕ(σ, t)σ ≤ Kσ2, σ ∈ (−∞,∞).(1.5)

Thus, we replace the class Φ(K1,K2) by Φ(−K,K); therewith we assume that the
transfer function w(t, s) in (1.1) is changed correspondingly.

In section 2 a value K∗ is found such that for K < K∗, the system is absolutely
stable independent on the delay function τ(t) (see Theorem 1). If the linear block
is exponentially stable and the function f(t) exponentially tends to zero, so does the
solution σ(t); Theorem 2 provides an upper bound for the corresponding Lyapunov
exponent. For a class of linear blocks (including, in particular, the autonomous ones)
the value K0 is found such that the system is unstable in the class Φ(−K0,K0) for
any τ(t) (see Theorem 3).

In section 3 systems with a nonnegative transfer function are considered. It is
shown (see Theorem 4) that asymptotic stability for ϕ(σ, t) = Kσ guarantees absolute
stability of the system in the class Φ(−K,K). Thus, such systems for arbitrary delay
τ(t) in the feedback satisfy the Aizerman conjecture [12] (note that the known results
of this kind [13, 14, 15] relate to time-invariant systems). Under some additional
condition, a precise upper bound for the stability sector is found (see Theorem 5).

In section 4 applications of the obtained results to some systems are discussed. It
is shown that a closed-loop system consisting of any number of first order time-varying
links and arbitrary delay in the feedback satisfies the Aizerman conjecture in the class
Φ(−K,K). For a second order time-invariant system, delay independent bounds K∗
and K0 are found in explicit forms; the bound K∗ is precise because it is reached for
some periodic delay τ(t).
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2. Absolute stability and instability criteria. Suppose that the linear block
is exponentially stable; then

|w(t, s)| ≤ C exp[−∆(t− s)],(2.1)

where the constants C and ∆ > 0 are independent of t and s.
Let us put

W (t) =

∫ t

0

w(t, s)|ds,

W+(tk) = supW (t) for t ≥ tk,(2.2)

W∞ = lim
t→∞

W (t) = lim
tk→∞

W+(tk).

Here W∞ is the upper limit of W (t) as t → ∞; it coincides with the conventional
limit when the last exists. This is certainly the case when the linear block is time-
invariant. In fact, in such a system w(t, s) = w(t − s), so, setting t − s = z, we
obtain

W (t) =

∫ t

0

w(z)|dz.(2.3)

The function W (t) in (2.3) increases monotonically and, therefore, tends to the limit.
The following theorem establishes a sufficient condition for absolute stability of

system (1.1), (1.5).
Theorem 1. If

K < K∗ = 1/W∞,(2.4)

the system is absolutely stable in the class Φ(−K,K).
Proof. Let σ(t) be a solution of (1.1). First let us show that for any t1 ≥ 0, there

exists tm ≥ t1 such that |σ(tm)| ≥ |σ(t)| for t ∈ [t1,∞). In fact, otherwise there is a
sequence t1, t2, . . . , tk → ∞ as k → ∞, such that |σ(t)| ≤ |σ(tk)| for t ∈ [t1, tk]. Then
from (1.1) and (1.5) we have

|σ(tk)| ≤ R(tk, t1) + K

∫ tk

t1

|w(tk, s)‖σ(s− τ(s))|ds ≤ R(tk, t1) + KW (tk)|σ(tk)|,

(2.5)

where

R(tk, t1) = |f(tk)| + K

∫ t1

0

|w(tk, s)‖σ(s− τ(s))|ds.

Observing that W (tk) ≤ W+(tk),W+(tk) → W∞, R(tk, t1) → 0 as tk → ∞, and,
by (2.4), KW∞ < 1, we find that inequality (2.5) cannot hold for large k. The
contradiction obtained shows that there exists a sequence tm,m = 1, 2, . . . , such that
tm → ∞ as m → ∞ and |σ(tm)| ≥ |σ(t)| for t ∈ [tm,∞). Evidently, |σ(tm)| ≥
|σ(tm+1)| ≥ 0; therefore there exists σ∞ = lim |σ(tm)| as tm → ∞. Let us prove that
σ∞ = 0.
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By assumption, τ(t) ≤ h for some h. Assuming tm − ti ≥ h, analogously (2.5),
we find

|σ(tm)| ≤ R(tm, ti) + K

∫ tm

ti

|w(tm, s)||σ(s− τ(s))|ds ≤ R(tm, ti) + KW (tm)|σ(ti)|.

(2.6)

Since the sequence |σ(tm)|,m = 1, 2, . . . , is convergent, then for any ε > 0, there
exists i such that |σ(ti| − |σ(tm| < ε for all m > i. Therefore, from (2.6) we find

|σ(tm)|[1 −KW (tm)] < R(tm, ti) + εKW (tm).(2.7)

Since R(tm, ti) < ε for large tm − ti, limKW+(tm) = KW∞ < 1 as tk → ∞, and
W (tm) ≤ W+(tm), then KW (tm) < 1 for large m. Therefore, inequality (2.7) is true
only if |σ(tm)| → 0 as m → ∞, i.e., |σ(t)| → 0 as t → ∞.

Suppose that along with (2.1),

|f(t)| ≤ C exp(−∆1t)(2.8)

for some ∆1 > 0. In particular, if f(t) is a solution of the linear system in the absence
of external perturbations, then ∆1 = ∆.

Definition 2. System (1.1) is called absolutely exponentially stable in the class
Φ(K1,K2) if for any functions ϕ(σ, t), f(t), satisfying conditions (1.3), (2.8) and any
piecewise continuous nonnegative bounded for t ∈ [0,∞) function τ(t), there exists a
constant β > 0 such that for some C, the corresponding solution σ(t) of (1.1) satisfies
the inequality

|σ(t)| ≤ C exp(−βt).

The infimum of λ = −β for which the value C exists is called the Lyapunov
exponent of the function σ(t) (see, for example, [16]).

The following theorem establishes an upper bound for the Lyapunov exponent of
the solutions σ(t) of system (1.1), (1.5).

Let β∗ be the root of the equation

W∞(β, h) = 1/K,(2.9)

where

W∞(β, h) = lim
t→∞

W+(β, h, t), W+(β, h, t) =

∫ t

0

exp[β(t + h− s)]|w(t, s)|ds.

Theorem 2. The Lyapunov exponent of the solution σ(t) satisfies the inequality

λ ≤ −β∗.(2.10)

Proof. Setting in (1.1)

σ(t) = exp(−βt)y(t),(2.11)

where β ∈ (0, β∗ < ∆1), we obtain

y(t) = exp(βt)f(t) + exp(βt)

∫ t

0

w(t, s)ϕ[exp(−βs)y(s− τ(s)), s]ds(2.12)
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whence analogously (2.5) we have

|y(tk)| ≤ R(β, tk, t1) + KW (β, h, tk)|y(tk)|.(2.13)

Clearly, W∞(β, h) increases with β, so, in view of (2.9), KW∞(β, h) < 1 for
β < β∗. Therefore, analogously to the proof of Theorem 1, we find that y(t) is
bounded on (0,∞), which, along with (2.11), proves the theorem.

Let us now obtain a condition guaranteeing instability of the system. To this end,
we put

W 0(t) =

∫ t

0

w(t, s) ds.(2.14)

Suppose there exists

W0 = lim
t→∞

W 0(t) �= 0.(2.15)

Theorem 3. If

K ≥ K0 = 1/|W0|,(2.16)

then system (1.1), (1.5) is unstable.
Proof. Let us put

f0(t) = 1 −W 0(t)/W0, ϕ0(σ) = K0σ sgn W0, σ(t) ≡ 1 for t < 0.(2.17)

In view of (2.15) and (2.17), |f0(t)| → 0 as t → ∞; by (2.16), ϕ0(σ) ∈ Φ(−K,K).
By a direct substitution one can check that σ(t) ≡ 1 is the corresponding solution of
(1.1). Since it does not satisfy condition (1.4), the system is unstable.

Let Kb be the value of the constant K such that the system is stable in the class
Φ(−K,K) for K < Kb and unstable for K ≥ Kb. Then from Theorems 1 and 3 it
follows that Kb satisfies the inequality

1/W∞ ≤ Kb ≤ 1/|W0|.(2.18)

3. Systems with sign-constant transfer function. Suppose now that the
transfer function w(t, s) is sign-constant. Without loss of generality, we assume that

w(t, s) ≥ 0 for t ≥ s ≥ 0(3.1)

because the case w(t, s) ≤ 0 is reduced to (3.1) by substitution: w1(t, s) = −w(t, s),
ϕ1(σ, t) = −ϕ(σ, t).

Theorem 4. System (1.1), (3.1) is absolutely stable in the class Φ(−K,K) if it
is stable for ϕ = Kσ(t− τ(t)).

Proof. Let σ0(t) be the solution of the equation

σ0(t) = f0(t) + K

∫ t

0

w(t, s)σ0(s− τ(s)) ds,(3.2)

where

σ0(t) = |σ(t)| for t < 0, f0(t) = |f(t)| + exp(−t) for t ≥ 0.(3.3)
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Clearly, σ0(t − τ(s)) > |σ(t − τ(s))| > 0 for sufficiently small t > 0. Let us
show that this inequality cannot break as t increases. In fact, let σ0(t1 − τ(t1)) =
σ(t1 − τ(t1)) for some t1; then, subtracting (1.1) from (3.2), we find

0 = |f(t1)| − f(t1) + exp(−t1) +

∫ t1

0

w(t1, s)[Kσ0(s− τ(s)) − ϕ(σ(s− τ(s)), s)] ds,

(3.4)

which is impossible, because the right-hand side of (3.4) is positive (Kσ0 > ϕ(σ) for
σ0 > |σ|).

If σ0(t1) = −σ(t1), then, summing (3.2) and (1.1), we find

0 = |f(t1)| + f(t1) + exp(−t1) +

∫ t1

0

w(t1, s)[Kσ0(s− τ(s)) + ϕ(σ(s− τ(s)), s)] ds,

where the right-hand side is also positive.
The obtained contradictions show that σ0(t) > |σ(t)| for t > 0 and, therefore,

σ(t) → 0 as t → ∞.
Suppose, moreover, that limit (2.15) exists.
Theorem 5. For absolute stability of system (1.1), (3.1), it is necessary and

sufficient that

K < 1/W∞.(3.5)

In fact, by (3.1), W (t) = W 0(t),W∞ = W0, so Theorem 5 follows directly from
inequality (2.18).

4. Discussion. The obtained results embrace a wide range of control systems
with, generally, time-varying linear block and arbitrary delay τ(t) in the feedback. In
accordance with sufficient stability condition (2.4), such a system is absolutely stable
in the class Φ(−W−1

∞ + ε,W−1
∞ − ε) where ε > 0 is an arbitrary small value. If the

function f(t) in (1.1) exponentially tends to zero, the stability is exponential; the
corresponding Lyapunov exponent satisfies inequality (2.10) (see Theorem 2). If limit
(2.15) exists, the system is certainly unstable in the wider class Φ(−W−1

0 ,W−1
0 ) (see

Theorem 3).
Note that these results can be extended to the case when the nonlinearity bounds

are time-dependent, i.e.,

−K(t)σ2 ≤ ϕ(σ, t)σ ≤ K(t)σ2, K(t) ≥ 0.(4.1)

In fact, as is clear from the proofs, it is only necessary to replace KW∞ and KW0

in the above conditions by

lim
t→∞

∫ t

0

|K(t)w(t, s)|ds and lim
t→∞

∫ t

0

K(t)w(t, s) ds,(4.2)

respectively.
As is known, the Lur’e problem was first formulated for the system

ẋ = Ax + bϕ(cx),(4.3)

where x ∈ Rn, and b and c are column and row vectors, respectively. The problem
is reduced to (1.1), where ϕ = ϕ(σ), σ = cx, and w(t, s) = w(t− s), because (4.3) is
time-invariant.
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In 1949 Aizerman conjectured [12] that system (4.3) is absolutely stable in the
class ϕ(σ) ∈ Φ(K1,K2), provided that the linear system ẋ = Ax + kbcx is stable for
any k ∈ [K1,K2]. Subsequently, counterexamples showed that this conjecture is, in
general, false (the history of the Aizerman conjecture can be found in Gil’ [13]). So
the problem is to find classes of systems satisfying the Aizerman conjecture. The first
result in this direction was obtained by Gil’ [13], who proved that if in system (4.3)
the transfer function is nonnegative, then its absolute stability in the class Φ(0,K)
is guaranteed by stability of the system ẋ = Ax + Kbcx. Recently he extended this
result to distributed and delay time-invariant systems [14, 15].

In [11] time-variable systems with a nonnegative transfer function were considered
via direct analysis of the corresponding Volterra equation. As a result, it was shown
that stability of such a system for ϕ(σ, t) = Kσ guarantees absolute stability in
the class Ψ(−K,K). Theorem 4 of the present paper extends this result to systems
with arbitrary delay τ(t) in the feedback. Namely, if the transfer function w(t, s)
is nonnegative, then for absolute stability of the system in the class Φ(−K,K), it
is necessary and sufficient that it is asymptotically stable for ϕ = Kσ(t − τ(t)). If
in (2.15) the limit W0 exists (in particular, if the linear block is time-invariant),
the precise bound for the stability sector equals K = 1/W∞ (Theorem 5) for any
delay τ(t). Note that at first sight the invariance of the stability sector on τ(t) looks
surprising; however, this is due to the fact that for K = 1/W∞ and f(t), determined
by (2.17), equation (1.1) admits the “unstable” solution σ(t) ≡ 1 for any τ(t).

When analyzing the Lur’e problem, the nonlinearity class Φ(K1,K2) is usually
reduced to Φ(0,K) (K = K2 − K1) by substitution: ϕ1(σ, t) = ϕ(σ, t) − K1σ. It
can be shown that on the transformation ϕ1(σ, t) = ϕ(σ, t) − cσ, the corresponding
transfer function w(t, s, c) increases with c, provided that w(t, s, c) > 0 for t ≥ s ≥ 0.
So, if for c = K1 (Φ = Φ(0,K)) condition (3.1) is satisfied, then it certainly holds
for c = 0.5(K1 + K2) > K1 (Φ = Φ(−K,K)). The converse is not, in general,
true; i.e., condition (3.1), which is valid in the class Φ(−K,K), may be lost on the
transformation to the class Φ(0,K).

Clearly, on the transformation ϕ1(σ, t) = ϕ(σ, t) − cσ, the lower bound of the
stability sector, provided by Theorem 4, becomes K(c) = −K + 2c. Thus, the largest
stability sector corresponds to the minimal value c < 0 for which the transfer function
w(t, s, c) is still nonnegative.

Let [K0
1 ,K

0
2 ] be the Hurwitz angle of linear system (1.1) with ϕ(σ, t) = kσ (i.e.,

it is asymptotically stable for K0
1 < k < K0

2 and unstable or not asymptotically
stable for k = K0

1 and k = K0
2 ). If the transfer function is nonnegative and the limit

W0 exists, then from Theorem 5 it follows that K0
2 = 1/W∞. Since, by Theorem 4,

stability for ϕ(σ, t) = Kσ provides stability in the class Φ(−K,K), then K0
1 ≤ −K0

2 .
A more detailed analysis shows that K0

1 < −K0
2 .

Let the linear block be a closed-loop system consisting of n (generally, time-
varying) links. Suppose that the individual transfer functions wi(t, s), i = 1, . . . , n,
are sign-constant. For a sign-constant input, the output of each link is sign-constant
as well; therefore, so is the transfer function w(t, s) of the entire linear block.

Suppose, in particular, that the links are of the first order; i.e., the linear block
is described by the equations

ẋ1 + a1(t)xi = 0,(4.4)

ẋ1 + ai(t)xi = kixi−1, i = 2, . . . , n.

An extensive literature is devoted to an analysis of feasibility of the Aizerman
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conjecture in closed-loop systems with the first order time-invariant links and time-
invariant feedback ϕ(σ). In particular, Bergen and Williams proved [17] that systems
of the third order satisfy the Aizerman conjecture. Trukhan extended this result on
systems with up to five stable links of the first order [18]. For an arbitrary number
of links, the transfer function is positive, so stability in the class Φ(0,K) follows from
the theorem of Gil’ [13]. Let us show that the above findings enable us to essentially
generalize these results in some respects.

Evidently, the individual transfer function of a link,

wi(t, s) = exp

[
−
∫ t

s

ai(s)ds

]
, i = 1, . . . , n,(4.5)

is positive; hence, the transfer function of time-varying system (4.4) is positive as
well. So, from Theorem 4 it follows that system (4.4) with the feedback ϕ(σ(t −
τ(t)), t) is absolutely stable in the class Φ(−K,K), provided that it is stable for
ϕ = Kσ(t − τ(t), t). If in (2.15) the limit W0 exists, then for any prescribed delay
τ(t), the obtained bound for the stability sector coincides with the upper bound of
the Hurwitz angle, i.e., K∗ = 1/W∞ = K0

2 (Theorem 5). However, as is mentioned
above, the lower bound of the obtained stability sector, −1/W∞, is larger than K0

1

(note that the results [17, 18] provide stability of the particular systems in the whole
Hurwitz angle).

Consider now the second order system

ẍ(t) + 2hẋ(t) + (1 + h2)x(t) + ϕ(x(t− τ(t)), t) = 0,(4.6)

−Kx2 ≤ ϕ(x, t)x ≤ Kx2, ϕ(0, t) = 0.

Here

w(t, s) = exp[−h(t− s)] sin(t− s), W 0(t) = 1/1 + h2 exp(−ht)[h sin t− cos t];

thus W0 = 1/(1+h2). Integrating (2.2), we find (see [11]) W∞ = [1+exp(−πh)]/[1+
exp(−πh)].

By Theorems 1, 2, and 3, for any τ(t), system (4.6) is absolutely exponentially
stable if K < K∗ = 1/W∞ = coth(−πh/2) and unstable for K ≥ K0 = 1 + h2.

The functions K∗(h) and K0(h) are plotted in Figure 1; as shown, they approach
each other as h increases. This, in particular, testifies that the impact of a delay τ(t)
in the feedback on the system stability decreases with an increase of stability of the
linear part.

Note that the obtained delay-independent stability condition is precise, because
for K∗ = coth(−πh/2), the function τ(t) can be found such that (4.6) is unstable. In
fact, let us put

ϕ(x(t− τ(t)), t) = K∗x(t− τ(t)), τ(t) = t for t ∈ [0, π), τ(t + π) = τ(t).(4.7)

Setting x(0) = −1, ẋ(0) = 0 and observing that ϕ(x(t − τ(t)), t) = K∗ for
t ∈ [0, π), we find that the corresponding solution is

x(t) = exp(−ht)

(
− K∗

1 + h2
−1

)
(cos t + h sin t) +

K∗
1 + h2

.(4.8)

Setting in (4.8) K∗ = coth(−πh/2), we obtain x(π) = 1, ẋ(π) = 0. Clearly,
ϕ(x(t−τ(t)), t) = −K∗ for t ∈ [π, 2π), so analogously we find x(2π) = −1, ẋ(2π) = 0.
Thus, the corresponding solution of (4.6) is 2π-periodic; therefore, in accordance with
the above definition, the system is unstable.



2008 A. A. ZEVIN AND M. A. PINSKY

                                                              

0

0.5

1

1.5

K

0 0.2 0.4 0.6 0.8 1 h

*K

0K

Fig. 1.

Acknowledgment. The authors are grateful to the anonymous reviewers for
their valuable comments and suggestions.

REFERENCES

[1] A. I. Lur’e, Some Nonlinear Problems in the Theory of Automatic Control, H.M. Stationery
Off., London, 1957.

[2] V. M. Popov, Absolute stability of nonlinear systems of automatic control, Autom. Remote
Control, 22 (1962), pp. 857–875.

[3] R. E. Kalman, Lyapunov functions for the problem of Lur’e in automatic control, Proc. Nat.
Acad. Sci. USA, 49 (1963), pp. 201–205.

[4] M. A. Aizerman and F. R. Gantmacher, Absolute Stability of Regulator Systems, Holden-
Day, San Francisco, London, Amsterdam, 1964.

[5] S. Lefschetz, Stability of Nonlinear Control Systems, Math. Sci. Engrg. 13, Academic Press,
New York, London, 1965.

[6] E. S. Pyatnitsky, New studies in absolute stability of automatic control systems. Survey, Av-
tomat. i Telemekh., 6 (1968), pp. 5–36 (English translation in Automat. Remote Control).

[7] J. C. Willems, The Analysis of Feedback Systems, MIT Press, Cambridge, MA, 1971.
[8] K. S. Narendra and J. F. Taylor, Frequency Domain Criteria for Absolute Stability, Aca-

demic Press, New York, 1973.
[9] M. G. Safonov, Stability and Robustness of Multivariable Feedback Systems, MIT Press, Cam-

bridge, MA, 1980.
[10] V. A. Yakubovich, Dichotomy and absolute stability of nonlinear systems with periodically

nonstationary linear part, Systems Control Lett., 11 (1988), pp. 221–228.
[11] A. A. Zevin and M. A. Pinsky, A new approach to the Lur’e problem in the theory of absolute

stability, SIAM J. Control Optim., 42 (2003), pp. 1895–1904.
[12] M. A. Aizerman, On a conjecture from absolute stability theory, Uspekhi Mat. Nauk, 4 (1949),

pp. 25–49 (in Russian).
[13] M. I. Gil’, On one class of absolutely stable systems, Soviet Phys. Dokl., 28 (1983), pp. 811–816.
[14] M. I. Gil’, Stability of Finite- and Infinite-Dimensional Systems, Kluwer Internat. Ser. Engrg.

Comput. Sci. 455, Kluwer Academic Publishers, Boston, 1998.
[15] M. I. Gil’, Boundedness of solutions of nonlinear differential delay equations with positive

Green functions and the Aizerman–Myshkis problem, Nonlinear Anal., 49 (2002), pp. 1065–
1078.

[16] E. A. Barbashin, Introduction to the Theory of Stability, Wolters–Noordhoff, Groningen, The
Netherlands, 1970.

[17] A. R. Bergen and S. Williams, Verification of Aizerman’s conjecture for a class of third-order
systems, IRE Trans., AC-7 (1962), pp. 42–46.

[18] N. M. Trukhan, On single-loop systems absolutely stable in the Hurwitzian angle, Avtomat. i
Telemekh., 11 (1966), pp. 5–8 (English translation in Automat. Remote Control).



A CORRECTED PROOF OF THE
STOCHASTIC VERIFICATION THEOREM

WITHIN THE FRAMEWORK OF VISCOSITY SOLUTIONS∗
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Abstract. We present a full and corrected proof of the stochastic verification theorem that was
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1. Introduction. The dynamic programming approach is applied to optimal
control problems, deterministic and stochastic alike, primarily via the so-called verifi-
cation theorem. The verification theorem verifies whether a given admissible control
is optimal and, more importantly, suggests a way of constructing optimal feedback
controls. The classical version of the verification theorem (see, e.g., [4]), as with the
dynamic programming at large, has the inherent deficiency of having to assume the
smoothness of the value function, whereas it is by now well known that even the sim-
plest optimal control problem may not possess a smooth value function. Therefore,
it is imperative, to both the theoretical development and practical applications, that
a nonsmooth version of the verification theorem be available. A verification theo-
rem for deterministic optimal control within the framework of one of the nonsmooth
analyses—namely, viscosity solutions—was put forward by Zhou in [9]. The stochastic
version of the result in [9] was first correctly stated in [10], although with an incorrect
proof. Specifically, in a key step in the proof of [10], a test function for the superdif-
ferential was employed and Ito’s formula was applied. However, the superdifferential
is pointwisely associated with probability sample points, and thus the test function
also implicitly depends on the sample points. In this case, Ito’s formula would not
apply. Another proof was presented in the book [8, Chapter 5, section 5.2]. It fixed
the aforementioned problem of the original proof of [10] by incorporating the condi-
tional probability, but unfortunately it still contained some, albeit technically subtle,
gaps (see Remark 4.2 below for details). In this paper we give a corrected proof of the
result in [10]. The proof presented here is based on arguments of the one in [8] and
may at first appear to be very similar. However, it has a few delicate differences that
take care of the points that were missing in the proof of [8]. Since the verification
theorem is a result of fundamental importance, we think it is worthwhile to present
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its full and detailed proof even though it may repeat some of the material available
in the literature.

2. The stochastic optimal control problem. In this section we introduce a
class of stochastic optimal control problems that we consider in the paper. We will
use the following basic notation throughout the paper. A′ will denote the transpose
of a matrix A, and R

n×k and Sn×n will denote, respectively, the set of all n × k
matrices and the set of all n × n symmetric matrices. Given a probability space
(Ω,F , P ) with a filtration {Ft : a ≤ t ≤ b} (−∞ < a < b < +∞), a separable Banach
space Z with norm | · |Z , and 1 ≤ p < +∞, we define the set Lp

Ft
(a, b;Z) = {φ(·) =

{φ(t, ω) : a ≤ t ≤ b}| φ(·) is an Ft-adapted, Z-valued measurable process on [a, b],

and E
∫ b

a
|φ(t, ω)|pZdt < +∞}.

Let T ∈ (0,+∞) be a finite time horizon and let (Ω,F ,P) be a complete prob-
ability space. For any initial data s ∈ [0, T ] and y ∈ R

n, the state equation of the
problem is {

dx(t) = b(t, x(t), u(t))dt + σ(t, x(t), u(t))dW (t),
x(s) = y,

(1)

where W is an m-dimensional standard Brownian motion defined on (Ω,F ,P), and
u (·) (the control strategy) is a stochastic process with values in a control space U ,
adapted to the filtration (augmented by P-null sets) generated by W . The functional
to minimize is

J(s, y;u(·)) = E

[∫ T

s

f(t, x(t), u(t))dt + h(x(T ))

]
,

where u (·) is a given control strategy and x (·) is the corresponding state trajectory
solving (1). The infimum will be taken over a suitable set of admissible controls that
will be defined below. Throughout the paper we will always assume that b, σ, f , and
h satisfy the following hypothesis. (We use the symbol | · | to denote norms in various
spaces.)

Hypothesis 2.1. The functions

b : [0, T ] × R
n × U → R

n, σ : [0, T ] × R
n × U → R

n×m,

f : [0, T ] × R
n × U → R, h : R

n → R

are uniformly continuous. Moreover, there exists a constant L such that for functions
φ = b, σ, f, h we have

(i) |φ (t, x1, u) − φ (t, x2, u)| ≤ L |x1 − x2| ∀t ∈ [0, T ], ∀x1, x2 ∈ R
n, ∀u ∈ U ;

(ii) |φ (t, 0, u)| ≤ L.

We will work, as in [8, Chapter 5, section 4], with the so-called weak formulation
of control problems. For a given s ∈ [0, T ], we define the set of (weakly) admissible
controls Uw

ad [s, T ] to be the collection of all 5-tuples (Ω,F ,P,W, u (·)) satisfying the
following conditions:

(i) (Ω,F ,P) is a standard probability space.
(ii) W = {W (t) : s ≤ t ≤ T} is an m-dimensional standard Brownian motion

defined on (Ω,F ,P) over [s, T ] (with W (s) = 0 almost surely), and Fs
t is

the augmented filtration generated by W . Moreover, F = σ(∪tFs
t ) (see [6,

p. 285] for details and the definition of augmented filtration).
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(iii) u : [s, T ] × Ω → U is a U -valued Fs
t -adapted process where U is a given

complete separable metric space.
We will write (Ω,F ,P,W, u (·)) ∈ Uw

ad [s, T ], but occasionally we will write only
u(·) ∈ Uw

ad[s, T ] if no ambiguity arises.
We remark that in light of Hypothesis 2.1 for every (s, y) ∈ [0, T ] × R

n and
(Ω,F ,P,W, u (·)) ∈ Uw

ad [s, T ], there exists a unique solution x(·) of (1) (see, for in-
stance, [8, Theorem 6.16]). It is called the state corresponding to the control strategy
u (·) ∈ Uw

ad[s, T ], and (x(·), u(·)) is called an admissible pair. The objective of the
optimal control problem is to minimize the cost functional J(s, y;u(·)) (for a given
(s, y) ∈ [0, T ) × R

n) over all u(·) ∈ Uw
ad[s, T ]. We denote the above problem by Cs,y

to emphasize the dependence on the initial time s and the initial state y. The value
function for the problem is defined as

V (s, y) = inf
u(·)∈Uw

ad
[s,T ]

J(s, y;u(·)).

An admissible pair (x∗(·), u∗(·)) is called optimal for Cs,y if u∗(·) achieves the mini-
mum of J(s, y;u(·)) over Uw

ad[s, T ].
In the dynamic programming approach to the problem, one proves that V is the

unique classical solution of an associated Hamilton–Jacobi–Bellman (HJB) equation
if V ∈ C1,2([0, T ] × R

n). Defining the current value Hamiltonian HCV as

HCV (t, x, q,Q;u) =
1

2
tr(σ(t, x, u)′Qσ(t, x, u)) + 〈q, b(t, x, u)〉 + f(t, x, u)

and the infimum value Hamiltonian HMIN as

HMIN (t, x, q,Q) = inf
u∈U

HCV (t, x, q,Q;u) ,

the HJB equation associated with the family of problems {Cs,y}(s,y)∈[0,T ]×Rn is{
−vt (t, x) −HMIN

(
t, x,Dv (t, x) , D2v (t, x)

)
= 0, (t, x) ∈ (0, T ) × R

n,
v (T, x) = h(x), x ∈ R

n,
(2)

where Dv and D2v denote, respectively, the gradient and Hessian of v with respect
to x.

As a part of the dynamic programming approach, the so-called verification tech-
nique plays an important role in testing for the optimality of a given admissible pair
and (more importantly) in constructing optimal feedback controls. The classical ver-
ification theorem is as follows (see Fleming and Rishel [4, Theorem VI.4.1] and Yong
and Zhou [8, Theorem 5.1, p. 268]).

Theorem 2.2. Let W ∈ C1,2([0, T ]×R
n) be a solution of the HJB equation (2).

Then we have the following.
(a) W (s, y) ≤ J(s, y;u(·)) for any (s, y) ∈ [0, T ] × R

n and any u(·) ∈ Uw
ad[s, T ].

(b) Suppose a given admissible pair (x∗(·), u∗(·)) for the problem Cs,y satisfies

−Wt (t, x∗ (t))−HCV

(
t, x∗(t), DW (t, x∗(t)) , D2W (t, x∗(t)) ;u∗ (t)

)
=0(3)

P-a.s., a.e. t ∈ [s, T ]. Then (x∗(·), u∗(·)) is an optimal pair for the problem
Cs,y.

Remark 2.3. Equality (3) is equivalent to the more familiar

HCV

(
t, x∗(t), DW (t, x∗(t)) , D2W (t, x∗(t)) ;u∗(t)

)
= HMIN

(
t, x∗(t), DW (t, x∗(t)) , D2W (t, x∗(t))

)
.
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However, as is generally well known, the value function is not smooth and the
HJB equation may not have a smooth solution at all. The verification theorem, whose
proof is presented in this paper, is a nonsmooth version of Theorem 2.2. We refer the
reader to [10, 8] for more discussion on this verification theorem and its consequences.

3. Preliminaries: Stochastic processes, Lebesgue points, and viscosity
solutions. In this subsection we present some preliminary results needed in the main
proof.

3.1. Viscosity solutions and semidifferentials. To make the paper self-
contained, we present the definition of viscosity solution we will be using. It is slightly
different from the typical and most commonly used definition (see [1, 5, 8]).

First, by a parabolic neighborhood of a point (t0, x0), we mean the intersection
of an open neighborhood of (t0, x0) with the set of all (t, x) such that t ≥ t0.

Definition 3.1. An uppersemicontinuous (respectively, lowersemicontinuous)
function v on (0, T ]×R

n is called a viscosity subsolution (respectively, supersolution)
of (2) if

v(T, x) ≤ (≥)h(x) for x ∈ R
n

and if

−φt(t0, x0) −HMIN (t0, x0, Dφ(t0, x0), D
2φ(t0, x0)) ≤ (≥)0(4)

whenever v − φ attains a local maximum (respectively, minimum) at (t0, x0) in a
parabolic neighborhood of (t0, x0) for φ ∈ C1,2((0, T ) × R

n). A function v is called a
viscosity solution of (2) if it is both a viscosity subsolution and a viscosity supersolution
of (2).

The typical definition uses full (two-sided) neighborhoods instead of parabolic
(one-sided) ones. However, it is well known that both definitions are equivalent. To
see this, suppose that v is a viscosity subsolution in the two-sided sense and that
v − φ has a one-sided local maximum at (t0, x0), which can obviously be assumed
to be strict. Then it is easy to see that for small µ > 0, the functions v − φ − µ

t−t0
have two-sided local maxima at points (tµ, xµ) such that (tµ, xµ) → (t0, x0) as µ → 0.
Therefore from the two-sided definition we get

−φt(tµ, xµ) −HMIN (tµ, xµ, Dφ(tµ, xµ), D2φ(tµ, xµ)) ≤ − µ

(t− tµ)2
≤ 0

and, letting µ → 0, we obtain (4).
Definition 3.1 is equivalent to the one in which test functions are replaced by

parabolic semijets, i.e., second order parabolic sub- and superdifferentials (see [1]).
Definition 3.2. We say that (p, q,Q) ∈ D1,2,+

t+,x v(t, x), the second order one-sided

parabolic superdifferential of v at (t, x), if, for all y ∈ R
n, s ≥ t,

v(s, y) ≤ v(t, x) + p(s− t) + 〈q, y − x〉 +
1

2
〈Q(y − x), y − x〉 + o(s− t + |y − x|2).

The second order one-sided parabolic subdifferential of v at (t, x), D1,2,−
t+,x v is defined

by reversing the inequality, i.e., D1,2,−
t+,x v(t, x) = −D1,2,+

t+,x (−v)(t, x).
The equivalence of Definition 3.1 and the definition in which derivatives of test

functions are replaced by elements of super- and subdifferentials are established with
the help of a well-known result that we present below and whose proof can be found,
for instance, in [8, Chapter 4, Lemma 5.4].
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Lemma 3.3. Let v be an uppersemicontinuous function on (0, T ) × R
n and let

(t0, x0) ∈ (0, T ) × R
n. Then (p, q,Q) ∈ D1,2,+

t+,x v(t0, x0) if and only if there exists a

function φ ∈ C1,2((0, T ) × R
n) such that v − φ attains a strict global maximum at

(t0, x0) relative to the set of (t, x) such that t ≥ t0 and

(φ(t0, x0), φt(t0, x0), Dφ(t0, x0), D
2φ(t0, x0)) = (v(t0, x0), p, q,Q).(5)

Moreover, if v has polynomial growth, i.e., if

|v(t, x)| ≤ C(1 + |x|k) for some k ≥ 1, (t, x) ∈ (0, T ) × R
n,(6)

then φ can be chosen so that φ, φt, Dφ,D2φ satisfy (6) (with possibly different con-
stants C).

3.2. Lebesgue points. Here we recall and present a few results on Lebesgue
points for functions with values in abstract spaces.

Definition 3.4. Let Z be a Banach space and let z : [a, b] → Z be a measurable
function that is Bochner integrable. We say that t is a right Lebesgue point of z if

lim
h→0+

1

h

∫ t+h

t

|z (r) − z (t) |Zdr = 0.

We then have the following result (see, for instance, [2, Theorem 9, p. 49]).
Lemma 3.5. Let z : [a, b] → Z be as in Definition 3.4. Then the set of right

Lebesgue points of z is of full measure in [a, b].
The following simple lemma ensures that any process in L1

Ft
(a, b; Rk) for some

k ≥ 1 can be regarded as the Bochner integrable function z : [a, b] → L1(Ω; Rk).
Lemma 3.6. Any z ∈ L1

Ft
(a, b; Rk) is Bochner integrable when regarded as a map

from [a, b] to L1(Ω; Rk).
Proof. According to [3, p. 92], if (Ω,F ,P) is a complete probability space, Z is

a separable Hilbert space, and F is countably generated apart from null sets, then
the space L1(Ω;Z) is separable. Since the filtration generated by a Wiener process
is always countably generated (see, for instance, [7, Exercise 4.21, Chapter 1]), the
space L1(Ω; Rk) is separable. Since∫ b

a

|z(t, ·)|L1(Ω;Rk)dt < +∞,

we only need to show that the function z is measurable as a map from [a, b] to
L1(Ω; Rk). By the separability of L1(Ω; Rk), the measurability is equivalent to the
weak measurability, so it is enough to show that for every function w ∈ L∞(Ω; Rk),
the map

t → E(z(t, ω) · w(ω))

is Lebesgue measurable. But this is obvious from Fubini’s theorem, as

E

∫ b

a

|z(t, ω) · w(ω)|dt < +∞.

The following technical result will be used in the proof of the verification theorem.
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Proposition 3.7. Let the standing assumptions of section 2 be satisfied and let
(s, y) ∈ [0, T ]×R

n. Given any admissible pair (x(·), u(·)) for the control problem Cs,y,
define the processes

z1 (r) = b (r, x (r) , u (r)) , z2 (r) = σ (r, x (r) , u (r))σ (r, x (r) , u (r))
′
.

Then

lim
h→0+

E
1

h

∫ t+h

t

|zi(r) − zi(t)|dr → 0 as h → 0+, a.e. t ∈ [s, T ], i = 1, 2.(7)

Proof. It is clear by Hypothesis 2.1 that z1, z2 ∈ L1
Ft

(s, T ;Z) with Z = R
n and

Z = R
n×n, respectively. Hence, by Lemma 3.6 they are Bochner integrable when

regarded as L1(Ω;Z)-valued maps. It then follows from Lemma 3.5 that the set of
right Lebesgue points of z1 and z2, as maps from [s, T ] to L1(Ω;Z), is of full measure
in [s, T ], which gives the claim.

4. Verification theorem. We are going to prove the following theorem.
Theorem 4.1. Let U ∈ C((0, T ] × R

n) be a viscosity subsolution of the HJB
(2) satisfying (6) for some k ≥ 1 and such that U(T, x) = h(x). Then we have the
following.

(a) U(s, y) ≤ J(s, y;u(·)) for any (s, y) ∈ (0, T ] × R
n and any u (·) ∈ Uw

ad[s, T ].
(b) Fix any (s, y) ∈ (0, T ) × R

n. Let (x∗ (·) , u∗ (·)) be an admissible pair for
the problem Cs,y. Suppose that there exists (p∗, q∗, Q∗) ∈ L2

Ft
(s, T ; R) ×

L2
Ft

(s, T ; Rn) × L2
Ft

(s, T ;Sm×n) (where the filtration Ft is (Fs
t )t∈[s,T ]) such

that, for a.e. t ∈ [s, T ],

(p∗(t), q∗(t), Q∗(t)) ∈ D1,2,+
t+,x W (t, x∗(t)), P - a.s.,(8)

and

E

∫ T

s

[p∗(t) + HCV (t, x∗(t), q∗(t), Q∗(t);u∗ (t))] dt ≤ 0.(9)

Then (x∗(·), u∗(·)) is an optimal pair for the problem Cs,y.
Proof. Part (a) is obvious since U ≤ V in view of the standard comparison results

for bounded viscosity sub- and supersolutions (see, for instance, [5, Theorem 9.1,
Chapter V]). We just have to notice that if U satisfies (6) and K is big enough, then
the function

Uδ(t, x) = U(t, x) − δeK(T−t)|x|k+1

is a viscosity subsolution of (2) for every δ > 0 that is bounded from above. Similarly,
one can perturb V to a supersolution Vδ since V satisfies (6) with k = 1 under
Hypothesis 2.1 (see [8, p. 178, Proposition 3.1]). The comparison then follows from
the comparison for Uδ and Vδ upon letting δ → 0.

It remains to prove part (b) of the theorem. To simplify the notation, we set

f∗(t) = f(t, x∗(t), u∗(t)), h∗(t) = h(x∗(t)),

b∗(t) = b(t, x∗(t), u∗(t)), σ∗(t) = σ(t, x∗(t), u∗(t)).

Fix t0 ∈ [s, T ] such that (8) holds at t0, and (7) holds at t0 for z1(·) = b∗(·) and
z2(·) = σ∗ (·)σ∗ (·)′. The set of such points is of full measure in [s, T ] by Proposition
3.7.
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We now fix ω0 ∈ Ω such that the regular conditional probability given Fs
t0 , denoted

by P
(
·|Fs

t0

)
(ω0), is well defined (see [6, pp. 84–85] for the definition and properties

of conditional expectation and the regular conditional probability). We consider the
probability space

(
Ω,F ,P

(
·|Fs

t0

)
(ω0)

)
. In this probability space the random variables

x∗ (t0) , p∗ (t0) , q∗ (t0) , Q∗ (t0)

are almost surely constant (see [8, Proposition 2.13, Chapter 1]) and are equal to

x∗ (t0, ω0) , p∗ (t0, ω0) , q∗ (t0, ω0) , Q∗ (t0, ω0) ,

respectively. Denote x0 = x∗ (t0, ω0). We remark that in this probability space
the Brownian motion W is still a standard Brownian motion although now W (t0) =
W (t0, ω0) almost surely. The space is now equipped with a new filtration (F t0

r )r∈[t0,T ]

and the control process u∗(·) is adapted to this new filtration (see [8, p. 179] for more
on this). The main point is that for P-a.s., ω0 the process x∗(·) is a solution of (1)
on (t0, T ) in the new probability space

(
Ω,F ,P

(
·|Fs

t0

)
(ω0)

)
with the initial condition

x∗ (t0) = x∗ (t0, ω0).
We will write Eω0

to denote the expectation with respect to the measure P
(
·|Fs

t0

)
(ω0)

and will write Lp
Ft,ω0

(t0, T ;Z) and Lp
ω0

(Ω;Z) when these spaces are defined with re-
spect to this measure.

Using Lemma 3.3, we now take a test function φ ∈ C1,2((0, T ) × R
n) such that

φ (t, x) > U (t, x) for every (t, x) ∈ (0, T ) × R
n, (t, x) 
= (t0, x0) ,(10) (

φ (t0, x0) , φt (t0, x0) , Dφ (t0, x0) , D
2φ (t0, x0)

)
= (U (t0, x0) , p

∗ (t0, ω0) , q
∗ (t0, ω0) , Q

∗ (t0, ω0)) ,(11)

and such that φ, φt, Dφ,D2φ are polynomially bounded; i.e., they satisfy (6). It is
important to bear in mind that φ is a fixed deterministic function when (t0, ω0) is
fixed.

We are going to apply Ito’s formula to φ on the probability space
(
Ω,F ,P

(
·|Fs

t0

)
(ω0)

)
.

To do this, we observe that the processes

φt (r, x∗ (r)) , 〈Dφ (r, x∗ (r)) , b∗ (r)〉 , 1

2
tr
[
σ∗ (r)

′
D2φ (r, x∗ (r))σ∗ (r)

]
belong to L1

Ft,ω0
(t0, T ; R) due to Hypothesis 2.1 on b and σ, to the estimate

Eω0 sup
t0≤r≤T

|x∗(r)|l ≤ KT (1 + |x0|l) for every l ≥ 1(12)

(see, for instance, [8, Theorem 6.16, Chapter 1]), and to the polynomial growth of
φ, φt, Dφ,D2φ. Moreover, by the same argument, the process

σ∗ (r)
′
φx (r, x∗ (r))

belongs to L2
Ft,ω0

(t0, T ; Rn). Therefore (see, for instance, [8, Chapter 1, section 5.3])
we can apply Ito’s formula to obtain that, for any h > 0,

φ (t0 + h, x∗ (t0 + h)) − φ (t0, x
∗ (t0))

=

∫ t0+h

t0

[
φt (r, x∗ (r)) + 〈Dφ (r, x∗ (r)) , b∗ (r)〉 +

1

2
tr
(
σ∗ (r)

′
D2φ (r, x∗ (r))σ∗ (r)

)]
dr

+

∫ t0+h

t0

〈Dφ (r, x∗ (r)) , σ∗ (r) dW (r)〉 .
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In particular, taking the expected value Eω0
, dividing both sides by h, and using (10),

it follows that

Eω0

1

h
[U (t0 + h, x∗ (t0 + h)) − U (t0, x

∗ (t0))]

≤ Eω0

[
1

h

∫ t0+h

t0

[
φt (r, x∗ (r)) + 〈Dφ (r, x∗ (r)) , b∗ (r)〉(13)

+
1

2
tr
(
σ∗ (r)

′
D2φ (r, x∗ (r))σ∗ (r)

) ]
dr

]
.

We want to pass to the limit as h → 0+ above. To this end, we treat each term of
(13) separately.

(I) First of all, thanks to the continuity of x∗ and to the continuity of φt, we get

1

h

∫ t0+h

t0

φt (r, x∗ (r)) dr → φt (t0, x
∗ (t0)) , P

(
·|Fs

t0

)
(ω0) - a.s.

Now, using estimate (12) and the polynomial growth of φt, we can apply the
dominated convergence theorem to obtain

lim
h→0+

Eω0

∣∣∣∣∣ 1h
∫ t0+h

t0

φt (r, x∗ (r)) dr − φt (t0, x
∗ (t0))

∣∣∣∣∣ = 0.

(II) With regard to the second term of (13), we have

Eω0

1

h

∫ t0+h

t0

〈Dφ (r, x∗ (r)) , b∗ (r)〉 dr − 〈Dφ (t0, x
∗ (t0)) , b

∗ (t0)〉

= Eω0

1

h

∫ t0+h

t0

〈Dφ (r, x∗ (r)) −Dφ (t0, x
∗ (t0)) , b

∗ (r)〉 dr

+ Eω0

1

h

∫ t0+h

t0

〈Dφ (t0, x
∗ (t0)) , b

∗ (r) − b∗ (t0)〉 dr.(14)

Now∣∣∣∣∣Eω0

1

h

∫ t0+h

t0

〈Dφ (r, x∗ (r)) −Dφ (t0, x
∗ (t0)) , b

∗ (r)〉 dr
∣∣∣∣∣

≤ Eω0

1

h

∫ t0+h

t0

|Dφ (r, x∗ (r)) −Dφ (t0, x
∗ (t0))| |b∗ (r)| dr

≤ Eω0

[
1

h

∫ t0+h

t0

|Dφ (r, x∗ (r)) −Dφ (t0, x
∗ (t0))|2 dr

] 1
2
[

1

h

∫ t0+h

t0

|b∗ (r)|2 dr
] 1

2

≤
[
Eω0

1

h

∫ t0+h

t0

|Dφ (r, x∗ (r)) −Dφ (t0, x
∗ (t0))|2 dr

] 1
2
[
Eω0

1

h

∫ t0+h

t0

|b∗ (r)|2 dr
] 1

2

.

Using Hypothesis 2.1 and estimate (12), we have

Eω0

1

h

∫ t0+h

t0

|b∗ (r)|2 dr ≤ 1

h

∫ t0+h

t0

2L2
(
1 + Eω0 |x∗ (r)|2

)
dr

≤ 2L2
(
1 + KT

(
1 + |x0|2

))
,(15)
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whereas arguing as in part (I) for φt, we get

lim
h→0+

Eω0

1

h

∫ t0+h

t0

|Dφ (r, x∗ (r)) −Dφ (t0, x
∗ (t0))| dr = 0.(16)

From (15) and (16), it follows that the first term of (14) goes to zero as
h → 0+. For the second term of (14), we observe that∣∣∣∣∣Eω0

1

h

∫ t0+h

t0

〈Dφ (t0, x
∗ (t0)) , b

∗ (r) − b∗ (t0)〉 dr
∣∣∣∣∣

≤ |Dφ (t0, x0)|Eω0

1

h

∫ t0+h

t0

|b∗ (r) − b∗ (t0)| dr.

However, by the choice of t0,

0 = lim
h→0+

E
1

h

∫ t0+h

t0

|b∗ (r) − b∗ (t0)| dr

= lim
h→0+

E

[
E

[
1

h

∫ t0+h

t0

|b∗ (r) − b∗ (t0)| dr
∣∣Fs

t0

]]

= lim
h→0+

E

[
Eω0

1

h

∫ t0+h

t0

|b∗ (r) − b∗ (t0)| dr
]
.

This implies that Eω0

1
h

∫ t0+h

t0
|b∗ (r) − b∗ (t0)| dr converges to 0 in L1(Ω; R1)

as h → 0+. Hence, there is a subsequence hl → 0+ so that, for P-a.s. ω0,

Eω0

1

h

∫ t0+h

t0

|b∗ (r) − b∗ (t0)| dr → 0.

This proves that the second term of (14) goes to zero as hl → 0+.
(III) The third term of (13) is treated using the same ideas. Since

tr (ABC) = tr (BCA) and tr (AB) − tr (AC) = trA (B − C) ,

we have

Eω0

[
1

h

∫ t0+h

t0

[
1

2
tr
(
σ∗ (r)

′
D2φ (r, x∗ (r))σ∗ (r)

)
−1

2
tr
(
σ∗ (t0)

′
D2φ (t0, x

∗ (t0))σ
∗ (t0)

)]
dr

]
(17)

= Eω0

[
1

h

∫ t0+h

t0

1

2
tr
([
D2φ (r, x∗ (r)) −D2φ (t0, x

∗ (t0))
]
σ∗ (r)σ∗ (r)

′)
dr

]

+ Eω0

[
1

h

∫ t0+h

t0

1

2
tr
(
D2φ (t0, x

∗ (t0))
[
σ∗ (r)σ∗ (r)

′ − σ∗ (t0)σ
∗ (t0)

′])
dr

]
.

Now, employing the same arguments that we used to show that the right-
hand side of (14) goes to zero, we obtain that the right-hand side of (17) goes
to 0 as some subsequence hl′ → 0+.
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Summing up, we have proved that, for any sequence h → 0+, one can find a
subsequence hl′′ → 0+ so that

lim
hl′′→0+

Eω0

[
1

hl′′

∫ t0+hl′′

t0

[
φt (r, x∗ (r)) + 〈Dφ (r, x∗ (r)) , b∗ (r)〉

+
1

2
tr
(
σ∗ (r)

′
D2φ (r, x∗ (r))σ∗ (r)

)]
dr

]

= φt (t0, x0) + 〈Dφ (t0, x0) , b
∗ (t0)〉 +

1

2
tr
(
σ∗ (t0)

′
D2φ (t0, x0)σ

∗ (t0)
)
.

Consequently, the above holds for any sequence h → 0+. Passing to the limsup in
(13) and using (11), we get that

lim sup
h→0+

Eω0

1

h
[U (t0 + h, x∗ (t0 + h)) − U (t0, x

∗ (t0))]

≤ φt (t0, x0) + 〈Dφ (t0, x0) , b
∗ (t0)〉 +

1

2
tr
(
σ∗ (t0)

′
D2φ (t0, x0)σ

∗ (t0)
)

= p∗ (t0, ω0) + 〈q∗ (t0, ω0) , b
∗ (t0, ω0)〉 +

1

2
tr
(
σ∗ (t0, ω0)

′
Q∗ (t0, ω0)σ

∗ (t0, ω0)
)
.(18)

Now, using (18) and applying Fatou’s lemma, we get

lim sup
h→0+

E

[
1

h
[U (t0 + h, x∗ (t0 + h)) − U (t0, x

∗ (t0))]

]
= lim sup

h→0+

E

[
Eω0

1

h
[U (t0 + h, x∗ (t0 + h)) − U (t0, x

∗ (t0))]

]
≤ E

[
lim sup
h→0+

[
Eω0

1

h
[U (t0 + h, x∗ (t0 + h)) − U (t0, x

∗ (t0))]

]]
≤ E

[
p∗ (t0) + 〈q∗ (t0) , b

∗ (t0)〉 +
1

2
tr
(
σ∗ (t0)

′
Q∗ (t0)σ

∗ (t0)
)]

(19)

for a.e. t0 ∈ [s, T ]. The rest of the proof goes exactly as in [8, p. 272]. We apply [8,
Lemma 5.2, p. 270] to the function g(t) = EU(t, x∗(t)) and use (19) and (9) to obtain

EU(T, x∗(T )) − U(s, y) ≤ −E

∫ T

s

f∗(t)dt,

which, since U ≤ V and U(T, x∗(T )) = V (T, x∗(T )) = h(x∗(T )), yields

E

[∫ T

s

f (t, x∗(t), u∗(t)) dt + h(x∗(T ))

]
≤ V (s, y),

which means that the control u∗(·) is optimal.
Remark 4.2. Now we are in a position to discuss the (subtle) gap presented in the

proof of the book [8]. On page 271 of [8], equation (5.12) was derived by considering
a Lebesgue point t of the integrand in the displayed equation immediately before
(5.12). However, the test function φ there depends, though implicitly, on the variable
t. Hence, it is not clear whether such a t exists in the first place. In this paper,
we have fixed this problem via the Lebesgue points of the problem data (b∗ (·) and
σ∗ (·)σ∗ (·)′) viewed as L1 (Ω; Rn) or L1 (Ω; Rn×n)-valued functions, together with
some delicate estimates.
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Abstract. We address a zero-sum differential game with ergodic payoff. We study this prob-
lem via the viscosity solutions of an associated Hamilton–Jacobi–Isaacs equation. Under certain
condition, we establish the existence of a value and prove certain representation formulae.
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1. Introduction. In this article, we consider a general, nonlinear controlled
dynamical system

ẋ(t) = b(x(t), u1(t), u2(t))(1.1)

with performance index r(x(t), u1(t), u2(t)), where u1, u2 are controls. Associated to
this controlled dynamical system we can pose two kinds of problem—H∞ control and
the differential game. In H∞ control, the performance index is referred to as the
output response and u2 as disturbance. A closed set T with respect to which the
undisturbed system (u2 = 0) is stable and a constant γ are given. The problem is to
find a strategy α = α[u2] such that∫ t

0

|r(x(s), α[u2](s), u2(s))|2 ds ≤ γ2

∫ t

0

|u2(s)|2 ds(1.2)

for all t ≥ 0 and all disturbances u2. If we can find such a strategy, we say that the
problem is solvable with disturbance attenuation level γ.

The other problem is the differential game problem. In this case, we call the
performance index the running payoff function. There are two controllers or decision
makers called players. Player 1 wishes to minimize the running payoff function on
finite or infinite time horizon over his control variables u1(t), whereas Player 2 wishes
to maximize the same over his control variables u2(t). Since the interests of the
two players are conflicting, the basic problem is to resolve this conflict by arriving
at solution that serves the interests of both players. In other words, we look for
a min-max/max-min solution to this problem. For infinite horizon problems, one
usually considers two payoff criteria: the discounted payoff criterion and the ergodic or
averaged payoff criterion. These two payoff criteria are, in some sense, complementary
to each other. The immediate future is far more important than the distant future
in the discounted payoff criterion. Quite contrary to this, the finite time behavior of
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the system is irrelevant in the ergodic payoff criterion. It is the asymptotic behavior
of the ergodic payoff that matters. Thus in the ergodic payoff criterion, one looks for
some kind of stability or averaging mechanism taking place.

The differential game (in the sense of Elliott–Kalton) with discounted payoff cri-
terion has been studied extensively in the literature; see [1] and the references therein.
The basic idea is to show that the lower and upper value functions satisfy the dynamic
programming principle (DPP) and thus they are viscosity solutions to corresponding
Hamilton–Jacobi–Isaacs (HJI) equations. If the Isaacs minimax principle holds, then
by a minimax theorem, one obtains that the differential game has value. This pro-
cedures does not seem to be applicable to the differential games with ergodic payoff.
Thus in order to study the differential games with ergodic payoff, we need to approach
the problem in a different way.

In the traditional approach to differential games, one first establishes the DPP,
which in turn leads to the HJI equations. In this article, we follow a reverse approach
which was used by Świech [18] to treat a stochastic differential game with a finite
horizon payoff criterion (see also [17]). The main idea is to use the integration along
the trajectories of the controlled dynamical system to study the HJI equations. Since
the HJI equation in general does not admit classical solutions, we need to use the
concept of viscosity solutions introduced by Crandall and Lions [4]. We show that if
the HJI equation corresponding to ergodic payoff criterion has a viscosity solution,
then the scalar quantity appearing in the HJI equation is the ergodic value for the
differential game problem under certain stability assumption on the dynamics. Fur-
ther, under a dissipativity assumption, we show that the HJI equation has a viscosity
solution. The novelty of this approach is that it is quite simple and it can be used to
prove the DPP.

There is a close connection between H∞ control and differential games. A H∞
control problem can be viewed as a differential game problem (see [3]). Using this
observation, several authors have studied HJI equations and established DPP for
the solutions; see [6], [9], [13], [15], [16], and the references therein. In [16] an H∞
control problem is considered and studied using the viscosity solution techniques.
Some representation formulas are proved for the viscosity solutions of the associated
HJI equation. As a consequence, the author obtained the DPP for the viscosity
solutions and established the value function to be the minimal viscosity solution under
some nonnegativity assumptions and certain stability assumptions. In [9], [13], an
analogous problem in the stochastic case is considered. Here the authors first obtained
the DPP. The value function is again shown to be the minimal viscosity solution. The
results in the deterministic case are obtained by letting the diffusion coefficient be
zero. Further in [13], the uniqueness of the viscosity solution is established in a
certain class of functions with some growth conditions. Thus the results in these
articles are similar to ours. However, the assumptions considered there are different
from the assumptions in this article. Note that in the mentioned articles, the ergodic
value corresponding to the associated differential game turns out to be zero. Thus
the results presented in this article can be seen as more general concerning differential
games with ergodic payoff. We now describe our problem.

Let Ui, i = 1, 2, be given compact metric spaces. Let Ai, i = 1, 2, denote the
set of all measurable functions ui : [0,∞) → Ui. The set Ai is called the set of
all admissible controls for player i. Consider the d-dimensional controlled dynamical
system x(·) described by{

ẋ(t) = b(x(t), u1(t), u2(t)), t > 0,
x(0) = x,

(1.3)
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where b : Rd × U1 × U2 → Rd and ui(·) ∈ Ai. We assume that

(A1) b is continuous and there exists a constant C1 > 0 such that for all u1 ∈ U1

and u2 ∈ U2

|b(x, u1, u2) − b(y, u1, u2)| ≤ C1|x− y|.

Let r : Rd × U1 × U2 → Rd be the payoff function. We assume that

(A2) r is continuous and there exists a constant C2 > 0 such that for all u1 ∈ U1

and u2 ∈ U2

|r(x, u1, u2) − r(y, u1, u2)| ≤ C2|x− y|.

Let Γ denote the set of all maps α : A2 → A1 that are nonanticipative in the
sense that for any t > 0 and u2, ũ2 ∈ U2, u2(s) = ũ2(s) for all s ≤ t implies α[u2](s) =
α[ũ2](s) for all s ≤ t. Similarly, ∆ is defined to be the set of all maps from A1 to A2

that are nonanticipative.

Let

ρ+(x) := sup
β∈∆

inf
u1(·)∈A1

lim sup
T→∞

1

T

∫ T

0

r(x(t), β[u1](s), u1(s)) ds,

ρ−(x) := inf
α∈Γ

sup
u2(·)∈A2

lim sup
T→∞

1

T

∫ T

0

r(x(t), u2(s), α[u2](s)) ds.

The functions ρ+(x), ρ−(x) are called the upper and lower ergodic value functions
associated with the differential game. If ρ+(x) = ρ−(x) = ρ, a constant for all x, we
say that the differential game with ergodic payoff criterion has a value.

The rest of the paper is organized as follows. In section 2, we prove that if the
associated HJI equation has a viscosity solution (ρ,w), then the upper and lower
values coincide with ρ, and thus the differential game has value. We then prove some
more representation formulas for the ergodic value. We also prove DPP for viscosity
solution and a partial uniqueness result for viscosity solutions. In section 3, we show
the existence of a viscosity solution to the HJI equation in two ways under a suitable
assumption. Section 4 contains some concluding remarks.

2. Viscosity solutions and ergodic value. Consider the following HJI equa-
tions

ρ = inf
u1∈U1

sup
u2∈U2

{b(x, u1, u2) ·Dw(x) + r(x, u1, u2)}, x ∈ Rd(2.1)

and

ρ = sup
u2∈U2

inf
u1∈U1

{b(x, u1, u2) ·Dw(x) + r(x, u1, u2)}, x ∈ Rd.(2.2)

Definition 2.1. A viscosity subsolution of (2.1) is a pair (ρ,w), where ρ is a
real number and w(·) is an upper semicontinuous function such that for x ∈ Rd and
a smooth function φ, we have

ρ ≤ inf
u1∈U1

sup
u2∈U2

{b(x, u1, u2) ·Dφ(x) + r(x, u1, u2)}
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whenever w − φ has a local maximum at x. A pair (ρ,w) of a real number ρ and a
lower semicontinuous function w(·) is said to be a viscosity supersolution of (2.1) if
for x ∈ Rd and a smooth function φ, we have

ρ ≥ inf
u1∈U1

sup
u2∈U2

{b(x, u1, u2) ·Dφ(x) + r(x, u1, u2)}

whenever w−φ has a local minimum at x. A viscosity solution of (2.1) is a pair (ρ,w)
that is both viscosity sub- and supersolution of (2.1). Similarly, a viscosity solution of
(2.2) is defined.

We now proceed to prove the main result of this section, which provides estimates
for ρ+ in terms of viscosity sub- and supersolutions of (2.1) and, similarly, for ρ−, in
terms of viscosity sub- and supersolutions of (2.2). We prove this result under the
following additional assumption:

(A3) For each x ∈ Rd, there is a constant M = M(x) > 0 such that |x(t)| < M
for all t ≥ 0, where x(·) is the solution of (1.3) under any pair of admissible controls
(u1(·), u2(·)) ∈ A1 ×A2.

Remark 2.2. Since for any t, s ≥ 0,

x(t) − x(s) =

∫ t

s

b(x(τ), u1(τ), u2(τ)) dτ

and |x(τ)| ≤ M by assumption (A3), we can find a constant C > 0 such that

|x(t) − x(s)| ≤ C|t− s|.

Thus under assumptions (A1) and (A3), the solutions of (1.3) are globally Lipschitz
continuous.

We now state and prove the main result of this section. Throughout the section,
we assume (A1)–(A3).

Theorem 2.3. (i) Let (ρ,w) be a viscosity subsolution of (2.1). Then

ρ ≤ sup
β∈∆

inf
u1(·)∈A1

lim inf
T→∞

1

T

∫ T

0

r(x(s), u1(s), β[u1](s)) ds.(2.3)

(ii) Let (ρ,w) be a viscosity supersolution of (2.1). Then

ρ ≥ sup
β∈∆

inf
u1(·)∈A1

lim sup
T→∞

1

T

∫ T

0

r(x(s), u1(s), β[u1](s)) ds.(2.4)

(iii) Let (ρ,w) be a viscosity subsolution of (2.2). Then

ρ ≤ inf
α∈Γ

sup
u2(·)∈A2

lim inf
T→∞

1

T

∫ T

0

r(x(s), α[u2](s), u2(s)) ds.(2.5)

(iv) Let (ρ,w) be a viscosity supersolution of (2.2). Then

ρ ≥ inf
α∈Γ

sup
u2(·)∈A2

lim sup
T→∞

1

T

∫ T

0

r(x(s), α[u2](s), u2(s)) ds.(2.6)

Proof. We prove (iii) and (iv); (i) and (ii) can be proved similarly.
Let (ρ,w) be a viscosity subsolution of (2.2). Assume that w is C1,1 (i.e., w

is differentiable with bounded and Lipschitz derivatives). Let K be the common
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Lipschitz constant associated with w,Dw. Then (ρ,w) satisfies (2.2) in the classical
sense. In particular, for any ε > 0 and any x ∈ Rd,

ρ− ε < sup
u2∈U2

inf
u1∈U1

(b(x, u1, u2) ·Dw(x) + r(x, u1, u2)).(2.7)

Set

Λ(x, u2) = inf
u1∈U1

(b(x, u1, u2) ·Dw(x) + r(x, u1, u2)).

Then it is easy to note that Λ is uniformly continuous on Rd × U2. Since U2 is
separable, we can find a sequence {ui

2} in U2 and a family of balls {Bri(xi)} covering
Rd such that

ρ− ε < Λ(x, ui
2) for all x ∈ Bri(xi) and i.

Note that here the sequence {ui
2} can be chosen to be finite since U2 is compact. In

that case, the sequence of balls {Bri(xi)} should be replaced by a finite family of open
sets.

Define, ψ : Rd → U2 by

ψ(x) = uk
2 if x ∈ Brk(xk) \

k−1⋃
i=1

Bri(xi).

Then ψ is a Borel map and ρ − ε < Λ(x, ψ(x)) ∀x ∈ Rd. We make the following
claims.

Claim A. For x ∈ Rd, m > 0, there exists βm ∈ ∆ such that

(ρ− ε)N − C
N

m
−
∫ N

0

r(x(s), u1(s), β
m[u1](s)) ds ≤ w(x(N)) − w(x)

for any positive integer N , where x(·) is the solution of (1.3) with the initial condition
x(0) = x under controls (u1(·), βm[u1](·)) and C is a constant depending on K,C1, C2

but not on x, N , and m.
Claim B. For each α ∈ Γ, we can find ũ1(·) ∈ A1 and ũ2(·) ∈ A2 such that

βm[ũ1](·) = ũ2(·) and α[ũ2](·) = ũ1(·).(2.8)

Assuming the claims to be true, we complete the proof of (2.5). Divide the
inequality in Claim A by N , and let N → ∞ to obtain

(ρ− ε) ≤ C
1

m
+ lim inf

N→∞

1

N

∫ N

0

r(x(s), u1(s), β
m[u1](s)) ds.(2.9)

Using (2.8) in (2.9), we deduce

(ρ− ε) ≤ C
1

m
+ inf

α∈Γ
sup

u2(·)∈A2

lim inf
N→∞

1

N

∫ N

0

r(x(s), α[u2](s), u2(s)) ds.

Letting m → ∞, we obtain

(ρ− ε) ≤ inf
α∈Γ

sup
u2(·)∈A2

lim inf
N→∞

1

N

∫ N

0

r(x(s), α[u2](s), u2(s)) ds.
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We now need to replace the limit along the integers by the limit along any real
sequence. For this, choose any sequence Tn → ∞. Then

1

Tn

∫ Tn

o

r(x(s), α[u2](s), u2(s)) ds

=
1

Tn

∫ [Tn]

0

r(x(s), α[u2](s), u2(s)) ds +
1

Tn

∫ Tn

[Tn]

r(x(s), α[u2](s), u2(s)) ds.

Using (A3), we note that the second term on the right-hand side of the above equality
vanishes as n → ∞. Note also the fact that∣∣∣∣∣ 1

Tn

∫ [Tn]

0

r(x(s), α[u2](s), u2(s)) ds−
1

[Tn]

∫ [Tn]

0

r(x(s), α[u2](s), u2(s)) ds

∣∣∣∣∣ → 0

as n → ∞. Thus

lim
n→∞

1

Tn

∫ Tn

o

r(x(s), α[u2](s), u2(s)) ds = lim
n→∞

1

[Tn]

∫ [Tn]

o

r(x(s), α[u2](s), u2(s)) ds.

Since this is true for any sequence (Tn) tending to ∞, we obtain

(ρ− ε) ≤ inf
α∈Γ

sup
u2(·)∈A2

lim inf
T→∞

1

T

∫ T

0

r(x(s), α[u2](s), u2(s)) ds.

This proves (2.5) under the assumption that w is C1,1. We now turn to the general
case. Let wε be the sup-convolution of w, i.e.,

wε(y) = sup
|z|≤M+2

{
w(z) − |z − y|2

2ε

}
.

Then wε converges to w uniformly as ε → 0 on BM+1 := B̄(0,M + 1), and wε are
Lipschitz continuous and satisfy a.e. on BM+1

ρ ≤ inf
u2∈U2

sup
u1∈U1

{b(y, u1, u2) ·Dwε(y) + r(y, u1, u2)} + σ1(ε)

for some modulus σ1 (see [10], [11]). For each δ > 0, let wδ
ε be a smooth approximation

of wε such that wδ
ε , Dwδ

ε are smooth and they converge to wε, Dwε uniformly on
compact sets, respectively, and they all have the same Lipschitz constant. Now, using
these facts, we can find another modulus σ2 such that

ρ ≤ inf
u2∈U2

sup
u1∈U1

{b(y, u1, u2) ·Dwδ
ε (y) + r(y, u1, u2)} + σ1(ε) + σ2(δ)(2.10)

on BM+1/2. Note that σ2 may depend on ε and x. Observe that while proving (2.5),
we have used the smoothness of w only in BM . Thus we can use the above arguments
with wδ

ε and (2.10) to conclude

ρ ≤ inf
α∈Γ

sup
u2(·)∈A2

lim inf
T→∞

1

T

∫ T

o

r(x(s), α[u2](s), u2(s)) ds + σ1(ε) + σ2(δ),

where x(·) is the solution of (1.3) with the initial condition x(0) = x under the controls
(α[u2](·), u2(·)). Now letting δ and then ε to 0, we obtain (2.5). This completes the
proof of part (iii). We now proceed to prove the claims.
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Proof of Claim A. Let t = 1
m . Define

um
2 (s) = ψ(x) for s ∈ [0, t).

We extend the definition of (um
2 (·), x(·)) to [0, (i + 1) t) assuming that it has been

defined on [0, i t) as follows. Let x(·) be the solution (2.1) with initial value x and
controls (u1(·), um

2 (·)) in the interval [0, it). Set

um
2 (s) = ψ(x((i t)−)) for s ∈ [i t, (i + 1) t).

Note that x((it)−) exists since X(·) is Lipschitz continuous and bounded. This defines
um

2 (·) on R.
Let x(.) be the solution of (1.3) with initial value x(0) = x and controls (u1(·), um

2 (·) ).
Then,

w(x((i + 1)t)) − w(x(it))

=

∫ (i+1)t

it

Dw(x(s)) · b(x(s), u1(s), u
m
2 (s)) ds

=

∫ (i+1)t

it

(Dw(x(s)) −Dw(x(it))) · b(x(s), u1(s), u
m
2 (s)) ds

+

∫ (i+1)t

it

Dw(x(it)) · (b(x(s), u1(s), u
m
2 (s)) − b(x(it), u1(s), u

m
2 (s))) ds

+

∫ (i+1)t

it

(Dw(x(it)) · b(x(it), u1(s), u
m
2 (s)) + r(x(it), u1(s), u

m
2 (s))) ds

+

∫ (i+1)t

it

(r(x(s), u1(s), u
m
2 (s)) − r(x(it), u1(s), u

m
2 (s))) ds

−
∫ (i+1)t

it

r(x(s), u1(s), u
m
2 (s)) ds.

Note that w,Dw, b are all Lipschitz along the trajectory x(·) and they are bounded
by assumptions (A1) and (A3). Using these facts in the above together with the
definition of ψ, we obtain,

w(x((i + 1)t)) − w(x(it)) ≥ −C

∫ (i+1)t

it

(s− i t) ds + (ρ− ε)

∫ (i+1)t

it

ds

−
∫ (i+1)t

it

r(x(s), u1(s), u
m
2 (s)) ds

= −C t2 + (ρ− ε)t−
∫ (i+1)t

it

r(x(s), u1(s), u
m
2 (s)) ds

for a constant C > 0 which will depend only on x and other Lipschitz constants. Now
define a strategy βm ∈ ∆ by βm[u1](·) = um

2 (·) for u1(·) ∈ A1. Note that βm[u1](·) on
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[it, (i + 1)t) depends only on [0, it). Adding these inequalities for i = 0, . . . , Nm− 1,
we get the inequality stated in Claim A.

Proof of Claim B. We define such controls inductively. Let ũ2(·) = ψ(x) on [0, t).
Define ũ1|[0,t) = α[ũ2]|[0,t). Having known ũ1(·) and ũ2(·) on [0, it), we define ũ2(·)
on [it, (i + 1)t) by ũ2(s) = ψ(x(it)−), where x(·) satisfies

ẋ(s) = b(x(s), ũ1(s), ũ2(s)), s ∈ [0, it)

and x(0) = x . It is now easy to check (2.8). This completes the proof of Claim B.
We now prove part (iv). Let w be a viscosity supersolution of (2.2) and assume

w ∈ C1,1. The proof for general w follows from an argument as in that of (iii). One
has for any ε > 0 and any x ∈ Rd,

sup
u2∈U2

inf
u1∈U1

(b(x, u1, u2) ·Dw(x) + r(x, u1, u2)) < ρ + ε.

Set

Λ(x, u1, u2) = (b(x, u1, u2) ·Dw(x) + r(x, u1, u2)).

By the uniform continuity of Λ, we can find a countable family Bri(xi) × Bri(u
i
2)

covering Rd and a sequence ui
1 ∈ U1 such that

Λ(x, ui
1, u2) < ρ + ε ∀ (x, u2) ∈ Bri(xi) ×Bri(u

i
2).

Define a map ψ : Rd × U2 → U1 by

ψ(x, u2) = uk
1 if (x, u2) ∈ Brk(xk) ×Brk(uk

2) \
k−1⋃
i=1

Bri(xi) ×Bri(u
i
2).

Then ψ is Borel measurable and

Λ(x, ψ(x, u2), u2) < ρ + ε ∀(x, u2).

Claim C. For each integer m > 0, there exists αm ∈ Γ such that∫ N

0

r(x(s), αm[u2](s), u2(s)) ds + w(x(N)) − w(x) ≤ (ρ + ε)N + C
N

m

for all positive integers N and u2(·) ∈ A2, where x(·) is the solution of (1.3) with
the initial condition x(0) = x under controls (αm[u2](·), u2(·)) and C is a constant
independent of N and m.

Assuming that the claim is true, we see, on dividing by N and letting N → ∞,

lim sup
N→∞

1

N

∫ N

0

r(x(s), αm[u2](s), u2(s)) ds ≤ (ρ + ε) +
C

m
,

which implies

inf
α∈Γ

sup
u2(·)∈U2

lim sup
N→∞

1

N

∫ N

0

r(x(s), α[u2](s), u2(s)) ds ≤ ρ.

From this one can deduce (iv).
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Proof of Claim C. Let t = 1/m. Define αm[u2](s)) = ψ(x, u2(s)) for s ∈ [0, t).
Assuming that we have defined αm[u2](·), x(·) on [0, it), we extend its definition to
[0, (i+1)t) as follows. Let x(·) satisfy (1.3) in (0, it) with the initial condition x(0) = x
under the controls (αm[u2](·), u2(·)). Then define αm[u2](s) = ψ(x((it)−, u2(s))) for
s ∈ [it, (i + 1)t). This defines αm ∈ Γ.

Now let x(·) denote the solution of (1.3) with the initial condition x(0) = x under
the controls (αm[u2](·), u2(·)). Then, for any i, as in Claim A, we can show that

w(x((i + 1)t)) − w(x(it)) ≤ C t2 + (ρ + ε)t−
∫ (i+1)t

it

r(x(s), αm[u2](s), u2(s)) ds.

Summing over i from 0 to Nm− 1, we obtain Claim C.
As an immediate consequence of the theorem, we obtain the following comparison

principle.
Corollary 2.4. Assume that (ρ,w), (ρ̄, w̄) are viscosity sub- and supersolutions

of (2.1) (or (2.2)). Then, ρ ≤ ρ̄.
Proof. We prove for the case of (2.1). The proof of (2.2) follows similarly. By

parts (i) and (ii) of Theorem 2.3, we have

ρ ≤ sup
β∈∆

inf
u1(·)∈A1

lim inf
T→∞

1

T

∫ T

0

r(x(s), u1(s), β[u1](s)) ds

and

ρ̄ ≥ sup
β∈∆

inf
u1(·)∈A1

lim sup
T→∞

1

T

∫ T

0

r(x(s), u1(s), β[u1](s)) ds.

Hence ρ ≤ ρ̄.
Remark 2.5. In this corollary, we have not assumed any growth on w and w̄.

If w and w̄ are given to be bounded, then one can give a very simple proof of this
comparison principle using comparison principle for stationary HJI equations (see
[12]).

Note that under assumptions (A1)–(A3), if (2.1) has a viscosity solution (ρ,w),
then ρ = ρ+, and if (2.2) has a viscosity solution (ρ̄, w), then ρ = ρ−, using Theorem
2.3. Thus if the Isaacs minimax condition holds, i.e., for any x, p ∈ Rd, if we have

inf
u2∈U2

sup
u1∈U1

{b(x, u1, u2) · p + r(x, u1, u2)} = sup
u1∈U1

inf
u2∈U2

{b(x, u1, u2) · p + r(x, u1, u2)},

then, using Fan’s minimax theorem [8] we can deduce the following result. We omit
the details.

Theorem 2.6. Assume that the Isaacs minimax condition holds. Assume that
(ρ,w) is a viscosity solution of (2.1) or equivalently of (2.2). Then ρ = ρ+(x) = ρ−(x)
for all x ∈ Rd.

By interchanging the roles of taking limits as T → ∞ and taking infimum and
supremum over controls in the proof of the Theorem 2.3, we obtain the following
result.

Theorem 2.7. Let (ρ,w) be a viscosity solution of (2.1). Then

ρ = lim
T→∞

sup
β∈∆

inf
u1(·)∈A1

1

T

∫ T

0

r(x(s), u1(s), β[u1](s)) ds.
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Similarly, if (ρ̄, w̄) is a viscosity solution of (2.2), then

ρ̄ = lim
T→∞

inf
α∈Γ

sup
u2(·)∈A2

1

T

∫ T

0

r(x(s), α[u2](s), u2(s)) ds.

Remark 2.8. Let w+(T, x) and w−(T, x) denote the upper and lower value func-
tions of the finite horizon problem with horizon T , dynamics (1.3), payoff function r,
and zero terminal cost; i.e., they are defined as follows:

w+(T, x) := sup
β∈∆

inf
u1(·)∈A1

∫ T

0

r(s, x(s), u1(s), β[u1](s)) ds

and

w−(T, x) := inf
α∈Γ

sup
u2(·)∈A2

∫ T

0

r(s, x(s), α[u2](s), u2(s)) ds,

where x(·) is solution of (1.3) with the initial condition x(0) = x under respective
controls. Then the conclusion of the above theorem can be restated as

ρ = lim
T→∞

w+(T, x)

T
and ρ̄ = lim

T→∞

w−(T, x)

T
.

This can be seen as the longtime behavior of viscosity solutions of HJI equations
corresponding to differential games on finite horizon. We refer to [2], [14] for the
study of longtime behavior of viscosity solutions of Hamilton–Jacobi equations.

We now give another representation formula for ρ in terms of the discounted value
of the differential game. Let wλ denote the upper value of the differential game on an
infinite horizon with discount factor λ > 0, i.e.,

wλ(x) = sup
β∈∆

inf
u1(·)∈A1

∫ ∞

0

e−λsr(x(s), u1(s), β[u1](s)) ds;

then

ρ = lim
λ→0

λwλ(x).

An analogous statement holds for the lower value function. This is the content of our
next result. We closely follow the arguments in the proof of Theorem 2.3.

Theorem 2.9. (i) Let (ρ,w) be a viscosity solution of (2.1). Then

ρ = lim
λ→0

sup
β∈∆

inf
u1(·)∈A1

λ

∫ ∞

0

e−λsr(x(s), u1(s), β[u1](s)) ds.

(ii) Similarly, if (ρ,w) is a viscosity solution of (2.2), then

ρ = lim
λ→0

inf
α∈Γ

sup
u2(·)∈A2

λ

∫ ∞

0

e−λsr(x(s), α[u2](s), u2(s)) ds.

Proof. We prove only (ii); (i) can be proved in an analogous way. Again we prove
this under the additional assumption that w is C1,1. The proof of the general case
can be done as before.
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Fix x. Let βm ∈ ∆ be as in the proof of Theorem 2.3. Let u1(·) ∈ A1. Let x(·)
denote the solution of (1.3) with the initial condition x(0) = x under the controls
(u1(·), βm[u1](·)). Then for a.e. s,

d

ds
e−λsw(x(s)) = e−λsb(x(s), u1(s), ū2) ·Dw(x(s)) − λe−λsw(x(s)).

Now following the arguments in the proof of Claim A of Theorem 2.3, we obtain

e−λ(i+1)tw(x((i + 1)t)) − e−λitw(x(it))

=

∫ (i+1)t

it

e−λsDw(x(s)) · b(x(s), u1(s), β
m[u1](s)) ds

≥ −C

∫ (i+1)t

it

e−λs(s− i t) ds + (ρ− ε)

∫ (i+1)t

it

e−λs ds

−
∫ (i+1)t

it

e−λsr(x(s), u1(s), β
m[u1](s)) ds

≥ −C t
1

λ

[
e−λit − e−λ(i+1)t

]
+ (ρ− ε)

1

λ

[
e−λit − e−λ(i+1)t

]

−
∫ (i+1)t

it

e−λsr(x(s), u1(s), β
m[u1](s)) ds.

Adding these inequalities for i = 0, . . . , Nm− 1, and multiplying by λ, we get

λe−λNw(x(N)) − λw(x) ≥ C
1

m
[1 − e−λN ] + (ρ− ε)[1 − e−λN ]

− λ

∫ N

0

e−λsr(x(s), u1(s), β
m[u1](s)) ds.

Now letting N → ∞, we obtain

ρ− ε + λw(x0) ≤ λ

∫ ∞

0

e−λsr(x(s), u1(s), β
m[u1](s)) ds− C

1

m
.

Using (2.8), we get

ρ− ε + λw(x0) ≤ inf
α∈Γ

sup
u2(·)∈A2

λ

∫ ∞

0

e−λsr(x(s), α[u2](s), u2(s)) ds.

Now taking limit as λ → 0 and then ε → 0, we get

ρ ≤ lim inf
λ→0

inf
α∈Γ

sup
u2(·)∈A2

λ

∫ ∞

0

e−λsr(x(s), α[u2](s), u2(s)) ds.

Similarly, we can obtain

ρ ≥ lim sup
λ→0

inf
α∈Γ

sup
u2(·)∈A2

λ

∫ ∞

0

e−λsr(x(s), α[u2](s), u2(s)) ds.
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This completes part (ii).
Remark 2.10. If (ρ,w) is a viscosity subsolution of (2.2), then note that the

following result holds:

ρ ≤ inf
α∈Γ

sup
u2(·)∈A2

lim inf
λ→0

λ

∫ ∞

0

e−λsr(x(s), α[u2](s), u2(s)) ds.

Similar statements hold for the other cases.
We now present a dynamic programming principle for the viscosity solutions of

(2.1) and (2.2).
Theorem 2.11. (i) Let (ρ,w) be a viscosity solution of (2.1). Then for any

T > 0,

w(x) = sup
β∈∆

inf
u1(·)∈A1

[∫ T

0

r(x(s), u1(s), β[u1](s)) ds + w(x(T ))

]
− ρT.

(ii) Let (ρ,w) be a viscosity solution of (2.2). Then for any T > 0,

w(x) = inf
α∈Γ

sup
u2(·)∈A2

[∫ T

0

r(x(s), α[u2](s), u2(s)) ds + w(x(T ))

]
− ρT.

Proof. We prove (ii); (i) can be proved analogously. Let T > 0 and m a positive
integer. Take t = T/m. As in Claim C, we obtain αm(.), given ε, u2(.), such that

w(x(T )) − w(x) ≤ −
∫ T

0

r(x(s), u1(s), u2(s)) ds + (ρ + ε)T − C
T 2

m
.

Therefore

w(x) ≥ inf
α∈Γ

sup
u2(·)∈A2

(∫ T

0

r(x(s), α[u2](s), u2(s)) ds + w(x(T ))

)
− ρT.

We can prove the other inequality similarly.
We now turn our attention to the uniqueness of w. Define a set Z as follows: z ∈ Z

if z = limtn→∞ x(tn), where tn → ∞ and x(·) is a solution of (1.3) with an initial
condition x(0) = x0 for some x0 ∈ Rd under some controls (u1(·), u2(·)) ∈ A1 × A2.
Then Z is nonempty under assumption (A3). We now show that if (ρ,w1) and (ρ,w2)
are two viscosity solutions of (2.1) such that w1 ≡ w2 on Z, then w1 ≡ w2.

Theorem 2.12. Let (ρ,w1) and (ρ,w2) be two viscosity solutions of (2.1) such
that w1 ≡ w2 on Z. Then w1 ≡ w2. An analogous result holds for (2.2).

Proof. We prove this for the case when w1, w2 are C1,1. The general case follows
similarly as in the proof of Theorem 2.3. Let m be a positive integer. Let αm be as in
Claim C when we take w = w2, and let βm be as in Claim A when we take w = w1.
Taking αm as α in (2.9), we obtain ũ1(·) ∈ A1 and ũ2(·) ∈ A2 such that

βm[ũ1](·) = ũ2(·) and αm[ũ2](·) = ũ1(·).

Using this, we obtain

w1(x(N)) − w1(x) ≥ −
∫ N

0

r(x(s), αm[ũ2](s), ũ2(s)) ds + (ρ− ε)N − C
N

m
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and

w2(x(N)) − w2(x) ≤ −
∫ N

0

r(x(s), αm[ũ2](s), ũ2(s)) ds + (ρ− ε)N + C
N

m
.

From these two inequalities, we obtain

w1(x) − w2(x) ≤ w1(x(N)) − w2(x(N)) + 2C
N

m
.(2.11)

Using the compactness and equi-Lipschitz continuity of trajectories, we get a trajec-
tory x̄(·) such that x(·) → x̄(·) as m → ∞. (Note that x(·) above depends on m.)
Now from (2.11) we obtain by letting m → ∞

w1(x) − w2(x) ≤ w1(x̄(N)) − w2(x̄(N)).

Now letting N → ∞, we see that

w1(x) − w2(x) ≤ 0.

Similarly, we can prove

w2(x) − w1(x) ≤ 0.

Thus w1 ≡ w2.
Remark 2.13. The uniqueness result in [13] is established under certain growth

conditions on the solutions. Here we have obtained similar results without any such
condition. Our uniqueness result, however, is not complete. We have shown that if
two solutions coincide on the set Z, then they are identical. In view of this, it would
be interesting to investigate the structure of Z.

3. Existence results. In the previous section, we studied some representation
formulas related to the viscosity solutions of (2.1) and (2.2). We now study the
existence of viscosity solutions to (2.1) and (2.2). We refer to [9] for analogoues
results. Here we present two simple proofs of the existence result.

To this end we make the following assumption.
(A4) There exists a constant C3 > 0 such that for all x, y ∈ Rd and (u1, u2) ∈

U1 × U2,

〈b(x, u1, u2) − b(y, u1, u2), x− y〉 ≤ −C3|x− y|2.

Remark 3.1. (i) Let (u1(·), u2(·)) ∈ A1×A2. Let x(·) and y(·) denote the solutions
of (1.3) with the initial conditions x(0) = x and y(0) = y, respectively, under these
controls. Then using (A4), we get

d

dt
|x(t) − y(t)|2 ≤ −C3|x(t) − y(t)|2.

Now using Gronwall’s inequality, we obtain

|x(t) − y(t)| ≤ |x− y|e−C4t

for a constant C4 > 0.
(ii) Using Gronwall’s inequality, it is easy to see that (A1) and (A4) together

imply (A3).
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We now give some examples where (A4) holds.
Example 3.2. (i) Let U1, U2 be subsets of Rm and Rq, respectively, for some m

and q. Let b be given by

b(x, u1, u2) = Bx + C1u1 + C2u2 + b1(x, u1, u2),

where B is a d×d matrix, C1 a d×m matrix, C2 a d×q matrix, and b1 : Rd×U1×U2 →
Rd. We assume the following:

∃α > 0 such that 〈Bx, x〉 ≤ −α|x|2

and

|b1(x, u1, u2) − b(y, u1, u2)| ≤ α1|x− y| for some α1 < α.

Under these assumptions, it is easy to verify that (A4) is satisfied.
(ii) Let U1, U2 be as above and let b be given by

b(x, u1, u2) = A + B1u1 + B2u2 + b̄(x),

where A is a d×d matrix, B1 a d×m matrix, and B2 a d×q matrix. Assume that there
are matrices C1, C2 of orders d×m and d×q, respectively, such that A+B1C1+B2C2

is stable. Further assume that b̄ is bounded and Lipschitz continuous. Then (A4) is
satisfied.

We now prove the existence via the vanishing limit in the discounted payoff
criterion.

Theorem 3.3. Assume (A1), (A2), and (A4). Let wλ be the unique viscosity
solution in the class of linear growth functions of

λwλ(x) = inf
u1(·)∈A1

sup
u2(·)∈A2

(b(x, u1, u2) ·Dwλ(x) + r(x, u1, u2)) .(3.1)

Then λwλ(x) → ρ, a constant as λ → 0. Also for any x̄ ∈ Rd, wλ(·)−wλ(x̄) converges
uniformly on compact sets to a continuous function w(·). Thus (ρ,w) is a viscosity
solution of (2.1) for any x̄ ∈ Rd. Moreover, ρ = ρ+(x) for all x ∈ Rd. An analogous
result holds for the existence of a viscosity solution to (2.2).

Proof. Using standard results in differential games and viscosity solutions [1], we
have

wλ(x) = sup
β∈∆

inf
u1(·)∈A1

∫ ∞

0

e−λtr(x(t), u1(t), β[u1](t)) dt.

Let u1(·) ∈ A1 and u2(·) ∈ A2. Then using Remark 3.1(i), we see that∣∣∣∣∫ ∞

0

e−λsr(x(s), u1(s), u2(s)) ds−
∫ ∞

0

e−λsr(y(s), u1(s), u2(s)) ds

∣∣∣∣ ≤ 1

C4 + λ
|x−y|,

where x(·), y(·) are solutions of (1.3) with initial conditions x(0) = x and y(0) = y,
respectively, under the controls (u1(·), u2(·)). Using this fact, it is easy to note that wλ

is Lipschitz continuous where the Lipschitz constant is independent of λ. Therefore
by Ascoli-Arzela’s theorem for a fixed x̄, wλ(x) − wλ(x̄) converges locally uniformly
to a continuous function w(x) and λwλ(x) converges to a constant ρ. By the stability
of viscosity solutions, we note that (ρ,w) is a viscosity solution of (2.1). Now by
Theorem 2.6, ρ = ρ+(x) for all x ∈ Rd.
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We now turn our attention to the increasing horizon limit case. Let T > 0 and w0

be any Lipschitz continuous function. Now consider the HJI equation in (0, T )×Rd,{
wt(t, x) = inf

u1∈U1

sup
u2∈U2

{b(x, u1, u2) ·Dw(t, x) + r(x, u1, u2)},

w(0, x) = w0(x).
(3.2)

Then we have the following theorem.
Theorem 3.4. Assume (A1), (A2), and (A4). Let w(t, x) be the unique viscosity

solution of (3.2) in the class of linear growth functions. Then w(T,x)
T → ρ, a constant,

and w(T, x) − ρT converges locally uniformly to a continuous function w∞(x) such
that (ρ,w∞) is a viscosity solution of (2.1). Moreover, ρ = ρ+(x) for all x ∈ Rd. An
analogous results holds for (2.2).

Proof. Using standard results in differential games and viscosity solutions [7], we
have the following representation formula for w(t, x):

w(T, x) = sup
β∈∆

inf
u1(·)∈A1

[∫ T

0

r(x(s), u1(s), β[u1](s)) ds + w0(x(T ))

]
.

As in above theorem, using Remark 3.1(i), we can show that

|w(T, x) − w(T, y)| ≤ 1 − e−C10T

C10
|x− y|.

Using Ascoli-Arzela’s theorem, it is easy to see that w(T,x)
T → ρ, a constant w(T, x)−

ρT → w∞(x) locally uniformly to a continuous function w∞(x). We now need to
show that (ρ,w∞) is a viscosity solution of (2.1). Let

wε(t, x) = w(t/ε, x) for t ∈ [0, 1].

Then wε(t, x) − ρ t
ε → w∞(t, x) locally uniformly as ε → 0. Now it is easy to see that

wε is viscosity solution of{
εwε

t(t, x) = infu1∈U1
supu2∈U2

{b(x, u1, u2) ·Dwε(t, x) + r(x, u1, u2)},
w(0, x) = w0(x)

in (0, 1) × Rd. Using the stability of viscosity solutions [5], we get that (ρ,w∞) is a
viscosity solution of (2.1). This completes the proof.

4. Conclusions. In this paper, we have studied a zero sum differential game
with ergodic payoff. We have identified the scalar appearing in the HJI equation as
the ergodic value. Under a dissipativity-type condition, we have also established the
existence of a viscosity solution to HJI equations. We have carried out two asymp-
totics, namely, we have shown that the ergodic value is the vanishing limit of the
discounted value. At the same time, the ergodic value is also the time averaged limit
of the finite horizon value. Finally we wish to mention that although we have identi-
fied the scalar appearing in the HJI equation as the ergodic value, we have not been
able to establish the uniqueness (in some sense) of the solution of the HJI equation.
We have obtained only a partial uniqueness result. Thus the uniqueness issue and the
existence of viscosity solution to HJI equations under (A3) alone still remain problems
that need further investigation.
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[17] A. Świech, Sub- and superoptimality principles of dynamic programming revisited, Nonlinear
Anal., 26 (1996), pp. 1429–1436.
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1. Introduction. We consider in this article the following optimal control prob-
lem (P ) in Mayer form: to minimize the cost functional

�(T, x(T ))

over the (absolutely continuous) trajectories x on some interval [0, T ] of a differential
inclusion

ẋ(t) ∈ F (x(t)) a.e.

subject to the boundary conditions and state constraint

x(0) = x0, x(T ) ∈ C, x(t) ∈ A ∀ t ∈ [0, T ].

The horizon T ≥ 0 is free in this problem. We assume that the set A is closed, that
C is compact, and that the extended-valued function � : R×R

n → R∪{+∞} is lower
semicontinuous and satisfies the following growth condition:

(GC) lim
t→+∞

inf
x

�(t, x) = +∞.

As for the multivalued function F , we assume that it takes nonempty compact convex
values, has closed graph, and satisfies a linear growth condition: for some positive
constants γ and c, and for all x ∈ R

n,

v ∈ F (x) =⇒ ‖v‖ ≤ γ‖x‖ + c.

Finally, we assume that (P ) is nontrivial in the sense that there is at least one admis-
sible trajectory for which the cost is finite.

We associate with F the following function h, the (lower) Hamiltonian:

h(x, p) := min{〈p, v〉 : v ∈ F (x)}.
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There is a well-known relationship between the value of the problem (P ) on the one
hand and certain solutions of a Hamilton–Jacobi inequality in terms of h on the other;
let us recall it now. Let ψ(t, x) be a smooth function satisfying

ψt(t, x) + h(x, ψx(t, x)) ≥ 0 ∀(t, x), ψ(t, x) ≤ �(t, x) if x ∈ C.

Then it follows from the Hamiltonian inequality that for any trajectory x(·) of the
differential inclusion, the function t �→ ψ(t, x(t)) is nondecreasing. Accordingly, for
any T ≥ 0 we have ψ(T, x(T )) ≥ ψ(0, x(0)). If we now restrict the trajectories to
those that are admissible for (P ), we deduce

�(T, x(T )) ≥ ψ(0, x0).

There results a lower bound for the value of (P ):

inf(P ) ≥ supψ(0, x0),

where the supremum is taken over all functions ψ as described above.
The term nonconvex duality has been applied in optimal control to situations

in which equality holds in this last relation. The basic idea is at the heart of
Carathéodory’s method in the calculus of variations, which is also known as that
of verification functions. It is also related to the generalized flows of Young, as ob-
served by Vinter [27], and Vinter and Lewis [29], [30], who have extended this duality
to the setting of optimal control; see also [10], [12], [16], [21], [25], [26], [33], and [34].

In addition to the above equality, it is natural to ask under what conditions the
supremum on the right is attained (see Remark 2.5). Since this fails in general for
smooth functions ψ, this question led Clarke and others to introduce a generalized
solution concept for nonsmooth solutions of the Hamilton–Jacobi equation [4], [11],
[19], [22]; these have turned out to be what is now known as viscosity semisolutions.
The method of verification functions extended in this way has been used to solve
explicitly a number of problems in optimal control; see Clarke [5] for a thorough
discussion of the method and for examples.

The issue of generalized solutions inevitably involves nonsmooth analysis, and
here we employ the tools of proximal analysis [8]. Let us recall a basic definition in
the subject. Let f : R

n −→ R ∪ {+∞} be a lower semicontinuous function with dom
f := {x : f(x) < +∞} 
= ∅. A vector ξ ∈ R

n is a proximal subgradient of f at
x ∈domf if and only if there exist positive numbers σ and ν such that

f(y) − f(x) + σ‖y − x‖2 ≥ 〈ξ, y − x〉 ∀y ∈ B(x; ν).1

The set (which could be empty) of all proximal subgradients of f(·) at x is denoted
by ∂P f(x) and is referred to as the proximal subdifferential. The proximal density
theorem asserts that ∂P f(x) 
= ∅ for all x in a dense subset of domf . The limiting
subdifferential of f at x ∈ domf is defined by

∂Lf(x) := {lim ξi : ξi ∈ ∂P f(xi), xi −→ x and f(xi) −→ f(x)}.

We remark that one can use the proximal subdifferential to define generalized
solutions of the Hamilton–Jacobi equation, and the resulting solutions coincide (in the

1B(x; ν) := {y ∈ R
n : ‖y − x‖ < ν} and its closure is denoted by B̄(x; ν). The open unit ball is

denoted by B, and its closure by B̄.
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present context) with the viscosity solutions of Crandall and Lions and the minimax
solutions of Subbotin (see, for example, [7], [8], [9], [13], [15], [20], and [31]). Let the
extended Hamiltonian h̄ be the function given by

h̄(x, θ, ζ) := θ + h(x, ζ).

We define Ψ to be the set of all locally Lipschitz functions ψ on R × R
n that satisfy

the proximal Hamilton–Jacobi inequality

h̄(x, ∂Lψ(t, x)) ≥ 0 ∀(t, x) ∈ R × A

as well as the boundary condition

ψ(t, x) ≤ �(t, x) ∀(t, x) ∈ R × C .

The following is the main result.
Theorem 1.1.

min(P ) = sup
ψ∈Ψ

ψ(0, x0).

This result unifies, and extends in a number of ways, the ones in the literature,
which treat for the most part the fixed-horizon case (see, for example, [2], [3], [8,
Chapter 4], [17], [18], [23], [24], and [32]). We remark that the fixed-horizon case is
obtained by taking �(T, x) equal to +∞ whenever T differs from the given horizon
T0; see section 3 for a discussion of this and other special cases. Our theorem, whose
proof is self-contained modulo some basic facts from proximal analysis, is also new
with respect to its very mild regularity hypotheses on F (which need not even be
continuous), as well as the presence of a unilateral state constraint. The fact that
locally Lipschitz functions figure in our duality also gives easy access to smooth duality
of the type found by Vinter [27]. Furthermore, we extend his result by obtaining in
the case of the minimal time problem a duality which features only smooth solutions
of an autonomous Hamilton–Jacobi inequality. Section 3 is devoted to specializations
such as these, while the next section gives the proof of the theorem.

2. Proof of Theorem 1.1. First we note that under our hypotheses on F , any
trajectory can be extend indefinitely both forward and backward, so all trajectories
can be considered as being defined on ] −∞,+∞[. Using (GC) and since C is com-
pact, we have that � is bounded below over [0,+∞[×C. Then we can assume that
� is bounded below over R × R

n by a constant ω. By the compactness property of
trajectories and by (GC), it is easy to prove that the problem (P ) admits a solution.
For all k ∈ N

∗, we consider the function �k defined by

�k(t, x) := inf
(τ,y)∈R×Rn

{�(τ, y) + k‖(t− τ, x− y)‖2}.(2.1)

The sequence (�k)k is the quadratic inf-convolution sequence of �. The following
lemma, whose standard proof we omit (see [8, Theorem 1.5.1]), gives some properties
of �k.

Lemma 2.1. For all k ∈ N
∗, we have

(i) �k(·) ≤ �(·) and the set of minimizing points (τ, y) in (2.1) is nonempty;
(ii) �k is locally Lipschitz, bounded below by ω and satisfies (GC);
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(iii) For all (t, x) ∈ R × R
n,

lim
k−→+∞

�k(t, x) = �(t, x).

We also consider a locally Lipschitz approximation for the multifunction F . By
[8, Proposition 4.4.4] there exists a sequence of locally Lipschitz multifunctions {Fk}
also satisfying the hypotheses of F such that

• for each k ∈ N, for every x ∈ R
n,

F (x) ⊆ Fk+1(x) ⊆ Fk(x) ⊆ co F (x + 3−k+1B);

•
⋂

k≥1 Fk(x) = F (x) ∀x ∈ R
n.

A well-known method of approximating the terminally constrained problem (P ) by a
problem free of such constraints involves the imposition of a penalty term. To use this
technique, the inf-convolution technique and the preceding approximation we consider
for all k ≥ 1 the following optimal control problem:

(Pk): Minimize �k(T, x(T ))+kdC(x(T ))+k
∫ T

0
dA(x(t)) dt over points T ≥ 0 and

absolutely continuous functions x : [0,+∞[−→ R
n that satisfy

ẋ(t) ∈ Fk(x(t)) a.e. t ∈ [0,+∞[, x(0) = x0.

Lemma 2.2. There exists a sequence λn strictly increasing in N
∗ such that

lim
n−→+∞

min(Pλn
) = min(P ).

Proof. We denote by (T̄ , x̄(·)) a solution of (P ) and by (Tk, ȳk(·)) a solution of
(Pk), (the existence of the solutions is easy to check). For all k ∈ N

∗ we have

min(Pk) = �k(Tk, ȳk(Tk)) + kdC(ȳk(Tk)) + k

∫ Tk

0

dA(ȳk(t)) dt

and

min(P ) = �(T̄ , x̄(T̄ )).

Since F ⊂ Fk, (T̄ , x̄(·)) is admissible for (Pk) we have

min(Pk) = �k(Tk, ȳk(Tk)) + kdC(ȳk(Tk)) + k

∫ Tk

0

dA(ȳk(t)) dt

≤ �k(T̄ , x̄(T̄ ))

≤ �(T̄ , x̄(T̄ ))

= min(P ),

hence

ω ≤ �k(Tk, ȳk(Tk)) ≤ �(T̄ , x̄(T̄ ))(2.2)

and

kdC(ȳk(Tk)) + k

∫ Tk

0

dA(ȳk(t)) dt ≤ �(T̄ , x̄(T̄ )) − ω.(2.3)
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By Lemma 2.1 there exists (sk, zk) ∈ R × R
n such that

�k(Tk, ȳk(Tk)) = �(sk, zk) + k‖(sk − Tk, zk − ȳk(Tk))‖2,(2.4)

and hence using (2.2) we get that

k‖(sk − Tk, zk − ȳk(Tk))‖2 ≤ �k(Tk, ȳk(Tk)) − ω ≤ �(T̄ , x̄(T̄ )) − ω.(2.5)

We claim that limk−→+∞ Tk 
= +∞. Indeed, by (2.5) we have that there exists a
sequence an strictly increasing in N

∗ such that limn−→+∞(san − Tan) = 0. Then if
limn−→+∞ Tan = +∞, we get that limn−→+∞ san = +∞. Since � satisfies (GC) we
have

lim
n−→+∞

�(san , zan) = +∞,

and hence by (2.4)

lim
n−→+∞

�an(Tan , ȳan(Tan)) = +∞,

but this contradicts (2.2). Then we can assume that there exists b ≥ 0 such that
Tk ∈ [0, b].

Since Fk(·) ⊆ co F (·+3−k+1B) and using the compactness of trajectories (see [1]
and [14]), there exists a trajectory ȳ(·) of F on [0,+∞[ which satisfies ȳ(0) = x0, and
there is a subsequence ȳki

of ȳk such that ȳki converges uniformly to ȳ(·) on [0, b].
Moreover, since Tk ∈ [0, b], there exists a subsequence of Tk, which converges to a
point in [0, b]. These considerations with (2.2), (2.3), and (2.5) give that there exists
a sequence λn strictly increasing in N

∗ such that
• the sequence Tλn

converges to a T̄0 ∈ [0, b],
• the sequence ȳλn

converges uniformly on [0, b] to the trajectory ȳ(·),
• the sequence λn‖(sλn − Tλn , zλn − ȳλn(Tλn))‖2 is convergent,

• the sequence λndC(ȳλn
(Tλn

)) + λn

∫ Tλn

0
dA(yλn

(t)) dt is convergent, and
• the sequence �λn

(Tλn
, ȳλn

(Tλn
)) is convergent.

Since the sequence λn is strictly increasing in N
∗ we get

lim
n−→+∞

zλn = ȳ(T̄0) and lim
n−→+∞

sλn = T̄0.

Hence by the convergence of the sequence λndC(ȳλn
(Tλn

)) + λn

∫ Tλn

0
dA(yλn

(t)) dt
and using Lebesgue’s theorem we have

ȳ(T̄0) ∈ C and ȳ(t) ∈ A ∀ t ∈ [0, T̄0].

Then (T̄0, ȳ(·)) is admissible for the problem (P ). Hence

min(P ) = �(T̄ , x̄(T̄ ))

≥ lim
n−→+∞

min(Pλn
)

= lim
n−→+∞

[�λn(Tλn , ȳλn(Tλn)) + λndC(ȳλn(Tλn)) + λn

∫ Tλn

0

dA(ȳλn(t)) dt]

≥ lim
n−→+∞

�λn(Tλn , ȳλn(Tλn))

= lim
n−→+∞

[�(sλn , zλn) + λn‖(sλn − Tλn , zλn − ȳλn(Tλn))‖2]

≥ lim inf
(s′,z′)−→(T̄0,ȳ(T̄0))

�(s′, z′)

≥ �(T̄0, ȳ(T̄0))

≥ min(P ).
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Then

min(P ) = lim
n−→+∞

min(Pλn
) = �(T̄0, ȳ(T̄0)),

which completes the proof of the lemma.
We continue the proof of Theorem 1.1 and we remark that problem (Pλn) is

exactly the following problem:
Minimize �̂λn

(T, z(T )) over points T ≥ 0 and absolutely continuous functions
z : [0,+∞[−→ R

n+1 that satisfy

ż(t) ∈ F̂λn(z(t)) a.e. t ∈ [0,+∞[, z(0) = (0, x0),(2.6)

where F̂λn is the augmented locally Lipschitz multifunction defined by F̂λn(y, x) :=

{λndA(x)} × Fλn(x) ∀(y, x) ∈ R × R
n and �̂λn

is the locally Lipschitz and bounded

below function defined by �̂λn(t, y, x) = �λn(t, x)+λndC(x)+|y| ∀(t, y, x) ∈ R×R×R
n.

Let V̂λn : R × R × R
n −→ R be the value function of the problem (Pλn); that is, for

every (τ, β, α) ∈ R × R × R
n, V̂λn(τ, β, α) is the minimum of the following problem:

Minimize �̂λn(T, z(T )) over points T ≥ τ and absolutely continuous functions
z : [τ,+∞[−→ R

n+1 that satisfy

ż(t) ∈ F̂λn
(z(t)) a.e. t ∈ [τ,+∞[, z(τ) = (β, α).(2.7)

It is easy to verify that V̂λn
is locally Lipschitz and satisfies

V̂λn
(·) ≤ �̂λn

(·)(2.8)

and

V̂λn
(τ, β, α) = V̂λn

(τ, 0, α) + β ∀(τ, β, α) ∈ R × [0,+∞[×R
n.(2.9)

Using the logic known as the principle of optimality and since the minimum which
defines V̂λn(τ, β, α) is attained for all (τ, β, α) ∈ R × R × R

n, we can easily prove
that the system (V̂λn

, F̂λn
) is strongly increasing on R×R×R

n (that is, the function
V̂λn

(·, z(·)) is increasing on [a, b] whenever z is a trajectory of F̂λn
on some interval

[a, b]). Then by [8, Proposition 4.6.5]2 we have

θ + λndA(x)ξ + hλn(x, ζ) ≥ 03(2.10)

∀(θ, ξ, ζ) ∈ ∂P V̂λn(t, y, x), ∀(t, y, x) ∈ R × R × R
n.

If we consider ψλn
: R × R

n −→ R defined by ψλn(t, x) = V̂λn(t, 0, x) ∀(t, x) ∈
R × R

n, then since V̂λn
is locally Lipschitz and by (2.8), (2.9), and (2.10) we have

1. ψλn is locally Lipschitz on R × R
n,

2. ψλn
(0, x0) = V̂λn

(0, 0, x0) = min(Pλn
),

3. λndA(x) + h̄λn(x, ∂Pψ(t, x)) ≥ 0 ∀(t, x) ∈ R × R
n, and

4. ψλn(t, x) ≤ �λn(t, x) ≤ �(t, x) ∀(t, x) ∈ R×C.
By point 3 and by a simple argument we have that ψλn satisfies the following

limiting proximal Hamilton–Jacobi equation: h̄λn(x, ∂Lψλn(t, x)) ≥ 0 ∀(t, x) ∈ R×A.
Then since h̄λn(·) ≤ h̄(·) we get ψλn ∈ Ψ. Therefore

sup
ψ∈Ψ

ψ(0, x0) ≥ ψλn
(0, x0) = min(Pλn

);

2This proposition gives a proximal characterization for the strong increase property.
3hλn is the lower Hamiltonian corresponding to Fλn .
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then

min(P ) = lim
n−→+∞

min(Pλn) ≤ sup
ψ∈Ψ

ψ(0, x0).

Now we show the reverse inequality.4 Let ψ ∈ Ψ. We make the temporary hypothesis
that F is locally Lipschitz. Then we have the following lemma.

Lemma 2.3. For all open and bounded subset S ⊂ R
n+1, for all ε > 0, there

exists a neighborhood U of A such that

h̄(x, ∂Pψ(t, x)) ≥ −ε ∀(t, x) ∈ S ∩ {R × U }.

Proof. We reason by the absurd. We assume that there exist an open and bounded
subset S ⊂ R

n+1 and a ε > 0 such that for all neighborhood U of A, there exist
(t, x) ∈ S ∩ {R×U} and (θ, ζ) ∈ ∂Pψ(t, x) such that

θ + h(x, ζ) < −ε.

Then there exist two sequences (tn, xn) ∈ S and (θn, ζn) such that

(tn, xn) −→ (t0, x0) ∈ R × A,

(θn, ζn) ∈ ∂Pψ(tn, xn),

and

θn + h(xn, ζn) < −ε.(2.11)

Since ψ is locally Lipschitz and S is bounded, the sequence (θn, ζn) is bounded and
then we can assume that it converges to a point (θ0, ζ0). By the definition of ∂L we
get that (θ0, ζ0) ∈ ∂Lψ(t0, x0). By (2.11) and since F is locally Lipschitz we find that

θ0 + h(x0, ζ0) ≤ −ε

and this gives a contradiction since ψ ∈ Ψ.
Now let (T̄ , x̄(·)) be a solution of the problem (P ); then by [8, Proposition 4.1.4]

there exists ρ > 0 such that x̄(t) ∈ B(0; ρ) ∀ t ∈ [0, T̄ ]. We apply the preceding lemma
for S =] − 1, T̄ + 1[×B(0; ρ), and for ε > 0, we get that there exists a neighborhood
Uε of A such that

h̄(x, ∂Pψ(t, x)) ≥ −ε ∀(t, x) ∈ S ∩ {R × Uε}.

But S ∩ {R×Uε} =] − 1,T̄+1[×{B(0; ρ) ∩ Uε}; then since [0, T̄ ] ⊂] − 1, T̄ + 1[, x̄(t) ∈
B(0; ρ) ∩ Uε ∀ t ∈ [0, T̄ ] and by [8, Proposition 4.6.5] we get that

ψ(0, x0) ≤ εT̄ + ψ(T̄ , x̄(T̄ ))

but ψ(T̄ , x̄(T̄ )) ≤ �(T̄ , x̄(T̄ )) = min(P ); then

ψ(0, x0) ≤ min(P ) + εT̄ ,

4We cannot directly deduce this inequality like in the smooth case since the multifunction F is
not locally Lipschitz and the Hamilton–Jacobi inequality is satisfied only on a closed subset and then
we cannot apply the monotonicity of trajectories [8, Proposition 4.6.5].
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and hence by taking ε −→ 0 we get

ψ(0, x0) ≤ min(P ),

and therefore

min(P ) ≥ sup
ψ∈Ψ

ψ(0, x0).

To remove the need for the locally Lipschitz hypothesis on F we use the sequence Fk.
First we have the following lemma.

Lemma 2.4. For all n ∈ N there exists kn ≥ n such that

h̄kn(x, ∂Lψ(t, x)) ≥ −1

n
∀(t, x) ∈] − 1, T̄ + 1[×{A ∩ B̄(0; ρ)}.

Proof. We reason again by the absurd. Assume that there exists n0 ∈ N such that
for all k > n0 there exists (tk, xk) ∈]−1, T̄+1[×{A∩B̄(0; ρ)} and (θk, ζk) ∈ ∂Lψ(tk, xk)
such that

θk + hk(xk, ζk) < − 1

n0
.(2.12)

Since the sequence (tk, xk) is bounded, we assume that it converges to a point (t0, x0) ∈
R × A. On the other hand, the sequence (θk, ζk) is also bounded since ψ is locally
Lipschitz, and then we can assume that it converges to a point (θ0, ζ0). Using [8,
Exercise 1.11.21] we have (θ0, ζ0) ∈ ∂Lψ(t0, x0). Now let ε > 0; then since F is upper
semicontinuous we have that for k sufficiently large F (xk + 3−k+1B) ⊂ F (x0) + εB̄.
Hence Fk(xk) ⊂ F (x0) + εB̄. Using the definition of the lower Hamiltonian, we get
that hk(xk, ζk) ≥ h(x0, ζk) − ε‖ζk‖. Then by (2.12), we have

θk + h(x0, ζk) − ε‖ζk‖ < − 1

n0
.

But h is continuous in the second variable. Then if we take k −→ +∞ in the preceding
inequality we get

θ0 + h(x, ζ0) − ε‖ζ0‖ ≤ − 1

n0
.

Since ε is arbitrary we find that

θ0 + h(x, ζ0) ≤ − 1

n0
,

and this gives a contradiction with ψ ∈ Ψ.
By the preceding lemma, there exists a subsequence Fki

of Fk and a sequence
εi > 0 such that εi −→ 0 and

h̄ki(x, ∂Lψ(t, x)) ≥ −εi ∀(t, x) ∈] − 1, T̄ + 1[×{A ∩ B̄(0; ρ)}.

We continue as in the Lipschitz case and we find the result.
Remark 2.5. If we suppose in the definition of Ψ that the functions ψ are con-

tinuous and satisfy the proximal Hamilton–Jacobi equation (∂P instead of ∂L), then
the first inequality

min(P ) ≤ sup
ψ∈Ψ

ψ(0, x0)
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remains true, and the equality holds if we assume in addition that A = R
n and F

is locally Lipschitz. Moreover, in this case if we eliminate the terminal constraint
x(T ) ∈ C, then the supremum in supψ(0, x0) is attained since the value function of
(P ) becomes an element of Ψ. Finally, an earlier result of Clarke [6, Theorem 3.7.6]
shows that even in the presence of terminal constraints, but still under the extra
hypotheses, the supremum is attained if solutions are normal. It is an open question
whether the attainment of the supremum can be asserted in the fully general context.

3. Consequences and extensions. In this section we give some applications
of our main result. In the next subsection we give necessary and sufficient optimality
conditions. In subsection 3.2, we treat several types of optimal control problems (fixed
time problem and free time problem with finite and infinite horizon). Vinter’s smooth
duality is studied in subsection 3.3.

3.1. Characterization of optimality. Theorem 1.1 leads directly to the fol-
lowing optimality conditions.

Corollary 3.1. Let (T̄ , x̄(·)) be an admissible trajectory for (P ). Then (T̄ , x̄(·))
is a minimizer for (P ) iff there exists a sequence of functions {ψi} in Ψ such that

lim
i−→+∞

ψi(0, x0) = �(T̄ , x̄(T̄ )).

Proof. Let (T̄ , x̄(·)) be an admissible trajectory for (P ) and assume that (T̄ , x̄(·))
is a minimizer for (P ). Then by Theorem 1.1 we have

�(T̄ , x̄(T̄ )) = sup
ψ∈Ψ

ψ(0, x0).

Hence the necessary condition follows by taking a maximizing sequence {ψi} for the
supremum supψ∈Ψ ψ(0, x0).

For the sufficient condition, let (T̄ , x̄(·)) be an admissible trajectory for (P ) and
suppose that there exists a sequence of functions {ψi} in Ψ such that

lim
i−→+∞

ψi(0, x0) = �(T̄ , x̄(T̄ )).

Since ψi ∈ Ψ and by Theorem 1.1 we have

lim
i−→+∞

ψi(0, x0) ≤ min(P ).

But (T̄ , x̄(·)) is an admissible trajectory for (P ); then

min(P ) ≥ lim
i−→+∞

ψi(0, x0) = �(T̄ , x̄(T̄ )) ≥ min(P ),

and then

�(T̄ , x̄(T̄ )) = min(P ),

which completes the proof.
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3.2. Special cases.
1. Fixed time problem. If we take �(t, x) = I{T0}×C(t, x)+�0(x), where T0 ≥ 0 is

fixed, �0 : R
n −→ R∪{+∞} is a lower semicontinuous function, and I{T0}×C

denotes the indicator function of {T0} × C, then we can treat the fixed time
case. In this case we obtain the same duality as in Theorem 1.1 but the
boundary condition becomes

ψ(T0, x) ≤ �0(x) ∀x ∈ C.

If we assume that A = R
n and F is locally Lipschitz, then we can consider in

the preceding duality continuous functions ψ and we can replace ∂L by ∂P ,
and this gives a slightly strengthened version of [8, Corollary 4.7.7].5

2. Free time problem with finite horizon. Problems in which T varies in a com-
pact interval (as is the case in Vinter’s work) can be treated by taking (for
example) �(t, x) = I[0,1]×C(t, x) + �0(x), where �0 : R

n −→ R ∪ {+∞} is a
lower semicontinuous function. In this case the boundary condition is

ψ(t, x) ≤ �0(x) ∀(t, x) ∈ [0, 1] × C .

3. Free time problem with infinite horizon. We now consider the free time
problem in its most familiar form, where T is completely unrestricted. We
suppose that in (P ) we have �(t, x) = t + �0(x) ∀(t, x) ∈ R × R

n, where
�0 : R

n −→ R∪ {+∞} is a lower semicontinuous function bounded below. In
this case and by Theorem 1.1 we have that

min(P ) = sup
ψ∈Ψ

ψ(x0),

where Ψ is the set of all functions ψ : R
n −→ R which satisfy

• ψ is locally Lipschitz on R
n,

• 1 + h(x, ∂Lψ(x)) ≥ 0 ∀x ∈ A, and
• ψ(x) ≤ �0(x) ∀x ∈ C.

We remark that in this result, only autonomous functions ψ contribute to the
upper envelope. This follows since in this case we can take in the proof of
Theorem 1.1, �k := t+�k0 , where �k0 is the quadratic inf-convolution of �0, and
then we get that the function V̂λn(·, ·, ·) satisfies

V̂λn(τ, β, α) = τ + V̂λn(0, 0, α) + β ∀(τ, β, α) ∈ R × [0,+∞[×R
n.

3.3. Smooth duality. Another important application of our main result ex-
tends the smooth duality theory of Vinter [27], whose methods do not apply to the
cases in which T is either fixed or totally unrestricted. For this, we need the following
technical extension of Theorem 1.1.

Corollary 3.2. There exists δx0 > 0 such that

min(P ) = sup
ϕ∈Φ

ϕ(0, x0),

where Φ is the set of all functions ϕ : R × R
n −→ R which satisfy

• ϕ ∈ C1(Rn+1,R),
• ϕt(t, x) + 〈ϕx(t, x), v〉 ≥ 0 ∀(t, x) ∈ R×A ∀v ∈ F (x), and

5In [8, Corollary 4.7.7] � is continuous and the functions ψ are defined on ] −∞, T0] × R
n.
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• ϕ(t, x) ≤ �(t, x) ∀(t, x) ∈ [0, δx0
]×C.

Proof. We fix a constant δx0 such that for any trajectory (T̄ , x̄(·)) solving the
problem (P ) we have T̄ ≤ δx0 (the existence of δx0 follows from (GC)). Now let
ϕ ∈ Φ. Since ϕ is a C1 function on R

n+1, we have

∂Lϕ(t, x) = {ϕ′(t, x)}

for all (t, x) ∈ R × R
n. Then we have ϕ ∈ Ψ.6 By Theorem 1.1 we get

min(P ) = sup
ψ∈Ψ

ψ(0, x0) ≥ sup
ϕ∈Φ

ϕ(0, x0).

For the reverse inequality, let ψ ∈ Ψ. Using the fact that if ψ is differentiable at
(τ, α) ∈ R × R

n, then ψ′(τ, α) ∈ ∂Lψ(τ, α), we have that for all (τ, α) ∈ R×A such
that ψ is differentiable at (τ, α),

ψt(τ, α) + 〈ψx(τ, α), v〉 ≥ 0 ∀v ∈ F (α).

Since ψ is locally Lipschitz and by Rademacher’s theorem, we have that ψ is dif-
ferentiable a.e. (τ, α) ∈ R × R

n. Now we make the temporary hypothesis that F is
Lipschitz and A = R

n. Then using a standard mollification technique (convolution
with mollifier sequence) we have the following lemma.

Lemma 3.3. For all ε > 0 there exists ϕε ∈ Φ such that

ϕε(0, x0) ≥ ψ(0, x0) − ε.7

Clearly this lemma gives the desired inequality. To remove the need for the Lipschitz
hypothesis on F and the assumption A = R

n, it is sufficient to use the sequence Fk

and the penalization term k
∫ T

0
dA(x(t)) dt as in the proof of Theorem 1.1.

It is clear that Corollary 3.2 leads to a version of the necessary and sufficient
conditions of Corollary 3.1 in which only smooth semisolutions are used. Let us
now examine more closely this type of smooth duality in the three special cases of
subsection 3.2.

1. Fixed time problem. We take �(t, x) = I{T0}×C(t, x) + �0(x), where T0 ≥ 0
is fixed and �0 : R

n −→ R ∪ {+∞} is a lower semicontinuous function, then
by Corollary 3.2 (we take δx0 = T0) we obtain a similar duality but as in the
nonsmooth case the boundary condition becomes

ϕ(T0, x) ≤ �0(x) ∀x ∈ C.

2. Free time problem with finite horizon. We take �(t, x) = I[0,1]×C(t, x)+ �0(x),
where �0 : R

n −→ R∪{+∞} is a lower semicontinuous function. By Corollary
3.2 (we take δx0 = 1) we obtain

min(P ) = sup
ϕ∈Φ

ϕ(0, x0),

where Φ is the set of all functions ϕ : R × R
n −→ R which satisfy

6We can replace in Theorem 1.1 the condition ψ(t, x) ≤ �(t, x) ∀(t, x) ∈ R×C by ψ(t, x) ≤ �(t, x)
∀(t, x) ∈ [0, δx0 ]×C.

7As mentioned above, this lemma follows using a standard mollification technique. We also
use the following remark: if ϕ(t, x) is a smooth function which satisfies ϕt(t, x) + 〈ϕx(t, x), v〉 ≥ ε
∀(t, x) ∈ R×A, ∀v ∈ F (x), then the function ϕε(t, x) := ϕ(t, x)−tε satisfies ϕε

t (t, x)+〈ϕε
x(t, x), v〉 ≥ 0

∀(t, x) ∈ R×A, ∀v ∈ F (x).
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• ϕ ∈ C1(Rn+1,R),
• ϕt(t, x) + 〈ϕx(t, x), v〉 ≥ 0 ∀(t, x) ∈ R×A, ∀v ∈ F (x), and
• ϕ(t, x) ≤ �0(x) ∀(t, x) ∈ [0, 1]×C.

This is essentially the case treated by Vinter in [27]. We remark that the
nonautomous case (when F and �0 depend on t) can be obtained by the
well-known device of state augmentation (see [8, Chapter 4]).

3. Free time problem with infinite horizon. We take �(t, x) = t + �0(x) ∀(t, x) ∈
R × R

n, where �0 : R
n −→ R ∪ {+∞} is a lower semicontinuous function

bounded below. This is the most familiar case of the minimal time problem,
and Vinter has remarked [28] that his generalized flows approach does not
appear to yield a duality involving solutions of the autonomous Hamilton–
Jacobi inequality (as one would hope). However, we obtain the following:8

min(P ) = sup
ϕ∈Φ

ϕ(x0),

where Φ is the set of all functions ϕ : R
n −→ R which satisfy

• ϕ ∈ C1(Rn,R),
• 1 + 〈ϕ′(x), v〉 ≥ 0 ∀x ∈ A, ∀v ∈ F (x), and
• ϕ(x) ≤ �0(x) ∀x ∈ C.

A well-known and more special case of the present framework involves the
minimal time function associated to the target C and under the state con-
straint A:
TA
C (α) := inf T ≥ 0 over trajectories of ẋ(t) ∈ F (x(t)) which satisfy

x(0) = α, x(T ) ∈ .C, x(t) ∈ A ∀ t ∈ [0, T ].

We then obtain the following new characterization of TA
C :

TA
C (α) = sup

ϕ∈Φ
ϕ(α),

where Φ is the set of all functions ϕ : R
n −→ R which satisfy

• ϕ ∈ C1(Rn,R),
• 1 + 〈ϕ′(x), v〉 ≥ 0 ∀x ∈ A, ∀v ∈ F (x), and
• ϕ(x) ≤ 0 ∀x ∈ C.
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Abstract. We study the feedback group action on multi-input nonlinear control systems with
uncontrollable mode. We follow slightly an approach proposed in Kang and Krener [W. Kang and
A. J. Krener, SIAM J. Control. Optim., 30 (1992), pp. 1319–1337] which consists of analyzing the
system and the feedback group step by step. We construct a normal form which generalizes, on one
hand, the results obtained in the single-input case and, on the other hand, those recently obtained
by the same author in the controllable case. We illustrate our results by studying the Caltech
Multi-Vehicle Wireless Testbed (MVWT) and the prototype of Planar Vertical TakeOff and Landing
aircraft (PVTOL). We also study the notion of bifurcation of controllability for systems with one
nonzero uncontrollable mode. We first show that the equilibria for those systems is a p-dimensional
submanifold (p equals number of inputs). Provided that one term in their normal form is nonzero,
we show that these systems are linearly controllable, hence stabilizable, at any nearby equilibrium
point of the origin.
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1. Introduction. During the last twenty years the problem of transforming a
nonlinear control system

Π : ζ̇ = f(ζ, u), ζ(·) ∈ R
n u(·) = (u1(·), . . . , up(·))T ∈ R

p

by a feedback transformation of the form

Υ :
ζ̄ = ϕ(ζ),
u = γ(ζ, ū)

to a simpler form has been extensively studied by several authors. Necessary and
sufficient geometric conditions for smooth linearizability, that is, smooth feedback
equivalence to a linear system, have been obtained independently by Hunt and Su
[16], Hunt, Su, and Meyer [17], and Jakubczyk and Respondek [21] among others.
Those conditions turn out to be restrictive, except for the planar case, and a nat-
ural problem that arises is to find normal forms for nonlinearizable systems. Four
basic methods have been proposed to study feedback equivalence problems. The first
method is based on the theory of singularities of vector fields and distributions and
their invariants, and using that method on a large variety of feedback classification
problems have been solved; see, e.g., [4, 6, 10, 17, 18, 21, 22, 23, 31, 36, 39, 51].
The second approach, proposed by Gardner [10], uses Cartan’s method of equivalence
[5] and describes the geometry of feedback equivalence, [11, 12, 13, 35]. The third
method, inspired by the Hamiltonian formalism for optimal control problems, has
been developed by Bonnard [3, 4] and Jakubczyk [19, 20] and has led to a very nice
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description of feedback invariants in terms of singular extremals. Most recently, Kang
and Krener [29] adapted Poincaré’s technique for linearization of dynamical systems
(see, e.g., [1]) to control systems. Their idea consists of analyzing the system Π and
the feedback transformation Υ step by step in order to produce a simpler equivalent
system, also step by step. They first obtained quadratic normal forms under quadratic
changes of coordinates and feedback for single-input control systems with controllable
linearization. Later, Kang [24] generalizes this result to all degrees for the same class
of control systems. He also obtained [25] quadratic normal forms for systems with
uncontrollable linearization. The method introduced by Kang and Krener finds its im-
portance in replacing the solving of partial differential equations by that of algebraic
equations.

Since then many results have followed. Tall [41, 43] and Tall and Respondek [49]
obtained canonical forms and dual canonical forms for single-input nonlinear control
systems with controllable linearization, then normal forms for single-input nonlinear
control systems with uncontrollable linearization [44] (see also Krener, Kang, and
[32]), as well as the corresponding homogeneous invariants. Hence, the feedback clas-
sification of single-input nonlinear control systems is almost complete, and the aim
of this paper is to deal with the multi-input nonlinear control systems. Preliminary
results for two-input control systems, with controllable mode, have been recently ob-
tained by Tall and Respondek [47] and completed by Tall [42] for multi-input systems
with controllable mode. This paper gives a generalization of those results to multi-
input systems with uncontrollable mode.

Motivations for studying normal forms for multi-input systems are underlined
by the huge varieties of applications derived for single-input systems. Indeed, in
the single-input case, the theory of normal forms has proved to be very useful in
analyzing structural properties of nonlinear control systems. It has been used to
study bifurcations and stabilizations of nonlinear systems [7, 14, 26, 27, 28], has led
to a complete description of symmetries around equilibrium [37, 38, 48], and allowed
the characterization of systems equivalent to feedforward forms [45, 46, 50]. The same
approach has been introduced to study observability of control systems [33, 34, 2],
the problem of output regulation, and the model matching problem.

The study of linearly uncontrollable systems is also motivated by the numerous
engineering applications and the fact that the qualitative properties like controllability
and stabilizability are generic, that is, invariant under a small variation of parameters
at a point where the system is linearly controllable. Furthermore, it is known that
local bifurcations at a point where the system is linearly controllable can be removed
or delayed by pole placement. For those systems that are not linearly controllable,
nonlinear phenoma like bifurcations are expected around the critical points.

In this paper we construct a normal form for multi-input nonlinear control systems
with uncontrollable linearization which generalizes the results obtained in the single-
input case [24, 41, 43, 44, 49] and the two-input case [47].

The organization of the paper is as follows. Section 2 deals with basic notations.
In section 3, we construct a normal form for multi-input nonlinear control systems
with uncontrollable linearization. We illustrate our results by two physical examples.
We also discuss the notion of bifurcation of controllability for systems with one nonzero
uncontrollable mode. We first show that the set of equilibria of these systems is a p-
dimensional surface, and at any nearby equilibrium point of the origin, these systems
became linearly controllable. Section 4 deals with the proofs of our results.
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2. Notations and preliminaries. All objects, that is, functions, maps, vector
fields, control systems, etc., are considered in a neighborhood of 0 ∈ R

n and assumed
to be C∞-smooth. Consider the system

Π : ζ̇ = f(ζ, u), ζ(·) ∈ R
n, u(·) = (u1(·), . . . , up(·))T ∈ R

p.

We will assume throughout the paper that the point (0, 0) ∈ R
n×R

p is an equilibrium
point, that is, f(0, 0) = 0, and let

Π[1] : ζ̇ = Fζ + Gu = Fζ + G1u1 + · · · + Gpup

be its linear approximation around the equilibrium point (0, 0) ∈ R
n × R

p, where

F =
∂f

∂ζ
(0, 0), G1 =

∂f

∂u1
(0, 0), . . . , Gp =

∂f

∂up
(0, 0).

We assume that the linear approximation is uncontrollable which means that there
exists a nonnegative integer q ∈ N

∗ such that

span
{
F iGs : 0 ≤ i ≤ n− 1, 1 ≤ s ≤ p

}
= R

n−q.

We will also assume that G1 ∧ . . . ∧Gp �= 0, that is, the n× p matrix whose columns
are G1, . . . , Gp to be of constant rank p.

Let (r1, . . . , rp), 1 ≤ r1 ≤ · · · ≤ rp = r, be the largest, in the lexicographic
ordering, p-tuple of nonnegative integers, with r1 + · · · + rp = n, such that

span
{
F iGs : 0 ≤ i ≤ rs − 1, 1 ≤ s ≤ p

}
= R

n−q.

For the simplicity of the presentation we will suppose that r1 = · · · = rp = r, and we
will show how the general case deduces.

By a smooth linear feedback transformation it is always possible to bring the
pair (F,G) into the Brunovský–Jordan canonical pair (Ã, B̃), where

Ã = diag(J,A1, . . . , Ap), B̃ = (0, B1, . . . , Bp) = diag(0, b1, . . . , bp)

with J the Jordan canonical form of dimension q, (As, bs) the Brunovský single-input
canonical form of dimension rs = r for any 1 ≤ s ≤ p.

For simplicity we will set

A = diag(A1, . . . , Ap), B = (B1, . . . , Bp) = diag(b1, . . . , bp).

We will denote coordinates of R
q × R

n−q by (zT , xT )T , where z = (z1, . . . , zq)
T and

x = (xT
1 , . . . , x

T
p )T with xs = (xs,1, . . . , xs,r)

T for any 1 ≤ s ≤ p. For the fixed value q,
we will denote by Sq(R, 0), the set of all functions, either smooth or formal, depending
on the variables z = (z1, . . . , zq)

T ∈ R
q.

Let h = h(z, x, u) be a smooth R-valued function defined in a neighborhood of
the point (0, 0, 0) ∈ R

q × R
n−q × R

p. By

h(z, x, u) = h[0](z, x, u) + h[1](z, x, u) + h[2](z, x, u) + · · · =

∞∑
m=0

h[m](z, x, u)

we denote its Taylor series expansion at (0, 0, 0) ∈ R
q×R

n−q×R
p with respect to the

variables x and u, where h[m](z, x, u) stands for a homogeneous polynomial of degree m
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of the variables x and u whose coefficients are functions of the variable z ∈ R
q, that

is, in Sq(R, 0).
To fix the ideas, the functions x3

1,1, z
2x3

1,1, cos z x3
1,1, (1−ez)x1,1x

2
2,1, sin z x1,2u

2
2,

and z1z2u
2
1u2 + x1,1x2,1u1 are all polynomials of degree 3.

Choose d ∈ N ∪ {∞} large enough and consider the Taylor series expansion of
order d of the system Π

Π≤d :

⎧⎪⎪⎨⎪⎪⎩
ż = Jz +

d∑
m=1

g[m−1](z, x, u) + O(z, x, u)d,

ẋ = Ax + Bu +
d∑

m=0
f [m](z, x, u) + O(z, x, u)d+1,

(2.1)

where we already assumed that the linear part is in Brunovský–Jordan form, and the
Taylor series expansion of order d of the transformation Υ,

Υ≤d :

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

z̄ = ψ(z, x) = z +
d∑

m=1
ψ[m−1](z, x) + O(z, x)d,

x̄ = φ(z, x) = x +
d∑

m=0
φ[m](z, x) + O(z, x)d+1,

u = γ(z, x, ū) = ū +
d∑

m=0
γ[m](z, x, ū) + O(z, x, ū)d+1.

(2.2)

The variables z and z̄ (resp., (x, u) and (x̄, ū)) will be called the uncontrollable vari-
ables associated with the uncontrollable part (resp., controllable variables associated
with the controllable part) of the system.

Above, and throughout the paper, we mean by g[m−1](z, x, u) and ψ[m−1](z, x)
(resp., f [m](z, x, u), φ[m](z, x) and γ[m](z, x, ū)) that each of their components is a
homogeneous polynomial of degree m − 1 (resp., of degree m) of the controllable
variables. Moreover, O(·)k denotes terms of degree k and higher of the controllable
variables.

Notice that although we bring the linear approximation (F,G) of the system into
Brunovský–Jordan canonical form, that is, the uncontrollable part in Jordan form of
dimension q, and the controllable part in Brunovský form of dimension n− q, we still
have terms of degree 0 and degree 1. However, the first jets of these terms is zero at
the origin.

3. Main results. In this section we will establish our main results. We will give,
in subsection 3.1 below, the normal forms we obtain for general control systems. The
results are given in the simplest case where the controllability indices are equal. We
will show that the general case deduces by extended the system. In subsection 3.2,
we will study two physical examples: The Caltech Multi-Vehicle Wireless Testbed
(MVWT) and the prototype of a Planar Vertical TakeOff and Landing (PVTOL)
aircraft. In subsection 3.3, we discuss the notion of bifurcation of controllability for
systems with one nonzero uncontrollable mode. We first show that the set of equilibria
of these systems is a p-dimensional surface, and at any nearby equilibrium point of
the origin, these systems become linearly controllable.

3.1. Normal forms. Let 1 ≤ s ≤ p. We denote

z̄ = (z̄1, . . . , z̄q)
T , x̄s = (x̄s,1, . . . , x̄s,r)

T , and x̄s,r+1 = ūs

and we set x̂s,i = (x̄s,1, . . . , x̄s,i) for any 1 ≤ i ≤ r + 1.
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For any 1 ≤ s ≤ t ≤ p and any 1 ≤ i ≤ r + 1, we also denote

πs
t,i(x̄) = (x̂1,i, . . . , x̂s,i, x̂s+1,i−1, . . . , x̂t−1,i−1, x̂t,i, x̂t+1,i−1, . . . , x̂p,i−1)

T .

For i = 1 the expressions x̂t,i−1 will be taken to be empty. Few examples are given
right after the theorem to make these notations comprehensible.

Our main result for general control systems, that is, for control systems with
uncontrollable linearization is as follows.

Theorem 3.1. For any d ∈ N ∪ {∞}, the system Π≤d, defined by (2.1), with
uncontrollable linearization is feedback equivalent, by a feedback transformation Υ≤d

of the form (2.2), to the following normal form:

Π≤d
NF :

⎧⎪⎪⎨⎪⎪⎩
˙̄z = Jz̄ + ḡ[0](z̄) +

d∑
m=2

ḡ[m−1](z̄, x̄, ū) + O(z̄, x̄, ū)d,

˙̄x = Ax̄ + Bū +
d∑

m=2
f̄ [m](z̄, x̄, ū) + O(z̄, x̄, ū)d+1,

where for any m,

ḡ[m−1](z̄, x̄, ū) =
q∑

j=1

ḡ
[m−1]
j (z̄, x̄, ū) ∂

∂z̄j

f̄ [m](z̄, x̄, ū) =
p∑

k=1

r−1∑
j=1

f̄
k[m]
j (z̄, x̄, ū) ∂

∂x̄k,j
,

(3.1)

with

ḡ
[1]
j (z̄, x̄, ū) =

∑
1≤s≤p

x̄s,1Rj,s(z̄)

ḡ
[m−1]
j (z̄, x̄, ū) =

∑
1≤s≤t≤p

r+1∑
i=1

x̄s,ix̄t,iP
[m−3]
j,i,s,t (z̄, πs

t,i(x̄))

+
∑

1≤s<t≤p

r+1∑
i=2

x̄s,ix̄t,i−1Q
[m−3]
j,i,s,t (z̄, πt

t,i−1(x̄))

(3.2)

for any 1 ≤ j ≤ q and

f̄
k[m]
j (z̄, x̄, ū) =

∑
1≤s≤t≤p

r+1∑
i=j+2

x̄s,ix̄t,iP
k[m−2]
j,i,s,t (z̄, πs

t,i(x̄))

+
∑

1≤s<t≤p

r+1∑
i=j+2

x̄s,ix̄t,i−1Q
k[m−2]
j,i,s,t (z̄, πt

t,i−1(x̄))

(3.3)

for any 1 ≤ k ≤ p and any 1 ≤ j ≤ r − 1.

Above, the functions P
[m−3]
j,i,s,t , Q

[m−3]
j,i,s,t , P

k[m−2]
j,i,s,t , and Q

k[m−2]
j,i,s,t stand for homoge-

neous polynomials of the indicated controllable variables x̄ and ū whose coefficients
depend on the uncontrollable variable z̄.

To make the notations πs
t,i(x̄) somewhat understandable, suppose p = 3. Then

we have

π1
2,2(x̄) = (x̄1,1, x̄1,2, x̄2,1, x̄2,2, x̄3,1) and π2

2,2(x̄) = (x̄1,1, x̄1,2, x̄2,1, x̄2,2, x̄3,1).

We also have

π1
2,1(x̄) = (x̄1,1, x̄2,1), π2

2,1(x̄) = (x̄1,1, x̄2,1), and π1
3,1(x̄) = (x̄1,1, x̄3,1).
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Notice that the above normal form is a natural combination of the two extreme cases:
that of dynamical systems and that of systems with controllable linearization.

Indeed, if q = n, that is, we deal with a dynamical system, then the coordi-
nates (x̄T

1 , . . . , x̄
T
p )T are not present and the normal form Π≤d

NF reduces to a dynam-

ical system ˙̄z = Jz̄ + ḡ[0](z̄) containing resonant terms only. This is, of course,
Poincaré normal form of a vector field under a formal diffeomorphism. On the other
hand, if q = 0, that is, if the linearization of the system is controllable, the coordi-
nates z̄ = (z̄1, . . . , z̄q)

T are not present and our normal form reduces to

f̄
k[m]
j (x̄, ū) =

∑
1≤s≤t≤p

r+1∑
i=j+2

x̄s,ix̄t,iP
k[m]
j,i,s,t(π

s
t,i(x̄))

+
∑

1≤s<t≤p

r+1∑
i=j+2

x̄s,ix̄t,i−1Q
k[m]
j,i,s,t(π

t
t,i−1(x̄))

for any 1 ≤ k ≤ p and any 1 ≤ j ≤ r − 1, and f̄
k[m]
j (x̄, ū) = 0 otherwise. This

latter case will be summarized in the following corollary. It gives the normal form for
multi-input control systems with controllable linearization (see [42]).

Corollary 3.2. The system Π≤d, defined by (2.1), with controllable lineariza-
tion, is feedback equivalent by a polynomial feedback transformation Υ≤d of the form (2.2),
to the following normal form:

Π≤d
NF : ˙̄x = Ax̄ + Bū +

d∑
m=2

f̄ [m](x̄, ū) + O(x̄, ū)d+1,

where

f̄ [m](x̄, ū) =

p∑
k=1

r−1∑
j=1

f̄
k[m]
j (x̄, ū)

∂

∂x̄k,j
,

with

f̄
k[m]
j (x̄, ū) =

∑
1≤s≤t≤p

r+1∑
i=j+2

x̄s,ix̄t,iP
k[m−2]
j,i,s,t (πs

t,i(x̄))

+
∑

1≤s<t≤p

r+1∑
i=j+2

x̄s,ix̄t,i−1Q
k[m−2]
j,i,s,t (πt

t,i−1(x̄))

for any 1 ≤ k ≤ p and any 1 ≤ j ≤ r − 1.
Particular case p = 2 and r = 3. In this particular case the normal form will

be given by

Π≤d :

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

˙̄x1,1 = x̄1,2 + f̄
1[2]
1 (x̄, ū) + · · · + f̄

1[d]
1 (x̄, ū) + O(x̄, ū)d+1,

˙̄x1,2 = x̄1,3 + f̄
1[2]
2 (x̄, ū) + · · · + f̄

1[d]
2 (x̄, ū) + O(x̄, ū)d+1,

˙̄x1,3 = ū1,

˙̄x2,1 = x̄2,2 + f̄
2[2]
1 (x̄, ū) + · · · + f̄

2[d]
1 (x̄, ū) + O(x̄, ū)d+1,

˙̄x2,2 = x̄2,3 + f̄
2[2]
2 (x̄, ū) + · · · + f̄

2[d]
2 (x̄, ū) + O(x̄, ū)d+1,

˙̄x2,3 = ū2,
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where for any 2 ≤ m ≤ d and any k = 1, 2 we have

f̄
k[m]
1 (x̄, ū) = x̄2

1,3P
k[m−2]
1,3,1,1 (x̂1,3, x̂2,2) + x̄2

2,3P
k[m−2]
1,3,2,2 (x̂1,2, x̂2,3)

+ x̄1,3x̄2,3P
k[m−2]
1,3,1,2 (x̂1,3, x̂2,3) + x̄1,3x̄2,2Q

k[m−2]
1,3,1,2 (x̂1,2, x̂2,2)

+ ū2
1P

k[m−2]
1,4,1,1 (û1, x̂2,3) + ū2

2P
k[m−2]
1,4,2,2 (x̂1,3, û2) + ū1ū2P

k[m−2]
1,4,1,2 (û1, û2)

+ ū1x̄2,3Q
k[m−2]
1,4,1,2 (x̂1,3, x̂2,3)

and

f̄
k[m]
2 (x̄, ū) = ū2

1P
k[m−2]
2,4,1,1 (û1, x̂2,3) + ū2

2P
k[m−2]
2,4,2,2 (x̂1,3, û2) + ū1ū2P

k[m−2]
2,4,1,2 (û1, û2)

+ ū1x̄2,3Q
k[m−2]
2,4,1,2 (x̂1,3, x̂2,3).

We recall that x̂1,i = (x̄1,1, . . . , x̄1,i) and x̂2,i = (x̄2,1, . . . , x̄2,i). Moreover,

û1 = (x̄1,1, x̄1,2, x̄1,3, ū1) and û2 = (x̄2,1x̄2,2, x̄2,3, ū2).

When the initial system is affine in the control, then in the normal form, the homo-

geneous polynomials P
k[m−2]
j,4,1,1 (û1, x̂2,3), P

k[m−2]
j,4,2,2 (x̂1,3, û2), and P

k[m−2]
j,4,1,2 (û1, û2) are all

zero.
Generalization. Now let us assume that the controllability indices are not equal.

Without loss of generality, we suppose that 1 ≤ r1 ≤ · · · ≤ rp = r. We then define
the sequence of indices d1 ≥ · · · ≥ dp = 0 so that r1 + d1 = · · · = rp + dp = r.

It thus suffices to extend each subsystem, say the kth subsystem of (2.1) given by

Π≤d
k :

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

ẋk,1 = xk,2 +
d∑

m=0
f
k[m]
1 (z, x, u) + O(z, x, u)d+1,

...

ẋk,r−1 = xk,r +
d∑

m=0
f
k[m]
rk−1(z, x, u) + O(z, x, u)d+1,

ẋk,r = uk,

as follows. We define x̃k = (x̃k,1, . . . , x̃k,r) so that

x̃k,dk+1 = xk,1, . . . , x̃k,r = xk,rk and ˙̃xk,1 = x̃k,2, . . . , ˙̃xk,dk
= xk,1.

This means that the kth subsystem is extended as

Π̃≤d
k :

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

˙̃xk,1 = x̃k,2,
...

˙̃xk,dk
= x̃k,dk+1,

˙̃xk,dk+1 = x̃k,dk+2 +
d∑

m=0
f̃
k[m]
dk+1(z, x̃, u) + O(z, x̃, u)d+1,

...

˙̃xk,r−1 = x̃k,r +
d∑

m=0
f̃
k[m]
r−1 (z, x̃, u) + O(z, x̃, u)d+1,

˙̃xk,r = uk,

where

f̃
k[m]
dk+1(z, x̃, u) = f

k[m]
1 (z, x, u), . . . , f̃

k[m]
r−1 (z, x̃, u) = f

k[m]
rk−1(z, x, u).
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In this case all extended subsystems will have the same controllability index r, and
by Theorem 3.1 the extended system will be equivalent to the normal form Π≤d

NF

given by (3.2)–(3.3) with ḡ
[m−1]
j (z̄, x̄, ū) and f̄

k[m]
j (z̄, x̄, ū) depending exclusively on

the variables z̄, ū and x̄s,ds+1, . . . , x̄s,r (not on the added variables x̄s,1, . . . , x̄s,ds
) for

all 1 ≤ s ≤ p. Moreover, the first dk components f̄
k[m]
1 (z̄, x̄, ū), . . . , f̄

k[m]
dk

(z̄, x̄, ū)
remain zero (see Example 1 for illustration).

3.2. Examples. In this subsection we will illustrate our results by considering
two physical examples: The MVWT and the prototype of a PVTOL.

Example 1. Multi-Vehicle Wireless Testbed. We consider the MVWT, presented
in [8, 9] and we study the normal form of one vehicle. The equations of motion of an
MVWT vehicle (see [8, 9]) are given by⎧⎪⎪⎨⎪⎪⎩

mẍ = −ηẋ + (Fs + Fp) cos θ,

mÿ = −ηẏ + (Fs + Fp) sin θ,

Jθ̈ = −ψθ̇ + (Fs − Fp)l,

where (x, y) denotes the position of the center mass of the vehicle, θ the angle of
the axis of the vehicle with the horizontal (x-axis), m the mass of the vehicle, J the
rotational inertia, Fs and Fp denote the starboard and port fan forces, respectively,
and l (r in [8, 9]) the common moment arm of the forces. The center mass of the
vehicle and the center of geometry are assumed to coincide. The constants η and ψ
stand, respectively, for the coefficients of viscous friction and rotational friction.

Let us introduce the variables

z1 = y, x1,1 = x, x2,1 = θ, u1 = Fs + Fp,
z2 = ż1, x1,2 = ẋ1,1, x2,2 = ẋ2,1, u2 = Fs − Fp.

The equations of motion of an MVWT vehicle are rewritten as⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

ż1 = z2,
ż2 = −ηz2 + u1 sinx2,1,
ẋ1,1 = x1,2,
ẋ1,2 = −ηx1,2 + u1 cosx2,1,
ẋ2,1 = x2,2,
ẋ2,2 = −φx2,2 + u2l.

(3.4)

We can notice that the system is affine and its distribution G = span {g1, g2}, where

g1 =

⎛⎜⎜⎜⎜⎜⎜⎝
0

sinx2,1

0
cosx2,1

0
0

⎞⎟⎟⎟⎟⎟⎟⎠ and g2 =

⎛⎜⎜⎜⎜⎜⎜⎝
0
0
0
0
0
1

⎞⎟⎟⎟⎟⎟⎟⎠
is involutive and of constant rank 2. An equilibrium point for the system (3.4) is
given by any constant position and orientation

(ze1, z
e
2, x

e
1,1, x

e
1,2, x

e
2,1, x

e
2,2)

T = (z1, 0, x1,1, 0, x2,1, 0)T .
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The linearization of the system (3.4) around an equilibrium (we assume x2,1 = 0) is
given by ⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

ż1 = z2,
ż2 = −ηz2,
ẋ1,1 = x1,2,
ẋ1,2 = −ηx1,2 + u1,
ẋ2,1 = x2,2,
ẋ2,2 = −φx2,2 + u2l.

It is easy to see that this linear system is not controllable because

span
{
F iGk, 0 ≤ i ≤ 5, 1 ≤ k ≤ 2

}
= R

4,

where

F =

⎛⎜⎜⎜⎜⎜⎜⎝
0 1 0 0 0 0
0 −η 0 0 0 0
0 0 0 1 0 0
0 0 0 −η 0 0
0 0 0 0 0 1
0 0 0 0 0 −φ

⎞⎟⎟⎟⎟⎟⎟⎠ , G1 =

⎛⎜⎜⎜⎜⎜⎜⎝
0
0
0
1
0
0

⎞⎟⎟⎟⎟⎟⎟⎠ , and G2 =

⎛⎜⎜⎜⎜⎜⎜⎝
0
0
0
0
0
1

⎞⎟⎟⎟⎟⎟⎟⎠ .

It thus follows that q = 2, and the computation of the controllability matrix shows
that r1 = r2 = 2.

The feedback transformation defined by

u1 =
1

cosx2,1
ū1 + η

x1,2

cosx2,1
and ū2 =

u2

l
+

φ

l
x2,2

takes the system into the following form:⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

ż1 = z2

ż2 = −ηz2 + ηx1,2 tanx2,1 + ū1 tanx2,1,
ẋ1,1 = x1,2,
ẋ1,2 = ū1,
ẋ2,1 = x2,2,
ẋ2,2 = ū2.

The change of coordinates given by⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

z̄1 = z1,
z̄2 = z2 − x1,2 tanx2,1,
x̄1,1 = x1,1,
x̄1,2 = x1,2,
x̄2,1 = x2,1,
x̄2,2 = x2,2

brings the system into the form⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

˙̄z1 = z̄2 + x̄1,2 tan x̄2,1,
˙̄z2 = −ηz̄2 − x̄1,2x̄2,2(1 + tan2 x̄2,1),
˙̄x1,1 = x̄1,2,
˙̄x1,2 = ū1,
˙̄x2,1 = x̄2,2,
˙̄x2,2 = ū2.
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Since

x̄1,2 tan x̄2,1 = x̄1,2

∞∑
ν=0

(−1)ν
x̄2ν+1

2,1

(2ν + 1)!
= x̄1,2x̄2,1

∞∑
ν=0

(−1)ν
x̄2ν

2,1

(2ν + 1)!
,

x̄1,2x̄2,2(1 + tan2 x̄2,1) = x̄1,2x̄2,2

(
1 +

∞∑
ν=0

(−1)ν
x̄2ν+1

2,1

(2ν + 1)!

)
,

we conclude that the system is in normal form (compare with Theorem 3.1), with

ḡ
[m−1]
1 (x̄) =

{
x̄1,2x̄2,1Q

[m−3]
1,2 (x̄) = ±x̄1,2x̄2,1

x̄m−3
2,1

(m−2)! if m is even,

0 if m is odd

and

ḡ
[m−1]
2 (x̄) =

⎧⎪⎪⎨⎪⎪⎩
−x̄1,2x̄2,2 if m = 3,

x̄1,2x̄2,2P
[m−3]
2,2 (x̄) = ±x̄1,2x̄2,2

x̄m−3
2,1

(m−3)! if m ≥ 4 is odd,

0 if m is even.

Example 2. Planar Vertical TakeOff and Landing. In this example we study
a simple toy aircraft of prototype PVTOL presented in [15, 40]. The equations of
motion of the PVTOL (see [15, 40]) are given by⎧⎪⎪⎨⎪⎪⎩

ẍ = − sin θu1 + ε2 cos θu2,

ÿ = cos θu1 + ε2 sin θu2 − 1,

θ̈ = u2,

where (x, y) denotes the position of the center mass of the aircraft, θ the angle of
the aircraft relative to the x-axis, “ − 1” the gravitational acceleration, and ε �= 0
the (small) coefficient giving the coupling between the rolling moment and the lateral
acceleration of the aircraft. The control inputs u1 and u2 are the thrust (directed out
the bottom of the aircraft) and the rolling moment.

We introduce the variables

x1,1 = y, x2,1 = x, x2,3 = θ, w1 = u1 − 1,
x1,2 = ẋ1,1, x2,2 = ẋ2,1, x2,4 = ẋ2,3, w2 = u2.

The equations of motion of the PVTOL are rewritten as⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

ẋ1,1 = x1,2,
ẋ1,2 = cosx2,3w1 + ε2 sinx2,3w2 + cosx2,3 − 1,
ẋ2,1 = x2,2,
ẋ2,2 = − sinx2,3w1 + ε2 cosx2,3w2 − sinx2,3,
ẋ2,3 = x2,4,
ẋ2,4 = w2.

(3.5)

The system is affine and its distribution G = span {g1, g2}, given by

g1 =

⎛⎜⎜⎜⎜⎜⎜⎝
0

cosx2,3

0
− sinx2,3

0
0

⎞⎟⎟⎟⎟⎟⎟⎠ and g2 =

⎛⎜⎜⎜⎜⎜⎜⎝
0

ε2 sinx2,3

0
ε2 cosx2,3

0
1

⎞⎟⎟⎟⎟⎟⎟⎠ ,
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is involutive and of constant rank 2. The equilibria is defined by

(xe
1,1, x

e
1,2, x

e
2,1, x

e
2,2, x

e
2,3, x

e
2,4, w

e
1, w

e
2)

T = (c, 0, 0, 0, 0, 0, 0, 0)T ,

where c is any constant. The linearization of the system (3.5) around the equilibria
is given by ⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

ẋ1,1 = x1,2,
ẋ1,2 = w1,
ẋ2,1 = x2,2,
ẋ2,2 = −x2,3 + ε2w2,
ẋ2,3 = x2,4,
ẋ2,4 = w2.

It is easy to see that the linear system is controllable with controllability indices r1 = 2
and r2 = 4. Indeed,

span
{
G1, FG1, G2, FG2, F

2G2, F
3G2

}
= R

6,

where

F =

⎛⎜⎜⎜⎜⎜⎜⎝
0 1 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 −1 0
0 0 0 0 0 1
0 0 0 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎠ , G1 =

⎛⎜⎜⎜⎜⎜⎜⎝
0
1
0
0
0
0

⎞⎟⎟⎟⎟⎟⎟⎠ , and G2 =

⎛⎜⎜⎜⎜⎜⎜⎝
0
0
0
ε2

0
1

⎞⎟⎟⎟⎟⎟⎟⎠ .

Since r1 = 2 < r2 = 4 we have d1 = 2 and d2 = 0. Thus we extend the system as⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

˙̃x1,1 = x̃1,2,
˙̃x1,2 = x̃1,3,
˙̃x1,3 = x̃1,4,
˙̃x1,4 = cos x̃2,3w1 + ε2 sin x̃2,3w2 + cos x̃2,3 − 1,
˙̃x2,1 = x̃2,2,
˙̃x2,2 = − sin x̃2,3w1 + ε2 cos x̃2,3w2 − sin x̃2,3,
˙̃x2,3 = x̃2,4,
˙̃x2,4 = w2,

where

x̃1,3 = x1,1, x̃1,4 = x1,2, x̃2,1 = x2,1, x̃2,2 = x2,2, x̃2,3 = x2,3, x̃2,4 = x2,4.

The feedback transformation defined by

w1 =
1

cos x̃2,1
v1 − ε2 tan x̃2,1v2 +

1

cos x̃2,1
− 1 and w2 = v2
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takes the system into the following form:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

˙̃x1,1 = x̃1,2,
˙̃x1,2 = x̃1,3,
˙̃x1,3 = x̃1,4,
ẋ1,4 = v1,
˙̃x2,1 = x̃2,2,
˙̃x2,2 = − tan x̃2,3v1 + ε2

cos x̃2,3
v2 − tan x̃2,3,

˙̃x2,3 = x̃2,4,
˙̃x2,4 = v2.

The change of coordinates given by⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x̄1,1 = x̃1,1,
x̄1,2 = x̃1,2,

x̄1,3 = x̃1,3 − ε2
∫ x̃2,3

0
dt

cos t ,

x̄1,4 = x̃1,4 + x̃1,4 tan x̃2,3 − ε2

cos x̃2,3
x̃2,4,

x̄2,1 = x̃2,1,
x̄2,2 = x̃2,2,
x̄2,3 = − tan x̃2,3,
x̄2,4 = −x̃2,4(1 + tan2 x̃2,3) = ˙̄x2,3

followed by the feedback

ū1 = v1, and ū2 = ˙̄x2,4 = −v2(1 + tan2 x̃2,3) − 2x̃2
2,4 tan x̃2,3(1 + tan2 x̃2,3)

brings the system into⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

˙̄x1,1 = x̄1,2,
˙̄x1,2 = x̄1,3,
˙̄x1,3 = x̄1,4,
˙̄x1,4 = ū1,
˙̄x2,1 = x2,2 + x̄1,4x̄2,3,
˙̄x2,2 = x̄2,3 − x̄1,4x̄2,4 + ε2(1 − x̄2

2,3)x̄
2
2,4,

˙̄x2,3 = x̄2,4,
˙̄x2,4 = ū2.

Comparing with Corollary 3.2 we get

f̄
2[2]
1 (x̄) = x̄1,4x̄2,3Q

2[0]
1,4,1,2(x̄),

f̄
2[2]
2 (x̄) = x̄1,4x̄2,4P

2[0]
2,4,1,2(x̄) + x̄2,4x̄2,4P

2[0]
2,4,2,2(x̄),

f̄
2[4]
2 (x̄) = x̄2,4x̄2,4P

2[2]
2,4,2,2(π

2
2,4(x̄)),

where

Q
2[0]
1,4,1,2(x̄) ≡ 1, P

2[0]
2,4,1,2(x̄) ≡ −1, P

2[0]
2,4,2,2(x̄) = ε2, P

2[2]
2,4,2,2(x̄) = −ε2x̄2

2,3.

This means that the system (3.5) is equivalent to the normal form⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

˙̄x1,3 = x̄1,4,
˙̄x1,4 = ū1,
˙̄x2,1 = x2,2 + x̄1,4x̄2,3,
˙̄x2,2 = x̄2,3 − x̄1,4x̄2,4 + ε2(1 − x̄2

2,3)x̄
2
2,4,

˙̄x2,3 = x̄2,4,
˙̄x2,4 = ū2.
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Notice that the added variables x̄1,1 and x̄1,2 are not present in the normal form.
We may also notice that in both Examples 1 and 2 the transformations taking the
corresponding systems into their normal forms are smooth, actually they are analytic.
Though little is known about the convergence of the formal transformations taking a
system into its normal form, this gives hope.

3.3. Nearby controllability. In this subsection we generalize a result obtained
earlier in collaboration with Kang et al. [30]. We proved that for systems with one
nonzero uncontrollable mode the set of equilibria is a smooth curve passing by the
origin. Moreover, provided that some term in the normal form is nonzero, the system
becomes linearly controllable at these equilibria (except at the origin). This is called
a bifurcation of controllability and the conclusion drawn from this study is that we
can stabilize the system at any nearby point of the origin.

A parallel analysis could be made for multi-input systems with one nonzero un-
controllable mode. Indeed, consider the system Π≤d defined by (2.1) and assume
that q = 1, i.e., J = λ. The equilibria set of this system is

E =
{

(z, x) ∈ R × R
n−1 such that ∃u ∈ R

p : H(z, x, u) = 0
}
,

where H(z, x, u) = (g(z, x, u), f(z, x, u)) with

g(z, x, u) = λz +
d∑

m=1
g[m−1](z, x, u) + O(z, x, u)d,

f(z, x, u) = Ax + Bu +
d∑

m=0
f [m](z, x, u) + O(z, x, u)d+1.

We will show that E is a surface parameterized by x1 = (x1,1, x2,1, . . . , xp,1)
T . If we

denote by xs = (xs,2, . . . , xs,r)
T for all 1 ≤ s ≤ p and x = (xT

1 , . . . ,x
T
p ), then we have

∂H(z, x, u)

∂(z,x, u)

∣∣∣
(z,x,u)=0

= diag (λ, IdRn−1).

Since λ �= 0, the matrix diag (λ, IdRn−1) is invertible. The implicit function theorem
implies that the equation

H(z, x, u) = H(z, x1,x, u) = 0

has a solution in a neighborhood of the origin parameterized by the variables x1, that
is, there exist functions

z = ze(x1), x = xe(x1), u = ue(x1)

so that for some open neighborhood V of the origin in R
p, we have

H(ze(x1), x1,xe(x1), ue(x1)) = 0 for all x1 ∈ V ⊂ R
p.

We thus deduce that the equilibria set is a surface parameterized by the variables x1.

Let us denote by E0 the subset of E defined by

E0 = { (z, x) ∈ E such that xs,1 �= 0 for all 1 ≤ s ≤ p } .
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Consider the normal form of Π≤d given by (3.1)–(3.3), where (since q = 1) we have

ḡ
[m−1]
1 (z̄, x̄, ū) =

∑
1≤s≤t≤p

r+1∑
i=1

x̄s,ix̄t,iP
[m−3]
1,i,s,t (z̄, πs

t,i(x̄))

+
∑

1≤s<t≤p

r+1∑
i=2

x̄s,ix̄t,i−1Q
[m−3]
1,i,s,t (z̄, π

t
t,i−1(x̄))

for any m ≥ 3.
An analogous result to that given in [30] could be formulated as follows.
Theorem 3.3. Consider the system Π≤d defined by (2.1) for d ∈ N ∪ {∞}

sufficiently large enough. If there are integers 3 ≤ m ≤ d and 1 ≤ s ≤ t ≤ p so that

P
[m−3]
1,1,s,t (z̄, π

s
t,1(x̄))

∣∣∣
z̄=0

= P
[m−3]
1,1,s,t (x̄1,1, . . . , x̄s,1, x̄t,1) �= 0,

then the system Π≤d is linearly controllable at any point of E0.
The proof of this result is straightforward and follows the same steps as in [30].

The domain where the system is linearly controllable could be, of course, larger than
the subset E0, but this will depend on the normal form.

Example 3. Consider the system⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

ż = z + x1,1x2,1,
ẋ1,1 = x1,2,
ẋ1,2 = x1,3,
ẋ1,3 = u1,
ẋ2,1 = x2,2,
ẋ2,2 = u2,

which is already in normal form. Its equilibria set is given by

E =
{

(−x1,1x2,1, x1,1, 0, 0, x2,1, 0)T ∈ R
6 : (x1,1, x2,1)

T ∈ R
2
}
.

The system is not linearly controllable at the origin but it is at any other point of E.
Indeed, put

f(z, x, u) = (z + x1,1x2,1, x1,2, x1,3, 0, x2,2, 0)T ,

g1(z, x, u) = (0, 0, 0, 1, 0, 0)T , and g2(z, x, u) = (0, 0, 0, 0, 0, 1)T .

(i) If x1,1 �= 0, we have

span
{
g1, adfg1, ad

2
fg1, g2, adfg2, ad

2
fg2

}
(z, x) = R

6

for all (z, x) �= (0, 0) in E.
(ii) If x2,1 �= 0, we have

span
{
g1, adfg1, ad

2
fg1, ad

3
fg1, g2, adfg2,

}
(z, x) = R

6

for all (z, x) �= (0, 0) in E.
In this example the linear controllability occurs outside the subset E0 for which

we have x̄1,1 �= 0 and x̄2,1 �= 0.
However, if we replace ż = z + x1,1x2,1 by ż = z + x2

1,1x
2
2,1, then the linear

controllability will occur only inside E0.
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4. Proofs of main results. The aim of this section is to prove Theorem 3.1.
The proof of Corollary 3.2 is given in [42].

Consider the system Π≤d defined by (2.1). Following [44] it is possible to show
that the terms f [0](z) and f [1](z, x) can be removed. Thus, without loss of generality
we will assume that the system Π≤d is of the form

Π≤d :

⎧⎪⎪⎨⎪⎪⎩
ż = Jz + g[0](z) +

d∑
m=2

g[m−1](z, x, u) + O(z, x, u)d,

ẋ = Ax + Bu +
d∑

m=2
f [m](z, x, u) + O(z, x, u)d+1.

(4.1)

We like to study the action of the feedback transformation

Υm :

⎧⎨⎩
z̄ = z + ψ[m−1](z, x),
x̄ = x + φ[m](z, x),
u = ū + γ[m](z, x, ū)

on the system Π≤d up to some degree. First, remark that the inverse of this transfor-
mation is such that⎧⎨⎩

z = z̄ − ψ[m−1](z̄, x̄) + O(z̄, x̄)m,
x = x̄− φ[m](z̄, x̄) + O(z̄, x̄)m+1,
u = ū + γ[m](z̄, x̄, ū) + O(z̄, x̄, ū)m+1.

Then the uncontrollable part is transformed as

˙̄z = ż +
∂ψ[m−1]

∂z
(z, x)ż +

∂ψ[m−1]

∂x
(z, x)ẋ

= Jz + g[0](z) + · · · + g[m−1](z, x, u) + O(z, x, u)m

+
∂ψ[m−1]

∂z
(z, x)(Jz + g[0](z)) +

∂ψ[m−1]

∂x
(z, x)(Ax + Bu) + O(z, x, u)m

= Jz̄ + g[0](z̄) + · · · + g[m−1](z̄, x̄, ū) −
(
J +

∂g[0]

∂z
(z̄)

)
ψ[m−1](z̄, x̄)

+
∂ψ[m−1]

∂z
(z̄, x̄)(Jz̄ + g[0](z̄)) +

∂ψ[m−1]

∂x
(z̄, x̄)(Ax̄ + Bū) + O(z̄, x̄, ū)m.

It clearly appears that the terms of degree m − 2 or less of the uncontrollable part
remain unmodified while the terms of degree m− 1 or higher are modified.

Similarly, we can show that

˙̄x = Ax̄ + Bū + f [2](z̄, x̄, ū) + · · · + f [m](z̄, x̄, ū) −Aφ[m](z̄, x̄) −Bγ[m](z̄, x̄, ū)

+
∂φ[m]

∂z
(z̄, x̄)(Jz̄ + g[0](z̄)) +

∂φ[m]

∂x
(z̄, x̄)(Ax̄ + Bū) + O(z̄, x̄, ū)m+1,

which means that the terms of degree m − 1 or less of the controllable part are
preserved while the terms of degree m or higher are modified.

To study the action of the feedback transformation Υm on the terms of degree m
(terms of degree m− 1 of the uncontrollable part and of degree m for the controllable
part) of the system Π≤d, it is enough to study their action on a homogeneous system
of the form

Πm :

{
ż = Jz + g[0](z) + g[m−1](z, x, u),

ẋ = Ax + Bu + f [m](z, x, u).
(4.2)
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The proof of Theorem 3.1 will follow if we show that, by a feedback transformation Υm,
we can take the system (4.2) into the normal form

Πm
NF :

{
˙̄z = Jz̄ + g[0](z̄) + ḡ[m−1](z̄, x̄, ū),

˙̄x = Ax̄ + Bū + f̄ [m](z̄, x̄, ū),

where the components of ḡ[m−1](z̄, x̄, ū) and f̄ [m](z̄, x̄, ū) are given by (3.1)–(3.3).

Indeed, if this is true we then consider the system Π≤d of the form (4.1) and we
first apply a quadratic feedback transformation Υ2 to take it to the form

Π≤d :

⎧⎪⎪⎪⎨⎪⎪⎪⎩
˙̄z = Jz̄ + g[0](z̄) + ḡ[1](z̄, x̄, ū) +

d∑
m=3

g[m−1](z̄, x̄, ū) + O(z̄, x̄, ū)d,

˙̄x = Ax̄ + Bū + f̄ [2](z̄, x̄, ū) +
d∑

m=3
f [m](z̄, x̄, ū) + O(z̄, x̄, ū)d+1,

where the vector fields ḡ[1](z̄, x̄, ū), and f̄ [2](z̄, x̄, ū) are in their normal forms, and
the vector fields g[m−1](z̄, x̄, ū) and f [m](z̄, x̄, ū) stand for the new transformed vector
fields. We thus apply a cubic transformation Υ3 to take the system above into the
form

Π≤d :

⎧⎪⎪⎪⎨⎪⎪⎪⎩
˙̄z = Jz̄ + g[0](z̄) + ḡ[1](z̄, x̄, ū) + ḡ[2](z̄, x̄, ū) +

d∑
m=4

g[m−1](z̄, x̄, ū) + O(z̄, x̄, ū)d,

˙̄x = Ax̄ + Bū + f̄ [2](z̄, x̄, ū) + f̄ [3](z̄, x̄, ū) +
d∑

m=4
f [m](z̄, x̄, ū) + O(z̄, x̄, ū)d+1,

where ḡ[1](z̄, x̄, ū), ḡ[2](z̄, x̄, ū), f̄ [2](z̄, x̄, ū), and f̄ [3](z̄, x̄, ū) are in their normal forms.
The vectors g[m−1](z̄, x̄, ū) and f [m](z̄, x̄, ū), for m ≥ 4 are the new transformed vector
fields. The process continues until the original system is in the desired normal form.

Proof of Theorem 3.1. As stated above, we need to prove that the homogeneous

system Π[m] could be transformed into the normal form Π
[m]
NF by a homogeneous

transformation Υm. The proof will be divided into two parts. In the first part we
will deal with the controllable mode and in the second part we will consider the
uncontrollable mode.

(i) Consider the kth subsystem

Πk[m] :

⎧⎪⎪⎪⎨⎪⎪⎪⎩
ẋk,1 = xk,2 + f

k[m]
1 (z, x, u),

...

ẋk,r−1 = xk,r + f
k[m]
r−1 (z, x, u),

ẋk,r = uk.

Let us denote by Pm(Rq × R
n−q × R

p) the set of all homogeneous polynomials of
degree m in the variables (x, u) ∈ R

n−q × R
p whose coefficients are functions of the

variable z ∈ R
q.

For a fixed j, 1 ≤ j ≤ r − 1 we define the set Fm
j (Rq × R

n−q × R
p) of all



MULTI-INPUT NORMAL FORMS OF CONTROL SYSTEMS 2065

homogeneous polynomials h[m](z, x, v) ∈ Pm(Rq × R
n−q × R

p) such that

h[m](z, x, v) =
∑

1≤s≤t≤p

r+1∑
i=j+2

xs,ixt,iP
k[m−2]
j,i,s,t (z, πs

t,i(x))

+
∑

1≤s<t≤p

r+1∑
i=j+2

xs,ixt,i−1Q
k[m−2]
j,i,s,t (z, πt

t,i−1(x)).

For simplicity we will just refer to Pm(Rq × R
n−q × R

p) and Fm
j (Rq × R

n−q × R
p)

as Pm and Fm
j , respectively. Denote by Em

j the subspace of Pm so that

P
m = F

m
j ⊕ E

m
j .

We want to prove that the subsystem Πk[m] could be transformed into the normal
form

Π
k[m]
NF :

⎧⎪⎪⎪⎨⎪⎪⎪⎩
˙̄xk,1 = x̄k,2 + f̄

k[m]
1 (z̄, x̄, ū),

...

˙̄xk,r−1 = x̄k,r + f̄
k[m]
r−1 (z̄, x̄, ū),

˙̄xk,r = ūk,

where for any 1 ≤ j ≤ r − 1, the homogeneous polynomial f̄
k[m]
j (z̄, x̄, ū) is of the

form (3.3). Assume that the first j − 1 components f
k[m]
1 (z, x, u), . . . , f

k[m]
j−1 (z, x, u)

of Πk[m] are already in their normal forms and let us focus exclusively on the jth

component f
k[m]
j (z, x, u).

Since f
k[m]
j (z, x, u) ∈ Pm, it decomposes uniquely as

f
k[m]
j (z, x, u) = f̄

k[m]
j (z, x, u) + f̃

k[m]
j (z, x, u),

where f̄
k[m]
j (z, x, u) ∈ Fm

j and f̃
k[m]
j (z, x, u) ∈ Em

j . We may remark that f̃
k[m]
j (z, x, u)

is necessarily affine in u; otherwise its projection on Fm
j will not be zero.

We may also suppose that f̃
k[m]
j (z, x, u) doesn’t depend on u. Indeed, if

f̃
k[m]
j (z, x, u) =

p∑
t=1

utR
k[m−1]
j,t (z, x) + f̂

k[m]
j (z, x)

it suffices to take the change of variable

x̄k,j = xk,j −
∑

1≤t≤p

∫ xt,r

0

R
k[m−1]
j,t (z, x)dε,

to get rid of those terms that depend on u. Of course, in order for the integral to

make sense, the variable xt,r of the polynomial R
k[m−1]
j,t (z, x) will be replaced by the

parameter of integration ε.

Now, if we assume that f̃
k[m]
j (z, x, u) doesn’t depend on u, it suffices to take the

change of coordinates

x̄k,j+1 = xk,j+1 + f̃
k[m]
j (z, x)
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to get the jth component f
k[m]
j (z, x, u) into its normal form. As we now see, the

procedure didn’t modify the previous j−1 components because the change of coordi-
nates involves only the variables xk,j and xk,j+1, which didn’t appear linearly in these
components. For the same reason, it doesn’t modify the other subsystems. This ends
the proof of this part.

(ii) (a) The proof of this part will be done by induction. Consider the subsystem

Π[m−1] : ż = Jz + g[0](z) + g[m−1](z, x, u)(4.3)

with m ≥ 3 and assume that for some 2 ≤ l ≤ r, this system has been transformed
so that

g[m−1](z, x, u) = g̃[m−1](z, x, u) + ĝ[m−1](z, x, u),

where for any 1 ≤ j ≤ q we have

g̃
[m−1]
j (z, x, u) =

∑
1≤s≤t≤p

r+1∑
i=l+1

xs,ixt,iP
[m−3]
j,i,s,t (z, πs

t,i(x))

+
∑

1≤s<t≤p

r+1∑
i=l+1

xs,ixt,i−1Q
[m−3]
j,i,s,t (z, πt

t,i−1(x))

and ĝ[m−1](z, x, u) depends only on the variables z and xs,1, . . . , xs,l for 1 ≤ s ≤ p. We
emphasize here that ĝ[m−1](z, x, u) doesn’t depend on any variable xs,k for k ≥ l + 1.

Each component of ĝ[m−1](z, x, u) could be uniquely decomposed as follows:

ĝ
[m−1]
j (z, x, u) =

∑
1≤s≤t≤p

xs,lxt,lP
[m−3]
j,l,s,t (z, πs

t,l(x))

+
∑

1≤s<t≤p

xs,lxt,l−1Q
[m−3]
j,l,s,t (z, πt

t,l−1(x))

+
∑

1≤t≤p

xt,lR
[m−2]
j,l,t (z, x) + S

[m−1]
j,l (z, x),

where the polynomials R
[m−2]
j,l,t (z, x) and S

[m−1]
j,l (z, x) depend only on the variables z

and xs,1, . . . , xs,l−1 for 1 ≤ s ≤ p.
It then suffices to apply the change of variables given, for any 1 ≤ j ≤ q, by

z̄j = zj −
∑

1≤t≤p

∫ xt,l−1

0

R
[m−2]
j,l,t (z, x)dε,

to get rid of the terms
∑

1 ≤ t ≤ pxt,lR
[m−2]
j,l,t (z, x). For the need of the integral we

replace the variable xt,l−1 in R
[m−2]
j,l,t (z, x) by the parameter of integration ε.

This means that we transform the subsystem (4.3) into the form

Π[m−1] : ˙̄z = Jz̄ + g[0](z̄) + g[m−1](z̄, x̄, ū)

with

g[m−1](z̄, x̄, ū) = g̃[m−1](z̄, x̄, ū) + ĝ[m−1](z̄, x̄, ū),
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where for any 1 ≤ j ≤ q we have

g̃
[m−1]
j (z̄, x̄, ū) =

∑
1≤s≤t≤p

r+1∑
i=l

x̄s,ix̄t,iP
[m−3]
j,i,s,t (z̄, πs

t,i(x̄))

+
∑

1≤s<t≤p

r+1∑
i=l

x̄s,ix̄t,i−1Q
[m−3]
j,i,s,t (z̄, πt

t,i−1(x̄))

and ĝ[m−1](z̄, x̄, ū) depends only on the variables z̄ and x̄s,1, . . . , x̄s,l−1 for 1 ≤ s ≤ p.
This proves the induction argument. If we take l = 2, then ĝ[m−1](z̄, x̄, ū) will depend
only on the variables z̄ and x̄s,1 for 1 ≤ s ≤ p, which means that

ĝ[m−1](z̄, x̄, ū) =
∑

1≤s≤t≤p

x̄s,1x̄t,1P
[m−3]
j,1,s,t (z, πs

t,1(x)).

We thus deduce that

g
[m−1]
j (z̄, x̄, ū) =

∑
1≤s≤t≤p

r+1∑
i=1

x̄s,ix̄t,iP
[m−3]
j,i,s,t (z̄, πs

t,i(x̄))

+
∑

1≤s<t≤p

r+1∑
i=2

x̄s,ix̄t,i−1Q
[m−3]
j,i,s,t (z̄, πt

t,i−1(x̄))

and this achieves the proof of this part.
(ii)(b) When m = 2, the homogeneous vector field g[m−1](z, x, u) is linear with

respect to the variables x and u, that is,

g[m−1](z, x, u) =
∑

1≤t≤p

r+1∑
i=1

xt,iP
[0]
i,t (z),

where P
[0]
i,t (z) =

(
P

[0]
1,i,t(z), . . . , P

[0]
q,i,t(z)

)T
is a vector field that depends exclusively on

the variable z.
The method is to apply first a change of coordinates of the form

z̃ = z −
∑

1≤t≤p

xt,rP
[0]
r+1,t(z)

to annihilate the terms∑
1≤t≤p

xt,r+1P
[0]
r+1,t(z) =

∑
1≤t≤p

utP
[0]
r+1,t(z).

Then, apply a change of coordinates of the form

z̄ = z̃ −
∑

1≤t≤p

xt,r−1P̃
[0]
r,t (z̃)

to annihilate the terms ∑
1≤t≤p

xt,rP̃
[0]
j,r,t(z̃),
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where P̃
[0]
j,r,t(z̃) denotes the new terms obtained after the first change of coordinates.

We keep applying this method until we get

g[1](z, x, u) =
∑

1≤t≤p

xt,1P
[0]
1,t(z).

This completes the proof of item (ii) and that of the theorem.
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AN OUTER APPROXIMATION METHOD FOR THE VARIATIONAL
INEQUALITY PROBLEM∗

R. S. BURACHIK† , J. O. LOPES† , AND B. F. SVAITER‡

Abstract. We study two outer approximation schemes, applied to the variational inequality
problem in reflexive Banach spaces. First we propose a generic outer approximation scheme, and its
convergence analysis unifies a wide class of outer approximation methods applied to the constrained
optimization problem. As is standard in this setting, boundedness and optimality of weak limit
points are proved to hold under two alternative conditions: (i) boundedness of the feasible set, or (ii)
coerciveness of the operator. To develop a convergence analysis where (i) and (ii) do not hold, we
consider a second scheme in which the approximated subproblems use a coercive approximation of the
original operator. Under conditions alternative to both (i) and (ii), we obtain standard convergence
results. Furthermore, when the space is uniformly convex, we establish full strong convergence of
the second scheme to a solution.

Key words. maximal monotone operators, Banach spaces, outer approximation algorithm,
semi-infinite programs
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1. Introduction. We investigate a broad class of outer approximation methods
for solving the classical monotone variational inequality problem in a reflexive Banach
space. First we recall this problem and then we describe those methods. Let B be a
real reflexive Banach space with dual B∗. The notation 〈v, x〉 stands for the duality
product v(x) of v ∈ B∗ and x ∈ B. Given T :B ⇒ B∗ a maximal monotone operator
and Ω ⊂ B a nonempty closed and convex set, the variational inequality problem for
T and Ω, V IP (T,Ω) is as follows. Find x∗ such that

x∗ ∈ Ω, ∃ u∗ ∈ T (x∗) : 〈u∗, x− x∗〉 ≥ 0 ∀ x ∈ Ω.(1.1)

The set Ω will be called the feasible set for problem (1.1). In the particular case in
which T is the subdifferential of a proper, convex, and lower semicontinuous function
f :B −→ R ∪ {+∞}, problem (1.1) reduces to the convex optimization problem:

min
x∈Ω

f(x).(1.2)

Outer approximation methods solve problem (1.1) by generating and solving a
sequence of problems with feasible sets Ωk which contain the original feasible set Ω
but have a simpler structure. These methods were introduced for solving optimization
problems four decades ago in the form of cutting plane methods [10, 32].
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Outer approximation schemes typically arise when the set Ω is of the form Ω =
∩y∈Y Ωy, where Y is infinite and Ωy := {x ∈ B | g(x, y) ≤ 0} with each g(·, y) :
B → R. Feasible sets of this kind appear in several areas of applications (see, e.g.,
[23, 22, 17, 13, 3, 19]). In this situation, a common choice is to replace the feasible set
of the original problem by Ωk := ∩y∈Y kΩy = {x ∈ B | g(x, y) ≤ 0∀ y ∈ Y k}, where
Y k ⊂ Y is finite and conveniently chosen.

For this kind of Ω, outer approximation methods for problem (1.2) are classified
according to the way in which the sets Ωk ⊃ Ω = ∩y∈Y Ωy are defined. We mention
here cutoff methods (e.g., those in [10, 28, 32, 45, 48] for B = R

n), filtered cutoff
methods (e.g., those in [2, 14, 16, 43, 44] for B = R

n), and disintegration schemes [20],
like the ones proposed in [12, 21, 36, 38, 39] for the minimization of quadratic functions
in Hilbert spaces and extended in [33] to the minimization of a convex function in a
Banach space. Recently, Combettes gave in [11] a unified convergence analysis which
includes and extends all the above-mentioned outer approximation methods. A basic
assumption for obtaining convergence of these methods is that either all sets Ωk are
contained in some bounded set or some coerciveness property of the objective function
f . These boundedness assumptions are a standard requirement in the analysis of all the
mentioned methods. (See the excellent surveys [40, 24] and references therein.) The
goal for the present work is twofold. First, we develop a convergence analysis which
can be applied to more general and flexible schemes for successive approximation of
variational inequalities, under the standard boundedness assumptions. Our analysis
covers as a particular case the outer approximation scheme studied in [11] for problem
(1.2) (and hence all the above-mentioned algorithms). We prove that our generic
scheme generates a bounded sequence and that all weak accumulation points are
solutions of V IP (T,Ω). Second, we obtain the same convergence results in the absence
of boundedness assumptions. For doing this, we consider subproblems (Pk), where
the original operator is replaced by a suitable coercive regularization. Our work is
built around the following generic outer approximation scheme for solving V IP (T,Ω).

Algorithm.
Initialization. Take Ω1 ⊇ Ω,
Iterations. For k = 1, 2, . . . , find xk ∈ Ωk, a solution of the approximated

problem (Pk), defined as

∃ uk ∈ T (xk) with(1.3)

〈uk, x− xk〉 ≥ 0∀x ∈ Ωk.(1.4)

In our first generic scheme we relax the inequality in (1.4). Namely, the iterate xk ∈ Ωk

is taken such that

∃ uk ∈ T (xk) with 〈uk, x− xk〉 ≥ −εk ∀ x ∈ Ωk,(1.5)

where εk > 0 and Ωk ⊃ Ω is convex and closed. In the second scheme, we relax (1.3).
More precisely, the approximate solution xk ∈ Ωk is such that

∃ uk ∈ Tλk
(xk) with 〈uk, x− xk〉 ≥ 0 ∀ x ∈ Ωk,(1.6)

where λk > 0, Ωk ⊃ Ω is closed and convex and Tλk
is a suitable coercive approxima-

tion of T . Schemes in which the approximated subproblems use a coercive regular-
ization of T are a common approach for solving noncoercive variational inequalities.
Two classical examples of these are proximal-like regularizations (see, e.g., [29, 30])
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and Tikhonov regularizations [42, 18]. The latter kind of regularization has been ex-
tensively studied in the last two decades (see [34] and the references therein). Mosco
[35] studied the convergence of what is now called the Mosco scheme, which combines
the Tikhonov regularization with a perturbation of the feasible set. This approach
is followed in [34], where, as in [35, section 5], the approximating feasible sets are
assumed to converge in the sense of set-convergence to the original feasible set. In
[34], the authors studied variational inequalities in Hilbert spaces and the operator T
is assumed to be point-to-point.

Classical application of all these approximating schemes is in perturbation theory
of variational boundary value problems for the operator T . (See, e.g., problems (p′)
and (p′n) and Corollary 1 in [35, pp. 555–556].)

The paper is organized as follows. Section 2 contains some theoretical preliminar-
ies which are necessary for our analysis. In section 3 we give a unified analysis for a
broad family of outer approximation algorithms, in which the iterates solve problem
(1.5). We prove existence of this sequence and establish optimality of all weak accu-
mulation points under standard boundedness assumptions. In section 4 we relax the
boundedness assumptions and consider a sequence {xk} as in (1.6). Under suitable
assumptions, we prove that the iterates are bounded and all its accumulation points
are optimal. Moreover, we establish strong convergence of the whole sequence to a
solution when B is uniformly convex.

2. Theoretical preliminaries. From now on B is a real Banach space. Let
T :B ⇒ B∗ be an arbitrary point-to-set operator. We recall some basic definitions:

• domain of T , D(T ) := {x ∈ B |T (x) �= ∅};
• graph of T , G(T ) := {(x, u) ∈ B ×B∗ |u ∈ T (x)};
• range of T , R(T ) := {u ∈ B∗ |u ∈ T (x) for some x ∈ B};
• the operator T is monotone if for all x, y ∈ B, u ∈ T (x), and v ∈ T (y),

〈u− v, x− y〉 ≥ 0;

if this inequality holds strictly whenever x, y ∈ B, u ∈ T (x), v ∈ T (y), and
x �= y, then T is strictly monotone;

• the operator T is maximal monotone if it is monotone and for any monotone
T̃ :B ⇒ B∗, G(T ) ⊂ G(T̃ ) ⇒ T = T̃ .

An example of maximal monotone operator is the normality operator. Let Ω ⊂ B be
closed, convex, and nonempty.

• The normality operator of Ω is NΩ:B ⇒ B∗,

NΩ(x) =

{
{u ∈ B∗|〈u, z − x〉 ≤ 0 ∀z ∈ Ω} if x ∈ Ω,
∅ otherwise.

Maximal monotonicity of NΩ follows from Ω being closed, convex, and nonempty.
It is easy to verify that V IP (T,Ω), as defined in (1.1), is equivalent to the inclusion

problem (or generalized equation): Find x∗ such that

0 ∈ (T + NΩ)(x∗).

If T + NΩ is onto, then this problem, and hence V IP (T,Ω), has a solution. In
this paper, existence of solutions of variational inequality problems will be based on
surjectivity of sums of maximal monotone operators. The following definitions will
be needed.
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Definition 2.1 ((see [37])). An operator T :B ⇒ B∗ is
1. coercive if D(T ) is bounded or for any x ∈ D(T ),

lim
‖z‖→+∞

〈v, z − x〉/‖z‖ = +∞ holds for each selection v ∈ T (z);

2. regular if for any y ∈ D(T ) and u ∈ R(T )

sup
(z,v)∈G(T )

〈v − u, y − z〉 < ∞.

The next proposition will be used for establishing existence of solutions of the
subproblems (Pk).

Proposition 2.2 (see [8, Lemma 2.7]). Suppose that B is reflexive. Let T1, T2:B ⇒
B∗ be maximal monotone operators such that

(a) T1 + T2 is maximal monotone;
(b) T1 is regular and onto. Then T1 + T2 is onto.
To establish condition (a) of the above proposition we will use a classical theorem,

due to Rockafellar [41]. Denote by int(A) the topological interior of the set A.
Proposition 2.3 (see [41, Theorem 1]). Suppose that B is reflexive. Let

T1, T2:B ⇒ B∗ maximal monotone operators . If D(T1) ∩ int(D(T2)) �= ∅, then
T1 + T2 is a maximal monotone operator.

To check for condition (b) of Proposition 2.2, we will need two auxiliary results.
Theorem 2.4 (see [4, p. 147]). Suppose that B is reflexive. Let T :B ⇒ B∗ be

a maximal monotone operator. If T is coercive (in particular, if D(T ) is bounded),
then T is surjective.

The fact stated next relates the two concepts given in Definition 2.1.
Theorem 2.5 (see [37, p. 122]). Let T :B ⇒ B∗ be a monotone operator. If T

is coercive, then T is regular.
The discussion of the maximality of monotone operators and their surjective prop-

erties requires the introduction of duality maps. Asplund [1] showed that when B is
a reflexive Banach space, there exists an equivalent norm on B which is everywhere
Gâteaux differentiable except at the origin and such that the corresponding dual norm
on B∗ is also everywhere Gâteaux differentiable except at the origin.

From now on, we assume that B is a reflexive real Banach space. For simplifying
the notation, we also assume that the given norm on B already has these special
properties. We use the same notation ‖ · ‖ for this norm on B and its associated norm
on the dual B∗. Denote by J the Gâteaux gradient of the function ϕ(x) := (1/2)‖x‖2.
Thus, J is the duality mapping, which assigns to each x ∈ B the unique J(x) ∈ B∗

such that

〈x, J(x)〉 = ‖x‖2 = ‖J(x)‖2.(2.1)

Proposition 2.6. Let J :B → B∗ be the duality mapping described above. The
following assertions hold:

(i) J(−x) = −J(x) and J(λx) = λJ(x) ∀λ > 0.

(ii) Let w = J(x); then 〈w, z − x〉 ≤ 1
2 (‖z‖2 − ‖x‖2

) ∀z ∈ B.

(iii) If T̃ is maximal monotone, then ∀λ > 0, T̃ + λJ is maximal monotone and

onto, and (T̃ + λJ)−1 is a single-valued and maximal monotone operator.
Proof. Item (i) follows from (2.1), and (ii) uses the fact that J(·) = ∂( 1

2‖ · ‖2).

To prove (iii), note that Proposition 2.3 implies maximal monotonicity of T̃ +λJ . The
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surjectivity of T̃ + λJ and the assertion on (T̃ + λJ)−1 follow from [41, Proposition
1].

Our convergence theorems require two conditions on the operator T , namely,
para- and pseudomotonicity, which we discuss next. The notion of paramonotonicity
was introduced in [7] and further studied in [9, 26]. It is defined as follows.

Definition 2.7. The operator T is paramonotone in Ω if it is monotone and
〈v − u, y − z〉 = 0 with y, z ∈ Ω, v ∈ T (y), u ∈ T (z) implies that u ∈ T (y), v ∈ T (z).
The operator T is paramonotone if this property holds in the whole space.

Proposition 2.8 ((see [26, Proposition 4])). Assume that T is paramonotone on
Ω and x is a solution of V IP (T,Ω). Let x∗ ∈ Ω be such that there exists an element
u∗ ∈ T (x∗) with 〈u∗, x∗−x〉 ≤ 0. Then x∗ also solves V IP (T,Ω). Paramonotonicity
can be seen a condition which is weaker than strict monotonicity. The remark below
contains some examples of operators which are paramonotone.

Remark 2.9. If T is the subdifferential of a convex function f : B → R∪{∞}, then
T is paramonotone. When B = R

n, a condition which guarantees paramonotonicity
of T : R

n ⇒ R
n is when T is differentiable and the symmetrization of its Jacobian

matrix has the same rank as the Jacobian matrix itself. However, relevant operators
fail to satisfy this condition. More precisely, the saddle-point operator Λ(x, y) :=
(∂xL(x, y),−∂yL(x, y)), where L is the Lagrangian associated to a constrained convex
optimization problem, is not paramonotone, except in trivial instances. For more
details on paramonotone operators see [26].

Next we recall the definition of pseudomonotonicity, which was taken from [6] and
should not be confused with other uses of the same word (see, e.g., [31]).

Definition 2.10. Let B be a reflexive Banach space and the operator T such
that D(T ) is closed and convex. T is said to be pseudomonotone if it satisfies the
following condition. If the sequence {(xk, uk)} ⊂ G(T ) satisfies that

(a) {xk} converges weakly to x∗ ∈ D(T ),
(b) lim supk〈uk, xk − x∗〉 ≤ 0,

then for every w ∈ D(T ) there exists an element u∗ ∈ T (x∗) such that

〈u∗, x∗ − w〉 ≤ lim inf
k

〈uk, xk − w〉.

Remark 2.11. If T is the gradient of a Gâteaux differentiable convex function
ϕ : R

n → R ∪ {∞}, then T is pseudomonotone. Indeed, using a fact proved in [37,
p. 94], it holds that ∇ϕ is hemicontinuous (i.e., for every fixed x, y ∈ R

n, the real-
valued mapping t �→ 〈∇ϕ((1 − t)x + ty), x − y〉 is continuous). On the other hand,
point-to-point hemicontinuous operators defined on R

n are always pseudomonotone
(see e.g., [37, p. 107]), which yields T = ∇ϕ pseudomonotone, as claimed. Combining
the latter statement with Remark 2.9, we conclude that every T of this kind is both
para- and pseudomonotone. An example of a nonstrictly monotone operator which
is both para- and pseudomonotone is the subdifferential of the function ϕ : R → R

defined by ϕ(t) = |t| for all t.
Definition 2.12 (see [5, p. 51]). We say that B is uniformly convex if ∀ ε >

0 ∃ δ > 0 such that

∀ x, y ∈ B, ‖x‖ ≤ 1, ‖y‖ ≤ 1 and ‖x− y‖ > ε ⇒
∥∥∥∥x + y

2

∥∥∥∥ < 1 − δ.

Proposition 2.13 (see [5, Proposition III.30]). Assume that B is uniformly
convex and that {yk} is a sequence converging weakly to y∗. Suppose further that
lim sup ‖yk‖ ≤ ‖y∗‖; then {yk} converges strongly to y∗.
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3. A general outer approximation scheme for V IP (T, Ω). Let Ω ⊂ B
be a nonempty closed and convex set and let T :B ⇒ B∗ be a maximal monotone
operator. In this section we present a unified convergence analysis of a general and
flexible scheme for successive approximation of variational inequalities. Recall that
V IP (T,Ω) is defined by

find x∗ ∈ Ω such that there exists u∗ ∈ T (x∗) with
〈u∗, x− x∗〉 ≥ 0 ∀ x ∈ Ω.

(3.1)

To present a convergence analysis which can be applied to a wide family of outer
approximation schemes, we fix a sequence {Ωk} of convex closed subsets of B and a
sequence {εk} ⊂ R+ := {t ∈ R : t ≥ 0} verifying

(i) Ω ⊂ Ωk for all k,
(ii) limk εk = 0.

These sequences define our approximating problems. Namely, given Ωk and εk, define
the kth approximating problem as

(Pk)

{
find xk ∈ Ωk such that there exists uk ∈ T (xk) with
〈uk, x− xk〉 ≥ −εk ∀ x ∈ Ωk.

Definition 3.1. Fix {Ωk} and {εk} as in (i) and (ii).
(a) A sequence {xk} will be called an orbit when xk solves (Pk) for all k.
(b) An orbit {xk} will be called asymptotically feasible (af, for short) when all

weak accumulation points of {xk} belong to Ω.
Example 1. A broad family of outer approximation methods for the convex

constrained optimization problem (1.2) generates af orbits. This is shown in [11],
where the author provides a unified convergence analysis for a wide class of outer
approximation schemes devised for problem (1.2). The feasible set considered in [11]
is explicitly defined in the form

Ω := {x ∈ B | g(x, y) ≤ 0 ∀ y ∈ Y },(3.2)

where Y is an arbitrary set of indexes and the constraint functions g(·, y):B −→
R ∪ {+∞} satisfy the basic assumptions:

(G1) {x ∈ B | g(x, y) ≤ 0} is nonempty and convex for all y ∈ Y .
(G2) For all y ∈ Y and for very sequence {zk} ⊂ B such that{

w − limk z
k = z

lim supk g(z
k, y) ≤ 0,

=⇒ g(z, y) ≤ 0,

where w − lim stands for weak limit in B. In [11] T = ∂f , where f is lower semicon-
tinuous, convex, and verifies the following assumptions:

(F1) For some closed convex set E ⊃ Ω, there exists a point u ∈ domf ∩ Ω such
that the set C := {x ∈ E | f(x) ≤ f(u)} is bounded.

(F2) f is uniformly convex with modulus of convexity c on C, i.e., [46, 47]

for all x, y ∈ C, f

(
x + y

2

)
≤ f(x) + f(y)

2
− c (‖x− y‖) ,(3.3)

where c : R+ → R+ is nondecreasing and (∀ τ ∈ R) c(τ) = 0 ⇔ τ = 0. The
outer approximation scheme studied in [11, Algorithm 1.1] has for kth approximating
problem the minimization of f in a set Ωk ⊃ Ω. Hence this (Pk) verifies conditions
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(i) and (ii), where T = ∂f and εk = 0 for all k. As a conclusion, [11, Algorithm
1.1] also generates an orbit in the sense of Definition 3.1(a). Therefore, our approach
contains the methods extended by [11, Algorithm 1.1]. The analysis presented in [11]
establishes conditions under which [11, Algorithm 1.1] generates an af orbit. However,
assumptions (F1) and (F2) force every af orbit to converge strongly to the unique
solution of (1.2). See also [40, Theorem 4.1], where other methods (from the family
of cutting plane methods [10] for the convex semi-infinite programming problem)
are proved to generate af orbits. When the objective and constraint functions are
smooth, a family of schemes which generates af orbits is found in [24, Theorem 7.2].
Throughout our work we consider the following assumptions:

(H1) D(T ) ∩ int(Ω) �= ∅ or int(D(T )) ∩ Ω �= ∅.
(H2) T paramonotone and pseudomonotone with closed domain.
(H3) The solution set S∗ of V IP (T,Ω) is nonempty.
For the case in which the feasible set Ω is given as in (3.2), we will assume that

the set Y and the function g:B× Y −→ R∪{+∞} satisfy the following assumptions:
(G1) Y is a weakly compact set contained in a reflexive Banach space.
(G2) g(·, y) is a proper, lower semicontinuous and convex function ∀y ∈ Y .
(G3) g is weakly continuous on B × Y .
A relevant question regarding af orbits is which extra conditions guarantee op-

timality of all weak accumulation points. In our analysis, we use the assumption of
para- and pseudomonotonicity (see Remarks 2.9 and 2.11).

Lemma 3.2. Let {xk} be an af orbit for V IP (T,Ω). If (H2) and (H3) hold, then
every weak accumulation point of {xk} is a solution of V IP (T,Ω).

Proof. Assume that x∗ is a weak accumulation point of {xk}. Then, there exists
a subsequence {xkj} converging (weakly) to x∗. For each j, xkj solves (Pkj ), and
therefore, there exists ukj ∈ T (xkj ) such that

〈ukj , xkj − x〉 ≤ εkj
∀x ∈ Ωkj and ∀kj .

Then by (i) we have

〈ukj , xkj − x〉 ≤ εkj ∀x ∈ Ω and ∀kj .(3.4)

Since {xk} is af, x∗ ∈ Ω and hence

〈ukj , xkj − x∗〉 ≤ εkj ∀kj .

Using also (ii) we have

lim sup
j

〈ukj , xkj − x∗〉 ≤ lim sup
j

εkj = 0.(3.5)

Take x ∈ S∗. By pseudomonotonicity of T , we conclude that there exists u∗ ∈ T (x∗)
such that

lim inf
j

〈ukj , xkj − x〉 ≥ 〈u∗, x∗ − x〉.

Since x ∈ Ω, (3.4) implies that

lim inf
j

〈ukj , xkj − x〉 ≤ lim inf
j

εkj = 0.

Combining the last two inequalities we have that

〈u∗, x∗ − x〉 ≤ 0.



2078 R. S. BURACHIK, J. O. LOPES, AND B. F. SVAITER

Finally, by paramonotonicity of T and Proposition 2.8 we conclude that x∗ is a solution
of the V IP (T,Ω).

We saw in Example 1 that many well-known outer approximation schemes for the
convex constrained problem solve the subproblems (Pk) exactly, i.e., with εk = 0 for
all k. Thus a relevant question is whether problem (Pk) admits an exact solution.

Proposition 3.3. Assume (H1) holds and suppose that one of the following
assumptions holds:

(a) There is a bounded set K such that K ⊃ Ωk for all k.
(b) T is coercive.

Then every (Pk) admits an exact solution.

Proof. Define the operator Tk=T + NΩk . For all k it holds that

(1) D(Tk) = D(T ) ∩D(NΩk) = D(T ) ∩ Ωk �= ∅ by (H1) and (i).

(2) Tk = T +NΩk is maximal monotone by (H1) and Proposition 2.3. If (a) holds,
then by (1) and (i), D(Tk) is bounded; thus Tk is onto by Theorem 2.4. This implies
that (Pk) admits an exact solution in this case. Now suppose that T is coercive. In
this case, T is regular by Theorem 2.5. On the other hand, R(T ) = B∗ by Theorem
2.4. Since (2) holds, it follows from Proposition 2.2 that Tk is onto. Thus (Pk) has a
solution.

Now we are in position to present our first convergence result. We point out that
this result is an extension to V IP (T,Ω) of, e.g., [2, Theorem 2.1], [11, Proposition
3.1(i)], [24, Theorem 7.2], and [40, Theorem 4.1].

Theorem 3.4. Let the sequence {xk} be an af orbit. Assume that (H2) and
(H3) hold. If one of the conditions

(a) there exists Ω a bounded set such that Ω ⊃ Ωk for all k, or

(b) T is coercive

holds, then {xk} is bounded and each accumulation point is a solution of V IP (T,Ω).

Proof. By Lemma 3.2, it is enough to establish boundedness of {xk}. Assume (a)
holds. By (i), we have that {xk} ⊂ Ω, and hence the sequence is bounded. Assume
now that (b) occurs, and suppose that {xk} is unbounded. By definition of (Pk),
there exists uk ∈ Txk with

lim
k
〈uk, xk − x〉/‖xk‖ ≤ lim

k
εk/‖xk‖ = 0,

where we used unboundedness of {xk} and condition (ii). However, the above expres-
sion contradicts the coercivity of T . Hence {xk} is bounded.

Example 2. Consider now problem V IP (T,Ω), where the feasible set Ω is given as
in (3.2). We describe next an outer approximation scheme for this problem. Assume
that the set Y and the function g:B × Y −→ R ∪ {+∞} satisfy assumptions (G1)
and (G3).

Before stating the algorithm, we need some notation:

• Y k is a finite subset of Y .

• Ωk := {x ∈ B| g(x, y) ≤ 0 ∀ y ∈ Y k}.
• Given xk solution of (Pk), define the kth auxiliary problem as

(Ak)

{
find yk+1 ∈ Y such that
yk+1 ∈ arg maxy∈Y g(xk, y).
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Algorithm 1.

Step 0. Initialize: Set k = 1, and choose any Y 1 ⊂ Y finite and nonempty.
Iteration: For k = 1, 2, . . . ,
Step 1. Given Ωk, find xk solution of (Pk).
Step 2. For xk obtained in Step 1, solve Ak.
Step 3. (Check for solution and update if necessary.)
If g(xk, yk+1) ≤ 0 stop. Otherwise, set

Y k+1 := Y k ∪ {yk+1}.(3.6)

Step 4. Set k := k + 1 and return to Step 1.
If Algorithm 1 stops at step 3, then xk ∈ S∗. Indeed, if the solution yk+1 of the kth
auxiliary problem Ak obtained in Step 2 satisfies

g(xk, yk+1) ≤ 0,

then it holds that g(xk, y) ≤ 0 for all y ∈ Y , i.e., xk ∈ Ω. Thus,

〈uk, x− xk〉 ≥ 0 ∀ x ∈ Ω,

so that xk is a solution of problem (1.1). This justifies the stopping rule of Step 3. In
the particular case in which B is finite dimensional, T = ∂f , and εk = 0 for all k in
problem (Pk), the scheme above is the simplest exchange method [24, section 7.1] for
the numerical solution of semi-infinite optimization problems. The analysis for this
particular case was developed in [2, Theorem 2.1], where the authors proved, under
the hypothesis of boundedness of Ω1, that the orbit generated by Algorithm 1 is af

and every accumulation point of the orbit is a solution. The proof of the asymptotic
feasibility of the orbit is omitted here, since it can be transferred, in a straightforward
way, to our more general setting. Optimality of the weak accumulation points also
holds in our setting, under the conditions of Theorem 3.4.

Remark 3.5. Under the assumptions (G1)− (G3), define h(x) := maxy∈Y g(x, y).
Then h is convex and weakly continuous. Therefore, if the conditions of Theorem
3.4 are met, then for every β > 0 and every orbit {xk} generated by Algorithm 1
in Example 2 there exists k0 such that h(xk) ≤ β for all k ≥ k0. Indeed, suppose
that there exists β0 > 0 and a subsequence {xkj} ⊂ {xk} such that h(xkj ) ≥ β0 for
all j. By Theorem 3.4, the subsequence {xkj} is bounded and af. Without loss of
generality, assume the whole subsequence {xkj} converges weakly to some x̄ ∈ Ω.
Using also the assumption on β0, we have that

β0 ≤ lim
j

h(xkj ) = h(x̄) ≤ 0,

a contradiction. This fact will be useful later on, to define suitable approximated
solutions for this particular instance of V IP (T,Ω) in the case in which boundedness
assumptions do not hold.

4. Convergence without boundedness assumptions. In the convergence
analysis of the previous section, existence and boundedness of the iterates are proved
under the boundedness assumptions of Theorem 3.4. Our aim in this section is to
define outer approximating schemes with the same convergence properties, but under
alternative assumptions. To achieve this goal, we define subproblems using a Tikhonov
regularization of T . As is standard in this kind of regularization, we will force the
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parameters to go to zero, to establish convergence of the method. We will consider
outer approximations Ωk for an arbitrary closed and convex set Ω as well as for the
case in which the set Ω is given as in Example 2:

Ω := {x ∈ B | g(x, y) ≤ 0 ∀ y ∈ Y }.(4.1)

Throughout this section, we will always assume that the set Y of indexes and the
constraint functions g(·, y):B −→ R ∪ {+∞} verify the assumptions (G1) −−(G3).

4.1. Approximated solutions of V IP (T, Ω). Fix x0 ∈ B and λ > 0. Define
Tλ(x) := T (x) + λJ(x − x0), where J is the duality mapping given in (2.1). It is
well known that Tλ is coercive. We use Tλ for defining approximated solutions of
V IP (T,Ω).

Definition 4.1. Fix λ > 0, β > 0, and x0 ∈ B; an element x̃ =: x̃(λ, β, x0) (i.e.,
depending on λ, β, x0) is said to be an approximated solution of V IP (T,Ω) when

(1) ∃ Ω̃ ⊇ Ω and x̃ ∈ Ω̃ solves V IP (Tλ, Ω̃);
(2) x̃ ∈ x0 + (1 + β)(Ω − x0).

In the particular case in which Ω is given as in (4.1), an element x̃ =: x̃(λ, β, x0) is
an approximated solution of V IP (T,Ω) if it verifies condition (1) and

(2′) h(x̃) ≤ β,
where h(x) = maxy∈Y g(x, y).

The parameter λ used in Definition 4.1(1) has a regularizing role, since it defines
subproblems with coercive operator Tλ. The role of the parameter β > 0 in Definition
4.1(2) or (2′) is to control the infeasibility of the iterates x̃. When Ω is as in (4.1), we
can connect conditions (2) and (2′). To do this we need the following simple lemma.

Lemma 4.2. Fix x0 ∈ B and let ĥ : B → R∪{∞} be convex and continuous, and

suppose that ∅ �= Ω0 ⊂ {x ∈ B | ĥ(x) ≤ 0}. Then for all γ > 0 there exists β = β(γ)

such that infz∈Ω0 ĥ
(
x0 + (1 + β)(z − x0)

)
< γ.

Proof. The proof is a consequence of the continuity of ĥ. Suppose that for some
γ0 > 0 the conclusion of the lemma does not hold and fix z0 ∈ Ω0. Then for all k
we must have ĥ(x0 + (1 + 1

k )(z0 − x0)) ≥ γ0. Call x̃k := x0 + (1 + 1
k )(z0 − x0). Then

γ0 ≤ limk ĥ(x̃k) = ĥ(z0) ≤ 0, a contradiction.

Take Ω0 := Ω and ĥ(·) := maxy∈Y g(·, y) in the lemma above and choose an
arbitrary γ > 0. By the lemma, there exists β small enough and z ∈ Ω such that
x̃ := x0 + (1 + β)(z − x0) verifies h(x̃) < γ, i.e., x̃ verifies condition (2′) for γ. In this
sense, we can say that condition (2) is stronger than (2′). On the other hand, condition
(2) may never be met, no matter how small the parameter β in condition (2′). Indeed,
observe that condition (2) holds only for a vector x̃ when [x̃, x0]∩Ω �= ∅. It is easy to
find examples in which h and Ω admit a sequence {x̃k} verifying limk h(x̃k) = 0 with
[x̃k, x0] ∩ Ω = ∅ for all k.

Remark 4.3. Observe that when λ = β = 0, x̃ as in Definition 4.1 solves
V IP (T,Ω).

Remark 4.4. Algorithm 1 in Example 2 provides a set Ω̃ and a point x̃ verifying
(1) and (2′) of the definition above. More precisely, fix λ > 0 and consider an orbit
{xk} of Algorithm 1, applied to solve problem V IP (Tλ,Ω). Assume also that all
problems (Pk) in Algorithm 1 are exact, i.e., εk = 0 for all k. Since Tλ is coercive, the
assumptions of Theorem 3.4(b) hold. Therefore, {xk} is well defined and bounded, and
every weak accumulation point is a solution. Given arbitrary β > 0, and using Remark
3.5, we conclude that for some k0, it holds that h(xk0) ≤ β. So (2′) holds for x̃ := xk0 .
By definition, x̃ = xk0 ∈ Ωk0 = {x ∈ B | g(x, y) ≤ 0∀ y ∈ Y k0} ⊃ Ω and solves



APPROXIMATION METHODS FOR VARIATIONAL INEQUALITIES 2081

V IP (Tλ,Ω
k0), so x̃ = xk0 and Ω̃ = Ωk0 verify (1). Using the approximated solutions

given by Definition 4.1, we consider the following outer approximation scheme.
Algorithm 2.

Step 0. Initialize: Take x0 ∈ B and {λk}, {βk} ⊂ R+.
Iteration: For k = 1, 2, . . . ,
Step 1. Given λk, βk, find x̃k = x̃(λk, βk, x

0) an approximated solution of V IP (T,Ω)
(in the sense of Definition 4.1).

Step 2. If x̃k = x0 and x̃k ∈ Ω, stop. Otherwise,
Step 3. Set k := k + 1 and return to Step 1.
Remark 4.5. Regarding the stopping criterion in Step 2, if x̃k = x0 and x̃k ∈ Ω,

we have by condition (1) of Definition 4.1 that

0 ∈ Tλk
(x0) + N

Ω̃k(x0) = T (x0) + λkJ(x0 − x0) + N
Ω̃k(x0) = T (x0) + N

Ω̃k(x0).

Then x0 is a solution of V IP (T, Ω̃k). Since x0 ∈ Ω, it is also a solution of V IP (T,Ω).
Iterates as in Definition 4.1(1) always exist.

Proposition 4.6. Assume (H1) holds. Given Ω̃ ⊃ Ω and λ > 0, there exists a

unique solution x̃ of V IP (Tλ, Ω̃).
Proof. Uniqueness of the solution follows from the fact that Tλ is strictly mono-

tone. The existence is a consequence of the surjectivity of Tλ + N
Ω̃
. Indeed, since

Tλ is coercive, by Theorems 2.4 and 2.5, it is regular and onto. To use Proposition
2.2, we only have to check that Tλ + N

Ω̃
is maximal monotone. But this fact follows

readily from Proposition 2.4, (H1) and the fact that Ω̃ ⊃ Ω.
Proposition 4.7. Assume (H3) holds. Let the sequence {x̃k} be generated

by Algorithm 2 with approximated solutions as in Definition 4.1(1) and (2). Take
λk, βk → 0 with supk

[
βk

λk
+ λk

βk

]
≤ c0 for some c0 > 0. Then every orbit of Algorithm

2 is bounded and af.
Proof. By condition (2) in Definition 4.1, there exists yk ∈ Ω such that

x̃k = x0 + (1 + βk)(y
k − x0),(4.2)

where x0 ∈ B is given in Step 0 of Algorithm 2. Therefore, boundedness of the orbit
will be guaranteed if we show that {yk} is bounded. Using condition (1) in Definition
4.1, we have that x̃k verifies

uk + ηk + λkJ(x̃k − x0) = 0 with uk ∈ T (x̃k), ηk ∈ N
Ω̃k(x̃k).

Since ηk ∈ N
Ω̃k(x̃k), we can write

〈uk, x− x̃k〉 ≥ λk〈J(x0 − x̃k), x− x̃k〉 ∀ x ∈ Ω̃k,(4.3)

where we also used Proposition 2.6(i). Take x ∈ S∗; then there exists v ∈ T (x) such
that

〈v, z − x〉 ≥ 0 ∀z ∈ Ω.(4.4)

Using monotonicity of T and (4.3) for x = x, we have that

〈v, x− x̃k〉 ≥ λk〈J(x0 − x̃k), x− x̃k〉.

By Proposition 2.6(ii) with z = x0 − x and x = x0 − x̃k we get

〈J(x0 − x̃k), x− x̃k〉 ≥ 1

2
(‖x0 − x̃k‖2 − ‖x0 − x‖2

).
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The last two expressions yield

〈v, x− x̃k〉 ≥ λk

2
(‖x0 − x̃k‖2 − ‖x0 − x‖2

).(4.5)

Use (4.4) for z = yk to conclude that 〈v, yk − x〉 ≥ 0. Adding and subtracting x̃k in
the right-hand side of this inner product, we obtain

βk〈v, x0 − yk〉 = 〈v, yk − x̃k〉 ≥ 〈v, x− x̃k〉,

where we also used (4.2). Combine the last expression with (4.5) to get

βk〈v, x0 − yk〉 ≥ λk

2 (‖x0 − x̃k‖2 − ‖x0 − x‖2
)

= λk

2

(
(1 + βk)

2‖yk − x0‖2 − ‖x0 − x‖2
)
,

where we used (4.2) in the equality. Rearranging the last expression, we get

0 ≥ 〈v, yk − x0〉 + (1+βk)2

2

(
λk

βk

)
‖yk − x0‖2 − 1

2

(
λk

βk

)
‖x0 − x‖2

≥ 〈v, yk − x0〉 + 1
2 c0

‖yk − x0‖2 − c0
2 ‖x0 − x‖2

,
(4.6)

where we used (1+βk)2λk

βk
≥ 1/c0 and λk

βk
≤ c0 in the second inequality. The right-

hand side of the last inequality is a convex quadratic function on yk; thus the sequence
{yk} must be bounded. Equivalently, {x̃k} is bounded. Now we proceed to prove that
every weak accumulation point is feasible. Let {x̃kj} ⊆ {x̃k} be a subsequence weakly
convergent to x∗. By definition of x̃kj we have that x̃kj −x∗ = ykj −x∗+βkj

(ykj −x0).
Since limj βkj = 0 and {ykj} ⊂ Ω is bounded, we conclude that w − limj y

kj = x∗.
Since Ω is closed and convex, it is weakly closed, and hence x∗ ∈ Ω.

Recall that a Slater condition for Ω as in (4.1) requires the existence of a point
x0 such that g(x0, y) < 0 for all y ∈ Y . However, by assumptions (G1) and (G3), we
have that the Slater condition is equivalent to the existence of some α > 0 such that

g(x0, y) ≤ −α ∀ y ∈ Y.(4.7)

So, under our hypotheses there is no loss of generality by calling (4.7) a Slater condition
for Ω. The next result is analogous to Proposition 4.7, for the case in which the set
Ω is as in (4.1), and the approximate solutions are taken as in Definition 4.1(1) and
(2′).

Proposition 4.8. Assume that (H3) holds. Let Ω be as in (4.1) and such that a
Slater condition holds for Ω. Take λk → 0 and suppose that there exists c0 > 0 with
supk

βk

λk
≤ c0 < ∞. Assume also that in Step 0 of Algorithm 2 we use the x0 provided

by (4.7). Then every orbit {x̃k} of Algorithm 2 is bounded and af.
Proof. Let x0 and α > 0 be such that (4.7) holds, and fix c > c0. Since λk → 0,

there exists k0 ∈ N such that

0 <
cλk

α
< 1 for all k ≥ k0.(4.8)

Using that c > c0, we get

0 < βk < cλk =
cαλk

α
<

cαλk

α− cλk
(4.9)
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for all k ≥ k0. Define now the auxiliary sequence xk := x̃k + cλk

α (x0 − x̃k). We claim
that xk ∈ Ω for all k > k0. Indeed, by convexity of h and (4.8) we have that

h(xk) ≤ cλk

α
h(x0) +

(
1 − cλk

α

)
h(x̃k) ∀ k > k0.

Using (4.7) and the fact that x̃k is an approximated solution, we get

h(xk) ≤ cλk

α
(−α) +

(
1 − cλk

α

)
(βk);

now using (4.9) for all k > k0 we get

h(xk) ≤ −cλk +

(
1 − cλk

α

)(
cαλk

α− cλk

)
= −cλk + cλk = 0.(4.10)

Therefore {xk} ⊆ Ω for all k > k0. Using the fact that x̃k verifies condition (1) in
Definition 4.1, and following the same steps as in the proof of Proposition 4.7 (see
equations (4.3)–(4.5)), we arrive to the inequality

〈v, x− x̃k〉 ≥ λk

2
(‖x0 − x̃k‖2 − ‖x0 − x‖2

),(4.11)

where x̄ is a solution of V IP (T,Ω) and v̄ ∈ T (x̄). Using definition of x̄ and the fact
that xk ∈ Ω, we get 〈v, xk − x〉 ≥ 0. Summing and subtracting x̃k in the right-hand
side of this inner product, we obtain

〈v, xk − x̃k〉 ≥ 〈v, x− x̃k〉.(4.12)

Using definition of {xk} and combining (4.12) and (4.11), we have

cλk

α
〈v, x0 − x̃k〉 ≥ λk

2
(‖x0 − x̃k‖2 − ‖x0 − x‖2

).(4.13)

Dividing by λk > 0, we conclude that

c

α
〈v, x̃k − x0〉 +

1

2
(‖x0 − x̃k‖2 − ‖x0 − x‖2

) ≤ 0,(4.14)

which, in the same way as in the last part of Proposition 4.7, yields boundedness
of {x̃k}. Now let {x̃kj} ⊆ {x̃k} be a subsequence weakly convergent to x∗. Using
Definition 4.1(2′) we have that h(x̃kj ) ≤ βkj for all j. Since h weakly continuous and
βk → 0, we get that h(x∗) ≤ 0. Thus x∗ ∈ Ω, and hence the orbit {x̃k} is af.

We proved so far that under suitable assumptions on the data, Algorithm 2 gen-
erates an orbit which is bounded and af. We present below conditions under which
these two properties guarantee optimality of weak accumulation points.

Theorem 4.9. Let the sequence {x̃k} be generated by Algorithm 2, where the
iterates x̃k verify condition (1) of Definition 4.1 with parameters {λk} such that
limk λk = 0. Suppose that (H2) and (H3) hold. If {x̃k} is bounded and af, then
one of the following holds:

(i) Algorithm 2 has finite termination, and the last iterate is a solution of
V IP (T,Ω).

(ii) Algorithm 2 generates an infinite orbit, and every weak accumulation point
of {x̃k} is a solution of V IP (T,Ω).
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Proof. Case (i) has been taken care of in Remark 4.5. Thus it is enough to
consider the case in which Algorithm 2 generates an infinite orbit. Since x̃k verifies
condition (1) of Definition 4.1, we have as in (4.3),

〈uk, x− x̃k〉 ≥ λk〈J(x0 − x̃k), x− x̃k〉 ∀ x ∈ Ω̃k.(4.15)

Take x∗ a weak accumulation point of {x̃k} and a subsequence {x̃kj} ⊂ {x̃k} weakly

converging to x∗. Using the last expression, together with the fact that Ω ⊆ Ω̃, we
can write for every x ∈ Ω,

〈uk, x̃k − x〉 ≤ λk〈J(x0 − x̃k), x̃k − x〉
≤ λk‖J(x0 − x̃k)‖ ‖x̃k − x‖
= λk‖x0 − x̃k‖ ‖x̃k − x‖,

(4.16)

where we used the Cauchy–Schwartz inequality and definition of J . Since limk λk =
0, x∗ ∈ Ω, and {x̃k} is bounded, from (4.16) for k = kj we get that

lim sup
j

〈ukj , x̃kj − x∗〉 ≤ 0.(4.17)

Using x̃kj
w−→ x∗, (4.17), and pseudomonotonicity of T for x ∈ S∗ we conclude that

there exists u∗ ∈ T (x∗) such that

lim inf
j

〈ukj , x̃kj − x〉 ≥ 〈u∗, x∗ − x〉.(4.18)

On the other hand, using (4.16) for x ∈ S∗ and k = kj we get

lim inf
j

〈ukj , x̃kj − x〉 ≤ 0.(4.19)

Using also (4.18) we get

〈u∗, x∗ − x〉 ≤ 0.(4.20)

Finally, by paramonotonicity of T and the above inequality, we can use Proposition
2.8 to guarantee that x∗ is a solution of the V IP (T,Ω), as we wanted to prove.

Our next convergence result requires the approximated solutions x̃ to stay close
enough to the original set Ω. Fix θ > 0 and r > 1. We say that x̃ is a metric-
approximated solution if it verifies Definition 4.1(1) and the condition (2′′):

d(x̃,Ω) := inf
z∈Ω

‖x̃− z‖ ≤ θλr,

where λ is the parameter used in Definition 4.1(1).
Remark 4.10. When Ω is as in (4.1), condition (2′′) can be guaranteed when the

Hoffman global error bound [25] holds:

∃ θ > 0 ∀x �∈ Ω, d(x,Ω) ≤ θ max
y∈Y

g(x, y) = θ h(x).(4.21)

An error bound of this kind has been proved to hold in a Banach space in [15]. Namely,
assume that (G1)–(G3) hold. Suppose also that there exist δ, γ > 0 such that

(G4) Ω(δ) := {x ∈ B | h(x) ≤ −δ} �= ∅ and
(G5) Haus(Ω,Ω(δ)) < γ (where Haus(·, ·) stands for the Hausdorff distance be-

tween sets).
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Then [15, Proposition 1] proves that

∀x �∈ Ω, d(x,Ω) ≤ δ−1γ h(x).(4.22)

Therefore, when assumptions (G1)–(G5) hold for Ω, condition (2′′) is a consequence
of Definition 4.1(2′) with β = λr. For alternative conditions under which a global
error bound of the kind (4.21) holds in a Banach space, see [27].

In the theorem below we prove boundedness of the orbit generated by Algorithm
2, as well as optimality of all weak limit points. In the case in which B is uniformly
convex, we get full strong convergence and we characterize the limit of {x̃k} as the
closest point to x0 in the solution set.

Theorem 4.11. Let the sequence {x̃k} be generated by Algorithm 2, where the
iterates satisfy conditions (1) of Definition 4.1 and (2′′) for λ = λk. Assume that
λk → 0 and that (H2) and (H3) hold. Then the sequence {x̃k} is bounded and every
weak limit point is a solution of V IP (T,Ω). Moreover, if B is uniformly convex, then
the sequence {x̃k} converges strongly and the limit point is the unique x∗ characterized
by

{x∗} = arg min
y∈S∗

‖x0 − y‖2
.

Proof. We prove first that x̃k is bounded. The approximated solution x̃k is such
that

uk + ηk + λkJ(x̃k − x0) = 0 with uk ∈ T (x̃k), ηk ∈ N
Ω̃k(x̃k).(4.23)

Let y ∈ S∗; then there exists v ∈ T (y) such that

〈v, x− y〉 ≥ 0 ∀x ∈ Ω.(4.24)

Thus by Proposition 2.6(ii),

‖x0 − y‖2 ≥ ‖x0 − x̃k‖2
+ 2〈J(x0 − x̃k), x̃k − y〉.(4.25)

Define A := 2〈J(x0 − x̃k), x̃k − y〉; (4.23) implies that

A =
2

λk
(〈uk, x̃k − y〉 + 〈ηk, x̃k − y〉).

Using the definition of normality operator and monotonicity of T we obtain

A ≥ 2

λk
〈v, x̃k − y〉.(4.26)

Combining (4.26) and (4.25) we get

‖x0 − y‖2 ≥ ‖x0 − x̃k‖2
+

2

λk
〈v, x̃k − y〉.(4.27)

We claim that for all y ∈ S∗

‖x0 − y‖2 ≥ ‖x0 − x̃k‖2 − 2θλk
r−1‖v‖ ∀ k.(4.28)
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Indeed, assume first that x̃k ∈ Ω, and by (4.24) and (4.27) we have that ‖x0 − y‖2 ≥
‖x0 − x̃k‖2

, and hence (4.28) holds. Assume now that x̃k �∈ Ω. Let pk be the projection
of the x̃k in Ω; we obtain

2
λk

〈v, x̃k − y〉 = 2
λk

[
〈v, x̃k − pk〉 + 〈v, pk − y〉

]
≥ 2

λk
〈v, x̃k − pk〉 ≥ − 2

λk
‖v‖‖x̃k − pk‖

≥ −2θλr−1
k ‖v‖,

(4.29)

where we used the Cauchy–Schwartz inequality, (4.24), and condition (2′′). Combining
(4.27) with (4.29), we conclude (4.28). Thus our claim is true and hence {x̃k} is
bounded. Let {x̃kj} ⊆ {x̃k} be a subsequence weakly convergent to x∗. Since λkj →
0, condition (2′′) readily implies the existence of a sequence {ykj} ⊂ Ω such that
w − limj y

kj = x∗. Using the fact that Ω is convex and (strongly) closed, it is also
weakly closed, and hence x∗ ∈ Ω. Now, using the last part of the proof of Theorem 4.9
(see equations (4.16) to (4.20)), every limit point of {x̃k} is a solution of V IP (T,Ω).
We proceed now to prove the last assertion of the theorem. Assume that B is uniformly
convex, and take again the subsequence {x̃kj} weakly converging to x∗. We know that
x∗ ∈ S∗. By (4.28) for k = kj and y = x∗ we get

‖x0 − x∗‖2 ≥ ‖x0 − x̃kj‖2 − 2θλkj

r−1‖v‖.

Taking limsup for j → ∞ in the expression above and using that λk → 0, we have
that

‖x0 − x∗‖2 ≥ lim sup
j→∞

‖x0 − x̃kj‖2
.(4.30)

Since {x0 − x̃kj} weakly converges to x0 − x∗ we apply Proposition 2.13 to conclude
that {x̃kj} converges strongly to x∗. Now, taking limits for j → ∞ in (4.28) for k = kj
we get

‖x0 − y‖2 ≥ ‖x0 − x∗‖2 ∀ y ∈ S∗.

Thus,

x∗ ∈ arg min
y∈S∗

‖x0 − y‖2
.

This point is unique by strict convexity of ‖ · ‖2.
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[4] H. Brézis, Opérateurs Monotones Maximaux et Semigroups de Contractions dans les Espaces

de Hilbert, North–Holland, Amsterdam, 1973.
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Abstract. Motivated by several works on ordinary differential equations, we are interested in the
asymptotic stability of intermittently controlled partial differential equations. We give a condition of
asymptotic stability for second-order evolution equations uniformly damped by an on/off feedback.
This result extends to the case of partial differential equations a previous result of R. A. Smith
concerning ordinary differential equations.

Key words. damped wave equation, second-order evolution equations, asymptotic behavior,
on-off damping

AMS subject classifications. 35L05, 35L10, 35B35, 35B40

DOI. 10.1137/S0363012903436569

1. Introduction. Motivated by several works on ordinary differential equations,
we are interested in the asymptotic stability of intermittently controlled partial dif-
ferential equations. This question has been widely studied in the case of ordinary
differential equations (see, for example, [1, 9, 10, 25, 27, 28]). The typical problem is
the oscillator damped by an on/off damping:

u′′ + u + a(t)u′ = 0, t > 0,(1.1)

where a : R+ → R+ is continuous nonnegative. For each solution u of (1.1), we define
its energy by

∀t ≥ 0, Eu(t) =
1

2
u(t)2 +

1

2
u′(t)2.

The derivative of the energy is

E′(t) = u(t)u′(t) + u′(t)u′′(t) = −a(t)u′(t)2,

hence the energy is always nonincreasing, but remains constant on the time intervals
for which a = 0, and the decay is “very small” if a is “very small.” Denote � :=
limt→∞ E(t). Many authors (see, in particular, [1, 9, 10, 25, 27, 28]) investigated the
links between the distribution of sets where a is positive and the property � = 0.

Assume that there exists a sequence (In)n≥0 of disjoint open intervals in (0,+∞),
denoted by In = (an, bn), where bn ≤ an+1 for all n ∈ N, and such that

∀t ∈ In, 0 < mn ≤ a(t) ≤ Mn < ∞.

Roughly speaking, the energy is strictly decreasing on the time intervals In and just
nonincreasing elsewhere. It is natural to wonder whether the decay on the time
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intervals In is sufficient to drive the energy to zero. Obviously some condition on the
length of the intervals In has to be imposed to ensure � = 0. Smith [27] proved the
following sufficient condition of asymptotic stability:

Theorem 1.1. [27]. Assume that

∞∑
n=0

mnTnδ
2
n = +∞,(1.2)

where mn and Mn are the minimum and the maximum values of a(t) in In, Tn is the
length of In and δn = min(Tn, (1 + Mn)−1). Then (1.1) is asymptotically stable; i.e.,
every solution u of (1.1) satisfies Eu(t) → 0 as t → ∞.

For example, in the case of a damping such that 0 < m ≤ a(t) ≤ M for all t ∈ In
for all n ∈ N, the condition (1.2) reduces to

∞∑
n=0

T 3
n = +∞.(1.3)

It is noteworthy that (1.3) is also necessary in the following sense: given ε > 0 as
small as we want, Pucci and Serrin [25] constructed an example for which the sequence
(Tn)n satisfies

∞∑
n=0

T 3−ε
n = +∞, while

∞∑
n=0

T 3
n < +∞,

and suitable initial conditions such that the energy decays to some � > 0.
Note also that, under condition (1.2), the distribution of the intervals In has no

importance. Only their size is important.
Condition (1.2) also requires that the damping coefficient a is not “too small” or

“too large,” in order to prevent “underdamping” or “overdamping.” These phenomena
are also a source of lack of strong stability (see [20, 22, 26], where the stability is
studied for the wave equation, but always under the condition that the function a
remains positive).

To our knowledge, stability properties for such “intermittently controlled” systems
have not yet been studied in the case of partial differential equations.

In [21], we studied the effect of an on/off feedback on the wave equation. We
considered the simplified case of a damping coefficient a that is 2T -periodic and such
that a(t) = a0 > 0 on (0, T ) and a(t) = 0 on (T, 2T ). In particular, the condition (1.2)
was always satisfied. And we studied the wave equation damped by a boundary on/off
feedback or by a locally distributed on/off feedback. In both cases, we proved that the
situation is radically different from the case of ordinary differential equations. Indeed,
we proved that, except for a countable number of exceptional values of T , asymptotic
stability occurs (and more precisely, exponential stability). But, for the exceptional
values of T , asymptotic stability does not occur. This means that the distribution of
the intervals In is very important in the case of the locally damped wave equation. This
phenomenon is related to the optics rays propagation and the geometric condition of
Bardos, Lebeau, and Rauch [2, 3]. See further comments in section 3.3.

In [21], the only case for which the situation was not different from the situation
of the ordinary differential equations was the wave equation damped by an uniformly
distributed on/off feedback. In that case, asymptotic stability occurs for any value of
T . Thus the distribution of the intervals damping has no importance.
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In the present work, we now study the wave equation uniformly damped by a
general on/off feedback (in particular, not necessarily periodic). We prove that “the
uniformly damped wave equation behaves exactly like the oscillator” in the sense that
Theorem 1.1 is still true.

More generally, we prove this result in an abstract setting that includes both
the oscillator and wavelike or platelike equations and that also includes bounded or
unbounded and linear and nonlinear damping operators.

In particular, this gives for the result of Smith a new proof quite different from
the original one, which was relying on monotonicity properties of the solutions of
(1.1). Our method is based on a preliminary result which is interesting in itself: we
provide an estimate of the energy decay on a short time interval (see Theorem 3.1).
This estimate is true for both ordinary and partial differential equations.

The paper is organized as follows.
• In section 2, we introduce our abstract setting and we give the result of well-

posedness (Theorem 2.1).
• In section 3, we provide an estimate of the energy decay on a short time

interval (Theorem 3.1) and we deduce the asymptotic stability result (Theo-
rem 3.2) extending the previous result of Smith. Then we make some further
comments concerning the case of locally distributed dampings to explain the
necessity of considering only uniformly distributed dampings.

• In section 4, we give some examples.
• In section 5, we present another application of the method to the case of a

positive-negative damping (Theorem 5.1).

2. Abstract setting and well-posedness. Let H be a real Hilbert space en-
dowed with the scalar product (·, ·)H and the norm | · |H .

Assume that A : D(A) ⊂ H → H is a linear self-adjoint and coercive operator
on H with dense domain. We define V = D(A1/2) endowed with the scalar product
((·, ·))V and the norm ‖ · ‖V defined by

∀v ∈ V, ‖v‖2
V = |A1/2v|2H = 〈Ãv, v〉V ′,V ,

where Ã ∈ L(V, V ′) represents the extension of A.
Also let W be a Hilbert space endowed with the norm ‖ · ‖W and such that

V ↪→ W ↪→ H ≡ H ′ ↪→ W ′ ↪→ V ′

with dense imbeddings. We also assume that A satisfies the following property:

∃λ0, C0 > 0, such that, ∀λ ∈ [0, λ0],(2.1)

(I + λA)−1 ∈ L(W ) and ‖(I + λA)−1‖L(W ) ≤ C0.

Next we consider a time-dependent operator B such that

B ∈ L∞(J,Lip (W,W ′)), B(t)0 = 0,(2.2)

∀t ∈ J, ∀w, z ∈ W, 〈B(t)w −B(t)z, w − z〉W ′,W ≥ 0,(2.3)

∀t ∈ J, ∀w ∈ W, 〈B(t)w,w〉W ′,W ≥ b2(t)‖w‖2
W ,(2.4)
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∀t ∈ J, ∀w, z ∈ W, ‖B(t)w −B(t)z‖W ′ ≤ Cb(t)2‖w − z‖W ,(2.5)

where J = [0, T ] with T > 0 and where b(t) ≥ 0 with b ∈ L2(J). Note that B(t) is
a priori unbounded and nonlinear. (The choice W = H corresponds to the particular
case of a bounded operator.)

Now we consider the following second-order evolution equation

u′′ + Au + B(t)u′ = 0, t > 0,(2.6)

with the initial conditions

u(0) = u0 ∈ V, u′(0) = u1 ∈ H(2.7)

and we prove that this problem is well-posed.
Theorem 2.1. Under the previous assumptions, for any (u0, u1) ∈ V × H,

there exists a unique solution u ∈ L2(0, T ;V ) ∩ W 1,2(0, T ;H) ∩ W 2,2(0, T ;V ′) with
bu′ ∈ L2(0, T ;W ) and B(t)u′ = b(t)h(t), h(t) ∈ L2(0, T ;W ′) of

u′′ + Au + B(t)u′ = 0 in L2(0, T ;V ′)

such that

u(0) = u0 ∈ V, u′(0) = u1 ∈ H.

In addition u ∈ C([0, T ];V )∩C1([0, T ];H) and the energy of the solution u defined
by

∀t ≥ 0, Eu(t) :=
1

2
‖u(t)‖2

V +
1

2
|u′(t)|2H ,

is absolutely continuous on [0, T ] with

E′
u(t) = −〈B(t)u′(t), u′(t)〉W ′,W a.e on {t, b(t) > 0},

and

E′
u(t) = 0 a.e on {t, b(t) = 0}.

For the proof of Theorem 2.1, we first need the following lemma.
Lemma 2.1. Let b = b(t) ≥ 0 and consider

u ∈ L2(0, T ;V ) ∩W 1,2(0, T ;H) ∩W 2,2(0, T ;V ′)

with

bu′ ∈ L2(0, T ;W ),

where V ⊂ W ⊂ H with continuous and dense imbeddings. Let

f = bg, with g ∈ L2(0, T ;W ′),

and assume

u′′ + Au = f in L2(0, T ;V ′).
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Then, in fact, u ∈ C([0, T ];V ) ∩ C1([0, T ];H) and the energy Eu(t) is absolutely
continuous on [0, T ] with

E′
u(t) = 〈g(t), b(t)u′(t)〉W ′,W .

Proof of Lemma 2.1. Let Jλ = (I + λA)−1 : H → H for λ > 0. We have
Jλ ∈ L(H), Jλ|V ∈ L(V ), and Jλ|W ∈ L(W ) for λ ≤ λ0. And by (2.1), {Jλ}0<λ≤λ0 is
uniformly equicontinuous on W → W .

We claim that

∀ϕ ∈ W, Jλϕ → ϕ in W as λ → 0.(2.8)

Indeed (2.8) is well-known if ϕ ∈ V , and since V is dense in W , the result follows by
density.

Then we introduce

uλ := Jλu and fλ := Jλ(bg) = bJλg.

We clearly have uλ ∈ L2(0, T ;D(A)), u′
λ ∈ L2(0, T ;D(A)), and u′′

λ ∈ L2(0, T ;V ) ⊂
L2(0, T ;H).

Setting

Eλ(t) :=
1

2
‖uλ(t)‖2

V +
1

2
|u′

λ(t)|2H ,

we have, a.e. on (0, T ),

E′
λ = ((uλ, u

′
λ))V + (u′

λ, u
′′
λ)H = (Auλ + u′′

λ, u
′
λ)H = b(Jλg, u

′
λ)H ,

with Jλg ∈ L2(0, T ;V ) ⊂ L2(0, T ;H).
Let α, β be two points of [0, T ] such that α < β. Then we have

Eλ(β) − Eλ(α) =

∫ β

α

(bJλg, u
′
λ) ds =

∫ β

α

(Jλg(s), b(s)u
′
λ(s)) ds.(2.9)

On the other hand, we can prove

Jλg → g in L2(0, T ;W ′) as λ → 0(2.10)

and

bu′
λ = Jλbu

′ → bu′ in L2(0, T ;W ) as λ → 0.(2.11)

Indeed, for the first property, we notice that Jλ ∈ L(W ′) for 0 < λ ≤ λ0 with a
uniformly bounded norm (by duality, from (2.1)). Then Jλg(t) → g(t) as λ → 0, in
W ′ a.e. on (0, T ), and

‖Jλg(t) − g(t)‖W ′ ≤ C‖g(t)‖W ′ .

From Lebesgue’s theorem, it follows that

‖Jλg − g‖2
W ′ → 0 in L1(0, T ) as λ → 0,

which gives (2.10).



2094 A. HARAUX, P. MARTINEZ, AND J. VANCOSTENOBLE

Next, from (2.8), we also have Jλb(t)u
′ → b(t)u′ as λ → 0 in W a.e. on (0, T ),

and by (2.1), we have

‖Jλb(t)u′(t) − b(t)u′(t)‖W ≤ C‖b(t)u′(t)‖W .

From Lebesgue’s theorem, it follows that

‖Jλbu′ − bu′‖2
W → 0 in L1(0, T ) as λ → 0,

which gives (2.11).
Now assume for a moment that α and β are both such that

[u(α), u′(α)] ∈ V ×H and [u(β), u′(β)] ∈ V ×H.

Then as λ → 0, we can pass to the limit in (2.9) to obtain

Eu(β) − Eu(α) =

∫ β

α

(g(s), b(s)u′(s))W ′,W ds.(2.12)

Now let α be fixed for a while and apply (2.12) with β = βn → t ∈ [0, T ] as
n → +∞. We obtain that E(βn) is bounded and therefore (replacing if necessary
(βn)n by a subsequence) we have

(u(βn), u′(βn)) ⇀ (ϕ,ψ) weakly in V ×H as n → +∞.

On the other hand, by the regularity assumptions on u, we have

(u(βn), u′(βn)) → (u(t), u′(t)) strongly in H × V ′ as n → +∞.

It follows that (u(t), u′(t)) = (ϕ,ψ) and therefore u(t) ∈ V and u′(t) ∈ H. Since this
is valid for any t, (2.12) becomes true for any (α, β).

Now the vector Y (t) = (u(t), u′(t)) is weakly continuous on [0, T ] and its norm is
continuous by (2.12). The remainder of the proof is obvious from (2.12).

Proof of Theorem 2.1. (i) Uniqueness. Let u and ũ be two solutions with the
same initial data. We have

u′′ + Au + B(t)u′ = 0 and ũ′′ + Aũ + B(t)ũ′ = 0.

Then z := ũ− u satisfies

z′′ + Az = B(t)u′ −B(t)ũ′,

with

bz′ ∈ L2(0, T ;W )

and

B(t)u′ −B(t)ũ′ = bg, g ∈ L2(0, T ;W ′).

From Lemma 2.1, we deduce

E′
z(t) = 〈g(t), b(t)z′〉W ′,W =

{
−〈B(t)ũ′ −B(t)u′, ũ′ − u′〉W ′,W if b(t) > 0,
0 if b(t) = 0.
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Thus Ez(t) = 1
2 [‖z‖2

V + ‖z′‖2
H ] is nonincreasing by (2.3). Since Ez(0) = 0, we obtain

z ≡ 0, i.e., ũ ≡ u.
(ii) Existence. We introduce, for ψ ∈ W ,

C(t)ψ :=

{
1

b(t)B(t)
(

ψ
b(t)

)
if b(t) > 0,

0 if b(t) = 0.

It is clear that C(t) ∈ Lip (W,W ′) for all t ∈ J and ‖C(t)ψ1 − C(t)ψ2‖W ′ ≤ C‖ψ1 −
ψ2‖W for all t ∈ J and ψ1, ψ2 ∈ W .

Next, for (u0, u1) given in V ×H and for 0 < λ ≤ λ0, we solve{
u′′
λ + Auλ + JλB(t)Jλu

′
λ = 0, t ∈ J,

uλ(0) = u0, u′
λ(0) = u1.

(2.13)

We have

uλ ∈ C0([0, T ];V ) ∩ C1([0, T ];H) ∩ C2([0, T ];V ′),

and ∫ T

0

〈BJλu
′
λ, Jλu

′
λ〉W ′,W ds + Eλ(T ) = Eλ(0)(2.14)

=
1

2
[‖u0‖2

V + ‖u1‖2
H ] = E(0),

which is fixed. Equation (2.13) can also be written as

u′′
λ + Auλ + b(t)JλC(t)(b(t)Jλu

′
λ) = 0.(2.15)

From (2.14) we deduce that bJλu
′
λ is bounded in W := L2(J ;W ). Thus

B(t)Jλu
′
λ = b(t)C(t)(b(t)Jλu

′
λ) = bhλ,

where hλ is bounded in W ′ := L2(J ;W ′).
Finally, uλ is bounded in L∞(J ;V )∩W 1,∞(J ;H) and we may assume that there

exists a subsequence such that

uλn ⇀ u weakly in L2(J ;V ) ∩H1(J ;H) as n → +∞,

and

bJλnu
′
λn

⇀ z weakly in W as n → +∞.

Since u′
λn

⇀ u′ weakly in H := L2(J ;H) as n → +∞, we have (taking the inner
product with some test function ϕ ∈ H1(J ;D(A)), for instance)

bJλnu
′
λn

⇀ bu′ weakly in H as n → +∞.

Therefore, bu′ = z ∈ W and

bJλnu
′
λn

⇀ bu′ weakly in W as n → +∞.

On the other hand, we have (taking if necessary a subsequence)

C(t)(bJλnu
′
λn

) ⇀ ψ weakly in W ′ as n → +∞.
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It is not difficult, using a suitable test function, to check that

Jλn
C(t)(bJλn

u′
λn

) ⇀ ψ weakly in W ′ as n → +∞,

so that, passing to the limit in (2.15),

u′′ + Au + bψ = 0 in L2(J ;V ′).(2.16)

To obtain bψ = B(t)u′, it remains to show that

ψ = C(t)bu′.(2.17)

We introduce C : W → W ′ defined by

∀ϕ ∈ W, (Cϕ)(t) := C(t)ϕ(t) a.e. on J.

We remark that

〈C(bJλu
′
λ), bJλu

′
λ〉W′,W =

∫ T

0

〈bC(bJλu
′
λ), Jλu

′
λ〉W ′,W dt

=

∫ T

0

〈B(t)Jλu
′
λ, Jλu

′
λ〉W ′,W dt = E(0) − Eλ(T ).

Whereas, due to Lemma 2.1, we have

E(T ) + 〈Ψ, bu′〉W′,W = E(0).

Since

E(T ) ≤ lim inf
n→+∞

Eλn(T ),

we obtain

E(0) − 〈Ψ, bu′〉W′,W ≤ lim inf
n→+∞

Eλn
(T )

= lim inf
n→+∞

(E(0) − 〈C(bJλn
u′
λn

), bJλn
u′
λn

〉W′,W)

= E(0) − lim sup
n→+∞

〈C(bJλnu
′
λn

), bJλnu
′
λn

〉W′,W .

Hence

lim sup
n→+∞

〈C(bJλnu
′
λn

), bJλnu
′
λn

〉W′,W ≤ 〈Ψ, bu′〉W′,W .

Then we can apply the following lemma.
Lemma 2.2. Let W be a Hilbert space and let C : W → W ′ be monotone and

Lipschitz continuous. Assume that (zn)n is a sequence of W such that zn ⇀ z weakly
in W and Czn ⇀ Ψ weakly in W ′ as n → +∞.

If

lim sup
n→+∞

〈Czn, zn〉W′,W ≤ 〈Ψ, z〉W′,W ,

then Ψ = Cz
For the proof of this lemma, let K : W ′ → W be the duality map. Then C :=

KC : W → W satisfies the assumptions of Proposition 2 of [8, p. 41]. (See also Brezis
[5].)

This provides (2.17) and the proof of Theorem 2.1 is finished.
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3. Asymptotic stability.

3.1. An energy decay estimate on a short time interval. Assume that
(2.1)–(2.5) hold. In order to study the asymptotic behavior of the energy, we first
prove the following result, interesting in itself, concerning the estimate of energy decay
on a short interval of time.

Theorem 3.1. Let T > 0 be fixed and assume that there exist M,m > 0 such
that

∀t ∈ (0, T ), ∀v ∈ W, 〈B(t)v, v〉W ′,W ≥ m‖v‖2
W ,(3.1)

and

∀t ∈ (0, T ), ∀v ∈ W, ‖B(t)v‖2
W ′ ≤ M〈B(t)v, v〉W ′,W .(3.2)

Then there exists c > 0 (independent of T ) such that, for all (u0, u1) ∈ V × H, the
solution u of (2.6)–(2.7) satisfies

E(T ) ≤ 1

1 + c m
T−3+T−1+MmT−1

E(0).(3.3)

Theorem 3.1 is interesting in itself because it provides an estimate of the decay
of the energy that is valid for t small. In particular, E(t) < E(0). It has to be noted
that, in general, estimates of the decay of the energy are provided for t large enough,
even in the case of uniformly distributed damping terms. Of course if the damping
is locally distributed in the domain, it is impossible to expect that E(t) < E(0) for
t > 0 small. (See, for example, [11, 12, 15, 16, 17, 18, 19, 23, 24] for classical estimates
of the energy decay when t is large enough.)

Proof of Theorem 3.1. Following [7], we set

θ(t) = t2(T − t)2.

Note that

∀t ∈ [0, T ], |θ′(t)| = |2t(T − t)(T − 2t)| ≤ 2Tθ1/2(t),(3.4)

max
t∈[0,T ]

θ(t) =
T 4

16
,(3.5)

and ∫ T

0

θ(t) dt =
T 5

30
.(3.6)

We also introduce KW ,K ′
W > 0 such that

∀v ∈ W, K ′
W |v|H ≤ ‖v‖W ≤ KW ‖v‖V = KW |A1/2v|H .(3.7)

First note that the energy of u is nonincreasing and satisfies

E(0) − E(T ) =

∫ T

0

〈Bu′, u′〉W ′,W ≥ 0.(3.8)
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Multiplying (2.6) by θu, we obtain∫ T

0

θ|A1/2u|2H = −
∫ T

0

θ〈u′′ + Bu′, u〉V ′,V

=

∫ T

0

((θu)′, u′))H −
∫ T

0

θ〈Bu′, u〉W ′,W

=

∫ T

0

θ′(u, u′)H +

∫ T

0

θ|u′|2H −
∫ T

0

θ〈Bu′, u〉W ′,W

≤ ε

∫ T

0

θ′
2
(t)|u|2H +

1

4ε

∫ T

0

|u′|2H +

∫ T

0

θ(t)|u′|2H

+ η

∫ T

0

θ‖u‖2
W +

1

4η

∫ T

0

θ‖Bu′‖2
W ′ ,

for all ε, η > 0. Using (3.7), (3.4), (3.5) and (3.2) we deduce∫ T

0

θ|A1/2u|2H ≤ 4
K2

W

K ′
W

2T
2ε

∫ T

0

θ|A1/2u|2H +
1

4ε

∫ T

0

|u′|2H

+
T 4

16

∫ T

0

|u′|2H + K2
W η

∫ T

0

θ|A1/2u|2H +
T 4

16

M

4η

∫ T

0

〈Bu′, u′〉W ′,W .

We choose ε and η such that

4
K2

W

K ′
W

2T
2ε = K2

W η = 1/4,

hence

1

4ε
= 4

K2
W

K ′
W

2T
2;

1

4η
= K2

W .

Thus we obtain

1

2

∫ T

0

θ|A1/2u|2H ≤ 1

4ε

∫ T

0

|u′|2H +
T 4

16

∫ T

0

|u′|2H +
T 4

16

M

4η

∫ T

0

〈Bu′, u′〉W ′,W

=

(
4
K2

W

K ′
W

2T
2 +

T 4

16

)∫ T

0

|u′|2H +
K2

WT 4M

16

∫ T

0

〈Bu′, u′〉W ′,W .

Hence, ∫ T

0

θ|A1/2u|2H ≤ F (T )

∫ T

0

|u′|2H +
K2

WMT 4

8

∫ T

0

〈Bu′, u′〉W ′,W ,

where

F (T ) := 8
K2

W

K ′
W

2T
2 +

T 4

8
.

Using

∀t ∈ [0, T ], 2E(t) = |A1/2u(t)|2H + |u′(t)|2H ≥ 2E(T ),
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we deduce∫ T

0

θ(2E(T ) − |u′|2H) ≤ F (T )

∫ T

0

|u′|2H +
K2

WMT 4

8

∫ T

0

〈Bu′, u′〉W ′,W .

Hence, using (3.5) and (3.7),

E(T )

∫ T

0

θ ≤ 1

2

(
F (T ) +

T 4

16

)∫ T

0

|u′|2H +
K2

WMT 4

16

∫ T

0

〈Bu′, u′〉W ′,W

≤ 1

K ′2
W

(
4
K2

W

K ′
W

2T
2 +

3T 4

32

)∫ T

0

‖u′‖2
W +

K2
WMT 4

16

∫ T

0

〈Bu′, u′〉W ′,W .

Thus, using (3.6), there exists a constant c > 0 (independent of T ) such that

E(T ) ≤ 1

c
(T−3 + T−1)

∫ T

0

‖u′‖2
W +

1

c
MT−1

∫ T

0

〈Bu′, u′〉W ′,W .

Using (3.1) and (3.8), we find

E(T ) ≤ 1

cm
(T−3 + T−1)

∫ T

0

〈Bu′, u′〉W ′,W +
1

c
MT−1

∫ T

0

〈Bu′, u′〉W ′,W

=
1

cm
(T−3 + T−1 + MmT−1)(E(0) − E(T )).

Hence

E(T ) ≤ 1

1 + c m
T−3+T−1+MmT−1

E(0).

3.2. A condition for asymptotic stability. Assume that (2.1)–(2.5) hold for
any T > 0. Then (2.6)–(2.7) is well-posed and it follows from Theorem 3.1 that the
result of Smith [27] may be extended to the case of problem (2.6)–(2.7).

Theorem 3.2. Consider a sequence (In)n≥0 of disjoint open intervals in (0,+∞),
denoted by In = (an, bn), where bn ≤ an+1 for all n ∈ N, and assume that, for all
n ≥ 0, there exist Mn,mn > 0 such that

∀t ∈ In, ∀v ∈ W, 〈B(t)v, v〉W ′,W ≥ mn‖v‖2
W ,(3.9)

and

∀t ∈ In, ∀v ∈ W, ‖B(t)v‖2
W ′ ≤ Mn〈B(t)v, v〉W ′,W .(3.10)

Assume that the following condition holds:

∞∑
n=0

mnTn min

(
T 2
n ,

1

1 + mnMn

)
= +∞,(3.11)

where Tn denotes the length of In. Then (2.6)–(2.7) is asymptotically stable; i.e., for
all (u0, u1) ∈ V ×H, the solution u of (2.6)–(2.7) satisfies Eu(t) → 0 as t → ∞.

Remark 1. Moreover, the proof of Theorem 3.2 also provides an estimate of the
decay of the energy: if there exists C > 0 such that

∀n ∈ N, un := mnTnmin

(
T 2
n ,

1

1 + mnMn

)
≤ C,
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then there exists ω > 0 such that

∀n ∈ N,∀t ≥ bn, E(t) ≤ E(0) exp

(
− ω

n∑
p=0

up

)
.

Remark 2. Note that condition (1.2) implies condition (3.11). Note also that,
in the case of ordinary differential equations, Pucci and Serrin [25] improved the
condition of [27] and proved asymptotic stability under the following condition:

∞∑
n=0

mnTn min

(
T 2
n ,

1

1 + mn

Tn

∫
In

a

)
= +∞.

We do not know if this weaker condition is also sufficient in the case of the partial
differential equations (2.6).

Proof of Theorem 3.2. For all n ≥ 0, we denote In = (an, bn) and we apply
Theorem 3.1 to the time interval In instead of (0, T ), which implies

E(bn) ≤ 1

1 + ckn
E(an),

where, for all n ≥ 0,

kn :=
mn

T−3
n + T−1

n + MnmnT
−1
n

> 0.

Using that the energy is nonincreasing, we deduce, for all n ≥ 0,

E(an+1) ≤ E(bn) ≤ 1

1 + ckn
E(an)

≤
(

n∏
p=0

1

1 + ckp

)
E(a0) ≤

(
n∏

p=0

1

1 + ckp

)
E(0).

Since the energy is nonincreasing, in order to prove Theorem 3.2, it is sufficient to
prove that E(an+1) → 0 as n → ∞. Thus it is sufficient to prove that

+∞∏
p=0

1

1 + ckp
= 0, or

+∞∑
p=0

ln

(
1

1 + ckp

)
= −∞.

If kp �→ 0 as p → ∞, then the result follows, and if kp → 0 as p → ∞, then it reduces

to prove that
∑+∞

p=0 kp = +∞. This condition is equivalent to (3.11) since

1

2
mnTn min

(
T 2
n ,

1

1 + mnMn

)
≤ kn =

mnTn
1
T 2
n

+ 1 + mnMn

≤ mnTn min

(
T 2
n ,

1

1 + mnMn

)
,

which ends the proof of Theorem 3.2. Note also that condition (1.2) implies condition
(3.11) since

mnTnδ
2
n ≤ mnTn min

(
T 2
n ,

1

1 + mnMn

)
,
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which proves Remark 2. It remains to prove Remark 1. Using kp ≥ up/2, we have

E(bn) ≤
n∏

p=0

1

1 + cup/2
E(0) = exp

(
−

n∑
p=0

ln (1 + cup/2)

)
E(0).

Since ln (1 + cx/2) ≥ ln (1 + cC/2)x/C for all x ∈ (0, C), we obtain

E(bn) ≤ exp

(
− ln (1 + cC/2)

C

n∑
p=0

up

)
E(0).

3.3. Further comments. The main restrictive assumption of our general set-
ting is that the damping term B(t)u′ is assumed to be uniformly distributed in space.
However, this restriction is crucial if we want to consider an on/off damping. Our
result does not apply to an on/off damping that is only locally distributed in space,
even if the geometric condition of Bardos, Lebeau, and Rauch [2, 3] is satisfied.

Let us explain why the case of a locally distributed on/off damping, for example,
B(t)u′ = a(t, x)u′, is out of reach, at least under such a general form. Indeed, even for
a very simple example, the situation is complicated and the statement of the results
depends on a lot of parameters.

Let us consider the one-dimensional wave equation in (0, 1):⎧⎨⎩
u′′ − uxx = −b(t)c(x)u′, x ∈ (0, 1), t > 0,
u(t, 0) = u(t, 1) = 0, t > 0,
u(0, ·) = u0 ∈ H1

0 (0, 1), u′(0, ·) = u1 ∈ L2
0(0, 1).

(3.12)

Here we consider a(t, x) = b(t)c(x) and we can distinguish three cases.
1. The locally distributed (non on/off) case. Our result does not apply to this

case. Actually, it was not the purpose of the present paper, since this case has been
widely studied in the literature. Let us recall some well-known results.

First, we consider the time-independent case:

a(t, x) = c(x), i.e., b(t) ≡ 1,

with

c(x) ≥ c0 > 0 for all x ∈ ω,

where ω is an open subset of (0, 1). If ω is nonempty, then asymptotic stability holds.
More generally, this result is well known in higher dimension spaces, provided that ω
satisfies the geometric condition of Bardos, Lebeau, and Rauch [2, 3]. On the other
hand, this kind of result may be extended to the time-dependent case

a(t, x) = b(t)c(x),

provided that

0 < σ(t) ≤ b(t) ≤ 1/σ(t),

with the condition ∫ +∞

0

σ(τ) dτ = +∞.
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See, for example, [20, 22, 26]. Notice that this allows us to consider a time-dependent
damping, but not an on/off damping, since the assumption b(t) > 0 is needed.

2. The uniformly distributed on/off case. In the present paper, we consider a
damping that is uniformly distributed in space, but is allowed to be on/off in time.
For example, we assume

a(t, x) = b(t)c(x) ≥ c0b(t),

with c0 > 0 and where b(t) = 0 on an infinite union of intervals. In this case, Theorem
3.2 gives a sharp condition of asymptotic stability. (See section 4 for several examples
of application of Theorem 3.2.)

3. The locally distributed on/off case. Now let us turn to the more general case
of a locally distributed on/off damping, and let us see why its study is out of reach,
at least in a general setting.

We consider the following “simple” example:

c(x) = χω(x), where ω = (1/2 − λ, 1/2 + λ),

with 0 < λ ≤ 1/2, and b : R+ → R+ is T -periodic such that

b(t) = 1 on [0, T ) and b(t) = 0 on [T, 2T ).

Notice that, for all 0 < λ ≤ 1/2, ω satisfies the geometric condition of Bardos, Lebeau,
and Rauch [2, 3]. However, this is not sufficient to insure asymptotic stability in this
case. Indeed the following result holds.

Theorem 3.3. [21, Theorem 2.3, p. 340].
(i) If (

1

T
∈ 2N and 2λ < T

)
,

then there exists initial condition (u0, u1) ∈ H1
0 (0, 1) × L2(0, 1) such that the energy

of the solution of (3.12) remains constant with time: E(t) = E(0) > 0 for all t > 0.
(ii) If (

1

T
∈ 2N and 2λ > T

)
, or

( 1

T
�∈ 2N

)
,

then the energy of the solutions of (3.12) decays uniformly exponentially to 0.
This result shows that the situation is much more complicated because both

difficulties (coming from the fact the damping is locally distributed in space and is
on/off in time) are considered. Notice that Theorem 3.3 is proved in [21] without using
the notion of optic rays. However, the results can be explained with the following
comments related to optic rays propagation.

First consider the case of a uniformly distributed damping, i.e., λ = 1/2. In this
case, Theorem 3.3 insures that asymptotic stability holds for all T > 0. Notice that,
in this case, it is clear that each optic ray crosses the damping space region during a
period when the damping is effective.

Next consider the more interesting case of a locally distributed damping: 0 <
λ < 1/2. Now there are some values of T and some values of λ for which some
optic rays cross the space damping region only when the feedback is not active. For
example, take T = 1/2, λ < T/2 = 1/4, and consider the optic ray that leaves the
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point x = T/2 = 1/4 and that goes to the left (toward the point x = 0) at time t = 0.
This ray describes the segment [1/4, 3/4] (that contains the damping region) during
the time intervals [T, 2T ], [3T, 4T ], . . . , thus during periods when b(t) = 0. The same
situation occurs as soon as 1/T ∈ 2N with 2λ < T . In these cases, Theorem 3.3
provides negative results of stability, while it provides positive results in the other
cases.

We see that all these results are coherent with the optic ray condition known for
time-independent feedbacks [2, 3]. But now, the fact that the feedback depends on
time has to be taken into account. And it seems to be crucial that each optic ray
crosses the damping space region during a period when the damping is effective.

4. Some examples. We first consider the case of ordinary differential equations
that has been widely studied (see, for example, [1, 9, 10, 25, 27, 28]).

Example 1 (the oscillator equation). Assume a ∈ L∞
loc(R+) is a nonnegative

function whose minimum and maximum values in In are denoted by αn and An.
With H = V = D(A) = R, Au = u, and B(t) = a(t)Id, Theorem 3.2 applies to

the oscillator equation (1.1) (with mn := αn and Mn := An). Since (1.2) implies con-
dition (3.11), this again gives Theorem 1.1 with a small improvement of the sufficient
condition. (In particular, this gives a new proof of the result of Smith, very different
from the original proof based on monotonicity properties.)

Taking B(t) = a(t)f , we may also consider the nonlinear oscillator

u′′ + u + a(t)f(u′) = 0, t > 0,

where we assume that f ∈ C1(R) is such that f(0) = 0 and 0 < β ≤ f ′ ≤ B.
Hence B defined by B(t)v := a(t)f(v) satisfies (3.9) and (3.10) with mn := βαn and
Mn := BAn.

Next we assume that Ω is a bounded open set of R
N with regular boundary and

we turn to the case of uniformly damped partial differential equations with a bounded
damping operator.

Example 2 (a wave equation). Let a1, a2 ∈ L∞
loc(R+) be two nonnegative func-

tions such that either

a2(t) = 0 a.e. on R+

or

∃C > 0, a1(t) ≤ Ca2(t) for a.e. t ∈ R+

and

∀n ∈ N, αn ≤ a1(t) + a2(t) ≤ An for a.e. t ∈ In.

Consider also f ∈ C
1(R) such that f(0) = 0 and 0 < β ≤ f ′ ≤ B.

Then we study the following damped wave equation:⎧⎨⎩
u′′ − ∆u + a1(t)f(u′) − a2(t)∆u′ = 0, x ∈ Ω, t > 0,
u = 0, x ∈ ∂Ω, t > 0,
u(t = 0) ∈ H1

0 (Ω), u′(t = 0) ∈ L2(Ω).
(4.1)

We choose H = L2(Ω), A = −∆ (with Dirichlet boundary conditions), D(A) =
H2 ∩H1

0 (Ω), and B(t)v := a1(t)f(v) − a2(t)∆v. The choice of W depends on a2: in
the case a2 ≡ 0, W = H; otherwise W = V .
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Consider J = (0, T ) with T > 0 and let us verify that the assumptions of Theorem
2.1 are satisfied. First (2.1) and (2.2) clearly hold. Then we write, for w, z ∈ W ,

〈B(t)w −B(t)z, w − z〉W ′,W = a1(t)

∫
Ω

(f(w) − f(z))(w − z) dx

+ a2(t)

∫
Ω

|∇(w − z)|2 dx ≥ 0,

which gives (2.3). On the other hand, for w ∈ W , we have

〈B(t)w,w〉W ′,W = a1(t)

∫
Ω

f(w)w dx + a2(t)

∫
Ω

|∇w|2 dx

≥ a1(t)β‖w‖2
H + a2(t)‖w‖2

V .

If a2 ≡ 0, then W = H and we choose b(t) =
√

βa1(t). In the other case, W = V and

we choose b(t) =
√
a2(t). Thus (2.4) is also satisfied. Finally, we write, for w, z ∈ W ,

‖B(t)w −B(t)z‖2
W ′ ≤ 2a1(t)

2‖f(w) − f(z)‖2
W ′ + 2a2(t)

2‖∆w − ∆z‖2
W ′

≤ 2a1(t)
2B2‖w − z‖2

H + 2a2(t)
2‖∆w − ∆z‖2

W ′ .

In the case a2 ≡ 0, we deduce

‖B(t)w −B(t)z‖2
H ≤ 2a1(t)

2B2‖w − z‖2
H ≤ 2

B2

β2
b(t)4‖w − z‖2

H .

In the case a2 �≡ 0, we deduce

‖B(t)w −B(t)z‖2
H−1(Ω) ≤ 2[B2C2a2(t)

2‖w − z‖2
L2(Ω) + a2(t)

2‖w − z‖2
H1

0 (Ω)]

≤ Kb4(t)‖w − z‖2
H1

0 (Ω),

where K > 0 is a constant. Thus (2.5) proved in both cases. Hence Theorem 2.1
insures the well-posedness of (2.6)–(2.7).

For the study of asymptotic stability, we verify that (3.9) and (3.10) are satisfied.
First case: a2 ≡ 0 (W = H). We write for all n ≥ 0, t ∈ In, v ∈ W ,

(B(t)v, v)H = a1(t)

∫
Ω

f(v)v dx ≥ αnβ‖v‖2
H ,

and

‖B(t)v‖2
H = a1(t)

2

∫
Ω

f(v)2 dx

≤ AnBa1(t)

∫
Ω

f(v)v dx = AnB(B(t)v, v)H .

Thus (3.9) and (3.10) are satisfied for mn := βαn and Mn := BAn.
Second case: a2 �≡ 0 (W = V = H1

0 (Ω)). We write for all n ≥ 0, t ∈ In, v ∈ W ,

〈B(t)v, v〉V ′,V ≥ a2(t)‖w‖2
V ≥ αn‖w‖2

V ,
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and

‖B(t)v‖2
H−1(Ω) = ‖a1(t)f(v) − a2(t)∆v‖2

H−1(Ω)

≤ 2a1(t)
2

∫
Ω

f(v)2 dx + 2a2(t)
2‖∆v‖2

H−1(Ω)

≤ 2Ca2(t)a1(t)B

∫
Ω

f(v)v dx + 2a2(t)
2

∫
Ω

∇v2 dx

≤ 2(BC + 1)a2(t)

(
a1(t)

∫
Ω

f(v)v dx + a2(t)

∫
Ω

∇v2 dx

)
≤ 2(BC + 1)An〈B(t)v, v〉H−1(Ω),H1

0 (Ω).

Thus (3.9) and (3.10) are satisfied for mn := αn and Mn := 2(BC + 1)An.
Applying Theorem 3.2, we deduce that (3.11) is a sufficient condition of asymp-

totic stability for (2.6).
Note that we may also consider the more general case

B(t)v := a1(t)f(v) + a2(t)(−∆)1/2g((−∆)1/2v).

Note also that in the particular case of a linear bounded damping B(t)v := a(t)v,
this completes the work done in [21], where we studied the case of a locally damped
wave equation with a periodic on/off damping.

Example 3 (some plate equations). In the same spirit, taking H = L2(Ω), A =
∆2, V = H2

0 (Ω) = {v ∈ H2(Ω) | v = 0 and ∂v
∂ν = 0 on ∂Ω} and D(A) = H4 ∩H2

0 (Ω),
we may consider the following damped plate equation:⎧⎪⎨⎪⎩

u′′ + ∆2u + a1(t)f(u′) − a2(t)∆u′ + a3(t)∆g(∆u′) = 0, x ∈ Ω, t > 0,

u = 0,
∂u

∂ν
= 0, x ∈ ∂Ω, t > 0,

u(t = 0) = u0 ∈ H2
0 (Ω), u′(t = 0) = u1 ∈ L2(Ω).

(4.2)

Here the damping operator is defined by

B(t)v := a1(t)f(v) − a2(t)∆v + a3(t)∆g(∆v),

and the choice of W depends on the assumptions on the functions ai. There are 3
cases : W = H, W = H1

0 (Ω) and W = V . For the applications of Theorems 2.1 and
3.2, we leave the details to the reader.

5. Another result: The case of a positive-negative damping. In this part,
we study the case of a “positive-negative” damping. We assume that H, D(A), and
V are defined as in section 2 and that A still satisfies assumption (2.1) with W = H.
And we consider a time-dependent operator B such that B ∈ L∞

loc(R+,Lip(H)). (Note
that we only consider the case of a bounded operator B, so we assume in this part
that W = H.)

Now we assume that B is a “positive-negative” feedback: let (tn)n∈N be a strictly
increasing sequence of R

+ such that tn → +∞ as n → +∞. For all n ∈ N, we define
I2n := (t2n, t2n+1) and I2n+1 := (t2n+1, t2n+2), and we assume that B is positive on
I2n and negative on I2n+1. Hence the energy decays on the time intervals I2n and
increases on the time intervals I2n+1.

We also assume that, for all n ∈ N, there exist three positive constants m2n, M2n,
M2n+1 such that

∀t ∈ I2n, ∀v ∈ H, (B(t)v, v)H ≥ m2n‖v‖2
H ,(5.1)
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∀t ∈ I2n, ∀v ∈ H, ‖B(t)v‖2
H ≤ M2n(B(t)v, v)H ,(5.2)

∀t ∈ I2n+1, ∀v ∈ H, −M2n+1‖v‖2
H ≤ (B(t)v, v)H ≤ 0.(5.3)

Note that the well-posedness of (2.6)–(2.7) is classical (using standard arguments
on Lipschitz perturbations of contraction semigroups).

Then, from Theorem 3.2, we deduce the following sufficient condition of asymp-
totic stability.

Theorem 5.1. Assume (2.1), (5.1), (5.2), (5.3). Assume that the following
condition holds: ⎧⎪⎪⎨⎪⎪⎩

+∞∑
p=0

M2p+1T2p+1 < ∞,

+∞∑
p=0

m2pT2pδ
2
2p = +∞,

where Tp denotes the length of Ip and δp = min(Tp, (1 + Mp)
−1). Then equation

(2.6)–(2.7) is asymptotically stable; i.e., for all (u0, u1) ∈ V × H, the solution u of
(2.6)–(2.7) satisfies Eu(t) → 0 as t → ∞.

Remark. This gives a result of stability in the case of a globally distributed time-
dependent feedback of indefinite sign. This completes [21], where we studied the wave
equation damped by a time-dependent boundary feedback of indefinite sign. See also
[4, 6] for results in the case of space-dependent feedback of indefinite sign.

Proof of Theorem 5.1. For all n ∈ N, applying Theorem 3.1 on the time intervals
I2n, we obtain

E(t2n+1) ≤
1

1 + c m2n

T−3
2n +T−1

2n +M2nm2nT
−1
2n

E(t2n).

On the other hand, on the time intervals I2n+1, we can write

0 ≤ E′(t) = −〈B(t)u′, u′〉W ′,W ≤ M2n+1‖u′(t)‖2
H ≤ 2M2n+1E(t).

Thus

E(t2n+2) ≤ E(t2n+1)e
2M2n+1T2n+1 .

Hence

E(t2n+2) ≤
(

n∏
p=0

e2M2p+1T2p+1
1

1 + c
m2p

T−3
2p +T−1

2p +M2pm2pT
−1
2p

)
E(0).

In particular, we deduce a condition of asymptotic stability:

+∞∑
p=0

(
2M2p+1T2p+1 − ln

(
1 + c

m2p

T−3
2p + T−1

2p + M2pm2pT
−1
2p

))
= −∞.

For example, we may assume⎧⎪⎪⎨⎪⎪⎩
+∞∑
p=0

M2p+1T2p+1 < ∞,

+∞∑
p=0

m2pT2pδ
2
2p = +∞,
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or we may assume

⎧⎨⎩
+∞∑
p=0

m2pT2pδ
2
2p = +∞,

M2p+1T2p+1 = o(ln(1 + m2pT2pδ
2
2p)).
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ALGORITHMS FOR COUNTABLE STATE MARKOV DECISION
MODELS WITH AN ABSORBING SET∗

K. HINDERER† AND K.-H. WALDMANN†

Abstract. We consider a countable state Markov decision process with bounded reward function
and an absorbing set. At first we generalize known properties and derive new properties of the critical
discount factor, which is roughly defined as the maximal discount factor under which for V , the
maximal expected infinite-stage discounted reward, there is guaranteed existence, boundedness, and
computability by the successive approximation method. The emphasis of the paper is on algorithms
for computing V exactly (recursion in state space and policy iteration) or approximately (value
iteration combined with an extrapolation and finite state approximation). Our extrapolation method
is motivated by and based on the Perron–Frobenius theory for nonlinear operators. As a by-product
we obtain an efficient algorithm for determining the distribution of the entrance time of a Markov
chain into an absorbing set. Further results concern asymptotically ε-optimal policies and a new
turnpike theorem. Some of the results need tightness of the transition law, which turns out to be
equivalent to compactness of a nonlinear operator, which is crucial for our study.

Key words. Markov decision processes, transient Markov decision processes, extrapolation
methods, Perron–Frobenius theory, expected total reward criterion, absorbing sets
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1. Introduction. We consider a Markov decision process (MDP ) with count-
able state space S, countable action space A, finite subsets D(s) of admissible actions
in state s ∈ S, constraint set D := {(s, a) | s ∈ S, a ∈ D(s)}, stochastic transition law
p from D into S, bounded reward function r : D → R, and (constant) discount factor
β > 0. (In the literature the case β > 1 is often treated by replacing β ·p by a nonneg-
ative transition law; see, e.g., Veinott (1969), Zijm (1983).) For (s, a) ∈ D, M ⊂ S
we use p(s, a,M) :=

∑
s′∈M p(s, a, s′). As usual, a deterministic Markov policy π =

(f0, f1, . . . ) is a sequence f0, f1, . . . ∈ F := {f : S → A | f(s) ∈ D(s) for all s ∈ S} of
decision rules, each specifying action an = fn(sn) to be taken in state sn at time n.
Thus F∞ is the set of all deterministic Markov policies. Mainly one is interested in
stationary policies π = (f, f, . . . ) for some f ∈ F , for which we also write f .

In economical applications MDP s with β ≤ 1 dominate. However, there are
several cases where β > 1 is appropriate:

(a) Many MDP s with unbounded r and β < 1 can be reduced by means of a
bounding function to an MDP ′ with bounded r′ (see Remark 3.3(a)) and a discount
factor β′ which easily can be larger than one.

(b) There are applications where the nonnegative matrix β · p has the interpre-
tation of an expectation, e.g., in the control of branching processes; cf. Sladky (1980),
where five examples from the literature are reviewed, and McNamara (1991).

(c) Consider an MDP which subsumes a “time factor” and a “risk factor” under
a discount factor β(s, a) depending on the actual state and action and possibly larger
than one for some (s, a). As shown in section 3 this case can be reduced to an MDP ′
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with discount factor β′ := max(s,a) β(s, a) > 1. For an economic interpretation, cf.
Branger (2001).

(d) Consider an MDP with discount factor α ≤ 1 which is nonstationary only
because rewards earned in later periods have a larger utility, expressed by a “utility
factor” γ > 1 per period. Then the reward r(sn, an) in period n enters the balance as
(αγ)n · r(sn, an), which of course can be treated as a stationary MDP with discount
factor β := αγ, possibly larger than one.

An important role will play absorbing sets J0 ⊂ S, J0 �= S, defined by the
requirement that p(s, a, S − J0) = 0, r(s, a) = 0 for s ∈ J0, a ∈ D(s). Note that the
empty set is always absorbing, but mainly we are interested in J0 �= ∅. An MDP
may have several nonempty absorbing sets and the union of all absorbing sets is the
largest absorbing set (provided that r �≡ 0). Throughout the paper J0 denotes an
arbitrary absorbing set. J := S − J0 is called the essential state space.

Denote by V (s) [vn(s)] the maximal expected infinite-stage [n-stage] reward when
the process starts in s ∈ S (and when a bounded terminal reward function v0 is used),
provided V exists.

The following property of our MDP with an absorbing set J0 is of major interest.

(Pβ) There exists V (s) for s ∈ S, V is bounded, and successive approximation
holds, i.e., V can be approximated uniformly by vn, starting with any bounded v0

with v0 = 0 on J0.

One of the earliest results for standard MDP s (i.e., when J0 is empty) says that
(Pβ) holds whenever β < 1, and simple examples show that (Pβ) may fail for certain
(not necessarily for all) r if β ≥ 1. However, it has also been known for a long time
that (Pβ) holds for β = 1 provided J0 is nonempty and reached by the process with
probability one for each initial state s; cf. Proposition 2.6(c7).

Given an absorbing set J0, a useful notion for a systematic study of the validity
of (Pβ) in case β ≥ 1 is the so-called critical discount factor β∗ = β∗(J0), which we
define as the supremum of those β ∈ (0,∞), for which (Pβ) holds for each choice of
r (bounded and r(s, a) = 0 for s ∈ J0, a ∈ D(s)). Due to Proposition 2.2(iii) below,
this definition is consistent with the use in Hinderer and Waldmann (2003) for finite
S and A (pp. 2 and 3) and Borel S and A (p. 13). (Note that in the latter paper
V and v∞ are denoted by V∞ and V , respectively.) Obviously, β∗ = 1 if J0 = ∅.
Furthermore, the largest absorbing set J0 has the largest β∗ (see Proposition 2.2(i)).

For finite S and A the number β∗ ∈ [0,∞] is studied in detail in Hinderer and
Waldmann (2003). In particular, it turned out that 1/β∗ = λ∗, the spectral radius of
the nonlinear operator H associated with the transition law (cf. section 2) and, using
a result in Rieder (1976), that this holds even for Borel S and A.

Characterizations of β∗ are contained in many further papers on MDP s with an
absorbing set. For finite S and A they are extensively studied in the classical paper
of Veinott (1969). Extensions to a countable state space, Borel state space, compact
sets of admissible actions, and/or unbounded rewards can be found, e.g., in Hordijk
(1974), Pliska (1978), and Hernández-Lerma and Lasserre (1999). We also refer to
Whittle (1983), Bertsekas (2000/2001), and the references given there.

The main contributions in the present paper (sections 4 through 10) concern
algorithms for computing V , exactly or approximately, in case of β < β∗. This task
motivated our choice of a countable state and action space: most numerical methods
work only for countable or even finite S and A (e.g., turnpike theorems). For this
reason we also did not present possible extensions of our results in sections 2 and 3
for more general S and A.
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Our main results and the organization of the paper are as follows. Section 2
contains properties of H and β∗ needed later on. In particular, characterizations of
β∗ and equivalent conditions for β < β∗, β∗ = 1, and β∗ > 1 are given. Some are
generalizations to countable S and A and some are new even in the finite case. In
particular, the special case of transient MDP s is characterized. Some of these and
later results require tightness of the transition law (condition (A0), which turns out
to be equivalent to compactness of H; cf. Proposition 2.1). Sometimes (e.g., for the
characterization of β∗ in Proposition 2.2(vi) as the largest of the maximal eigenvalues
of linear operators Hf ) we use spectral properties of H resulting from Ogiwara (1995).
A brief derivation of standard results (optimality equation, optimality of a stationary
policy, value iteration) and of the contraction of the optimal reward operator U follow
in section 3. Our algorithms begin (section 4) with a recursion in the state space for
obtaining V on a subset Ĩk of J . We give a necessary and sufficient condition for
Ĩk = J and introduce an MDP ′ with (smaller) essential state space J − Ĩk to which
the methods of sections 5 and 7 through 9 can be applied. Our extrapolation methods
are introduced and studied in great detail in section 5. Such methods have a long
tradition in solving the standard MDP with β < 1. For MDP s having a transition
law with unequal row sums there are a few references (including Hübner (1980))
only. One reason may be that the unequal row sums make a natural extension of the
classical MacQueen extrapolation inefficient. On the other hand, an extrapolation
method due to Schellhaas (1974), which is scarcely noticed in the literature, is more
able to deal with unequal row sums. It forms the basis of our approach. Our results
include sufficient conditions for the existence, monotonicity, and convergence of lower
and upper bounds for V and lower bounds for “good” decision rules f , using again
Perron–Frobenius results from Ogiwara (1995) and Bohl (1974). Our lower bounds
are similar to those obtained in Hübner (1980); our upper bounds are new, also for
β < 1. For Vf , the expected infinite-stage reward when using the stationary policy f ,
we obtain simpler bounds and insight into the speed of convergence of the bounds,
as observed in numerical work. As a by-product we obtain (Example 5.6) an efficient
method for determining the distribution Pfs(τ > n), n ∈ N, of the entrance time of a
Markov chain into an absorbing set. The paper proceeds with some numerical results
in section 6. A slight improvement of the policy iteration is given in section 7. A finite
state approximation, suggested in a natural way by our tightness assumption (A0), is
considered in section 8. In particular, bounds and convergence results are given. In
section 9 we deal with asymptotically ε-optimal policies, which can be combined with
our extrapolation method. The paper closes with a turnpike theorem, which improves
earlier results.

Notation. We use N0 (N) to denote the set of all nonnegative (positive) integers.
For v, v′ ∈ R

J we write v ≤ v′ (resp., v < v′) if v(s) ≤ v′(s) (resp., v(s) < v′(s)) holds
for all s ∈ J . We write

∑
i Ai for the union of disjoint sets Ai, and A− B to denote

{a ∈ A | a �∈ B}.

2. The critical discount factor. Let τ := inf{n ∈ N | ζn ∈ J0} ≤ ∞ denote
the entrance time into J0, i.e., the first time the state process (ζn) is in the absorbing
set J0, when the process starts in some state in J . Given a policy π ∈ F∞ and an
initial state s ∈ J , the distribution of τ can be obtained by evaluating Pπs(τ > n),
n ∈ N0, recursively, where Pπs denotes the distribution of (ζn) and Eπs the associated
expectation.

The expected infinite-stage discounted reward up to absorption starting in s ∈ J
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and following π ∈ F∞ is defined by

Vπ(s) := Eπs

τ∑
n=0

βnr(ζn, fn(ζn)) = Eπs

∞∑
n=0

βnr(ζn, fn(ζn)),

provided that the expectation exists. Then a policy π∗ is called optimal if Vπ∗(s) =
V (s) := supπ∈F∞ Vπ(s), s ∈ S. We also say that a decision rule f∗ is optimal if the
associated stationary policy is optimal.

Let V0 denote the set of all bounded functions on S which vanish on J0. Note
that Vπ ∈ V0, π ∈ F∞, and thus V ∈ V0.

We also consider the expected N -stage discounted reward up to absorption, de-
fined by

vN,π(s) := Eπs

(
N−1∑
n=0

βnr(ζn, fn(ζn))1[τ>n] + βNv0(ζN )1[τ>N ]

)
, s ∈ S,

for π ∈ F∞ and terminal reward v0 ∈ V0, and put vN := supπ∈F∞ vN,π.
Let V denote the Banach space of all bounded functions on J (w.r.t. the supremum

norm ‖v‖ := sups∈J |v(s)|), V+ := {v ∈ V | v ≥ 0}, and W := {v ∈ V | inf v > 0}.
If v ∈ V and w ∈ W, then v/w ∈ V and the norm ‖v‖w := ‖v/w‖ induced by w is
equivalent to the supremum norm, since ‖v‖ ≤ ‖v‖w · ‖w‖ ≤ ‖v‖ · (‖w‖/ inf w).

Where no confusion is possible, we also denote V |J , the restriction of V to J ,
by V , and analogously for Vf , vN,π, and vN .

On V define the operators H, Hf , f ∈ F , well known from the literature, by

Hv(s) := sup
f∈F

Hfv(s) := sup
f∈F

∑
s′∈J

p(s, f(s), s′)v(s′), s ∈ J.

The sup is attained since D(s) is finite for all s. H and Hf map V and V+ into itself.
The operator H has the desirable properties of being monotone (i.e., Hv ≤ Hv′ for
v ≤ v′), positively homogenous (i.e., H(λv) = λHv for λ ≥ 0), and subadditive (i.e.,
H(v + v′) ≤ Hv + Hv′). Moreover, Hf , f ∈ F , are linear and continuous.

For an arbitrary operator T from V into V (with Tv ∈ V+ for v ∈ V+) we use
the following definitions according to Ogiwara (1995, pp. 47–49): (i) The operator
norm is ‖T‖ := sup{‖Tv‖ | v ≥ 0, ‖v‖ ≤ 1}; (ii) λ ∈ R+ is called an eigenvalue of
T if Tv = λv for some v ∈ V+, v �≡ 0; (iii) T is compact if T is continuous and if
the image under T of each bounded subset of V+ is relatively compact. The latter
property holds if and only if each sequence (vn)∞1 ⊂ V+ with ‖vn‖ ≤ 1 for all n
has a subsequence (vnk

) such that Tvnk
converges in norm to some v ∈ V+. (i) and

(iii) are equivalent to the usual definition for continuous linear operators, while (ii) is
narrower than the usual definition.

Let D|M := {(s, a) ∈ D | s ∈ M}, M ⊂ S. Some of our results are based on the
following assumption.

(A0) The set (p(s, a, .), (s, a) ∈ D|J) of substochastic measures on J is (uniformly)
tight, i.e., for each ε > 0 there exists a finite set K ⊂ J such that sup(s,a)∈D|J{p(s, a, J−
K)} ≤ ε.

If S is finite, then (A0) holds trivially. Thus our results extend those in Hinderer
and Waldmann (2003). For the classical problem of selling an asset (cf., e.g., DeGroot
(1970)), (A0) can easily be shown to hold. A cash management system (cf., e.g.,
Hinderer and Waldmann (2001)), where the cash balance s + a after transferring



MDPs WITH AN ABSORBING SET 2113

money at the beginning of a period (always) belongs to a finite set {m−, . . . ,m+}
(with m± ∈ Z), is a simple example with J0 = ∅, for which (A0) holds. Similar in
structure is the following more technical example with J = N0, J0 = {−1}, A = Z,
s′ = max{−1, s+ a+ x}, where P (X = x) > 0, x ∈ Z. Let D(s) = {a− s, . . . , a− s},
s ∈ J (with a, a ∈ N). Then, for all ε > 0, there exists xε ∈ N such that P (X >
xε) ≤ ε. Finally, selecting Kε := {0, . . . , a + xε}, it follows that p(s, a, J − Kε) =
P (s + a + X > a + xε) ≤ P (X > xε) ≤ ε, (s, a) ∈ D|J .

If J0 = ∅ (hence p(s, a, .) are probability measures), condition (A0) can be ex-
pressed via metrics on the space of probability measures on J ; see Dudley (1989,
Theorem 11.5.4).

Given (A0), the operators H and Hf , f ∈ F , are compact. Indeed, building on
Lemma 11.2 in Hordijk (1974), we obtain the next result. Its proof shows, by the way,
that Lemma 11.2 cited before also holds for substochastic matrices (p(i, j)), provided
tightness is defined as in (A0).

Proposition 2.1. H is compact if and only if (A0) holds. Then also Hf , f ∈ F ,
is compact.

Proof. First note that H is continuous on V (hence on V+) whether or not (A0)
is true, since ‖Hv −Hw‖ ≤ ‖v − w‖, v, w ∈ V. (a) Assume (A0). Select (vn) ⊂ V+

and ‖vn‖ ≤ 1, n ∈ N. It follows as in the proof of Lemma 11.2 in Hordijk (1974) that
given ε > 0 there exist vnk

⊂ V+, v∗ ∈ V+ and N ∈ N such that for all f ∈ F there
holds ‖Hfvnk

−Hfv
∗‖ ≤ 3ε for k ≥ N . In particular, Hf is compact. Moreover, it

follows that ‖Hvnk
−Hv∗‖ ≤ supf∈F ‖Hfvnk

−Hfv
∗‖ ≤ 3ε for k ≥ N ; hence also H

is compact.
(b) Assume that H is compact. Select finite sets Kn ⊂ Kn+1, n ∈ N, with

∪nKn = J and put vn = 1J−Kn
. Then vn ∈ V+ and ‖vn‖ ≤ 1, n ∈ N, and

Hvn(s) = maxa∈D(s) p(s, a, J −Kn), s ∈ S, decreases to zero since D(s) is finite. The
convergence is uniform since H is compact. Thus, if ε > 0, there exists n ∈ N such
that sup(s,a)∈D|J{p(s, a, J −Kn)} ≤ ε.

Let Hn+1v := H(Hnv), v ∈ V, n ∈ N0. Analogously for Hf , f ∈ F . Let e0 := 1
and

en(s) := Hn1(s) = sup
π∈F∞

Pπs(τ > n) ≥ Pfs(τ > n) = Hn
f 1(s) =: en,f (s), s ∈ J.

Obviously ‖en‖ = ‖Hn1‖ is an upper bound for the probability that the process has
not yet entered the absorbing set J0 at time n. The asymptotic behavior of ‖en‖ plays
a key role in determining the critical discount factor β∗.

To begin with, let λ∗
f := infk∈N ‖ek,f‖1/k, f ∈ F , be the spectral radius of the

continuous linear operator Hf . Applied to H, introduce λ∗ := infk∈N ‖ek‖1/k.
Proposition 2.2. There holds the following:
(i) 0 ≤ λ∗ = limn→∞ ‖en‖1/n ≤ ‖e1‖ ≤ 1.
(ii) λ∗ = limn→∞(‖Hnv‖w)1/n for all v, w ∈ W.
(iii) The critical discount factor β∗ is equal to 1/λ∗.
(iv) 0 ≤ λ∗

f ≤ λ∗ for all f ∈ F .
Under (A0) we additionally have the following:

(v) Let λ∗ > 0. Then λ∗ is an eigenvalue of H. Moreover, it is the largest one.
(vi) λ∗ = supf∈F λ∗

f , and the supremum is attained.
Proof. (i) Based on the inequalities 0 ≤ ‖en+m‖ ≤ ‖en‖‖em‖ ≤ 1 for n,m ∈ N0,

existence of limn→∞ ‖en‖1/n and equality with infk∈N ‖ek‖1/k can be shown as in the
case of a linear operator (cf., e.g., Kato (1980, p. 27)). Thus (i) holds.
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(ii) Part (ii) is an immediate consequence of ‖en‖ ≤ ‖Hnv‖/ inf v ≤ ‖Hnv‖w ·
(‖w‖/ inf v) ≤ ‖en‖ · (‖v‖/ inf v)(‖w‖/ inf w), n ∈ N, and (i).

(iii) Note that 1/λ∗ is the radius of convergence of the power series
∑∞

n=0 ‖en‖xn.
Thus c :=

∑∞
n=0 β

n‖en‖ < ∞ for β < 1/λ∗. Now we get, using ‖r‖ ≤ M for some
M < ∞,

Eπs

∞∑
n=0

βn|r(ζn, fn(ζn))| ≤ Mc < ∞.

Thus V exists and |V (s)| ≤ Mc; hence V ∈ V0. Moreover,

|Vπ(s) − vN,π(s)| ≤ αN := M ·
∞∑

n=N

βn‖en‖ + βN‖eN‖‖v0‖.

Hence ‖V − vN‖ ≤ αN → 0 as N → ∞, which proves that 1/λ∗ ≤ β∗. The proof of
1/λ∗ ≥ β∗ is a copy of the proof of Theorem 2.7(a) in Hinderer and Waldmann (2003)
with b = 1J .

(iv) Part (v) results from the compactness, positive homogeneity, and monotonic-
ity of H and Proposition 3.1.5 in Ogiwara (1995), observing that V+ is a closed convex
cone with interior point v ≡ 1 and that 0 ≤ v ≤ w implies ‖v‖ ≤ ‖w‖.

(v) Fix f ∈ F . Recall that en,f ≤ en, n ∈ N. Together with (i) we then obtain
0 ≤ λ∗

f ≤ λ∗. Hence 0 ≤ supf∈F λ∗
f ≤ λ∗.

Now, if λ∗ = 0, then (vi) holds trivially. Otherwise, using (v), λ∗ is an eigenvalue
of H and thus of Hg for some g ∈ F . Together with Proposition 3.1.7(iii) in Ogiwara
(1995) for T := Hg we then obtain λ∗ ≤ λ∗

g, which completes the proof of Proposition
2.2(vi).

It follows from Proposition 2.2(iii) that β∗ = 1 if the MDP has (besides J0)
another absorbing set disjoint from J0.

Proposition 2.3. The following are equivalent:

(a1) β < β∗.
(a2) βm‖em‖ < 1 for some m ∈ N.
(a3) βn‖en‖ → 0 as n → ∞.
(a4)

∑∞
n=0 β

n‖en‖ < ∞.
(a5) βn‖en‖ ≤ c · δn for all n ∈ N and some c ∈ R+ and δ ∈ (0, 1).
(a6) limn→∞ βn‖Hnv‖w = 0 for all v ∈ V, w ∈ W.

If (A0) holds, then (a1) is equivalent to

(a7) βλ∗
f < 1 for all f ∈ F .

Proof. Let β < β∗ = 1/λ∗. Then, using Proposition 2.2(i), β‖en‖1/n ≤ δ < 1
for n ≥ N , say. Hence (a1) ⇒ (a5) ⇒ (a4) ⇒ (a3) ⇒ (a2). (a2) implies βλ∗ =
infk∈N β‖ek‖1/k < 1. Hence (a2) ⇒ (a1). Since 0 ≤ βn‖Hnv‖w ≤ (‖v‖/ inf w)βn‖en‖,
(a3) ⇒ (a6). Choosing v = w = 1, (a6) ⇒ (a3). Under (A0) (a1) ⇔ (a7) results from
Proposition 2.2(vi).

For later use denote by MDPf , f ∈ F , the special MDP with D(s) = {f(s)},
s ∈ S. Let rf (s) := r(s, f(s)), f ∈ F , s ∈ S.

Remark 2.4. (a) As in Hinderer, Waldmann (2003), condition (a7) is the link
to many additional equivalent properties. For example, under (A0) property (a4) is
equivalent to each of the following properties:
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(a′4)
∑∞

n=0 β
n‖en,f‖ < ∞ for all f ∈ F .

(a′′4)
∑∞

n=0 β
nen,f (s) < ∞ for all f ∈ F , s ∈ J .

Indeed, applying Proposition 2.3 to MDPf , we find
∑∞

n=0 β
n‖en,f‖ < ∞ is equivalent

to βλ∗
f < 1. Hence (a4) ⇔ (a′4). Clearly (a′4) ⇒ (a′′4). On the other hand, fix

f ∈ F and let
∑∞

n=0 β
nen,f < ∞. Then βnen,f converges to zero pointwise. Let

γ := max{1, β}. Given (A0), for all 0 < ε < 1/γ, there exists a finite set K such that
p(s, f(s), J −K) ≤ ε, s ∈ J . Moreover, there exists n ∈ N such that βn+jen+j,f ≤ ε,
j ∈ N0, on K. It follows for all s ∈ J that βn+1en+1,f (s) = βHf (βnen,f )(s) ≤
β[(1−ε)ε+εγn] ≤ γε[(1−ε)(1−γε)−1 +γn]. Induction on j then gives βn+jen+j,f ≤
γε(1 − ε)(1 − γε)−1 + (γε)jγn, j ∈ N. Hence βn‖en,f‖ → 0, which is equivalent to∑∞

n=0 β
n‖en,f‖ < ∞ by Proposition 2.3 (applied to MDPf ). Thus (a′′4) ⇒ (a′4).

(b) Pliska (1978) treats a semicontinuous model and does not suppose (A0). He
shows supf∈F

∑∞
n=0 β

n‖en,f‖ < ∞ ⇔ supf∈F βm‖em,f‖ < 1 for some m ∈ N ⇔
supf∈F βn‖en,f‖ ≤ αγn, n ∈ N, for some positive numbers α and γ with γ < 1.
Moreover, each of these properties is shown to imply supf∈F βλ∗

f < 1.

(c) Veinott (1969), Hordijk (1974), and Pliska (1978) show for different state and
action spaces that supf∈F ‖

∑∞
n=0β

nHn
f 1‖<∞ implies that supπ∈F∞‖

∑∞
n=0β

nHn
π 1‖<

∞, where H0
πv := v, Hn

π := Hf0
, . . . , Hfn−1 , n ∈ N, for π = (f0, f1, . . . ) ∈ F∞, which

for our model also follows from (a′′4) ⇔ (a4). Hernández–Lerma and Lasserre (1999)
suppose supπ∈F∞ ‖b−1

∑∞
n=0 H

n
π b‖ < ∞ in a transient model with unbounded reward

function and weight function b as in Remark 3.3(a). Their assumption is equivalent
to supπ∈F∞ ‖

∑∞
n=0 γ̂

nĤn
π 1‖ < ∞ in the reduced model (provided that 0 < γ̂ < ∞).

Further, given (A0), the last property is equivalent to (a4) (in the reduced model with
β = γ̂).

(d) Proposition 2.2(iii) as well as the equivalence of (a1)–(a4) of Proposition 2.3
are obtained in Hinderer and Waldmann (2003), too, for a model with standard Borel
state and action spaces.

Next we distinguish between β∗ = 1 and β∗ > 1.

Proposition 2.5. Assume (A0). Then the following are equivalent:

(b1) β∗ = 1.
(b2) There exists s0 ∈ J such that en(s0) = 1 for all n ∈ N.
(b3) There exist M ⊂ J , M �= ∅, and f ∈ F such that p(s, f(s),M) = 1 for all

s ∈ M .
(b4) There exist f ∈ F and s0 ∈ J such that Pfs0(τ = ∞) = 1.

Proof. (i) Let β∗ = 1. Then ‖en‖ = 1, n ∈ N, by Proposition 2.2(iii). Since λ∗

is an eigenvalue of H (cf. Proposition 2.2(v)), there exists e∗ ≥ 0 with ‖e∗‖ = 1 and
He∗ = e∗. By Proposition 2.1 there exists a finite K ⊂ J such that p(s, a, J−K) ≤ 1/2
for all (s, a) ∈ D|J . K �= ∅, since otherwise e1(s) = maxa∈D(s) p(s, a, J) ≤ 1/2 for
s ∈ J , which contradicts ‖e1‖ = 1. Assume e∗ ≤ α on K for some α ∈ (0, 1). Then,
for all f ∈ F , s ∈ J , we get Hfe

∗(s) ≤ αp(s, f(s),K) + p(s, f(s), J − K) ≤ α(1 −
p(s, f(s), J−K))+p(s, f(s), J−K) ≤ α+(1−α)/2. Thus e∗(s) = supf∈F Hfe

∗(s) ≤
α + (1 − α)/2, which contradicts ‖e∗‖ = 1. Thus e∗(s0) = 1 for some s0 ∈ K and,
since e∗ ≤ en ≤ 1 for n ∈ N, en(s0) ≥ e∗(s0) = 1, n ∈ N. This verifies (b1) ⇒ (b2).

(ii) Assume (b2). Then ‖en‖ = 1, n ∈ N. Hence we can use e∗ from (i), which
implies that M := {s ∈ J | e∗(s) = 1} is nonempty. There exists f ∈ F such that
1 = e∗(s) = He∗(s) = Hfe

∗(s), s ∈ M . Fix s ∈ M and assume p(s, f(s),M) < 1
in contrast to (b3). By (A0) there exists a finite K ⊂ J such that p(s, f(s),M) +
p(s, f(s), J −K) < 1. Put α := max{e∗(s′) | s′ ∈ (J −M) ∩K} if (J −M) ∩K �= ∅
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and α := 0 else. Then

1 =Hfe
∗(s) = p(s, f(s),M)+

∑
s′∈J−M

p(s, f(s), s′)e∗(s′)

≤ p(s, f(s),M)+αp(s, f(s), (J−M)∩K)+p(s, f(s), (J−M)∩ (J−K))

≤ 1− (1−α)p(s, f(s), (J−M)∩K).

This implies p(s, f(s), (J −M) ∩K) = 0, since α < 1, and hence 1 ≤ p(s, f(s),M) +
p(s, f(s), J −K) < 1, which is a contradiction. Hence (b2) ⇒ (b3).

(iii) Let M ⊂ J , f ∈ F such that p(s, f(s),M) = 1, s ∈ M . Then e1,f (s) ≥
p(s, f(s),M) = 1, s ∈ M . Thus suppose en,f = 1 on M to hold for some n ∈
N. Then en+1,f (s) =

∑
s′∈M p(s, f(s), s′)en,f (s′) +

∑
s′∈J−M p(s, f(s), s′)en,f (s′) ≥

p(s, f(s),M) = 1 for all s ∈ M , which gives en,f = 1 on M (and thus ‖en,f‖ = 1)
for all n ∈ N. Hence Pfs(τ = ∞) = limn→∞ Pfs(τ > n) = limn→∞ en,f (s) = 1,
s ∈ M . This proves (b3) ⇒ (b4). Assume (b4). From Proposition 2.2(i) applied
to MDPf , we then obtain λ∗

f = 1. Finally, using Proposition 2.2(iv) and λ∗ ≤ 1
(by Proposition 2.2(i)), we have λ∗ = 1. Hence (b4) ⇒ (b1), which completes the
proof.

Proposition 2.6. The following are equivalent:

(c1) β∗ > 1.
(c2) Each of the statements (a2)–(a6) of Proposition 2.3 with β = 1.

Moreover, under (A0), (c1) is equivalent to each of the following conditions:

(c3) There is a finite partition J1, . . . , Jm of J with nonempty sets

Jk := {s ∈ J | ek(s) < 1 = ek−1(s)}, 1 ≤ k ≤ m.

(Thus em < 1, and m ≤ |J | if J is finite.)
(c4) Efs(β

τ ) < ∞ for all f ∈ F , s ∈ J , and some β > 1.
(c5) Efs(τ

k) < ∞ for all f ∈ F , s ∈ J , k ∈ N.
(c6) Efs(τ) < ∞ for all f ∈ F , s ∈ J .
(c7) Pfs(τ < ∞) = 1 for all f ∈ F , s ∈ J .
(c8) λ∗

f < 1 for all f ∈ F .

(c9) The MDP is transient, i.e.,
∑∞

n=0 sups∈J Eπs1J(ζn) < ∞ for π ∈ F∞.

Proof. (i) (c1) ⇔ (c2) and, given (A0), (c1) ⇔ (c8) are obvious from Proposi-
tion 2.3.

(ii) If β∗ > 1, then ‖en‖ < 1 (hence en < 1) by Proposition 2.3(a2) with β = 1 for
some n ∈ N. Put Mν := {s ∈ J | eν(s) = 1}, ν ∈ N0. Then Mn = J −

∑n
k=1 Jk = ∅

and since Mν+1 ⊂ Mν , ν ∈ N0, there exists a smallest m ≤ n such that Mn = ∅.
Then J1, . . . , Jm is a partition of J . Moreover, Jk �= ∅ for 1 ≤ k ≤ m. For a proof
assume that Jk = Mk−1 −Mk = ∅ for some 1 ≤ k ≤ m. First Mk−1 �= ∅. Then an
argument similar to part (ii) of Proposition 2.5 with M and e∗ replaced by Mk−1 and
ek−1, respectively, and exploiting 1 = Hfek−1(s), s ∈ Mk−1, for some f ∈ F shows
that p(s, f(s),Mk−1) = 1 for all s ∈ Mk−1. Then β∗ = 1 by Proposition 2.5(b3),
which is a contradiction. Altogether we have (c1) ⇒ (c3).

(iii) Assume (c3). We prove that ‖em+1‖ < 1. (Then (c1) holds by Proposi-
tion 2.3(a2) with β = 1.) By (A0) there exists a finite K ⊂ J such that p(s, f(s), J −
K) ≤ 1/2 for f ∈ F , s ∈ J . Since α := maxs′∈K{em(s′)} < 1 we get as in part (ii) of
the proof of Proposition 2.5 Hfem(s) ≤ αp(s, f(s),K)+p(s, f(s), J−K) ≤ (α+1)/2.
Thus em+1(s) = supf∈F Hfem(s) ≤ (α + 1)/2 < 1 for s ∈ J .
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(iv) Assume (c1). Then there exists some β ∈ (1, β∗). Using Proposition 2.3(a4),
we get (cp. (2.9) in Hinderer, Waldmann (2003))

∞ >

∞∑
n=0

βn‖en‖ ≥
∞∑

n=0

βnen,f (s) = Pfs(τ = ∞) + (β − 1)−1 [Efs(β
τ ) − 1]

for s ∈ J , f ∈ F , which implies Efs(β
τ ) < ∞. Hence (c1) ⇒ (c4). Since Efs(β

τ ) ≥
((lnβ)k/k!)Efs(τ

k) for k ∈ N, we next obtain (c4) ⇒ (c5) ⇒ (c6) ⇒ (c7).
(v) (c7) implies limn→∞ Pfs(τ > n) = limn→∞ en,f (s) = 0, s ∈ J , f ∈ F . Hf is

compact by Proposition 2.1. Thus (enk+1,f )∞1 = (Hfenk,f )∞1 converges in norm to 0
for some (nk) ⊂ N. Since (‖en,f‖) is decreasing, we get limn→∞ ‖en,f‖ = 0. Applying
Proposition 2.3(a3) and (a7) with β = 1 to MDPf , it follows that λ∗

f < 1. Finally,
from Proposition 2.3(a7) and (a1), β

∗ > 1. Hence (c7) ⇒ (c1).
(vi) Condition (a4) from Proposition 2.3 with β = 1 implies (c9), since Eπs1J(ζn)

≤ ‖en‖. Moreover, (c9) ⇒ (a′4) ⇒ (a4) by Remark 2.4(a) with β = 1, since
sups∈J Efs1J(ζn) = ‖en,f‖, which completes the proof.

3. The optimality equation and related results. For all s ∈ J , a ∈ D(s),
v ∈ V introduce

Lv(s, a) := r(s, a) + β
∑
s′∈J

p(s, a, s′)v(s′),

Uv(s) := sup
f∈F

Ufv(s) := sup
f∈F

Lv(s, f(s)).

The supremum is attained, since D(s) is finite for all s ∈ S. Moreover, Ufv =
rf + βHfv and U(v + w) ≤ Uv + βHw for v, w ∈ V.

Theorem 3.1. Assume β < β∗. Then the following occur.
(i) Value iteration works; i.e., for all v0 ∈ V it holds that vn := Unv0 converges

in norm to V .
(ii) V is the unique bounded solution of the optimality equation

V (s) = max
a∈D(s)

{
r(s, a) + β

∑
s′∈J

p(s, a, s′)V (s′)

}
, s ∈ J.

(iii) f is optimal if and only if f is a maximizer of LV (i.e., UV (s) = LV (s, f(s)),
s ∈ J); thus there exists an optimal stationary policy.

Proof. (i) is obvious from Proposition 2.2(iii).
(ii) Let β < β∗. Then βm‖em‖ < 1 for some m ≥ 1 by Proposition 2.3, hence Um

is contractive (w.r.t. the sup-norm) on the Banach space V. Moreover, the unique
fixed point v∗, say, of Um is also the unique fixed point of U . First, Uv∗ = Um+1v∗ =
Um(Uv∗) implies Uv∗ = v∗. Second, Uw∗ = w∗ results in Umw∗ = w∗ and thus
w∗ = v∗.

(iii) follows (i) as usual, using (ii) for MDPf .
If β < β∗, then there exists m ∈ N such that η := 1 − βm‖em‖ > 0 by

Proposition 2.3(a2). Then w := η−1
∑m−1

j=0 βjej ≥ 1/η, hence w ∈ W, and we
have 1 − 1/w(s) ≤ M , s ∈ J , for some M ∈ (0, 1). Now, 1 + βHw − w ≤
e0 + η−1(βmem − e0) = βm(em − ‖em‖)/η ≤ 0 by subadditivity of H, which im-
plies βHw/w ≤ 1−1/w ≤ M . Hence ρ := β‖Hw‖w < 1. We then get the contraction
property ‖Uv−Uv′‖w ≤ β supf∈F ‖Hf (v− v′)/w‖ ≤ β‖Hw‖w‖v− v′‖b for v, v′ ∈ V.
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As a by-product, we get a short constructive proof for a result due to van Hee
and Wessels (1978) in case of β ≤ 1 < β∗; see also Zijm (1978).

Proposition 3.2. Let β < β∗ and ε > 0 such that βλ∗ + ε < 1. Then there
exists some w̄ ∈ W such that U is contractive with module β‖Hw̄‖w̄ ≤ βλ∗ + ε.

Proof. Since γ := β/(βλ∗ + ε) < β∗, we can replace β by γ in the construction of
w above. Then we get γ‖Hw̄‖w̄ < 1 and thus β‖Hw̄‖w̄ < βλ∗ + ε.

Now introduce γ± := ± sup{±r(s, a)/w(s) | (s, a) ∈ D}. Note that γ− ≤ 0 ≤ γ+.
Then, based on w, u± := γ±(1 − ρ)−1w fulfill ±Uu± ≤ ±u± and thus initiate mono-
tone sequences of iterates converging to V by Theorem 3.1(i). Hence they define rough
bounds u− ≤ Uu− ≤ V ≤ Uu+ ≤ u+ for V on J and, additionally, may be used as
an initial value v0 for a monotone sequence of iterates.

If J is finite, using J̃0 := ∅, J̃k := J1 ∪ · · · ∪ Jk, 1 ≤ k ≤ m, the partition
J1, . . . , Jm of J can be rewritten as

Jk = {s ∈ J − J̃k−1 | p(s, a, J0 + J̃k−1) ≥ εk for all a ∈ D(s)}

for suitable constants ε1, . . . , εm ∈ (0, 1). This fact can be used to construct a constant

ρ := 1 − min
1≤k≤m

ε1 . . . εm(1 − εk)

1 − ε1 . . . εk
∈ (0, 1)(3.1)

and a function w ∈ R
J , w(s) := 1 −

∏k
j=1 εj for all s ∈ Jk, 1 ≤ k ≤ m, for which it

holds that w > 0 and Hw ≤ ρw.
For a proof first note that w is constant on Jk and 0 < w(s) ≤ w(s′) ≤ 1 for

s ∈ Jk, s
′ ∈ Jk′ , 1 ≤ k ≤ k′ ≤ m. Hence, for s ∈ Jk, 1 ≤ k ≤ m, we have

Hw(s) = max
a∈D(s)

{
k−1∑
ν=1

(1 − ε1 . . . εν)p(s, a, Jν) +

m∑
ν=k

(1 − ε1 . . . εν)p(s, a, Jν)

}
≤ max

a∈D(s)
{(1 − ε1 . . . εk−1)p(s, a, J0 + J̃k−1)

+ (1 − ε1 . . . εm)(1 − p(s, a, J0 + J̃k−1))}
≤ (1 − ε1 . . . εk−1)εk + (1 − ε1 . . . εm)(1 − εk)

=
1 − ε1 . . . εk − ε1 . . . εm(1 − εk)

1 − ε1 . . . εk
· (1 − ε1 . . . εk)

≤ max
1≤k≤m

1 − ε1 . . . εk − ε1 . . . εm(1 − εk)

1 − ε1 . . . εk
· w(s)

= ρw(s).

Furthermore, since max1≤k≤m{1 − ε1 . . . εm(1 − εk)(1 − ε1 . . . εk)
−1} ≥ 1 − ε1 . . . εm,

we additionally have ρ ∈ (0, 1). Thus, for finite J and β = 1 (or applied to βH ≤ βρw
provided that βρ < 1) also these ρ and w can be used to construct u± as above.

A similar approach in Tseng (1990) for a transient model with β = 1 yields
w′ > 0 and ρ′ ∈ (0, 1), say, with Hw′ ≤ ρ′w′, where ρ′ := (1 − ε2m−1)(1 − ε2m)−1.
Our contraction factor ρ, however, is smaller. Indeed, choosing ε = min{ε1, . . . , εm},
then ρ reduces to 1 − εm(1 − ε)(1 − εm)−1, which is less than ρ′.

Remark 3.3. (a) Consider the more general model MDP , which has a bound-
ing function b : S → R+, b �≡ 0 (i.e., using 0/0:=0, sup(s,a)∈D |r(s, a)|/b(s) < ∞,

sups∈S |v0(s)|/b(s) < ∞, γ := sup(s,a)∈D b−1(s)
∑

s′∈S p(s, a, s′)b(s′) < ∞) and a

variable discount factor β(s, a) ≥ 0 with 0 < β̄ := sup(s,a)∈D β(s, a) < ∞.
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This model can be reduced to an MDP ′ with constant discount factor β′ and
bounded r′ and v′0, provided that γ > 0, as follows: S′ := S + {ŝ}, A′ := A, D′(s) :=
D(s), s ∈ S, D′(ŝ) := A, p′(s, a, s′) := β(s, a)p(s, a, s′)b(s′)/[β̄γb(s)], (s, a) ∈ D,
s′ ∈ S, r′(s, a) := r(s, a)/b(s), v′0(s) := v0(s)/b(s), (s, a) ∈ D, β′ := β̄γ. The missing
values of p′, r′, and v′0 are determined by the requirement that {ŝ} is absorbing.

The asserted reduction holds since one easily verifies that for all v : S ∈ R with
‖v‖b < ∞ there holds Lv(s, a)/b(s) = L′((v/b) · 1S)(s, a), (s, a) ∈ D. It follows that
vn(s)/b(s) = v′n(s), s ∈ S, n ∈ N, and that f ′ : S → A is a maximizer of L′v′n−1, if
and only if f ′|S is a maximizer of Lvn−1.

(b) The reduction in (a) is useful in cases where γ > 1, where the discount factor
is a constant β ∈ (1/γ, 1) (hence β′ = βγ > 1), and where β′∗ ≥ γ, in the following
way: While the standard result about MDP s with bounding functions yields, e.g., the
existence of V β only for 0 < β < 1/γ, Proposition 2.2(i) and Theorem 3.1 show that
V ′(βγ), and hence also V β exists for 0 < β < 1.

A simple example is the classical asset selling problem (cf., e.g., DeGroot (1970))
with N0-valued offers having expectation µ > 0, with state space S := N0 + {s̃} for
an absorbing state s̃, and with bounding function b, where b(s) = 1 + s for s ∈ N0

and b(s̃) = 1. Then β′∗ = γ = 1 + µ > 1.
(c) A terminal reward r̃J0(s), say, when entering an absorbing state s ∈ J0, can

be easily handled by considering the equivalent model with the one-stage rewards
r′(s, a) := r(s, a) + β

∑
s′∈J0

p(s, a, s′)r̃J0
(s′), (s, a) ∈ D|J , and r′(s, a) := 0 other-

wise.

4. Recursion in the state space and the model MDP′. Observe that
βp(s, a, s) < 1 for all β < β∗, s ∈ J , and a ∈ D(s), which follows from Proposi-
tion 2.3(a4) and

∑
n(βp(s, a, s))n ≤

∑
n β

n‖en‖. Introduce

I1 := {s ∈ J | p(s, a, s) = p(s, a, J) for all a ∈ D(s)}

and, using Ĩ0 := ∅, Ĩν−1 :=
∑ν−1

�=1 I�, for ν > 1 define

Iν := {s ∈ J − Ĩν−1 | p(s, a, s) + p(s, a, Ĩν−1) = p(s, a, J) for all a ∈ D(s)}.

Obviously Iν = ∅ for some ν ∈ N implies Ij = ∅ for j ≥ ν. Then, for all k ∈ N,
one easily sees that V can be obtained by recursion in the state space on the subsets
I1, . . . , Ik of J according to

V (s)= max
a∈D(s)

⎧⎨⎩ 1

1−βp(s, a, s)

⎡⎣r(s, a)+β
∑

s′∈Ĩν−1

p(s, a, s′)V (s′)

⎤⎦⎫⎬⎭, s∈ Iν , 1≤ ν ≤ k.

If Iν = ∅ for some ν ∈ N, then the recursion in the state space stops with
the largest k such that Ik �= ∅. If Ĩk = J , then V can be completely determined
by a finite recursion in the state space. To give a necessary and sufficient condi-
tion for this case in Proposition 4.1 below, define an operator H̃ on J by H̃v(s) :=
maxa∈D(s)

∑
s′∈J−{s} p(s, a, s

′)v(s′) for all s ∈ J , v ∈ V. Set ẽt := H̃t1, t ∈ N0.

Proposition 4.1. If β < β∗, then recursion in the state space stops with Ĩk = J
if and only if ẽk ≡ 0.

Proof. (a) We prove by induction on j ∈ N that Ij = [ẽj = 0 < ẽj−1] :=
{s ∈ J | ẽj(s) = 0 < ẽj−1(s)}. First, ẽ0 ≡ 1; hence s ∈ I1 ⇔ ẽ1(s) = 0. Let

I� = [ẽ� = 0 < ẽ�−1] hold for some j ≥ 1 and all 1 ≤ 
 ≤ j. Then Ĩj = [ẽj = 0]; hence,
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ẽj+1(s) = maxa∈D(s)

∑
s′∈[ẽj>0]−{s} p(s, a, s

′)ẽj(s
′), s ∈ J . Now s ∈ Ij+1 ⇔ (ẽj(s) >

0) ∧ (p(s, a, [ẽj > 0] − {s}) = 0 for all a ∈ D(s)) ⇔ (ẽj(s) > 0) ∧ (ẽj+1(s) = 0). Now
the induction is complete.

(b) From (a) it follows that Ĩk = J if and only if ẽk ≡ 0, which is the asser-
tion.

If J ′ := J − Ĩk �= ∅ and Iν = ∅ for ν ≥ k + 1, then V coincides on J ′ with the
value function V ′, say, of an MDP ′ with essential state space J ′ and absorbing set
J ′

0 := J0 + Ĩk, where r′(s, a) := r(s, a) + β
∑

s′∈J−J ′ p(s, a, s′)V (s′) for (s, a) ∈ D|J′

(and r′ = 0 on D|J′
0
). Note that (β∗)′ ≥ β∗ holds for the critical discount factor of

the reduced model MDP ′.
As far as we know, recursion in the state space occurs in the literature only for

specific models; cf., e.g., Hinderer (1971). Related general results can be found in
Bertsekas (2001, pp. 97 and 133).

5. An extrapolation method. In what follows we consider a sequence (vn) of
successive approximations vn = Uvn−1, n ∈ N, starting with some v0 ∈ V. It is con-
venient to rewrite vn as vn = Ufnvn−1 for some maximizer fn of Lvn−1. Furthermore,
let dn := vn−vn−1 denote the difference of two successive approximations. Of course,
dn ∈ V.

Value iteration is now combined with an extrapolation, giving upper and lower
bounds for V of the form vn + c±n dn at each step n of iteration.

Our extrapolation method is based on the assumption that d1 ≥ 0. Then dn ≥ 0
for all n ≥ 1. If r ≥ 0, then d1 ≥ 0 trivially holds using initial value v0 ≡ 0. Otherwise,
we have to construct d1 ≥ 0 in an initial step. More details will be given below.

For n ≥ 2 let

α−
n := inf

s∈J
{dn(s)/dn−1(s) | dn−1(s) > 0}

(with α−
n := 0, if dn−1 ≡ 0). Note that 0 ≤ α−

n dn−1 ≤ dn ≤ βHdn−1. Together
with Lemma 3.1.7(iii) in Ogiwara (1995) (which holds without (A0)) we then get
α−
n ≤ βλ∗. Using monotonicity of Hfn we further get βHfndn ≥ βHfn(α−

n dn−1) =
α−
n [Ufnvn−1−Ufnvn−2] ≥ α−

n [vn−Uvn−2] = α−
n dn and thus dn+1 ≥ βHfndn ≥ α−

n dn,
which implies α−

n ≤ α−
n+1. Moreover, if α−

n > 0 and dn > 0 for some n ≥ 2, then

dn+j ≥ (α−
n )jdn > 0 for all j ∈ N, which leads to α−

n+j = infs∈J{dn+j/dn+j−1} > 0,
j ∈ N.

Next, for k ≥ 1 select δk ∈ V such that d̂k := dk + δk ∈ W. Let

α̂+
k,m := sup

s∈J
{βmHmd̂k(s)/d̂k(s)}, m ∈ N.

Obviously Hm is monotone and positively homogeneous. It follows from Proposi-
tion 2.2(i) that Hm has the spectral radius (λ∗)m. Using βmHmd̂k ≤ α̂+

k,md̂k, we

obtain α̂+
k,m ≥ (βλ∗)m (without (A0)) by Lemma 3.1.7(ii) in Ogiwara (1995) for

T := Hm. Furthermore, by applying Proposition 2.3(a6) with v = w = d̂k, we get
α̂+
k,m → 0 as m → ∞, if β < β∗. In particular, α̂+

k,m < 1 for large enough m. More
details on the choice of δk will be given below.

For fixed f ∈ F we call the operator Hf primitive if for each v ∈ V+, v �≡ 0,
v �∈ W there exists m = m(v) ∈ N such that Hm

f v ∈ W. For finite sets J this
definition is consistent with the usual one (i.e., for some k ∈ N the matrix associated
with Hk

f has positive entries only).
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Theorem 5.1. Let d1 ≥ 0 and β < β∗. Then,
(i) For all n > 1 it holds that α−

n ≤ βλ∗ < 1 and

V ≥ Vfn ≥ w−
n := vn + α−

n (1 − α−
n )−1dn ≥ vn.

(ii) Let d̂k ∈ W for some k ∈ N, and m ∈ N such that α̂+
k,m < 1. Then for all

n ≥ k

V − vn ≤ sup
s∈J

{
dn(s)

d̂k(s) − βmHmd̂k(s)

}
·

m∑
j=1

βjHj d̂k ≤ ‖dn/d̂k‖
1 − α̂+

k,m

·
m∑
j=1

βjHj d̂k.

In particular, if dn−1 ∈ W, dn = βHdn−1, and α+
n := sups∈J{dn(s)/dn−1(s)} < 1

hold for some n ∈ N, then

V ≤ w+
n := vn + α+

n (1 − α+
n )−1dn.

(iii) The weights c−n := α−
n /(1− α−

n ) are increasing in n, limn→∞ c−n ≤ βλ∗/(1−
βλ∗). Furthermore, the lower bounds w−

n are increasing in n and converge in norm
to V as n → ∞.

(iv) Under the assumptions in (ii) we get ŵ+
n+m,k,m ≤ ŵ+

n,k,m := vn+‖dn/d̂k‖(1−
α̂+
k,m)−1 ·

∑m
j=1 β

jHj d̂k. Furthermore, both upper bounds in (ii) converge in norm to
V as n → ∞.

(v) Let J be finite. Assume that LV has the unique maximizer f and let Hf

be primitive. Then the procedure either stops with dn ≡ 0 (hence V = vn) for some
n ∈ N or the weights c+n := α+

n /(1−α+
n ) are decreasing in n ≥ n0 and both c±n converge

to βλ∗
f/(1 − βλ∗

f ). If λ∗
f is also an eigenvalue of H with positive eigenvector, then

λ∗
f = λ∗.

Proof. By assumption, β < β∗ and thus βλ∗ < 1 by Proposition 2.2(iii). Fur-
thermore, remember that α−

n ≤ βλ∗ (hence α−
n < 1) and dn+1 ≥ βHfndn ≥ α−

n dn.
Together with Ufnvn−1 = vn,

Ufnw
−
n − w−

n = βHfndn + α−
n (1 − α−

n )−1βHfndn − α−
n (1 − α−

n )−1dn ≥ 0,

which implies Vfn ≥ w−
n (and thus (i)) by Theorem 3.1(i) for MDPf and the mono-

tonicity of Ufn . Additionally exploiting 0 ≤ α−
n ≤ α−

n+1, we get

w−
n+1 − w−

n = dn+1 + α−
n+1(1 − α−

n+1)
−1dn+1 − α−

n (1 − α−
n )−1dn ≥ 0,

which gives monotonicity of w−
n in n. Since V ≥ w−

n ≥ vn, n > 1, convergence in norm
of the lower bounds follows from Theorem 3.1(i). The properties of c−n immediately
follow from those of α−

n . Thus (iii) holds.
We continue with the first part of (ii). By construction and since α̂+

k,m < 1,

η := d̂k − βmHmd̂k ∈ W. Set c := sups∈J{dn(s)/η(s)}. Then, for some f ∈ F ,

U

(
vn−1 + c

m−1∑
0

βjHj d̂k

)
−
(
vn−1 + c

m−1∑
0

βjHj d̂k

)

= Ufvn−1 + c

m−1∑
0

βj+1HfH
j d̂k − vn−1 − c

m−1∑
0

βjHj d̂k

≤ dn − c(d̂k − βmHmd̂k) = dn − η · ‖dn/η‖ ≤ 0.
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Next V ≤ U(vn−1 + c
∑m−1

0 βjHj d̂k) ≤ vn + c
∑m

1 βjHj d̂k, which follows from The-
orem 3.1(i) and from U(v + w) ≤ Uv + βHw for v, w ∈ V. It gives the left-hand
inequality. The right-hand inequality then follows from the definition of α̂+

k,m. The
second part of (ii) follows from the first part by choosing k := n − 1, m := 1, and
δn−1 :≡ 0; hence α̂+

n−1,1 = α+
n .

From dn+j ≤ βjHjdn ≤ ‖dn/d̂k‖βjHj d̂k, 1 ≤ j ≤ m, we obtain ‖dn+m/d̂k‖ ≤
α̂+
k,m‖dn/d̂k‖ and then, using vn+m − vn =

∑m
j=1 dn+j , that ŵ+

n+m,k,m − ŵ+
n,k,m ≤

‖dn/d̂k‖[1+α̂+
k,m(1−α̂+

k,m)−1−(1−α̂+
k,m)−1]×

∑m
j=1 β

jHj d̂k = 0. From dn ≤ βHdn−1

we further obtain ‖dn‖ ≤ ‖d1‖βn−1‖en−1‖. Now Proposition 2.3(a3) completes (iv).

Theorem 5.1(v). Since f is the unique maximizer of LV , we obtain from Theorem
10.1 (below) that for some n0 ≥ 1 there holds dn = βn−n0Hn−n0

f dn0
for n > n0. Put

k := n0. Assume dk ≡ 0. Then V = vk. Otherwise dk �≡ 0. If dk �∈ W, primitivity of
βHf (applied to v = dk) gives dk+m ∈ W for some m ∈ N. Hence, if dk �≡ 0, there is
l ≥ k such that dl ∈ W. Now we apply Satz III.2.7 in Bohl (1974) with the following
choices (and observing that primitive linear operators are called “streng-monoton”
there): X := V, K := V+, ē :≡ 1, S = T := Hf , e0 := dl. Then it follows that
α±
n , n > l, are monotone in n and that limn→∞ α±

n = βλ∗
f . The properties of c±n now

easily follow from those of α±
n . If λ∗

f is an eigenvalue of H with positive eigenvector,
then λ∗

f = λ∗ by Ogiwara (1995, Lemma 3.1.7(ii) and (iii)).

The asymmetry in the bounds results from the sublinearity of H. The lower
bounds are easy to calculate and need d1 ≥ 0 only. The upper bounds are based
on d̂k ∈ W and need some additional effort due to the computation of βjHj d̂k,
1 ≤ j ≤ m, up to some m ∈ N such that α̂+

k,m < 1. To reduce the computational
effort, we may use these fixed objects for more than one step of iteration. In this case,
we only have to adapt vn and ‖dn/(d̂k − βmHmd̂k)‖ (resp., ‖dn/d̂k‖) by switching
from n to n + 1, which can be easily realized.

We may use δ1 = e0 − d1 in order to obtain d̂1 = e0 ∈ W. Then, for m ∈ N such
that βm‖em‖ < 1, it follows from Theorem 5.1(ii) for n ≥ 1 that

V − vn ≤ sup
s∈J

{
dn(s)

1 − βmem(s)

}
·

m∑
j=1

βjej ≤
‖dn‖

1 − βm‖em‖ ·
m∑
j=1

βjej .

Mainly, however, we are interested in applying (ii) with δk = 0, provided that
dk ∈ W. Extensive numerical results show that the extrapolation method works very
well and, in particular, is highly superior to an extrapolation method of the MacQueen
type, which cannot balance out the unequal row sums in the defining matrices of H.
Some numerical results are displayed in section 6. Finally, if dk �∈ W, we may use
d̂k = dk + εe0 for some ε > 0.

Due to dn ≥ α−
n dn−1, Theorem 5.1(i) improves the lower bound in Schellhaas

(1974, Satz 4.1), which may be written as vn−1 + α−
n (1 − α−

n )−1dn−1 and which is
derived under the additional assumptions that J is finite, β < 1, and 0 < dn < dn−1.
His upper bounds w+

n := vn−1 + α+
n (1 − α+

n )−1dn−1 are constructed in the same way
and need the verification of Uw+

n ≤ w+
n .

Theorem 5.1 can be combined with the following proposition.

Proposition 5.2. Let β < β∗, d1 ≥ 0. If Hdn = 0 on Mn := {s ∈ J | dn(s) = 0}
for some n ∈ N, then

(i) p(s, a, J −Mn) = 0 for (s, a) ∈ D|Mn ,
(ii) V = vk = vn on Mn, k ≥ n.
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Proof. (i) is a consequence of dn = 0 on Mn, dn > 0 on J −Mn, and

0 = Hdn(s) = max
a∈D(s)

{ ∑
s′∈Mn

p(s, a, s′)dn(s′) +
∑

s′∈J−Mn

p(s, a, s′)dn(s′)

}
, s ∈ Mn.

(ii) Observe that 0 ≤ dn+k ≤ βkHkdn, k ∈ N. Together with (i), Hkdn = 0,
k ∈ N, on Mn. Hence dn+k = 0 on Mn and thus vn = V on Mn by Proposi-
tion 2.2(iii).

On the basis of Proposition 5.2, value iteration can be continued after the first
n steps with MDP (n), say, with essential state space J −Mn and one-stage rewards
r(s, a) + β

∑
s′∈Mn

p(s, a, s′)vn(s′), (s, a) ∈ D|J−Mn .

Fix n ∈ N and assume d1 ≥ 0, β < β∗. Let en = 0 on some M̂n ⊂ J . Then, using
en+1 ≤ en and 0 ≤ dn+k ≤ βn+kHn+kd1 ≤ ‖d1‖βn+ken+k, k ∈ N, a simple argument
leads to vn = V on M̂n. Furthermore, if M̂n = J , then vn ≡ V , and value iteration
stops after n steps of iteration. See also Proposition 4.1.

Hübner (1980) derives bounds for general S, A under an assumption “dn ∈ T ,”
which includes “dn ≥ 0” and weakens “dn > 0” similar to Proposition 5.2. He
has found the lower bound for V given in Theorem 5.1(i) under the assumptions
V = limN→∞ vN , and α−

n < 1 (cf. Theorem 3 and Remark 7 there). The lower bound
also follows from Example 3.2 in Waldmann (1985) (within a general framework for
constructing extrapolation functions) if V = limN→∞ vN . Additional assumptions
are not needed there.

Let dn−1 ∈ W and β‖Hdn−1/dn−1‖ < 1. Then, by applying Theorem 5.1(ii) with
k = n − 1 and m = 1, we get the (right-hand) upper bound vn + ‖dn/dn−1‖(1 −
β‖Hdn−1/dn−1‖)−1βHdn−1 for V , which is superior to the upper bound given in
Hübner (1980, Theorem 2 and Remark 7), due to βHdn−1 ≤ β‖Hdn−1/dn−1‖dn−1.

Example 5.3. Consider the standard Markov decision model with finite state
space S and J0 = ∅. Then en ≡ en,f ≡ 1, n ∈ N, and β∗ = λ∗ = λ∗

f = 1 for all
f ∈ F by Proposition 2.2. Assume f to be the unique maximizer of LV and Hf to
be primitive. Then, from Theorem 5.1(v), either both c±n converge to β/(1 − β) as
n → ∞ or the value iteration stops with V = vn for some n.

Analogous bounds for vN , which are based on vn and dn for n ≤ N , exist and
belong to V for all β > 0. The initial value v0 (terminal reward) is now fixed and
cannot be chosen such that d1 ≥ 0 holds.

Theorem 5.4. Let N ∈ N, 1 < n < N , and α−
n and α̂+

k,m be as in Theorem 5.1.

(i) If dn−1 ≥ 0, then

vn +

N−n∑
j=1

(α−
n )jdn ≤ vn+1 +

N−n−1∑
j=1

(α−
n+1)

jdn+1 ≤ vN .

(ii) Let d̂k ∈ W for some k ≤ n. Then, for 
,m ∈ N such that N − n ≤ 
m,

vN ≤ vn + ‖dn/d̂k‖ ·
�−1∑
i=0

(α̂+
k,m)i

m∑
j=1

βjHj d̂k.

Proof. (i) uses α−
n dn ≤ dn+1, α−

n ≤ α−
n+1, and vN − vn =

∑N−n
j=1 dn+j . For

the proof of (ii) one uses dn+j ≤ ‖dn/d̂k‖ · βjHj d̂k for j ≥ 1, derives βmiHmid̂k ≤
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(α̂+
k,m)id̂k by induction on i ∈ N, and finally uses vN − vn ≤

∑lm
j=1 dn+j ≤ ‖dn/d̂k‖ ·∑l−1

i=0

∑m
ν=1 β

νHν(βmiHmid̂k).

Theorem 5.4(i) verifies the lower bounds presented in Theorem 3 of Hübner
(1980), which have been derived there under the stronger assumption dn−1 ∈ T .

Applying Theorem 5.4(ii) with d̂k = dn−1, m = 1, 
 = N − n, we get the upper

bound vn + ‖dn/dn−1‖ ·
∑N−n−1

i=0 (α̂+
n−1,1)

iβHdn−1, which is smaller than the bound

vn + ‖dn/dn−1‖ ·
∑N−n

i=1 (α̂+
n−1,1)

idn−1 given in Theorem 2 there (due to βHdn−1 ≤
α̂+
n−1,1dn−1).

The need of an increasing sequence (vn) of value iterates may be seen as a restric-
tion of our method. We therefore give some hints for choosing a suitable initial value
v0 in order to destroy any doubts.

(a) Choose v0 ≡ 0 in case of rf ≥ 0 for some f ∈ F . Then v0 ≤ Uv0 trivially
holds.

(b) Select some f ∈ F . Iterate up to some m ∈ N such that βm‖em,f‖ < 1.

Then v0 := infs∈S{rf (s)/(1 − βmem,f (s))}
∑m−1

j=0 βjej,f ∈ V and we have Ufv0 ≥ v0

and thus Uv0 ≥ v0. Moreover, for any ε ∈ W, replacing rf by rf − ε in the definition
of v0, we additionally have d1 = Uv0 − v0 ∈ W. Finally, if e1,f , f ∈ F , and d1 belong
to W (or alternatively α−

2 > 0, d1 ∈ W), then dn ∈ W, n ∈ N.
(c) Select f ∈ F . Based on MDPf we may choose w and ρ as in section 3. Then

for v0 := u− it holds that Uv0 ≥ v0.
(d) Since Vf = UfVf ≤ UVf for all f ∈ F , we may also compute Vf for some

f ∈ F and start with v0 = Vf .

In Example 5.6 below we present an important case where it is useful to have
bounds for Vf for a single f ∈ F . First note that Theorem 5.1 can be applied to
MDPf , replacing H by Hf , dn by dn,f , etc. Note that en,f ≤ en; hence β∗

f ≥ β∗.
Several results, e.g., in Theorem 5.1(ii), simplify since dn+1,f = βHfdn,f , n ∈ N, by
linearity of Hf . In particular, we obtain the following:

(i) For n ≥ 2 there holds α−
n,f ≤ βλ∗

f < 1, the weights c−n,f := α−
n,f/(1−α−

n,f )dn,f
and the lower bounds w−

n,f := vn,f + c−n,fdn,f ≤ Vf increase, and w−
n,f converges in

norm to Vf .
(ii) The upper bounds for Vf , obtainable from Theorem 5.1(ii), can be rewritten

in a simpler way. In particular, Vf − vn,f ≤ ‖dn,f/(dn−m,f − dn,f )‖(vn,f − vn−m,f ) ≤
α̂+
n−m,m,f (1− α̂+

n−m,m,f )−1(vn,f −vn−m,f ) for k = n−m and all 1 ≤ m < n such that

dn−m,f ∈ W and α̂+
n−m,m,f := ‖dn,f/dn−m,f‖ < 1. Actually the two bounds coincide

since ‖v/(1 − v)‖ = ‖v‖/(1 − ‖v‖) for ‖v‖ < 1.

Since finiteness of J is only needed in Theorem 5.1(v) to apply the turnpike
Theorem 10.1 below, we additionally obtain the following proposition.

Proposition 5.5. Fix f ∈ F . Assume β < β∗
f (hence βλ∗

f < 1), d1,f ≥ 0, that
Hf is primitive, and that Hν

f is compact for some ν ∈ N. (The latter holds under
(A0), in particular if J is finite.) Then either dn0,f ≡ 0 for some n0 ∈ N (and then
Vf = vn0,f ) or dn,f ∈ W for n ≥ n1. In the latter case the following hold for n > n1:

(i) The weights c+n,f = α+
n,f/(1 − α+

n,f ) decrease in n, and, as well as c−n,f ,
converge to βλ∗

f/(1 − βλ∗
f ) as n → ∞.

(ii) The bounds w+
n,f := vn,f +c+n,fdn,f decrease in n and converge in norm to Vf .

Example 5.6. Mean entrance time of a Markov chain into an absorbing set.
Applied to rf = 1J and β = 1, the total expected reward Vf (s) equals the expected
entrance time Efs(τ) into J0 and we obtain vn,f =

∑n
j=0 ej,f (with v0,f = e0,f ).

Hence, if dn−1,f = en−1,f ∈ W and ‖en,f/en−1,f‖ < 1 (hence β∗
f > 1 by Proposition
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2.6), then by Theorem 5.1(i) and (ii)

n∑
j=0

ej,f (s) +
α−
n,f

1 − α−
n,f

en,f (s) ≤ Efs(τ) ≤
n∑

j=0

ej,f (s) +
α+
n,f

1 − α+
n,f

en,f (s), s ∈ J,

where α±
n,f = ± sups∈J{±en,f (s)/en−1,f (s)}. Additionally, if Hf is primitive and

Hν
f is compact for some ν ∈ N, then, by Proposition 5.5(i), the weights c±n,f =

α±
n,f/(1 − α±

n,f ) are monotone in n and converge to λ∗
f/(1 − λ∗

f ) as n → ∞ or value
iteration stops with en,f ≡ 0 for some n.

Remember that Pfs(τ > n) = en,f (s), s ∈ J . Note that en+1,f = Hfen,f ≤
α+
n,fen,f . Hence α+

n+1,f ≤ α+
n,f (additionally using en+1,f ≤ en,f and putting 0/0 =

0). Analogously, α−
n+1,f ≥ α−

n,f . Thus we also obtain bounds

(α−
n,f )ken,f ≤ (α−

n+1,f )k−1en+1,f ≤ en+k,f ≤ (α+
n+1,f )k−1en+1,f ≤ (α+

n,f )ken,f , k ∈N,

for the (whole) distribution of τ at each step n of iteration.
Applied to the mean run length of a quality control scheme the procedure works

very well (cf. Waldmann (1986a, 1986b) for details). Bearing in mind that λ∗
f is

nearly one and that the second largest eigenvalue is small compared with λ∗
f , this is

no longer surprising looking at the asymptotic properties (Proposition 5.5(i)) of our
extrapolation method.

6. A numerical example. Our numerical results are based on an MDP (Prob-
lem I) with essential state space J = {1, 2, 3}, discount factor β = 1, transition law p,
and one-stage reward r as in Table 6.1.

Remember that α̂+
k,m ≥ (βλ∗)m. Thus β∗ > 1 can be verified by the extrapolation

itself. In particular, by applying Theorem 5.1(ii) with k = n, d̂n = dn, and m = 1, at
the first step n with α̂+

n,1 < 1 we know that β∗ > 1 and thus Theorem 5.1 works. Since
r ≥ 0, we start with v0 ≡ 0. The resulting bounds for V are displayed in Table 6.2.
Missing upper bounds due to α̂+

n,1 ≥ 1 are marked by “∞.”
Changing the sign of r(2, 1) (Problem II), we can still apply Theorem 5.1 with

v0 ≡ 0 and get the same results as in Table 6.2, since rf ≥ 0 for f ≡ 2. For f ≡ 1,

Table 6.1

Definition of p and r.

p(s, a, s′)

s a s′ = 1 s′ = 2 s′ = 3 r(s, a)

1 1 8/16 4/16 0 8
2 1/16 12/16 0 11/4
3 4/16 2/16 0 17/4

2 1 8/16 0 8/16 16
2 1/16 14/16 1/16 15

3 1 4/16 4/16 0 7
2 2/16 12/16 1/16 4
3 12/16 1/16 1/16 9/2
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Table 6.2

Upper and lower bounds for V , starting with v0 ≡ 0.

n vn(1) vn(2) vn(3) w−
n (1) ŵ+

n,n,1(1) w−
n (2) ŵ+

n,n,1(2) w−
n (3) ŵ+

n,n,1(3)

1 8.0 16.0 7.0
2 16.0 29.9 17.4 70.1 ∞ 124.1 ∞ 88.0 ∞
3 26.2 43.3 29.5 257.1 ∞ 345.3 ∞ 303.5 ∞
4 36.9 56.4 41.6 544.6 859.5 679.8 1066.4 615.8 972.0
5 47.3 69.2 53.5 664.0 679.1 826.4 845.0 753.6 770.8
6 57.6 81.9 65.2 670.2 678.2 834.3 844.1 760.9 770.0
7 67.8 94.3 76.7 677.7 678.2 843.5 844.1 769.4 770.0
8 77.7 106.5 88.0 678.2 678.2 844.1 844.1 769.9 769.9

however, we have to construct an initial value v0. Based on MDPf we then get (cf.
section 3) a partition J1 = {1, 3}, J2 = {2} of J with ε1 = 1/4, for example, ε2 = 1/2,
ρ = 13/14, w(1) = w(3) = 3/4, w(2) = 7/8, and, finally, v0 = (−192,−224,−192)T .
It is not surprising that the worse initial value v0 leads to an increase in the number
of iterations (due to a later stabilization of the upper bounds). Compared with an
extrapolation of the MacQueen type, however, these bounds are strongly superior.

7. The policy iteration method. The policy iteration is a standard procedure
in obtaining V and an optimal policy. The special case of primitive operators Hf ,
however, has not been studied explicitly to the best of our knowledge.

Theorem 7.1 (A0). Assume β < β∗. Let f ∈ F .

(i) If UVf = Vf , then V = Vf .
(ii) Otherwise, there is some g ∈ F such that UgVf ≥ Vf , UgVf �= Vf , and

Vg ≥ Vf , Vg �= Vf . Additionally, if Hg is primitive, then Vg ≥ Vf + ε for some ε > 0.

Proof. (i) and the first part of (ii) follow by standard arguments. For the second
part of (ii) we first observe that βnHn

g (v − v′) = Un
g v − Un

g v
′ holds for all v, v′ ∈ V,

n ∈ N. Since Hg is primitive, there is some m ∈ N such that Hm
g (UgVf − Vf ) ∈ W.

Hence Ug(U
m
g Vf ) − Um

g Vf ∈ W. Furthermore, using monotonicity of Ug, we obtain
from Theorem 3.1(iii), applied to MDPg, U

n
g Vf ↑ Vg as n → ∞. Hence Vg − Vf ≥

Um+1
g Vf − Um

g Vf ∈ W.

At each step of iteration, Vf can be obtained by solving the infinite linear system
of equations Vf = UfVf by known methods or alternatively by Theorem 5.1 and
Proposition 5.5.

8. Finite state approximations of the MDP. Finite state approximations
have a long tradition in dynamic programming. See Sennott (1999) for recent work
on this subject and the references given there.

Applied to the MDP , assumption (A0) suggests an approximation scheme in a
natural way. Thus, depending on a finite set K⊂J with ρ(K) := sup(s,a)∈D|J{p(s, a,J−
K)} and c ∈ R, introduce MDP (K,c), say, with finite essential state space J (K) :=

K ⊂ J , extended absorbing set J
(K)
0 := J0 + (J −K), transition law p(K)(s, a, s′) =

p(s, a, s′), (s, a) ∈ D|K , and reward function r(K,c) := r + βcρ(K) on D|K (r(K,c) = 0
otherwise).

Since p(K) is independent of c, then also e
(K)
n (resp., e

(K)
n,f , f ∈ F ), which is

defined in analogy to en (resp., en,f ), does not depend on c. One easily verifies that

e
(K)
n ≤ en, n ∈ N, on K. Hence λ∗(K) := infn∈N ‖e(K)

n ‖1/n ≤ infn∈N ‖en‖1/n = λ∗.
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Now Proposition 2.2 implies β∗(K) = 1/λ∗(K) ≥ 1/λ∗ = β∗. Thus, for β < β∗, let

V (K,c) (resp., V
(K,c)
f , f ∈ F ) be defined in analogy to V (resp., Vf ).

MDP (K,c) behaves as an absorbing MDP with finite state and action spaces,
which has been studied in detail in Hinderer and Waldmann (2003). In this section
we look at bounds for V based on V (K,c), are interested in ε-optimal policies for MDP
resulting from extensions of optimal ones for MDP (K,c), and look at the convergence
of a pure truncation method. For the last approach let D∗(s), s ∈ J , be the set of all
maximum points of LV (s, ·). For the model MDP (K,c) define D∗(K,c)(s) analogously.

Lemma 8.1. For β < β∗, c ∈ R, and δ > 0 we have on finite K ⊂ J

(i) V
(K,c+δ)
f − V

(K,c)
f = βδρ(K) ·

∑∞
n=0 β

ne
(K)
n,f for all f ∈ F ,

(ii) 0≤V (K,c+δ)−V (K,c)≤ βδρ(K)·supf∈F

∑∞
n=0 β

ne
(K)
n,f ≤ βδρ(K)·

∑∞
n=0 β

ne
(K)
n .

Proof. (i) results from r(K,c+δ) = r(K,δ) + βδρ(K) on D|K and the linearity
of the expectation operator; (ii) is an immediate consequence of (i), since V (K,c) =

supf∈F V
(K,c)
f by Theorem 3.1(iii) and e

(K)
n,f ≤ e

(K)
n .

In the following theorem we make use of rough bounds c± of V on J −K, e.g.,
c± := ±max{0, sups∈J{±û±(s)}} with û± := u± or û± := Uu± and u± as defined in
section 3.

Theorem 8.2. Let K be a finite subset of J , β < β∗, and c− ≤ 0 ≤ c+ such that
c− ≤ V (s) ≤ c+ for all s ∈ J −K. Then the following hold:

(i) V (K,c−) ≤ V ≤ V (K,c+) on K.

(ii) Let g ∈ F be optimal for MDP (K,c−). Then, for all f ∈ F such that f = g
on K and c− ≤ Vf (s), s ∈ J − K, it holds that Vf ≥ V − ε on K, where ε :=

β(c+ − c−)ρ(K) ·
∑∞

n=0 β
ne

(K)
n .

(iii) Assume (A0). Then there exist Kn ⊂ Kn+1, n ∈ N, with ∪nKn = J such
that ρ(Kn) → 0 as n → ∞. Furthermore, for all s ∈ J , limn→∞ V (Kn,0)(s) = V (s),
and the cluster points of all (an), where an ∈ D∗(Kn,0)(s), belong to D∗(s).

Proof. (i) Since p(s, a, J−K) ≤ ρ(K), (s, a) ∈ D, and c+ ≥ 0 hold by assumption,
we have, for s ∈ K,

V (s) = UV (s) ≤ max
a∈D(s)

{
r(s, a) + β

∑
s′∈K

p(s, a, s′)V (s′) + βc+ρ(K)

}
=: U (K,c+)V (s).

Monotonicity of U (K,c+) and Theorem 3.1(i) (applied to MDP (K,c+)) then give V ≤
V (K,c+) on K, since V is bounded on K and since β∗(K) ≥ β∗, and analogously for
the lower bound.

(ii) Let g be optimal for MDP (K,c−) and f = g on K. By a similar argument

as in (i) we get Vf = UfVf ≥ U
(K,c−)
f Vf = U

(K,c−)
g Vf . Using Theorem 3.1(iii)

applied to MDP (K,c−), it follows that Vf ≥ (U
(K,c−)
g )nVf → V

(K,c−)
g . Thus Vf ≥

V
(K,c−)
g = V (K,c−) on K. Together with (i) and Lemma 8.1(ii) it then follows that

V − Vf ≤ V (K,c+) − V (K,c−) ≤ ε on K.
(iii) The existence of the sets Kn is obvious. Put V (n,c) := V (Kn,c). Fix s ∈ J .

Then s ∈ Kn for all n ≥ n0 and some n0 ∈ N. Recall that c− ≤ 0 ≤ c+. Then, using (i)

and V (n,c−) ≤ V (n,0) ≤ V (n,c+), we have |V (s)− V (n,0)(s)| ≤ V (n,c+)(s)− V (n,c−)(s),
which converges to zero as n → ∞ by ρ(Kn) → 0 and Lemma 8.1(ii).

For n ≥ m, using (i), e
(Km)
j ≤ ej , and Lemma 8.1(ii), V (n,0) − V (m,0) ≤ |V −

V (n,0)|+ |V −V (m,0)| ≤ 2β(c+−c−)ρ(Km)
∑∞

j=0 β
j‖ej‖ =: η(m) on Km and V (n,0) ≤
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‖u+‖ on Kn (e.g., by verifying U (Kn,0)u+ ≤ u+ on Kn) and thus on Kn −Km. Fix
s ∈ J . Let N ∈ N such that s ∈ KN . Then, for N ≤ m ≤ n, wn ≤ wm + εm,
where wn(a) := r(s, a) + β

∑
s′∈Kn

p(s, a, s′)V (n,0)(s′), a ∈ D(s), and εn := βη(n) +
β‖u+‖ρ(Kn). Since εn → 0 as n → ∞, Proposition 10.1 in Schäl (1975) completes
the proof of (iii).

9. Asymptotically ε-optimal policies. The infinite-stage model is often used
as an approximation of a finite-stage model with a large horizon. We say that a
decision rule f ∈ F is asymptotically optimal if ‖vN − vN,f‖ → 0 as N → ∞. Fur-
thermore, f is said to be ε-optimal for some ε ∈ V+ if Vf ≥ V −ε, and asymptotically
ε-optimal if ‖vN − vN,f − ε‖ → 0 as N → ∞.

Theorem 9.1. Let β < β∗. Then the following hold:
(i) f is asymptotically optimal if and only if f is a maximizer of LV.
(ii) Let f be ε-optimal. Then f is also asymptotically ε-optimal. Furthermore,

for c± ∈ R such that c− ≤ v0 − V ≤ c+ on J , and all N ∈ N it holds on J that

0 ≤ vN − vN,f ≤ max{0, c+}βNeN − c−βNeN,f + ε.(9.1)

Proof. (i). Let f be asymptotically optimal. Then ‖V − UfV ‖ ≤ ‖V − UN
f V ‖ ≤

‖V−vN‖+‖vN−vN,f‖+‖UN
f v0−Vf‖+‖Vf−UN

f V ‖, which converges to zero as N → ∞
by Theorem 3.1 and the definition of asymptotical optimality. On the other hand, if f
is a maximizer of LV , it is optimal by Theorem 3.1; hence ‖vN −vN,f‖ ≤ ‖vN −V ‖+
‖Vf−UN

f v0‖, which also converges to zero as N → ∞ by Theorem 3.1. Thus (i) holds.

If f is ε-optimal, then V ≤ Vf + ε = UN
f Vf + ε ≤ UN

f V + ε for N ∈ N. Furthermore,

for N ∈ N, UNv0 − UNV ≤ βNHN (v0 − V ) and UN
f v0 − UN

f V = βNHN
f (v0 − V ).

Applied to vN − vN,f ≤ vN − V − (vN,f −UN
f V ) + ε we then get (9.1), which implies

(ii), since βNeN,f ≤ βNeN ≤ βN‖eN‖ → 0 by Proposition 2.3(a3).
Combining the value iteration with an extrapolation as in Theorem 5.1, we get

w−
n ≤ Vfn ≤ V ≤ w+

n for suitable w±
n ∈ V at step n of iteration. Then Theorem 9.1(ii)

works with c± := ± supj∈J{±[v0(s)−w∓
n (s)]}, and ε := w+

n −w−
n . The upper bound in

(9.1) can be simplified to [max{0, c+}−c−]βNeN+ε, since c− ≤ infs∈S{v0(s)−V (s)} ≤
0. Using the following Proposition 9.2, eN can be bounded from above by ‖em‖	N/m
,
and ‖em/em−1‖N−mem, respectively, for N ≥ m.

Proposition 9.2. For m,n ∈ N it holds that
(i) βnen ≤ max0≤t<m{βtet}(βm‖em‖)	n/m
,
(ii) en ≤ ‖em/em−1‖n−mem, m ≤ n.
Proof. (i) Rewrite n as km + ν with k := �n/m�, ν := n − m�n/m�. Then,

since et+ν ≤ ‖et‖ · eν for t ≥ 0, we get βnen ≤ βνeνβ
mk‖emk‖ ≤ βνeν(β

m‖em‖)k ≤
max0≤t<m{βtet}(βm‖em‖)k.

(ii) Note that em ≤ em−1. Let c := ‖em/em−1‖. Then monotonicity of H implies
en = Hn−mem ≤ Hn−m(c · em−1) = cHn−m−1em ≤ · · · ≤ cn−mem.

10. A turnpike theorem. Next we are interested in a turnpike theorem on the
basis of ε-optimal decision rules. For β < β∗, let F ∗ (resp., F ∗

n) be the set of all
maximizers of LV (resp., Lvn−1). Then the number

N∗ := inf{N ∈ N | F ∗
n ⊂ F ∗ at all stages n ≥ N}

is called the turnpike horizon of F ∗, provided N∗ is finite. It is shown in the following
Theorem 10.1 that a turnpike horizon N∗ exists for an MDP with a finite state
space S. The proof is constructive and leads to an upper bound for N∗. Then, applied



MDPs WITH AN ABSORBING SET 2129

to MDP (K,c) with countable S, the extension of each maximizer f
(K,c)
n ∈ F

∗(K,c)
n ,

n ≥ N∗(K,c), is an ε-optimal decision rule in MDP in the sense of Theorem 8.2(ii).
We exclude the trivial case F ∗ = F since then N∗ = 1, and suppose S to be

finite. Let spv := maxs∈S v(s)−mins∈S v(s) denote the span of v extended to S with
v = 0 on J0. Furthermore, let D∗(s) ⊂ D(s), s ∈ J , be the set of all maximum
points of LV (s, ·). Put B := {s ∈ J | D∗(s) �= D(s)}. Since B is finite, there exists
γ ∈ (0,∞)B

γ(s) := V (s) − max
a∈D(s)−D∗(s)

{LV (s, a)}, s ∈ B.

To give a finite upper bound N , say, for N∗, we use

δ(s) := 1 − max
a′∈D∗(s)

min
a∈D(s)−D∗(s)

∑
j∈S

min{p(s, a, j), p(s, a′, j)}, s ∈ B,

and µ := β · maxs∈B δ(s)/γ(s). Then, since limk→∞ sp(vk − V ) = 0, we have

N := inf {n ∈ N | sp(vk−1 − V ) · µ < 1 for all k ≥ n} < ∞.

To simplify the computation of N , note that sp(U tvk−1−U tV ) ≤ βt‖et‖sp(vk−1−V )
for all t, k ∈ N. Thus, if β < β∗, we have some m ∈ N such that βm‖em‖ < 1, and it
holds that

N = inf {n ∈ N | sp(vk−1 − V ) · µ < 1 for all n ≤ k < n + m} .(10.1)

Put

κ := 1 − min
s′∈S

max
a′∈D∗(s′)

min
(s,a)∈D

∑
j∈S

min{p(s, a, j), p(s′, a′, j)}.

If βκ < 1, then, for n ∈ N,

N̄(n) := inf
{
k ≥ n | sp(vn−1 − V ) · (βκ)k−nµ < 1

}
< ∞.

Alternatively we may use n ∈ N and m ∈ N such that β‖em‖1/m < 1 in order to get

N̂(m,n) := inf

{
k ≥ n | sp(vn−1 −V ) · max

0≤t<m
{βt‖et‖}(βm‖em‖)	(k−n)/m
µ < 1

}
<∞.

Theorem 10.1. Assume S to be finite. Let β < β∗ and F ∗ �= F . Then N∗ ≤
N < ∞. Furthermore,

(i) if βκ < 1, then N = inf{t ∈ N | sp(vt−1 − V ) · µ < 1} ≤ N̄(n) < ∞, n ∈ N;
(ii) if m ∈ N such that β‖em‖1/m < 1, then N ≤ N̂(m,n) < ∞ for n ∈ N.
Proof. (a) Extend v ∈ R

J to v ∈ R
S with v = 0 on J0. Let f, h ∈ F . Fix s, s′ ∈ S.

For j ∈ S set xj := p(s, f(s), j), yj := p(s′, h(s′), j). Then, using (x−y)+ = x−x∧y,
(x− y)− = y − x ∧ y for x, y ∈ R,

Hfv(s) −Hhv(s
′) =

∑
j∈S

(xj − yj)
+v(j) −

∑
j∈S

(xj − yj)
−v(j)

≤
∑
j∈S

xj · max v −
∑
j∈S

yj · min v −
∑
j∈S

xj ∧ yj · spv

=

⎡⎣1 −
∑
j∈S

p(s, f(s), j) ∧ p(s′, h(s′), j)

⎤⎦ · spv.
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(b) Fix k ≥ N . We have to show that F ∗
k ⊂ F ∗. Assume F ∗

k �⊂ F ∗. Then there
exists a maximizer fk of Lvk−1 with fk(s) �∈ D∗(s) for some s ∈ J . By definition,
s ∈ B. Now, by applying (a) with s = s′, v = vk−1 − V , f = fk, and h ∈ F ∗ such
that δ(s) = 1 − mina∈D(s)−D∗(s)

∑
j∈S p(s, a, j) ∧ p(s, h(s), j), we get

Uhvk−1(s) − Ufkvk−1(s)

= Uhvk−1(s) − UhV (s) + UhV (s) − UfkV (s) − (Ufkvk−1(s) − UfkV (s))

= V (s) − UfkV (s) − [βHfk(vk−1 − V )(s) − βHh(vk−1 − V )(s)]

≥ γ(s) − βδ(s) · sp(vk−1 − V )

≥ γ(s)[1 − µ · sp(vk−1 − V )].

Hence Uhvk−1(s) − Ufkvk−1(s) > 0, which is the desired contradiction that fk is a
maximizer of Lvk−1.

(c) We prove N ≤ N̄(n). Put Q(s′, a′) := 1 − min(s,a)∈D

∑
j∈S p(s, a, j) ∧

p(s′, a′, j). Select h(s′) ∈ D∗(s′) as the minimum point of Q(s′, ·), s′ ∈ S. Applying
(a) with v = vk−1 − V , and f = fk, we have for suitable s, s′ ∈ S

sp(vk − V ) = (vk − V )(s) − (vk − V )(s′)

≤ βHfk(vk−1 − V )(s) − βHh(vk−1 − V )(s′)

≤ βQ(s′, h(s′)) · sp(vk−1 − V )

≤ β max
s′∈S

min
a′∈D∗(s′)

Q(s′, h(s′)) · sp(vk−1 − V )

= βκ · sp(vk−1 − V ).

This verifies, since βκ < 1, formula (10.1) and that N ≤ N̄(n) < ∞.
(d) Exploiting sp(U tvn−1 −U tV ) ≤ βt‖et‖ · sp(vn−1 − V ) and Proposition 9.2(i),

the proof of (ii) is similar to (i).
Theorem 10.1 improves (in case of β < β∗) Theorems 2.3, 2.4, and 3.1 in Hinderer

and Hübner (1977) in three respects: a larger γ, smaller δ and κ, and a slightly
improved upper bound for ‖en−1‖, which results from Proposition 9.2(ii).
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Abstract. This paper deals with detectability for the class of discrete-time Markov jump
linear systems (MJLS) with the underlying Markov chain having countably infinite state space. The
formulation here relates the convergence of the output with that of the state variables, and due
to the rather general setting, a novel point of view toward detectability is required. Our approach
introduces invariant subspaces for the autonomous system and exhibits the role that they play. This
allows us to show that detectability can be written equivalently in term of two conditions: stability
of the autonomous system in a certain invariant space and convergence of general state trajectories
to this invariant space under convergence of input and output variables. This, in turn, provides
the tools to show that detectability here generalizes uniform observability ideas as well as previous
detectability notions for MJLS with finite state Markov chain, and allows us to solve the jump-
linear-quadratic control problem. In addition, it is shown for the MJLS with finite Markov state that
the second condition is redundant and that detectability retrieves previously well-known concepts in
their respective scenarios. Illustrative examples are included.

Key words. detectability, stochastic systems, Markov jump systems, infinite Markov state
space, optimal control

AMS subject classifications. 93E03, 93B07, 93E20, 60J05, 34A30, 93B12

DOI. 10.1137/S036301290342992X

1. Introduction. Structural concepts such as observability and detectability
have a solid ground in system theory, as the imposing literature for linear and linear-
Gaussian systems conveys (see, e.g., [15]). For instance, in control problems, de-
tectability firmly associates the solution for the optimal problems with stability of
the corresponding controlled system, whereas, for filtering, it makes the system ob-
servations meaningful for state estimates by connecting convergence of the output
with convergence of the state. Although the theory involving these concepts is quite
developed and a number of results are available in the context of linear deterministic
systems, there is still a great deal of research activity in this area (see, e.g., [13, 17]
and references therein).

Among the most important properties of detectability for the linear deterministic
scenario, we mention that

(i) detectability can be expressed in terms of the parameters of the autonomous
version of the system, e.g., by requiring that nonobserved modes of the autonomous
system are stable.

(ii) Detectability generalizes observability.
Another important but less acknowledged property is that
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(iii) detectability is a necessary and sufficient condition to guarantee convergence
of the state from convergence of the output (under regular nonsingular linear state
feedback controls).

Property (iii) ensures that the optimal control solution is stabilizing and makes
output observations meaningful in filtering problems.

Due to its generic formulation, these properties constitute a paradigm for more
general contexts. The challenge then is how to devise a detectability concept for a
certain class of systems that allows one to employ the structure of the system to
retrieve properties (i)–(iii).

In this spirit, the authors have recently developed a notion of detectability (called
weak detectability) that generalizes previous detectability ideas for MJLS with finite
Markov chain state, retrieves the properties (i)–(iii), and allows an associate observ-
ability matrix, in an extension to the well-known deterministic concepts, see [1] and
[2]. In this process all but one1 of the linear deterministic concepts are retrieved.

However, as far as the authors are aware, these ideas have no parallel in more
complex scenarios such as the MJLS with countably infinite state space of the Markov
chain. This is a rather general class of systems that includes the classes of finite
MJLS and linear deterministic systems, as well as deterministic time varying systems.
Previous works dealing with infinite MJLS are [7, 8, 9, 10].For this class of systems, up
to this date there is no detectability concept that retrieves properties (i)–(iii) above.
For instance, the stochastic notion in [7] can be expressed in terms of the autonomous
system data, thus satisfying (i), but (ii) does not hold and only the sufficiency part of
(iii) holds; in [4] we derive a detectability notion in the perspective of (iii) for which
(ii) holds, but it does not satisfy (i).

These shortfalls come, in part, from the analytical complexity inherent to the
infinite many Markov state contexts, and the loss of some friendlier structures of the
simpler cases. In particular, the main difficulty arises from the fact demonstrated
in this paper that converging input and output do not ensure convergence of state
trajectory to the observed space; see Example 2 in connection. In the simpler case
of finitely many Markov states, the above convergence relation holds, and apart from
ensuring stability within the observed space, with detectability it guarantees conver-
gence of the state trajectory to the origin. This is the mechanism that fails here, and
in this regard we can conclude that any detectability concept with the perspective of
(i) (stable nonobserved modes) by itself cannot provide the property in (iii) and thus,
it cannot ensure that the optimal control is stabilizing.

In this paper, with the aim of studying detectability for MJLS with countably
infinite state space of the Markov chain and to retrieve (i)–(iii), we introduce a novel
point of view toward detectability by considering the paradigmatic property in (iii)
as a general, direct, and intuitive notion of detectability, which relates the conver-
gence of the input and output with that of the state variables. Then we introduce
certain invariant subspaces for the autonomous system, which play a key role to re-
late detectability with stability and convergence of the state trajectory; this allows
us to show that detectability here generalizes uniform observability ideas as well as
previous detectability notions for MJLS with finite state Markov chain, and to solve
the jump-linear-quadratic control problem. In order to show some nuances of the
approach developed here, and to clarify the role of some tools, we also analyze the
MJLS with finite state Markov chain and present illustrative examples.

1The observability idea that after a number of observations that equals the system dimension,
the initial state value can be precisely retrieved. This is inherently a nonstochastic idea.
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An outline of the content of this paper is as follows. In section 2 we provide
the bare essential of notations, state the model, and discuss the general ideas of the
paper. Section 3 provides some preliminaries. Necessary and sufficient conditions for
detectability are treated in section 4, and some sufficient conditions are presented in
section 5. The finite MJLS is analyzed in section 6, and the control problem is studied
in section 7. Some illustrative examples are exhibited in section 8. Finally, section 9
presents some conclusions.

2. Problem formulation and general ideas. Let R
n represent the usual lin-

ear space of all n-dimensional vectors and Rr,n (respectively, Rn) the normed linear
space formed by all r×n real matrices (respectively, n×n). For V ∈ Rn,r, V ′ denotes
the transpose of V . σ+(V ) and σ−(V ) stand, respectively, for the largest and smallest
singular value of V and ‖V ‖ = σ+(V ). For V,W ∈ Rn, V > W (V ≥ W ) indicates
that V −W is positive definite (semidefinite).

Let Hr,n
∞ denote the linear space formed by sequences of matrices H = {Hi ∈

Rr,n; i ∈ Z} such that supi∈Z ||Hi|| < ∞; also, Hn
∞ ≡ Hn,n

∞ and ‖H‖∞ = supi∈Z ‖Hi‖.
For H,V ∈ Hn

∞, H ≥ V indicates that Hi ≥ Vi for each i ∈ Z; similarly, for H ∈ Hr,n
∞

and V ∈ Hn,s
∞ , the “product” HV indicates the element of Hr,s

∞ formed by the sequence
{HiVi, i ∈ Z}, and equivalent understanding should apply to any basic mathematical
operation involving elements of Hr,n

∞ . In what follows, capital letters denote elements
of Hr,n

∞ , and capital letters with an index denote elements of Rr,n.
The system we deal with is the discrete-time MJLS with infinite countably Markov

chain, defined in a fixed stochastic basis (Ω,F, (Fk),P) by

Ψ :

{
x(k + 1) = Aθ(k)x(k) + Bθ(k)u(k), k ≥ 0,

y(k) = Cθ(k)x(k) + Dθ(k)u(k), x(0) = x, θ(0) = θ,
(1)

where y is the output process and u is the input, an (Fk)-adapted process. The
mode θ is the state of an underlying discrete-time Markov chain Θ = {θ(k); k ≥ 0}
taking values in Z = {1, 2, . . . } and having a stationary transition probability matrix
P = [pij ], i, j ∈ Z. The state of the system is the compound variable (x(k), θ(k)). The
matrices Ai belong to the sequence of matrices A ∈ Hn

∞, and similarly for B ∈ Hn,r
∞ ,

C ∈ Hq,n
∞ , and D ∈ Hq,r

∞ . In addition, without loss of generality, we also assume that
C ′D = 0.

In this paper we deal with detectability for systems described by (1). The depar-
ture point is the following concept of detectability that follows from property (iii) of
section 1. We emphasize that the specific notion of convergence is not relevant; the
essence of the concept is the relation among convergence of state, input and output,
and a particular sense of convergence is adopted later in connection with the choice
of the cost functional.

Definition 1 (detectability). The system Ψ is detectable if the state converges
provided that the output and the input converge.

With the detectability concept above at hands, which trivially embraces property
(iii) in the introduction, the issues pursued here are primarily summarized as follows:

(I) Relate the concept with the autonomous version of the system, aiming at
mimicking item (i) mentioned in the introduction.

(II) Show that it retrieves property (ii) mentioned in the introduction.
(III) Investigate the extent to which the above concept is related to the weak

detectability concept in [1] and [2] for MJLS, and the usual concept for deterministic
linear systems.
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We consider a cost functional that is an �2-measurement of the output (the ex-
pected accumulated energy in the output process path),

Yu(x, θ) = Ex,θ

{ ∞∑
k=0

|y(k)|2
}
,(2)

defined for an admissible control u whenever x(0) = x and θ(0) = θ. We also denote
for the autonomous system obtained from Ψ with u ≡ 0,

Y0(x, θ) = Yu≡0(x, θ).(3)

In agreement with (2), we adopt the corresponding �2-convergence notion for
each Ψ-processes, namely, we say that the output y converges whenever Yu(·, ·) < ∞;
similar notion holds for u and x.

Our approach starts from a novel point of view, which hinges on the following
steps. We first locate an invariant linear subspace for the autonomous system, in the
sense that the trajectories remain almost surely confined to it. Then we indicate the
role that the invariant space plays in the convergence of an arbitrary state trajectory,
showing that the existence of an invariant space for which the autonomous system is
stable, together with the convergence to this set of an arbitrary trajectory, is equiv-
alent to convergence to the origin of such a trajectory (see section 4 and Theorem
12).

Note that the announced result reduces to a tautology if the invariant space is
taken to be the origin, and to make the above result suitable to deal with (I), we
seek the largest of such an invariant space. It turns out to be the linear subspace
F = {(x, θ) : Y0(x, θ) < ∞}, and in Theorem 18 we state that detectability according
to Definition 1 is equivalent to requiring that

(A1) the autonomous system is stable in F ,
(A2) the state x converges to F provided that both y and u converge.
Notice that condition (A1) accounts for the autonomous version of system Ψ

only, and it is consistent with the notion of detectability for finite dimensional lin-
ear deterministic systems. Together with condition (A2) for system Ψ (not only the
autonomous version), they build the essentials to complete the aforementioned mech-
anism yielding (iii). Due to (A2), a complete counterpart for property (i) is not viable
in the present setup (see Example 3 in connection), and any attempt to enlarge F is
worthless, as we show in Lemma 17.

Section 5 addresses (II), where we show that detectability according to Definition
1 generalizes uniform observability as in [1, 3, 5, 12], which, by its turn, generalizes
previous observability concepts for MJLS, like those in [11]. We also show that an
earlier �2-detectability concept in [7] is stricter than detectability. Moreover, we in-
troduce a notion of uniform observability in the invariant space F that serves as a
sufficient condition for (A2). See Proposition 28 for a summary.

Regarding (III), in section 6 we show that F⊥ is uniformly observable in the finite
Markov chain case, which renders condition (A2) always true. Thus, we have that
detectability is equivalent to (A1) in the finite case, allowing us to show that the weak
detectability in [2] and the usual detectability concept in the deterministic linear case
are necessary and sufficient conditions (in their particular contexts) for detectability
according to Definition 1 (see Remark 3). The fact that (A2) holds true for the case
in which the Markov chain is finite explains why no such condition appears in those
simpler scenarios. By contrast, (A2) may fail in the infinite Markov chain case, as
illustrated in Example 2.
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Another important feature of the setting and results here is that, unlike previous
ones, the focus is not constrained (i.e., is not ad hoc) to the optimal jump-linear-
quadratic (JLQ) control and/or controls in linear feedback form, where detectability
appears as a dual notion to stabilizability. It covers any (Fk)-adapted converging
control that induces a finite cost Yu for each initial state, assuring that it is stabilizing,
and clearly encompassing the optimal solution (see Remark 1). In particular for the
JLQ control, we show that the solution to the associated infinite coupled algebraic
Riccati equation is unique (see section 7).

3. Preliminaries. In this section we introduce some basic machinaries, which
will allow us to devise our approach toward detectability for (1). We consider the
autonomous version of (1), which will be essential to relate detectability with stability
and convergence of the state trajectory (see (A.1) and (A.2) in section 2). We define
the various essential elements such as invariant space, some notions of convergence,
some useful spaces, operators, and some preliminary results.

We consider the autonomous version of system (1):

Ψ0 :

{
x0(k + 1) = Aθ(k)x0(k), k ≥ 0,

y0(k) = Cθ(k)x0(k), x0(0) = x, θ(0) = θ.

Sometimes we refer to the autonomous system by the pair (A,P) or by the triplet
(A,C,P). In addition, in what follows, for each i ∈ Z, let Si ⊂ R

n stand for a vector
subspace and let S = {Si, i ∈ Z}.

Definition 2 (Ψ0-invariant space). Consider the autonomous system Ψ0. We
say that S is an invariant space if x0(k) ∈ Sθ(k) implies that x0(t) ∈ Sθ(t) almost
surely (a.s.) for each t ≥ k.

Definition 3 (projections onto S⊥
). For each i ∈ Z, let Pi ∈ Rn denote the

orthogonal projection onto S⊥
i . Clearly, P = {Pi, i ∈ Z} ∈ Hn

∞.
Definition 4 (Ψ0-convergence). We say that x(·) converges (in the �2 sense) to

the Ψ0-invariant space S if

∞∑
k=0

Ex,θ{|Pθ(k)x(k)|2} < ∞.

We say that x(·) converges if it converges to the trivial Ψ0-invariant space S = 0.
Definition 5 (�2-stability). Consider the autonomous system Ψ0. We say that

(A,P) is �2-stable in the invariant space S if x0(·) converges for each initial condition
θ ∈ Z and x ∈ Sθ. We say that (A,P) is �2-stable if it is �2-stable in S with Si = R

n,
i ∈ Z

Notice that x(·) converges if and only if
∑∞

k=0 E{|x(k)|2} < ∞, since P = I
whenever S is trivial. Also, �2-stability of (A,P) is equivalent to convergence of x0(·)
for each initial condition θ ∈ Z and x ∈ R

n.
We will need the following property related with the concept of �2-stability in S

and the projections P .
Lemma 6. Assume that (A,P) is �2-stable in S. Then, (A−AP,P) is �2-stable.
Proof. Consider the following version of system Ψ:

xP (k + 1) = (Aθ(k) −Aθ(k)Pθ(k))xP (k), xP (0) = x, θ(0) = θ.(4)

Let us employ the trajectory of system Ψ0, x0(k) = Aθ(k−1) · · ·Aθ(0)x0, with
initial condition x0 being the projection of x into Sθ, i.e., x0 = (I − Pθ)x. Since S is
a invariant space, we have that x0(k) ∈ Sθ(k), k ≥ 0.
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We start by showing inductively that xP (·) evolves as an open-loop trajectory
according to xP (k) = x0(k), for k ≥ 1, for all x ∈ R

n. For k = 1 we have that

xP (1) = (Aθ −AθPθ)x = Aθ(I − Pθ)x = x0(1).

From the induction assumption, we have that xP (k) = x0(k) for k ≥ 1, and recalling
that x0(k) ∈ Sθ(k) we evaluate

xP (k + 1) = (Aθ(k) −Aθ(k)Pθ(k))x0(k) = Aθ(k)x0(k) = x0(k + 1)

and the induction is completed. Due to the facts that (i) (A,P) is �2-stable in S,
(ii) xP (1) = x0(1) ∈ Sθ(1) a.s., and (iii) xP (k), k ≥ 1 evolves as a trajectory of
the autonomous system for any xP (0) = x, θ(0) = θ, we have from the definition of
�2-stability in S that xP (·) converges and, thus, (A−AP,P) is �2-stable.

In what follows, we introduce a certain space Hn
F , an element X(k) related with

the second moment of the state, an operator L related with the evolution of X(k),
and some associated results which will be useful to present the results of the paper in
a concise manner.

Let Hn
1 denote the linear space formed by sequences of matrices H = {Hi = H ′

i ≥
0; i ∈ Z} such that

∑
i∈Z tr{Hi} < ∞. Let Hn

F ⊂ Hn
1 denote the closed cone formed

by sequences of symmetric positive semidefinite matrices H = {Hi = H ′
i ≥ 0; i ∈ Z}.

For H,V ∈ Hn
F we define the inner product

〈H,V 〉 =
∑
i∈Z

tr{H ′
iVi}

and the Frobenius norm

‖H‖F = 〈H, I〉.(5)

Recall from the definition of the Ψ0-invariant subspace S that Si = {x : Pix =
0}. In connection, we define the spaces S̄ = {H ∈ Hn

F : PHP ′ = 0} ⊂ Hn
F and

S̄⊥ = {H ∈ Hn
F : H − PHP ′ = 0}. PHP ′ is the orthogonal projection of H onto

S̄⊥; indeed, P inherits from Pi the property that P 2 = P , and it is easy to check that
〈PHP ′, H − PHP ′〉 = 〈H,PHP ′ − P 2HP 2′〉 = 0.

Definition 7 (convergence in Hn
F ). We refer to convergence of sequences in Hn

F

in the �1 sense: we say that a sequence H(·) ∈ Hn
F converges to the space S̄ whenever∑∞

k=0 ‖PH(k)P ′‖F < ∞; we say that H(·) converges if it converges to the trivial
space S̄ = 0.

We define X(·) ∈ Hn
F and U(·) ∈ Hr

F as

Xi(k) = E{x(k)x(k)′1{θ(k)=i}}
Ui(k) = E{u(k)u(k)′1{θ(k)=i}} ∀i ∈ Z, k ≥ 0,

(6)

where 1{·} is the Dirac indicator function. We write X0(·) when we refer to the
autonomous system. We define Yt,T

u similarly to the functional Y in (2) as follows:

Yt,T
u (x, θ) = Ex,θ

{
t+T−1∑
k=t

|y(k)|2
}

=

t+T−1∑
k=t

(
〈X(k), C ′C〉 + 〈U(k), D′D〉

)
(7)

whenever x(0) = x, θ(0) = θ; for simplicity we write Yt=0,T
u (x, θ) = YT

u (x, θ) and also
YT
u≡0(x, θ) = YT

0 (x, θ).
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Using the notation above we can write Ex,θ{|x(k)|2} = ‖X(k)‖F and this provides
a connection between convergence in the �1 sense of X(·) ∈ Hn

F with the �2 convergence
of x(·). A further connection is presented in the next lemma; the proof is presented
in Appendix 9.

Lemma 8. x(·) converges to S if and only if X(·) converges to S̄.

Now, let us define for V ∈ Hn,r
∞ the linear operator LV : Hr

F → Hn
F

LV i(H) =
∑
j∈Z

pjiVjHjV
′
j .(8)

It is shown in [7] that the limit in (8) is well defined. We denote L0(H) = H, and
for k ≥ 1, we can define Lk(H) recursively by Lk(H) = L(Lk−1(H)). Also, rσ(L)
denotes the spectral radius of L. Operator L is related to system Ψ as follows; the
result is adapted from [7].

Proposition 9. The following assertions hold:

(i) X0(k + 1) = LA(X0(k)), k ≥ 0;
(ii) (A,P) is �2-stable if and only if rσ(LA) < 1.

For the nonautonomous system Ψ, the evolution of X is still related to the oper-
ator L, as follows. See Appendix 9 for the proof.

Lemma 10. Let α �= 0. Then,

X(k + 1) ≤ (1 + α2)LA(X(k)) + (1 + 1/α2)LB(U(k)), k ≥ 0.

The following basic properties concerning the operator L, which are easy to check
by inspection, will be useful.

Proposition 11. The following properties hold, for V,W ∈ Hn
∞ and H,Y ∈ Hn

F :

(i) LVW (H) = LV (WHW ′);
(ii) LV +W (H) ≥ (1 − α2)LV (H) + (1 − 1/α2)LW (H) ∀α �= 0;
(iii) LV +W (H) ≤ (1 + α2)LV (H) + (1 + 1/α2)LW (H) ∀α �= 0;
(iv) LV (H) ≥ LV (Y ) whenever H ≥ Y ;
(v) ||LV (H)||F ≤ ||V ||2∞||H||F .

We finish the section with the following facts that we believe are worth mentioning.
S̄ inherits from S the property that it is a Ψ0-invariant subspace, that is, PX0(k)P ′ =
0, k ≥ 0, implies that PX0(t)P

′ = 0, t ≥ k. The notion of convergence in Hn
F is

usual, in the sense that a sequence H(·) ∈ Hn
F converges to the space S̄ if and only

if
∑∞

k=0 infV ∈S̄ ‖H(k) − V ‖F < ∞. Actually, the proof follows immediately from the
fact that for each H(k) there exists V ∈ S̄ for which ‖H(k) − V ‖F = ‖PH(k)P ′‖F
(indeed, V = H(k) − PH(k)P ′).

4. A necessary and sufficient condition for detectability. We show in
section 4.1 that a general state trajectory x(·) converges if and only if there exists an
invariant space S for which: (i) (A,P) is �2-stable in S and (ii) x(·) converges to S. In
section 4.2 we introduce the Ψ0-invariant space F and we show the appropriateness of
F to formulate the equivalence between detectability and conditions (A1) and (A2).

4.1. Conditions for state convergence. In this section we examine the state
convergence of system Ψ and its interplay with the Ψ0-invariant subspace S. The first
requirement is the existence of a Ψ0-invariant space S in which (A,P) is �2-stable,
namely, the condition (A1) holds.
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Notice that (A1) does not impose any condition on the system Ψ (or, even on
Ψ0) in the subspaces orthogonal to S. From this perspective, one can infer that (A1)
can be employed only to establish the convergence of Ψ0-trajectories that remain a.s.
in S or, at most, of Ψ0-trajectories that converge to S. Surprisingly, the combination
of (A1) with convergence to S of Ψ-trajectories guarantee the convergence of any
trajectory of Ψ with converging inputs, as the next theorem shows. Clearly, if S is
trivial, Theorem 12 becomes a tautology.

Theorem 12. Consider system Ψ and assume that the input converges. The state
x(·) converges if and only if there exists an invariant space S such that the following
conditions hold:

(i) (A,P) is �2-stable in S;
(ii) x(·) converges to S.

Proof. (Necessity.) Since x(·) converges to the origin, S = 0 trivially satisfies (i)
and (ii).

(Sufficiency.) We show that x(·) converges provided (i) and (ii) hold and u(·)
converges. Recall from Lemma 6 that condition (i) provides that (A − AP,P) is �2-
stable for P the projection in S and from Proposition 9 (ii) we have that rσ(LA−AP ) <
1. Let α �= 0 be such that (1 + α2)2rσ (LA−AP ) < 1. For ease of notation, we define
the operators L̂, L̃, L̄ : Hn

F → Hn
F as

L̂(H) = (1 + α2)2LA−AP (H),

L̃(H) = (1 + α2)(1 + 1/α2)LAP (H), and

L̄(H) = (1 + 1/α2)LB(H)

for H ∈ Hn
F . We also define the series Z(·) with Z(k) ∈ Hn

F , k ≥ 0, by

{
Z(k + 1) = L̂(Z(k)) + L̃(X(k)) + L̄(U(k)), k ≥ 0,

Z(0) = X(0).

Noticing that

Z(m) = L̂m(X(0)) +

m−1∑
k=0

L̂k
(
L̃(X(−k + m− 1)) + L̄(U(−k + m− 1))

)
,

we write

∞∑
m=0

〈Z(m), I〉 =

∞∑
m=0

〈L̂m(X(0)), I〉

+

∞∑
m=0

m−1∑
k=0

〈
L̂k

(
L̃(X(−k + m− 1)) + L̄(U(−k + m− 1))

)
, I
〉
.

(9)

For the second term in the right-hand side of (9) we evaluate
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∞∑
m=0

m−1∑
k=0

〈
L̂k

(
L̃(X(m− k − 1)) + L̄(U(m− k − 1))

)
, I
〉

=

∞∑
k=0

∞∑
m=k+1

〈L̂k
(
L̃(X(m− k − 1)) + L̄(U(m− k − 1))

)
, I
〉

=
∞∑
k=0

〈
L̂k

( ∞∑
m=0

L̃(X(m)) + L̄(U(m))

)
, I

〉

=

∞∑
k=0

〈L̂k(Υ), I〉,

(10)

where we set

Υ =

∞∑
m=0

L̃(X(m)) + L̂(U(m)) = (1 + α2)(1 + 1/α2)

∞∑
m=0

LAP (X(m))

+ (1 + 1/α2)

∞∑
m=0

LB(U(m)).

We need to show that Υ is well defined, i.e., that Υ ∈ Hn
F ; the result is presented in

the next lemma.
Lemma 13. ‖

∑∞
k=0 LB(U(k))‖

F
< ∞ if u(·) converges.

‖
∑∞

k=0 LAP (X(k))‖F < ∞ if condition (ii) in Theorem 12 holds.
Proof. From Proposition 11 (v), we obtain∥∥∥∥∥

∞∑
k=0

LB(U(k))

∥∥∥∥∥
F

≤
∞∑
k=0

‖LB(U(k))‖F ≤ ‖B‖2
∞

∞∑
k=0

‖U(k)‖F < ∞.(11)

For the second assertion, we employ Proposition 11 (i), (v), to evaluate∥∥∥∥∥
∞∑
k=0

LAP (X(k))

∥∥∥∥∥
F

≤
∞∑
k=0

‖LAP (X(k))‖F =

∞∑
k=0

‖LA(PX(k)P ′)‖F

≤ ||A||∞
∞∑
k=0

‖PX(k)P ′‖F .

(12)

Since from the assumption x(·) converges to S, we have that
∑∞

k=0 ‖PX(k)P ′‖F < ∞
from Lemma 8 and the result follows.

Proof of sufficiency of Theorem 12 continued. Lemma 13 provides, under
the assumptions of the theorem, that Υ is well defined, and from (9) and (10) we
obtain

∞∑
k=0

‖Z(k)‖F =

∞∑
k=0

〈L̂k(X(0) + Υ), I〉,(13)

and recalling that rσ(L̂) < 1, we have that

∞∑
k=0

‖Z(k)‖F < ∞.(14)
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Now we show by induction that

X(k) ≤ Z(k) ∀k ≥ 0.(15)

For k = 0 we defined Z(0) = X(0); assuming X(k) ≤ Z(k) one can check employing
Lemma 10 and Proposition 11 (iii), (iv), that

X(k + 1) ≤ (1 + α2)LA+AP−AP (X(k)) + (1 + 1/α2)LB(U(k))

≤ (1 + α2)2LA−AP (X(k)) + (1 + α2)(1 + 1/α2)LAP (X(k))

+ (1 + 1/α2)LB(U(k))

= L̂(X(k)) + L̃(X(k)) + L̄(U(k))

≤ L̂(Z(k)) + L̃(X(k)) + L̄(U(k)) = Z(k + 1)

and the induction is complete. From (15) we obtain that for each k ≥ 0, Z(k)−X(k) ≥
0 in such a manner that Z(k) −X(k) ∈ Hn

F and 〈Z(k) −X(k), I〉 ≥ 0. This leads to
‖Z(k)‖F ≥ ‖X(k)‖F and from (14) we obtain

∞∑
k=0

||X(k)||F ≤
∞∑
k=0

||Z(k)||F < ∞,

and Lemma 8 with trivial S = 0 provides that x(·) converges.

4.2. The main result. The first result of this section follows in a straight-
forward manner from Theorem 12 and the definition of detectability. We omit the
proof.

Lemma 14. System Ψ is detectable if and only if there exists an invariant space
S such that the following conditions hold:

(i) (A,P) is �2-stable in S;
(ii) x(·) converges to S provided that y(·) and u(·) converge.
Notice that, for S trivial, Lemma 14 becomes a tautology; indeed, item (i) holds

trivially and item (ii) reduces to the definition of detectability. The larger the invariant
space S is, the more significant the result will be. Along this line, in this section we
introduce the set F = {Fi, i ∈ Z} as

Fi = {x ∈ R
n : Y0(x, i) < ∞} ∀i ∈ Z(16)

and we show that F is the largest of such Ψ0-invariant space.
The first step is to show that F is indeed a Ψ0-invariant space. We need the

following preliminary result, adapted from [7].
Proposition 15. For each t ≥ 0, there exists H ∈ Hn

F such that Yt
0(x, i) =

x′Hix.
Lemma 16. F is a Ψ0-invariant space.
Proof. (Fi is a vector subspace.) For x1, x2 ∈ Fi and α, β ∈ R, from Proposition

15 it is simple to check that

YT
0 (αx1 + βx2, i) = (αx1 + βx2)

′Hi(αx1 + βx2)

≤ 2α2x′
1Hix1 + 2β2x′

2Hix2

= 2α2YT
0 (x1, i) + 2β2YT

0 (x1, i) ∀T ≥ 0.
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Taking limits, we obtain

Y0(αx1 + βx2, i) ≤ 2α2Y0(x2, i) + 2β2Y0(x2, i) < ∞

in such a manner that αx1 + βx2 ∈ Fi.
(F is invariant.) We set x0(k) ∈ Fθ(k) and assume without loss that k = 0. Let

us deny the assertion and assume that x0(s) /∈ Fθ(s) for some s > 0, with probability
(w.p.) ε > 0. In this situation, it is simple to check that

∀γ > 0,∃tγ > 0 :

s+tγ∑
k=s

‖y0(k)‖2 ≥ γ w.p. ε.(17)

Employing the Tchebychev inequality, we evaluate

E

{
s+tγ∑
k=s

‖y0(k)‖2

}
≥ γP

{
s+tγ∑
k=s

‖y0(k)‖2
> γ

}
= γε,(18)

and we conclude that Y0(x(0), θ(0)) ≥ γε for all γ > 0, which is a contradiction in
view of the fact that x0(0) ∈ Fθ(0).

Next we show that F is the largest Ψ0-invariant space that possibly meets the
condition (i) in Lemma 14.

Lemma 17. If S is such that (A,P) is �2-stable in S, then S ⊂ F .
Proof. Let us deny the assertion of the lemma and assume that there exists i ∈ Z

for which Fi ⊂ Si strictly. We have that there exists x ∈ Si with x /∈ Fi and from
the definition of F we conclude that Y0(x, i) = ∞, which provides that the associated
output does not converge. Then, (A,P) is not �2-stable in S.

Lemmas 14 and 17 allow us to derive the main result of the paper.
Theorem 18. System Ψ is detectable if and only if the following conditions hold:

(A1) (A,P) is �2-stable in F ;
(A2) x(·) converges to F provided y(·) and u(·) converge.

Proof. (Sufficiency.) (A1) and (A2) satisfy the conditions for detectability in
Lemma 14.

(Necessity.) Since (A,C,P) is detectable, from Lemma 14 we have that there
exists S for which (A,P) is �2-stable in S and Lemma 17 provides that S ⊂ F .
Lemma 14 also yields that x(·) converges to S provided y(·) and u(·) converges; this
fact together with the fact that S ⊂ F lead immediately to (A2).

Now, notice from the concept of detectability that, in particular for the au-
tonomous system Ψ0, x0(·) converges whenever the corresponding output y(·) con-
verges or, equivalently, whenever x(0) ∈ Fθ(0). This means that (A,P) is �2-stable in
F and (A1) holds.

5. Sufficient conditions for (A1) and (A2). In this section we deal with
other detectability and observability concepts that appear in the literature of MJLS
and we present the role that they play as sufficient conditions (expressed entirely in
terms of the autonomous version of the system) for (A1) and (A2), and therefore for
the detectability concept here.

Initially, we introduce a concept of uniform observability related to the Ψ0-
invariant space S. From (7), recall that we set YT

0 (x, θ) = E{
∑T−1

k=0 |y0(k)|2}, where
y0(·) denotes the output trajectory of the autonomous system Ψ0 with x0(0) = x.

Definition 19 (uniform observability w.r.t. S). Consider the autonomous sys-
tem Ψ0. We say that (A,C,P) is uniformly observable with respect to (w.r.t.) S if
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there exists T, ε > 0 such that YT
0 (x, θ) ≥ ε‖x‖2 whenever x ∈ S⊥

θ . We say that
(A,C,P) is uniformly observable if it is uniformly observable w.r.t. 0.

A particular case of this concept with trivial S appears in [1, 3, 5, 12], and it
generalizes previous observability concepts for MJLS, like the ones appearing in [11].

In Lemma 22 in what follows, we show that uniform observability is a sufficient
condition for the state convergence to S and, in particular, for (A2) to hold when
S ⊂ F . For the proof, we need the next two lemmas; their proofs are presented in
Appendix 9. Recall that Pi denotes the orthogonal projection onto S⊥

i , i ∈ Z.
Lemma 20. If (A,C,P) is uniformly observable w.r.t. S, then there exist T, ε > 0

such that YT
0 (x, θ) ≥ ε|Pθx|2 for each x ∈ R

n and θ ∈ Z.
Lemma 21. There exist δ1, δ2 > 0 for which

Yt,T
u (x, θ) ≥ δ1E{YT

0 (x(t), θ(t))} − δ2

T+t−1∑
k=t

E{|u(k)|2} ∀x ∈ R
n and θ ∈ Z.

Lemma 22. If (A,C,P) is uniformly observable w.r.t. S, then x(·) converges to
S provided that y(·) and u(·) converge. In addition, if S ⊂ F , then (A2) holds.

Proof. Provided that u(·) and the output y(·) converge, i.e., E[
∑∞

k=0 ‖u(k)‖2] <
∞ and Yu(x, θ) < ∞, respectively, we show that (A,C,P) uniformly observable w.r.t.
S suffices for convergence of the state to S, namely, E[

∑∞
k=0 ‖Pθ(k)x(k)‖2] < ∞. For

each t ≥ 0, we employ Lemmas 20 and 21 to evaluate

(19) Yu(x, θ) ≥ Yt,∞
u (x, θ) =

∞∑
k=0

Yt+kT,T
u (x, θ)

≥
∞∑
k=0

⎛⎝δ1E{YT
0 (x(t + kT ), θ(t + kT ))} − δ2

t+(k+1)T−1∑
�=t+kT

E{|u(k)|2}

⎞⎠
≥ δ1ε

∞∑
k=0

E{|Pθ(t+kT )x(t + kT )|2} − δ2

∞∑
k=0

E{|u(k)|2}.

Summing (19) for t = 0, . . . , T − 1, we obtain

TYu(x, θ) ≥ δ1ε

∞∑
m=0

E{|Pθ(m)x(m)|2} − Tδ2

∞∑
k=0

E{|u(k)|2},

which leads to

∞∑
m=0

E{|Pθ(m)x(m)|2} ≤ T

δ1ε
Yu(x, θ) +

Tδ2
δ1ε

∞∑
k=0

E{|u(k)|2} < ∞

and the first assertion is proven.
Now, from Definition 19 we obtain that if (A,C,P) is uniformly observable w.r.t.

S ⊂ F , then it is uniformly observable w.r.t. F . The result then follows immediately
from the first assertion.

Notice from Lemma 22 with trivial S that, if (A,C,P) is uniformly observable,
then x(·) converges to S = 0, provided y(·) and u(·) converges, i.e., (A,C,P) is
detectable, which implies the following corollary.

Corollary 23. If (A,C,P) is uniformly observable, then Ψ is detectable.
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Next, we are concerned with an earlier �2-detectability sense; see [7] in a setting
similar to the one of this paper, or [8] in the continuous time case, or [6] and [12] in
the finite dimensional case.

Definition 24 (�2-detectability). Consider the autonomous system Ψ0. We
say that (A,C,P) is �2-detectable if there exists L ∈ Hq,n

∞ for which (A + LC,P) is
�2-stable.

Lemma 25. If (A,C,P) is �2-detectable, then system Ψ is detectable.
Proof. We assume that (A,C,P) is �2-detectable and y(·) and u(·) converge, and

we show that x(·) converges in a similar manner to the proof of sufficiency of Theorem
12. Here we only point out the differences. For L ∈ Hq,n

∞ as in the �2-detectability
definition, rσ(LA+LC) < 1, see Proposition 9 (ii) in connection. We chose α �= 0 in
such a way that (1 + α2)2rσ (LA+LC) < 1 holds. The operators L̂, L̃, L̄ : Hn

F → Hn
F

are defined as

L̂(H) = (1 + α2)2LA+LC(H),

L̃(H) = (1 + α2)(1 + 1/α2)LLC(H) and

L̄(H) = (1 + 1/α2)LB(H) for H ∈ Hn
F .

In parallel with Lemma 13, we also need to show that
∑∞

k=0 LLC(X(k)) < ∞. In fact,
since y(·) converges for the autonomous system (A+LC,P), we get that Y0(x, θ) < ∞
and from (7) we evaluate

∞ > Y0(x, θ) ≥
∞∑
k=0

〈X(k), C ′C〉 =

∞∑
k=0

‖C ′X(k)C‖F

and employ Proposition 11 (i), (v), to obtain∥∥∥∥∥
∞∑
k=0

LLC(X(k))

∥∥∥∥∥
F

≤
∞∑
k=0

‖LLC(X(k))‖F =

∞∑
k=0

‖LL(CX(k)C ′)‖F

≤ ||L||∞
∞∑
k=0

‖CX(k)C ′‖F < ∞.

(20)

Remark 1. In [7] it is shown that �2-detectability (together with �2-stabilizability)
ensures that the optimal linear state feedback control that arises in the JLQ problem
is �2-stabilizing, considering an additional assumption on matrices Di as in Lemma
35. Lemma 25 generalizes this result in the sense that x(·) converges provided that
the output and input converge; here, neither optimality nor linear state feedback is
required.

The next concept is named WS-detectability, and it was introduced in [5] as
an attempt to deal with detectability in the present context. It can be seen as a
particularization of detectability with u ≡ 0.

Definition 26 (WS-detectability). Consider the autonomous system Ψ0. We
say that (A,C,P) is WS-detectable provided that x0(·) converges whenever the output
y0(·) converges.

It follows directly from the definitions that the concept is equivalent to �2-stability
in F .

Proposition 27. (A,C,P) is WS-detectable if and only if (A,P) is �2-stable in
F ((A1) holds).
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We finish with a summary of the main results of this section. For ease of reference,
the relations are numbered. The relation (1) follows from Proposition 27, (2) follows
from Corollary 23 and Theorem 18, (3) and (5) follows from Lemma 25, (4) follows
immediately from definition, and (6) follows from Lemma 22.

Proposition 28. The following relations hold:

(A,C,P)WS-detect.
1⇐⇒ A1

2⇐= (A,C,P) unif. obs.

⇑3 ⇓4

(A,C,P) �2-detect.
5

=⇒ A2
6⇐= (A,C,P) unif. obs. w.r.t. F

Ψ detect.

Remark 2. In principle the detectability concept depends on the nonautonomous
system (made explicit by assumption (A2)). However, for systems that are �2-
detectable, uniformly observable, or uniformly observable w.r.t. F , (A2) always holds
true, as indicated in Proposition 28. In section 6 we show that this is also the situation
for MJLS with finite Markov state.

6. Finite MJLS. Recall from the main result of the paper, Theorem 18, that
the system is detectable if and only if (A1) and (A2) hold. In this section, we show
that (A2) is made redundant when the Markov state space is finite, Z = {1, . . . , N}.
This leads to the main result of the section: (A1) is a necessary and sufficient condition
for detectability, in parallel with detectability notions for linear deterministic systems
and previous concepts for MJLS [2]. The result here also generalizes previous results
in the literature, which require that the control is in the linear state feedback form.

We start showing that uniform observability w.r.t. S always holds with S = N ,
where the set N = {Ni, i ∈ Z} is defined as

Ni = {x ∈ R
n : Y0(x, i) = 0}, i ∈ Z.(21)

Notice by inspection of (16) and (21) that x ∈ F〉 whenever x ∈ N〉, thus yielding
that N ⊂ F . One can also check that N is an invariant space, in a similar manner to
the proof of Lemma 16. We state this property formally.

Proposition 29. N is an invariant space, N ⊂ F .
The preliminary results of Proposition 30 and Lemma 31 in what follows will be

needed. First, let us generalize the definition of the cost functional Y0, as follows. Sup-
pose that the initial conditions (x, θ) are random variables with x a second order ran-
dom variable. In this situation, we set X(0) ∈ Hn

F such that Xi(0) = E{xx′1{θ=i}}.
Conversely, given any X ∈ Hn

F , there exists a second order r.v. x and some distribu-
tion for θ in such a way that we can represent Xi = E{xx′1{θ=i}}. These considera-
tions allow us to generalize the definition of Y0 by writing, for each X ∈ Hn

F ,

YT
0 (X) =

T−1∑
k=0

〈X0(k), C ′C〉(22)

whenever X(0) = X. Notice that YT
0 (x, θ) = YT

0 (X) whenever X is defined as above
with Xθ = xx′ and Xi = 0, i �= θ.

The next preliminary result is adapted from [3, Prop. 1].

Proposition 30. Assume that Z = {1, . . . , N}. If Yn2N
0 (X) = 0, then Yt

0(X) =
0 for all t ≥ 0.

Lemma 31. Let P be the projection onto N⊥. The following assertions hold:
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(i) Y0(X) = 0 if and only if P ′XP = 0;
(ii) (A,C,P) is uniformly observable w.r.t. N if there exists ε > 0 for which

YT
0 (X) ≥ ε ‖X‖F whenever X − PXP ′ = 0.

For the proof of Lemma 31, see Appendix 9.
Lemma 32. Assume that Z = {1, . . . , N}. Then, (A,C,P) is uniformly observ-

able w.r.t. N .
Proof. Let P be the projection onto N⊥ and recall that N̄ = {H ∈ Hn

F : PHP ′ =
0} and N̄⊥ = {H ∈ Hn

F : H − PHP ′ = 0}. Let us show that there exist ε > 0 such
that YT

0 (X) ≥ ε ‖X‖F whenever X ∈ N̄⊥. Let us deny this assertion and assume
that there exists a sequence Xm ∈ NC , m = 1, 2, . . . , for which

Yn2N
0 (Xm) ≤ m−1,(23)

where

NC = {X ∈ N̄⊥ : ‖X‖F = 1} ⊂ N̄⊥.

For the countably finite case, one can check that NC is a compact set and this leads
to the fact that there exists a subsequence Xmk

that converges to

X̄ ∈ NC ⊂ N̄⊥.(24)

Moreover, it is not difficult to check that Yn2N
0 (·) is continuous; this fact and (23)

allow us to write that Yn2N
0 (X̄) = limk→∞ Yn2N

0 (Xmk
) ≤ limk→∞ k−1 = 0. Then,

Proposition 30 yields that Y0(X̄) = 0 and from Lemma 31 (i) we conclude that
X̄ ∈ N̄ , which is a contradiction, in view of (24). We have shown that there exist
ε > 0 such that YT

0 (X) ≥ ε ‖X‖F whenever X ∈ N̄⊥; Lemma 31 (ii) completes the
proof.

The result of Lemma 32 cannot be extended to the countably infinite case, as we
show in the following counterexample. In connection, note that the set NC in the
proof of Lemma 32 is no longer compact.

Example 1. Let n = 1, pi i+1 = 1, Ai = 1, Ci = ri, |r| < 1. It is simple to check
that Y0(x, i) = ri(1− r)|x|2, in such a manner that for each γ > 0 there exists i such
that Y0(x, i) < γ|x|2, which implies that (A,C,P) is not uniformly observable w.r.t.
N .

The next result follows from Lemmas 22 and 32 and the fact that N ⊂ F (see
Proposition 29); the proof is omitted.

Lemma 33. Assume that Z = {1, . . . , N}. Then, (A2) holds.
The next result is immediate from Lemma 33 and Theorem 18. We state the

result in terms of the triplet (A,C,P) to emphasize that the detectability concept
depends only on the autonomous version Ψ0 of the system.

Theorem 34. Assume that Z = {1, . . . , N}. (A,C,P) is detectable if and only
if (A1) holds.

Remark 3. The relation between detectability and other detectability concepts
for finite scenarios is discussed here. The weak detectability concept for MJLS with
finite Markov state was introduced in [2]. It requires that x(·) converges provided
Y0(x, θ) = 0. In [5] it was shown that this concept is equivalent to WS-detectability
when reduced to the finite case. Assuming Z = {1, . . . , N}, Proposition 27, Theorem
34, and the aforementioned facts provide the following relations:

weak detectability ⇔ WS-detectability ⇔ A1 ⇔ detectability.(25)
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For (finite dimensional) linear deterministic systems, it was shown in [2] that the
weak detectability concept retrieves the usual detectability concept. Then, from the
relations in (25) we conclude that, for linear deterministic systems,

usual detectability concept ⇔ detectability.

7. Detectability and the jump linear quadratic problem. In this section
we are concerned with the JLQ problem, which consists of obtaining the control u(·)
that minimizes the cost functional Yu(x, θ). We also consider the related infinite
coupled algebraic Riccati equations (ICARE).

We assume here with no loss of generality that the control is in linear state
feedback form, u(k) = Gθ(k)x(k), G ∈ Hr,n

∞ . Indeed, it is a well-known fact that the
optimal control is in this form; see, e.g., [7]. In connection, we denote YG(·) = Yu(·)
to emphasize the dependence on G.

Also a standard assumption in the JLQ problem, that infi∈Z σ−(D′
iDi) = ξ > 0,

is in force here. In this situation, the convergence of the input and the output are
directly connected and the condition in (A2) (e.g., in Theorem 18) related to the input
is not essential; the following lemma formalizes the result.

Lemma 35. If infi∈Z σ−(D′
iDi) = ξ > 0 and Yu(x, θ) < ∞, then u(·) converges.

Proof. Employing (7) and the assumptions in the lemma, we evaluate ∞ >
Yu(x, θ) ≥

∑∞
k=0〈U(k), D′D〉 ≥ ξ

∑∞
k=0 ‖U(k)‖F .

The next result establishes that a linear state feedback control is stabilizing when-
ever the associated cost is bounded.

Lemma 36. Assume that (A,C,P) is detectable. If G ∈ Hr,n
∞ is such that

YG(x, θ) < ∞ ∀x ∈ R
n, θ ∈ Z, then (A + BG,P) is �2-stable.

Proof. Consider the system Ψ in closed loop form with u(k) = Gθ(k)x(k),{
x(k + 1) = (Aθ(k) + Bθ(k)Gθ(k))x(k), k ≥ 0,

y(k) = (Cθ(k) + Dθ(k)Gθ(k))x(k).
(26)

For each initial condition x ∈ R
n and θ ∈ Z we have from the lemma that Yu(x, θ) =

YG(x, θ) < ∞, which means that the associated output y(·) converges; moreover,
Lemma 35 provides that u(·) converges. In this situation, detectability yields that
x(·) converges, and we conclude that (A + BG,P) is �2-stable.

In what follows, we consider the following ICARE in the unknown R ∈ Hn
F that

arises in the JLQ problem (see, e.g., [7]):

0 =
(
Ai + BiGi

)′ ∑
j∈Z

pijRj

(
Ai + BiGi

)
+ C ′

iCi + G′
iD

′
iDiGi,(27)

Gi = −

⎛⎝D′
iDi + B′

i

∑
j∈Z

pijRjBi

⎞⎠−1

B′
i

∑
j∈Z

pijRjAi, i ∈ Z.(28)

The following results are adapted from [7].
Proposition 37. Assume that R ∈ Hn

F satisfies the ICARE (27)–(28). The
following assertions hold:

(i) YG(x, θ) ≤ x′Rθx;
(ii) If (A+BG,P) is �2-stable, then R ∈ Hn

∞ is the unique solution of the ICARE.
Moreover, the solution of the JLQ problem is u(k) = Gθ(k)x(k), where G is
given by (28).
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Theorem 38. Assume that (A,C,P) is detectable according to Definition 1.
Then, the ICARE has at most one solution. Moreover, if R ∈ Hn

F is the solution of
the ICARE, then (A + BG,P) is �2-stable with the optimal control (28).

Proof. Let R ∈ Hn
F be a solution of the ICARE. From Proposition 37 (i) we

have that YG(x, θ) ≤ x′Rθx, for each x, θ, and Lemma 36 provides that (A + BG,P)
is �2-stable. Hence, Proposition 37 (ii) yields that R is the unique solution of the
ICARE and the optimal control is given by (28).

Remark 4. The results in this section generalize previous result in [7] from the
fact that detectability here generalizes the �2-detectability notion employed there; see
Lemma 25.

8. Examples. We start this section with an example showing that (A2) does
not necessarily hold for MJLS with infinite countably Markov chain. Then Example 3
shows that the detectability notion according to Definition 1 depends on the collections
of matrices B and D, and thus it cannot be related to the autonomous version Ψ0

only.
We also show, via Example 4, that the detectability concept here generalizes

the earlier �2-detectability and uniform observability concepts, in the sense that the
converse relations of Proposition 28 involving those concepts does not hold.

Example 2. This example illustrates that (A2) does not necessarily hold true for
MJLS with infinite countably Markov chain. Indeed, we present a system for which
the state trajectory does not converge to F under converging input and output.

Assume that pi i+1 = 1, i ∈ Z, in such a manner that θ(k) = k + i a.s. whenever
θ(0) = i. Let n = 1, Ai = Bi = 1, Di = 0, i ∈ Z. As regards to C ∈ H1

F , we set
C1 = 0 and Ci = (i−1)−1/2, i ≥ 2, in order to get that Cθ(k) = (k+ i−1)−1/2, k ≥ 1.

It is simple to check for the autonomous system that Y0(x, θ) =
∑∞

k=0 x
2/(k +

i− 1), which converges if and only if x = 0, thus leading to

F = 0.

Now, for simplicity, we consider fixed initial conditions x = 1 and θ = 1. Consider
the control given by u(0) = 0 and u(k) = (k + 1)−1/2 − k−1/2, k ≥ 1. We get that
x(k) = k−1/2, k ≥ 1 is the corresponding trajectory. It is a simple matter to check
that (see [16, Chap. 2.6])

Ex,θ

{ ∞∑
k=0

|u(k)|2
}

=

∞∑
k=1

(k1/2 − (k + 1)1/2)2

k(k + 1)
≤

∞∑
k=1

1

k(k + 1)
= 1,(29)

and we have that the input converges. As regards to the output, we first evaluate

E

{ ∞∑
k=0

x(k)′C ′
θ(k)Cθ(k)x(k)|x = θ = 1

}
=

∞∑
k=1

1

k4×1/2
=

∞∑
k=1

1

k2
≤

∞∑
k=0

1

2k
≤ 2,

where, in the last inequality, we employed the evaluation in [16, Chap. 3.1]). Together
with (29), they provide that

Y(1, 1) ≤ 3,

which means that the output converges. However, we can also write that

Ex,θ

{ ∞∑
k=0

|x(k)|2
}

=

∞∑
k=0

1

k
= ∞,
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and the state does not converge to the trivial F . Thus, (A2) does not hold and the
system is not detectable. It is also interesting to mention that from Proposition 29 we
have that N = 0 and, thus, the example also illustrates that the state trajectory does
not converge to the nonobserved space, despite the fact that both input and output
converge.

Example 3. In the system of Example 2, let Bi = 0, i ∈ Z. In this case,
Y(x, i) = Y0(x, i) =

∑∞
k=0 x

2/(k + i − 1), and the output converges if and only if
x(0) = x = 0. Then, the system is trivially detectable in the sense of Definition 1.
On the other hand, recall that the system in Example 2 is not detectable. This makes
clear the dependence of the detectability concept on B ∈ Hn,r and D ∈ Hq,r and
not only on the parameters of the autonomous system, which shows that the class
of systems studied here share with general nonlinear systems the characteristic that
observability and detectability in general depends on features of the input class.

Example 4. Consider the following version of the JLQ problem of section 7:

min
u

Yk0
u (x, θ), where Yk0

u (x, θ) = E

{
k0∑
k=0

|y(k)|2
}
,(30)

y is the output of system Ψ defined in (1) and k0 is a Fk-stopping time defined as
the time that the Markov chain Γ = {γ(k), k ≥ 0} taking values on the set {n, f}
first enters the state f , i.e., k0 = inf{k : γ(k) = f}. We assume that the transition
probabilities are given by qnn ≥ 0, 0 ≤ qnf ≤ ν < 1 and qff = 1 (f is a cemetery
state).

A possible physical interpretation is that the cemetery state f represents a critical
failure of the system, which forces the system to stop for maintenance at time k0; n
and f stand for normal and failure, respectively.

We start showing that the problem (30) can be cast as the JLQ problem for the
MJLS defined as

Ψ̄ :

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

θ̄ takes values on Z̄ = {(f), (1, n), (2, n), . . . };
P̄ : p̄ff = qff = 1, p̄(i,n)(j,n) = (1 − qnf )pij , p̄(i,n)f = qnf ;

system matrices: Āf = 0, Ā(i,n) = Ai, i �= f, and similarly for B̄, C̄, D̄;

initial conditions:
x(0) = x;
θ̄(0) = f if γ(0) = f ; θ̄(0) = (θ(0), n) otherwise.

(31)

Lemma 39. The problem (30) is equivalent to the JLQ problem for system Ψ̄.
Proof. Let us define the Fk-stopping time t0 = inf{k : θ̄(k) = f}. It is a

simple matter to check that the random variables t0 and k0 have the same statistics
and similarly for the variables of system Ψ and Ψ̄ for k ≤ t0 (e.g., y(k) and ȳ(k)
are statistically identical for k ≤ t0). Let Ȳu(·) represent the cost functional in (2)
associated with system Ψ̄. Then, we can write

Ȳu(x, θ) =

∞∑
k=0

E{|ȳ(k)|21{k≤t0}} +

∞∑
k=0

E{|ȳ(k)|21{k>t0}}

=

∞∑
k=0

E{|ȳ(k)|21{k≤t0}} =

∞∑
k=0

E{|y(k)|21{k≤k0}} = Yk0
u (x, θ).

(32)

The next lemma establishes that system (Ā, C̄, P̄) is a counterexample for the
converse of Corollary 23; namely, it shows that the uniformly observable systems
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form a strictly subset of the set of detectable systems. The proof is presented in
Appendix 9.

Lemma 40. If (A,C,P) is uniformly observable, then system Ψ̄ is detectable.
(Ā, C̄, P̄) is not uniformly observable.

Example 5. Let us consider systems that present Markov chains with distinct
communicating classes Zj = {inj−1 , . . . , inj}, n0 = 1, j = 1, . . . , N , for which P{θ(k+
1) ∈ Zj |θ(k) ∈ Zi} = 0 for all i �= j. Let us denote such a system by Ψc; we also
denote Aj = (Ai), i ∈ Zj and similarly for Cj and P

j . We refer to the system
associated with a class Zj as a subsystem (Aj , Cj ,Pj).

The following result is adapted from [5].
Proposition 41. Consider system Ψc. Assumption (A1) holds for (A,C,P) if

and only if (A1) holds for each subsystem (Aj , Cj ,Pj), j = 1, . . . , N .
Let us construct in this example a system Ψc composed of one uniformly observ-

able subsystem plus one finite dimensional subsystem, composed by the two classes
Z1 = {1, 2} and Z2 = {3, 4, . . . }, and probability matrix

P =

⎡⎢⎢⎢⎢⎢⎢⎣

p11 (1 − p11) 0 . . .
(1 − p22) p22 0 . . .

0 0 p33 p34 . . .
...

... p43 p44 . . .
...

...

⎤⎥⎥⎥⎥⎥⎥⎦ ,

and data A1 = a1, A2 = a2, C1 = 1, C2 = 0, p11 > 0, and p22a
2
2 > 1. We assume that

(A2, C2,P2) is uniformly observable.
It is shown in [1] that (A1, C1,P1) is uniformly observable. Since uniform observ-

ability implies (A1) (see Proposition 28), we have that (A1) holds for both (A1, C1,P1)
and (A2, C2,P2) and Proposition 41 yields that (A1) holds for the overall system Ψc.

Uniform observability also implies uniform observability w.r.t. F for each subsys-
tem (see Proposition 28), and it is simple to check that the overall system is uniformly
observable w.r.t. F . In this situation, Proposition 28 yields that (A2) holds for the
overall system.

Then, Theorem 18 implies that system Ψc is detectable. However, for this simple
example, it was shown in [5] that the overall system is not �2-detectable. This implies
that the converse of Lemma 25 does not hold, and we conclude that detectability here
generalizes �2-detectability.

9. Conclusions. This paper deals with detectability for discrete-time Markov
jump linear systems with countably infinite Markov state. Beginning with Definition
1, which expresses an idea that at same time is purposeful and captures the abstract
notion of detectability, we show that it can be written down in terms of conditions (A1)
and (A2). Condition (A1) alone refers to the autonomous systems and its behavior
within the invariant space F . It is reminiscent of detectability concepts related with
finite dimensional linear systems. Condition (A2) refers to the complete system Ψ
and its behavior within set F⊥. It comes as an essential condition, connected to the
fact that the observed part of the autonomous system, represented by F⊥, may not be
uniformly observable, contrary to the finite dimensional case. Example 2 shows that
(A2) may fail in the infinite Markov state case. This clarifies that, unlike the finite
dimensional contexts, the detectability notion yielding property (i) (stated in section
1) cannot be expressed in terms of the parameters of the autonomous version Ψ0;
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thus, (iii) cannot be completely reproduced. Exceptions are pointed out in Remark
2.

Regarding the issues (I)–(III), note that (I) is accomplished in the sense that
we show that F is the largest Ψ0 invariant space for which (A1) and (A2) together
possibly hold. Along this line, a remarkable feature is that (A2) is weaker than
the natural extension of the finite dimensional case, that the trajectories converge
to the nonobservable space N ⊂ F . In addition, (II) and (III) are accomplished by
showing that the notion of detectability generalizes previous notions of �2-detectability
and uniform observability, as well as detectability notions for the finite Markov state
case and the usual detectability concept for linear deterministic systems, in their
respective scenarios. Moreover, these relations provide a generalization for earlier
results concerning stability of trajectories with associated finite cost, in the sense that
here we are not constrained to linear feedback form nor optimal control; see Remark
1). A particularization of the results for the JLQ optimal control problem, which was
the initial motivation for this work, provides that the JLQ control is stabilizing and
the solution to the associated ICARE is unique.

Finally, although the analysis here concludes a circle of ideas toward detectability
of MJLS, which has began in [1, 3], we believe that the approach via invariant sub-
spaces proposed here may be useful elsewhere, in contexts such as nonlinear systems
or other infinite dimensional systems.

Appendix: Proof of Lemmas 8 and 10.

Proof of Lemma 8. It is simple to check that

E[|Pθ(k)x(k)|2] = tr{E[Pθ(k)x(k)x(k)′P ′
θ(k)]}

=
∑
i∈Z

tr{PiE[x(k)x(k)′1{θ(k)=i}]P
′
i}

=
∑
i∈Z

tr{PiXi(k)P ′
i} = ‖PX(k)P ′‖F ,

which provides that
∑∞

k=0 E[|Pθ(k)x(k)|2] < ∞ if and only if
∑∞

k=0 ‖PX(k)P ′‖F <
∞.

Proof of Lemma 10. For any scalar α �= 0, we have that

Xi(k + 1) = E{[Aθ(k)x(k) + Bθ(k)u(k)][Aθ(k)x(k) + Bθ(k)u(k)]′1{θ(k+1)=i}}
≤ E{[(1 + α2)(Aθ(k)x(k)x(k)′A′

θ(k))

+ (1 + 1/α2)(Bθ(k)u(k)u(k)′B′
θ(k))]1{θ(k+1)=i}}

=
∑
j∈Z

E{[(1 + α2)(Ajx(k)x(k)′A′
j)

+ (1 + 1/α2)(Bju(k)u(k)′B′
j)]1{θ(k+1)=i,θ(k)=j}}

= (1 + α2)
∑
j∈Z

pjiE{Ajx(k)x(k)′A′
j1{θ(k)=j}}

+ (1 + 1/α2)
∑
j∈Z

pjiE{Bju(k)u(k)′B′
j1{θ(k)=j}}

= (1 + α2)LA(X(k)) + (1 + 1/α2)LB(U(k)), k ≥ 0.
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Appendix: Proofs of Lemmas 20 and 21.

Proof of Lemma 20. Since Pix is the projection of x onto S⊥
i , we have that

Pix ∈ S⊥
i and from the hypothesis of the lemma we have that there exists T, ε > 0

such that YT
0 (Pix, θ) > ε|Pix|2. Employing this fact and Proposition 15 we evaluate,

for α > 0,

YT
0 (x, i) = x′Hx = (x− Pix + Pix)′H(x− Pix + Pix)

≥ (1 − α2)(x− Pix)′H(x− Pix) + (1 − 1/α2)(Pix)′H(Pix)

≥ (1 − 1/α2)(Pix)′H(Pix) = (1 − 1/α2)YT
0 (Pix, i)

> (1 − 1/α2)ε|Pix|2.

The next results are needed for the proof of Lemma 21.
Lemma 42. Ex,θ{YT

0 (x(t), θ(t))} = YT
0 (X(t)).

Proof. Using (7) we can write that

Yt,T
0 (x, θ) =

t+T−1∑
k=t

〈X(k), C ′C〉 = Ex,θ{YT
0 (x(t), θ(t))}.

However,

t+T−1∑
k=t

〈X(k), C ′C〉 =

T−1∑
�=0

〈X̃(�), C ′C〉 = YT
0 (X̃(0)),

where X̃i(�) = Xi(t+�) = Ex,θ{x(t+�)x(t+�)′1{θ(t+�)=i}} for � = 0, . . . , T −1, which
shows the result.

Lemma 43. Let V ∈ Hn
∞. The following inequality holds:

〈LV (X(k)), C ′C〉 ≥(1 − α2)〈LV (LA(X(k − 1))), C ′C〉 − κ‖U(k − 1)‖F(33)

for some 0 < α < 1 and κ > 0.
Proof. From Lemma 10 we evaluate

〈LV (X(k)), C ′C〉 ≥ (1 − α2)〈LV (LA(X(k − 1))), C ′C〉
+ (1 − 1/α2)〈LV (LB(U(k − 1)), C ′C〉

(34)

and for the second term on the right-hand side of (34) we employ Proposition 11 (v)
to obtain, for 0 < α < 1,

(1 − 1/α2)〈LV (LB(U(k − 1))), C ′C〉
≥ (1 − 1/α2)‖C‖2

∞‖V ‖2
∞‖B‖2

∞〈U(k − 1), I〉
= −κ〈U(k − 1), I〉,

(35)

where κ = −(1 − 1/α2)‖C‖2
∞‖V ‖2

∞‖B‖2
∞ > 0. The result follows immediately from

(34) and (35).

Proof of Lemma 21. From (33) with V = I, we get that

〈X(m), C ′C〉 ≥ (1 − α2)〈LA(X(m− 1)), C ′C〉 − κ‖U(m− 1)‖F .(36)
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For the first term on the right-hand side of (36), we employ (33) with V = A, and we
repeat this step recursively for m = k − 1, . . . , t + 1, to obtain

〈X(k), C ′C〉 ≥ (1 − α2)k−t〈Lk−t
A (X(t)), C ′C〉

− κ

k−1∑
�=t

(1 − α2)−�+k−1‖U(�)‖F .
(37)

Noticing that (1 − α2)k−t ≥ (1 − α2)T for k − t ≤ T and −(1 − α2)k ≥ −1 for all
k ≥ 0, we get that

〈X(k), C ′C〉 ≥ (1 − α2)T 〈Lk−t
A (X(t)), C ′C〉 − κ

k−1∑
�=t

‖U(�)‖F(38)

for t ≤ k ≤ T + t− 1. Then, from (7) and (38) we evaluate

Yt,T
u (x, θ) =

T+t−1∑
k=t

〈X(k), C ′C〉 + 〈U(k), D′D〉

≥ (1 − α2)T
T+t−1∑
k=t

〈Lk−t
A (X(t)), C ′C〉 − κ

T+t−1∑
k=t

k−1∑
�=t

‖U(�)‖F

≥ (1 − α2)T
T−1∑
k=0

〈Lk
A(X(t)), C ′C〉 − κT

T+t−1∑
k=t

‖U(k)‖F

or, equivalently,

Yt,T
u (x, θ) ≥ δ1YT

0 (X(t)) − δ2

T+t−1∑
k=t

‖U(k)‖,

where δ1 = (1 − α2)T and δ2 = κT . Lemma 42 completes the proof.

Appendix: Proof of Lemma 31. For the proof of Lemma 31, we write X in
the following form [14, Them. 7.5.2],

Xi = v1
i v

1′
i + · · · + vrii vri′i ,(39)

where vmi ∈ R
n,m = 1, . . . , r, and ri = rank(Xi) ≤ n, and we write the trajectory

X(k) as a linear combination of trajectories Xi,m(k) associated with initial condition
vmi , as follows.

Let xi,m(0) = vmi ∈ N (Oi). Let xi,m(k) ∈ R
n, m = 1, . . . , ri, be given by

the difference equation xi,m(k + 1) = Aθ(k)x
i,m(k), θ(0) = i. Let Xi,m(k) ∈ Hn0

F

be the second moment matrix Xi,m
j (k) = E{xi,m(k)xi,m(k)′1{θ(k)=j}}, j ∈ Z. No-

tice that Xi,m
i (0) = vmi vm′

i and Xi,m
j (0) = 0 for j �= i, and we can write Xi =∑

j∈Z
∑rj

m=1 X
j,m
i (0). Then, from the linearity of the operator L we have that, pro-

vided X(0) = X,

X0,i(k) =
∑
j∈Z

rj∑
m=1

Xj,m
i (k)
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which leads to

Y0(X) =

∞∑
k=0

〈X0(k), C ′C〉 =

∞∑
k=0

〈∑
j∈Z

rj∑
m=1

Xj,m(k), C ′C

〉

=
∑
j∈Z

rj∑
m=1

∞∑
k=0

〈Xj,m(k), C ′C〉 =
∑
j∈Z

rj∑
m=1

Y0(v
m
j , j).

(40)

Proof of Lemma 31. (i) Notice that (39) provides that

PXP ′ = 0 ⇔ Piv
m
i vm′

i P ′
i = 0 ∀i,m

⇔ vmi ∈ Ni ∀i,m ⇔ Y0(v
m
i , i) = 0 ∀i,m.

(41)

From (40), Y0(X) = 0 is equivalent to Y0(v
m
i , i) = 0, for each i and m, and, from

(41), this is equivalent to PXP ′ = 0.
(ii) We shall show that Y0(x, i) ≥ ε|x|2 whenever x ∈ N⊥

i . Let X ∈ Hn
F be defined

as Xi = xx′ and Xj = 0, j �= i. Since x ∈ N⊥
i , we have that Pix = x and it is simple

to check that PXP ′ = X and X ∈ N̄⊥. Then, from the assumption in the lemma, we
obtain Y0(X) ≥ ε‖X‖F and it follows that Y0(x, i) = Y0(X) ≥ ε‖X‖F = ε|x|2.

Appendix: Proof of Lemma 40.

Proof of Lemma 40. First we show that (A2) holds for (Ā, C̄, P̄). Notice
that the requirements in Assumption (A2) hold trivially whenever θ̄(0) = f ; indeed,
x̄(k) = 0, k > 0, a.s..

Now consider θ̄(0) �= f . From the uniform observability of (A,C,P) we have that

there exists T, ε > 0 for which
∑T−1

k=0 E{|y(k)|2|T < k0} > ε|x0|2. Then, we define the
stopping time t0 = inf{k : θ̄(k) = f} and similarly to (32) we evaluate

YT
0 (x, θ) ≥

T−1∑
k=0

E{|ȳ(k)|21{t0≥T}} =

T−1∑
k=0

E{|y(k)|21{k0≥T}}

= P{k0 ≥ T}
T−1∑
k=0

E
{
|y(k)|2

∣∣k0 ≥ T
}
≥ P{k0 ≥ T}ε|x|2.

Since qθf ≤ ν < 1, we have that P{k0 ≥ T} > 0 whenever θ(0) = θ �= f (γ(0) �= f).
This allows us to write

YT
0 (x, θ) ≥ ε2|x|2, θ �= f,(42)

where ε2 = εP
{
k0 ≥ T

∣∣θ �= f
}
> 0.

Now we show that (A1) holds for (Ā, C̄, P̄), that is, we show that Y0(x, θ) = ∞
provided that

∑∞
k=0 E{|x̄(k)|2} = ∞. Note that we can assume that θ(0) �= f ,

otherwise we have that
∑∞

k=0 E{|x̄(k)|2} = |x|2 < ∞. We evaluate, for any � ≥ 0,

Y0(x, θ) ≥
∞∑
k=�

E{|ȳ(k)|2} =

∞∑
m=0

(m+1)T+�−1∑
k=mT+�

E{|ȳ(k)|2}

≥
∞∑

m=0

(m+1)T+�−1∑
k=mT+�

E{|ȳ(k)|21{t0>mT+�}}

=
∞∑

m=0

P (t0 > mT + �)

(m+1)T+�−1∑
k=mT+�

E
{
|ȳ(k)|2

∣∣ t0 > mT + �
}
,
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and since t0 > mT + � implies in particular that θ(mT + �) �= f , we get from (42) that

Y0(x, θ) ≥
∞∑

m=0

P (t0 > mT + �)ε2E
{
|x̄(mT + �)|2

∣∣ t0 > mT + �
}

= ε2

∞∑
m=0

E{|x̄(mT + �)|21{t0>mT+�}}.
(43)

Summing up (43) for � = 0, . . . , T − 1, we obtain

TY0(x, θ) ≥ ε2

∞∑
k=0

E{|x̄(k)|21{t0>k}}.(44)

Now, recalling that θ(0) �= f , we evaluate

E{|x̄(k)|21{t0>k}} = P{t0 > k}E
{
|x̄(k)|2

∣∣ t0 > k
}

= (1 − qnf )kE
{
|x̄(k)|2

∣∣ t0 > k
}

= (1 − qnf )kE
{
|x̄(k)|2

∣∣ t0 = k
}

=
(1 − qnf )

qnf
(1 − qnf )k−1qnfE

{
|x̄(k)|2

∣∣ t0 = k
}

=
(1 − qnf )

qnf
P{t0 = k}E

{
|x̄(k)|2

∣∣ t0 = k
}

=
(1 − qnf )

qnf
E
{
|x̄(k)|21{t0=k}

}
= ε3E{|x̄(k)|21{t0=k}},

(45)

where ε3 = (1 − qnf )/qnf . Finally, (44), (45), and the fact that x̄(k) = 0 a.s. for each
k > t0 lead to

TY0(x, θ) ≥ ε2

∞∑
k=0

E{|x̄(k)|21{t0>k}}

= ε2
ε3

1 + ε3

1 + ε3
ε3

∞∑
k=0

E{|x̄(k)|21{t0>k}}

= ε2
ε3

1 + ε3

( ∞∑
k=0

E{|x̄(k)|21{t0>k}} +

∞∑
k=0

E{|x̄(k)|21{t0=k}}
)

= ε2
ε3

1 + ε3

∞∑
k=0

E{|x̄(k)|2} = ∞.

We have shown that (A1) and (A2) holds for (Ā, C̄, P̄); Theorem 18 provides the first
assertion in the lemma. For the second assertion, note that Y0(x, θ) = 0 whenever
θ = f .
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SOME RESULTS ON TWO-PERSON ZERO-SUM
LINEAR QUADRATIC DIFFERENTIAL GAMES∗

PINGJIAN ZHANG†

Abstract. Considered in this paper are the two-person zero-sum linear quadratic differential
games. It is shown that the value of the game exists if and only if both the upper and lower values
exist. As a consequence, we prove that another necessary and sufficient condition for the existence
of the values of the game is the existence of an open loop–open loop saddle point. An example is
also given in which the lower value exists but the upper value does not exist.

Key words. differential games, value of games, saddle points, integral equations, optimal
controls
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1. Introduction. Since the 1980s, much work has been contributed to linear
quadratic differential games due to their essential role in modern robust control and
H∞-optimization design; see, e.g., [1], [3], [7]. In this paper, we consider the two-
person, zero-sum linear quadratic differential games on a finite horizon. It is well
known that the solvability of the corresponding Riccati differential equations is equiv-
alent to the existence of the H∞-optimal control [1]. In [2], the relationship between
saddle points of the game and the solvability of various Riccati differential equations
is studied. It is shown that

(a) if the Riccati differential equation admits a solution, then the
game admits a closed loop–closed loop saddle point;
(b) if both the Riccati differential equation and the lower Riccati
differential equation (for definitions, see [2]) admit a solution, then
the game admits a closed loop–open loop saddle point;
(c) if both the Riccati differential equation and the upper Riccati
differential equation (for definitions, see [2]) admit a solution, then
the game admits an open loop–closed loop saddle point.

Note that nothing is said about the open loop–open loop saddle point. This paper
is to address this issue. Obviously, the existence of open loop–open loop saddle points
guarantees the existence of the value of the game; we shall show that this is also
necessary. This follows easily from our main result, which states that a necessary and
sufficient condition for the existence of the value of the game is that both the lower
value and the upper value of the game exist. Examples show that, except for the
open loop–open loop saddle point, existence of any other type of saddle point cannot
guarantee the existence of the open loop value of the game.

Consider the following dynamic system:

ẋ = Ax + Bu + Gv in [0, T ],(1.1)

x(0) = x0(1.2)

∗Received by the editors April 5, 2003; accepted for publication (in revised form) August 29, 2004;
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with quadratic index

J(u, v) =

∫ T

0

(|u|2 − |v|2 + x′Qx)dt + x(T )′Wx(T ),(1.3)

where T > 0 is a given final time, and where A,B,G,Q,W are matrices of suitable
dimension such that Q and W are symmetric but not necessarily nonnegative. More-
over, without loss of generality, cross terms in (u, v, x) are not present in the quadratic
form because they can be eliminated by appropriate transformations. Let

v−(x0) = sup
v∈L2(0,T ;Rm)

inf
u∈L2(0,T ;Rl)

J(u, v)

be the open loop lower value of the game and

v+(x0) = inf
u∈L2(0,T ;Rl)

sup
v∈L2(0,T ;Rm)

J(u, v)

be the open loop upper value of the game. If both v−(x0) and v+(x0) exist and
v−(x0) = v+(x0), then we say that the open loop value of the game exists and is
v(x0) = v−(x0) = v+(x0). Hereafter, unless stated otherwise, the value, the lower
value, and the upper value of the game mean the open loop value, the open loop lower
value, and the open loop upper value of the game, respectively . Obviously, we always
have

v−(x0) ≤ v+(x0).

Natural questions are, Do the lower value and the upper value exist? Are they equal
to each other if both of them exist? How are they related to the existence of saddle
points? In section 3, we discuss an example in which the lower value exists while
the upper value does not. We then prove the main theorem of the paper in section
4, using results established on Fredholm integral equations in section 2. Some final
remarks are given in section 5.

2. Solution set of Fredholm integral equations. It is convenient to intro-
duce some technical notation that will be used throughout the paper. Let M+ =
BB′,M− = GG′,M = M+ −M− define the following linear operators:

L : L2(0, T ; Rn) → L2(0, T ; Rn), (Lx)(t) =
∫ t

0
eA(t−s)x(s)ds,

L̂ : L2(0, T ; Rn) → R
n, (L̂x)(t) =

∫ T

0
eA(T−s)x(s)ds,

S : R
n → L2(0, T ; Rn), (Sy)(t) = eAty,

Ŝ : R
n → R

n, Ŝy = eAT y

with the adjoint operators given by

L∗ : L2(0, T ; Rn) → L2(0, T ; Rn), (L∗x)(t) =
∫ T

t
eA

′(s−t)x(s)ds,

L̂∗ : R
n → L2(0, T ; Rn), (L̂∗y)(t) = eA

′(T−t)y,

]2pt]S∗ : L2(0, T ; Rn) → R
n, S∗x =

∫ T

0
eA

′tx(t)dt,

Ŝ∗ : R
n → R

n, Ŝ∗y = eA
′T y.

Moreover, define operators

K = L∗QL + L̂∗WL̂, K̂ = L∗QS + L̂∗WŜ.
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Using these operators, the system (1.1)–(1.2) can be rewritten as

x = Sx0 + LBu + LGv

with

x(T ) = Ŝx0 + L̂Bu + L̂Gv

and the index (1.3) can be written as a bilinear form in Hilbert space L2(0, T ; Rl) ×
L2(0, T ; Rm):

J(u, v) = ((I + B′KB)u, u) − ((I −G′KG)v, v) + 2(B′KGv, u)

+ 2(B′(L∗QS + L̂∗WŜ)x0, u) + 2(G′(L∗QS + L̂∗WŜ)x0, v)

+〈(S∗QS + Ŝ∗WŜ)x0, x0〉,

where (·, ·) and 〈·, ·〉 denote the inner product in L2 and the Euclidean space, respec-
tively. Therefore, the game problem is converted into the min-max problem of bilinear
forms in Hilbert space.

Remark 1. Under coercivity assumptions on I +B′KB and I−G′KG, the game
problems admits a unique open loop–open loop saddle point which can be constructed
explicitly. In this paper, no such coercivity conditions are imposed, and the usual
Riccati equation approach cannot be applied.

Remark 2. The problem setting of this paper can be easily generated for the time-
varying systems, where the transition matrix Φ(t, s) replaces eA(t−s) in the operators
defined above.

We will first establish some preliminary results.
Lemma 2.1. Let N (A) denote the kernel of operator A, and let C,D ∈ L(X) be

linear bounded operators on some Hilbert space X. Then N (I+CD) = CN (I+DC).
Proof . Let (I+CD)x = 0. Then x = −CDx and (I+DC)Dx = D(I+CD)x = 0,

that is, Dx ∈ N (I + DC), and hence x = −CDx ∈ CN (I + DC). Conversely, let
x = Cp for some p ∈ N (I+DC). Then (I+CD)x = (I+CD)Cp = C(I+DC)p = 0,
and hence x ∈ N (I + CD).

Consider the Fredholm integral equation with parameter v:

(I + KM+)p = Gv + K̂x0.(2.1)

Let V (x0) = {v ∈ L2(0, T ; Rm) : v be such that (2.1) has solution.}. If V (x0) is not
empty, then we can pick a v ∈ V (x0) and let P (v, x0) be the solution set of (2.1)
corresponding to v. If we choose one p ∈ P (v, x0), then P (v, x0) can be expressed as

P (v, x0) = p + N,(2.2)

where N = N (I + KM+). The following theorem characterizes the set V (x0).
Theorem 2.2. V (x0) is given by

V (x0) = {v ∈ L2(0, T ; Rm) : (v,G′q) + 〈x0, q(0)〉 = 0 ∀q ∈ N}.

Proof . Let q ∈ N ; then q = −KM+q and q(0) = −K̂∗M+q by simple verification.
Therefore, by virtue of Lemma 2.1 and the fact that operator K is compact; hence
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I + KM+ has closed range. Thus

(v,G′q) + 〈x0, q(0)〉 = 0 ∀q ∈ N

⇔ (v,G′KM+q) + (K̂x0,M
+q) = 0 ∀q ∈ N

⇔ (KGv + K̂x0,M
+q) = 0 ∀q ∈ N

⇔ KGv + K̂x0 ⊥ N (I + M+K)

⇔ KGv + K̂x0 ∈ R(I + KM+).

Corollary 2.3. The following statements hold:

(1) V (0) = (G′N)⊥.

(2) If V (x0) is not empty. Then V (x0) = v + V (0) for arbitrary v ∈ V (x0).

Theorem 2.4. Suppose V (x0) is not empty. Then for every v ∈ V (x0),
G′P (v, x0) ∩ V (x0) contains exactly one element.

Proof . Fix v ∈ V (x0). Then G′P (v, x0) = G′p+G′N for some p ∈ N . Let PG′N

and P(G′N)⊥ be projections onto G′N and (G′N)⊥, respectively. Decompose v =
v1 + v2 with v1 = PG′Nv, v2 = P(G′N)⊥v, and G′p = q1 + q2 with q1 = PG′NG′p, q2 =

P(G′N)⊥G
′p. Then, since q2 ∈ (G′N)⊥, v1 + q2 ∈ V (x0) by Corollary 2.3. Moreover,

since q2 = G′p− q1 ∈ G′p + G′N and v1 ∈ G′N , v1 + q2 ∈ G′p + G′N = G′P (v, x0).
Thus, we have verified that

PG′Nv + P(G′N)⊥G
′p = v1 + q2 ∈ G′P (v, x0) ∩ V (x0).

To prove the uniqueness, let u1, u2 ∈ G′P (v, x0) ∩ V (x0). Then u1 − u2 ∈ G′N ; on
the other hand, u1 − u2 ∈ V (0) = (G′N)⊥, and hence u1 = u2.

Now, denote the only element in G′P (v, x0) ∩ V (x0) by G′p∗; although p∗ might
not be unique in P (v, x0), G′p∗ is uniquely determined. Therefore, we are able to
define the operator

Dx0 : V (x0) → V (x0), Dx0v = G′p∗.

In particular, we can define

D : V (0) → V (0), Dv = G′p0
∗.

To characterize these operators, let (I +KM+)N⊥ be the restriction of I +KM+ on
N⊥. Then (I + KM+)N⊥ is a bijection from N⊥ to R(I + KM+) and hence has a
bounded inverse. Now choose

p∗ = ((I + KM+)N⊥)−1(KGv + K̂x0).

Then

Dx0v = G′((I + KM+)N⊥)−1(KGv + K̂x0)(2.3)

and

Dv = G′((I + KM+)N⊥)−1KGv.(2.4)

Theorem 2.5. D is a compact, self-adjoint operator on V (0).
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Proof . Since K is compact, so is D. To show that D is self-adjoint, let vi ∈
V (0), pi ∈ P (vi, 0), i = 1, 2; then

(Dv2, v1) − (Dv1, v2)
= (G′p2, v1) − (G′p1, v2)
= (Gv1, p2) − (Gv2, p1)
= (Gv1,KGv2 −KM+p2) − (Gv2,KGv1 −KM+p1)
= −(KGv1,M

+p2) + (KGv2,M
+p1)

= −((I + KM+)p1,M
+p2) + ((I + KM+)p2,M

+p1)
= 0.

This completes the proof.

3. A game in which value does not exist. Consider the following dynamics:

ẋ = x + u + v, x(0) = 0,

with index

J(u, v) =

∫ 1

0

(u2 − v2 + 2x2)dt.

We claim that the lower value of the game is 0, whereas the upper value does not
exist. To prove v−(0) = 0 is easy: for each control action v, J(−v, v) = 0, and thus
inf J(u, v) ≤ 0, and hence v−(0) ≤ 0. On the other hand, v−(0) ≥ inf J(u, 0) = 0.
Now let’s deal with the hard part; we need to show v+(0) = ∞. Fix control action u.
We write the index as

J(u, v) = −((I − 2L∗L)v, v) + 4(L∗Lu, v) + ((I + 2L∗L)u, u),

where L is the integral operator defined in section 2. Since the underlying Riccati
differential equation blows up in interval [0, 1], by virtue of results in [4] and [6], I −
2L∗L is not positive definite; i.e., there exists a nonzero v̄ such that ((I−2L∗L)v̄, v̄) ≤
0. In fact, strict inequality holds. To see this, take v̄(t) = 1 on [0, 1]. We calculate
((I − 2L∗L)v̄, v̄) ≈ 1 − 2 ∗ 0.757762 < 0, and thus sup{J(u, v); v ∈ L2(0, 1)} = ∞ for
every u given, which shows that the upper value of the game does not exist.

Remark 3. It is easy to construct similar examples in which the upper value exist
but the lower value does not exist and examples in which neither the lower value nor
the upper value exists.

Remark 4. The example game admits an open loop–closed loop saddle point as
well as a closed loop–closed loop saddle point because both the Riccati differential
equation and the lower Riccati differential equation admit a solution on [0, 1] (see
[2]).

4. Main results and proof. The main results in this paper are contained in
the following.

Theorem 4.1. Consider the game problem (1.1)–(1.3). The following statements
are equivalents:

(1) There exists an open loop–open loop saddle point (u∗, v∗) ∈ L2(0, T ; Rm) ×
L2(0, T ; Rl) such that

J(u∗, v) ≤ J(u∗, v∗) ≤ J(u, v∗) ∀u ∈ L2(0, T ; Rm), v ∈ L2(0, T ; Rl).

(2) The value of the game exists.
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(3) Both the lower value and the upper value exist.
To prove the theorem, some lemmas are needed. Using the notation of section 2,

we rewrite the index as

J(u, v) = ((I + E)u, u) + 2(f(v, x0), u) + J(0, v),

where

E = B′L∗QLB + B′L̂∗WL̂B = B′KB

and

f(v, x0) = B′KGv + B′K̂x0.

Obviously, the lower value exists if and only if both of the following conditions hold:
(A) There exists v ∈ L2(0, T ; Rm) such that

Ĵ(v) = infuJ(u, v) > −∞.(4.1)

(B) Let V̂ (x0) = {v ∈ L2(0, T ; Rm) : v is such that (4.1) holds true}. Then

sup{Ĵ(v) : v ∈ V̂ (x0)} < ∞.(4.2)

By standard extremal theory (see, e.g., [5]), (4.1) holds if and only if I + E ≥ 0
and

f(v, x0) ∈ N (I + E)
⊥

= R(I + E).(4.3)

Moreover, u is an optimizer if and only if

f(v, x0) + (I + E)u = 0.(4.4)

Our first observation is the following.
Lemma 4.2. Suppose the lower value exists. Then V̂ (x0) coincides with V (x0).
Proof . Let v ∈ V̂ (x0). Then, by definition and (4.3),

(f(v, x0), u) = (B′KGv + B′K̂x0, u) = 0∀u ∈ N (I + E).(4.5)

Notice that BN (I + E) = N (I + M+K) by Lemma 4.2, and that (4.5) is equivalent
to

KGv + K̂x0 ∈ (N (I + M+K))⊥ = R(I + KM+);(4.6)

hence v ∈ V (x0). Since the above procedure is invertible, the opposite inclusion also
holds.

Lemma 4.3. Suppose the lower value exists. Then for v ∈ V (x0),

Ĵ(v) = −(v, v) + (Gv, p) + 〈x0, p(0)〉,(4.7)

where p ∈ P (v, x0) and Ĵ(v) is independent of the choice of p.
Proof By (4.4), the optimizer u can be expressed as

u = −B′(KBu + KGv + K̂x0).(4.8)
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Let p = KBu + KGv + K̂x0. Then u = −B′p and p = KB(−B′p) + KGv + K̂x0,
and thus p ∈ P (v, x0). Conversely, let p ∈ P (v, x0), u = −B′p must be the optimizer
for J(u, v). Therefore,

Ĵ(v) = ((I + E)u, u) + 2(f(v, x0), u) + J(0, v)
= (f(v, x0), u) + J(0, v)

= (B′KGv + B′K̂x0,−B′p) + J(0, v)

= −(Q(LGv + Sx0), LM
+p) − 〈W (L̂Gv + Ŝx0), L̂M

+p〉
−‖v‖2

+ (Q(LGv + Sx0), LGv + Sx0) + 〈W (L̂Gv + Ŝx0), L̂Gv + Ŝx0〉
= −‖v‖2

+ (Gv,L∗Qx + L̂∗Wx(T )) + 〈x(0), S∗Qx + Ŝ∗Wx(T )〉
= −‖v‖2

+ (Gv, p) + 〈x0, p(0)〉

and Ĵ(v) does not depend on the choice of p.
Lemma 4.4. Suppose the lower value exists. Then it equals 〈x0, p(0)〉, and is

independent of the choice of solution p to the following Fredholm equation:

(I + KM)p = K̂x0.(4.9)

Proof . We want to calculate sup{Ĵ(v); v ∈ V (x0)}. Fix v̄ ∈ V (x0) and p̄ ∈
P (v̄, x0); then v ∈ V (x0) can be written as v = v̄+v0 and p ∈ P (v, x0) can be written
as p = p̄ + p0 for some v0 ∈ V (0) and p0 ∈ P (v0, 0). Similar to Theorem 2.5, it can
be shown that

−(Gv̄, p0) + (Gv0, p̄) = 〈x0, p
0(0)〉.

Then

Ĵ(v) = −‖v̄ + v0‖2
+ (G(v̄ + v0), p̄ + p0) + 〈x0, p̄(0) + p0(0)〉

= −‖v̄‖2
+ (Gv̄, p̄) + 〈x0, p̄(0)〉 − ‖v0‖2

+ (Gv̄p0)
+〈x0, p

0(0)〉 + (Gv0, p̄) + (Gv0, p0) − 2(v̄mv0)

= Ĵ(v̄) − ‖v0‖2
+ (v0, G′p0) − 2(v0, v̄ −G′p̄).

Hence,

sup
v∈V (x0)

Ĵ(v) = Ĵ(v̄) + sup
v0∈V (0)

(−((I −D)v0, v0) − 2(v0, v̄ −Dx0 v̄)).(4.10)

Again, by standard extremal theory, supv∈V (x0) Ĵ(v) is finite if and only if

I −D ≥ 0

and

v̄ −Dx0 v̄ ∈ N (I −D)
⊥

= R(I −D).

Moreover, if v0 ∈ V (0) is such that

v̄ −Dx0 v̄ + (I −D)v0 = 0,

then v∗ = v̄ + v0 is the optimizer for Ĵ(v). Recalling definitions (2.3)–(2.4), we have

v∗ = Dx0 v̄ + Dv0 = Dx0(v̄ + v0) = Dx0v∗.
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Now let v = v∗, and let p be any p∗ ∈ P (v∗, x0) in (4.7). Then we have

supv∈V (x0)Ĵ(v) = Ĵ(v∗) = −‖v∗‖2
+ (v∗, G′p∗) + 〈x0, p

∗(0)〉 = 〈x0, p
∗(0)〉,

which is independent of the choice of p∗.

Finally, we verify that p∗ satisfies the Fredholm equation (4.9). In fact, since
p∗ ∈ P (v∗, x0), we have (I+KM+)p∗ = KGv∗+K̂x0; moreover, v∗ = Dx0v∗ = G′p∗,
and hence (I + KM)p∗ = K̂x0.

Lemma 4.5. Suppose the upper value exists. Then it equals 〈x0, p(0)〉 and is
independent of the choice of solution p to the Fredholm equation (4.9).

Proof . Notice that

infusupvJ(u, v) = −supvinfu(−J(u, v)).

Hence, if the upper value exists, then, by Lemma 4.4,

supvinfu(−J(u, v)) = 〈x0, q(0)〉,(4.11)

where q satisfies

(I + KM)q = −K̂x0

and (4.11) is independent of the choice of q, or equivalently, the upper value equals
〈x0, p(0)〉 and is independent of the choice of solution p to the Fredholm equation
(4.9).

Proof of Theorem 4.1. 1) ⇒ 2) and 2) ⇒ are obvious. We need only prove 3) ⇒
1).

By virtue of Lemma 4.4, if the lower value exists, then there exists v∗ = G′p∗ ∈
V (x0), where p∗ satisfies (4.9). Let u∗ be the optimizer of J(u, v∗). Then u∗ = −B′p∗

and

J(u∗, v∗) ≤ J(u, v∗).

Similarly, if the upper value exists, the same (u∗, v∗) verifies

−J(u∗, v∗) ≤ −J(u∗, v).

Thus, (u∗, v∗) constitutes the desired open loop–open loop saddle point.

5. Concluding remarks. This paper studies the two-person, zero-sum linear
quadratic differential games on a finite horizon. Some necessary and sufficient condi-
tions for the existence of the value of the game are derived. Although we obtain the
open loop–open loop saddle points whenever the value of the game exists, nothing is
said about their synthesis as state feedback. In subsequent papers, we shall further
investigate the relationship among open loop saddle points, closed loop saddle points,
value of the game, and the Riccati differential equations. Another future research will
discuss infinite horizontal differential game problems.

Acknowledgment. The author would like to thank the referees for their con-
structive suggestions which improved this work.
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ON THE ATTAINABLE SET FOR TEMPLE CLASS SYSTEMS WITH
BOUNDARY CONTROLS∗

FABIO ANCONA† AND GIUSEPPE MARIA COCLITE‡

Abstract. Consider the initial-boundary value problem for a strictly hyperbolic, genuinely
nonlinear, Temple class system of conservation laws

ut + f(u)x = 0, u(0, x) = u(x),

{
u(t, a) = ũa(t),

u(t, b) = ũb(t),
(1)

on the domain Ω = {(t, x) ∈ R
2 : t ≥ 0, a ≤ x ≤ b}. We study the mixed problem (1) from the

point of view of control theory, taking the initial data u fixed and regarding the boundary data ũa,
ũb as control functions that vary in prescribed sets Ua, Ub, of L∞ boundary controls. In particular,
we consider the family of configurations

A(T )
.
= {u(T, ·); u is a sol. to (1), ũa ∈ Ua, ũb ∈ Ub}

that can be attained by the system at a given time T > 0, and we give a description of the attainable
set A(T ) in terms of suitable Oleinik-type conditions. We also establish closure and compactness of
the set A(T ) in the L1 topology.

Key words. hyperbolic systems, conservation laws, Temple class systems, boundary control,
attainable set

AMS subject classifications. 35L65, 35B37

DOI. 10.1137/S0363012902407776

1. Introduction. Consider the initial-boundary value problem for a strictly hy-
perbolic, genuinely nonlinear, system of conservation laws in one space dimension

ut + f(u)x = 0,(1.1)

u(0, x) = u(x),(1.2)

u(t, a) = ũa(t),(1.3)

u(t, b) = ũb(t)(1.4)

on the strip Ω = {(t, x) ∈ R
2; t ≥ 0, x ∈ [a, b]}. Here, u = u(t, x) ∈ R

n is the vector
of the conserved quantities, ũa, ũb are measurable, bounded boundary data, and the
flux function f : U �→ R

n is a smooth vector field defined on some open set U ⊆ R
n

that belongs to a class of fields introduced by Temple [29, 28] for which rarefaction and
Hugoniot curves coincide. We recall that, for problems of this type, classical solutions
may develop discontinuities in finite time, regardless of the regularity of the initial
and boundary data. Hence, it is natural to consider weak solutions in the sense of
distributions. Moreover, since, in general, the Dirichlet conditions (1.3)–(1.4) cannot
be fulfilled pointwise a.e. (see [7, 19]), different weaker formulations of the boundary
condition have been considered in the literature (see [1, 20, 27] and references therein).
Here, following Dubois and LeFloch [19], we will adopt a formulation of (1.3)–(1.4)
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based on the definition of a time-dependent set of admissible boundary data that is
related to the notion of the Riemann problem.

In the present paper, having in mind applications of Temple systems to problems
of oil reservoir simulation, multicomponent chromatography, and traffic flow models,
we study the effect of the boundary conditions (1.3)–(1.4) on the solution of (1.1)–
(1.2) from the point of view of control theory. Namely, following the same approach
adopted in [4, 5, 21] for scalar conservation laws, we fix an initial data u ∈ L∞([a, b])
and consider the family of configurations

A(T ;Ua,Ub)
.
= {u(T, ·); u sol. to (1.1)–(1.4), ũa ∈ Ua, ũb ∈ Ub}(1.5)

that can be attained at a given time T > 0 by solutions to (1.1)–(1.4), with boundary
data ũa, ũb that vary in prescribed sets Ua, Ub ⊂ L∞(R+) of admissible boundary
controls. In the case of scalar, convex conservation laws, it was proved in [4], by
using the theory of generalized characteristics [17], that the profiles w(x) which can

be attained at a fixed time T > 0 are only those for which the map x �→ f ′(w(x))
x

is nonincreasing. Under the assumption that f ′(u) ≥ 0 for all u, and for solutions
of the mixed problem (1.1)–(1.4) on the region Ω, this condition is equivalent to the
Oleinik-type inequalities

D+w(x) ≤ f ′(w(x))

(x− a)f ′′(w(x))
for a.e. x ∈ [a, b](1.6)

(D+w denoting the upper Dini derivative of w). For general n×n systems, a complete
characterization of the attainable set does not seem possible, due to the complexity of
repeated wave-front interactions. However, in the particular case of Temple systems,
wave interactions can change only the speed of wave-fronts without modifying their
amplitudes, due to the special geometric features of such systems. Therefore, the only
restriction to boundary controllability is the decay due to genuine nonlinearity. We
then consider here a convex, compact set Γ ⊂ U and provide a description of the
attainable set

A(T )
.
= A(T ;U∞,U∞), U∞ .

= L∞([0, T ],Γ)

in terms of certain Oleinik-type conditions. We also establish the compactness of
A(T ) in the L1 topology, as was shown in [4] for the scalar case. These results are
useful in applications to calculus of variations and optimal control problems where the
cost functional depends on the profile of the solution to (1.1)–(1.4) at a fixed time T .
An example is given by a model of two-component chromatography that describes a
liquid flowing through a tube packed with solid particles that absorbs (with different
rates of adsorption) two interacting chemical substances dissolved in the liquid. In
case one is interested in producing the separation of the two substances, the controller
acts by varying the concentration of the solutes entering the tube to maximize the
concentration of each substance in the liquid phase on opposite sides of the tube.

The paper is organized as follows. Section 2 contains the basic definitions and
the statement of the main results, together with a discussion of the two-component
chromatography problem. We also provide in this section a review of the existence
and well-posedness theory for the mixed problem (1.1)–(1.4), and a description of
a front tracking algorithm that will be used throughout the paper. In section 3 we
establish some preliminary estimates and a regularity result concerning the global
structure of solutions to the mixed problem (1.1)–(1.4) generated by a front tracking
algorithm. The proof of the main results is contained in section 4.
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2. Preliminaries and statement of the main results.

2.1. Formulation of the problem. Let f : U �→ R
n be the flux function of

the strictly hyperbolic system (1.1) defined on a neighborhood of the origin U ⊆ R
n.

Denote by λ1(u) < · · · < λn(u) the eigenvalues of the Jacobian matrix Df(u), and let
{r1(u), . . . , rn(u)} be a basis of right eigenvectors of Df(u). By possibly considering
a sufficiently small restriction of the domain U , we may assume that the following
uniform strict hyperbolicity condition holds.

(SH) For every u, v ∈ U , the characteristic speeds at these points satisfy

λi(u) < λj(v) ∀1 ≤ i < j ≤ n.(2.1)

We also assume that there is a fixed set of characteristic lines entering the interior
of the strip [a, b] × R

+ at the boundaries x = a, x = b, i.e., that for some index
p ∈ {1, . . . , n}, there holds

λp(u) < 0 < λp+1(u) ∀u ∈ U,(2.2)

and we let λmin, λmax denote the minimum and maximum characteristic speed so that
there holds

0 < λmin ≤ |λi(u)| ≤ λmax ∀u ∈ U.(2.3)

Moreover, we assume that each ith characteristic field ri is genuinely nonlinear
in the sense of Lax [22], and that system (1.1) is of Temple class according to the
following definition.

Definition 2.1. A system of conservation laws is of Temple class if there exists
a system of coordinates w = (w1, . . . , wn) consisting of Riemann invariants, and such
that the level sets {u ∈ U ; wi(u) = constant} are hyperplanes (see [28]).

By possibly performing a translation of coordinates, it is not restrictive to assume
that the Riemann invariants are chosen so that ∂iλi(w) > 0, i = 1, . . . , n, for all
w = w(u), u ∈ U . Throughout the paper, we will often write wi(t, x)

.
= wi(u(t, x)) to

denote the ith Riemann coordinate of a solution u = u(t, x) to (1.1). We recall that,
for a Temple class system, Hugoniot curves and rarefaction curves coincide and are
straight lines [29]. Moreover, as observed in [3], thanks to the existence of Riemann
coordinates one can show that the assumption (SH) implies the invertibility of the
map f : U �→ f(U).

We next introduce a definition of weak solution to (1.1)–(1.4) which includes an
entropy admissibility condition of Oleinik type on the decay of positive waves, to
achieve uniqueness. The boundary conditions (1.3)–(1.4) are formulated in terms of
the weak trace of the flux f(u) at the the boundaries x = a, x = b and are related
to the notion of the Riemann problem in the same spirit of [19]. To this purpose,
letting u(t, x) = W (ξ = x/t;uL, uR), uL, uR ∈ U , denote the self-similar solution of
the Riemann problem for (1.1) with initial data

u(0, x) =

{
uL if x < 0,
uR if x > 0

for any given boundary state ũ ∈ U , we define the set of admissible states at the
boundaries

Va(ũ)
.
= {W (0+; ũ, uR); uR ∈ U},

(2.4)
Vb(ũ)

.
= {W (0−;uL, ũ); uL ∈ U}.
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Definition 2.2. A function u : [0, T ]× [a, b] �→ U is an entropy weak solution of
the initial-boundary value problem (1.1)–(1.4) on ΩT

.
= [0, T ]× [a, b] if it is continuous

as a function from ]0, T ] into L1, and the following properties hold:
(i) u is a distributional solution to the Cauchy problem (1.1)–(1.2) on ΩT in the

sense that, for every test function φ ∈ C1
c with compact support contained in the set

{(t, x) ∈ R
2; a < x < b, t < T}, there holds∫ T

0

∫ b

a

(u(t, x) · φt(t, x) + f(u(t, x)) · φx(t, x))dx dt +

∫ b

a

u(x) · φ(0, x)dx = 0;

(ii) the flux f(u) admits weak∗ traces at the boundaries x = a, x = b, i.e., there
exist two measurable functions Ψa,Ψb : [0, T ] �→ R

n such that

f(u(·, x))
∗

−−⇀
x→a+

Ψa, f(u(·, x))
∗

−−⇀
x→b−

Ψb in L∞([0, T ]),(2.5)

and the boundary conditions (1.3)–(1.4) are satisfied in the following sense:

Ψa(t) ∈ f(Va(ũa(t))), Ψb(t) ∈ f(Vb(ũb(t))) for a.e. 0 ≤ t ≤ T ;(2.6)

(iii) u satisfies the following entropy conditions on the decay of positive waves in
time and space. There exists some constant C > 0, depending only on the system
(1.1), so that

(a) for any 0 < t ≤ T , and for a.e. a < x < y < b, there holds

wi(t, y) − wi(t, x) ≤ C ·
{
y − x

t
+ log

(
y − b

x− b

)}
if i ∈ {1, . . . , p},(2.7)

wi(t, y) − wi(t, x) ≤ C ·
{
y − x

t
+ log

(
y − a

x− a

)}
if i ∈ {p + 1, . . . , n};(2.8)

(b) for a.e. a < x < b, and for a.e. 0 < τ1 < τ2 ≤ T , there holds

wi(τ2, x) − wi(τ1, x) ≤ C ·
{
τ2 − τ1
x− b

+ log

(
τ2
τ1

)}
if i ∈ {1, . . . , p},(2.9)

wi(τ2, x) − wi(τ1, x) ≤ C ·
{
τ2 − τ1
x− a

+ log

(
τ2
τ1

)}
if i ∈ {p + 1, . . . , n}.(2.10)

Remark 2.3. The set of admissible flux values at the boundaries x = a, x = b,
can be expressed in Riemann coordinates as

f(Va(ũ)) = {f(u); wi(u) = wi(ũ) ∀i = p + 1, . . . , n},
f(Vb(ũ)) = {f(u); wi(u) = wi(ũ) ∀i = 1, . . . , p}.

(2.11)

Hence, by the invertibility of the map f : U �→ f(U), the above boundary conditions
(2.6) are equivalent to the set of equalities

wi(f
−1(Ψa(t))) = wi(ũa(t)) for a.e. 0 ≤ t ≤ T, di = p + 1, . . . , n,

wi(f
−1(Ψb(t))) = wi(ũb(t)) for a.e. 0 ≤ t ≤ T, i = 1, . . . , p.

(2.12)

This means that the boundary conditions (2.6) guarantee that, at almost every time
t ∈ [0, T ], the solution to the Riemann problem for (1.1), having left and right initial
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states uL = ũa(t), u
R = f−1(Ψa(t)), contains only waves with negative speeds, while

the solution to the Riemann problem with initial states uL = f−1(Ψb(t)), u
R = ũb(t),

contains only waves with positive speeds. Thus, in particular, such solutions do not
contain any front entering the domain [t,+∞[×]a, b[.

In the present paper we regard the boundary data as admissible controls and, in
connection with a fixed convex, compact set Γ ⊂ U having the form

Γ = {u ∈ U ; wi(u) ∈ [αi, βi], i = 1, . . . , n},(2.13)

we study the basic properties of the attainable set for (1.1)–(1.2), i.e., of the set

A(T )
.
= {u(T, ·); u is a sol. to (1.1)–(1.4), ũa, ũb ∈ L∞([0, T ],Γ)}(2.14)

which consists of all profiles that can be attained at a fixed time T > 0 by entropy
weak solutions of (1.1)–(1.4) (according to Definition 2.2) with a fixed initial data
u ∈ L∞([a, b],Γ) and boundary data ũa, ũb that vary in

U∞
T

.
= L∞([0, T ],Γ).(2.15)

We will establish a characterization of (2.14) in terms of certain Oleinik type estimates
on the decay of positive waves, and we will prove the compactness of (2.14) in the L1

topology.

2.2. Statements of the main results. For any ρ > 0, consider the set of maps

Kρ .
=

⎧⎪⎪⎪⎨⎪⎪⎪⎩ϕ∈L∞([a, b],Γ);

wi(ϕ(y)) − wi(ϕ(x))

y − x
≤ ρ

x− a

{
for a.e. a < x < y < b,
if i ∈ {p + 1, . . . , n}

wi(ϕ(y)) − wi(ϕ(x))

y − x
≤ ρ

b− y

{
for a.e. a < x < y < b,
if i ∈ {1, . . . , p}

⎫⎪⎪⎪⎬⎪⎪⎪⎭ .

(2.16)

The inequalities in (2.16) reflect the fact that positive waves entering through the
boundaries x = a, x = b decay in time. Therefore, their density (expressed in terms
of Riemann coordinates) is inversely proportional to their distance from their entrance
point on the boundary.

Theorem 2.4. Let (1.1) be a system of Temple class with all characteristic
fields genuinely nonlinear, and assume that the strict hyperbolicity condition (SH) is
verified. Then, for every fixed τ > 0, there exists ρ = ρ(τ) > 0 such that

A(τ) ⊆ Kρ ∀τ ≥ τ .(2.17)

Moreover, taking T
.
= 4(b−a)

λmin , there exists ρ′ < ρ(T ) such that

Kρ′ ⊆ A(τ) ∀τ > T.(2.18)

Remark 2.5. Observe that, given ϕ ∈ Kρ, any map x �→ wi(ϕ(x)), i ∈ {1, . . . , n},
is essentially bounded and has finite total increasing variation on subsets of [a, b]
bounded away from the end points a, b. Hence, any map x �→ wi(ϕ(x)), i ∈ {1, . . . , n},
also has finite total variation on such sets and, in particular, it admits left and right
limits in any point x ∈]a, b[. Moreover, since an element ϕ of Kρ is defined up to L1
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equivalence, we may always assume that there is a right continuous representative of
wi(ϕ), i ∈ {1, . . . , n}, that satisfies the inequalities appearing in the definition of Kρ.

Remark 2.6. It can be easily seen that, no matter how small we choose ρ, it is not

possible, in general, to reach at a time T < 2(b−a)
λmax any prescribed profile ϕ ∈ Kρ with

an entropy weak solution u to (1.1)–(1.4) that starts with a fixed initial data u. This
is due to the fact that in this case the domains of determinacy of the line segments
t = 0, a ≤ x ≤ b, and t = T , a ≤ x ≤ b have a nonempty intersection and hence
the determination of the possible solution u induced by u(T, x) = ϕ(x), x ∈ [a, b],
and u(0, x) = u(x), x ∈ [a, b] would be, in general, inconsistent. We expect that the

same type of noncontrollability result holds for time larger than 2(b−a)
λmax . This raises

the question concerning the identification of a minimum time Tm < 4(b−a)
λmin for which

the inclusion (2.18) of Theorem 2.4 is verified, although a definite answer to such a
problem does not seem possible due to the complexity of the wave-front structure of
a solution to the mixed problem (1.1)–(1.4).

Theorem 2.7. Under the same assumptions of Theorem 2.4, the set A(T ) is a
compact subset of L1([a, b],Γ) for each T > 0.

2.3. An application: Chromatography of two solutes. Chromatography is
a process used by chemists and engineers to separate two (or more) chemical species
in a fluid phase by selective adsorption on a solid medium. We consider here the
case of a mixture of two interacting solutes S1 and S2 dissolved in a liquid with
concentrations c1 and c2 which passes through the interstices of a solid bed of particles
packed in a tube. The solid surface of the filtering bed absorbs different amounts of
the two solutes, while it is possible for the particles of each substance to pass from
the fluid to the solid phase, and vice versa. The different rates of adsorption of
the two solutes causes the less strongly adsorbed solute, say S2, to move ahead of
the more strongly adsorbed one S1, thus inducing a separation of the two chemical
substances. If we make the assumption of local equilibrium in the tube between the
liquid and solid phase for each substance, one can express the solid concentrations of
the two substances n1, n2 as functions of both liquid concentrations. In the case of
the Langmuir isotherm equilibrium, the solid concentrations take the form (see [24])

ni
.
=

Nikici
1 + k1c1 + k2c2

, i = 1, 2,(2.19)

where k1, k2 are constitutive constants depending on the temperature, while Ni de-
notes the limiting value of ni (representing the maximum concentration of the solute
that can be adsorbed by the solid medium). After performing a suitable transforma-
tion of the independent variables, one can express the mass conservation equations
for the two species as (see [26])

[c1]x +

[
γc1

1 + c1 + c2

]
t

= 0,

[c2]x +

[
c2

1 + c1 + c2

]
t

= 0

(2.20)

for some constant γ ∈]0, 1]. Notice that the mathematical roles played by the space-
like variable x and by the timelike variable t in (2.20) is the opposite of the typical
roles played by such variables in most physical hyperbolic systems. Because of the
particular nonlinearity relation (2.19) of the Langmuir isotherm, (2.20) enjoy the
special geometric properties of Temple systems. Moreover, by direct computations,
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one can verify that (2.20) satisfies all the other assumptions made in Theorems 2.4–
2.7, namely the following hold (see [26]):

• system (2.20) is strictly hyperbolic if we assume that the state variables ci
take values in some fixed interval [ci, di] (which corresponds to requiring that the
concentrations are nonnegative and do not approach infinity);

• both characteristic speeds of (2.20) are positive and genuinely nonlinear if
γ ∈]0, 1[ (while, in the case γ = 1, the first characteristic speed is genuinely nonlinear
and the second is linearly degenerate).

A general introduction to the mathematical modeling of chromatography and a de-
tailed analysis of the equilibrium system in the special case of Langmuir isotherm is
provided by Rhee, Aris, and Amundson in [25, 26].

We are concerned here with the problem of controlling the feed data cf1 , cf2 , i.e.,
the concentrations of the two solutes S1, S2 entering the tube in a time interval [0, T ],
to maximize the separation of the two substances at time T . Namely, we are interested
in maximizing the difference between the distributions of S1 and S2 on opposite sides
of the tube at a fixed time T . Let x = 0 and x = L denote the locations, respectively,
of the inlet and outlet of the tube, and suppose that c1, c2 are the initial distributions
in the liquid of S1 and S2 at time t = 0. Then, consider the functional

J(x, cf )
.
=

∫ x

0

(c1(T, ξ) − c2(T, ξ))dξ +

∫ L

x

(c2(T, ξ) − c1(T, ξ))dξ,(2.21)

where (c1, c2)(t, x) denotes the solution to the mixed problem for (2.20) on the strip

[0,∞[×[0, L], with initial data c = (c1, c2) and boundary data cf = (cf1 , c
f
2 ). Notice

that, since both characteristic speeds are positive, the set VL(c̃) of admissible states
at the right boundary x = L (defined as in (2.4)) turns out to be equal to the whole
space R

2 for every c̃ ∈ R
2. Hence, the only significant boundary condition is assigned

at the left boundary x = 0. Then, assuming that Ci denotes the maximum amount of
concentration of the solute Si that can be introduced in the tube in the time interval
[0, T ], we are led to study the maximization problem

max
x∈[0,1],cf∈U∞

T cf∈U∞
T

J(x, cf ),(2.22)

where the set of admissible boundary controls is given by

U∞
T

.
=

{
c̃ ∈ L∞([0, T ]) : c̃i(t) ∈ [ci, di],

∫ T

0

c̃i(t) ≤ Ci

}
.(2.23)

With the same arguments we will use to establish Theorem 2.7 one can prove the
compactness of the attainable set A(T ) in the case of a system like (2.20) where the
mathematical roles played by the x-t variables is reversed w.r.t. (1.1) and in connection
with a set of admissible boundary controls that satisfy an additional integral constraint
as in (2.23). Then, observing that the map

(x, c) �→
∫ x

0

(c1(ξ) − c2(ξ)) dξ +

∫ L

x

(c2(ξ) − c1(ξ)) dξ(2.24)

is continuous as a functional from [0, L] × L1([0, T ]) to R, we deduce that the maxi-
mization problem (2.22) admits a solution.
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2.4. Existence and uniqueness of solutions. We describe here a front track-
ing algorithm that generates approximate solutions to (1.1) on the strip [a, b] × R

+

continuously depending on the initial and boundary data, which represents a natural
extension of [3, 12]. Fix an integer ν ≥ 1 and consider the discrete set of points in Γ
whose coordinates are integer multiples of 2−ν :

Γν .
= {u ∈ Γ; wi(u) ∈ 2−ν

Z, i = 1, . . . , n}.(2.25)

Moreover, consider the domain

Dν .
= {(u, u′, u′′); u ∈ L∞([a, b],Γν), u′, u′′ ∈ L∞(R+,Γν), u, u′, u′′ piecew. const.}.

(2.26)
On Dν we now construct a flow map Eν whose trajectories are front tracking approxi-
mate solutions of (1.1). To this end, we first describe how to solve a Riemann problem
with left and right initial states uL, uR ∈ Γν . In Riemann coordinates, assume that

w(uL)
.
= wL = (wL

1 , . . . , w
L
n ), w(uR)

.
= wR = (wR

1 , . . . , w
R
n ).

Consider the intermediate states

z0 .
= uL, . . . , zi

.
= u(wR

1 , . . . , w
R
i , w

L
i+1, . . . , w

L
n ), . . . , zn

.
= uR.(2.27)

The solution to the Riemann problem (uL, uR) is constructed by piecing together the
solutions to the simple Riemann problems (zi−1, zi), i = 1, . . . , n. If wR

i < wL
i , the

solution of the Riemann problems (zi−1, zi) will contain a single i-shock, connecting
the states zi−1, zi and traveling with the Rankine–Hugoniot speed λi(z

i−1, zi). Here
and in what follows, by λi(u, u

′) we denote the ith eigenvalue of the averaged matrix

A(u, u′)
.
=

∫ 1

0

Df(θu + (1 − θ)u′) dθ.(2.28)

If wR
i > wL

i , the exact solution of the Riemann problem (zi−1, zi) would contain a
centered rarefaction wave. This is approximated by a rarefaction fan as follows. If
wR

i = wL
i + pi2

−ν we insert the states

zi,�
.
= (wR

1 , . . . , w
L
i + �2−ν , wL

i+1, . . . , w
L
n ), � = 0, . . . , pi,(2.29)

so that zi,0 = zi−1, zi,pi = zi. Our front tracking solution will then contain pi fronts
of the ith family, each connecting a couple of states zi,�−1, zi,� and traveling with
speed λi(z

i,�−1, zi,�).
For any given triple of (piecewise constant) initial and boundary data (u, ũa, ũb)

∈ Dν , the approximate solution u(t, ·) .
= Eν

t (u, ũa, ũb) is now constructed as follows.
At time t = 0, for a < x < b we solve the initial Riemann problems determined by the
jumps in u according to the above procedure, while at x = a we construct the solution
to the Riemann problem with left and right initial states uL = ũa(0+), uR = u(a+)
and take its restriction to the interior of the domain Ω. In the same way, at x = b we
take the restriction to the interior of Ω of the solution to the Riemann problem with
initial states uL = u(b−), uR = ũb(0+). This yields a piecewise constant function with
finitely many fronts, traveling with constant speeds. The solution is then prolonged
up to the first time t1 at which one of the following events takes place:

(a) two or more discontinuities interact in the interior of Ω;
(b) one or more discontinuities hit the boundary of Ω;
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(c) the boundary data ũa has a jump;
(d) the boundary data ũb has a jump.

If case (a) occurs, we then solve the resulting Riemann problems applying again the
above procedure, while in cases (b), (c), and (d) we construct the solution to the
Riemann problem with left and right initial states uL = ũa(t1+), uR = u(t1, a+), or
uL = u(t1, b−), uR = ũb(t1+) and take its restriction to the interior of the domain Ω.
This determines the solution u(t, ·) until the time t2 > t1 where one of the events (a),
(b), or (c) again takes place, etc. Notice that at any time where case (b) occurs but
(c) or (d) do not take place, no new wave is generated. Therefore, waves entering
the domain Ω at the boundaries x = a, x = b are produced only by the jumps of the
boundary data ũa, ũb.

As in [3, 12], one checks that the approximate solution u constructed with this
algorithm is well defined for all times t ≥ 0. Indeed, the following properties hold.

• The total variation of u(t, ·), measured w.r.t. the Riemann coordinates
w1(t, ·), . . . , wn(t, ·) is nonincreasing in time.

• The number of wave-fronts in u(t, ·) is nonincreasing at each interaction.
Hence, the total number of wave-fronts in u(t, ·) remains finite.

It is then possible to define a flow map

p �→ Eν
t p, p

.
= (u, ũa, ũb) ∈ Dν , t ≥ 0,(2.30)

of approximate solutions of (1.1). By construction, each trajectory t �→ Eν
t p is a weak

solution of (1.1) (because all fronts of u(t, ·) .
= Eν

t p satisfy the Rankine–Hugoniot
conditions) but may contain discontinuities that do not satisfy the usual Lax stability
conditions (due to the presence of rarefaction fronts). On the other hand, one can
verify as in [3, Lemma 4.4] that, due to genuine nonlinearity, the amount of positive
waves in u(t, ·), measured w.r.t. the Riemann coordinates w1(t, ·), . . . , wn(t, ·), decays
in time and space. Hence, for a.e. a < x < y < b, one obtains the Oleinik-type
estimates

wi(t, y) − wi(t, x) ≤ C ·
{
y − x

t
+ log

(
y − b

x− b

)}
+ Nν2

−ν if i ∈ {1, . . . , p},

wi(t, y) − wi(t, x) ≤ C ·
{
y − x

t
+ log

(
y − a

x− a

)}
+ Nν2

−ν if i ∈ {p + 1, . . . , n},

(2.31)
where Nν denotes the maximum number of shocks of each family present in the
initial data u, and in the boundary data ũa, ũb. Similarly, one can check that along
the x-sections, for a.e. 0 < τ1 < τ2, there holds

wi(τ2, x) − wi(τ1, x) ≤ C ·
{
τ2 − τ1
x− b

+ log

(
τ2
τ1

)}
+ Nν2

−ν if i ∈ {1, . . . , p},

wi(τ2, x) − wi(τ1, x) ≤ C ·
{
τ2 − τ1
x− a

+ log

(
τ2
τ1

)}
+ Nν2

−ν if i ∈ {p + 1, . . . , n}.

(2.32)

Remark 2.8. Observe that if u(t, x) is a front tracking solution of the Cauchy
problem for (1.1) (with initial data u(x)

.
= u(0, x)) constructed by the algorithm in

[12] on the upper half plane R
+ ×R, then the restriction of u(t, ·) to the interval [a, b]

coincides with the front tracking solution Eν
t (u, ũa, ũb) of the mixed problem for (1.1),

with boundary data ũa(t)
.
= u(t, a), ũb(t)

.
= u(t, b).
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As ν → ∞, the domains Dν become dense in

D .
= {(u, ũaũb); u ∈ L∞([a, b],Γ), ũa, ũb ∈ L∞(R+,Γ)}.(2.33)

Thus, following the same technique adopted in [3], one can define a flow map Et on
D as a suitable limit of the flows Eν

t in (2.30) that depends Lipschitz continuously on
the initial and boundary data. Namely, the following holds.

Theorem 2.9. Let (1.1) be a system of Temple class with all characteristic fields
genuinely nonlinear, and assume that the strict hyperbolicity condition (SH) holds.
Then, there exists a continuous map

(t, u, ũa, ũb) �→ Et(u, ũa, ũb), t ≥ 0, (u, ũa, ũb) ∈ D,(2.34)

and some constant C > 0 depending only on the system (1.1) and on the domain Γ, so
that, for every fixed 0 < δ < (b−a)/2 and for all p1

.
= (u, ũa, ũb), p2

.
= (v, ṽa, ṽb) ∈ D,

letting Lt
.
= Lt(δ) = C(1 + log(t/δ)), there holds

‖Etp1 − Etp2‖L1 ([a+δ,b−δ])

≤ Lt ·
{
‖u− v‖L1 ([a,b]) + ‖ũa − ṽa‖L1 ([0,t]) + ‖ũb − ṽb‖L1 ([0,t])

}(2.35)

for all t ≥ δ. Moreover, the map (t, x) �→ Et(u, ũa, ũb)(x) yields an entropy weak
solution (in the sense of Definition 2.2) to the initial-boundary value problem (1.1)–
(1.4) on Ω that admits strong L1 traces at the boundaries x = a and x = b, i.e., there
exist two measurable maps ψa, ψb : R

+ �→ U such that

lim
x→a+

∫ τ

0

|Et(u, ũa, ũb)(x) − ψa(t)| dt = 0,

lim
x→b−

∫ τ

0

|Et(u, ũa, ũb)(x) − ψb(t)| dt = 0

(2.36)

∀τ ≥ 0.
The proof of Theorem 2.9 can be obtained with arguments entirely similar to

those used to establish [3, Theorem 2.1], where a continuous flow of solutions to (1.1)
is constructed in the case of a mixed problem on the quarter of plane {(t, x) ∈ R

2; t ≥
0, x ≥ 0}, with a single boundary at x = 0.

Concerning uniqueness, with the same arguments in [3] one obtains the following
result which is the extension of [3, Theorem 2.2] to the present case of a domain Ω
with two boundaries at x = a and at x = b.

Theorem 2.10. Let (1.1) be a system of Temple class satisfying the same as-
sumptions as in Theorem 2.9. Let u = u(t, x) be an entropy weak solution to the mixed
problem (1.1)–(1.4) on the region ΩT

.
= [0, T ] × [a, b] (in the sense of Definition 2.2).

Assume that the following conditions hold.
(i) The map (t, x) → (u(t, ·), u(·, x)) takes values within the domain

DT
.
= {(u, ũa, ũb); u ∈ L∞([a, b],Γ), ũa, ũb ∈ L∞([0, T ],Γ)}.(2.37)

(ii) There holds

ess sup
t→0+

∫ b

a

|u(t, x) − u(x)| dx = 0.(2.38)
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(iii) There holds

ess sup
x→a+

∫ T

0

|wi(u(t, x)) − wi(ũa(t))| dt = 0 ∀i = p + 1, . . . , n,(2.39)

ess sup
x→b−

∫ T

0

|wi(u(t, x)) − wi(ũb(t))| dt = 0 ∀i = 1, . . . , p.(2.40)

Then, u coincides with the corresponding trajectory of the flow map Et provided by
Theorem 2.9, namely one has

u(t, ·) = Et(u, ũa, ũb)(·) ∀0 ≤ t ≤ T.(2.41)

The next result shows that the conditions (2.38)–(2.40) are certainly satisfied by
entropy weak solutions to the mixed problem (1.1)–(1.4) obtained as the limit of front
tracking approximations.

Theorem 2.11. Let (1.1) be a system of Temple class satisfying the same as-
sumptions as in Theorem 2.9. Consider a sequence uν(t, ·) : [a, b] �→ Γν of wave-front
tracking approximate solutions of the mixed problem for (1.1) (constructed with the
above algorithm) that converges in L1, as ν → ∞, to some function u(t, ·) : [a, b] �→ Γ,
for every t ∈ [0, T ], and assume that the corresponding sequences of boundary data
ũν
a, ũν

b converge in L1 to ũa
.
= u(·, a), ũb

.
= u(·, b). Then, there exist the right limit

at x = a and the left limit at x = b of the map x → u(t, x) for every t ∈ [0, T ],
and the right limit at t = 0 of the map t → u(t, x) for every x ∈ [a, b]. Moreover,
there is a countable set N ⊂ R such that u(t, a) = u(t, a+), u(t, b) = u(t, b−) for all
t ∈ [0, T ] \ N , and u(0, x) = u(0+, x) for all x ∈ [a, b] \ N , and setting u

.
= u(0, ·),

there holds (2.41).

Remark 2.12. It was shown in [3, Lemma 2.1] that an alternative way to prove
the essential limits (2.39)–(2.40) is to employ the distributional entropy inequalities
associated with the “boundary entropy pairs” for (1.1), introduced by Chen and Frid
in [14, 15].

In order to prove Theorem 2.11, we will show in the next section that, for Temple
systems, solutions of the mixed problem (1.1)–(1.4) with possibly unbounded variation
enjoy the same regularity property (of being continuous outside a countable number of
Lipschitz curves) possessed by solutions with small total variation of a general system,
thus extending the regularity results obtained under the smallness assumption of the
total variation by DiPerna [18] and Liu [23] (for solutions constructed by the Glimm
scheme) and by Bressan and LeFloch [13] (for solutions generated by a front tracking
algorithm).

Proposition 2.13. In the same setting as Theorem 2.11, consider a sequence
uν(t, ·) : [a, b] �→ Γν of wave-front tracking approximate solutions of the mixed problem
for (1.1) (constructed with the above algorithm) that converges in L1, as ν → ∞, to
some function u(t, ·) : [a, b] �→ Γ, for every t ∈ [0, T ]. Then, there exist a countable
set of interaction points Θ

.
= {(τl, xl); l ∈ N} ⊂ ΩT

.
= [0, T ] × [a, b], and a countable

family of Lipschitz continuous shock curves Υ
.
= {x = ym(t); t ∈]rm, sm[, m ∈ N},

such that the following hold.

(i) For each m ∈ N, and for any τ ∈]rm, sm[ with (τ, ym(τ)) �∈ Θ, there exist the
derivative ẏm(τ) and the left and right limits

lim
(s,y)→(τ,ym(τ)), y<ym(τ)

u(s, y)
.
= u−, lim

(s,y)→(τ,ym(τ)), y>ym(τ)
u(s, y)

.
= u+.(2.42)
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Moreover, these limits satisfy the Rankine–Hugoniot relations

ẏm(τ) · (u+ − u−) = f(u+) − f(u−)(2.43)

and for some i ∈ {1, . . . , n} there hold the Lax entropy inequalities

λi(u
+) < ẏm(t) < λi(u

−).(2.44)

(ii) The map u is continuous outside the set Θ ∪ Υ.

3. Preliminary results. In this section we first provide some estimates on the
distance between two rarefaction fronts of a front tracking solution (constructed by
the algorithm described in section 2.4) similar to [12, Lemma 4], [8, Proposition 4.5].
We next show how to approximate the profile u(t, ·) of a solution of the mixed prob-
lem (1.1)–(1.4), with a function taking values in the discrete set Γν defined at (2.25),
which enjoys the same type of estimates on the positive waves as u(t, ·). We con-
clude the section establishing the regularity result stated in Proposition 2.13 on the
global structure of solutions to the mixed problem for (1.1), which in turn yields
Theorem 2.11.

Lemma 3.1. There exists some constant C1 > 0 depending only on the system
(1.1) such that the following holds. Consider a front tracking solution u(t, x) with
values in Γν , constructed by the algorithm of section 2.4 on the region [τ, τ ′] × [a, b].
Then, given any two adjacent rarefaction fronts of u located at x(t) ≤ y(t), t ∈ [τ, τ ′],
and belonging to the same family, there holds

|y(τ ′) − x(τ ′)| ≤ |y(τ) − x(τ)| + C1(τ
′ − τ)2−ν .(3.1)

Proof. Consider two adjacent rarefaction fronts of the kth family x(t) ≤ y(t),
t ∈ [τ, τ ′], and let τ1 < · · · < τN be the interaction times of x(t) in the interval [τ, τ ′].
Set τ0

.
= τ , τN+1

.
= τ ′, and fix α ∈ {0, . . . , N}. Let t → z(t; s, x) be the characteristic

curve of the kth family starting at (s, x), i.e., the solution to the ODE

ż = λk(u(t, z)), z(s; s, x) = x.

Notice that, although the above ODE has a discontinuous right-hand side (because
of the discontinuities in the front tracking solution u), its solution z(·; s, x) is unique
and depends Lipschitz continuously on the initial data x since it crosses only a finite
number of jumps (see [10]). Choose t0 < t1 < τα+1 so that the characteristic curve
z(·; t0, x(t0)) does not cross any wave-front of the other families in the interval [t0, t1],
and then, by induction, define a sequence of times {ti}i∈Z ⊂ ]τα, τα+1[ so that

τα < t−i−1 < t−i ≤ t0 ≤ ti < ti+1 < τα+1, i ∈ N,

lim
i→−∞

ti = τα, lim
i→+∞

ti = τα+1,
(3.2)

with the properties that the characteristic curve of the kth family starting at (ti, x(ti)),
does not cross any wave-front of the other families in the interval [ti, ti+1], for each
i ∈ Z. Thus, setting

u+
i

.
= u(ti, x(ti)+), u−

i
.
= u(ti, x(ti)−)

and observing that, by construction, one has |w(u+
i ) − w(u−

i )| < 2−ν , we derive

|z(ti+1; ti, x(ti)) − x(ti+1)| ≤ (ti+1 − ti) · |λk(u
+
i ) − λk(u

+
i , u

−
i )|

≤ c · (ti+1 − ti) · |w(u+
i ) − w(u−

i )|
≤ c · (ti+1 − ti) · 2−ν

(3.3)
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for some constant c > 0 depending only on the system. Relying on (3.3), and since
z(τ ′; ti+1, x) depends Lipschitz continuously on the initial data x, we deduce that
there exists some other constant c′ > 0, depending only on the system and on the set
Γ, so that there holds

|z(τ ′; ti, x(ti)) − z(τ ′; ti+1, x(ti+1))| ≤ c′ · |z(ti+1; ti, x(ti)) − x(ti+1)|
≤ c′ · c · (ti+1 − ti) · 2−ν

(3.4)

for any i ∈ Z. Thus, by (3.2) and thanks to (3.4), we obtain

|z(τ ′; τα, x(τα)) − z(τ ′; τα+1, x(τα))| ≤
∑
i∈Z

|z(τ ′; ti, x(ti)) − z(τ ′; ti+1, x(ti+1))|

≤ c′ · c · (τα+1 − τα) · 2−ν .

(3.5)

Repeating this computation for every interval ]τα, τα+1[, α ∈ {0, . . . , N}, we get

|z(τ ′; τ, x(τ)) − x(τ ′)| ≤
N∑

α=0

|z(τ ′; τα, x(τα)) − z(τ ′; τα+1, x(τα))|

≤ c′ · c · (τ ′ − τ) · 2−ν .

(3.6)

Clearly, one obtains the same type of estimate as (3.6) for the other rarefaction front
y(t), i.e., there holds

|z(τ ′; τ, y(τ)) − y(τ ′)| ≤ c′ · c · (τ ′ − τ) · 2−ν .(3.7)

On the other hand, by (2.3), we have

|z(τ ′; τ, x(τ)) − z(τ ′; τ, y(τ))| ≤ |x(τ) − y(τ)| + 2λmax · (τ ′ − τ).(3.8)

Thus, (3.6)–(3.8) together yield (3.1), concluding the proof.
In the following, in connection with any (right continuous) piecewise constant

map ψ : [a, b] �→ 2−ν
Z, we will let π(ψ) = {x0 = a < x1 < · · · < x� = b} denote the

partition of [a, b] induced by ψ, in the sense that ψ(x) is constant on every interval
[x�, x�+1[, 0 ≤ � < �. Then, given ρ > 0, for any ν ≥ 1, consider the set of piecewise
constant maps

Kρ
ν
.
=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩
ϕ : [a, b] �→ Γν ;

wi(ϕ(xk)) − wi(ϕ(xh))

xk − xh
≤ 5ρ

xh − a

⎧⎨⎩for
a < xh < xk < b,
xh, xk ∈ π(wi ◦ ϕ),

if i ∈ {p + 1, . . . , n}

wi(ϕ(xk)) − wi(ϕ(xh))

xk − xh
≤ 5ρ

b− xk

⎧⎨⎩for
a < xh < xk < b,
xh, xk ∈ π(wi ◦ ϕ),

if i ∈ {1, . . . , p}

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎭
.

(3.9)
The next lemma shows that we can approximate in L1 any map ϕ ∈ Kρ with a
piecewise constant function ϕν ∈ Kρ

ν .
Lemma 3.2. For any given ϕ ∈ Kρ, there exists a sequence of right continuous

maps ϕν ∈ Kρ
ν , ν ≥ 1, such that

(a) for every i ∈ {1, . . . , n}, and for any xh ∈ π(wi ◦ ϕν), there holds

wi(ϕν(xh+1)) > wi(ϕν(xh)) =⇒ wi(ϕ(xh+1)) = wi(ϕ(xh)) + 2−ν ;(3.10)
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(b) there holds

ϕν → ϕ in L1([a, b]).(3.11)

Proof. (1) First observe that, by Remark 2.5, any map x �→ wi(ϕ(x)), i ∈
{1, . . . , n}, has finite total variation on [a + ε, b − ε], ε > 0. Hence, we may assume
that wi(ϕ(·)) admits left and right limits in any point x ∈]a, b[ and that wi(ϕ(x)) =
wi(ϕ(x+))

.
= limξ→x+ wi(ϕ(ξ)) for all i ∈ {1, . . . , n}. Let {yi,m; m ∈ N} be the

countable set of discontinuities of wi(ϕ(·)), i ∈ {1, . . . , n}. Then, we can find a

partition ξ1
i,m = yi,m < ξ2

i,m < · · · < ξ
�i,m
i,m = yi,m′ of each interval [yi,m, yi,m′ [ where

x �→ wi(ϕ(x)) is continuous, so that
(i) for every 1 < � < �i,m there holds

wi(ϕ(ξ�i,m)) ∈ 2−ν
Z;(3.12)

(ii) for every 1 ≤ � < �i,m one has

|wi(ϕ(x)) − wi(ϕ(ξ�i,m))| ≤ 2−ν ∀x ∈ [ξ�i,m, ξ�+1
i,m [.(3.13)

Notice that the Oleinik-type conditions stated in the definition of Kρ imply that, at
any discontinuity point yi,m of wi(ϕ(·)), one has

lim
ξ→y−

i,m

wi(ϕ(ξ)) > wi(ϕ(yi,m)).(3.14)

(2) Let ϕν : [a, b] �→ Γν be the piecewise constant, right continuous map defined
by setting, for every i ∈ {1, . . . , n} and for any interval [yi,m, yi,m′ [, where wi(ϕ(·)) is
continuous,

wi(ϕν(x))
.
=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

2−ν�2νwi(ϕ(ξ1
i,m))� if

⎧⎪⎨⎪⎩
x ∈ [ξ1

i,m, ξ2
i,m[, and

wi(ϕν(ξ
1
i,m))

≤ 2−ν(�2νwi(ϕ(ξ1
i,m))� + 2−1),

2−ν(�2νwi(ϕ(ξ1
i,m))� + 1) if

⎧⎪⎨⎪⎩
x ∈ [ξ1

i,m, ξ2
i,m[, and

wi(ϕν(ξ
1
i,m))

> 2−ν(�2νwi(ϕ(ξ1
i,m))� + 2−1),

wi(ϕ(ξ�i,m)) if x ∈ [ξ�i,m, ξ�+1
i,m [, 1 < � < �i,m,

(3.15)

where �·� denotes the integer part. Notice that, by construction and because of
(3.12)–(3.14), the map ϕν : [a, b] �→ Γν enjoys the following property:

wi(ϕν(xk)) > wi(ϕν(xh))
xh < xk ∈ π(wi ◦ ϕν)

}
=⇒ wi(ϕ(xk)) > wi(ϕ(xh)) + 2−(ν+1).(3.16)

Therefore, since ϕ ∈ Kρ, relying on (3.13), (3.16), we deduce that for every wi(ϕν(·)),
i ∈ {p + 1, . . . , n}, and for any xh < xk ∈ π(wi ◦ ϕν) such that wi(ϕν(xk)) >
wi(ϕν(xh)), there holds

wi(ϕν(xk)) − wi(ϕν(xh))

xk − xh
≤ wi(ϕ(xk)) − wi(ϕ(xh)) + 2−(ν−1)

xk − xh

≤ 5(wi(ϕ(xk)) − wi(ϕ(xh)))

xk − xh

≤ 5ρ

xh − a
.

(3.17)
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Clearly, with the same computations we can show that, for every wi(ϕν(·)), i ∈
{1, . . . , p}, and for any xh < xk ∈ π(wi ◦ ϕν), there holds

wi(ϕν(xk)) − wi(ϕν(xh))

xk − xh
≤ 5ρ

b− xk
.(3.18)

The estimates (3.17)–(3.18), together, imply that ϕν ∈ Kρ
ν , while (3.13) yields (3.11).

On the other hand, observe that, by construction and because of (3.14), the map ϕν

satisfies condition (3.10), which completes the proof of the lemma.
We now provide a further estimate on the distance between two rarefaction fronts

of a front tracking solution that, at a fixed time τ , attains a profile belonging to the
set (3.9).

Lemma 3.3. Consider a front tracking solution u(t, x) with values in Γν , ν ≥ 1,
constructed by the algorithm of section 2.4 on the region [τ, τ ′] × [a, b]. Assume that
u(τ ′, ·) is right-continuous, verifies condition (a) of Lemma 3.2, and satisfies

u(τ ′, ·) ∈ Kρ′

ν , ρ′
.
=

λmin

6C1
,(3.19)

where λmin, C1 are the minimum speed in (2.3) and the constant of Lemma 3.1. Then,
given any two adjacent rarefaction fronts of u located at x(t) ≤ y(t), t ∈ [τ, τ ′], and
belonging to the same family, there holds

x(τ) < y(τ).(3.20)

Proof. To fix the ideas, assume that x(t) ≤ y(t) are the locations of two adjacent
rarefaction fronts of the k ∈ {p+1, . . . , n}th family and hence, by (2.2), have positive
speeds. Observe that, by condition (a) of Lemma 3.2, one has

wk(u(τ ′, y(τ ′))) − wk(u(τ ′, x(τ ′))) = 2−ν .(3.21)

Moreover, since u is a front tracking solution constructed by the algorithm of sec-
tion 2.4 on the region [τ, τ ′]× [a, b], we can apply Lemma 3.1. Thus, using (2.3), (3.1),
and (3.21), and recalling the definition (3.9) of Kρ′

ν , we deduce

y(τ ′) − x(τ ′) ≤ y(τ) − x(τ) + C1(τ
′ − τ)2−ν

≤ y(τ) − x(τ) + C1
x(τ ′) − x(τ)

λmin
· (wk(ϕν(y(τ

′))) − wk(ϕν(x(τ ′))))

≤ y(τ) − x(τ) + C1
5ρ′

λmin
· (y(τ ′) − x(τ ′))

which, because of (3.19), implies

y(τ) − x(τ) ≥
(

1 − C1
5ρ′

λmin

)
· (y(τ ′) − x(τ ′)) > 0,

proving (3.20).
We next derive a regularity property enjoyed by general solutions of Temple sys-

tems with boundary variation defined as a limit of front tracking approximations,
which allows us to establish Proposition 2.13. This is an extension of the regularity
results obtained in [18, 23, 13] for the solution with small total variation of general
systems. The arguments of the proof are quite similar to the corresponding result
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in [13], but we will repeat some of them for completeness, referring to [13] (see also
[9, Theorem 10.4]) for further details.

Lemma 3.4. Let (1.1) be a system of Temple class satisfying the same assump-
tions as in Theorem 2.9. Consider a sequence uν(t, ·) : [c, d] �→ Γν , t ∈ [r, s], of
front tracking approximate solutions of the mixed problem for (1.1) (constructed by
the algorithm of section 2.4) that converges in L1, as ν → ∞, to some function
u(t, ·) : [c, d] �→ Γ, for every t ∈ [r, s] ⊂ R

+. Assume that

Tot.Var.(uν(t, ·)) ≤ M, Tot.Var.(uν(·, x)) ≤ M ∀t, x, ν,(3.22)

for some constant M > 0, here and throughout the following, Tot. V ar.(w) denotes
the total variation of the function w. Then, there exist a countable set of interaction
points Θ

.
= {(τl, xl); l ∈ N} ⊂ D

.
= [r, s] × [c, d], and a countable family of Lipschitz

continuous shock curves Υ
.
= {x = ym(t); t ∈]rm, sm[, m ∈ N}, such that the following

hold.
(i) For each m ∈ N, and for any τ ∈]rm, sm[ with (τ, ym(τ)) �∈ Θ, there exist

the left and right limits (2.42) of u at (τ, ym(τ)) and the shock speed ẏm(τ). More-
over, these limits satisfy the Rankine–Hugoniot relations (2.43) and the Lax entropy
inequality (2.44), for some i ∈ {1, . . . , n}.

(ii) The map u is continuous outside the set Θ ∪ Υ.
Proof. 1. To establish (i) we need to recall some technical tools introduced in

[13] (see also [9, Theorem 10.4]). For every front tracking solution uν , we define the
interaction and cancellation measure μIC

ν that is a positive, purely atomic measure
on D, concentrated on the set of points P where two or more wave-fronts of uν

interact. Namely, if the incoming fronts at P have size σ1, . . . , σ� (w.r.t. the Riemann
coordinates) and belong to the families i1, . . . , i�, respectively, we set

μIC
ν (P )

.
=

∑
α,β

|σασβ | +
∑
i

⎛⎝ ∑
{iα; iα=i}

|σα| −

∣∣∣∣∣∣
∑

{iα; iα=i}
σα

∣∣∣∣∣∣
⎞⎠ .(3.23)

Since μIC
ν have a uniformly bounded total mass, by possibly taking a subsequence we

can assume the weak convergence

μIC
ν ⇀ μIC(3.24)

for some positive, purely atomic measure μIC on D. Call Θ the countable set of atoms
of μIC , i.e., set

Θ
.
=

{
P ∈ D; μIC(P ) > 0

}
.

For every approximate solution uν taking values in Γν , ν ≥ 1, and for any fixed
ε ≥ 2−ν , by an ε-shock front of the ith family in uν we mean a polygonal line in D,
with nodes (τ0, x0), . . . , (τN , xN ), having the following properties.

(I) The nodes (τh, xh) are interaction points or lie on the boundary of D, and
the sequence of times is increasing τ0 < τ1 < · · · < τN .

(II) Along each segment joining (τh−1, xh−1) with (τh, xh), the function uν has
an i-shock with strength |σh| ≥ ε.

(III) For h < N , if two (or more) incoming i-shocks of strength ≥ ε interact at
the node (τh, xh), then the shock coming from (τh−1, xh−1) has the larger speed, i.e.,
is the one coming from the left.
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An ε-shock front, which is maximal with respect to the set theoretical inclusion,
will be called a maximal ε-shock front. Observe that, because of (III), two maximal
ε-shock fronts of the same family either are disjoint or coincide. Moreover, by (3.22),
the number of maximal ε-shock fronts that start at the boundary of D is uniformly
bounded by 3M/ε. On the other hand, the special geometric features of Temple class
systems guarantee that no new shock front can arise in the interior of D. Indeed, the
coinciding shock and rarefaction assumption together with the existence of Riemann
invariants prevents the creation of shocks of other families than those of the incoming
fronts at any interaction point. Therefore, for fixed ε > 0, and i ∈ {1, . . . , n}, the
number of maximal ε-shock fronts of the ith family remains uniformly bounded by
Mε

.
= 3M/ε in all uν , ν ≥ 1. Denote such curves by

yεν,m : [tε,−ν,m, tε,+ν,m] �→ R, m = 1, . . . ,Mε.

By possibly extracting a further subsequence, we can assume the convergence

yεν,m(·) −→ yεm(·), tε,±ν,m −→ tε,±m , m = 1, . . . ,Mε,

for some Lipschitz continuous paths yεm : [tε,−m , tε,+m ] �→ R, m = 1, . . . ,Mε. Repeating
this construction in connection with a sequence εk → 0, and taking the union of all the
paths thus obtained, we find, for each characteristic family i ∈ {1, . . . , n}, a countable
family of Lipschitz continuous curves ym : [t−m, t+m] �→ R, m ∈ N. Call Υ the union of
all such curves.

2. Consider now a point P = (τ, ym(τ)) �∈ Θ along a curve ym ∈ Υ of a family
i ∈ {1, . . . , n}. Notice that, by construction and because of (3.24), no curve in Υ can
cross ym at P . Moreover, by (3.22), the function u(τ, ·) has bounded variation, and
hence there exist the limits

lim
x→ym(τ)−

u(τ, x)
.
= u−, lim

x→ym(τ)+
u(τ, x)

.
= u+.(3.25)

We claim also that the limits (2.42) exist and thus coincide with those in (3.25). To
this end observe that, by construction, there exists a sequence of shocks curves yν,m
of the ith family converging to ym, along which each approximate solution uν has a
jump of strength ≥ ε∗, for some ε∗ > 0. Then, relying on the assumption

μIC({P}) = 0(3.26)

and letting B(P, r) denote the ball centered at P with radius r, one can establish the
limits

lim
r→0+

lim sup
ν→+∞

(
sup

(t,x)∈B(P,r)x<yν,m(t)

|uν(t, x) − u−|
)

= 0,(3.27)

lim
r→0+

lim sup
ν→+∞

(
sup

(t,x)∈B(P,r)x>yν,m(t)

|uν(t, x) − u−|
)

= 0,(3.28)

which clearly yield (2.42). Indeed, if, for example, (3.27) do not hold, by possibly
taking a subsequence we would find ε > 0 and points Pν

.
= (tν , ξν) → P on the left of

yν,m such that

|uν(tν , ξν) − u−| ≥ ε ∀ν.
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On the other hand, by the first limit in (3.25), and since uν(τ, x) → u(τ, x) for a.e.
x ∈ [α, β], we could also find points Qν

.
= (τ, ξ′ν) → P on the left of yν,m such that

uν(τ, ξ′ν) → u−,
|ξν − ξ′ν |
|tν − τ | > λmax ∀ν,

where λmax denotes the maximum speed at (2.3). But then, for each solution uν , the
segment PνQν would be crossed by an amount of waves of strength ≥ ε. Hence, by
strict hyperbolicity and genuine nonlinearity, this would generate a uniformly positive
amount of interaction and cancellation within an arbitrary small neighborhood of P
(see [9, Theorem 10.4, Step 5]) which by the definition (3.23) and because of (3.24)
contradicts the assumption (3.26).

To complete the proof of (i), observe that, by construction, the states u−
ν,m(τ),

u+
ν,m(τ) to the left and right of the jump in uν at yν,m(τ) satisfy the Rankine–Hugoniot

conditions. Thus, relying on (3.27)–(3.28) and on the convergence yν,m → yν , one
deduces (2.43). The proof of (ii) can be established with the same type of arguments
(see [9, Theorem 10.4, Step 8]).

As an immediate consequence of Lemma 3.4, we derive Proposition 2.13, stated
in section 2.4.

Proof of Proposition 2.13. Consider a sequence uν(t, ·) : [a, b] �→ Γν of front
tracking approximate solutions of the mixed problem for (1.1) on the region ΩT

.
=

[0, T ] × [a, b] that converges in L1, as ν → ∞, to some function u(t, ·) : [a, b] �→ Γ for
every t ∈ [0, T ]. Observe that by Theorem 2.9 one can find another sequence {vν}ν≥1

of approximate solutions of (1.1) on the region ΩT , whose initial and boundary data
have a number of shocks Nν ≤ ν for each characteristic family, and such that

‖uν(t, ·) − vν(t, ·)‖L1([a,b]) ≤ 1/ν ∀t ∈ [1/ν, T ].

Then, thanks to the Oleinik estimates (2.31)–(2.32) and because all vν take values in
the compact set (2.13), there will be, for every fixed ε > 0, some constant Mε > 0
such that

Tot.Var.{vν(t, ·); [a + ε, b− ε]} ≤ Mε ∀t ∈ [ε, T ],

Tot.Var.{vν(·, x); [ε, T ]} ≤ Mε ∀x ∈ [a + ε, b− ε]
(3.29)

∀ν ∈ N. Thus, writing ΩT as the countable union

ΩT = ∪kDk, Dk
.
= [1/k, T ] × [a + (1/k), b− (1/k)],

and applying Lemma 3.4 to each sequence of maps vνk
.
= vν �Dk

, ν ≥ 1, defined as
the restriction of vν to the domain Dk, we clearly reach the conclusion of Proposi-
tion 2.13.

We are now in position to establish Theorem 2.11, relying on Proposition 2.13
and Theorem 2.10.

Proof of Theorem 2.11. Let uν(t, ·) : [a, b] �→ Γν be a sequence of front tracking
approximate solutions of the mixed problem for (1.1) on the region ΩT

.
= [0, T ]× [a, b]

that converges in L1, as ν → ∞, to some function u(t, ·) : [a, b] �→ Γ for every t ∈ [0, T ].
Since, by construction, each uν is a weak solution of (1.1) and because uν(0, ·) →
u(0, ·) = u, the limit function u also is a weak solution of the Cauchy problem (1.1)–
(1.2) on the region ΩT . Moreover, applying Proposition 2.13, we deduce that u admits
at t = 0 and at x = a, x = b the left and right limits stated in Theorem 2.11. On
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the other hand, by the same arguments used in the proof of Proposition 2.13, we may
assume that the initial and boundary data of each approximate solution uν have at
most Nν ≤ ν shocks for every characteristic family. Then, letting ν → ∞ in (2.31)–
(2.32), by the lower semicontinuity of the total variation we find that u satisfies the
entropy conditions (2.7)–(2.10) on the decay of positive waves. It follows that u is an
entropy weak solution of the mixed problem (1.1)–(1.4) according to Definition 2.2.
Hence, observing that by construction the map (t, x) → (u(t, ·), u(·, x)) takes values
within the domain DT defined in (2.37), and applying Theorem 2.10, we deduce that
(2.41) is verified.

4. Proof of Theorems 2.4–2.7.
Proof of Theorem 2.4. We shall first prove that, for every fixed τ > 0, there exists

some constant ρ = ρ(τ) > 0 so that (2.17) holds. Given ũa ∈ U∞
τ , ũb ∈ U∞

τ , τ ≥ τ ,
let u = u(t, x) be an entropy weak solution of (1.1)–(1.4) on the region [0, τ ] × [a, b]
according to Definition 2.2. Then, the Oleinik-type estimates (2.8) on the decay of
positive waves imply that, for i ∈ {p + 1, . . . , n}, τ ≥ τ , and for a.e. a < x < y < b,
there holds

wi(τ, y) − wi(τ, x)

y − x
≤ C ·

{
y − x

τ
+ log

(
y − a

x− a

)}
≤ (b− a)C ·

{
1

τ
+

1

x− a

}
≤ C(b− a)((b− a) + τ)

τ
· 1

x− a
.

(4.1)

Clearly, with the same computations, relying on the Oleinik-type estimates (2.7), we
deduce that, for i ∈ {1, . . . , p}, τ ≥ τ , and for a.e. a < x < y < b, there holds

wi(τ, y) − wi(τ, x)

y − x
≤ C(b− a)((b− a) + τ)

τ
· 1

b− y
.(4.2)

Hence, taking

ρ ≥ C(b− a)((b− a) + τ)

τ
(4.3)

from (4.1)–(4.2), we derive u(τ, ·) ∈ Kρ, which proves (2.17).
Concerning the second statement of the theorem, we will show that, letting λmin

and ρ′ be the minimum speed in (2.3) and the constant (3.19) of Lemma 3.1 and
taking

T
.
=

4(b− a)

λmin
,(4.4)

the relation (2.18) is verified, i.e., given ϕ ∈ Kρ′
and τ > T , there exist ũa ∈ U∞

τ , ũb ∈
U∞
τ , and a solution u(t, x) of (1.1)–(1.4) on [0, τ ]× [a, b] (according to Definition 2.2),

such that u(τ, ·) ≡ ϕ. Notice that, by Remark 2.5, we may assume that wi(ϕ(x))
admits left and right limits in any point x ∈]a, b[ and that wi(ϕ(x)) = wi(ϕ(x+))

.
=

limξ→x+ wi(ϕ(ξ)) for all i ∈ {1, . . . , n}. The proof is divided into two steps.
Step 1. Backward construction of front tracking approximations. Letting ρ′ > 0

be the constant in (3.19), consider a sequence {ϕν}ν≥1 of (right continuous) piecewise

constant maps in Kρ′

ν , satisfying the conditions (a) and (b) of Lemma 3.2, and take
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a piecewise constant approximation uν : [a, b] �→ Γν of the initial data u, so that
uν → u in L1. Given τ > T (T being the time defined in (4.4)), for each ν ≥ 1, we
will construct here a front tracking solution uν(t, x) of (1.1) on the region [0, τ ]× [a, b],
with initial data uν(0, ·) = uν , so that

uν(τ, ·) = ϕν .(4.5)

This goal is accomplished by proving the following two lemmas.
Lemma 4.1. Let T, ρ′ > 0 be the constants in (4.4) and (3.19). Then, for every

(right continuous) ϕν ∈ Kρ′

ν , ν ≥ 1, satisfying condition (a) of Lemma 3.2 and
for any τ > T , there exists a front tracking solution uν(t, x) of (1.1) on the region
[(3/4)T, τ ]×[a, b], with boundary data ũν

a
.
=uν(·, a), ũν

b
.
=uν(·, b)∈L∞([(3/4)T, τ ],Γν),

so that

uν((3/4)T, x) ≡ ω, uν(τ, x) = ϕν(x) ∀x ∈ [a, b](4.6)

for some constant state ω ∈ Γν .
Proof. Given τ > T and ϕν ∈ Kρ′

ν , ν ≥ 1, satisfying condition (a) of Lemma 3.2,
we will use the algorithm described in section 2.4 to construct backward in time a
front tracking solution that takes value ϕν at time τ . To this end, we first observe
that according to the algorithm of section 2.4, we can always construct the backward
solution of a Riemann problem with terminal data

u(t, x) =

{
uL if x < ξ,
uR if x > ξ

(4.7)

if the terminal states uL, uR ∈ Γν have Riemann coordinates

w(uL)
.
= wL = (wL

1 , . . . , w
L
n ), w(uR)

.
= wR = (wR

1 , . . . , w
R
n )

that satisfy

wL
i < wR

i =⇒ wR
i = wL

i + 2−ν ∀i.(4.8)

Indeed, if we consider the intermediate states

zi =

⎧⎪⎨⎪⎩
uL if i = 0,

u(wL
1 , . . . , w

L
n−i, w

R
n−i+1, . . . , w

R
n ) if 0 < i < n,

uR if i = n,

(4.9)

we realize that, because of (4.8), the solution of every Riemann problem with initial
states (zi−1, zi) (defined as in section 2.4) contains only a single front. Thus, we can
construct the solution to the Riemann problem with terminal data (4.7) in a back-
ward neighborhood of (t, ξ) by piecing together the solutions to the simple Riemann
problems (zi−1, zi), i = 1, . . . , n.

A front tracking solution uν can now be constructed backward in time starting
at t = τ and piecing together the backward solutions of the Riemann problems deter-
mined by the jumps in ϕν . The resulting piecewise constant function uν(τ−, ·) is then
prolonged for t < τ tracing backward the incoming fronts at t = τ , up to the first time
τ1 < τ at which two or more discontinuities cross in the interior of Ω. Observe that,
since uν is a front tracking solution constructed by the algorithm of section 2.4 on
the region [τ1, τ ]× [a, b], we can apply Lemma 3.3. Hence, it follows that the left and
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ba

τ
φ

ν

Fig. 1.

right states of the jumps occurring in uν(τ1, ·) satisfy condition (4.8), because (3.20)
guarantees that two (or more) adjacent rarefaction fronts of the same family cannot
cross at time τ1. We then solve backward the resulting Riemann problems applying
again the above procedure. This determines the solution uν(t, ·) until the time τ2 < τ1
at which another intersection between its fronts takes place in the interior of Ω, and
so on (see Figure 1).

With this construction we define a front tracking solution uν(t, x) on the whole
region [(3/4)T, τ ]× [a, b] that verifies the first equality in (4.6) and corresponds to the
boundary data ũν

a
.
= uν(·, a), ũν

b
.
= uν(·, b) ∈ L∞([(3/4)T, τ ],Γν). Clearly, the total

number of wave-fronts in uν(t, ·) decreases, as t ↓ (3/4)T , whenever a (backward) front
crosses the boundary points x = a, x = b. Since (2.3) implies that the maximum time
taken by fronts of uν to cross the interval [a, b] is (b− a)/λmin, the definition (4.4) of
T guarantees that all the (backward) fronts of uν will hit the boundaries x = a, x = b
within some time τ ′ ∈](3/4)T, τ [, which shows also that the second equality in (4.6)
is verified, thus completing the proof.

Lemma 4.2. Let T > 0 be the constant in (4.4). Then, for any piecewise constant
function uν ∈ L∞([a, b],Γν) and for every state ω ∈ Γν , there exists a front track-
ing solution uν(t, x) of (1.1) on the region [0, (3/4)T ] × [a, b], corresponding to some
boundary data ũν

a, ũ
ν
b ∈ L∞([0, (3/4)T ],Γν), so that

uν(0, x) = uν(x), uν((3/4)T, x) ≡ ω ∀x ∈ [a, b].(4.10)

Proof. The approximate solution uν is constructed as follows. By Remark 2.8,
for t ∈ [0, T/4], we can define uν(t, x) as the restriction to the region [0, T/4] × [a, b]
of the front tracking solution to the Cauchy problem for (1.1), with initial data

u(x) =

⎧⎨⎩
uν(a+) if x < a,
uν(x) if a ≤ x ≤ b,
uν(b−) if x > b

(constructed as in [12] with the same type of algorithm described in section 2.4).
Observe that, since uν contains only fronts originated at the points of the segment
{(0, x); x ∈ [a, b]}, because of (2.3), (4.4), these wave-fronts cross the whole interval
[a, b] and exit from the boundaries x = a, x = b before time T/4 (see Figure 2).
Hence, there will be some state ω′ ∈ Γν such that

uν(T/4, x) ≡ ω′ ∀x ∈ [a, b].(4.11)

Thus, introducing the intermediate state
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ω̃
.
= (ω1, . . . , ωp, ω

′
p+1, . . . , ω

′
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between ω′ and ω, we will define uν(t, x), for t ∈ [T/4, T/2], as the restriction to
the region [T/4, T/2]× [a, b] of the approximate solution to the Riemann problem for
(1.1), with initial data

uν(T/4, x) =

{
u(ω′) if x < b,
u(ω̃) if x > b,

(4.12)

while, for t ∈ [T/2, (3/4)T ], we will let uν(t, x) be the restriction to the region
[T/2, (3/4)T ] × [a, b] of the approximate solution to the Riemann problem for (1.1),
with initial data

uν(T/2, x) =

{
u(ω) if x < a,
u(ω̃) if x > a.

(4.13)

By the definition of ω̃, and because of (2.3), (4.4), on [T/4, T/2] the solution of the
Riemann problems with initial data (4.12) contains only wave-fronts originated at the
point (T/4, b) that cross the whole interval [a, b] and exit from the boundary x = a
before time T/2. Similarly, still by (2.3), (4.4), for t ∈ [T/2, (3/4)T ] the solution of
the Riemann problem with initial data (4.13) contains only wave-fronts originated at
(T/2, a) that cross the whole interval [a, b] and exit from the boundary x = b before
time (3/4)T (see Figure 2). Hence, uν(t, x) is a front tracking solution defined on the
whole region [0, (3/4)T ] × [a, b] that corresponds to the boundary data ũν

a
.
= uν(·, a),

ũν
b

.
= uν(·, b) ∈ L∞([0, (3/4)T ],Γν), and verifies the conditions (4.10).

Step 2. Convergence of the approximate solutions. By Step 1, for a given ϕ ∈ Kρ′

(with ρ′ as in (3.19)), we have found a sequence of initial data uν and boundary data
ũν
a, ũ

ν
b ∈ U∞

τ , so that, letting uν(τ, ·) .
= Eν

τ (uν , ũν
a, ũ

ν
b ) be the corresponding front

tracking solution, there holds

uν → u, uν(τ, ·) → ϕ in L1([a, b]).(4.14)
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By the same arguments used in the proof of Proposition 2.13, we may assume that
the initial and boundary data of each approximate solution uν have at most Nν ≤ ν
shocks for every characteristic family. Then, thanks to the Oleinik-type estimates
(2.31) and because uν are uniformly bounded since they take values in the compact
set (2.13), for every fixed ε > 0, there will be some constant Cε > 0 such that

Tot.Var.{uν(t, ·); [a + ε, b− ε]} ≤ Cε ∀t ∈ [ε, τ ],∫ b−ε

a+ε

|uν(t, x) − uν(s, x)| dx ≤ Cε|t− s| ∀t, s ∈ [ε, τ ]
(4.15)

∀ν ∈ N. Hence, applying Helly’s theorem, we deduce that there exists a subsequence
{uνj}j≥0 that converges in L1([a, b],Γ) to some function uε(t, ·), for any t ∈ [ε, τ ].
Therefore, repeating the same construction in connection with a sequence εk → 0+
and using a diagonal procedure, we obtain a subsequence {uν′

(t, ·)}ν′≥0 that converges
in L1([a, b],Γ) to some function u(t, ·) for any t ∈ [0, τ ]. Then, by Theorem 2.11, there
holds (2.41), with ũa

.
= u(·, a), ũb

.
= u(·, b) ∈ U∞

τ , while (4.14) implies u(τ, ·) = ϕ,
which shows ϕ ∈ A(τ). This completes the proof of Theorem 2.4.

We next establish the compactness of the attainable set (2.14) stated in Theo-
rem 2.7. The proof is quite similar to that of [3, Theorem 2.3]. We repeat it for
completeness.

Proof of Theorem 2.7. Fix T > 0, and consider a sequence {uν}ν≥0 of entropy
weak solutions to the mixed problem for (1.1) on ΩT

.
= [0, T ] × [a, b] (according to

Definition 2.2), with fixed initial data u ∈ L∞([a, b],Γ). Since all uν are uniformly
bounded and because of the Oleinik-type estimates (2.7)–(2.8), one can find, for every
ε > 0, some constant Cε > 0 so that (4.15) holds. Thus, with the same arguments used
in Step 2 of the previous proof, we can construct a subsequence {uν′}ν′≥0 so that, for

any t ∈ [0, T ], uν′
(t, ·) converges in L1 to some function u(t, ·), which is continuous as

a map from ]0, T ] into L1([a, b],Γ) and satisfies the entropy conditions (2.7)–(2.10) on
the decay of positive waves. On the other hand, the weak traces Ψν′

a ,Ψν′

b of the fluxes

f(uν′
) at the boundaries x = a, x = b are uniformly bounded, and hence are weak∗

relatively compact in L∞([0, T ]). Thus, by possibly taking a further subsequence, we
have

Ψν′

a
∗
⇀Ψa, Ψν′

b
∗
⇀Ψb in L∞([0, T ])(4.16)

for some maps Ψa,Ψb ∈ L∞([0, T ]). Notice that, by the properties of the Riemann
invariants, the set f(Γ) is closed and convex, and hence also the weak limits Ψa, Ψb

take values in f(Γ). Moreover, since each uν is a distributional solution of (1.1)–(1.2)
on ΩT , the limit function u also is a distributional solution of the Cauchy problem
(1.1)–(1.2) on the region ΩT . Then, setting ũa

.
= f−1 ◦ Ψa, ũb

.
= f−1 ◦ Ψb, it follows

that u is an entropy weak solution of the mixed problem (1.1)–(1.4) (with boundary
data in U∞

T ) according to Definition 2.2, which shows that u(T, ·) ∈ A(T ). This
completes the proof of Theorem 2.7.

5. Conclusion. The results presented in this paper represent a contribution to
the development of a general theory on boundary controllability for systems of non-
linear hyperbolic equations within the context of entropy weak solutions. As is shown
in [11] there is no hope of establishing exact controllability results for general systems
of conservation laws due to the wave-front structure of the weak solutions, which may
present shock waves that can never be canceled by interactions with rarefaction waves
of the same characteristic family and that at the same time give rise to new shock
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fronts by interacting with shock waves of the other characteristic families. Here we
have analyzed the exact boundary controllability for the simplest class of nonlinear hy-
perbolic systems: the class of Temple systems with genuinely nonlinear characteristic
fields, whose study is motivated by applications to multicomponent chromatography.

A natural direction in which to pursue this analysis is to consider Temple systems
with linearly degenerate characteristic fields (or with a general “nonconvex” flux)
which appear in several traffic flow models [6, 16] where one is usually interested in
controlling the inflow of cars at the entry of a given road. Another relevant direction
worthy of investigation is the controllability of systems of balance laws, i.e., of systems
of conservation laws with the presence of source terms. Systems of balance laws
belonging to Temple class arise, for example, in modeling chromatography reactors
where chemical reactions take place allowing the different solutes (dissolved in the
liquid) to transform into each other (see [25, 26]).

All of this type of analysis refers to the case of boundary control problems where
total control on the boundary values is available. Of course one may consider more
general controllability problems where the control acts only on some of the boundary
conditions. For example, we may consider the system of isentropic gas dynamics de-
scribing a gas confined in a cylinder within two pistons. In this case it is reasonable
to expect that, by controlling only the speed of one piston, it is possible to asymp-
totically stabilize the system at any constant state. To this purpose it is natural to
study first the boundary controllability of the linearized system. A generic condition
that guarantees the exact boundary controllability in finite time of a linear hyperbolic
system with constant coefficients is obtained in [2].

Acknowledgment. The authors would like to thank Prof. Alberto Bressan for
suggesting the problem.
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OPTIMAL BOUNDARY CONTROL FOR THE EVOLUTIONARY
NAVIER–STOKES SYSTEM: THE THREE-DIMENSIONAL CASE∗
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Abstract. Optimal boundary control problems for the three-dimensional, evolutionary Navier–
Stokes equations in the exterior of a bounded domain are studied. Control is effected through the
Dirichlet boundary condition and is sought in a subset of the trace space of velocity fields with almost
minimal possible regularity. The control objective is to minimize the drag functional. The existence
of an optimal solution is proved. A strong form of an optimality system of equations is derived on
the basis of regularity results established in this work for the adjoint Oseen equations with regular
initial data which do not satisfy the compatibility conditions.
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1. Introduction. This paper is devoted to the investigation of using boundary
controls to minimize the drag about a three-dimensional body B moving at a constant
velocity v∞ in a fluid. The fluid flow is assumed to be governed by the time-dependent,
viscous, incompressible Navier–Stokes system. The drag minimization problem is for-
mulated as an optimal boundary control problem by introducing an appropriate drag
functional and by choosing a suitable control space. The two-dimensional analogue
of this problem was studied in [8], and this paper represents a continuation of that
work in the three-dimensional case. Our aims are to prove the existence of an optimal
solution and derive an optimality system of equations. In order to achieve these aims,
we will need to define the correct mathematical formulation of the optimal control
problem in question.

The type of optimal control problem we study has the following form:

J (v) → inf,(1.1)

NS(v, p1) = 0, v
∣∣
t=0

= v0, v
∣∣
|x|→∞ = v∞, v

∣∣
(0,T )×∂B

= b,(1.2)

R(b) ≤ M.(1.3)

Here, v(t,x) and p1(t,x) for t ∈ [0, T ] and x ∈ Ω ≡ R
3 \ B are the vector-valued

velocity field and scalar-valued pressure field, respectively, of the fluid flow surround-
ing the body B; we attach the coordinates to B, i.e., we treat B as fixed so that the
fluid is in motion relative to B. Also, J (v) is the drag functional, NS(v, p1) = 0 is
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the Navier–Stokes system, v0 is the initial condition, and b is the Dirichlet boundary
condition which acts as the control in our problem.

It is clear that the correct physical setting of the optimal drag reduction problem
must contain the constraint (1.3), where R(b) is a norm-like functional for functions
defined on the boundary Σ = (0, T )×∂Ω ≡ (0, T )×∂B. Indeed, if (1.3) is not imposed
or the constant M in that condition is too large, then, instead of drag reduction, the
boundary control b can actually push the body B in the direction opposite to v∞
(see the relevant discussions in [8]).

Note that choosing the appropriate form for R(b) is not a trivial task, since
choosing R to be a simple functional such as the L2(Σ)-norm is unsuccessful even
in two-dimensional case (see [8]); of course, in three dimensions, it is impossible as
well. The correct choice of R(b) is strictly connected to choosing a proper boundary
control space. That is, they must be chosen in such a way that the validity of the use
of the Lagrange multiplier principle is guaranteed (see [2, 6]). This amounts to the
requirement that the state space W must be sufficiently regular so that the derivative
operator NS′(ṽ) : W → F is an epimorphism for some suitably chosen function space
F. It turns out that this requirement can be met if the solution to the Navier–Stokes
equations is unique within the space W. It is well known (see [5]) that if we restrict
ourselves to Hilbert space settings, then W should have the following form to ensure
the uniqueness property:

V(s)(Q) ≡ {v ∈ L2(0, T ;Hs(Ω)) : ∂tv ∈ L2(0, T ;Hs−2(Ω)), div v = 0}(1.4)

for s ≥ 3/2, where Q ≡ (0, T ) × Ω and the function spaces used will be precisely
defined in subsection 2.4. In other words, if the smoothness of functions from W
is less than V(3/2)(Q), then it is not clear how to prove surjectivity of the operator
NS′(ṽ) : W → F or the solvability of the corresponding Oseen equations with such
nonsmooth coefficients. To find a suitable norm R, we could simply take the norm of
space of restrictions to Σ of a function belonging to the space V(3/2)(Q), whose trace
space was already characterized in [9]. However, to simplify the definition of R, we
choose the weakest norm R which avoids fractional derivatives and whose natural
domain of definition is a subspace of the trace space of V(3/2)(Q) (see [10]). Precisely,
we choose

R(b) ≡ ‖b‖2
H1(Σ) =

∫
Σ

(
|∂tb|2 + |∇τb|2 + |b|2

)
ds dt,(1.5)

where H1(Σ) is the Sobolev space of vector-valued functions defined on Σ possessing
square integrable first derivatives. (The definition of surface gradient ∇τ will be given
below; see (2.11).)

Since the norm (1.5) we choose for the boundary data b is stronger than the norm
for the space generated by restricting the space (1.4) to the boundary, we should choose
the solution space W for the Navier–Stokes equations to be the one that corresponds
to the boundary norm (1.5) instead of choosing W to be simply (1.4). The problem
of characterizing such a space W was solved in [10].

Note that our aim is to investigate the case for which there are no restrictions
on the magnitude |v∞| of the velocity v∞ of the body B. It is precisely the case of
large |v∞| that is most interesting in applications. To fulfill such investigation under
general assumptions is not possible because of the absence of theorems regarding the
existence of smooth solutions for the three-dimensional evolutionary Navier–Stokes
equations with arbitrary data; only when the corresponding norms of the data are
sufficiently small has the existence of a smooth solution been proved.
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To circumvent this difficulty we consider the following concrete and physically
reasonable situation. Let a body B move in a steady-state regime with velocity v∞.
Then, at the instant t0 (say t0 = 0), we switch on the control b on ∂B and solve the
optimal drag reduction problem over the time interval (0, T ), where T > 0 is a given
arbitrary number. In contrast to the evolutionary case, the existence of a smooth
solution v0 for the steady-state three-dimensional Navier–Stokes equations with the
adhesion condition on ∂B and an arbitrary data v∞ at infinity has been proved.
So, we can take this steady-state solution v0 as the initial condition in (1.2); this in
turn will allow us to investigate optimal control problem (1.1)–(1.3) on the basis of
local existence theorems of smooth solutions for the three-dimensional evolutionary
Navier–Stokes equations in a neighborhood of v0. In addition, we will fulfill the
locality condition by choosing a sufficiently small parameter M in (1.3). Of course,
in such an approach M depends on |v∞|:

M(|v∞|) → 0 as |v∞| → ∞.(1.6)

The plan described above will be realized mathematically in this paper. We point
out one difficulty arising in this realization that is connected with the property v0(x)−
v∞ 
∈ L2(Ω) for the steady-state solution. This property does not complicate very
much our proof of the existence theorem for the control problem (1.1)–(1.3). However,
the problem of constructing a weak solution for the optimality system becomes quite
difficult. We will invoke a special form of the abstract Lagrange multiplier principle
(see [6, Chap. 2, Thm. 1.6, Thm. 1.8]); to apply this result we are forced to introduce
some special Orlicz spaces which are connected with the properties of a vector field
v0(x) → v∞.

In section 2, we give a precise statement of the optimal control problems we
consider. In section 3 and Appendix A, we establish regularity results for the Navier–
Stokes system as well as for linearized Navier–Stokes systems and the adjoint linearized
Navier–Stokes systems. Although several of these results are of interest in their own
right, they are used in this paper as auxiliary results to help us prove the main
results of this paper: the existence of optimal solutions and the derivation of weak
and strong forms of an optimality system. Section 4 is devoted to the proof of the
existence theorem for the control problems defined in section 2. In sections 5–7, we
derive corresponding weak and strong forms of the optimality systems.

Finally, we emphasize that we consider this investigation to be a major, but not
final, step towards a complete solution of the drag reduction problem. Even after this
paper and [8, 9, 10], there remain a number of unresolved problems. For example, by
virtue of (1.6) for sufficiently large |v∞|, the size of the bound M in (1.3) may become
too small to be of practical use in applications. The issue of how to increase M in this
situation goes beyond the scope of this paper. Nevertheless, we consider the resolution
of this issue quite realistic; indeed, as was shown in [7, 15], it is quite possible to solve
nonlocal control problems in the space of smooth solutions for the three-dimensional
evolutionary Navier–Stokes equations if the control function is supported on the whole
boundary.

2. Formulation of the problem. In this section, we provide a precise state-
ment of the optimal control problems treated in this paper.

2.1. The state system and the cost functional. As discussed in section 1,
we consider the problem of using boundary controls to minimize the drag about a
three-dimensional body B moving at a constant velocity v∞ in a viscous fluid. In
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coordinates attached to the body B, this problem transforms into the drag reduction
problem for a fixed body B surrounded by a fluid flow having velocity v∞ at infinity.
Mathematically, the fluid flow is described as follows. Let B ⊂ R

3 be a bounded
domain and let Ω ≡ R

3\B. Suppose that the boundary ∂Ω of Ω is of class C∞ and is a
connected surface. (We impose the last assumption only because it is reasonable from
the physical point of view; the generalization of our results to the case of unconnected
∂Ω is a simple matter.) In the flow domain Ω, we consider the Navier–Stokes system⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂tv − Δv + (v · ∇)v + ∇p1 = 0 in Q,

div v = 0 in Q,

v|t=0 = v0 for x ∈ Ω,

v|Σ = b with

∫
∂Ω

b · n ds = 0 for t ∈ (0, T ),

v → v∞ as |x| → ∞,

(2.1)

where Q = (0, T ) × Ω, Σ = (0, T ) × ∂Ω, v(t,x) =
(
v1(t,x), v2(t,x), v3(t,x)

)
for

t ∈ [0, T ], x ∈ Ω is the velocity field, and ∇p1(t,x) is a pressure gradient.
The vector field b is defined on Σ and is the control available to effect optimization.

We wish to minimize the work due to drag through a proper choice of b. The work
due to drag, or the drag functional, is defined by the formula

W =

∫ T

0

∫
∂Ω

(v − v∞) · T n ds dt,

where T = −p1I + 2D is the stress tensor, D = D(v) = (∇v + ∇vT )/2 is the rate
of deformation tensor, and n is the unit, outward-pointing normal along the bound-
ary ∂Ω. We can derive, just as in the two-dimensional case (see [8]), the following
equivalent expression for W:

J (v) =

∫ T

0

∫
Ω

D(v) : D(v) dx dt +
1

2

∫ T

0

∫
∂Ω

|v − v∞|2v · n ds dt

+
1

2

∫
Ω

|v(T,x) − v∞|2 dx − 1

2

∫
Ω

|v0 − v∞|2 dx.
(2.2)

The functional (2.2) is precisely the functional to be minimized through a proper
choice of the boundary control b on Σ.

2.2. The initial condition. The correct choice for the initial data v0(x) is an
important issue since it is related to the physical context in which we formulate the
optimal control problem and affects the mathematical proof of existence of optimal
solutions. As was mentioned in section 1, we suppose that v0(x) is the solution of the
steady-state Navier–Stokes problem:⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

−Δv0 + (v0 · ∇)v0 + ∇p0 = 0 in Ω,

div v0 = 0 in Ω,

v0

∣∣
∂Ω

= 0,

v0 → v∞ as |x| → ∞.

(2.3)

The no-slip condition v0

∣∣
∂Ω

= 0 is imposed purely for simplicity and is quite reason-
able from a physical point of view. There is no difficulty in treating the case for which
v0 satisfies an inhomogeneous boundary condition.
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The following proposition asserts the existence of a solution of (2.3).
Proposition 2.1. There exists a solution (v0, p0) ∈ [C∞(Ω)]4 to (2.3) satisfying

‖v0 − v∞‖L6(Ω) + ‖∇v0‖L2(Ω) + ‖∇v0‖C2(Ω) ≤ C|v∞|.(2.4)

A proof of this result can be found in, e.g., [11, 13]. Thus, throughout, we assume
that the data v0 in the initial condition in (2.1) is a C∞(Ω) solution of (2.3) satisfying
(2.4).

2.3. Change of variables. We introduce the change of variables

w(t,x) = v(t,x) − v0(x) and p(t,x) = p1(t,x) − p0(x).(2.5)

The unknown vector field w is more convenient to work with than v due to its zero
initial condition and its vanishing values at infinity. After substitution of (2.5) into
(2.2) we see that the last two integrals in (2.2) contain two terms v0−v∞ that do not
belong to L2(Ω). But these terms annul each other. So the problem of minimizing the
functional (2.2) subject to (2.1) and (1.3) is then recast as an optimization problem
for w as follows: minimize the functional

J (w) =

∫ T

0

∫
Ω

D(w + v0) : D(w + v0) dx dt +
1

2

∫ T

0

∫
∂Ω

|w − v∞|2w · n ds dt

+
1

2

∫
Ω

(|w(T,x)|2 + 2[(w(T, x) · (v0(x) − v∞)]) dx

(2.6)

subject to the constraints

∂tw − Δw + [(w + v0) · ∇]w + (w · ∇)v0 + ∇p = 0 in Q,(2.7)

div w = 0 in Q,(2.8)

w|t=0 = 0 in Ω,(2.9)

w → 0 as |x| → ∞,(2.10)

R(w) =

∫
Σ

(
|∂tw|2 + |∇τw|2 + |w|2

)
ds dt ≤ M.(2.11)

Recall that the surface gradient ∇τw
∣∣
Σ

= (∇w)
∣∣
Σ
− (∂nw)

∣∣
Σ
, where ∇w is the

usual gradient of w in R
3 and (∂nw) is the derivative of w with respect to the

outward-pointing unit normal n on ∂Ω.
In addition, we suppose that w satisfies the compatibility condition(

w(t,x)|Σ
)
|t=0 = 0 in ∂Ω.(2.12)

We omitted, from the system (2.7)–(2.11), the boundary condition and eliminated
the unknown Dirichlet boundary control b in (2.1); instead, the Dirichlet control is
expressed by w|Σ.

By virtue of (2.5) and v0|∂Ω = 0, the functional R(w) and the parameter M in
(2.11) coincide with R and M in (1.3) and (1.5).

Note that functional (2.6) is well defined on w satisfying (2.7)–(2.11): this is
shown in subsection 3.2.
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2.4. Function spaces. In this subsection, we define function spaces for the state
variables and the Dirichlet controls. The structure of the space where we look for the
solution of the optimal control problem is quite complicated because it should be the
space where solutions of the Navier–Stokes equations are unique, and besides it has to
contain all solutions of the boundary value problem for the Navier–Stokes equations
with arbitrary Dirichlet boundary conditions from H1(Σ) (i.e., with not so smooth
conditions) but with the right side belonging to the Lebeque space. Besides, we recall
definitions of well-known Sobolev spaces.

The Sobolev spaces Hk(Ω) with k a nonnegative integer are defined by

Hk(Ω) =
{
u ∈ L2(Ω) : ‖u‖2

Hk(Ω) ≡
∑
|α|≤k

∫
Ω

|Dαu(x)|2 dx < ∞
}
,

where x ∈ Ω ⊂ R
3, α = (α1, α2, α3) is a multi-index (αj being a nonnegative integer),

|α| = α1 +α2 +α3, and Dα = ∂|α|/(∂xα1
1 ∂xα2

2 ∂xα3
3 ). The Sobolev space Hs(Ω) for an

arbitrary s > 0 is defined through the interpolation of the spaces Hk(Ω) for integer
k; see [14]. By definition, Hs

0(Ω), s > 0, is the closure of C∞
0 (Ω) in Hs(Ω). The space

H−s(Ω), s > 0, is defined as the dual space of Hs
0(Ω), i.e., H−s(Ω) = (Hs

0(Ω))′, with
the norm

‖f‖H−s(Ω) = sup
φ∈Hs

0 (Ω), φ 	=0

〈f, φ〉
‖φ‖Hs

0 (Ω)
,

where 〈·, ·〉 denotes the duality between H−s(Ω) and Hs
0(Ω) generated by the scalar

product in L2(Ω). Sobolev spaces on ∂Ω are denoted by Hr(∂Ω) and are defined
with the help of partition of unity techniques; for details, see, e.g., [14]. Vector-valued
spaces (including vector-valued Sobolev spaces) are denoted by boldface letters, e.g.,
Hs(Ω) = [Hs(Ω)]3 for all s ∈ R, Hs

0(Ω) = [Hs
0(Ω)]3, and Hr(∂Ω) = [Hr(∂Ω)]3. For

s ≥ −1, we define the divergence-free spaces

Vs(Ω) ≡
{
v ∈ Hs(Ω) : div v = 0

}
.(2.13)

Also, we define

V0
0(Ω) =

{
v ∈ L2(Ω) : div v = 0, (v · n)|∂Ω = 0

}
(2.14)

equipped with the L2(Ω) norm where both equalities are understood in the sense of
distributions.

For s ≥ 0, we introduce the spaces of functions depending on both spatial and
temporal variables:

H1,s(Q) =
{
y(t,x) ∈ L2(0, T ;Hs+1(Ω)) : ∂ty ∈ L2(0, T ;Hs(Ω))

}
where Q = (0, T ) × Ω and

H1,s(Σ) =
{
y(t,x) ∈ L2(0, T ;Hs+1(∂Ω)) : ∂ty ∈ L2(0, T ;Hs(∂Ω))

}
,

where Σ = (0, T ) × ∂Ω. Analogously, we introduce the following spaces of solenoidal
vector fields defined on Q:

V1,s(Q) = L2(0, T ;Vs+1(Ω)) ∩H1(0, T ;Vs(Ω)).(2.15)
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Recall that Ω is the exterior of a bounded domain B ⊂ R
3. Let ρ > 0 be a fixed

number satisfying

∂Ω ⊂ {x ∈ R
3 : |x| < ρ}.(2.16)

For arbitrary k ≥ 0, we set

Ωρ+k = Ω ∩ {x ∈ R
3 : |x| < ρ + k} and Qρ+k = (0, T ) × Ωρ+k.(2.17)

Let X1 and X2 be two Hilbert spaces. Then, the direct sum X1 +X2 = {x = x1 +x2 :
x1 ∈ X1, x2 ∈ X2} is also a Hilbert space with norm defined by

‖x‖2
X1+X2

= inf
x=x1+x2,x1∈X1,x2∈X2

(
‖x1‖2

X1
+ ‖x2‖2

X2

)
.(2.18)

Evidently, (2.18) defines a Hilbert norm. We now define the space V
1,1/2
ρ (Q), which

was introduced in [10]. Let ρ > 0 be fixed and satisfy (2.16). Then

V
1,1/2
ρ (Q) =

{
v ∈ V1,1/2(Q) : suppv ⊂ Qρ+2, v

∣∣
t=0

= 0,

Δv ∈ L2(Qρ+2) + L2(0, T ;∇H1/2(Ωρ+2))
}(2.19)

equipped with the norm

‖v‖2

V
1,1/2
ρ (Q)

= ‖v‖2
V1,1/2(Q) + ‖Δv‖L2(Qρ+2)+L2(0,T ;∇H1/2(Ωρ+2)),

where the space ∇H1/2(Ωρ+2) = {∇q(x) : q ∈ H1/2(Ωρ+2)} is equipped with the
norm

‖∇q‖∇H1/2(Ωρ+2) ≡ ‖∇q‖
(H

1/2
00 (Ωρ+2))′

.

We recall from [14] that H
1/2
00 (Ωρ+2) and [H

1/2
00 (Ωρ+2)]

′ are defined as follows. Let
r(x) ∈ C∞(Ωρ+2), r(x) > 0 for x ∈ Ωρ+2, and r(x) = dist(x, ∂Ωρ+2) in a sufficiently
small neighborhood of ∂Ωρ+2. Then,

H
1/2
00 (Ωρ+2) =

{
u : u ∈ H1/2(Ωρ+2), r−1/2u ∈ L2(Ωρ+2)

}
with the norm

‖u‖2

H
1/2
00 (Ωρ+2)

= ‖u‖2
H1/2(Ωρ+2)

+ ‖r−1/2u‖2
L2(Ωρ+2)

.

By (H
1/2
00 (Ωρ+2))

′ we denote the dual space of H
1/2
00 (Ωρ+2) with the norm

‖f‖
(H

1/2
00 (Ωρ+2))′

= inf
φ∈H

1/2
00 (Ωρ+2), φ 	=0

〈f, φ〉
‖φ‖

H
1/2
00 (Ωρ+2)

,

where 〈·, ·〉 denotes the duality generated by the scalar product in L2(Ωρ+2).
Following the notation V(2)(Q) introduced in [8], we define the spaces

V(2)
0 (Q) =

{
v ∈ L2(0, T ;V2(Ω)) :

∂tv ∈ L2(0, T ;V0(Ω)), v
∣∣
t=0

= 0, v
∣∣
Σ

= 0
}(2.20)
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The former is a subspace of the latter with the homogeneous boundary value. Anal-
ogous to (2.20), we introduce

V(2)
T (Q) =

{
v ∈ L2(0, T ;V2(Ω)) :

∂tv ∈ L2(0, T ;V0(Ω)),v|t=T = 0,v|Σ = 0
}
.

(2.21)

Now, we can define the space in which the solution of the boundary value problem
(2.7)–(2.10) is sought:

W ≡ W(Q) =
{
v ∈ V1,1/2

ρ (Q) + V(2)
0 (Q) : v

∣∣
Σ
∈ H1(Σ)

}
.(2.22)

The Sobolev space H1(Σ) is defined with the help of partition of unity techniques;
see [14]. The norm of the space W is defined by

‖v‖2
W = ‖v‖2

V
1,1/2
ρ (Q)+V(2)

0 (Q)
+ ‖v‖2

H1(Σ).

The boundary control will be sought in the following subspace of H1(Σ) satisfying
a compatibility condition at t = 0 (see (2.12)):

Ĥ1(Σ) =
{
v ∈ H1(Σ) :

v|t=0 = 0,

∫
∂Ω

v(t,x) · n(x) ds = 0 a.e. t ∈ [0, T ]
}
.

(2.23)

We establish a compact embedding result that is used to prove, in Theorem 4.1,
the existence of solutions of the optimization problems posed in section 2.5. Let ρ
satisfying (2.16) be fixed, let k > 0 be arbitrary, and let Qρ+k be defined as in (2.17).
Let the function space W(Qρ+k) be defined in exactly the same way as W(Q) ≡ W
(see (2.22)): we simply replace Q and Ω by Qρ+k and Ωρ+k, respectively.

Lemma 2.2. For each k ∈ (0,∞), the embedding W(Qρ+k) ↪→ L2(Qρ+k) is
compact.

Proof. From definitions (2.19), (2.20), and (2.22) for W(Qρ+k) and definition
(2.15) for V1,s(Qρ+k) (with Q replaced by Qρ+k and Ω by Ωρ+k in all these relations),
we easily conclude that the embedding W(Qρ+k) ↪→ V1,1/2(Qρ+k) is continuous. As
is well known (see, e.g., [17, Chap. 4, sect. 3]), the embedding V1,1/2(Qρ+k) ↪→
L2(Qρ+k) is compact. Combining these two results implies the desired assertion.

2.5. Precise statement of the control problems. We now state precisely
the optimal control problems to be studied.

Problem I. Let v∞ ∈ R
3 and M > 0 be given, and suppose that v0 is constructed

as in Proposition 2.1. Seek a (w,∇p) ∈ W × [L2(0, T ;∇H1/2(Ωρ+2)) + L2(Q)] that
minimizes the functional (2.6) subject to the constraints (2.7)–(2.12).

As in [8], we may replace the constraint (2.11) by adding a corresponding penalty
term in the functional and consider the following penalized variant of the above opti-
mal control problem.

Problem II. Let v∞ ∈ R
3 and N > 0 be given, and suppose that v0 is constructed

as in Proposition 2.1. Seek a (w,∇p) ∈ W × [L2(0, T ;∇H1/2(ΩN+2)) + L2(Q)] that
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minimizes the functional

JN (w) =

∫ T

0

∫
Ω

D(w + v0) : D(w + v0) dx dt

+
1

2

∫
Ω

(|w(T,x)|2 + 2[(w(T, x) · (v0(x) − v∞)]) dx

+
1

2

∫ T

0

∫
∂Ω

|w − v∞|2w · n ds dt +
N

2

∫
Σ

(
|∂tw|2 + |∇τw|2 + |w|2

)
ds dt

(2.24)

subject to the constraints (2.7)–(2.10) and (2.12).
Definition 2.3. An element w ∈ W is called admissible if it satisfies (2.7)–

(2.12) in the case of Problem I and satisfies (2.7)–(2.10) and (2.12) in the case of
Problem II. The set of admissible elements is denoted by Uad.

Definition 2.4. An element ŵ ∈ Uad is called a solution of Problem I if

J (ŵ) = inf
w∈Uad

J (w),

where J is defined by (2.6). An element ŵ ∈ Uad is called a solution of Problem II if

JN (ŵ) = inf
w∈Uad

JN (w),

where JN is defined by (2.24).

3. Preliminary results. In this section, we collect results that will be needed
for the analysis of the optimal control problems defined in section 2.5.

3.1. Boundary value problems with inhomogeneous boundary condi-
tions. To prove the existence of solutions (see section 4) of the optimal control prob-
lems stated in section 2.5, we need results regarding the existence and uniqueness of a
solution of the boundary value problem (2.7)–(2.10) with an inhomogeneous Dirichlet
boundary condition on Σ satisfying the compatibility condition (2.12). We rewrite
that boundary value problem in terms of w as follows:⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

∂tw − Δw + [(w + v0) · ∇]w + (w · ∇)v0 + ∇p = 0 in Q,

div w = 0 in Q,

w|t=0 = 0 in Ω,

w|Σ = b,

w → 0 as |x| → ∞.

(3.1)

We assume that the Dirichlet boundary data b ∈ Ĥ1(Σ).
The solution (w,∇p) of (3.1) is sought in W× [L2(0, T ;∇H1/2(Ωρ+2)) +L2(Q)].

This boundary value problem was analyzed in [10]. The key step was to prove the
following result concerning the extension of the Dirichlet boundary condition b from
Σ into Q.

Proposition 3.1. There exists a continuous extension operator

E : Ĥ1(Σ) → V1,1/2
ρ (Q).(3.2)

With the help of Proposition 3.1, the following result was also established in [10].
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Proposition 3.2. Assume that b ∈ Ĥ1(Σ) and

‖b‖2
H1(Σ) ≤ ε,(3.3)

where ε > 0 is sufficiently small. Assume further that v0 ∈ C∞(Ω) and v0 satisfies
(2.4). Then, there exists a unique solution (w,∇p) of problem (3.1) belonging to
W × [L2(0, T ;∇H1/2(Ωρ+2)) + L2(Q)] and satisfying the estimate

‖w‖2
W + ‖∇p‖2

L2(0,T ;∇H1/2(Ωρ+2))+L2(Q) ≤ C(ε),(3.4)

where C(ε) is a positive continuous function defined for all sufficiently small ε.

3.2. The correctness of the functionals (2.6) and (2.24). Here we show
that all integrals from (2.6) and (2.24) converge for each w ∈ W satisfying (2.7)–
(2.10). Indeed, the convergence of all terms except w(T, x) · (v0(x) − v∞) follow
directly from the inclusion w ∈ W. Since by (2.4) we have v0−v∞ ∈ L6(Ω), to prove
the convergence of this aforementioned term we need to check that w(T, x) ∈ L6/5(Ω).

Lemma 3.3. Let w ∈ W satisfy (2.7)–(2.10). Then, w(T, x) ∈ L6/5(Ω).
Proof. Evidently, it is enough to prove the inclusion w(T, x) ∈ L6/5(R3 \ Ωρ+2)

where ρ is the number from definitions (2.19) and (2.22). Using the techniques of [10]
we extend a solution w ∈ W of (2.7)–(2.10) from [0, T ]×R

3\Q into a vector field w̃ on
[0, T ]×R

3 satisfying w̃ ∈ L2(0, T ;V2(R3))∩H1(0, T ;V0(R3)) and w̃|t=0 = 0. We also
extend the gradient ∇p in (2.7)–(2.10) from [0, T ]×R

3 \Q into ∇p̃ ∈ L2((0, T )×R
3),

and extend v0(x) into a C∞-vector field on R
3. Substituting (w̃,∇p̃) into the left-

hand side of (2.7), we obtain

∂tw̃ − Δw̃ = −[(w̃ + v0) · ∇]w̃ − (w̃ · ∇)v0 + ∇p̃ + g(t,x) in (0, T ) × R
3,(3.5)

div w̃ = 0 in (0, T ) × R
3, w̃|t=0 = 0 in R

3,(3.6)

where g(t,x) ∈ L2((0, T )×R
3) and suppg ⊂ Qρ+2. Evidently, g ∈ L6/5((0, T )×R

3).
Recall that if Ω ⊂ R

3 is a domain and Q = [0, T ] × Ω, then the Sobolev space
W 1,2

q (Q) with 1 ≤ q < ∞ is defined as follows:

W 1,2
q (Q) =

{
u(t, x) ∈ Lq(Q) :

‖u‖q
W 1,2

q (Q)
≡

∫
Q

|u|q + |∂tu|q + |∇u|q +

3∑
i,j=1

∣∣∣∣ ∂u

∂xi∂xj

∣∣∣∣q dx < ∞
}
.

(3.7)

By virtue of Sobolev embedding theorem (see [3]), if 1 < p < q < ∞ then the following
embeddings are continuous:

W 1,2
p (Q) ⊂ Lq(Q) for

1

p
− 1

q
≤ 2

5
(3.8)

and

∇W 1,2
p (Q) := {∇f : f ∈ W 1,2

p (Q)} ⊂ Lq(Q) for
1

p
− 1

q
≤ 2

5
.(3.9)
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Using Holder’s inequality, (3.8), (3.9), and (2.4), we obtain

‖(w̃ · ∇)w̃‖L6/5(Q) ≤ ‖w̃‖L3(Q)‖∇w̃‖L2(Q) ≤ ‖w̃‖2
W1,2

2 (Q)
,

‖(w̃ · ∇)v0‖L6/5(Q) ≤ ‖w̃‖L3(Q)‖∇v0‖L2(Q) ≤ c‖w̃‖W1,2
2 (Q),

and

‖(v0 · ∇)w̃‖L3/2(Q) ≤ ‖v0‖L6(Q)‖∇w̃‖L2(Q) ≤ C‖w̃‖W1,2
2 (Q).

Thus, (w̃ ·∇)w̃+(w̃ ·∇)v0 ∈ L6/5(Q) and (v0 ·∇)w̃ ∈ L3/2(Q) so that the right-hand
side of (3.5) belongs to L3/2([0, T ] × R

3). By virtue of the well-known estimates for
solutions of the Cauchy problem for the Stokes equations (see [13, Chap. 4, sect. 6])
we obtain from (3.5) and (3.6) that w̃ ∈ W1,2

3/2([0, T ] × R
3). Using this inclusion we

deduce

‖(v0 · ∇)w̃‖L6/5(Q) ≤ ‖v0‖L6(Q)‖∇w̃‖L3/2(Q) ≤ C‖w̃‖W1,2
3/2

(Q).

Therefore, the right-hand side of (3.5) belongs to L6/5(Q), which implies that w̃ ∈
W1,2

6/5(Q) so that w̃(T, ·) ∈ L6/5(R3).

3.3. Linearized boundary value problems. To derive and analyze (see sec-
tion 5) weak formulations of the optimality systems for the control problems, we will
need the following theorem concerning the solvability of the (homogeneous) boundary
value problem for the Oseen equations⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

∂th − Δh + [(ŵ + v0) · ∇]h + [h · ∇](ŵ + v0) + ∇q = g in Q,

div h = 0 in Q,

h|t=0 = 0 in Ω,

h|Σ = 0,

h → 0 as |x| → ∞

(3.10)

that are the linearization of (3.1) about a given vector field ŵ ∈ W.
Proposition 3.4. Assume that v0 ∈ C∞(Ω) satisfies (2.4), ŵ ∈ W, and g ∈

L2(Q). Then, there exists a unique solution (h,∇q) ∈ V(2)
0 (Q)×L2(Q) of the problem

(3.10). Moreover,

‖h‖2

V(2)
0 (Q)

+ ‖∇q‖2
L2(Q) ≤ C‖g‖2

L2(Q).(3.11)

The proof is well known; see, e.g., [5, 10, 13, 16].

3.4. Adjoint boundary value problems. To derive strong forms (see sections
6 and 7) of the optimality systems, we will need results concerning the solvability and
regularity of the adjoint boundary value problem for (3.10):⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

∂tq + Δq + [(ŵ + v0) · ∇]q − [∇(ŵ + v0)]
∗ q + ∇r = k in Q,

div q = 0 in Q,

q|t=T = q0(x) in Ω,

q|Σ = 0,

q → 0 as |x| → ∞,

(3.12)
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where [∇ŵ]∗ q = (
∑3

i=1
∂ bwi

∂xj
qi, j = 1, 2, 3) for ŵ = (ŵ1, ŵ2, ŵ3) and q = (q1, q2, q3).

The following assertion concerning the unique solvability of (3.12) in the case of q0 = 0
is completely analogous to Proposition 3.4; the proof is also identical to that of the
proposition.

Proposition 3.5. Assume that v0 ∈ C∞(Ω) satisfies (2.4), ŵ ∈ W, k ∈ L2(Q),

and q0 = 0. Then, there exists a unique solution (q,∇r) ∈ V(2)
T (Q) × L2(Q) of the

problem (3.12) (with q0 = 0) satisfying the estimate

‖q‖2

V(2)
T (Q)

+ ‖∇r‖2
L2(Q) ≤ C‖k‖2

L2(Q).(3.13)

We will also need results concerning problem (3.12) with k = 0 and q0 
= 0. In
this case, we reduce (3.12) to the following system through the change of variable
τ = T − t and redenoting τ by t:⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

∂tq − Δq − [(ŵ + v0) · ∇]q + [∇(ŵ + v0)]
∗ q −∇r = 0 in Q,

div q = 0 in Q,

q|t=0 = q0(x) in Ω,

q|Σ = 0,

q → 0 as |x| → ∞.

(3.14)

Using well-known energy methods (see [13, 16]), we can prove the following result.
Lemma 3.6. Assume that v0 ∈ C∞(Ω) satisfies (2.4), ŵ ∈ W, and q0 ∈ V0

0(Ω).
Then there exists a solution (q,∇r) of the problem (3.14) satisfying the energy esti-
mate

‖q‖2
L2(0,T ;L2(Ω)) + ‖∇q‖2

L2(Q)

≤ C
(
‖ŵ‖V1,1/2(Ω) + ‖∇v0‖C(Ω)

)
‖q0‖2

L2(Ω),
(3.15)

where C(γ) is a positive function increasing in γ.
Improved estimates for q when q0 is smoother will also be needed in order to de-

rive strong forms of the optimality systems; these estimates are obtained in Appendix
A.3.

4. Existence of solutions for the optimal control problems.

4.1. The solvability of Problem I. We consider the solvability of Problem I
formulated in section 2.5.

Theorem 4.1. Suppose that the constant M in (2.11) is sufficiently small. Then
there exists a solution (ŵ,∇p̂) ∈ W × (L2(Q) + L2(0, T ;∇H1/2(Ω))) for Problem I.

Proof. Recall that a pair (w, p) ∈ W × L2(Q) is called admissible if it satisfies
(2.7)–(2.12) and the functional (2.6) evaluated at (w, p) is finite. Evidently, the
admissible set Uad 
= ∅, as (w, p) = (0, 0) ∈ Uad. Let {(wn,∇pn)} ∈ Uad be a
minimizing sequence for the functional J (w):

lim
n→∞

J (wn) = Jmin ≡ inf
(w,∇p)∈Uad

J (w).

By virtue of (2.11) we have ‖wn|Σ‖2
H1(Σ) ≤ M. Let bn ≡ wn|Σ; note that bn ∈ Ĥ1(Σ).

Consider the boundary value problem (3.1) with b = bn. Let ε > 0 be a sufficiently
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small number determined by Proposition 3.2 and suppose M < ε. Proposition 3.2
then implies that

‖wn‖2
W + ‖∇pn‖L2(0,T ;∇H1/2(Ωρ+2))+L2(Q) ≤ C(M),(4.1)

where C(M) is a positive constant depending on M . The estimate (4.1) allows us to
choose a subsequence of {wn} (denoted by the same) such that

wn ⇀ ŵ weakly in W.

The definition of W (see (2.22)) then implies that

wn|Σ = bn ⇀ b̂ ≡ ŵ|Σ weakly in Ĥ1(Σ).(4.2)

Since bn satisfies (2.11) and the set {w ∈ Ĥ1(Σ) : w satisfies (2.11)} is convex and

closed (hence sequentially weakly closed), we see that b̂ ∈ Ĥ1(Σ) and b satisfies
(2.11). ŵ obviously satisfies (2.8)–(2.10). To prove that ŵ satisfies (2.7) with some
∇p̂ ∈ L2(0, T ;∇H1/2(Ωρ+2)) + L2(Q), we proceed by noting that∫

Q

(∂twn − Δwn) · φ dx dt

→
∫
Q

(∂tŵ − Δŵ) · φ dx dt ∀φ ∈ L2(0, T ;V1
0(Ω)),

(4.3)

where V1
0(Ω) is defined by (A.2). Using Lemma 2.2 with k = 1, 2, 3, . . . , we may

choose subsequences {wn,k} converging to ŵ in L2(Qρ+k). Then, by choosing the
diagonal subsequence {wj}, we infer that

wj → ŵ strongly in L2(Qρ+k) for each k = 1, 2, 3, . . . .(4.4)

We now take the L2(Q) inner product between an arbitrary φ ∈ L2(0, T ;V1
0(Ω)) and

(2.7) for (wj ,∇pj). The term involving ∇pj obviously vanishes. Integrating by parts
and passing to the limit with the help of (4.3) and (4.4), we obtain the following
equation for ŵ:∫

Q

(
φ · ∂tŵ + (∇ŵ) : (∇φ) + (ŵ · ∇)v0 · φ − [(ŵ + v0) · ∇]φ · ŵ

)
dx dt

= 0 ∀φ ∈ L2(0, T ;V1
0(Ω)).

(4.5)

Since ŵ ∈ W, we see from definition (2.22) that

ŵ = Eb̂ + w,(4.6)

where E is the extension operator of Proposition 3.1, Eb̂ ∈ V
1,1/2
ρ (Q), and w ∈

V(2)
0 (Q). Substitution of (4.6) into (4.5) yields∫

Q

(
∂tw − Δw + (w · ∇)(v0 + Eb̂)

+ [(Eb̂ + v0 + w) · ∇]w − f1 + ∇p1

)
· φ dx dt

=

∫
Q

(
∂tw − Δw + (w · ∇)(v0 + Eb̂)

+ [(Eb̂ + v0 + w) · ∇]w − f1

)
· φ dx dt

= 0 ∀φ ∈ L2(0, T ;V1
0(Ω)),

(4.7)
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where −f1 = ∂tEb̂ + g + (Eb̂ · ∇)v0 + [(Eb̂ + v0) · ∇]Eb̂ and −ΔEb̂ = g + ∇p1

with g ∈ L2(Q) and ∇p1 ∈ L2(0, T ;∇H1/2(Ωρ+2)). The inclusions w ∈ V(2)
0 (Q) and

Eb̂ ∈ V
1,1/2
ρ (Q) ⊂ V1,1/2(Q) and Sobolev embedding theorems imply that f1 ∈ L2(Q)

and

∂tw − Δw + (w · ∇)(v0 + Eb̂) + [(Eb̂ + v0 + w) · ∇]w ∈ L2(Q).

Recalling the Weyl decomposition

L2(Q) = V0
0(Ω) ⊕∇H1(Ω),

where V0
0(Ω) is defined by (2.14) and

∇H1(Ω) = {v ∈ L2(Ω) : v = ∇p, p ∈ H1
loc(Ω)},

we obtain from (4.7) that there exists a ∇p ∈ L2(0, T ;∇H1(Ω)) such that

∂tw − Δw + (w · ∇)(v0 + Eb̂)

+[(Eb̂ + v0 + w) · ∇]w + ∇p− f1 = 0 in Q,
(4.8)

where (4.8) is understood as an equality in L2(Q). Substituting (4.6) into (4.8) yields
the equality

∂tŵ − Δŵ + (ŵ · ∇)v0 + [(ŵ + v0) · ∇]ŵ + ∇p̂ = 0 in Q,

where ∇p̂ = ∇p1 +∇p ∈ L2(0, T ;∇H1/2(Ωρ+2))+L2(0, T ;∇H1
loc(Ω)). Thus, we have

proved that (ŵ,∇p̂) satisfies (2.7).
Since wn ⇀ ŵ in W and the functional

J1(w) =

∫ T

0

∫
Ω

D(w + v0) : D(w + v0) dx dt

+
1

2

∫
Ω

(|w(T,x)|2 + 2[(w(T, x) · (v0(x) − v∞))]) dx

is convex (and therefore it is lower semicontinuous with respect to weak convergence),
we deduce that

J1(ŵ) ≤ lim inf
n→∞

J1(wn).(4.9)

The facts that Σ is compact and dimΣ = 3 allow us to use embedding theorems to
deduce that the embedding Ĥ1(Σ) ↪→ L3(Σ) is compact. Then (4.2) implies w|Σ =

bn → b̂ = ŵ|Σ strongly in L3(Σ). Thus, by defining the functional

J2(w) =
1

2

∫ T

0

∫
∂Ω

|w − v∞|2w · n ds dt,

we have

J2(ŵ) ≤ lim
n→∞

J2(wn).(4.10)

The relations (4.9) and (4.10) and the equality J (w) = J1(w) + J2(w) yield

J (ŵ) ≤ lim inf
n→∞

J (wn) = Jinf .

Therefore, the pair (ŵ, p̂) is a solution of Problem I.
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4.2. The solvability of Problem II. We next prove that there exists a solution
to Problem II for sufficiently large N , where N is the parameter appearing in the
definition of JN (w); see (2.24).

Theorem 4.2. Suppose that the parameter N of the functional JN (w) satisfies
N ≥ N0 for a sufficiently large, fixed constant N0 > 0. Then there exists a solution
(ŵ, p̂) ∈ W × [L2(Q) + L2(0, T ;∇H1/2(Ωρ+2))] for Problem II.

Proof. Recall that a pair (w,∇p) ∈ W × L2(Q) is called admissible for Problem
II if it satisfies (2.7)–(2.10) and (2.12). We denote by UN

ad the set of all admissible
pairs for Problem II.

Let ε > 0 be a sufficiently small number such that for any boundary data b ∈
Ĥ1(Σ) satisfying (3.3), the assertions of Proposition 3.2 are true. We fix the constant
M in (2.11) as

M ∈ (0, ε).(4.11)

Let (ŵ, p̂) be a solution of Problem I (the existence of such a pair is guaranteed by
Theorem 4.1). We define N0 > 0 by the relation

2

N0
JN0

(ŵ) ≡ 2

N0
J (ŵ) + R(ŵ) = ε,(4.12)

where the functionals JN , J , and R are defined by (2.24), (2.6), and (2.11), re-
spectively. The number N0 satisfying (4.12) is well defined thanks to (4.11) and the
estimate R(ŵ) ≤ M for every solution ŵ of Problem I. Thus, for each N > N0 we
have

2

N
JN (ŵ) ≤ 2

N0
JN0

(ŵ) = ε.(4.13)

Set

UN,ε
ad =

{
(w,∇p) ∈ UN

ad :
1

N
JN (ŵ) ≤ ε

}
.

By virtue of (4.13), UN,ε
ad is not empty. We now choose a minimizing sequence

{(wn,∇pn)} ⊂ UN,ε
ad for Problem II:

lim
n→∞

2

N
JN (wn) = JN,inf ≡ inf

(w,∇p)∈UN,ε
ad

2

N
JN (w).

Since wn ∈ UN,ε
ad , it follows from (4.13) and (2.6) that for every N > N0,

R(wn|Σ) ≤ ε.(4.14)

Denoting bn ≡ wn|Σ and using (4.14) and (2.11) (the definition of functional R), we
see that ‖bn‖H1(Σ) < ε, i.e., the boundary condition bn satisfies the assumptions of
Proposition 3.1. Thus, (wn,∇pn), being the solution of (3.1) with b replaced by bn,
satisfies the estimate (3.11) in which w and p are replaced by wn and pn, respectively.
Then, by repeating the relevant segment of the proof of Theorem 4.1, we prove the

existence of a solution ( ̂̂w, ̂̂p) for ProblemII.
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5. A weak formulation of an optimality system for Problem II and
regularity of the adjoint velocity.

5.1. Abstract Lagrange multiplier principles. We consider an abstract min-
imization problem. Let X1 and X2 be two Banach spaces. Let f : X1 → R and
g : X1 → R be functionals and F : X1 → X2 be a mapping. We seek a z ∈ X1 such
that

f(z) = inf
u∈Uad

f(u),(5.1)

where

Uad =
{
u ∈ X1 : F (u) = 0 and g(u) ≤ 0

}
.

The Lagrange functional for the minimization problem (5.1) is defined by

L(z, λ0, λ, q) = λ0f(z) + 〈F (z), q〉 + λg(z)(5.2)

for all z ∈ X1, λ0 ∈ R, λ ∈ R, and q ∈ X∗
2 , where X∗

2 is the dual space of X2 and
〈·, ·〉 denotes the duality pairing between X2 and X∗

2 . We quote a standard abstract
Lagrange principle in the following particular form (see [2]).

Theorem 5.1. Let z be a solution of (5.1). Assume that the mappings f , g, and
F are continuously differentiable and that the image of the operator F ′(z) : X1 → X2

is closed. Then there exists a q ∈ X∗
2 , λ0 ∈ R, and λ ∈ R such that the triplet

(q, λ0, λ) 
= (0, 0, 0) (i.e., the quantities in the triplet do not all vanish simultaneously),

〈Lz(z, λ0, λ, q), h〉 = 0 ∀h ∈ X1,(5.3)

λ0 ≥ 0, λ ≥ 0, and λg(z) = 0,(5.4)

where Lz(·, ·, ·, ·) denotes the Fréchet derivative of L with respect to the first argument.
Furthermore, if F ′(z) : X1 → X2 is an epimorphism and the constraint g(z) ≤ 0 is
absent in problem (5.1), then λ0 
= 0 and λ0 can be taken as 1.

5.2. The weak formulation of an optimality system. In this subsection we
apply Theorem 5.1 to derive a weak form of an optimality system of equations for
Problem II by applying a trick employed in [6, Chap. 1, Thm. 1.8] that consists of
using the space of variations which does not contain the solution of the considered
extreme problem.

In order to apply Theorem 5.1, we first have to define the space VA∗(Q) in
which we search for the adjoint vector field for the optimality system. This space is
determined in Appendix B; see (B.14).

Theorem 5.2. Assume that (ŵ,∇p̂) ∈ W× [L2(Q) +L2(0, T ;∇H1/2(Ωρ+2))] is
a solution for Problem II. Then there exists a q̂ ∈ VA∗(Q) such that∫

Q

{
∂th − Δh + [(v0 + ŵ) · ∇]h + (h · ∇)(v0 + ŵ)

}
· q̂ dx dt

+2

∫
Q

D(ŵ + v0) : D(h) dx dt +

∫
Ω

(ŵ(T,x) + v0(x) − v∞) · h dx

(5.5)

+

∫
Σ

(
h · (ŵ − v∞)ŵ · n +

1

2
|ŵ − v∞|2h · n

+N [∂tŵ · ∂th + ∇τ ŵ : ∇τh + ŵ · h]
)
ds dt = 0 ∀h ∈ V1,2

A (Q)
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Proof. First we convert Problem II into an equivalent optimal control problem
through the change of variables

w = ŵ + z and ∇p = ∇p̂ + ∇p1.(5.6)

The optimal control problem for (z,∇p1) is

JN (ŵ + z) → inf(5.7)

subject to the constraints

∂tz − Δz + [(v0 + ŵ + z) · ∇]z + (z · ∇)(ŵ + v0) = −∇p1, div z = 0, in Q,
(5.8)

z|t=0 = 0 and z → 0 as |x| → ∞.(5.9)

We consider the problem (5.7)–(5.9) for z running through the space V1,2
A (Q) defined

in Appendix B; see (B.21). Evidently, for each z ∈ W(2)
0 (Q) (this space is defined in

(B.21)), the left-hand side of the first equation in (5.8) belongs to L2(Q). Let

P : L2(Q) → L2(0, T ;V0
0(Ω))

be the projection operator. Then Weyl’s decomposition allows us to transform (5.8)
into

P
(
∂tz − Δz + [(v0 + ŵ + z) · ∇]z + (z · ∇)(ŵ + v0)

)
= 0 and div z = 0.(5.10)

The embedding W(2)
0 (Q) ↪→ W and the assumption

(ŵ, p̂) ∈ W × [L2(Q) + L2(0, T ;∇H1/2(Ωρ+2))]

being a solution for Problem II imply that ẑ ≡ 0 is a solution of optimal control
problem (5.7) and (5.9)–(5.10). We now apply Theorem 5.1 to this control problem.
We set X1 = V1,2

A (Q) and X2 = VA(Q) (see (B.21) and (B.12)). We define the
mappings f : X1 → R and F : X1 → X2 as follows:

f(z) = JN (z + ŵ),

F (z) = P
(
∂tz − Δz + [(v0 + ŵ + z) · ∇]z + (z · ∇)(ŵ + v0)

)
.

(5.11)

Note that the constraint (5.9) is built into the space X1 and the inequality constraint
g ≤ 0 is absent in Problem II. We have to show that f and F defined in (5.11) are
continuously differentiable. Here, we will only prove the continuous differentiability
of F since this is more difficult than the corresponding property of f . The proof
that the operator defined by the left-hand side of (5.8) acts continuously from X1 to
L2(Q) is evident. To prove its continuity from X1 to L6/5(Q) we have to repeat the
proof of Lemma 3.3 for all terms except for (v0 · ∇)z. Using Holder’s inequality and
interpolation bound, we have

‖(v0 · ∇)z‖L6/5(Q) ≤ ‖v0‖L6(Q)‖∇z‖L3/2(Q)

≤ ‖v0‖L6(Q)‖∇z‖1/2

L6/5(Q)
‖∇z‖1/2

L2(Q) ≤ C‖∇z‖
V

1/2
A (Q)

.
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Therefore, the continuity of F (z) from (5.11) is reduced to the proof of the conti-
nuity of the projector P : LA(Q) → VA(Q) that is actually contained in the proof
of decomposition (B.16). Hence we have proved the continuity of P : LA → VA.
Consequently, we have proved the continuity of F : V1,2

A (Q) → VA(Q).

The derivative of F at the solution 0 for the problem (5.7) and (5.9)–(5.10) is
given by

F ′(0)h = P
(
∂th − Δh + [(v0 + ŵ) · ∇]h + (h · ∇)(ŵ + v0)

)
and the operator F ′(0) : X1 → X2 is continuous, which can be proved in a way
analogous to the proof of the continuity of operator F . To show F ′(0) is surjective,
it suffices to prove that for each f ∈ VA(Q) there exists a solution h ∈ V1,2

A (Q) for
the problem

∂th − Δh + [(v0 + ŵ) · ∇]h + (h · ∇)(ŵ + v0) + ∇p = f(5.12)

div h = 0, h|t=0 = 0, h|Σ = 0, and h → 0 as |x| → ∞(5.13)

with some ∇p ∈ L2(Q) ∩ L6/5(Q).

Since VA(Q) ⊂ L2(Q), by virtue of Proposition 3.4 there exists a unique solution

h ∈ W(2)
0 (Q) of (5.12) and (5.13). Moving the last three terms in the left-hand side

of (5.12) to the right-hand side and using arguments of the proof of Lemma 3.3, we
see that this new right-hand side belongs to L6/5(Q). Extending h in (5.12) from

(0, T ) × Ω into h̃ ∈ W(2)
0 ((0, T ) × R

3) and using estimates of solutions of the Cauchy
problem for the Stokes equations, we obtain, as in the proof of Lemma 3.3, that

h ∈ W(2)
0 ((0, T ) × R

3) ∩ W1,2
6/5. Hence h̃ = h̃|Q ∈ V1,2

A (Q).

Hence, we have verified all assumptions of Theorem 5.1 and that theorem implies
that there exists a q̂ ∈ VA∗(Q) such that (5.3) holds with λ0 = 1, λ absent, and

L(z, λ0,q) = JN (z + ŵ)

+

∫
Q

(
∂tz − Δz + [(v0 + ŵ + z) · ∇]z + (z · ∇)(ŵ + v0)

)
· q̂ dx dt.

(5.14)

Equation (5.3) with L defined by (5.14) takes on the form of (5.5).

We express q̂(t,x) in the form

q̂(t,x) = q(t,x) − (v0(x) − v∞),(5.15)

where v0(x) is the steady state solution from Proposition 2.1 and v∞ ∈ R
3 is the

vector from (2.4). By virtue of definitions (B.3), (B.4), and (B.14), the inclusion
v0(x) − v∞ ∈ L6(Q) ∩ C∞(Q) implies v0(x) − v∞ ∈ VA∗(Q). Since q̂ ∈ VA∗ , we
have q ∈ VA∗ .

5.3. Regularity of the adjoint velocity in the optimality system. In this
subsection we will derive some regularity estimates for the adjoint variable q defined
by Theorem 5.2 and (5.15).
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We substitute (5.15) in (5.5) and restrict, in (5.5), h to V1,2
A (Q) ∩ V(2)

0 (Q) (see
(2.20)). Then we obtain∫

Q

[
∂th − Δh + [(v0 + ŵ) · ∇]h + (h · ∇)(v0 + ŵ)

]
·
[
q − (v0 − v∞)

]
dx dt

+

∫
Q

2D(h) : D(v0 + ŵ) dx dt

+

∫
Ω

h(T, x) ·
[
ŵ(T, x) + (v0(x) − v∞)

]
dx = 0 ∀h ∈ V1,2

A ∩ V(2)
0 (Q).

(5.16)

The relation (5.16) implies that q ∈ L2(0, T ;V0
0(Ω)) is the generalized solution of the

boundary value problem

P
(
∂tq + Δq + [(v0 + ŵ) · ∇]q − [∇(v0 + ŵ)]∗q

)
= PΦ,(5.17)

div q = 0, q
∣∣
Σ

= 0, q → 0 as |x| → ∞(5.18)

and

q
∣∣
t=T

= −P ŵ(T, ·).(5.19)

Here

Φ(t, x) = Δv0 + [(v0 + ŵ) · ∇]v0 − [∇(v0 + ŵ)]∗(v0 − v∞) − Δ(v0 + ŵ).(5.20)

We emphasize that the “initial” condition for q, i.e., the right-hand side of (5.19),
does not contain v0 − v∞ although this term is present in integral over Ω in (5.16).
We have the following regularity result for q(T, ·).

Lemma 5.3. Let ŵ ∈ W be a solution of Problem I or II. Then P ŵ(T, ·) ∈
H3/4(Ω) ∩ V0

0(Ω), where P is the projection operator defined by (A.16).
Proof. We consider the operator P = P0 : L2(Ω) → V0

0(Ω), which was defined
as the Weyl orthogonal projection operator. We recall that for s ∈ [0, 2], PHs(Ω) ⊂
Hs(Ω) and the operator P : Hs(Ω) → Hs(Ω) is bounded. Indeed, for each u ∈ L2(Ω),
Pu = u −∇p, where ∇p ∈ G0 ≡ {∇φ ∈ L2(Ω) : φ ∈ H1

loc(Ω)} is the solution of the
variational problem∫

Ω

∇p(x) · ∇φ(x) dx =

∫
Ω

u · ∇φ(x) dx ∀∇φ ∈ G0.(5.21)

The existence and uniqueness of a solution for this problem is well known (see [13]).
Let u ∈ H2(Ω). Integration by parts in (5.21) yields that ∇p is the solution of the
boundary value problem: ∇p ∈ L2(Ω),

−Δp = div u in Ω and
∂p

∂n

∣∣∣
∂Ω

= (u · n)
∣∣
∂Ω

.

By elliptic regularity and the regularity for div-curl problems (see [16]), we obtain
that p ∈ H2

loc(Ω) and

‖∇p‖H2(Ω) ≤ C
(
‖div u‖H1(Ω) + ‖(u · n)

∣∣
∂Ω

‖H3/2(∂Ω)

)
≤ C‖u‖H2(Ω).

Thus, we have that the operators I−P : L2(Ω) → L2(Ω) and I−P : H2(Ω) → H2(Ω)
are bounded. By interpolation theorems, the operator P : Hs(Ω) → Hs(Ω) and
I − P : Hs(Ω) → Hs(Ω) are bounded for each s ∈ [0, 2].
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Since ŵ ∈ W ⊂ L2(0, T ;H3/2(Ω)), we deduce that

P ŵ ∈ L2(0, T ;H3/2(Ω)).(5.22)

Because ŵ is a solution of Problem I or II, it satisfies (2.7)–(2.10). Integrating (2.7)
over t ∈ [0, τ ] and then applying the operator P , we obtain

P ŵ(τ, ·) =

∫ τ

0

(
PΔŵ(t, ·) − P [(ŵ + v0) · ∇]ŵ − P (ŵ · ∇)v0

)
dt.(5.23)

Since ŵ ∈ W and therefore Δŵ = g+∇p with g ∈ L2(Q), ∇p ∈ L2(0, T ;∇H1/2(Ω)),
we easily see that

P ŵ(t, ·) ∈ L2(0, T ;V0
0(Ω)) and ŵ ∈ L2(0, T ;H3/2(Ω)) ∩ L∞(0, T ;H1(Ω)).

From the last inclusion, the inclusion v0 ∈ C2(Ω), and Sobolev embedding theo-
rems, we conclude that the integrand from the right-hand side of (5.23) belongs to
L2(0, T ;V0

0(Ω)). Hence, by differentiating (5.23) with respect to τ we obtain

∂tP ŵ(t, ·) ∈ L2(0, T ;V0
0(Ω)) ⊂ L2(0, T ;L2(Ω)).(5.24)

Then (5.22), (5.24), and the trace theorems of [14] imply that

P ŵ(t, ·) ∈ C(0, T ;H3/4(Ω)).

The spaces Vs
σ used below are defined and studied in Appendix A.1.

Theorem 5.4. Assume that q ∈ VA∗(Q) satisfies (5.16). Then for each δ > 0,
q ∈ L2(0, T − δ;V2

σ(Ω)) ∩H1(0, T − δ;V0
σ(Ω)). Furthermore, there exists a constant

C > 0 such that for each δ ∈ [0, T ] and each ε ∈ (0, 1/2), q satisfies the estimate∫ T−δ

0

(
‖q(t, ·)‖2

V2
σ(Ω) + ‖∂tq(t, ·)‖2

V0
σ(Ω)

)
dt

≤ C
(
δ−ε−1/2‖P ŵ(T, ·)‖2

V
−ε+1/2
σ (Ω)

+ ‖PΦ‖2
L2(0,T ;V0

σ(Ω))

)
.

(5.25)

In particular, q satisfies (5.17) in L2(0, T − δ;V0
σ(Ω)) and (5.18) for every δ ∈ (0, T )

and satisfies (5.19) in the space V
−ε+1/2
σ (Ω) for every ε ∈ (0, 1/2).

Proof. Since ŵ ∈ W and v0 ∈ C∞(Ω) satisfies (2.4), the vector field Φ defined
by (5.20) belongs to L2(0, T ;V0

0(Ω)). Therefore problem (5.17)–(5.19) has a solu-
tion q̃ ∈ L2(0, T ;V1

σ(Ω)). This follows directly from Proposition 3.5 and Lemma
3.6. Moreover, since Φ ∈ L2(Q), Proposition 3.5 and Theorem A.8 imply that
q̃ ∈ L2(0, T − δ;V2

σ(Ω)) ∩ H1(0, T − δ;V0
σ(Ω)) for all δ ∈ (0, T ) and q̃ satisfies

(5.25).

Multiplying (5.17) by h ∈ V(2)
0 (Q), integrating over Q, and performing integration

by parts, we see that q̃ is a generalized solution of (5.17)–(5.19), i.e., q̃ satisfies (5.16).
Now we prove the uniqueness of the generalized solution in the space VA∗(Q) for

(5.17)–(5.19) (recall that the space VA∗(Ω) contains L2(0, T ;V0
0(Ω)).) Let q and q̃

both belong to VA∗(Q) and satisfy (5.16). Denote g = q− q̃. Substituting (5.16) for
q̃ from (5.16) for q we obtain∫

Q

(
[∂th − Δh + [(v0 + ŵ) · ∇]h + (h · ∇)(ŵ + v0)

)
· g dx dt = 0

∀h ∈ V1,2
A (Q) ∩ V(2)

0 (Q).

(5.26)
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Let us consider the boundary value problem

P
(
∂th − Δh + [(v0 + ŵ) · ∇]h + (h · ∇)(ŵ + v0

)
= g1,(5.27)

div h = 0, h
∣∣
Σ

= 0, h → 0 as |x| → ∞, and h
∣∣
t=0

= 0,(5.28)

where g1 ∈ VA(Q). The problem (5.27)–(5.28) is equivalent to the problem (5.12)–
(5.13), whose solvability has been established in the proof of Theorem 5.2. Thus, for
each g1 ∈ VA(Q) there exists the unique solution h ∈ V1,2

A (Q) of (5.27)–(5.28). The
spaces VA(Q) and VA∗(Q) are dual, and therefore by a well-known corollary of the
Hanh–Banach theorem, for a given g ∈ VA∗ there exists a g1 ∈ VA(Q) (which we
consider here as a functional on VA∗(Q)) such that ‖g1‖VA(Q) = 1 and∫

Q

g1 · g dx dt = ‖g‖LA∗ (Q).(5.29)

If we substitute into (5.26) the solution h of (5.27)–(5.28), we obtain that the left-hand
side of (5.26) is equal to (5.29). Hence, g ≡ 0 and uniqueness is proved. Equality

(5.19) is true in the space V
−ε+1/2
σ (Ω) by virtue of Lemmas 5.3, A.4, A.6, and A.7.

To summarize, we have proved all the assertions of Theorem 5.4.

6. The strong form of the optimality system for Problem II. Using the
regularity results for the adjoint velocity field established in Theorem 5.4, we now
proceed to derive (see Theorem 6.4 below) the optimality system of partial differential
equations and boundary, initial, and terminal conditions for Problem II.

6.1. The adjoint pressure. We first establish the existence of an adjoint pres-
sure variable.

Lemma 6.1. Let q ∈ L2(0.T ;V0
0(Ω)) be the adjoint variable defined in (5.15) by

q̂ found in Theorem 5.2. Then there exists a distribution r̃(t,x) on Q such that the
pair (q,∇r̃) is a solution of the problem (5.18) and

∂tq + Δq + [(v0 + ŵ) · ∇]q − [∇(v0 + ŵ)]∗q + ∇r̃ = Φ,(6.1)

where Φ is defined in (5.20). Furthermore, ∇r̃ has the decomposition

∇r̃ = ∇r1 + ∇r2 + ∇r3,(6.2)

with ∇ri, i = 1, 2, 3, satisfying the estimates∫ T−δ

0

‖∇r1(t, ·)‖2
L2(Ω) dt ≤ C

(
δ−ε−1/2‖P ŵ(T, ·)‖2

V−ε+1/2(Ω)(6.3)

+ ‖PΦ‖2
L2(0,T ;V0

σ(Ω))

)
,

supp(∇r2) ∈ Qρ+2, ‖∇r2‖L2(0,T ;∇H1/2(Ωρ+2)) ≤ C‖ŵ‖
V

1,1/2
ρ (Q)

,(6.4)

and

‖∇r3‖L2(Q) ≤ C‖(Φ + Δŵ) − w2‖L2(Q) ≤ C1

(
‖ŵ‖

V
1,1/2
ρ (Q)

+ ‖Δv0‖L2(Q)

)
,(6.5)
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where C in (6.3) depends on ‖v0‖C2(Ω)+‖ŵ‖V1,1/2(Q), C1 in (6.5) depends on ‖v0‖C2(Ω)+

‖∇v0‖L2(Ω) + |v∞|, and w is defined below in (6.7).
Proof. First, we claim that (5.17) can be rewritten as (6.1). Indeed, since ∂tq +

Δq + [(v0 + ŵ) · ∇]q − [∇(v0 + ŵ)]∗q ∈ L2((0, T − δ) × Ω) for each δ ∈ (0, T ), we
obtain from Weyl’s decomposition that there exists a ∇r1 ∈ L2((0, T − δ) × Ω) for
each δ ∈ (0, T ) such that

∂tq + Δq + [(v0 + ŵ) · ∇]q − [∇(v0 + ŵ)]∗q + ∇r1 = PΦ.(6.6)

Expressing ∇r1 through (6.6) and using (5.25) and Sobolev embedding theorems, we
deduce estimate (6.3). On the other hand, it follows from the definition of W and

V
1,1/2
ρ (Q) (see (2.22) and (2.19)) and the inclusion ŵ ∈ W, that

ŵ = v1 + v2 where Δv2 = w2 + ∇r2(6.7)

and where v1 ∈ V(2)
0 (Q),v2 ∈ V

1,1/2
ρ (Q),w2 ∈ L2(Qρ+2), and ∇r2 ∈ L2(0, T ;∇H1/2

(Ωρ+2)). Evidently, the estimate (6.4) holds. Moreover, P (Φ + Δŵ − w2) = Φ +
Δŵ − w2 −∇r3 so that (6.1) and the estimate (6.5) hold.

We next show that the traces of ∂ŵ/∂n and r2 with respect to Σ are well defined.
Lemma 6.2. Let r2 be defined in (6.7). The restrictions of r2 and ∂ŵ/∂n on Σ

are well defined and

∂ŵ

∂n

∣∣∣
Σ
∈ L2(Σ) and r2|Σ ∈ L2(Σ).(6.8)

Proof. To define r2 from (6.7) uniquely, we assume that
∫
Ωρ+2

r2(t,x) dx = 0 a.e.

t ∈ [0, T ]. Since the inclusion v1 ∈ V(2)
0 (Q) implies that ∂v1

∂n |Σ ∈ L2(Σ), the inclusion
∂ bw
∂n ∈ L2(Σ) follows from (6.7) and ∂v2

∂n |Σ ∈ L2(Σ).
Using Lemma 4.4 from [9], we introduce coordinates (y1, y2, y3) in Ω(ε) (an

ε-neighborhood of ∂Ω), where y3(x) = dist(x, ∂Ω) for x ∈ Ω(ε) and (y1, y2) =
(yk1 (x), yk2 (x)) are local coordinates in Uk and ∪kUk is a finite covering of ∂Ω. For
each k, the coordinates (y1, y2, y3) = (yk1 , y

k
2 , y3) are orthogonal, i.e.,

∇yi(x) · ∇yj(x) = δij , i, j = 1, 2, 3.

This property implies that if v(y) is a rewriting of a vector field w(x) in terms of the

coordinates (y1, y2, y3) and divw(x) =
∑3

i=1 ∂xi
wi = 0, then divv(y) =

∑3
i=1 ∂yi

vi =
0; see [4].

Let v̂(t,y), z(t,y), and ∇ys(t,y) be rewritings in terms of the coordinates (y1, y2, y3)
of the corresponding vector fields v2(t,x), w2(t,x), and ∇xr2(t,x). Then, the decom-
position Δv2 = w2 + ∇r2 can be rewritten as follows:

Δyv̂ = z +

3∑
i=1

Ci(y)
∂v̂

∂yi
+ ∇ys,(6.9)

where Ci(y) are certain infinitely smooth vector fields. We denote Q(ε) = (0, T ) ×
Ω(ε). Taking into account the fact that v̂ ∈ H1,1/2(Q(ε)), which in turn implies

∂v̂/∂y3 ∈ L2(0, T ;H1/2(Ω(ε))) ∩H1(0, T ;H−1/2(Ω(ε))),

we obtain that, for j = 1, 2,

∂2v̂

∂y3∂yj
∈ L2(0, T ;L2(0, ε;H−1/2(∂Ω(·)))),(6.10)
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where (0, ε) is the interval for the local variables y3 and ∂Ω(z) = {x ∈ Ω(ε) : y3(x) =

z}, z ∈ (0, ε). Relation (6.10) means that ∂2
y3yj

v̂(·, y3) ∈ L2(0, T ;H−1/2(∂Ω(y3)))

for almost all y3 and the function y3 �→ ‖∂2v̂/∂y3∂yj(·, y3)‖L2(0,T ;H−1/2(∂Ω(y3)))
∈

L2(0, ε). Differentiating the equality div v̂ = 0 with respect to y3 and taking into
account (6.10), we obtain

∂2v̂3

∂y2
3

= − ∂2v̂1

∂y3∂y1
− ∂2v̂2

∂y3∂y2
∈ L2(0, ε;L2(0, T ;H−1/2(∂Ω(·)))).(6.11)

Since v̂ ∈ H1,1/2(Q(ε)) ⊂ L2(0, T ;H3/2(Ω(ε))), we obtain

v̂j ∈ L2(0, ε;L2(0, T ;H3/2(∂Ω(·)))), j = 1, 2, 3.(6.12)

Define the diffeomorphism κ : Ω(ε) → (0, ε) × ∂Ω which transforms each point x ∈
∂Ω(ε) possessing coordinates (yk1 (x), yk2 (x), y3(x)) into the pair (y3(x), z), where y3 ∈
(0, ε) and z ∈ ∂Ω is a point possessing coordinates (y1(x), y2(x)). Evidently, under
this diffeomorphysm the inclusions (6.11) and (6.12) transform into the inclusions

∂2v̂3

∂y2
3

∈ L2(0, ε;L2(0, T ;H−1/2(∂Ω))), v̂3 ∈ L2(0, ε;L2(0, T ;H3/2(∂Ω))).(6.13)

The inclusions in (6.13) and trace theorems (see [14]) yield that

∂v̂3

∂y3
∈ C(0, ε;L2(0, T ;L2(∂Ω))) and

∂v̂3

∂y3

∣∣∣
Σ
∈ L2(Σ).(6.14)

Since v̂3 ∈ H1,1/2(Q(ε)) and z ∈ L2(Q(ε)), (6.9) implies that

∂y3

(
∂y3

v̂3 − s
)

= −
(
∂2
y1y1

+ ∂2
y2y2

)
v̂3 − z3 +

3∑
j=1

C3
j (y)

∂v̂3

∂yj

∈ L2(0, ε;L2(0, T ;H−1/2(∂Ω))).

(6.15)

Moreover, since ∂y3
v̂3 ∈ L2(0, T ;H1/2(Ω(ε))) and s ∈ L2(0, T ;H1/2(Ω(ε))), we have

that

∂y3 v̂3 − s ∈ L2(0, ε;L2(0, T ;H1/2(∂Ω(·)))).(6.16)

Applying the diffeomorphysm κ and after using trace theorems, we obtain from (6.15)
and (6.16) that

∂y3 v̂3 − s ∈ C(0, ε;L2(0, T ;L2(∂Ω(·)))) and (∂y3 v̂3 − s)
∣∣
Σ
∈ L2(Σ).(6.17)

Then (6.14) and (6.17) imply that

s|Σ ∈ L2(Σ).(6.18)

Finally, (6.9) implies, for k = 1, 2,

∂2v̂k
∂y2

3

= −
(

∂2

∂y2
1

+
∂2

∂y2
2

)
v̂k−z3+

3∑
j=1

Ck
j

∂v̂

∂yj
− ∂s

∂yk
∈ L2(0, ε;L2(0, T ;H−1/2(∂Ω(·)))).
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This relation together with (6.12) implies, by virtue of trace theorems, that

∂v̂k
∂y3

∈ C(0, ε;L2(0, T ;L2(∂Ω(·)))) and
∂v̂k
∂y3

∣∣∣
Σ
∈ L2(Σ), k = 1, 2.(6.19)

The relations (6.7), (6.14), (6.18), and (6.19) imply (6.8).
Note that (6.3), (6.4), and (6.5) imply that r̃(t,x) determined in (6.2) has a

well-defined trace on Σ and

r̃|Σ ∈ L2(Σ).(6.20)

6.2. An additional condition on the boundary. We now derive an addi-
tional condition that holds on the boundary. This is done, roughly speaking, by
integration by parts in (5.5).

Let p̂ be the pressure in (2.7), where w = ŵ. Using (6.7) and Lemma 6.2 and
repeating relevant arguments from (6.1) to (6.20), we can derive from (2.7) that ∇p̂
has a well-defined trace on Σ and

p̂|Σ ∈ L2(Σ).(6.21)

Note that through the change of variable

∇r̃ = −∇r −∇p̂,(6.22)

where p̂ is the pressure in the first equation in (2.7), we may convert (6.1) into

∂tq + Δq + [(v0 + ŵ) · ∇]q − [∇(v0 + ŵ)]∗q −∇r = Φ + ∇p̂.(6.23)

By (6.20), (6.21), and (6.22), r|Σ is well defined and

r|Σ ∈ L2(Σ).(6.24)

In order to define r and p̂ uniquely we assume that∫
∂Ω

p̂(t,x) ds = 0 and

∫
∂Ω

r(t,x) ds = 0 a.e. t ∈ [0, T ].(6.25)

Lemma 6.3. Let q ∈ L2(0.T ;V0
0(Ω)) be the adjoint variable defined in (5.15) by

q̂ found in Theorem 5.2. Then∫
Σ

h ·
(
T (ŵ, p̂)n + T (q, r)n + 2D(v0)n + (ŵ − v∞)ŵ · n

+
1

2
|ŵ − v∞|2n + N(−∂ttŵ + ŵ)

)
ds dt(6.26)

+N

∫
Σ

∇τ ŵ : ∇τh ds dt = 0 ∀h ∈ Ṽ(2)
0 (Q) with h(T, ·) = 0,

where

T (ŵ, p̂) = −p̂I + 2D(ŵ) and T (q, r) = −rI + 2D(q).(6.27)

Proof. We substitute (5.15) into (5.5) and manipulate the resulting expression
with q as follows. We subdivide Q into two disjoint cylinders QT−δ = (0, T − δ) × Ω
and Qδ = (T − δ, T ) × Ω. Denote ΣT−δ = (0, T − δ) × ∂Ω. We express the integral
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over Q in (5.5) as the sum of integrals over QT−δ and Qδ and perform integration by
parts over QT−δ. This leads us to∫

QT−δ

(
−
[
∂tq + Δq + [(v0 + ŵ) · ∇]q

− [∇(v0 + ŵ)]∗q
]
· h

)
dx dt +

∫
QT−δ

h · Φ dx dt

+

∫
Qδ

(
2D(ŵ + v0) : D(h) +

[
∂th − Δh + [(v0 + ŵ) · ∇]h

+ (h · ∇)(v0 + ŵ)
]
· (q − v0 + v∞)

)
dx dt

+

∫
ΣT−δ

(
h · 2D(v0 + ŵ)n + h · ∂nq

)
ds dt

+

∫
Ω

(q(T − δ,x) − v0 + v∞) · h(T − δ,x) dx

+

∫
Ω

(ŵ(T,x) + v0(x) − v∞) · h(T,x) dx

+

∫
Σ

(
h · (ŵ − v∞)ŵ · n +

1

2
|ŵ − v∞|2h · n

+N [∂tŵ · ∂th + ∇τ ŵ : ∇τh + ŵ · h]
)
ds dt = 0 ∀h ∈ V1,2

A (Q).

(6.28)

Note that (6.22) and (6.25) imply∫
∂Ω

r̃(t, ·) ds = 0 a.e. t ∈ (0, T ).(6.29)

Expressing ∇r̃ by (6.1), we see that the integrals over QT−δ in (6.28) are equal to∫
QT−δ

h · ∇r̃ dx dt =

∫
ΣT−δ

h · r̃ n ds,

where the integration by parts is valid because of (6.8). Thus, (6.28) and the relation
v0|∂Ω = 0 reduce to∫

Qδ

{
2D(h) : D(v0 + ŵ) + [∂th − Δh + ((v0 + ŵ) · ∇)h

+ (h · ∇)(v0 + ŵ)] · (q − v0 + v∞)
}
dx dt

+

∫
ΣT−δ

h · 2D(ŵ)n ds dt +

∫
ΣT−δ

h · (∂nq + r̃n) ds dt

+

∫
Ω

(
h(T,x) · (ŵ(T,x) + v0(x) − v∞)

+h(T − δ,x) · (q(T − δ,x) − v0 + v∞)
)
dx

+

∫
Σ

(
h · (ŵ − v∞)ŵ · n +

1

2
|ŵ − v∞|2h · n

)
ds dt

+

∫
Σ

(
N(∂tw · ∂th −∇τw : ∇τh + ŵ · h)

)
ds dt = 0 ∀h ∈ V1,2

A (Q).

(6.30)
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Now we examine passage to the limit in (6.30) as δ → 0. The integral over Qδ

tends to zero as δ → 0 since h ∈ V1,2
A (Q), (q−v0+v∞) ∈ LA∗(Q), and meas(Qδ) → 0.

By virtue of Lemma 6.2,∫
ΣT−δ

h · 2D(ŵ)n ds dt →
∫

ΣT

h · 2D(ŵ)n ds dt as δ → 0.

Since q is a solution of (3.12), by Proposition 3.5 and Lemma 3.6 it satisfies the
energy estimate so that q ∈ C([0, T ];L2

w(Ω)), where L2
w(Ω) is L2(Ω) endowed with

the weak topology. Thus, the integral over Ω in (6.30) tends to zero as δ → 0 thanks
to Theorem 5.4 and the fact that h ∈ V1,2

A (Q) ⊂ C([0, T ];LA(Ω)). We also have∫
ΣT−δ

h · (∂nq + r̃n) ds dt →
∫

ΣT

h · (∂nq + r̃n) ds dt as δ → 0.(6.31)

Indeed, (6.30) is valid for all δ > 0 and each term in equality (6.30), except for the
term

∫
ΣT−δ

h · (∂nq + r̃n) ds dt, has a limit as δ → 0. These facts imply that the

integral
∫
ΣT−δ

h · (∂nq + r̃n) ds dt has a limit which, by the definition of improper

integrals, equals the right-hand side of (6.31). Hence, passing to limit in (6.30) as
δ → 0 yields

∫
Σ

(
h · 2D(ŵ + v0)n + h · (∂nq + r̃n) + h · (ŵ − v∞)ŵ · n

+
1

2
|ŵ − v∞|2h · n + N(∂tŵ · ∂th + ∇τ ŵ : ∇τh + ŵ · n)

)
ds dt = 0

∀h ∈ V1,2
A (Q).

(6.32)

We now show that ∫
∂Ω

∂nq · h ds = 2

∫
∂Ω

h · D(q)n ds.(6.33)

For almost every t ∈ [0, T ], we have Green’s identity∫
Ω

∇q : ∇h dx =

∫
∂Ω

∂nq · h ds−
∫

Ω

h · Δq dx.(6.34)

Since q
∣∣
∂Ω

= 0 and div h = 0, we obtain∫
Ω

∇q : ∇h dx =

∫
Ω

[∇q + (∇q)T ] : ∇h dx = 2

∫
Ω

∇h · D(q) dx

so that by applying Green’s identity to the last term we have∫
Ω

∇q : ∇h dx = 2

∫
∂Ω

h · D(q)n ds−
∫

Ω

h · Δq dx.(6.35)

Equalities (6.34) and (6.35) imply (6.33).
Taking into account (6.21) and (6.24) and using (6.22) and (6.33), we can rewrite

(6.32) as (6.26).
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6.3. The optimality system. We are now in a position to derive an optimality
system for Problem II in the form of a boundary value problem. The surface Laplacian
Δτu defined on ∂Ω (and on Σ) can be determined by∫

∂Ω

∇τu : ∇τv ds = −
∫
∂Ω

v · Δτu ds,(6.36)

where u and v are the restrictions of wi ∈ V2(Ω), i = 1, 2, onto ∂Ω, i.e., u = w1

∣∣
∂Ω

and v = w2

∣∣
∂Ω

.

Theorem 6.4. Assume (ŵ, p̂) ∈ W × L2(Q) is a solution for Problem II and
q ∈ L2(0, T ;V1

σ(Ω)) is the Lagrange multiplier defined in (5.15) by q̂ introduced in
Theorem 5.2. Then there exists an r defined in the form of (6.22), with r̃ defined in
Lemma 6.1 such that the quadruple (ŵ, p̂,q, r) satisfies the partial differential equa-
tions

∂tŵ − Δŵ + [(v0 + ŵ) · ∇]ŵ + (ŵ · ∇)v0 + ∇p̂ = 0 in Q,(6.37)

div ŵ = 0 in Q,(6.38)

−∂tq − Δq − [(v0 + ŵ) · ∇]q + [∇(v0 + ŵ)]Tq + ∇r

= Φ −∇p̂ in Q,

(6.39)

where Φ is defined by (5.20) and

div q = 0 in Q,(6.40)

where p̂ and r satisfy (6.25). Furthermore, (ŵ,q) satisfy the initial and terminal
conditions

ŵ(0,x) = 0 in Ω(6.41)

and

q(T,x) + ŵσ(T,x) = 0 in Ω,(6.42)

where, by definition, vσ = Pv is the V0
0(Ω)-projection of v, and the lateral boundary

conditions

q
∣∣
Σ

= 0(6.43)

and [
N(−∂ttŵ − Δτ ŵ) + A(ŵ) + T (q, τ)n

+T (ŵ, p̂)n + 2D(v0)n
]∣∣

Σ
= −η(t)n

∣∣
Σ
,

(6.44)

where T (ŵ, p̂) and T (q, τ) are defined by (6.27),

A(ŵ) = Nŵ +
1

2
|ŵ − v∞|2n + (ŵ − v∞)ŵ · n,(6.45)
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and

η(t) =

∫
∂Ω

[
NΔτ ŵ −A(ŵ)

]
· n ds∫

∂Ω

ds

.(6.46)

Furthermore, the following compatibility conditions hold:(
ŵ
∣∣
Σ

)∣∣∣
t=0

= 0, ∂t
(
ŵ
∣∣
Σ

)
τ

∣∣∣
t=T

= 0,(∣∣(ŵ − v∞)π
∣∣
Σ

+ 2N∂t
(
ŵ
∣∣
Σ

)
· n

)∣∣∣
t=T

= 0,

(6.47)

where (ŵ|Σ)τ is the tangential projection of ŵ|Σ onto Σ and wπ is the projection of
w in the following Weyl decomposition of V0(Ω):

w = wσ + ∇wπ,(6.48)

where wσ ∈ V0
0(Ω) and ∇wπ ∈ ∇Hπ(Ω) ≡ {∇τ ∈ L2(Ω) : τ ∈ H1

loc(Ω),Δτ = 0}.
The primitive wπ of ∇wπ is determined by the equality∫

∂Ω

wπ ds = 0.(6.49)

Proof. The equations in (6.25) are simply conditions for pinning down p̂ and r
uniquely and can always be satisfied by redefining p̂ and r if necessary.

The relations (6.37)–(6.38) and (6.41) were built into the formulation of Problem
II and are automatically satisfied. Equalities (6.39)–(6.40) and (6.43) were proved in
Theorem 5.4.

The equalities (6.26) and (6.36) yield∫
Σ

h ·
(
T (ŵ, p̂)n + T (q, r)n + 2D(v0)n + A(ŵ)

+
[
N(−∂ttŵ − Δτ ŵ)

])
ds dt = 0

(6.50)

for all h ∈ V1,2
A (Q), h(T, ·) = 0, where T (w, p̂), T (q, r), and A(ŵ) are defined in

(6.27) and (6.45). In [8], it was proved that∫
Σ

n ·
(
T (ŵ, p̂)n + T (q, r)n + 2D(v0)n −N∂ttŵ

)
ds dt = 0.(6.51)

Recall that, by assumption, ∂Ω is connected set. (In the case of unconnected sets,
the proof would be the same, but in the formulas (6.44) and (6.46) we would have to
change η(t) to ηj(t) and ∂Ω, Σ to ∂Ωj , Σj = (0, T )× ∂Ωj , where ∂Ωj is a connected
component of ∂Ω.) As is well known (see [9]), a vector field g(x′), x′ ∈ ∂Ω, is a
restriction on ∂Ω of a solenoidal vector field defined on Ω if and only if

∫
∂Ω

g ·n ds = 0.
Hence, (6.50) and (6.51) imply (6.44) with η(t) defined by (6.46).

The relations (6.47) can be proved in the same way as in [8].
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7. The optimality system for Problem I. We now derive the optimality
system for Problem I.

Theorem 7.1. Assume (ŵ, p̂) ∈ W × L2(Q) is a solution of Problem I. Then
there exists a triple (q,∇τ, λ) ∈ L2(0, T ;V1

σ)(Ω)×L2(Q)×R+ such that (q,∇τ, λ) 
=
(0,0, 0) and (ŵ, p̂,q, τ, λ) satisfies (6.37)–(6.43), (6.25), and the boundary conditions

λ(−∂ttŵ − Δτ ŵ) + Ã(ŵ) + T (q, τ)n + T (ŵ, p̂)n + D(v0)n = −η̃(t)n,(7.1)

where T (ŵ, p̂) and T (q, τ) are defined by (6.30),

Ã(ŵ) = λŵ +
1

2
|ŵ − v∞|2n + (ŵ − v∞)ŵ · n,(7.2)

and

η̃(t) =

∫
∂Ω

(
λΔτ ŵ − Ã(ŵ)n

)
ds∫

∂Ω

ds

.(7.3)

In addition, the following compatibility conditions hold:

λ∂t
(
ŵ
∣∣
Σ

)
τ

∣∣∣
t=T

= 0 and
(
ŵπ

∣∣
Σ

+ 2λ∂t
(
ŵ
∣∣
Σ

)
· n

)∣∣∣
t=T

= 0,(7.4)

where ŵτ is the tangential projection of ŵ onto Σ and ŵπ is defined by (6.48) and
(6.49). Moreover, the nonnegativity and complementary slackness conditions hold,
i.e.,

λ ≥ 0(7.5)

and

λ
[ ∫

Σ

(
|∂tŵ|2 + |∇τ ŵ|2 + |ŵ|2

)
ds dt−M

]
= 0.(7.6)

Proof. First, we derive a weak form of optimality system for Problem I in exactly
the same manner as was done in the appropriate part of Theorem 6.9 in [8] for the
two-dimensional case:

λ0

∫
Q

D(ŵ + v0) : D(h) dx dt

+

∫
Q

{
∂th − Δh + [(v0 + ŵ) · ∇]h + (h · ∇)(v0 + ŵ)

}
· q̂ dx dt

+

∫
Ω

(ŵ(T,x) + v0(x) − v∞) · h dx

+

∫
Σ

(
h · (ŵ − v∞)ŵ · n +

1

2
|ŵ − v∞|2h · n

+λ[∂tŵ · ∂th + ∇τ ŵ : ∇τh + ŵ · h]
)
ds dt = 0 ∀h ∈ V1,2

A (Q).

(7.7)

The difference between this integral equality and (5.5) is that, in (7.7), the parameter
N is renamed to λ and λ0 multiplies the first term. Therefore, if we repeat all the
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arguments that lead to the assertions of Theorem 6.4, we obtain the optimality system
(6.37)–(6.49), where N is renamed as λ and all terms generated by the first term in
(5.5) are multiplied by λ0. Hence, to prove Theorem 7.1, we have to show that λ0 
= 0.
We do this analogously to the proof of the appropriate part of Theorem 6.9 in [8].
As in that theorem, the assumption that λ0 = 0 leads to the inequality λ > 0. As a
result, the proof is reduced to establishing the following assertion:

there exists a y ∈ γΣV1,2
A (Q) such that∫

Σ

(
∂tŵ · ∂ty + ∇τ ŵ : ∇τy + ŵ · y

)
ds dt 
= 0.

(7.8)

Here, γΣV1,2
A (Q) is the set of restrictions of vector fields belonging to the space

V1,2
A (Q) defined in (B.22).

We prove (7.8) by contradiction. By virtue of (2.11), the solution ŵ of Problem
I satisfies ŵ ∈ H1(Σ) and

∫
∂Ω

ŵ · n ds = 0 for almost every t ∈ (0, T ). As is well
known, there exists a sequence yn(t, x) ∈ C∞(Q),

∫
∂Ω

yn · n ds = 0 a.e. t ∈ (0, T ),
such that ‖ŵ − yn‖H1(Σ) → 0 as n → 0. It is well known (and the proof can be

easily reproduced, e.g., from [9]) that there exists zn ∈ V1,2
A (Q) such that zn

∣∣
Σ

= yn.
Hence, (7.6) and (7.8) imply that

0 =

∫
Σ

(
∂tŵ · ∂tyn + ∇τ ŵ : ∇τyn + ŵ · yn

)
ds dt

→
∫

Σ

(
|∂tŵ|2 + |∇τ ŵ|2 + |ŵ|2

)
ds dt = M.

This contradiction completes the proof.

Appendix A. Regularity results for some auxiliary boundary value
problems. We now derive some nonstandard regularity results for the Stokes prob-
lem involving the function space Vs

σ(Ω). We will also derive similar regularity results
for the adjoint boundary value problem in the form (3.14). First, we introduce an
appropriate functions spaces.

A.1. Spectral function spaces. In this subsection, we will define the function
space Vs

σ(Ω) and study its properties. The tools we will need are direct integrals and
intermediate spaces. These spaces will be used in the study of the regularity for the
adjoint velocity in the optimality system.

Consider the operator

A = P (−Δ + I) : V0
0(Ω) → V0

0(Ω),(A.1)

where P : L2(Ω) → V0
0(Ω) is the orthogonal projection operator onto V0

0(Ω). The
domain D(A) of the operator A is defined by D(A) = V2(Ω) ∩ V1

0(Ω), where

V1
0(Ω) = {v ∈ V1(Ω) : v|∂Ω = 0}.(A.2)

Applying standard arguments for proving the solvability of the steady-state Stokes
equations (see [13]), we can conclude that the operator A is a positive, self-adjoint
operator whose spectrum lies in [1,∞). We wish to use a spectral decomposition
theorem for self-adjoint operators. To this end we first recall the concept of a direct
integral of Hilbert spaces (see [12] and [14, Chap. 1, sect. 2.3])

Υ =

∫ ∞

1

⊕H(λ) dμ(λ).(A.3)
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Here, dμ(λ) is a nonnegative Borel measure supported in [1,∞), H(λ) is a family
of Hilbert spaces with norm and inner product denoted by ‖ · ‖H(λ) and (·, ·)H(λ),
respectively, and H(λ) is assumed μ-measurable. The μ-measurability of H(λ) is
defined as follows: there exists a family M of functions f : [1,∞) � λ �→ f(λ) ∈ H(λ)
satisfying

1. for all f ∈ M, the function λ �→ ‖f(λ)‖H(λ) is μ-measurable;

2. if a function g : [1,∞) � λ �→ g(λ) ∈ H(λ) is such that λ �→
(
f(λ), g(λ)

)
H(λ)

is μ-measurable for each f ∈ M, then g ∈ M; and
3. there exists a sequence {fi}∞i=1 ⊂ M such that for every λ ∈ [1,∞) the set

{fi(λ)}∞i=1 is dense in H(λ).
In other words, M is the set of μ-measurable functions taking values in H(λ). The
space (A.3) is the set of functions f ∈ M for which

‖f‖2
Υ =

∫ ∞

1

‖f(λ)‖2
H(λ) dμ(λ).

The scalar product in Υ is defined by the formula

(f, g)Υ =

∫ ∞

1

(f(λ), g(λ))2H(λ)dμ(λ).

In [12], it was proved that Υ is a Hilbert space.
By virtue of the spectral decomposition theorem (see [12]) for the operator (A.1),

there exists a direct integral of Hilbert spaces (A.3) and a unitary operator U :
V0

0(Ω) → Υ which maps D(A) into

ΥA = {f ∈ Υ : λf ∈ Υ}, ‖f‖2
ΥA

=

∫ ∞

1

λ2‖f(λ)‖2
H(λ)dμ(λ)

and satisfies U(Av) = λ(Uv). For s ∈ [0, 2], we introduce the spaces

Vs
σ(Ω) =

{
v ∈ V0

0(Ω) :

Uv =

∫ ∞

1

⊕v̂(λ) dμ(λ),

∫ ∞

1

λs‖v̂(λ)‖2
H(λ)dμ(λ) < ∞

}(A.4)

with norms

‖v‖2
Vs

σ(Ω) =

∫ ∞

1

λs‖v̂(λ)‖2
H(λ)dμ(λ).(A.5)

The definition of the spectral decomposition implies that V0
σ(Ω) = V0

0(Ω), V2
σ(Ω) =

D(A) = V2(Ω)∩V1
0(Ω), and, in the spaces Vs

σ(Ω), the norms (A.5) with s = 0, 2 are
equivalent to the norms of L2(Ω) and H2(Ω), respectively. Furthermore, the following
equality holds:

V1
σ(Ω) = V1

0(Ω)(A.6)

and, in this space, ‖ · ‖V1
σ(Ω) is equivalent to the H1(Ω) norm. Indeed, for each

v ∈ D(A) = V2
σ(Ω), we have

‖v‖2
H1(Ω) = −

∫
Ω

v · Δv dx + ‖v‖2
L2(Ω)

=

∫ ∞

1

(λ + 1)‖v̂(λ)‖2
H(λ) dμ(λ) ≤ 2‖v‖2

V1
σ(Ω).
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Also, we obviously have ‖v‖V1
σ(Ω) ≤ ‖v‖H1(Ω). Hence, the completions of C∞

0 (Ω) ∩
V0

0(Ω) under ‖ · ‖H1(Ω) and ‖ · ‖V1
σ(Ω) yield the same space, i.e., (A.6) holds.

Let X and Y be Hilbert spaces satisfying

X ⊂ Y and X is dense in Y and is continuously embedded into Y .(A.7)

Assume that Λ : Y → Y is a positive, self-adjoint linear operator with domain D(Λ) =
X and that ‖ · ‖X is equivalent to the norm X � u �→ (‖u‖2

Y +‖Λu‖2
Y )1/2. Recall that

the intermediate space [X,Y ]θ, θ ∈ [0, 1], is by definition the space D(Λ1−θ) endowed
with the norm

‖u‖2
[X,Y ]θ

= ‖u‖2
Y + ‖Λ1−θu‖2

Y ∀u ∈ [X,Y ]θ ;

see [14] for details.
Lemma A.1. Suppose that X is a closed subspace of Hk(Ω) with k being a positive

integer, Y is a closed subspace of L2(Ω), ‖ · ‖X is equivalent to ‖ · ‖Hk(Ω), ‖ · ‖Y is
equivalent to ‖ · ‖L2(Ω), and X and Y satisfy (A.7). Then, for each θ ∈ [0, 1], [X,Y ]θ
is a closed subspace of Hk(1−θ)(Ω) and the norm of [X,Y ]θ is equivalent to the norm
of Hk(1−θ)(Ω).

Proof. Recall that, by definition, Hk(1−θ)(Ω) = [Hk(Ω),L2(Ω)]θ. Denoting by
I the embedding operator we see that I : X → Hk(Ω) and I : Y → L2(Ω) are
continuous. Hence, by interpolation theorems of [14, Chap. 1, sect. 5], we deduce
that I : [X,Y ]θ → Hk(1−θ)(Ω) is also embedding and

‖u‖Hk(1−θ)(Ω) ≤ C‖u‖[X,Y ]θ ∀u ∈ [X,Y ]θ.(A.8)

We consider now a bounded extension operator L : L2(Ω) → L2(R3) (i.e., Lu(x) =
u(x) for every x ∈ Ω) such that its restriction on Hk(Ω) is the bounded extension
operator L : Hk(Ω) → Hk(R3) (such an extension can be easily constructed by the
well-known Whitney formula). Clearly, LX is a closed subspace of Hk(R3) and we
equip LX with the Hk(R3) norm. Analogously, LY is a closed subspace of L2(R3) and
we equip LY with the L2(R3) norm. Denote by r the restriction operator which maps
any function f(x) defined in R

3 into the same function f restricted to Ω. Evidently,
operators r : LX → X and r : LY → Y are continuous so that interpolation theorems
imply that r : [LX,LY ]θ → [X,Y ]θ is also continuous and

‖u‖[X,Y ]θ = ‖rLu‖[X,Y ]θ ≤ C‖Lu‖[LX,LY ]θ ∀u ∈ [X,Y ]θ.(A.9)

The Sobolev norms on LX and LY can be expressed in terms of Fourier transforms:

‖Lu‖2
Hk(R3) =

∫
R3

(1 + |ξ|2)k|L̂u(ξ)|2 dξ ∀u ∈ LX

and

‖Lu‖2
Hk(R3) =

∫
R3

|L̂u(ξ)|2 dξ ∀u ∈ LY.

Thus,

‖Lu‖[LX,LY ]θ = ‖Lu‖Hk(1−θ)(R3) ≤ C‖u‖Hk(1−θ)(Ω) ∀u ∈ [X,Y ]θ,(A.10)

where in the last step we used interpolation theorems on the extension operators
L : Hk(Ω) → Hk(R3) and L : L2(Ω) → L2(R3). Combining (A.8), (A.9), and (A.10),
we prove Lemma A.1.
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The following lemma is a direct consequence of Lemma A.1 by taking k = 2,
X = V2

σ(Ω) = V2(Ω) ∩ V1
0(Ω), and Y = V0

σ(Ω) = V0
0(Ω).

Lemma A.2. For each s ∈ [0, 2], the norms ‖·‖Vs
σ(Ω) and ‖·‖Hs(Ω) are equivalent

on the space Vs
σ(Ω).

Let G ⊂ R
3 be a bounded domain with a C∞ boundary ∂G. We consider the

problem

curlw = v in G and w · n
∣∣
∂G

= 0.(A.11)

Lemma A.3. Assume that v ∈ Hs(G) ∩ V0(G), s ≥ 0, and v · n
∣∣
∂Ω

= 0. Then

there exists a solution w ∈ Hs+1(G) for the problem (A.11) satisfying the condition
w
∣∣
Γ

= 0.
The proof of this lemma is entirely analogous to that of [9, Lem. 4.3] and is

omitted here.
Lemma A.4. For each s ∈ (0, 1/2), Vs

σ(Ω) = Hs(Ω) ∩ V0
0(Ω).

Proof. By virtue of Lemma A.2 and the definition of intermediate spaces, we have

Vs
σ(Ω) = closure of V2(Ω) ∩ V1

0 in Hs(Ω).(A.12)

Since the topology of Hs(Ω) is stronger than the L2(Ω) topology, the right-hand side
of (A.12) is a subset of V0

0(Ω), so that Vs
σ(Ω) ⊂ V0

0(Ω)∩Hs(Ω). Next we proceed to
prove the reverse embedding. Let an arbitrary v ∈ Hs(Ω) ∩ V0

0(Ω) be given, and we
choose a sequence {vn} ⊂ V2(Ω) ∩ V1

0 such that ‖vn − v‖Hs(Ω) → 0 as n → ∞. Let
ρ > 0 be a fixed, sufficiently large number satisfying (2.16). We set

Ωρ ≡ {x ∈ R
3 : |x| < ρ} ∩ Ω and Ωc

ρ ≡ R
3 \ Ωρ.

Firstly, we decompose v as follows:

v(x) = v1(x) + v2(x), where supp v1 ⊂ Ωρ+3,

supp v2 ⊂ Ωc
ρ+2, vi ∈ V0

0 ∩ Hs(Ω), i = 1, 2.
(A.13)

Consider w(x) ∈ Hs+1(Ωρ+3) satisfying (A.11) with G = Ωρ+3. The existence of
such a vector field is established, e.g., in [9, 16]. Let ϕ1(x) ∈ C∞(Ω), ϕ1(x) = 1, for
|x| < ρ + 1, ϕ1(x) = 0 for |x| > ρ + 2, and ϕ2(x) = 1 − ϕ1(x). Then the functions

v1(x) = curl (w(x)ϕ1(x)),
v2(x) = curl (w(x)ϕ2(x)) for |x| < ρ + 3, v2(x) = v(x) for |x| > ρ + 2

satisfy conditions (A.13).
It is enough to find sequences

{vin} ⊂ V2(Ω) ∩ V1
0(Ω) such that ‖vin − vi‖Hs(Ω) → 0 as n → ∞(A.14)

for i = 1, 2.
In the case i = 2, we can take as v2n the Friedrichs average

v2n(x) = n3

∫
Ω

j(n(x − y))v2(y) dy,

where j(x) ∈ C∞
0 (R3), j(x) ≥ 0, supp j ⊂ {|x| ≤ 1}, and

∫
Ω
j(x) dx = 1. Evidently,

v2n ∈ V2 ∩ V1
0(Ω). Since the v2n(x) are well defined for x ∈ R

3, the relation (A.14)
can be proved in this case with the help of the Fourier transforms.
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To prove (A.14) for i = 1, we consider (A.11) with G = Ωρ+3, and v(x) changed
to v1(x). By virtue of Lemma A.3, there exists a solution w1(x) ∈ Hs+1(Ωρ+3) of this
problem which satisfies w1(x)|∂Ωρ+3 = 0. This equality and the condition 0 < s < 1/2

yield that w1(x) ∈ Hs+1
0 (Ωρ+3). By the definition of the space Hs+1

0 (Ωρ+3), there
exists a sequence w1n(x) ∈ C∞

0 (Ωρ+3) such that ‖w1n−w1‖H1+s(Ωρ+3) → 3 as n → ∞.
This relation implies that sequence v1n = curlw1n satisfies the relation (A.14).

For s ∈ [0, 1], we may define V−s
σ (Ω) as the closure of V0

0(Ω) with respect to the
norm

‖v‖V−s
σ (Ω) =

(∫ ∞

1

λ−s‖v̂(λ)‖2
H(λ) dμ(λ)

)1/2

if Uv =

∫ ∞

1

⊕v̂(λ) dμ(λ).(A.15)

Lemma A.5. For s ∈ (0, 1/2), V−s
σ (Ω) ⊂ H−s(Ω). Furthermore, the norm

‖ · ‖V−s
σ (Ω) is equivalent to ‖ · ‖H−s(Ω) on V−s

σ (Ω).
This lemma can be proved with the help of Lemmas A.2 and A.4 just as the

corresponding assertions in [6, Chap. 3, Lem. 4.5] were proved. We omit the details
here.

A.2. Regularity results for the Stokes problem. For s ∈ [0, 1], we may
define the operator P = Ps : H−s(Ω) → V−s

σ (Ω) by the formula

〈Pu,v〉V0
0(Ω) = 〈u,v〉L2(Ω) ∀v ∈ Vs

σ(Ω),(A.16)

where 〈·, ·〉V0
0(Ω) and 〈·, ·〉L2(Ω) denote the duality generated by the scalar products on

V0
0(Ω) and L2(Ω), respectively. Note that for s = 0, P coincides with the orthogonal

projection operator from L2(Ω) to V0
0(Ω); see the statement immediately following

(A.1).
We first consider the Stokes problem with a vanishing forcing term and an inho-

mogeneous initial value q0. Note that P∇r = 0 for ∇r ∈ H−s(Ω) and P∂tq = ∂tq
for ∂tq in L2(0, T ;V−s

σ (Ω)); thus, we may write the Stokes problem as

∂tq(t,x) + Aq = 0 in Q and q|t=0 = q0 in Ω,(A.17)

where A = P (−Δ + I). Since we look for q in the space L2(0, T ;V−s+2
σ (Ω)) and

−s + 2 ≥ 1, a solution q to (A.17) automatically satisfies

div q = 0 and q|Σ = 0.(A.18)

As was mentioned in Lemma 3.6, the existence and uniqueness of a solution q ∈
L2(0, T ;V1

σ(Ω))∩H1(0, T ;V−1
σ (Ω)) to (A.17) is well known. The following regularity

result holds.
Lemma A.6. Assume that q0 ∈ Vs

σ(Ω), s ≥ 0. Then a solution q of the problem
(A.17) satisfies the estimate∫ ∞

t

(
‖q(τ, ·)‖2

Vν+s+1
σ (Ω)

+ ‖∂tq(τ, ·)‖2
Vν+s−1

σ (Ω)

)
dτ

= ‖q(t, ·)‖2
Vν+s

σ (Ω)
≤ e−ν

(ν
2

)ν

t−ν‖q0‖2
Vs

σ(Ω)

(A.19)

for every ν ≥ 0.
Proof. We apply to (A.17) the unitary operator U introduced in the definition of

the spectral decomposition of A as direct integrals. Then (A.17) reduces to∫ ∞

1

⊕
(
∂tq̂(t, λ) + λq̂(t, λ)

)
dμ(λ) = 0
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and ∫ ∞

1

⊕
(
q̂(t, λ)|t=0 − q̂0(λ)

)
dμ(λ) = 0.

By the definition of direct integrals, the integrands belong to different Hilbert spaces
H(λ) for different λ. This allows us to deduce that for almost every λ (with respect
to the μ-measure),

∂tq̂(t, λ) + λq̂(t, λ) = 0 in Q and q̂(t, λ)|t=0 = q̂0(λ) in Ω.(A.20)

Equalities (A.20) are understood as equalities in the Hilbert spaces H(λ). More
precisely, the first equality is considered in L2(0, T ;H(λ)). Equalities (A.20) imply

q̂(t, λ) = e−λtq̂0(λ).(A.21)

Using definitions (A.5) and (A.15) of the norms for Vs
σ(Ω), we obtain

‖q(t, ·)‖2
Vν+s

σ (Ω)
=

∫ ∞

1

e−2λtλν+s‖q̂0(λ)‖2
H(λ) dμ(λ).(A.22)

By solving a simple extremal problem we obtain that, for each t > 0,

max
λ∈[1,∞)

(e−2λtλν) = e−max{2t,ν}[max{1, ν/(2t)}
]ν ≤ e−ν

(ν
2

)ν

t−ν .(A.23)

From (A.22) and (A.23) we deduce that

‖q(t, ·)‖2
Vν+s

σ (Ω)
≤ e−ν

(ν
2

)ν

t−ν‖q0‖2
Vs

σ(Ω).(A.24)

Integrating (A.22) in t and applying (A.22) to the result, we have∫ ∞

t

‖q(τ, ·)‖2
Vν+s+1

σ (Ω)
dτ

=
1

2

∫ ∞

1

e−2λtλν+s‖q̂0(λ)‖2
H(λ) dμ(λ) =

1

2
‖q(t, ·)‖2

Vν+s
σ (Ω)

.
(A.25)

Differentiating (A.21) with respect to t and repeating the arguments used in deriving
(A.25), we are led to∫ ∞

t

‖∂tq(τ, ·)‖2
Vν+s−1

σ (Ω)
dτ

=

∫ ∞

t

∫ ∞

1

e−2λτλν+s+1‖q0‖2
Vs

σ(Ω) dμ(λ) dτ =
1

2
‖q(t, ·)‖2

Vν+s
σ (Ω)

.
(A.26)

Then inequalities (A.24)–(A.26) imply (A.19).
We next consider the Stokes problem with nonzero forcing and the zero initial

value:

∂tq(t,x) + Aq = h(t,x) in Q and q|t=0 = 0 in Ω.(A.27)

Lemma A.7. Assume h ∈ L2(0, T ;V−s
σ (Ω)), s ∈ [0, 1]. Then the solution q of

the problem (A.27) satisfies the equality∫ T

0

(
‖∂tq(t, ·)‖2

V−s
σ (Ω)

+ ‖q(t, ·)‖2
V2−s

σ (Ω)

)
dt =

∫ T

0

‖h(t, ·)‖2
V−s

σ (Ω)
dt.(A.28)
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Proof. As in the proof of Lemma A.6, we reduce the problem (A.27) to an ordinary
differential equation problem for the spectral decomposition q̂(t, λ) of q(t,x):

∂tq̂(t, λ) + λq̂(t, λ) = ĥ(t, λ) in Q(A.29)

and

q̂(t, λ)|t=0 = 0(A.30)

for μ-almost-every λ ∈ [1,∞), where ĥ is the spectral decomposition of h. We extend

ĥ in t by zero outside the interval [0, T ] and extend q̂ by zero for t < 0 and by

e−λt
∫ T

0
eλτh(τ, λ) dτ for t > T . This integral defines the solution of (A.29) for t > T

if h = 0 for t > T . We still denote the extended functions by q̂ and ĥ, respectively.
By virtue of (A.30), the extended functions satisfy (A.29)–(A.30) for t ∈ R. Applying
the Fourier transform in t, i.e.,

q̃(τ, λ) =

∫
R

e−iτtq̂(t, λ) dt and h̃(τ, λ) =

∫
R

e−iτtĥ(t, λ) dt,

to (A.29) we obtain

q̃(τ, λ) =
h̃(τ, λ)

iτ + λ
and iτ q̃(τ, λ) =

iτ h̃(τ, λ)

iτ + λ
.

Taking the ‖ · ‖V−s
σ (Ω) norms yields

‖q̃(τ, ·)‖2
V2−s

σ (Ω)
+ ‖iτ q̃(τ, ·)‖2

V−s
σ (Ω)

=

∫ ∞

1

(
λ2−s

|iτ + λ|2 +
λ−s|iτ |2
|iτ + λ|2

)
‖h̃(τ, λ)‖2

H(λ) dλ

=

∫ ∞

1

λ−s‖h̃(τ, λ)‖2
H(λ) dλ = ‖h̃(τ, ·)‖2

Vs
σ(Ω).

(A.31)

Applying Parseval’s equality to both ends of (A.31) we obtain (A.28). (Note that stan-
dard uniqueness arguments applied to (A.27) imply that we have obtained estimates
precisely for the solution of (A.27).)

A.3. Regularity estimate for the solution of the adjoint boundary value
problem. We will apply the regularity results for the Stokes problem to derive reg-
ularity estimates for the solution q of the adjoint boundary value problem (3.14).
(3.14) can be rewritten as

∂tq(t,x) + Aq = Lq in Q and q|t=0 = q0 in Ω,(A.32)

where

Lq = P
(
q + [(v0 + ŵ) · ∇]q − (∇ŵ)∗q

)
.(A.33)

Indeed, we consider the first equation in (A.32) in the space L2(0, T ;V−s
σ (Ω)), s ∈

[0, 1]. Since the definition (A.16) implies that P is a projection and we look for ∂tq
in L2(0, T ;V−s

σ (Ω)), we have that P∂tq = ∂tq. The equality A = P (−Δ + I) follows
from the definitions (A.1) and (A.16) of the operators A (on V0

0(Ω)) and P and
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the definition of the space V−s
σ (Ω) (see (A.15)). Relations (A.18) are built into the

space L2(0, T ;V−s+2
σ (Ω)), −s+ 2 ≥ 1. Note that the existence and uniqueness of the

solution was established in Lemma 3.6. We have the following regularity results for
the adjoint boundary value problem.

Proposition A.8. Assume that q0 ∈ Vs
σ(Ω) for an s ∈ [0, 1/2). Let q be the

unique solution of the problem (A.32)–(A.33) satisfying the inequality (3.15). Then
the following estimate holds:∫ ∞

t

(
‖q(τ, ·)‖2

V2
σ(Ω) + ‖∂tq(τ, ·)‖2

V0
σ(Ω)

)
dτ ≤ C0t

s−1‖q0‖2
Vs

σ(Ω),(A.34)

where the constant C0 depends only on ‖ŵ‖V1,1/2(Q) and ‖v0‖C2(Ω).
Proof. By virtue of Theorem 2.1, we have that

sup
x∈Ω

|v0(x) − w∞| +
3∑

i=1

sup
x∈Ω

|∂xiv0(x)| +
3∑

i,j=1

sup
x∈Ω

|∂xi∂xjv0(x)| ≤ C|v∞|.

As indicated in Theorems 4.1 and 4.2 and by (2.22), (2.19), and (2.15), the function
ŵ satisfies

ŵ ∈ V1,1/2(Q) ⊂ C([0, T ];H1(Ω)).(A.35)

Therefore, for q ∈ L2(0, T ;V1
σ(Ω)), we have (v0 · ∇)q ∈ L2(0, T ;L2(Ω)), and we

obtain by Sobolev embedding theorems and the Holder inequality that∣∣∣ ∫
Ω

(ŵ · ∇)q · φ dx
∣∣∣ ≤ ‖ŵ‖L6(Ω)‖∇q‖L2(Ω)‖φ‖L3(Ω)

≤ C‖ŵ‖H1(Ω)‖∇q‖L2(Ω)‖φ‖H1/2(Ω),

which, upon using (A.35), yields

‖(ŵ · ∇)q‖L2(0,T ;H−1/2(Ω)) ≤ C‖q‖L2(0,T ;V1
σ(Ω))‖ŵ‖V1,1/2(Q).(A.36)

Similarly, we obtain∣∣∣ ∫
Ω

(∇ŵ)∗q · φ dx
∣∣∣ ≤ ‖∇ŵ‖L2(Ω)‖q‖L6(Ω)‖φ‖L3(Ω)

≤ C‖∇ŵ‖L2(Ω)‖q‖H1(Ω)‖φ‖H1/2(Ω)

(A.37)

and

‖(∇ŵ)∗q‖L2(0,T ;H−1/2(Ω)) ≤ C‖q‖L2(0,T ;V1
σ(Ω))‖ŵ‖V1,1/2(Q).(A.38)

From (A.33), (A.36), and (A.38), we deduce that

‖Lq‖
L2(t,T ;V

−1/2
σ (Ω))

≤ C‖q‖L2(t,T ;V1
σ(Ω)), t ∈ (0, T ).(A.39)

We decompose the solution q of (A.32) into

q = q1 + q2,(A.40)

where q1 is the solution of (A.17) and q2 is the solution of (A.27) with h = Lq. Then,
by Lemma A.7, we have

‖q2‖2

L2(0,T ;V
3/2
σ (Ω))

+ ‖∂tq2‖2

L2(0,T ;V
−1/2
σ (Ω))

≤ C‖Lq‖2

L2(0,T ;V
−1/2
σ (Ω))

.(A.41)
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The relations (A.40)–(A.41) and Lemma A.6 with s+ν = 1/2 and (A.39) imply that,
for each t ∈ (0, T ),∫ T

t

(
‖q(τ, ·)‖2

V
3/2
σ (Ω)

+ ‖∂tq(τ, ·)‖2

V
−1/2
σ (Ω)

)
dτ

≤ C
(
‖q1(t, ·)‖2

V
1/2
σ (Ω)

+ ‖q‖2
L2(t,T ;V1

σ(Ω))

)
.

(A.42)

Repeating arguments similar to those used in the derivation of (A.36)–(A.39), we
obtain

‖Lq‖2
L2(t,T ;V−ε

σ (Ω))
≤ C‖q‖2

L2(t,T ;V
3/2
σ (Ω))

,(A.43)

where ε > 0 is an arbitrary small number. Also, analogous to (A.42), we have that

‖q‖2
L2(t,T ;V2−ε

σ (Ω))
+ ‖∂tq‖2

L2(t,T ;V−ε
σ (Ω))

≤ C
(
‖q1(t, ·)‖2

V1
σ(Ω) + ‖Lq‖2

L2(t,T ;V−ε
σ (Ω))

)
.

(A.44)

We substitute (A.43) into (A.44) and use the obtained estimate as well as the argu-
ments which led us to (A.43) and (A.44) to deduce that (A.43) and (A.44) hold with
ε = 0. Combining the estimates (A.42)–(A.44) (with ε > 0 and with ε = 0), we are
led to ∫ T

t

(
‖q(τ, ·)‖2

V2
σ(Ω) + ‖∂tq(τ, ·)‖2

V0
σ(Ω)

)
dτ

≤ C
(
‖q1(t, ·)‖2

V1
σ(Ω) + ‖q‖2

L2(t,T ;V1
σ(Ω))

)
.

(A.45)

Applying Lemma A.6 with ν = 1 − s and the estimate (3.15) to the right-hand side
of (A.45), we arrive at (A.34).

Appendix B. Orlicz spaces. In section 5.2, we needed to determine the space
in which to search for the adjoint vector field for the optimality system. For this
purpose, we first calculate the dual space for the function space L2(Q)∩L6/5(Q). We
can consider L2(Q) ∩ L6/5(Q) as the Orlicz space with the N -function

A(t) = max (t2, t6/5), t ≥ 0.

(For the N -function as well as other notations and assertions connected with Orlicz
spaces, see [1, Chap. 8].) In other words, the Orlicz space L2(Q) ∩ L6/5(Q) can be
defined as follows:

L2(Q) ∩ L6/5(Q) = LA(Q)

≡
{
f(t,x), (t,x) ∈ Q :

∫
Q

A(|f(t,x)|) dx dt < ∞
}
.

(B.1)

The norm in a general Orlicz space LA(Q) is defined as follows:

‖f‖LA(Q) = inf

{
k > 0 :

∫
Q

A

(
|f(t,x)|

k

)
dx dt ≤ 1

}
.(B.2)

Define the Legendre transform

A∗(s) = max
t≥0

(st−A(t))
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for A(t) = max (t2, t6/5). Then A∗(s) is an N -function and the Orlicz space

LA∗(Q) =

{
f(t,x), (t,x) ∈ Q :

∫
Q

A∗(|f(t,x)|) dx dt < ∞
}

(B.3)

is the function space dual to space (B.1) (see [1, Chap. 8]). Straightforward calcula-
tions show that

A∗(s) =

⎧⎨⎩
55s6/66, s ∈ [0, 6/5],
s− 1, s ∈ [6/5, 2],
s2/4, s ≥ 2.

(B.4)

The norm ‖ · ‖LA∗ (Q) of the space LA∗(Q) is defined similarly to (B.2) with the help
of the N -function A∗(t).

Let us consider now the spaces LA(Q) and LA∗(Q) of vector functions that
are defined by (B.1) and (B.3), respectively, where f is the vector function f =
(f1(t, x), f2(t, x), f3(t.x)).

Lemma B.1. The spaces LA(Q) and LA∗(Q) are dual.
Proof. We will prove that (LA(Q))∗ = LA∗(Q), where (LA(Q))∗ is the adjoint

space of LA(Q). Each v ∈ LA∗(Q) forms a linear bounded functional on LA(Q) by
the formula

l(u) =

∫
Q

v(t, x) · u(t,x) dx dt ∀u ∈ LA(Q)(B.5)

because of the generalized Holder inequality (see [1, Chap. 8]):∫
Q

v(t, x) · u(t,x) dx dt ≤ 2‖v‖LA∗ (Q)‖u‖LA(Q).(B.6)

Therefore LA∗(Q) ⊂ (LA(Q))∗. To prove the inverse inclusion we establish first that
LA(Q) is isomorphic to LA(Q) × LA(Q) × LA(Q). For this we have to prove the
estimates

‖v‖LA(Q) ≤
3∑

j=1

‖vj‖LA(Q) ≤ 3‖v‖LA(Q) ∀v = (v1, v2, v3) ∈ LA(Q).(B.7)

Suppose first that for each j, vj(t,x) 
= 0 on a set of positive Lebesque measure. Then,

using the definition (B.2), the inequality |v(x)| ≤
∑3

j=1 |vj(x)|, and the convexity of
A(λ), we obtain

‖v‖LA(Q) = inf

{
k > 0 :

∫
Ω

A

(
|v(x)|

k

)
dx ≤ 1

}
≤ inf

{
k > 0 :

∫
Ω

A

(∑3
j=1 |vj(x)|

k

)
dx ≤ 1

}
= inf

{ 3∑
i=1

ki : ki > 0, i = 1, 2, 3,

∫
Ω

A

( 3∑
j=1

kj
k1 + k2 + k3

|vj(x)|
kj

)
dx ≤ 1

}

≤ inf

{ 3∑
i=1

ki : ki > 0, i = 1, 2, 3,

3∑
j=1

kj
k1 + k2 + k3

∫
Ω

A

(
|vj(x)|
kj

)
dx ≤ 1

}

≤ inf

{ 3∑
i=1

ki : ki > 0,

∫
Ω

A

(
|vj(x)|
kj

)
dx ≤ 1 i = 1, 2, 3

}

≤
3∑

i=1

inf

{
k > 0 :

∫
Ω

A

(
|vi(x)|

k

)
dx ≤ 1

}
=

3∑
i=1

‖vi‖LA(Q).
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This inequality and the homogeniety property of norms imply the first estimate in
(B.7)

Denote v̂(t,x) = maxj=1,2,3 |vj(t,x)|. For each (t,x) we have

1

3
|v(t,x)| ≤ v̂(t,x) ≤ |v(t,x)|

so that A(v̂(t,x)/k) ≤ A(|v(t,x)|/k) for all k > 0. Thus,

3∑
j=1

‖vj‖LA(Q) ≤ 3‖v̂‖LA(Q) = 3 inf

{
k > 0 :

∫
Q

A(
|v̂(t,x)|

k
) dx dt ≤ 1

}

≤ 3 inf

{
k > 0 :

∫
Q

A

(
|v(t,x)|

k

)
dx dt ≤ 1

}
= 3‖v‖LA(Q).

(B.8)

The bound (B.8) implies the second estimate in (B.7).
The estimate (B.7) in the case when vj(t,x) = 0 almost everywhere for one or

two j can be considered similarly. The case vj(t,x) = 0 a.e. for j = 1, 2, 3 is trivial.
By the lemma on the form of a functional on direct product of spaces (see [2,

sect. 2.1.2]), each functional Λ ∈ (LA(Q) × LA(Q) × LA(Q))∗ has the form

Λ(u) = l1(u1) + l2(u2) + l3(u3) ∀ u = (u1, u2, u3) ∈ [LA(Q)]3,(B.9)

where lj ∈ (LA(Q))∗, j = 1, 2, 3. By [1, Chap. 8], there exist vj ∈ LA∗(Q), j = 1, 2, 3,
such that

lj(u) =

∫
Q

vj(t,x)u(t,x) dx dt, j = 1, 2, 3 ∀ u ∈ LA(Q).(B.10)

Relations (B.9), (B.10), and the isomorphism LA(Q) ∼= LA(Q) × LA(Q) × LA(Q)
proved by (B.7) yield the embedding LA∗(Q) ⊃ (LA(Q))∗.

The proof of the relation (LA∗(Q))∗ = LA(Q) is similar.
We will need the following assertion.
Lemma B.2. Let Y be a closed subspace of a reflexive space X. Assume that the

norms ‖ · ‖X and ‖ · ‖Y are equivalent. Then Y is a reflexive space.
Proof. By virtue of the Eberlein–Shmulian theorem [18, Appendix], the reflexivity

of Y is equivalent to the following property: each bounded sequence yn ∈ Y has a
subsequence {ynk

} converging weakly to a ŷ ∈ Y . Let a bounded sequence yn ∈ Y
be given. Since the sequence {yn} is bounded in X and X is reflexive, there exists a
subsequence {ynk

} ⊂ {yn} that converges weakly in X to a ŷ ∈ X. Note that Y being
closed and convex, it is sequentially weakly closed. By the Hahn–Banach theorem,
the weak convergence in X of {ynk

} ⊂ Y implies the weak convergence in Y . Hence,
Y is a reflexive space.

B.1. Orlicz spaces of solenoidal fields. Now we consider solenoidal vector
fields. Using the space of vector fields

V(Q) = {v(t,x) ∈ C∞
0 (Q) : divv = 0, suppv ⊂⊂ Q}

we introduce

L2(0, T ;V0
0(Ω)) = closure of V(Q) in L2(Q).(B.11)
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It is well known that V0
0(Ω) in (B.11) is the space (2.14). Define also

VA(Q) = closure of V(Q) in LA(Q).(B.12)

Evidently VA(Q) = L2(0, T ;V0
0(Ω)) ∩ L6/5(Q). We set

VA∗(Q) = closure of V(Q) in LA∗(Q).(B.13)

All elements of the spaces (B.11), (B.12), and (B.13) possess the properties div u = 0
and (u · n)|∂Ω = 0 (these equalities are understood in the sense of distributions).

Denote

GA(Q) = {∇p ∈ LA(Q) : p ∈ L2(0, T ;H1
loc(Ω))},(B.14)

Lemma B.3. The relations (VA∗(Q))∗ = VA(Q) and (VA(Q))∗ = VA∗(Q) hold.
Proof. We begin from the first identity. Each u ∈ VA(Q) defines a functional

on VA∗(Q) by (B.5) and (B.6). Hence VA(Q) ⊂ (VA∗(Q))∗. To prove the reverse
inclusion let a functional l ∈ (VA∗(Q))∗ be given, and we extend it by the Hahn–

Banach theorem into an l̂ ∈ (LA∗(Q))∗. By Lemma B.1, there exists a u ∈ LA(Q)

such that l̂(v) =
∫
Q

u · v dx dt. Thus,

l(v) =

∫
Q

u · v dx dt ∀v ∈ VA∗(Q).(B.15)

Note that the following decomposition is true:

LA(Q) = VA(Q) + GA(Q).(B.16)

Indeed, since LA(Q) ⊂ L2(Q), by virtue of Weyl’s decomposition for each u ∈
LA(Q), there exist ∇p ∈ G(Q) = {∇p ∈ L2(Q) : p ∈ L2(0, T ;H1

loc(Ω))} and
w ∈ L2(0, T ;V0

0(Ω)) such that

u = w + ∇p.(B.17)

To prove Weyl’s decomposition, one defines ∇p(t,x) to be the solution of the problem∫
Q

∇p(t,x) · ∇q(t,x) dx dt =

∫
Q

u(t,x) · ∇q(t,x) dx dt ∀∇q.(B.18)

If ∇q ∈ L2(Q), then (B.18) defines ∇p ∈ L2(Q). But since u ∈ VA(Q) = L2(Q) ∩
L6/5(Q), the right-hand side of (B.18) is a bounded functional with respect to ∇q ∈
L6(Q), so that ∇p ∈ L6/5(Q). Hence ∇p ∈ VA(Q) and, by (B.17), w ∈ VA(Q),
which proves (B.16). Note that the relation VA(Q) ∩ GA(Q) = 0 follows from the
orthogonality between w and ∇p in L2(Q).

Now we substitute (B.17) into (B.15) and take into account that
∫
Q
∇p·v dx dt = 0

for every ∇p ∈ GA(Q) and every v ∈ VA∗(Q). As a result we deduce

l(v) =

∫
Q

w · v dx dt ∀v ∈ VA∗(Q)(B.19)

with w ∈ VA(Q). Hence, we have proved the equality (VA∗(Q))∗ = VA(Q). This
equality yields (VA(Q))∗ = VA∗(Q), since by Lemma B.2, the spaces VA(Q)) and
VA∗(Q) are reflexive.
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We set

W(2)
0 (Q) = {v ∈ L2(0, T ;V2(Ω)) : ∂tv ∈ L2(0, T ;V0(Ω)), v

∣∣
t=0

= 0}(B.20)

and

V1,2
A (Q) = W(2)

0 (Q)) ∩ W1,2
6/5(Q),(B.21)

where W1,2
6/5(Q) is Sobolev space defined by (3.7).
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Abstract. We study the wellposedness and the main features of a class of feedback control
systems. The involved control system is composed of the generator of a strongly continuous group for
the free part and of an unbounded control operator, so that the results can be applied to boundary
or point control problems for partial differential equations of hyperbolic or Petrowski type. The
feedback operator is explicit and one can achieve an arbitrary large decay rate for the closed-loop
system. These results are proved under a controllability assumption and the proofs rely on general
results about the algebraic Riccati equation associated with the linear quadratic regulator problem.
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1. Introduction. The purpose of this paper is to depict a class of full state
stabilizing feedback operators for some infinite-dimensional linear systems with un-
bounded control operators and to prove the wellposedness of the resulting closed-loop
feedback systems. The class of infinite-dimensional equations that is considered con-
tains time-reversible partial differential equations such as first-order hyperbolic, wave,
and plate-like equations. The assumptions on the control operator allow us to consider
boundary or point control problems for these equations.

One of the main features of the class of feedback operators which is presented in
this paper is that they are built in a straightforward and explicit way. Moreover, the
exponential decay rate of the resulting closed-loop feedback system can be made as
large as desired by freely tuning a parameter on which the feedback operator depends.
The controllability of the system is the main assumption for the results to hold.

This class of feedback operators was already known for finite-dimensional sys-
tems. Moreover, it constitutes a limiting but unexplored class of feedback operators
studied recently by Komornik [12] for boundary control problems of partial differ-
ential equations. In [12], a lower bound of the exponential decay rate can also be
chosen arbitrarily. For the class of feedback operators presented here, we can give the
optimal decay rate explicitly as a function of the tuning parameter and of the growth
bound of the backward in time semigroup associated with the system.

In order to state the problem treated in this paper an introductory exposition is
given next. It begins with, in addition to well-known results of the control theory of
linear finite-dimensional systems, some other results that seem to be scarcely present
in the literature. These results are given in Russell’s book [24] to which we refer
the reader for details. They deal with easy ways to stabilize linear constant finite-
dimensional systems that are controllable.
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Consider the linear constant finite-dimensional system{
ẏ(t) = Ay(t) + Bu(t),

y(0) = y0, y0 ∈ R
n,

(1.1)

where A ∈ R
n,n, B ∈ R

n,p for some n, p ∈ N
∗. The control system (A,B) is said to

be controllable in time T > 0 if for every y0, yT ∈ R
n, there is a control u such that

the solution y of (1.1) satisfies y(T ) = yT . A necessary and sufficient condition is that
the symmetric matrix

Λ0,T ≡
∫ T

0

e−tABB∗e−tA∗
dt

is positive definite for some T > 0 (and thus for every T > 0). Λ0,T is called a
controllability gramian and it can be used to derive a control candidate. For instance,
with

u(t) = −B∗e−tA∗
Λ−1

0,T y0, 0 ≤ t ≤ T,

the solution of (1.1) satisfies y(T ) = 0.
Gramians can thus be used for the controllability problem, but can also be used

for the stabilization problem, that is, to find a matrix operator F ∈ R
p,n such that

all solutions of

ẏ(t) = Ay(t) + BFy(t) = (A + BF )y(t), t ≥ 0,(1.2)

decay asymptotically to the null state.
If Λ0,T is positive definite, the same conclusion holds for the modified gramians

Λω,T defined for every 0 < T < ∞ and every ω ≥ 0 by

Λω,T ≡
∫ T

0

e−2ωte−tABB∗e−tA∗
dt

and also for the extended controllability gramians Λω,∞when ω is sufficiently large:

Λω,∞ ≡
∫ ∞

0

e−2ωte−tABB∗e−tA∗
dt > 0.

It is well known that, at least for linear constant finite-dimensional systems, control-
lability implies stabilizability. A common feature of the gramians described above is
their ability to be used to build explicit asymptotically stabilizing feedback operators.
Indeed, let 0 ≤ ω < ∞ and 0 < T ≤ ∞ be such that Λω,T is well defined and regular,
and set

Fω,T = −B∗Λ−1
ω,T .

Then A + BFω,T is a stable matrix (all its eigenvalues have negative real parts), so
that the solutions of (1.2) with F = Fω,T decay uniformly and exponentially to zero:
there is M,λ > 0 such that∣∣∣et(A+BFω,T )y0

∣∣∣ ≤ Me−λt |y0| , t ≥ 0,(1.3)

for every y0 ∈ R
n.
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For ω = 0 and 0 < T < ∞ this result was presented by Kleinman [10] and Lukes
[21] in a finite-dimensional setting. The case ω > 0, 0 < T < ∞ appeared in Slemrod
[26] in a broader setting including infinite-dimensional systems with bounded control
operators. The result for this latter case was extended by Komornik [12] to unbounded
control operators, with applications to some boundary or point control problems for
partial differential equations.

The interest to take ω > 0 lies in the fact that these feedbacks lead to an exponen-
tial stability of the system with an exponential decay rate greater than ω. As ω may
be taken freely, the control system can be uniformly stabilized with an exponential
decay rate as large as desired. This property has been called complete stabilizability
[26]. Of course, it is well known that for controllable linear constant finite-dimensional
systems, poles can be placed at will, but it seems that such a result is difficult to gen-
eralize to infinite-dimensional systems. Nevertheless, the uniform estimate (1.3) with
λ = ω also holds for some infinite-dimensional systems to which applications of these
feedback operators (with ω > 0 and T < ∞) were done, although, for both finite-
dimensional systems and infinite-dimensonal systems, we cannot say more about the
growth bound (see the definition in the next section) of the closed-loop system in
general when T is finite.

Also, based on Komornik’s result [12], some numerical simulations have been
conducted (see Briffaut [4]) on the spatial semidiscretizations of boundary control
problems for some canonical partial differential equations of dynamical elasticity which
have the particularity of being conservative systems. It appeared that the decay rate
for the approximated systems was in fact approximately twice better than the theorical
bound ω. From these observations, and by first considering some simple small finite-
dimensional systems for which we can easily make the calculus explicit, we were led
to consider the feedback operators built with the extended gramians, that is, to take
T = ∞ (and ω sufficiently large). As a particular case of the main result to be proved
here, we obtain that for the class of skew-adjoint operators (A∗ = −A) the decay rate
is exactly 2ω.

The easy way of using Λω,∞ to stabilize a controllable system is mentioned in
Russell’s book [24, pp. 117–118] as Bass’s method. According to [24], R. W. Bass
introduced it in some “Lecture notes on control and optimization presented at NASA
Langley Research Center in August 1961.”

Assuming we are still in the finite-dimensional context, let us give some details
and characteristics about this class of feedback operators and the resulting feedback
systems. From the expression of Λω,∞, we easily deduce that it solves the Liapunov
equation

Λω,∞(A + ωI)∗ + (A + ωI)Λω,∞ = BB∗.(1.4)

From the stability of −(A + ωI) and the controllability assumption, the theory says
that it is its unique symmetric solution.

Multiplying this equation by Λ−1
ω,∞, we obtain the relation

BB∗Λ−1
ω,∞ = Λω,∞A∗Λ−1

ω,∞ + A + 2ωI(1.5)

from which we deduce that

A + BFω,∞ = Λω,∞ (−A∗ − 2ωI) Λ−1
ω,∞.

We thus have a simple expression for the feedback system and its spectral elements in
terms of the free system characteristics. In particular, if A∗ = −A, then the spectrum
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of A is purely imaginary and the feedback operator translates it to the axis of abscissa
−2ω. In the general case, the spectral values of A + BFω,∞ are those of −A∗ after a
translation of 2ω. Moreover, its spectral elements can be expressed in terms of those
of −A∗ and of the matrix operator Λω,∞.

If we now do the left multiplication of the relation (1.5) by Λ−1
ω,∞, we obtain

A∗P + PA + 2ωΛ−1
ω,∞ − PBB∗P = 0(1.6)

with P = Λ−1
ω,∞. Equation (1.6) is nothing but the algebraic Riccati equation in P

deduced from the linear quadratic regulator problem for the control system (A,B)
associated with the cost functional∫ ∞

0

[
2ω

(
Λ−1
ω,∞y(t), y(t)

)
Rn + ‖u(t)‖2

Rp

]
dt.

The purpose of this paper is to extend the result to unbounded operators A and
B as they appear in boundary control problems for partial differential equations. To
this end we follow the indirect way of considering the optimal control problem over an
infinite time interval that this feedback operator solves. By conveniently choosing the
quadratic cost functional, and proving that we have the expected feedback operator,
the theorical results on the linear quadratic regulator problem established by Flandoli,
Lasiecka, and Triggiani [7] give the wellposedness of the resulting feedback system.

A more direct way would consist in defining the feedback operator and establishing
its admissibility. But if A and (most of all) B are unbounded operators, it does not
seem to be a trivial task (see, for instance, Weiss [31] for definitions of admissible
control and feedback operators).

Moreover, if the control operator B is bounded, then the operator equations that
correspond in the finite-dimensional case to the matrix equations (1.4)–(1.6) are posed
in the domain of the unbounded operator A or of its adjoint. Whereas with a more
general (unbounded) control operator, B has to be replaced in (1.6) by a nonunique
extension in order to obtain a suitable algebraic Riccati equation posed in the domain
of A. This was noticed by Staffans [28] and Weiss and Weiss [33] and illustrated by
Weiss and Zwart [32] with a demonstrative example. In order to prove our results
we use a result of [7] which links the solution of the algebraic Riccati equation to the
solution of a dual Riccati equation with bounded control operator and that reduces
to the Liapunov equation (1.4) posed in the domain of A∗.

The main results of this paper are stated in the next section. Then in section 3
we recall some results on the linear quadratic regulator problem and prove the main
results: the wellposedness and the additional stability properties of the closed-loop
feedback system.

2. Notations, assumptions, and main results. Let U and Y be two sepa-
rable Hilbert spaces, the control space and the state space, with norms denoted by
‖ · ‖U and ‖ · ‖Y , and with associated scalar products denoted by (·, ·)U and (·, ·)Y ,
respectively. For two Banach spaces E and F , L(E,F ) denotes the space of linear
bounded operators from E to F , and L(E,E) is denoted by L(E). Moreover, we
denote by L2(I;E) and Ck(I;E) the space of square Lebesgue integrable functions
on an interval I of the real line and the space of k times continuously differentiable
functions on I with values in the Banach space E, respectively.

Following Flandoli, Lasiecka, and Triggiani [7], we consider the following dynamics
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on Y : ⎧⎨⎩
y(t) = etAy0 + (Lu)(t), y0 ∈ Y,

(Lu)(t) =

∫ t

0

e(t−τ)ABu(τ) dτ
(2.1)

that formally corresponds to the initial value problem{
ẏ(t) = Ay(t) + Bu(t) on [D(A∗)]

′
,

y(0) = y0, y0 ∈ Y.
(2.2)

A is an unbounded linear operator on Y with dense domain D(A) that we endow with
the usual graph norm. A∗ denotes the Y -adjoint of A and [D(A∗)]

′
is the dual of

D(A∗) with respect to the Y -topology.
We shall make the following assumptions on operators A and B.
(H1) A is the infinitesimal generator of a strongly continuous group etA, t ∈ R,

on Y .
(H2) B is linear continuous U −→ [D(A∗)]

′
.

The group property in assumption (H1) always holds for the linear time reversible
systems we have in mind: second-order linear equations of hyperbolic or Petrowski
type, first-order linear hyperbolic systems.

B is said to be a bounded control operator if B ∈ L(U, Y ) and an unbounded
one otherwise. Assumption (H2) on the control operator B enables one to consider
boundary and point control problems for the examples of systems mentioned above
(see [7], Lasiecka and Triggiani [15], and Bensoussan et al. [2], [3] for precise examples).

Note that, by identifying [D(A∗)]
′′

with D(A), we get

B∗ ∈ L (D(A∗);U) .

As Y is assumed to be a Hilbert space, A∗ is the generator of a strongly continuous
semigroup which is the dual of the semigroup generated by A. Because of assumption
(H1), it is the generator of a strongly continuous group etA

∗
, t ∈ R on Y.

We shall furthermore assume the following.
(H3) Regularity property. For every 0 < T < ∞ there is CT > 0 such that∫ T

0

∥∥∥B∗e−tA∗
y
∥∥∥2

U
dt ≤ CT ‖y‖2

Y , y ∈ D(A∗).(2.3)

(H4) Controllability property. There is T > 0 and cT > 0 such that∫ T

0

∥∥∥B∗e−tA∗
y
∥∥∥2

U
dt ≥ cT ‖y‖2

Y , y ∈ D(A∗).(2.4)

Usually, assumptions (H3) and (H4) are stated with −A∗ replaced by A∗, but, when
considering the time reversibility assumption (H1), these assumptions are equivalent
to the more standard ones (see Lemma 7.0 in Flandoli, Lasiecka, and Triggiani [7]).
Note that, by density and continuity, inequalities (2.3) and (2.4) hold for any y on
Y too.

By assumption (H3), we can extend the operator B∗e−tA∗
to a continuous one

from Y to L2(0, T ;U). When B stands for a boundary control operator for a partial
differential equation this assumption is a sharp trace regularity result with respect to
partial differential equations theories for it is not obtained directly by just applying
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the usual trace results (see, for instance, Lasiecka, Lions, and Triggiani [14] or Lions
[19] in the case of the wave equation with Dirichlet boundary control). Also, it is well
known that under this assumption the following regularity property holds [7]:

L continuous from L2(0, T ;U) to C(0, T ;Y ) ∀T > 0.

Assumption (H4) is the observability property for the dual system. Under all
foregoing assumptions, we know (see Dolecki and Russell [6]) that it is equivalent to
the controllability of the pair (A,B) over the time interval (0, T ):

For every y0, y1 ∈ Y there is u ∈ L2(0, T ;U) such that the solution y of (2.1)
satisfies y(T ) = y1.

Moreover, it may hold only for T sufficiently large (like in the case of hyperbolic
equations because of the finite speed of propagation). We refer the reader to Lions
[19] and Komornik [11] for examples of this sort.

Before stating the main results we recall some basic facts about the asymptotic
behavior of semigroups of linear operators that the reader can find in Pazy [23] and
van Neerven [22]. Let us introduce the type g(A) of a strongly continuous semigroup
eAt, t ≥ 0, of bounded linear operators on a Hilbert space Y :

g(A) = inf
t>0

1

t
log

∥∥etA∥∥L(Y )
.

g(A) is also called the growth bound of the generated semigroup.
If g(A) < 0, then A is the generator of an exponentially stable semigroup and

is said to be an exponentially stable generator. Moreover, −g(A) is said to be the
stability margin of the semigroup. Let us recall that g(A) is finite or equal to −∞,

g(A) = lim
t−→∞

1

t
log

∥∥etA∥∥L(Y )
,

and g(A) is the infimum of those ω ∈ R for which there is Mω > 0 such that∥∥etA∥∥L(Y )
≤ Mωe

ωt, t ≥ 0.

Moreover, for every λ ∈ R, the operator A + λI of domain D(A) is the generator of
the strongly continuous semigroup eλtetA, t ≥ 0, and

g(A + λI) = g(A) + λ.

Finally, as Y is assumed to be a Hilbert space,
∥∥etA∥∥L(Y )

=
∥∥etA∗∥∥

L(Y )
, t ≥ 0, thus

we have

g(A∗) = g(A).(2.5)

We now state our main result.
Theorem 2.1. Consider A and B under assumptions (H1)–(H4). Let ω ∈ R such

that

ω > max(g(−A), 0).(2.6)

Then we have the following.
(i) Operator Λω. The symmetric positive operator Λω defined by

(Λωx, z)Y =

∫ ∞

0

(
B∗e−t(A+ωI)∗x,B∗e−t(A+ωI)∗z

)
U
dt , x, z ∈ Y,(2.7)
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is coercive and an isomorphism on Y .
(ii) Wellposedness. Let Fω = −B∗Λ−1

ω . The operator A + BFω with

D(A + BFω) = Λω (D(A∗))

is the infinitesimal generator of the strongly continuous semigroup

Tω(t) = et(A+BFω), t ≥ 0,

on Y and is exponentially stable.
(iii) Exponential decay rate. Let Sω(t) be the strongly continuous semigroup on

Y generated by −A∗ − 2ωI. Then

Tω(t) = ΛωSω(t)Λ−1
ω , t ≥ 0,(2.8)

so that Tω(t) is an exponentially stable semigroup of the type

g(A + BFω) = g(−A) − 2ω.(2.9)

Remark 2.2. (1) Assumption ω > g(−A) from (2.6) allows us to define the linear
operator Λω by (2.7), and together with assumption ω > 0 they ensure that we
have an exponentially stable resulting closed-loop feedback system as shown by (2.9).
Moreover, ω is an upper bound of the stability margin which can thus be made as
large as desired by conveniently choosing ω.

(2) In the case of skew-adjoint operators (A = −A∗, D(A∗) = D(A)), as an-
nounced in the introduction, the achieved stability margin is exactly 2ω since we have
g(−A) = g(A) = 0.

3. Proof of the main results. The following proposition gives an existence and
uniqueness result for a Liapunov equation and also assertion (i) of Theorem 2.1. It
is a direct consequence of a more general result for Liapunov equations demonstrated
by Grabowski [8] (see also Hansen and G. Weiss [9]). We omit the proof.

Proposition 3.1. Under assumptions (H1)–(H4) and with

ω > max(0, g(−A))

the operator Λω as given by (2.7) is a well-defined self-adjoint bounded linear operator
on Y and is coercive. Moreover, Λω is the unique solution in {Λ ∈ L(Y ); Λ = Λ∗} of
the following Liapunov equation:

∀x, z ∈ D(A∗),
(Λw(A + ωI)∗x, z)Y + (Λωx, (A + ωI)∗z)Y = (B∗x,B∗z)Y .

In the remaining part of this section we often use some general results on the
linear quadratic regulator problem as they are given in the relatively complete text
[7] (see also [15] for an exposition of the results) in order to establish the wellposedness
of the particular feedback system we are dealing with.

We consider the optimal control problem on the infinite horizon:
For any y0 ∈ Y , find u∞ ∈ U ≡ L2(0,∞;U) such that the solution y∞ of (2.1)

with u = u∞ satisfies

J(y0, u
∞) = inf

u∈U
J(y0, u),(3.1)
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where

J(y0, u) ≡
∫ ∞

0

[
(Ry(t), y(t))Y + ‖u(t)‖2

U

]
dt

and y is the solution of (2.1) due to u.
Here, R is assumed to satisfy

R ∈ L(Y ), R = R∗ ≥ 0.(3.2)

From the general results in [7, Theorem 2.2, Theorem 2.3] we can extract the
following result.

Lemma 3.2. Under assumptions (H1)–(H4) and with R satisfying (3.2), there
is P∞ ∈ L(Y ), P∞ = P ∗

∞ ≥ 0, such that AP∞ = A − BB∗P∞ is the infinitesimal
generator of an exponentially stable strongly continuous semigroup

T∞(t) = etAP∞ = et(A−BB∗P∞), t ≥ 0,

and P∞ is a solution of the algebraic Riccati equation

∀x, z ∈ D(AP∞),
(Px,Az)Y + (PAx, z)Y + (Rx, z)Y = (B∗Px,B∗Pz)Y .

(3.3)

If moreover R > 0, then P∞ is the unique solution within the class of all P ∈ L(Y )
such that

P = P ∗ ≥ 0, A∗P ∈ L (D(AP∞);Y ) .

Remark 3.3. Some of the statements of Lemma 3.2 hold in fact under weaker
assumptions, but this lemma is sufficient for our purpose and we refer the reader to
[7] for stronger results. Let us just report that under the assumptions of Lemma 3.2,
the optimal pair (y∞, u∞) of the optimization problem (3.1) is such that

y∞(t) = T∞(t)y0 = et(A−BB∗P∞)y0, t ≥ 0,

and we have

(P∞y0, y0)Y = J(y0, u∞) ≡
∫ ∞

0

[
(Ry∞(t), y∞(t))Y + ‖u∞(t)‖2

U

]
dt.

Some comments are in order. In order to prove Theorem 2.1, the strategy consists
in taking R = 2ωΛ−1

ω and then deducing from the Liapunov equation (Proposition
3.1) and from the Riccati equation (3.3) that P∞ = Λ−1

ω .
Unfortunately, the algebraic Riccati equation (3.3) holds in D(AP∞). As D(AP∞)

depends on the solution itself, (3.3) is not suitable in order to achieve our goal. If the
algebraic Riccati equation (3.3) were also valid on D(A), as it would be if the control
operator B were bounded (see, e.g., Curtain and Zwart [5]), we could prove Theorem
2.1 directly.

In fact, as the left-hand side of (3.3) is well defined on D(A), (3.3) induces an
extension [B∗P ]e (in the linear span of D(AP∞) and D(A∗)) so that we have

∀x, z ∈ D(A),
(Px,Az)Y + (PAx, z)Y + (Rx, z)Y = ([B∗P ]e x, [B

∗P ]e z)Y
(3.4)



RAPID EXPONENTIAL STABILIZATION 2241

with P = P∞. This extension of B∗P on D(A) was implicitly done in [7] to derive
the same Riccati equation on D(AP∞) and D(A). This was pointed out by Weiss
and Zwart [32], who show that extensions [B∗P ]e of B∗P such that (3.4) holds are
generally not unique. Starting from a uniquely identified extension of B∗ and using the
spectral factorization approach to the linear quadratic optimal control problem with
unbounded control operators developed by Staffans [27], [28] and Weiss and Weiss
[33], they determine the optimal feedback operator and give an associated Riccati
equation on D(A) that does not correspond to (3.3) exactly. The authors of [32]
recall that an additional spectral factorization assumption leads to a suitable Riccati
equation on D(A).

Later or at the same time, using a perturbation/regularization approach Triggiani
[29] and Barbu, Lasiecka, and Triggiani [1] better identified a suitable extension of
B∗ on PD(A) so that a Riccati equation on D(A) of the type of (3.4) holds.

We stop these comments here and refer the reader to the relevant literature for
details since none of the algebraic Riccati equations on D(A) provided by the two
approaches cited above will be directly used in the following. Instead, we use further
results of [7] relating the Riccati operator P∞ of Lemma 3.2 to the solution to a dual
algebraic Riccati equation.

Given a self-adjoint positive operator R ∈ L(Y ), consider the dual dynamics to
(2.1) {

ż(t) = −A∗z(t) + R1/2v(t) on [D(A)]′,
z(0) = z0, z0 ∈ Y.

(3.5)

For every v ∈ L2(0, T ;Y ) the solution z of (3.5) belongs to C(0, T ;Y ) and B∗z ∈
L2(0, T ;U) [7]. As usual, the controllability of the pair

(
−A∗, R1/2

)
in some time T

means that the linear map

v ∈ L2(0, T ;Y ) −→ z(T ) ∈ Y,

where z is the solution of (3.5) with z0 = 0, is onto. Consider now the following
optimal control problem for this dual dynamics.

For every z0 ∈ Y , find v∞ ∈ V ≡ L2(0,∞;Y ) such that the solution z∞ of (3.5)
with v = v∞ satisfies

K(z0, v
∞) = inf

v∈V
K(z0, v),

where

K(z0, v) ≡
∫ ∞

0

[
‖B∗z(t)‖2

U + ‖v(t)‖2
Y

]
dt

and z is the solution of (3.5) due to v.
From the results of Flandoli, Lasiecka, and Triggiani [7, Theorems 2.4, 2.6, and

2.7] we obtain the following one as a particular case.
Lemma 3.4. Under the assumptions of Lemma 3.2, if

(
−A∗, R1/2

)
is controllable,

then P∞ is positive definite and is an isomorphism on Y . If we set Q∞ = P−1
∞ , then

Q∞ is the unique solution in the class {Q ∈ L(Y ); Q = Q∗ > 0} of the dual algebraic
Riccati equation

∀x, z ∈ D(A∗),
(Qx,A∗z)Y + (QA∗x, z)Y + (RQx,Qz)Y = (B∗x,B∗z)Y .

(3.6)
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Moreover, −A∗ − RQ∞ is the infinitesimal generator of a strongly continuous semi-
group

S∞(t) = et(−A∗−RQ∞), t ≥ 0,

on Y and we have the following relation:

S∞(t) = P∞T∞(t)Q∞, t ≥ 0.(3.7)

Remark 3.5. The operator Q∞ = P−1
∞ synthesizes the optimal pair (z∞, v∞) [7]:

z∞(t) = S∞(t)z0 = et(−A∗−RQ∞)z0, t ≥ 0,

v∞(t) = −R1/2Q∞z∞(t), a.e. t ≥ 0.

Remark 3.6. The cited results of [7] use a lemma (Lemma 6.2 in [7]) whose proof
contains a misprint in page 354, line 3, and the following lines were accidentally
omitted [18], leading to confusion. The missing step in the proof of Lemma 6.2 is the
demonstration of the dense inclusion of D ≡ P∞D(AP∞) into D(A∗) (with our proper
notations). As explained by Lasiecka and Triggiani [18] an exactly similar argument
to the use of Lemma 6.2 of [7] occurs in Lasiecka [13, Proposition 3.1 to Lemma 3.1,
pp. 249–251] with all the lines in place and gives the perfect counterpart of Lemma 6.2
in [7]. More precisely, it occurs in the first part of Lemma 3.1 in D(A∗

P∞
), but the same

scheme of proof and the same arguments lead to the desired result. Finally, according
to [18] it seems that under the same assumptions the stronger result D = D(A∗) holds.
This is, for instance, stated in [1] without proof, and [18] refers to the third volume
to be published as a sequel to [16], [17]. A complete proof is to appear in [30].

We can now end the proof of Theorem 2.1 with the use of Proposition 3.1 and
Lemmas 3.2 and 3.4.

Proof of Theorem 2.1. The proof of part (i) is given in Proposition 3.1.
Again by Proposition 3.1 Λω is the unique solution of the Liapunov equation

∀x, z ∈ D(A∗),
(Λw(A + ωI)∗x, z)Y + (Λωx, (A + ωI)∗z)Y = (B∗x,B∗z)Y .

(3.8)

Thus Λω satisfies

∀x, z ∈ D(A∗),
(ΛωA

∗x, z)Y + (Λωx,A
∗z)Y + 2ω

(
Λ−1
ω Λωx,Λωz

)
Y

= (B∗x,B∗z)Y .
(3.9)

Set R = 2ωΛ−1
ω . Since ω > 0, R is also a coercive self-adjoint bounded linear operator

on Y . By Lemma 3.2 there exists a positive self-adjoint bounded linear operator P∞
satisfying (3.3) (and it is its unique solution in the sense explained in Lemma 3.2),
and A − BB∗P∞ is an exponentially stable generator of a semigroup on Y . Assume
that

(
−A∗, R1/2

)
is controllable in some time T ; then Lemma 3.4 gives that P∞ is an

isomorphism and Q∞ = P−1
∞ is the unique solution of the algebraic Riccati equation

∀x, z ∈ D(A∗),
(Qx,A∗z)Y + (QA∗x, z)Y + 2ω

(
Λ−1
ω Qx,Qz

)
Y

= (B∗x,B∗z)Y
(3.10)

in the class {Q ∈ L(Y ); Q = Q∗}. As Q∞ is the unique solution, from (3.9) and
(3.10) we deduce that

Q∞ = Λω, P∞ = Λ−1
ω .
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The proof of part (ii) is thus almost complete if we prove that with R = 2ωΛ−1
ω

the pair (−A∗, R1/2) is controllable. From Louis and Wexler [20] we know that if A
generates a group, then (A, I) is controllable. From the invertibility of R1/2 we easily
get the desired result.

By Lemma 3.4 we have

S∞(t) = e(−A−RQ∞)∗t = e(−A∗−2ωI)t, t ≥ 0,

and relation (3.7) in Lemma 3.4 writes

e(−A∗−2ωI)t = Λ−1
ω e(A−BB∗Λ−1

ω )tΛω , t ≥ 0,(3.11)

which reduces to (2.8) in Theorem 2.1. Relation D(A + BFω) = Λω (D(A∗)) and
equality

g(A + BFω) = g(−A∗) − 2ω

are consequences of (2.8) or (3.11) and of the definition of the growth bound of a
semigroup (see Schumacher [25, Lemma 4.5]). This ends the proof of part (ii) and
part (iii) in Theorem 2.1.
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Masson, Paris, 1988.
[20] J.-C. Louis and D. Wexler, On exact controllability in Hilbert spaces, J. Differential Equa-

tions, 49 (1983), pp. 258–269.
[21] D. Lukes, Stabilizability and optimal control, Funkcial. Ekvac., 11 (1968), pp. 39–50.
[22] J. van Neerven, The Asymptotic Behavior of Semigroups of Linear Operators, Oper. Theory
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STOCHASTIC CONTROL FOR LINEAR SYSTEMS DRIVEN BY
FRACTIONAL NOISES∗

YAOZHONG HU† AND XUN YU ZHOU‡

Abstract. This paper is concerned with optimal control of stochastic linear systems involving
fractional Brownian motion (FBM). First, as a prerequisite for studying the underlying control
problems, some new results on stochastic integrals and stochastic differential equations associated
with FBM are established. Then, three control models are formulated and studied. In the first two
models, the state is scalar-valued and the control is taken as Markovian. Either the problems are
completely solved based on a Riccati equation (for model 1, where the cost is a quadratic functional
on state and control variables) or optimality is characterized (for model 2, where the cost is a power
functional). The last control model under investigation is a general one, where the system involves
the Stratonovich integral with respect to FBM, the state is multidimensional, and the admissible
controls are not limited to being Markovian. A new Riccati-type equation, which is a backward
stochastic differential equation involving both FBM and normal Brownian motion, is introduced.
Optimal control and optimal value of the model are explicitly obtained based on the solution to this
Riccati-type equation.

Key words. fractional Brownian motion (FBM), stochastic linear-quadratic (LQ) control, Itô
integral, Stratonovich integral, Hu–Meyer formula, multiple integral, Riccati equation, Malliavin
derivative
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1. Introduction. Stochastic processes with long memory have been studied in
the literature. One important class of such processes is the fractional Brownian mo-
tion (FBM). In recent years there has been considerable research interest in stochastic
calculus for FBM. A central issue is to define a proper stochastic integral with respect
to the FBM. Attempts were made in Lin [25] and Dai and Heyde [6]; however, the
stochastic integrals defined in [25], [6] do not satisfy the familiar zero-mean property
as opposed to the normal Brownian motion counterpart. More recently, Duncan, Hu,
and Pasik-Duncan [9] employed the Wick calculus to define a fractional stochastic
integral whose mean is indeed zero. This property is very convenient for both theo-
retical development and practical applications. A substantial stochastic calculus was
established for this new integral in [9].

It is natural and interesting to study the optimal control of systems driven by frac-
tional noises, namely, systems described by stochastic differential equations (SDEs)
involving FBM. Some such control problems as well as their applications in mathemat-
ical finance have been studied in [3], [15], [20], [22] within the framework of fractional
calculus of [9].
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On the other hand, a classically important class of stochastic control problems
is the so-called linear-quadratic (LQ) control class, where the system is linear with
respect to the state and control variables and the cost functional is quadratic in the two
variables. Such a problem can often be solved explicitly by solving a relevant Riccati
equation. While stochastic LQ control for systems driven by the (normal) Brownian
motion (i.e., the systems are perturbed by the usual “white noise”) is a classical
problem on which a vast amount of research has been done, there has recently been
renewed interest in the problem, in the form of the so-called “indefinite stochastic LQ
control.” See [1], [4], [5], [23], [28], [29], and the references therein.

This paper represents the first attempt, to our knowledge, of systematically solv-
ing some optimal control problems on linear systems driven by FBM, including LQ
control with fractional noises. The controlled systems under consideration include

dxt = (Atxt + Btut)dt + (Ctxt + Dtut)dW
H
t , x0 = x is given(1.1)

and

dxt = (Atxt + Btut)dt + (Ctxt + Dtut) ◦ dWH
t , x0 = x is given,(1.2)

where At, Bt, Ct, and Dt are given (matrix-valued) stochastic processes, {WH
t , t ≥ 0}

is an FBM of Hurst parameter H ∈ [1/2, 1), and dWH
t and ◦dWH

t are the Itô and
Stratonovich integrals, respectively, as defined in [9]. Our problem is to minimize a
cost functional under constraint (1.1) or (1.2).

The above problem, in its greatest generality, seems to be too difficult to solve at
the moment owing to the long-range-dependence property of the FBM. In this paper
we propose and study three special models. The first model is for system (1.1), where
the state xt is one-dimensional, Dt is absent, and the cost functional is quadratic.
Moreover, we consider optimal control among the class of linear Markovian controls,
namely, those of the form

ut = Ktxt,(1.3)

where Kt is a deterministic (matrix-valued) function of t. (Notice that linear Marko-
vian control constitutes an important control class due to its mathematical simplicity
and ease of implementation. Also, it is well known that the optimal stochastic LQ
control with normal Brownian motion turns out to be a linear Markovian control.)
In this case, the optimal control (or, equivalently, the optimal Kt) is found based
on the solution to a Riccati equation. This Riccati equation can be solved by using
the classical theory. Thus, for this special yet interesting control model we obtain a
complete solution to the LQ problem with fractional noises.

The second model is more general than the first in that Dt �≡ 0 and the cost
functional is of a power form. The presence of Dt is a crucially different and difficult
feature even in the normal stochastic LQ control (see [29] for detailed discussions).
For this second model we use calculus of variation to obtain an integral equation that
the optimal Kt must satisfy. We then demonstrate how to solve this integral equation
in several special cases.

The third control model is an LQ problem, where the system is governed by (1.2),
the state variable is multidimensional, and the admissible controls are not limited to
being Markovian. However, Dt is assumed to be identically zero. We introduce a
Riccati-type equation, which is a backward SDE involving integrals with respect to
both FBM and normal Brownian motion. Assuming the solvability of this equation,
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along with some technical conditions, we derive an optimal control along with the
optimal value based on the completion-of-square technique. As a by-product the
optimal control is in linear Markovian form. We also illustrate how we obtain such a
Riccati-type equation heuristically using the method of approximation.

It is worth mentioning that the study of stochastic control problems with frac-
tional noises will inevitably involve stochastic calculus on FBM, the associated stochas-
tic integrals, and differential equations. However, a rich, complete theory on such cal-
culus is still lacking because the very definition of the fractional stochastic integral we
are employing was introduced only very recently [9]. Therefore, in this paper we make
some effort to derive results on fractional stochastic calculus that are necessary for
studying the subsequent control models. Some of the results are new and interesting
in their own right.

The remainder of the paper is organized as follows. Section 2 is devoted to
fractional stochastic calculus useful in what follows. Three different control models
are treated in sections 3, 4, and 5, respectively. Finally, section 6 concludes the paper
with some remarks.

2. Fractional stochastic calculus. This section presents stochastic calculus
on FBM that is necessary for the control problems under investigation. Most of the
results are new and interesting in their own right from the point of view of fractional
calculus.

2.1. FBM. In this subsection we outline some of the notation and results of
FBM. The primary reference in this regard is [9]. Let Ω = C0(0, T ; R) be the Banach
space of a real-valued continuous function on [0, T ] with the initial value zero and
the super norm. There is a probability measure P on (Ω ,F), where F is the Borel
σ-algebra on Ω, such that on the probability space (Ω ,F , P ) the process {WH

t , 0 ≤
t ≤ T} defined as

WH
t (ω) = ω(t) ∀ω ∈ Ω

is a (one-dimensional) Gaussian process with mean

E WH
t = WH

0 = 0 ∀t ∈ [0, T ]

and covariance

E
(
WH

t WH
s

)
=

1

2

(
t2H + s2H − |t− s|2H

)
∀t, s ∈ [0, T ].

This canonical process {WH
t , 0 ≤ t ≤ T} is called a (standard) FBM of Hurst pa-

rameter H. In this paper H ∈ [ 12 , 1) is fixed. An FBM with H = 1
2 reduces to the

(normal) Brownian motion.
An FBM generates a filtration {Ft, 0 ≤ t ≤ T} with Ft = σ{WH

s , 0 ≤ s ≤
t}. Throughout this paper, only the canonical process and the associated filtered
probability space (Ω ,F , P ;Ft), as described above, are used. Also notice that the
FBM is assumed to be one-dimensional only for notational simplicity; there is no
essential difficulty with a multidimensional FBM, where each component is a one-
dimensional FBM with the same Hurst parameter H.

The following lemma is useful (see [7], [13], [26]).
Lemma 2.1. An FBM WH

t with H ∈ ( 1
2 , 1) can be represented as

WH
t =

∫ t

0

Z(t, s)dWs,(2.1)



2248 YAOZHONG HU AND XUN YU ZHOU

where {Wt , 0 ≤ t ≤ T} is a one-dimensional Brownian motion, and

Z(t, s) :=

(
H − 1

2

)
cHs(1/2)−H

∫ t

s

rH−1/2(r − s)H−(3/2)dr,

with

cH =

√
H(2H − 1)Γ

(
3
2 −H

)
Γ
(
H − 1

2

)
Γ(2 − 2H)

(Γ(·) is the gamma function). Moreover, Wt and WH
t generate the same filtrations.

Similar to the normal Brownian motion, the FBM is not differentiable a.s. (almost
surely). As the “derivative” of a Brownian motion is usually referred to as white noise,
that of an FBM is referred to as fractional noise.

For a fixed H ∈ ( 1
2 , 1), denote a function φ : [0, T ] × [0, T ] → R+ by

φ(s, t) := H(2H − 1)|s− t|2H−2 ∀s, t ∈ [0, T ],(2.2)

and let L2
φ([0, T ]) be the Hilbert space of Borel measurable, scalar-valued functions f

such that

|f |2φ :=

∫ T

0

∫ T

0

φ(s, t)fsftdsdt < ∞,(2.3)

with the norm |f |φ; see [11], [12], [13] for a detailed discussion on this space. The
inner product on L2

φ([0, T ]) is denoted by 〈·, ·〉φ. Define a mapping Φ on L2
φ([0, T ]):

(Φg)t :=

∫ T

0

φ(t, s)gsds ∀g ∈ L2
φ([0, T ]).(2.4)

Then one can define the φ-derivative of a random variable F ∈ Lp(Ω,F , P ) (p ≥ 1)
in the direction of Φg, where g ∈ L2

φ([0, T ]), by

DΦgF (ω) := lim
δ→0

1

δ

{
F

(
ω + δ

∫ ·

0

(Φg)tdt

)
− F (ω)

}
(2.5)

if the limit exists in Lp(Ω,F , P ). Moreover, if there is a process {DH
s F, 0 ≤ s ≤ T}

satisfying

DΦgF =

∫ T

0

[DH
s F ]gsds a.s. ∀g ∈ L2

φ([0, T ]),(2.6)

then F is said to be φ-differentiable and DH
s F is called the Malliavin derivative of F .

Refer to [9], [19] for more information about the Malliavin derivative.

Finally, we remark that if H = 1/2, then the function φ(·, ·) should be replaced
by the Delta function δ(·, ·) satisfying∫ T

0

∫ T

0

δ(s, s′)f(s, s′)dsds′ =

∫ T

0

f(s, s)ds ∀f(·, ·) ∈ L1([0, T ] × [0, T ]).
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2.2. Stratonovich integrals. Next, we discuss the Stratonovich stochastic in-
tegral, which will be dealt with later in this paper. First of all, let Xt be a semi-
martingale of the form

Xt = X0 +

∫ t

0

fsds +

∫ t

0

gsdWs,

where {Ws , 0 ≤ s ≤ T} is the Brownian motion given by Lemma 2.1 and X0 is a
deterministic constant. If f, g ∈ L2

F (0, T ), where L2
F (0, T ) denotes the set of scalar-

valued, Ft-adapted, square integrable processes on [0, T ], then it is a well-known result
that (see, e.g., [21, Chapter III])∫ t

0

Xs ◦ dWs =

∫ t

0

XsdWs +
1

2

∫ t

0

gsds ∀t ∈ [0, T ],(2.7)

where
∫ t

0
Xs ◦ dWs denotes the Stratonovich (symmetric) integral with respect to the

Brownian motion Ws. As a result,

E

(∫ T

0

Xs ◦ dWs

)
=

1

2
E

∫ T

0

gsds.(2.8)

However, if a process Yt is given as

Yt = Y0 +

∫ t

0

fsds +

∫ t

0

gsdW
H
s ,(2.9)

where the stochastic integral with respect to the FBM WH
s is defined as in [9], then

we have a quite different result.
Theorem 2.1. Let fs and gs satisfy the following conditions:

E

∫ T

0

|fs|2ds < ∞, sup
0≤s≤T

E |gs|2ds < ∞, and E

∫ T

0

|DH
s gs|2ds < ∞,(2.10)

and let Yt be given by (2.9), where H ∈ ( 1
2 , 1). Then∫ t

0

Ys ◦ dWs =

∫ t

0

YsdWs ∀t ∈ [0, T ].(2.11)

As a consequence, we have

E

[∫ t

0

Ys ◦ dWs

]
= 0.(2.12)

Proof. Under condition (2.10) on f and g we see that Yt is well defined (see [9]).
Let π : 0 = t0 < t1 < t2 < · · · < tn = t be a partition of the interval [0, t]. By
definition,∫ t

0

Ys ◦ dWs = lim
|π|→0

n−1∑
k=0

1

2

(
Ytk + Ytk+1

) (
Wtk+1

−Wtk

)
= lim

|π|→0

n−1∑
k=0

Ytk

(
Wtk+1

−Wtk

)
+ lim

|π|→0

n−1∑
k=0

1

2

(
Ytk+1

− Ytk

)(
Wtk+1

−Wtk

)
:= lim

|π|→0
I1 + lim

|π|→0
I2,
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where the limit is taken in the sense of “in probability” and |π| := max0≤k≤n−1(tk+1−
tk). It is easy to see by the definition of the Itô integral that the term I1 converges

to
∫ t

0
YsdWs.

To consider the term I2 we estimate E |Ytk+1
− Ytk |2. From the definition of Yt it

follows that

E
∣∣Ytk+1

− Ytk

∣∣2 ≤ 2E

∣∣∣∣∫ tk+1

tk

fsds

∣∣∣∣2 + 2E

∣∣∣∣∫ tk+1

tk

gsdW
H
s

∣∣∣∣2
:= 2(I3 + I4).

It follows from (2.10) that

I3 ≤ E

∫ tk+1

tk

|fs|2ds · |tk+1 − tk|.(2.13)

Moreover, by virtue of the Itô isometry [9, Theorem 3.9], we have

I4 =

∫ tk+1

tk

∫ tk+1

tk

φ(t, s)E (gsgt) dsdt + E

[∫ tk+1

tk

DH
s gsds

]2
:= I5 + I6.

The assumption of the theorem and the definition of φ yield

I5 ≤ C

∫ tk+1

tk

∫ tk+1

tk

φ(t, s)dsdt

≤ C|tk+1 − tk|2H ,

where here (and elsewhere) C is a generic positive constant that may vary from place
to place. On the other hand,

I6 ≤ E

∫ tk+1

tk

|DH
s gs|2ds · |tk+1 − tk|.

Combining the above computations, we conclude that there is a constant C such that

E |Ytk+1
− Ytk |2 ≤ C|tk+1 − tk|2H + Uk|tk+1 − tk|,(2.14)

where

Uk := E

∫ tk+1

tk

(|fs|2 + |DH
s gs|2)ds.

Therefore,

2E I2 ≤
n−1∑
k=0

E
∣∣Ytk+1

− Ytk

∣∣ ∣∣Wtk+1
−Wtk

∣∣
≤

n−1∑
k=0

[
E
∣∣Ytk+1

− Ytk

∣∣2]1/2 [E ∣∣Wtk+1
−Wtk

∣∣2]1/2
≤ C

n−1∑
k=0

(tk+1 − tk)
1/2+H + C

n−1∑
k=0

[Uk(tk+1 − tk)]
1/2
[
E
∣∣Wtk+1

−Wtk

∣∣2]1/2
:= I7 + I8.
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It is easy to check that

I7 ≤ C max
0≤k≤n−1

(tk+1 − tk)
H−1/2

n−1∑
k=0

(tk+1 − tk) → 0

and

I8 ≤ C

n−1∑
k=0

U
1/2
k (tk+1 − tk)

≤ C

(
n−1∑
k=0

Uk

)1/2( n−1∑
k=0

(tk+1 − tk)
2

)1/2

≤ C

[
E

∫ T

0

(|fs|2 + |DH
s gs|2)ds

]1/2

|π|1/2 → 0.

This implies that I2 converges to 0 in L1(Ω,F , P ) and, consequently, in probability.
This completes the proof.

Remark 2.1. Whereas Theorem 2.1 is useful in section 5, it is also interesting
in its own right. In particular, we see that (2.11) is different from the case when
the integrand is a semimartingale; see (2.7). On the other hand, one has a different
formula than (2.11) if the integration there is replaced by one with respect to the
FBM WH

s (under different conditions on the integrand, however); for details see [9,
Theorem 3.12].

Remark 2.2. Since the Stratonovich-type integral can be represented by using the
Itô-type integral [9], (2.9) and (2.10) are still true if Yt is represented as a Stratonovich
integral

Yt = Y0 +

∫ t

0

fsds +

∫ t

0

gs ◦ dWH
s

under some mild conditions on f and g. Details are left to the interested readers.

2.3. Multiple integrals. In this section we recall some results from [9] on mul-
tiple integrals. These results are needed in this paper and we refer to [9] for more
detail.

A function f : [0, T ]n → R is called symmetric on [0, T ]n if

f(si1 , . . . , sin) = f(s1, . . . , sn), (s1, . . . , sn) ∈ [0, T ]n

for any permutation (i1, i2, . . . , in) of (1, 2, . . . , n). Denote

L2
φ([0, T ]n) := {f : [0, T ]n → R is measurable and symmetric in its arguments,

|f |2φ := 〈f, f〉φ < ∞
}
,

where

〈f, g〉φ :=

∫
[0,T ]2n

φ(u1, v1)φ(u2, v2) · · ·φ(un, vn)f(u1, u2, . . . , un)

·g(v1, v2, . . . , vn)du1du2 · · · dundv1dv2 · · · dvn.
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If f ∈ L2
φ([0, T ]n), then the multiple Itô integral

In(f) ≡ In,T (f) =

∫
0≤t1,...,tn≤T

f(t1, . . . , tn)dWH
t1 · · · dWH

tn

= n!

∫
0≤t1<···<tn≤T

f(t1, . . . , tn)dWH
t1 · · · dWH

tn

is well defined, and (see [9, Lemma 6.6]1)

E (In(f)Im(g)) =

⎧⎨⎩n!〈f, g〉φ if n = m,

0 if n �= m.
(2.15)

The following result concerns the Malliavin derivative of a multiple integral.
Theorem 2.2. We have

DH
s In(fn) = nIn−1

(∫ t

0

φ(s, r)fn−1(r)dr

)
∀fn ∈ L2

φ([0, T ]n),(2.16)

where for any 0 ≤ r ≤ T , fn−1(r) denotes a function of n− 1 variables given by

fn−1(r)(s1, . . . , sn−1) := fn(s1, . . . , sn−1, r).

Proof. For all δ ∈ R and h ∈ L2
φ([0, T ]), one has

In(fn)(WH + δ

∫ ·

0

h(s)ds)

= In(fn)(WH) + δ

n∑
k=1

∫
0<s1,...,sn<T

·fn(s1, . . . , sn)dWH
s1 · · · d̂WH

sk
· · · dWH

snh(sk)dsk + o(δ)

= In(fn)(WH) + δn

∫ T

0

In−1(fn−1(r))h(r)dr + o(δ),

where d̂WH
sk

means that the dWH
sk

term is taken off the product. Thus

DΦgF = n

∫ T

0

In−1(fn−1(r))Φg(r)dr

= n

∫ T

0

In−1(fn−1(r))

∫ T

0

φ(s, r)g(s)dsdr.

By the definition of DH
s (see (2.6)) we have

DH
s In(fn) = n

∫ T

0

φ(s, r)In−1(fn−1(r))dr

= nIn−1

(∫ T

0

φ(s, r)fn−1(r)dr

)
.(2.17)

1There is a typo in [9, Lemma 6.6]: the factorial n! is missing from the term 〈f, g〉φ on the
right-hand side of (6.5) there.
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We also need to employ the multiple Stratonovich integrals. For this we first
recall the definition of the k-trace Trkφ. Let f ∈ L2

φ([0, T ]n). For any positive integer
k ≤ n/2, the k-trace of f is defined as a function of n− 2k variables:

Trkφf(t1, . . . , tn−2k) :=

∫
[0,T ]2k

f(s1, s2, . . . , s2k−1, s2k, t1, . . . , tn−2k)

·φ(s1, s2)φ(s3, s4) · · ·φ(s2k−1, s2k)ds1 · · · ds2k

if the right-hand side is integrable.
The multiple Stratonovich integral

Sn(f) ≡ Sn,T (f) =

∫
0≤t1,...,tn≤T

f(t1, . . . , tn) ◦ dWH
t1 · · · ◦ dWH

tn

= n!

∫
0≤t1<···<tn≤T

f(t1, . . . , tn) ◦ dWH
t1 · · · ◦ dWH

tn

is well defined, and one has the following Hu–Meyer formula (see [16], [17], [18], and
[9, equation (6.10)]):

Sn(f) =
∑

k≤[n/2]

n!

2kk!(n− 2k)!
In−2k(Trkφf).(2.18)

2.4. SDEs with FBM. As the dynamics of the control problems under consid-
eration in this paper is described by SDEs with FBM, we need first to study linear
fractional SDEs in this section.

We introduce the two linear equations

⎧⎨⎩ dxt = Atxtdt + CtxtdW
H
t ,

x0 ∈ R
n given and deterministic,

(2.19)

and ⎧⎨⎩ dxt = Atxtdt + Ctxt ◦ dWH
t ,

x0 ∈ R
n given and deterministic,

(2.20)

where dWH
t and ◦dWH

t denote, respectively, the Itô-type and Stratonovich-type dif-
ferentials in the sense of [9].

Theorem 2.3. If At and Ct are measurable and essentially bounded deterministic
functions in t, then (2.19) admits a unique solution. Moreover, the solution satisfies

sup
0≤t≤T

E |xt|p < ∞ ∀ p ≥ 1.(2.21)

Furthermore, the solution x· has a continuous modification.
Proof. The results in which H = 1

2 are clearly true by virtue of the classical SDE
theory for normal Brownian motion. So we assume H > 1

2 . Let Ψ(t, s) denote the
fundamental solution associated with the deterministic part of (2.19), namely, Ψ(t, s)
satisfies

d

dt
Ψ(t, s) = AtΨ(t, s) , 0 ≤ s < t ; Ψ(s, s) = I,
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where I denotes the identity matrix. Since At is uniformly bounded in t, it is routine
to prove, via Gronwall’s inequality, that Ψ(t, s) is uniformly bounded in (t, s). This
in turn implies, via the above equation, that Ψ(t, s) is Lipschitz in t with a Lipschitz
constant independent of (t, s).

Equation (2.19) is thus equivalent to

xt = Ψ(t, 0)x0 +

∫ t

0

Ψ(t, s)CsxsdW
H
s .(2.22)

Replacing xs in the integral by this equation we have

xt = Ψ(t, 0)x0 +

∫ t

0

Ψ(t, s)CsΨ(s, 0)x0dW
H
s

+

∫ t

0

Ψ(t, s2)Cs2

∫ s2

0

Ψ(s2, s1)Cs1xs1dW
H
s1 dW

H
s2 .

Repeatedly applying this procedure, we obtain

xt = Ψ(t, 0)x0 +

∫ t

0

Ψ(t, s)CsΨ(s, 0)x0dW
H
s(2.23)

+

∞∑
n=2

∫
0<s1<···<sn<t

Ψ(t, sn)CsnΨ(sn, sn−1)Csn−1 · · ·

·Ψ(s2, s1)Cs1Ψ(s1, 0)x0dW
H
s1 · · · dWH

sn .

Now we show that (2.23) is convergent in L2(Ω,F , P ) for any fixed t. Denote

(2.24)

fn,t(s1, . . . , sn) := Ψ(t, sn)CsnΨ(sn, sn−1)Csn−1
· · ·Cs2Ψ(s2, s1)Cs1Ψ(s1, 0)x0,

where 0 < s1 < · · · < sn < t. We also use the notation f t
n ≡ f t

n(·, . . . , ·) to denote the
symmetric extension of fn,t to the domain [0, t]n, namely,

f t
n(s1, . . . , sn) := Ψ(t, sin)Csin

Ψ(sin , sin−1)Csin−1
· · ·Csi2

Ψ(si2 , si1)Csi1
Ψ(si1 , 0)x0

if si1 ≤ si2 ≤ · · · ≤ sin , where i1, . . . , in is a permutation of 1, 2, . . . , n.
By virtue of the underlying assumption it is easy to see that there is a positive

constant Kt, depending on t, such that

sup
0≤s1,...,sn≤t

|f t
n(s1, . . . , sn)| ≤ Kn

t .

The right-hand side of (2.23) can be rewritten as

Zt :=

∞∑
n=0

1

n!
In,t(f

t
n),

where

In,t(f
t
n) :=

∫
0<s1,...,sn<t

f t
n(s1, . . . , sn)dWH

s1 · · · dWH
sn
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is the multiple Itô integral defined in section 2.3. It follows from (2.15) that

E |Zt|2 =

∞∑
n=0

1

(n!)2
E
[
In,t(f

t
n)
]2

=

∞∑
n=0

1

n!
〈f t

n, f
t
n〉φ.

By its definition (see section 2.3), we have

〈f t
n, f

t
n〉φ =

∫
[0,t]2n

φ(s1, t1) · · ·φ(sn, tn)f t
n(s1, . . . , sn)f t

n(t1, . . . , tn)ds1 · · · dsndt1 · · · dtn

≤ K2n
t

∫
[0,t]2n

φ(s1, t1) · · ·φ(sn, tn)ds1 · · · dsndt1 · · · dtn

≤ K2n
t ,

where Kt is a generic constant (depending on t) whose values may vary. This leads to

E |Zt|2 ≤
∞∑

n=0

1

n!
K2n

t < ∞.

Hence, the right-hand side of (2.23) converges in L2(Ω,F , P ), and xt is well defined.

Next we show that
∫ t

0
CsxsdW

H
s is well defined for each t ∈ [0, T ], where x· is

defined by (2.23). Let us prove this for t = T , the other case being similar. From [9,

p. 591] there are several conditions for defining
∫ T

0
CtxtdW

H
t . Let us check

E

∫ T

0

|DH
s (Csxs)|2ds < ∞.

Other conditions are routine and easier to check. Since Ct is a bounded deterministic
function of t, it suffices to verify

E

∫ T

0

|DH
s xs|2dt < ∞.(2.25)

To this end, recall that f t
n is the symmetric extension of fn(t; ·, . . . , ·) defined by

(2.20). With this notation we have

xt =

∞∑
n=0

1

n!
In,t(f

t
n).

Its Malliavin derivative is given by, appealing to Theorem 2.2,

DH
s xt =

∞∑
n=1

1

(n− 1)!
In−1,t

(∫ t

0

φ(s, r)f t
n−1(r)dr

)
.

Therefore we have

E |DH
s xt|2 =

∞∑
n=1

1

(n− 1)!

〈∫ t

0

φ(s, r)f t
n−1(r)dr ,

∫ t

0

φ(s, r)f t
n−1(r)dr

〉
φ

.
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Since f t
n is bounded on [0, T ], i.e.,

|f t
n| ≤ Kn

T ,

we have ∣∣∣∣∣
〈∫ t

0

φ(s, r)f t
n−1(r)dr ,

∫ t

0

φ(s, r)f t
n−1(r)dr

〉
φ

∣∣∣∣∣
≤
∣∣∣∣∣
∫ t

0

∫ t

0

∫
0<s1,...,sn−1<t

0<t1,...,tn−1<t

f t
n(s1, . . . , sn−1, r1)f

t
n(t1, . . . , tn−1, r2)

·φ(s1, t1) · · ·φ(sn−1, tn−1)ds1dt1 · · · dsn−1dtn−1dr1dr2

∣∣∣∣∣
≤ Kn

T ,

where here and in what follows we use KT to denote a generic constant, which depends
only on T and may be different in different places. Consequently, we have

sup
0≤s,t≤T

E |DH
s xt|2 ≤ KT .(2.26)

This easily implies (2.25).
Next, to obtain estimate (2.21) we use a hypercontractivity inequality. Define the

number operator Γ(α), where α ∈ R, as

Γ(α)F :=
∞∑

n=0

αnIn,t(gn) if F =

∞∑
n=0

In,t(gn),

where gn ∈ L2
φ([0, t]n) with

∑∞
n=0 In,t(gn) convergent in L2(Ω,F , P ). Nelson’s hyper-

contractivity theorem (see [8], [14]) yields(
E

∣∣∣∣Γ( 1

p− 1

)
F

∣∣∣∣p)1/p

≤
(
E |F |2

)1/2 ∀p ≥ 2.

Now for f t
n defined earlier, we set

Zt,p :=

∞∑
n=0

(p− 1)n

n!
In,t(f

t
n).

By the same estimate for Zt, we obtain

E |Zt,p|2 < ∞.

However, noting that Γ( 1
p−1 )Zt,p = Zt and applying the hypercontractivity inequality

to F = Zt,p, we have

(E |xt|p)1/p ≡ (E |Zt|p)1/p ≤
(
E |Zt,p|2

)1/2
< ∞ ∀p ≥ 2.

When 1 ≤ p < 2, inequality (2.21) follows from the Cauchy–Schwarz inequality.
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Finally, to see that x· has a continuous version, we estimate E |xt−xs|2. We shall
need the uniform Lipschitz condition of Ψ(t, s) in t which was proved earlier. From
expression (2.23) it follows that

xt − xs = Ψ(t, 0)x0 − Ψ(s, 0)x0 +

∞∑
n=1

1

n!

[
In,t(f

t
n) − In,s(f

s
n)
]
.

By the orthogonality of different chaos, we have

E |xt − xs|2 = [Ψ(t, 0)x0 − Ψ(s, 0)x0]
2

+

∞∑
n=1

1

(n!)2
E
[
In,t(f

t
n) − In,s(f

s
n)
]2

≤ [Ψ(t, 0)x0 − Ψ(s, 0)x0]
2

+

∞∑
n=1

1

(n!)2
E
[
In,s(f

t
n) − In,s(f

s
n)
]2

+

∞∑
n=1

1

(n!)2
E
[
In,t(f

t
n) − In,s(f

t
n)
]2

=: I1 +

∞∑
n=1

1

(n!)2
I2,n +

∞∑
n=1

1

(n!)2
I3,n,

where

I2,n = E
[
In,s(f

t
n) − In,s(f

s
n)
]2

= E
[
In,s(f

t
n − fs

n)
]2

= 〈f t
n − fs

n , f
t
n − fs

n〉φ.

Now it is straightforward to see that

I2,n ≤ n!Kn
T |t− s|2.

Denote by Tn(s, t) the region

Tn(s, t) := {0 < s1 < · · · < sn < t} \ {0 < s1 < · · · < sn < s}

= ∪n−1
k=0 {0 < s1 < · · · < sk < s, sk+1 < · · · < sn < t}

=: ∪n−1
k=0Tn,k(s, t).

Then
1

(n!)2
I3,n =

1

(n!)2
E
[
In,t(f

t
n) − In,s(f

t
n)
]2

= E

[∫
Tn(s,t)

fn(t, s1, . . . , sn)dWH
s1

· · · dWH
sn

]2
=

∫
Tn(s,t)

∫
Tn(s,t)

fn(t, s1, . . . , sn)fn(t, t1, . . . , tn)φ(s1, t1) · · ·φ(sn, tn)ds1dt1 · · · dsndtn

≤
n−1∑
k,j=0

∫
Tn,k(s,t)

∫
Tn,j(s,t)

fn(t, s1, . . . , sn)fn(t, t1, . . . , tn)φ(s1, t1) · · ·φ(sn, tn)ds1dt1 · · · dsndtn

≤
n−1∑
k,j=0

√∫
Tn,k(s,t)

∫
Tn,k(s,t)

fn(t, s1, . . . , sn)fn(t, t1, . . . , tn)φ(s1, t1) · · ·φ(sn, tn)ds1dt1 · · · dsndtn

·
√∫

Tn,j(s,t)

∫
Tn,j(s,t)

fn(t, s1, . . . , sn)fn(t, t1, . . . , tn)φ(s1, t1) · · ·φ(sn, tn)ds1dt1 · · · dsndtn.
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It is easy to check that for all 0 ≤ k ≤ n− 1, we have∫
Tn,k(s,t)

∫
Tn,k(s,t)

fn(t, s1, . . . , sn)fn(t, t1, . . . , tn)φ(s1, t1) · · ·φ(sn, tn)ds1dt1 · · · dsndtn

≤
∫

0<s1<···<sk<T
0<t1<···<tk<T

∫
s<sk+1<···<sn<t

s<tk+1<···<tn<t

fn(t, s1, . . . , sn)fn(t, t1, . . . , tn)φ(s1, t1) · · ·

·φ(sn, tn)ds1dt1 · · · dsndtn

≤ 1

k!(n− k)!
Kn

T |t− s|2H

≤ |t− s|2HKn
T /n!.

This concludes that

1

(n!)2
I3,n ≤ 1

n!
Kn

T |t− s|2H.

Observing that

I1 ≤ KT |t− s|2,

we obtain

E |xt − xs|2 ≤ KT |t− s|2H.

Since 2H > 1 we see that xt has a continuous version by the Kolmogorov lemma.
This completes the proof of the theorem.

Remark 2.3. There has been some study on fractional SDEs (see, for example,
[27], [24], and the references therein). However, we could not find any result on
the type of equation (2.19) in the literature. When the equation is one-dimensional,
explicit representation of the solution was obtained in [3], [19]; see also Theorem
2.5 below. Here we have used the Wiener chaos expansion approach to handle the
multidimensional case. Note that the Lp estimate of solution (2.21) is also new.

Theorem 2.4. If At and Ct are measurable and essentially bounded deterministic
functions in t, then (2.20) admits a unique solution.

Proof. Similar to the argument proving Theorem 2.3, a solution candidate to
(2.20) is

(2.27)

Yt :=

∞∑
n=0

∫
0<s1<···<sn<t

Ψ(t, sn)CsnΨ(sn, sn−1)Csn−1
· · ·Ψ(s2, s1)Cs1Ψ(s1, 0)x0 ◦ dWH

s1

· · · ◦ dWH
sn .

Fix t. Since

Sn :=

∫
0<s1<···<sn<t

Ψ(t, sn)CsnΨ(sn, sn−1)Csn−1
· · ·Ψ(s2, s1)Cs1Ψ(s1, 0)x0 ◦ dWH

s1

· · · ◦ dWH
sn ,

n = 0, 1, 2, . . . , are not orthogonal, we consider the convergence in L1(Ω,F , P ). We
have

E |Yt| ≤
∞∑

n=0

E |Sn| ≤
∞∑

n=0

(
E |Sn|2

)1/2
.
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Defining fn,t as in (2.24), we can write

Sn =

∫
0<s1<···<sn<t

fn,t(s1, . . . , sn) ◦ dWH
s1 · · · ◦ dWH

sn .

As before, let f t
n be the symmetric extension of fn,t to [0, t]n. Since A and C are

bounded, we have |fn,t(s1, . . . , sn)| ≤ Kn
T for some constant KT depending only on T .

With this notation we have

Sn =
1

n!
Sn,t(f

t
n),

where

Sn,t(f
t
n) :=

∫
0<s1,...,sn<t

f t
n(s1, . . . , sn) ◦ dWH

s1 · · · ◦ dWH
sn .

By the Hu–Meyer formula (see (2.18)) we have

Sn,t(f
t
n) =

∑
k≤n/2

n!

2kk!(n− 2k)!
In−2k,t

(
Trkφf

t
n

)
.

Therefore

E |Sn,t(f
t
n)|2 =

∑
k≤n/2

(n!)2

22k(k!)2(n− 2k)!
|Trkφf

t
n|2φ.(2.28)

But

| Trkφf
t
n|2φ =

∫
0<s1,...,s2k<t
0<t1,...,t2k<t

∫
0<t1,...,tn−2k<t

0<t′1,...,t′
n−2k

<t

f t
n(s1, s2, . . . , s2k, t1, . . . , tn−2k)

·f t
n(r1, r2, . . . , r2k, t

′
1, . . . , t

′
n−2k)φ(s1, s2) · · ·φ(s2k−1, s2k)

·φ(r1, r2) · · ·φ(r2k−1, r2k)φ(t1, t
′
1) · · ·

·φ(tn−2k, t
′
n−2k)ds1dr1 · · · ds2kdr2kdt1dt

′
1 · · · dtn−2kdt

′
n−2k

≤ Kn
T

∫
0<s1,...,s2k<t
0<t1,...,t2k<t

∫
0<t1,...,tn−2k<t

0<t′1,...,t′
n−2k

<t

φ(s1, s2) · · ·φ(s2k−1, s2k)

·φ(r1, r2) · · ·φ(r2k−1, r2k)φ(t1, t
′
1) · · ·

·φ(tn−2k, t
′
n−2k)ds1dr1 · · · ds2kdr2kdt1dt

′
1 · · · dtn−2kdt

′
n−2k

≤ Kn
T .

Therefore

E |Sn|2 ≤
∑

k≤n/2

Kn
T

(k!)2(n− 2k)!

≤ Kn
T

n!
.

Thus Yt is well defined. It is now routine to verify that Yt is the solution to
(2.20).
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Remark 2.4. Unlike with the case of Itô integral (see Theorem 2.3), it remains an
open problem whether the solution in Theorem 2.4 has a continuous modification.

Remark 2.5. The nonhomogeneous versions of (2.19) and (2.20) are⎧⎨⎩ dxt = (Atxt + ft)dt + (Ctxt + gt)dW
H
t ,

x0 ∈ R
n given and deterministic

(2.29)

and ⎧⎨⎩ dxt = (Atxt + ft)dt + (Ctxt + gt) ◦ dWH
t ,

x0 ∈ R
n given and deterministic,

(2.30)

respectively, where ft and gt are generally random processes. One may also use the
Wiener chaos expansion technique to study the solvability of these equations, taking
the “fundamental matrix” associated with the homogeneous versions (2.19) and (2.20)
as the starting point. However, much more involved technicalities will have to be gone
through. Details are left to the interested readers. Note that for studying the first
and second control models in what follows (2.19) and (2.20) suffice since only the
Markovian type of controls is considered.

The following theorem gives an explicit expression of the solution to (2.19) in the
one-dimensional case. Note that the result was proved in [3] using the Wick product.
Here we give a different yet simple proof.

Theorem 2.5. Let n = 1. If At and Ct are measurable and essentially bounded
deterministic functions in t, then the solution of (2.19) can be represented as

xt = x0 exp

[∫ t

0

CsdW
H
s +

∫ t

0

Asds−
1

2

∫ t

0

∫ t

0

φ(s, s′)CsCs′dsds
′
]
.(2.31)

Proof. Define

yt := exp

(∫ t

0

CsdW
H
s

)
,

zt := x0 exp

{∫ t

0

Asds−
1

2

∫ t

0

∫ t

0

φ(s, s′)CsCs′dsds
′
}

≡ x0 exp

{∫ t

0

Asds−
∫ t

0

∫ s

0

φ(s, s′)CsCs′ds
′ds

}
,

x̄t := ytzt.

It suffices to prove that x̄t satisfies (2.19). To this end, noting that Ct is deterministic,
we can apply a simplified Itô’s formula ([9, Corollary 4.4]2) to get

dyt = CtytdW
H
t + Ctyt

∫ t

0

φ(t, s)Csds dt.(2.32)

2There is a typo in [9, Corollary 4.4]. The last expression on page 599 of [9] should be∫ t
0

∂2f
∂x2 (s, ηs)as

∫ s
0 φ(s, v)avdvds.
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Hence,

dx̄t = d(ytzt) = ytzt

[
Atdt−

∫ t

0

φ(t, s′)CtCs′ds
′ dt

]
+ ytzt

[
CtdW

H
t + Ct

∫ t

0

φ(t, s)Csds dt

]
= Atx̄tdt + Ctx̄tdW

H
t .

This completes the proof.
The following two lemmas are useful in what follows. In particular, the first one

represents the Malliavin derivative of the solution (2.31).
Lemma 2.2. Let xt be the solution of (2.19) under the assumptions of Theorem

2.5. Then

DH
t xt = xt

∫ t

0

φ(t, s)Csds ∀t ∈ [0, T ] a.s.(2.33)

Proof. Equation (2.19) is understood as

xt = x0 +

∫ t

0

Asxsds +

∫ t

0

CsxsdW
H
s .

From the explicit expression (2.31) of the solution we could compute its Malliavin
derivative. However, here we supply a simpler method. By [9, Theorem 4.2], we have

DH
r xt =

∫ t

0

AsD
H
r xsds +

∫ t

0

CsD
H
r xsdW

H
s +

∫ t

0

φ(r, s)Csxsds ∀r, t ∈ [0, T ] a.s.

Fix r. Denote zt := DH
r xt. Then the above equation can be written as

dzt = Atztdt + CtztdW
H
t + φ(r, t)Ctxtdt(2.34)

with z0 = 0. We want to solve this equation to find DH
r xt. Try the solution of the

form z̃t := ρtxt, where ρt is deterministic and differentiable with ρ0 = 0. Then

dz̃t = ρ̇txtdt + ρtAtxtdt + ρtCtxtdW
H
t

= ρ̇txtdt + Atz̃tdt + Ctz̃tdW
H
t .(2.35)

Comparing (2.35) with (2.34), we conclude that if ρ̇t = φ(r, t)Ct, then zt would be
equal to ρtxt owing to the uniqueness of the solution to (2.34). This implies that

ρt =

∫ t

0

φ(r, s)Csds.

The proof is completed.
Lemma 2.3. Let xt be the solution of (2.19) under the assumptions of Theorem

2.5, and let pt and Ct be continuously differentiable deterministic functions in t. Then

d(ptx
2
t ) = x2

t

[
ṗtdt + 2Atptdt + 2ptCt

∫ t

0

φ(t, s)Csdsdt + 2CtptdW
H
t

]
.(2.36)

Proof. Again it suffices to consider the case when H > 1
2 . We apply Itô’s formula

[9, Theorem 4.5] to ptx
2
t . To do this we need to check the following conditions:
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(1) E sup0≤s≤T |Atxt| < ∞;

(2) E
∫ T

0
|CtxtD

H
t xt|2dt < ∞;

(3) there is α > 1−H such that E |Ctxt −Csxs|2 ≤ K|t− s|2α, where |t− s| ≤ δ
for some δ > 0 and lim|t−s|→0 E |DH

t (Ctxt − Csxs)|2 = 0;
(4) the function f(t, x) := ptx

2 has bounded derivatives.
Condition (4) can be replaced by the following (see [13]):

(4′) the function f(t, x) has polynomial growth in x.
To prove (1), we use (2.31) to conclude that

sup
0≤t≤T

|Atxt| ≤ KT exp

{
sup

0≤t≤T

∣∣∣∣∣
∫ t

0

CsdW
H
s

∣∣∣∣∣
}
.

Condition (1) thus follows easily [10]. Next, combining (2.33) and (2.21) we derive
condition (2).

To prove (3), since Ct is continuously differentiable, it suffices to show that

E |xt − xs|2 ≤ K|t− s|2α

and

lim
|t−s|→0

E |DH
t (xt − xs)|2 = 0.

The first inequality (with α = H > 1 −H) was proved in the proof of Theorem 2.3,

and the second equality is seen immediately by the fact that DH
r xt =

∫ t

0
φ(r, s)Csds,

which was proved in the proof of Lemma 2.2.
Finally, condition (4′) is obvious. Now applying [9, Theorem 4.5] we conclude

that

d(ptx
2
t ) = ṗtx

2
tdt + 2ptxtdxt + 2ptCtxtD

H
t xtdt

= ṗtx
2
tdt + 2Atptx

2
tdt + 2Ctptx

2
tdW

H
t + 2ptCtx

2
t

∫ t

0

φ(t, s)Csdsdt

= x2
t

[
ṗtdt + 2Atptdt + 2ptCt

∫ t

0

φ(t, s)Csdsdt + 2CtptdW
H
t

]
,(2.37)

where the second equality is due to Lemma 2.2. This proves the lemma.

3. Control model 1: Scalar state, quadratic cost, and Markovian con-
trol. We start with our first control model in this section. The controlled dynamics
is given by the following Itô-type SDE, where the state is scalar-valued:⎧⎨⎩ dxt = (Atxt + Btut)dt + (Ctxt + Dtut)dW

H
t ,

x0 ∈ R given and deterministic,

(3.1)

where At, Bt := (B1
t , . . . , B

m
t ), Ct, and Dt := (D1

t , . . . , D
m
t ), 0 ≤ t ≤ T , are given

essentially bounded deterministic functions of t. A control ut = (u1
t , . . . , u

m
t )∗, 0 ≤

t ≤ T , where ∗ denotes the matrix transpose, is taken to be of the Markovian linear
feedback type, namely,

ut = Ktxt,(3.2)
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where Kt := (K1
t , . . . ,K

m
t )∗ is an essentially bounded deterministic function of t.

Such a control is also referred to as an admissible (Markovian linear feedback) control
in this section.

Under each admissible control ut = Ktxt, system (3.1) reduces to the following
linear SDE: ⎧⎨⎩ dxt = (At + BtKt)xtdt + (Ct + DtKt)xtdW

H
t ,

x0 ∈ R given and deterministic.

(3.3)

Hence K· itself, also termed the feedback gain, can be regarded as a control.
For every initial state x0 and admissible control ut = Ktxt, there is an associated

cost

J(x0, u·) ≡ J(x0,K·) := E

[∫ T

0

(Qtx
2
t + u∗

tRtut)dt + Gx2
T

]
,(3.4)

where x· is the solution of (3.3) under the control u· or, equivalently, K· (note that the
unique solvability of (3.3) under a given K· is ensured by Theorem 2.3), Qt and Rt are
given essentially bounded deterministic functions in t, and G is a given deterministic
scalar. Our optimal stochastic control problem is to minimize the cost functional (3.4),
for each given x0, over the set of all admissible Markovian linear feedback controls.

Theorem 3.1. Assume that for a.e. t ∈ [0, T ], Dt = 0, Qt ≥ 0, and Rt � δI for
some given δ > 0 and G ≥ 0. Then the Riccati equation⎧⎨⎩ ṗt + 2pt[At + Ct

∫ t

0
φ(t, s)Csds] + Qt −BtR

−1
t B∗

t p
2
t = 0,

pT = G

(3.5)

admits a unique solution p· over [0, T ] with pt ≥ 0 for all t ∈ [0, T ]. Moreover, the
optimal Markovian linear feedback control for problem (3.3)–(3.4) is given by

ût = K̂txt with K̂t = −R−1
t B∗

t pt.(3.6)

Finally, the optimal value of (3.4) is p0x
2
0.

Proof. The unique solvability of the (classical) Riccati equation (3.5) was proved
in, e.g., [29, Corollary 2.10 p. 297]. Next, for any admissible control ut = Ktxt,
applying Lemma 2.3 to (3.3) with Dt = 0, we get

d(ptx
2
t ) = x2

t

[
ṗt + 2pt(At + BtKt) + 2ptCt

∫ t

0

φ(t, s)Csds

]
dt + 2x2

tCtptdW
H
t .

Taking integration from 0 to T , we get

pTx
2
T = p0x

2
0 +

∫ T

0

x2
t

[
ṗt + 2pt(At + BtKt) + 2ptCt

∫ t

0

φ(t, s)Csds

]
· dt

+ 2

∫ T

0

x2
tCtptdW

H
t .

Denote ft := x2
tCtpt. It follows from (2.21) that∫ T

0

∫ T

0

φ(s, t)E |fsft|dsdt < ∞.
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On the other hand, DH
t xt = xt

∫ t

0
φ(t, s)Csds by virtue of Lemma 2.2. So again by

(2.21) we have

sup
0≤t≤T

E |DH
t xt|p < ∞ ∀ p ≥ 1.

This implies that ft satisfies the condition of [9, Theorem 3.9] leading to E
∫ T

0
ftdW

H
t =

0. Hence

E
[
pTx

2
T

]
= p0x

2
0 + E

∫ T

0

x2
t

[
ṗt + 2pt(At + BtKt) + 2ptCt

∫ t

0

φ(t, s)Csds
]
dt.

Since pT = G, we obtain

J(x0,K·)= p0x
2
0 + E

∫ T

0

x2
t

[
ṗt + 2pt(At + BtKt) + (Qt + K∗

t RtKt)

+2ptCt

∫ t

0

φ(t, s)Csds

]
dt

= p0x
2
0 + E

∫ T

0

x2
t

[
ṗt + 2ptAt + 2ptCt

∫ t

0

φ(t, s)Csds + Qt(3.7)

+(Kt + R−1
t B∗

t pt)
∗Rt(Kt + R−1

t B∗
t pt) −BtR

−1
t B∗

t p
2
t

]
dt

= p0x
2
0 + E

∫ T

0

(Kt + R−1
t B∗

t pt)
∗Rt(Kt + R−1

t B∗
t pt)dt,(3.8)

where the last equality was due to the Riccati equation (3.5). Equation (3.8) shows
that the cost function achieves its minimum when K̂t = −R−1

t B∗
t pt, with the minimum

value being p0x
2
0. This proves the theorem.

Remark 3.1. It is interesting to note that the Riccati equation (3.5) corresponds
to the following LQ control problem with (normal) Brownian motion:

Minimize (3.4)

subject to

⎧⎨⎩ dxt = (Atxt + Btut)dt + C̃txtdWt,

x0 ∈ R given and deterministic,

(3.9)

where C̃t =
√

2Ct

∫ t

0
φ(t, s)Csds, assuming that Ct

∫ t

0
φ(t, s)Csds ≥ 0 for all t ≥ 0;

see [4]. This suggests that, in the current setting, the LQ control problem with FBM
is equivalent (in the sense of sharing the same optimal feedback control and optimal
value) to an LQ control problem with Brownian motion, where the diffusion coefficient
of the state is properly modified.

4. Control model 2: Scalar state, power cost, and Markovian control.
In this section we consider a more general model (than the one tackled in the previous
section) where the dynamics is given by (3.1) but the cost functional is of the form

(4.1)

J(x0, u·) ≡ J(x0, u(·)) = E

⎧⎨⎩
∫ T

0

⎡⎣Qtx
α
t +

m∑
i,j=1

Rij(t)ui(t)
βiuj(t)

βj

⎤⎦dt + Gxγ
T

⎫⎬⎭,
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where α, βi (i = 1, 2, . . . ,m), γ ∈ R are given, Qt and Rt ≡ R(t) = (Rij(t))1≤i,j≤m are
given essentially bounded deterministic functions in t, and G is a given deterministic
scalar. Moreover, we assume that (Rij(t))1≤i,j≤m is positive definite for each t ∈ [0, T ].
Here we interchangeably denote a control variable as

ut ≡ u(t) = (u1
t , . . . , u

m
t )∗ ≡ (u1(t), . . . , um(t))∗

for notational convenience. The problem is to find the extreme or optimum (i.e.,
minimum or maximum) of J(x0, u·), for each fixed x0 ∈ R, over the set of all admissible
Markovian linear feedback controls of the form ut = Ktxt, subject to (3.1). With this
type of control we can write J(x0, u·) = J(x0,K·) as in the previous section. Note
that whether the cost functional (4.1) assumes a minimum or maximum (or both)
depends on the problem data, in particular, the ranges of α, β, and γ. The objective
of this section is to derive necessary conditions for a solution to the extreme problem.

Lemma 4.1. For any admissible Markovian control ut = Ktxt, where Kt ≡
K(t) = (K1(t), . . . ,Km(t))∗, the corresponding cost has the following representation:

J(x0,K·) =

∫ T

0

⎡⎣QtΘα,t +

m∑
i,j=1

Rij(t)Ki(t)
βiKj(t)

βjΘβi+βj ,t

⎤⎦dt + GΘγ,T ,(4.2)

where for any κ ∈ R,

Θκ,t ≡ Θκ,t(x0,K·)(4.3)

:= xκ
0E exp

{
κ

∫ t

0

(As + BsKs)ds

+
κ2 − κ

2

∫ t

0

∫ t

0

φ(s, s′)(Cs + DsKs)(Cs′ + Ds′Ks′)dsds
′

}
.

Proof. Substituting the feedback control ut = Ktxt into (3.1), we obtain

dxt = (At + BtKt)xtdt + (Ct + DtKt)xtdW
H
t .(4.4)

By Theorem 2.5, this equation can be solved explicitly as follows:

xt = x0 exp

{∫ t

0

(Cs + DsKs)dW
H
s +

∫ t

0

(As + BsKs)ds

−1

2

∫ t

0

∫ t

0

φ(s, s′)(Cs + DsKs)(Cs′ + Ds′Ks′)dsds
′

}
.(4.5)

Let κ ∈ R. Since κ
∫ t

0
(Cs + DsKs)dW

H
s is Gaussian, we have

E exp

{
κ

∫ t

0

(Cs + DsKs)dW
H
s

}

= exp

⎧⎨⎩1

2
κ2

E

∣∣∣∣∣
∫ t

0

(Cs + DsKs)dW
H
s

∣∣∣∣∣
2
⎫⎬⎭

= exp

{
1

2
κ2

∫ t

0

∫ t

0

φ(s, s′)(Cs + DsKs)(Cs′ + Ds′Ks′)dsds
′

}
,
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where the last equality is due to [9, Theorem 3.10]. It then follows from (4.5) that

E xκ
t = xκ

0E exp

{
κ

∫ t

0

(As + BsKs)ds(4.6)

+
κ2 − κ

2

∫ t

0

∫ t

0

φ(s, s′)(Cs+DsKs)(Cs′+Ds′Ks′)dsds
′

}

= Θκ,t(x0,K·) ≡ Θκ,t.

The desired representation (4.2) thus follows immediately.
Theorem 4.1. If Kt ≡ K(t) = (K1(t), . . . ,Km(t))∗ achieves an extreme for

problems (3.1) and (4.1), then it must satisfy

αBs

∫ T

s

QtΘα,tdt + (α2 − α)

∫ T

s

∫ t

0

QtΘα,tφ(s′, s)Cs′Dsds
′dt(4.7)

+(α2 − α)

∫ T

s

∫ t

0

QtΘα,tφ(s′, s)Ds′Ks′Dsds
′dt + 2R̃(s)

+

m∑
i,j=1

∫ T

s

Rij(t)Ki(t)
βiKj(t)

βjΘβij ,t

[
βijBs + (β2

ij − βij)

∫ t

0

φ(s′, s)Cs′Dsds
′

+ (β2
ij − βij)

∫ t

0

φ(s′, s)Ds′Ks′Dsds
′

]
dt

+ γGΘγ,TBs + (γ2 − γ)GΘγ,T

∫ T

0

φ(s′, s)Cs′Dsds
′

+ (γ2 − γ)GΘγ,T

∫ T

0

φ(s′, s)Ds′Ks′Dsds
′ = 0 a.e. s ∈ [0, T ],

where

βij := βi + βj(4.8)

and

R̃(t) :=

(
m∑
j=1

β1R1j(t)K1(t)
β1−1Kj(t)

βjΘβ1j ,t,(4.9)

· · · ,
m∑
j=1

βmRmj(t)Km(t)βm−1Kj(t)
βjΘβmj ,t

)
.

Proof. Since K· attains the extreme value, it necessarily holds that

d

dε
J(K· + εξ·)

∣∣∣∣∣
ε=0

= 0(4.10)

for all ξ· ∈ C∞(0, T ; Rm), where C∞(0, T ; Rm) denotes the set of all smooth (Rm-
valued) functions on [0, T ].
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To compute derivative (4.10) we need to first compute d
dεΘα,t(x0,K· + εξ·)|ε=0,

which is given by

d

dε
Θα,t(x0,K· + εξ·)

∣∣∣∣∣
ε=0

(4.11)

= Θα,t

{
α

∫ t

0

Bsξsds + (α2 − α)

∫ t

0

∫ t

0

φ(s, s′)DsKsDs′ξs′dsds
′

+ (α2 − α)

∫ t

0

∫ t

0

φ(s, s′)CsDs′ξs′dsds
′

}
.

Consequently,

d

dε
J(K̂· + εξ·)

∣∣∣∣∣
ε=0

=

∫ T

0

QtΘα,t

{
α

∫ t

0

Bsξsds + (α2 − α)

∫ t

0

∫ t

0

φ(s, s′)CsDs′ξs′dsds
′

+ (α2 − α)

∫ t

0

∫ t

0

φ(s, s′)DsKsDs′ξs′dsds
′

}
dt

+ 2

m∑
i,j=1

∫ T

0

βiRij(t)Ki(t)
βi−1Kj(t)

βjξi(t)Θβij ,tdt(4.12)

+

m∑
i,j=1

∫ T

0

Rij(t)Ki(t)
βiKj(t)

βjΘβij ,t

·
{
βij

∫ t

0

Bsξsds + (β2
ij − βij)

∫ t

0

∫ t

0

φ(s, s′)CsDs′ξs′dsds
′

+ (β2
ij − βij)

∫ t

0

∫ t

0

φ(s, s′)DsKsDs′ξs′dsds
′

}
dt

+HΘγ,T

{
γ

∫ T

0

Bsξsds + (γ2 − γ)

∫ T

0

∫ T

0

φ(s, s′)CsDs′ξs′dsds
′

+ (γ2 − γ)

∫ T

0

∫ T

0

φ(s, s′)DsKsDs′ξs′dsds
′

}
(4.13)

=

∫ T

0

QtΘα,t

{
α

∫ t

0

Bsξsds + (α2 − α)

∫ t

0

∫ t

0

φ(s, s′)CsDs′ξs′dsds
′

+ (α2 − α)

∫ t

0

∫ t

0

φ(s, s′)DsKsDs′ξs′dsds
′

}
dt

+ 2

∫ T

0

R̃(t)ξtdt(4.14)

+

m∑
i,j=1

∫ T

0

Rij(t)Ki(t)
βiKj(t)

βjΘβij ,t

·
{
βij

∫ t

0

Bsξsds + (β2
ij − βij)

∫ t

0

∫ t

0

φ(s, s′)CsDs′ξs′dsds
′
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+ (β2
ij − βij)

∫ t

0

∫ t

0

φ(s, s′)DsKsDs′ξs′dsds
′

}
dt

+GΘγ,T

{
γ

∫ T

0

Bsξsds + (γ2 − γ)

∫ T

0

∫ T

0

φ(s, s′)CsDs′ξs′dsds
′

+ (γ2 − γ)

∫ T

0

∫ T

0

φ(s, s′)DsKsDs′ξs′dsds
′

}
.(4.15)

Using the Fubini theorem∫ T

0

∫ t

0

∫ t

0

g(t, s, s′)dsds′dt =

∫ T

0

∫ T

s

∫ t

0

g(t, s′, s)ds′dtds,(4.16)

we obtain

d

dε
J(K· + εξ·)

∣∣∣∣∣
ε=0

=

∫ T

0

{
αBs

∫ T

s

QtΘα,tdt + (α2 − α)

∫ T

s

∫ t

0

QtΘα,tφ(s′, s)Cs′Dsds
′dt

+ (α2 − α)

∫ T

s

∫ t

0

QtΘα,tφ(s′, s)Ds′Ks′Dsds
′dt + 2R̃(s)

+

m∑
i,j=1

∫ T

s

Rij(t)Ki(t)
βiKj(t)

βjΘβi+βj ,t

·
[
βijBs + (β2

ij − βij)

∫ t

0

φ(s′, s)Cs′Dsds
′ + (β2

ij − βij)

∫ t

0

φ(s′, s)Ds′Ks′Dsds
′
]
dt

+ γGΘγ,TBs + (γ2 − γ)GΘγ,T

∫ T

0

φ(s′, s)Cs′Dsds
′

+ (γ2 − γ)GΘγ,T

∫ T

0

φ(s′, s)Ds′Ks′Dsds
′

}
ξsds = 0.(4.17)

Since ξs is arbitrary, we obtain the desired equation, (4.7).
The necessary condition (4.7), albeit complicated, is very general. Let us now

discuss two special (yet interesting) cases, where this condition can be greatly simpli-
fied.

Case 1. Suppose there is no running cost, i.e., Qt ≡ 0 and Rt ≡ 0. However,
G �= 0 and γ �= 0 (otherwise the problem would become trivial). This kind of situation
arises often in financial portfolio selection models, where only terminal wealth is of
concern (see, e.g., [23, 29]). In this case condition (4.7) reduces to

(4.18)

(γ − 1)

∫ T

0

φ(s′, s)Ds′Ks′ds
′ Ds + (γ − 1)

∫ T

0

φ(s′, s)Cs′ds
′ Ds + Bs = 0 a.e. s ∈ [0, T ].

Equation (4.18) (with K· being the unknown) is reduced to the Carleman-type equa-
tion in the following way. Rewrite (4.18) as[

(γ − 1)

∫ T

0

φ(s′, s)Ks′Ds′ds
′ + (γ − 1)

∫ T

0

φ(s′, s)Cs′ds
′

]
Ds = −Bs.
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Since the term inside the bracket is a real-valued function, a necessary condition that
(4.18) has a solution is∫ T

0

φ(s′, s)Ks′Ds′ds
′ +

∫ T

0

φ(s′, s)Cs′ds
′ =

λs

1 − γ
,(4.19)

where λs is a real-valued function satisfying

λsDs = Bs.

Equation (4.19) is equivalent to (noting that φ(s, t) ≡ φ(t, s))∫ T

0

φ(s, t)KtDtdt =
λs

1 − γ
−
∫ T

0

φ(t, s)Ctdt.(4.20)

This equation, with K·D· being the unknown, is of the following general Carleman
type: ∫ T

0

φ(x, y)h(y)dy = g(x),

where g is a given function, h is the unknown function to be determined by this
equation, and φ(x, y) = H(2H − 1)|x− y|2H−2. The solution of this equation can be
expressed explicitly as

h(x) = −aHx1/2−H d

dx

∫ T

x

[
w2H−1(w−x)1/2−H d

dw

∫ w

0

z1/2−H(w−z)1/2−Hg(z)dz
]
dw,

where

aH :=
Γ(2 − 2H)

2HΓ( 1
2 + H)Γ( 3

2 −H)3
;

see [11], [12], [13]. Applying this general formula to (4.20) we obtain K·D·. Note
that, in general, K· may not be unique if its dimension is strictly greater than 1.

A particular case for (4.18) is when γ = 1 or Ds = 0 a.e. s ∈ [0, T ]. In this case,
(4.18) implies it is necessary that Bs = 0 a.e. s ∈ [0, T ] (for there to be an extreme
achieved by a Markovian control); hence system (3.1) becomes uncontrolled and the
cost functional (4.1) is constant valued.

Case 2. Suppose α = βij = γ �= 0 for all i, j. Then (4.7) specializes to

(4.21)

2

α
R̃(s) + Bs

∫ T

s

Θα,t

⎛⎝Qt +

m∑
i,j=1

Rij(t)Ki(t)
βiKj(t)

βj

⎞⎠ dt

+ (α− 1)Ds

∫ T

s

∫ t

0

Θα,tφ(s′, s)(Cs′ + Ds′Ks′)

⎛⎝Qt +

m∑
i,j=1

Rij(t)Ki(t)
βiKj(t)

βj

⎞⎠ds′dt
+GΘα,T

[
Bs + (α− 1)Ds

∫ T

0

φ(s′, s)(Cs′ + Ds′Ks′)ds
′

]
= 0 a.e. s ∈ [0, T ].
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If α = γ = 2 and βi = βj = 1 for all i, j (i.e., the usual LQ case), then the above
equation can be further simplified to

K∗
sRsΘs + Bs

∫ T

s

Θt(Qt + K∗
t RtKt)dt

+Ds

∫ T

s

∫ t

0

Θtφ(s′, s)(Cs′ + Ds′Ks′)(Qt + K∗
t RtKt)ds

′dt

+GΘT

[
Bs + Ds

∫ T

0

φ(s′, s)(Cs′ + Ds′Ks′)ds
′

]
= 0 a.e. s ∈ [0, T ],(4.22)

where Θt := Θ2,t.
Therefore, in the LQ case, where the state is scalar and Dt �= 0, one needs to solve

the functional differential equation (4.22) in order to obtain an optimal Markovian
feedback control. Recall that in section 3 we derived Riccati equation (3.5) for the LQ
control when Dt ≡ 0. Let us now show that (3.5) can also be recovered from (4.22)
under the assumptions of Theorem 3.1. To this end, first note that (4.22) reduces to
the following when Dt ≡ 0:

K∗
sRsΘs + Bs

∫ T

s

Θt(Qt + K∗
t RtKt)dt + GBsΘT = 0 a.e. s ∈ [0, T ].(4.23)

Define

ps := Θ−1
s

[∫ T

s

Θt(Qt + K∗
t RtKt)dt + GΘT

]
(4.24)

and

Ks := −R−1
s B∗

sps.(4.25)

It is clear that K· defined above satisfies the necessary condition (4.23). Now we derive
the equation that governs p·. Multiplying (4.24) by Θs and then taking derivative in
s, we obtain

ṗsΘs + psΘ̇s + Θs(Qs + K∗
sRsKs) = 0.(4.26)

However, (4.6) gives (noting Dt ≡ 0)

Θ̇s = Θs

[
2(As + BsKs) + 2(Cs + DsKs)

∫ s

0

φ(s, s′)(Cs′ + Ds′Ks′)ds
′
]
.(4.27)

Plugging (4.27) into (4.26), noting (4.25), and going through some manipulation, we
get that p· satisfies Riccati equation (3.5) (that pT = G is evident from (4.24)).

It should be noted that the above derivation shows only that K· defined by (4.25),
where p· is the solution to Riccati equation (3.5), satisfies the necessary condition of
an optimum. Hence, it can by no means supersede Theorem 3.1.

Another interesting case for necessary condition (4.22) is when H = 1
2 (i.e., the

Brownian motion), whereas Dt �= 0. In this case φ(s, t) = δ(s, t), the Dirac delta
function, and (4.22) becomes

K∗
sRsΘs + [Bs + (Cs + K∗

sD
∗
s)Ds]

∫ T

s

Θt(Qt + K∗
t RtKt)dt

+GΘT [Bs + (Cs + K∗
sD

∗
s)Ds] = 0.(4.28)
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Let

ps := Θ−1
s

[∫ T

s

Θt(Qt + K∗
t RtKt)dt + GΘT

]
(4.29)

and

RsKs = − [B∗
s + D∗

s(Cs + DsKs)] ps,(4.30)

or equivalently,

Ks = −(Rs + psD
∗
sDs)

−1[B∗
s + D∗

sCs]ps,(4.31)

assuming that Rs + psD
∗
sDs is invertible. On the other hand, in the present case, Θs

satisfies

Θ̇s = Θs

[
2(As + BsKs) + (Cs + DsKs)

2
]
.(4.32)

Going through the same argument as above, we can show that p· follows:

(4.33)⎧⎨⎩
ṗs + (2As + C2

s )ps + Qs − (Bs + C∗
sDs)(Rs + psD

∗
sDs)

−1(B∗
s + D∗

sCs)p
2
s = 0,

pT = G,
Rs + psD

∗
sDs � 0.

This is the standard (stochastic) Riccati equation (see [4]).

5. Control model 3: Vector state, quadratic cost, and general control
with Stratonovich integral. In the two models previously studied, it is assumed
that the state is scalar-valued and only Markovian-type feedback controls are con-
sidered. In this section, we investigate a general model, where the state is multi-
dimensional and admissible controls are not necessarily Markovian. In addition, all
the coefficients are allowed to be stochastic processes. The system is described by the
linear dynamics ⎧⎨⎩ dxt = (Atxt + Btut)dt + Ctxt ◦ dWH

t ,

x0 ∈ R
n given and deterministic,

(5.1)

where At, Ct , 0 ≤ t ≤ T , are n × n matrix-valued Ft-adapted stochastic processes,
and Bt , 0 ≤ t ≤ T , is an n × m matrix-valued Ft-adapted process. An admissible
control ut, 0 ≤ t ≤ T , is an R

m-valued Ft-adapted process such that (5.1) has a
unique solution. Notice that, unlike in the previous two models, the Stratonovich-
type integral is involved in the dynamics.

Let Qt and Rt , 0 ≤ t ≤ T , be given n× n and m×m matrix-valued Ft-adapted
stochastic processes, respectively, and let G be an n × n FT -measurable random
matrix. Define the cost functional

J(x0, u·) := E

[∫ T

0

(x∗
tQtxt + u∗

tRtut)dt + x∗
TGxT

]
.(5.2)

The optimal stochastic control problem is to minimize the cost functional (5.2), sub-
ject to the dynamics (5.1), over the set of all admissible controls for each given x0.
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5.1. Optimal control. In this subsection we present the solution to the op-
timal control problem formulated above. Let Wt be the Brownian motion in the
representation of the FBM WH

t as given by Lemma 2.1. We introduce the following
matrix-valued backward SDE (BSDE):

(5.3){
dPt + (A∗

tPt + PtAt +Qt −PtBtR
−1
t B∗

t Pt)dt+ (C∗
t Pt + PtCt) ◦ dWH

t −ΛtdWt = 0,
PT = G.

This is a Riccati-type equation. A pair of n× n matrix-valued Ft-adapted processes,
(P·,Λ·), is called a solution of (5.3) if it satisfies

Pt = G +

∫ T

t

(A∗
tPt + PtAt + Qt − PtBtR

−1
t B∗

t Pt)dt

+

∫ T

t

(C∗
t Pt + PtCt) ◦ dWH

t −
∫ T

t

ΛtdWt a.e. t ∈ [0, T ],

with all the integrals above well defined. Notice that, unlike a standard BSDE (see
[29]), (5.3) involves simultaneously both the Brownian motion and the FBM.

Now assume that Riccati equation (5.3) admits solution (P·,Λ·)∈L2
F (0, T ; Rn×n)×

L2
F (0, T ; Rn×n) with Λ· being a semimartingale of the form

Λt = Λ0 +

∫ t

0

Θsds +

∫ t

0

ΞsdWs,(5.4)

where Θs and Ξs are continuous Ft-adapted processes. Then

d〈Λ ,W 〉t = Ξtdt,

where the bracket 〈Λ ,W 〉 denotes the quadratic variational process corresponding to
Λt and Wt. Hence, we may rewrite the Riccati (5.3) as⎧⎪⎪⎪⎨⎪⎪⎪⎩

dPt = −(A∗
tPt + PtAt + Qt − PtBtR

−1
t B∗

t Pt)dt,

−(C∗
t Pt + PtCt) ◦ dWH

t + Λt ◦ dWt − 1
2Ξtdt,

PT = G.

(5.5)

Let u· be any given admissible control and x· be the corresponding state process.
Applying the Itô formula for the Stratonovich differential [9, Theorem 4.7], we have

d(x∗
tPtxt) = (Atxt + Btut)

∗Ptxtdt + x∗
tC

∗
t Ptxt ◦ dWH

t

−x∗
t (A

∗
tPt + PtAt + Qt − PtBtR

−1
t B∗

t Pt)xtdt−
1

2
x∗
tΞtxtdt

−x∗
t (C

∗
t Pt + PtCt)xt ◦ dWH

t + x∗
tΛtxt ◦ dWt

+x∗
tPt(Atxt + Btut)dt + x∗

tPtCtxt ◦ dWH
t

=
[
2u∗

tB
∗
t Ptxt − x∗

t (Qt − PtBtR
−1
t B∗

t Pt)xt

]
dt

−1

2
x∗
tΞtxtdt + x∗

tΛtxt ◦ dWt.(5.6)
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Integrating from 0 to T and taking expectation, we get

E [x∗
TPTxT ] = x∗

0P0x0 + E

∫ T

0

[
2u∗

tB
∗
t Ptxt − x∗

t (Qt − PtBtR
−1
t B∗

t Pt)xt

]
dt

−1

2
E

∫ T

0

x∗
tΞtxtdt + E

[∫ T

0

x∗
tΛtxt ◦ dWt

]
.

(5.7)

In view of the relation between the Itô integral and the Stratonovich integral [9,
Theorem 3.12], we have

xt = x0 +

∫ t

0

(Asxs + Bsus)ds +

∫ t

0

Csxs ◦ dWH
s

= x0 +

∫ t

0

[Asxs + Bsus + DH
s (Csxs)]ds +

∫ t

0

CsxsdW
H
s .

Writing it in component form, we have

xi
t = xi

0 +

∫ t

0

gisds +

∫ t

0

hi
sdW

H
s , i = 1, 2, . . . , n,

where gis is the ith component of Asxs +Bsus +DH
s (Csxs) and hi

s the ith component
of Csxs. By the Itô formula [9, Theorem 4.6], we have

d(xi
tx

j
t ) = xi

tg
j
tdt + xi

th
j
tdW

H
t + xj

tg
i
tdt + xj

th
i
tdW

H
t + hj

tD
H
t xi

tdt + hi
tD

H
t xj

tdt

= gijt dt + hij
t dW

H
t ,

where

gijt := xi
tg

j
t + xj

tg
i
t + hj

tD
H
t xi

t + hi
tD

H
t xj

t

and

hij
t := xi

th
j
t + xj

th
i
t.

We also write dΛt in component form:

dΛij
t = Θij

t dt + Ξij
t dWt, 1 ≤ i, j ≤ n.

Then taking into account that dWH
t dW = 0 (which can be proved by the same

estimate as that in the proof of Theorem 2.1), we have

d[Λij
t x

i
tx

j
t ] = Λij

t g
ij
t dt + Λij

t h
ij
t dW

H
t + xi

tx
j
tΘ

ij
t dt + xi

tx
j
tΞ

ij
t dWt.

Taking the sum over i and j and then integrating, we obtain

x∗
tΛtxt = x∗

0Λ0x0 +

∫ t

0

Msds +

∫ t

0

NsdW
H
s +

∫ t

0

x∗
sΞsxsdWs,

where

Ms :=

n∑
i,j=1

(Λij
s g

ij
s + xi

sx
j
sΘ

ij
s ), Ns := Λij

s h
ij
s .
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We set

Yt := x∗
0Λ0x0 +

∫ t

0

Msds +

∫ t

0

NsdW
H
s ,(5.8)

which is of the form (2.9). Assuming that the processes Ms and Ns satisfy conditions
(2.10), it then follows from Theorem 2.1 that

E

∫ T

0

Ys ◦ dWs = 0.

On the other hand, the well-known relation between the Itô and Stratonovich integrals
for Brownian motion yields (see [21])

E

[∫ T

0

(∫ t

0

x∗
sΞsxsdWs

)
◦ dWt

]
=

1

2
E

∫ T

0

x∗
tΞtxtdt.

Therefore we obtain

E

[∫ T

0

x∗
tΛtxt ◦ dWt

]
=

1

2
E

∫ T

0

x∗
tΞtxtdt.

It then follows from (5.7) that

E [x∗
TPTxT ] = E

[
xT

0 P0x0

]
+ E

∫ T

0

[
2u∗

tB
∗
t Ptxt − x∗

t (Qt − PtBtR
−1
t B∗

t Pt)xt

]
dt.

Hence

J(x0, u·) = x∗
0P0x0 + E

∫ T

0

(2u∗
tB

∗
t Ptxt + u∗

tRut + x∗
tPtBtR

−1
t B∗

t Ptxt)dt

= x∗
0P0x0 + E

∫ T

0

(
ut + R−1

t B∗
t Ptxt

)∗
Rt

(
ut + R−1

t B∗
t Ptxt

)
dt.

Assuming that Rt � 0, the minimum of the above functional is achieved when ut =
−R−1

t B∗
t Ptxt with the minimum value being x∗

0P0x0, provided that the control ut =
−R−1

t B∗
t Ptxt induces an admissible control.

Summarizing, we have obtained the following result.
Theorem 5.1. Assume that Rt � 0 a.e. t ∈ [0, T ] a.s. and that Riccati equation

(5.3) admits a solution (P·,Λ·) ∈ L2
F (0, T ; Rn×n) × L2

F (0, T ; Rn×n) with Λ· being a
semimartingale of the form (5.4). Moreover, assume that the process Yt defined by
(5.8) satisfies conditions (2.10) and that (5.6) holds. Then, the stochastic control prob-
lem (5.1)–(5.2) is solvable and the optimal control û· must be of Markovian feedback
type, given explicitly by

ût = −R−1
t B∗

t Ptxt,(5.9)

provided that the control û· (5.9) is admissible. Moreover, the minimum value is
achieved as J(x0, û·) = x∗

0P0x0.
Remark 5.1. Even in the case when the system is driven by Brownian motion,

to the best of our knowledge, equations involving the Stratonovich-type integral (5.1)
have not been considered in the literature on stochastic LQ control.

Remark 5.2. In the Brownian motion case, the Riccati equation is a deterministic
differential equation when all the coefficients At, Bt, and Ct are deterministic (see
[4]). However, In the FBM case, Riccati equation (5.3) is still stochastic even when
all the coefficients are deterministic.
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5.2. Origin of the Riccati equation. In the previous subsection we estab-
lished the optimal solution to the control problem (5.1)–(5.2) by making use of Riccati
equation (5.3). The approach is a standard completion-of-square technique commonly
employed for LQ control once the Riccati equation is in place. However, one may be
curious as to how (5.3) was derived in the first place. In this subsection we present,
in a rather formal way, how we get (5.3).

We first approximate the underlying FBM using an adapted convolution approach
of Malliavin (see [2], [18]). Set WH

s = 0 for s ≤ 0. Define

WH,ε
t :=

1

ε

∫ t

t−ε

WH
s ds.(5.10)

The derivative of WH,ε
t is

ẆH,ε
t =

1

ε

(
WH

t −WH
t−ε

)
.(5.11)

We approximate the stochastic differential system (5.1) by

ẋε
t = Atx

ε
t + Btut + Ctx

ε
tẆ

H,ε
t = (At + CtẆ

H,ε
t )xε

t + Btut.(5.12)

The above can be regarded as a controlled linear system with the normal Brow-
nian motion (but the diffusion coefficient is zero) and random coefficient in drift.
Consider an LQ control problem with dynamics (5.12) and cost functional (5.2). The
corresponding Riccati equation, following [4], is⎧⎨⎩dP ε

t +
[
(At + CtẆ

H,ε
t )∗P ε

t + P ε
t (At + CtẆ

H,ε
t )

+Qt − P ε
t BtR

−1
t B∗

t P
ε
t

]
dt− Λε

tdWt = 0,
P ε
T = G.

(5.13)

Arranging this equation properly, we get⎧⎪⎨⎪⎩
dP ε

t + (A∗
tP

ε
t + P ε

t At + Qt − P ε
t BtR

−1
t B∗

t P
ε
t )dt− Λε

tdWt + C∗
t P

ε
t Ẇ

H,ε
t dt

+P ε
t CtẆ

H,ε
t dt = 0,

P ε
T = G.

(5.14)

A (formal) limiting equation of (5.14) is exactly Riccati equation (5.3) introduced
earlier. It should be noted that it is hard to prove the convergence of (5.14). Fortu-
nately, once we have obtained the Riccati equation, albeit formally, we can then use
the completion-of-square technique to solve the original control problem, as shown in
the previous subsection.

It is also worth noting the difficulty in dealing with the controlled system⎧⎨⎩ dxt = (Atxt + Btut)dt + (Ctxt + Dtut) ◦ dWH
t ,

x0 ∈ R
n given and deterministic

(5.15)

instead of (5.1). Going through the same approximation procedure as above, we get
that (5.13) now becomes

dP ε +
[
(At + CtẆ

H,ε
t )∗P ε

t + P ε
t (At + CtẆ

H,ε
t ) + Qt

]
dt

−P ε
t (Bt + DtW

H,ε
t )R−1

t (Bt + DtW
H,ε
t )∗P ε

t dt− Λε
tdWt = 0.
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Rearranging, we have

dP ε
t +

[
A∗

tP
ε
t + P ε

t At + Qt − P ε
t (Bt + DtW

H,ε
t )R−1

t (Bt + DtW
H,ε
t )∗P ε

t

]
dt

−Λε
tdWt + C∗

t P
ε
t Ẇ

H,ε
t dt + P ε

t CtẆ
H,ε
t dt

−P ε
t DtRtB

∗
t P

ε
t Ẇ

H,ε
t − P ε

t BtRtD
∗
tP

ε
t Ẇ

H,ε
t − P ε

t DtR
−1
t DtP

ε
t (ẆH,ε

t )2dt = 0.

When Dt �≡ 0, the term (ẆH,ε
t )2dt presents, whose limit does not exist. This explains

the difficulty of studying the case when Dt �≡ 0.
Let us conclude this section by remarking again that the discussion in this sec-

tion, to some extent, is rather formal, in the sense that Theorem 5.1 depends upon
the existence of a solution to Riccati equation (5.3) along with some required (very
technical) conditions of the solution. Nevertheless, the highlight of this section is
indeed the introduction of the new equation (5.3), which is a highly unconventional
BSDE involving stochastic integrals with respect to both the normal and fractional
Brownian motions. Research on this type of equation, we believe, will prove to be
very interesting and challenging from both the BSDE and fractional analysis points
of view.

6. Concluding remarks. In this paper we have attempted to systematically
tackle an important class of stochastic control problems with linear dynamic systems
involving FBM. Three specific control models have been studied. It should be noted
that the results in this paper are far from complete. Indeed the paper is intended to
be more inspirational—in the sense that it will inspire more research along the same
line—than exhaustive and conclusive. Many interesting and challenging problems
remain open. The foremost is the optimal control over the set of general controls—
not necessarily that of the Markovian controls. The reason is that the FBM has long-
range dependence; hence, it is natural to expect that the optimal control would not
only depend on the present time, but on the past as well. In fact, we conjecture that
the optimal control is generally linear but non-Markovian (in a special case, this fact
has been proved in a recent paper [22]). In particular, it is interesting to seek the
optimal control in the class of the controls

ut =

∫ t

0

K(t, s)xsds.

We will study such problems in forthcoming papers.
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[6] W. Dai and C. C. Heyde, Itô formula with respect to fractional Brownian motion and its
applications, J. Appl. Math. Stochastic Anal., 9 (1996), pp. 439–448.
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STABILITY RADII OF POSITIVE LINEAR FUNCTIONAL
DIFFERENTIAL EQUATIONS UNDER MULTI-PERTURBATIONS∗

PHAM HUU ANH NGOC† AND NGUYEN KHOA SON‡

Abstract. We study stability radii of linear retarded systems described by general linear func-
tional differential equations. A lower and an upper bound for the complex stability radius with
respect to multi-perturbations are given. Furthermore, in some special cases concerning the struc-
ture matrices, the complex stability radius can precisely be computed via the associated transfer
function. Then, the class of positive linear retarded systems is studied in detail. It is shown that
for this class, complex, real and positive stability radius under multi-perturbations or multi-affine
perturbations coincide and can be computed by simple formulae expressed in terms of the system
matrices.

Key words. functional differential equation, retarded system, positive system, stability radius,
multi-perturbation
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1. Introduction. Motivated by many application in control engineering, prob-
lems of robust stability of dynamical systems have attracted a lot of attention of
researchers during the last 20 years. In the study of these problems, the notion of
stability radius was proved to be a very effective tool. By definition, the stability
radius of a given asymptotically stable system ẋ(t) = Ax(t) is the maximal γ > 0 for
which all the systems of the form

ẋ(t) = (A + DΔE)x(t), ‖Δ‖ < γ

are asymptotically stable. Here, Δ is an unknown disturbance matrix, and D and
E are given matrices defining the structure of the perturbations. Depending upon
whether complex or real disturbances Δ are considered, this maximal γ is called
a complex or real stability radius, respectively. The basic problem in the study of
robustness of stability of the system is to characterize and compute these radii in terms
of given matrices A,D,E. It is important to note that these two stability radii are
in general distinct. The analysis and computation of the complex stability radius for
systems under structured perturbations has been done first in [6] and extended later
in many subsequent papers (see [7] for a survey up to 1990) while the computation of
the real stability radius, being a much more difficult problem, has been solved only
recently; see, e.g., [17].

The situation is much simpler for the class of positive systems. It has been shown
in [19] that if A is a Metzler matrix (i.e., all off-diagonal entries of A are nonnegative)
and D,E are nonnegative matrices, then the complex and the real stability radii
coincide and can be computed directly by a simple formula. These results have been
extended quite recently to infinite-dimensional positive systems in [3], [4], to positive
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continuous time-delay systems in [21], [22], [23] and to discrete time-delay systems in
[15], [10].

It is worth noticing that the notion of stability radius can be extended to various
perturbation types [7]. Among perturbation types, two of the following perturbation
types

A → A +
N∑
i=1

DiΔiEi (multi-perturbation),(1)

A → A +

N∑
i=1

δiAi (multi-affine perturbation)(2)

are most well known in control theory and include perturbation types studied in the
literature. However, so far, the problem of finding computable formulas for stability
radii of the linear systems ẋ(t) = Ax(t), t ≥ 0; x(k + 1) = Ax(k), k ∈ N, under
multi-perturbations still remains open; see, e.g., [8], [9]. In these papers, for multi-
perturbations (1), only lower bounds for the real stability radius were obtained. In
the literature, there are no results available on the computation of stability radii for
this case.

The main purpose of this paper is to develop a framework for studying stability
radii of general retarded systems described by linear functional differential equations
of the form

ẋ(t) = A0x(t) +

∫ 0

−h

d[η(θ)]x(t + θ)

under multi-perturbations (1), multi-affine perturbations (2), and to establish the
previous results in this more general situation. Formulae will be derived for the
stability radii of these general systems in terms of coefficient matrices appearing in
the initial system equations.

The organization of the paper is as follows. In the next section, we summarize
some notations and preliminary results which will be used in what follows. In section
3, a lower and an upper bound for the complex stability radius with respect to multi-
perturbations are given. Furthermore, in some special cases concerning the structure
matrices, the complex stability radius can precisely be computed via the associated
transfer function. Then, for the class of positive functional differential equations
it will be shown that the complex, real and positive stability radius under multi-
perturbations coincide and a simple formula for their computation is established.
In section 4, the class of multi-affine perturbations (which enables us to deal with
diagonal disturbances) is considered and an explicit formula for computing the real
stability radius of positive retarded systems is given. Two examples illustrate the
obtained results.

2. Preliminaries. In this section we shall define some notations and recall some
well known results which will be used in the subsequent sections. Let K = C or R,
where C and R denote the sets of all complex and all real numbers, respectively. For
an integer l, q ≥ 1,Kl denotes the l-dimensional vector space over K, (Kl)∗ is its
dual, and K

l×q stands for the set of all l × q-matrices with entries in K. Inequalities
between real matrices or vectors will be understood componentwise, i.e., for two real
matrices A = (aij) and B = (bij) in R

l×q, we write A ≥ B if and only if aij ≥ bij
for i = 1, . . . , l, j = 1, . . . , q. We denote by R

l×q
+ the set of all nonnegative matrices

A ≥ 0. Similar notations are adopted for vectors. For x ∈ K
n and P ∈ K

l×q
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we define |x| = (|xi|) and |P | = (|pij |). For any matrix A ∈ K
n×n the spectral

radius and spectral abscissa of A are denoted by ρ(A) = max{|λ|;λ ∈ σ(A)} and
μ(A) = max{Reλ;λ ∈ σ(A)}, where σ(A) := {s ∈ C; det(sIn − A) = 0} is the
spectrum of A. A ∈ R

n×n is called a Metzler matrix if all off-diagonal elements of
A are nonnegative or, equivalently, tIn + A ≥ 0 for some t ≥ 0. It is clear that any
A ∈ R

n×n
+ is a Metzler matrix and, moreover, ρ(A) = μ(A).

A norm ‖·‖ on K
n is said to be monotonic if ‖x‖ = ‖ |x| ‖ for all x ∈ K

n. Every p-
norm on K

n, 1 ≤ p ≤ ∞, is monotonic. Throughout the paper, if not otherwise stated,
the norm of a matrix P ∈ K

l×q is understood as its operator norm associated with a
given pair of monotonic vector norms on K

l and K
q, that is, ‖P‖ = max{‖Py‖; ‖y‖ =

1}. We note that the operator norm is in general not monotonic norm on K
l×q even

if K
l,Kq are provided with monotonic norms. However, such monotonicity holds for

nonnegative matrices. Moreover, we have (see, e.g., [19])

P ∈ K
l×q, Q ∈ R

l×q
+ , |P | ≤ Q ⇒ ‖P‖ ≤ ‖ |P | ‖ ≤ ‖Q‖.(3)

The matrix function η(.) : [−h, 0] → R
l×q is called a increasing matrix function if

η(θ2) ≥ η(θ1) for −h ≤ θ1 ≤ θ2 ≤ 0.

To make the presentation self-contained we now summarize in the following theorem
some existing results on properties of Metzler matrices which will be used in what
follows (see, e.g., [2], [19]).

Theorem 2.1. Suppose that A ∈ R
n×n is a Metzler matrix. Then

(i) (Perron–Frobenius) μ(A) is an eigenvalue of A and there exists a nonnegative
eigenvector x ≥ 0, x 	= 0 such that Ax = μ(A)x;

(ii) given α ∈ R, there exists a nonzero vector x ≥ 0 such that Ax ≥ αx if and
only if μ(A) ≥ α;

(iii) (tIn −A)−1 exists and is nonnegative if and only if t > μ(A);

(iv) given B ∈ R
n×n
+ , C ∈ C

n×n, then

|C| ≤ B =⇒ μ(A + C) ≤ μ(A + B).(4)

A matrix function η(·) : [α, β] → K
m×n is said to be of bounded variation if

Var(η;α, β) := sup
P [α,β]

∑
k

‖η(θk) − η(θk−1)‖ < +∞,(5)

where the supremum is taken over the set of all finite partitions of the interval [α, β].
The set BV([α, β],Km×n) of all matrix functions η(·) of bounded variation on [α, β]
satisfying η(α) = 0 is a Banach space endowed with the norm ‖η‖ = Var(η;α, β).
Since all matrix norms on K

m×n are equivalent, it follows that the matrix function
η(·) = (ηij(·)) ∈ K

m×n is of bounded variation if and only if each ηij(·) is of bounded
variation. Moreover, it is easy to show that if K

m×n is provided with ∞-norm, then

max
1≤i≤m

n∑
j=1

Var(ηij ;α, β) ≤ ‖η‖ = Var(η;α, β) ≤
m∑
i=1

n∑
j=1

Var(ηij ;α, β).(6)
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Given η(·) ∈ BV([α, β],Km×n) then for any continuous functions γ ∈ C([α, β],K) and
φ ∈ C([α, β],Kn), the integrals∫ β

α

γ(θ)d[η(θ)] and

∫ β

α

d[η(θ)]φ(θ)

exist and are defined, respectively, as the limits of S1(P ) :=
∑p

k=1 γ(ζk)(η(θk) −
η(θk−1)) and S2(P ) :=

∑p
k=1(η(θk)− η(θk−1))φ(ζk) as d(P ) := maxk |θk − θk−1| → 0,

where P = {θ1 = α ≤ θ2 ≤ · · · ≤ θp = β} is any finite partition of the interval [α, β]
and ζk ∈ [θk−1, θk]. It is immediate from the definition that∥∥∥∥∫ β

α

γ(θ)d[η(θ)]

∥∥∥∥ ≤ max
θ∈[α,β]

|γ(θ)| ‖η‖,∥∥∥∥∫ β

α

d[η(θ)]φ(θ)

∥∥∥∥ ≤ max
θ∈[α,β]

‖φ(θ)‖ ‖η‖.(7)

Let K
n be endowed with a vector norm ‖·‖ and C([−h, 0],Kn) be a Banach space

of all continuous functions on [−h, 0] with values in K
n normed by the maximum

norm ‖φ‖ = maxθ∈[−h,0] ‖φ(θ)‖. Let L : C([−h, 0],Kn) → K
n be a linear bounded

operator. Then, by the Riesz representation theorem, there exists unique matrix
function η = (ηij(·)) ∈ BV([−h, 0],Kn×n) which is continuous from the left (or briefly
c.f.l.) on (−h, 0) such that

Lφ =

∫ 0

−h

d[η(θ)]φ(θ) ∀φ ∈ C([−h, 0],Kn).(8)

For any vector norm on K
n, we have by (7), ‖L‖ ≤ ‖η‖. Moreover, if K

n is provided
with the ∞-norm so that for all x ∈ K

n and θ ∈ [−h, 0],

‖x‖ = max
1≤i≤n

|xi| and ‖η(θ)‖ = max
1≤i≤n

n∑
j=1

|ηij(θ)|,

then it can be shown immediately that ‖L‖ = ‖η‖. In the subsequent sections the
following subspace of BV([−h, 0],Km×n) will be used frequently :

NBV([−h, 0],Km×n) :={η∈ BV([−h, 0],Km×n); η(−h)= 0, η is c.f.l. on [−h, 0]}.
(9)

It is clear that NBV([−h, 0],Km×n) is closed in BV([−h, 0],Km×n) and thus it is a
Banach space with the norm ‖δ‖ = Var(δ;−h, 0).

3. Stability radii of linear functional differential equations under multi-
perturbations. Consider a linear retarded system described by the following general
functional differential equation:

ẋ(t) = A0x(t) + Lxt, t ≥ 0, x(t) ∈ R
n,

x(θ) = φ0(θ), θ ∈ [−h, 0],
(10)

where, for each t ≥ 0, xt ∈ C([−h, 0],Rn) is defined by xt(θ) = x(t + θ), θ ∈
[−h, 0], A0 ∈ R

n×n is a given matrix and L : C([−h, 0],Rn) → R
n is a linear bounded

operator defined by

Lφ =

∫ 0

−h

d[η(θ)]φ(θ), t ≥ 0, φ ∈ C([−h, 0],Rn),(11)
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where η(·) ∈ NBV([−h, 0],Rn×n) is given (real n × n-matrix function of bounded
variation on [−h, 0]) such that η vanishes at −h and is c.f.l. on [−h, 0]. We shall
extend the definition of η to R by setting η(θ) = η(−h) = 0 for all θ ≤ −h, η(θ) = η(0)
for all θ ≥ 0.

It is well known that, for any given φ0 ∈ C := C([−h, 0],Rn), the system (10)–(11)
has a unique solution x(φ0, ·) defined and continuous on [−h,∞) (see, e.g. [5]).

The system (10)–(11) is said to be exponentially asymptotically stable or, more
simply, Hurwitz stable, if there are constants c > 0, α > 0 such that for all φ ∈ C, the
solution x(φ, ·) of (10)–(11) satisfies

‖x(φ, t)‖ ≤ ce−αt‖φ‖, t ≥ 0.

Denote by H(s) the characteristic quasi-polynomial of the system (10)–(11), that is,

H(s) = sIn −A0 −
∫ 0

−h

esθd[η(θ)].(12)

Then the necessary and sufficient condition for the system (10)–(11) to be Hurwitz
stable is

σ(A0, η) ⊂ C
− := {s ∈ C : Re s < 0},(13)

where σ(A0, η) denotes the set of all roots of the characteristic equation of the system
(10)–(11):

σ(A0, η) := {s ∈ C : detH(s) = 0}.(14)

By the property of σ(A0, η) it can be shown that (13) is equivalent to the condition

μ(A0, η) := max{Re s : s ∈ σ(A0, η)} < 0.

The number μ(A0, η) is called the spectral abscissa of the retarded system (10)–(11).
Assume that the retarded system (10)–(11) is Hurwitz stable and subjected to

multi-perturbations of the type

A0 → A0Δ = A0 +

N∑
j=1

D0jΔjE0j , Δj ∈ C
l0j×q0j , j ∈ N := {1, 2, . . . , N},

η → ηδ = η +

N∑
j=1

D1jδjE1j , δj ∈ NBV([−h, 0], Cl1j×q1j ), j ∈ N,(15)

and thus the perturbed system is described by

ẋ(t)=

(
A0+

N∑
j=1

D0jΔjE0j

)
x(t)+

∫ 0

−h

d

[
η(θ) +

N∑
j=1

D1jδj(θ)E1j

]
x(t + θ), t ≥ 0,

x(θ) = φ0(θ), θ ∈ [−h, 0].(16)

Here Dij ∈ C
n×lij , Eij ∈ C

qij×n, i ∈ I := {0, 1}, j ∈ N are given matrices deter-
mining the structure of perturbations, Δj and δj(·), j ∈ N are unknown disturbances.
We always assume that each disturbance matrix function δj(·) is extended to the whole
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R by δj(θ) = δj(−h) = 0 for θ ≤ −h, δj(θ) = δj(0) for θ > 0. We shall measure the

size of each perturbation Δ̃ := [Δ, δ], where

Δ := (Δ1, . . . ,ΔN ),

δ := (δ1, . . . , δN ), Δj ∈ C
l0j×q0j , δj ∈ NBV([−h, 0],Cl1j×q1j ), j ∈ N,

by the norm

‖Δ̃‖ :=

N∑
j=1

‖Δj‖ +

N∑
j=1

‖δj‖, ‖δj‖ := Var(δj ;−h, 0), j ∈ N.(17)

Set

DC := {Δ̃ = [Δ, δ] : Δj ∈ C
l0j×q0j , δj ∈ NBV([−h, 0],Cl1j×q1j ), j ∈ N},

DR := {Δ̃ = [Δ, δ] : Δj ∈ R
l0j×q0j , δj ∈ NBV([−h, 0],Rl1j×q1j ), j ∈ N},

D+ := {Δ̃ = [Δ, δ] : Δj ∈ R
l0j×q0j
+ , δj ∈ NBV([−h, 0],Rl1j×q1j ) is increasing, j ∈N}.

Then DC,DR,D+ are called, respectively, the class of complex, real, nonnegative per-
turbations. In what follows, we always define inf ∅ = +∞, 0−1 = +∞. To study
robustness of stability of the retarded system (10)–(11) we introduce the following.

Definition 3.1. Let the retarded system (10)–(11) be Hurwitz stable. The com-
plex, real and positive stability radius of the system with respect to perturbations of
the form (15), measured by the norm (17), is defined, respectively, by

rC = inf{‖Δ̃‖ : Δ̃∈ DC, σ(A0Δ, ηδ) 	⊂C
−},(18)

rR = inf{‖Δ̃‖ : Δ̃∈ DR, σ(A0Δ, ηδ) 	⊂C
−},(19)

and

r+ = inf{‖Δ̃‖ : Δ̃∈ D+, σ(A0Δ, ηδ) 	⊂C
−}.(20)

Remark 3.2. (a) It is important to note that we can consider the above problem
with respect to the multi-perturbations of the form

A0 → A0Δ = A0 +

N1∑
j=1

D0jΔjE0j , Δj ∈ C
l0j×q0j , j ∈ N1 := {1, . . . , N1},(21)

η → ηδ = η +

N2∑
j=1

D1jδjE1j , δj ∈ NBV([−h, 0],Cl1j×q1j ), j ∈ N2 := {1, . . . , N2}.

However, if, for instance, N1 > N2, then the parameter perturbations (21) can be
represented in the form (15) by setting D1j or E1j being equal to zero matrix for
every j ∈ N1, j > N2.

(b) In the particular case, if

η(θ) =

{
0 if θ = −h,
A1 if θ ∈ (−h, 0],

δj(θ) =

{
0 if θ = −h,

Δ1j if θ ∈ (−h, 0],
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where A1 is a given matrix and Δ1j ∈ K
l1j×q1j , j ∈ N,K = R,C are unknown matrices

then the problem of computing the stability radii of the system (10)–(11) under multi-
perturbations (15) returns the problem of computing the stability radii of delay-time
system of the form

ẋ(t) = A0x(t) + A1x(t− h), t ≥ 0,

under multi-perturbations of the form

A0 → A0Δ = A0 +

N∑
j=1

D0jΔ0jE0j , Δ0j ∈ C
l0j×q0j , j ∈ N,

A1 → A1Δ = A1 +

N∑
j=1

D1jΔ1jE1j , Δ1j ∈ C
l1j×q1j , j ∈ N,(22)

and it has been just solved in [16].
We define the associated transfer functions G(i,j; u,v) : C\σ(A0, η) → C

qij×luv of
the perturbed system (16) by setting

G(i,j; u,v)(s) = EijH(s)−1Duv, i, u ∈ I; j, v ∈ N.(23)

We need the following technical lemmas.
Lemma 3.3 (see [23]). Let the retarded system (10)–(11) be Hurwitz stable. Then,

for i, u ∈ I; j, v ∈ N , the function s → ‖G(i,j; u,v)(s)‖ (s ∈ C,Re s ≥ 0) attains the
supremum on ıR and moreover,

max
s∈C, Re s≥0

‖G(i,j; u,v)(s)‖ = max
ω∈R

‖G(i,j; u,v)(ıω)‖.(24)

Lemma 3.4. Let the retarded system (10)–(11) be Hurwitz stable. Then, for every
s0 ∈ C,Re s0 = 0, maxi∈I;j∈N ‖G(i,j; i,j)(s0)‖ 	= 0, there exists a complex perturbation

Δ̃ := [Δ, δ], where Δ := (Δ1, . . . ,ΔN ), δ := (δ1, . . . , δN ), Δj ∈ C
l0j×q0j , δj ∈

NBV([−h, 0],Cl1j×q1j ), j ∈ N such that

‖Δ̃‖ =
1

maxi∈I;j∈N ‖G(i,j; i,j)(s0)‖
and μ(A0Δ, ηδ) ≥ 0.(25)

Moreover, if G(i,j; i,j)(0) ∈ R+
qij×lij for every i ∈ I, j ∈ N then there exists a

nonnegative perturbation Δ̃ ∈ D+ satisfying (25) with s0 = 0.
Proof. Assume that maxi∈I; j∈N ‖G(i,j; i,j)(s0)‖ = ‖G(i1,j1; i1,j1)(s0)‖ for some

i1 ∈ I, j1 ∈ N. From the definition of ‖G(i1,j1; i1,j1)(s0)‖, there exists a vector u0 ∈
C

li1j1 , ‖u0‖ = 1 such that ‖G(i1,j1; i1,j1)(s0)u0‖ = ‖G(i1,j1; i1,j1)(s0)‖. Then, by the
Hahn–Banach theorem, there exist y∗ ∈ (Cqi1j1 )∗, ‖y∗‖ = 1 satisfying

y∗(G(i1,j1; i1,j1)(s0)u0) = ‖G(i1,j1; i1,j1)(s0)u0‖.

Define Δi1j1 := ‖G(i1,j1; i1,j1)(s0)u0‖−1u0y
∗ ∈ C

li1j1×qi1j1 . It is easy to see that
‖Δi1j1‖ = ‖G(i1,j1; i1,j1)(s0)‖−1. We consider now the following step function:

δi1j1(θ) =

{
0 if θ = −h,

Δi1j1e
hs0 if θ ∈ (−h, 0].
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It is clear that

δi1j1 ∈ NBV([−h, 0],Cli1j1×qi1j1 ), ‖δi1j1‖ = Var(δi1j1 ;−h, 0) = ‖Δi1j1‖

and
∫ 0

−h
es0θd[δi1j1(θ)] = Δi1j1 . Setting x := H(s0)

−1Di1j1u0, we have∫ 0

−h

es0θd[δi1j1(θ)]Ei1j1x = Δi1j1Ei1j1x = u0.

Therefore,

x = H(s0)
−1Di1j1Δi1j1Ei1j1x = H(s0)

−1Di1j1

∫ 0

−h

es0θd[δi1j1(θ)]Ei1j1x 	= 0

and hence

H(s0)x = Di1j1Δi1j1Ei1j1x = Di1j1

∫ 0

−h

es0θd[δi1j1(θ)]Ei1j1x.

This implies (
A0 +

∫ 0

−h

es0θd[η(θ)] + Di1j1Δi1j1Ei1j1

)
x

=

(
A0 +

∫ 0

−h

es0θd[η + Di1j1δi1j1(θ)Ei1j1 ]

)
x = s0x.

If i1 = 0, then we define Δ̃ := [Δ, δ] = ((Δ1, . . . ,ΔN ), (δ1, . . . , δN )), where Δj =
Δi1j1 if j = j1; otherwise Δj = 0, j ∈ N and δj = 0 for all j ∈ N . Then the perturba-

tion Δ̃ satisfies (25). If i1 = 1, then we define Δ̃ := [Δ, δ] = ((Δ1, . . . ,ΔN ), (δ1, . . . , δN )),
where Δj = 0 for all j ∈ N and δj = δi1j1 if j = j1 otherwise δj = 0, j ∈ N . Then we

have Δ̃ satisfying (25).
Moreover, if G(i1,j1; i1,j1)(s0) ∈ R+

qi1j1×li1j1 for s0 = 0, then we have ‖G(i1,j1; i1,j1)

(0)‖ = max
u∈R

li1j1
+ ,‖u‖=1

‖G(i1,j1; i1,j1)(0)u‖; see [11]. Thus we can choose u0 ∈ R
li1j1
+

such that ‖u0‖ = 1 and ‖G(i1,j1; i1,j1)(0)u0‖ = ‖G(i1,j1; i1,j1)(0)‖. Since G(i1,j1; i1,j1)

(0)u0 ≥ 0 there exists by a theorem of Krein and Rutman [12] a positive linear form
y∗ ∈ (Cqi1j1 )∗ of dual norm ‖y∗‖ = 1 such that y∗G(i1,j1; i1,j1)(0)u0 = ‖G(i1,j1; i1,j1)

(0)u0‖. Hence the perturbation Δ̃ constructed as above is nonnegative. The proof is
complete.

Using the above lemmas we obtain the following estimates for the complex radius.
Theorem 3.5. Let the retarded system (10)–(11) be Hurwitz stable and be sub-

jected to multi-perturbations of the form (15). Then

1

maxi,u∈I;j,v∈N{maxω∈R ‖G(i,j;u,v)(ıω)‖} ≤rC≤
1

maxi∈I;j∈N{maxω∈R ‖G(i,j; i,j)(ıω)‖}.

(26)

In particular, if Dij = D for all i ∈ I; j ∈ N or Eij = E for all i ∈ I; j ∈ N , then

rC =
1

maxi∈I;j∈N{maxω∈R ‖G(i,j; i,j)(ıω)‖} .(27)
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Proof. Obviously, (27) is immediate from (26), if Dij = D for all i ∈ I; j ∈ N or

Eij = E for all i ∈ I; j ∈ N . Let Δ̃ := [Δ, δ] = ((Δ1, . . . ,ΔN ), (δ1, . . . , δN )),Δj ∈
C

l0j×q0j , δj ∈ NBV([−h, 0],Cl1j×q1j ), j ∈ N be destabilizing disturbances, so that
σ(A0Δ, ηδ) 	⊂C

−. It follows that there exist a nonzero x0 ∈ C
n and s0 ∈ C,Re s0 ≥ 0

such that(
s0In −

(
A0 +

N∑
j=1

D0jΔjE0j

)
−
∫ 0

−h

es0θd

[
η(θ) +

N∑
j=1

D1jδj(θ)E1j

])
x0 = 0.

This implies

H(s0)x0 =

( N∑
j=1

D0jΔjE0j +

∫ 0

−h

es0θd

[ N∑
j=1

D1jδj(θ)E1j

])
x0

or, equivalently,

x0 = H(s0)
−1

( N∑
j=1

D0jΔjE0j + D1j

∫ 0

−h

es0θd

[ N∑
j=1

δj(θ)

]
E1j

)
x0.

Let i0 ∈ I, j0 ∈ N be indexes such that ‖Ei0j0x0‖ = max{‖Eijx0‖ : i ∈ I, j ∈ N}
then from the last equality it follows that Ei0j0x0 	= 0. Multiplying the last equation
with Ei0j0 from the left we can deduce

N∑
j=1

(
‖Ei0j0H(s0)

−1D0j‖‖Δj‖ + ‖Ei0j0H(s0)
−1D1j‖‖

∫ 0

−h

es0θd[δj(θ)]‖
)

≥ 1.(28)

Since, by (7), ‖
∫ 0

−h
es0θd[δj(θ)]‖ ≤ ‖δj‖, j ∈ N , (28) yields

( max
i,u∈I; j,v∈N

‖G(i,j; u,v)(s0)‖)
N∑
j=1

(‖Δj‖ + ‖δj‖)

= ( max
i,u∈I; j,v∈N

‖G(i,j; u,v)(s0)‖)‖Δ̃‖ ≥ 1,

and thus

‖Δ̃‖≥ 1

maxi,u∈I; j,v∈N ‖G(i,j;u,v)(s0)‖
≥ 1

maxi,u∈I; j,v∈N{maxs∈C,Re s≥0 ‖G(i,j;u,v)(s)‖}
.

Therefore, by Lemma 3.3 and Definition 3.5, we have

rC ≥ 1

maxi,u∈I;j,v∈N{maxω∈R ‖G(i,j; u,v)(ıω)‖} .

It remains to prove that

rC ≤ 1

maxi,u∈I;j,v∈N{maxω∈R ‖G(i,j; u,v)(ıω)‖} .

However, this inequality follows from Lemma 3.4 and the definition of rC. This com-
pletes our proof.
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The above theorem includes, as a particular case, the results of Theorem 1 in
[20] and of Theorem 3.3 in [23] where the formulae for complex stability radii of the
linear retarded systems under single perturbations (i.e., N = 1) are established. The
problem of computation of the real stability radius rR is much more difficult and has
been so far solved only for ordinary linear systems of the form ẋ(t) = A0x(t), t ≥ 0,
where the system matrix A0 is subjected to single perturbations; see, e.g., [17]. We
note that, by definition, rC ≤ rR, so rC can be accepted as the lower bound for rR.
Unfortunately, as shown in many previous papers (see, e.g., [7]) these two stability
radii can be arbitrarily distinct. Therefore, it is an interesting problem to find classes
of systems of practical interest for which these two stability radii coincide. Motivated
by the results of [8], [9], [21], [22], [23], in this section we show that for the class
of positive functional differential equations, the positive, real and complex stability
radius under multi-perturbations coincide and can be computed by a simple formula.

Consider a linear system described by the functional differential equation of the
form

ẋ(t) = A0x(t) +

∫ 0

−h

d[η(θ)]x(t + θ) t ≥ 0, x(t) ∈ R
n,

x(θ) = φ0(θ), θ ∈ [−h, 0],

(29)

where φ0(·) ∈ C([−h, 0],Rn) is given and η ∈ NBV([−h, 0],Rn×n) being a given
function of bounded variation such that η(−h) = 0 and η is c.f.l. on [−h, 0]. The
solution of the system (29) will be denoted by x(φ0, ·).

Definition 3.6. System (29) is called positive if for every nonnegative initial
function φ0 ∈ C([−h, 0],Rn

+), the corresponding solution x(φ0, ·) satisfies x(φ0, t) ∈
R

n
+ for every t ≥ 0.

The following theorem is a corollary of Proposition 3.5 in [14, p. 224].
Theorem 3.7 (see [23]). The system (29) is positive if and only if A0 ∈ R

n×n

is a Metzler matrix and η(.) ∈ NBV([−h, 0],Rn×n) is an increasing matrix function.
From Theorem 3.7 it is easy to see that the linear retarded system of the form

ẋ(t) = A0x(t) + A1x(t− h), t ≥ 0

is positive if and only if A0 is a Metzler matrix and A1 ≥ 0.
In order to give characterization of the real stability radius of the positive systems,

we need some technical lemmas. Define, for each s ∈ C,

Q(s) =

∫ 0

−h

esθd[η(θ)].

Then, it follows from η(.) to be an increasing matrix function that, for any s ∈ C and
x ∈ C

n,

|Q(s)x| =

∣∣∣∣( ∫ 0

−h

esθd[η(θ)]

)
x

∣∣∣∣ ≤ (∫ 0

−h

eθRe sd[η(θ)]

)
|x| = Q(Re s)|x|.(30)

Lemma 3.8 (see [23]). Assume A0∈R
n×n a Metzler matrix and η(.)∈NBV([−h, 0],

R
n×n) is an increasing matrix function. Let μ0 := μ(A0, η) be the spectral abscissa of

the delay system (29) and μ1 := μ(A0 + Q(μ0)) be the spectral abscissa of the matrix
A0 + Q(μ0). Then we have

μ0 = μ1.
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Lemma 3.9 (see [23]). Let A0 be a Metzler matrix and η(·) ∈ NBV([−1, 0],Rn×n)
be an increasing matrix function. Then

(i) with the characteristic quasi-polynomial of the system (29) H(s) defined by
(12), we have

H(t1)
−1 ≥ H(t2)

−1 ≥ 0 for t2 > t1 > μ(A0, η);(31)

(ii) assume that the linear system (29) is Hurwitz stable and Duv ∈ R
n×luv
+ , Eij ∈

R
qij×n
+ for some i, u ∈ I; j, v ∈ N and the transfer function G(i,j; u,v)(·) is defined by

(23). Then

max
ω∈R

‖G(i,j; u,v)(ıω)‖ = ‖G(i,j; u,v)(0)‖.(32)

We are now in position to prove the main result of this section.
Theorem 3.10. Let the linear retarded system (29) be positive and Hurwitz

stable. Assume A0, η are subjected to multi-perturbation of the form (15), where Dij ∈
R

n×lij
+ , Eij ∈ R

qij×n
+ , i ∈ I, j ∈ N . If Dij = D for all i ∈ I, j ∈ N or Eij = E for

all i ∈ I, j ∈ N , then we have

rC = rR = r+ =
1

maxi∈I,j∈N ‖G(i,j; i,j)(0)‖ .

Proof. From (27) and (32),

rC =
1

maxi∈I,j∈N ‖G(i,j; i,j)(0)‖ .(33)

Since the system (29) is Hurwitz stable, positive, and Dij ∈ R
n×lij
+ , Eij ∈ R

qij×n
+ , i ∈

I, j ∈ N , it follows from (31) that G(i,j; i,j)(0) ∈ R
qij×lij
+ for all i ∈ I, j ∈ N. By

definition of r+ and Lemma 3.4, we get

r+ ≤ 1

maxi∈I,j∈N ‖G(i,j; i,j)(0)‖ .(34)

It follows from (33), (34), and the inequalities rC ≤ rR ≤ r+ that

rC = rR = r+ =
1

maxi∈I,j∈N ‖G(i,j; i,j)(0)‖ .

We illustrate the above result by two following simple examples.
Example 3.11. Consider a positive linear time-delay system described by the

following scalar equation:

ẋ(t) = −x(t) +

∫ 0

−1

eθx(t + θ)dθ t ≥ 0, x(t) ∈ R.(35)

It is easy to see that (35) can be represented of the form (29), with η = eθ − e−1.
Clearly, η ∈ NBV ([−1, 0],R) and it is an increasing function on [−1, 0]. Then, the
characteristic quasi-polynomial of (35) is given by

H(s) = s + 1 −
∫ 0

−1

esθd[η(θ)] = s + 1 −
∫ 0

−1

e(s+1)θdθ.(36)
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Therefore, H(s) = 0 if and only if (s2 + 2s)es + e−1 = 0. By Theorem 13.9 in [1],
it is easy to verify that all roots of this equation have negative real parts. Thus, the
system (35) is Hurwitz stable. Assume the system (35) is perturbed as follows:

ẋ(t) = (−1 + δ0)x(t) +

∫ 0

−1

(eθ + 2003Δ1(θ) + 2002Δ2(θ))x(t + θ)dθ,(37)

where δ0 ∈ R is an unknown parameter scalar and Δ1(θ),Δ2(θ) are unknown inte-
grable functions on [−1, 0]. This perturbed system can be rewritten in the form

ẋ(t) = (−1 + δ0)x(t) +

∫ 0

−1

d[η(θ) + 2003δ1(θ) + 2002δ2(θ)]x(t + θ),(38)

where

δ1(θ) =

∫ θ

−1

Δ1(τ)dτ, δ2(θ) =

∫ θ

−1

Δ2(τ)dτ, θ ∈ [−1, 0].

By Theorem 3.10, we conclude that the perturbed system (37) is Hurwitz stable for
all δ0 ∈ R, Δ1(·), Δ2(·) ∈ L1([−1, 0],R) satisfying

|δ0| + V 0
−1(δ1) + V 0

−1(δ2) = |δ0| +
∫ 0

−1

|Δ1(θ)|dθ +

∫ 0

−1

|Δ2(θ)|dθ < rR =
1

2003e
.

On the other hand, if we take the perturbation δ0 = 0, Δ1(θ) = 1−eθ

2003 , Δ2(θ) = 0, θ ∈
[−1, 0], then the perturbed system becomes

ẋ(t) = −x(t) +

∫ 0

−1

x(t + θ)dθ, t ≥ 0, x(t) ∈ R

for which the characteristic quasi-polynomial is

H(s) = s + 1 −
∫ 0

−1

esθdθ.

Since, clearly, H(0) = 0 it follows that the perturbed system is not Hurwitz stable.
Note that

|δ0| + V 0
−1(δ1) + V 0

−1(δ2) =

∫ 0

−1

|Δ1(θ)|dθ =
1

2003e
= rR.

Example 3.12. Consider the positive linear delay system

ẋ(t) = A0x(t) + A1x(t− 1), t ≥ 0,

where

A0 =

[
−1 1
0 −2

]
, A1 =

[
0 0
1 0

]
.

Then the characteristic equation of the system is

es(s2 + 3s + 2) − 1 = 0.
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By Theorem 3.9 in [1] this equation has only roots with negative real parts. Therefore,
the above delay system is Hurwitz stable. Suppose the system matrices A0, A1 are
subjected to parameter perturbations of the form

A0 → A0 + D01Δ01E01 + D02Δ02E02,

A1 → A1 + D11Δ11E11 + D12Δ12E12,

where

E01 = E02 = E11 = E12 = I2,

D01 =

[
1
0

]
, D02 =

[
1 1
0 1

]
, D11 =

[
0
1

]
, D12 =

[
1 0
1 1

]
,

Δ01, Δ11 ∈ K
1×2, Δ02, Δ12 ∈ K

2×2, K = R,C.

Then we get

G(0,1; 0,1)(0) = (−A0 −A1)
−1

D01 =

[
2 1
1 1

] [
1
0

]
=

[
2
1

]
,

G(0,2; 0,2)(0) = (−A0 −A1)
−1

D02 =

[
2 1
1 1

] [
1 1
0 1

]
=

[
2 3
1 2

]
,

G(1,1; 1,1)(0) = (−A0 −A1)
−1

D11 =

[
2 1
1 1

] [
0
1

]
=

[
1
1

]
,

G(1,2; 1,2)(0) = (−A0 −A1)
−1

D12 =

[
2 1
1 1

] [
1 0
1 1

]
=

[
3 1
2 1

]
.

Therefore, if R
2 is endowed with, respectively, with the 1-norm, 2-norm, ∞-norm,

then by Theorem 3.10, the perturbed system

ẋ(t) =

⎛⎝A0 +

2∑
j=1

D0jΔ0jE0j

⎞⎠x(t) +

⎛⎝A1 +

2∑
j=1

D1jΔ1jE1j

⎞⎠x(t− 1), t ≥ 0,

remains Hurwitz stable for all Δij , i ∈ {0, 1}; j ∈ {1, 2} satisfying

1∑
i=0

2∑
j=1

‖Δij‖ <
1

5
,

1√
9 +

√
80

,
1

5
, respectively.

On the other hand, if, for instance, R
2 is endowed with 1-norm then the destabilizing

perturbation of minimal size
∑1

i=0

∑2
j=1 ‖Δij‖= 1

5 is given by Δ:=(Δ01,Δ02,Δ11,Δ12),

where Δ01 = (0, 0),Δ02 = [
0 0
1
5

1
5
],Δ11 = (0, 0),Δ12 = [0 0

0 0].
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4. Stability radii of positive linear functional differential equations un-
der multi-affine perturbations. In this section we study the robust stability of
the positive system (29) where A0, η are subjected to multi-affine perturbations of
the following form:

A0 → A0 +

N0∑
i=1

αiAi,

η → η +

N1∑
j=1

βjηj ,(39)

where Ai ∈ R
n×n, ηj ∈ NBV ([−h, 0],Rn×n) are given and αi, βj ∈ C are unknown

scalar parameters. We note that the class of multi-affine perturbations of this type
has been considered first in [8], [9], [18] for positive linear systems with no time delays
and has just extended to positive time-delay systems in [22], [10]. In this section, we
extend these results to general functional differential equations.

As in the previous section, we assume that A0 is a Metzler matrix and η ∈
NBV ([−h, 0],Rn×n) is an increasing matrix function under which the linear retarded
system (29) is positive. In view of positivity of the system under consideration, we
assume that Ai ∈ R

n×n
+ , i ∈ N0 := {1, 2, . . . , N0}, and ηj ∈ NBV ([−h, 0],Rn×n)

are increasing, for all j ∈ N1 := {1, 2, . . . , N1}. We define the complex and the real
stability radii of the linear retarded system (29) under affine parameter perturbations
(39) by setting, for K = C and, respectively, K = R,

ra
K

= inf

{
max(max

i∈N0

|αi|; max
j∈N1

|βj |) : αi, βj ∈ K, μ

(
A0 +

N0∑
i=1

αiAi, η +

N1∑
j=1

βjηj

)
≥ 0

}
.

(40)

Similarly, the positive stability radius ra+ is obtained by restricting, in the above
definition, the disturbances (α, β) := ((αi)i∈N0

, (βj)j∈N1
) to be nonnegative.

It is clear that ra
C

≤ ra
R

≤ ra+. The following theorem gives us computable
formulae of stability radii ra

K
, ra+, (K = C,R). For the simplicity of presentation, as in

the previous section, let us define, for s ∈ R and j ∈ N1,

Q(s)=

∫ 0

−h

esθd[η(θ)]; Qj(s)=

∫ 0

−h

esθd[ηj(θ)].(41)

By the above assumption, for all s ≥ 0, j ∈ N1,

Q(0) ≥ Q(s) ≥ 0, Qj(0) ≥ Qj(s) ≥ 0.(42)

Theorem 4.1. Suppose the positive linear retarded system (29) is Hurwitz stable
and A0, η are subjected to multi-affine perturbations of the form (39). If the stability
radii of the system are given by (40), then

ra
C

= ra
R

= ra+ =
1

μ[(−A0 −Q(0))−1(
∑N0

i=1 Ai +
∑N1

j=1 Qj(0))]
.(43)

Proof. Let (α, β) = ((αi)i∈N0
, (βj)j∈N1

) be an arbitrary nonnegative destabilizing
perturbation, that is,

μ1 := μ

(
A0 +

N0∑
i=1

αiAi, η +

N1∑
j=1

ηj

)
≥ 0.
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Using Lemma 3.8 and Theorem 2.1(i) (Perron–Frobenius), we have

(
A0 +

N0∑
i=1

αiAi +

∫ 0

−h

eμ1θd

[
η +

N1∑
j=1

βjηj(θ)

])
y0 = μ1y0

for some y0 ∈ R
n
+, y0 	= 0. Since the system (29) is Hurwitz stable, μ0 := μ(A0, η) <

0 ≤ μ1. This yields to

H(μ1)
−1

( N0∑
i=1

αiAi +

N1∑
j=1

βjQj(μ1)

)
y0 = y0,(44)

where H(s) = sIn − A0 − Q(s) is the characteristic quasi-polynomial of the system
(29). Let γ = max{maxi∈N0

αi, maxj∈N1
βj}. From μ1 ≥ 0 > μ0, applying the

Lemma 3.9(i), we have H(0)−1 ≥ H(μ1)
−1 ≥ 0. Therefore, from (44)

γ

(
H−1(0)

( N0∑
i=1

Ai +

N1∑
j=1

Qj(0)

))
y0 = γBy0 ≥ y0,

where B := H(0)−1(
∑N0

i=1 Ai +
∑N1

j=1 Qj(0)). By Theorem 2.1(ii),

μ(B) ≥ 1

γ
> 0.

Hence, γ ≥ 1
μ(B) . Since this holds for arbitrary nonnegative perturbation (α, β), we

conclude ra+ ≥ 1
μ(B) .

We shall prove that the converse inequality holds true. Since B ≥ 0, by Theorem
2.1(i) (Perron–Frobenius), there exists a nonzero vector y ∈ R

n
+ such that By =

μ(B)y. This implies

H(0)y =

( N0∑
i=1

1

μ(B)
Ai +

N1∑
j=1

1

μ(B)
Qj(0)

)
y,

or, equivalently,((
A0 +

N0∑
i=1

1

μ(B)
Ai

)
+

∫ 0

−h

d

[
η +

N1∑
j=1

1

μ(B)
ηj(θ)

])
y = 0.

It means that nonnegative perturbation (α∗, β∗) defined by α∗
i = 1/μ(B), i ∈ N0, β

∗
j =

1/μ(B), j ∈ N1 is destabilizing. By the definition of ra+, we have

ra+ ≤ 1

μ(B)
.

Thus, we obtain

ra+ =
1

μ(B)
=

1

μ[(−A0 −Q(0))−1(
∑N0

i=1 Ai +
∑N1

j=1 Qj(0))]
.
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We are now ready to show that ra
C

= ra
R

= ra+. Suppose that (α, β) = ((αi)i∈N0
,

(βj)j∈N1
) is an arbitrary complex destabilizing perturbation. Set

μc := μ

(
A0 +

N0∑
i=1

αiAi, η +

N1∑
j=1

βjηj

)
≥ 0,

μ+ := μ

(
A0 +

N0∑
i=1

|αi|Ai, η +

N1∑
j=1

|βj |ηj
)
.(45)

By Lemma 3.8,

μ+ = μ

(
A0 +

N0∑
i=1

|αi|Ai +

∫ 0

−h

eμ+θd

[
η(θ) +

N1∑
j=1

|βj |ηj(θ)
])

.(46)

On the other hand, from the definition of μc there exist a nonzero x and ω ∈ R such
that (

A0 +

N0∑
i=1

αiAi +

∫ 0

−h

e(μc+ıω)θd

[
η(θ) +

N1∑
j=1

βjηj(θ)

])
x = (μc + ıω)x.(47)

Since A0 is a Metzler matrix, it follows that t0In +A0 ∈ R
n×n
+ , for some t0 ∈ R. From

(47) we derive(
(t0In + A0) +

N0∑
i=1

αiAi +

N1∑
j=1

βj

∫ 0

−h

e(μc+ıω)θd[η(θ) + ηj(θ)]

)
x = ((t0 + μc) + ıω)x.

It follows that

(t0 + μc)|x| ≤ |((t0 + μc) + ıω)x|

≤
(
|t0In + A0| +

N0∑
i=1

|αi|Ai +

N1∑
j=1

|βj |
∫ 0

−h

|e(μc+ıω)θ|d[η(θ) + ηj(θ)]

)
|x|

and hence (
A0 +

N0∑
i=1

|αi|Ai +

∫ 0

−h

eμcθd

[
η(θ) +

N1∑
j=1

|βj |ηj(θ)
])

|x| ≥ μc|x|.

This yields, by virtue of Theorem 2.1(ii),

μ

(
A0 +

N0∑
i=1

|αi|Ai +

∫ 0

−h

eμcθd

[
η(θ) +

N1∑
j=1

|βj |ηj(θ)
])

≥ μc.(48)

Combining (46) and (48), taking Theorem 2.1(iv) into account, we get μ+ ≥ μc ≥ 0,
which means that (|α|, |β|) := ((|αi|)i∈N0

, (|βj |)j∈N1
) is a nonnegative destabilizing

perturbation. From the definition of ra
C
, ra+, we conclude ra

C
≥ ra+. In combining with

the inequalities ra
C

≤ ra
R

≤ ra+, this implies ra
C

= ra
R

= ra+. In addition, from the
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above arguments, we observe that ra
C

= ra
R

= ra+ = ∞ if and only if μ(B) = 0. This
completes our proof.

Note that in the formula (43) μ can be replaced by ρ because for nonnegative
matrices the spectral abscissa and the spectral radius coincide.

As an example, let, for j ∈ N1,

η(θ) =

{
0 if θ = −h,
B0 if θ ∈ (−h, 0],

ηj(θ) =

{
0 if θ = −h,
Bj if θ ∈ (−h, 0],

(49)

where B0, Bj ∈ R
n×n
+ , j ∈ N1. Then, by the above theorem, the real stability radius

of the positive delay system ẋ(t) = A0x(t) + B0x(t − h), t ≥ 0, under the affine
parameter perturbations

A0 → A0 +
∑N0

i=1 αiAi,

B0 → B0 +
∑N1

j=1 βjBj

(50)

(with Ai ≥ 0, Bj ≥ 0, i ∈ N0, j ∈ N1) is given by

ra
C

= ra
R

= ra+ =
1

ρ[(−A0 −B0)−1(
∑N0

i=1 Ai +
∑N1

j=1 Bj)]
;

compare with [13], [22].
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